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AUTOMORPHISMS OP THE SYMPLECTIC GROUP OVER LOCAL RINGS

INTRODUCTION

The term " c l a s s i c a l  groups'* has  b een  used t r a d i t i o n a l l y  

to  mean th e  g e n e r a l  l i n e a r  g roup ,  GL^(V), and i t s  subgroups 

which leave  v a r i o u s  forms i n v a r i a n t .  In  t h i s  p a p e r ,  we s h a l l  

i n v e s t i g a t e  the  s y m p l e c t i c  g rou p ,  Spj^(V), t h a t  i s ,  t h e  

subgroup which l e a v e s  i n v a r i a n t  a c e r t a i n  a l t e r n a t i n g  form. In  

p a r t i c u l a r  we s h a l l  d e te rm in e  the  automorphisms o f  Sp^(V). 

M o t iv a t io n  i s  p r o v id e d  by th e  g e n e r a l  o b s e r v a t i o n  t h a t  

r e s u l t s  f o r  th e  g e n e r a l  l i n e a r  group can be c a r r i e d  o v e r ,  

i n  many i n s t a n c e s ,  t o  th e  sy m p le c t i c  g roup .

The f i r s t  book d evo ted  t o  th e  th e o r y  of  l i n e a r  

g roups  was J o r d a n ' s  T r a i t é  des S u b s t i t u t i o n s  i n  th e  19 th  

Century  which deve loped  e a r l i e r  i d e a s  o f  G a l o i s .  These 

r e s u l t s  were su b s e q u e n t ly  r e f i n e d  by Dickson and o t h e r s  to  

t h e  p o i n t  t h a t  th e  s t r u c t u r e  o f  th e  g e n e r a l  l i n e a r  g ro u p ,  

i n  t h e  case  where t h e  space under  c o n s i d e r a t i o n  i s  a f i e l d ,  

i s  r e l a t i v e l y  w e l l  known. For  example ,  s e e  A r t in  [1 ]  and 

Dieudonne [ ? ] .  F o l lo w in g  a n a t u r a l  c o u r s e ,  many of t h e s e  

r e s u l t s  have been g e n e r a l i z e d  to  modules over  r i n g s .  Of 

p a r t i c u l a r  i n t e r e s t  t o  us i s  t h e  s p e c i a l i z a t i o n  t o  l o c a l  

r i n g s .  K l ingenberg  [ 1 3 ] ,  a f t e r  e a r l i e r  work on th e  s t r u c t u r e
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o f  t h e  g e n e r a l  l i n e a r  g roup ,  s t u d i e d  th e  s t r u c t u r e  o f  t h e  

s y m p le c t i c  g r o u p .  He showed t h a t  t h e  sy m p le c t i c  group i s  

g e n e r a t e d  by th e  t r a n s v e c t l o n s  and t h a t  t h e  on ly  i n v a r i a n t  

subgroups a r e  t h e  congruence su b g ro u p s .  We a re  a b le  to  

use  t h e s e  f a c t s  t o  r e l a t e  t h e  l o c a l  r i n g  case  t o  t h e  f i e l d  

c a s e .

The s tu d y  o f  t h e  automorphisms o f  th e  l i n e a r  groups 

d a t e s  back  to  1925 when S c h r e i e r  and van de r  Waerden [ 23] 

de te rm in ed  th e  automorphisms o f  th e  g e n e r a l  l i n e a r  group 

o v e r  an a r b i t r a r y  commutative f i e l d .  N ear ly  a  q u a r t e r  o f  

a c e n tu ry  l a t e r  Dieudonne [ 6 ] d e s c r i b e d  t h e  automorphisms 

o f  t h e  g e n e r a l  l i n e a r  group o v e r  a  non-commutat ive  f i e l d .

This  was fo l lo w e d  by i n v e s t i g a t i o n s  o f  the  form o f  th e  

automorphisms of  GL^(V) where V i s  a  f r e e  R-module f o r  

v a r i o u s  r i n g s  R. Due to  t h e i r  r e l a t e d  work on t h e  s y m p le c t i c  

g ro u p ,  we c a l l  a t t e n t i o n  t o  t h e  work o f  Hua and R e in e r  [ 8] 

o v e r  t h e  i n t e g e r s  and O’Meara [17 ]  and Chien [ 4 ]  o ve r  

i n t e g r a l  domains.  R ece n t ly  Pom fre t  [19 ]  d e s c r i b e d  th e  

automorphisms o f  t h e  g e n e r a l  l i n e a r  g roup  o v e r  l o c a l  r i n g s  

where t h e  c h a r a c t e r i s t i c  o f  t h e  r i n g  i s  o t h e r  t h a n  2 and 

th e  d imension  o f  t h e  module i s  a t  l e a s t  3 .

As f o r  t h e  automorphisms o f  Sp^(V),  t h e  d i v i s i o n  

r i n g  case  i s  v i r t u a l l y  complete  and can be found  i n  

Dieudonne [ 5 ] .  We f u r t h e r  n o t e  t h a t  many o f  t h o s e  who had 

r e s e a r c h e d  GL^(V) t u r n e d  t h e i r  a t t e n t i o n  to  S p ^ ( V ) . The 

automorphisms o f  Sp^(V) o v e r  t h e  r i n g  o f  i n t e g e r s  were
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found by R e ine r  [ 2 0 ] .  O'Meara [18]  i n d i c a t e s  t h a t  Wan h a s  

found  the  automorphisms over  a commutative E u c l id e a n  r i n g  o f  

c h a r a c t e r i s t i c  n o t  2 when n 6 . 0 'Meara t h e n  d e s c r i b e d

a l l  automorphisms o f  Sp^(V) ov e r  any commutative i n t e g r a l  

domain o f  any c h a r a c t e r i s t i c  when n > 4 .  Throughout  t h e s e  

s t u d i e s  of  th e  l i n e a r  g r o u p s ,  i t  i s  a p p a r e n t  t h a t  a rg u m en ts ,  

i f  th ey  e x i s t ,  i n  t h e  c a s e s  f o r  " sm a l l "  d im e n s io n  and r i n g s  

o f  c h a r a c t e r i s t i c  2 r e q u i r e  somewhat d i f f e r e n t  methods th a n  

t h e  o t h e r  c a s e s .

The app roaches  i n  d e te r m in in g  automorphisms seem to  

be in  two main v e i n s .  One i s  a h i g h l y  c o m p u ta t i o n a l  argument  

a s  i n  Chien ,  R e i n e r ,  and Po m fre t .  The o t h e r ,  as e x e m p l i f i e d  

by O 'M eara ,  r e l i e s  more on geom etry .

We s h a l l  conce rn  o u r s e l v e s  w i th  th e  automorphisms o f  

SPn(V) where V i s  a f r e e  module o v e r  a  l o c a l  r i n g  R w i th  

c h a r a c t e r i s t i c  o f  R/m ^  2 and R/m /  Fg where n > 6.  (Fg 

i s  t h e  f i n i t e  f i e l d  o f  t h r e e  e l e m e n t s . )  The method i s  t o  

d e te rm in e  t h e  images o f  i n v o l u t i o n s  and t h e n  t h e  images o f  

t r a n s v e c t l o n s .  R ecen t  work by OJanguren and S r i d h a r a n  [16]  

e n a b l e s  u s  t o  p r o c e e d  à  l a  O’Meara [1 8 ]  and Dieudonne [6 ]  

i n  a p p ly i n g  th e  fu n d a m e n ta l  theorem  o f  p r o t e c t i v e  geo m e try .

We conclude  t h a t  t h e  automorphisms o f  Sp^(V) a r e  o f  

t h e  same g e n e r a l  t y p e  as i n  t h e  c a se s  above ,  t h a t  i s ,  

o x(cr)gog~^ where g i s  a s e m i - l i n e a r  isomorphism o f  V 

o n to  V and x i s  a homomorphism o f  Sp^(V) i n t o  i t s  c e n t e r .



N o t a t i o n  and Terminology

Throughout  t h i s  p a p e r  a l l  r i n g s  a re  assumed t o  have

I d e n t i t y  e lement  which i s  d e n o te d  by 1 o r  by I  i n  t h e  case  o f

m a t r i x  r i n g s .  The symbol R always d e n o te s  a  l o c a l  r i n g  w i th  

maximal i d e a l  d e n o te d  by m.

The f o l lo w in g  i s  a l i s t  o f  symbols and a b r i e f  de ­

s c r i p t i o n  o f  t h e i r  u s e .  P r e c i s e  d e f i n i t i o n s  a r e  g iv en  i n  

t h e  t e x t  o f  t h e  p a p e r .

GLj^(V), t h e  group o f  i n v e r t i b l e  l i n e a r  t r a n s f o r m a t i o n s  of  th e

f r e e  R-module V of  d im ens ion  n .

t h e  group o f  i n v e r t i b l e  n x n m a t r i c e s .

Sp^(V ) ,  t h e  S y m p l e c t i c  g r o u p  o v e r  V ( d i m  V = n ) .

r ^ ,  t h e  s u b s e t  o f  c o r r e s p o n d in g  t o  Sp^(V).

P j ,  t h e  n a t u r a l  morphism o f  R + R / J  where J  i s  an i d e a l  o f  R.

g j ,  t h e  morphism V -*■  V/JV in du ced  by Pj.

h , , t h e  morphism of  Sp (V) -> Sp (V/JV) induced  by g .j  n J
G S p (V ,J ) ,  t h e  g e n e r a l  congruence  subgroup mod J .

S S p ( V .J ) ,  t h e  s p e c i a l  congruence  subgroup mod J .

P(V), t h e  c o l l e c t i o n  o f  l i n e s  o f  V.

SL^(V), t h e  subgroup o f  GL^^V) c o n s i s t i n g  of  e lem en ts  of  

d e te r m i n a n t  1 .



CHAPTER I  

SYMPLECTIC GROUPS

Let R be  a l o c a l  r i n g  with, maximal i d e a l  m and l e t

V = V(R) be an n - d im e n s io n a l  f r e e  R-module. I f  0 :V x V + R

i s  a b i l i n e a r  form on V, t h e n  $ induces  homomorphisms d^ 

and ÿd o f  V i n t o  i t s  d u a l  V*. The mapping d$:V ■> V* i s

g iven  by d@(x)(y) = @(y,x) and the  mapping $d:V -»■ V* i s

g iven  by @d(x)(y) = $ ( x , y ) .  Suppose B = {b ]^ , . . . ,b j^}  i s  an 

R -b a s i s  f o r  V and l e t  b ^ j  = $ (b j^ ,b j ) ,  th en  t h e  m a t r i x  [ b ^ j ]  

i s  c a l l e d  th e  m a t r i x  o f  t h e  form $ r e l a t i v e  t o  B and i s  

d e n o ted  by M a tg ($ ) .  These concep ts  a r e  r e l a t e d  by :

Theorem 1 . 1 .  With the  above n o t a t i o n ,  t h e  fo l lo w in g  

a re  e q u i v a l e n t .

( i )  d$ i s  an i som orphism .

( i i )  $d i s  an isom orphism.

( i i i )  Matg($)  i s  i n v e r t i b l e .

P r o o f : See Lang [ 1 4 ] .

D e f i n i t i o n  1 . 1 .  A b i l i n e a r  form on V s a t i s f y i n g  any 

o f  t h e  above e q u i v a l e n t  c o n d i t i o n s  i s  c a l l e d  n o n - s i n g u l a r . 

The f r e e  module V i s  a  s y m p l e c t i c  space  of  d imension  n i f  V 

i s  an n - d i m e n s i o n a l  f r e e  R-module on which i s  g iven  a

5
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n o n - s i n g u l a r  b i l i n e a r  form $ s a t i s f y i n g  $ (x ,x )  = 0 f o r  a l l  

X i n  V.

Throughout  t h i s  p a p e r  V w i l l  be a s y m p l e c t i c  space  

w i th  form $ and R w i l l  be a l o c a l  r i n g .  O f ten  i n s t e a d  o f  

$ ( x , y ) ,  we w r i t e  ( x , y ) .

D e f i n i t i o n  1 . 2 .  A submodule U o f  V i s  c a l l e d  a su b ­

space  i f  U i s  a  d i r e c t  summand o f  V. A subspace  U i s  c a l l e d  

n o n - i s o  t r o p i c  i f  d$ |y :U  U® i s  an isom orphism.  An ( n - 1 ) -

d im e n s io n a l  subspace  o f  V i s  c a l l e d  a  h y p e rp la n e  o f  V; a

1 - d i m e n s i o n a l  sub space  i s  c a l l e d  a l i n e  o f  V; and a

2 - d im e n s io n a l  subspace  i s  c a l l e d  a p l a n e  o f  V.

D e f i n i t i o n  1 . 3 .  Let  U, U^, Ug be su bsp aces  o f  V. We

say t h a t  U i s  t h e  o r th o g o n a l  sum o f  and U^, n o t a t i o n  

U = Ui_L Ü2, i f

( i )  U = & Ü 2 (U i s  t h e  d i r e c t  sum o f  and Ü2 )

( i i )  ( u i , U 2 ) = 0 f o r  every  u^ i n  and u^ i n  .

Let  U° = {V i n  V | ( v , u )  = 0 f o r  a l l  u i n  U}, Note t h a t  

(x ,x )  = 0 f o r  a l l  x i n  V i m p l i e s  ( x ,y )  = - ( y , x )  f o r  x i n  

V and y i n  V. Thus ( v ,u )  = 0 i m p l i e s  (u ,v )  = 0 .

Theorem 1 . 2 .  Le t  U be a sub space  o f  V. Then 

( i )  U° i s  a subspace  o f  V.

( i i )  dim U + dim U° = dim V.

( i i i )  (U°)0 = U.

( i v )  K e r (d * |y :U  + U*) = U H U°.

P r o o f : S ince  d@:V + V* i s  an i som orphism ,  d$(U) i s

a d i r e c t  summand o f  V*, say V* = d@(U) ® W. L et  -»• d$(U)
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and TTg ;V* W be th e  n a t u r a l  p r o j e c t i o n s .  For  o  i n  V**, 

d e f i n e  o^ and 02 s a t i s f y i n g  o = Oi + by o^Cf) = aCir^f) and 

OgCf) = aCïïgf) f o r  any f  i n  V*. Note t h a t  i f  f  i s  i n  W th en  

o ^ ( f )  = oCfr^f) = 0 and i f  f  i s  i n  d@(U) th e n  Ogff)  = oCiTgf) = 0 

L e t t i n g  S = {a in  V * * |a ( f )  = 0 f o r  a l l  f  i n  ¥} and T =

{0 i n  V * * |o ( f )  = 0 f o r  a l l  f  i n  d^ (U)} ,  i t  i s  c l e a r  t h a t  

V»« = S 4- T.

Suppose t h a t  o  i s  i n  S Q  T. Then o ( f )  = 0  f o r  a l l  f

i n  V* = d^(U) < $ >  W. Thus a = 0 and V** = S ® T.

But t h e r e  i s  a  n a t u r a l  i somorphism between V and V** 

g iv en  by x + x** where x * * ( f )  = f ( x )  f o r  any f  i n  V*.

Suppose 0 i n  T and x i n  V a re  such t h a t  a = x**. I f

u I s  i n  U, t h e n  d $ ( u ) ( x )  = x » * (d ^ (u ) )  = a ( d $ ( u ) )  = 0, so t h a t  

X i s  i n  U ° . Converse ly  i f  x i s  i n  U° th e n  d ^ ( u ) ( x )  = 0 f o r  

every  u i n  U. Then x * * (d | , (u ) )  = 0 so  t h a t  x** i s  i n  T. Thus 

we i d e n t i f y  U° i n  V w i th  T i n  V** and conclude  t h a t  U° i s  a 

d i r e c t  summand o f  V. The module U° i s  th u s  a su b sp ac e .

I f  f 2 , . . . , f ^ , f m + i , . . . , f %  form a d u a l  b a s i s  f o r  V* 

w i th  f 2 , . . . , f m  a b a s i s  f o r  d$(U);  and. I f  a re  i n

V** w i th  o ^ t f j )  = t h e n  , . . .  i s  a  b a s i s  f o r  V** and

T i s  spanned by . , 0^̂ . Thus dim U° = dim T = codim U.

Observe t h a t  U Q U ° ° .  S ince  b o th  U and a re  d i r e c t  

sumiTiands w i th  dim Ü = dim i t  f o l lo w s  t h a t  U = .

C l e a r ly  U A po -  k e r ( d g | y ) .

Theorem 1 . 3 .  L e t  U be a  su bsp ac e  o f  V. The fo l lo w in g  

are  e q u i v a l e n t :
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( i )  U I s  n o n - l s o t r o p l c .

(11) ü°  I s  n o n - l s o t r o p l c .

(111) V = ü ±  U°.

P roo f  : Assume U I s  n o n - l s o t r o p l c .  Then d ^ |y :U  U*

i s  an Isom orphism .  L e t  x be I n  V. Then t h e r e  I s  a y  I n  U 

s a t i s f y i n g  d ^ ( x ) | y  = d $ l u ( y ) .  Thus d $ (x -y )  = 0 on U so t h a t  

X -  y i s  I n  U°. Hence t h e r e  I s  a z I n  U° w i t h  x -  y = z ,

t h a t  I s  X = y + z .  Thus V = U + U ° . F u r t h e r ,  o = k e r ( d * |u )  =

U n  U° so t h a t  V = U_LU°.  Thus (1 )  I m p l i e s  (1 1 1 ) .

