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Title of Study: DISTRIBUTED RANDOMIZED BLOCK STOCHASTIC GRADIENT
TRACKING METHODS: RATE ANALYSIS AND NUMERICAL EXPERI-
MENTS

Major Field: INDUSTRIAL ENGINEERING AND MANAGEMENT
Abstract:

Distributed optimization has been a trending topic of research in the past few decades. This
is mainly due to the recent advancements in the technology of wireless sensors and also
the emerging applications in machine learning. Traditionally, optimization problems were
addressed using centralized schemes where the data is assumed to be available all in one
place. However, the main reasons that motivate the need for distributed implementations
include: (i) the unavailability of the collected data in a centralized location, (ii) the privacy
of the data among agents should be preserved, and (iii) the memory and computational
power limitations of data processors. Accordingly, to address these challenges, distributed
optimization provides a framework where agents (e.g., data processor, sensor) communicate
their local information with each other over a network and seek to minimize a global objective
function. In some applications, the data may have a huge sample size or a large number
of attributes. The problems associated with this type of data are often known as big data
problems. In this thesis, our goal is to address such high dimensional distributed optimization
problems, where the computation of the local gradient mappings may become expensive.

Recently, a distributed optimization algorithm has been developed for addressing possibly
large-scale problems by considering stochasticity. This method is called Distributed Stochastic
Gradient Tracking (DSGT). We develop a novel iterative method called Distributed Random-
ized Block Stochastic Gradient Tracking (DRBSGT), that is a randomized block variant of
the existing DSGT method. We derive new non-asymptotic convergence rates of the order
1/k and 1/k? in terms of an optimality metric and a consensus violation metric, respectively.
Importantly, while block coordinate schemes have been studied for distributed optimization
problems before, the proposed algorithm appears to be the first randomized block-coordinate
gradient tracking method that is equipped with the aforementioned convergence rate state-
ments. We validate the performance of the proposed method on the MNIST and a synthetic
data set under different network settings. A potential future research direction is to extend
the results of this thesis to an asynchronous variant of the proposed method. This will allow
for the consideration of communication delays.
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CHAPTER I
INTRODUCTION

In this chapter, we present a motivating example about big data optimization problems
in distributed optimization in Section 1.1 and present a recently developed algorithm for
addressing distributed stochastic optimization problems in Section 1.2. We then present the
main research contributions of this thesis in Section 1.3.

1.1 Motivating Example

Let us consider the regularized logistic regression loss minimization problem for binary
classification applications. In a progressive manner, we show that this problem can be
reformulated as a distributed stochastic optimization problem. Consider a data set denoted as
D 2 {(ug,v) € R® x {—1,+1} | £ € S} where S £ {1,..., s} denotes an index set where u,
denotes an input vector corresponding to a binary value vy,. Then, the optimization problem
can be defined as
C T H 2

minimize f(z) where f(x eezsln 1+ exp (—veu; x)) + EHxH :
where p > 0 is a regularization parameter that is employed as a hyper-parameter. For a
distributed implementation, let us assume that the data set S is distributed among m agents.
Let S; denote the data locally known by agent ¢ where S = U",S;. Note that the number of
data points may differ among the agents. We let |S;| denote the number of data points in
the set S;. We rewrite the preceding loss minimization problem as a distributed regularized
logistic regression loss minimization problem as

m
L 1 9
) h 1 T -~
minimize E fi(x) where f;(x g n (1+exp (—veuy x)) + 2mHx|| :
= 0eS;
where ¢ denotes the index of a sample from the set S;. Next, for any i € {1,...,m}, we

introduce a discrete uniform random variable & € R™*! where defined as & £ (u;, v;) where
(u;, v;) takes values in ;. From this definition, we can write

filw) = |SiEg, [In (14 exp (—viul @))] + 5l

By multiplying and dividing by the size of the original data set, that is |S|, and rearranging
the terms we obtain

|Si]
|S]

—In (14 exp (—v z)) + a l|||?



Let us now define a stochastic function Fj(x,&;) as

Fi(z,&) £ |Sz‘ In (14 exp (—viu] =) +

2
S |5|H z|I%

Using this definition for F; we can write
fi(x) = |S|Be; [Fi(, &)1

Thus, the original problem can be cast as the following distributed stochastic optimization
problem

minimize Z filz where fi(z) = |S|Eg, [Fi(x,&)].

z€eR?

Equivalently, we consider the following distributed stochastic formulation

minimize ZE& (e, &) (1.1.1)

zeR"

The formulation (1.1.1) has been addressed in a recent work [15] where it is assumed that the
m agents cooperatively solve this optimization problem over an undirected communication
network. The proposed algorithm is called Distributed Stochastic Gradient Tracking (DSGT)
that is described in the following section.

1.2 Existing Algorithm

Algorithm 1 Distributed Stochastic Gradient Tracking Method (DSGT)

1: Input: Agents choose a doubly stochastic weight matrix W and set an initial step-size
70 > 0. For all ¢ € [m], agent i chooses a random initial point z;, € R”

2: For all i € [m], agent i generates a realization of the random variable &;, denoted as & ,
and evaluates the initial gradient tracker y; o := V f; (20, &0)

3: for k=0,1,...,do
For all i € [m], agent i generates a realization of the random variable &;, denoted as
&ik+1, and evaluates the local gradient mapping V f; (@; k11, & k+1)
For all ¢ € [m], agent i does the following updates:
Tiksr = D5y Wi (Tjk — WYsin)
Yik+1 = ijl Wiiyine + Vi (@i g1, &ikr1) — Vi (Tigs Gik)

end for

>

The outline of the DSGT method is presented in Algorithm 1. In this method, at iteration
k, agent ¢ does two main updates that are presented in step 6 and step 7 in Algorithm 1. The
vector z; , € R™ denotes the local copy of the decision variable maintained by agent ¢ at time k
and y; , € R™ denotes the local copy maintained by agent ¢ at iteration k that is used to track
the average of the gradient mapping of the global objective function. This technique is called



gradient tracking and has been employed in the past few years in distributed optimization
methods to help with an acceleration of the underlying algorithm. The scalar W;; denotes
nonnegative weights that agent ¢ uses in its communication with any neighboring agent j.
The scalar ~; denotes a diminishing step-size parameter. In step 6 of the algorithm, the
vector x;, is updated by agent ¢ while in step 7, agent ¢ communicates with its neighbours
and obtains y; 11 using the gradient tracking vectors y; .

1.3 Research Contributions

In this graduate thesis, the main contributions are as follows:

1. Firstly, we develop an algorithm called distributed randomized block stochastic gradient
tracking (DRBSGT) for addressing distributed stochastic optimization problems of
the form (1.1.1) with possibly a large dimension in the solution space. We employ
randomized block-coordinate technique where agents only require to compute a randomly
selected blocks of their local gradient mapping.

