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Abstract:

The problem of line source radiation is examined through the application of autocorrelation
principles. These principles enable the radiation from a line source to be characterized with
only knowledge of the current distribution — a priori knowledge of the antenna pattern is not
required. First, the radiated power from a broadside line source radiator is examined. Exact
closed-form analytical expressions for the radiated power are developed for several canonical
current distributions. These expressions are validated using numerical integration of the
radiated power equation. Next, the statistical concept of variance is applied to characterize
the antenna pattern performance. As with the radiated power, closed-form expressions for
the “beamwidth variance” are determined through application of autocorrelation principles
for several canonical current distributions, without knowledge of the antenna pattern. These
results are also validated by numerically integrating the antenna pattern to calculate the
variance. Finally, the methodologies developed for characterizing broadside line source
radiation are extended to characterize scanning beams from line source radiators. Exact
closed-form expressions for the radiated power are developed for several canonical current
distributions and are validated through numerical integration of the antenna pattern. The
concept of “pattern mean” is introduced in addition to the beamwidth variance, since the
mean of a scanning beam will not necessarily be along the direction of the scan angle. Exact
closed-form expressions for both statistical performance measures are developed for canonical
current distributions. As with the other results, numerical integration of the first and second
moments of the antenna pattern are performed to validate the analytical expressions.
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CHAPTER 1

Introduction

Characterization of line source radiation has received extensive attention throughout
the evolution of electromagnetics and antenna theory. Traditionally, the performance of
an antenna can be characterized by determining the radiated pattern from the current
distribution and then analyzing the pattern to yield specific performance metrics (e.g.,
total radiated power, radiation resistance, main beam scan angle, side lobe level, 3-dB
beamwidth, peak directivity, etc.). The process for calculating antenna pattern performance
metrics is accomplished almost exclusively using numerical methods. Likewise, the current
distributions for more complex radiating structures (e.g., antenna arrays) are also calculated
using computational techniques (e.g., method of moments). Even in light of the extensive and
successful application of numerical methods to analyze radiating structures, it can sometimes
be enlightening to revisit the foundational problems from which these analysis techniques have
been developed. This dissertation revisits the fundamental problem of line source radiation
and presents the development of a methodology by which the performance of a line source
radiator can be characterized through the application of autocorrelation principles. The
methodology presented herein will enable, among other things, the ability to determine the
total radiated power from a line source radiator without a priori knowledge of the antenna
pattern.

The dissertation first presents a brief historical review of the key developments
in electromagnetics that established the foundation for antenna theory, the evolution of

antenna theory in the early 20th century, and how the advent of the computer led to the



development of numerical methods for modern antenna analysis. Next, the line source
radiation problem under consideration in this dissertation is defined, including a brief review
of the corresponding governing equations. Additionally, a review is conducted of several
statistical concepts that will be leveraged throughout the dissertation (i.e., autocorrelation
functions and moments). Following the review are four chapters that present the evolutionary
application of autocorrelation functions to the line source radiation problem.

First, autocorrelation principles are applied to develop a methodology that enables
determination of the radiated power directly from the current distribution without the need
to intermediately determine the antenna pattern. The methodology is applied to several
canonical current distributions to develop closed-form analytical expressions for the radiated
power. These expressions are then validated by numerically calculating the radiated power.
Second, the successful application of autocorrelation principles to determine the radiated
power revealed the possibility of determining the variance of the antenna pattern using a
similar approach. The statistical concept of variance is applied to the power pattern function
and autocorrelation principles are utilized to develop a corresponding methodology, which is
then applied to determine closed-form analytical expressions for the variance for the same
canonical current distributions. As before, these expressions are validated numerically. Third,
the methodologies developed in the two preceding chapters applied exclusively to broadside,
non-scanning line source radiation. The admissibility of scanning line source radiators to the
application of autocorrelation principles is considered as the next evolutionary step. The
principles are applied to develop a methodology for determining the radiated power from
a scanning line source, which is then applied to several canonical current distributions to
develop closed-form, analytical expressions for the radiated power. Again, these expressions
are validated numerically. Fourth, in light of the success of applying autocorrelation principles
to scanning line sources, the application of variance to characterize the pattern from a line
source radiator is extended to include the first-order moment (i.e., mean). The introduction
of the mean is necessary since the main beam scans away from boresight, which results in
an asymmetric antenna pattern. Autocorrelation principles are again applied to successfully
develop a methodology for determining the mean and variance of a scanning beam with
no a priori knowledge of the antenna pattern. Closed-form analytical expressions for both

the mean and the variance are derived for the same canonical current distributions, which



are validated numerically. Finally, a summary of the work presented in the dissertation is
provided, along with an extensive discussion of other potential applications of autocorrelation
principles.

It is important to note that the application of autocorrelation principles to line source
radiation is novel. As a result of this novel approach, closed-form analytical expressions for
radiated power, mean, and variance for both broadside and scanning beams are developed
for a variety of canonical current distributions. All of these expressions — except for two —
have never been presented previously in the open literature prior to the research conducted in
support of this dissertation. The corresponding validations demonstrate that the expressions
are exact, which is evidenced by the practically perfect agreement between the closed-form
equations and the numerical results. The exactness of the expressions obtained using this
methodology is claimed within the context of the assumptions made for the problem under
consideration (i.e., radiation from a line source with an infinitesimally small diameter and an
assumed current distribution), not in the context of an actual antenna.

It should be noted that the fundamental theory presented in this dissertation is
straightforward to implement. As seen in the Appendices, which provide detailed derivations,
the closed-form expressions are obtained using basic techniques from differential and integral
calculus. At best, the difficulty in obtaining these expressions is limited to the tedium that
one must endure while keeping track of all the terms that arise throughout the course of
performing the derivations. Otherwise, highly specialized mathematical skills and knowledge
are not needed. Hence, the theory is not only robust, but highly implementable.

The body of work presented in this dissertation demonstrates the robustness of
the application of autocorrelation principles and the potentially limitless extensibility to
other classes of problems. The potential impact of this work will reveal itself through
the evolutionary process of research as new problems are evaluated in the context of the

autocorrelation principles presented in this dissertation.



CHAPTER 11

Foundation

This chapter reviews the historical development of antenna theory in order to establish
a motivation for the research presented in this dissertation. Subsequently, some of the
fundamental concepts associated with line source radiation and statistical distributions are
reviewed, which will, in part, serve as the foundation for the theories presented in this
dissertation. It is assumed that the reader has a basic understanding of the theory and

nomenclature of electromagnetics, antenna theory, probability, and statistics.

2.1 Development of Antenna Theory

Historical developments and advancements in a given field of practice are sometimes
viewed as a fully encapsulated body of knowledge that has preceded the current state of the
art. While the sum total of developments and advancements of a given field did contribute
to its present state, they did not contribute equally, nor did they necessarily occur along
a single linear continuous process. In many cases, parallel processes were occurring, with
contributions being made between processes, and with some processes experiencing discrete,
measurable, and sometimes extensive gaps of time between major advancements. Regardless
of the field of practice, it is important to revisit work that may seem decades or centuries old,
because there may exist a hidden gem of knowledge that was overshadowed or suppressed
by notable advancements in a parallel process. Some examples of these phenomena include
the gap in time between Maxwell’s presentation of the complete set of equations governing

electromagnetics to the Royal Society of London in 1864 [1] and Hertz’s experimental discovery
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of electromagnetic waves in 1888 [2]. During that gap, many incremental advances were
occurring, including Heaviside’s restructuring of Maxwell’s equations using fields instead of
potentials and reducing the number of equations from 20 to four [3]. Experimentation with
electromagnetic waves continued until Marconi’s transatlantic transmission from England to
Newfoundland in 1901, which marked the beginning of the practical application of the antenna
for long distance communication [4]. In parallel, Carson was examining electromagnetic
radiation in the context of transmission line theory [5], which explored the concept of radiation
from a transmission line in terms of resistance. Additionally, Carson explored the concept
of reciprocity in radio communication [6], which was leveraged by Carter to develop a
methodology for determining input impedances based on resonant and non-resonant current
distributions [7]. Analysis of and experimentation with wire antennas continued into the
1930’s and 1940’s. Of significant note is the extensive compendium of works produced by
King, specifically wire antennas, which contributed to his seminal work Theory of Linear
Antennas [8]. Schelkunoff also applied Carson’s work on radiation from transmission lines to
the field of antenna theory in 1941 [9].

Another parallel development was that of the computer. Scientists and engineers were
able to use computers to apply existing numerical methods, and to develop new methods, for
analyzing complex mathematical and physical problems. Computers enabled the application
of numerical methods to find solutions to equations with no known analytical solutions and
were also used to reduce the laboriousness of performing hand calculations (e.g., Euler’s
method or the Newton-Raphson method). These newfound computational capabilities were
used to advance the fields of electromagnetics and antenna theory through the development
of the method of moments. Harrington published a comprehensive treatment of the method
of moments [10], in addition to his masterpiece work on electromagnetic theory [11].

As summarized above, the problem of radiation from a line source current distribution
has received thorough treatment throughout the history of electromagnetics. The conventional
methodology for calculating performance metrics (e.g., radiated power, gain, directivity, etc.)
associated with the line source radiator primarily involves determining the radiated pattern
from the current distribution through Fourier transform relationships. The aforementioned
performance metrics can then be determined through well-defined mathematical operations.

For example, the total radiated power can be determined by integrating the power radiation



pattern over 47 steradians. Taking into account appropriate axes or planes of symmetry
can simplify the calculations. However, as current distributions become more complex or
line sources are discretized into arrays, the ability to analyze antenna performance becomes
entirely predicated on numerical calculations of the radiated pattern. From those numerical
results, additional numerical calculations are performed to determine the aforementioned
antenna performance metrics.

Given that numerically derived antenna patterns and performance metrics are em-
inently obtainable, it is reasonable to question why an alternative method for calculating
closed-form results for canonical line source current distributions is even necessary. There
exist many rational answers to that question. First, mathematics is the language of physics
— if a physical phenomenon can be completely described through rigorous application of
mathematics, then further insight into that phenomenon could be gained — which is often
not a consideration of the brute force (and sometimes the corresponding ignorance) that is
often associated with numerical calculations alone. In this case, the complete mathematical
description of a simple scanning beam using the statistical concepts of mean and variance
could shed new light on the behavior of more complex radiating structures. Furthermore,
concepts like mean and variance can be used to relate the spread of the current distribution
to the spread of the antenna pattern via the Heisenberg Uncertainty Principle [12]. Second,
successfully analyzing a physical problem using an alternate mathematical approach could
open the door to other breakthroughs — sometimes those breakthroughs cannot be foreseen
and only become evident after a critical foundational development is unearthed. In this case,
the successful application of autocorrelation principles to line source radiators could open the
door to reductions in computational complexities of the method of moments or possibly a
novel approach to antenna synthesis. Finally, even if the two aforementioned possibilities
never come to fruition, research is a necessary and exciting step on the path of discovery.

As presented in this dissertation, the application of autocorrelation principles to
line source radiation has successfully led to the development of exact expressions for the
radiated power from both a broadside and scanning line source. In addition, the success of
the methodology has enabled definition of new metrics for the performance of line source
radiators (i.e., pattern mean and beamwidth variance). These metrics are based on traditional

statistical concepts. Application of autocorrelation principles enables the obtainment of



closed-form analytical expressions when applied to both broadside and scanning line sources.

These foundational concepts will be reviewed in the following sections.

2.2 Line Source Radiation

The problem considered in this dissertation is that of radiation from a line source
with an infinitesimally small diameter. The line source has a total length L and is coincident
with the z-axis on the interval [—L/2, L/2]. A current distribution I(z) is impressed along
the extent of the line source. The resulting antenna pattern is measured from the z-axis in
the 6-direction and can be shown to be ¢-symmetric. The basic constructs of the line source
radiator are shown in Figure (2.1). Taking advantage of the ¢-symmetry, the radiated power
from the line source can be determined by integrating the #-component of the electric field

over 4 steradians,
1 27 ™
Praq = —/ / |Eg|? r?sin 6 db de. (2.1)
2n Jo 0

From Equation (2.1), it is obvious that is only necessary to determine the #-component of

-L/2

Figure 2.1: Line Source Radiator

the electric field in order to calculate the radiated power. Fortunately, it is known that the
electric far-field of a line source radiator situated symmetrically on the z-axis can be shown
to be,

E = jwpw(r)G(u)sin @ ay, (2.2)



where w(r) is the spherical wave function,

wir) = S (2.3)

47y

and G(u) is the field pattern function [13]. By definition,
u = ug cos b, (2.4)

where the electric length of the line source uy can be determined from,

kL L

= _— = _ 2.
Ho 2w A (2.5)

Substituting Equation (2.2) into Equation (2.1), recalling k¥ = w,/ue and nn = /u/€, and
simplifying yields,

k*n
167

rad —

/7T G?(u)sin® 6 db. (2.6)

At this point, it is useful to invoke a transformation to simplify the bookkeeping of the

subsequent analysis by letting

21z
p=—. (2.7)

(2.8)

in which case,

Glu) = / " g(p)e ™ dp. (2.9)

—T

Substituting sin?@ = 1 — cos? # into Equation (2.6) yields

L/ 2 :
T i G*(u) (1 — COS 9) sinf d#f. (2.10)

Furthermore, taking the derivative of Equation (2.4) gives,

du = —ugsinf db, (2.11)



and substituting Equations (2.4) and (2.11) into Equation (2.10) and reevaluating the limits

of integration yields,

_ Ko, 2 2
Pog = — G*(u) (u§ — v?) du. (2.12)

3
167wy J_y,

Equation (2.12) will serve as the springboard for a majority of the developments presented in

this dissertation.

2.3 Statistical Principles

Though not imminently evident, the reason for reviewing some basic concepts of
probability and statistics will reveal itself in subsequent chapters. Autocorrelation functions
will be reviewed since they are the primary instrument used to develop the methodologies
presented in this dissertation. As a direct consequence of utilizing autocorrelation functions,
the opportunity to leverage some well known statistical concepts became apparent. In
particular, the concepts of the mean and variance (i.e., first and second order moments) will

be reviewed.

2.3.1 Autocorrelation Functions

While convolution is regularly used in a wide variety of mathematical and physical
processes, readers may not be as acquainted with the concept or application of autocorrelation

functions. The autocorrelation of a function w(p) is given by,

Ry,(p) = /_OO w*(T)w(T — p) dr, (2.13)

o0

where w*(7) represents the complex conjugate [14]. When the autocorrelation function is

evaluated at p = 0 the result is the average normalized power in the signal,
R,(0) = E [w?(p)] (2.14)

which is written in terms of the expected value [15]. The autocorrelation function of a

continuous signal is shown to be related to its power spectral density through the Wiener-
Khinchin Theorem,
Ru(p) = F~ {W(u)}, (2.15)

9



where W (u) is the Fourier transform of w(p). Equation (2.15) can also be expressed as the

Fourier transform pair,

Ry(p) & Zu(f), (2.16)

where Z2,(f) is the power spectral density. Parseval’s Theorem, which is closely related to
the Wiener-Khinchin Theorem, provides a relationship between the signal power in the time

domain and the spectral power in the frequency domain,

L W) du= / e dp. (2.17)

2m —00 —00

Parseval’s Theorem will be leveraged regularly in the formulation development presented
in the subsequent chapters of this dissertation. One final property of the autocorrelation

function worth noting is its inherent evenness,

Ry(p) = Ruw(—p), (2.18)

which will also be used extensively in the derivations presented in this dissertation.

2.3.2 Moments

Moments will serve as the basis for the development of the methodologies presented in
two chapters of this dissertation. Moments are a mathematical construct that is often used
in any field that considers distribution functions (e.g., mass properties, probability density
functions, etc.). In general, the n'"-order raw moment of a continuous function f(z) is defined
as [16],

o
My, = / 2" f(z) du. (2.19)

The first-order raw moment is commonly referred to as the mean, p, and is identically zero
when the function is even symmetric; by definition y = m;. The second-order moment is

2

commonly referred to as the variance, o2, such that 02 = my. The generalized moments are

constructed by evaluating the moment about some value, a,

Pgn = /_00 (x —a)" f(z) d. (2.20)

(e}

10



The generalized moments become the central moments when «a is equal to the mean (i.e.,
a=p), .
= [ =) (@) do. (2.21)

0
where the mean is the first-order raw moment, which can be determined from Equation (2.19).
For a distribution with a non-zero mean, such as a antenna pattern scanning away from
broadside, the variance is determined from the second-order central moment. Using a mass
properties analogy, the mean represents the center of gravity and the variance represents the

mass moment of inertia about the center of gravity.
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CHAPTER 111

Radiated Power of a Broadside Line Source

This chapter presents the development of a methodology, based on autocorrelation
principles, for determining the radiated power of a broadside line source radiator directly from
the current distribution without a prior: knowledge of the antenna pattern. The methodology
enables determining exact closed-form expressions for the radiated power and is applied to
six canonical current distributions — half-wave dipole, cosine, cosine-squared, generalized
dipole, uniform, and triangular. The exact closed-form results are then compared to results
obtained by numerically integrating the power-pattern functions in order to validate the newly
developed closed-form expressions. The validation demonstrates perfect agreement between
the closed-form expressions and the numerically integrated results. The theory, results, and

validation have been published in the IEEE Transactions on Antennas and Propagation [13].

3.1 Formulation

As shown previously in Equation (2.12), the radiated power can be determined by

integrating the power-pattern function, defined in u-space, on the interval [—uqg, ug],

Pg = K /uo (ug — u*) G* (u) du. (3.1)
167ud J_y O
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Recalling the definition of the pulse function,

1 |u|<1
Ou) =< 2 | (3.2)

0, otherwise

and making the appropriate substitution into Equation (3.2) then,

k'277 oo u 2 2\ 12
Fraa = 167mg/ 1l (—> (ug — u*) G (u) du. (3.3)

— o0 2U0

Defining the function,
where,
enables Equation (3.3) to be written as,

k‘2 [e)
Prud il / H2(u) du. (3.6)

T 16w o

Using Parseval’s identity, given previously in Equation (2.17), H(u) can be related to its

inverse Fourier transform h(p) using,

! wuﬂmfdu:/mvmm2@. (3.7

27T —0o0 —00

Equation (3.7) can be applied to Equation (3.6),

k?277 > 2
%:%LﬁWdu (3.8)

Invoking the definition of the stationary autocorrelation function, as defined by Equation

(2.13), N
za@wz/ h(r)h* (7 —p) dr, (3.9)

—00
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then evaluating for p = 0,

Ri(0) = / () () dr = / TP dr, (3.10)

—0o0 —0o0
and substituting into Equation (4.8) yields the expression for the radiated power expressed
solely in terms of an autocorrelation function,

k?QT]Rh(O)

Prad - 8U3
0

(3.11)

The autocorrelation function R,(0) can be determined by first taking the inverse Fourier
transform of Equation (3.4) such that,

FHH(u)} = F* {F2(U)H2 ( - )} (3.12)

2ug

The product in Equation (3.12) can be written as the convolution of two inverse Fourier

transforms:

Ru(p) = F {F*(u)} « F~! {H2 (i> } , (3.13)

2160
which then results in the convolution of two autocorrelation functions after performing the

inverse Fourier transforms,

Ru(p) = Ry(p) x Rs(p). (3.14)

Applying the convolution definition to Equation (3.14) gives,

Riu(p) = /00 R¢(T)Rs(p—T) dr. (3.15)

—00

The autocorrelation function R,(p) can be defined in the same manner as Equation (3.9)

namely,

R4(p) = /00 s(1)s* (T — p) dr, (3.16)

where s(p) is the inverse Fourier transform of the pulse function, which is the sinc function:

s(p) = F! {H2 (i) } _ Uosin (top) (3.17)

2ug T Ugp
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It is well known that the autocorrelation of a sinc function produces a sinc function. Therefore,

substituting Equation (3.17) into Equation (3.13) yields the autocorrelation function Rg(p):

(p) = Up Sin (uop)'

Rs(p (3.18)
™ Uop
Substituting Equation (3.18) into Equation (3.15) gives,
Ri(p) = = /OO Ry(r) o p =)} (3.19)
T Joo uo (p—7)

Evaluting Equation (3.19) at p = 0 yields the stationary autocorrelation function R (0):
o0 sin (ugT)
Rh(O) = — Rf(T)— dr. (320)

The autocorrelation function Ry(p) can be found by first taking the inverse Fourier transform

of Equation (3.5) such that,
FF ) = 7 (0 - ) G (321

Using Fourier transform identities, Equation (3.21) can be written in terms of a differential

Helmholtz operator acting on the inverse Fourier transform of G?(u), which is R,(p). That is,

d2
Bro) = | 5+ | o) (322

D
Finally, the autocorrelation function R,(p) can be determined in a manner similar to Equations
(3.9) and (3.16), except the complex conjugate is not required since the current distribution

is real-valued:

Ry(p) = /_ ) 9(1)g(T —p) dr. (3.23)

In summary, the radiated power can be determined by successively evaluating Equations
(3.23), (3.22), (3.20), and (3.11), which will be demonstrated for several current distributions

in the next section.
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3.2 Examples

The theory developed in the preceding section has been applied to several canonical
current distributions to develop exact closed-form expressions for the stationary autocorrela-
tion function R, (0). These closed-form expressions can then be used directly in conjunction
with Equation (3.11) to yield exact closed-form expressions for the radiated power generated
from that current distribution. Considered in this chapter are the half-wave dipole, cosine,
cosine-squared, generalized dipole, uniform, and triangular current distributions. These
distributions were chosen, in part, because: i) the cosine distribution is a good approximation
of the current distribution for a resonant dipole; ii) the triangular distribution is a good
approximation for electrically short dipoles; iii) the uniform distribution is a good distribution
for understanding basic antenna radiation; and iv) the generalized dipole distribution is a
good approximation for a dipole of arbitrary electric length. All of these distributions are
studied extensively in most antenna texts. Only the final results are presented in this chapter,

while the detailed derivations for each current distribution are presented in Appendix A.

3.2.1 Half-Wave Dipole Distribution

The half-wave dipole current distribution is associated with a resonant structure of

length A\/2 and is given by,
_ p
g(p) = A, cos <2> (3.24)

on the interval —7 < p < 7 and g(p) = 0 otherwise. The autocorrelation function R,(p) can

be found by applying Equation (3.23) to Equation (3.24):

( (2
TP COS<2—9>—Sin<Z—9>, 21 <p<o0
2 2 2
— A2 2 —
Rg(p) = AL, P cos <£> + sin (ZZ) , 0<p<2r - (3.25)
2 2 2
0, otherwise

16



The autocorrelation function R;(p) can then be found by applying Equation (3.22) to Equation
(3.25):
— sin (g), —2r <p<0
A2
Ry(p) = = { sin (73> . 0<p<om . (3.26)
0, otherwise

Finally, Equation (3.20) can be applied to Equation (3.26) to yield the stationary autocorre-
lation function Ry (0) for the half-wave dipole distribution such that,

o (3.27)

Ral0) = 2, | S5

where Cin(x) is the modified cosine integral [17]. The radiation resistance at the feed point

of the line source (i.e., z = 0) can be shown to be [18],

2Prad
Ry =——. 3.28
d ]2(0) ( )

Using Equation (2.8), the current at z = 0 is determined to be,

~ 2mg(0
L

~—

1(0)

(3.29)

and can be substituted into Equation (3.28) to obtain,

e () 5]

Substituting Equations (2.5) and (3.11) into Equation (3.30) yields the radiation resistance

expressed solely in terms of the autocorrelation function Ry (0):

n R (0)

Ripg = ———.
d 4upg?(0)

(3.31)
Equation (3.24) can be evaluated at z = 0 and, along with Equation (3.27), can be sub-

stituted into Equation (3.31) to obtain R.,q = 73.1 Q for the half-wave dipole, which is
the correct result [18]. The fact that this classical result could be replicated through the

17



application of autocorrelation principles provides a preliminary and encouraging validation of

the methodology.

3.2.2 Cosine Distribution

The cosine current distribution is the same as for the half-wave dipole, presented in the
previous subsection. Therefore, the autocorrelation function R,(p) for the cosine distribution
is the same as the result derived for the half-wave dipole, given previously in Equation (3.25).
The varying electric length ug of the cosine distribution is introduced when applying Equation

(3.22) to (3.25) to develop the expression for the autocorrelation function Ry(p), namely,

( 1\ /27 +p p) 1\ . <p)
2 4 Py (. 2,1 p Lo <<
(uo 4)( 5 )008(2 u0+4 sin 5) 2r <p <0

— A2 1 2r —p p 1\ . /p
Rg(p) = A, (ug—z)( 5 )cos(§>+<u(2)+z)sm(§>, 0<p<or - (332

0, otherwise
\

Equation (3.20) can be applied to Equation (3.32) to yield the stationary autocorrelation

function Ry (0) for the cosine distribution:

wor= £ (s3] -enbe(o-)]
(5 Bl ol (-3

— ug [cos (2mug) + 1] }, (3.33)
where Cin(z) is the modified cosine integral and Si(x) is the sine integral [17].

3.2.3 Cosine-Squared Distribution

The cosine-squared current distribution is given by

9(p) = A, cos (g) (3.34)

18



on the interval —7 < p <7 and ¢(p) = 0 otherwise. The autocorrelation function R,(p) can

be found by applying Equation (3.23) to Equation (3.34) such that,

(2 +p) [2+ cos (p)] — 3sin(p), 21 <p<0
A2

Ry(p) 3

(2m —p)[2+cos(p) +3sin(p), 0<p<2m . (3.35)

0, otherwise

The autocorrelation function R;(p) can then be found by applying Equation (3.22) to Equation
(3.35):
(27 +p) [2u(2) + (u% —1)cos (p)] + (1 - 3u(2)) sin(p), —2n1<p<0
A,

Ry (p) 3 (27 —p) [2u(2) + (u% — 1) coS (p)] — (1 - 3u(2)) sin(p), 0<p<2r . (3.36)

0, otherwise

Finally, Equation (3.20) can be applied to Equation (3.36) to yield the stationary autocorre-

lation function Ry (0) for the cosine-squared distribution:

RL(0) = g—i”{%r (ug - 1) [Si[27 (ug + 1)] + Si[27 (up — 1)]]
— (1= 3u) [Cin [2 (ug + 1)] — Cin [27 (up — 1)]]

+ 8mu2Si (2mug) + 6ug [cos (2mug) — 1] } (3.37)

3.2.4 Generalized Dipole Distribution

The generalized dipole current distribution is given by

sinfug (7 +p)], —2r<p<0
9(p) = Am sinfug (r —p)], 0<p<2m (3.38)
0, otherwise
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The autocorrelation function R,(p) can be found by applying Equation (3.23) to Equation

(3.38). Specifically,

Ry(p), —2r<p<-—m
RgQ(p>7 -7 SPS 0
Rg<p> = A2 Rg3(p>7 0 S p S ™ )
R94(p>7 mT<p< 2m
L0, otherwise
where
171 .
Rop) = 5 |- sinlua 25+ )] = 2+ p) cosLua (27 + )]
0
1 2 .
i) = 3 |27+ ) cos uap) ~ 2 s ()
0
1
— osinfua (27 4 )] + peosluo (24 )] |
0
1 2
) = 5|27 = ) cos (o) + 2 sin uap)
1.
T w sin [ug (2m — p)] — pcos [ug (27 — p)] } :
and

111

Rys(p) = = {— sin [ug (2 — p)] — (27 — p) cos [ug (27 — p)]} :

2U0

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

The autocorrelation function Rs(p) can then be found by applying Equation (3.22) to Equation

(3.39):
(sin [up (27 + p)], —2r<p< -7
—2sin (upp) —sin[up 27 +p)], —7<p<0
Ry(p) = A2 ug < 2sin (ugp) —sinfug 2 —p)], 0<p<m
sin [ug (27 — p)], T<p<2m
0, otherwise

\
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Finally, Equation (3.20) can be applied to Equation (3.44) to yield the stationary autocorre-
lation function Rj(0) for the generalized dipole distribution:
. A%LUO

RL(0) = . {2Cin (2mug) — cos (2mug) [Cin (4mug) — 2Cin (27ug)]

+ sin (2mug) [Si (47ug) — 2Si (27ug)] } (3.45)

The previous result, when used in conjunction with the definitions of the radiated power or
the radiation resistance, is the classical result presented previously by Harrington [11] and

Stutzman and Thiele [18].

3.2.5 Uniform Distribution

The uniform current distribution is given by

9(p) = A, (3.46)

on the interval —m < p < 7 and g(p) = 0 otherwise. The autocorrelation function Rg(p) can

be found by applying Equation (3.23) to Equation (3.46) to yield,
Ry(p) = A% [R(p+27) — 2R(p) + R (p — 27)], (3.47)

where R(p) is the ramp function. The autocorrelation function R;(p) can then be found by

applying Equation (3.22) to Equation (3.47):
Ry(p) = AL [0 (p +2m) — 20(p) + 0 (p — 2m)] + ug Ry (p)- (3.48)

Finally, Equation (3.20) can be applied to Equation (3.48) to yield the stationary autocorre-

lation function Ry (0) for the uniform distribution. Specifically,

242 ug [sin (27w
Rh(O) _ m Y0 ( 0)

- pro + 27mugSi (2mug) + cos (2mug) — 21 . (3.49)

Of particular note regarding the result presented in Equation (3.49) is that the classical

approximation for the peak directivity of an electrically long line source with a uniform
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current distribution does not include the “—2” bias [18]. In the limit, when ug > 1, the effect
of the bias becomes negligible. However, the result presented in Equation (3.49) is exact —
which differs from the results obtained by utilizing the large argument approximation of the
sine integral and neglecting the sin?(#) element factor. Discovery of the “—2” bias has not
been presented previously in the open literature and could not have been obtained using

traditional methods.

3.2.6 Triangular Distribution

The triangular current distribution is given by

142 _or<p<o
e
9(p) = Am 1—%, 0<p<2or . (3.50)
0, otherwise

The autocorrelation function R,(p) can be found by applying Equation (3.23) to Equation
(3.50):

(27 +p)°, —2r<p<-m
413 —6mp? —3p, —m<p<0
Ry(p) = ?—i 4 —6mp® +3p°, 0<p<n7 : (3.51)
(27 —p)°, T<p<2m
0, otherwise

\
The autocorrelation function R;(p) can then be found by applying Equation (3.22) to Equation
(3.51) to yield,

21 +p)* + 6 (21 + ), —2r<p< -7

—3p°) —12r —18p, -7 <p<0

Ar® — 6mp* 4+ 3p®) — 127+ 18p, 0<p<m : (3.52)
21 —p)* +6 (27 —p), T<p<2m

0 otherwise
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Finally, Equation (3.20) can be applied to Equation (3.52) to yield the stationary autocorre-

lation function Rj(0) for the triangular distribution:

A2
Rp(0) = —2 {(16W3ug+247ru0) Si (2mug) — (87w + 48mug) Si (o)

67T3U()

+ (87ug + 8) cos (2mug) — (87 ug + 32) cos (Tug)

+ 4dmug sin (2mug) — 8mug sin (mug) + 24}. (3.53)

3.3 Validation

The results of the preceding section can be validated by inserting each result for the
stationary autocorrelation function Ry (0) into Equation (3.11) and plotting the radiated
power P4 as a function of electric length ug. It is important to note that the results for
the broadside radiated power formulation are contained within the results for the scanning
radiated power formulation when the phase progression constant is identically zero (i.e.,
a = 0). For purposes of comparison, the amplitude of each current distribution is set to
unity (i.e., A, = 1). In addition, the radiated power can be calculated by numerically
integrating Equation (3.1) with the power-pattern function G(u) for each current distribution.
The power-pattern functions can be found by taking the Fourier transform of each current

distribution, which produces the following results:

4
G(u) = Ay, cos(mu) L 1 2} Cosine
—4du
. 1 :
= A,, sin(ru) [m] Cosine — Squared
= 2A,,ug [COS (7TU()2) — C;)S (Wu)} Generalized (3.54)
=2mAn, [sm(ﬁu)} Uniform
v
: 2
=7Apn, {M} Triangular
Tu/2

The results are compared for each current distribution in Figures (3.1) through (3.5). The

comparisons demonstrate effectively perfect agreement between the closed-form equations and
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the numerically integrated results. (Obviously, the claim of perfect agreement is subject to
the precision of the calculations performed for both the numerical integrations and evaluation
of the closed-form expressions, which resulted in an average relative error on the order of
1071%. This definition of “perfect” will also be germane in subsequent chapters.)

Also included with the comparisons are the electrically short and electrically long
approximations that can be obtained from the closed-form analytical results. As mentioned
previously, the electrically long approximation for the uniform current distribution, as derived
from its corresponding closed-form analytical expression, revealed a missing “-2” bias from
the previously published classical results. The discovery of that new result, along with the
electrically short and long approximations for the remaining current distributions, have been
presented previously [13]. With the exception of Equations (3.27) and (3.45), the results
presented in this chapter are entirely new. Additionally, all of the expressions are exact in
the context of a line source radiator with an infinitesimally small radius. The validation of
these equations indicates that the methodology is robust in its ability to obtain closed-form
results for almost any current distribution — not just those discussed in this chapter. The

only hurdle seems to be the tedium associated with performing the derivations.
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CHAPTER IV

Beamwidth Variance of a Broadside Line Source

This chapter presents a new concept for characterizing antenna pattern performance
using the well defined statistical concept of variance. The variance is suggested as a proxy
for antenna pattern beamwidth, which is termed “beamwidth variance.” The benefit of
using beamwidth variance to characterize antenna pattern performance is that it can be
determined using the same autocorrelation principles used in the previous chapter to develop
the radiated power methodology. As before, the autocorrelation principles are applied to a
broadside line source radiator and the resulting methodology is then used to develop exact
closed-form expressions for the beamwidth variance for six canonical current distributions —
half-wave dipole, cosine, cosine-squared, generalized dipole, uniform, and triangular. The
exact closed-form results are then compared to results obtained by numerically integrating
the second moment of the power-pattern functions in order to validate the newly developed
expressions. The validation demonstrates effectively perfect agreement between the closed-
form expressions and the numerically integrated results. The theory, results, and validation

have been published in the IEEE Transactions on Antennas and Propagation [19].

4.1 Formulation

A constant phase line source radiator with an even current distribution has a pattern
mean equal to zero because the pattern produced by an even current distribution is also even.

Therefore, the variance can be found by constructing the second moment around that zero
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mean,
uo

o2 = L/ u? (ug — u?) G* (u) du, (4.1)

2
167ug Prad J _y,

which is the second raw moment described in Equation (2.19). Recalling the definition of the
pulse function,

1

17 |U| S a
I (u) = 2 (4.2)

0, otherwise
and making the appropriate substitution into Equation (4.2) then,
k*n * u
2 2 2(.2 2\ 2

UTZIGT%PM/ 11 (—)u (ug — u®) G* (u) du. (4.3)

— 0o 2’LLO
Defining the function,

M?(u) = N2(u)I12 (i> : (4.4)

2UQ
where,

N?(u) = u* (ug — u*) G*(u), (4.5)

enables Equation (4.3) to be written as,

02:ﬂ/OO M?(u) du (4.6)
" 167U Bg ) ‘ ‘

Again, using Parseval’s identity, M (u) can be related to its inverse Fourier transform m(p)

using,
1 o o
o | M@P du= [ mw)P dp (47
Equation (4.7) can be applied to Equation (4.6),
k277 [e§)
2 2
= dp. 4.8
7t = s [ Im) o (4.8

Invoking the definition of the stationary autocorrelation function, as defined by Equation
(2.13),

Ron(p) = /_ T n()mt (- — p) dr, (4.9)

[e. 9]
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then evaluating for p = 0,

o0

Ron(0) = /_ o )m (7 dr = / m(r)? dr. (4.10)

o0 —0o0
and substituting into Equation (4.8),

2 k277Rm(0)

_ . 411
7 T T Ru3 P (4.11)

Recalling the definition for the radiated power P4 given previously in Equation (3.11),
substituting into Equation (4.11), and canceling terms yields the expression for the second

moment of the power pattern function expressed solely in terms of autocorrelation functions,

> Rn(0)
" Ru(0)°

o (4.12)

where R},(0) is the stationary autocorrelation function determined using the radiated power
formulation discussed in the preceding chapter. Therefore, it is only necessary to find the
autocorrelation function R,,(0), which can be determined by first recalling Equation (3.5)

and substituting into Equation (4.5),
N%(u) = v’ F?(u). (4.13)
Taking the inverse Fourier transform of Equation (4.13),
N} = F ) ()
and applying the Fourier transform identity

——f(p) & (—ju)" F(u), (4.15)

Rn(p) = =75 Ry(p). (4.16)
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Additionally, taking the inverse Fourier transform of Equation (4.4) such that,

2U0

F ) =7 { v (). (3.7

The product in Equation (4.17) can be written as the convolution of two Fourier transforms:

Ro(p) = F7 {N2(u)} % F~! {n? (l) } , (4.18)

2UO

which then results in the convolution of two autocorrelation functions after performing the

inverse inverse Fourier transforms,

Rn(p) = Ra(p) * Rs(p). (4.19)

Applying the convolution definition to Equation (4.19) gives,

Ron(p) = /_ T RPR.(p— 1) dr (4.20)

o0

Recalling the autocorrelation function R,(p) given in Equation (3.18) and inserting into

Equation (4.20),

Rp(p) = % /_ N Rn(r)smu[:(op(]i _T)T | r (4.21)

Evaluating Equation (4.21) at p = 0 yields the stationary autocorrelation function R,,(0):
Ron(0) = % /_ Z Rn(r)mqfo—“fﬂ dr. (4.22)
In order to finalize the concept of beamwidth variance, it is necessary to recall that the
antenna pattern is defined on the interval [—ug, ug] in u-space, which corresponds to the
interval [—7, 7] in #-space, using the transformation u = uycosf. Also recall that 6 is the
angle along the antenna pattern measured from the z-axis, which is aligned with the endfire
axis of the line source. Therefore, u must be scaled by ug (i.e., u/ug) in order for a given
value of u to represent a specific angle around the antenna pattern. This scaling enables the
comparison of patterns from antennas with different electric lengths. Since the variance is the

second moment, the variance o2 must be normalized using u2 to represent the variance of the
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pattern on the interval [—7, 7]. This normalized variance is termed the beamwidth variance,

(4.23)

The variance formulation is an extension of the radiated power formulation, which leverages
the results obtained for R,(p), Rs(p), and R;,(0) presented in the previous chapter. Since

those results are already known, the variance problem is already partially solved.

4.2 Examples

The theory developed in the preceding section has been applied to several canonical
current distributions to develop exact closed-form expressions for the stationary autocor-
relation function R,,(0). These closed-form expressions can then be combined with the
results for Ry, (0), presented in the preceding chapter, using Equations (4.12) and (4.23) to
yield exact closed-form expressions for the beamwidth variance. Considered in this chapter
are the half-wave dipole, cosine, cosine-squared, generalized dipole, triangular, and uniform
current distributions. Only the final results are presented in this chapter, while the detailed

derivations for each current distribution are presented in Appendix B.

4.2.1 Half-Wave Dipole Distribution

Recall the expression for Ry(p) for the half-wave dipole distribution, presented in the
previous chapter as Equation (3.26),

Ry(p) = 142—72” sin (g) [—H (p+2r) + 2H (p) — H (p — 21)] , (4.24)

where H(p) is the Heaviside step function. Equation (4.24) can be used with Equation (4.16)

to derive the expression for R, (p):

Ro(p) = %{% (O) [-H 0+ 2m) + 20 (p) ~ H (p — 27)
—5(p+27r)—25(p)—5(p—27r)}. (4.25)
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Finally, Equation (4.25) can be inserted into Equation (4.22) to find the stationary autocor-

relation function R,,(0) for the half-wave dipole distribution such that,

Ry (0) = % [Cin (27) — 2] . (4.26)

™

To complete the analysis for the half-wave dipole, Equations (3.27) and (4.26) can be combined
in Equation (4.12) and the result inserted into Equation (4.23) to yield the beamwidth variance,

2 =1——"  ~0.1795. 4.2
Ohw Cin (27) 0.1795 (4.27)

Subsequent examples in this chapter will suppress these last few steps due to the complexity

of the resulting equations.

4.2.2 Cosine Distribution

Recall the expression for R;(p) for the cosine distribution, presented in the previous

chapter as Equation (3.32),

ro) = 2] |- (+)sin () = (§-8) (2572 eos (5)| 110 20) - )
H|(Gra)sn () - (5-0) () es ()@ - Ho-2m1 . a2s)
Equation (4.28) can be used with Equation (4.16) to derive the expression for R,(p):
rap) =22 {1 (3 ag)sin (B) - (5 -8) (252 eos (B)] 1 020 - 1 0
(G- )sin(5) - (5-8) (5 eos (5)| 1) - 1 0= 2

—d(p+2m) — 20 (p) —5(p—27r)}. (4.29)
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Finally, Equation (4.29) can be inserted into Equation (4.22) to find the stationary autocor-

relation function R,,(0) for the cosine distribution:

= (3 )fo e s+ )] - e 1))
() st o (v g )|+ or (-3

in (2
— ug cos (2mug) — sin (2muo) _ 3U0}. (4.30)

7

4.2.3 Cosine-Squared Distribution

Recall the expression for Rs(p) for the cosine-squared distribution, presented in the

previous chapter as Equation (3.36),

2

R¢(p) = ?m{ [(27r +p) [ng + (ug — 1) cos(p)} + (1 — 3u8) sin(p)] [H (p+ 2m) — H (p)]

+ [@2m —p) [2u§ + (u§ — 1) cos(p)] — (1 — 3ug) sin(p)] [H (p) — H (p — 27))] } (4.31)
Equation (4.31) can be used with Equation (4.16) to derive the expression for R, (p) such

that,

R,.(p) = ?3”{ [(27 +p) (ug — 1) cos(p) — (ug + 1) sin(p)] [H (p+ 2m) — H (p)]

+ [27 —p) (u§ — 1) cos(p) + (ug + 1) sin(p)] [H (p) — H (p — 27)] } (4.32)

Finally, Equation (4.32) can be inserted into Equation (4.22) to find the stationary autocor-

relation function R,,(0) for the cosine-squared distribution:

R,,(0) = %{% (ug — 1) [Si[27 (uo + 1)] + Si [27 (uo — 1)]]
+ (ug + 1) [Cin [27 (up + 1)] — Cin [27 (ug — 1)]]

+ 2ug [cos (2mug) — 1] } (4.33)
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4.2.4 Generalized Dipole Distribution

Recall the expression for Ry(p) for the generalized dipole distribution, presented in
the previous chapter as Equation (3.44),

Ry(p) = A?nuo{ sin ug (27 + p)] [H (p + 27) — H (p + )]
— [2sin (ugp) + sin [ug (27 + p)|] [H (p + 7) — H (p)]
+ [25in (uop) — sin fuo (27 — p)]] [H (p) — H (p — )

+sinfug (2m — p)] [H (p — ) — H (p — 27)] } (4.34)

Equation (4.34) can be used with Equation (4.16) to derive the expression for R, (p). Specifi-
cally,

R,.(p) = A%luo{ug sin [ug (27 +p)] [H (p+27) — H (p + 7)]

— [2u2 sin (ugp) + uZ sin [ug (27 + p)]] [H (p+ 7) — H (p)]
+ [2ug sin (uop) — ugsin [ug (27 — p)]] [H (p) — H (p — )]
+ugsin [ug (27 — p)] [H (p —7) — H (p — 27)]

— upd (p + 2m) + 4ug cos (mug) § (p + ™)

— [dug + 2ug cos (2mug)] 0 (p)

+ 4dug cos (mug) 0 (p — m) — upd (p — 2m) } (4.35)

Finally, Equation (4.35) can be inserted into Equation (4.22) to find the stationary autocor-

relation function R,,(0) for the generalized dipole distribution:

A2 3 3
R,,(0) = TTUO {QCin (2mug) + 8 cos (mup) W —4
— cos (2mug) [Cin (47ug) — 2Cin (27wug) + 2]
+ sin (27uy) {Si (Amug) — 251 (2mug) — L} } (4.36)
TTUQ
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4.2.5 Triangular Distribution
Recall the expression for Ry(p) for the triangular distribution, presented in the previous
chapter as Equation (3.52),

A2

Ry(p) = 225 { [ud 27 +p)° +6 (27 +p)] [H(p+2r) — H(p+ )]
+ [up (47° — 6mp? — 3p°) — 127 — 18p] [H (p+ ) — H (p)]

+ [uf (47* — 6mp* + 3p®) — 127 + 18p] [H (p) — H (p — )]

+ w2 —p)’ +62r—p)| [H(p—n)— H(p—2n)] } (4.37)

Equation (4.37) can be used with Equation (4.16) to derive the expression for R, (p):

Ralp) = 2 o) 1 (p+20) — 1 (p )
+ug (27 +3p) [H (p+7) — H (p)]
+ug (2m — 3p) [H (p) — H (p — )]

—ugy (2 —p) [H (p— ) — H (p — 27)]

—5(p+27r)+4(5(p+7r)—6(5(p)+45(p—7r)—(5(p—27r)}. (4.38)

Finally, Equation (4.38) can be inserted into Equation (4.22) to find the stationary autocor-
relation function R,,(0) for the triangular distribution such that,

2
AmUQ

3

Ry (0) =

{87TUOSi (mug) — 4dmupSi (2mug)

8sin (mug)  2sin (2muy)

TUg 2T U

+ 8 cos (mug) — 2 cos (2mug) — 12}. (4.39)
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4.2.6 Uniform Distribution

Recall the expression for Ry(p) for the uniform distribution, presented in the previous

chapter as Equation (3.48),
1) = 43 5+ 27) 20 9) + 50— 2)
+ul [R(p+2m) — 2R (p) + R (p — 27)] } (4.40)
Equation (4.40) can be used with Equation (4.16) to derive the expression for R, (p):
Rulp) = ~2,d 1" -+ 2m) 207 )+ 8 (p - 2]
+ud [§ (p+2m) — 26 (p) + 6 (p — 27)] } (4.41)

Finally, Equation (4.41) can be inserted into Equation (4.22) to find the stationary autocor-

relation function R,,(0) for the uniform distribution. Specifically,

R (0) = 2A2 {cos (2mug)  sin (2mup) 2_u3} .