On t h e  o t h e r  hand ,  assume V = U _ L U ° .  Then d ^ jy  I s  

i n j e c t i v e  s i n c e  d ^ ly  I s  a homomorphism w i t h  k e r ( d $ | y )  =

U n  U° = 0 .

Observe t h a t  d $ ( v ) | y  = U*. L e t  f  be I n  U*. Then 

t h e r e  i s  an x I n  V s a t i s f y i n g  d@ (x) |y  = f . S in ce  V = U €) U°,

X = u i  + U2 w i t h  U]_ I n  U and U2 In  U°. I f  u I s  In  U, then

d@(x)(u) = d@(ui+U2 ) ( u )  = (u,Ui+U2 ) = ( u , u i ) . Thus 

f ( u )  = ( u ,u ^ )  = d ^ ( u x ) ( u ) .  S in c e  d@|% I s  I n j e c t i v e ,  

d $ ( x ) ( u )  = f ( u )  = d ^ ( u x ) ( u )  I m p l i e s  x = u^.  Thus x I s  I n  U 

and d^ !y  i s  s u r j e c t i v e .

Hence d $ | y  I s  an Isomorphism and U I s  n o n - l s o t r o p l c .  

Thus (111) I m p l i e s  ( 1 ) .

To show t h a t  (11) and (111) a r e  e q u i v a l e n t ,  we 

o b se rv e  t h a t  I s  a l s o  a subspace  o f  V and u se  t h e  same 

argument  as I n  the  e q u iv a le n c e  o f  (1)  and ( 1 1 1 ) .

Theorem 1 . 4 .  L e t  x be In  V. The f o l lo w in g  a re  

e q u i v a l e n t :



( i )  g X 7̂ 0 where  g :V V/mV i s  t h e  n a t u r a l  m m
p r o j e c t i o n .

n
(11) I f  X = 2 a^u .  and {ü. I s  a b a s i s  o f  V, th e n

1=1 ^ ^ 1 1 - 1

R = Ra^ + . .  . + R a ^ .

n
(111) I f  X = 2 a .Uj  and {u,}  I s  a b a s i s  o f  V, th e n  a.

1=1 1 ^

I s  a u n i t  f o r  some 1 .

( I v )  Rx = L I s  a  d i r e c t  summand o f  V.

(v)  There  I s  an  R-morphlsm a:V ->■ R s a t i s f y i n g

a ( x )  = 1.

( v l )  { a ( x ) | o  I n  V*} = R.

( v i l )  The map h :R  -»■ V g iv e n  by h ( r )  = r x  I s  a s p l i t

monomorphlsm.

P r o o f : S t r a i g h t f o r w a r d .

D e f i n i t i o n  1 . 4 .  An e le m e n t  x I n  V s a t i s f y i n g  any o f  

t h e  above I s  c a l l e d  u n l m o d u l a r .

We w i l l  make u se  o f  t h e  fo l lo w in g  theorem  f o r  f i n i t e l y  

g e n e r a t e d  modules o v e r  l o c a l  r i n g s .

Theorem 1 . 5 .  L e t  R be  a l o c a l  r i n g  w i t h  maximal 

I d e a l  m and l e t  V be a  f i n i t e l y  g e n e r a t e d  R-module .

(1)  A s u b s e t  {u^}^_^ o f  V I s  a g e n e r a t i n g  s e t  f o r V

.n
I f  and o n ly  I f  t h e i r  r e s i d u e  c l a s s e s  { u . } g e n e r a t e  th e

^ 1=1
R /m -v e c to r  space  V/mV.
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( i l )  A s u b s e t  {u o f  V i s  a minimal  g e n e r a t i n g
1 1 —  1

s e t  f o r  V i f  and on ly  i f  i s  a  l i n e a r l y  in d e p e n d e n t

R /m -bas is  f o r  V/mV.

( i i i )  Any g e n e r a t i n g  s e t  f o r  V c o n ta in s  a minimal 

g e n e r a t i n g  s e t ;  i f  u ^ , . . . , u ^  and a r e  b o t h  minimal

g e n e r a t i n g  s e t s  f o r  V t h e n  m = n and t h e r e  i s  an R- 

isomorphism o f  V -»• V t h a t  maps ■ *  v^ ,  1 < i  ^  n .

P r o o f : See N a g a ta  [ 1 5 ] ,  pages  13 ,  14.

I f  J  i s  an i d e a l  o f  R (J  M R ) ,  l e t  V/JV d e n o te  t h e  

n - d i m e n s i o n a l  f r e e  module ov e r  R / J .  The c a n o n ic a l  homo­

morphism P j :R  -+ R/J  in d u ces  a n a t u r a l  morphism g j :V  •> V/JV. 

When a b a s i s  h a s  been  f i x e d ,  g j  r e d u c e s  components of a 

v e c t o r  modulo J .

I f  V i s  a s y m p l e c t i c  s p a c e ,  t h e n  V/JV i s  a  s y m p l e c t i c  

space  o v e r  R /J  formed by th e  v e c t o r s  g jX ,  x i n  V. The form

¥  on V/JV i s  g iv en  by ¥ (g  x ,g  y ) = p $ ( x ,y )  where $ i s  the
J  J  J

form on V. I f  J  = R, we ex te n d  t h e s e  c o n ce p ts  by p u t t i n g  

V/RV = 0.

Theorem 1 . 6 .  Le t  x i n  V be u n lm o d u la r .  Then t h e r e  

e x i s t s  a y i n  V s a t i s f y i n g

( i )  P = Rx + Ry i s  a  p l a n e  and

( i i )  V = P ±  P°.

P r o o f : S in c e  d@:V -»• V* i s  an isomorphism and x i n  V

i s  u n lm o d u la r ,  t h e r e  i s  a y '  i n  V such t h a t  d ^ ( x ) ( y ' )  i s  a 

u n i t .  Thus t h e r e  i s  a  y i n  V s a t i s f y i n g  ( x ,y )  = 1.
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I t  i s  e a s i l y  seen  t h a t  {x,y} i s  R - f r e e .  The s e t  

{x,y} may be  e x te n d e d  t o  a b a s i s  f o r  V. L e t  it = -»■ V/mV

and n o te  t h a t  $ (n x ,n y )  = p (x ,y )  = 1. Thus ï ï x  ^  Try and
m

nx M 0 ,  n y  ^ 0 .  Thus ex ten d  ttx.  Tty t o  a b a s i s  o f  V/mV and 

ta k e  t h e i r  p re - im a g e s  to  o b t a in  a b a s i s  f o r  V.

By t h e  above P = Rx + Ry i s  a  d i r e c t  summand o f  V 

and hence  a s u b s p a c e .  C ons ide r ing  # | ^  and t h e  b a s i s  

B = ' {x ,y} ,

M a tg ($ |p )  =

(x ,x ) ( x ,y ) 0 1

^ y ,x ) ( y , y ) -1  0

M atg ($ |p )  h a s  u n i t  d e te r m in a n t  and th u s  by ( 1 . 1 ) ,  P i s  

n o n - i s o t r o p i c .  Hence by ( 1 . 3 ) ,  V = P J_P ° .

A p a i r  {x,y} of  e lem en ts  o f  V s a t i s f y i n g  ( x , y )  = 1 

i s  c a l l e d  h y p e r b o l i c . Thus the  R-module P = Rx + Ry spanned 

by a h y p e r b o l i c  p a i r  {x,y} i s  a n o n - i s o t r o p i c  subspace  o f  

d imension 2 ;  P i s  c a l l e d  a h y p e r b o l i c  p l a n e .

Theorem 1 . 7 .  A sy m p le c t i c  space  V o f  d im ension  n i s  

a d i r e c t  sum o f  h y p e r b o l i c  p l a n e s .

P r o o f : S in ce  V i s  n o n - i s o t r o p i c ,  dim V ^  1 .  For

dim V = 2 ,  app ly  ( 1 . 6 ) .  For dim V > 2 ,  by ( 1 . 6 ) ,  t h e r e  i s  a 

h y p e r b o l i c  p l a n e  P such t h a t  V = P _L P ° . By ( 1 .3 )  and ( 1 . 2 ) ,  

P° i s  n o n - i s o t r o p i c  w i th  dimension n - 2 . The p r o o f  i s  

completed by i n d u c t i o n .  That  i s ,  we c o n s i d e r  t h e  sy m p lec t ic  

space P° and as  i n  t h e  p r o o f  o f  ( 1 .6 )  conc lude  t h a t  P° i s  t h e
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o r t h o g o n a l  sum o f  a p la n e  and i t s  o r th o g o n a l  complement 

i n  P° .

S in c e  a s y m p le c t i c  space  i s  t h e n  a d i r e c t  sum o f  

h y p e r b o l i c  p l a n e s ,  t h e  d im ension  o f  V must be even,

(say  n = 2 r ) .  F u r t h e r  V must p o s s e s s  a b a s i s  

B = {x^ ,y ]^ ,x^ ,y2 , . . . , x ^ , y ^ }  w i th  (x ^ ,y ^ )  = 1 ,  (y ^ ,x ^ )  = -1 

f o r  1 £  i  £  r ,  w i th  a l l  o t h e r  co m b in a t io n s  o f  b a s i s  e l e ­

ments y i e l d i n g  ze ro .  Thus w i t h  r e s p e c t  to  th e  b a s i s  B,

0 1 

-1  0

Mat (0) =D
' 0 1 

-1 0

The b a s i s  B i s  c a l l e d  a  h y p e r b o l i c  b a s i s  f o r  V.

L e t  B ’ = { x ^ , . . . , x ^ , y ^ , . .  . ,y^} be  th e  s e t  B w i t h  

e lem en ts  l i s t e d  in  the  d e s c r i b e d  o r d e r .  Then w i th  r e s p e c t  

to  th e  b a s i s  B ’ ,

M atg ,($ )  =

- I

where

I p  d e n o te s  t h e  r  x r  i d e n t i t y  m a t r i x  and 0 i s  the  r  x r  

m a t r ix  w i th  each e lement  0.  The b a s i s  B ’ i s  c a l l e d  a 

s y m p l e c t i c  b a s i s  f o r  V.

The f o l l o w i n g  examples i l l u s t r a t e  some n o n - s t a n d a r d  

d i f f i c u l t i e s  .
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Example 1 . 1 .  Suppose U I s  a n o n - i s o t r o p i c  subspace  

o f  V and x in  U i s  u n im o d u la r .  Then t h e r e  i s  a y i n  u 
s a t i s f y i n g  ( x ,y )  = 1. Thus i f  L i s  a 1 - d im e n s io n a l  f r e e  

R-module which i s  a  d i r e c t  summand o f  V, then  L i s  n o t  

n o n - i s o t r o p i c .

Example 1 . 2 .  I t  i s  p o s s i b l e  t h a t  an e lem ent  x i n  V 

i s  R - f r e e  b u t  n o t  u n im o d u la r .  C on s id e r  t h e  domain 

Zp = {a /b |  ( b ,p )  = 1} ,  t h a t  is,  t h e  l o c a l i z a t i o n  o f  the  

i n t e g e r s  Z a t  a prime p .  Note Z^ i s  a  l o c a l  r i n g .  L e t  

V = Zp ® Zp and deno te  a s t a n d a r d  b a s i s  by e^ = <1,0> 

and e^ = <0,1>.  Take x i n  V to  be x = <p,0> = p e^ .  S ince

t h e r e  a r e  no t o r s i o n  e l e m e n t s ,  we have x i s  Z - f r e e .
P

However modulo th e  maximal i d e a l ,  g^x = 0 ,  t h u s  x i s  n o t  

u n i m o d u l a r .

Example 1 . 3 .  We may have e le m e n ts  n o t  c o n ta in e d  i n  

any 1 - d im e n s io n a l  summand. L e t  R = (Z /Zp)[X,Y]/(X^,XY,Y^)

= {a + bX + c Y I a , b , and c i n  Z/Zp} (Z/Zp d e n o te s  t h e  

i n t e g e r s  Z modulo a prime p ) .  L e t  V = R 0  R = Re^ © Re^; 

e^  = <1,0> ,  6g = <0,1>,  L e t  a i n  V be g iv en  by 

a = Xe^ + Yeg. Suppose b i s  i n  V, b u n im o d u la r ,  and rb = a .

Then b = s^e^  + Sg,eg and t h u s  a  = rb  = r s ^ e ^  + r s 2eg* Hence 

X = r s ,  and Y = r s ^  w i th  s^  o r  Sg a  u n i t .  But t h i s  i s  

i m p o s s i b l e .  Thus a i s  n o t  c o n t a i n e d  i n  any 1 -d im e n s io n a l  

summand.

D e f i n i t i o n  1 . 5 .  L e t  V and V  be s y m p l e c t i c  sp a ce s  

ove r  t h e  l o c a l  r i n g  R w i th  b i l i n e a r  forms $ and r e s p e c t i v e l y .
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An R-isom orphism  ct:V ■> V ’ s a t i s f y i n g  $ ( x , y )  = $ ' ( p x , a y )  s h a l l  

be c a l l e d  an I som etry  and we say V and V ’ a r e  I s o m e t r i c ,

I f  V and V  have t h e  same d im e n s io n ,  then  each  must 

have a h y p e r b o l i c  b a s i s ,  say B and B ’ r e s p e c t i v e l y .  Then 

t h e r e  i s  a  l i n e a r  map c a r r y i n g  B o n to  B ' which i s  an 

i s o m e t r y .  We th u s  have the  f o l l o w i n g  c o r o l l a r y .

C o r o l l a r y  1 . 8 .  L e t  V be a  s y m p l e c t i c  sp a c e .  Then 

th e  d im e n s io n  o f  V i s  even .  F u r th e r ,  any two s y m p le c t i c  

spaces  w i th  t h e  same dimension a r e  i s o m e t r i c .

D e f i n i t i o n  1 . 6 .  L e t  V by a  s y m p l e c t i c  space  w i th  

d imension  n = 2 r .  L e t  8p^(V) den o te  th e  s e t  o f  i s o m e t r i e s  

o f  V o n to  V. Observe Sp^(V) c o n t a i n s  b o t h  1̂  ̂ ( i d e n t i t y  on V) 

and - 1 ^  and f u r t h e r  Sp^(V) forms a g ro u p .  The group Sp^(V) 

i s  c a l l e d  t h e  s y m p le c t i c  g roup o v e r  V.

C o n s id e r  a sy m p le c t i c  s p a c e  V w i t h  d imension  n = 2r  

and l e t  B be a sy m p le c t i c  b a s i s  o f  V. L e t

MatgCf) =
°

- I r

be d e s i g n a t e d  by P. Let  d e n o te  t h e  group o f  a l l  

i n v e r t i b l e  m a t r i c e s  over  R. I f  M i s  i n  s h a l l  d e n o te

t h e  t r a n s p o s e  o f  M. L e t  c o n s i s t  o f  a l l  n x n m a t r i c e s  

M i n  s a t i s f y i n g  MPM̂  = P .  We obse rve  t h a t  forms a 

subgroup o f  0 ^ .  Lang ( [ 1 4 ] ,  page  344) shows t h a t  an  n x n 

m a t r i x  M i s  t h e  m a t r ix  o f  an  automorphism o f  th e  form $
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( r e l a t i v e  to  o u r  b a s i s )  i f  and o n ly  i f  MPM̂  = P. T ha t  i s ,  an 

e lement  a i s  i n  Sp^(V) i f  and on ly  i f  t h e  m a t r i x  o f  o ,  

r e l a t i v e  t o  t h e  s y m p l e c t i c  b a s i s  B o f  V ,  i s  an e lement  of

The f o l l o w in g  p r o v id e s  c r i t e r i a  f o r  d e te rm in in g  when 

n X n m a t r i c e s  b e l o n g  to

L e t  M

B

C D 

w i th  e n t r i e s  i n  R.

, where A, B, C, and D a r e  r  x r  m a t r i c e s

Lemma 1 . 9 .  P o r  t h e  above s e t t i n g ,  M i s  i n  i f  and 

on ly  i f  th e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d :

( i )  AB^ i s  sym m etr ic .

( i i )  CD i s  sym m etr ic ,

( i i i )  AD̂  -  BC^ = I .
i t  _P r o o f : I f  M i s  in  t h e n  MFM = P.

Thus

A B

D - I B'

0

- I

” — -

-BA + AB^ -BC^ + AD^ 0 I

-DA^ + CB^ -DC^ + CD̂ - I 0

So

Then BÂ  = AB^, DC^ = CD^, and AD^ -  BC^ = I .

C o nv e rse ly  i f  AB^ i s  sy m m et r ic ,  CD̂  i s  sym m etr ic ,  and 

AD^ -  BC  ̂ = I ,  t h e n  DA  ̂ -  CB  ̂ = I .  Thus from t h e  above
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computa t ion  MPM̂  = P.