2. Secondly, we derive a rate of O(1/k) on a suboptimality metric and O(1/k?) on a
consensus violation metric for the DRBSGT algorithm. Importantly, while DRBSGT
generalizes DSGT to a randomized block variant, these rate statements are comparable
with those of DSGT, indicating that there is no sacrifice in terms of the order of
magnitude of the rate statements.

3. Finally, we validate the theoretical claims. We compare the performance of our scheme
with that of other existing gradient tracking schemes and provide preliminary results on
different data sets and under different network assumptions. We consider the Modified
National Institute of Standards and Technology (MNIST) and synthetic data sets for
the numerical analysis of this thesis.



CHAPTER I1
THE PROPOSED ALGORITHM

In this chapter, we consider distributed optimization problems over networks where each
agent is associated with a smooth and strongly convex local objective function. This
mathematical formulation captures a wide range of applications in several areas, including
telecommunication, information processing, and machine learning. We present the problem
formulation and the assumptions in Section 2.1. Section 2.2 summarizes the existing literature
about the recent advancement in block-coordinate and gradient tracking schemes. Section
2.3 provides the notation used throughout the thesis. We present the outline of the proposed
algorithm in Section 2.4, and in Section 2.5 we provides some preliminary results that will
pave the way for the convergence analysis in this thesis in the next chapter. Section 2.6
concludes this chapter.

2.1 Problem formulation

We consider the following distributed optimization problem in which each agent has a local
smooth and strongly convex cost function f; : R® — R. We minimize the average of all cost
functions

minimize ; fi() (2.1.1)

s.t. xr € R",

where each agent is associated with a local objective function f;(x) and communicate over an
undirected graph denoted by G = (N, €) where N is a set of nodes and £ C N x N is the
set of ordered pairs of vertices.

Figure 1: Examples of doubly stochastic undirected network (ring, complete, and star graph)

The contents of this thesis is submitted to Proceedings of the 2022 American Control Conference [24]



We let AV(i) denote the set of neighbors of agent i, i.e., N'(i) = {j | (4,7) € £}. To solve the
problem 2.1.1, we consider the following assumption.

Assumption 2.1.1 For alli € {1,...,m}, function f; is p-strongly conver and L-smooth.

Motivated by big data applications in machine learning and sensor networks, we are interested
in addressing problem (2.1.1) in stochastic and high-dimensional settings. In particular, we
assume that agents only have access to noisy local gradient mappings denoted by V f;(e,&;)
where &; satisfies the following assumption.

Assumption 2.1.2 For alli € {1,...,m}, random vectors & € R? are independent and for
all x € R",

E[V fi(z,&)la] = V fiz),
E[|| Vfi(z, &) — Vfi(z) ||? |z] <v*  for some v > 0. (2.1.2)

This assumption of the above gradients holds true for many distributed learning problems.
The function f;(x)2E, [Fi(z,&)] denotes the expected loss function of agent 1.
To address high-dimensionality, we consider a block structure for x given by = = [33(1); celd a:(b)}

where 2 € R™ denotes the (-th block-coordinate of 2 € R” and Zzzl ng = n. The blocks
in each iteration are selected randomly. We consider the following assumptions on the
communication network.

Assumption 2.1.3 The weight matrix W is double stochastic, and we have w;; > 0 for all
i€ [ml.

Assumption 2.1.4 Let the graph G corresponding to the communication network be undi-
rected and connected.

2.2 Literature Review

Among the recent advancements in distributed optimization algorithms, gradient tracking
methods have been recently studied. In these schemes, agents track the average of the
global gradient mapping through communicating their estimate of the gradient locally with
their neighbors in convex [12, 16, 15, 22|, and nonconvex regime [8, 17, 3, 19]. In [16],
Push-Pull, G-Push-Pull algorithms and their variants are developed for addressing distributed
optimization over directed graphs and a linear rate of convergence was established. Recently,
a stochastic variant of gradient tracking methods has been developed in [15], namely the
DSGT method, where non-asymptotic convergence rates of the order 1/k and 1/k?* in terms
of an optimality metric and a consensus violation metric were derived, respectively. Further,
in 7], integrating the ideas from DIGing [12] and a fast incremental gradient method (SAGA)
2], S-DIGing algorithm is developed.

In the aforementioned schemes, agents have to evaluate full-dimensional gradient vectors at
each iteration of the method. A popular avenue for addressing this issue is the class of block-
coordinate schemes. Block-coordinate schemes, and specifically their randomized variants,
have been widely studied in addressing optimization problems and games in deterministic [13,



Table 1: Comparison of this work with other recent gradient tracking schemes for distributed
optimization

Problem Network

Ref.  Method Problem formulation Rate(s)
class topology
suboptimality:
1,1 . in LS Iy ) . o (1/k)
[15] DSGT,GSGT  fi€C,;  Undirected — ming 350, file) SE[Fi(e &) 70 0
O (1/k?)
Push-Pull
[16]  G-Push- fi € CilL Directed ;Iel]iRI}L S fi(z) linear
Pull
, 1,1 ; moor B
[14] Block-SONATA fi€ go,o’ Directed o 2im fil®) + 2z (@) -
Te € Co st. v, € Ky, £€{1,...,B}
[21] S-AB fi€ C’ilL Directed ;Telﬁnn% Sy file) £ E[Fi(2,6)]  linear
min 4 3570, £ 2),
. zER™ .
[6] Network-DANE  f; € CilL Undirected where N = total samples, linear
2z; is the 3" sample.
[7] S-Diging fi € CilL Undirected ;2{}{},, Siny fi(z) £ E[Fy(2,&)] linear
inL 3" fi(x) 2 E[F(x,&
[10] GNSD fiectt Undirected Tt 2im ) (x) [ (?75 ) @ (1/\/@
st. x; =4, jEN®), Vi
suboptimality:
This 1,1 . ; moor A RIf ) O (1/k)
wery DRBSGT fi€C,y  Undirected — min 357, fi(z) = Elfi(z,&)] L
O (1/k%)

18, 20, 5, 4] and stochastic regimes [1, 23, 11]. In randomized block schemes, at each
iteration only a randomly selected block of the gradient mapping is evaluated, requiring
significantly lower computational effort per iteration than the standard schemes. Although
block-coordinate schemes have been studied for distributed optimization problems before
[9, 14], the convergence rate statements of randomized block gradient tracking methods
are not yet established. Inspired by the DSGT method [15], our goal in this paper lies in
extending DSGT to a randomized block variant that is equipped with new non-asymptotic
performance guarantees.

2.3 Notation

Throughout this thesis, the vectors are default to columns and the matrices are represented
in bold. Let x; € R™ holds a local copy of decision variable and an variable y; € R™ tracks
the average gradient mapping. The values of these variables at the iteration £ is denoted by
x; 1 and y; , respectively. We let 2* to denote the unique global optimal solution of problem
(2.1.1). We use [m] to denote {1,2,...,m} for any integer m > 1. We let || || denote the
Euclidean norm and Frobenius norm of a vector and a matrix, respectively.