4.42
272 47T3U0 3 ( )

™

4.3 Validation

The results of the preceding section can be validated by inserting each result for the
stationary autocorrelation function Ry(0), developed in the previous chapter, and R,,(0) into
Equation (4.12), normalizing by u2 in accordance with Equation (4.23), and plotting the
beamwidth variance o3y, as a function of electric length ug. For purposes of comparison,
the amplitude of each current distribution is set to unity (i.e., 4, = 1). In addition,
the beamwidth variance can be calculated by numerically integrating Equation (4.1) with
the power-pattern function G(u) for each current distribution and normalizing by uZ, in

accordance with Equation (4.23). As before, the power-pattern functions can be found by
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taking the Fourier transform of each current distribution:

4

G(u) = A,, cos(mu) L 1 2} Cosine

—4u
: 1 :
= A,, sin(7u) [m} Cosine — Squared
= 2A,,uq [COS (7ru02) — C;)S (Wu)} Generalized (4.43)

. 2

=T7A,, {M} Triangular

Tu/2
=27A,, [Sm(ﬂu) } Uniform
v

The results are compared for each current distribution in Figures (4.1) through (4.5). The
comparisons demonstrate effectively perfect agreement between the closed-form equations
and the numerically integrated results. Also depicted are electrically long approximations
derived from the exact closed-form analytical expressions [19]. The results presented in this

chapter are entirely new and the equations are exact.
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CHAPTER V

Radiated Power of a Scanning Line Source

This chapter presents the development of a methodology, based on autocorrelation
principles, for determining the radiated power of a scanning line source radiator directly from
the current distribution without a prior: knowledge of the antenna pattern. The methodology
enables determining exact closed-form expressions for the radiated power and is applied to
five canonical current distributions — half-wave dipole, cosine, cosine-squared, triangular,
and uniform. The closed-form results are then compared to results obtained by numerically
integrating the power-pattern functions in order to validate the newly developed closed-form
expressions. The validation demonstrates effectively perfect agreement between the exact
closed-form expressions and the numerically integrated results. The theory, results, and

validation have been published in the IEEE Transactions on Antennas and Propagation [20).

5.1 Formulation

Consider the real-valued current distribution, g(p), used in the preceding formulations,

but now modified with a linear phase progression,

9(p) = g(p)e™ 7%, (5.1)

where « is the linear phase progression constant. Taking the Fourier transform of Equation
(5.1) yields,
F{gp)}t = F{gp)e "} = G(u - a) (5:2)
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where
G(u) = F{g(p)}. (5.3)

When « = 0 the radiated power is given by Equation (3.1),

k,Zn uo
Prag = 16703 / G*(u) (ug — v®) du. (5.4)

—ug

Substituting Equation (5.2) into Equation (5.4) yields the expression for the radiated power

from a line source radiator that includes a linearly varying phase,

_ k*n o o 2 2
Prag = G*(u — o) (uf — u?) du. (5.5)

3
16muy J_yy

Making the substitutions y = u — « and dy = du in Equation (5.5) yields,

Prag = K / o G*(y) [ug — (y + )’ dy. (5.6)

3
167Uy J_yy—a

Expanding terms in Equation (5.6) results in:

k*n T 2 2 2
Praa G*(y) (ug — y* — 20y — &%) dy. (5.7)

- 3
167Uy J_yy—a

Obviously, a straightforward change of variables, y = u and dy = du, can be made in Equation
(5.7),

k*n T 2 2 2
Praa G*(u) (ug — v’ — 2au — o*) du. (5.8)

- 3
167Uy J_yy—a

Recalling the definition of the pulse function:

ul < 2
TI(u) = 2 (5.9)

0, otherwise

and making the appropriate substitution into Equation (5.8),

2 e
ﬂ/ I1° <u—i—_a) G*(u) (u§ — v* — 2au — o?) du. (5.10)

rad —
167u} 2ug

—00
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Defining the function,

2(u) = F2(u)IT? <“2ZOO‘) , (5.11)
where,
F2(u) = (ug — u® — 2au — o*) G*(u), (5.12)

enables Equation (5.10) to be written as,

kK2 [ ~
Prat = ”/ H2(u) du. (5.13)

16mud J_ o

Using Parseval’s identity, H(u) can be related to its inverse Fourier transform h(p) using,

1 [~ 2 © 2
— ‘H(u) du :/ ‘h(p) dp. (5.14)
27T —00 —00
Equation (5.14) can be applied to Equation (5.13) such that,
kQTI oo 2
Prag = 1 ‘h dp. 1
=5 ) (p)| dp (5.15)

Invoking the definition of the stationary autocorrelation function:

Rlp) = / SRR (= p) dr, (5.16)

—00

then evaluating for p = 0,

2
‘ dr, (5.17)

Ra0) = [ R ) dr = [ [

o0

and substituting into Equation (5.15) yields an expression for the radiated power from a

scanning line source expressed solely in terms of an autocorrelation function,

k2R (0)

Prod =
ras 8u8

(5.18)
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Taking the inverse Fourier transform of Equation (5.11) and applying the convolution theorem

yields,

F {Hz(u)} — F1 {ﬁ(u)ﬂ? (“;;00‘) } = F! {ﬁz(u)} « F! {H2 (HQZDO‘) } . (5.19)

Evaluating the inverse Fourier transforms in Equation (5.19) to yield,

Ru(p) = Ry(p) * Ry(p). (5.20)

Applying the frequency or phase shifting property of the Fourier transform to the stationary

autocorrelation function for the pulse function produces the following relationship:
Ry(p) = Ri(p)e’*, (5.21)

since the pulse function is shifted in u-space for the linearly varying phase case. Substituting

Equation (5.21) into Equation (5.20),
Ru(p) = Ry (p) * [Ro(p)e”] . (5.22)
Applying the definition of convolution to Equation (5.22),

Eh(p) = /OO éf(T)Rs(p - T)ejo‘(p_T) dr. (5.23)

o0

For the case where p = 0, Equation (5.23) can be written as

R,(0) = / h Ry(T)Ry(—7)e 7" dr. (5.24)

o0

Recalling the definition for R,(p), previously given in Equation (3.18),

Ug Sin (ugp
Ry(p) = ?O—u(opo ) (5.25)
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and substituting into Equation (5.24),

Ru0) =2 [~ Ry(o

o0

sin (Uo7) jar 4 (5.26)
UgT

Next, taking the inverse Fourier transform of Equation (5.12),
F! {ﬁZ(u)} =F ' {(uj — v’ = 2au — o*) G*(u) }, (5.27)
and applying the Fourier transform identity,
dr . \n
I B) & (=ju)" Fla) (5.25)

yields an extension of the Helmholtz operator, previously presented in Equation (3.22), to

now include linear phase terms,

> d? . d

Separating the operator in Equation (5.29),

d2

Bytp) = [+ 1| Roto) = [2iat +?| o) (5.30)

and substituting the definition for R;(p) from Equation (3.22),

d2
Ry(p) = {Ug + d_p2} Ry(p), (5.31)
yields the simplified form,
~ - d )
Ry(p) = Ry(p) — 2jorg; +o Ry(p). (5.32)

Equation (5.32) can then be substituted into Equation (5.26),

Ri(0) = % /OO {Rf(f) - {Qja% + aQ] Rg(T)} sin (Uo7) —jor g (5.33)

o UpT
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Distributing terms in Equation (5.33),

~ uy [ . d sin (uoT) _or
RL(0) = ?/Oo [Rf(T) — a?R,(7) — 2‘7ad_TRg(T) uo—Te 1T dr.
Separating the integrals in Equation (5.34),
é (O) B @ /oo R ( )sin (UOT) e_jo” d
h N ™ 00 T UgT g
- a2/ RQ(T)—Sm (UOT)e’j‘” dr
—o0 UoT
, > 1 d sin (uoT) .
_2304/_00 |:ER9(T):| uo—'re J dT}
Recalling Euler’s formula,
€97 = cos (at) — jsin (aT),

and substituting into Equation(5.35),

Ug

ﬁh(O) = —{ /00 Rf(T)M [cos (aT) — jsin (aT)] dr

™ ugT

—a? /OO Rg(T)M [cos (aT) — jsin (aT)] dr

— %ja / h [iRg(T)} sin (uo7) 1 s (ar) — jsin (@) df}.

UoT
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Distributing terms and separating the integrals in Equation (5.37),

Ru(0) = %{/m Ry(r) S 0T) o (ar) dr

—o0 UoT
—j/ Rf(T)MSin (ar) dr
—c0 UoT

—a? /_OO Rg(T)M cos (ar) dr

0o UgT

—|—j0¢2/ Rg(T)Msin (ar) dt

~%ja /_ i {%RQ@)T““J%T) cos (ar) dr
% / Z [%Rg(r)] %sm (a7) dT}. (5.38)

Recalling that i) the autocorrelation function is even; ii) the derivative of an even function
is odd; and iii) the integral of an odd function over symmetric limits of integration is zero,

enables the elimination of integrals with odd integrands in Equation (5.38),

Ra(0) = %{/Z Ry(r)SL0T) o (ar) dr

ugT

—a? / YRy (ST ) dr

0o ugT

— 2 /_ N [%Rgm] sin (uo7) 1) () dT}. (5.39)

00 UoT

Applying product-to-sum trigonometric identities to Equation (5.39),

Eh(O) _ ;L_;)—{ /_Oo Rf<7_)sin [(up + @) 7] + sin [(ug — @) 7] ir

o /: ()0 + cfﬁ“f]u;sm [t =) 7]
~ % / Z {%Rgm} cos[(uo — @) T]U;TCOS (w0 + ) 7] dT}. (5.40)

Distributing terms and separating the integrals in Equation (5.40) yields the stationary

autocorrelation function for the radiated power from a line source radiator with a linearly
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varying phase,

/OO . sin [(uo + «) 7] i

ugT

/_°° Rf<7_>sin [(up — a) 7] i

ugT

2 /°° Ry () sin [(up + a) 7] gr

ugT

. /55 R () [(uso; 1]

N 20[/ P (T)cos [(uo + ) 7] g

oo UoT

— 2% /_oo R (ry e lo = @) 7] d’i‘}, (5.41)

00 UoT

where R/ (7) is the first derivative of R,(7) in prime notation. In summary, the radiated
power for a scanning line source can be found by utilizing the results for R,(p) and R¢(p)
determined previously from the broadside radiated power formulation, calculating the first
derivative of R,(p), and substituting all three results into Equation (5.41). The integrations
in Equation (5.41) can then be performed to yield the result for Rj,(0) which, when combined
with Equation (5.18), yields the radiated power for a scanning line source. This formulation

will be exercised for several canonical current distributions in the following sections.

5.2 Examples

The theory developed in the preceding section has been applied to several canonical
current distributions to develop exact closed-form expressions for the stationary autocorrela-
tion function ﬁh(O). These closed-form expressions can then be used directly in conjunction
with Equation (5.18) to yield exact closed-form expressions for the radiated power generated
from that current distribution. Considered in this chapter are the half-wave dipole, cosine,
cosine-squared, triangular, and uniform current distributions. Only the final results are
presented in this chapter, while the detailed derivations for each current distribution are

presented in Appendix C.
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5.2.1 Half-Wave Dipole Distribution

Recalling the autocorrelation function R,(p) for the half-wave dipole distribution,

developed previously for a broadside line source,

(27 + p) cos (g) — 2sin (g)  or<p<o0

AQ
Ry(p) = Tm (2m — p) cos <§> + 2sin <g> , 0<p<2m . (5.42)

0, otherwise

Then finding the first-derivative of R,(p),

(-%-ﬂm(%), o < p<0

R,(p) = A (g — 7r) sin (g) ., 0<p<2m . (5.43)

0, otherwise

Also, recalling the autocorrelation function R¢(p),

A2
Ry(p) = =" { sin (-) o 0<p<or . (5.44)

0, otherwise

Equations (5.42), (5.43), and (5.44) can be used in conjunction with Equation (5.41) to find
the stationary autocorrelation function ]:?h(O) for the half-wave dipole distribution with a

linearly varying phase:

A2

T drm

Ry, (0) { (1 —20%) [Cin 27 (1 + a)] — 2Cin (27@) + Cin 27 (1 — a)]]

—2ma® [Si[27 (1 + )] + Si[27 (1 — a)]]
—2ra[Si[27 (1 4 a)] — 251 (27a) — Si[27 (1 — «)]]

+ 2 [cos (2ma) — 1] } (5.45)
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To complete the analysis for the half-wave dipole with a linearly varying phase, Equation
(5.45) can be substituted into Equation (5.18) to yield the exact expression for the radiated

power:

A2 kP

Pog = { (1 —2a”) [Cin 27 (1 + @)] — 2Cin (27a) + Cin 27 (1 — a)]]
—2ma? [Si[27 (1 + )] + Si[27 (1 — )]
— 2 [Si[27 (1 + a)] — 251 (27ar) — Si 27 (1 — «)]]

+ 2 [cos (2ma) — 1] } (5.46)

Subsequent examples in this chapter will suppress this last step due to the complexity of the

resulting equations.

5.2.2 Cosine Distribution

Recalling the autocorrelation function R,(p) for the cosine distribution, developed

previously for a broadside line source,

(27r+p)cos<§>—28in<g>, o <p<0
> 0<p<or . (5.47)

Ry(p) = % (2m — p) cos <g> + 2sin <g

0, otherwise

Then finding the first-derivative of R,(p),

P <—g—7r>sin<g), o < p<0
Ry(p) = 3" (g _ w> sin (g) 0<p<or . (5.48)

0, otherwise
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Also, recalling the autocorrelation function Ry (p),

(
1 9\ . (P 1 9 2T +p P

— =+ Y- (= - g 2 <p<
(4 u0>sm<2) <4 u0)< 5 cos(2), 2rn<p<O0

Rf(p) = Agn 9 (i + u%) sin (g) - <le — u%) (27T2_p> cos (g) , 0<p<2r - (5.49)

\ 0, otherwise

Equations (5.47), (5.48), and (5.49) can be used in conjunction with Equation (5.41) to
find the stationary autocorrelation function ﬁh(O) for the cosine distribution with a linearly

varying phase:

ﬁh(o):%{ (ug—az—l—i) {Cin[Qﬁ(uojLa—i—%)}—Cin{ <UO+Q_E)H

(uo—a—i—%)}—Cin{ (uo_a__)H
[Si[Qﬂ(uo—i—a—l—%)]+Si{27r<u0—a %)}
il )|

.50)

Si |27 (uo%—a—%)} + Si |?7T <u0—a+

— (up — a) cos [2m (ug + )] — (ug + «) cos 27 (ug — )] — 2u0}

|
|

5.2.3 Cosine-Squared Distribution

Recalling the autocorrelation function R,(p) for the cosine-squared distribution, de-

veloped previously for a broadside line source,

(2m + p) [2 + cos(p)] — 3sin(p), —2r<p<0
Ry(p) = —* 1 (27 — p) [2 + cos(p)] + 3sin(p), 0<p<2m . (5.51)

0, otherwise

Then finding the first-derivative of R,(p),

— (p+2m)sin(p) — 2co(p) + 2, —27 <p<0
A
Ry (p) = 3 (p — 2m) sin(p) + 2 cos(p) — 2, 0<p<2mr . (5.52)
0, otherwise

20



Also, recalling the autocorrelation function Ry (p),

(27 +p) [2uf + (u§ — 1) cos(p)] + (1 — 3ug) sin(p), —27r <p<0
(27 — p) [2ug + (ug — 1) cos(p)] — (1 — 3ug) sin(p), 0<p<2r . (5.53)

0, otherwise

Equations (5.51), (5.52), and (5.53) can be used in conjunction with Equation (5.41) to
find the stationary autocorrelation function }N%h(O) for the cosine-squared distribution with a

linearly varying phase:

2

By (0) = 167

{Sa [Cin [27 (ug 4+ a)] — Cin [27 (1o — )]

+ (3uj — 30 — 4a — 1) Cin [27 (ug + a + 1)]

3u? —3a%+4a—1)C

(3ug )C )
— (3ug — 30 + 4o — 1) Cin 2 (uo + a — 1)]
+ (3ug )C )

0 )

(
(
in 27 (ug — o + 1)]
— (3ug — 30® — 4o — 1) Cin 27 (up — o — 1)]
+ 8 (ug — ) [Si[27 (uo + )] + Si[27 (ug — @)]]
+ 27 (ug — o® — 2a — 1) Si[27 (ug + o + 1)]
+ 27 (ug — &® +2a — 1) Si[27 (up + o — 1)]
+ 27 (ug — &® + 2a — 1) Si[27 (ug — o + 1)]

(g ( )

+ 27 (ug — a® — 2a — 1) Si[27 (up — o — 1)]

+ 6 (ug — o) cos 27 (ug + )] + 6 (up + @) cos [27 (up — a)] — 12u0}. (5.54)
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5.2.4 Triangular Distribution

Recalling the autocorrelation function R,(p) for the triangular distribution, developed

previously for a broadside line source,

(27 +p)°, 2 <p<
Ar® — 6mp® —3p®, -1 <p <0
A2
Ry(p) = s 4 —6mp® +3p°, 0<p<n (5.55)
(2r —p)°, T<p<2nm
L0, otherwise
Then finding the first-derivative of R,(p),
(3(2r +p)®, —2r<p<-—n
—12rp—9p®>, -7 <p<0
: A7
Ry(p) = 575 | —127p + 9p?, 0<p<~ (5.56)
—302r—p)®, T<p<2r
L0, otherwise
Also, recalling the autocorrelation function Ry (p),
(u2 (27 +p)° + 127 + 6p, r <p< -
: (47r3 — 6mp* — 3p3) — 127 —18p, —7<p<0
A2
Ry(p) 6_7:; : (47r3 — 6mp® + 3p3) — 127+ 18p, 0<p<m (5.57)
5 (2m — p)’ + 127 — 6p, T<p<2m
, otherwise

\

Equations (5.55), (5.56), and (5.57) can be used in conjunction with Equation (5.41) to find

the stationary autocorrelation function }N%h(O) for the triangular distribution with a linearly
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varying phase:

2

By (0) = 1273

{48# a [Cin 27 (ug + )] — Cin 27 (ug — «)]]

— 487%a [Cin [7 (ug + )] — Cin [7 (ug — a)]]
+ [167° (ug — o) 4 247] [Si 27 (uo + )] + Si 27 (ug — )]

— [_87r3 (ug — o®) + 48] [Si[r (uo + )] + Si[7 (up — a)]]

+ (87 (00— ) + i)“izo‘ } cos 27 (g + )]

+ :87r2 (o + ) + ;“i;“ } cos [27 (g — @)
A~

_ :8772 (o + ) + %] cos [ (up — )]

| dr (?0155) sin [27 (uo + )]

4 dr (?0155) sin [27 (uo — )]

. (1;00150‘3‘) sin [ (o + )]

- (?;fj) sin [ (ug — )]

ol 2]

5.2.5 Uniform Distribution

Recalling the autocorrelation function Ry(p) for the uniform distribution, developed

previously for a broadside line source,

2r+p, 27 <p<0
Ry(p) = A {2r—p, 0<p<2r . (5.59)

0, otherwise
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Then finding the first-derivative of R,(p),

]-7 =27 S p S 0
Ri(p)=A2 < -1, 0<p<2mr . (5.60)
0, otherwise

Also, recalling the autocorrelation function Ry (p),
Ry(p) = A% [0 (p + 2m) — 20 (p) + 6 (p — 2m)] + w3 Ry (p) (5.61)

for =27 < p < 27 and Ry(p) = 0 otherwise. Equations (5.59), (5.60), and (5.61) can be used
in conjunction with Equation (5.41) to find the stationary autocorrelation function Rj(0) for

the uniform distribution with a linearly varying phase:

2

Ry 0) = ﬁ{%y [Cin [27 (up + )] — Cin 27 (ug — )]]

+ 27 (ug — 042) [Si[27 (uo + )] + Si [27 (ug — )]

sin [27 (ug + «)]  sin [27 (uy — )]
2m 2T

+ (ug — ) cos 2 (ug + )] + (ug + @) cos 27 (ug — )] — 4u0}. (5.62)

5.3 Validation

The results of the preceding section can be validated by inserting each result for the
stationary autocorrelation function Rj,(0) into Equation (5.18) and plotting the radiated
power P,.q as a function of i) electric length ug for various phase coefficients a, and 2) phase
coefficient for various electric lengths. Obviously, the half-wave dipole distribution results are
only presented as a function of phase coefficient. For purposes of comparison, the amplitude
of each current distribution is set to unity (i.e., A, = 1). In addition, the radiated power
can be calculated by numerically integrating Equation (5.1) with the power-pattern function

G(u) for each current distribution. The power-pattern functions can be found by taking the
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Fourier transform of each current distribution, which produces the following results:

4 .
G(u) = Ay, cos(mu) [1 — 4u2] Cosine
: 1 :
= A, sin(mu) [m] Cosine — Squared
: 2
=7TA, {M} Triangular
Tu/2
— A, {Sm(m)} Uniform (5.63)
T

The results are compared for each current distribution in Figures (5.1) through (5.9). The
comparisons demonstrate effectively perfect agreement between the exact closed-form equa-
tions and the numerically integrated results. The results presented in this chapter are entirely

new and the equations are exact.

50 =
45 — Exact Solution

- ¢ Numerical Solution
40 —

8 35 —

Radiated Power, P
1

-3 -2 -1 0 1 2 3
Phase Coefficient, a

Figure 5.1: Half-Wave Dipole Distribution - Radiated power as a function of phase coefficient.
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Figure 5.4: Cosine-Squared Distribution - Radiated power as a function of electrical length
for various phase coefficients.
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Figure 5.5: Cosine-Squared Distribution - Radiated power as a function of phase coefficient
for various electrical lengths.
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Figure 5.6: Triangular Distribution - Radiated power as a function of electrical length for
various phase coefficients.
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Figure 5.7: Triangular Distribution - Radiated power as a function of phase coefficient for
various electrical lengths.
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Figure 5.8: Uniform Distribution - Radiated power as a function of electrical length for
various phase coefficients.

Exact Solution
Numerical Solution

-10 8 6 4 -2 0 2 4 6 8 10
Phase Coefficient, a

Figure 5.9: Uniform Distribution - Radiated power as a function of phase coefficient for
various electrical lengths.
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CHAPTER VI

Pattern Mean and Beamwidth Variance of a Scanning Line Source

This chapter presents the extension of the beamwidth variance concept to scanning
line source radiators. In addition to the development of the formulation for the beamwidth
variance, the concept of the “pattern mean” is introduced. Like the beamwidth variance,
the pattern mean is based on the well defined statistical concept of the mean, or first raw
moment, of a continuous distribution. The pattern mean and beamwidth variance can be
used as metrics for characterizing the antenna pattern of a scanning line source radiator.
Again, both the pattern mean and beamwidth variance can be determined using the same
autocorrelation principles used in the previous chapters. Those principles are applied to a line
source radiator with a linearly varying phase and the resulting methodology is then used to
develop exact closed-form expressions for both the pattern mean and the beamwidth variance
for five canonical current distributions — half-wave dipole, cosine, cosine-squared, triangular,
and uniform. The exact closed-form equations are then compared to results obtained by
numerically integrating both the first and second moments of the power-pattern functions in
order to validate the newly developed expressions. The validations demonstrate effectively
perfect agreement between the exact closed-form expressions and the numerically integrated

results.
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6.1 Formulation

The variance for a scanning beam can be found by applying the definition of the

second central moment about the pattern mean, as represented in Equation (2.21),

uo

02 = L/ (u—p)* G? (u— ) (ug — u?) du, (6.1)

ro 3
1673 Praa J o

where p is the mean. The mean is also the first raw moment of the power pattern function,

which can be defined as

= _ K /uo uG? (u — a) (uj —u?) du. (6.2)

167Uy Prad J _u,

By expanding terms, Equation (6.1) can be written as the summation of three distinct

integrals,

2 uo
o2 = [L/ G (u— ) (uf — u?) du}

167U Praa J _u,
) k277 o G2 2 2 d
—2u m _uou (U/—CY) (U/O—u) U
+ ﬂ/uo G* (u—a) (uf —u?) du (6.3)
16mud Praa J_u, 0 ’ ’

The first term in Equation (6.3) is the second raw moment of the power pattern function, o3.
The second term is simply the mean as previously defined in Equation (6.2). The third term is
the radiated power, P..q, given previously in Equation (5.5). Recognizing these relationships
and making the appropriate substitutions enables Equation (6.3) to be written as

02 =op — 12, (6.4)

r

where

op = L /uo WG (u— ) (uf — u?) du. (6.5)
16703 Prag J
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6.1.1 First Moment Formulation

The substitutions y = u — a and dy = du can be made in Equation (6.2),

k277 v 2 2 2
== —— - d .

Expanding terms in Equation (6.6),

]{277 ug—a
“:ngd/ (y + ) G*(y) (ug — y* — 2ya — 0®) dy.
ra —ug—a

Obviously, v can be directly substituted for y to obtain,

]{32 uUg—o
u——n/ (u+ @) G*(u) (uf — v* — 2ua — &) du.

- 3
16713 Prad )y

Distributing terms and separating the integrals in Equation (6.8),

H= L /uo—a uG?(u) (ug — u® = 2ua — o*) du
167u3 Prad J—ug—a 0

+a ﬂ /uo—a G*(u) (u§ — u® — 2ua — o?) du
167ud Prad J—ug—a 0 ‘

(6.6)

(6.7)

(6.9)

The second term in Equation (6.9) is simply the radiated power, given previously in Equation

(5.8). Therefore, Equation (6.9) can be written as

k,Qn ug—o
u:a—l——/ uG?(u) (ug — u* = 2ua — o) du.

3
167Uy Prad J —up—a

The pulse function can be incorporated in Equation (6.10),

2 o]
uza—l—L/ I1° (u+a> uG?(u) (ug — u® = 2ua — o) du.

167u3 Prag 2up

Equation (6.11) can be written as

k*n =
= —_ M d

62

(6.10)

(6.11)

(6.12)



where the subscript “1” represents the first moment and the wide tilde represents varying

phase,
E@@o::ﬁ?aon2<f£;)), (6.13)
and
N2(u) =u (ug — v* — 2ua — a?) G*(u). (6.14)

Using Parseval’s identity, M, (u) can be related to its inverse Fourier transform m;(p) using,

1 oo _— 2 o0 _
Py ‘Ml(u)‘ du:/ |y (p)|® dp. (6.15)

—0o0

Equation (6.15) can be applied to Equation (6.12),

L [ a (6.16)
= m . .
" 8UB P o I AP

Invoking the definition of the stationary autocorrelation function,
Rm@y3[2mﬂﬂm37—mdm (6.17)
then evaluating for p = 0,
Emmm::/fﬁﬁmﬂﬁq@)mn:/fﬁmmﬂﬁch, (6.18)

and substituting into Equation (6.16),

k21 R 1 (0)
=+ ——F. 6.19
BT T 8u3 P (6.19)
Substituting the definition for the radiated power P,,q, given previously in Equation (5.18),
into Equation (6.19) and canceling terms yields the final expression for the pattern mean

expressed solely in terms of autocorrelation functions,

le (O)

0 (6.20)

p=ot
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The autocorrelation function R,,;(0) can be determined by first recalling Equation (5.12) and
substituting into Equation (6.14),

N2(u) = uF?(u). (6.21)
Taking the inverse Fourier transform of Equation (6.21),
F {Nf(u)} = F! {uﬁ(u)} , (6.22)
and applying the Fourier transform identity

——fp) & (—ju)" F(u), (6.23)

R (p) = j—Rs(p). (6.24)

Additionally, taking the inverse Fourier transform of Equation (6.13),

F (i) = 7 B () ] (629

2U0

The product in Equation (6.25) can be written as the convolution of two inverse Fourier

Ry (p) = F {Nf(u)} « F1 {H2 (““‘)}, (6.26)

2U0

transforms,

which then results in the convolution of two autocorrelation functions after performing the

inverse Fourier transforms,

Rii(p) = Rui (p) * [Rs(p)e™] . (6.27)

Applying the convolution definition to Equation (6.27),

R (p) = / R (T)R, (p — 7) €1°P~7) dr. (6.28)

—00
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Recalling the autocorrelation function Rs(p) given in Equation (3.18) and inserting into
Equation (6.28),

R (p) = 2 /_ szm(T)Sinu[;‘E’p(’i _T)T Wit 4. (6.29)

Evaluating Equation (6.29) at p = 0 yields the stationary autocorrelation function Ry (0),

o0

R (0) = 22 /_ EM(T)M(W dr. (6.30)

T J_ o UgT

Substituting the previously determined definition of ﬁf (p), given in Equation (5.29), into
Equation (6.24),

R ()—'i u2+d—2—2'ai—a2 R,(p) (6.31)
Applying the definition of R;(p), given in Equation (5.31), to Equation (6.31),

Rualp) =iy | y(0) = (240 + ) R0 (6:32)

Distributing terms in Equation (6.32),

~ d d d?

Roap) = 573 Bs () = jazd—pRg(p) 2055 8y(p). (6.33)

Substituting Equation (6.33) into Equation (6.30),

- Cw [ d _,d & sin (uoT) o,
R.,.1(0) = - /OO [] dTR (1) — ja dTRg(T) +2(1/d7_2Rg(T) I e dr.  (6.34)

Applying Euler’s formula to Equation (6.34),

~ ug [ . d . d d?
le(O) = ?O/ |:jERf(7') — jaQ%Rg(T) + QOéﬁRg(T)]

sin (uoT)

wor [cos (aT) — jsin (aT)] dr. (6.35)
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Distributing terms and separating the integrals in Equation (6.35),

R (0) = @{j / h [%Rf(f)] SIn(0T) s (ar) dr

™ oo UoT

; /_ N [in(T)} S(T) G (o) dr

o | dT UQT

_ jo? /_ N [d Rg(T)] sin (wor) < (ar) dr

o LAT UgT

_a? / N [%RQ(T)} sin (W0r) G (o) dr

0o ugT

+2a / h {dd—;zzg(f)} sin (Wr) o (ar) dr

0o UgT

— 2ja /_ N {dd—;Rg(T)} sin (uo7) 1) (ar) dT}. (6.36)

00 UogT

Again, knowing that i) the autocorrelation functions are even; ii) the derivative of an even
function produces an odd function, and vice versa; and iii) the integral of an odd function over

symmetric limits of integration is zero, the odd integrands can be eliminated and Equation
(6.36) can be simplified,

Ry (0) = @{ / N [in(T)] sIn(u0r) o (o) dr

s o LdT ugT
“ld sin (uoT) .
—_— 2 —_— —_—
a /_Oo LZTRQ(T)} o sin (a7) dr
> [ d? sin (ugT)
+ 2« /_OO {pREI(T)] WGOS (OéT) dT} (637)

Applying product-to-sum trigonometric identities to Equation (6.37),

) = 2 [ [y sl ol el

T or dr

) O;O /°° [ di N m] cos [(1to — oj;():] —cos|(uy +a)7]
42 / i {dd—;Rg(T)] sin [(uo + @) T]utfm [(uo = @) 7] df}. (6.38)
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Distributing terms and separating the integrals in Equation (6.38) yields the stationary

autocorrelation function for the pattern mean,

[e.9]

T (0) = uo{ _/ R}(T)COS [(uo + @) 7] ir

2 oo UpT

N /_OO R}(T)COS [(up — o) 7] i

0o UgT

L2 /°° » (T)cos [(up + a) 7] i

UoT

—a? /_ A Ll (Gl K 8

UoT

+ 20 /_ " pr(rySnlluo = a)7] dT}, (6.39)

where R);(7) is the first derivative of Ry(7) and Ry(7) is the second derivative of R,(7). In
summary, the mean for a scanning line source can be found by utilizing the results for Rs(p)
and R (p) determined previously from the broadside radiated power and beamwidth variance
formulations, calculating the first derivative of R(p), calculating the second derivative
of R,(p), and substituting the required results into Equation (6.39). The integrations in
Equation (6.39) can be performed to yield the result for Ry, (0), which can then be combined
in Equation (6.20) with the result for Ry (0) from the scanning radiated power formulation to

yield the mean for a scanning line source.

6.1.2 Second Moment Formulation

The substitutions y = u — a and dy = du can be made in Equation (6.5),

kzn ug—o
2 2 ~2 2 2
= — — dy. 4
o 67 Py /_uo_a (y+ )" G*(y) [uo (y + «) ] y (6.40)

Expanding terms in Equation (6.40),

k?2’l'] uUg—Q
2_ __ 1 2 2\ 2 2 2 2
Oy = 167ru%Prad /_uo_a (y + 2ya + o ) G=(y) (uo -y —2ya — « ) dy. (6.41)
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Obviously, u can be directly substituted for y to obtain,

ug—a

k2
ag = MTgand / (u2 + 2ua + 042) G?(u) (ug —u? = 2ua — a2) du. (6.42)

—ug—a
Distributing terms and separating the integrals in Equation (6.42),

2 k*n
0op = —————
0 167TugPrad

{ / ) WG (u) (ug — v — 2ua — o) du

—up—«o

ug—a
+ 2a/ G*(u) (uf — v* — 2ua — o) du

—up—a
ug—a
+ 042/ G*(u) (u§ — u* — 2ua — o?) du}. (6.43)
—ug—o
The second term in Equation (6.43) was determined from Equation (6.10) and the third term
is simply the radiated power P.,q. Therefore, Equation (6.43) can be written as

2

k2 Nm k2 ug—a
oy = QaM o + —77/ G (u) (uf — v* — 2ue — &) du.  (6.44)

3 3
SUQPrad 167Tu0Prad —up—a

Incorporating the pulse function in Equation (6.44),

)
k anl(O) P

O'S =2« 8U3Prad
+ %;Prad /Z I1° (U;_Toa> G (u) (ug — v — 2ua — ) du. (6.45)
Equation (6.45) can be written as
o2 = 2aw Lty /Oo M2(u) du, (6.46)
8US Praa 167u3 Praa J oo

where the subscript “2” represents the second moment,

M2 (u) = N2(u)T12 <“2ZOO‘) , (6.47)
and
N2 (u) = u? (ug — u* — 2ua — a?) G*(u). (6.48)
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Again, using Parseval’s identity, Mg(u) can be related to its inverse Fourier transform ms(p)

using,
1 oo o 2 o0 _
— ‘MQ(M du = / s (p) | dp. (6.49)
Equation (6.49) can be applied to Equation (6.46),
2o Monttm(0) o K /Oo s(p)|? d (6.50)
0 8U3Prad 8u8Prad — o0 2\P P )

Again, invoking the definition of the stationary autocorrelation function,
Rus(p) = / o (1) (T — p) dr, (6.51)
then evaluating for p = 0,

Ru(0) = / i (7)m3(r) dr = / s (7)]? dr, (6.52)
and substituting into Equation (6.50),

Enkn(0) o KnRm(0) -

8U8Prad 8U%Prad ’ (653>

ot =
Again, recalling the definition for the radiated power P,.q given previously in Equation (5.18),
substituting into Equation (6.53), and canceling terms yields the expression for the second raw
moment of the power pattern function expressed solely in terms of autocorrelation functions,
Rya(0 Ryt (0
o8 = ;() + 2(1%() + . (6.54)
Ry (0) Ry (0)
Recalling the original definition of the second central moment of the power pattern function
given in Equation (6.4) and the previously derived expression for the mean given in Equation

(6.20) and substituting into Equation (6.54),

T

o’ = —EM(O) + 2a—§m1<0) +a?—[a+ —Eml(o) 2 (6.55)
R (0) R (0) R | '
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Expanding and subsequently canceling terms in Equation (6.55) yields the expression for

the second central moment of the power pattern function expressed solely in terms of

o2 = R;M(O) - (Ejﬂ(o))z. (6.56)
" Ry(0) Ry (0)

The autocorrelation function Ry (0) can be determined by first recalling Equation (5.12))

autocorrelation functions,

and substituting into Equation (6.48),
N2(u) = v’ F?(u). (6.57)
Taking the inverse Fourier transform of Equation (6.57),
F {f\ig(u)} = F! {u2ﬁ2(u)} , (6.58)
and applying the Fourier transform identity
dr . \n
) & (<u)" Fla), (659

enables Equation (6.57) to be written as

Foalp) = —j—pﬁf@). (6.60)

Additionally, taking the inverse Fourier transform of Equation (6.47),

f*l{ﬂf(u)} =F! {Ni(U)H (u+@)}_ (6.61)

2U0

The product in Equation (6.61) can be written as the convolution of two inverse Fourier

Rya(p) = F! {f\ig(u)} « F1 {H2 (“+O‘>}, (6.62)

2U0

transforms,
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which then results in the convolution of two autocorrelation functions after performing the

inverse Fourier transforms,

Roa(p) = Rpa(p) * [Rs(p)e’™] . (6.63)

Applying the convolution definition to Equation (6.63),

oo

Roa(p) = / Ron(7)Ra (p — 7) €990 7. (6.64)

—00

Recalling the autocorrelation function R,(p) given in Equation (3.18) and inserting into

Equation (6.64),

Rus(p) = 2 [~ Rty 20 Donir) (6.65)

Evaluating Equation (6.65) at p = 0 yields the stationary autocorrelation function Ryus(0),

o0

Rya(0) = 22 /_ R (r)S00007) —ar (6.66)

™ 00 UgT

Substituting the previously determined definition of fif (p), given in Equation (5.29), into
Equation (6.60),

_ d? d? o d
R.2(p) = _d_p? [(ug + d_p2 - 2jad—p — a2> Rg(p)] ) (6.67)

Applying the definition of R¢(p), given in Equation (5.31), to Equation (6.67),

- d2

Roalp) =~ [ Ry0) - (2 +?) Ryfo)] (6.65)

Distributing terms in Equation (6.68),

. d2 2 3

Ruo(p) = === Rs(p) + &* == Ry(p) + 2ja——

7 " Ry(p). (6.69)
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Recalling the definition for R, (p), previously given in Equation (4.16), and substituting into

Equation (6.69),
3

j —— Ry(p). (6.70)

Ruolp) = Rulp) + %203 R(p) + 20

Substituting Equation (6.70) into Equation (6.66),

Ru(0) = @/00 [Rn(T) + a2d—2R o(T) +2ja— & Ry(T )] Me’jm dr. (6.71)

T dr? dr3 UpT

—00

Applying Euler’s formula to Equation (6.71),

R,m(()):@/m [R (T)+a%R( )+2jad33( )}

T ) dr3
" sin (ugT)

wor [cos (aT) — jsin (aT)] dT. (6.72)

Distributing terms and separating the integrals in Equation (6.72),

R (0) = @{ /_ Z Ry (1) 300T) s o) dr

T UQT
—j/oo Rn(r)smlfo—u:ﬂ sin (ar) dr
+a? /0; {dd—;Rg(T)] WCOS (ar) dr
_ja? /_ Z [dd—;Rg(r)} Smlfo—“:” sin (ar) dr
+2ja/oo {ddSBR (1 )] Smu(o—u:ﬂcos (ar) dr
+ 2 /_: |:dd—:’3Rg(T):| mlf()—u:ﬂsin (aT) dT}. (6.73)

As before, knowing that i) the autocorrelation functions are even; ii) the derivative of an even
function produces an odd function, and vice versa; and iii) the integral of an odd function over

symmetric limits of integration is zero, the odd integrands can be eliminated and Equation
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(6.73) can be simplified,

+a /OO leZR( )] sin (wo7) o (ar) dr

+ 2 / N [ ddggR( )1 st (Wo7) 5 () dT}. (6.74)

Applying product-to-sum trigonometric identities to Equation (6.74),

Rpn2(0) = ;L_;{ /00 R (7) sin [(uo + o) T]UWOLTSin [(ug — @) 7] ir

—00

oy /Z { & m] sin [(uo +a) 7] +sin [(uy — @) 7]

dr? uQT

+2a/oo {d?’ R,(r )} cos[(ug = @) 7] = cos[(ug + @) 7] dT}. (6.75)

dr3 UugT

Distributing terms and separating the integrals in Equation (6.75) yields the stationary

autocorrelation function for the beamwidth variance,

Ra(0) = uo{/oo Rn(r)sm [(uo + ) 7] ir

2w ugT

/ R SlIl [(up — ) T ]dT

ugT
+ a2/ R'g'(T)Sm (o + ) 7] dr
o UoT
+ a2/ Rg(T)Sm (o~ a) 7] dr
o UpT
B 2a/ R (7) cos [(up + a) 7] ir
— 0o ugT
> 1" COS [(uo - O‘) T]
+ 2« R (7) dr ¢, (6.76)
— 0 UgT

where R}'(7) is the third derivative of Ry(7). In summary, the variance for a scanning line
source can be found by utilizing the results for R,,(p) determined previously from the broadside
beamwidth variance formulation, the results for R} (p) from the first moment formulation,

calculating the third derivative of R,(p), and substituting the results into Equation (6.76).
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The integrations in Equation (6.76) can be performed to yield the result for Ry,2(0), which can
then be combined in Equation (6.56) with the results for R),(0) from the scanning radiated
power formulation and Eml(o) from the first moment formulation to yield the variance for a

scanning line source.

6.1.3 Formulation Summary

The mean is given by Equation (6.20),

p=a+ —= : (6.77)

where Ry, 0)/ }N%h(()) represents the difference between the scanning direction and the direction
of the pattern mean. It is important to note that the mean must be normalized by ug in a
manner similar to the variance (i.e., 1/ug) in order to make a consistent comparison between
line sources of different electric lengths. However, since the mean is the first moment, ug to
the first power is used instead of u2, which was used to determine the beamwidth variance.