We now r e c o r d  K l in g e n b e r g ' s  [13] r e s u l t s  on normal

subgroups o f  Sp (V). The map g :V ^  V/JV (J I d e a l  o f  R) n cJ
d e te rm in e s  a homomorphism h :Sp (V) ->■ Sp (V/JV).  When at) n n
b a s i s  has  been  f i x e d ,  h j  mere ly  reduces  e n t r i e s  o f  a m a t r i x

modulo J .  More p r e c i s e l y  h j  I s  d e f in e d  by (h jO )(g jX )  = g j ( a x )

f o r  a l l  a I n  Sp (V) and x In  V. Let  Sp (V/RV) be th e
n ^

I d e n t i t y  g ro u p .

L e t  J  be an I d e a l  I n  R.

D e f i n i t i o n  1 . 7 .  The g e n e r a l  congruence  subgroup mod 

J  o f  Sp^(V),  den o ted  by G Sp(V,J) ,  I s  t h e  group 

h j l ( c e n t e r  S p ^ (V /JV )) .

D e f i n i t i o n  1 . 8 .  The s p e c i a l  congruence  subgroup mod

?
J  o f  Spj^(V), d e n o te d  by SSp(V,J)  I s  t h e  group h “ ^ ( l )  =

k e r n e l  h .
J

F o r  t h e  ex t rem e  c a s e s  we have ,  GSp(V,R) = SSp(V,R) = 

Sp^(V); GSp(V,0) = c e n t e r  (Sp^(V)) j  SSp(V,0) = I d e n t i t y  

g r o u p .

D e f i n i t i o n  1 . 9 .  A ( sy m p le c t i c )  t r a n s v e c t l o n  i s  an 

e lem ent  x I n  Sp^(V) o f  t h e  form xx = x + X ( a ,x ) a  f o r  x I n  V 

where a  I s  a  un lm odula r  e lement  o f  V and X I s  I n  R. I f  X I s  

a u n i t  In  R, t h e n  x I s  a  r e g u l a r  t r a n s v e c t l o n .

L e t  x^ , d en o te  t h e  t r a n s v e c t l o n  g iv e n  by x .  . (x)  =
0-3  A o - j  X

X + X ( a ,x ) a  f o r  x I n  V. Note t h a t  x_ . I s  an R - l l n e a r  map.
A

F u r t h e r ,  I f  x and y a r e  e le m e n ts  o f  V, then  

(xx ,xy )  =. (x +' X ( a , x ) a ,  y + X (a ,y )a )



17

= ( x ,y )  + (x ,X ' (a ,y )a )  + ( X ( a , x ) a , y )  + ( X ( a , x ) a , X ( a , y  )a)

= ( x ,y )  + X ( a , y ) ( x , a )  -  X ( x , a ) ( a , y )

= ( x , y ) .

Thus,  s in c e  V i s  a  s y m p le c t i c  s p a c e ,  , i s  an i so m e t ry
 ̂A

and T , i s  in d e e d  an e le m en t  o f  Sp (V).
X n
D e f i n i t i o n  1 . 1 0 .  The l i n e  Ra i s  c a l l e d  a  l i n e  o f  t

( t  = X ) .  Note t h a t  ( x  -  1 )V Ç  Ra. F u r t h e r  H = :('Ra)° i s  
3- J A V

a h y p e rp la n e  s a t i s f y i n g  xx = x f o r  x i n  H. The subspace  H

i s  c a l l e d  a h y p e rp la n e  o f  (Note dim (Ra) = 1 i m p l i e s

dim H = n -  1 ) .

Lemma 1 .1 0 .  L e t  V be a s y m p l e c t i c  space  o f  d imension  

n and l e t  x be i n  S p ^ (V ) . Then t h e r e  e x i s t s  a h y p e rp l a n e  H

on which x i s  t h e  i d e n t i t y  map i f  and on ly  i f  t h e r e  i s  a  l i n e

L such  t h a t  xx -  x i s  i n  L f o r  a l l  x i n  V.

P r o o f : L e t  H be a h y p e rp la n e  on which x i s  the

i d e n t i t y .  S in ce  dim H + dim H° = n i m p l i e s  dim = 1 ,

t h e r e  i s  a  un im odu la r  a i n  V w i th  H° = Ra. L e t  L = H°. I f

X i n  V and h i n  H, t h e n  (xx -  x ,  h)  = ( x x ,h )  -  ( x , h )  =

(x ,x " ^ h )  -  ( x ,h )  = ( x , h )  = (x ,h )  = 0. Thus xx -  x i s  an 

e lem en t  o f  H° = L f o r  a l l  x in  V.

On th e  o t h e r  hand ,  suppose  t h e r e  i s  a  l i n e  L = Ra 

such t h a t  XX -  X i s  i n  L f o r  a l l  x i n  V. Then H = L° i s  a 

h y p e rp la n e  o f  V. R e c a l l ,  s i n c e  V i s  s y m p l e c t i c ,  i f  

( x ,y )  = ( x , y ’ ) f o r  a l l  x i n  V th e n  y = y ' .  L e t  y be  i n  H.

Then f o r  any x i n  V, 0 = (xx -  x ,  y)  = ( x x ,y )  -  ( x ,y )  so

t h a t  ( x x ,y )  = ( x , y ) .  But t h e n  (x ,  x“^y)  = ( x , y )  f o r  a l l  x
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i n  V. Hence t  y = y and %y = y ,  t h a t  I s  t  i s  t h e  i d e n t i t y

on H.

Thus i f  T i s  a  t r a n s v e c t l o n ,  i t  a c t s  l i k e  t h e  
a , X

i d e n t i t y  on th e  h y p e rp la n e  H = (Ra)°  and (t . - 1  )V C R a .
A  V

We o b s e rv e  i n  t h e  f o l l o w in g  theorem t h a t  i f  an e lem en t  o f

SPn(V) h a s  t h e s e  p r o p e r t i e s ,  t h e n  i t  i s  a  t r a n s v e c t l o n .

Theorem 1 . 1 1 .  L e t  t be an e lem en t  o f  Sp(V) s a t i s f y i n g  ------------  n
Tx = X f o r  a l l  X i n  a  h y p e rp la n e  H. Then t h a s  t h e  form

T  ̂ f o r  some un im odu la r  a i n  V and X i n  R.a ,  X
P r o o f : L e t  x i n  Sp^(V) be t h e  i d e n t i t y  on th e

h y p e rp la n e  H i n  V. Then H° = Ra f o r  some u n im o d u la r  a  i n

V. S ince  V i s  s y m p l e c t i c ,  t h e r e  e x i s t s  a b i n  V w i th

( a , b )  = 1 and V = <a,b> _L P, (< a ,b >  d e n o te s  t h e  p l a n e  g e n e r ­

a t e d  by th e  p a i r  { a , b } ) .  Then b y  ( 1 .1 0 )  xb -  b i s  i n  Ra.

Thus xb = b + Xa f o r  some X i n  R. We c la im  x = x^ . .
w- j  A

Note X (b) = b + X ( a ,b ) a  = b + Xa = x ( b ) .  I f  x i s
«• J X

i n  V, t h e n  x = r a  + sb + p f o r  r  and s i n  R and p i n  P.

Then

x(x)  = r x a  + sxb + xp

= r a  + sxb + p ( s i n c e  a and p a r e  i n  H)

= r a  + sb + sXa + p ( s i n c e  xb = b + X a) .

But x^ ^ (x )  = X + X (a ,x )a

= r a  + sb + p + X(a, r a  + sb + p ) a

= r a  + sb + p + Xsa.

Thus X = Xa ,  X
Consequently  i f  x i s  an e lement  of  Sp^(V) and i f  H i s
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a h y p e rp la n e  such  t h a t  t x  = x f o r  a l l  x i n  H, t h e n  t  i s  a 

t r a n s v e c t i o n .  C o n v e r s e ly ,  i f  t i s  a  t r a n s v e c t i o n ,  th e n  

c l e a r l y  t  f i x e s  some h y p e rp la n e  o f  V. However t h e  r e p r e ­

s e n t a t i o n  o f  T may not  be un iqu e .  Fo r  t  , = t ,  , f o r9« j A 0 ^

any p a i r  <b,y> i n  V x R w i t h  b un im odula r  s a t i s f y i n g

X ( a ,x ) a  = i i (b ,x )b  f o r  a l l  x i n  V. In  th e  case  o f  r e g u l a r

t r a n s v e c t i o n s  we can e s t a b l i s h  a "form" o f  u n iq u e n e s s .

Lemma 1 . 1 2 .  L e t  t _  , be a  r e g u l a r  t r a n s v e c t i o n  ina ,  A
Sp (V). L e t  T,  be a t r a n s v e c t i o n  i n  Sp (V) such  t h a t  n b j y  n

, .  Then t h e r e  e x i s t s  a u n i t  a i n  R s a t i s f y i n g  b ,y  a,A
a = ab and a"^y = A ( th e n  t ,  must be r e g u l a r ) .u ,  y

P ro o f :  Prom t ,  = T_ . we have t  ,  ( x )  = t ,  ( x )  b , y  a,A a ,  A n ,y
f o r  a l l  X i n  V. Thus x + A (a ,x )a  = x + y ( b , x ) b  and f i n a l l y

A (a ,x )a  = y ( b , x ) b  f o r  a l l  x i n  V.

S in c e  a i s  u n im o d u la r ,  t h e r e  i s  an  x^ i n  V s a t i s f y i n g  

( a , x ^ )  = 1 .  S in ce  A i s  a u n i t ,  a  = A " ^ y (b ,x ^ )b .  S in c e  b i s  

u n im o d u la r ,  t h e r e  i s  an Xg i n  V s a t i s f y i n g  (b^Xg) = 1. Thus 

yb = A ( a ,x ^ ) a .  Then a = A” ^ y ( b ,x ^ ) b  = A '^A C ajX g )(b ,x ^ )a .  

S in ce  {a} may be e x te n d ed  to  a b a s i s  o f  V, we have

(a,X2 ) ( b , x ^ )  = 1 .  Thus ( a , x  ) and ( b ,x ^ )  a r e  u n i t s ,  indeed

a r e  i n v e r s e s .

Let  a = yA” ^ ( b , x ^ ) .  Then a = a b .  F u r t h e r  ( b , x ^ ) ” ^ = 

(agXg) = (ab ,X2 ) = a ( b , X 2 ) = a .  T h u s .a  i s  a u n i t  and  hence y

i s  a u n i t .  Thus ^ i s  a r e g u l a r  t r a n s v e c t i o n .
— P 9  — PN o t in g  t h a t  y = A (b ,x ^ )“ we compute a " ^ y ;  a ” y =

( y A " ^ ( b , x ^ )  ) “ 2 y  = ( b , x ^ ) " ^ A ^ y “ 2 y  = ( b , X j _ ) " ^ A ^ y “ ^ =

( b , x ^ ) “ 2 x2(b ,x^ )^A "^  = A.
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C o r o l l a r y  1 . 1 3 .  I f  t I s  a r e g u l a r  t r a n s v e c t i o n ,
a 3 A

th e n  T h as  e x a c t l y  one l i n e  and hence one h y p e rp l a n e .a j A.
P r o o f : Immediate  u s i n g  lemma 1 .1 2 .

Let  u be an e lement  o f  R. Then o(u )  deno te s  t h e

i d e a l  g e n e r a t e d  by u .  Let  x be i n  V; t h e  o r d e r  of  x> o ( x ) ,

i s  the  s m a l l e s t  i d e a l  J  C  R such t h a t  g^x = 0. Let  a  be i nJ
S p n ( V ) ;  t h e  o rd e r  o f  a ,  o ( o ) ,  i s  t h e  s m a l l e s t  i d e a l  J  C R

such t h a t  h_o i s  i n  Sp (V/mV), t h a t  i s  a  i n  GSp(V,J) .  Note J n
t h a t  o (x )  i s  g e n e r a t e d  by t h e  components o f  x w i th  r e s p e c t  

to  any b a s i s  of  V. Thus i f  o (x )  = R, t h e n  x i s  u n im o d u la r .  

Theorem l . l 4 .  C e n te r  Sp^(V) = { 1 ^ , -1 ^ } .

P r o o f : K l in g enb e rg  [ 1 3 ] .

C o r o l l a r y  1 . 1 5 .  F o r  J  f  R, G Sp(V ,J ) /SSp(V ,J )  = { l ^ . - l ^ j .  

C o r o l l a r y  l . l 6 .  L e t  ^ be a  t r a n s v e c t i o n .  Then 

o ( t  ) = o (A).

Theorem 1 .1 7 .  SSp(V ,J )  i s  g e n e r a t e d  by t h e  sy m p le c t lc  

t r a n s v e c t i o n s  o f  o r d e r  c o n t a i n e d  i n  J .  I n  p a r t i c u l a r ,

SPj^(V) i s  g e n e r a t e d  by t h e  t r a n s v e c t i o n s .

P r o o f : K l ing en be rg  [ 1 3 ] .

K lingenberg  d i s c u s s e s  t h e  s t r u c t u r e  o f  S p ^ (V ) . F o r  

t h i s  s t u d y ,  we a r e  r e s t r i c t e d  t o  l o c a l  r i n g s  R w i th  c h a r a c t e r ­

i s t i c  o f  (R/m) ^  2 and R/m ^ Pg = Z/3Z.

Theorem 1 .1 8 .  The only  normal p ro p e r  subgroups  o f  

t h e  sy rap lec t ic  group Sp^(V) ove r  V a r e  t h e  congruence  su b ­

g ro u ps  GSp(V,J)  and S S p ( V , J ) ,  J  an  i d e a l  no t  R.

P roof :  K l in g en b e rg  [ 1 3 ] .
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C o r o l l a r y  1 . 1 9 .  SSp(V,J)  = commutator (S p ^ (V ) jG S p (V ,J ) ) 

= commutator (Spj^(V),SSp(V, J )  ) .  I n  p a r t i c u l a r ,  commutator

(SPn(V),  Spn^V]) = SPnCV).

Proof  : K l in genb e rg  [ 1 3 ] .

Theorem 1 . 2 0 .  The group GSp(V,m) i s  c h a r a c t e r i s t i c

under a group automorphism A:Sp (V) -> 8p (V).
n “

Proof  : By th eo re m  l . l 8 ,  t h e  maximal normal subgroup

o f  Sp^(V) i s  GSp(Vj.m). Let  AzSp^XV) -> Sp^(V) be a group 

automorphism. S in c e  normal  subgroups a r e  c a r r i e d  t o  normal 

subgroups under  A we have t h a t  A(GSp(V,m)) C G Sp(V,m ).

Thus GSp(V,m) i s  c h a r a c t e r i s t i c  un de r  A.

Theorem 1 . 2 1 .  The normal subgroup SSp(V,m) i s  

c h a r a c t e r i s t i c  under  group automorphisms o f  Sp^(V).

P r o o f ; By c o r o l l a r y  1 .1 9 ,  SSp(V,m) i s  t h e  commutator 

o f  Spj^(V) and GSp(V,m). Let  A be a group automorphism of  

Sp^(V). Let  g be i n  Sp^(V) and h in  GSp(V,m). By theorem 

1 .2 0 ,  Ah i s  i n  GSp(Y,ra). Thus A (ghg"^h" l)  = AgAhAg“ ^Ah"^ i s  

i n  th e  commutator SSp(V,m) o f  Sp^(V) and GSp(V,m). Thus 

A(SSp(V.m)) i s  c o n t a i n e d  i n  SSp(V,m); t h a t  i s  88p(V,m) i s  

c h a r a c t e r i s t i c .

Let  n = hjjjtSp^CV) 8p^(V/mV). For  A an  automorphism 

of  Sp^(V) d e f i n e  I ;Sp^(V/mV) 8p^(V/mV) by A(na) = n(Aa) 

f o r  a  i n  Sp^(V). We show t h a t  A i s  w e l l  d e f i n e d .  Suppose a  

and 3 a r e  i n  Sp^(V) such  t h a t  Ho = 113• Then 11(03“ ^) = and

= X w i th  T i n  II“ ^ (1 ^ )  = 88p(V,m). Thus A(a3"’^) = At i s  

i n  88p(V,m) by theo rem  1 .2 1 .  Then AoA3"^ = At and
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n(AaA3~^) = II(At) = 1^. Hence n(Aa)  = II(AB) and A i s  w e l l  

d e f i n e d .  This p r o v id e s  t h e  f o l lo w in g  im p o r ta n t  commutative 

d iagram:

A
Sp^(V) --------------- >  Sp^(V)

n
V

n

Sp (V/mV)  >  Sp^(V/mV)

For t h e  r em ainder  o f  t h i s  c h a p t e r ,  R w i l l  d e n o te  a

f i n i t e  l o c a l  r i n g .  We l e t  m d e n o te  th e  maximal i d e a l  o f  R

and p u t  k = R/m. We w i l l  d e te r m in e  |S p ^ (V )[ .

I f  , i s  a t r a n s v e c t i o n  in  Sp„(V),  t h e n  h (t „ . ) = 
a^A m &,A

T- Y i s  a t r a n s v e c t i o n  i n  Sp (V/mV), (a d e n o te s  g a and X  
Si'y A ni

d e n o te s  p ^ l ) .  Since every  t r a n s v e c t i o n  i n  Spj^(V/mV) can  be 

o b t a i n e d  i n  t h i s  f a s h i o n  and s i n c e  t h e s e  t r a n s v e c t i o n s  

g e n e r a t e  Sp^CV/mV), we have h ^ : S p ^ { Y )  ^  Sp^(V/mV) i s  

s u r j e c t i v e .