We define U, € R™™ for ¢ € [b] such that
[Uy,..., U =1,



where 1,, denotes the n X n identity matrix. Note that we can write,

b
T = Z Uz
=1

[T ®]* = |||

b

S = Jl2)® (2.3.1)
/=1

The function f: X — R is said to be Lipschitz smooth with parameter L if
IVf(x) =V f(y)] <Lz —y| and parameter L > 0,

where X is a set and x,y € X.
A continuous differentiable function f : R™ — R is said to be p-strongly convex if

f() 2 f(y) + V@) (@ —y)+ 5 llz = y|* and the parameter p > 0.
We consider the following notation throughout the thesis. We let
X = [T1, T, ..., Ty € R™*", Y= [y, v, .., Ym]" € R
and

1 1
7= —1Tx e R, y:=—1Ty e R>*",
m m

where 1 indicates the vector for all entries as 1. We define the total objective function as

£ @, 1602 fil)
and let

fi(z) £ E[fi(z,&) | 2]

In addition, we denote

5 = [£17£27 s 7£m]T S Rde7
L= [61752, . ’gm]T € RmX1,
1($

G(X7€> = [Vf 1;51)7-‘-=vfm<$m7§m)]Ta
G&%éHGQEHXF%Vﬁmﬁ oV fn(m)]"

G(x.§) & 1TG (x,8) = Zfl wi, &) € R™,
G(x) £ E[G(x,¢) | %],
qméaaﬂ):%Vﬂ@. (2.3.2)



Algorithm 2 Distributed Randomized Block Stochastic Gradient Tracking (DRBSGT)

1: Input: Agents choose vy > 0 the weight matrix W. For all ¢ € [m], agent ¢ chooses a random initial
point z; o € R"

2: For all i € [m], agent i generates realizations of the random variables ;o and ¢; o and sets yf%’g) =
Vo fi(xi.0,&.0) and y% =0 for all £ # ¢, 9.
3: for k=0,1,..., do

4:  For all ¢ € [m], agent ¢ does the following update for ¢ € [b]:

m
Tigrr = Y Wij (T = W) -

j=1

5: For all ¢ € [m], agent 7 generates realizations of the random variables &; p4+1 and £; 1.
6:  For all i € [m], agent i does the following update:
Z;n:l Wzgy]w;z + VO fi(zinat, Cinr1) — VO fiwin, &x)y i 0= ligrr = Lig
b0 > Wuyj(e;i + VO fi(@ipr1, &), if € =10 g1 # lig
bkt Z;nzl Wzgy](? ~ VO fi(zin, &in) if =405 # i1
S Wiiyshs if € b gy, 0 # i
7: end for

2.4 Algorithm Outline

The outline of the proposed algorithm is presented by Algorithm 2 (DRBSGT). This algorithm
is an extension to the existing Algorithm 1 (DSGT). Additionally, in the newly proposed
algorithm at every iteration in step 6, the agents only compute a randomly selected block of
their local gradient mapping. This computation is under the following assumption.

Assumption 2.4.1 For k > 0 and i € [m], let ;) € [b] be generated from a discrete
uniform distribution, i.e., Prob({;;, =€) = b for all £ € [b]. Also, we assume these uniform
distributions are independent from each other and from the random variables &;.

Algorithm 2 can be compactly written as
X1 = WXk — 1Y),
Vie1 = Wy, + b1 (G(xkﬂ, Eni1) — ek-+1) — b N (G(xp, &) —ep) . (2.4.1)
Throughout, we define the history of the method for k£ > 1 as
Fe 2 UL {00, 0i0,&i0s - Lig1, Ei1}

where Fy = UT {20, 0, 0. We define the stochastic errors of the randomized block-
coordinate scheme as

ei =V fi(@ip, Gon) — bUg VO fi(@in, Gi) (2.4.2)

T mxn
[617]6, €2 ks -« em,k] eR ,

m
1, 1
—1 e = — E €ik-
m m £

=1

Next, we show some key properties of the randomized errors.

€

€L

lI>



Lemma 2.4.1 We have for all i € [m] and k >0
(a) Eleir | Fi] = Elex | Fx] = 0.

(b) Ellle:x]|* | Fx] < (b—1) (@ + [V fili) [*)-
(¢) Elllex]l? | Fa] < (b—1)v* + 224 G(xi) |12

Proof. (a) We can write

Eleir | Fr U {&r}]
= Vfi(zik, & x) — DE [Uzi,kvei’kfi(%,k, i) | T U{&n}]

b
=V fi(@in &) = b b UN filwig, &ix) = 0.
/=1

The desired result follows by taking expectations from the preceding relation with respect to

ik
(b) Throughout the proof, we use the compact notation V,;, & V f;(2ix, & x). We can write

‘ 2

2
2 = Li ke
]| Un, v

Jeasl? = || (Vi - b0, 752

2 _N\T -y
s (vi,k) U, Vi,

.0

Taking conditional expectations, we have

E [lessl” | 52U (U {g50})] = || Vi

2 b T R b -
IR LA I S VA
(=1 (=1

Vik

We have S0_, HUg@fk

. From the two preceding relations, we obtain

2

E [leasll® | T U (Ua{inh)] = 6= 1) || Vi

The desired relation holds by taking expectations with respect to U7, {£;x} from both sides
and invoking Assumption 2.1.2.
(c) This relation follows from part (b) and by noting that we have

= 112 1 < 2

kTS — ikl -

el < — 3 el
=1

The following two lemmas will be applied in the analysis and can be found in [15].

Lemma 2.4.2 Let Assumption 2.1.3 and 2.1.4, holds true.Let py, denote the spectral norm
of the matriz W — L117 and u £ L17u. Then, pw < 1, and |[Wu — 14| < pw|u — 14|
for all u € R™*™.

Lemma 2.4.3 Let Assumption 2.1.1 hold. For any a < #J%L, we have

2 — aS(@) — 2*| < (1 — pe) |z — 27|



We also make use of the following result.

Lemma 2.4.4 Let u,v € R™*". Then,

(a) (W, v) = 370 wietfy = D0 Ug Ve
(b) lu+v|* = |[ul]? + 2{u,v) + ||V||2 where || || denotes the Frobenius norm of a matriz.
(¢) For any scalar X > 0, we have |(u,v)| < |[ul[||v] < 3 (Aul® + S ||[v]?) .