The normalized mean can be dubbed the “pattern mean” and formally expressed as,

1
at = —. 6.78
Hpat o ( )

It should be noted that the exponent for uy corresponds to the order of the moment (i.e., ug

for the n*t-order moment). The variance is given by Equation (6.56),

o R0 (R 679
" Ry(0) Ry(0) ) '

As for the constant phase case, the beamwidth variance is determined by normalizing the

variance by u3,

2
0
0

The stationary autocorrelation functions ﬁml(O) and ﬁmQ(O) are determined using Equations
(6.39) and (6.76), respectively. The autocorrelation function Rj,(0) was determined from the

radiated power formulation for a scanning line source, presented in the preceding chapter.
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6.2 Examples

The theory developed in the preceding sections has been applied to several canonical
current distributions to develop exact closed-form expressions for the stationary autocorrela-
tion functions éml(O) and émZ(O). These closed-form expressions can then be combined with
the results for Ry,(0), presented in the preceding chapter, using Equations (6.77) and (6.78) to
yield exact closed-form expressions for the pattern mean and using Equations (6.79) and (6.80)
to yield exact closed-form expressions for the beamwidth variance. These steps will not be
included in the following examples due to the substantial complexity of the resulting equations.
Considered in this chapter are the half-wave dipole, cosine, cosine-squared, triangular, and
uniform current distributions. Only the final results are presented in this chapter, while the

detailed derivations for each current distribution are presented in Appendix D.

6.2.1 Half~-Wave Dipole Distribution

The autocorrelation function R,(p) for the half-wave dipole is,

(27 + p) cos (g) — 2sin (g) o <p<0

Ry(p) = —=* { (27 — p) cos <g> + 2sin <g) , 0<p<2m . (6.81)

0, otherwise

Recalling the first derivative of R,(p),

(-%-ﬂm(%), < p<0

R (p) = An (Z—’ _ 7r> sin (73>  0<p<or . (6.82)

(R O RGN

0, otherwise
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And, finding the third derivative of R,(p),

1
(@) (). mrereo
m 1
RZ/@) e —3 <g — 7r) sin (g) + cos (g) , 0<p<2m
0, otherwise

Recalling the autocorrelation function R(p),

—sin(%), 2r<p<0

A

2
Rf(p):Tm Sin@), 0<p<2m

Finding the first derivative of R(p),

0, otherwise

Recalling the autocorrelation function R, (p),

Ro(p) = % B sin ('1;') 6 (p+2m) — 28(p) — & (p — 27)

(6.84)

(6.85)

(6.86)

(6.87)

for =27 < p < 27 and R, (p) = 0 otherwise. Equations (6.82), (6.83), and (6.86) can be used

in conjunction with Equation (6.39) to yield the stationary autocorrelation function Ry, (0)

for the half-wave dipole distribution,

2

R0 (0) ﬁ{Cin 27 (1 4+ a)] — Cin[27 (1 — )]

:87T

+ 2a[Cin 27 (1 4+ «)] — 2Cin (27) 4+ Cin [27 (1 — «)]]
—2ma? [Si[27 (1 + a)] — 2Si (27a) — Si[27 (1 — )]

— 21 [Si 27 (1 + )] + Si[27 (1 — «)]] }

76

(6.88)



Likewise, Equations (6.83), (6.84), and (6.87) can be used in conjunction with Equation (6.76)

to yield the stationary autocorrelation function EmQ(O) for the half-wave dipole distribution,

Ry (0) = g—%{% (1+20%) [Cin [27 (1 4 a)] — 2Cin (27a) + Cin 27 (1 — «)]]

+ 2 [Cin 27 (1 + )] — Cin 27 (1 — a)]]
—ma[Si[27 (1 + a)] — 2Si (27a) — Si 27 (1 — «)]]

—7ma? [Si[27 (14 )] + Si[27 (1 — a)]] + cos (27a) — 3}. (6.89)

6.2.2 Cosine Distribution

Recalling the autocorrelation function R,(p) for the cosine distribution,

b . (D
=) - %), —2r<p<
. (2w + p) cos <2> 2sin <2>, 2r <p <0
Ry(p) = 5" 3 (27 — p) cos (g) +2sin (g) L 0<p<or . (6.90)
0, otherwise

Also recalling the first derivative of R,(p),

(—g—w)sin(g), 27 <p<0

R.(p) = % <2—7 _ n) sin (g)  0<p<or . (6.91)

0, otherwise

(—I—? — 7r> coS (12) — sin (g) , 2rn<p<0
R;(p) = Tm (E — 7r> cos <E> + sin (g) , 0<p<2r . (6.92)

0, otherwise
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And, finding the third derivative of R,(p),

1
(@) (). mrereo
m 1
RZ/@) = e —3 <g — 7r) sin (g) + cos (g) , 0<p<2m - (6.93)
0, otherwise

Recalling the autocorrelation function R(p),

( 1 . (P 1 2r+p D
—<4+u8>sm<2)—(4—u%>< 5 COS(i)’ 27 <p<0

Ry(p) = A2, (1+ug)sin(g>_<jl_ug> (2“2—1’)005(5), 0<p<on - (6.99)

0, otherwise

\

Finding the first derivative of Ry(p),

(/1
(Z — ug) (27 + p) sin (g) — cos (g) , 21 <p<0
A2
_ tm 1
R}(p) T4 (Z — ug) (2m — p) sin <g> + cos (g) , 0<p<2r - (6.95)
\0, otherwise

Recalling the autocorrelation function R, (p),

i =L () ¢ 4 -) s () - (52) 2]

d(p+2m) 0(p) 6(p—2m)
B R } (6.96)

for =27 < p < 27 and R, (p) = 0 otherwise. Equations (6.91), (6.92), and (6.95) can be used

in conjunction with Equation (6.39) to yield the stationary autocorrelation function Ry (0)
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for the cosine distribution,

o= g2 (1) [3 e (g i (o5
Can (st ) s o (oo Y] o oo )]
L Qo+ 1) [cm [QW <u0 ta+t %)] _ Cin [2# (uo - 5)”
oo s+ 1)] 0 (o=0 - )|

+ cos [27 (up + «)] — cos 27 (ug — «)] } (6.97)

Likewise, Equations (6.92), (6.93), and (6.96) can be used in conjunction with Equation

(6.76) to yicld the stationary autocorrelation function Ry,»(0) for the cosine distribution,

~ A2z
oz (0 = 52

(202 oo (s D)] o (s 1)
(a2 [ o oo 2)] —cinfor (100 1]
e (sh=a=o =) [sfer (weaeg) [esifor (o)
ce (i e )il fura D] s forfuaa s ]

— (up — a) cos 27 (up + )] — (up + «) cos [27 (ug — )]

— % [27 (ug + )] + sin 27 (ug — @)]] — 6u0}. (6.98)

6.2.3 Cosine-Squared Distribution
Recalling the autocorrelation function R,(p) for the cosine-squared distribution,

(2 4+ p) [2 + cos(p)] — 3sin(p), —27r<p<0
Ry(p) = ?m (2m —p) [2 + cos(p)] + 3sin(p), 0<p<27m . (6.99)

0, otherwise
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Also recalling the first derivative of R,(p),

—(p+2m)sin(p) — 2cos(p) +2, 271 <p<0
A
R, (p) = —3* 4 (p — 2m) sin(p) + 2 cos(p) — 2, 0<p<2r . (6.100)

0, otherwise

Finding the second derivative of R,(p),

— (p+2m) cos(p) +sin(p), —2r <p<0
2

A
R;(p) = ?m (p — 27) cos(p) — sin(p), 0<p<2m . (6.101)

0, otherwise

And, finding the third derivative of R,(p),

(p+2m)sin(p), —2r<p<0
A2
Ry(p)=—3*{—(p—2m)sin(p), 0<p<2r . (6.102)
0, otherwise

Recalling the autocorrelation function R(p),

P (27 +p) [2uf + (uj — 1) cos(p)] + (1 — 3ug) sin(p), —27r <p<0
R¢(p) = ?m (27 — p) [2ug + (ug — 1) cos(p)] — (1 — 3ug) sin(p), 0<p<2rm

0, otherwise

(6.103)
Finding the first derivative of Ry(p),

— (ug — 1) (27 + p) sin(p) + 2u§ [1 — cos(p)], —2r <p<0
: A
Ri(p) = ?m — (u§ — 1) (27 — p) sin(p) — 2ug [1 — cos(p)], 0<p<2m . (6.104)
0, otherwise
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Recalling the autocorrelation function R, (p),

(1- u%) [—2sin(p) — (27 + p) cos(p)] + (1 — 3u3) sin(p), —27r<p<0
?m (1 —ud) [2sin(p) — (2m — p) cos(p)] — (1 — 3ug) sin(p), O0<p<2r . (6.105)
0, otherwise
Equations (6.100), (6.101), and (6.104) can be used in conjunction with Equation (6.39) to
yield the stationary autocorrelation function Eml(O) for the cosine-squared distribution,
A2

T (0) = 167

{2#( —2a —a® = 1) [Si[27 (ug + o + 1)] + Si [27 (ug — . — 1)]]
— 2 (ug +2a — o® — 1) [Si[27 (up + o — 1)] + Si [27 (ug — a + 1)]]
+2 (uj — o — ) [Cin [27 (up + o + 1)] — Cin 27 (ug — a — 1)]]
+2 (uf + o — ) [Cin [27 (up + o — 1)] — Cin 2 (ug — a + 1)]]

— 4 (uj — o®) [Cin [27 (uo + a)] — Cin [27 (ug — )]

— 2cos [27 (ug + )] + 2 cos 27 (up — )] } (6.106)

Likewise, Equations (6.101), (6.102), and (6.105) can be used in conjunction with Equa-
tion (6.76) to yield the stationary autocorrelation function Ry(0) for the cosine-squared

distribution,

~ A?

R0 (0) = 167r{ (ug — @® +1) [Cin 27 (up + o + 1)] — Cin 27 (ug + a — 1)]]

+ (ug —a?+ 1) [Cin 27 (g — o+ 1)] — Cin [27 (ug — o — 1)]]
+27T(U(2)—204—042—1) i[27 (uo + a + 1)] + Si[27 (ug — a — 1)]]
—|—27r(u8+204—oz2—1) 127 (ug + a — 1)] + Si 27 (ug — a + 1)]]

+ 2 (up — ) cos (up + ) + 2 (ug + ) cos (ug — o) — 4u0}. (6.107)
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6.2.4 Triangular Distribution

Recalling the autocorrelation function R,(p) for the triangular distribution,

Ry(p) = 5 1 47° — 6mp” + 3p°,

\

(21 +p)*,
Am® — 6mp? — 3p°,

(271— - p)3 )
0,

Also recalling the first derivative of R,(p),

(

3(2m +p)°,

— (127p + 9p°) ,
— (127p — 9p%) ,
-3(2m —p)°,

A,

R,(p) 62
Finding the second derivative of R
AL
R (p) 62

0,

g(p)7

(127 + 6p,
— (127 + 18p),
— (127 — 18p),
127 — 6p,

0,

\
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—2r <p< -7
—m<p<0
0<p<m
T<p<2m

otherwise

—2r<p< -7
—T<p<0
0<p<m
T<p<2m

otherwise

2r<p< -7
—-m<p<0
0<p<m
T<p<2m

otherwise

(6.108)

(6.109)

(6.110)



And, finding the third derivative of R,(p),

;

67 —27 S b S -7
—18, —7<p<0
A2
Ry(p)=5%5418, 0<p<n

— 3p°) — 12w — 18p,
473 — 6mp* + 3p3) — 127 + 18p,
27T—p)3+6(2ﬂ-_p)7

\

Finding the first derivative of R(p),

(3u2 (27 + p)* + 6,

—ug (127p + 9p*) — 18,
—ug (127p — 9p?) + 18,
—3u2 (2 — p)* — 6,

0,

\

Recalling the autocorrelation function R, (p),

642, 42 A2
Ralp) = Rua(p) + Ruo(p) — “25(p) + ~25 (] = m) = =25 (Jp| — 2),
where )
A u
Rua(p) = Z252 (27 — 3}p)
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0, otherwise

—2r<p< -7
—T<p<0
0<p<m
T<p<2m

otherwise

—2r<p< -7
—-m<p<0
0<p<m
T<p<2m

otherwise

(6.111)

(6.112)

(6.113)

(6.114)

(6.115)



for 0 < |p| < 7 and 0 otherwise, and

A2yl
Rua(p) = 70 (Ip] — 2m) (6.116)
for 7 < |p| < 27 and 0 otherwise. Equations (6.109), (6.110), and (6.113) can be used in
conjunction with Equation (6.39) to yield the stationary autocorrelation function éml(O) for
the triangular distribution,
~ A2

Fomi(0) = 3573

{ — 127 (ug — @) sin 27 (up + )] + 127 (ug + @) sin 27 (ug — )]

+ 247 (up — «) sin [ (ug + )] — 247 (up + «) sin [ (ug — )]

6(%+3a)mﬂ%hm+aﬂ—6( )mqmq%—an

Ug + «

24 (1050 ol (o + )] + 24 [ 2750 cos [ (g — )]

— COS |TT (Uw (0] COS |T(Uup — &
Ug + o 0 Uy — 0

Ug — 3o

Ug — &

— [247® (u§ — o®) + 12] [Cin [27 (up + @)] — Cin [27 (up — @)]]
+ [247” (u§ — @*) + 48] [Cin [ (up + @)] — Cin [7 (ug — )]
+ 487ma [Si 27 (ug + )] + Si[27 (ug — «)]]

_%mﬂﬁhﬁm+aﬂ+$hhm—@m+-m%a}. (6.117)

2 _ 2
Uy — o
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Likewise, Equations (6.110), (6.111), and (6.114) can be used in conjunction with Equation

(6.76) to yield the stationary autocorrelation function Ry,»(0) for the triangular distribution,

~ A?n
Foma(0) = 1573

{ — 24 [Cin 27 (up + )] — Cin 27 (ug — )]]

+ 960 [Cin [7 (ug + )] — Cin [7 (ug — @)]]

— 247 (ug — o) [Si[27 (uo + )] + Si[27 (ug — @)]]

+ 487 (ug — o) [Si[m (uo + a)] + Si[m (uo — a)]] (6.118)
— g [sin [27 (ug + )] + sin [27 (ug — @)]]

+ 4?8 [sin [7 (ug + )] + sin [7 (ug — a)]]

— 12 (ug — a) cos 27 (up + )] — 12 (up + ) cos [27 (ug — «)]

+ 48 (ug — av) cos [ (up + )] + 48 (ug + @) cos 7 (ug — a)] — 144u0}.
6.2.5 Uniform Distribution
Recalling the autocorrelation function R,(p) for the uniform distribution,

2r+p, 2 <p<0
Ry(p)= A2 2r—p, 0<p<2mr . (6.119)

0, otherwise

Also recalling the first derivative of R,(p),
Ry(p) = AL, [H(p +2m) — 2H(p) + H(p — 2)] . (6.120)
Finding the second derivative of R,(p),

RY(p) = A2 [0(p + 2m) — 26(p) 4 0(p — 2m)]. (6.121)
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And, finding the third derivative of R,(p),

RY(p) = A;dip 5(p + 27) — 20(p) + 6(p — 2] (6.122)

Recalling the autocorrelation function Rf(p),
Ry(p) = A7, [0(p + 2m) — 26(p) + 0(p — 2m)] + ug Ry (p). (6.123)
Finding the first derivative of R(p),

Ryp) = A2, 8(p + 2m) = 26() + 3(p — 2)] + 3R, ). (6.124)

which can also be written as

R (p) = R} (p) + ug R, (p). (6.125)

Recalling the autocorrelation function R, (p),

R.(p) = — A?nd—pz [0(p +27) — 20(p) + 6(p — 27)]
— Afnug [0(p + 2m) — 25(p) + 6(p — 2m)], (6.126)
which can also be written as
d /1 /! /!
Rnu(p) = —d—pRg (p) — ugRI(p) = =R (p) — ug Ry (p). (6.127)

Equations (6.120), (6.121), and (6.124) can be used in conjunction with Equation (6.39) to
yield the stationary autocorrelation function éml(O) for the uniform distribution,

_ A2

R (0) = E{ — 2 (uj — o®) [Cin [2 (ug + a)] — Cin [27 (up — )]]

a % [(uo — @) sin [27 (ug + )] — (uo + @) sin 27 (ug — )]

52 [cos [27 (up + a)] — cos [27 (ug — )]] — 4u0a}. (6.128)
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Likewise, Equations (6.121), (6.122), and (6.126) can be used in conjunction with Equation

(6.76) to yield the stationary autocorrelation function Ry,(0) for the uniform distribution,

Rz (0) = %{ - % [sin [27 (ug + )] + sin [27 (uy — @)]]

+ 29 [cos 27 (g + )] + cos 2 (o — )] + gu} (6.120)

6.3 Validation

The results of the preceding section can be validated by inserting each result for the
stationary autocorrelation functions Rj,(0) and R, (0) into Equation (6.77) and plotting
the normalized pattern mean p/ug as a function of i) electric length wg for various phase
coefficients a, and 2) phase coefficient for various electric lengths. Obviously, the half-wave
dipole distribution results are only presented as a function of phase coefficient. For purposes
of comparison, the amplitude of each current distribution is set to unity (i.e., 4, = 1). In
addition, the normalized pattern mean can be calculated by numerically integrating Equation
(6.2) with the power-pattern function G(u) for each current distribution. The power-pattern
functions can be found by taking the Fourier transform of each current distribution, which

produces the following results:

G(u) = A,, cos(mu) L 44 2] Cosine
— 4u
: 1 .
= A, sin(mu) [m] Cosine — Squared
: 2
=nA,, {M} Triangular
Tu/2
— oA, {Sm(m)} . Uniform (6.130)
T

Similarly, each result for the stationary autocorrelation functions Ry, (0), Ry (0), and Ryna(0)
can be inserted into Equation (6.79) to determine the variance. The beamwidth variance
can then be calculated by normalizing the result, in accordance with Equation (6.80), and
plotting the beamwidth variance 0%y, as a function of i) electric length ug for various phase

coefficients «, and 2) phase coefficient for various electric lengths. Again, the half-wave dipole
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distribution results are only presented as a function of phase coefficient. The amplitude of each
current distribution is set to unity (i.e., A,, = 1). In addition, the beamwidth variance can
be calculated by numerically integrating Equation (6.1) with the power-pattern function G(u)
for each current distribution given above in Equation (6.130). All of the results are presented
in Figures (6.1) through (6.26). Included are the comparisons between the analytical and
numerical results. In addition, contour plots are included to illustrate the overall behavior
of the pattern mean and beamwidth variance and to emphasize the significant complexity
of the exact closed-form analytical equations obtained in this chapter. The comparisons
demonstrate effectively perfect agreement between the exact closed-form equations and the
numerically integrated results. The results presented in this chapter are entirely new and the

equations are exact.
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Figure 6.1: Half-Wave Dipole Distribution - Pattern mean as a function of phase coefficient.
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Figure 6.2: Half-Wave Dipole Distribution - Beamwidth variance as a function of phase
coefficient.

89



Exact Solution
1.0 = ¢ Numerical Solution

Pattern Mean, p/u,

Electric Length, u,

Figure 6.3: Cosine Distribution - Pattern mean as a function of electrical length for various

phase coefficients.
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Figure 6.4: Cosine Distribution - Pattern mean as a function of phase coefficient for various

electrical lengths.
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Figure 6.5: Cosine Distribution - Beamwidth variance as a function of electrical length for
various phase coefficients.
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Figure 6.6: Cosine Distribution - Beamwidth variance as a function of phase coefficient for
various electrical lengths.
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Figure 6.7: Cosine Distribution — Pattern mean contours as a function of electrical length
and phase coefficient.
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Figure 6.9: Cosine-squared Distribution - Pattern mean as a function of electrical length
for various phase coefficients.
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Figure 6.10: Cosine-Squared Distribution - Pattern mean as a function of phase coefficient
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Figure 6.11: Cosine-Squared Distribution - Beamwidth variance as a function of electrical
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Figure 6.12: Cosine-Squared Distribution - Beamwidth variance as a function of phase
coefficient for various electrical lengths.
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Figure 6.13: Cosine-Squared Distribution — Pattern mean contours as a function of electrical
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Figure 6.14: Cosine-Squared Distribution — Beamwidth variance contours as a function of
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Figure 6.16: Triangular Distribution - Pattern mean as a function of phase coefficient for

various electrical lengths.

96



0.60

0.55

0.50
~g 0.45
5 0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00

Exact Solution
Numerical Solution

Beamwidth Variance, &

0 2 4 6 8 10

Electric Length, u,

Figure 6.17: Triangular Distribution - Beamwidth variance as a function of electrical length
for various phase coefficients.
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Figure 6.18: Triangular Distribution - Beamwidth variance as a function of phase coefficient
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Figure 6.19: Triangular Distribution — Pattern mean contours as a function of electrical
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OBw

10 0.5560

0.5006

8 0.4452

° 0.3898
3

<6 0.3344
D
c

9 0.2790
Q

5 4 0.2236
@

w 0.1682

2 0.1128

0.0574

0 0.0020

0 2 4 6 8 10
Phase Coefficient, o

Figure 6.20: Triangular Distribution — Beamwidth variance contours as a function of
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CHAPTER VII

Conclusion

A solid foundation for analyzing line source radiation has been established using a novel
approach based on autocorrelation principles and common statistical concepts. Application
of autocorrelation principles has enabled the development of a methodology to characterize
the radiated power, pattern mean, and beamwidth variance for both broadside and scanning
beams. The methodology has been applied to develop exact closed-form analytical expressions
for the radiated power and beamwidth variance for the half-wave dipole, cosine, cosine-squared,
generalized dipole, uniform, and triangular current distributions of constant phase. A new
methodology was developed for line source radiators with a linearly progressive phase. Exact
analytical expressions for the radiated power, pattern mean, and beamwidth variance for a
scanning line source with a linearly varying phase were derived for the half-wave dipole, cosine,
cosine-squared, uniform, and triangular current distributions. The expressions for radiated
power were validated by numerically integrating the power pattern function corresponding to
each current distribution. Likewise, the expressions for pattern mean and beamwidth variance
were validated by numerically integrating the first or second moment of the power pattern
function. All of the validations demonstrated effectively perfect agreement between the newly
developed closed-form analytical expressions and the numerically integrated results. As stated
in each chapter, except for the radiated power expression for the broadside half-wave dipole
and generalized dipole current distributions, all of the exact analytical expressions are new
and have not been presented previously in the annals of antenna theory.

The fact that new methodologies were developed to analyze both broadside and
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scanning beams from line source radiators, and to characterize not only the radiated power,
but newly proposed metrics for antenna radiation (i.e., pattern mean and beamwidth vari-
ance), truly demonstrates the power of applying autocorrelation principles. As noted in the
Introduction, application of these principles is really blazing an alternate path of analysis that
departs from traditionally applied numerical techniques. This new development path will most
likely not supplant the commonly used numerical methods of the practicing antenna engineer.
However, through evolutionary research, these methodologies could lead to alternate means
of characterizing antenna performance or lead to new methodologies for antenna analysis that
could accelerate numerical analysis techniques of complex radiating structures. Specifically
of interest is the potential applicability to the method of moments that is used to determine
induced current distributions — this work considered impressed current distributions. As
described by Harrington, the impedance matrix of the method of moments formulation can be
obtained by performing two integrals and one derivative, which are calculated numerically [10].
Elements of this matrix are simply self impedances of each element of the antenna and mutual
impedances between elements. The populated impedance matrix is then inverted to calculate
the current on each element of the antenna. These impedances are identical to those of an
antenna array, which can also be calculated using autocorrelation techniques. It is possible
that a methodology could be developed using autocorrelation principles to populate the
impedance matrix with only analytical equations, which would leave the inversion of the
impedance matrix as the only task to be completed numerically. The power and efficiency
of the method of moments could be increased drastically by removing the computationally
intensive requirement of numerically estimating a large number of integrals and derivatives
for each element of the impedance matrix.

The application of statistical measures (e.g., pattern mean and beamwidth variance)
could also lead to new ways of comparing the performance of radiating structures. In fact,
there is no reason why the autocorrelation principles could not be applied to higher order
moments (e.g., skewness and kurtosis). Furthermore, it might be instructive to evaluate the
applicability of the Hausdorff moment problem, which states that the complete collection of
moments uniquely defines a distribution supported on a finite interval [21]. In this case, the
distribution of interest is the antenna pattern, which is defined on a finite interval. Similar to

Fourier analysis, it would be interesting to explore how much additional information about
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the antenna pattern is contributed by each successive higher order moment. Potentially, a
finite number of moments could provide a sufficient amount of information to know “enough”
to adequately characterize the performance of the antenna pattern.

In addition, the problems considered herein are strictly one-dimensional (i.e., the
current distribution is defined only along the z-axis). The one-dimensional limitation enables
several simplifications — cross-correlations for the current distribution are not considered
and ¢-symmetry can be assumed. In the case of a multi-dimensional current distribution,
cross-correlations would need to be taken into account in the development of an expression
for radiated power. Similarly, the variance definition would need to be extended to include
variances in each dimension and also include the corresponding covariances.

The current distributions considered in this dissertation consist entirely of those that
produce sum-type patterns (i.e., even-symmetric current distributions). Equally admissible
to the procedure are current distributions that produce difference-type patterns (i.e., odd-
symmetric current distributions). Also of interest is the linkage between “equivalent” sum
and difference patterns through application of Hilbert Transform principles.

Also of significant interest is the possibility that the application of autocorrelation
principles could be applied to the problem of antenna synthesis. At this point, it is possible
that a synthesis procedure could be developed by first solving the differential equation
represented by the Helmholtz operator. At a minimum, the approach could yield a “family of
functions” that would produce the desired radiated power. Additionally, the mean, variance,
and higher order moments could be used as constraints to refine the solution space.

Finally, in general, the application of autocorrelation principles has been applied
successfully to develop a new methodology for characterizing antenna performance. Specif-
ically, the integral of the power pattern function, and its corresponding moments, can be
determined directly from the current distribution — without a priori knowledge of the
antenna pattern. However, from a strictly mathematical point of view, it would be fascinating
to explore whether these principles are generally applicable to other problems that are based
on a distribution function. These types of problems are plentiful across a variety of fields —
probability and statistics, quantum mechanics, fluid mechanics, and rarefied gas dynamics,
to name a few. The true power and extensibility of this methodology can only be discovered

by continuing to make incremental advancements through evolutionary research.
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APPENDIX A

Derivations for the Radiated Power of a Broadside Line Source

This appendix presents the detailed derivations of the autocorrelation functions used
to determine the radiated power for a broadside line source radiator. The derivations were
performed for the half-wave dipole, cosine, cosine-squared, generalized dipole, triangular, and

uniform distributions.

A.1 Half-Wave Dipole Distribution

The half-wave dipole current distribution is given by

g(p) = A, cos <§> (A.1)

on the interval —7 < p < 7 and g(p) = 0 otherwise. Recalling the autocorrelation function
R9<p)7 ~
Ryo) = [ on)glr ~p) ar (A2)

[e.9]
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Substituting Equation (A.1) into Equation (A.2) and applying the piecewise definition of

g(p) yields

( D+ _
/ Cos (%) cos <T 5 p) dr, 21 <p<0

—T

2 i -
Ry(p) = A, /p—7r cos (%) cos (TTP) dr, 0<p<27m

0, otherwise

\

Product-to-sum trigonometric identities can be applied to Equation (A.3),

([P p p
/ [Cos (5) + cos (7‘ — 5)} dr, 271 <p<0

T

AL ) p p
Ry(p) 9 /pTr [COS <§> + cos (7’ — 5)} dr, 0<p<2r

0, otherwise
\

Performing the integrals in Equation (A.4),

( pt+m
|:’7'COS (g)—i—sin <7’—§)] , 2r<p<0
A2 .
Rg(p)ZT [TCOS (g)—i—sin <7‘—§>] , 0<p<2r
p—m
L0, otherwise

Evaluating the limits of integration in Equation (A.5),

[(p+7r)cos (g) +sin<p+7r— g) + 7 cos (g) —sin(—w—g)}, 27 <p<0

2
Rg(p) :Tm [wcos(§)+sin(ﬂ'7§)7(p77r)cos<§)fsin<p77r7§)], 0<p<2r

0, otherwise
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Simplifying Equation (A.6) yields the autocorrelation function R,(p) for the half-wave dipole

distribution,
(2 +p cos (]—9> — sin (—) —2r<p<o0
2 2 2) P
2 _
Ry(p) = A, <27r p) cos <2—9>+sm (22), 0<p<2m (A7)
2 2 2
\0, otherwise
Recalling the autocorrelation function R(p),
d? 9
Rylp) = | s+ | o) (A8)

The electric length of a half-wave dipole is ug = %, which can be substituted into Equation

Ry(p) = {j—pz + ﬂ Ry(p). (A.9)

Applying Equation (A.9) to R,(p) for the interval —27 < p <0, given previously in Equation

(A7),
? 1 27 +p P P
_ A2 .
= Az [d_p? + Z] [( 5 ) cos (5) — sin (5) . (A.10)
Distributing terms in Equation (A.10) and performing the first derivative,
, [d[1 p 2r+p\ . (P 1 D
= A7 { — | = cos (—) - sin (—) — —cos (—)
dp |2 2 4 2) " 2 2
2 1
+ < 7T8+p> cos (g) - Zsin (g) } (A.11)
Canceling terms in Equation (A.11) and performing the second derivative,
2 1
== (T eos (B) - o (3)
on<p<0 8 2 4 2
2m +p D 1. /p
+ ( 3 )COS (2) —4sm(2> } (A.12)

Ry(p)

—2n<p<0

Ry(p)

—27<p<0

Ry(p)

109



Collecting and canceling terms in Equation (A.12),

2

_ _Awgn <9> . (A.13)

Ry(p) 3 5

—2w<p<0

Applying Equation (A.9) to R,(p) for the interval 0 < p < 2, given previously in Equation

(A7),
1 2r —p D D
Y A e £ ; £
= A2, [dPQ —1—4} [( 5 )cos<2> + sin (2) : (A.14)
Distributing terms in Equation (A.14) and performing the first derivative,
d 1 D 2r—p\ . (D 1 P
— A2 ) | _= 7y £ - £
_Am{dp[ 2COS<2> ( 4 )Sm (2) +2008<2>
2r —p p) 1. (p)
+ ( 3 )COS (2 + 155 (A.15)
Canceling terms in Equation (A.15) and performing the second derivative,
2m —p py 1 . (p
:Afn{—( )COS — )+ -sin(z
) (2) - hen )
) oo (5) + o (5)
+( g )cos (2 + 50 (3) 1 (A.16)

Collecting and canceling terms in Equation (A.16),

Ry (p)

0<p<2r

Ry(p)

0<p<2m

Ry(p)

— A_jn sin (23) , (A.17)

Ry (p) 5

0<p<2r

Combining Equations (A.13) and (A.17) yields the autocorrelation function Ry(p) for the

half-wave dipole distribution,

A2
Ry(p) = Tm sin <g> , 0<p<2r . (A.18)

0, otherwise
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Recalling the definition for R} (0),

_uo [ sin (ugT)
Rh(O) = - /oo Rf(T)—UOT dr. (Alg)
Substituting Equation (A.18) into Equation (A.19),
A2 g 0 7\ sin (upT)
£n(0) 2m { /27r o <2> upT ’
2T o7 sin (ueT)

Substituting the electric length for the half-wave dipole, ug = %, into Equation (A.20),

Ri(0) = Ag”{ —/0 sin (%) i (3) 4

27 —27

v T (7) 202 dT}. (A21)

Recognizing even and odd functions in Equation (A.21) and combining terms,

AQ 27T 2 (T
Ry(0) = Zm {/ i (3) dT}. (A.22)
T 0 T
Applying the power-reduction trigonometric identity to Equation (A.22) yields
A% [* 1 — cos (1)
== —=dr. A2
Ri0) =52 [ = (A2

Recalling the definition of the modified cosine integral,

b1 — cos (at) (A.24)

Cin (ba) :/ —= dt.
0 t
Substituting Equation (A.24) into Equation (A.23) yields the stationary autocorrelation

function R}, (0) for the half-wave dipole distribution,

R,(0) = A2, {C”;—fﬂ] . (A.25)
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A.2 Cosine Distribution

The cosine distribution is identical to the half-wave dipole distribution. Therefore, the
autocorrelation function R,(p) for the cosine current distribution is repeated directly from

Equation (A.7),

Ry(p) = AL, <27r —p) cos <§> + sin (Z—)> , 0<p<2m - (A.26)

0, otherwise

Recalling the autocorrelation function R(p),

2

Rs(p) = {j—p? + ugl R,(p). (A.27)

Applying Equation (A.27) to Ry(p) for the interval —27 < p < 0, given previously in Equation

(A.26),
d? 2 +p D D
_ A2 2 .
= A [d_]ﬂ + uo} [( 5 ) cos <§> — sin <§>] . (A.28)
Distributing terms in Equation (A.28) and performing the first derivative,
d 2r+p\ . (P 1 D 1 D
A2 ) | £ - £y _ - £
_Am{dp{ ( 1 )Sm <2>+2008<2> 2COS<2>
2m +p p (P
2 —_— —_— -_—
+ ug [( 5 )cos <2> sin <2>] } (A.29)

Canceling terms in Equation (A.29) and performing the second derivative,

e B CR) () -5 )
pd | (T es (D) s (B)] )

Ry (p)

—2m<p<0

Ry(p)

—2w<p<0

Ry(p)
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Collecting terms in Equation (A.30),

T [( _ i) (%;p) cos (2) - ( T i) sin (g)} (A.31)

Applying Equation (A.27) to R,(p) for the interval 0 < p < 2w, given previously in Equation

(A.26),
d? 2T —p p p
42 2 v in (£
= A7 {d 2—|—u0] [( 5 )cos (2>+sm(2>} . (A.32)
Distributing terms in Equation (A.32) and performing the first derivative,
d 2 —p\ . /p 1 D 1 P
A2 ) | _ i £ - £
_Am{dp[ ( 1 )Sm <2) 2C°S<2> +2COS(2>
2m —p P (D
2 — —_—
+ ug {( 5 )COS <2>+sm <2>} } (A.33)

Canceling terms in Equation (A.33) and performing the second derivative,

[ (57)on2) b))
wa [ (ZL ) eos (B) +am (2)] 1 (434

Collecting and canceling terms in Equation (A.34),

() (F77) () (0 0) Q)

Combining Equations (A.31) and (A.35) yields the autocorrelation function Ry(p) for the

Ry(p)

Ry (p)

0<p<2r

Ry(p)

0<p<2m

Ry(p)

0<p<2m

Ry(p)

cosine distribution,

0, otherwise
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Recalling the definition for R} (0),

Ra(0) = 22 / R CLO (A.37)

T J_ o UpT

Substituting Equation (A.36) into Equation (A.37),

w52 [(42) (7)) (4 o] 22
+/0 ' Kug - i) (2”2_7) cos (%) + (u3+ 411) sin (%)] % dT}. (A.38)

Recognizing even and odd functions in Equation (A.38) and combining terms,

Ry(0) = QA%% /0% Kug - i) (2”2_ T> cos (%) + <u3 + i) sin (;)} S'”l;:f) dr. (A.39)

Separating integrals in Equation (A.39),

2 2 .
RL(0) = Qim {7r (ug - i) /0 cos (%) M dr
Ly 1\ [ 7y
~3 (uo - Z) /0 cos <§> sin (uo7) dr
1 2 T\ sin (ugT)
2, - in(~) 29/
+ (uo + 4) /0 sin (2) - dT}. (A.40)

Applying product-to-sum trigonometric identities to Equation (A.40),

Ru(0) = A_?n{ﬁ <ug - 1) /0% sin [(uo + 3) 7] +sin [(wo — 3) 7]

T 4 T

(1) [ o (o )] (- 2)] o

N <u3 . 1) /02” 1—cos [(ug+3) 7] =1+ cos [(ug — 3) 7] dr}. (A41)

4 T

Recalling the definitions for the sine and modified cosine integrals,

, _ ["sin(at)
Si (ba) _/o — dt (A.42)
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and

, ("1 —cos(at)
Cin (ba) —/0 — dt. (A.43)

Applying Equations (A.42) and (A.43) to Equation (A.41) and performing the remaining

o () o ]
S ey [ A

2

0

%}. (A.44)

() oo )] -]
()bl D] oo )]

+% Cﬁ;é) {Cos |:27T (uﬁ%ﬂ —1]
AEDEED) e

Simplifying Equation (A.45) yields the stationary autocorrelation function Rj(0) for the

cosine distribution,

= (53) oo )] (]
e o

— ug [cos (2mug) + 1] } (A.46)
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A.3 Cosine-Squared Distribution

The cosine-squared current distribution is given by

g(p) = A,, cos® (g) (A.AT)

on the interval —7 < p < 7 and g(p) = 0 otherwise. Recalling the autocorrelation function
Ry(p), -
Ryv) = [ gnlglr ~p) ar (A43)

[e.9]

Substituting Equation (A.47) into Equation (A.48) and applying the piecewise definition of
g9(p) yields

/ cos? 0082 (T ;p) dr, 2w <p<0
_ A2 _
Ry(p) = A, / cos® cos (%) dr, 0<p<2m - (A.49)
\O, otherwise

Applying power-reduction trigonometric identities to Equation (A.49),

( rpt+m
/ [1+cos(7)] [1 +cos (T —p)] dr, 27 <p<0

A2 ™
Ry(p) = Tm / [1+4cos(7)][L+cos(r—p)] dr, 0<p<2w - (A.50)

\ 0, otherwise

Distributing terms in Equation (A.50),

P+

/ [1 4+ cos(T)+ cos(T —p)+cos(rT)cos (T —p)] dr, —2n<p<0

A2

Ry(p) = a1 9 / [1 4 cos(7) 4+ cos (T —p) +cos(T)cos (T —p)] dr, 0<p<2m - (A.51)
p—m

L 0, otherwise
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Applying product-to-sum trigonometric identities to Equation (A.51),
cos(p) = cos (2T —p)

p+7
L. RR
/7T {1 + cos (1) + cos (T — p) + cosQ(p) + COS(Q;_p)} dr, 0<p<2r - (A52)
p—m

1+ cos (1) +cos (7 —p) +

} dr, 27 <p<0
2
_An

Ry (p) 4

0, otherwise

Performing the integrals in Equation (A.52),

sin (27 —p)] [PT™

{[1+7COS2(p)}T+sin(T)+Sin(T—p)+ 1 —2r<p<0
A2 | -
Rg(p) - T |:[1+C082&:|T+sin(‘r)+sin(7'fp)+w:| , 0<p<2m - <A53)
p—m
0, otherwise

Evaluating the limits of integration in Equation (A.53) and simplifying,

4 .
{1 + &2@)1 (p+2m) — 2sin (p) + sm2(p), —2r<p<0
A% .
R,(p) = - {1 n Cosz(p)l (2 — p) + 2sin (p) — 81112(17)7 0<p<2r - (A.54)
0, otherwise

\

Simplifying Equation (A.54) yields the autocorrelation function R,(p) for the cosine-squared

distribution,

(27 +p) [2+ cos (p)] = 3sin(p), —2r<p<0
A%

Ry(p) 3

(2m —p)[2+cos(p)] +3sin(p), 0<p<2m . (A.55)

0, otherwise

Recalling the autocorrelation function Rs(p),

Rylp) = |05+ o] B0 (4.56)

Applying Equation (A.56) to R,(p) for the interval —27 < p < 0, given previously in Equation
(A.55),

n [_2 ; ug] (27 + p) [2+ cos (p)] — 3sin (p)]. (A57)
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Distributing terms in Equation (A.57) and performing the first derivative,

= %{dip [2 + cos (p) — (27 + p) sin (p) — 3 cos (p)]

+ ug [(2m + p) [2 + cos (p)] — 3sin (p)] } (A.58)

Combining terms in Equation (A.58) and performing the second derivative,

= A—g”{Q sin (p) — sin (p) — (27 + p) cos (p)

+ ug [(2m + p) [2 + cos (p)] — 3sin (p)] } (A.59)

Collecting terms in Equation (A.59),

2

— @{ (27 + p) [2ug + (u§ — 1) cos (p)] + (1 — 3ug) sin (p) } (A.60)

Ry(p) 3

—27<p<0

Applying Equation (A.56) to R,(p) for the interval 0 < p < 27, given previously in Equation
(A.55),
142

0<p<2m 8

Ry(p)

[j—; - ugl [(2m — p) [2 + cos (p)] + 3sin (p)] . (A.61)

Distributing terms in Equation (A.61) and performing the first derivative,

- A—%‘{i [—2 — cos (p) — (27 — p) sin (p) + 3 cos (p)]

R (p) s \dp

0<p<2r

+ ug [(2m — p) [2 4 cos (p)] + 3sin (p)] } (A.62)

Combining terms in Equation (A.62) and performing the second derivative,

AZ

Ry (p) 2

{ — 2sin (p) + sin (p) — (2m — p) cos (p)

0<p<2m

+ ug [(27 — p) [2 + cos (p)] + 3sin (p)] } (A.63)
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Collecting terms in Equation (A.63),

2

= ﬁ{ (2m — p) [2ug + (u§ — 1) cos (p)] — (1 — 3ug) sin (p) } (A.64)

Ry(p) 3

0<p<2m

Combining Equations (A.60) and (A.64) yields the autocorrelation function Ry(p) for the

cosine-squared distribution,

(2m +p) [2uf + (uf — 1) cos (p)] + (1 — 3uf) sin(p), —2r<p<0

A2
= "< (27 —p) [2ud + (uf — 1) cos (p)] — (1 —3ud)sin(p), 0<p<2r . (A.65)

Ry (p)

0, otherwise

Recalling the definition for R} (0),

Uog

R0) =2 [~ Ry(r

T J o UpT

sin (uo7) dr. (A.66)

Substituting Equation (A.65) into Equation (A.66),

Ru(0) = Agl:o { /2 (2 4+ 7) [2ug + (u§ — 1) cos (7)] + (1 — 3ug) sin (7)] sinu(o—u:T) dr

+/0 ' [(2m — 7) [2ug + (ug — 1) cos (1)] — (1 — 3ug) sin ()] sin (uor) dT}. (A.67)

ugT
Recognizing even and odd functions in Equation (A.67) and combining terms,

2 2m sin (uoT
Rp(0) = 144’”7;:6 ; [(27r —7) [ng + (u% — 1) coS (T)] - (1 — 3u%) sin (T)} 1567? )

dr. (A.68)
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Separating integrals in Equation (A.68),

A2 2T L:
Ry(0) = _m{zmg /0 sin (o) 4y

dr T
2w
—2ug/ sin (upt) dr
0

2m :
+ 27 (ug — 1) / cos (7) sin (uor) dr
0

T

— (ug—1) /0 " cos () sin (ugr) dr

— (1 —3ug) /0% sin (7) sin (to7) dT}. (A.69)

T

Applying product-to-sum trigonometric identities to Equation (A.69),

A2 27 :
Ry (0) m{47ru(2)/0 sin (u7) dr

s T
2m
—2ug/ sin (uo7) dr
0

(= 1) /0% sin [(up + 1) 7] —;— sin [(ug — 1) 7] ir

(ug—1) /0 ' [sin [(ug + 1) 7] 4 sin [(ug — 1) 7]] d7

(1 - 3ug) /027r 1 —cos[(up+1)7] =1+ cos[(ug — 1) 7] dT}. (A.70)

T

N — N~

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = /0 bw dt (A7)
and
Cin (ba) = /0 61—%5(@) dt. (A.72)
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Applying Equations (A.71) and (A.72) to Equation (A.70) and performing the remaining

integrals,

Ry (0) = i—% 4rudSi (2mug)
+ 7 (ug — 1) [Si[2m (uo + 1)] + Si[27 (uo — 1)]]

(1 = 3ug) [Cin [27 (up + 1)] — Cin [27 (ug — 1)]]

2

1
2

+ 2ug cos (ugT)

0

1(u2—1 o
—1—5 (Uo—i-l) cos [(up + 1) 7] i
1 u—1 o
+§ (u0_1>cos [(up — 1) 7] ) } (A.73)

Evaluating the limits of integration in Equation (A.73),

A o
Ry (0) = T AmugSi (2mug)

+ 7 (ug — 1) [Si[27 (uo + 1)] + Si [2 (uo — 1)]]

- % (1 = 3ug) [Cin [2m (uo + 1)] — Cin[2r (uo — 1)]]

+ 2uy [cos (2mug) — 1]

2 (10— 1) eos 2m (g + 1] - 1

3 0+ D foos 2 w0~ 1] = 1] . (A74)

Simplifying Equation (A.74) yields the stationary autocorrelation function Rp(0) for the
cosine-squared distribution,
A%, 2 : :
R,(0) = B 2 (ug — 1) [Si[27 (uo + 1)] + Si[27 (ug — 1)]]
— (1= 3ug) [Cin [27 (ug + 1)] — Cin [27 (uo — 1)]]

+ 8mugSi (2mug) + 6ug [cos (2mug) — 1] } (A.75)

121



A.4 Generalized Dipole Distribution

The generalized dipole current distribution is given by

sin [ug (7 +p)], —2r <p<0
g(p) = A S sinfug (r —p)], 0<p<2r

0, otherwise

Recalling the autocorrelation function R,(p),

(A.76)

(A.77)

Substituting Equation (A.76) into Equation (A.77) and applying the piecewise definition of

g(p) yields
—2r<p<-—m

)

), —m<p<0
p>’ 0<p<m )

)

T<p<2m

otherwise

(A.78)

where each element of the autocorrelation function can be determined by integrating Equation

(A.77). The first element Ry (p) is defined on the interval —2m < p < —,

Ry (p) = /P ’ sin [ug (7 + 7)] sin [ug (7 — 7 + p)] dr.