A r t i n  [ 1 ] ,  page 146-147,  c a l c u l a t e s  |Sp^(V/mV) | =

2 r
| k | ^  II ( jk l  -  1 ) ,  (n = 2 r ) .  F u r t h e r  we have 

i=l

( | k | ^  -  l ) | m | ^  = 1r | ^  -  |mj^ un imodular  e lem en ts  v i n  V.

For each o f  t h e s e  v ,  t h e r e  a r e  ( | k | ^  -  | k | ^ " l ) | m | ^  =

|R |^  -  |R |^"^}m| unimodular  v e c t o r s  w such t h a t  (v,w) i s  

a u n i t  and ( | k | ^  -  j k j ) | m | ^  = |R |^  -  |R | |m |  o f  them span 

th e  same p lan e  <v,w>. Thus we have |R |^ ^^  h y p e rb o l i c  

p l a n e s  <v,w>.
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Now, In  each  p l a n e  t h e r e  a r e  ( | k |  -  | k | ) |m . |  =

| r |^  -  |R | |m |  v e c t o r s  w w i t h  (v,w) a u n i t  and t h e s e  v e c t o r s  

w d e te rm in e  l i n e s  Rw w i th  ( | k |  -  l ) | m |  = |R| -  |m| o f  them 

g i v i n g  t h e  same l i n e .  Wow the  p la n e  <v,w> c o n t a i n s  

|RI = | k | | m |  l i n e s  Rz w i t h  ( v , z )  a u n i t .  On each  l i n e  t h e r e  

e x i s t s  an  x w i t h  ( v , x )  = 1. Thus t h e r e  e x i s t s  | k | ^ " ^ | m | ^  =

|R |" ^ 1  p a i r s  w i th  f i r s t  component x. S in ce  t h e r e  a re  

( | k | ^  -  l ) ( | m | ) ^  = |R | ^  -  |m |^  such v e c t o r s  v, we have t h a t  

th e  number o f  h y p e r b o l i c  p a i r s ,  i s  g iv e n  by X = 

| R | " - ^ | R l "  -

Let  = |S p ^ ( V ) l .  A g iv e n  h y p e r b o l i c  p a i r  {v,w} 

can be moved t o  any o t h e r  h y p e r b o l i c  p a i r  by a  o i n  Sp^(V),  

t h a t  i s  i n t o  any o f  X^ p a i r s .  I f  a  and t  move {v,w} to  t h e  

same p a i r ,  t h e n  w i l l  l e a v e  <v,w> f i x e d .  L e t  V =

<v,w> J_<v,w>°.  Then i f  p = t“ ^ p , we have p = 1^ JL p^ q 

where U = <v,w> and p^^ i s  i n  th e  group o f  U°. Thus =

^n^n-2* = ^n^n-2***^2

1=1 '

F
| R | ^ ^  n  ( | R | 2 i  _  | m | 2 i )

i = l

Iml ^  | ^ , 2 ( l + 2 + . . . + n ) k |  n ( | k | ^ i  -  1 )  
1=1
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, n \ 2  n ( n + 2 )
(?)  4

ml jmj jSp (V/mV)

n(n + l  )

|m| ^ |Sp„(V/mV)|



CHAPTER I I  

INVOLUTIONS

An e lem ent  a i n  Sp^(V) i s  c a l l e d  an  I n v b l u t l o n  i f  

= l y .  In  t h i s  c h a p t e r  we i n v e s t i g a t e  t h e  a c t i o n  of  

automorphisms o f  Sp^(V) on i n v o l u t i o n s .  We s h a l l  assume

t h a t  t h e  c h a r a c t e r i s t i c  o f  t h e  f i e l d  R/m i s  o t h e r  t h a n  2.
2Thus we have r  = - r  i m p l i e s  r  = 0 and r  = 1  i m p l i e s  r  = ±1.

Let  a  be an i n v o l u t i o n  i n  Sp^(V). With a ,  a s s o c i a t e

two submodules of V:

U = {x i n  V |a ( x )  = -x} and

W = {x i n  V 1a (x )  = x} .

O bvious ly  U /1  W = 0. I f  x i s  i n  V,

X = l / 2 ( x  -  o ( x ) )  + l / 2 ( x  + a ( x ) ) .

S ince  x -  a (x )  i s  i n  U and x + c t ( x )  i s  i n  W, we have

V = U ® W. Thus t h e  i n v o l u t i o n  a  i n  Sp (V) d e te r m in e s  a
n

Unique s p l i t t i n g  a:V = U ® W. The spaces  U and W a r e  

c a l l e d  t h e  p r o p e r  sp a ce s  o f  o .  We d e f i n e  t h e  index  o f  o ,  

denoted  ind  a ,  by in d  a  = min{dim U, dim W}.

S in ce  = l y ,  we have  

$ ( ( a  + l y ) x ,  (a -  l y ) y )  = $(ox  + X, ay -  y)

= 0 ( a x , a y )  -  $ (ax ,  y ) + f ( x , a y )  -  $ ( x ,y )  

2 5
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= 0(x ,y)  -  $ (x ,oy )  + $(x ,oy)  -  $ (x ,y)

=  0

F u r t h e r  I f  v I s  In  V th e n  v = u + w f o r  some u i n  U, w in  W.

Then ( a  + l ^ ) ( v )  = o v + v  = ou + o w + u + w = w + w i s  i n  W.

I f  w i s  in  W, th en  ( a  + . l ^ ) ( l / 2  w) = 1/2 o/w) + 1 /2  w = w.

Thus (a  + 1^)V = W. S i m i l a r l y  (a -  1^)V = U. We have 

V = U J_ W.

F u r t h e r  o b se rv e  t h a t  W = U°. For  i f  x i s  an e lement o f  

Vj, t h e n  (x,U) = 0 so t h a t  W Ç U°. On t h e  o t h e r  hand,  i f  x

i s  i n  U°, th e n  (x,U) = 0. Now x in  V i m p l i e s  x = u + w

w i th  u i n  U and w i n  W. Then 0 = (x,U) = (u + w,U) =

(u,U) + (w,U) “  (u ,U ) .  But d^:V -*■ V* i s  an isomorphism.

For  V in  V, V = u^ + w^ f o r  some u^ i n  Ü and w^ i n  W. Then

d ^ ( u ) ( v )  = ( v ,u )  = (u^ + w^,u) = (u ^ ,u )  + (w^,u) = 0. Thus 

d^(u )  i s  t h e  zero  map on V and u = 0. T h e r e fo r e  x = u + w = w

and U° C  W. Thus W = U° and V = U _L W = U J_ U°. In

p a r t i c u l a r ,  U and W a r e  n o n - i s o t r o p i c  su b sp ac es  o f  V. F u r t h e r  

dim U and dim W must th e n  be even. So i f  a i s  an i n v o l u t i o n

i n  Sp (V),  t h e  index  o f  a must be even.

The f o l l o w in g  f a c t s  a re  e v i d e n t .

( i )  I f  and a ,  a r e  i n v o l u t i o n s  i n  Sp (V),  th e n  an 1 n
= ±Ug i f  and only i f  t h e y  have th e  same p r o p e r  s p a c e s .

( i i )  Let  and be i n v o l u t i o n s  i n  Sp^(V).  Then 

OjOg I s  an i n v o l u t i o n  i f  and o n ly  i f  a]_(j2 ”

( i i i )  Let  3 be a n  e lement  of  Sp^(V) and l e t  a be  an

i n v o l u t i o n  i n  Sp^(V) w i th  p r o p e r  sp a ce s  U and ¥ .  Then
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. —1gog Is  an  I n v o l u t i o n  w i th  p ro p e r  sp aces  gU and gW.

( i v )  Let  3 be  In  Hom^XV,V) and a In  Sp^(V) w i t h  

p ro p e r  s p a c e s  U and W. Then go = eg i f  and on ly  i f  gU Ç U 

and gW Ç ¥ .

Theorem 2 . 1 .  Let  V be a  sy m p le c t l c  sp ace  w i th  dimen­

s i o n  n = 2r  and l e t  B be  a sy m p lec t l c  b a s i s  o f  V. Let  o be 

an i n v o l u t i o n  i n  Sp^(V) and l e t  A be th e  m a t r ix  r e p r e s e n t a ­

t i o n  o f  o w i th  r e s p e c t  to  B. Then t h e r e  e x i s t s  an I n t e g e r  

t  such t h a t  A i s  s i m i l a r  to  P ® P where P i s  a m a t r ix  of t h e  

form

P =

-1

-1
w i t h  t  - I ' s ,

t h a t  i s  P = - I  ® I  .t  r - t

P roof  ; The i n v o l u t i o n  a d e te rm in e s  a s p l i t t i n g  o f

a:V = U J_W w i th  o = -1„  $  1,,. By t h e  p r e v i o u s  d i s c u s s i o n ,u w
we have t h a t  U and W a r e  n o n - i s o t r o p i c  sub sp aces  and t h u s  

each must have a s y m p le c t l c  b a s i s .  L e t  £ x ^ , . . . , x ^ , y ^ , . . . ,y^} 

be a  sy m p le c t lc  b a s i s  f o r  U and . . .  ,x^,y^_^^^,. . .  ,y^}

be a sy m p le c t l c  b a s i s  f o r  W. S ince  R i s  l o c a l ,  i t  f o l lo w s  

t h a t  { x ^ , . . . , x ^ , y ^ , . . . ,y^} i s  a s y m p le c t l c  b a s i s  f o r  V.

Let  B = { v ^ , . . .  , v ^ , v | , . . . ,v^} be o u r  o r i g i n a l
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s y m p l e c t l c  b a s i s  f o r  V. D e f ine  a  change o f  b a s i s  m a t r ix  Q 

by Q(v^) = and Q ( v p  = y^ f o r  1 = 1 , 2 , . . . , r .  S in c e  Q 

maps a sy m p le c t l c  b a s i s  o f  V to  a s y m p le c t l c  b a s i s .  I t  I s  

an e lem ent  of . But OT^AQ = P ® P where P I s  o f  th e  form 

d e s c r i b e d  I n  the s t a t e m e n t  o f  th e  theorem .

Note t h a t  dim U = 2 t  and dim W = n -  2 t .  R e c a l l

Ind a  =  mln{dlm U, dim ¥} = m ln { 2 t ,  n - 2 t } .  Thus I f

Ind  0 = k, t h e n  th e  m a t r i x  o f  a I s  s i m i l a r  t o  a d i a g o n a l

m a t r ix  w i th  e i t h e r  k o r  (n -k )  - I ’s ;  t h e  o t h e r  e n t r i e s  be ing

I ’ s .  I f  the  m a t r ix  has  k - I ' s ,  we s h a l l  say  a  I s  o f  type  

(k ,  n - k )  and I f  t h e  m a t r i x  has  (n -k )  - I ' s ,  we say a has  

t y p e  ( n - k ,  k ) .  Thus a  has  Index k I f  and o n ly  I f  a I s  e i t h e r  

o f  t y p e  (k,  n -k )  or  ( n - k ,  k ) .

For  c o m p u ta t io n a l  p u r p o s e s ,  t h e  n o t i o n  of sy m p le c t lc  

d i r e c t  sum I s  sometimes u s e f u l .  I f  and a r e  g iv e n  by

' 4
and M = 

2

=2 '

°2  _

t h e n  t h e  sy m p le c t l c  d i r e c t  sum o f  and d e n o ted  

I s  g iv e n  by

""a

* Mg =

0 0

0 B.

D
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A s t r a i g h t f o r w a r d  c o m p u ta t io n  shows t h a t  i f

' ' i  \
( i  = 1 ,2 )  i s  i n  and

‘■1 ' ' i
( i  = 1 ,2 )  i s  i n  f n

th e n  (Y^ * Z^)(Y2 * Z^) = Y^Yg * .

Note i f  o  i s  an  i n v o l u t i o n  i n  Sp^(V). w i t h  mat (a)  = A,

th e n  A i s  s i m i l a r  to  a m a t r ix  i n  t h e  form * j 2 ( n - t ) ^

L e t  Y be t h e  c o l l e c t i o n  o f  m a t r i c e s  i n  w i th  t h e  n n
form where P^ i s  a m a t r ix  i n  hav ing  1 o r  -1

i n  any c o m b in a t io n  on t h e  main d i a g o n a l  and z e ro e s  e l s e w h e re .  

By ( 1 .9 )  i t  i s  c l e a r  t h a t  i n  i s  an e lem ent  o f  fj^. 

F u r t h e r  any two e lem en ts  o f  commute and any i n  i s

an i n v o l u t i o n .

Theorem 2 . 2 .  I f  {A,.}.  ̂ i s  a c o l l e c t i o n  of p a i r w i s e
"  J-

commutative i n v o l u t i o n s  i n  f ^ ,  t h e n  t h e r e  i s  a  P i n  f o r

which P-^A^P i s  i n  f o r  a l l  i  = 1 , 2 , . . . , s .

P roof :  C o n s id e r  f i r s t  t h e  c a se  n = 2 .  Le t  A be  an

i n v o l u t i o n  i n  fg g iv e n  by
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A =

a b

Then A =

a 0

c d 0 a

so t h a t

= 1. But th e n  a = ± 1 ,  so t h a t  A = ± I .

P ro c ee d in g  by i n d u c t i o n ,  assume th e  theorem h o ld s  i n  

^2k 1 ^ 1  ^ ( n = 2 r ) .  I f  i s  an i n v o l u t i o n  w i th

in d ex  0 o r  n, t h e n  A^ = + I .  Thus we may assume t h a t  A  ̂

h a s  index  t  f o r  some t  s a t i s f y i n g  2  ^  t  ^  n - 2 ,  o th e r w i s e  

t h e  r e s u l t  would be t r i v i a l .

S in c e  Â  has  in d ex  t ,  t h e r e  i s  a  Q i n  such t h a t  

Q-lA^Q =  ̂ i ( n - t ) ^  (o r  i n  which c a s e

t h e  argument i s  s i m i l a r ) .  For each i ,  i  ^  i  ^  s ,  t h e  m a t r i x  

Q“ ^A^Q commutes w i t h  QT^A^Q and t h e r e f o r e  has t h e  form

Q"“A^Q = * g ( n - t )  where  d e n o te s  a q by q m a t r ix

b l o c k .  Checking th e  c r i t e r i a  f o r  membership in  &nd

an invo-t  1
I 8

y i e l d s  t h a t  i s  an  i n v o l u t i o n  i n  and i s

l u t i o n  i n  f  , .  Also s i n c e  ( A . i s  a p a i r w i s e  commutat ive n - t  1 1=1
8 s

c o l l e c t i o n ,  we have t h a t  and 3 . r e

c o l l e c t i o n s  o f  p a i r w i s e  commutative I n v o l u t i o n s  from and

r  . r e s p e c t i v e l y ,  n - t  ,
f t   ̂ ( n—t  )By i n d u c t i o n ,  t h e r e  e x i s t  Q' '' i n  and Q i n

such  t h a t

i s  i n

ana
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T h e r e fo r e  f o r  a i l  i ,  1 1  1 1. 8 ,

I s  i n  and t h e  p r o o f  i s  com ple te .

Our d i s c u s s i o n  o f  i n v o l u t i o n s  t o  t h i s  p o i n t  has 

in v o lv e d  i n  most c a s e s  t h e  u s e  of  s y m p le c t i c  b a s i s .  We 

r e c a l l  t h a t  a sy m p le c t i c  b a s i s  { x ^ , . . . , x ^ , y ^ , . . . ,yp} g iv es  

r i s e  to  a h y p e r b o l i c  b a s i s  { x ^ ,y 2 , . . . , X p , y p }  (and c o n v e r s e ly )  

That i s ,  we mav assume t h a t  t h e r e  i s  a s p l i t t i n g  of V in to  

h y p e r b o l i c  p l a n e s ,  V = _L ?2 _L . . .  J - P ^ .  I n  t h i s  c o n te x t  

an i n v o l u t i o n  a:V ^  V i s  o f  in d ex  k = 2 t  i f  o i s  s i m i l a r  to

o ' '  = - I p  ® . . .  ® - I p  © I p  © . . .  ® Ip  .
I  r - t  r - t + 1  ^

In  t h i s  c a s e  an e lement  o f  as  d e s c r i b e d  above w i l l  con­

s i s t  o f  t h e  s e t  o f  i n v o l u t i o n s

( ± l p  ) ©  ( ± l p  ) ® . . .  ®  ( + 1  ) .
1 2 Pp

I f  we c o n s i d e r  m a t r ix  r e p r e s e n t a t i o n s  o f  e lem en ts  of  

i n  te rm s  of  a  h y p e r b o l i c  b a s i s  o f  V, we s e e  t h a t  such  an, 

e lement  i s  a  d i r e c t  sum o f  2 x 2 b l o c k  m a t r i c e s ,  where each 

b lo c k  i s  ± I .
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Theorem 2 . 3 .  Let  X be a  s e t  o f  i n v o l u t i o n s  i n  Sp^(V).

Then t h e  f o l lo w in g  a r e  e q u i v a l e n t :

( i )  The e lem en ts  of  X a re  p a i r w i s e  commutat ive .