Proof. (a) By the definition of (u,v). We have
Z Z Ui5Vi5 = Z U1Vl + ...+ Umvm) = Z ui.Uz:.
=1 j=1 =1 =1

Similarly, we also have

n

m n n
_ _ _ T
= Uiivij = Y (UjU F o UUmg) = ) Uy

(b) By using the definition of the Frobenius norm, we have

[u+v]? = ZZ i+ )" =Y > (uf + 2ug055 + v
i=1 j=1 i=1 j=1
= JutvP=3"3"w 2 S (o) + 30N 0 = [ful + 20w, v) + VI,
=1 j=1 =1 j=1 =1 j=1

where we used Lemma 2.4.4 (a) in the preceding inequality.
(c) Let u,v € R™™ and X\ > 0, and using the Cauchy-Schwarz inequality. We get

m n m n m n
U’ZJU%] S uz ,J 1 J o ui,j ’Ui,j

i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

[{u, v)| =

= [(wv)| < fluf[fv]-
We use the properties of matrix norms to obtain the second inequality

H)\u—vH2 >0
= )\2 [ul|* = 2\ (u, v) + HVH2 >0

= 2l = ) ||V||+ S IvIE >0

(An 2+ 5 vl ) > flull vl

From the preceding two relations, we obtain

2
|l
2

1
v < Jullv] < X (AIIuHQ Hvllz)-

10



2.5 Preliminaries for convergence analysis

We begin with presenting some important properties of the gradient mappings which are
essential for the convergence analysis.

Lemma 2.5.1 Consider Algorithm 2. Let Assumptions 2.1.1, 2.1.2, and 2.4.1 hold. Then,
for all k > 0, the following results hold.

(a) bk = G(xx, &) — €.

(b) Elbgy | Fi] = G(x4).

(¢) Elllbgr — G(xi)|* | Fa] < (7 +b—1) > + 4G ()|
(d) For any u,v € R™", [|G(u) = G(v)| < Z=[u—v].
(e) IG(xk) = S(@)ll < & llxk — Lo

(F) NSl < Llzy — =]

(9) 1GGa)II* < 207 |[xi — 124 |1* + 2m L2 |2y, — 2*[|*.

Proof. (a) We use induction on k. For k = 0 we have

_ b T b = b - -1
byjo = El Ye=— ;yi,o = ;b (Vfi(zi0,&i0) — €ip0)
= byo = G(x0,&,) — €o.

Let us assume that the relation in part (a) holds true for some k. We show that it holds true
for k& + 1.

b _ _
br41 = ElT (Wyr + 07" (G(%pp1,€p1) — €k11) — 071 (G(xx, &) — €))
b 1 1
= ElTYk + ElT (G(Xk41,€p11) — €41) — ElT (G(xx, &) — ex)

1 1
= b}_’k + —1T (G(Xk+1>£k+l) - ek+1) - —1T (G(Xk>£k) - ek)
m m
1

= ElT (G(Xk+1;€k+1) - ek+1> .

Therefore, the induction hypothesis statement holds for k 4+ 1 and hence, the desired relation
holds for all £ > 0.

(b) Taking conditional expectations from the equation in part (a) and utilizing Lemma
2.4.1(a), we have

E[bgr | Fi] = E[G(xk, &) — € | Ti] = G(xx) — Elex | Ty
— Gxy) — %ZE[ei,k | F = Glx).

(c) We can expand the following using Lemma 2.5.1 (a). We get
E[l1bgk — Gx)I* | Fi] = E[l|G(xk, &) — & — GG | Te]
= E[||G(xx, &) — G(xu)lI” | o] +Ellen]]* | Fi]
+ 2B, [Ey, (e (Gxk,€4) — Glxa)) | Fu U (UL {&)]]
2 b—1

<2 -1 =
m m

I1GGxi) 1%,

11



where the last relation is obtained from Lemmas 2.4.1 and 2.1.2.
(d) For any u,v € R™ " with u;,v; € R" denoting the i'" row of u, v, respectively, we have

val U'L vaz (Uz)

< %; IV fi(w) — V fi (v;)]| < % u—v|.

1G(u) — G| = H—lTVf _ i1TVf

(e) By expanding the () using Equation 2.3.2. We get
1G(xk) = §(@)[| = G (xr) — G(AT) || < iHX — 1T
k k)l = k k)l < i ke — Ll

(f) By Invoking G(1z*) = 0, we have
15(@)|| = |G(Aze)|| = [|G(1ak) — G(127)[| < Lz — 27|.
(g) We can introduce the inequality and write as

IGG))1* < 2Gy — G(Azy)|* + 2/|G (1) ||
< 2L%|x, — 1247 + 2||G(17) — G(12%)]?
< 2L7||xg — 12k ||* + 2mL? ||z — 2*|*.

2.6 Concluding Remarks

The above preliminaries are essential for the convergence analysis. We will proceed to derive
the rate statements on three recursive error bounds that are E [||zx — z*||?], E [||lx — 174||%],
and E [|lyr, — 17x||?] in the next chapter of this thesis. The term E[||Z) — 2*||?] denotes the
suboptimality metric that measures the expected squared distance of the average value of
solutions obtained from all agents from the optimal solution of the problem of interest. The
other two metrics, i.e., E [||x — 17;||%] and E [||ly, — 1x||?], are called the consensus violation
metrics for the vectors z;; and y; i, respectively. We need these error metrics to be bounded
to proceed with deriving their rate statements.

12



CHAPTER III
CONVERGENCE RATE ANALYSIS

In this chapter, we derive recursive error bounds for the error metrics E[||zx — z*[|?],
E[||xx — 1Zx||*], and E [|lyx — 19x|/?]. In Section 3.1, we derive three recursive error bounds
that will be used to derive rate statements. In Section 3.2, we derive the convergence and
consensus rate statements. Section 3.3 concludes this chapter.

3.1 Recursive Error Bounds

Proposition 3.1.1 (Recursive error bounds) Consider Algorithm 2. Let Assumptions
9.1.1, 2.1.2, 2.1.3, 2.1.4, and 2.4.1 hold. Then, if v < min{ﬁ%, Wb—“} for anyn > 0

—1)L?
we have
, ) b~y .
@Ello -] <(1- 27 Bllo - ap)
b1y L2 /1
2 <— L hL(2h - 1>7k> E [[x, — 124?]
m \p
1
+ b 22 (— +b— 1) V2.
m
_ 1+ pj _ %+ piy) o7 _
(0) B lxnn = 12eal”] < =5 [l — 12]%] + =25 pV%VV) YE [|lyr — 17x)%] -
) B 1 1
(©) E[lyrss — e l?] < ((1 + b e + (s + o) (2L%p%y
2(b— 1)L2(1 + p2,)p? )
+ ( )1 ( 5 Pw)Pw>) E [HYk o 1yk||2]
ey
2L2 1 1 b—QLQ 2
+ m b_2+% ( Vi

(b= 1) (3+ L*3672)) E [0 — 27|
+2L% (b°LP; + (b—1) (34 L*pb~?

