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Abstract

Structures, artwork, and expensive equipment are often susceptible to significant dam-

age from vertical dynamic motion such as that generated by earthquakes. Several sys-

tems exist which seek to mitigate damage caused from motion, but the study of vertical

dynamic motion isolators lags behind that of horizontal motion isolators. This thesis

explores the design of a vertical isolation system utilizing two laterally loaded arches,

acting as beams, to generate negative stiffness. This negative stiffness is counteracted

by a positive, linear stiffness from a parallel spring to create a quasi-zero stiffness. The

quasi-zero stiffness shifts the natural frequency of the system to almost zero, causing

frequency ratios experienced by the system to approach infinity. As a result, the system

experiences low transmissibility from the base of the system to the point of interest,

which in the case of this research is at the connection joining the beams to which the

isolated mass is attached. Essentially, it allows for this connection to be effectively

isolated from the effects of vertical accelerations at the base of the system.

Both an experimental prototype and two different theoretical models are examined

in this thesis, which allows for a physical system to be compared to theories in order to

determine the efficacy of the system and to help validate the theories. The experimental

prototype is produced with a focus on using lightweight materials and allowing for a

low profile. In order to achieve this goal, 3D printed parts are used. This allows for

high levels of control when designing for different system variables such as the length

of the beams, the stiffness of the beams, and the initial rise of the beams. Static testing

is performed on the prototype to characterize properties of the beam and spring and

xvi



to optimize the system. This is done simultaneously alongside the development of the

two theoretical models, which aimed to aid in and simplify the design process, as beam

properties could be roughly determined before being 3D printed. MATLAB is used in

combination with OpenSees in order to test the different theoretical models before they

are fabricated on the 3D printer. As static testing is performed, changes to the system are

made in order to both improve system performance and calibrate it for future dynamic

testing. Following the completion of the static testing and the implementation of small

modifications into the system, dynamic testing is performed using a vertical shake table

to evaluate the isolation performance of the system. The motions the system is subjected

to are a variety of harmonic excitations at different frequencies and amplitudes and

white noise. The accelerations of the isolated mass are measured. This then allows for

the isolation performance of the system to be determined by comparing the accelerations

experienced by the mass to the accelerations at the base of the system. A comparison

of the experimentally determined results and the theorized results is performed and will

be used for the development of future research, including the development of systems

similar to the one discussed in this research.
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Chapter 1

Introduction

1.1 Project Information

1.1.1 Background

This project is a continuation of the research performed by Thomas Cain for his master’s

thesis (Cain, 2020) under Dr. Harvey. That research focused on designing a vertical

isolation system using 3D printed materials. It aimed to create a system that was small

and had a low profile, in the idea that it could be scaled up at a later time. The vertical

isolation system designed in that research had several flaws related to the stability of the

system, for example the beam had sudden snap-through as loading progressed, resulting

in high accelerations. Also, the pinned boundary conditions were difficult to achieve,

and creep was observed in the buckled beam. In this thesis, information learned from

Mr. Cain’s thesis is utilized to design a better system that fixes some of the flaws noticed

in that system. Information pertaining to Mr. Cain’s thesis is found in Appendix A.

1.1.2 Motivation

There are several types of isolation systems, including horizontal isolation systems

which resist horizontal motion and vertical isolation systems which resist vertical mo-

tion. The system considered in this research is a vertical isolation system. For reference,

the system discussed in this research can be seen in Figure 1.1.

Understanding the workings of vertical isolation systems has several practical ap-
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Figure 1.1: Test system discussed in this research.

plications. One of the primary situations where vertical isolation systems are use-

ful is in earthquake mitigation. Systems are used in practice in high seismic zones

in order to reduce destruction caused by earthquakes. Smaller scale systems can be

used to protect objects from a variety of different dynamic motions, including earth-

quakes, transportation-related accelerations, and movement of heavy machinery and

heavy transportation such as trains. Examples of objects that could be protected with a

system such as the proposed one include artwork, biomedical equipment, telecommuni-

cations equipment, silicon manufacturing equipment, and other valuables (Tehrani and

Harvey, 2019).

1.1.3 Basic Theory

One of the important variables this research examines and utilizes is stiffness. In this

research’s isolation system, stiffness is a function of several different components, in-

cluding beam thickness, beam length, beam camber (rise), and the current load on the

beam. In this research, the terms “beam” and “arch” are used interchangeably. An arch
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refers to a beam with an initial curvature while still being stress-free. Stiffness has a

direct impact on the dynamic motion of the system. This is due to the stiffness affecting

the way the structure reacts to different accelerations, and consequently different forces.

A quasi-zero stiffness, or a stiffness that is approaching zero, is used in this research in

order to achieve isolation (Lan et al., 2014; Zhou et al., 2019). This quasi-zero stiff-

ness is attained from the usage of two laterally loaded arches, which provides negative

stiffness, and a parallel spring, which provides positive stiffness.

For the dynamic testing portion of the experiment (Chapter 4), acceleration is the

primary dependent variable measured. In order to attain isolation and prove the theory,

the system needs to experience significantly reduced acceleration at the top, where the

payload is located, despite there being an acceleration applied at the bottom.

1.1.4 Scope

The system this thesis discusses is intended to protect smaller objects, not necessarily

structures. However, a comparison of the proposed system to those in use for structures

would show similar concepts in design. Future iterations of the design will need to be

slimmed down further in order to fit this purpose better.

1.2 Literature Review

1.2.1 Stiffness

Stiffness is the primary mechanism through which the vertical isolation system designed

in this experiment functions. It explains and predicts how a material will deform under a

load. Deformation can be a critical component of evaluating a structure’s performance

because many materials have deformation limits. For example, concrete has a maxi-

mum allowable deflection according to the American Concrete Institute code. Stiffer

materials are better able to resist deflections, meaning that they move less. Essentially,

stiffness is the slope of the load-deflection curve (Baumgart, 2000).
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Stiffness is a property that can be adjusted based on many different factors, including

but not limited to shape, end condition, and the type of material. Numerous studies have

been performed on all of these different properties in order to understand the effect of

these on stiffness (Klasson et al., 2016; Leavitt et al., 2007; Baumgart, 2000; Yan et al.,

2018). For example, Porter et al. (2019) performed a three-point bending test on 3D

printed beams in order to determine the effect of infill on stiffness. 3D printed beams

similar to those tested in Porter et al. (2019) are used in the research discussed in this

thesis.