—T

Applying product-to-sum trigonometric identities to Equation (A.79),

Ry (p) = % /_p ' [cos [ug (2T — p)] — cos [ug (27 + p)]] dr.

Performing the integrals in Equation (A.80),

ptm

Ry (p) = % |:2Lu0 sin [ug (27 — p)] — 7 cos [ug (27 + p)]]

—T
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Evaluating the limits of integration in Equation (A.81) and simplifying,

1

Ryi(p) = L {— sin [ug (27 + p)] — (27 + p) cos [ug (27 + p)]| -

2U0

The second element Ry (p) is defined on the interval —7m < p <0,

Ry (p) :{ /p sin [ug (7 + 7)] sin [ug (7 + 7 — p)| dr

—T

+ /pO sin [ug (7 + 7)] sin [ug (7 — 7 +p)] dr
o A

Applying product-to-sum trigonometric identities to Equation (A.83),

Ry (p) = %{ /_p [cos (ugp) — cos [ug (2m + 27 — p)]] dr

+ / [cos [ug (27 — p)] — cos [ug (27 + p)]] dT

) /Op+7r [cos (ugp) — cos [ug (2m — 27 + p)]] dr}.

Performing the integrals in Equation (A.84),

p

Rys(p) = %{ {T cos (top) — QLUO sin [uo (27 + 27 — p)]}

—T

0

+ [2%0 sin [ug (27 — p)] — 7 cos [ug (27 + p)]] )

1
+ {7’ cos (ugp) + 5 sin [ug (2m — 27 + p)]}
Uo
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Evaluating the limits of integration in Equation (A.85) and simplifying,

1

Ry(p) = %{ [(p +7) cos (ugp) — 5, sin g (27 + )] - 2—; sin (uop)}

+ | ———smn(u — —— SIn (u, + pcos |u T+
2“0 op 2U0 op p 0 p

+ {(p + 7) cos (upp) — QLUO sin (uop) — 2Lu0 sin [ug (27 + p)}} } (A.86)

Further simplifying Equation (A.86),

Ry(p) = % [2 (7 + p) cos (ugp) — u% sin (upp)
— Ui() sin [ug (27 + p)] + pcos [ug (27 + p)] } . (A.87)

The third element R,3(p) is defined on the interval 0 < p <,

Rys(p) :{ /p7r sin [ug (7 + 7)] sin [ug (7 + 7 — p)] dr
+ /0 sin [ug (7 — 7)]sin [ug (7 + 7 — p)] dr
+ /7r sin [ug (7 — 7)] sin [ug (1 — 7 + p)] dT}. (A.88)

Applying product-to-sum trigonometric identities to Equation (A.88),

Ry(p) = 1{ / [cos (ugp) — cos [ug (2m + 27 — p)]] dr

2
+ /Op [cos [ug (27 — p)] — cos [ug (2m — p)]] dr

+ /Tr [cos (ugp) — cos [ug (2 — 27 + p)]] dT}. (A.89)

124



Performing the integrals in Equation (A.89),

0

Rys(p) = %{ [T cos (tiop) — 2—710 sin [ug (2 + 27 — p)]}

—T
p
0

+ [QL sin [ug (27 — p)] — 7 cos [ug (27 — p)]]J

Uo
}
p

1
+ {7’ cos (ugp) + S sin [ug (27 — 27 + p)]]
Ug

Evaluating the limits of integration in Equation (A.90) and simplifying,

Riap) = 5§ |~ ) cos ) = 51 sin o 27 = )]+ 51 i ()

1 1
+ {2—% sin (upp) + 2_u0 sin (upp) — pcos [ug (27 — p)]}

+ {(w — p)cos (uop) + 2%0 sin (uop) — 2%0 sin [ug (27 — p)]} }

Further simplifying Equation (A.91),

Rys(p) = 1 [2 (m — p) cos (ugp) + u%sin (uop)

[\]

— uio sin [ug (2 — p)] — pcos [ug (27 — p)] } :

The fourth element R,4(p) is defined on the interval 7 < p < 2m,
Ry(p) = / sin [ug (7 — 7)] sin [ug (7 + 7 — p)] dr.
p—T

Applying product-to-sum trigonometric identities to Equation (A.93),

1

Ry(p) = 3 /7r [cos [ug (27 — p)] — cos [ug (2m — p)]] dT.

Performing the integrals in Equation (A.94),

™

Ryi(p) = % {2—; sin [ug (27 — p)] — 7 cos [ug (27 — p)]}

p—7
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Evaluating the limits of integration in Equation (A.95) and simplifying,

11 .
Ry(p) = 3 | sin [ug (2m — p)] — (2w — p) cos [ug (2m — p)]| - (A.96)
0
Equations (A.82), (A.87), (A.92), and (A.96) can be combined with Equation (A.78) to
yield the autocorrelation function R,(p) for the generalized dipole distribution. Recalling the

autocorrelation function Ry(p),

d2
Rylp) = | s+ ] o) (A.97)
Equation (A.97) can be expressed as,
(Rp(p), —2r<p<-nm
RfQ(p)v —WSPSO
Ry(p) = A}, { Rps(p), 0<p<m . (A.98)
Rya(p), m<p<2m
L0, otherwise

Applying Equation (A.97) to R, (p), given previously in Equation (A.82),

Rp(p) = % [d—2 + ug] HO sin [ug (27 + p)] — (27 + p) cos [ug (27 + p)]} : (A.99)

Distributing terms in Equation (A.99) and performing the first derivative,

Ri(p) = 5 4 eosluo (2 + )] = cosfua (27 + )]+ o (27 + p)sin o (27 + )]

+ ul [uio sin [ug (27 + p)] — (27 + p) cos [ug (27 + p)]} } (A.100)
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Canceling terms in Equation (A.100) and performing the second derivative,

Rfi(p) = %{ [ug sin [ug (27 + p)] + ug (27 + p) cos [ug (27 + p)]]

+ ul [uio sin [ug (27 + p)] — (27 + p) cos [ug (27 + p)]} } (A.101)

Collecting and canceling terms in Equation (A.101),

R (p) = ugsin [ug (27 + p)] . (A.102)

Applying Equation (A.97) to Ry (p), given previously in Equation (A.87),

Rya(p) = % Lj—pQ + U%} [2 (7 + p) cos (uop) — u%sin (uop)
— uiosin [ugp (2 + p)] + pcos [ug (27 + p)] ] . (A.103)

Distributing terms in Equation (A.99) and performing the first derivative,

1(d

Rpa(p) = i{d_p {2 cos (upp) — 2ug (7 + p) sin (uep) — 2 cos (ugp)

— cos [ug (2 + p)] + cos [ug (27 + p)] — uppsin [ug (27 + p)] }

+ uf [2 (m + p) cos (ugp) — uzo sin (uop)
_ uiosin [up (27 + p)] + pcos [ug (27 + p)] ] } (A.104)
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Combining terms in Equation (A.104) and performing the second derivative,

1

Ry (p) = 5{ [ — 2ug sin (ugp) — 2ud (7 + p) cos (ugp)

— ug sin [ug (27 + p)] — ugp cos [ug (2m + p)]}

+ ul [2 (7 + p) cos (ugp) — u% sin (upp)
— Uio sin [ug (27 + p)] + pcos [ug (27 + p)] } } (A.105)

Collecting and canceling terms in Equation (A.105),
Rys(p) = —2ugsin (ugp) — upsin [ug (27 + p)] . (A.106)

Applying Equation (A.97) to R,3(p), given previously in Equation (A.92),

Riat) = g | + | 207 = ) os uap) + 2 sin ()
- uiosin g (27 — p)] — peos [ug (27 — p)] } | (A.107)

Distributing terms in Equation (A.107) and performing the first derivative,

1

Rgs(p) = 5{% [ — 2cos (ugp) — 2ug (7 — p) sin (ugp) + 2 cos (ugp)

+ cos [ug (2m — p)] — cos [ug (27 — p)] — wepsin [ug (27 — P)]}

+ up [2 (m — p) cos (upp) + u%sin (uop)
— uiosin [ug (2m — p)] — pcos [ug (27 — p)] } } (A.108)
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Combining terms in Equation (A.108) and performing the second derivative,

Rys(p) = %{ |:2u0 sin (ugp) — 2ud (7 — p) cos (ugp)

— ugsin [ug (27 — p)] + ugp cos [ug (27 — p)] }

+ ul [2 (m — p) cos (ugp) + u% sin (uop)
— uiosin [ug (2m — p)] — pcos [ug (27 — p)] } } (A.109)

Collecting and canceling terms in Equation (A.109),
Rys(p) = 2ug sin (ugp) — ug sin [ug (27 — p)]. (A.110)

Applying Equation (A.97) to R,4(p), given previously in Equation (A.96),

Riutp) = 3 [ 105+ o8] | s fuo 2 — ) - Cr — pheosluon -] (11

Distributing terms in Equation (A.111) and performing the first derivative,
1{d .
Rya(p) = 5 g [ o8 luo (2m = )] + cosfuo (2m = p)} = o (27 = p) sin [uo (2r — p)]

+ u? HO sin [ug (2 — p)] — (27 — p) cos [ug (27 — p)]] } (A.112)

Canceling terms in Equation (A.112) and performing the second derivative,

Ryy(p) = %{ [uo sin [ug (27 — p)] + ug (27 — p) cos [ug (27 — p)]]

+ug [uio sin [ug (21 — p)] — (27 — p) cos [ug (27 — p)]} } (A.113)

Collecting and canceling terms in Equation (A.113),

Ry4(p) = ug sin [ug (27 — p)] . (A.114)
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Equations (A.102), (A.106), (A.110), and (A.114) can be combined with Equation (A.98) to
yield the autocorrelation function R;(p) for the generalized dipole distribution. Recalling the
definition for R;(0),

Uop

R0) =2 [~ Ry(r

sin (uor) (A.115)

s UgT

Substituting Equation (A.98), along with Equations (A.102), (A.106), (A.110), and (A.114,
into Equation (A.115),

sin (upT)

AZ
R,(0) = m 50 {uo sin [ug (27 + 7)] dr
—2m UoT
0 sin (uoT)
— ug [2sin (upT) + sin [ug (27 + 7)]] ——= d7
UpT
+ uo/ [2sin (uoT) — sin [ug (2m — 7)]] sin (uo7) dr
0 UoT
+ ug / sin [uo (27 — 7)] Sm?fﬂ dT}. (A.116)
™ o7

Recognizing even and odd functions in Equation (A.116) and combining terms,

A? i i
Ry (0) = “;“0{2% /0 [2sin (uor) — sin [ug (27 — 7)]] S”‘;‘%ﬂ dr
27 .
+ 2%/7r sin [ug (27 — 7)) Sm};—“f” dT}. (A.117)
Separating integrals in Equation (A.117) and combining terms,
A2 i i
Ry (0) = m !0 {4/ sin (uo7) sin (uor) dr
7r 0 T
— 4/ sin [ug (2 — 7)) sin (uoT)
0 T
o sin (uoT)
+2 sin [ug (27 — 7)] ———= d7 7. (A.118)
0 T
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Applying angle difference trigonometric identities to Equation (A.118),

A2 g i
R,(0) = m %0 {4/0 sin (uoT) M dr

™

sin (uo7)

—4 /0” [sin (27ug) cos (upT) — cos (2mug) sin (ugT)] dr

2m .
+ 2/ [sin (27mug) cos (ueT) — cos (2mug) sin (uoT)] sin (uo7) dr}. (A.119)
0
Separating integrals in Equation (A.119),
A? i i
RL(0) = m Yo {4/ sin (uoT) M dr
T 0 T
— 4sin (27ru0)/ cos (ugT) sin (uo7) dr
0 T
+ 4 cos (2mug) / sin (uo7) sin (uor) dr
0 T
2w .
+ 2sin (27Tu0)/ cos (ugT) sin (uo7) dr
0 T
2m :
— 2 cos (2muyg) / sin (upT) sin (uor) dr}. (A.120)
0 T
Applying product-to-sum trigonometric identities to Equation (A.120),
A? 11— 2
Ty TR
T 0 T
s : 2
— 2sin (27Tu0)/ sin (2uo7) dr
0 T
1 - 2
+ 2 cos (27ru0)/ 1= cos (2uor) dr
0 T
2T 2
+ sin (27Tu0)/ sin (2uo7) dr
0 T
2m 1— 2
— cos (27ru0)/ 1= cos (2uor) dr}. (A.121)
0 T
Recalling the definitions for the sine and modified cosine integrals,
b -
Si (ba) = / Smi“t) dt (A.122)
0
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and

, ("1 —cos(at)
Cin (ba) —/0 — dt. (A.123)

Applying Equations (A.122) and (A.123) to Equation (A.121),

Ry (0) = A’Q;;“O {2Cin (27uq)
— 25sin (27ug) Si (27ug)
+ 2 cos (2mugp) Cin (27ug)
+ sin (27ug) Si (4mug)
— cos (2mug) Cin (4muy) } (A.124)

Rearranging Equation (A.124) yields the stationary autocorrelation function Ry (0) for the

generalized dipole distribution,

2
. AmUO

™

Ry (0) {QCin (2mug) — cos (2mug) [Cin (4mug) — 2Cin (27ug)]

+ sin (27ug) [Si (4mug) — 251 (27muo)] } (A.125)

A.5 Uniform Distribution

The uniform current distribution is given by
9(p) = An, (A.126)

on the interval —7 < p < 7 and g(p) = 0 otherwise. Recalling the autocorrelation function
Ry(p), .
Ry(p) = / g(T)g(r — p) dr. (A.127)
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Substituting Equation (A.126) into Equation (A.127) and applying the piecewise definition

of g(p) yields
( p+7r
/ A dr, —2r<p<0

Ry(p) = / A2 dr, 0<p<2r
p

\0, otherwise
Integrating Equation (A.128),
( |PtT
T , 2rn<p<0
_ A2 T

Ry(p) = A T , 0<p<2rm

p—7
0, otherwise

(A.128)

(A.129)

Evaluating the limits of integration in Equation (A.129) and simplifying yields the autocorre-

lation function R,(p) for the uniform distribution,

p+ 27, 21 <p<0
Ry(p) = A2 —p+2m, 0<p<2r

0, otherwise

Equation (A.130) can be written in terms of ramp functions,
R,(p) = A2 [R(p+27) — 2R(p) + R (p — 27)].

Recalling the autocorrelation function Ry(p),

Applying Equation (A.132) to (A.131),

2

Ry(p) = A2 [d— T } R (p+27) — 2R(p) + R (p— 27)].

dp?
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Distributing terms in Equation (A.133) and performing the first derivative, and recognizing

that the derivative of the ramp function is the Heaviside step function,

Ry(p) = Am{d% [H (p+ 2) — 2H(p) + H (p — 27)]

+ul[R(p+2m) —2R(p) + R (p — 27)] } (A.134)

Performing the second derivative in Equation (A.134), recognizing that the derivative of the

Heaviside step function is the delta function,

Ry(p) = Afn{ 5 (p 4+ 27) — 26(p) + 5 (p — 27)]

+ud [R(p+27) —2R(p) + R (p — 27)] } (A.135)

Equation (A.135) can also be written in terms of Ry(p), which yields the autocorrelation

function Ry(p) for the uniform distribution,
Ri(p) = A2 [0 (p+2m) — 26(p) + 6 (p — 27)] + ug Ry(p). (A.136)

Recalling the definition for Ry(0),

Uop

Ri0) =2 [ Ryt

m 00

sin (uor) (A.137)

ugT

Substituting Equation (A.136) into Equation (A.137),

Ry (0) = Ag”““{/oo 5 (r + 2m) SlwT) )

T . UgT
— 2/ 5(7’)—Sm (uo7) dr
— oo UgT
+ / o1 — QW)M dr
PSS UoT
0 .
+ u%/ (T4 2m) S \%oT) (uo7) dr
—2m UoT
, [*" sin (ugT)
— ug (1 —2m) ——= d7 ;. (A.138)
0 ugT
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Recalling the sifting property of the delta function,

/ 5 —a) () dr = f(a).

Applying Equation (A.139) to Equation (A.138),

Ru(0) =

sin (27ug)

-2

T

A2muy

0
—i—u%/ (14 2m)

—2m

B A?nuo{sin (#27uy) N

2T U

UgT

2
2
- —2
uo/o (T ) wr

Recognizing even and odd functions in Equation (A.140) and combining terms,

R(0)

A2 g { 2sin (27ug)
m

27TUO

27
— 2u'g/ (1 —2m)
0

Separating integrals in Equation (A.141),

R(0)

—2

T 2T U

A2 g { 2sin (27ug)

—2

sin (ugT)

dr

sin (ugT) p
T T}'

2m
—2u0/ sin (ugT) dr
0

2m :
g / sin (ugT)
0

Recalling the definition for the sine integral,

Si (ba) = /Ob sin (at)

135

t

T

dt.

i}

(A.139)

(A.140)

(A.141)

(A.142)

(A.143)



Applying Equation (A.143) to Equation (A.142) and performing the remaining integral,

Ru(0) = Afnuo{2sin(27ru0) _9
T 2T U
27
+ 2 cos (ugT)
0
Evaluating the limits of integration in Equation (A.144),
Ru(0) = A2 ug { 2sin (2mug) 5
s 2T U

+ 2 [cos (2mug) — 1]

+ 4mupSi (2mug) } (A.145)
Simplifying Equation (A.145) yields the stationary autocorrelation function Ry (0) for the
uniform distribution,

242wy [sin (2mug)

Rp(0)

- Srug + 2mupSi (2mug) + cos (2mug) — 2} . (A.146)

A.6 Triangular Distribution

The triangular current distribution is given by

1+ B, —2r<p<0
T
9(p) = Am 1—%, 0<p<or . (A.147)
0, otherwise

Recalling the autocorrelation function R, (p),

Ry(p) = /_OO 9(r)g(r —p) dr. (A.148)

[e.9]
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Substituting Equation (A.147) into Equation (A.148) and applying the piecewise definition
of g(p) yields

Ru(p), —2m<p<-nm
Rg(p), —m<p<0
Ry(p) = A%, { Rys(p), 0<p<m : (A.149)
Ru(p), m<p<2mw
L0, otherwise

where each element of the autocorrelation function can be determined by integrating Equation

(A.148). The first element R, (p) is defined on the interval —27 < p < —m,

P+ T T—p
Ry (p) :/_W <1+;) <1— - ) dr. (A.150)
Distributing terms in Equation (A.150),
el 1 r—p r(r—p)
R, (p) = / [1 + = — - 5 } dr. (A.151)
- ™ ™ ™

Collecting and canceling terms in Equation (A.151),

p+7 2
Ryi(p) = / {1 + % + % - T—] dr. (A.152)

2
- s

Performing the integrals in Equation (A.152),

Ryi(p) = [(1 + %) T+ ]29—:; — 37—;} iﬂ (A.153)
Evaluating the limits of integration in Equation (A.153) and simplifying,
Ru(p) = (l—i—g) (p+27r)+p(pzT+27r)2—g—<p;T§)3—§] . (A.154)
Further simplying Equation (A.154),
Rg(p) = L+ p)’. (A.155)

672
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The second element Ry (p) is defined on the interval —7m < p <0,

RQQ(p){/z(H%) (1+7;p) dr
RIS
D6

Distributing terms in Equation (A.156),
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(A.157)
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Evaluating the limits of integration in Equation (A.159) and simplifying,

([0 e () -1 oo}

3 3
p pPop
(1 _) _
+{ (+7r 2W2+3W2}

p 1 p 2 (p+m)’
+ <1+ W) (p+m) (HL %2) (p+m)"+ 32 : (A.160)
Further simplying Equation (A.160),
1
Ry>(p) = o— (47" = 6mp” — 3p%) . (A.161)

The third element R,3(p) is defined on the interval 0 < p <,

+/pﬂ (1_9 (1_7;1’) dT}. (A.162)

ot { [ [+ 24224 20 o

s ™ m
p _— p—
0 T T T
+/ ll—f—T_ijT(T;p)} dT}. (A.163)
p s ™ m
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Collecting and canceling terms in Equation (A.163),

0

p 1 p ), T
1+8) - (o+ 5 i
* {( )7 (7r+27r2>T +37r2]

i

Rl [(1 By r-n - (5 ) -t @;T”)]

Further simplying Equation (A.166),

1
Rgg<p) = @ (47'('3 — 67Tp2 + 3p3) .

The fourth element R,4(p) is defined on the interval 7 < p < 2,

Rg4(p)=/p:r (1-3) (1+T;p> dr.
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(A.165)
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Distributing terms in Equation (A.168),

™ ™

Rg4(p):/p7r7T {1_%+T—p_7(72—p)} i

Collecting and canceling terms in Equation (A.169),

2

Rg4(p)=/ [1-%#2—7—] dr.
p—m

w2 2

Performing the integrals in Equation (A.170),

Ryu(p) = [(1 - 3) i 7—3]

T 272 32

™

p—m

Evaluating the limits of integration in Equation (A.171) and simplifying,

2

2 272 372

Rga(p) = [(1—%) (27T_p)+1_’_p(p—7r) +(p—7r)3__

Further simplying Equation (A.172),

Ry(p) = — (2m —p)°.

~ 6m2

(A.169)

(A.170)

(A.171)

(A.172)

(A.173)

Equations (A.155), (A.161), (A.167), and (A.173) can be combined with Equation (A.149) to
yield the autocorrelation function R,(p) for the generalized dipole distribution. Recalling the

autocorrelation function Ry (p),
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Equation (A.174) can be expressed as,

Rp(p), —2r<p<-—7
Rps(p), —m<p<0
Ry(p) = A% { Rpa(p), 0<p<m
Rp(p), m<p<2m
L0, otherwise

Rfl(p) Y

1 d?
672

Distributing terms in Equation (A.176) and performing the derivatives,

Rpi(p) = # {U?) (2r+p)° +6 (27T+p)}'

Applying Equation (A.174) to Ry(p), given previously in Equation (A.161),

1 [ &
RfQ(p) = @ [d_]ﬂ +u(2):| (47‘(‘3 - 67Tp2 — 3]93) .

Distributing terms in Equation (A.178) and performing the derivatives,

1
Rpap) = o {uﬁ (47% — 6mp? — 3p®) — 127 — 18p]|.

Applying Equation (A.174) to R,3(p), given previously in Equation (A.167),
R _ 1 d2 2 4 3 6 2 3 3
f3(p)—@ d—p2+uo (ﬂ'— 7Tp+p).

Distributing terms in Equation (A.180) and performing the derivatives,

ug (47* — 6mp® + 3p°) — 127 + 18p] .

Rf3(p) = 6_71r2 [
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(A.178)

(A.179)

(A.180)

(A.181)



Applying Equation (A.174) to R,4(p), given previously in Equation (A.173),

Rislp) = s | oz + 08| € =" (A152)

Distributing terms in Equation (A.181) and performing the derivatives,

Ryy(p) = # lug (21 —p)* + 6 (27 — p)} : (A.183)

Equations (A.177), (A.179), (A.181), and (A.112) can be combined with Equation (A.175) to
yield the autocorrelation function R(p) for the generalized dipole distribution. Recalling the
definition for Ry(0),

Ug

R0) =2 [ Ry(r)

™ 0o UoT

sin (ugT)

dr. (A.184)

Substituting Equation (A.175), along with Equations (A.177), (A.179), (A.181), and (A.183,
into Equation (A.184),

B (0) = Agnuo{ /__W [ (2 + 1)+ 6 (2 + 7)) ST g

673 o UgT

0 .
+ / [ug (47r3 — 6m7% — 373) — 127 — 187} M dr

-7 UpT
+ / [ug (47?3 — 677 + 37’3) — 127 + 187} M dr
0 UoT
m 3 sin (ugT)
+ / [ug 2 —7)° +6 (21 —7)] ———= dT}. (A.185)
- UoT

Recognizing even and odd functions in Equation (A.185) and combining terms,

A? i .
R (0) = GmQ;O {2/ [U(Q) (47T3 — 6772 + 37‘3) — 127 + 187‘] 51 WoT) (1o7) dr
T 0 ugT
2w X
o [Tt oo o] O ) s
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Separating integrals in Equation (A.186) and combining terms,
A% 2T sin (uoT)
R,(0) = @{2 (87 ug + 12n) /0 — dr

— 2 (4muf + 247) / sin (uor) dr
0 T

—|—36/ sin (uo7) dr

0

— 127?103/ Tsin (upT) dr
0

—|—6u3/ 72 sin (uo7) dr
0

2w

— 2 (127%ug + 6) / sin (uo7) dr
2m "
+127ru3/ 7sin (uoT) dr
27r7r
—2u(2)/ 7% sin (uoT) dT}. (A.187)

Recalling the definition for the sine cosine integral,

Si (ba) = /0 b Sin;at) dt. (A.188)
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Applying Equation (A.188) to Equation (A.187) and performing the remaining integrals,

R(0)

A2
68

{2 (87%ug + 127) Si (2mug) — 2 (47%ug + 247) Si (7uo)

s

36
— — cos (ugT)
u
0 0
sin (uoT) — upT cos (upT) ] |™
— 127ru3 { 5
ud 0
o [ —udT? cos (uoT) + 2ueT sin (ugT) + 2 cos (uer) ] |™
+ Guy =
0 0
2 2w
-+ - (127*ug + 6) cos (uoT)
0 s
3 2m
sin (ugT) — upT cos (ugT)
+ 127ru(2) [ 2

02 [—u37'2 cos (ugT) + 2uoT sin (ueT) + 2 cos (um’)] 2

h :}. (A.189)

Ug

Evaluating the limits of integration in Equation (A.189),

R(0)

AQ

673

{2 (87 ug + 12) Si (2mug) — 2 (47’ug + 247) Si (muo)

- i—i [cos (mug) — 1]

— 127ug 5

5 [ sin (mug) — mug cos (mug)
Uo

3

—7?u? cos (mug) + 2mug sin (wug) + 2 cos (mug) — 2}
Uo

+6u(2){

2
+ — (127%ug + 6) [cos (2mug) — cos (mug)]
Uo

+ 127ug {

sin (27ug) — 2wug cos (2mug) — sin (wug) + Tug oS (7Tu0>:|
2
Up

W {—47r2u% cos (2mug) + 47TU038in (2mug) + 2 cos (27ru0)]
Ug

) [—qu% cos (mug) + 2mug sin (Tug) + 2 cos (WUO)} }

+ 202 . (A.190)

Ug
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Collecting terms and simplifying Equation (A.190),

A2
RL(0) = 6—7’;{2 (87%ug + 127) Si (2mug) — 2 (47%ug + 247) Si (Tuo)
T
2 2 2 12 4
+ | 247 ug — 247wy + 87 ug + — — — | cos (27uy)
Uo Uo
36 12 12 4
+ (127r2u0 — 247%ug — 67%up + 12720y — 2wy — — + — — = + —) cos (mug)
Uo Ug U U
+ (127 — 8m) sin (27uy)
+ (127 — 127 — 127 + 47) sin (7ug)
12
+§——}. (A.191)
Up  Up

Simplifying Equation (A.191) yields the stationary autocorrelation function Ry(0) for the
triangular distribution,
AQ

Ry(0) = o { (167 uf + 24ug) Si (2mug) — (87°uf + 48mug) Si (7o)

+ (87ug + 8) cos (2mug) — (87 ug + 32) cos (Tug)

+ 4dmug sin (2mug) — 8mug sin (wug) + 24}. (A.192)
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APPENDIX B

Derivations for the Beamwidth Variance of a Broadside Line Source

This appendix presents the detailed derivations of the autocorrelation functions used

to determine the beamwidth variance for a broadside line source radiator. The derivations

were performed for the half-wave dipole, cosine, cosine-squared, generalized dipole, triangular,

and uniform distributions.

B.1 Half~-Wave Dipole Distribution

The autocorrelation function Ry(p) for the half-wave dipole is,

—sin(%), 21 <p<o0
AL,

Ry(p) 5

0, otherwise

Equation (B.1) can also be written in terms of Heaviside step functions,

Ry) = 20 s () [ (p+ 20) + 2H () — H (9~ 20).

2

Recalling the definition for R, (p),
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Finding the first derivative of Equation (B.2),

) g

i > sin (—) [—H (p+2m)+2H (p) — H (p— 271')]} : (B.4)

which can be shown to be

dRy(p) _ A_%{} cos (5) [=H (p+2m) + 2H (p) = H (p — 27)

dp 2 12" \2
+ sin (g) [—6 (p+27) + 26 (p) — 6 (p — 27))] } (B.5)

Recognizing that the sine function is identically zero when evaluated at p = {—2x,0, 27}

enables Equation (B.5) to be simplifed to,

dRs(p)
dp

_ fi_% cos (g) [—H (p+27) + 2H (p) — H (p — 27)] . (B.6)

The second derivative of Equation (B.2) can be found by taking the derivative of Equation
(B.6),

d Zj}” - %d% leos(B)-H@+om) + 20 () - H(p-2m]}, (B

which can be shown to be

P _ 2l sin (B) [H (o 2m) +2H ) — H (p—20)

+ cos (g) (=6 (p+ 2m) + 26 (p) — 6 (p — 21)] } (B.8)

The cosine function in Equation (B.8) is one when evaluated at p = 0 and negative one when

evaluated at p = {—2m, 2r}. Therefore, Equation (B.8) can be simplified to

d Zf;z(p) = %{ —%Sin (g) [—H (p+2m)+2H (p) — H (p — 27)]

+5(p+27r)+25(p)+5(p—27r)}. (B.9)
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Substituting Equation (B.9) into Equation (B.3) yields

Rotp) = L (B) (- 0+ 20) 420 () 1 (p 2
—5(p+27r)—25(p)—5(p—27r)}. (B.10)

Recalling the definition for R,,(0),

Ro(0) = /oo R, (rSlun) (B.11)

Substituting Equation (B.10) into Equation (B.11),

A2 1 /[0 i
Rm(o):ﬂ{__/Z Sin(Z)MdT

4 2 2 uogT

1 [ sin (uo7)
+§/0 Sm(Z)—uoT dr
— / d (1 + 2m) S A%T) (uo7) dr

ugT
_2/ 5(r sm ’LLQ’/')
_/ 5 ( _Q)Md (B.12)
. 2w Ay :

Recognizing even and odd functions in Equation (B.12), substituting ug = %, and combining

terms,
_ Mws [ [y sin(3)
R, (0) = ym {/ sin (§> %j dr
/ ) 7'+27r G) dr
—2/ o (1) —sm (%) dr

;J,O/T

[ s G ) oy
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Recalling the sifting property of the delta function,

/_oo 5(z—a) f(x) dz = f(a). (B.14)

Applying Equation (B.14) to Equation (B.13),

R (0) = AE”—%{ /U% sin (g) i (3) 4,

4 UgT
. = (4
- s1n7<zj> - Sm2<7:‘{> - 1}' (B.15)

Simplifying Equation (B.15) and applying product-to-sum trigonometric identities,

A2 (1 [*™1— cos(7)
w0y =2m o [ 22 g B.1
Fn(0) 4 {2 /0 T g } (B.16)
Recalling the definition for the modified cosine integral,
b1 t
Cin (ba) :/ %@) dt. (B.17)
0

Substituting Equation (B.17) into Equation (B.16),

R.,(0) = 12—7": BCin (2m) — 1] . (B.18)

Rearranging Equation (B.18) yields the stationary autocorrelation function R,,(0) for the
half-wave dipole,

2

R (0) = % (Cin (27) — 2] . (B.19)
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B.2 Cosine Distribution

The autocorrelation function R(p) for the cosine distribution is,

(
1 9\ . (D 1 9 2r+p p
— (= cat O z o <p<
<4 +u0) sin (2> (4 uo) ( 5 )cos <2> , 2r <p <0
Ry(p) = A7, (411 +u(2)) sin (g) - (i - ug) (27T2_p) cos <§) ; 0<p<2n

0, otherwise

\

(B.20)

Equation (B.1) can also be written in terms of Heaviside step functions,

ro) = a2 { | () sin (5) = (- ) (2552 ) eos (5)| 1 ot 2~ 1.0
+ Ki + ug) sin (2) - Cl _ u%) <2”2_ p) cos (g)] (H (p) — H (p— 27)] } (B.21)

Recalling the definition for R, (p),

_ d*Ry(p)
dp?

R.(p) = (B.22)

Finding the first derivative of Equation (B.21),

“a =[Gt G- (-8) (2) s @) o0 o

c|(Grad)sn ()= (1-9) () e ()| - -2l |
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which can be shown to be

1 [ )10 ) (2220
+ :— G + uﬁ) sin (g) - G - uﬁ) (%;p) cos (g)} 6 (p+27) — 6 (p)]
+ % G - ug) (2”2_1’) sin (g)] [H (p) = H (p — 2)]

1
4
+ (i + u%) sin (g) — <i - ug) (2%2—1?) cos (g)] [0 (p) —d(p—2m)] }

(B.24)

+

Evaluating the products including delta functions reveals that for p = {—2x,0, 27}, terms
with sine functions are zero, and terms with cosine functions cancel for p = 0 and are zero

for p = {—2m, 27}. Therefore, Equation (B.24) can be simplified to

0 [dom (54 (2 -) (552) ()] -
+ E cos (g) + % G — ug) <2”2_p) sin (g)] (H (p) — H (p — 27)] } (B.25)

The second derivative of Equation (B.21) can be found by taking the derivative of Equation
(B.25),

T = () 2 (1-8) (57 )] w20 -

#lyes () e 5 (5-) (52 sm (B)] ) - o —2m1 . 820

which can be shown to be
i =[5 () ()1 (-9) (5 ) B w20 s
[ 1 1/1 27
L) = (1) (557 ) oo s
% _ ug) (2772_1’) cos (g)} [H (p) — H (p — 2)]

)
() 6)
; ( 5 p) sin (22))} [0 (p) =0 (p—2m)] } (B.27)
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As before, evaluating the products including delta functions reveals that for p = {—2m,0, 27}

terms with sine functions are zero and terms with cosine functions can be simplified. Therefore,
Equation (B.27) can be simplified to

dzzjgp) — Aj”{ Ki - u%) sin (g) + Cl —u%) <27r2+p> cos (g)] [H (p + 27) — H (p)]

w |- () sin () + (5 - 8) (2552 ) os (5) ] 1 ) - 11— 2

+6(p+27r)+25(p)+5(p—27r)}.

(B.28)
Equation (B.28) can be substituted into Equation (B.22),

ra) = 8L (3 ag)sn (2) - (1) (52 eon 2

L . )| 1 0 2) — 1 )
(3= 3)am (2) - (3-8) (52 eos (B) ] 1100~ # - 2m)

—5(p+27r)—25(p)—5(p—27r)}.

(B.29)
Recalling the definition for R,,(0),
uy [ sin (ugT)
R,(0) = — R, (1)———— dr. (B.30)
T J_co UoT

Substituting Equation (B.29) into Equation (B.30),

w2 [ () G)- (-4) (557) o ()] 2

d
2 2 wor

F T () ()]

2 2 UoT
—/ 5(T+2W)Md7

0o UoT
— 2/ d (1) sin (uor) dr
— 00 UoT
— / d (1 —2m) sin (uor) dT}. (B.31)
o UoT
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Recognizing even and odd functions in Equation (B.31) and combining terms,

= S [ 8) ) () (557 ]St

— /OO d (1 + 2m) sin (uoT) (uo7) dr
_ UGT

o0

— 2/ (1) S \YoT) (uo7) dr
oo UGT
- / d (1 —2m) sin (uor) dT}. (B.32)
oo UGT
Recalling the sifting property of the delta function,
/ d(x—a) f(z) de = f(a). (B.33)

Applying Equation (B.33) to Equation (B.32) and separating integrals,

A? 3 o 7\ sin (upT)
=mlo 2 2 in(—)—2"~/
R..(0) ™ { (4 u0> /0 sin <2> - dr
1L\ [T T\ sin (ugT)
— 27 (Z_l — U0> /(; COS (5) f dr
e (G) [ oo (5) sntor) 0
1 U i cos | 5 ) sin (uer) dr

sin (A2mug)  sin (27ug)
_ o — o — 2uy } (B.34)

Simplifying Equation (B.15) and applying product-to-sum trigonometric identities,

_Afn{<3 2>/02“1—cos[(u0+%)7']—1+COS[(UO—%)T} .