1
+b_l")/kL2 (; + b_1(2b — 1)")%))

1 1
HIW = 112) (G54 5 ) B [le = 1)

LTy o 9, o1 2
+(b—2+%>v (me (E+b—1>7k+3mb :
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Proof. (a) Considering the first update rule from (2.4.1), and multiplying both sides by
averaging operator =17 and noting that 17W = 17 from Assumption 2.1.3, we obtain
Tp+1 = Tk — YYk- Using Lemma 2.5.1(b) and (c), we can write

E [[|Zk11 — 2*|° | 4] = E [Ilz% — i — 2"|° | Fi]
= lzx — 2"||* = 29 (@ — ) E [ | Fi] +7E [1a]1* | F]
= [z, — 2*||* = 207 (7 — %) G ()
+ 07 E [[[bgx — G(xa) + G (i) I* | T]
= ||Zk — 2*||* = 207 (T — )T G (%)
+ 07 %E [[[bgx — G(xao)[I” | ] + 0737 E [|G (xi) [I” | T]
+ 207272 (%) 'E [bijir — G(xx) | F]
= ||z — 2*||* = 207 (T — )T G (%)
+ 07 E [[[67k — G(xa0)[I” | Fi] + 077G () |12
< lzg = a*[]* = 207 (@ — %) TG () + 0297 G ) |

1 b—1
sotat (o)t el
m m
Adding and subtracting G(zy), we obtain

E [|Zera — 217 | Fo] < 2 — 2*|? = 207 (2 — 2%) " (G (1) — G(Tk))
— 2" (T — )G (28) + b2 G () — G(z) |1
+ b 1S (@) 12 + 26797 (G (%) — S(7k)) " S (Zk)
+ b7 247 <i +b— 1) v+ 2L (b= 1) llxx — 124
m m
+2(b— 1)Ly l|ze — =)

< |z — 2" = b nS(@)|1*
— 267 (T — b S (Tn) — 27) (Gxe) — (7))

1
F0 G000 — S|+ (= +b- 1) )2

N 2020722 (b —
m

1
e = 130 4200 — )12 |y — o |
Invoking Lemmas 2.5.1 and 2.4.3 and the Cauchy-Schwartz inequality, we obtain

E [[l4 — 2 | ] < (1= b )l — 2|
257 (1 — b )3 — 2 |G x) — S|

b2y2 L2 1
i |xx — 12 ||* + 0297 (— +0b— 1) V2
m m

2L~ 1)
m

+

e — Lzl + 2(b — 1)L~ | 2 — 27|
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We have

E [[|Zr4 — 21 [ Fo] < (0= 0" pyw)? + 2072(b — D L?) ||z — 2|12
20~y L(1 = b~ )
Jm
b=2(2b — 1)72L2
i ( )Yk
m

+

17 = 2" ([ xe — 1

1
lxp — 12 |* + b 273 (— +b— 1> V2.

m

Note that we have
20~y L(1 = b~y
v m
L

- Mﬂ—ﬁqumh—ﬂﬂ|(——ﬂkh—mﬂo

(Vh 7=

—1 —1 21 = * |12 L2 — 2

SOy ( (X =0 )| T — 277+ u_mHXk — 17" ) .

17 — 2"l l1xk — 12

From the preceding two relations, we obtain

E (1705 — 711 | T < (1= b i) (14 b~ ) + 20720 — 1)93L) e — o7
b_l’}/kLQ (

+

1 _ _
—+bW%—iWOHm—1%W
m

1
2o (1 2
m
From ~;, < 4(1:#, we obtain

b—l
E (|2 — 2°] < (1 = =258 [ 2 — 2]

2
b=l L? (1
m (—+w%%—nw)Emm—1uW]
m p

1
+ b2} (— +b— 1) V2.
m

(b) From Equation 2.4.1 and invoking Lemma 2.4.4(b), we have

+

1%k1 — L2 [|* = [Wx = Wyg — 1(25, — %) ||
= ||WXk — ].J_Ik||2 — 2’}/k<WXk — 1jk,Wyk — lgk>

+ 77| Wys — 13|
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By Invoking Lemma 2.4.2 and Lemma 2.4.4(c), we obtain
Ik = Lz |* = pivllxn = 12el” + 29[ Wxi = L2 [[Wys = 10| + pivellye — 1ol
< pivlber — 124l|* + 200l — 12y — 156l + ol illye — 1700

1 — p? 2k P03
< Al = 117+ s (5 b = 1l? + Ty, — 1)
w w

+ o vellyr — 13|
1+ piy

2 2 2
_ V(L + piy)p _
= TP e RO A g
- Pw
We obtain
B 1+ 2 _ 2 1+ 2 2 3
E [lxusn — 150 ] < “E [l - 1] + A [y, - 15,7
w

(c) Next we obtain the third recursive relation. For the ease of presentation, we will use the
following compact notation.

G, 2 G(x), Gr2G(xp&), Gi2Gy—ey,
vi,k = Vfi(l"i,k), Vz’,k = Vfi<xi,k> fi,k),
v f,k = sz’(%k,&,k) — €ik-

Note that E [(}; | 3"4 -G, E [(};H | fml} = Gy

We can write, from Lemma 2.4.4(b),

el = | (@ - s1.98)

2 T o
= ||Vix —2b(Vix)" Uy Vi

202 ||U, v

Taking conditional expectations, we have

E [[leixl® | Fe U {&ir}] = [ Vix

(=1

b b
P10 UV -2V YUV
(=1
We have

b b 2
P CATH D S L AT el L/
/=1 =1

From the two preceding relations, we obtain

E [Jlesll” | 53 U &3] = (0= 1) [ Visl|®

16



From the update rules of the algorithm, we have

1yerr = W l* < [Wye +b7'Gipy — 07 Gf = 105 + 19k — 1 |
= [[Wy), — 15]* + 07%|| Gy, — Gl
+ 20" Wy, — 143, G5, — GY)
+ 2(yrs1 — L0k, LGk — Grr1)) + M| G — Yo |12
< pivllye = 15l +07%|| Gy — Gill?

+ 20" (Wyi — 1, Gy — GR) = ml| Gk — G|
1

— — 1 ~e ~e
< (L+07")piyllye — 1gil* + (2 + %)HGkJrl - Gl (3.1.1)

where 1 > 0 is an arbitrary scalar. In the following, we present a few intermediary results
that will be used to derive the third recursive inequality.
Claim 1: The following holds

E[IGior — GIIP | 9] <E[IGin - Gall® | 53] +E [|Gunnl | 5]
VE[IGE, - Gual? |5 + 2B [IGE - Gel? | 7] . (312)
Proof. We can write
E |I1Gfy — Gl | 9] = E Gk — Gall? | 53]
+2E [(GW, G,y — GE— Gt + Gy | 3@}
_9E [(Gk, Gy — GE— G + Gy | ?k]
+E [Hézﬂ — G — Gt + G|? | 94. (3.1.3)

Note that since x4 is characterized in terms of &, using Assumption 2.1.2, Assumption
2.4.1, and Lemma 2.4.1 we have

E [GZ-H — Gy | ffrk} = E¢, ¢, [Esk+1,ek+1 [GZH — G | kaHH

— Egk,ek |:E€k+17lk+1 [G’k+1 - ek+1 — Gk—l—l | ?k+1]i| — O
We also have IE [é’z -Gy | rfk] = 0. Thus, we obtain

E [(Gk, Gy — G — G + Gy) | fﬂc] = (Gi, E [GZ+1 — Gj, — Ggp1 + Gy | fﬂcb
— (G, 0) = 0.