Another important consideration regarding stiffness is its effects on dynamic motion

of structures. Some important natural phenomena that often result in large amounts of

destruction are earthquakes. The study of isolation systems and their effects on reducing

the damage incurred by earthquakes dates back over 100 years (Schaer, 1909; Harvey

and Kelly, 2016). Only recently, however, have isolation systems begun to be used to

counteract the forces and accelerations created by earthquakes in tall buildings (Buckle

and Mayes, 1990). Earthquakes generate rapid forceful motion, often shifting direc-

tion quickly. One contributing factor to an earthquake’s destruction is its frequency,

and more importantly its comparison to nearby buildings’ natural frequencies. Natural

frequencies are an important factor regarding dynamic motion as they can affect the am-

plitude, or the amount of acceleration (and thus force), transmitted to the building. The

ratio of how much acceleration is transmitted to the structure is also known as the trans-

missibility of a structure. Natural frequencies can be calculated using a building’s mass

and stiffness properties. If the frequency of seismic activity (or any dynamic loading) is

close to that of the natural frequency, then the acceleration of the building will increase,

oftentimes resulting in increased damage (Szolomicki and Golasz-Szolomicka, 2019).

The ratio between a structure’s forcing frequency and natural frequency is its frequency

ratio, β. As β approaches infinity, the structure’s transmissibility approaches zero, as

4



Isolation for 𝛽 > 2

Resonance at 𝛽 = 1

Figure 1.2: Transmissibility (TR) versus frequency ratio β for different damping ratios ζ.

can be seen in Figure 1.2. This is the basis of how stiffness affects the accelerations an

object sustains.

As was noted above, one important component in calculating natural frequencies is

stiffness. Natural frequencies are a function of stiffnesses (ωn =
√

k/m), meaning that

as a stiffness approaches zero, the corresponding natural frequency will approach zero.

Having a very low stiffness will result in structures having an incredibly low amplifi-

cation, and thus minimally experiencing the high accelerations due to an earthquake.

One such way to obtain this low stiffness is through having stiffnesses that cancel out,

such as by using a spring and an arch or buckled beam. A buckled beam exhibits a

negative stiffness, whereas a spring exhibits a positive, linear stiffness. When these two

stiffnesses are added together, this generates the property of quasi-zero stiffness (Wang

et al., 2020).
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1.2.2 Stiffness with Regards to Laterally Loaded Arches

One way to analyze a structure’s stiffness is through a force-displacement curve. This

will give important information about the stiffness of a structure, as stiffness can be

defined as the derivative of the force-displacement curve with respect to displacement.

This stiffness can then be used to determine different properties about the material;

for example springs have a linear stiffness (Zhou et al., 2019). This can be seen in

a force-displacement curve for a spring as a straight line with positive slope. Force-

displacement curves for more complicated structures, such as transversely loaded buck-

led beams or arches, can have more variance.

One structural element that has been studied for a long time is the usage of a laterally

loaded arch to provide stiffness, as the force-displacement curves of arches have mul-

tiple equilibrium configurations. Laterally loaded arches have been studied for several

decades, with tests on their usage as a structural component and their stiffness dating

back to the 1970s (Pi et al., 2007; Harrison, 1978; Iwan, 1978). Laterally loaded arches

have a force-displacement curve that increases, then has a downwards slope as it snaps-

through to a different equilibrium point, and then continues to increase again (Figure

1.3). As the arch snaps through it exhibits negative stiffness. The properties of the

laterally loaded arch are not constant among all cases, however. The deflected shape

of a laterally loaded arch varies based on several conditions including end shortening,

which affects the amount of rise in the arch and thus the stiffness, and end conditions,

which affect the way the arch buckles as well as how much of a harmonic is represented

in the arch (Harvey and Virgin, 2015; Harvey et al., 2020). System properties such as

the operating load and the magnitude of the negative stiffness are affected by the afore-

mentioned properties of the laterally loaded arch as well as other properties of the arch

resulting from the material and the shape of the arch.

Another important component of the laterally loaded arch in the context of isolation
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Figure 1.3: Force-displacement curve for a generic laterally loaded arch exhibiting snap through
and negative stiffness. Additionally contains stiffness for a spring and for the combined system,
composed of two beams and a spring.

systems is the high initial stiffness exhibited by the arch. This can be seen in Figure

1.3 as the high initial slope as displacement is initially increasing. This high initial

stiffness allows for more desirable (i.e., lower) static load deflections in many cases

when compared to other systems with low stiffness, such as in the case of a soft spring.

This is because the initial loading that is applied has less settlement than if the entire

range of the system exhibits quasi-zero stiffness. While this does complicate the design

of the vertical isolation systems, it improves the characteristics and footprint of the

isolation systems. More specific details about how the shape of the arch (in terms of

buckled mode) affects the stiffness of the arch can be found in Chapter 2.

1.2.3 Isolation Systems

The negative stiffness of the laterally loaded arch is important when combined with

other elements in an isolation system, such as a spring. The stiffnesses from the different

structural components of the system can be added together to generate a combined

force-displacement curve, and with it a combined stiffness. This combined stiffness is

then responsible for affecting the structure’s dynamic responses, which can result in

reduced accelerations and transmissibility from potentially harmful dynamic motions,
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such as earthquakes. This setup of the laterally loaded arch in combination with a

spring, which seeks to create quasi-zero stiffnesses in order to mitigate the effects of

earthquakes, is a form of isolation system.

Isolation systems themselves are not a new topic of study. Seismic mitigation tech-

niques have been employed since the 1960s for tall buildings such as the World Trade

Center which used a passive damping system in order to reduce its transmissibility and

thus its dynamic motion (Lago et al., 2018). Since then, more complicated isolation sys-

tems have been built. One company, Minus K, creates an isolation system that protects

against several different types of motion, including vertical motion, horizontal motion,

and vibrations. This system, however, is very large and complicated. A small-scale sys-

tem designed for vertical isolation is still not on the market. Vertical isolation systems

compose an emerging field of study which has begun to have more research performed

on it in recent years. Research on vertical motions in structures has begun to be seen

as increasingly important when evaluating the dynamic performance of a structure. For

example, Cui et al. (2012) recommended an increase in the amount of research allocated

to the vertical motions of structures after analyzing the performance of a building using

a structural fuse system.

Most vertical isolation systems seek to use quasi-zero stiffness in order to mitigate

the effects of vertical forces, which is important as earthquakes generate forces in both

planes of movement. There are several different examples of systems that exhibit prop-

erties similar to those of vertical isolation systems. One specific example, which can

be found as part of the natural world, is chicken necks (Deng et al., 2020). Addition-

ally, springs in cars can exhibit similar negative stiffness properties (Lee et al., 2007).

However, despite different systems involving negative stiffness existing, few have been

developed into a working small-scale vertical isolation system. Several different ver-

tical isolation systems have been explored. Different studies use a variety of different
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designs, including varying methods, end-conditions, and layouts. Many systems consist

of springs working in combination with a buckled beam in order to simulate a quasi-zero

stiffness, such as those researched in Lee et al. (2007), Liu et al. (2013), and Fulcher

et al. (2014a). Significant numerical analysis has been performed on quasi-zero stiffness

systems and their performance has been determined to be helpful for isolating buildings

from seismic excitations (Zhou et al., 2019).