( i i )  There  i s  a s p l i t t i n g  o f  V i n t o  h y p e rb o l i c  p l a n e s ,

V = P-, _L . . .  1. P , such t h a t  oP. = i  P. ( t h a t  i s  a = ± Ip  )1 r  1 1
f o r  1 = 1 , 2 , . . . , r  and a l l  a i n  X. Thus each o i n  X w i l l

have t h e  form c = (± 1_ ) J _ . . .  _L(± Ip  )•
^1

( i i i )  There  i s  an  e lement  g i n  Sp^^V) such t h a t  

m a t ( g - ïo g )  i s  i n  f o r  a l l  a i n  X.

P r o o f : ( ( i )  im p l i e s  ( i i i ) ) .  T h i s  i s  t h e  r e s u l t  of

(2 .2 )  when t r a n s l a t e d  t o  Sp^(V) and f o r m u la te d  w i t h  a 

h y p e r b o l i c  b a s i s .

( ( i i i )  im p l i e s  ( i ) ) .  I f  and Og a r e  i n  X ,  th e n  

t h e r e  i s  a g i n  Sp^(V) such  t h a t  and a r e  in

S in c e  e lem ents  of  a r e  p a i r w i s e  commutat ive,  we have 

(g"^o'^g) ( g-^Ogg) = ( g " l o  B )(g"^o^g) .  But th e n  o^Og = OgO^.

( ( i i )  im p l i e s  ( i i i ) ) .  L e t t i n g  g = 1^ w i l l  s u f f i c e ,  

( ( i i i )  im p l i e s  ( i i ) ) .  Let  { x ^ , . . . , x ^ }  be a  h y p e r b o l i c  

b a s i s  f o r  V. By ( i i i )  t h e r e  i s  a change of b a s i s  map g so 

t h a t  gT^og i s  i n  f o r  a l l  a i n  X. Thus t h e  new b a s i s

g iv e s  a s p l i t t i n g  o f  V w i th  t h e  d e s i r e d  c o n d i t i o n .

C o r o l l a r y  2 . 4 .  Let  V be a sy m p le c t i c  space  o f  

d im ens ion  n = 2 r .  Let  X be a c o l l e c t i o n  of  p a i r w i s e  commuta­

t i v e  i n v o l u t i o n s  i n  Spj^(V), each of in d ex  k = 2 t .  Then t h e r e  

a r e  a t  most 2 (^ )  e le m e n ts  i n  X.

Pro o f  : Let  V = P ^ J .  . . .  _L_P  ̂ be a s p l i t t i n g  o f  V
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i n t o  h y p e rb o l i c  p l a n e s .  Then we can  choose t  o f  t h e s e  

p l a n e s  i n  ) ways. I f  2k ^ r ,  t h e r e  a r e  2 (^ )  e le m e n ts  o f

of index  k. I f  2k = r ,  t h e r e  a r e  (^)  e lem en ts  o f  o f

index  k.  In e i t h e r  ca se  ( 2 .3 )  y i e l d s  our r e s u l t .

C o r o l l a r y  2 . 5 .  Let  V be a sy m p le c t i c  sp ace  of  

d im ens ion  n = 2 r .  Let  X be a c o l l e c t i o n  of p a i r w i s e  commuta­

t i v e  i n v o l u t i o n s  i n  Sp ( V ) , each o f  type  k = 2 t . Then t h e r e  

a r e  a t  most (^)  e lem en ts  i n  X.

P r o o f : Immedia te .

Let  Oj| be t h e  e lement  o f  Sp^(V) w i th  r e p r e s e n t a t i o n

i n  a d i a g o n a l  m a t r ix  w i t h  -1  i n  b o th  the  ( i , i )  and

Ci+r ,  i + r ]  p o s i t i o n s  and 1 e l s ew h e re  f o r  i  = 1 , 2 , . . . , r  

(where dim V = n = 2 r ) .  Noting t h a t  m a t r i c e s  o f  t h e  form

U 0

0

(U i n  ilp)

a r e  e lem en ts  of  1^, we see  t h a t  Cj_ i s  s i m i l a r  to  Oj f o r  a l l

i ,  j , 1 < 1 ,  j  <_ r .  Thus, i f  A;Sp^_(V) ■> Sp^(V) i s  a g roup

automorphism, t h e n  Aa^ i s  s i m i l a r  t o  Ao  ̂ f o r  a l l  i ,  j ,

1 < 1, i < r .  Thus th e  i n v o l u t i o n s  {Aa.}f  a r e  a l l  o f  th e  
-  -  1 1=1

same t y p e ,  say (k, n - k ) ,  k = 2 t .

We c la im  t h a t  t  = l o r t = r - l .  C l e a r l y  t  0 and 

t  /  r  s i n c e  i- ± l y . Thus suppose  1 < t  < r  -  1 .  But (^) < 

( ^ ) i m p l i e s  t h e r e  i s  an i n v o l u t i o n  B o f  t y p e  k n o t  in  t h e  

s e t  {Ao%} and commuting w i th  each Aa^. Then A” ^B commutes
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w i t h  a l l  and has t y p e  ( 2 ,  n - 2 ) .  But t h i s  I s  i m p o s s i b l e .

Thus t  = 1 o r  t  = r  -  1 .  That  i s ,  Aa^ i s  e i t h e r  o f  typ e  

( 2 ,  n -2 )  o r  (n -2 ,  2 ) .

Now l e t  a i n  Sp^(V) have t y p e  (2,  n - 2 ) .  Then t h e r e  

i s  a  Y in  Sp^(V) su c h  t h a t  = cj^ f o r  some i .  Then

A(y" ^ 0 y) = Aa^ has ty p e  (2 ,  n -2 )  o r  ( n - 2 ,  2 ) .  Thus Ao =

(Ay ) (AOj^) (Ay )"^ i s  e i t h e r  o f  ty p e  (2 ,  n - 2 )  o r  o f  ty p e  

( n - 2 ,  2 ) .  S i m i l a r l y ,  i f  a i s  o f  ty p e  ( n - 2 ,  2 ) ,  t h e n  Ao i s  

o f  ty p e  ( n - 2 ,  2) o r  ( 2 ,  n - 2 ) .

Let  1 (2 )  = { o | i n d  0 = 2 } .  T hat  i s ,  t h e r e  i s  a 

s p l i t t i n g  o f  V such t h a t  f o r  o i n  1(2)

o = Ip  © . . .  © I p  ® - I p  © Ip  ® . . .  © Ip  f o r
1 i - 1  i  1+1 r

s ome i  or

o = - I p  ® . .  . ® -1 „  © Ip  © - I p  ® . . .  © - I p  f o r
1 P j - 1  j  ^J+1 r

some j .

Observing  t h a t  A“ ^ i s  a l s o  an automorphism, we have 

t h e  f o l l o w i n g  lemma.

Lemma 2 . 6 .  I f  A i s  a group automorphism o f  Sp^(V),

t h e n

Observe t h a t  we have two c a s e s .  I f  o and 3 have t h e  

same t y p e ,  th en  Ao and A3 have t h e  same t y p e ;  c o n s e q u e n t ly

A
( I )  type  (2 ,  n - 2 ) ------- > t y p e  (2 ,  n -2 )  and

A
type  ( n - 2 ,  2 ) ------- >  t y p e  ( n - 2 ,  2 ) .
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A
or ( I I )  ty p e  (2 ,  n - 2 ) -------- > t y p e  ( n - 2 ,  2) and

A
ty p e  (n -2 ,  2 ) -------- >  t y p e  (2 ,  n - 2 ) .



CHAPTER I I I  

TRANSVECTIONS

Let t :V -»■ V be a t r a n s v e c t i o n  of  t h e  form . w i th  

un im odula r  a and X i n  R. We can  ex tend  {a} t o  a h y p e rb o l i c  

b a s i s  o f  V. Then c o n s i d e r i n g  Mat(x)  r e l a t i v e  to  t h i s  b a s i s ,  

i t  i s  c l e a r  t h a t  x i s  an  e lement  of t h e  s p e c i a l  l i n e a r  g roup ,  

SL^(V). R e c a l l i n g  t h a t  K l ing en be rg  has  shown t h a t  Sp^(V) 

i s  g e n e r a t e d  by t h e  t r a n s v e c t i o n s ,  we see  Sp^(V) C S L ^ ( V ) .

In  t h e  c a s e  n = 2, Spg(V) = SL^CV).

L et  T be t h e  s e t  o f  t r a n s v e c t i o n s  i n  Sp^(V),  and l e t  

A be an automorphism of  Sp^(V). I f  A(T) = T, we say A 

p r e s e r v e s  t r a n s v e c t i o n s .  I t  i s  our  i n t e n t  i n  t h i s  c h a p te r  

to  show t h a t  any automorphism of  Sp^(V) p r e s e r v e s  t r a n s ­

v e c t i o n s .  F i r s t ,  we make some o b s e r v a t i o n s  on t r a n s v e c t i o n s .

The i d e n t i t y  1^ i s  a t r a n s v e c t i o n ;  namely ,  l y  = ^

f o r  some unimodular  a .  F u r t h e r ,  i f  = 1^ ,  t h e n  X = 0.

For i f  XX = X + X (a ,x )a  = x ,  t h e n  x ( a , x ) a  = 0 f o r  a l l  x i n

V. S e l e c t i n g  x such t h a t  ( a , x )  = 1 ,  we have xa = 0. S ince

a i s  u n im o d u la r ,  X must be 0. However, s i n c e  we a r e  

assuming t h a t  2 i s  a u n i t  i n  R, - l y  i s  not  a t r a n s v e c t i o n .

Lemma 3 . 1 .  Let  x^ ^ be a t r a n s v e c t i o n .  Then

36
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OT . 0 - 1  = T . f o r  every  o In  Sp (V).  a , A oa J A n
P r o o f :  OT , o ” ^ (x )  = ot , ( o“ 1x ) = o (o ” lx  + A ( a , o " l x ) a )  =
  a,A a^A

X + A (a ,o“ l x ) o a  = x + A(oa, x )oa  = t . ( x ) .  S ince  o (a )  i sGd) A
u n im odu la r ,  the  p r o o f  i s  comple te .

Note t h a t  t_ , has  l i n e  Ra = L. Thus i f  a  i s  i n
A

Sp (V), t h e n  ot ->cj“ 1 i s  a t r a n s v e c t i o n  w i th  l i n e  oL. n a , A
Lemma 3 . 2 .  Let Tg^^ be a r e g u l a r  t r a n s v e c t i o n .

Then

( i )  Tg^^ = T^^^ i f  and on ly  i f  b = + a .

( i i )  T , = T^ i f  and on ly  i f  A =
3,  ^ A 3- J y

P ro o f :  By ( i . l 2 )  t  ̂  ̂ = t ,  ̂ im p l i e s  t h e r e  i s  a u n i t
— —  d j  A D ^ A

a i n  R such t h a t  b = aa and A = a ”^A. Then = 1 ,  so t h a t

a = ± 1. Thus b = + a .  Converse ly  i f  b = + a ,  t h e n

^(x) = X + A ( a ,x ) a  w h i l e

fx + A (a ,x )a  i f  b = a

Tb,x^x) = X + A(b ,x)b  =

X + A ( - a , x ) ( - a )  = x + A ( a ,x ) a  i f  b = - a .

For  ( i i ) ,  i f  T-  ̂ = t t h e n  by (1 .1 2 )  t h e r e  i s  a
a,U

u n i t  a i n  R s a t i s f y i n g  a = aa and y = a ” ^A. But a  i s

u n im o d u la r ,  a = aa i m p l i e s  a = 1 and y = A.

Lemma 3 . 3 .  Let  t ^ and Tg be t r a n s v e c t i o n s  w i th  t h e

same l i n e .  Then T^T2 i s  a t r a n s v e c t i o n  (w i th  t h e  same l i n e

a s  T^ and ) .

P r o o f :  Let  Tt = t„ ■> and T_ = T* . Then--------- J- a,A 2 d-,y

TiT2 (x) = Tgx + A(a, Tgx)a
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= X + u ( a , x ) a  + X(a,  x + p ( a , x ) a ) a

= X + w (a ,x )a  + X ( a ,x ) a  + Xja(a,x) ( a , a ) a

= X + y ( a , x ) a  + X ( a ,x ) a

= X + ( u + X ) (a ,x )a .

Thus TjTj =

iJote  t h a t  i f  and a r e  r e g u l a r  t r a n s v e c t i o n s  w i th  

t h e  same l i n e ,  t h e n  T2?2 i s  a t r a n s v e c t i o n  w i t h  th e  same 

l i n e .  However Tj_T2 may no t  be r e g u l a r .

Lemma 3 . 4 .  Let  and Tg bs r e g u l a r  t r a n s v e c t i o n s .  

Then and permute i f  and on ly  i f  t h e i r  l i n e s  a r e  

o r t h o g o n a l .

P r o o f :  Let  t , = t , and Then f o r  a l l  x  1 a, X d  b ,u
in  V, T̂ x̂ = X + X ( a ,x ) a  and T^x = x + u ( b , x ) b  w i th  a  and b 

unimodular  e le m e n ts  o f  V and X and y u n i t s  i n  R. Suppose 

T1T2 = T g?! .  Then t-]_T2T^^ = T2 ' ( 3 .1 )  “

■'2 = th a t i s , By

( 3 . 2 ) b = ± T ^ t b ) .  So two c a s e s  a r i s e .

( i )  I f  b = T ^ (b ) ,  t h e n  b = b + X (a ,b )b  so X (a ,b )b  = 0.

But X i s  a u n i t  and b i s  u n im o d u la r ,  t h u s  ( a , b )  = 0. Thus t h e

l i n e s  Ra and Rb o f  and T2 , r e s p e c t i v e l y ,  a r e  o r t h o g o n a l .

( i i )  I f  b = - T ^ ( b ) ,  t h e n  b  = -  b -  X (a ,b )a  so t h a t  

b = -  X 2 '"^ (a ,b )a ,  Then ( a , b )  = 0 and t h e  l i n e s  a r e  o r t h o g o n a l .

C on v e rse ly ,  suppose t h e  p ro p e r  l i n e s  o f  and T2 

a r e  o r t h o g o n a l .  I n  p a r t i c u l a r ,  ( a , b )  = 0. Now 11^2 (x) =

X + y ( b , x ) b  + X (a ,x )a  + Xy (b ,x  ) ( a ,b  )a  and =

X + X ( a ,x ) a  + y ( b , x ) b  + yX ( a ,x  ) ( b , a ) b . Thus T]^T2 =
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Hôte t h a t  I f  t h e  l i n e s  o f  and %2 o r t h o g o n a l ,  

t h e n  T^Tg = Tg?! w i th o u t  t h e  r e q u i r e m e n t  t h a t  and Tg be

r e g u l a r .  The o t h e r  I m p l i c a t i o n  seems to  r e q u i r e  r e g u l a r i t y .

Lemma 3.5* L e t  t be a r e g u l a r  t r a n s v e c t i o n  w i th

l i n e  Ra, say ^ = x .  L e t  C(x) = {a i n  Spy^(V)lax = xa}

Then C(x) = {a i n  Spj^(V)|aa = ± a } .

P r o o f : Suppose a a  = ± a .  Then a x (x )  =

a (x  + X ( a ,x ) a )  = ax + X ( a ,x ) a a

+ X ( a , x ) a  i f  aa  = a ,

ax -  X ( a ,x ) a  i f  aa  = - a ,

and

xa(x )  = ax + X ( a , a x ) a  = ax + X(a“^ a , x ) a

[ax + X ( a ,x ) a  i f  a a  = a  s i n c e  t h i s  c a s e  has  a“ ^a = a .

|_ax -  X ( a ,x ) a  i f  aa  = - a  s i n c e  t h i s  c a se  has a “ ^a = - a .

Thus ax = xa and a i s  i n  C (x ) .

C o n v e r s e l y ,  suppose  a i s  i n  C (x ) .  Then axa”^ = x. Thus

x__ , = X s i n c e  axa"^ = x^a By (1 .1 2 )  t h e r e  i s  aOd.,A a,X
u n i t  a  i n  R s a t i s f y i n g  a a  = aa  and  a"^X = X. Thus a^ = 1

and a = ± 1 .  Hence aa = ± a a n d  C(x) Ç  {a i n  Sp n (V ) |aa  = ± a } .

Observe  t h a t  x need n o t  be r e g u l a r  t o  have t h a t  

{a i n  Spj^(V)|aa = ± a} Ç  C ( x ) .

Lemma 3 . 6 .  L e t  x^ and  X2 be r e g u l a r  t r a n s v e c t i o n s  

i n  Spj^(V). Then C(x]_) = C(x2 ) i f  and o n ly  i f  x^ and X2 have
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t h e  same l i n e .

P r o o f : Suppose and %2 have t h e  same l i n e ,  say  Ra.

Then by ( 3 . 5 ) ,

C(t^) = {a I n  S p ^ (V ) la a  = ± a} = CCtg).

C o n v e r se ly ,  suppose C(x-j^) = C f ig )  and x and

Tg = T|  ̂ Suppose t h e  l i n e s  o f  and a r e  d i s t i n c t .

Then t h e  h y p e r p l a n e s  (Ra)°  and (Rb)° a r e  d i s t i n c t ,  s i n c e  

(u0 )O = u f o r  any subspace  U o f  V. Thus t h e r e  e x i s t s  a c in

V s a t i s f y i n g  ( a , c )  = 0 and ( b , c )  /  0. We can assume c i s  

u n im od u la r  and choose  a u n i t  v i n  R, so x^ ^ i s  a  t r a n s ­

v e c t i o n .  But x„ , , (a)  = a + v ( c , a ) c  = a im p l i e s  t h a t  x i s  

i n  C ( x ^ ) .