B0 =72 G~ .
o (}l _u3> /02“ sin [ (uo + 3) 7] isin (w0 —3)7]
L/1 L\ [T, 1 _ 1
w3 () [ (e ) oo |(o2) ] =
- ) QUO}. (B.35)
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Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = / ’ Smf@t) dt (B.36)
nd _ b1 — cos (at)
Cin (ba) :/ — dt. (B.37)

Applying Equations (B.36) and (B.37) to Equation (B.35) and performing the remaining

a0~ 2 (3-4)fon (o ] e 2]

integrals,

1

1 : 1 . 1
-7 (Z_l — u(%) [Sl |:27T (uo + 5)} + Si {2% (uo — 5)”
1_ .2 2w
(),
2 3 + ug 2 0
1 1_ U2 1 27
(=)= (e-2) )
_ Sn(3m) _ 2uo} (B.38)
T
Evaluating the limits of integration and simplifying Equation (B.38),
A%z 3 2 . 1 ) 1
Rin(0) = E{ (ZL - Uo) [Cm {QW <UO + 5)] — Cin |:27T <uo - 5)”
1 . 1 . 1
-7 (Z_L — u%) [Sl |:27T (uo + 5)} + Si {2% (uo — 5)”
1/1 1
-3 (5 — u0> [cos [2# (uo + 5)] — 11
1/1 1
+ 5 <§ + UO) {COS [271’ (uo — §>:| — 1:|
- (imo) - 2uO}. (B.39)
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Simplifying Equation (B.39) yields the stationary autocorrelation function R,,(0) for the

cosine distribution,

0= {349 o o 2)] - (-]
(-4 oo )5 (o)

in (2
— ug cos (2mug) — sin (2muo) _ 3u0}. (B.40)
T

B.3 Cosine-Squared Distribution

The autocorrelation function Ry(p) for the cosine-squared distribution is,

(27 +p) [2uf + (u§ — 1) cos(p)] + (1 — 3ug) sin(p), —2r <p<0

_ n (27 — p) [2ug + (u§ — 1) cos(p)] — (1 — 3ug) sin(p), 0<p<2r . (B4l

Ry(p)

0, otherwise

Equation (B.41) can also be written in terms of Heaviside step functions,

R¢(p) = %{ [(27r +p) [2u3 + (ug — 1) cos(p)} + (1 - 3u(2)) sin(p)] [H (p+27) — H (p)]

+ [@2m = p) [2u§ + (u§ — 1) cos(p)] — (1 — 3ug) sin(p)] [H (p) — H (p — 27))] } (B.42)

Recalling the definition for R, (p),

Ro(p) = —d2§;§p ), (B.43)

Finding the first derivative of Equation (B.42),

2
dep@) = ASmCZg{ (27 + p) [2ud + (uf — 1) cos(p)] + (1 — 3uf) sin(p)] [H (p + 27) — H (p)]

+ [(2m — p) [2u§ + (u§ — 1) cos(p)] — (1 — 3uf) sin(p)] [H (p) — H (p — 27)] } (B.44)
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which can be shown to be

dRy(p) _ A7
8

dp

+ [(27 + p) [2u§ + (ug — 1) cos(p)] + (1 — 3ug) sin(p)] [0 (p + 27) — & (p)]
+ [ (

[(2

{ [ (27 + p) ( 1) sin(p) — 2ug cos(p) + 2u3} [H (p+27) — H (p)]

(2m — p) (ug — 1) sin(p) + 2ug cos(p) — 2ug) [H (p) — H (p — 27)]
+ [27 —p) [2u§ + (u§ — 1) cos(p)] — (1 — 3ug) sin(p)] [6 (p) — & (p — 27)] } (B.45)
Evaluating the products including delta functions reveals that all terms are zero for p =

{—2m,27} and terms are zero or cancel for p = 0. Therefore, Equation (B.45) can be

simplified to

dfz;;?(m _ %ﬁm{ [ (2 + p) (ud — 1) sin(p) — 2u2 cos(p) + 2a2] [H (p+ 27) — H (p)

+ [= (27 — p) (ug — 1) sin(p) + 2ug cos(p) — 2ug] [H (p) — H (p — 27)] } (B.46)

The second derivative of Equation (B.42) can be found by taking the derivative of Equation
(B.46),

: 5;2(]9) - A?fndip{ [~ 27 +p) (u? — 1) sin(p) — 2ud cos(p) + 2u] [H (p + 27) — H (p)]

+ [= 27 = p) (u§ — 1) sin(p) + 2ug cos(p) — 2ug] [H (p) — H (p — 27)] }, (B.47)

which can be shown to be

d 5;2(10) = %{ [ (27 + p) ( 1) cos(p) + (ug + 1) sin(p)} [H (p+ 27) — H (p)]

+ [ @7+ p) (u§ — 1) sin(p) — 2ug cos(p) + 2ug] [6 (p + 27) — & (p)]
+ [ (27 —p) (ug — 1) cos(p) — (ug + 1) sin(p)] [H (p) — H (p — 27)]

+ [— (2m — p) (ug — 1) sin(p) + 2ug cos(p) — Qu?)] [0 (p) — 6 (p—2m)] } (B.48)

As before, evaluating the products including delta functions reveals that for p = {—2m,0, 27}

terms with sine functions are zero and terms with cosine functions or constants can ultimately
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be canceled. Therefore, Equation (B.27) can be simplified to

PRAp) A2,
dp? 8

+ [— (2m —p) (ug - 1) cos(p) — (u(z) + 1) sin(p)} [H (p) — H (p — 27)] } (B.49)

{ [— (27 + p) (u% — 1) cos(p) + (ug + 1) sin(p)} [H (p+ 27) — H (p)]

Equation (B.49) can be substituted into Equation (B.43),

2

Rue) = {27+ 9) (63 = 1) cosp) — (s + 1) snp)] 4 4+ 20) — )

+ [27 — p) (u§ — 1) cos(p) + (ug + 1) sin(p)] [H (p) — H (p — 2)] } (B.50)

Recalling the definition for R,,(0),

Uo o Sin (UOT)
Bn0) =] f dr. B.51
( ) ™ /—oo (7—) UgT T ( )
Substituting Equation (B.50) into Equation (B.51),
A? 0 :
Fn(0) = - { / [(2m 4+ 7) (u§ — 1) cos(T) — (u§ + 1) sin(7)] sin (uoT) dr
o —2m UgT

N /0 " (2m = ) (u2 = 1) cos(r) + (u + 1) sin(r)] L) dT}. (B.52)

ugT

Recognizing even and odd functions in Equation (B.52) and combining terms,

R, (0) = 14;"1—:’6{2/0 ’ [(2m — 7) (ug — 1) cos(7) + (u§ + 1) sin(7)] sin}f‘%ﬂ dr}. (B.53)

Separating integrals in Equation (B.32),

Ron(0) = A—gﬁ{zm (2~ 1) /0 " cos(r) I 0T)

8m T
2m
=2 (uj—1) / cos(T) sin (ugr) dr
0

+2(u2+1) /0 " sin(r) (407 dT}. (B.54)

T
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Applying product-to-sum trigonometric identities to Equation (B.54),

Rm(O) A—m{Zﬂ' (ug _ 1) /0 T sin [(UO + 1) 7'] + sin [(UO — 1) 7—] i

- 8 T
_ (u%—l)/ow[sin (g + 1) 7] + sin [(uo — 1) 7]] dr

) /27r 1 —cos[(ug+1)7] — 1+ cos[(ug — 1) 7] dr}. (B.55)

0 T

Recalling the definitions for the sine and modified cosine integrals,

b -
Si (ba) = / w dt (B.56)
0
and ,
1—
Cin (ba) = / M dt. (B.57)
0
Applying Equations (B.56) and (B.57) to Equation (B.55) and performing the remaining
integrals,
A% 2 . .
R,,(0) = . 2 (ug — 1) [Si[27 (uo + 1)] + Si[27 (uo — 1)]]
+ (ug + 1) [Cin [27 (up + 1)] — Cin [27 (ug — 1)]]
w2 — 1 2m
0
<u0 1) cos [(up + 1) 7] i
2 1 2w
+ (uo ) cos [(up — 1) 7] } (B.58)
Uy — 1 0

Evaluating the limits of integration and simplifying Equation (B.58),
A2
R, (0) = S—m{27r (ug — 1) [Si[27 (uo + 1)] + Si [27 (uo — 1)]]
7r
+ (ug + 1) [Cin [27 (up + 1)] — Cin [27 (ug — 1)]]
+ (up — 1) [cos [27 (ug + 1)] — 1]

+ (ug + 1) [cos [27 (ug — 1)] — 1] } (B.59)
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Simplifying Equation (B.59) yields the stationary autocorrelation function R,,(0) for the

cosine-squared distribution,

R,,(0) = ?—%{2% (ug — 1) [Si[27 (up + 1)] + Si[27 (up — 1)]]
+ (ug + 1) [Cin [27 (u + 1)] — Cin [2 (up — 1)]]

+ 2ug [cos (2mug) — 1] } (B.60)

B.4 Generalized Dipole Distribution

The autocorrelation function R¢(p) for the generalized dipole distribution is,

(sin [up (27 + p)], 2r<p<-—m
—2sin (ugp) — sin [ug 27 +p)], -7 <p<0
Ry(p) = AZug S 2sin (upp) — sin [ug 27 —p)], 0<p<m . (B.61)
sin [ug (27 — p)], T<p<2m
0, otherwise

\

Equation (B.61) can also be written in terms of Heaviside step functions,

Rs(p) = A?nuo{ sin [ug (27 4+ p)] [H (p+ 27) — H (p + )]

— [2sin (ugp) + sin [ug (27 +p)]] [H (p+ 7) — H (p)]
+ [2sin (ugp) — sin [ug (2m — p)]} [H (p) — H (p — )]

+sinug (2m — p)] [H (p — ) — H (p — 27)] } (B.62)

Recalling the definition for R, (p),

_ @) (B.63)
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Finding the first derivative of Equation (B.62),

dR;(p) a2 d :
i Amuod_p{ sin [ug (27 +p)] [H (p+ 27) — H (p + )]

— [2sin (ugp) + sin [ug (27 + p)]] [H (p + 7) — H (p)]
+ [2sin (uop) — sin [ug (27 — p)]] [H (p) — H (p — 7)]

+ sin[ug (2 — p)| [H (p —7) — H (p — 27)] }, (B.64)
which can be shown to be

d%ﬁ = Afnuo{w) cos [ug (27 +p)| [H (p+27) — H (p+ 7)]

+sin [ug (27 + p)] [6 (p + 27) — & (p + 7))

— [2ug cos (ugp) + ug cos [ug (27 + p)]| [H (p + 7) — H (p)]
— [2sin (uop) + sin [ug (27 + )] [6 (p +7) — 6 (p)]

+ [2ug cos (uop) + uo cos [ug (27 — p)]| [H (p) — H (p — )]
+ [2sin (uop) — sin [ug (27 — p)]] [6 (p) — 6 (p — 7))

— ug cos [ug (2 — p)| [H (p — ) — H (p — 2)]

+sinug (2m — )] [0 (p — ) — 0 (p — 2)] } (B.65)

Evaluating the products including delta functions reveals that all terms are zero or cancel

for p = {—27,0,27} and terms cancel for p = {—m, 7}. Therefore, Equation (B.65) can be
simplified to

dR;(p)
dp

= Afnuo{uo cos [ug (27 +p)| [H (p+27) — H (p + 7)]

— [2ug cos (uop) + ug cos [ug (2 + p)]] [H (p + m) — H (p)]
+ [2ug cos (up) + ug cos [ug (2m — p)]] [H (p) — H (p — )]

— ug cos [ug (27 — p)] [H (p — 7) — H (p — 27)] } (B.66)

161



The second derivative of Equation (B.62) can be found by taking the derivative of Equation
(B.66),

df—;}@ = A%Uod—p{uo cos [ug (2m + p)] [H (p + 27) = H (p+ 7)]
— [2ug cos (uop) + o cos [uo (27 + p)|] [H (p +7) — H (p)]

+ [2ug cos (uop) + ug cos [ug (27 — p)]] [H (p) — H (p — 7)]

—ugcos [ug (27 —p)| [H (p — 7) — H (p — 2m)] }, (B.67)

which can be shown to be

6125—;2(10) = Afnuo{ —ugsin [up (27 + p)] [H (p + 27) — H (p + 7))
+ ug cos [ug (2 +p)] [6 (p + 2m) — 6 (p+ 7)]
(p+m) —H (p)]
[0 (p+7T)—5( )]

J 1H
]
| [H (p) = H (p—)]
]
(

+ [2ug sin (uop) + ug sin [ug (27 + p)

(

— [2ug cos + ug cos [ug (27 + p)
(
(

]
(uop) ]
— [2u?sin (ugp) — udsin [ug (27 — p)]
+ [2uq cos (uop) +uo cos [ug (2 — p)I} [0 (p ) d(p—m)]

—ulsin[ug (27 —p)| [H (p — 7)) — H (p — 27)]

— ug cos [ug (2 —p)| [0 (p —7) — 0 (p — 27)] } (B.68)

As before, evaluating the products including delta functions reveals that for p = {—2m,0, 27}

terms with sine functions are zero and terms with cosine functions or constants can ultimately

162



be canceled. Therefore, Equation (B.68) can be simplified to

6125—;2(})) = Afnuo{ — ugsin [ug (27 + p)] [H (p + 27) — H (p + 7))
+ [2ug sin (uop) + ug sin [ug (27 + p)]] [H (p + 7) — H (p)]
— [2ug sin (uop) — ug sin [ug (27 — p)]] [H (p) — — )]
— upsin [ug (27 — p)] [H (p — 7) — H (p — 27))]

+ ugd (p + 27m) — dug cos (mug) 0 (p + )
+ [4ug + 2ug cos (2mug)] 0 (p)

— 4ug cos (mug) § (p — ) + upd (p — 2m) } (B.69)
Equation (B.69) can be substituted into Equation (B.63),

Ro(p) = Afnuo{u% sin ug (2 + p)] [H (p + 27) — H (p + 7)]

— [2ug sin (ugp) + uf sin [ug (27 + p)]] [H (p+ 7) — H (p)]
+ [2ug sin (uop) — ug sin [ug (27 — p)]] [H (p — )]
@—Qﬂ]

— upd (p + 2m) + 4ug cos (mug) § (p + )

+ugsin [ug (27 — p)] [H (p — 7) —

— [dug + 2ug cos (2mug)] 0 (p)

+ 4ug cos (mug) § (p — ) — upd (p — 2m) } (B.70)

Recalling the definition for R,,(0),

R, (0) = Uy /°° RR(T)sin (ugT)

™

dr. (B.71)

UgT

163



Substituting Equation (B.70) into Equation (B.71),

R (0) =

Ryu(0) =

2
A2 vl

2,2
Amuo

7

{uo / 7 sin [uo (27 + 7)) S0w0T)

o UoT

— u%/ [2sin (ugT) + sin [ug (27 + 7)]] sin (uor) dr

ugT
+u / [2sin (upT) — sin [ug (27 — 7)]] sin (uo7) dr
0 UoT
27
+ ug / sin [ug ( W—T)]M dr
UoT
uo/ d(T+2rm sm (UOT) dr
0o UoT
+ 4w cos (mup) / (T4 m) sin (uor) dr
oo UoT
— [4ug + 2ug cos (2mug)| / d(7) w dr
—00 0
+ 4uyg cos (mug) / d(r—m) sin (uor)
oo UoT
- uo/ d (T —2m) sin (uor) dT}. (B.72)
—o UoT
Recognizing even and odd functions in Equation (B.72) and combining terms,
2uf, [ 2 (uar) —sin o (27— )] 0
uf; in (ugm infug (27 — 7 o T
P 2 sin (ugT)
+ 2uf sin [ug (27 — 7)] ———= dt
UGT
— %/ (T +27) ——— sin (uor) dr
+4%cos(7ru0)/_005(7'+7r)su;f‘%7) dr
— [dug + 2ug cos (2mug)| / o (1) w dr
—00 0
+4%cos(7ru0)/_006(7—7r)8m;‘%ﬂ
—%/wé(T—Qw)SIZE‘%T)dT}. (B.73)
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Recalling the sifting property of the delta function,
| - do = fla)

Applying Equation (B.74) to Equation (B.73) and separating integrals,

2 2 T 2
Rm<o>_Am“o{4uo / sin” (uo7) -
0

™ T

— 4uy / sin [ug (2m — 7)] sin (uo7)
0 T
2T :
+ 2u0/ sin [ug (2m — 7)] sin (uo7) dr
0
_sin (A2mug)  sin (2mug)
A2m 27

A s
— [4ug + 2ug cos (2mug)| }

T

+ 4 cos (mug)

sin (7ug)

(B.74)

(B.75)

Applying power reduction, angle difference, and product-to-sum trigonometric identities to

Equation (B.75),

2,2 T _
R, (0) = Ao {QUO/ M dr
0

s T

™ : 2
— 2ug sin (27T’LL0)/ sin (2uo7) dr

0 T

11— 2
+ 2uq cos (27Tu0)/ 1= cos (2uo7) dr

0 T

2
2
+ g sin (27uyg) / sin (2uo7) dr
0 T
27
1-— 2
— g COS (27ru0)/ 1= cos (2uo7) dr
0 T
_ sin (27uo)
T
sin (7mug)
+ 8cos (mug) ——=

— [dug + 2uq cos (2mup)] }
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Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = / ’ Smf@t) dt (B.77)
nd _ b1 — cos (at)
Cin (ba) :/ — dt. (B.78)

Applying Equations (B.77) and (B.78) to Equation (B.76) and rearranging yields the stationary

autocorrelation function R,,(0) for the generalized dipole distribution,

2,3
Amuo

™

sin (mug) 4

R,,(0) = {QCin (2mug) + 8 cos (mup)

TTUQ
— cos (2mug) [Cin (47ug) — 2Cin (2wug) + 2]

+ sin (27u) {Si (47uo) — 281 (2mug) — i} } (B.79)

TTUQ

B.5 Triangular Distribution

The autocorrelation function R¢(p) for the triangular distribution is,

;

up (2w + p)° +6 (2w +p) —2m<p< -
u%(47r3—67rp —3p)—127r—18p, —T<p<O0
A2
Ry(p) = 6_7:; ug (47r3 — 6mp? + 3p ) —12n+18p, 0<p<nm . (B.80)
ug (27 —p)* +6 (2w —p) T<p<2m
0, otherwise

\

Equation (B.80) can also be written in terms of Heaviside step functions,

?_7:73{ [u3(27r+p)3+6(27r—|—p)} [H (p+27) — H (p+ )]

Ry(p) =
+ [ug (47° — 67p* — 3p*) — 127 — 18p| [H (p+ ) — H (p)]

+ [ug (47° — 6mp* + 3p®) — 127 + 18p] [H (p) — H (p — 7)]

+ [ug (27 — p)?+6(2m — p)][H(p—7)—H(p—2m)] } (B.81)
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Recalling the definition for R, (p),

_&Ry(p)

(B.82)

Finding the first derivative of Equation (B.81),

dfz;;?(]?) _ %dip{ K (27 4+ p)® +6 (27 +p)| [H (p+27) — H (p+ )]

+ [u§ (47° — 6mp® — 3p®) — 12w — 18p| [H (p + 7)) — H (p)]
+ [uf (47° — 67p* + 3p®) — 127 + 18p] [H (p) — H (p — 7))

Flder - o er -] p-m - Hp-20] | (B8

which can be shown to be

dRs(p) _ A3,
dp  6m2

[3u (27 + p)? + 6] [H (p +27) — H (p + )]

w2 (2m 4+ p)* +6 (27 +p)] [8 (p+ 27) — 8 (p + )]

ug (—127p — 9p®) — 18] [H (p+ ) — H (p)]

(47% — 6mp* — 3p®) — 127 — 18p| [0 (p + ) — 0 (p)]
(—127p +9p*) + 18] [H (p) — H (p — 7))

u (47r3 — 6mp? + 3p3) — 127 + 18p} [0 (p) —9d(p—m)]
303 (27 — ) — 6] [H (p — 7) — H (p — 27)]

2
0
2
0
2
Ug
2
Ug

2

0

+ o+ o+ + + +

— o/ o 1 1 1

I
S

@2r—p)’+62r—p)|[0p—7)—3(p—2r) } (B.84)

Evaluating the products including delta functions reveals that all terms are zero or cancel

for p = {—2m,0,27} and terms cancel for p = {—m, 7}. Therefore, Equation (B.65) can be
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simplified to

—dP:jf;p) = %{ [Bug (2 + ) + 6] [H (p+27) — H (p +7)]
— [u2 (127p + 9p°) + 18] [H (p + =) — H (p)]
+ [ug (—127p + 9p®) + 18] [H (p) — H (p — )]

— [3ud (2m —p)* + 6] [H (p — ) — H (p — 27)] } (B.85)

The second derivative of Equation (B.81) can be found by taking the derivative of Equation
(B.85),

PRAE) 2 L] 58 6] (1 20) ~ H )
— [u? (127p + 9p?) + 18] [H (p + 7) — H (p)]
+ [u2 (—127p + 9p*) + 18] [H (p) — H (p — )]
— [3ud (27 — p)* + 6] [H (p— 7) — H (p — 2)] } (B.86)

which can be shown to be

+ [30 (27 +p)° + 6] 5 (0 + 27) = (p + )]
— g (127 + 18p) [H (p+ ) — H (p)]

— [u? (127p+ 9p*) + 18] [8 (p + ) — 6 (p)]
—uj (127 — 18p) [H (p) — H (p — )]

+ [ (—12mp + 9p°) + 18] [5 (p) — 8 (p — )
+ 6ug (27 — p) [H (p — 7) — H (p — 27))]

— [3ug (2m —p)* +6] [0 (p—7) — 5 (p — 27)] } (B.87)

Evaluating the products including delta functions reveals that terms are zero or cancel for

p = {—2m,0,27} and terms cancel for p = {—n,n}. Therefore, Equation (B.65) can be
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simplified to
*Ry(p) _ AL,
dp? 672
—ug (127 + 18p) [H (p+ ) — H (p)]
—ug (12 — 18p) [H (p) — H (p — )]
+6ug (2m —p) [H (p—7) — H (p — 2m)]

{GU3 (27 4 p) [H (p+ 27) — H (p + )]

+ 66 (p+ 2m) — 240 (p+ ) + 368 (p) — 240 (p — ) + 65 (p — 2m) } (B.88)

Equation (B.88) can be substituted into Equation (B.82) and simplified,

Rol) = 2~ 2+ ) 1 (0 20— H 4 )
+ug (27 4 3p) [H (p+ ) — H (p)]
+ug (2m — 3p) [H (p) — H (p — )]

—ug (2 —p) [H (p— 7) — H (p — 2n)]

—(5(p+27r)+45(p+7r)—65(p)+45(p—7r)—5(p—27r)}. (B.89)

Recalling the definition for R,,(0),

U sin (upT)

Ra0) =2 [ R0

dr. (B.90)

™ UoT
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Substituting Equation (B.89) into Equation (B.90),

2 —m :
R,u(0) = Am““{ — / (2 4+ ) SL0T)

3 o UgT

0 .
—l—ug/ (27T+3T)Md7'

UgT

—T

—|—u3/ (27‘(‘—37’)M dr
0 UoT

2m .
_ug/ (QW_T)MCZT

UogT
- d (14 2m) sin (uor) dr
oo UoT
+ 4/ 6 (T4 m) sin (uor) dr
oo UgT
> sin (ugT)
-6 0(r) ————=dr
oo UpT
+ 4/ d(r—m) sin (uor) dr
o0 UoT
- / d (T —2m) sin (uo7) dT}. (B.91)
— o UpT

Recognizing even and odd functions in Equation (B.91) and combining terms,

R,,(0) = Nm—gm{ng /07r (2w —37) sin (uor) dr

3 UGT
2T :
—2ug/7T (2%—7)8111;‘%7) dr
— /OO d (14 2m) St o) (uo7) dr
s UGT
—|—4/005(T+7T)M dr
5o UGT
- 6/00 5 (r) s1n}£;t7(_)7') dr
+ 4/:: d(r—m) —Sin}f;:ﬂ dr
—/Z5(T—27T)Sin;‘%7) dT}. (B.92)
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Recalling the sifting property of the delta function,
/ 5(z —a) f(z) dz = f(a). (B.93)

Applying Equation (B.93) to Equation (B.92) and separating integrals,
A? ™ si
R,n(0) = _gn{47mg / sin (o) 4,
T 0 T

—6u(2)/ sin (uoT) dr
0

2 -
g / sin (uoT)
0 T

+ 47ru(2) /” —sin (o7) dr
0

T

2m
+2u§/ sin (upT) dr
sin (A2mug)  sin (2mug)

A2m 2
sin (A 7mug) sin (mup) "
L R 6 0}. (B.94)

Recalling the definition for the sine integral,

Si (ba) = /0 ’ Smiat) dt. (B.95)

Applying Equation (B.95) to Equation (B.94), performing the remaining integrals, and
simplifying,

A2
R, (0) = W—?{SwugSi (mug) — 4mudSi (27ug)

+ 6ug cos (ugT)

0
2

— 2ug cos (ugT)

™

_ 2sin (2mug) n 8 sin (7ug) _ 6u0}. (B.96)

21 ™
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Evaluating the limits of integration in Equation (B.96),

A2
R.,(0) = W—?{Swugsi (mug) — 4mudSi (27mug)
+ 6ug [cos (mug) — 1]

— 2uyg [cos (2mug) — cos (Tug)]

_ 2sin (27uo) N 8sin (mug) 6u0}.
2m m

(B.97)

Simplifying Equation (B.97) yields the stationary autocorrelation function R,,(0) for the

triangular distribution,

u {87Tu081 (mug) — 4mupSi (2mug)

8sin (mug)  2sin (2muy)

TUg 2T U

+ 8 cos (mug) — 2 cos (2mug) — 12}. (B.98)

B.6 Uniform Distribution

The autocorrelation function Ry(p) for the uniform distribution, written in terms of

Heaviside and ramp functions, is,

Ry(p) = Afn{ 5 (p 4+ 27) — 26 (9) + 6 (p — 27)

+ud [R(p+27) — 2R (p) + R (p — 27)] } (B.99)

Recalling the definition for R, (p),

(B.100)
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Finding the first derivative of Equation (B.99),

de(p)_ o d
10 g, {0 2m) 255) 43— 2m)

+u2[R(p+21) — 2R (p) + R (p — 27))] } (B.101)

which can be shown to be

dRy(p)
dp

_ Afn{ 5 (p+27) — 25 () + & (p — 2]

+ud [H (p+27) — 2H (p) + H (p — 27)] } (B.102)

The second derivative of Equation (B.99) can be found by taking the derivative of Equation
(B.102),

dZR (p)_ 9 d , / /
d}; _Amd_p{ [0 (p + 27) — 26" (p) + & (p — 2n0))]

+ud [H (p+2m) — 2H (p) + H (p — 27)] } (B.103)

which can be shown to be

d*Ry(p)
dp?

_ A%;{ 8" (p+ 27) — 26" (p) + 6 (p — 27)]

+ud [§ (p+27m) — 26 (p) + 6 (p — 27)] } (B.104)
Equation (B.104) can be substituted into Equation (B.100),

R, (p) = —A?n{ [0" (p 4 2m) — 26" (p) + 0" (p — 2)]

+ud [0 (p+27m) — 25 (p) + 6 (p — 27)] } (B.105)

Recalling the definition for R,,(0),

dr. (B.106)



Substituting Equation (B.105) into Equation (B.106),

A2 0 :
R,u(0) = -2 { / 5" (7 + 2m) 0T (o) dr
T oo UoT
-2 /OO 6" (1) sin (uo7) dr
—00 UoT
+/ 5”(7‘—27‘(‘)M dr
PN UoT
+u(2)/ 5(T+27T)Md7
— o0 UgT
e sin (uoT)
— 2u} 0(1) ————=d
o /—oo (T) UoT ’
+ ug/ 5 (r — o) S0(0T) dT}. (B.107)
o UoT
Recalling the sifting property of the delta function,
/ 5(z —a) f(z) dz = f(a). (B.108)

Also, integrating a function with the second derivative of the delta function yields the following
sifting property,
/ 8" (x —a) f(x) de = ["(a). (B.109)

o0
As such, it is necessary to determine the second derivative of the sinc funciton, which can be

shown to be

d? Tsin(uer)] _ (2 = ugr?)sin (uoT) — 2ugT cos (ug7) (B.110)
dr? UpT N UeT3 ’ )
Applying Equations (B.108), (B.109), and (B.110) to Equation (B.107),
R (0) = Al [ [ (2 = 4Ar%ug) sin (2mug) — dmug cos (2mug)
mAs T m3ug
Ly (2 — udr?) sin (ugT) — 2ugT cos (upT)
UOTS 7=0
N (2 — 472u2) sin (2mug) — 4mug cos (2mug)
87T3UO
osin (A#2mug)  ,sin (27ug) 9
-2 . B.111
0 /27T'LLO Ho 27TUO Ho ( )

174



Combining terms in Equation (B.111),

R, (0) A g 5 (2 — 472ud) sin (2mug) — 4mug cos (2mug)
™ 8m3ug
9 _ 2272 9
-2 |:( uol’:gT _) sin (UOT) — ﬁ CcoSs (’LL()T):| »
sin (27ug)
+ 2“(2)—27% - 2u§}. (B.112)
Recalling the Taylor series expansions for sine and cosine,
2 2
sin(z) =z — op + oy — (B.113)
and 2 )
x x
cos(x) :1—5 T (B.114)

Applying Equations (B.113) and (B.114) to Equation (B.112),

Ry (0) = _ AL 9 (2 — 4m?ud) sin (27ug) — 4mug cos (2mug)
T 8m3uyg
_9 (2 —ugr?) B udTd  ugT? B
upT? ’ 3! 5! s
2 2 44
DY B P AU
7_2 2‘ 4‘ =0
sin (27ug)
T ngTuo - ng}. (B.115)

Canceling terms in Equation (B.115),
2) sin (2mug) — 4mug cos (27Tu0)]

A2 ug (2 — 472u
Ry (0) = ——2—42 .

(©) T { [ 8m3uy

5 (2 —udr?) [ug uy = udr?

U 2 3l 5! =0

+14 i_u_g u(2)7_4_...

T2 2! 4! -0

in (2
| 2B (2mio) —2u3}. (B.116)
TTUQ
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Excluding higher order terms in Equation (B.116) and combining the remaining terms,

R, (0) = _Afnuo {2 [(2 — dm?ul) sin (2mug) — 4mug cos (2’/T’LLO):|

T m3ug
2 4 4 ugr?
2 2 2 0
R LA R e 5 |
in (2
r 22l (B.117

Canceling terms in Equation (B.117) and performing the remaining evaluations for 7 = 0,

R (0) = Ao {2 [(2 — 4r?ud) sin (2mug) — 4mug cos (27ru0)1

T 87’(’3160

sin (2mug)  4ud
ug———— — —0 5, B.118
+ 2 2T ug 3 ( )

Simplifying Equation (B.117) yields the stationary autocorrelation function R,,(0) for the

uniform distribution,

Ry, (0)

_ 2A2 ug {cos (2mug)  sin (2muo) i 2_“3} (B.119)

T 272 473y 3
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APPENDIX C

Derivations for the Radiated Power of a Scanning Line Source

This appendix presents the detailed derivations of the autocorrelation functions
used to determine the radiated power for a scanning line source radiator. The derivations
were performed for the half-wave dipole, cosine, cosine-squared, uniform, and triangular

distributions.

C.1 Half~-Wave Dipole Distribution

The autocorrelation function R,(p) for the half-wave dipole is,

(27 + p) cos (g) — 2sin (g) < p<0
Ry(p) = —=* 1 (27 — p) cos (g) + 2sin <g) , 0<p<2m . (C.1)

0, otherwise
Finding the first derivative of R,(p):

(2 + p) cos (‘g) — 2sin (g), 27 <p<0

/ A72n d p . (P
R, (p) = 2 (2 — p) cos <§> + 2sin (5) , 0<p<2m ; (C.2)

0, otherwise
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where

o (3)- (2520 ) - (2)

AQ
_ m 2m — .
Ry(p) = T ) —cos <§> — ( 7r2 p) sin (g) + cos (g) , 0<p<2r >
\O, otherwise
which can be simplified to be
<—E—7T> sin (E), 21 <p<0
, 2 2
B =750 (G-r)am(5). o<ps
g(p) 9 2 7 ) sin 5) 0<p<2m
0, otherwise
Recalling the autocorrelation function Rs(p),
—sin(z—j), 27 <p<0
A2 2
Ry(p) = " sm(z—)), 0<p<2m
2 2
0, otherwise

Recalling the definition for Eh(O),

Eh(O)—uo{/m Ry (7) sin [(uo + @) 7] dr+/oo Ry (1) influo = a)7]

2 oo UgT 00

ot [ R (0) sin [(uo + ) 7] ir—a® [ Ryt

0o UpT 0o
+2a / R () ot 4, / R,
—o0 UoT —o0
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sin [(up — ) 7]

)

UgT

cos [(ug — ) 7]

(7)

ugT

dr

(C.3)

(C.4)



Substituting Equations (C.1), (C.4), and (C.5) into Equation (C.6),

B (0) = Afnuo{ B /0 i (Z) sin [(uo + a) 7] dT+/027rSiIl (g) sin [(ug + ) 7] 0

2 UoT UoT

- /; sin (%) sin [(“50; ks I /027r G (%) sin [(UEO; 7]

-
2

-

2 uyT

T\ cos [(ug — «
n (7) ello o))
-

2

+
[\
o
N
o
3
A /N A
ROl NI o)
|
3
~
&, .
=
A/~ N

T
UgT

_ % /027r (% - 7r) sin ( ) cos [(“;0; a)7] dT}. (C.7)

Recognizing even and odd functions in Equation (C.7) and combining terms,

R (0) = ‘42’”—}"6{2/027r sin <Z> sin[(uo + o) 7] -

4 2 UgT
—1—2/27r sin (;) sin [(U;é; )7l dr
— 2a? /0 27T—7' ) cos >+281n (;)] sin Kl;j;; )] dr
— 2a? /027T 27 — T) cos >—|—281H (72—)] sin [(126; o) 7] dr

N

X

/ ) cos | uo + a)
- — 7r sin dr
0
4a/ - — 7T sin > [(uo — a) T}. (C.8)

+
W
o
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Combining terms in Equation (C.8) and inserting uy = % for the half-wave dipole,

Ry, (0)

AQ

T drm

sin [(% + a) T}

{2 (1 - 202 /O% sin (5 -

L2 (1-20) /O%Sin (%) sin [(5 — @) 7] Ir

27 : 1
B 9 T\ sin [(5 + a) 7'}
4o /0 CoS (2) - dr
27 : 1
Y T sin [(3 — @) 7]
4o /0 CoS <2> - dr

T
T
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Applying product-to-sum trigonometric identities to Equation (C.9),

Ry, (0)

2
m

:47r

{ (1 - 202) /027r cos (ar) — cos [(1 4+ «) 7] ir

L (122 /2” cos (at) — C70_S [(1—a)T] ir
o /2” sin [(1 + oz):] + sin (a7) i
Cora? /27r sin [(1 — a);’] — sin (o) .

+ 042/0 ' [sin [(1 + «) 7] +sin (a7)] dr

+a? /0 " sin [(1 = a) 7] — sin (a7)] dr
/27r sin[(1 + «) 7] — sin (aT) g

0

/27r sin[(1 — «) 7] + sin (a71) p

— 21

T

+ 21y

+a /0 " sin [(14 ) 7] — sin ()] dr

_ a/oh fsin [(1 — a) ] + sin (a7)] dT}.

181

(C.10)



Collecting and canceling terms in Equation (C.10),

Ry, (0) &{ (1_2a2)/0Wl—cos[(1+a)r]—1_|_cos(a7-) o

:47r T

N (1—2042) /2”1—608[(1—00:]—1—|—cos(a7') gr

o2 /2” sin [(1 4 «) 7] —;sin (1—a)7] ir

2m
—|—a2/ sin[(1+a) 7] dr
0

+a2/0 7rsin[(l—Oé)T] dr
/% sin [(1 + a) 7] — 2sin (ar) —sin [(1 — a) 7]

T

dr

— 21«
+0z/027rsin[(1+04)7'] ir

~ % /0 i (ar) dr

—a/o%sm[u—am dT}. (C.11)

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = /D ’ Sinfat) dt (C.12)
and
Cin (ba) = /0 bl_%s(“t) dt. (C.13)
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Applying Equations (C.12) and (C.13) to Equation (C.11) and performing the remaining

integrals,

2

j%m):%m{@—QMXAﬂ@mpﬂﬂ+aﬂ—2&n@m@+0mpﬂﬂ—am

—2ma® [Si[27 (1 + )] + Si[27 (1 — @)]]
—2ma [Si[27 (1 + a)] — 251 (27mar) — Si 27 (1 — «)]]

2 2m
—1+acos[(1+oz)7'] )
2 2w
—1_acos[(1—a)7] i
27
—1+acos[(1+oz)7'] )
2
+ 2cos (aT)
a ’ 27
+1_acos[(1—oz)7'] ) } (C.14)

Evaluating the limits of integration and simplifying Equation (C.14),

R, (0) éﬂ{0—2&)mmpwa+aﬂ—2&ngmo+cmpwu—am

e
— 2 [Si[27 (1 + a)] + Si[27 (1 — o)]]
— 2o [Si27 (1 + )] — 281 (27a) — Si[27 (1 — )]

2

[cos 2 (1 + a)] — 1]

I+«
- 10:@ [cos 27 (1 — )] — 1]
- 1+a[cos[27r(1+a)]—1]
+ 2[cos (2ma) — 1]
+ 1f‘a lcos [27 (1 — )] — 1] } (C.15)
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Simplifying Equation (C.15) yields the stationary autocorrelation function R, (0) for the

half-wave dipole,

2

Ry, (0) = A { (1 —20%) [Cin[27 (1 4+ a)] — 2Cin (27a) + Cin 27 (1 — «)]]

T 4m
—2ma? [Si[27 (1 + )] + Si[27 (1 — @)]]
— 21 [Si27 (1 + «)] — 251 (27a) — Si 27 (1 — «)]]

+ 2 [cos (2ma) — 1] } (C.16)

C.2 Cosine Distribution

The autocorrelation function R,(p) for the cosine distribution is,

(27 + p) cos (g) — 2sin <§), 21 <p<0

Ry(p) = —=* { (27 — p) cos <g> + 2sin (g) , 0<p<2m . (C.17)
0, otherwise

Finding the first derivative of Ry(p):

(27 + p) cos (g) — 2sin (g), 27 <p<0

A2 d
R,(p) = 7md_p (27 — p) cos <§> + 2sin (g) , 0<p<2m ; (C.18)
0, otherwise
where
( 2
oS (1—)) _ (It sin (]—)) — COos <1—9> , —2r <p<0
) 2 2 2 2
Am J—
Ry(p) = 2 o (;_a) (T -p (E) + cos (L’) C0<p<or (C.19)
2 2 2 2

L0, otherwise
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which can be simplified to be

27 <p<0
w -4 (G- (). s
g(p) 9 2 7 ) sin 5) 0<p<2m
0, otherwise

Recalling the autocorrelation function Rs(p),

(C.20)

( 1 . 1 2T +
— <4—|—u(2)> sm(g) - (4—u(2)> < 7T2 p) COS(E>’ —2r<p<0
Ry(p) = A7 <le + u%) sin (g) — <i - u%) <27r2p> cos (g) , 0<p<2r
kO, otherwise
Recalling the definition for Ry (0),
~ u o sin [(up + a) T o sin [(up — ) T
R0 =g { [* et ] gy [ gy ol )]
5 [ sin [(ug + a) 7] 5 [ sin [(up — «) 7]
-« R, (1) o dr — o R, (1) e dr  (C.22)
. 0 —oo 0
+ 2@/ R, (1) o8 [(U;f j_— o)7] dr — 2a/ R, (7) o8 [(Ui ; )] dT}.
o 0 —o 0
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nto Equation (C.22),

nd (C.21) i

Substituting Equations (C.17), (C.20), a

(C.23)

-
= =
- ]
= 5 — 5
S| A —
+ - S =
/mo\u 3 _ & 3
= + SIS
i= SIS = |3
2 S = S
= = =
_ .m _|_n
S e\ BN 5]
(_Jﬂn//ﬂ_J = = =
%) A~ . S 3 S 3
3 K - e — — _— —_—
~— 3 ~— & [ =
VRS w0 (S} w0 - —~ - —~
= Q  —_ 9 3 3 S 3
) )
+la ~ +l= + &
o — ol s T ol S -
Sl s Tlevp S|F S1F 5|7 S|F .
\I/W ~— & = i= §= g 5 &
N N 0 2 %) S 3 s ]
u ()(_J —_— — — — . — .
) — . &= & &
| \l/ U AN R N (SN T_Q\W/ —~ \W/ o
— < % _ e~ — 3 S
~— | == = k= tly + s 1y
12 =) o
| —iw — i+~ N ™ Q(U/Wu(u\u(u\u
N N——— | N———— _ _ —_ = _ =
L @m L mm e é :
o A~~~ N a —
RN R — — Tia (& T Oa
— = ~— 2 /l\ . )
N s — o o o
TR E v oo v 72 04 2 F
—_ < QUO + QUO + | + | = T & \W)
~ I = 3 n(mx & n/mx IS + _ + _
[ 1_4(1_4 [ _“_ [ _“_ S I SO YN TR S e B S N
I ~— ~— — ~—

/'\ | N——

a1 QD

w/ ////
{///a_Q sl g e a_Q////
X + + + _ _ _ _ _ + + _
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Recognizing even and odd functions in Equation (C.23) and combining terms,

y {2§W K%“@ - (%) B G_ug) (%2_7) o <g>]'sm[(2; Tl o
o (G- () ()] = o

- a2/0 ' [(27r — T) cos (g) + 2sin (g)] sin [(Zﬁﬁi a)7] dr

— a2/0 [(277 — T) cos (%) + 2sin (%)] o [(120; @) 7] dr

+ 2a/0 (g — 7T) sin (g) o8 [(ZZ;_ )] dr

- 2a/0 <% - 7T> sin <%> &8 [(ZLZG; a)7] dT}. (C.24)
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Combining terms in Equation (C.24),

~ A? 1 o i
Ry, (0) = 2_:{2 (1 + ug — oz2) /0 sin (%) = [(UOT+ )] dr
1 2 : _
+2 (Z k- oﬂ) / sin (g) s KUOT 7l 4
0
1 2 :
— 27 (1 —up + 042) / cos <g> sin [(to + @) 7] dr
0 T
1 2m 7\ sin [(ug — a) 7]
—9 =42 2 o d
w(4 uo—l—oz)/o cos<2> . T
1, 2) /2” T .
+ |- -yt cos | = ) sin [(uo + ) 7] d7
(1-+a) [ eos (3)sinlwa )7

n Gl w4t oﬂ) /027r cos (g) sin[(ug — a) 7] dr
~ana [ (3) el
(

) cos [(ug — ) 7] ir

T

)
)cos (o — @) 7] dT}. (C.25)
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Applying product-to-sum trigonometric identities to Equation (C.25),

Eh(o):A_gn{ (1+ug_a2) /%COS[(UOJFO‘_%)T} —cos [(uo+a+3)7] dr

2 4 T
2w _ _ 1 _ _ 1
+(1+ug_az)/ cos [(up—a—3)7] —cos[(u—at3)7]
4 0 T
_W(l_ug+0[2>/Q“Sin[(uojLa—i-%)T}+sin[(uo+a—%)ﬂ "
4 0 T
_W(l_ug+a2>/Qﬂsin[(uo—oH—%)T}—l—sin[(uo—a—%)T] "
1 ; ;
1 /1 2 2 I 1 ) 1 p
—|—§ Z_u0+a /0 sin uo+a—|—§ T| + sin u0+a—§ T T
1 /1 2 2 I, 1 ) 1 p
—|—§ Z_u0+a /0 sin uo—oa+§ 7| +sin uo—a—§ T T
. 7 sin [(up + o+ 3) 7] —sin [(uo + a — 1) 7] .
0 T
+7ra/2”sin[(uo—a+%)ﬂ—Sin[(uo—a—%)T] "
0 T

[ (e b))
S ) B b ISR
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Collecting terms in Equation (C.26),

N 2 2m 1 _ 1 — 1
Rh(O):h{(ug—QZ—kl)/ 1—cos[(uo+a+3)7] —1+cos [(uo+a—3)7] 0
0

.
+(ug_a2+}l)/02”1—005[(u0—a+%)7];1+cos[(u0—a—%)7} "
+7r(u(2)—a—a2—i>/OQWSID[(uO+Ta+ 2)7 }dT
+w(u3+a—a2—i> OQ’Tsin[(qurTa—%)ﬂ dr
+7r(u(2)+a—oc2—%l>/O%Sin[(uo_TajL%)ﬂ dr
ce(iar 1) [inllnmambi]
L[ o 1\ [T 1

_§<u0—a—o¢ _Z_l>/0 sin (u0+a+2)7' dr
—%(u%—i—a—o}—}l)/ﬂ%sin (u0+a—%)7 dr
—%(u%—i—a—oﬁ—}l)/jﬂsin (uo—a—i—;)T dr
_%(ug—a—oﬂ_}l) /:”sjn_(uo—oz—%) | dT}. (C.27)

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = /O bw dt (C.28)
and
Cin (ba) — /0 bl_%sw) dt. (C.29)
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Applying Equations (C.28) and (C.29) to Equation (C.27) and performing the remaining

integrals,

R =2 (- 1) [om [or (v 3)] - for (v +a- 1]
(e ) fonoe oo 2] oo (100 1]

o (s 0 2)] 58 o (s )]

5o (s 1)) i for (s 1|

1(u3—a—a2—z) < 1) 127
+ 3 T cos |[(up+a+ < |7
2 (w+a+i) I 2) 1,
2 _n2_1 B 2T
+1(u0+a a 4)008 (Uo—i—a_l)T
2 (u0+a—§) I 2) 11,
2 _n2_1 B 7 127
+1(u0+oz a 4)008 (Uo—oz-i-l)T
2 (UO_CY+§) L 2 1o
1(11%_04—0[2—411) _< 1) I 271'}
—|—§ (uo—a—%) cos_ u—a—g 7'_ o (C.30)
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Evaluating the limits of integration and simplifying Equation (C.30),

ﬁh(O)Z%{ (US—a2+i) [Cin {% (Uo'f-a—i-%)} — Cin {QW <u0+a—%)H
+ (u%—a%i) [Cin {% (uo—a+%)] — Cin [27T (uo—a—%)H
+7r(u(2)—04—042—}1) {Si [27r(u0+a+%)} + Si [27r (uo—a—%)”
+W(ug+a—a2—i> [Si {% (u0+a—%)] + Si {% (uo—a—l—%)H

[cos [2m (ug + )] + 1]

uy + o — 5 [cos [27 (up — av)] + 1]

(w=a-3)
<w—a+%)mmmmw+an+u
(10a-3)

N~ NI~ NI~ N

<%+a+%>mﬁmmw—an+u}. (C.31)

Simplifying Equation (C.31) yields the stationary autocorrelation function Eh(O) for the

cosine distribution,

ﬁh(()):%{ (uQ—a + )[Cln[2w(uo+a+ )}—Cin{%r(uo%—a—%)”
(s ) e or (s 1)) ~cinor (s )]
o (imamar2) fsfoe (o 2] st for (i 1)
b ra-a=1) [sifor (wea-gz)] +8ij2r (w-at3)]]

— (ug — @) cos 27 (ug + )] — (up + @) cos [27 (ug — a)] — QuO}. (C.32)
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C.3 Cosine-Squared Distribution

The autocorrelation function R,(p) for the cosine-squared distribution is,

(27 4 p) [2 + cos(p)] — 3sin(p), —27 <p<0
A,

R, (p) 3

(21 — p) [2 + cos(p)] + 3sin(p), 0<p<2r

0, otherwise

Finding the first derivative of R,(p):

(27 +p) [2 + cos(p)] — 3sin(p), —2r <p<0

A2 d
Ry(v) = 5" g5 | 27— p) 2+ cos(p)] + 3sin(p), 0<p<2m
0, otherwise
where
2+ cos(p) — (2w + p)sin(p) — 3cos(p), —21<p<0
A2
Ry(p) = —* | =2 — cos(p) — (27 — p)sin(p) + 3cos(p), 0<p<2r ;
0, otherwise

which can be simplified to be

— (p+2m)sin(p) — 2cos(p) +2, —2r<p<0
A2
Ry(p) = ?m (p — 2m) sin(p) + 2 cos(p) — 2, 0<p<2r

0, otherwise

Recalling the autocorrelation function R(p),

(27 + p) [2uf + (u§ — 1) cos(p)] + (1 — 3ug) sin(p), —27r <p<0

- a7 (27 — p) [2ug + (u§ — 1) cos(p)] — (1 — 3ug) sin(p), 0<p<2r

Ry(p)

0, otherwise
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Recalling the definition for Rj(0),

B, (0) =0 { /Z Ry (ry Sl ta)r] /Z Ry () Sl = )7]

o

_o? / Z R, (r) 0 K"Zi; V7] gy o2 / Z R, (7) Sm?%ﬂ D7l 4 (C38)
1 20 /_ Z R (7)< [(f; VT 4 94 /_ Z R (7)< [(Q:jo; a)7] dr}.