Research into isolation systems similar to the one discussed in this research has

been performed by others. For example, Zhou et al. (2019) created an isolation system

using two disc springs as negative stiffness elements. This system differed from the one

discussed in this research in that the negative stiffness elements have different properties

and the conditions used in that study are pinned conditions, adjusting the characteristics

of the system. Fulcher et al. (2014b) explored a system that used a buckled beam with

fixed end conditions and a linear spring in parallel. However, this study examines a

beam that is stressed as it is buckled into its first mode deflected shape rather than a

laterally loaded arch, resulting in different behavior than that examined in this research.

A simple spring with a low stiffness could be considered to cause isolation as well,

as the low stiffness created by the spring allows for large displacements without trans-

mitting large amounts of force. However, the issue with using low stiffness springs lies

in large static displacement due to dead (gravity) loads from the isolated mass. The high

initial stiffness of the laterally loaded arch in parallel with a spring allows for load to be

applied before reaching the quasi-zero stiffness range of the force-displacement curve.

This causes a lower static deflection in systems using the laterally loaded arch.

1.2.4 Seismic Mitigation

Vertical isolation devices could have significant implications in reducing the damages

caused by seismic motion. Vertical components of seismic waves are still being stud-

ied in order to better understand them. Vertical accelerations can have large variances
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when compared to horizontal accelerations at the surface of an earthquake. Oftentimes

the effects of vertical acceleration is underestimated in engineering applications (Yang

et al., 2002). As vertical acceleration is a key component of vertical isolation systems,

the research of vertical accelerations induced by seismic waves and vertical isolation

systems are closely related.

Seismic motion can have drastic effects on different structures. One example is

the effect on bridges. Bridges can be damaged beyond repair in the event of large

earthquakes. The effects of vertical motion from earthquakes are often not considered in

the design of bridges. The vertical motion from earthquakes can increase the shear force

generated from the earthquake by as much as 50%. The vertical shear force generated by

earthquakes is often unaccounted for in the design of bridges. This failure to account for

the design of vertical motion could result in increased damage (Kalantari and Moayyedi,

2018). Accounting for this vertical motion has only recently made its way into codes,

with it first appearing in loading considerations in ASCE 7-16 (ASCE, 2017). The

consideration of vertical motion in design will help to improve infrastructure going

forward as further understanding of the mitigation strategies are developed.

Vertical isolation systems have been found to be helpful in mitigating the effects of

seismic motion. Following the events of Fukushima in 2011, research was performed

in an attempt to help prevent a disaster of that magnitude. Several vertical isolation

systems were tested in order to evaluate their performance. It was concluded from the

research that the usage of vertical isolation systems in a nuclear power plant would be

helpful in preventing future disasters (Najafijozani et al., 2020).

1.3 Summary

In summary, this research evaluates how well a small-scale vertical isolation system

with a pair of laterally loaded arches and springs achieves quasi-zero stiffness and, ul-

timately, isolation. Additionally, this research attempts to form a basis and working
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model for future tests involving vertical isolation. Several distinct steps will be per-

formed in order to complete this research, both in design and testing, which are out-

lined in this thesis. In Chapter 2, a mathematical energy minimization approach and

OpenSees model are used to predict the behavior of the test setup. Then, in Chapter 3, a

physical prototype is created and the results from Chapter 2 are verified experimentally

using this prototype. Then, in Chapter 4, this physical prototype is subjected to dy-

namic motion in order to determine the isolation performance of the test setup. Finally,

in Chapter 5, conclusions about the test setup are made and future tests and work are

proposed.
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Chapter 2

Theoretical Models

2.1 Overview

In order to evaluate the vertical isolation system examined in this research two differ-

ent theoretical models are used. The first model involves using energy minimization in

order to find stable beam shapes for different displacements. This is then used to cal-

culate the displacement at different shapes, as well as the load required to achieve the

target displacement. The second model involves using OpenSees (McKenna and Fen-

eves, 2000), an earthquake simulation software created by researchers at the University

of California, Berkeley, in order to impose displacements on a structure and calculate

the corresponding loads/reactions. These models’ results will then be compared to one-

another in order to determine whether there is consistency between the models.

2.2 Energy Minimization Approach

The first method that is used for modeling the behavior of the beam is an energy min-

imization approach. This method uses the strain energy stored in the beam by looking

at the buckled shape of the beam as increasing displacement is imposed. From there,

the beam takes the shape with the lowest strain energy as that is the most stable. Using

constraints from the end conditions, one can solve for the minimum energy state of the

beam for given displacements. From this, the shape of the beam can be determined

and thus the loading required to achieve a given displacement and a force-displacement
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Figure 2.1: Geometry and description of an arch: The undeformed beam (gray) of span L, arc
length S 0, rise H, flexural rigidity EI, and axial rigidity EA takes the initial shape y0(x). After imposing
an end displacement δ, the beam takes the shape y(x) (black) of arc length S .

curve.

2.2.1 Energy Minimization Framework

Consider the beam of span L, shown in Figure 2.1. The initial lateral, stress-free shape

y0(x) is assumed shallow, and the beam is assumed homogeneous and uniform with

flexural rigidity EI and axial rigidity EA. The initial “rise” at the right-hand end is

y0(L) = H. Now a lateral constraint is imposed at the right-hand end (x = L) such

that the lateral deflection y(L) = H − δ (Figure 2.1), where y(x) is the general deflected

shape and δ (↓+) is the deflection at x = L. This constraint is taken here to be fixed,

where neither rotation nor horizontal translation at L are not allowed; however, vertical

translation is allowed. For x = 0, the constraint is taken to be entirely fixed, where

no rotation or translation in any direction is allowed. The shape of the beam is highly

influenced by the end conditions imposed on the beam. The beam considered in this

research’s experimental tests (Chapters 3 and 4) to provide negative stiffness is similar

to that described in Figure 2.1.

For a general deflected shape y(x), the arc length S of the beam midline is given by

S [y(x)] =

∫ L

0

√
1 + [y′(x)]2 dx ≈

∫ L

0

{
1 +

1
2

[y′(x)]2
}

dx = L +
1
2

∫ L

0
[y′(x)]2 dx. (2.1)

The midline axial deformation ∆ of the beam is given by

∆[y(x)] = S 0 − S [y(x)] (shortening positive) (2.2)
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where S 0 = S [y0(x)] is the arc length of the initial, unstressed deflected shape. The

curvature χ of the beam is given by

χ[y(x)] =
y′′(x)

{1 − [y′(x)]2}1/2
≈ y′′(x) (2.3)

The total elastic strain energy U in the beam for the deflected shape y(x) can be ex-

pressed as (Thompson and Hunt, 1983)

U[y(x)] =
1
2

EI
∫ L

0
{χ[y(x)] − χ[y0(x)]}2 dx +

1
2

EA
S 0
{∆[y(x)]}2 (2.4a)

≈
1
2

EI
∫ L

0
[y′′(x) − y′′0 (x)]2 dx +

1
2

EA
S 0

{
S 0 − L −

1
2

∫ L

0
[y′(x)]2 dx

}2
(2.4b)

Stable equilibria exist when the minima of the strain energy occur, and this mini-

mization is subject to the lateral constraint, which can be expressed as follows: min
y(x)

U[y(x)] =
1
2

EI
∫ L

0
[y′′(x) − y′′0 (x)]2 dx +

1
2

EA
S 0

{
S 0 − L −

1
2

∫ L

0
[y′(x)]2 dx

}2

s.t. y(L) = H − δ
(2.5)

The constraint equation (i.e., y(L) = H − δ) is for the fixed lateral constraint assumed

in this study, but other constraint conditions could alternatively be considered by modi-

fying this constraint equation, e.g., y(L) 6 H − δ for unilateral constraint (Plaut, 2015;

Harvey and Virgin, 2015).