17



We can also write
E [(GM, Gy — GE— Gy + Gy | ffk}
= E¢, e, [(GkH»EskH,@kH [GZH — Gy | ffk+l“> +E [<sz+1, —Gj + Gy) | ?k]
= E¢, e, |:<Gk+17]E£k+1"€k+l [GZJA — Gy | §k+1H> +E [<Gk+1> ~Gi + Gy) | Stk]
—E [(G,M, ~GE G | S"k] .
From the preceding relations, we have
E |G — Gl | 9] SE[IGk — Gil | 53] + 2B [(Grar, ~Gf + Gi) | T
+E [HGZH — Gf — Gyt + Gy|* | rfk]
<E [|Grir — Gl | Fi] +2E [<Gk+la ~Gj + Gy) | ?k]
FE (G — Grtl? | Fa| + B [I1G5 - Gil? | 53]
2B (i — G, G — G | 53
Note that we have
E [(Giﬂ — Gii1, G — Gy) | fﬂc} = E¢, 0, [(Eskﬂxm [GZ—H — Gy | 37%1} ,Gf — Gk)}
=0.
Also, we have
2 (G, G+ Ga) | 2] SE[IGiatl | 4] +E [[Giy — Goal? | T

From the last three relations, we obtain Claim 1. |

Claim 2: The following relations hold.
E|IG; = Gull? | 5] < mbv® + (b= 1)]IGil?
E[I1Gs = Grall? | | < mbv® + (0= DE[IGh1]? | T3] (3.1.4)
Proof. From Assumption 2.4.1 and Lemma 2.4.1, we have
E[IIG; - Gull? | | =E [ Ge — e — GiJ* | T3]
—E |G — Gl | 2] +E [llex|* | Fi]

= mv? + ZE (e ell® | Fr)
i=1

30— 1) (72 + [Viel?)
=1

= mb? + (b— 1)]| Gy

18



Using this relation, we can also write

E (G — Gunl? | 9] = Becer [Bey s |[1GEo = Gunn? | T
< Ee, i, [mb® + (b= V|G| | 7]
= mbv® + (b— DE [[| G |* | Fa] -

|
Claim 3: The following inequality holds.
E [[[Grsr — Gull | T3] < 2L2 (572122 + W — IJ?) [xi — Lo

+ 2Ly E [Ny — 13i1* | T

+ 202 m LA |z — 2|+ L2072 (0 — 1[Gy
1

+mL* (= +b— 1)}, (3.1.5)
m

Proof. From the Lipschitzian property of the local objectives we have |Gy — Gil|* <
L?||x3+1 — xx||*. Next, we estimate the term ||x;1; — xz||*>. We have
k41— Xk[|* = Wy, — 7 Wiy — x|
= (W = D) (3 — 12%) — mWyk — x|”
< IW = TP llx — 12 + %[ Wyell* — 29 (W — D) (xi — 131), Wyy)
= W — TP llxi — 12 ]|* + [l Wys — 15[ + mi |17l
— 29 (W = I)(x¢ — 1Z), Wy — 17)
< W = TP llx — 1]l + ol villye — 13l” + mg [ gal*
+ 20wl [W = Il[|x — 12 [[[lyr — 14|
< 2/|W = T|*[lx — Lall* + 20072 [ye — 18xl1* + moycd ™| bl |*.
From Lemma 2.5.1(b) and (c) we have
E [[1bgxll* | ] = E [Ibge — Gill* | Fi] + |Gl
< (i +b— 1> v? + EHGHP + 1GRl?
m m
Also, from Lemma 2.5.1(e) and (f) we have
212
m
From the preceding relations, we obtain Claim 3. [

Claim 4: We have

|Gell® < 2[|Gx — S(zx)[|* + 2/|G (@) ||* < s, — 1ag||* + 2L2||zx — 2*||.

e, 28R+ piy) e )
E [[IGenl® | 2] < 2L%m|z), — 2*[|* + kl — w)biv [lys = 15l | F]
w

1

1
+ 2mL2b 2> (E Y- 1) 2.
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Proof. From Lemma 2.5.1(g) we can write

E 1Grll® | Fi] = Be, e, [Bep iy IGriall? | Fra]]
S 2L2E [ka-i-l - lfk+1||2 | gjk] + 2mL2E [ka-i-l - ZL‘*||2 | ?k] .
Substituting E [||xg41 — 1Zx41||* | Fx] and E [||Zp01 — 2*||? | Fi] from the first two recursive
bounds, we can conclude Claim 4. Note that from the first two recursions we have
-1

* b — *
B [l - oI 193] < (1= 257 o -

bl I? (1 .
Zf (; FhY(2h — 1)%) s — 122

1
+U%ﬁ(a+w—1)ﬂ.

_|_

And also

1+ piy
2

( W) WHYk _

2
%1 — 1242 < i = 1+ 171>
w

From the preceding relations, we obtain

E (IGunl? | 5] <202 (2 W by~ 12 + EEAN A [y, — 1512 ]

sk
2 RN %2
+2L°m | (1 — N zk — ¥
b1y, L? _ _ o 92(20—1)1?
T e =L

2L2,.y2(1+p2 p2 -
kl — e lyr — 17l | Fe)
w

+2L% (14 w0 e L2 (1 4+ 0~ ) (1% — 125 |7 + 4L%0 %75 (20 — 1)0°.

< 2L*m||zp — 2*|)* +
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By combining (3.1.1), Claims 1 to 4, and Lemma 2.5.1(g), we obtain

) . 11
E [[[yre — 1genl] < ((1 + b7 n)pdy + i (bQ +7 ) (2L piy

2(b—1)L2(1 + p? _
i ( )L2( - PW)PW E[HYk_lkaQ]
1 —piy

1 1
oL’ (b2 " b_) (2122 + (b~ 1) (34 L36%)) E [z — o]
+2L% (b2L*y; + (b—1) (3+ L*y;b~°
1
+b_17kL2 (; + b_1(2b — 1)’}%))

1 1
+[|W —1J|*) (b_2 + %> E [||xx — 125||]

1 1 9 9,9 (1 9
= [ — -1 .
<b2 bn) v (m b (m ’ ) Vi +3mb

3.2 Rate Analysis

We proceed with deriving the rate statements of Algorithm 2.