Substituting Equations (C.33), (C.36), and (C.37) into Equation (C.38),

Fuo) =
y { / Z [(2m 4+ 7) [202 + (12 — 1) cos(r)] + (1 — 3u2) sin(r)] 2 [(“5; 071
+ /O T @r— ) 22+ (42 — 1) cos(r)] — (1 — 3u) sin(r)] 2 [(“soj 7 4
n /_ Z (27 +7) [262 + (2 — 1) cos(r)] + (1 — 32) sin()] 22 [(“50; V7] 4
+ /0 T l@r— 1) 268 4 (12— 1) cos(r)] — (1 — 3u) sin(r)] 2 [(“;0; 7y
_ / ; (27 + 7) [2 + cos(7)] — Bsin(r)] 2 [(“5; 7l
— o’ /0 7 ((2r — 1) 2 4 cos(r)] + 3sin(r) 2 K“{Zﬂj 7] 4
o /_ ; (27 + 7) 2 + cos(7)] — 3sin(r)] 22 [(“50; 7 g
_a? /0 (27 — 1) [2 + cos(r)] + 3sin(r) 2 K“;zo; 7y,
9 /_ ; [(7 + 27) sin(r) + 2 cos(r) — 2] [%’Oj 7 g
+ 24 /O " (7 — 2m)sin(r) + 2 cos(r) — 2] [(1:30: 7y,
+ 20 / ; (7 + 27) sin() + 2 cos(r) — 2] —— K“ljo; 7]y,
~ % /0 " (7 — 2m) sin(r) + 2 cos(r) — 2] =2 KZ“O; o) 7] df}. (C.39)
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Recognizing even and odd functions in Equation (C.39) and combining terms,

R, (0) = %“
x {24r (2 — ) [2u2 + (u2 = 1) cos(r)] — (1 — 3ud) sin(T)].Sln [(12;; V7] 47
2 /0 z[izﬂ — ) 26+ (i — 1) cos(r)] - '(1 ~ 342) sin(r)] [(@% )7 4
P / (27 — 7) [2 + cos(7)] + 3 sin(7)] ST“ Wﬁ; 7 4
P /‘; 27— 1) [2 + cos(r)] + 3sin(r)] 22 [(726; 7l 4
+4oz/027r (7 — 27 sin(r) + 2 cos(7) — 2] < W;j; )7 g,
4a/0 (7 — 27) sin(r) + 2 cos(r) — 2] <2 W;; o) 7] dT}. (C.40)
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Combining terms in Equation (C.40),

Ry (0) =

2

167

{877 (12 — a?) /027r sin [(ug + @) 7] 0

T

+ 87 (u2 — a?) /027r sin [(ug — a) 7] dr

T

+ 47 (ug — o® — 1) /o ’ cos(T)Sin [(uo + @) 7] dr

T

+ 47 (uf — —1)/07rcos(7)8in[(uo_&)7] dr

T

—2(uj—o® — 1) /0 ' cos(7) sin [(ug + a) 7] dr
-2 (uy—o® — 1) /0 ﬂcos(T) sin [(up — ) 7] dr

2w :
+2 (3u(2) —3a% — 1) / sin(T)Sln (o + ) 7] dr
0 T

+2 (3ug — 3a® — 1) /027T sin(T)Sin (w0 = @) 7] dr

T

+4a/ 7rs.in( )cos [(ug + ) 7] dr

— 4o sm
0

27
cos uo +a)T
— 87y sin(7 ) 7] dr
0 T

+ 8T / sin(7
0
27
+8a/ cos(T COS (o + )7 ]dr
T
cos (up — ) 7]
— 8« cos(T dr
0 T

C 4 (= o?) /0 sin [(uo + ) 7] dr

)cos [(ug — ) 7] dr

cos (up — ) 7] J
.

T

— 4 (uj — o) /027r sin [(up — ) 7] dr
84 /27r cos [(up + ) 7] i

T

+8a /0 7 cos [(“OT_ a)7] dT}.
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Applying product-to-sum trigonometric identities to Equation (C.41),

B (0) = A2 {87r( ~o?) /027r sin [(up + @) 7] 0

167 T
2T _: _
T 87 (u2 - a?) / s (Gl PR
0

T

+27T(ug—a2—1)/2ﬁ sin [(ug + o+ 1) 7] +sin [(ug + a — 1) 7] dr
0 T

+ 2 (ug — o _1)/2Wsin[(uo—oz+1)7]:sin[(uo_a_l)ﬂ i

— (ug — a? _1 / sin [(uo + a + 1) 7] +sin [(ug + o — 1) 7]] dr
0
1

27
— (uf —a® — / sin [(up —a+ 1) 7] +sin [(ug — a — 1) 7]] d7
0

+(3u3—3a2—1)/ cos[(uo—i—a—l)T];cos[(uo+a+1)7] ir

+(3u3_3a2_1>/2”008[(u0—oz—1)7]—008[(u0—a+1)7] i

T

+2a/ﬂ[sin[(u0+a+1)7]—sin[(u0+a—1)7]] dr
—2@/0 sin [(ug — a + 1) 7] —sin[(ug — a — 1) 7]] dr

dr

2 :
1)7] — -1
B 47ra/ sin [(up + a+ 1) 7] —sin [(ug + a — 1) 7]
0 T

—|—47ra/ sin [(ugp — a + 1) 7] — sin [(ug — a — 1) 7] dr
0 T

+4 dr

/Q’TCOS (uop+a—1) 7]+ cos[(ug + a + 1) 7]
a
-

_4@/ cos [(ug —a — 1) 7] 4+ cos [(up — a+ 1) 7] ir
0 T

— 4 (uj — o) /0 sin [(uo + ) 7] dr
— 4 (uj — o) /O27r sin [(up — ) 7] dr

2m
—804/ cos [(up + a) ] i
0

T

+8a /0 " cos|(u —a) 7] dT}. (C.42)

T
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Collecting terms in Equation (C.42),

Ry (0) = %{% (u2 — 0?) /027r sin((wo +a)7] -

i
2T _
+ 87 (ug — a2) / sin [(uo — @) 7] dr
0 T
2m s 1
+27r(u§—a2—2a—1)/ sin[(uo + o+ 1) 7] dr
0 T
21 : -1
+27T(ug—oz2+2a—1)/ sinf(uo +a = 1)7] dr
0 T
2T _ 1
+27r(u(2)—oz2+20z—1)/ sinf(ug —a+1)7] dr
0 T

27 :
—a—1
+27r(u§—042—2a—1)/ sin[(uo —a = 1)7] dr
0 T

] — -7 -1 1
—(3u(2)—3a2—1)/ cos [(up +a — 1) 7] + cos [(up + a+ 1) 7] ir

0 T
_(3u3_3a2_1)/%1—Cos[(u0—a—1)7']—1+Cos[(u0—oz—|—1)7'] dr

0 T

—4a/27r 1—cos[(ug+a+1)7] —1+cos|(ug—a—1)7] i
0 T
27 - o - o
B 404/ 1—cos[(ug+a—1)7] =14 cos[(ug —a+1)7] g
0 T
27 o . _
N 8a/ 1 —cos|[(ug+ a) 7] — 1+ cos [(up — ) 7] ir
0 T

2
_(ug_a2—2a—1)/ sin [(ug + o + 1) 7] dr
027r
_(ug_a2+2a—1)/ sin [(ug + o — 1) 7] dr
0271'
_(ug_a2+2a—1)/ sin[(up —a+ 1) 7| dr
0271'
—(ug—a2—2a—1)/ sin [(up —a— 1) 7] dr
2m ’

— 4 (u§ — o) / sin [(ug + a) 7] dr
0

— 4 (ug — o) /027r sin [(ug — ) 7] dT}. (C.43)
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Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = / ’ Sinfat) dt (C.44)
wnd , ®1 — cos (at)
Cin (ba) :/ — dt. (C.45)

Applying Equations (C.44) and (C.45) to Equation (C.43) and performing the remaining

integrals,

—4a [Cin 27 (ug + o + 1) — Cin [27 (ug — a — 1)]]]
—4a [Cin [27 (ug + o — 1)] — Cin [27 (ug — a + 1)]]

+ 8a [Cin [27 (ug + )] — Cin [27 (ug — )]]

(ud — a® —2a — 1) o
+ cos [(up +a+1)7
(U0+Oé+1) [( 0 ) ]0
(u%—oﬂ—l—Qa—l o
cos [(ug+a —1
(uo +a—1) (o )7 0
(ud — a® 4+ 2a — 1) o
cos((up—a+1)71
(Uo—Oé—f—]_) [( 0 ) ]0
(u2 — a® —2a0 — 1) o
—a—1
" (up —a—1) cosl(vo = e =1)7] 0
5 9 o 2 2 2m
g L1 O‘)cos[(uo+a)f] +4MCOS[(UO_Q)T] } (C.46)
Ug + 0 U — & 0

199



Evaluating the limits of integration and simplifying Equation (C.46),

2

Ry, (0) = o {8a [Cin [27 (1o + a)] — Cin [27 (ug — )]
+ (3ug — 3a® — 4o — 1) Cin 27 (up + v + 1)]
— (3ug — 30”4+ 4o — 1) Cin 2 (ug + a — 1)]
+ (3ug — 3a® + 4o — 1) Cin [27 (up — a + 1)]
(g — a —1)]

- (3u3 —30® — 4o — 1) Cin [27
)

+ 8 (u? — a?) [Si [27 (up + )] + Si[27 (ug — )]
+ 27 (ug — o® — 2a — 1) Si[27 (ug + o + 1))]

+ 27 (ug — o® +2a — 1) Si[27 (up + o — 1)]

+ 27 (ug — o® +2a — 1) Si[27 (ug — o + 1)]

+ 27 (ug — o® — 2a — 1) Si[27 (up — o — 1)]

+ (ug — a — 1) [cos [27 (up + a)] — 1]

+ (up — a + 1) [cos [27 (ug + )] — 1]

+ (up + o — 1) [cos 27 (ug — )] — 1]

+ (ug + o + 1) [cos [27 (ug — )] — 1]

+ 4 (ug — «) [cos 27 (ug + a)] — 1]

+ 4 (ug + @) [cos 27 (ug — a)] — 1] } (C.47)
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Simplifying Equation (C.47) yields the stationary autocorrelation function R, (0) for the

cosine-squared distribution,

Ry (0) =

2

167

{8a [Cin [27 (up + )] — Cin 27 (ug — )]]

+ (3ug — 30® — 4o — 1) Cin 27 (ug + a + 1)]
— (3ug — 30 + 4o — 1) Cin 2 (up + a — 1)]
+ (3ug — 30 + 4o — 1) Cin 2 (ug — a + 1)]
— (3ug — 30® — 4o — 1) Cin [27 (up — o — 1)]
+ 87 (u ) [Si[27 (uo + a)] + Si 27 (uo — )]

27 ( ]

i[27 (up + o — 1)]

+ 27 (ug — &® + 2a — 1) Si[27 (up — o + 1))]
+ 27 (ug — &® — 2a — 1) Si[27 (up — o — 1)]

+ 6 (up — o) cos [27 (up + )] + 6 (up + @) cos 27 (ug — a)] — 12u0}. (C.48)

C.4 Triangular Distribution

The autocorrelation function R,(p) for the triangular distribution is,

((27r—|—p)3, 2 <p< -7
473 — 67rp2 — 3p3, -7 <p<0
A2
Ry(p) = 575 q 4n° = 6mp” +3p°, 0<p<n
(21 — p)°, T<p<2m
0, otherwise

\
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Finding the first derivative of R,(p):

(27 +p)°, o <p< -
Ar® — 6mp® —3p°, —mT<p<0
R’(p):&i 47® —6mp? +3p®, 0<p<n ; (C.50)
g 672 dp P R ’
(2m —p)*, T<p<2r
@ otherwise
which can be shown to be
(3(2r+p)°, —2r<p< -
—121p —9p®, —w<p<0
A2
Ry(p) o5 l2m 9, 0<p<m (C.51)
—3(2r—p)?, m<p<2rn
L0, otherwise
Recalling the autocorrelation function R(p),
(ug (21 + p)® + 127 + 6p, 2r<p<-—m
ug (47% — 6mp® — 3p°) — 127 — 18p, —7 < p <0
A2
Ry(p) = 6_7:; ug (47r3 — 6mp® + 3p3) —12r+18p, 0<p<m (C.52)
ug (2m — p)” + 127 — 6p, T<p<or
L0, otherwise
Recalling the definition for Eh(()),
~ U * sin [(up + «) 7] /°° sin [(up — ) 7]
=— R d R d
R =52 [~ rptn =t gy [y " -
B cy2/ R, (7) sin [(ug + o) a2/ R, (r sm uy — ) 7] i (C53)
—00 UoT ugT

. cos(ug+a)T
—|—2a/ R (r) 21l

UgT
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Substituting Equations (C.49), (C.51), and (C.52) into Equation (C.53),

~ A2 -7 . n
Ry, (0) = 172717:;0 { /2 [u% (2m + 7')3 + 127 + 67’] W dr

0 .
+ / [u(Q) (47r3 — 6m72 — 37’3) — 127 — 187’] w dr
- uogT
s .
+ / [u% (47r3 —6n72 + 37’3) — 127 + 187’} M dr
0 uogT
2m .
+ / [u% (2r —7)° + 127 — 67’} sin[(uo + ) 7] dr
™ uogT
sinf(uo =)l

+ / [u% (2m +7)% + 127 + 67’}

—27 uoT

0 . B
+ / [ug (47?3 — 677 — 37’3) — 127 — 187’] M dr
- uogT
+ / [u% (47r3 — 672 + 37’3) — 127 + 187’} M dr
0 uoT
27 . .
[T 2 er— P 4120 — 6] Sl =T C.54
0
™ uogT
- i 0 .
- az/ [(27r + 7)3} sm[(zi(t)—i—a)ﬂ dr — 042/ [47r3 — 677 — 373] W dr
—2r o7 -7 0T
™ . 2 .
- a2/ [47® — 6772 + 377 sin[(uo + a) 7] dr — az/ {(277 — 7)3} sin [(uo + @) 7] dr
0 upT - ugT
- . _ 0 ) B
- a2/ [(2% + 7')3} sin [(uo — a) 7] dr — a2/ [47T3 — 6172 — 37-3] sin [(uo — @) 7] dr
—2m uoT -7 uoT
™ . _ 2 . _
—a? [ [an® —mr? 09 AT gy g2 [T o - gy Sl 2 )T
0 uogT T uoT
- 0
20 [ [sneny] corlto )7 4 1 90 JEStE coslwo 7] o
—2m 07 -7 0T
™ 2m
+ Qa/ [—127‘(7’ =+ 97'2] w dr + 2@/ [_3 (27 — 7)2] w dr
0 uoT T ugT
o B 0 B
o / {(% _ T)s} cosf(up —e)r] , / 1277 — 977 S0 —@)7] )
o1 uoT o ugT
m _ 2w _
24 / (1277 4+ 972 S0 =T 5y, / (=32 — 2] cesllo— o)1) dT}‘
0 ugT . ugT
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Recognizing even and odd functions in Equation (C.54) and combining terms,

~ A2 o '
o= Sk [ug (477 — 677% + 37%) — 127 + 187] sin [(uo + ) 7] dr
1273 0 P

2w .
" 2/ [ug (87T3 — 12727 4+ 67072 — 73) + 127 — 67} = Wﬁﬁ%— )] dr
A T
" 2/ [ (47° — 67 4 37°) — 127 4 187] = (o —a)r]
0 it
27 . )
+ 2/ [ug (87° — 127°7 + 677> — 7%) + 127 — 67] sin [(726 ) 7] "
-

sin [(u + ) 7]

2052/ (4 — bmr®+377) dr
0 g
2m .
2a2/ (87% — 1217 + 677 — 7°) sin [(up + @) 7] "
UGT
20‘2/ (4n® — 6772 + 37%) 0 [(wo —a)7]
0 o
2042/ 87% — 121%7 + 6777 — 7°) sin [(ug — @) 7] dr
UGT
+ 4a/ 1977 + Or ) cos [(up + ) 7] i
0 ugT
_1204/ (47 —47TT+7-)COS[(U0+04)T] .
UST
40‘/ (—1277 + 972) =2 [(uo —a)7]
0 %7_
2 B
+ 1204/ (47% — dm7 + 1) cos [(ug — ) 7] dr},

204



Combining terms in Equation (C.55),

ﬁh (O) = 11;1;:3{ [87‘(‘3 (Ug — 012) _ 247T] /07r sin [(UOT+ CY) 7'] dr

+ 36/ sin [(up + ) 7] dr — 127 (uf — o) / Tsin [(up + o) 7] dr
0 0

+6 (uj — o) / 72sin [(uo + ) 7] dr
0

T sin [(uo + @) 7]

T

dr

+ [167?3 (u% — oz2) + 247@ /
— [247® (u§ — o?) +12] / ’ sin [(uo + «) 7] dr

2 2
+ 127 (ug — o) / Tsin[(uo + @) 7] dr — 2 (uj — o) / 72 sin [(ug + a) 7] dr

+ [87r2 (ug — a2) — 247r] /7T sin (4o — @) 7] dr

0 T

—|—36/07Tsin [(uo — @) 7] dr — 127 (uf — o) /OﬂTsin[(uo—a)T] dr

+6 (uj — o) /0W7'2sin[(u0—a)7'] dr

+ [167% (u2 — o?) + 247] / Teinlwo—a)1]

- T

— [247% (u§ — o?) + 12] / ' sin [(up — a) 7] dr

+ 127 (ug — ) / Tsin[(up — @) 7] dr — 2 (ug — ) / r2sin [(ug — a) 7] dr

™ K

2

™

— 487 | cos[(up + ) 7] dr + 36a/ Tcos [(up + o) 7] dr
0

J
27 27

+ 487ra/ cos [(ug + o) 7] dr — 12&/ 7cos [(ug + ) 7] dr
+ 487?04/ cos [(up — ) 7] d1 — 3604/ 7 cos [(ug — @) 7] dr

OQW ° 27
- 487ra/ cos [(ug — o) 7] d1 + 12&/ 7 cos [(ug — a) 7| dr

2m 2m _

- 487T2a/ cos[(uo + @) 7] dr + 487T2a/ cos[(o = @) 7] dT}. (C.56)
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Performing the integrals in Equation (C.56),

A% 36 T [2472 (ud - a?) +12] 2n
Ry (0) = 127r3{_ U0+ )cos[(u0+a) 7] 0+ (uoo—i—a) cos [(ug + o) 7] )
1om sm (uo + @) 7] — (ug + @) Tcos [(up + ) 7] ] |*
. ) (uo + o) } lo
2 (up + «) 7sin [(ug + ) 7] — [(u0+a)27'2—2_ cos [(up+a) 7] | |7
(uo + @)® 0
9 sm (up + @) (uo 4 @) 7 cos [(ug + o) 7] |*"
+ 127 (u a) u0+a)2 lﬂ
(ug + @) 7sin [(ug + ) 7] — [(uo +a)?r? - 2_ cos [(up + ) 7] | |27
(UO + Oé)3 ™
s —a 2T
cos a) 7] + (247" (u Y +12] cos [(up — @) 7]
uo — a (uo - Oé) T
127 (4 - a? sin uo—a) 7] — (up — @) 7 cos [(ug — a) 7] ] |™
Ham o )[ (uo — a)? lo
(up — ) Tsin [(ug — ) 7] — [(uo —a)?r? - 2_ cos[(ug — ) 7] | =
(UO — 04)3 0
7 (= a? sm (uo — ) 7] — (ug — ) T cos [(ug — a) 7] |*"
o ) (u — a)? } I
(up — ) Tsin [(ug — ) 7] — [(uo —a)?r? - 2_ cos [(ug — ) 7] | |27
(U,O - 04)3 ™
48T T (up + ) Tsin [(ug + «) 7] + cos [(ug + ) 7] T |*
_(u0+ sin [(up + @) T 0—!—36 [ (u0+a)2 ] )
8, 2 B (up + @) 7sin [(ug 4 a) 7] + cos [(ug + a) 7] |*"
+ (o + ) sin [(ug + «) 7] ) 12« [ (a0 a)2 ]
48t Ca)r 7r_ N (up — ) 7sin [(up — o) 7] +cos uy— Q)T
(uo — ) oin (o = @)l 0 % [ (up — ) ] o
_ 48ma sin [l — o) o N (up — @) Tsin [(ug — a) 7| + cos [(up — @) 7]
(uo — @) (o =) ]ﬂ+12 [ (up — )” ]
T o 27
+ [87r3 (u% —on) — 247] / sin[(uo + o) 7] dr + [1677 (Uo -« ) + 247] / sin [(uo + a) 7] dr
0 T m T
+ [87r2 (U§ - oz2) - 247r] /7r sin [{uo — @) 7] (w0 — )] dr + [167r3 (ug - oz2) + 247r] /27r sin [{uo — o) 7] (w0 )] dr
0 T i T
— 487 /27T COS[(UOT—i_a)T] dr + 487« /27r w dT}. (C.57)
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Evaluating the limits of integration in Equation (C.57) and simplifying,

A, { [87?2 (up — ) +

1273

w COS |12TT (U (8
(uo+a)2] 2 (uo + )

w COos [T (U «
A2t o (+ )

Ry (0) =

— {87?2 (up — ) +

Ug + &

5
— 87 (12)0—: ;) sin [ (ug + a)]

36 36a 12(up — a)

(uo +ta) (uw+a)?  (u+a)’

wl cos [27 (up — «)]

+dr (”O i 5a) sin 27 (ug + )]

{82u0+a (o — )
-

+

16 (2up — «)

872 (uo + @) + —_—
(uo — )

] cos [ (o — )]

+dr ( 0~ 50‘) sin [27 (g — )]

Ug —

. (“0 - 50‘) sin [ (up — a)]

Uy — &
36 N 36a 12(ug +a)

(wo—a)  (ug—a)®  (up—a)’

+ [87% (ug — o) — 247] /OTF sin [(uo + @) 7] dr

T

2 s
+ [167° (u2 — 0?) + 247] / sin[(wo +a)7] -

T

+ [8#2 (ug — a2) — 247?] /07r sin (o — ) 7] dr

T

+ [167° (u2 — ) + 247] /2” sin [(ug — a) 7] dr

T

— 4872 /:w cos{(uo + ) 7] (o 4gr2g /27r cos (o = ) 7] dT}. (C.58)

T - T
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Further simplifying and rearranging Equation (C.58),

B (0) = A { [87?2 (o — ) + %} cos [27 (y + )]
4(2“0—_02‘)] cos [27 (1o — )]

(uo — @)

- :87# (o — ) + %] cos [ (up + a)]
- [s o+ o)+ %] cos [ (up — )]
Y dr (2;00155) sin [27 (o + )]

4 dr (12’0:5;‘) sin [27 (1o — )]

- (72’0150‘3‘) sin [ (o + @)

. (?0:55) sin [ (up — @)

2T L1
+ [167° (u2 — o2) + 247] / = KUO: ks s
0

2T : o
+ [167% (u2 — o2) + 247] / sinf(uo —a)7] 4,
0 7—

— [87% (ug — o®) + 487] /7r sin [(uo + @) 7 dr

0 T

~ [s° (u3 — )+ 457] | Teinllw —)T 4

0 T

27 1 _ o _
N 487'['204/ cos [(up + ) 7] — 1 + cos [(ug — a) 7] ir
0 T

u8ia /’T 1 —cos[(ug + ) 7] — 1+ cos [(ug — @) 7] dT}. (C.59)

T

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = /0 ’ w dt (C.60)
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and

b J—
Cin (ba) :/ 1%% dt.
0

Applying Equations (C.60) and (C.61) to Equation (C.59),

4(2u + o) cos |27 (u o
(uo+a)2] 2 (uo + )

MCOS T (U — &
2= )] confor (10— )

w COS | (U (6]

W cos [ (ug — o
(UO_W] 7 (o — )]

+ 872 (up + ) +
— |87 (up — ) +

— |87 (up + ) +

sin [27 (ug + )]

+ [167° (ug — o) + 247 Si[27 (uo + )]
+ [167° (ug — o) + 247 Si[27 (ug — )]
— [87% (ug — @) + 48] Si [ (up + )]
— [87% (ug — @) + 48] Si |7 (ug — )]
+ 487 [Cin [27 (ug + a)] — Cin [27 (ug — )]

— 4872 [Cin [1 (ug + a)] — Cin [7 (up — @)]] }
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Rearranging Equation (C.62) yields the stationary autocorrelation function }N%h(O) for the

triangular distribution,

2

Ry, (0) = 1217":3 {48%204 [Cin [27 (ug + )] — Cin [27 (up — @)]]

— 487%a [Cin [7 (ug + )] — Cin [7 (up — a)]]

+ [167% (ug — o) + 247] [Si[27 (ug + @)] + Si[27 (uo — a)]]
— [8#3 (ug — 0z2) + 487@ [Si[m (ug + «)] 4+ Si |7 (ug — @)]]

4 :87r2 (1o — ) + %] cos [27 (ug + )]

+ :87r2 (uo + @) + ‘L(Sﬁ—;;‘)] cos [27 (g — )]

- ;sﬁ (1o — ) “zi“f Z)O‘)} cos [ (g + )]

_ _87r2 (ug + a) + 16(1(5“_” ;);")} cos [ (1o — )]

4 dr (150150‘3‘) sin [27 (uo + )]

4 dr (?0:5;) sin [27 (g — )]

8 (?015;) sin [ (uo + @)

_ 8r (12)0__5;‘) sin [ (g — a)]

112 Lizo:a(; + (izo__;);} } (C.63)

C.5 Uniform Distribution

The autocorrelation function R,(p) for the uniform distribution is,

2n+p, —27r<p<0
Ry(p) =A% ¢2r—p, 0<p<2m . (C.64)

0, otherwise
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Finding the first derivative of R,(p):

27T+p7 _QWSPSO

d
Ry(p) = A?nd—p o2r—p, 0<p<2r ; (C.65)
0, otherwise
which can be simplified to be
1, 21 <p<0
Ri(p)=A2q -1, 0<p<2r . (C.66)
0, otherwise

Recalling the autocorrelation function R(p),
Ry(p) = Ay, [0 (p +2m) — 20 (p) + 6 (p — 2m)] + ug Ry (p) (C.67)

for —27 < p <27 and Ry(p) = 0 otherwise. Recalling the definition for R, (0),

B R B (CE =y

— /_ Z R, (1) 2 [(;:i:; D7) g o2 /_ Z R, (7) Smu[(z%o; VT g (o)
+ 20 / Z R, (1) — [(‘Z)O:f V7 4 94 / Z R, (1) = [(‘:‘20; a)7] dT}.
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Substituting Equations (C.64), (C.66), and (C.67) into Equation (C.68),

B (0) = Am UO{/OO5(T+27T) sinl(w+ )] )

27 oo UoT
B 2/00 5 () sin [(up + a) 7] i
oo UoT
+/°0 d (1 —2m) sin [(uo + a) 7] dr
oo UoT
0 . 2 .
+ ug/ (2m +7) sin [(uo + ) 7] dr + u%/ (2m — 1) sin [(uo + a) 7] dr
_on UgT 0 UogT
+/ d (1T + 2m) sin [(uo — @) 7] dr
o UoT
_2/°° 5 (r) sin [(ug — ) 7] ir
UgT
/ 5(r—2m 51n[(u0—a) 7] ir
2 _
/ (2m + 1) sm [(uo dT +u / (2m —7) Sm ({10 = @) 7] dr
2 UoT 0 UoT
a/ (2m + 1) sin [(uo + @) 7 dT—a/ (2m — 1) sin [(uo + o) ]dT
2m UoT 0 UoT
-« / (2m +7) sin[(uo —a) 7 dT—a 277—7' sin [(uo — a) 7] dr
27 UpT 0 UoT
0
—|—2a/ cos [(up + o) ]dT—ZOé/ cos [(up + ) T ]dT
27 0 UoT
2T _
~ 2 / cos | 7] 4r 4 90 / cos [(uo — @) 7] dr}. (C.69)
0 UOT

212



Recognizing even and odd functions in Equation (C.69) and combining terms,

B [ 50yl 7,

Ry (0) =

o : o
- 2[0005 (r) 2 [(2; D 4y
+ /‘gj 5 (7 — 2r) S‘m [(2; 7] g7
+ /_OO 5 (7 +2m) = [(7“26; 7] 4

— 2/_00 d(7) sin [(120; )] dr

+ /_OO d (1 —2m) sin [(726; o) 7] dr
sin [(up + o) 7]
UGT

sm (ug — @) 7]

dr

2
+ 2u / (2m — )

+ 2ud 21 —7) dr
0 UgT

2a2/ (2m — Sm (o + ) 7] dr
UGT

2042/ 27 — 1) sm UO_Q)T] dr
0 UgT

N

..p

™ cos [(up + @)
« dT
0

+4a/27rcos to — @) dT}
0
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Combining terms in Equation (C.70),

B (0) = A%{/wa(ww) sinf(u +a)7] o,

oo s T
9 / i) o [(“0: )7 4
+ /_ S K““: D7 4y
- /_ S+ 2m) i [(“07_ D7 g
—2 /_ 5 o K“OT_ D7 g
+f Z §(r —2m) T — )T,
r2(d-a?) [ T (on -y Sl 7]
12— o?) /0 T om0 =7,
i /O% 1= o (g + )7} 1 osl (g ) dT}_ )
Recalling the sifting property of the delta function,
/: 6 (z — a) f(z) dz = f(a). (C72)
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Applying Equation (C.72) to Equation (C.71) and separating the integrals including the sine

function,
ﬁh (0) _ %{sin [7[277251;0 + Oé)] n sin [27réq;0 + a)]
sin [ 427 (up — )] sin 27 (ug — )]
A2 o

— 2 (up + ) — 2 (up — @)
—2(u8—a2)/07rsin[(u0+oz)7'] dr
—2(u%—a2)/07rsin[(ug—a)7] dr

i) [t

o [l
o /27r 1 — cos [(ug + o) 7] ; 1+ cos[(up — a) 7] dT}- (C.73)

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = / b Smfat) dt (C.74)
nd , b1 — cos (at)
Cin (ba) :/ — dt. (C.75)
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Applying Equations (C.74) and (C.75) to Equation (C.73) and simplfying,

Ry, (0) = — du

A_%L{sin [27 (up + )] N sin [27 (ug — )]

27 s s

_Q(ug—&)/oﬂsin[(uo—i—a)ﬂ dr

-2 (uj — o) /0 7rs,in [(uo — @) 7] dr
+ A7 (ug — aQ) [Si[27 (uo + )] + Si[27 (up — )]

+ 4o [Cin 27 (up + )] — Cin [27 (ug — «)]] }

Performing the integrals in Equation (C.76),

Ry, (0) = — 4

21

A_,Qn{sin 27 (ug + )] N sin [27 (ug — )]

U2—CY2 2
+2<u0+ )cos[(uo—i—a) 7]
0 0
2w
cos [(ug — ) T
<U0_O‘ 0

+ A7 (Uo _a2> Si[27 (ug + )] + Si[27 (ug — @)]]

+ 4o [Cin 27 (up + a)] — Cin [27 (ug — «)]] }
Evaluating the limits of integration and simplifying Equation (C.77),

— 4U0

B (0) = A_fn{sin 27 (uo + )] n sin [27 (up — a)]

27 T T

(uo — @) ] —1]
(uo + ) | —1]

?) [Si[27 (uo + )] + Si [27 (uo — )]

+2 [cos [27 (ug + )
+2 [cos [27 (up — )

+ 4 (ug

+ 4o [Cin 27 (ug + «)] — Cin [27 (ug — «)]] }
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Simplifying and rearranging Equation (C.78) yields the stationary autocorrelation function
Ry, (0) for the uniform distribution,

Ry, (0) = ﬁ{204 [Cin [27 (up + a)] — Cin [27 (up — «)]]

4 2m (1 — 0?) (5127 (o + )] + 51 27 (o — )]

sin [27 (ug + «)]  sin 27 (ug — )]
2w 2m

+ (up — o) cos 27 (ug + a)] + (uo + o) cos 27 (ug — )] — 4u0}. (C.79)
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APPENDIX D

Derivations for the Pattern Mean and Beamwidth Variance of a Scanning Line Source

This appendix presents the detailed derivations of the autocorrelation functions used
to determine the pattern mean and beamwidth variance for a scanning line source radiator.
The derivations were performed for the half-wave dipole, cosine, cosine-squared, triangular,

and uniform distributions.

D.1 Half-Wave Dipole Distribution

The autocorrelation function R,(p) for the half-wave dipole is,

(27 + p) cos (g) — 2sin (g) , 2r<p<o0
Ry(p) = —=* 1 (27 — p) cos <g> + 2sin <g) , 0<p<2m . (D.1)

0, otherwise

Recalling the first derivative of R,(p),

<—g—7r>sin<g), 2 < p<0

R’(p)ZA—%‘ (g—ﬂ>sin<g>, 0<p<2m . (D.2)

0, otherwise
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Finding the second derivative of R,(p):

<———7r>sin(g>, 27 <p<0
2 d
w- (5 n(3). vsrea
g(p) > 5 7 ) sin 5) 0<p<2r
0, otherwise
where 1 1
- (—]—9—7?) oS (1—)) ——sin(]—g), —2r<p<0
5 % 2 2 . 2 2
Ry(p) = —* —(7—9— ) <£> s (23> <p<or i
g 2 V3 g—m)cos(3 +231n 5) 0<p<2r
0 otherwise

which can be simplified to be

(—I—) —7r> cos (1—3) — sin (2), 21 <p<0
) 2 2 2

Rg(p):% (g—ﬂ)cos<g>+sin<g>, 0<p<2r

0, otherwise

Finding the third derivative of R,(p):

(5= )om(B)-n(®). zrso

R'g"(p):i—’zni (2—9—71') cos (g) + sin <2>, 0<p<2m ;

0, otherwise

where
(1 1 1 1
—Z (—I—j —7r> sin (]2> — —CoS (]—)> — —CoS <—> , 2n<p<0
e 2 2 2 2 2 2 2
" _ m 1 1 1 :
0= LG (g)hon () e (2], 0y
\0’ otherwise
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which can be simplified to be

1
(@) (). mrereo
m 1
RZ/(ZD) = e —3 (g — 7r> sin (g) + cos (g) , 0<p<2r - (D.8)
0, otherwise

Recalling the autocorrelation function Rf(p),

—sin(%), 2r<p<0
A2
Rs(p) = Tm sin (g) , 0<p<2m . (D.9)

0, otherwise

Finding the first derivative of R;(p):

2
" (p) = An d sin (£> 0<p<2mr ; (D.10)
Y 2 dp 2/ -7 =
0, otherwise
where .
_5008(%?)’ 27 <p<0
A? 1
"(p) = =< Zcos (P ; D.11
<p< ; .
f(p) 9 2cos<2), 0<p<2m ( )
0, otherwise
which can be simplified to be
—cos(g), 21 <p<0
A2
/ m p
= — — <p< ; D.12
fp)="7"qeos (), o<p<om (D.12)

0, otherwise

Recalling the autocorrelation function R, (p),

R,(p) = % {5 sin (’g') — 5 (p+27) — 26(p) — 6 (p — 27) (D.13)
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for —27 < p <27 and R,, (p) = 0 otherwise. Recalling the definition for }szl(O),

éml(O)—uo{—/w R, (7) cos [(ug + o) 7] dT_'_/OO R, (7) cos [(ug — ) 7] dr

o

— o0 UoT 0o UoT
+ 042/ R, (7) cos[(uo + ) 7] dr — aQ/ R, (7) cos [(up — @) 7] dr (D.14)
oo UgT — 00 UgT
+ 20 / Ry () Sl £ Ty, / Ry () Sl = 2) 7] dT}.
— 0o UoT — oo UoT

Substituting Equations (D.12), (D.2), and (D.4) into Equation (D.14),

o ) = 2320 ] [ oy () =l
[ () Mo
() lln el
o[ () 2llte ],
~a? [ (r-+ 2mysin (3) <2t g
et [ ampan (§) Rl
+a’ /_ Z (v +2m)sin (5 ) = [(“50; D7 gy
—at [T - aman (5) 2o 4
[ [ e (3) +om (5)] et o
e [ TG w)eos (5) wein (3)] Lt 7
o[ (G o (§) o ()] oL
e [T(G ) (3) +sn (3] 2L oL oy
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Recognizing even and odd functions in Equation (D.15) and combining terms,

R (0) = Aén—:ﬁ{ - 2/027r cos (%) s [(2; )] dr

+ 2/0 7Tcos (g) o8 [(1;:)6; a)7] dr
+ 202 /27T (T —2m)sin (%) cos [(Zjd: )] dr
— 202 /027r (1 — 2m) sin <%> o8 [(1;26; a)7] dr

+ 4a/0 ' [(g — 7T) coS (%) + sin (g)] sin [(226—: )] dr

+ 404/0 ' [(g - 7'(') cos (%) + sin <g>] Sin [(?26; a)7] dr}. (D.16)
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Combining terms in Equation (D.79) and inserting ug = % for the half-wave dipole,

C 8T

Ry (0) = A,Zn{

[ (g L)
<g> COS [(E—CY)T] d

/27r N . 1
+ 2« Ccos (—) sin - —
0 2 2

1

v [ () 210 )

2
— 47ra/0 7rCos <Z> o [(5 — a) T] dr

2 T
sin [(% + a) T}

+ 4o /27r sin (g) -
0
+ 4o /027r sin (%) sin [(%T_ a) T} dT}.

dr
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Applying product-to-sum trigonometric identities to Equation (D.17),

B (0) = A_fn{ B /027r cos (at) + cos [(1 + a) 7] ir

8 T

N /2” cos (a1) + cos [(1 — a) 7] ir

T

+a? /0 " sin [(1 4 a) 7] — sin (a7)] dr

— a2/0 ' [sin [(1 — ) 7] + sin (a1)] dr

_27Ta2/ sin[(1 4+ «) 7] — sin (aT) p

T

) /2” sin[(1 — &) 7] + sin (aT) ir
+ a/o ' [sin[(1 + «) 7] + sin (a71)] dr

ta /0 " sin [(1 = a) 7] — sin (a7)] dr

T sin [(1 + @) 7] + sin (aT)

— 21« dr
0 T
B 27ro¢/ sin [(1 — «) 7] — sin (aT) ir
T
+2&/”cos —cos[(1+a) ]dT
0
cos (

+2a/0 ) — cos [(1 —)7] dT}. (D.18)
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Collecting terms in Equation (D.51),

Eml(o)z%{/W1—008[(1"'“)7];14—008[(1—04)7-] i

/ sin[(14 «) 7] dr
—2a2/ sm
0
27
a/ sin[(1 —«) 7] dr
0
—27?04/ sin [(1 + «) ]—sin(on') i
0

L or? /2”81n (1— ) ]—I—Sln(on) i
0

+a/0 sin (14 a)7] dr

+aﬁﬂ$ﬂﬂ—aﬁiﬁ
/% sin[(1+a) 7] +sin[(1—a)7]

T

— 2T

Tl — 1 —-1
—I—Za/ cos [(1+ a) 7] + cos (ar) ir
0 T

+2a/2ﬂ1—cos [(1—a)7] =1+ cos(ar) dT}. (D.19)

T

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = /Ob M dt (D.20)
and
Cin (ba) = /Ob F%S(at) dt. (D.21)
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Applying Equations (D.20) and (D.21) to Equation (D.19) and performing the remaining
integrals,

- 2

R, (0) = %{ [Cin 27 (1 4+ )] — Cin 27 (1 — «)]]

2 [cos [§1++aa) 7] } z”

27
+9a? [cos (om’)}
0

o {cos [? o) T]r”

—2ma? [Si 27 (1 + a)] — 2Si (2ma) — Si[27 (1 — )]

. {cos [51:07) T]]Z“

W {cos (1 —@)T]r”

1l -«

—2ma[Si[27 (1 + )] + Si[27 (1 — «)]]

+ 2a [Cin 27 (1 + a)] — 2Cin (27ar) + Cin 27 (1 — «)]] } (D.22)
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Evaluating the limits of integration and simplifying Equation (D.22),

Rman:%%{mmpwu+an—cmpwu—am
_azr%pwu+aﬂ_1
+2M[mq;;@1]

+&2r%pnu—an—1

11—«
—2ma? [Si[27 (1 + )] — 2Si (27a) — Si[27 (1 — )]
W |:COS 27 (1 + )] — 1}
1+«

W [Cos 27 (1 — )] — 1]

l—«

—2ra [Si27 (1 + )] + Si[27 (1 — )]

+ 2 [Cin 27 (1 + a)] — 2Cin (27a) + Cin [27 (1 — «)]] } (D.23)

Simplifying Equation (D.23) yields the stationary autocorrelation function Eml(O) for the
half-wave dipole,
2

R..1(0) = %{Cin 27 (1 + a)] — Cin[27 (1 — )]

+ 20 [Cin [27 (1 + )] — 2Cin (27a) + Cin 27 (1 — «)]]
—27a? [Si 27 (1 + )] — 2Si (2ma) — Si[27 (1 — )]

—2mﬂ&@wﬂ+aﬂ+&@wﬂ—aM}. (D.24)
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Recalling the definition for }N%mQ(O),

Rz (0) =@{ / Z Ry () Sllo £ 7] oy / Z R, (r) 20— 7 o

2 UgT UT
2 > 1 sin [(UO + Oz) 7-] 2 > 1" sin [(UO — a) T]
+a R (1) dr + « R (7) dr (D.25)
— o0 9 UgT PN 9 UgT
o /oo R (7) cos [(ug + a) 7] 20 /oo R (7) cos [(ug — a) 7] dT}.
— oo UgT — oo UoT

Substituting Equations (D.76), (D.69), and (D.72) into Equation (D.25),

Rz (0) = %{ . /; sin (3> sinf(wt+ )] ;oo % /:ﬂ sin (f) sinf(uo +a) 7] )

8 2/ 2 UgT 2 UgT

1[0 7\ sin [(ug — @) 7] L [* . /7y sin|(uy — a)7]
B 5/ sin (2) UT dr + 5/0 St (5) UT dr

/5T+2 ysinlluo )7 dT—/ 5 (r 4 2y S0l =) 7]

- /_ KGR [(“5052; T ir s / Z 5 (r) 2 [(”50; %) ;ﬁo;

-/ Z 5 (7 —2m) 2 [(“5; D7) gy / Z (7 — 2m) 22 [(“50; V7] 4y
ot [ G e (5) v ()] T

wot [T[(G ) eos(5) v ()] r 2

ot [ G ) e (5) v ()] e

i [ [ on () e ()] 0

A e e EICE L
a0 [ G -e)an(3) - ()] e
v [§Gron(p) ()] ez
[ (G- (3) - ()] = ) o
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Recognizing even and odd functions in Equation (D.59) and combining terms,

Rz (0) = Ag—fﬁ{/o . (%) s Klﬁ; a)7] d¢+/0 " sin (g) sin [(2{; 7 4

+ 2a2/0 ' [(g - 7T> cos (%) + sin (g)] Sin [(12[; a)7] dr

[ e)en () rom ()] 2l
+ 4a/0 B (% — 7r> sin (%) — cos (%)} €os [(Z:{j o)7] dr (D.27)
[ [ (p) e )] e

[

—/005(7'+27T)Sin (l;[:;—&)ﬂ dT—/OO(S(7'+27T) sin [(uo — @) 7] dr

T UGT
B ézé(T)sin[(%ta)T] dT_2/_:i(T)sin[(1;(:6;a)T] ir
—/_005(7'—27r) Sm[(l;j;;a)ﬂ dT—/_oo(S(T—ZW) 8111[(1;26;04)7'] dT}.
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Combining terms in Equation (D.27)and inserting uy = % for the half-wave dipole,

T 8T

Rz (0) = A?n{ (1+20%) /027r sin (Z) sin (5 +) 7] dr

2 T
+ (1 + 2a2) /027r sin (%) s [(%T_ a) T} dr

T (D.28)

— 27Ta/0 ' sin (g) o8 [(5 i a) T] dr
(

N FREICERSE DR N (L
— /_(:5(7' — 27) — [(%: a) T} dr — /_25(7' — 27) S [(%T_ a) T] dT}
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Applying product-to-sum trigonometric identities to Equation (D.28),

a2) /027r cos (ar) — cos[(1 + a) 7] ir

T

—_
+
[\

Bz (0) = ?; {2 (

+
N | —

(1+20) /27r cos (ar) —cos[(1 — a) 7] dr

T

+
SRR
N

o\wc\

[sin[(1 4+ «) 7] +sin (a7)] dr

[sin [(1—a)7]—sin(ar)] dr

+

N

o\éc\

Tsin[(1 + a) 7] + sin (a7) g

T

|
N
o

T sin[(1 — ) 7] — sin (a1)

)

T

|
3
o)

cos (a1) + cos [(1 4+ «) 7]

o
3

dr

|
)
Q

o— —

at) +cos[(1 —a) 7]

[
3
Q
O
n
—~

dr (D.29)

+
[\
Q

+

/0 ’ [sin[(1 — ) 7] + sin (a1)] dr

2 :
[(1
7roz/ sin [(1 4 «) 7] — sin (a7) i
0

"sin[(1 — ) 7] + sin (1)
+ T T

—/ 5(T+27T)sm[(%—l—a)7'} dT—/Oo5(T+27T)Sin[<%7__a)T} dt

o
=

T

Y L (L L PRy LI L A

T T

1

—/:5(7—2@ sin [ ) 7 dT—/_:(S(T—zw) sin [ =) 7 dT}.