A solution to the minimization problem (Equation (2.5)) is sought using a multiplier

method, wherein multiplier λ is used to enforce the lateral-constraint equation. The

lateral-constraint equation is multiplied by λ, which is then added to the strain energy

equation to provide an augmented strain energy function, Ua ≡ Ua[y(x), λ], which will

be maximized over the multipliers and minimized over the shape, as described by
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min
y(x)

max
λ

Ua[y(x), λ] =
1
2

EI
∫ L

0
[y′′(x) − y′′0 (x)]2 dx

+
1
2

EA
S 0

{
S 0 − L −

1
2

∫ L

0
[y′(x)]2 dx

}2

+ λ
[
y(L) − (H − δ)

]
(2.6)

The physical interpretation of multiplier λ is the lateral force required to be applied at

x = L that strictly enforces the constraint.

The general expression for the deflection curve can be expressed by the series

y(x) =

∞∑
n=1

Qnψn(x) (2.7)

where ψn(x) = a shape function consistent with the boundary conditions, and Qn = the

associated coefficient. The initial shape can be expanded using the same basis functions:

y0(x) =

∞∑
n=1

Qn,0ψn(x) (2.8)

where Qn,0 are the associated (known) coefficients. Substituting these forms of y(x)

and y0(x) into Equation (2.5), the minimization problem is in terms of the unknown

coefficients Qn, as discussed in the following section.

2.2.2 Fixed-End Beam Expansion

For the case of a fixed-end beam, first the axial deformation in the beam needs to be

determined. To do this, the arc length is determined by using a truncated Fourier series

with only three retained terms to determine the shape of the beam, y(x), in terms of coef-

ficients Q1, Q2, and Q3 in combination with harmonic terms representing mode shapes.

As the beam has fixed-end conditions, constraints are imposed on the shape function

such that there are no rotations at either end of the beam, no horizontal deformations

at either end of the beam, and no vertical deformations at the outside end of the beam
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Figure 2.2: Shape functions ψn(x) used in the fixed-end beam expansion of y(x).

(x = 0). This results in the following mode shapes:

ψ1(x) =
1
2

[1 − cos(πx/L)] (2.9a)

ψ2(x) =
1
2

[1 − cos(2πx/L)] (2.9b)

ψ3(x) =
1
2

[1 − cos(3πx/L)] (2.9c)

which are depicted in Figure 2.2. The arc length can then be determined by using

Equations (2.1), (2.7), and (2.8) to be

S = L +
π2(Q1

2 + Q2
2 + Q3

2)
16L

(2.10)

and

S 0 = L +
π2(Q1,0

2 + Q2,0
2 + Q3,0

2)
16L

(2.11)

where Q1,0, Q2,0, and Q3,0 are the shape function coefficients associated with the initial

beam shape (Qn,0).

After determining the arc length, S , for both the initial condition and the deformed

condition, the two arc lengths can be subtracted from one another in order to determine

the axial deformation using Equation (2.2). For the case of the fixed-fixed beam, axial
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deformation is given by

∆ =
π2

16L
[Q1

2 − Q1,0
2 + 4Q2

2 − 4Q2,0
2 + 9Q3

2 − 9Q3,0
2] (2.12)

where Qn,0 represents Fourier coefficient of the initial shape of the beam.

After determining the axial deformation of the beam, the strain energy of the beam

can be determined using Equation (2.4). For the case of a fixed-end beam, strain energy

is as follows:

U(Q1,Q2,Q3) =
EA
2S 0

(
π4

256L2

) [
Q1

2 − Q1,0
2 + 4Q2

2 − 4Q2,0
2 + 9Q3

2 − 9Q3,0
2
]2

+ π4EI
(Q1 + Q1,0)2 + (4Q2 + 4Q2,0)2 + (9Q3 + 9Q3,0)2

16L3 (2.13)

where S 0 is given in Equation (2.11). Using the imposed constraints, the strain energy

is minimized for different values of δ (i.e., displacement controlled), and Q1, Q2, and

Q3 are determined for each value of δ. Past studies often do not include the effects

of axial strain on the total strain energy in the beam (Harvey and Virgin, 2015), as

the beams were taken to be incompressible. This results in the coefficients Qn being

quadratic in the equation for strain energy, and thus being relatively simple to solve. For

the case of this study, where axial strain is being considered in the total strain energy,

the coefficients Qn are 4th order, resulting in the need to use a numerical solution to

solve the problem rather than an analytical solution. Additionally, the forces required

to generate the shape function based off of the undeformed shape is given by λ. Using

these values, a force-displacement curve is able to be determined for different shapes of

beams.

2.2.3 Input Parameters

The energy minimization model is input into MATLAB. This allows for it to be solved

numerically, as the problem ends up becoming a nonlinear minimization due to the
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terms for axial strain. To do this, two thousand δ values are taken, ranging from δ = 0

to δ = 2H. The equation for U is input based off of the initial conditions that are

entered into MATLAB, leaving Q1, Q2, and Q3 as variables that need to be determined.

Afterwards, the constraint equation is determined by taking the displacement of the

beam at x = L (y(L)) and subtracting the initial rise minus the displacement, H − δ,

which is multiplied by a Lagrange multiplier, λ, which represented the amount of force

needed to generate a given δ. This is then added to y(x) (Equation 2.7), a function of Q1,

Q2, Q3, x, and L, to become the constraint function. To solve for λ, Q1, Q2, and Q3, the

MATLAB function fmincon is used to determine the minimum value of the strain energy

equation, U, subjecting it to the constraint equation. This then allows for MATLAB to

numerically determine each of these values for different values of δ. From these results,

the amount of force required to generate a given displacement and the shape of the beam

for each displacement is able to be determined.

Using the energy minimization model, several different parameters are able to be

adjusted. The length (L) of the beam is taken to be 92.08 mm. For the polylactic acid

(PLA) the beams are made out of, the Young’s modulus (E) is taken from the technical

data sheet from the manufacturer (Polymaker, 2017). The value the model uses is 2,636

MPa. However, there is a variance of 330 MPa in the material, according to the technical

data sheet (Polymaker, 2017). This represents a large variance (12.5%) when compared

to the initial value, meaning that the beams’ actual Young’s modulus likely varies from

what is used in the model. The width and thickness of the beam are taken to be 25.4

mm and 1.59 mm, respectively. Therefore, the flexural rigidity (EI) and axial rigidity

(EA) are found to be 0.022 N·m2 and 1.06 × 105 N, respectively. The rise (H) of the

beam is taken to be 19.05 mm in order to correspond with the physical prototype of the

system discussed in this research (Chapter 3).