Theorem 3.2.1 (Rate statements) Consider Algorithm 2. Let Assumptions 2.1.1, 2.1.2,
2.1.8, 2.1.4, and 2.4.1 hold. Let us define e, = E[||zx — 2*||%], €ar = E[||xr — 174]|%], and
esrx = E|llyx — 19x||%] for k > 0. Suppose 7y, := b with v >0, T' > 7,

3 11 2(b — 1)L2(1 + p3,)p}
> 2 2 w)Pw
F_v\/l (b2+b)(2L P + 1= 2 ;

dT > il 2 bu B (3.2.1)
an > v | min PR ARSIy . 2.

(a) Then, there exist positive scalars 6; > 0 fort=1,...,9 with 64 < 1 and 05 < 1 such that
for all k > 0 we have

e1pr1 < (1 —01v)er s + Ooyear + 037z,
eopr1 < (1 —04)€24 + O5vi€34,
€351 < (1 —Og)es ) + 07811 + 09 + bo.

(b) Let v > % Let us deﬁne e, := Femnl,é? = Feg,onz, and €3 1= maX{F%n3,93,0},

2Co . 204Cs ._ Cs
Gt ooy M = =1, and N3 := 2Ny, where

A A N A 6690 A Ore A 9 e
C1 = ybesp, Co = 0572, C3 = (0 — 1) €1, Cy = 22 O & B g o & % ~o

€2,00406’ 09

where Ny, Ny, N3 > 0 are given as Ny :=
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Then, if I' > max {\/20406, %, % — 1}, and for all

2 - 2\ 2
» (2 sithy) (o, gt
77<b( QW),andk:>7 = 5 L -T, (3.2.2)
Pw (L4 piy)/2
- 5 )
e < k_'_—llﬂ €rr < ﬁ esr < €3. (3.2.3)

Proof. (a) Consider Proposition 3.1.1. It suffices to show that 0 < 1 —6s < 1. From
Proposition 3.1.1 (c), we have

2(b—1)L*(1 + PW)PW)

11
1—0s=(1+b'n)p} ; 2L%p3
6= (1+ n)pw+%(b2+b>< P + =2

It can be observed that 0 < 1 — 6. Remaining is to show 1 — 6 < 1, that is, we need to show

_ 11 2(b — 1)L2(1 + p2,)p?
(1+b7')pd + 2 (62 +o- ) (2L2p2 + ( )1—(/)2 w) W) <1 (3.2.4)
w

From the condition on k in equation (3.2.2), we have

1 2p3 2 2 2(b—1) L2 (1+p3) P}
<k+F)2> (b_2+b2(1_VZ§V)> <2L Pw + i W)
Y (1 + piy)/2

This can also be written as

() - (14 )2
2 2
k+T (b% + bQ(ifivzav) <2L2p2 + 2(b-1)L (1+PW)PW>

lpW

)
Substituting from the condition on 7 in equation (3.2.2), substituting n = 2 (1p2;)W> and
w

from the definition of sequence v, = 17, we have
2L 1Y (a2, 4 20 DL+ ph)ety\ _ Q+ply) _ (=pl) _ | ol
b2 by 1—p2, 2 2 b

Therefore, we have

2 2 2 2
noyw o of 11 5 o 2(b—=1)L*(1 4+ py)piy
—_— — 4+ — 2L < 1.
+7’f(b2+bn>( P + [y

(b) We select @5 arbitrarily large such that n; > 1. Consecutively, we can state that ny > 1
and n3 > 1. We have

D
[y
D

1

€10<€ oM <= <

- T -0+

+
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The first inequality in (3.2.3) holds true for k£ = 0. Now from the definition of &, we have

A

< &8
€20 < €20N2 < =S m
This implies the second inequality in (3.2.3) holds true for £ = 0. Further, for e, we
have e;p < €;. Therefore, the third inequality in (3.2.3) holds true for £k = 0. Now let
the induction hypothesis holds true for some £ > 0. From the definition of n;, we have
Cy < (C3' = 2C4C4C5) ny. Therefore, we have CinoI" 4+ Cy < C3nqI'. Next, substituting the
values of ('}, Cs, and (C}, in the above, we have

€ < e 0.8 037

(k+1)> = (k+D)?* (k+D)? (k+D)?*

We have v > ~,. Substituting in the above

€ < ~v6:€; _ V0282 _ 9372
(k+1)> = (k+1)*> (k+D)* (k+TD)?
Further, by bounding (k+F)(él;+F+1) < (k-qé-ll“)27 we obtain
é e 70:1€4 V0282 93’72

_ < _ _
k+D) (k+T+1) —

(k+T) (k+D)?* (k+0D)*

By induction hypothesis, and Theorem3.2.1(a), the first inequality of (3.2.3) holds for &k + 1.
Next, from the definition of ng, we have

Ny > CaCs

ny > CyNs.

Substituting for Cy and rearranging the terms, we obtain

0 1 0
63 < —— &, < (94 — —4) €s.

From (?‘:1)12 < % the preceding inequality becomes
2I'+1 R R
meg < 0,69 — 295’}/283.
Further, from (2::1,23312 < (125:;)12, we have
ég ég < 94@2 2‘95’}/2é3

T+1)7° (k+T+1)° " T+1)?> @C+1)*

By induction hypothesis and Theorem 3.2.1 (a), we show the second inequality of (3.2.3)
holds for £ + 1.
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Next, from the definition of ng, we have nsI' > C5n;. Substituting value of C5 and rearranging
the terms, we obtain

3607
—&1 < fgbs.
T &1 = Vs
Now, from the upper bound of I', we have I'? > 2C,Cs. From this, we have

r? <%n1> > 20,C6 (%nl) > <QC;C5n1) .

Substituting for Cg and rearranging terms, we have

305 . .
F—;eg < Bg5.

From the preceding two results and 36y < 05€3, we have

0 0
(1—06) 65+ kjréﬁﬁéﬁeg < e

By induction hypothesis and Theorem 3.2.1 (a), we conclude that the third inequality of
(3.2.3) holds for k + 1. |

3.3 Concluding Remarks

We derive the error bounds for all three error metrics that are E [||Zx — 2*[|?], E [||xx — 1Z¢]?],
and E [||yx — 19x||?]. We provide non-asymptotic convergence rates of the order O (1/k) for
an optimality metric, and O (1/k?) for a consensus violation metric. The observed rates by
the proposed DRBSGT algorithm match with those of the DSGT algorithm [15].
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CHAPTER IV
NUMERICAL EXPERIMENTS

In this chapter, we provide numerical experiments to validate our theoretical results. We
consider the logistic loss regression problem for the numerical analysis of the proposed scheme
and discuss the other schemes for comparison with DRBSGT. In Section 4.1, we provide the
setup for the numerical experiment, which includes the tuning and data set parameters. In
Section 4.2, we observe the insights of the results of the numerical experiment and thesis.
The Section 4.3 concludes the thesis.