We c la im  however t h a t  x , , (b) ^  ± b .  Suppose
o ,  V

X ( b ) = b . Then b = b + v ( c , b ) c  so t h a t  v ( c , b ) c  = 0. But
C ,  V

V i s  a u n i t  and c i s  un im odula r  so ( c , b )  = 0. T h is  c o n t r a ­

d i c t s  our  c h o ic e  o f  c .  Suppose t h a t  x , ,(b) = - b .  ThenC J  V

b + v ( c , b ) c  = - b ,  so - 2 “^ v ( c , b ) c  = b . But t h e n  ( b , c )  = 0, 

a g a i n  c o n t r a d i c t i n g  t h e  c h o ic e  o f  c .  Thus we have  

Xc^^(b) r  ± b .  Hence by ( 3 . 5 ) ,  x^ ^ i s  not  an e lem ent  of

CfXg).  T h is  i s  a  c o n t r a d i c t i o n  t o  C(x^) = CfXg).  T h e r e f o r e

Ra = Rb, t h a t  i s  x^ and Xg have th e  same l i n e .

Lemma 3 . 7 .  L e t  a be  an e lement  of  Sp^(V) such  t h a t  

oL = L f o r  a l l  l i n e s  L i n  V. Then a = ± 1^.

P r o o f : L e t  L be a l i n e  i n  V, t h a t  i s  L i s  a  f r e e

R-submodule o f  d im e n s io n  1 which i s  a  d i r e c t  summand o f  V. 

Thus L = Rx f o r  some un im odula r  x i n  V. S ince  cL = L, t h e r e
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e x i s t s  r  i n  R such t h a t  ax = r  x .  I f  y I s  i n  Rx, th e n
X X

y = sx f o r  some s i n  R. Hence ay = a ( s x )  = sax  = s r^ x  =

r ^ s x  = r ^ y  and ay = r ^ y  f o r  ev e ry  y i n  L = Rx.

Let  X and y be b a s i s  v e c t o r s  of  V. Then a(x+y) =

a(x+y)  f o r  some a i n  R. But a(x+y)  = ax + ay = r^x  + r ^ y .

So ax + ay = r  x + r  y and r  = a  = r  . Thus i f  x i s  any
X y  X y

b a s i s  v e c t o r  i n  V and y i s  i n  Rx, t h e n  ay = a y .

S e l e c t  X and y s a t i s f y i n g  (x ,y )  = 1. Then 1 = ( x ,y )  = 

(a x .a y )  = (ax ,  ay)  = a ^ ( x , y )  = a ^ .  But a^ = 1 i m p l i e s  a =

± 1 .  Thus a = ± l y .

nemma 3 . 8 .  Let  V = J-  . . .  _L P be a  s p l i t t i n g  of

V in to  p l a n e s .  Let  x be a r e g u l a r  t r a n s v e c t i o n  such t h a t  

xPj_ = f o r  i  = 1 , 2 , . . . , r .  Then th e  p ro p e r  l i n e  of  x i s

c o n ta in e d  i n  one o f  t h e  P^.

P r o o f :  Let x = x_  ̂ be a r e g u l a r  t r a n s v e c t i o n .  Then
3, J A

t h e r e  i s  a b i n  V w i th  ( a , b )  = 1. But V = P^ _L . . .  _L P̂ ,

so b = b^ + . . .  + b^ w i th  b i n  P^. Then 1 = ( a , b )  =

( a ,b ^  + . . .  + bj^) = ( a ,b ^ )  + . . .  + ( a , b ^ ) .  S in ce  t h e  sum

of n o n = u n i t s  i n  R canno t  be a u n i t ,  we must  have ( a ,b < )  a

u n i t  f o r  some 1.

Then, s i n c e  xPj_ = and b^ i n  P^, we have xb^ = b^ +

X(a,bj_)a i n  P^. But ( a ,b ^ )  and X  a r e  u n i t s ;  t h u s  s o l v i n g

f o r  a y i e l d s  t h a t  a i s  i n  P^. Hence Ra Ç  P.^.

Theorem 3 . 9 .  L e t  n ^ 6 .  I f  A i s  a  group automorphism 

o f  Spj^(V) and x i s  a  r e g u l a r  t r a n s v e c t i o n  i n  Sp^^(V), t h e n  Ax 

i s  a t r a n s v e c t i o n .
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P r o o f : Let  t  be a  r e g u l a r  t r a n s v e c t i o n  w i th  l i n e

L = Ra and pu t  T = At . Say tx = A ( a ,x ) a  f o r  x i n  V where a

i s  un imodular  and X i s  a u n i t  i n  R. S ince  a i s  u n im o d u la r ,

t h e r e  i s  a h y p e r b o l i c  b a s i s  o f  V, say {a = x ^ , y ^ ,  Xy,y^}

w i th  V = JL . . .  J_P^ where P^,  1 ^  i  < r ,  i s  t h e  h y p e rb o l i c

p la n e  spanned by Thus t h e  l i n e  of  t , t h a t  i s

L = Ra,  i s  c o n ta in e d  i n  P^.

now choose a  t o  be an i n v o l u t i o n  o f  index 2 whose

p l a n e  c o n t a i n s  L, say  a  = - I p  ® . . .  ® Ip . Let  Z  =  Aa. By
1 r

( 2 . 6 ) ,  E i s  an i n v o l u t i o n  of  in d ex  2.  Thus E d e te r m in e s  a 

s p l i t t i n g  o f  V, E :V = P _L N, w i th  dim P = 2 and e i t h e r

( i )  E = - I p  © 1.  ̂ or

( i i )  E = Ip  © -1^|.

Note t h a t  L i s  c o n ta in e d  i n  t h e  p roper  p l a n e  o f  a  so 

t h a t  a ( a )  = - a .  Then f o r  x i n  V,

o t ( x )  = a (x + X (a ,x )a )  = ox + X (a ,x )a a  = ox -  X ( a ,x ) a  and

To(x) = 0x + X ( a ,o x ) a  = ox + X (o a ,x )a  = ox -  X ( a , x ) a .

Thus T permutes  w i th  a  and hence  ET = TE.

We c la im  t h e n  t h a t  T:P + P. I f  E = - I p  © 1^ and

p i n  P t h e n  T(p) = p^ + n^ f o r  some p^ i n  P and n^ i n  N.

Then ET(p) = I^p^+Up) = -pp + n^ .  But TE(p) = T ( -p )  =

-T (p )  = -Pp-Hp. Thus -p^  + n^ = -p^  -n ^  implying  t h a t

np = 0. That  i s ,  T (p )  = p^ i n  P. S i m i l a r l y  i f  E = Ip  ® - 1 ^ ,

we co n c lu d e  t h a t  T(p)  i n  P. Thus we have T:P P.

By a s i m i l a r  argument  we a l s o  have T:N ->■ W. We want
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t o  show t h a t  i s  t h e  i d e n t i t y  on N.

Suppose we choose  an  i n v o l u t i o n  Z '  ( /  + Z) o f  index  

2 which perm utes  w i th  Z. Then Z’ d e te rm in e s  t h e  s p l i t t i n g  

Z’ :V = P ' _L N'  w i th  p l a n e  P ' .  Note Z' = - I p ,  ®  1 ^ , ,  P Ç  N ' ,  

and P '  Ç  N'. We c la im  t h a t  TP ' = P ’ .

Also A ^ i s  an  automorphism of Sp^(V). S in ce  Z' i s  

an  i n v o l u t i o n  o f  index 2 ,  i t  f o l lo w s  t h a t  A“ ^Z' i s  a l s o  of 

index 2 .  F u r t h e r  Z ' /  + Z and ZZ' = Z ’Z im p l i e s  t h a t

A - l z '  /  ± o and ( A - l z ' ) o  = o ( A - l z ' ) .  So by ( 2 .3 )  t h e r e  i s

a s p l i t t i n g  o f  V such t h a t  V = _L . . .  J_ where =

± and A-^Z'Q^ = + f o r  1 <_ i  <_ r .  We may assume th e n

t h a t  t h e  p la n e  o f  a i s  = P^ and t h e  p la n e  o f  A” ^ Z ’ i s

Qp ( t h a t  i s ,  t h e i r  p l a n e s  a r e  o r t h o g o n a l ) .  But L, t h e  l i n e  

of  T ,  i s  t h e n  c o n ta in e d  i n  Q^. An easy com pu ta t ion  th e n  

shows t h a t  t ( A " ^ Z ' )  = (A“ ^Z’ ) t .  Hence, a p p ly in g  A, we have 

TZ ’ = Z 'T .  I t  f o l lo w s  t h a t  T : P ’ ->■ P '  and T :N’ - *■ W*. S in c e  

T i s  an isomorphism, we have  TP' = P ' .

We now show t h a t  T a c t u a l l y  a c t s  a s  + I p ,  on P ' .  

Suppose P ' i s  g e n e r a t e d  by {v,w} where (v,w) = 1 .  R e c a l l  

t h a t  P '  Ç  N and c o n s i d e r  t h e  l i n e  K = Rv ( s i m i l a r l y  f o r

K = Rw). S ince  n >_ 6 ,  t h e r e  i s  an e lement u ,  a member o f

t h e  h y p e r b o l i c  b a s i s  of  V, w i th  u not  i n  P o r  P ' ,  and u i n  

K. Note t h a t  u + v i s  a  un im od u la r  e lement  o f  V and l e t  J  

be t h e  l i n e  J  = R(u+v) .

Then o b s e rv e  t h e  f o l lo w in g :

( i )  J  Ç  N; s in c e  u i s  i n  N and v i s  i n  N.
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( i l )  J  J.  K; s i n c e  (u4v,  v)  = ( u ,v )  + ( v ,v )  = 0.

(111) J ^ P ' ;  s i n c e  u + v I s  n o t  i n  F ' .

( I v )  J  ^ P ' ;  s i n c e  (u+v , w) = 1 .

L et  4 be a r e g u l a r  t r a n s v e c t i o n  I n  Sp^(V) w i th  l i n e  J ,  

and put  E" = (f)E’ ({)“ ^ .  Then E" I s  an  I n v o l u t i o n  o f  index  2, 

s in c e  E' i s  of  index 2. Also s i n c e  t h e  l i n e  J  o f  <j> i s  

c o n ta in e d  i n  N, we have (|)E = E# o r  E = (|)“ ^E(j). Hence,  

s i n c e  E' ^ ± E, i t  i s  e v id e n t  t h a t  E" ^ ± E.

R e c a l l  t h a t  t h e  p r o p e r  s p a c e s  o f  E’ a r e  P ' and N* 

w i th  dim P* = 2 .  S ince  E" = (|)E’ (J)“ ^ ,  we have  t h e  p ro p e r

p l a n e  o f  E" i s  P" = $P’ . Now we have E" ^ ± E and

E"E = EE" ( s i n c e  E = (j)E(i)"^), t h u s  we a p p ly  t h e  same a rg u ­

ment as i n  showing TP' = P '  t o  o b t a i n  t h a t  TP" = P".  Now 

TP' = P '  and TP" = P" so T ( P ' n  P" ) G. P ' D  P".  But T 

i s  an  automorphism so T (P '  O  P") = P O P " .  We c la im  t h a t  

P '  n  P" = P ' O (j)P' = K.

S in c e  K J_ J  and K Ç  P ' ,  we s e e  t h a t  (j) a c t s  a s  t h e  

i d e n t i t y  on K. Hence K  Q .  ^ P ' .  Thus K Ç  P ' /O  <j)P’ » C o n v e rse ly ,  

suppose  X i s  in  P ' D  $ P ' .  Now x i n  P ' i m p l i e s  x = r v  + sw 

f o r  some r  and s i n  R. S in c e  x i s  i n  (j)P', t h e r e  e x i s t s  a 

y i n  P '  wuch t h a t  ^ (y )  = x . Let  y = r ^ v  + s^w, w i t h  r ^  

and s^  i n  R. R e c a l l  t h a t  ^ i s  a  r e g u l a r  t r a n s v e c t i o n  w i th  

l i n e  J  = R(u+v) ,  say = z + 3 (u+v,  z ) (u + v )  f o r  a l l  z in

V where g i s  a u n i t .  Then

* (y )  = y + 3 (u+v, y ) (u+ v )

= (r^v + s^w) + 3 (u+v, r ^ v  + s^w)(u+v)
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= r^ v  + s^w + gs^u + gs^v

= ( r^  + | s ^ ) v  + s^w + gs^u.

But ^ (y )  = r v  + sw, and u , v ,  and w a r e  b a s i s  e le m e n t s ,  so

0 s = 0. S ince  3 i s  a  u n i t ,  s^ = 0. Thus y = r ^ v  i m p l i e s

# ( y )  = ^ ( r ^ v )  = r ^ ^ ( v )  = r ^ v  ( s i n c e  J  J_ K i m p l i e s  <j) f i x e s  v ) .

Thus X = ^ ( y )  = r^ v  i s  i n  K = Rv. T h e r e fo r e  P 'D  4" P' = K.

Hence TK = K. S i m i l a r l y  we have T(Rw) = Rw.

How P' = Rv © Rw, T(Rv) = Rv and T(Rw) = Rw. Using th e

te c h n iq u e  i n  t h e  p r o o f  o f  ( 3 .7 )  we have  t h e r e  e x i s t  r ^  and

r ^  in  R so t h a t  T(y)  = r.^y f o r  a l l  y i n  Rv and T(y)  = r ^ y

f o r  a l l  y i n  Rw.

Observe t h a t  ( i )  (v+w, w) = 1 ,  ( i i )  {v+w, w} i s

R ^ f r e e ,  and ( i i i )  v + w i s  i n  P ' .  Thus P '  i s  a l s o  P ' =

R(v+w) © Rw. Thus t h e r e  e x i s t  r ^ ^ ^  i n  R such t h a t  T(y)  =

r  . y f o r  a l l  y i n  R(v+w). Then r  (v+w) = T(v+w) =V+W V +w
Tv + Tw = r ^ v  + r^w. Thus r^ ^^ v  + r ^ ^ w  = r ^ v  + r^w. So 

r ^  = r ^  = r^ ^ ^  = r . But (v ,w) = 1 .  So 1 = (v,w) = (Tv,Tw) = 

( r v , r w )  = r ^ ( v , w )  = r ^ .  Thus r  = ± 1 .  I f  r  = 1 and x in  P ’ , 

t h e n  X = r ^ v  + r^w f o r  some r ^  and r ^  i n  R. Then Tx =

r^'fv + rgTw = r ^ v  + rgW = x .  I f  r  = - 1 ,  Tx = r^Tv + rgTw =

- r jV  -  r^w = -X . Thus T = ± I p ,.

We have t a  t r a n s v e c t i o n  w i th  l i n e  L,  V = P^ -L . . .  _L P^, 

and L C  P^. Let

a ,  = 1„ © . . .  © 1„ e  - I p  © Ip ®  ® I p  and l e t
^ ^1 ^ i - l  ^ i  i+1 ^r

S = . Note t h a t  each  Ac. i s  an i n v o l u t i o n  o f  ind ex  2 .
^ i=i  1
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L et  P ^ ’ j . Pp'  be  t h e  p l a n e s  o f  t h e  s e t  of  I n v o l u t i o n s

{ A a . . For  each 1 = 1, 2, . r ,  f i x  an i n v o l u t i o n  
 ̂ 1=1

o f  in d ex  2 w i t h  p l a n e  P ^ ' .

We chose a = a = -1  © Ip  ® . . .  ® 1 and l e t
^ ^1 2 ^ r

’ andZ = A ct. We can th e n  assume t h a t  Z = so P = P^

N = P2 ' J- • • • J- Pjo • Then we chose  Z ’ ^ + Z and showed

t h a t  T = At a c t s  l i k e  t h e  I d e n t i t y  on t h e  p lane  o f  Z ' .

Thus by u s in g  t h i s  argument f o r  each of Zg, Zg, . . . ,  Z^,

we con c lu d e  t h a t  T must a c t  l i k e  ± 1^ , on P . ' f o r  2 < i  < r
r  ^ ’ 1 — —

Thus T^ a c t s  l i k e  th e  I d e n t i t y  on P^ '  f o r  2 ^  i  £  r  and

hence l i k e  t h e  i d e n t i t y  on K.

I n  t h e  s p l i t t i n g  V = P^_L PgJL . . .  J_ P^, l e t  P^ be 

g e n e r a t e d  by th e  h y p e r b o l i c  p a i r  {a,b} and P^ by t h e  h y p e r ­

b o l i c  p a i r  { c , d } ,  (no te  r  ^  3 ) .  Take J ’ = R (a + c ) .  Then

( i )  J ' i s  a  l i n e ;  s i n c e  a + c i s  un im o du la r .

( i i )  J'_L L ; s i n c e  L = Ra and (a+ c ,  a ) = 0.

( i i i )  J ' ^  P^;  s i n c e  a + c i s  not  i n  P^.

( i v )  J ’ ^ P ^ ;  s i n c e  (a+ c ,  b) = 1.

Let  6 be a  r e g u l a r  t r a n s v e c t i o n  w i th  l i n e  J ’ .