One parameter that is adjusted between tests is the seeding of different mode shapes
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into the initial beam, Q1,0, Q2,0, and Q3,0. Coefficient Q1,0 is the most dominant mode

shape in the beam that is considered in Chapters 3 and 4, as Q1,0 results in the negative

stiffness in the beam. All three parameters are adjusted in this model in order to investi-

gate the effects of different mode shapes. Specifically, all three parameters are adjusted

in terms of the nondimensional initial Fourier coefficients qn, where qn ≡ Qn,0/H.

Theoretically, the geometry of the beam could be adjusted in order to affect the

relationship between strain energy due to bending and strain energy due to axial de-

formation. However, in the case of this research, a rectangular beam cross section is

assumed for all tested cases.

2.2.4 Energy Minimization Results

Several different methods are used for viewing the results of the energy minimization

model.

One analysis MATLAB performs on the energy minimization model results is look-

ing at the deflected shape of the beam at different end-displacements (δ) imposed on

the beam. This allows for the progression of the beam’s shape as end-displacement is

applied to be graphically displayed. Along with this, a force-displacement curve for

each beam is created, so as to allow for the deflected shapes to be easily compared to

a location along the force-displacement curve. Results for the beam shapes and force-

displacement curves from the energy minimization model are provided in Figure 2.3 for

the case of q1 = 1.00, q2 = −0.01, and q3 ≈ 0 using only one beam. For this figure

and all of the other results figures in this chapter, beam shapes are shown in a variety of

different colors as increasing displacement is applied to the system. These beam shapes

correspond to different colored points along the force-displacement curve, which can

be used to indicate how much force is required for a given beam shape. This allows for

the progression of beam shape to be easily compared to the force-displacement curve.

For the actual design of the quasi-zero stiffness isolation system in practice, two
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Figure 2.3: Theoretical displacement history (left) and force-displacement curve (right) for a single
design beam using the energy minimization model: q1 = 1.00, q2 = −0.01, and q3 ≈ 0.
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Figure 2.4: Theoretical displacement history (left) and force-displacement curve (right) for the
quasi-zero stiffness isolation system—two design beams and a spring—using the energy minimiza-
tion model and q1 = 1.00, q2 = −0.01, and q3 ≈ 0.

beams are used in order to create a symmetrical system. Because of this, the energy

stored by the beams for a given displacement is taken as double, as both halves of the

beam are intended to have the same parameters. As a result, the stiffness of the beams is

taken as double that of what it would be with one beam. Additionally, a spring is used

in parallel with the beams. The stiffness of the spring is taken to be 2.74 N/mm.

Comparing the previous result, for that of a single beam (Figure 2.3), to that of the

system in practice, with two beams and a spring (Figure 2.4), yields different results.

Results for the beam shapes and force-displacement curves from the energy minimiza-

tion model are provided in Figure 2.4 for the case of q1 = 1.00, q2 = −0.01, and q3 ≈ 0

with two beams and a spring.
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Figure 2.5: Theoretical displacement history (left) and force-displacement curve (right) for the
quasi-zero stiffness isolation system—two design beams and a spring—using the energy minimiza-
tion model: q1 = 1.00, q2 = −10−8, and q3 ≈ 0.
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Figure 2.6: Theoretical displacement history (left) and force-displacement curve (right) for the
quasi-zero stiffness isolation system—two design beams and a spring—using the energy minimiza-
tion model: q1 = 1.00, q2 = 0.01, and q3 ≈ 0.

Adjusting q2 has the effect of changing how dramatically the beam’s stiffness

changed. Lower values of q2 result in sharper angles (or “knees”) in the force-

displacement curve, whereas larger values of q2 result in a smoother curve. For

example, the force-displacement curve shown in Figure 2.5 (q2 = −10−8) has sharper

angles than that shown in Figure 2.4 (q2 = −0.01). Using a positive value for q2 has the

result of significantly changing the path the beam takes as it is displaced. This can be

seen in Figure 2.6 (q2 = 0.01).

Adjusting q3 has interesting effects on the shape of the force-displacement curve for

the beam. Both q1 and q3 have effects on the amount of rise in the beam, and thus for

this particular model have to add up to 1 in order to satisfy y0(x = L) = H. q1 has
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Figure 2.7: Theoretical force-displacement curve for the design beam using the energy minimiza-
tion model: q1 = 0.25, q2 = −0.01, and q3 = 0.75. No spring is included in this force-displacement
curve.

the effect of creating an initial positive stiffness, followed by a negative stiffness for a

period, as the beam is snapping-through, with the stiffness eventually changing back to

positive. q3 has the effect of starting off with a low stiffness that greatly increased with

force. This effect can be seen in Figure 2.7. Additional discussion on this can be found

in Appendix B.

For the design beam as it appears in Chapter 3, stiffnesses can be taken from the

force-displacement curve for both the design beam and the combined system consisting

of both the beam and the spring. These results can later be used to verify the results

of the static testing. Results for stiffnesses are provided in Figure 2.8. The negative

stiffness of the beam and the positive stiffness of the combined system are found to

be −2.17 N/mm and 0.57 N/mm, respectively. Hence, the positive stiffness spring is

counteracting the negative stiffness of the beams to produce a low stiffness, which is

desirable for isolation. The quasi-zero stiffness system settles around 20 mm for a 62-N

isolated weight. For a linear spring with the same operating stiffness (0.57 N/mm), the

static displacement would be 108.8 mm. Therefore, the initial, high positive stiffness

prior to the quasi-zero stiffness greatly reduces the static settlement in the isolation
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Figure 2.8: Theoretical force-displacement curve for the quasi-zero stiffness isolation system—
two design beams and a spring—using the energy minimization model: q1 = 1.00, q2 = −0.01, and
q3 ≈ 0.
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Figure 2.9: Node and element layout for the OpenSees model.

system under gravity loads (self weight). This is the same concept that is behind the

“high static low dynamic stiffness” vibration isolators proposed by others (Shaw et al.,

2013).

2.3 OpenSees Model

The second method that is used to evaluate the isolation system is an OpenSees finite

element model.

2.3.1 Input Parameters

To begin, properties of the design beam used in the dynamic testing are inputted into a

tool command language (TCL) file (see Appendix C), in order to allow for OpenSees to
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read the file. Twenty-one different nodes are used at equal points along the horizontal

length of the beam, as shown in Figure 2.9. These nodes consist of their location along

the length of the beam as their x-coordinate and their vertical offset from the centerline

of the supports as their y-coordinate. Additionally, a 22nd node is used with the same

coordinates as the inside end condition (node 21), which allows for the setup to maintain

the fixed end condition on the inside while still translating vertically. Node locations

are assigned by taking a first beam deflection shape ψ1(x) with a rise of 19.05 mm and

a length of 92.08 mm, to match the experimental system (Chapter 3). Following that,

a small amount of second shape ψ2(x), varying between tests, is added to each beam

shape. These imperfections help to smooth over the force-displacement curves, as will

be discussed later in Section 2.3.2. After describing the different nodes used in the

model, boundary conditions for each node are prescribed. Nodes 1 (outer end) and 22

(inner end) are both completely fixed, while node 21 (inner end) is allowed to translate

in the y-direction. In the above definition, “outer end” corresponds to the fixed condition

on the left side, and “inner end” corresponds to the fixed connection on the right side

that is allowed to translate in the y-direction, as is represented in Figure 2.1. This allows

OpenSees to view the beam as it would move in practice.