T T
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Collecting terms in Equation (D.62),

EmQ(o) Az {2(1+2 )/0”1—605[(1+a)7‘]—1+cos(a7-) "

8 T
I
2 T
o?
+ — sin[(1+ «) 7] dr
2 o
+a— sin[(1—a)7
0
1 1—
—7r04/ sin[(1+ «) 7] +sin[(1 — «) 7] ir
0 T

+20&/2”1—cos[(1+oz)7'];1—1—(:03[(1—04)7‘] ir

o
—|——/ Sln 1—|—a
2 Jo

/5T+27r s %T )] dT—/ 5 (r -+ 2m) Sl
sl i),
—/_Za(f—%)sm[(l:o‘m dT—/:a(T—zw)sm[(
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Applying Equations (D.20) and (D.21), and the sifting property of the delta function, to

Equation (D.30) and performing the remaining integrals,

Emmm——gf{%(1+2aﬂuﬁnpw(r+aﬂ—wﬁn@waﬂ
(1+20%) [Cin 27 (1 — a)] — Cin (27a)]

2 {cos (14 a) T]r“

9 1+«

1
2

«
2

— e [Si[2 (14 a)] + Si[27 (1 — )]
+ 2a [Cin 27 (1 + a)] — Cin [27 (1 — @)]]

5[

. [cos (cw)} o

[t

0

—7ma[Si[27 (1 + a)] — 2Si (27ra) — Si 27 (1 — «)]]
Csin[-2(34a)] sin[-2 (3 a)]
—27 —27

(3e) (1
_snprro)] dnfrool)
21 2m

(D.31)
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Evaluating the limits of integration and simplifying Equation (D.31),

~ A2

R2(0) = S {2 (14 20%) [Cin 27 (1 + a)] — Cin (27a)]

%u+aa)mmpwu—aﬂ—0m@mm
2 [cos 27 (1+ )] — 1]

2
a? [cos[2m (1 — )] — 1
3 |
—ma? [Si[27 (14 a)] + Si[27 (1 — )]
+ 2a[Cin 27 (1 4+ )] — Cin 27 (1 — «)]]
_a [cos 27 (1+ )] — 1}

2 1+a

. | cos (2ma) — 1
o[ =R

2 1+«

11—«

(67

Lo {cos 27 (1—a)] - 1}

2 11—«
—7ma[Si[27 (1 + )] — 2Si (27ar) — Si 27 (1 — «)]]
B sin [27r ( + a)] sin [277 (5 — a)]

)

sm [2#2(7T + 04)] sin [27T )] } (D.32)

Simplifying Equation (D.32) yields the stationary autocorrelation function R,,»(0) for the

half-wave dipole,

- A%

R0 (0) = S {2 (14 20%) [Cin 27 (1 + a)] — 2Cin (27a) + Cin 27 (1 — a)]]

+ 2a[Cin 27 (1 4+ «)] — Cin 27 (1 — a)]]
—ma[Si27 (1 + «)] — 251 (27a) — Si 27 (1 — «)]]

—7ma? [Si[27 (14 )] + Si[27 (1 — @)]] + cos (2ma) — 3}. (D.33)
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D.2 Cosine Distribution

Recalling the autocorrelation function R,(p) for the cosine distribution,

(27 + p) cos <§) — 2sin <§>  —or<p<o0
2
Ry(p) = Tm (2m — p) cos <§> + 2sin <g> , 0<p<2m . (D.34)
0, otherwise

Also recalling the first derivative of R,(p),

Rl (p) = - (2—) — 7r) sin <E> ., 0<p<2m . (D.35)

0, otherwise

Finding the second derivative of R,(p):

(—E—W>Sin(z—9>, 21 <p<0

2 2
A2 d
R)(p) = *— (73 — ) i (13) <p< ; D.36
g(p) 2 dp 5 m ) sin 5) 0<p<2m ( )
0, otherwise
where ] ]
D@t e
m )1 1
ng/(p) T 9 3 (g — 7r> Cos <§> + §sin (g) , 0<p<2r (D.37)
0, otherwise

which can be simplified to be

R)(p) = —* (2—? — 7r> cos <£> + sin <Z—)> , 0<p<2mr . (D.38)

0, otherwise
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Finding the third derivative of R,(p):

(—g —7r> Cos (g) — sin (g) , 21 <p<0

A% d
g (p) 1 dp 5 T ) cos 5 + sin 5) 0<p<2r

where
(1 1 1 1
[ Je @) 2): merso
111 _ 'm 1 1 1 ;
08 LG ()) s foe () (). 0spsae 1 OW
\O, otherwise
which can be simplified to be
l(‘2—9+7r> sin<‘2—?>—cos (1—9) 21 <p<0
R 2 \2 2 2/ -
m 1
R/g”<p) = 1 —3 (g — 7r> sin (g) + cos (g) , 0<p<2r (D.41)
0, otherwise
Recalling the autocorrelation function R(p),
( 1 5\ . (P 1 5\ (27 +p P
—(4+u0)sm(2>—<4—u0>( 5 cos<§>, 27 <p<0
Ri(p) = A28 (L 2\ ain (P) _ (L _2) (27 =P p D.42
1(p) <4+u0 sm(2) 1% 2 COS(Q), 0<p<2m ( )
kO, otherwise

Finding the first derivative of Ry (p):

( 1 1 2
(i) (3) - (5-8) (557) o 5). 2w

d _
R/f<p) = A?nd_p <i + u%) sin (g) - (i - u%) <27r2 p) cos (g) ; 0<p<2m > (D.43)

otherwise

0,

\

236



where

S0
R (p) = A2 ;( + 58 ) eos ()

)+
1
+ =
2

(0) (52 (3)-

1 /1 p)
e cos|—), —2r<p<O
2(4 %/) <2 =r=
)(27r—) p 1(1
— sin [ — o e
2 2 2 \4

7)%)005(2), o<p<an 5 (D.44)

otherwise

¢

which can be simplified to be

(/1
<Z - ug) (27 + p) sin <§> — cos (g) , 21 <p<0
A? 1
/ m
Ry(p) = 4 (1 — “o) (2m — p) sin (g) + cos (g) , 0<p<2m - (D.45)
0, otherwise

\

Recalling the autocorrelation function R, (p),

=l () 3 (3 o (3) - (552
Cdp+2m) d(p) S(p— 27?)} (D.46)
4 2 4

for =27 < p <27 and R, (p) = 0 otherwise. Recalling the definition for Eml(O),

Bt (0 :@{—/_ZR}(T) cos [(ug + «) 7] dT—i—/oo R, (r )cos[(uo—a)T] dr

2 UT UQT
+a / R, (r) =2 (wo+a)] o, / R, (r yeosllo =) 7l g gy
ugT
N 2@/ R () sin [(up + a) 7] dr + 2a/ R (7) sin [(uo —a)T] dT}.
— o0 ugT — 0o UgT
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)

Substituting Equations (D.45), (

£
<t
~ ~ = ~ .
3 ~= ] ] @\
T T v = .
S} ) B ) - - arien
e 4+l e || = i = S
ol & ol 2 o 8 ol e — —_—
S|® S| =5° 8IS = . = S
= — Pt ~ —_ —~ - —
g 8 & i N P T
) 8 ) 8 + &+ & _ = &
Ll Ll e e S SR - L5 o= = = =
~— — — = i=! = i= =
2 0 % = - = = 0 ‘n 0 ‘0
O S —~ — ~—~ —~ L — UL —
_ + | T+ ° S| © Sl T T T
N SN
N L R L IS SIS SIS SIS 8 = R= g
N~—~ N— N— ~—— = — — — n 0 02 0
= o = o 92} o 0 w -+ —+ + +
12 » 3 o) o
= = = [ /N o/~ N N
+ _ + _ N LA RN ke T ~— — ~—r
~— N ——— % % % %
s~ §&§ & § =2 8§ & &2 =2 8 == %
~ g ~ g 0 ‘0 0 @ \_M/ \_ﬂ.} \W} \W}
_ _ _ | + _ + _ S~ S NI S E RN
— I s = s B s = = T
— N~ —— &
o [N}

w %2,“ 0%% 02w2w
;%;%fﬁfﬂfﬁfﬂ
[[U[/O 2& 2& 2@ 2a nm nm.w nm nmw
o+ o+ T+ o+ g
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Recognizing even and odd functions in Equation (D.48) and combining terms

o0 = 2228f oy [T [(3 -2 o = rpoin (3) +cos (3) ] 2207
1

-2 [7](3 _UO) (am = 7)sin (3) +cos (3) | 2ol

UgT
2
+ 202 / T — 2m) sm cos [(uo + ) 7] dr
0

UgT
o 7' cos [(up — ) 7]
2a2/ sm dr
UGT
+ 4a/ - — 7T cos + sin (Zﬂ sin [(uo + ) 7] dr
0 2 UGT

+ 4a/0 = — 7r cos + sin (g)} sin [ngu;_a) i dT}. (D.49)
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Combining terms in Equation (D.49),

R (0) = g—i”{ [—47r G - ug) - 4#@2} /0 T in (%) cos [(“0: 7y

r 1, o1 [* . /7 cos(ug — a)T]

+ _47r <4_1 uo) + 4dra } /0 sin (5) - dr
- 1 ) ) 2 . T

() e ] [T (G esltuo o)

_ :2 (‘11 _ ug) + 20?] /OQW sin (g) cos [(ug — @) 7] dr

- 2/027r o (Z) cos [(ug + a) 7] Ir

2

T

+ 2/0 ’ coS (%) cos [(uo — @) 7] dr

T

2
+ 2a/0 Cos <%> sin [(ug + a) 7] dT

+ 2« /027T cos <%> sin [(up — ) 7] dr

2T
—4ra / CoS (Z
0 2

27
—4ra / oS (Z
0 2

27 T

ta | sin(3)

+ a/o s 5
27

-

ta | ein(3)

+ a/o sin 5

sin [(up + a) 7] i

T

sin [(up — ) 7]

sin [(up + a) 7]

T

T

sin [(up — a) 7]

dT}.
-
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Applying product-to-sum trigonometric identities to Equation (D.50),

Ry (0) = An {Qﬂ (uo—oﬂ—l) /%Sin[(“0+a+%)7]—Sin[(uo+0z—%)7} dr
8 4) Jo T
1

L (ug_a2_1) /%sin[(uo—a—l—%)ﬂ —sin[(w—a-3)7]

4 T

() [ (o] (s )] o
) [ laffon ]l )] o

_ [remliora= g ren[(nras e

dr

 [resltuzaslrosfusaryi],

o[ (s )] (oo
+a/2” [sm Kuo_a+1) ] +sin [<u_a_%)H ir

—27ra/ sin uo—l—a—i—;)T —|—sm[(u0—|—a—%)7} d

0

_27@/ sin [(uo — a + 1) }—i—sm[(uo—a—%)ﬂ p
0 T

[\

[\

T

T

+2&/2“ cos [(uo +a — %) 7] — cos [(ug + o+ 3) 7] "
0 T

P R EH BT Y ES L A R

T
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Collecting terms in Equation (D.51),

R (0):%{% (u%—a—oﬁ—%) /0% sin (g t‘”ém dr
e (i racce1) [Tonlerac i,
e (i racce1) [Tonlnzaryr,
+27r(ug—a—a2—%l>/Ozﬂsm[(uo_Ta_%)ﬂ dr

[

T

T

[zl ot ol - trenfwzaz )],
0

1
T

0 T

n [0 1\ ]

— | —a—-—a?-= / sin|lug+a+=)7
’ 4) Jo I 2) ]

n [T 1\ ]
+lud+a—a®—= / sin || ug+a—=|T
’ 4) Jo I 2) ]

- N

_ Uy — o+ B 7'-
— u2—oz—oz2—1 /%sin_u—oz—1 7'—

’ 4) Sy T INT 2) "]

Recalling the definitions for the sine and modified cosine integrals,

sm)a):/obM dt

t

and

b —
Cin (ba) = / Ls(at) dt.
0

t
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)/2W1—COS[(UO_Q+%)T}—1—|—COS[(uO+a_§)T:| ]

dr

dr

dr

dT} (D.52)
(D.53)
(D.54)



Applying Equations (D.53) and (D.54) to Equation (D.52) and performing the remaining

integrals,

Ry (0) = 2;{%( —a—oﬂ—i) {Si{Zw(uo—l—omL%)}+Si[27r(u0—a—%>”
—27T(u3+04—a2—;1) [Si[%r(uo—i-a—%)]+Sl[2ﬂ(u0—a+%>H
+ (2a+1) {Cin {QW <u0+a+%)] — Cin {% (uo—a— 5)”
a1 for (s-a+ )] ~cnfar (s o 2)]

0o YT [(yard) ]|
+ 7 cos || up+a+ =
(wo+a+1) | 2) 11,
2 2 1\ r 2r
(u0+a al 4) coS (uo—i—a—%)
(UO+O‘_§) 1o
2 2 1\ T 1127
_(u0+04 al 4> Cos (uo Oz—i-%)
(uo—a+§) 1o
e Dl o) ]
+ (uo—a—%) cos || upg —a— 3 |, ) (D.55)
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Evaluating the limits of integration and simplifying Equation (D.55),

Bt (0) = ?;{Qw(uo—a—a2—i) {Si{?ﬂ(uo—l—a+ ﬂjtsl[zw(uo—a—%)”
(o) fafor (e ] esfon oo )]
+ (20 +1) [Cm {% (uo—l—oz—i—%)} —~ Cin [27r (uo—o‘_ 5)”
+ (20— 1) [Cin {% (uo—a+%)] ~ Cin {27 <“0+O‘_ %)H

4 (uo - %) I~ cos [27 (up + )] — 1]

-
_ (uo—i—a—;) ~ cos [27 (uy — )] — 1]
)i

—cos 27 (up + a)] — 1]

(u0+a+; —cos [27 ( 0—a)1—1]}. (D.56)

Simplifying Equation (D.56) yields the stationary autocorrelation function Eml(O) for the

cosine distribution,

Ry (0) = g—%{?ﬂ <U3 —a—ao’— %) [Si |:27T (uo+a+ %)} +Si [27? (uo —a-— %)”
Can (g0 DY fifor (s D] o (oo 2)]
L2041 [cm [gw <u0 fat %)] _ Cin [ZW (uo Ca- %)H
oo s+ )] 0 fr (=0 )]

+ cos [27 (up + a)] — cos 27 (ug — «)] } (D.57)
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Recalling the definition for }N%mg(O),

B (0) { /00 R, (S0l /°° R, (r) Sl — )7l

Tom

00 UoT 0o UoT

+a? / R (r) Sl Tl / e e (G0 s B R T
— o0 9 UgT PN 9 UgT

~ 2 / Ry (ry Sl T )7Ly, / el (C o s dT}.
— oo UgT — oo UoT
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and (D.41) into Equation (D.58),

Substituting Equations (D.46), (D.38),

& >
& = = e
GRS .
Hle®l T ®
o ~~ ~—~
7 Rl IR R IR 5
= e SIS ||k
g oS = S S
2 2= 2 = =
— n ~ :
~—~ £ - .8 —_—
Ll @ — _omo]d _OM = = = =
7 =25 2T L L & eSS
S B SR [ S I S = = < ® - C yu
N —— o= o — — — —_— —~ A~~~ —~ A~~~
= — m n _OWUS [ = = = 3 3 3 3
> g — _ —~ _ —~
ST = CoRle e e e ET EIF ET ST
~No = ~ = —
S a2 ~© — = = = = “ © “ ©
I~ T )m m < 8 8 & R @ }7 —
o o D T~ 8 B — — — — (I LN RN L
— I S _ S , e e U NN (_\ N
~ | = | | S~ S I I PN N S T I TN o ~
— N ~— = Y = ~— ~— ~— ) 2 g 2
— | <t — | < = =3 o o () S S S
_ ~ - N N _ = - k= o _ _ _ _
Y T wn
T\y - | 1_2\7} Flm \W/ + + + + N TN TN TN
~ 3 — 3 I\ AN & ™
STy - e L L R R
o N’ + | = = +lk N LN RN L
7okl T Rl ol § 3 s|S 7 — o — = = = =
N— R — S = w0 0 0 o] »n 0 )
e B 2= F fleE 8 e e e
_u w2 \2u0} 0 m = m \W/ \)W \W/ )ﬂ + | + |
VRS N — Py
mit P _ DS N, & + _ + _ FIN L R ke
N——— | o | <+ | [a\} S\) &N N = | (S KaN] =~ |\ ~— ~— N—
_ ~_ —+ - | ~—— L ———  ~ o =N 4N A~ N
o | <A o | <H . — . [E— [E— _|__|__|__|
& ~———" _ ———" ~— CO ~—
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Recognizing even and odd functions in Equation (D.59) and combining terms,

& =
gl 8
s| = .
+|& 3 —
oS 1 |& s C
= m%
= = = =
2 = £ P
2! k= 3 - 3
— e 3 Ly
Ca — L5 oS =
T E s s S S ENEE

2 — _ = = o S =
SO - N e ERC) B R D

—~ +l= I |& & 3 &

_ S S S o% % N = o\

S _ O/%/ O/W/U S + = |
a S S Pt Pt —
= ST B % % I (T\
— < o) o) g °
~o = g o o - Lt o

S Lo @ 2 —— — m w8 8

_ S A~~~ N LA L —3 m/
— < _ (S e B NS ' NG N2 _ / |
N N— N~— 0 0

— | < & 3 = a =
— N ~— m m ) ) 3 | S

N N ! S S
— | —~ =~
- e R B B — S
N RPN TSRS N RN L & .

N IR -3 i
i 5 & & F 7 SN E
—~ & — =
- —~ — "= &z 2|%7F

S \2u0} ,_n ,_u | I B >

! Ll bl & 8 &
o < _ (S TR S e SN N 0 N
2.u 1§ 2.“ ~— e} ~—

%W[uzw ﬁ:/nv[uﬁv < g g

£l oo /0 ™ ™ 1 w[m 8

< - S 3 3 3 , —
— N N o\ <A <A o\

Il X + + + + | _ | _

=
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Combining terms in Equation (D.60),

a1 o[ (2-8) ] [ (g el
42 (% _ u3> n oﬂ] /027r sin (g) sin KUOT_ 7] 4

[ 1
+2 —7r<——u0

+2 _W<Z_u0

)7] d
—|—2:%(;1— 0)—|— cos | 5 sin )T] d
— 4o " oS (%) cos| UOT+ )7] dr + 4« /02 coS (g) cos [(UOT_ @)7] dr
— 21« /027r sin <%> o8 [(UOT+ o)7] dr + 27 /027r sin (%) €08 [(UOT_ )7l
+ oz/27r sin (g) cos [(up + ) ] dr — oz/27r sin <g> cos [(uo a) 7| dr
/ 5 (r + om) Snlluo o) 7 / 5(r + om) Snllvo )7l )
/ 5 (r) sin [(UOT+ 04) 7 dr 2/ 5 (r) sin [(Uo )T] dr

/ 5(r (wo+ )7 /5 gy Sinlluo = o) ]dT}. (D.61)
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Applying product-to-sum trigonometric identities to Equation (D.61),

ﬁmg(O):&{— (uﬁ—aQ—é) /02”008[(u0+a—%)7] —cos [(ug+ a+ 1) 7] "

8 4 T
(i) [romltazom ] —onlwmar i,
0 4/ Jo T
_Hr(ug_az_l)/%Sin[(uo—l—a—i-%)ﬂ+sin[(uo+oz—%)7'] 0
4/ Jo T
_Hr(ug_&z_i)/Q’Tcos[(uo—th%)T}j——sin[(uo—a—%)r] ir
0

et d) [ (o s3) o[ (eared) ]
T (S e A )

—Qa/%COS [(uo+ o — 3) 7] + cos [(uo + o+ 3) 7] 0
0 T

27 cos [(up — a = 3) 7] + cos [(uy — a+ 3) 7]

—|—2a/ - dr

0

_Wa/%sin[(uo—i—a—l—%)ﬂ —sin [(uo + o — 3) 7] g
0 7—

+7Ta/2”sin[(uo—a—l—l) ]—Sin[(uo—a—%)ﬂ Jr
0 T

+

|
] 8

[ ol(sne -ty
[ ol(s-re) (b)) o

sin [(uo +a) 7] >

in [(ug — @) 7]

d (1T + 2m) dr — / d(T+ 27?) - dr
g o0 5 (r) sin [(UOT—I— a) 7] g 2/ 5 (r) sin [(uOT— a) Tl ir
- / T —am [(uof D7) gy / (om0 [("‘)T_ )7 dT}. (D.62)
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Collecting terms in Equation (D.62),

2 2
2
(Uo o — o

3) /2“1—008[(u0+a+%)7] —1+cos [(ug—a— 1) 7] ;

T
T

2+2a—a2—Z)/Qﬂ_cos[(ug_wr%w_HCOS[(“HO‘—%)T} d
0

-
1 7 sin [ (uo + o + +sin [(ug—a—1) 7
—|—7r<u3—a—oz _) (0 ) } [(0 2) }dT
4) Jo T
1 27 sin [(ug + o — 2 +sin[(ug—a+ )7
+7r<u(2)+a—a2—_)/ (o 3) 7] [(uo 3) }dT
4) Jo T
1 1 2m 1
—§(u8—a—a2—z>/o sin <u0+a+§) dr
1 1 2w 1
—§(u8+a—a2—1>/0 sin <u0+a 5) dr
1 1 2w 1
_5(u8+a_a2_4_1)/0 sin < a+§) dr
1 1 2m 1
_5 US—OZ—QQ_Z)/(; sin (uo—a—§)7— dr

dT—z/_Za(T) LIS

2 [ sy il o)
5 (r — 27) sin [(up + a) 7]

/Oo |
—00 T

_ / 5 (r + 27) sin [(uOT— a) 7]

sin [(ug — @) 7]

dr

i

dr

sin [(ug — @) 7]

dT—/ d (T —2m)
—00 T

(D.63)
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Applying Equations (D.53) and (D.54), and the sifting property of the delta function, to

Equation (D.63) and performing the remaining integrals,

~ A2z
2 (0= 7

L (202 oo (s D] o (s 1)
(a2 [ o oo 2] —cinfor (100 1]
o (a2 fsfor (o D) st for (i 1)
r(igsa ) [sor(aoso D] e fr (o )]

|

|
2(+a+d) | (“

(

2 9 1\ r 7727
(“0 o — o 4) a—i—l)T
2) 1lo
2 2 1N T 127
(u0+a a 14) COos UQ+OK—1)T
2 (uo + o = 3) 2/ 1o
2 2 I\ T r 127
(uO+a «Q i 4) oS (uo—a+1)7'
2w —a+s3) L1 2/ 1o
2 _ A2 YT r 1727
(uo a— : 4) COoS (uo—&—l)T
2(ug—a—§) i L 2/ 1lo
_osin[A27 (uo + )] [A2m (ug — )]
A2 A2

—2(ug + ) — 2 (up — @)

_ sin 27 (up + )] _ 27 (ug — )] }

D.64
2T 2T ( 6)
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Evaluating the limits of integration and simplifying Equation (D.64),

S G 1 R S R S |

(20—t [ for (oo 2)] i for (w0 ]
(16=0=at=3) [ifor (oo 5) [+ for (—a3 )

ce (e ) [sor (v )]s for(wnm o )]

+% (uo—a— %) (= cos [27 (up + )] — 1]
+3 (uo—oz—F%) [ cos [2 (ug + )] — 1
+% (uo-l—a— %) (= cos [2 (g — )] — 1]
3 (uo+a+§> [~ cos [27 (g — )] — 1]
- % 127 (o + )] + sin [27 (1o — )] — 4u0}. (D.65)
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Simplifying Equation (D.65) yields the stationary autocorrelation function R,,»(0) for the

cosine distribution,

~ A%
oz (0 = 52

{ = (18-t =g) [omlor (o s ) [ - omlor (w05
a3 e or (s )] cinfor (sora )|

e (shmadt =) o (v ) rsifas ()|

o (a2 fsfoe (som )] o5t forfuaas )|

— (up — ) cos 27 (ug + )] — (up + @) cos [27 (ug — )]

- % 27 (o + )] + sin [27 (g — a)]] — 6u0}. (D.66)

D.3 Cosine-Squared Distribution

Recalling the autocorrelation function R,(p) for the cosine-squared distribution,

(27 + p) [2 + cos(p)] — 3sin(p), —2r<p<0

Ry(p) = %m (2m —p) [2 + cos(p)] + 3sin(p), 0<p<27m . (D.67)

0, otherwise

Also recalling the first derivative of R,(p),

—(p+2m)sin(p) —2cos(p) +2, —2r<p<0
A2
R, (p) = ?m (p — 2m) sin(p) + 2 cos(p) — 2, 0<p<2r . (D.68)

0, otherwise
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Finding the second derivative of R,(p):

where

a2

R;(p) = e
A2

Ry(p) = 4~

8

which can be simplified to be

Finding the third derivative of R,(p):

where

Ry (p) =

— (p+ 2m)sin(p) — 2cos(p) +2, —21<p<0
d
o (p — 2m) sin(p) + 2 cos(p) — 2, 0<p<2m ;
0, otherwise
—sin(p) — (p + 27) cos(p) + 2sin(p), —27r <p<0
sin(p) + (p — 2m) cos(p) — 2sin(p), 0<p<2m ;
0, otherwise
— (p+27) cos(p) +sin(p), 27 <p <0
A2
?m (p — 27) cos(p) — sin(p), 0<p<2r
0, otherwise
— (p+2m)cos(p) +sin(p), —2r <p<0
A2
s dp (p—2m)cos(p) —sin(p), 0<p<2mw ;
0, otherwise
—costp) + (p + 2m) + cos{py, —2r<p<0
A2
) ostp) — (p— 2m) sin(p) — costp], 0<p<2m
0, otherwise
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(D.70)

(D.71)

(D.72)

(D.73)



which can be simplified to be

(p+2m)sin(p), —2r<p<0
A2
R(p) = ="\ —(p—2m)sin(p), 0<p<2m
0, otherwise

Recalling the autocorrelation function R(p),

27+ p) [2ug + (u§ — 1) cos(p)] + (1 — 3ug) sin(p), —27r <p<0

= An (27 — p) [2ug + (uj — 1) cos(p)] — (1 — 3ug) sin(p), 0<p<2r

Ry(p)

0, otherwise

(27 + p) [2u3 + (ug — 1) cos(p)] + (1 - 3u%) sin(p), —2r<p<0

R’f(p) = ?md_p (27 —p) [2u(2) + (u% - 1) cos(p)] — (1 — 3u(2)) sin(p), 0<p<2mw ;
0, otherwise
where
2 [2ug + (ug — /{) cos(p)] — (27 +p) (ug - 1) sin(p) + (1 — S'ug) cos(p), —2r<p<O0
R}‘ (p) = ?m — [ng + (ug - i) cos(p)] — (2w — p) (ug — 1) sin(p) — (# — 3u(2)) cos(p), 0<p<2rm
0, otherwise

which can be simplified to be

o — (u§ — 1) (27 + p) sin(p) + 2uf [1 — cos(p)], —2r <p<0
Ry = 24— (1) (25— p)sintp) 231 — con(p)] . 0 p < 2m

0, otherwise

Recalling the autocorrelation function R, (p),

, (1- u%) [—2sin(p) — (27 + p) cos(p)] + (1 — 3u(2)) sin(p), —27r<p<0
Ra(p) = 3§ (1 - ) [25in(p) — (27 — p) cos(p)] — (1~ 8u) sin(p),  0<p < 2n

0, otherwise
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. (D.75)

(D.76)

(D.77)

(D.78)

. (D.79)



Recalling the definition for }N%ml(O),

éml(O)—uo{—/w R, (7) cos [(ug + o) 7] dT‘I—/ZR/f(T) cos [(ug — ) 7] dr

o

—c0 UgT ugT
+ o / Ry (r) Sl t )T )2 / R, (r) 0 =T o)
P UT — UoT

sin [(ug + a) 7] i+ % /°° R (7) sin [(up — a) 7] dT}-

2 R//
e /_oo I (7) UoT —00 UoT
Substituting Equations (D.78), (D.68), and (D.71) into Equation (D.80),

cos [(up + a) 7]

Ry (0) = Afg:o{ - /_ 2 [~ (ug — 1) (27 + 7) sin(7) + 2u] [1 — cos(7)]]

dr

cos [(up + a) 7]

- /0 "= (w2 = 1) (25— 7) sin(r) — 262 1 — cos(r)]] dr

] cos [(ug — ) 7] ir

+ /_27r [_ (U(Q) - 1) (27 + 7) sin(7) + 2ud [1 — cos(7)] =

cos [(up — ) 7] ir

b [ 1) Cr = 7)sin(r) — 2 11— cos(r)]

+a’ / ; [— (7 + 2m) sin(7) — 2 cos(7) + 2] =2 [(ﬁ; 7y

+a’ /0 " (7 — 27) sin(r) + 2 cos(r) — 2] — [(“;0: LI

a2 /_ 02 = (7 + 27 sin(r) — 2cos(r) + 2] < K“:;O; i

_a? /0 7 ((r = 2m)sin(r) + 2 cos(r) — 2] [(“50; 7 g

42 /_ ; (= (7 + 2) cos(r) + sin(r)] 2 [(“5; 7 g

42 /0 " (7 — 2 cos(r) — sin(r)] 2 K“;; Dkigs

+2a / Z (= (7 + 27) cos(r) + sin(r)] 2 [(“;’0; 7]y,

+2a /0 " [ — 2m) cos(r) — sin(r)] [<“£0; )] dT}. (D.81)
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Recognizing even and odd functions in Equation (D.81) and combining terms,

R (0) = %O/{ - 2/0 ’ [— (ug — 1) (27 — 7) sin(7) — 2ug [1 — cos(7)]] o8 [(1;[4)61— @) 7] dr

+ 2/ ' [— (ug — 1) (27 — 7) sin(7) — 2ug [1 — cos(7)]] s [(226; )7] dr
+ 2a2/ (1 —2m)sin(7) + 2 cos(7) — 2] o8 [(1;(:6: o) 7] dr
2 — 2m) sin(7 cos(T cos [(uo = ) 7] T
— 2« / (r—2 )+ 2cos(T) — 2] wor d
+ 4a/0 (T — 2m) cos(7) — sin(7)] o [(1;(26—: o) 7] dr
+ 4a/0 ' (1 — 2m) cos(7) — sin(7)] Sin [(126; a)7] dr}. (D.82)
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Combining terms in Equation (D.82),

2

Rt (0) ﬁ{zm (2 — a? — 1) /0 T n(ry Sl t )]

- 167 T

—4m (ug — a® — 1) /0 ' sin(T)COS (o = ) 7] dr

- at) [ eyl ald,
+4(u? —a?) /0 7 cos(r) < K“(’T_ L
La(ud-a) [ "ol to)7]
~a(d-a) [ "ol )],

—2(uj—a® — 1) /0 ’ sin(7) cos [(ug + ) 7] dr
+2 (uj— o — 1) /0 7Tsin(T) cos [(ug — ) 7] dr

— 87ra/0 ’ cos(T) sin [(uo + ) 7] dr

-
2
-8
T i cos(T) -

T sin(7) sin [(up + a) 7]

sin [(up — a) 7] Jr

— 4o dr

S—

T

~da / (il )7

T

[e=]

+
W

e cos(7) sin [(ug + ) 7| dr

+ 4o

O\MOF\M
B 3

cos(7) sin [(ug — ) 7] dT}. (D.83)
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Applying product-to-sum trigonometric identities to Equation (D.83),

B 2 2 — si —1
:gW{QW(ug—oﬂ—l)/ sin [(up + « + 1) 7] — sin [(ug + a — 1) 7] ir

Ryt (0) = 2 O -

_27r(u3_a2_1)/027Tsin[(uo—a+1)7'];sin[(uo_a_l)ﬂ .

_(ug_oﬂ—l)/oﬂ[sin[(uo—i—a—i—l)T]—Sin[(u0+a—1)7]] dr

+(U3—a2—1)/0F[Sin[(UO—Oé—Fl)T]—Sin[(UO—Oé—].)TH dr

o) /Ozfr cos [(up +a —1) 7] —:cos [(up +a+1)7] ir

22— /O% coslfvo ~a = )] conlfto ~a+ 7],
42— /O% sl )] oo =) 7],

4% /0% fsin [(uo + a + 1) 7] + sin [(uo + a — 1)]] dr

+ 20 /0% i [(uo — @+ 1) 7] + sin [(uo — a — 1)]] dr

e /0% sl tat Yol +anlte ta= 7]

e /O% vl =0+ Yol tainfue —a b1l

) 2@/% cosl (o +o = 1)7) ~coslfto ta+ 7],

o /:2” sl ~ =) 7] ~cosfug — 1] dT}’ D
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Collecting terms in Equation (D.84),

- 2

Am
Hon (0) = 16,

27 :
1
{27r(u(2)—204—a2—1)/ sin[(uo +a+1)7) dr
0 T
2 :
-1
—27T(ug—|—20z—oz2—1)/ sin (o +a = 1)7) dr
0 T
2 :
— 1
~on (i +20-a*—1) [ sinflu —at V)7 4
0 T

21
—a—1
+27r(u(2)—2a—a2—1)/ sin (o —a = 1)7] dr
0 T

+2(u(2)_a_a2)/2”1—Cos[(u0+a—|—1)7']—1+Cos[(u0—a—1)7’] ir
0

T

+2(ug+a_a2)/2”1—cos[(u0+a—1)7'] —1+4cos|(ug—a+1)7] dr
0 T
2 1— -1 o
4 (2 = a?) / cos [(up + a) 7] + cos [(ug — ) 7] i
0 T
2
— (ug — 20— o® — 1)/ sin [(uo + o+ 1) 7] dr
0
2m
+ (ug + 20— a® — 1)/ sin [(up +a — 1) 7| dr
0
2
+ (ug + 20— o® — 1)/ sin[(ug —a+ 1) 7] dr
0
2m
— (uf — 20— * — 1) / sin [(ug — o — 1) 7] dr} (D.85)
0
Recalling the definitions for the sine and modified cosine integrals,
> sin (at)
Si(ba) = / —=dt (D.86)
0 t
and )
1— t
Cin (ba) = / %ﬁ‘) dt. (D.87)
0
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Applying Equations (D.86) and (D.87) to Equation (D.85) and performing the remaining

integrals,

2

R (0) = 167

{2%( —2a —a® = 1) [Si[27 (up + o + 1)] + Si [27 (ug — o — 1)]]

—2m (ug + 200 — o® — 1) [Si [2 (ug + o — 1)] 4 Si [27 (ug — @ + 1)]]

+2 (uf — a — o) [Cin 27 (up + o + 1))]
+2 (uf + a — a®) [Cin [27 (up + o — 1))]
— 4 (uj — o®) [Cin 27 (uo + a)] —

(5 (;OQi ;fl)_ D :cos (o + a4+ 1) 7]
- (“%fi — i)_ D :Cos (g + a — 1) 7]
_ (g &fﬁ ;fl)_ D :cos (o — &+ 1) 7]
L &fﬁ‘ - i)_ D1 cos(uo — a— 1) 7]

— Cin 27 (up — a — 1)]]
— Cin 27 (up — o + 1)]]
Cin 27 (up — «)]]

127

(D.88)

Evaluating the limits of integration and simplifying Equation (D.88),

2

167

le <O>

{27?( —2a —a® = 1) [Si[27 (ug + o + 1)] + Si [27 (ug — o — 1)]]

— 2 (ug +2a — o® — 1) [Si[27 (up + o — 1)] + Si 27 (ug — a + 1)]]

+2 (ug — a — o) [Cin 27 (up + o + 1))]
+2 (ug + o — o) [Cin [27 (up + o — 1)]
— 4 (uj — o®) [Cin 27 (uo + a)] —
+ (ug — o — 1) [eos [27 (ug + @)] — 1]
— (ug — a4 1) [cos [27 (ug + a)] — 1]
) )

a)] = 1]

+ (up + o + 1) [cos [27 (ug — )] — 1] }

— (up + o — 1) [cos 27 (ug —
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— Cin 27 (up — o — 1)]]
— Cin 27 (up — a+ 1)]]
Cin [27 (up — a)]]

(D.89)



Simplifying Equation (D.89) yields the stationary autocorrelation function }Niml(O) for the

cosine-squared distribution,

- 2

R.1(0) = %{2% (ug — 20 — a® — 1) [Si[27 (uo + o+ 1)] + Si[27 (up — o — 1)]]

—2m (ug + 200 — o® — 1) [Si [2 (ug + o — 1)] 4 Si [27 (ug — @ + 1)]]
+2 (uf — a — o) [Cin 27 (up + o + 1)] — Cin [27 (ug — o — 1)]]
+2 (uf + a —a®) [Cin[27 (up + o — 1)] — Cin 27 (ug — a + 1)]]

— 4 (uj — o®) [Cin [27 (uo + a)] — Cin [27 (up — @)]]

— 2cos [2m (ug + a)] + 2 cos 27 (up — )] } (D.90)

Recalling the definition for }N%mQ(O),

B (0) { /°° R, () sin [(ug + ) 7] . /°° R, () sin[(ug —a)7]

T om

0o ugT 0o ugT

+ a2/ R;’ (1) sin (uo + ) 7] dr + aQ/ R’g' (1) sin [(uo — @) 7] dr (D.91)
o UT —o0 UpT

o [ ] [ sl )
oo ugT —x UpT
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Substituting Equations (D.71), (D.74), and (D.79) into Equation (D.91),

~ o Afnuo sin [(UO + OJ) T]

R (0) = 2t { / Z [~ (14 ) sin(r) — (1) r ) osr)] LT
+ /0 T ) sin(r) — (1— u2) (27 — 1) cos(r)] [(“5; D7 4
+ / Z (= (14 2) sin(r) — (1 = u2) (2 + ) cos(r)] 22 Kquo; )7l g
" /O () singr) — (1— ) 27— 7)cos(r)] [(“50; D7 gy
+a? /_ O% (= (7 + 27) cos(7) + sin(r)] 22 K“;)Oj DI
+a? /0 " (r — 2m) cos(r) — sin(r)] [(“;Z; 7y,
+a’ / ; (= (7 + 27) cos(r) + sin(r)] K“;’O; 7]y,
+a? /0 [ — 2m) cos(r) — sin(r)] [(“50; 7]y,
~ 20 /_ ; (7 + 2m) sin(r) "2 [(lz)oj 7l 4
+2a /O " (7 — 2m) sin(r) 2> K“;Oj 7l 4
+ 2 / ; (7 + 27) sin(7) — [(“;0; Dl
~ % /0 " (r — 2m) sin(r) 2 [(“50; )] dr}. (D.92)
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Recognizing even and odd functions in Equation (D.92) and combining terms,

~ A?n

” 2) si — (1 —?) (2m — 7) cos(T sin [(uo + ) 7]
{2/0 [(1 + uo) sin(7) (1 0) (2 ) cos( )] ueT

sin [(up — ) 7]

dr

dr

#2 [ L0 ) i) — (1~ 48) o5 — 7 ostr)]

[(T — 27'(') COS(T) _ Sin(7->] sin [(Uo + Oé) 7_]

UGT

sin [(up — ) 7]
UGT
dr

+ 207 dr

2

+ 2a? [(7 — 27) cos(T) — sin(7)] dr

wo\o\

+ 4o i ' (1 — 2m) sin(T)COS [(Zfﬁi @) 7]

~da /0 (r — 2m) sin(r) 2 Ki‘;{; a)7] dT}.

¥
3

Combining terms in Equation (D.93),

T T

R0 (0) = A {2 (ug —o®+1) /0 ’ sin(T)Sin [(uo + @) 7] dr

+2 (uf — o® + 1) /:W sin(T) sin KUOT_ ) 7] dr

27 :
+ 47 (ug — a® — 1) / COS(T)Sm [(uo +a)7] dr
0 T

+ 47 (ug — o® — 1) /0 ' cos(T)Sin [(UOT_ @)7] dr

—2(ug—a® —1) /0 ' cos(7) sin [(ug + @) 7] dr
—2(ug—a® —1) /0 Trcos(T) sin [(up — ) 7] dT

- 87ra/0 ’ sin(T)COS [(uo + @) 7] dr

T

2

+ 81a / sin(7)
0 T

cos [(ug — ) 7] i

2m

+4a/ sin(7) cos [(ug + a) 7] dr
0

2

— 4o

>~

sin(7) cos [(uo — @) 7] dr}.
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Applying product-to-sum trigonometric identities to Equation (D.94),

Ry (0) = Am{( 2 a2+1)/0”cos[(uo—l—a—l)T]—cos[(u0+a_|_1)7] o

T Tem | V0T T

+(ug_a2+1)/2”cos[(ug—a—l)7'];cos[(uo—a—i—l)ﬂ ir

dr

+2W(ug_&2_1)/2’rsin[(u0+a+1)7']—i—sin[(uo—i-oz—l)T]
0 T

2T s _ 1 _ —
For (2 —a?— 1) / sin [(up — o+ 1) 7] +sin [(ug — a — 1) 7] i
0 T

—(u%—oﬁ—l)/oW[sin[(uo—l—oz—i-l)T]+Sin[(u0+0z—1)r]] dr
_(ug_oﬂ—l)/oTr[sin[(uo—a—i—l)T]—i—sin[(uo—&—l)T]] dr

dr

~dra /27f sin [(up + o+ 1) 7] ; sin [(ug +a — 1) 7]

2m s . — _ _
—1—47?04/ sin[(up —a+ 1) 7] — sin [(ug — a — 1) 7] ir
0 T

—|—2a/0W[sin[(uo%—a—i—l)T]—sin[(u0+a—1)T]] dr

- 2a/0 ' [sin [(ug — o + 1) 7] — sin [(ug — a — 1) 7] dT}. (D.95)
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Collecting terms in Equation (D.95),

RmQ (0)

A2
~ 16

{(ug_a2+1)/02”1—cos[(u0~|—a+1)7-];1+cos[(u0+a—1)f] 0

+(ug_a2+1)/2w1—008[(u0—a+1)7‘];1+cos[(uo—a—1)7‘] dr
0

2 : 1
+27r(u§—2a—042—1)/ sin[(uo + @+ 1)7] dr

0 T

2T : -1
—|-27T(ug+2a—a2—1)/ sin (o +a = 1)7) dr

0 T

2m L: _ 1
+27T(ug+2a—oz2—l)/ sin [(uo —a + 1) 7] dr

0 T

21

—a—1

+ 27 (ug—2a—a2—1)/ sin(uo —a = 1)7] dr

0 T

2
_(ug_za_az_l)/ sin [(uo + a + 1) 7] dr
0271'
—(u§+2a—a2—1)/ sin [(ug + o —1)7] dr
2
_(u%—i—a_a?—l)/ sin [(ug — o+ 1) 7] dr
0

— (ug — 20— a* — 1) /Ozw sin [(ug — a — 1) 7] dT}. (D.96)
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Applying Equations (D.86) and (D.87), and the sifting property of the delta function, to

Equation (D.96) and performing the remaining integrals,

~ A?