For the experiments, we consider the regularized logistic regression loss minimization problem
presented in Section 1.1. Consider a data set denoted by D = {(u;,v;) € R* x {—1,+1} | j €
S} where S £ {1, ..., s} denotes the index set. Let S; denote the index set of the data locally
known by agent ¢ where U”;S; = S. The problem can be formulated as min " | fi(x) where
we define local functions f; as

A 1

filz) = 5]

Z In (1 + exp (—vjujrx)) + %Hx”{ (4.0.1)

JES;

where u; € R" and v; € {—1,1} for j € S; which denotes the binary value of the j data
label.

We simulate the proposed distributed randomized block stochastic gradient tracking method
(DRBSGT) algorithm on a network consisting of m agents. We provide a comparison of
suboptimality and consensus metrics of DRBSGT with those of two existing methods namely,
distributed stochastic gradient tracking (DSGT) [15] and adapt then combine (ATC), a
variant of block distributed Successive cONvex Approximation algorithm over Time-varying
digrAphs (block SONATA) in convex regimes [14].

4.1 Simulation

We perform simulations on two data sets with m agents. We use the complete and the
ring graph structure to represent the communication among the agents. We implement the
simulations on MNIST and Synthetic data set for m = 5 and m = 5, 10, respectively. The
MNIST data set consists of 70,000 labels and 784 attributes, whereas the Synthetic data set
has 10,000 labels and 10,000 attributes with a Gaussian distribution with mean as 5 and
standard deviation as 0.5. We consider different parameters for different data sets mentioned
in Table 2. Further, we use v = le+ 1, ' = le+ 4, 4 = le — 1, and the batch size for
computing gradient from each agent € = le + 2 for both data sets. Taking into account the
stochasticity involved in DRBSGT and DSGT schemes, we have obtained different sample
paths in our implementations. In Figure 2 we have compared the performance with respect
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Table 2: Parameters of various settings used for implementation

Data sets
Sl MNIST (m = 5) | Synthetic (m = 5) | Synthetic (m = 10)
chemes
n =784 n=1le+4 n=1e+4
|S| = 5e + 4 |IS| =le+4 |S| =le+4
DRBSGT p=1le—1 @w=1le—1 uw=1le—1
€ = le+2 € = le+2 € = le+2
b=14 b =100 b =100
n =784 n=1le+4 n=1e+4
|S| = be +4 |S| =1le+4 |S| =1le+4
DSGT u=le—1 u=1le—1 u=1le—1
€ = le+2 € = le+2 € = le+2
n = 1784 n=1le+4 n=1e+4
|S| = be + 4 |IS| =1le+4 |S| =le+4
ATC w=le—1 pw=le—1 pw=le—1
b=14 b =100 b =100

Table 3: Objective function value comparision of Algorithm 2 vs. DSGT vs. ATC for 90% ClIs

Data sets

MNIST (m = 5) Synthetic (m = 5) Synthetic (m = 10)

Schemes

DRBSGT (Complete)

1.047e+1,1.057e+1

[9.282¢40, 9.315¢+0]

[5.071e+0, 5.151e+0]

DRBSGT (Ring)

1.047e+1, 1.056e+1

[9.282¢+-0,9.314e+-0]

[5.105¢+0, 5.117¢+0]

DSGT (Complete)

[6.508¢+1,14.491e+1]

[14.464¢+1,31.159¢+1]

DSGT (Ring)

[
[
[
[

]
]
4.974¢+0,5.471e+0]
5.057e+0, 5.222¢+0]

[4.622¢+1,9.889¢+1]

[2.218¢+1, 6.011e+1]

8.078e+3
8.076e+3

2.489e+4
2.489e+4

2.509¢-+4
2.509e+4

ATC (Complete)
ATC (Ring)

to the number of local gradient evaluations. These local gradient evaluations are the number
of total samples used in each gradient step. The highlighted areas in the plots in Figure 2
represent the confidence intervals. We provide 90% confidence intervals on the errors of the
sample paths for each setting in Table 3. We choose the total sample paths for MNIST and
Synthetic data sets as 5 and 10, respectively.

4.2 Insights

In Figure 2, we notice that the proposed DRBSGT scheme converges for both MNIST and
Synthetic data sets, considering both the suboptimality and consensus metrics. We observe
that with the comparison to DSGT and ATC, the performance of DRBSGT ameliorates.
From Table 3 and Figure 2, we notice that when the number of attributes and the number
of agents m increases, the performance improves for the proposed algorithm. The second
row in Figure 2 provides significant evidence that the consensus errors are bounded and
reducing. We did not observe any significant difference in the performance based on the
network connectivity structure.
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Figure 2: Algorithm 2 vs. DSGT vs.

ATC in terms of objective function value and consensus error

4.3 Concluding Remarks

We validate that the theoretical claims hold after the numerical results.

We compare

the performance of our scheme with DSGT [15] and ATC [14] under different network
assumptions on logistic loss regression minimization problems. The data sets we consider
for the implementation are the Modified National Institute of Standards and Technology

(MNIST) and synthetic data sets.
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CHAPTER V
CONCLUSION AND FUTURE DIRECTION

In this thesis, we consider the a class of distributed stochastic optimization problems over
undirected networks. Motivated by big data applications, we address this problem considering
a possibility of large-dimensionality of the solution space where the computation of the local
gradient mappings may become expensive. The main contributions of the thesis are as follows:

1. We develop an algorithm called distributed randomized block stochastic gradient
tracking (DRBSGT) for addressing distributed stochastic optimization problems of the
form (2.1.1) with possibly a large dimension in the solution space.

2. We obtain the rate of O(1/k) on a suboptimality and O(1/k?) on a consensus violation
metric for the DRBSGT algorithm, these rate statements are comparable with those of
DSGT.

3. We validate the theoretical claims by performing some numerical experiments. We
compare the performance of our scheme with that of DSGT [15] and ATC [14] under
different network assumptions on logistic loss regression minimization problems. The
data sets we consider for the implementation are the Modified National Institute of
Standards and Technology (MNIST) and synthetic data sets.

In this thesis, we consider synchronous communications among the agents, i.e., at every
iteration k, all the agents communicate with their neighbors synchronously and seek to
minimize the average cost function. For a more practical perspective of addressing this
problem, we plan to relax the assumption of synchronous communications.

As a future direction to this thesis research, we plan on considering asynchronous communi-
cations among agents. In particular:

1. We plan to develop a distributed randomized block gossip-like stochastic gradient
tracking (asyn-DRBSGT) algorithm for addressing distributed stochastic optimization
problems of the form (2.1.1) with possibly a large dimension in the solution space and
asynchronous communication among the agents.

2. We plan to obtain reasonable rate statements for both suboptimality and consensus
violation metrics for asyn-DRBSGT.
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