Following prescribing the boundary conditions, section properties are set. As is the

case in Section 2.2, PLA is used as the material for the beam, so the Young’s modulus

is taken to be 2,636 MPa. The area is taken to be 40.323 mm2, and the second moment

of area is taken to be 8.468 mm4, both of which represent the design beam as it is

drawn, but as is mentioned in Chapter 3 does not accurately represent the beam due to

difficulties in the printer accurately printing the beam. As a result, the OpenSees model

ends up using an area and a second moment of area that both under represent that of the

design beam.

After the section properties are set, elements are defined between each node. Each
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element except for the element connecting nodes 21 and 22 is set as an elasticBeamCol-

umn, using the previously mentioned section properties and a corotational coordinate

transformation. The element between nodes 21 and 22 was defined as a zeroLength el-

ement, with elastic uniaxial material properties, namely a stiffness of 2.74 N/mm. This

positive stiffness element, which represents the spring, also acts as regularization to

avoid negative stiffnesses in the finite element model.

2.3.2 OpenSees Results

In order to obtain results, a series of increasing vertical displacements are applied to

the beam at node 21. OpenSees then performs a finite element analysis on the system

in order to determine forces and displacements at each specified node for each pre-

scribed displacement. Node displacements and forces are recorded and outputted for

each result. These results are then imported into MATLAB so that they can be ana-

lyzed. Several different analyses are done on the results for the different trials.

One analysis MATLAB performs on the OpenSees results is through looking at the

deflected shape of the beam at different loads applied to the beam. This allows for the

progression of the beam’s shape as load is applied to be graphically displayed. Along

with this, a force-displacement curve for each beam is created, so as to allow for the

deflected shapes to be easily compared to a location along the force-displacement curve.

Results for the beam shapes and force-displacement curves from the OpenSees model

are provided in Figure 2.10.

As discussed in Section 2.2, adjusting the amount of second mode buckling, q2

seeded into the shape of the beam results in changes to the second Fourier coefficient

for the shape of the beam, Q2, and the shape of the force-displacement curve. Seeding in

a larger amount of second mode buckling results in smoother force-displacement curve.

The Fourier coefficient for third mode buckling, Q3, is not considered in the OpenSees

model, nor is third mode buckling, q3, seeded into the design of the beam. Results for
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Figure 2.10: Theoretical displacement history (left) and force-displacement curve (right) for the
quasi-zero stiffness isolation system—two design beams and a spring—using OpenSees: q1 = 1,
q2 = −0.01, and q3 = 0.
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Figure 2.11: Theoretical displacement history (left) and force-displacement curve (right) for the
quasi-zero stiffness isolation system—two design beams and a spring—using OpenSees: q1 = 1,
q2 = −10−8, and q3 = 0.

the beam shapes and force-displacement curves from the OpenSees model are provided

in Figure 2.11.

The beam shapes can be broken down at different amounts of loading into first mode

and second mode buckling, represented by Q1 and Q2 respectively. This is done through

using Fourier coefficients, similarly to how they are used for initially seeding the shape

of the beam. These results are provided in Figures 2.12 and 2.13 for q2 = −0.01 and

−10−8, respectively.

As could also be seen in the force-displacement curves for the beams, seeding in

a larger q2 value results in smoother curves, as the beam less dramatically shifts from

being in first mode to second mode. These results show that even slight changes to the
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Figure 2.12: Force [N] versus Fourier coefficients [mm] from OpenSees model: q1 = 1, q2 = −0.01,
and q3 = 0.

shape of the beam result in significant differences in beam performance.

Finally, the force-displacement curve for the setup is looked at to determine the

impact of the spring on the setup. In order to do this, the effects of the spring are

subtracted out from the effects of the combined system, as OpenSees needs the structure

to have a positive stiffness in order to solve the system. This is simple to do, as the

spring possesses a constant stiffness, meaning that the force-displacement relationship

of the spring is linear. To obtain the force-displacement curve of only the beam, the

linear force-displacement of the spring is subtracted from that of the combined system,

and the results are graphed. These results for q2 = −0.01 are provided in Figure 2.14.

From the OpenSees model, it is determined that the beam has a negative stiffness of

2.09 N/mm as it is snapping through, and when combined with the spring has a positive
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Figure 2.13: Force [N] versus Fourier coefficients [mm] from OpenSees model: q1 = 1, q2 = −10−8,
and q3 = 0.
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Figure 2.14: Theoretical force-displacement curve for the design beam, design spring, and com-
bined setup using OpenSees: q1 = 1, q2 = −0.01, and q3 = 0.

stiffness of 0.65 N/mm while snapping through. These results are in good agreement

with the energy minimization approach (Figure 2.8).
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2.4 Summary

Two different methods are used for theoretically determining the stiffnesses of the beam

and of the combined system. The first method used is an energy minimization model,

which seeks to find deflected shapes of the beam through minimizing the energy stored

in the beam based off of its deflected shape using Fourier coefficients. From the energy

minimization model, it is determined that the negative stiffness of the beam is −2.17

N/mm and the positive stiffness of the combined system is 0.57 N/mm. The second

method used is a numerical method using a platform known as OpenSees to simulate

loading on the beam and determine displacements and forces within the beam. From the

OpenSees model, it is determined that the negative stiffness of the beam is −2.09 N/mm

and the positive stiffness of the combined system is 0.65 N/mm. These results show

that the models are consistent with one another. In Chapter 3, the experimental results

of the static testing are determined and are compared to the results from the theoretical

models discussed in this chapter.
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Chapter 3

Characterization Tests

3.1 Overview

In this chapter the system design is discussed and the static testing results are analyzed

for the finalized system. Results from previous experiments for this test setup can be

found in Appendix A. The results from the static testing are then used to design an

acceptable configuration for the final setup for the dynamic testing and to determine a

design loading for the dynamic testing. Static testing consists of testing printed beams

on an Instron machine, which measures the amount of force needed to create a given de-

flection. This can then be used to characterize each beam and create force-displacement

curves, from which stiffness can be extracted.

3.2 System Setup and Design

3.2.1 Design Parameters

The characterization tests span over several iterations of the design in order to further

improve the design while still gaining understanding about the working of the system.