R0 (0) = 16_7r{ (ug — o 4+ 1) [Cin 27 (ug +  + 1)] — Cin [27 (ug + a — 1)]]

+ (ug — a® +1) [Cin[27 (g — v+ 1)] — Cin 27 (ug — a — 1)]]
+ 21 (ug — 200 — & — 1) [Si 27 (uo + a + 1)] + Si [27 (ug — o — 1)]]
+ 21 (ug + 20 — o — 1) [Si[27 (o + o — 1)] + Si 27 (ug — a + 1)]]

(1 o ;fl)_ : [COS e } Z
ez A ROk
e ”T]K
1200’ D conffuo—a-1)7]] "} o

Evaluating the limits of integration and simplifying Equation (D.97),

~ A%
Fone (0) = 7,

{ (ug — & 4+ 1) [Cin 27 (ug + e + 1)] — Cin [27 (uo + o — 1)]]

+ (ug — a® +1) [Cin[27 (g — v+ 1)] — Cin 27 (ug — a — 1)]]

+ 21 (ug — 200 — & — 1) [Si 27 (uo + a + 1)] + Si [27 (up — o — 1)]]

+ 27 (ug + 20 — o — 1) [Si[27 (up +  — 1)] + Si 27 (ug — a + 1)]]
-1

+ (up — a+ 1) [cos [(ug + a)] — 1]
|-

1]

+ (ug + a + 1) [cos [(up — )] — 1] } (D.98)

+ (ug — a — 1) [cos [(uy + @)

+ (up + a — 1) [cos [(ug — @)
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Simplifying Equation (D.98) yields the stationary autocorrelation function R,,»(0) for the

cosine-squared distribution,

Rz (0) = ﬁi_%r{ (ug — @+ 1) [Cin 27 (up + a + 1)] — Cin [27 (uo + a — 1)]]

+ (ug — @* 4+ 1) [Cin[27 (ug — a + 1)] — Cin [27 (up — a — 1)]]
+2m (u — 2 — a® — 1) [Si[27 (ug + a + 1)] + Si [27 (ug — @ — 1)]]
+2m (ud + 20— a® — 1) [Si[27 (ug + @ — 1)] + Si[27 (up — a + 1)]]

+ 2 (ug — @) cos (ug + ) + 2 (ug + ) cos (ug — o) — 4u0}. (D.99)

D.4 Triangular Distribution

Recalling the autocorrelation function R,(p) for the triangular distribution,

(27 +p)°, 2 <p<
473 — 6mp® —3p®, —m<p<0
Ry(p) = ?—i 4m3 —6mp® +3p®, 0<p<n : (D.100)
(2m —p)*, T<p<2m
0, otherwise

\

Also recalling the first derivative of R,(p),

(3(2m+p)°, 2 <p<—m
— (127p+9p®), -7 <p<0
Ry(p) = ?—j’; §—(12mp—9p%), 0<p<n . (D.101)
—3(2r —p)°, T<p<2m
L0, otherwise
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Finding the second derivative of R,(p):

which can be simplified to be

Finding the third derivative of R,(p):

which can be simplified to be

(3 (21 +p)°, o <p<-—mw
— (127p+9p*), —7<p<0
A% d
7 _ m 2 .
R‘g(p)_@d_p —(127rp—9p ), 0<p<m ; (D.102)
—3(2r —p)°, T<p<2m
L0, otherwise
(
127 + 6p, —2r<p< —71
— (127 4+ 18p), —7<p<0
A%,
R,g/(p) o2 (127 —18p), 0<p<m (D.103)
1277—6]?, WSPSQT‘-
L0, otherwise
(127 + 6p, I <p<—n
— (127 +18p), —7<p<0
Ry (p) A d 12r —18p), 0<p< ; (D.104)
Qp_6ﬂ-2dp _( ™= p)7 SpxT ) .
127 — 6p, T<p<2m
L0, otherwise
6, 2n<p<—m
_187 - S p S 0
A2
Ry(p) = 575418, 0<p<m (D.105)
—0, T<p<2m
0, otherwise
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Recalling the autocorrelation function Rs(p),

(

up

2

A? ’

Ry(p) = 6_7:; ug
ug (27 —

\0’

(27r+p) +6(27+p),
U (47T3—67Tp —3p)—127r—18p,
(47* — 6mp” + 3p*) — 127 + 18p,
(

p)’ +6(2m —p),

Finding the first derivative of R;(p):

(
(%

A% d
672 dp

w(p) =

S

2T —

e

0,

\

which can be simplified to be

o (2m+p)° + 627 +p),

ug(47r3—67rp —3p)—127r—18p, —m<p<0
o (
o (

p)’ +6(2m —p),

(3u2 (27 + p)* + 6,
—ug (127p + 9p*) — 18,
—ug (127p — 9p?) + 18,
—3ug (2 — p)* — 6,

0,

\

Recalling the autocorrelation function R, (p),

Ru(p) = Rui(p) + Rua(p) —

where

GA; 442
(p) +—

270

—2r<p< -7
—Tt<p<0
0<p<m
T<p<2m

otherwise

473 — 6mp? —|—3p)—127r+18p, 0<p<m

T<p<om

otherwise

—2r<p< -7
—-T<p<0
0<p<m
T<p<2m

otherwise

(D.106)

(D.107)

(D.108)

(D.109)

(D.110)



for 0 < |p| < 7 and 0 otherwise, and

A2yl
Roo(p) = =25 (Ip| = 27) (D.111)

for m < |p| < 27 and 0 otherwise. Recalling the definition for éml(()),

B (0) _@{_/j" R, (7) cos [(ug + ) 7] d7+/_°° R, (7) cos [(ug — a) 7] dr

o

0o UoT 00 UoT
+ o / Ry (r) St )] )2 / Ry (r) =Ty 1)
—00 UOT —00 UOT
YR ACE (ot )Tl 4o, JIRACES (o — )7 df}.
—00 UoT —oo UoT
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Substituting Equations (D.108), (D.101), and (D.103) into Equation (D.112),

~ A2 ug o ) cos [(ug + a) 7]
— m — 12 2 12 2 2
R.,.1(0) 193 { /_27r (3u07' + 127muyT 4+ 127%ug + 6) wor dr

0
+ / (9u2r* + 12midr 4 18) L0 T )T]
ugT
N ) cos [(up + a) 7]

(Yugr? — 127ugT + 18 dr

UgT

dr

(3ur? — 127ulr + 1272 + 6) KUJO:_F )]

ugT
0

(9ugr? + 12mugT + 18

) cos [(uio; a) 7]

dr

) cos [(ug — a) 7]

(Yugr? — 12mugT + 18 dr

ugT

) cos [(ug — a) 7]

(Bugr? — 12mugT + 12°ug + 6 dr

J
- 2 2 2.2 cos [(ug — a) 7
+ (Buor® + 127udT + 127%uf + 6) dr
—27
J

UoT
—Tr

dr (D.113)

) cos [(up + a) 7]

(37 + 1277 + 127°
ugT

|
N
3

(97’2 + 1271'7') cos |(uo + @) 7] dr + oz2/ (9T2 — 127TT) cos |(uo + @) 7] dr
UgT 0 ugT

|
Q
\\o\

2w
—a? (37’2 — 1277 + 127‘(‘2) cos [(uo + ) 7] dr
- ugT
2 [T a2 2y €08 [(ug — a) 7]
-« (3T + 1277 + 127 ) dr
o UgT
0 . T o
+ a2/ (97’2 + 127TT) cos [(uo — @) 7] dr — 042/ (9T2 — 127rT) cos [(uo = a) 7] dr
—T uOT 0 'U/OT
2 o 2 2y €08 [(up — a) 7]
+ « (37’ — 1277 + 127 ) dt
- uogT
-7 . 0 .
+ 2a/ (67 + 127) Sl * 7] za/ (187 + 127) Sl + 7]
—27 UoT -7 UoT

3

sin [(up — ) 7]

+
DO
Q

(187 — 127)

ugT ugT

™ . o .
+ 2 / (187 — 127) Sl + 7] o, / (67 — 127) Sl F 7]
0 UoT w UoT
—r . - 0 . .
+ 2a/ (67 + 12m) sin [(uo — ) 7] dr — 2a/ (187 + 12m) sin [(uo — ) 7] dr
—or ugT _r UogT
/0

dr — 2a /:W (67 — 127) Sl = ) 7] dT}.
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Recognizing even and odd functions in Equation (D.113) and combining terms,

~ AQ T
le (O) — m% - 2 (9u27_2 . 127TU2T + 18) COS [(UO + O{) 7‘] dT
1273 0 0 0 o

21
+ 2/ (3u87-2 - 1271_“37_ + 127T2u(2) + 6) COSs [(U/Q + CY) 7'] d,r
+ 2/ (9ugr? — 12mugT + 18) cos [(ug — a) 7] 0
0 ugT
21 B
N 2/ (Bugr? — 12mudT + 127°ug + 6) cos [(ug — @) 7] dr
UGT
+ 2a2/ 97 1977 COS [(uo + ) 7] dr
0 %7-
2
2a2/ (372 — 1277 + 127%) =2 (wo+a)7]
UGT
2 cos [(ug — @) 7]
—2a 972 — 127r7‘ dr
0 %7’
+2a2/ 372 — 1277 + 1207) 22 [(wo —a)7]
UGT
+ 404/ (187 — 127) Sl + 7]
0 %7'
4a/ (67 — 12n) sin [(uo + @) 7]
UGT
sin [(ug — ) 7]
+ 4o 187’ — 127T dr
0 %’7’
2w B
4a/ (67 — 127) S0l — ) 7] dT}.
UGT
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Combining terms in Equation (D.114),

B = 2 { 18 (18— o) /OWT;, {cos[(uo—i-a)ﬂ} .

1273 7

O [ L
g [l vy

T

o) [ [l

a7

— 24r (u2 — a?) /:W;V {COS [(uo + o) T]} dr

7

+ [247° (u§ — o*) + 12] /2” 006 ({v + 2)7] dr

T

+ 18 (u§ — o) /7T r? {COS (Cllc) T]] dr

0 Ve

— 24 (u2 — a?) /OW/V {COS [(uo —a) T]} dr

7

+36/07r cos [(ug — a) 7] ir

T

~o(u—at) [ [l nl]

+ 24 (u2 — o?) /ﬁ %7{(308 K“;‘ O‘)T]] dr
- o () 4 12) [ =l
}dT 4870 /0 S K“”O‘) ™) ar
/ﬂ q d7+487ra/ sinf(uo + @) 7
+72a/0ﬂ;{i to —0) ]d 48a/os
]

T}d7+487ra/ sin } (D.115)
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Canceling terms and rearranging Equation (D.115),

_ A2 m
R.,.1(0) = 12;3{ — 18 (ug — o?) /O 7 cos [(ug + ) 7] dT

2w

16 (2 —aQ)/ﬂ 7 cos [(ug + @) 7] dr
18 (i} — o) /OﬂTcos (g — ) 7] dr
6 (12— 0?) /:”Tcos (o — 0) 7] dr
T2 (a2 - ) /0 " cos [(uo + a) 7] dr
2 (a2 - ?) / " cos [(uo +0) 7] dr
2 (i — o?) /0 " cos (o — ) 7] dr
b2 (12— o?) / " cos[(uo — ) 7] dr

_36/”008[(u0+a)7] i

T

+ 36/; cosf(uo =)\

T

+ [247% (u§ — o®) 4 12] /27r os [(uo 1) 7] dr

T

— [247% (u§ — o*) + 12] /QW cosllw —a)7] )

T

2

+ 7204/ sin [(uo + o) 7] dT — 2404/ sin [(ug + «) 7] dr
0 s

2w

+72a/0ﬂsin[(u0—a) . dT—24a/ sin [(uo — @) 7] dr

— 487ra/ sin [(up + @) dT + 487ra/ sin [(uo + @)
0 T

T . . 2m _
— 487a / sinf(uo = 7] ) 4 sgra / sin (o = a) 7 dr}. (D.116)
0

T
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Integrating and rearranging terms in Equation (D.116),

R A Uy + ) 7sin [(ug + o) 7] + cos [(ug + ) 7] 1"
Bt (0) = 12::3{ 18 (a2 — o) [( +a) 7sin ( (; —l—)aij [(uo + ) ]L
+6 (u2 — a?) {(uo + a) 7sin [(u(z;r) ?Sj cos [(ug + @) T]}
118 (2 — o) [(uo — a) Tsin [(U(EI; i);';;— cos [(ug — @) T]} 0

— 6 (u — a?) {(“0 —a) 7sin[(ug — a) 7] + cos [(up — a) T]Er

(uo — 04)2
§24m (12— 0?) [sin [S;O:aoz) T]K 24 (2 — o?) [sin [S(L)o:aa) T]Ew
o (2~ a?) {sin [S(L)o_—aa) T]E T2 (1 - 0?) {sin [S(L)o_—aa) T]} 72;

dr

+36/“1—cos[(u0+oz)7'];1+cos[(u0—a)7']

~ [odr® (i — a?) + 19] [/02“ 1 —cos [(up + ) 7] — 1 + cos [(ug — ) 7] d’/‘:|

-
+ [247° (u§ — o*) + 12] [/ﬂl_COS[(UO+a)T]_1+COS[(UO_Q)T] dr}
0 T
21
7o [cos Ug+ )T } + 240 |:COS (up + @) 7 ]}
Ug + Ug + -
27
7o [cos Uy — Q)T } 2o [cos (g — ) T ]}
Ug — & Uy — & .

2 _:
— 967a / sin [(“°+O‘) " 7+ 4sra / sin[(wo +a)7] -

— 96ma /0 sin [(“OT_ V7 47 4 4870 /: " sin [(“{ )] dT}. (D.117)

Recalling the definitions for the sine and modified cosine integrals,

Si (ba) = / b Siniat) dt (D.118)
wnd , b1 — cos (at)
Cin (ba) = / Pl gy (D.119)
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Applying Equations (D.118) and (D.119) to Equation (D.117) and evaluating the limits of

integration,

Ry (0) = A2 { 18 (u2 — o?) [W(uo+a) sin [ (uo + a)] + cos [ (uo + a)] — 1}

1273 | (uo + @)”

6 (12— ?) |:27T (up + @) sin [27 EZE i zi];— cos [27 (ug + 04)]}
N (uo + ) sin [ (ug + )] + cos [ (ug + )]

—6 (Uo ) { (o + a>2 }

s (ug B a2) |:’/T (ug — o) sin [ (uo(z;oi)]aj;cos (7 (ug — )] — 1}

6 (e — a?) {2% (up — ) sin 27 EZZ : Z;]2+ cos [27 (ug — a)]]

+6 (u2 — a?) [W (ug — a) sin [r (EZ)O_—O;)g; cos [ (ug — Oz)]]

sin [7 (ug + «)] — sin [27 (ug + «)] + sin [« (up + a)]]
Uy + &

2 (12— o) {Sin [7 (ug — )] — sin [2;0(?)&— a)] + sin [ (ug — oz)]}

+ 247 (u(z) — az) {

+ 36 [Cin [7 (ug + «)] — Cin [7 (ug — @)]]
— [247* (u§ — o*) + 12] [Cin [27 (up + @)] — Cin [27 (up — )]
+ [247” (u§ — &*) + 12] [Cin [ (up + @)] — Cin [7 (ug — a)]]
[cos [ (up + )] — 1]
L Ug + &
[cos [27 (ug + )] — cos [ (ug + oz)]}
Uy + o

[cos [ (uuo_-;)] . 1}

— T2«

+ 24«

— T2«

+ ogq [0 27 (w0 = c;)] _— [ (uo — a>]}

— 96maSi [ (ug + )] + 48maSi [27 (up + )]

— 96masSi [ (ug — )] + 48maSi 27 (ug — )] } (D.120)
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Collecting terms in Equation (D.120),

- A2
B (0) = 3575

{ (12 — 247) (up — «) sin [27 (ug + )]

— (127 — 247) (up + ) sin [27 (ug — )]

— (187 + 67 — 487) (up — «) sin [ (ug + )]
+ (187 + 67 — 487) (up + ) sin [7 (ug — )]
N 6 (up — @) + 24«

2
wta cos [27 (up + )]

6 — 24
_Sluw+a) @ cos 27 (up — )]
Ug —
24 —
_ 24{uo — o) +9%6a cos [ (up + )]
Ug + &
24 —
+ (o + @) = 96a cos [ (ug — )]
Ug — &

— [247® (u§ — &*) 4+ 12] [Cin [27 (up + )] — Cin [27 (up — )]
+ [247° (u§ — o*) + 48] [Cin [7 (up + @)] — Cin [7 (up — a)]]
+ 487 [Si 2 (ug + )] + Si [27 (ug — @)]]

— 967 [Si [7 (ug + a)] + Si [ (ug — a)]]

- 2 2
+18(“0 &)—18(“0+0‘)+ P2a | T2 } (D.121)

Uy + « Uy — Uy +a Uy — «
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Simplifying Equation (D.121) yields the stationary autocorrelation function ﬁml(O) for the

triangular distribution,

R (0) = A, { — 127 (up — o) sin 27 (ug + a)] + 127 (up + o) sin [27 (ug — o)

1273

+ 247 (up — a) sin [ (ug + )] — 247 (up + «) sin [ (ug — )]

+6 (“O i 3“) cos [27 (up + )] — 6 (“0 - 30‘) cos [27 (ug — )]

Ug + & Uy — A
3 -3
— 24 (?Z)O: ;) cos [ (ug + a)] + 24 <lZJD — a&) cos [ (ug — )]

— [247* (u§ — o?) + 12] [Cin [27 (up + @)] — Cin [27 (up — @)]]
+ [247” (u§ — @*) + 48] [Cin [ (up + @)] — Cin [7 (ug — )]
+ 48ma [Si 2 (ug + )] + Si[27 (ug — a)]]

_ 96ma[Si 7 (up + @) + Si [ (ug — a)]] + —20% } (D.122)

Recalling the definition for EmQ(O),

B (0) { /°° R, () sin [(uo + ) 7] N /_OO R, (+) sin [(u —a) 7]

21 | J oo UoT

00 UoT
+a? / R (r) (ot a)7] ) +a? / R (r) 2 (o —a)7] ), (D.123)
e ! UgT o ! UgT
— 204/ R} (7) cos [(uo + ) 7] dr + 204/ R (1) cos{(uo = @) 7] dT}.
PN UgT 0 UpT
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Substituting Equations (D.109), (D.103), and (D.105) into Equation (D.123),

~ A%y i sin [(up + @) T
R (0) = 75 30{12 / (2m — 37) | 507 )7 4

sm [(up + o) 7]

(T —27 dr

+ 12u0 e
0

sin [(up — ) 7]

+ 1202 / (2m — 37) dr
ugT

sin [(up — ) 7]

+ 12u0 (1 — 2m) dr
UugT
- 36/ )5t L(vo +O‘) gy - 36/ 5(r) Sl —a)7] )
oT . UT
+24/ ST+ >sm [(uo +a)7] dT—|—24/ 5(7’—7T)Sln (4o + ) 7] dr
—c0 UgT — 00 ugT
—6/ 0 (1 + 2m) sin [(uo + @) 7] dr — 6 d (1 —2m) sin [(uo + @) 7] dr
— 0 ugT — 00 ugT
+24/ 5(T+7T)Sm [(uo =) 7] dT—|—24/ 5(7—7r)sm (G dr
— oo ugT — o0 UoT
—6/ 5(T+2W)81n[(u0—a)7] dT—6/ 5(T_27r)sm[(u0—a)7'] dr
— 00 UgT o0 UogT
o . 0 .
+ 042/ (127 + 67) sin [(uo + a) 7] dr — a2/ (127 + 187) — [(qu +a)7] dr
—27 UogT -7 o7
™ : 2 :
— a2/ (127 — 187) sin [(ug + ) 7] dr + a2/ (127 — 67) S [(u;] +a)7] dr
0 UoT ™ 0T
—r . . 0 . .
+ ag/ (127 + 67) sin [(uo — @) 7] dr — a2/ (127 + 187) i [(ug )] dr
—27 UoT R 07T
™ . . 2 : .
— 042/ (127 — 187) sin (up — @) 7] dr + 042/ (127 — 67) S Kul(: @) 7] dr
0 UoT T 0T
B 12&/ cos [(ug + a) 7] dr 4 360 /0 cos [(ug + o) 7] ir
2 -7 UoT
2
—36&/ cos [ u0~|—oz 7] dT—|—12a/ cos [(up + ) 7] ir
0 T UoT
— 0 —_—
N 12&/ cos [(ug a) 7] g 3604/ cos [(ug — ) 7] i
2w -7 UoT
+ 36a/ cosf(uo —a)7] 12a/ cos[(uo = a) 7] dT}. (D.124)
0 T UoT
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Recognizing even and odd functions in Equation (D.124) and combining terms,

§m2(0) = ?2‘?{12% /07r (27 — 37) sin [(?26—: a)T] ir

+ 12u? /2” (1 —2m) sin [(uo + ) 7] dr
', T

+ 12u3/0 (2 —37) s [(226; a)7] dr

+ 12u /2” (1 —2m) sin [(uo = @) 7] dr
" Ja UgT

—36/00 5(T)sin[(u0+a)7] dT—SG/OO 6(T>sin[(u0—a)7'] gr

uir it
+ 2 /Z 5(r+m) 2 [(Z; D7 4 1 o4 /Z 5(r — )22 [(7“2; 7 4
—6/25(7’—}-2%) Sm[(t‘z;o‘m d7—6/25(7—27r) Sin[(f;io‘m dr
+24 /_ Z 5(r 4 m) 22 [(@;; V7] 7 12 / : 5(r —m) 22 [(126; D7 4y

—6/00 5(T+2W)sin[(u0—a)7] 017—6/oo 5(7_2ﬂ)sin[(u0—a)7'] dr

UGT 6T
— 202 ' (127 — 187) sin [(uo + ) 7] dr + 202 /27T (127 — 67) sin (o + ) 7]
0 UgT ” UgT
7" 27 .
- 2a2/ (127 — 187) 22 (=)} 2a2/ (127 — 67) 22 (o —a
0 T g %’7‘

g 2w
B 72&/ cos [(up + @) 7] ir - 24@/ cos [(ug + ) 7] ir
0 us

UG ugT
Iy (CETL PR L D)
0 T
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Applying the sifting property of the delta function and collecting terms in Equation (D.125),

Ron(0) = éf’:g {487r (u2 — 0?) /0 s [(“”: )7 g
— 36 (u? — 0?) /wa {Sin [(uo; %) Tq dr
__24W(ug-CR)L/QWSH1K“°*‘“)T]dT

0 7_
+m@pﬂa/

™

v
+ 487 (ug — ) / sin[(uo = @) 7] dr

0 T

— 36 (u2 — o?) /0”7 {Sin [(u;— o) T]l dr

— 24 (u — o) /2” sin [(ug—a)7]

0 T
+ 12 (ug—az)/

2”7 {sin [(up + ) ’7']:| 0

:”7 {Sin [(u;— Q) 7']:| ir

— 36 (up + a) — 36 (up — @)

sin [ A7 (ug + )] sin [7 (ug + )]

24 24
* A + ™
63in [A27 (ug + )] 6sin 27 (up + )]
A2 27

24sin A7 (ug — )] N 24S.in [ (up — )]

_l_ . /71— . T
_Sn A2m (ug — )] (S0 27 (up — )]

A2 2
—|—96a/ 1 — cos [(ug + o) 7] ; 1+ cos [(ug — o) 7] ir
ot /27T 1 — cos [(up + @) 7] ; 1+ cos[(up — a) 7] dr. (D.126)
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Further simplifying Equation (D.126) and performing integrations,

~ A? 48 . 48 .
R2(0) = 12:3{ — T2ug + — sin [T (uo + )] + — sin (7 (ug — )]

— % sin 2 (uy + )] —  sin 2 (g — )]

136 (1 — a?) [cos [(up + ) 7]]"
Uug + « 1o
12 (u2 - a?) [cos [(ug + @) 7] 17"
Ug + & 1x
s o [eos [0 — a) )]
+ 36 (uj — o)
Ug — & lo
r 127
19 (o2 cos [(up — ) 7]
(ug — a?) T w—a |
+ 48 (ug — aQ) / sin [(uo + a) 7] dr
o T
2m
— 24w (u% — oz2) / sin [(uo + ) 7] dr
0 T
+asr (i —a?) [T g,
0 T
2m 3 _
— 24m (ug — 042) / sin [(uo — @) 7] dr
B T
™ 1 -
n 96a/ cos [(ug + o) 7] + cos [(ug — ) 7] ir
0 7—
2 1 _ _
B 24@/ 1 —cos[(ug +a) 7] — 1+ cos [(ug — ) 7] i (D.127)
0 T
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Applying Equations (D.118) and (D.119) to Equation (D.127) and evaluating the limits of

integration,

AZ

m

Bna(0) = 3575

48
{ — T2uy + — sin
7

[7 (ug + a)] + 4?8 sin [7 (ug — )]

— gsin 27 (up + a)] — gsin 27 (uo — )]

+ 36 (u% — a2)
— 12 (ug — a2)
+ 36 (ug — o)

—12 (u% — oz2)

[cos [ (up + )] — 1]
i Ug + &

[ cos 27 (up + )] — cos [ (ug + 04)]]
i Uy +

[cos [m Sz)o_—oix)] — 1]

[ cos [2 (ug — )] — cos [ (ug — 04)]]

+ 487 (ud — a?) [Si [ (up + )] + Si[7 (ug — )]
— 247 (uf — ) [Si[27 (uo + )] + Si[27 (ug — )]

+ 960 [Cin [7 (ug 4 )] — Cin [7 (ug — @)]]

— 240 [Cin 27 (ug + «)] — Cin [27 (ug — «)]] }

(D.128)

284



Simplifying Equation (D.128) and rearranging yields the stationary autocorrelation function

Run2(0) for the triangular distribution,

~ A?n
Foma(0) = 1573

{ — 24 [Cin 27 (up + )] — Cin 27 (ug — )]]
+ 96 [Cin [7 (ug + «)] — Cin [7 (ug — «)]]
— 247 (ug — o) [Si[2m (ug + )] + Si [27 (ug — )]
+ 487 (ug — o) [Si[m (uo + a)] + Si[m (uo — a)]] (D.129)
_ g [sin 27 (up + )] + sin [27 (ug — @)]]

+ 4?8 [sin [7 (up + @)] + sin [7 (ug — @)]]
— 12 (ug — a) cos 27 (up + )] — 12 (up + ) cos [27 (ug — «)]

+ 48 (ug — av) cos [ (up + )] + 48 (ug + @) cos 7 (ug — a)] — 144u0}.

D.5 Uniform Distribution

Recalling the autocorrelation function R,(p) for the uniform distribution,

2 +p) —27 S p S 0
Ry(p) = A2 2r—p, 0<p<2mr . (D.130)

0, otherwise

Also recalling the first derivative of R,(p),

17 =27 S p S 0
Ri(p)=A2 < -1, 0<p<2r . (D.131)
0, otherwise

Alternatively, the first derivative of R,(p) can be written in terms of the Heaviside step

function,
R (p) = A2, [H(p + 2m) — 2H (p) + H(p — 2m)] . (D.132)

285



Finding the second derivative of R,(p):

R (p) = Aidip (H(p +27) — 2H(p) + H(p — 27)]: (D.133)

recalling that the derivative of the Heaviside step function is the delta function; then

RY(p) = A2 [0(p + 2m) — 26(p) + 0(p — 2m)]. (D.134)

The third derivative of R,(p) can be written in terms of the first derivative of the delta

function,

RY(p) = A;dip 5(p + 27) — 20(p) + 6(p — 2] (D.135)

Recalling the autocorrelation function R(p),
Ry(p) = A2 [6(p + 27) — 26(p) + 8(p — 27)] + ud R, (p). (D.136)
Finding the first derivative of Ry(p):
Ri(p) = Ai% [6(p + 2m) — 25(p) + 6(p — 2m)] + ug Ry (p); (D.137)

which can also be written as
R}(p) = Ry (p) + ug Ry (p). (D.138)

Recalling the autocorrelation function R, (p),

d2
Ru(p) = — Afnd—pQ [6(p+2m) — 26(p) + 6(p — 27)]
— A2 ud [6(p +27) — 26(p) +6(p — 2m)], (D.139)
which can also be written as
d /1 /! /!
Rnu(p) = —d—pRg (p) — ugR(p) = =RV (p) — ug RL (p). (D.140)
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Recalling the definition for }N%ml(O),

B (0) ug { B /°° R, (7) cos [(ug + ) 7] ir /°° R, (7) cos [(up — a) 7] gr

o

0o UgT 00 UoT
+ CYQ/ R, (1) cos (o + ) 7] dr — az/ R, (7) cos [(uo — @) 7] dr (D.141)
o UgT —o0 UoT
+2a / Ry () Sl £V Ty, / Ry () Sl — ) 7] dT}.
—o0 UoT — o uogT

Substituting Equation (D.138) into Equation (D.141),

B (0) = uo{ - /_ ) [RY(7) + 3R, ()] == [(uo +a)7]

27 o0 UoT

+ / ) [RY(7) + w3 Ry(7)] = (o), (D.142)

o UpT

L2 /°° R (7) cos [(up + a) 7] Jr o /°° R, (7) cos [(ug — @) 7] i

00 UpT ) UgT

+ 2 /OO R/ (7) sl + )7 ;o0 /OO R () S0l = @) 7] dr}.

— 00 ugT 0o ugT

Rearranging Equation (D.142),

Bt (0) = “0{ — (@2 — a?) /_ Ty sl a7l

2 00 UpT

+ (42— a?) /_Oo R, (1) = (w=a)7] . (D.143)

00 UgT

soa [ R0 (ot )Tl 4 49, | o™= o —a)7l

UgT UgT

- /Oo R (r) =2 (wo+a)r) /OO R, (1) = (uo = a)7] dT}.

00 UpT oo UogT

287



Substituting Equations (D.132), (D.134), and (D.135) into Equation (D.143),

2 UyT 0 UgT

B (0) = Afnuo{ (2 a?) /Zﬂ cos [(up + ) 7] dr + (2 — ?) /27r cos [(ug + a) 7] dr

0

#(g—a?) [ ol g [ Teos[(wo —a)7] )

UpT 0 UT

sin [(up + a) 7]

dr

+ 2 / T (r + 27) — 20(7) + 8(r — 27)

4%, / 1607 4+ 27) — 26(7) + 6(7 — 27)) 1 K“S - Dkigs
- / T+ 2m) — 26(7) + 8 — 2m)] [(l:joj D7 4y
+ / T+ 2m) — 26(7) + (7 — 2m)] < K“;’O; o) 7] dT}. (D.144)
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Recognizing odd functions in Equation (D.144) and distributing terms,

?) /027r cos [(uo + o) 7] ir

R (0) = ’472“—%{2 (2

2w - UGT
— 2 (u2 - a?) /O oS [(?;(jﬁ; ) 7] dr
+ 2a /OO O(7 + 2m) sin KQ;(Z;: a)7] dr
e sin [(ug + a) 7]
—da /_Do o(7) o dr
+ 204/ d(r — 2m) o [(I;(Z;; o) 7] dr
+ 2 /00 O(T + 2m) sin [%26; @)7] dr
A o0 . sin [(up — ) 7] .
1 / o)
+ 2a/ o(r — 2m) o [(QZO; )] dr
B /°° §(r+ 27r)cos [(up + ) 7] i
o0 UGT
+ 2/ 5'(T)COS KZZ;— @)7] dr
<, cos [(up + ) 7]
—/_005(7'—271') e dr
<, cos [(ug — ) 7]
+/_005(T+27T) o dT}.

_ 2/: 5 (1) 2 [(Zj(f; @) 7] df}.

+ /O; §(r — 27r)cos Wﬁﬁ; a)7] dT}- (D.145)

Recalling the sifting property of the delta function and its derivative,
/ d(z —a) f(z) de = f(a) (D.146)

and

/00 8 (x —a) f(x) de = —f'(a). (D.147)
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Applying Equations (D.146) and (D.147) to Equation (D.145) and rearranging,

le (0) =

- A_gn{ (02 2)/2”1—00s[(u0+a)7‘]—1+COS[(U0—O‘)T]

2 T

{sm [/2;220 + oa)]} 9 [sin [27rézo + Oé)]}
o [sm [/2;2 o — 04)]} on {sin [27Téu0 - a)]]

—da (ug + o) — 4o (ug — @)

.\ dd {cos [(u(): a) T]]

T=—27

o ez
L el
4 fenle= oy
1 [emlen=al]
1 fea—ae) }

Recalling the definition of the modified cosine integral,

b —
Cin (ba) = / 1%S@‘t)dt.
0

Performing the derivatives in Equation (D.148),

d {cos [(ug + ) 7‘]:| _ (up + @) sin [(ug + ) 7] cos [(ug + «) 7]
dr

and
diT [cos [(uoT— Q) T]:| _ (uw—a) sinT[(uO —a)71]  cos [(US_Q_ a) 7']‘
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(D.148)

(D.149)

(D.150)

(D.151)



Substituting Equations (D.149), (D.150), and (D.151) into Equation (D.148) and simplifying,

- A2

R, (0) = %{ — 2 (uj — o®) [Cin [27 (uo + a)] — Cin [27 (up — @)]]

+ 2?04 [sin [27 (ug + )] + sin [27 (ug — @)]] — 8aug

_ {wo +a) SmT[(uO ta)7] | cos [(UOT + a) T]] |

ot s o))l 417

_ {wo ol )] o o T]}

1 [t esinlto o)), oo )] %

3 [t )unlte =o)1) ol

(e obslta o] nlt o] } o

291



Performing the evaluations in Equation (D.152) and simplifying,

~ A2

R, (0) = %{ — 2 (uj — o®) [Cin [27 (uo + a)] — Cin [27 (up — @)]]

+ 2?04 [sin [27 (up + a)] + sin [27 (up — a)]]

- :(uo +a) Sin7/ [72? (ug +a)] , cos [_ZZ 7530 + oz)]}

B :(uo + ) SiIlQ[:T( (uo + )] . cos [27r4(:20 + a)]]

L [(m—a) sm/ [;;:W (uo— )], cos [—QZ 75;‘0 - a)]]

N [(up — ) sinQEfw (ug — )] . cos [2#4(:20 - Oz)]}

49 {Cos [(uj.;_ a)7]  cos [(u0T2— «) 7']:| |

+2(up+ )’ =2 (up — a)® — Sauo}. i (D.153)

Collecting terms in Equation (D.153) and simplifying,

R (0) = 1;1—7?:{ — 2 (uj — o®) [Cin [27 (uo + a)] — Cin [27 (ug — )]

_ % (ug — ) sin [27 (ug + )]

+ % (uo + ) sin [27 (ug — )]

] [cos [27 (ug + a)] — cos [27 (ug — )]]

+2 [COS [(U:; a)r]  cos [(UoT— ) T]]

}. (D.154)

7=0

It can be shown that

lim {COS [(up + a) 7] — cos [(ug — ) 7]

= ] = —2ugpo. (D.155)

T7—0
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Substituting Equation (D.155) into Equation (D.154) and simplifying yields the stationary

autocorrelation function R,,;(0) for the uniform distribution,

~ A2
Fom (0 =5

{ — 2 (uj — o) [Cin [27 (uo + a)] — Cin [27 (up — @)]]
= [(up — a) sin [27 (ug + )] — (ug + @) sin [27 (ug — @)]]

5.3 [cos [27 (ug + a)] — cos [2m (ug — @)]] — 4u0a}. (D.156)

Recalling the definition for Ryus(0),

T (0) :;L_;{/OORn(T>sin[(uo+a)T] dT+/_°°Rn(T)sin[(u0—a)T] ir

o UgT 00 UpT

I ACE (ot o) 7] 4y 2 JIRACE (o= 0)7] 47 (p.1s7)
oo UoT o ! UoT

— 2a/ R} (7) cos [(uo + ) 7] dr + 2a/ R (1) cos{(uo — @) 7] dT}.
PN UgT —o0 UpT

Substituting Equations (D.139), (D.134), and (D.135) into Equation (D.157),

0 :Am%{ - / ) (0" (7 + 2m) — 26" (7) + 8" (T — 2m)] sin [(uo + @) 7]

27 o . UGT
- / (8" (7 + 2m) — 26" (1) + 8" (r — 2m)] [“26; D7 4
~ @) [ o+ 2m) 20 + 8 — 2m) S?“ Lot 01l 47
— (uz —a?) /_ [3(r +2m) = 26(7) + (7 — 27)] i K“}‘Zﬁ; D7) 4
20 /_ (4 2m) = 28/(r) + (7 - 2m) = Kl;j 7] g7
= / — 95 (F "+ — O COS[(UO_O‘)T] -
+2a/_w[5(f+2w) 20/(r) 4 (r — 2m) d}. (D.158)

Recalling Equations (D.146) and (D.147) and the sifting property for higher order derivatives

of the delta function,

/OO 6" (z — a)f(x) do = (—1)"f™)(a). (D.159)
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Applying Equations (D.146), (D.147), and (D.159) to Equation (D.158) and simplifying,

~ A%
o (0) = 5

{ (2 a?) sin [ 27 (uo + @)]
0 A2m
B ( 2—a2) sin [A27 (ug — «) 7] B

A2m

+ 2 (ug — &) (up — @) + 2 (ug — &) (uo + )

d [cos|[(up+ ) 7]]
2y —
* “ar T
- T lr==27
B 4ai [cos [(up + a) 7] |
dr T
- =0
d [cos[(up+ a)7]]
2y —
* “ar T
- - lr=27
B 2ai [ cos [(ug — a) 7] |
dr T
- - lr=—27
N 4ai [cos [(ug — a) 7] |
dr T
- 7=0
d [cos[(ug— ) 7]]
—2a—
“ar T
- T lr=2m
B d_2 sin [(up + a) 7]
dr? T
T=—27
d* [sin[(up+ a) 7]
9"
- dr? { T ]
7=0
& [sin[(ug + ) 7]
dr? T
T=27
@ [sin[(up —a) 7]
dr? T
T=—27
d* [sin[(ug — )]
9"
* dr? { T ]
7=0
& [sin[(ug —a)7]
dr? T , '
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sin [27 (ug + )]

sin [27 (ug — )]

(D.160)



Recalling the derivatives performed previoiusly in Equations (D.150) and (D.151) and

performing the second derivatives in Equation (D.160),

dd_; [sin [<u07+ a) T]} _ (w+a) si171_ [(uo + ) 7] 2(ug+ ) cc;s2 [(uo + a) 7]
| 2sin [(z:)g+ a) 7] (D.161)
and
dd_; [sin [(uOT— a) T]] _ (w—a) sir71_ [(uo —a) 1] 2(ug—a) cc;z (o — @) 7]
2sin [(uo — a) 7], (D.162)

3
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Substituting Equations (D.150), (D.151), (D.161), and (D.162) into Equation (D.160),

~ _ h{ N (u2 a2) sin VQ;;;:_O + 04)] o (ug - 042) sin [27(5:1;0 + Oz)]
_ (ug — a2) sin [7Z277Z§?7:0 —a)] _ ( 2 _ a2) sin [QWS;O — )]
+2 (12 — 0?) (uo — @) + 2 (u2 — 02) (up + @)

+ 4o (g + ) — 4o (ug — @) — 2 (up + @)® — 2 (up — a)®

o :(uo +a) sm/ [7;37 (w0 + )] , cos [—QZ 75;““] + 04)]}
o :(uo +a) sin2[j7r (w0 + )], cos [27r4(:20 + a)]]
+ % :(UO —a) Sin/ [72?# (uo — )] | cos [—21 ;go - 04)]]
1 9g [0 —a) sinsz (w9~ a)] | cos [274%0 = oz)]]

-(u;) + a)?sin [A27 (ug + )] (ug + @) sin [27 (ug + )]
A2m 27

(2 (o + ) cos [~2 (uy + ][Rl e oo+ )]

_|_

: Am? Am?
~ [2sin [/72[7; 7(;:0 + a)]} B [2 sin [27; 7(:;0 + a)]}

:(uo — a)?sin 27 (ug — a)]] N [(uo — a)?sin [ #4271 (ug — a)]]

27 A2

N 2 (o — a) czjr[f?r (up — a)]] N {2 (uo — @) 0027[;2” (uo — O‘)q
[ 2sin [2r (ug - a)]} [%in A2 (1o — O‘)q
873 A8’

[cos up +a) 7] cos[(ug — a) T]‘|
2

T2

7=0

—2

{ (up — @) cos [(uo —a)7]  2sin [(uog— @) T]:|

T2 73

Ly {2(u0+o¢) cos [(ug + ) 7] 2sin[(ug + ) r]} } (D.163)
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Simplifying Equation (D.163),

R (0) = AE”{ [—2 (u2 — a%) + 2 (ug + a)* — 4o (ug + ) — i} sin 27 (uo + )]

T om 2 27
i {_2 (u2 — 02) + 2 (uo — 0)? + da (ug — ) — %] sin [%ré:iro —a)]
+ [—4da+ 4 (ug + )] s [27T4(:20 + )
+ o+ 4 (g — a)] = [%4(:20 —)
+ 4 [cos [(uj_:— a)7]  cos [(uj—Q— @) 7']:|
. {2 (up + @) C(;SQ[(UO +a)7]  2sin [(u:3~|— @) T]:|
. |:2(u0—04) CiSZKUO—Oé)T] _ 2sin [(uTog— @) T]:| } (D.164)

Applying Equation (D.155) and further simplifying Equation (D.164),

oo (0) = ’;1—;:{ _ 2%3 fsin [27 (u + )] + sin [27 (ug — )]

+ =5 [cos [2m (uo + )] + cos [2 (ug — a)]] + Suga’

+4 [Sin [(“OT; a)7] |, sin [(UOTB_ a) T]]

7=0

(gt a) [cos [(uo + ) T]]

72

— 4 (ug — ) [COS [(uo = a) T]} } (D.165)

T2

Recalling the Taylor series expansions for sine and cosine,

a2
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and

¥ x
cos(z) =1— o T (D.167)
Substituting Equations (D.166) and (D.167) to Equation (D.165),
~ Az I :
R0 (0) = 59 " 5.3 [sin [27 (ug + )] + sin [27 (ug — )]
+ % [cos [27 (ug + )] + cos [27 (ug — @)]] — Supa®
—(uo +a) (uw+a)  (u+a) 7 ]
+4 - -
T2 3! 5!
- -0
Ly (wo —a)  (uo — ) (uo—a)gTQ_
T2 3! 5!
L ~ u z':O
1 (wo+a)  (up+a) 72
—dlwta) 5 -y o
- - =0
1 (uwp—a)  (up—a)'r?
— 4 (ug — @) == 51 1 - . (D.168)
L 4 Ir=0
Canceling terms and simplifying Equation (D.168),
R (0) = A Lo (g + )]+ sin 2 (w0 — o)
= —— -«
m2 o 53 (S [2T (uo + a)] +sin [27 (ug
+ u—g [cos [27 (ug + a)] + cos [27 (ug — a)]] — Supa®
T
2 2
~3 (up + @) — 3 (up — @)® +2 (ug + @)* + 2 (ug — a)? } (D.169)

Simplifying Equation (D.169) yields the stationary autocorrelation function Ry,2(0) for the

uniform distribution,

AZ

T o

Rm2 (0)

1
273

+ % [cos [27 (ug + a)] + cos [27 (ug — a)]] +

298

[sin [27 (ug + )] + sin [27 (ug — )]

8
_ug}.

3

(D.170)
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