Let  a  = 000“ ^ .  Then o
( i )  a  i s  an i n v o l u t i o n  o f  index  2.

0

( i i )  t h e  p la n e  o f  a i s  P = 6P.o o
( i l l )  L C  P ; s i n c e  J ’ J_ L, 5L = L. But L C P so 

—  o  —

ÔL C P .— o
( i v )  0Q ^ ± o; f o r  example /  + a ( b ) .
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Thus we have two d i s t i n c t  i n v o l u t i o n s  a  and each o f

index 2 w i th  p r o p e r  p lan e  c o n t a i n i n g  L.

L et  E = Ac and = Ad_. Then E and E d e te rm in e
0 0 0

s p l i t t i n g s  o f  V; E:V = P 1_N and E^:V = Let  T ’ =

At  ̂ , Note 2 i s  a  u n i t  so A/2 i s  a u n i t .  Thus t , ,3-3 A /  d  3. , A /  ^

i s  a r e g u l a r  t r a n s v e c t i o n .  Then t h e  above argument shows 

t h a t  T '2  = (Ax^ a/ 2^^ “ ' ’̂’'a,A a s  th e  i d e n t i t y  on N and

^ o '
Now r e c a l l  t h e  f o l lo w in g  commutative diagram:

A
Sp^(V) ------------ > Sp^(V)

A
Sp^(V/mV) ------------ > Sp^(V/mV)

L e t  N ->■ N and N^^ N^ u n d e r  t h e  map g^^zV V/mV.

Then u s i n g  th e  images o f  a ,  Oqs and g under  h^ ,  say â »  

and "ô, and L = kâ  (k = R/m),  and J  ' = k(ia + c ) ,  we r e p e a t  

t h e  above a rgum ent .  Thus we conclude  t h a t  t h e  two sp a ce s  

ÎT and Nq o f  d im ens ion  n -  2 a r e  d i s t i n c t .

S in c e  N ^ N^, t ixere  e x i s t s  an x in  N^ -  N. Thus 

t h e r e  i s  an x in  N  ̂ -  N. Let  {b^, b%_2} be a b a s i s  f o r

IT o b t a i n e d  from th e  b a s i s  {b^, • • •»  ^ n - 2 ^  o f  N. Then 

{b^, . . . ,  b^_2 ) ( J  {x} U {y}, f o r  some y, i s  a b a s i s  f o r  V/mV. 

I f  y i s  a p re - im age  o f  ÿ ,  t h e n  {b^^ . . . ,  U {y}

i s  a b a s i s  f o r  V. But bj  ̂ I s  In  N f o r  1 = 1, 2,  . . . ,  n -  2 and 

X Is  i n  N q .  S in c e  A r ^ ,  A f i x e s  N and  we have  t h a t  At^̂ ^
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f i x e s  the  h y p e rp la n e  Rh^ © . . .  ® Rb^ ^ 6^Rx. Thus 

I s  a t r a n s v e c t i o n .

C o r o l l a r y  3 .1 0 .  I f  i s  a r e g u l a r  t r a n s v e c t i o n ,

th en  i s  a r e g u l a r  t r a n s v e c t i o n  where A i s  an a u t o ­

morphism o f  Spj^(V).

P r o o f : R e c a l l  t h e  commutative d iag ram :

A
Sp_(V)  > Sp^(V)n

I

Sp^(V/mV)  > Sp^(V/mV).

I f  T , i s  a  r e g u l a r  t r a n s v e c t i o n ,  th e n  At , i s  a  t r a n s -
Q, ̂  A cl J A

v e c t i o n  by ( 3 . 9 ) .  Now t ^^^ r e g u l a r  im p l i e s  h^T^^x % /m V

Thus V m v  V ^ a . X  *  T h e r e fo r e

AT%^^ i s  r e g u l a r .

Theorem 3 .1 1 .  Let  A:Sp^(V) Sp^(V) be a g roup

automorphism. Then A p r e s e r v e s  t r a n s v e c t i o n s .

P roof ;  Let  t  = be a t r a n s v e c t i o n  in  So_(V).— —— a , A n
I f  X i s  a u n i t  t h e n  A t  i s  a  t r a n s v e c t i o n  by ( 3 . 1 0 ) .  Suppose

th e n  t h a t   ̂ i s  no t  a  u n i t . Then t  , = t  t  , . But 1
^  cl ) J.

and X -  1 a re  u n i t s ,  s o  t  and t  a r e  r e g u l a r  t r a n s -a , X a , “—1
v e c t i o n s  w i t h  l i n e  L = Ra. By (3 .5 )

C ( h a , l )  '  = + a l  =

By (3 .1 0 )  T^ = Ar^^^ and Tg = At^̂ a r e  r e g u l a r
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t r a n s v e c t i o n s .  S in c e  C(T^ we have C(T^) =

CtTg) '  Thus by ( 3 . 6 ) ,  and have t h e  same l i n e .  Then 

( 3 . 3 ) im p l i e s  T^Tg i s  a t r a n s v e c t i o n  w i t h  t h e  same l i n e .

But At = A(Ta_iTa^^_^) = = ?1?2- Thus At

i s  a  t r a n s v e c t i o n .  T h e r e fo r e  A p r e s e r v e s  t r a n s v e c t i o n s .



CHAPTER IV 

AUTOMORPHISMS

In  t h i s  s e c t i o n  we d e te rm in e  th e  automorphisms of

th e  s y m p le c t i c  group ove r  a l o c a l  r i n g .  We r e q u i r e  t h a t

t h e  c h a r a c t e r i s t i c  o f  R/m be o t h e r  t h a n  2 ,  t h a t  R/m /

and t h a t  V have dimension  n ^  6 .

Theorem 4 .1 .  L e t  (j) be an automorphism o f  Spj^(V) 

w i t h  t h e  f o l lo w in g  p r o p e r t y :  For  each  t r a n s v e c t i o n  t  i n

Sp (V),  <j)T i s  a t r a n s v e c t i o n  w i t h  th e  same l i n e  as t .  Then 

t h e r e  e x i s t s  a homomorphism x o f  Spj^(V) i n t o  i t s  c e n t e r  

{± ly }  such t h a t  (})(a) = x ( o ) a  f o r  a l l  a  i n  Sp^(V).  In  

t h i s  c a s e  we w r i t e  cj) = p^.

P r o o f : We c la im t h a t  ( p o  =  ± o  f o r  a l l  a i n  Sp^(V).

L e t  a b e  in  Sp^(V);  l e t  L be a l i n e  in  V, and l e t  t  be  a 

r e g u l a r  t r a n s v e c t i o n  i n  S p ^ ( V )  w i t h  l i n e  L. Then i s  a 

r e g u l a r  t r a n s v e c t i o n  w i th  l i n e  L. Hence ( (j)a) ( (j)T) (<|)a)“ ^ i s  

a  t r a n s v e c t i o n  w i th  l i n e  (^c)L .

On the  o t h e r  hand,  oxa”^ i s  a t r a n s v e c t i o n  w i th  l i n e  

oL. Thus cJ)(aTa“ ^) i s  a t r a n s v e c t i o n  w i t h  l i n e  oL. But 

(<j)a) (cf)T) = (^(axa"^) so t h a t  ((pa) ( (pr) ( mus t  have

l i n e  o L . Hence (cj)a)L = oL. T h e r e f o r e  o " l ( $ d ) L  = L f o r

50
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a l l  l i n e s  L i n  V. Hence a"l((|)T) = ± 1^ by ( 3 . 7 ) .  Thus 

(j)a = ± a f o r  a  i n  Sp^(V). D ef ine  t h e  homomorphism % of 

Spn(V) i n t o  {+ ly }  by c p a  = x (o )o  f o r  a  i n  8p^(V).

Let  g be  a s e m i - l i n e a r  isomorphism o f  V onto i t s e l f .

Let  (})g be t h e  mapping d e f i n e d  by <l>g(o) = gag“ ^ f o r  a l l  a in

SpnCV). I t  i s  c l e a r  t h a t  $ i s  an i n j e c t i v e  homomorphism

o f  Sp^(V) i n t o  GL^(V). We s h a l l  d e s c r i b e  t h e  automorphisms

of  Sp (V) i n  term s o f  mappings o f  t h e  t y p e s  P arid (j) . n A g
Theorem 4 . 2 .  Let  A be a g roup  automorphism o f  

Sp^(V).  Then t h e r e  a r e  automorphisms and (|)̂  on Sp^(V) 

such t h a t  A =

P r o o f ; S in c e  A i s  an automorphism o f  8p^(V),  by 

(3 .1 1 )  i t  p r e s e r v e s  t r a n s v e c t i o n s .  The p r o o f  c o n s i s t s  o f  

a sequence  o f  s t e p s ,  some o f  which w i l l  be s t a t e d  as th eo re m s .

For any l i n e  L in  V, l e t  T(L) d e n o te  t h e  c o l l e c t i o n  

o f  r e g u l a r  t r a n s v e c t i o n s  in  Spj^(V) w i t h  l i n e  L. S ince  A 

p r e s e r v e s  t r a n s v e c t i o n s ,  every  e lem ent  of  A(T(L)) i s  a 

t r a n s v e c t i o n .  I n d e e d ,  by ( 3 . 1 0 ) ,  each  e lem en t  i s  a r e g u l a r  

t r a n s v e c t i o n .

Let  * and Tg' be e lem ents  o f  A(T(L)) w i th  At^ = '

and Atg = Tg’ f o r  some and Xg i n  T (L ) .  S in ce  x^ and Xg 

a re  r e g u l a r  t r a n s v e c t i o n s  each w i th  l i n e  L ,  we have 

C(x^) = C(x2 ) .  But then  C(Ax-j^) = C^AXg)» So x ^ '  and Xg ' 

a re  r e g u l a r  t r a n s v e c t i o n s  w i th  C (x ^ ’ ) = C(x2 ' ) .  Hence x ^ ’ 

and Xg' have t h e  same l i n e .  Thus t h e r e  e x i s t s  a l i n e  L ’ in  

V such t h a t  A(T(L)) Ç T ( L ’ ) .
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Let T ^ ’ be an  e lement  o f  T ( L ' ) .  S e l e c t  Tg ' i n  

A(T(L)) Ç  T(L’ ) w i th  ' f o r  some I n  T (L) .  S ince

A” ^ i s  an  automorphism, t h e  above argument shows t h a t  

A” ^T2 ' = 8.nd A"^x^’ have t h e  same l i n e ;  namely,  L. Thus 

A -1 (T (L ' ) )  Ç  T(L) so t h a t  T (L ’ ) C A ( T ( L ) ) .  Hence A(T(L)) = 

T ( L ' ) .

We can t h e r e f o r e  a s s o c i a t e  w i th  each l i n e  L i n  V a 

un ique  l i n e  L ’ in  V such t h a t  A(T(L)) = T(L’ ) .  C l e a r ly  f o r  

l i n e s  L and K  i n  V w i t h  L ^ K, we have L '  ^ K ' .  By c o n s i d ­

e r in g  A“ ^ we have t h a t  every  l i n e  in  V i s  an L '  f o r  some L.

We have t h e r e f o r e  e s t a b l i s h e d  a b i s e c t i o n  a :P(V) -+ P(V) of

th e  c o l l e c t i o n  o f  l i n e s  o f  V on to  i t s e l f .

We now show t h a t  a p r e s e r v e s  o r t h o g o n a l  l i n e s ;  t h a t  

i s ,  6 (L2 , Lg) = 0 i m p l i e s  $ ( L ^ ’ , L g ' )  = 0. Let  L̂  ̂ and Lg be 

o r th o g o n a l  l i n e s  i n  V. Let  and Xg be r e g u l a r  t r a n s v e c t i o n s  

w i th  l i n e s  L^ and Lg, r e s p e c t i v e l y .  Then Ax^ and AX2 a r e  

r e g u l a r  t r a n s v e c t i o n s  w i th  l i n e s  L ^ ’ and L2 ' .  How ^ (L ^ ,  L^) = 

0 i m p l i e s  x^ and Xg permute  by (3 .%).  Hence Ax^ and Ax^ 

pe rm ute .  Thus,  by ( 3 . 4 )  a g a i n ,  L^' and Lg ' a r e  o r t h o g o n a l .  

S i m i l a r l y  a” ^ p r e s e r v e s  o r th o g o n a l  l i n e s .

The above argument  e s t a b l i s h i n g  th e  b i s e c t i o n  a 

u t i l i z e d  the  t e c h n i q u e s  used  by O'Meara [18] i n  t h e  case  

where R i s  an i n t e g r a l  domain. A ga in ,  u s in g  t h e s e  t e c h n iq u e s  

and t h e  automorphism Â o f  Sp^(V/mV), t h e r e  e x i s t s  a  b i s e c t i o n  

L > L ' o f  the  s e t  o f  l i n e s  o f  V/mV onto  i t s e l f  g iv e n  by 

the  d e f i n i n g  e q u a t io n  A(T(L)) = T ( L ' ) .
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R e c a l l  t h e  automorphism A:Sp^(V) Sp^(V) Induce;  

an automorphism A:Sp^(V/mV) ->■ Sp^(V/mV) such t h a t  t h e  

fo l lo w in g  d iagram i s  commutat ive:

A
Sp (V) n

Sp (V)

h
m

hm

A
Sp (V) n -> Sp (V) 

n

Observe t h a t  t h e  f o l lo w in g  d iagram  i s  a l s o  commutat ive:

a
P(V) P(V)

n

P(V/mV)

n

a
P(V/mV)

n
where IT i s  th e  n a t u r a l  p r o j e c t i o n  (Ra I >  k a ) .  Let  L be

a l i n e  i n  V and IIL = L be i t s  image i n  V/mV. L e t  t be a 

r e g u l a r  t r a n s v e c t i o n  in  Sp^(V) w i t h  l i n e  L, Then IIt = x  

i s  a n o n - t r i v i a l  t r a n s v e c t i o n  in  Sp^(V/mV). F u r t h e r  A t  i s  

a r e g u l a r  t r a n s v e c t i o n  i n  Sp^^CV) w i th  l i n e  aL. Now 

A ( I I t )  = ï ï ( A t ) ,  s o  oL = n(aL) must be th e  l i n e  o f  th e  t r a n s ­

v e c t i o n  X ( I I t ) ,  t h a t  i s  L ' .  Thus t h e  d iagram i s  commutative.

O'Meara shows t h a t  t h e  Fundamental  Theorem of  

P r o j e c t i v e  Geometry (over  f i e l d s )  a p p l i e s  t o  th e  b i j e c t i o n  a. 

Thus t h e r e  i s  a s e m i - l i n e a r  isomorphism grV/mV ->■ V/mV such
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t h a t  gL = L ’ f o r  a l l  l i n e s  L In  V/mV. Thus i f  {e-|_, .  . .  ,e^}
_ f  _ T

forms a b a s i s  f o r  a subspace  o f  V/mV t h e n  ke-j  ̂ ® . . .  © ke^

i s  a subspace  o f  d im ens ion  t ,  ( t h a t  i s  { e j , . . . , e ' }  i s
X  V

i n d e p e n d e n t ).

Let  H be  any h y p e rp l a n e  i n  V. Then any l i n e  L in  K 

i s  o r t h o g o n a l  to  t h e  l i n e  H°. Eence l ’ i s  o r th o g o n a l  to

th e  l i n e  (H°) . But t h e n  L i s  c o n ta in e d  i n  t h e  h y p e rn la n e

o
( ( H ° ) ' )  . Thus all = {oLIL l i n e  i n  H} i s  c o n ta in e d  i n  

o
( ( H ° ) ’ ) . Suppose H = Re^ © . . .  © Re^ ^ . Then t h e r e  e x i s t

e lem e n ts  e j , . . . , e ^  ^ i n  V su c h  t h a t

a
Re,

k e ,

Re.

a
ke^

i s  comm utat ive ,  i  = 1 ,  . . . ,  n -  1 .  L e t  <aH> be th e  sub-

module o f  V g e n e r a t e d  by aH. Then, by the  d iagram ,

{ e * , . . . , e '   ̂ } I s  an In d ep e n d en t  s e t  modulo mV in  <all>
1 n-1

c o n t a i n i n g  n-1 e l e m e n t s .  But by t h e  above d i s c u s s i o n ,  <otI-I> 

i s  c o n ta in e d  in  a space  o f  d im ens io n  n -1  and th u s  must 

a c t u a l l y  be a h y p e r p l a n e .  Eence f o r  any h y p e rp la n e  H i n  V, 

<aH> i s  a l s o  a h y p e r p l a n e .

Theorem 4 . 3 .  Let  N be a su bsp ac e  o f  V o f  d im ens ion  t  

Then <aN> i s  a space  o f  d im en s ion  t  ( t < n ) .

P roo f  : By t h e  a b o v e ,  i f  t  = n -1  th en  <aN> i s  a
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space  o f  d imension n - 1 .  We p ro ceed  by I n d u c t i o n  and assume

t h a t  sub spaces  of  d im ens ion  t+1 a re  mapped by a to  sub spaces

o f  d im ens ion  t+ 1 .  L e t  N be a subspace  o f  d im ension  t .  Note

t h a t  N = n  {M| dimli = n+1, N Q ,  M) .