Previous iterations consist of different beam shapes and spring arrangements. Informa-

tion on those designs and tests can be found in Appendix A. Following the completion

of those tests, a series of significant redesigns is performed on the system, which aims

to address many of the shortcomings of the initial design. The redesigned experimental

setup, incorporating the modifications discussed below, is shown in Figure 3.1
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Figure 3.1: CAD model of the experimental setup design incorporating modifications based on
previous designs.

Firstly, a vertical shaft is added in order to help improve the stability of the system.

This allows the center of the beam to be tracked along the rail through the combination

of the shaft and a bushing. As a result of this change, a fixed connection along the

center of the beam is also used in order to fix the beam to the bushing. A new universal

testing machine (UTM) connector is designed in conjunction with the bushing in order

to provide the fixed connection while maintaining the connection to the Instron testing

machine (Figure 3.2). In addition to improving the stability of the system, the vertical

shaft also allows for a spring to be placed directly on the shaft, greatly simplifying the

design.

For the final design, the beam uses fixed connections for both the ends of the beam

and for the loading mechanism. The fixed conditions for the ends of the beam involve

printing the bolt holes directly onto the beam, which allows the beam to be directly

mounted to the rails. The fixed condition for the loading mechanism involves bolting

the UTM connector and the bushing to the center of the beam. These fixed connections

helps reduce the variability in the system, as the old system struggles with the beam
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Figure 3.2: Experimental setup in the Instron load frame.

sliding around in the pinned connections. Additionally, it changes the deflected shape

of the beam so that it represents a full sine wave instead of half a sine wave. This then

affects the amount of energy stored in the beam, as is covered in Chapter 2. The beams

are also printed such that they have an initial camber. The final camber in the design

beam was selected to be 19.05 mm (0.75 in.), which is used in the analyses in Chapter

2; however, several different cambers are seeded, printed, and tested. The initial camber

in the beam has an advantage in that it allows for the beam to be unstressed when

unloaded, preventing plastic deformation from occurring when the beam is not being

tested. Another consideration for the beams is to separate the left and right halves of the

beam in order to allow for variation with regards to thickness on different halves. This

idea is eventually discarded due to it amplifying the effects of asymmetries. However,

with a more precise system the results could prove more effective.

Parameters which vary in the beam include length and rise. After experimentation

with the test setup, it is determined that length needed to become a fixed parameter and

only rise would vary between controlled tests. This is due to the difficulty with which

a good alignment of the test setup is to attain. Extreme precision is needed in order to
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Figure 3.3: A small asymmetry causes large differences in the rises and thus the stresses experi-
enced between the sides of the beam.

minimize asymmetries with the setup. Examples of the effects of small asymmetries

can be seen in Figure 3.3. Asymmetries also result in large forces in the connections

within the system. Moving the rails that the beam is mounted to results in a difficult

alignment being needed between every variance with regard to length. Furthermore,

minute changes result in different amounts of axial shortening, and thus different axial

loads being experienced by the beam, changing the energy imparted into the beam and

the results of the force-displacement curve. Because of this, length is removed as a

consideration for this particular test setup. A fixed length of 228.60 mm (9 in.) is used

for all beams printed from this point forward, allowing for a utilization of most of the

length of the base of the setup.

Rise is initially seeded into every single beam printed following the redesign of

the test setup. Figure 3.4 shows an example beam, with the rise being the distance

between the two centerlines spanning horizontally across the page. The rise used for
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Figure 3.4: A drawing of the design beam used for the final design of the beam. The rise for this
beam is 19.05 mm.

the setup is intended to be reflected using the shape of a sinusoidal function, as that is

the buckled shape of a beam with fixed ends that are free to translate vertically. Rises

of 12.70 mm (0.5 in.), 19.05 mm (0.75 in.), and 22.23 mm (0.875 in.) are considered

in this research. Choosing beams with larger rises is advantageous because it allows

for larger ranges of deflections to be applied to the setup due to the larger height with

which the beam would be snapping through if not constrained. However, too large of

a rise results in not being able to use the entire operating range due to the spring fully

compressing. Additionally, larger rises result in higher negative stiffnesses exhibited by

the beams. As was mentioned earlier, a rise of 19.05 mm is used for the final beam

selection. This allows for the entire operating range of the beam to be utilized without

fully compressing the spring.

The final parameter considered in this experiment is the thickness of the beam. The

thickness of the beam is important in that it changes the section properties of the beam

significantly. This is due to thickness having a cubic effect on the second moment of

area of a beam. Although thickness is the parameter which is most free to change, it is

constrained by the number of layers the 3D printer is able to use. More mention of this

and other 3D printer properties are given in Section 3.2.2. Several different thicknesses

34



Figure 3.5: An example of the beam cross section that MATLAB outputs before it is extruded in
Fusion 360.

are considered including 0.99 mm (5/128 in.), 1.39 mm (7/128 in.), 1.59 mm (1/16 in.),

1.79 mm (9/128 in.), and 2.18 mm (11/128 in.), but due to the 3D printer nozzle being

a certain width the 1.39 mm and 1.79 mm are discarded due to being too similar to the

1.59 mm thick beam. Since the 1.59 mm thick beam has ideal results when paired with

the other parameters, it is selected for the final beam design.

3.2.2 Computer-Aided Design and 3D Printing

To create the beams, 3D models of the beam need to be created in order to print them.

A MATLAB code is used in order to take given dimensions and generate a .svg figure

that could then be turned into a .stl file using Fusion 360. Results from the MATLAB

code can be seen in Figure 3.5. An example of a beam drawn in Fusion 360 can be

seen in Figure 3.6. Using MATLAB and Fusion 360 in conjunction, beams are able to

be drawn up and printed very quickly and formulaically, allowing for rapid variation

between tests.

For the final beam design, four different beams are printed, taking care to make sure

they are printed in the exact same manner in order to ensure that each beam would be

the same. Beams are sliced using Cura LulzBot Edition 3.6.29 software and printed on

a LulzBot TAZ6. All beams are printed on their side in order to remove the need for
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Figure 3.6: One of the beams tested and printed drawn in Fusion 360.

support material while printing. This also has the benefit of allowing smoother profile

lines over the course of the curves as it is printing. Measures taken include using the

same .stl file, cleaning off the bed prior to each print with acetone, and using the same

filament for every print. Beams are printed using PolyLite PLA in high detail mode,

with a filament profile of 0.180 mm and 100% infill (Polymaker, 2017). No supports

are used on the setup while printing.

At one point, while placing the setup in the Instron machine, the 3D printed plastic

UTM connector snapped at the pinned connection. An image of the broken UTM con-

nector can be seen in Figure 3.7. Following this, the 3D printed UTM connector was

created using 100% infill as well. No other parts had to be reprinted after this; however,

none of the other 3D printed parts were likely to have significant stresses, so the printer

properties for these parts would not matter for the function of the system.
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Figure 3.7: The UTM connector for the system snapped off while attaching the setup to the Instron
machine.

All other printer settings are left at the default settings for the given material for the

given software version and printer. As was mentioned in Section 3.2.1, certain beam

parameters were based off of the printer settings. Using a different 3D printer, slicing

software, or filament would likely result in slightly different beam performance.