S e l e c t  a b a s i s  b _ , . . . , b  f o r  N. Then {nb. = b .} ^
t  1 1 i = l

g i v e s  a b a s i s  f o r  TIN = N. Then i f  a ( k b . )  = k b l ,  t h e r e  

e x i s t s  b j ,  i = l , . . . , t ,  such t h a t

Rb^
a

oRbu = Rb^ in  aN

R
V

kb.
a

k b | ,

Thus Q = Rb^ ® . . .  ® Rb^ C  <aN> C V. Now ex ten d  { b ^ , . . . , b ^ }

to  {b ' 5 . . . , b ' ,b ’

a

, . . . , b ' }  a b a s i s  f o r  V. Let  R b . . .  = 1 t  t+1 n t+1
. ,Rb^ = a “ ^Rb^. Then as b e f o r e ,  u s in g  a“ ^

i n s t e a d  of  a ,  we con c lu d e  b ^ , . . . , b ^  i s  a b a s i s  o f  V.

Now suppose  <aK>-^ Q. Then t h e r e  e x i s t s  an  x i n  

<aN> -  Q. Since  x i s  i n  V, we have

X = S ib '  + . . . + 8 , b ' + s ^ , n b '  +. . .+ 5  b '  where s, , , , . . . , 3 ^  a r e1 1  t  t  ^^1 t+1 n n t+1 n

in  t h e  maximal i d e a l  m. Let  M* = Rb ' ^  . . .  © Rb ’ ® Rb/,_1 t t+1

and  M" = RbJ Rb' ® Rb' . (Note t  < n-2 so t h e r e  
t  "0+2

a r e  e lem ents  b^^^ and b ^ ^ g . )  Then M* and M" a re  sub sp aces  

o f  d im ension  t+ 1 .  Thus <a”^M’ > and <a“ ^M"> a r e  sp aces  of
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dim ens ion  t+1 c o n ta in i n g  and { b ^ ^ . . . , b ^ , b ^ + 2},

r e s p e c t i v e l y .  Thus t h e s e  two s e t s  a r e  b a se s  f o r  <a” ^M’> and

<a“ lM” >. But N Ç  < a " ^ ¥ L ' >  and N C  Thus <aN> C M '

and <aN> Ç  M". S in ce  x i s  i n  <aN>, we have x i n  M' and x i n

M” , But X i n  M' im p l i e s  = • • • = = 0 and x in  M"

i m p l i e s  s^^^ = s^^^  = . . .  = = 0. That  i s ,

X = s ^ b j  + . . .  + s^b^ .  But th en  x i s  i n  Q, a c o n t r a d i c t i o n .

Thus <aN> = Q and <aN> i s  a s p a c e  o f  d imension t  as  d e s i r e d .

'Corollary- 4 .4 .  I f  P i s  a p l a n e ,  th en  <aP> i s  a p l a n e .

P r o o f ; Suppose P = Re^ ® Re2 . Then by ( 4 . 3 ) ,

<aP> = Re^ © Re^ where  aRe^ = Re^, i  = 1 ,2 .

c o r o l l a r y  4 . 5 .  L e t  L = Re, = Re^,  and Lg = Re^ be

l i n e s  i n  V. Then L C ® Lg i f  and on ly  i f  aL C aL^ (9 aLg.

P ro o f :  Assume L Ç  ® Lg. By ( 4 . 4 ) ,  <a(L^ + Lg)> =

aL^ 0  oL_ . But aL C <a(L-, © L „ ) >  so aL C aL, ®  a L - . On th e  1 2  — 1 2  —  1 2

o t h e r  hand,  suppose aL C aL^ ® aLg. By th e  above a rgum en ts ,  

u s i n g  a “^ i n s t e a d  o f  a ,  we have L C  L̂  ̂ ® Lg.

R e c e n t ly  O janguren  and S r id h a r a n  [ l 6 ]  have g e n e r a l i z e d  

t o  commutative r i n g s  t h e  fundam en ta l  theorem  o f  p r o j e c t i v e  

geom etry .  The s e t t i n g  i s  p r o v id e d  by t h e  f o l l o w i n g  d e f i n i t i o n s .

Let  M and N be f r e e  modules over  commutative r i n g s  A 

and B, r e s p e c t i v e l y . A map a:P(M) -»■ P(N) i s  c a l l e d  a p r o j e c -  

t i v i t y  i f  a i s  b i j e c t i v e  and f o r  p^ ,  Pg, p i n  P(M), we have 

ap^ Ç apg + ap^ i n  N i f  and o n ly  i f  C P g  + p^ i n  M. I f  

g;M N i s  a o - s e m i l i n e a r  isomorphism, t h e n  g i n d u c e s  a map 

P(g) :P(M ) -> P(N) by s e t t i n g  P (g)(A e)  = Bg(e)  f o r  any
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un im odula r  e lem ent  e o f  M. With t h i s  n o t a t i o n ,  i f  a i s  an 

i somorphism, t h e n  P(g)  i s  a  p r o j e c t i v i t y . The f o l lo w in g  

theorem ( [ 1 6 ] ,  page 311) th e n  g e n e r a l i z e s  t o  commutative 

r i n g s  t h e  c l a s s i c a l  "Fundamental Theorem o f  P r o j e c t i v e  

G eom etry . "

Theorem. L e t  M and N be f r e e  modules of  r a n k  ^  3 

o v e r  commutat ive  r i n g s  A and B r e s p e c t i v e l y .  I f  a:P(M) ->■ P(K) 

i s  a p r o j e c t i v i t y , t h e n  t h e r e  e x i s t s  an isomorphism a : A ^  B 

and a o - s e m i l i n e a r  isomorphism g :M -► N such t h a t  a = P (g ) .

We r e t u r n  t o  our s e t t i n g  and r e c a l l  t h a t  we have 

e s t a b l i s h e d  a b i j e c t i o n  a :P (V )  -> P(V).  However we have n o t  

i n d i c a t e d  t h a t  a i s  a p r o j e c t i v i t y . I n s t e a d  o f  s a t i s f y i n g  

t h e  c o n d i t i o n  ap^ Ç uPg + and on ly  i f  p^<Ç Pg + p^,

we have been a b le  to  show f o r  a  t h a t  Re Ç Re^ ® Re^ i f  and

on ly  i f  otRe C  aRe^ ® aRe^ f o r  Re, Re^,  and Re^ l i n e s  in  V. 

That  i s ,  we r e q u i r e  t h a t  Re^ © Re2 be a p lan e  i n  V. Thus 

we a r e  not  a b le  to  apply  t h e  theorem to  our  s e t t i n g  d i r e c t l y .  

However, an e x a m in a t io n  o f  t h e  p ro o f  o f  t h i s  "Fundamental  

Theorem" e n ab le s  us  to  make t h e  f o l l o w in g  o b s e r v a t i o n s  

c o n c e rn in g  our s e t t i n g .

Let  e ^ ,  e g ,  . . . ,  e^ be a  b a s i s  f o r  V. We have

p r e v i o u s l y  i n d i c a t e d  t h a t  i f  aRe^ = Re^ f o r  i  = l , 2 , . . . , n ,

t h e n  e ^ , . . . , e ^  i s  a l s o  a b a s i s  f o r  V. Using th e  t e c h n iq u e s  

o f  t h e  p ro o f  of Ojanguren and S r i d h a r a n ,  we g e t  a  b a s i s  

f l , . . . , f n  of  V such t h a t

(.1) aRe^ = Rf 1 £  i  ^  n  and
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( 11) aR(e^  + e^) = R ( f^  + f ^ )  2 < 1 < n.

F u r t h e r  f o r  r  In  R, aR(e^ + r e g )  = R (b^f^  + b g fg )  w i th  b^

a u n i t  of  R. Thus aR(e^ + r e g )  = R(f^  + o ( r ) f g )  where 

o:R ->• R I s  a w e l l - d e f i n e d  map. P ro c e e d in g ,  a s  In  [ 1 6 ] ,  one 

I s  ab le  t o  conc lude  t h a t  o:R + R I s  a r i n g  Isomorphism.

Next I t  I s  shown t h a t  f o r  r 2 , . . . , r ^  I n  R we have 

aR(ej_+r262+. . . + r^e^)  = R ( f^ + o (a2 ) f 2 + * • * + c j ( a j ^ ) f . Indeed  

f o r  any * * ’ ’^ i - 1 ’ ^1+1* ' * '*^n  i  = 2 ,  . . . ,  n ,

o R ( e . + r ^ e ^ + . . . + r i _ i e i _ ^ + i % + i e i + i + . . . + r ^ e ^ )

A l l  o f  t h e s e  s t a t e m e n t s  can be v e r i f i e d  u s i n g  th e  p r o p e r t i e s  

o f  0 which a re  s l i g h t l y  weaker t h a n  t h o s e  o f  O jan g u ren  and 

S r i d h a r a n .

At t h i s  p o i n t  I n  the  p r o o f  [ l 6 ] .  I t  I s  n e c e s s a r y  to

show f o r  a un im odu la r  e = r ^ e ^ + . . .+ r^ e ^  i n  V, t h a t

oRCr-, e , + . . .+ r^ e^ )  = RCaCr^ ) f ^ +. . . + a ( r ^ ) f  ) .  In  th e  c a se  1 1 n n i i  n n
of  a r b i t r a r y  commutat ive  r i n g s ,  t h e  p ro o f  r e q u i r e s  the

s t r o n g e r  c o n d i t i o n  on th e  b i j e c t i o n .  However, In  our  s e t t i n g ,  

R I s  l o c a l  and th u s  one o f  r ^ , . . . , r ^  must be a  u n i t ,  say r ^ .  

Thus R ( r ^ 62^+. . ,+ r^ e ^ )

= H ( e i + r - l r ^ e ^ + . . .

Then aRe
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But a  I s  a r i n g  Isomorphism so t h a t  a ( r “ ^) i s  a  u n i t . Thus

R ( f ^ + a ( r j l r ^ ) f ^ + . . . + a ( r " ^ r ^ ) f ^ )  = R ( o ( r ^ ) f ^ + . . . + a ( r ^ ) f ^ ) . 

T h e r e fo r e

& R ( r ^ e ^ + . . .+ r ^ e ^ )  = R ( o ( r ^ ) f ^ + . . , + a ( r ^ ) f ^ )  f o r  unimodular

r i S l + ' - ' + r n S n '
Now, l e t  g:V V be t h e  o - s e m i l i n e a r  isomorphism 

d e f i n e d  by g ( e ^ )  = f ^ .  The r e s u l t  o f  t h e  p ro c e e d in g  p a r a ­

g raph  shows t h a t  a .= P ( g ) .  Thus th e  above g iv e s  t h e  f o l lo w in g  

theorem.

Theorem 4 . 6 .  I n  t h e  s e t t i n g  d e s c r i b e d  i n  t h i s  s e c t i o n ,  

w i t h  a :P(V) -»■ P(V) t h e  b i j e c t i o n  d e f i n e d  by aL = L '  where  

A(T(L)) = T ( L ' ) ,  t h e r e  i s  a s e m i l i n e a r  isomorphism g o f  V 

onto  V such  t h a t  gL = L ' f o r  a l l  l i n e s  L i n  V.

We have p r e v i o u s l y  n o te d  t h a t  a  p r e s e r v e s  o r th o g o n a l  

l i n e s .  Thus, s i n c e  gL = jtL, g a l s o  must  p r e s e r v e  o r th o g o n a l  

l i n e s .  Then i f  x and y a r e  un im odula r  e lem en ts  such t h a t  

( x ,y )  = 0, t h e n  the  l i n e s  Rx and Ry must  be o r t h o g o n a l .

Thus (g (R x) ,  g (Ry))  = 0 .  In  p a r t i c u l a r ,  (g x ,g y )  = 0.

Let X = {x^,X2 » . . .  be a s y m p le c t i c  b a s i s  f o r  V, 

n=2r .  For  1 ^  i  ^  r ,  p u t  = ( g x ^ ,g x ^ ^ ^ ) .  Then

(Xi+x , %1+r -  X j+f)  = 0 f o r  1 < j  < r , 1 < i  < r .

But n o te  x^ ,  X j , x^+^,  x^^^ a r e  b a s i s  e lem en ts  and hence  

un im odu la r .  F u r t h e r  x^ + x^ and x^^^ -  x^^^ a r e  th e n  

u n im o d u la r .  Thus by t h e  above n o te  (g(x^+x^. ) ,  g ( x ^ ^ y -X j^ ^ ) )  = 0, 

So 0 = (gXi+gXj, gXi+r-SXj+y)
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= ( g x ^ y g x . + y )  -  ( g X ^ . g X j + y )  + ( g X j , g X ^ ^ ^ )  -  ( g X j , g X j + y ) .

But s i n c e  and x^^^ a r e  unimodular  w i th  (x^^x^^^) = 0,  

we have (gx^ .gXj^^)  = 0. S i m i l a r l y  (gx^^gx^^^) = 0.  Thus 

(gx^-gx^+p) -  ( g x . - x . ^ ^ )  = 0 so t h a t  = a^.. Thus 

( g x . , g x  ) = a 6 . .  f o r  some a in  R; namely,  a = a .  = a . .1 J Tr i j  1 J
Thus, c o n s i d e r  cases  (gx^,gXg) = a ( x ^ , x ^ )  f o r  

l < _ k ^ n ,  l f . s £ _ n :

( i )  I f  k = s ,  t h e n  (Xj^,x^) = 0 im p l i e s  (gx%,gXg) = 0 . 

Hence (gx^ ,gx^)  = a(Xj^,x^).

( i i )  I f  k ^ 8, assume k < s .

(a) I f  s £  r ,  then  (x^^x^) = 0 i m p l i e s

(gx^^gx ) = 0.  Hence (gx%.,gXg) = a (x j^ ,x ^ ) .

(b) I f  k 5  r  < s t h e n  t h e r e  e x i s t s  a  j  such t h a t

Xj+y = Xg. Then (gx ,gXg) = (gx%gXj+y). Hence

0 ( j / k )  = a(x%.,Xj+y) = o(Xk,Xg)

(gx^ .gx^)  =

a ( j=k )  = a(x%^x%+y) = a (X j^ ,x^) .

( c )  I f  r  < k, th e n  (x, ,x  ) = 0 i m p l i e s
K s

(gx^.gXg) = 0. Thus (gx^^gXg) = a ( x ^ , X g ) .

So i n  any case  (gx^,gXg) = a (x^^Xg) .

By l i n e a r i t y ,  we have (g x ,g y )  = a [ a ( x , y ) ]  f o r  x and 

y i n  V. For  i f  x = a ^ X j + . . .+a^x^ and y = b^x^+. . . +bj^x^, th e n  

(gx ,g y )  = ( o ( a i ) g ( x ^ ) + .  . . +c ( a^ )g (x ^ ) , a ( b j ^ )g ( x j _ )  + . . .+a(b^)g(Xj^) )

= a(a^)o(b^+y)(gx^,gx^+y)+...+o(ap)o(bn)(gXr,gXn)
- o ( a r + l ) c ( b i ) ( g X y + i , g x ^ ) - . . . - o (a ^ )o (b p ) (g X n ,g X y )



61

= a ( a ^ ) a ( b ^ _ | _ ^ ) a + . . . + o ( a y ) a ( b ^ ) a - . . . - a ( a ^ ^ ^ ) a ( b ^ ) a  

-  cr(a^)a(b^)a 

= a [ o (a ib ^ + r  + . . .+a^bj^-a^_^^bj_-. .  . -a ^ b ^ ) ]

= a [ a ( x , y ) ] .

Observe th e n  t h a t  ^ g (o )  i s  i n  Sp^(V) f o r  a  i n  Sp^(V), 

For  i f  0 i s  i n  Sp^(V), th en

( O g ( a ) ( x ) ,O g ( o ) ( y ) )  = (gag“ ^ ( x ) , g a g “ l ( y ) )

= a [ a ( a g " l ( x ) , a g “l ( y ) ) ]

= a [ o ( g - l x , g - l y )]

= ( s ( g “ ^ x ) , g ( g - l y ))

= ( x , y ) .

Thus <j)g(Sp^(V)) Ç S p ^ ( V ) .  By c o n s i d e r i n g  g” ^ ,  we have 

c()g(SPn(V)) = Sp^(V).  Hence (|) i s  an  automorphism o f  Sp^^V).

Hence 4*^^* A d e f i n e s  an  automorphism o f  Sp^(V).

Suppose X i s  a t r a n s v e c t i o n  w i t h  l i n e  L. S in c e  A p r e s e r v e s  

t r a n s v e c t i o n s .  Ax i s  a t r a n s v e c t i o n  w i th  p r o p e r  l i n e  L' = aL. 

Observe t h a t  (j)” ^ = <{>g„i and ^ig-ifAx) = g"^ (A x )g .  Hence

(j)-  ̂ » A(x)  i s  a t r a n s v e c t i o n  w i th  l i n e  g^^L ' = L. That  i s ,
g

(p”-  » A(x)  has  t h e  same l i n e  as x.  Thus by ( 4 . 1 ) ,  t h e r e  i s  
g

a homomorphism x -  Sp^(V) {+ 1^} such  t h a t  ® A = P. .
S X

T h e r e f o r e  A = <p <• . Using A“ ^ i n s t e a d  o f  A, we o b ta ing -A

A = P ® (1) as s t a t e d  in  theorem  4 . 2 .
% S
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