3.2.3 Variation in 3D-Printed Beam Geometry

After the beams are all printed but prior to testing, measurements for thickness and

width are taken for each beam using calipers at 6 different locations along the length

of the beams. These measurements are recorded and compared to one another in order

to determine how similar the beams are to one another before plastic deformation from

testing occurs. Previous prints and measurements indicated that the printer is incon-

sistent with printing the beams symmetrically. Results from the measurements confirm

these suspicions. The 4 beams have a standard deviation ranging between 0.02 mm and
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0.2 mm for thickness and width, with similar variation for both thickness and width.

However, the variation in the thickness is more significant than the variation in the

width due to the variation making up a larger proportion of the total value. In fact, the

variation in the thickness makes up as much as 7 percent of the thickness of the beam. It

is also found that the beams have more variation closer to the center of the beam than at

the edges of the beam as a result of printing. Additionally, it is noted that the left sides

of the beams are consistently thicker than the right sides of the beams. This contributes

to a larger moment of inertia in the left sides of the beams, and thus a difference in the

energy states that the beams can store between sides. It is unknown why either of those

would be the case. The results for measured values of the beams are provided in Table

3.1.

The beams measured values are compared against one another and the most average

beam, Beam 1, was set aside for dynamic testing. This allows for Beam 1 to be fresh

and untested with no plastic deformation prior to dynamic testing. This also helps to

ensure that the results for dynamic testing is able to be explained by the static testing

results, as the static testing results discussed in this chapter are also for virgin beams.

Table 3.1: Measurements [mm] of the beams used for static and dynamic testing. Darker shading
indicates higher coefficients of variation. Beams 2, 3, and 4 are used for static testing. Beam 1 is
used for dynamic testing.

Location
Thickness (T)
or Width (W)

Beam 1 Beam 2 Beam 3 Beam 4 Mean
Coefficient of

 Variation
10 mm T 1.97 2.08 1.94 1.97 1.99 0.0268
10 mm W 25.65 25.62 25.65 25.58 25.63 0.0011
50 mm T 2.15 2.10 1.93 2.03 2.05 0.0402
50 mm W 25.58 25.59 25.62 25.56 25.59 0.0008
90 mm T 2.44 2.36 2.23 2.02 2.26 0.0702
90 mm W 25.34 25.09 25.55 25.51 25.37 0.0071

140 mm T 2.19 2.16 1.90 1.89 2.04 0.0690
140 mm W 25.38 25.22 25.54 25.57 25.43 0.0055
180 mm T 1.72 1.70 1.61 1.52 1.64 0.0485
180 mm W 25.56 25.39 25.65 25.54 25.54 0.0037
220 mm T 1.90 1.78 1.76 1.79 1.81 0.0301
220 mm W 25.66 25.66 25.71 25.50 25.63 0.0031
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Figure 3.8: Test setup as it is placed in the Instron testing machine.

3.3 Static Testing Results

Following the completion of measurements, Beams 2, 3, and 4 are statically tested

using the Instron testing machine mentioned in Appendix A. This test setup can be seen

in Figures 3.2 and 3.8.

Each beam is tested twice, once going over larger displacement ranges, and once

oscillating about the expected operating range for the system. Each beam is loaded

and unloaded such that they would produce a displacement at a rate of 25.4 mm/min.

Every test is done in parallel with the chosen spring in order to reduce the effects of

plastic deformation from repeated testing while most similarly replicating the way with

dynamic testing is going to be performed. The force-displacement curve for the spring

and for just the UTM connector are also obtained with the Instron machine in order to

obtain the stiffness of the spring and the effects of friction respectively. These results
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Figure 3.9: Measurements for the stiffness of the spring.
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Figure 3.10: Measurements for the results of friction. Friction was found to have no noticeable
impact on the system when compared to the stiffnesses contributed by the beam and spring.

are provided in Figures 3.9 and 3.10. The spring is found to have a stiffness of 2.74

N/mm whereas the friction is found to be negligible when compared to the stiffnesses

of the spring and beams.

For Beam 2, testing is stopped midway through the first set of tests and the setup

is slightly adjusted in order to reduce the effects of asymmetry. This results in some

properties of the tests being slightly different than that of Beams 3 and 4. The results

for the full cycle tests are provided in Figure 3.11.

Several important notes can be made using the results from the large range displace-
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Figure 3.11: Measurements for the beams over a large range of displacement.

ment tests. Firstly, there is significant plastic deformation in the beams as they are being

tested. For every trial, the initial loading follows a significantly higher path than the fol-

lowing loadings and unloadings. Energy is dissipated into the beam causing the plastic

deformations, and this can be seen in the hysteresis between loading and unloading in

the force-displacement curve. An example of the plastic deformation can be seen in

Figure 3.12. Secondly, Beam 2 has a noticeably smaller drop-off on the first cycle than

Beams 3 and 4, as a result of the test being restarted after the system was adjusted. This

is also related to the plastic deformation in the beams, as Beam 2 had already expe-

rienced plastic deformation from being tested. In fact, Beam 4’s plastic deformation

following testing is compared to Beam 1’s virgin state, and it is found that Beam 4 had

an angle of 7.5° between fixed connections compared to 2.5° in Beam 1. Thirdly, the

beams’ operating ranges can be determined from the results of the large range displace-

ment tests as the displacements which result in lower stiffnesses. From the results, the

operating range is found to be roughly 8 mm to 30 mm.

For the oscillation tests, oscillation is performed between 10.16 mm (0.4 in.) and

25.40 mm (1.0 in.). The purpose of these tests is to get the stiffness of the beams when

resisted by the springs over their operating range. Additionally, these tests are also used
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Figure 3.12: An example of the plastic deformation experienced by the beams following static
testing. These beams are lined up at the center. Pictured are beams 2 (bottom) and 3 (top).

-5 0 5 10 15 20 25 30

 [mm]

-50

0

50

100

150

F
 [

N
]

Beam 2

Beam 3

Beam 4

Figure 3.13: Measurements for the beams oscillating over a small range.

to ensure that the system’s force-displacement curves act as expected over the course of

several cycles. These results can be seen in Figure 3.13.

The results from the oscillation tests have to be corrected in order to have all results

start at 0 mm rather than being based off of the initial force. As these tests are performed

after the full-range tests, plastic deformation has already formed in the beams prior to

the beginning of the oscillation tests. This causes the beams to start with a varying

amount of negative force already applied, as the load head is pulling up on the beam.

These forces are relatively large due to being located at a steep location on the stiffness

curves of the beams. Once these negative forces are accounted for, it was found that all

of the beams had the same operating load of roughly 69 N. The results for the oscillation
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Figure 3.14: A comparison between the results of all of the models and prototype tests. Tests for
theoretical models use q2 = −0.01.

test can also be used to easily determine the stiffness of the systems. Beams 2, 3, and

4 are found to have average stiffnesses for their combined systems of 0.97, 0.55, and

0.63 N/mm, respectively. These correspond to negative stiffnesses of −1.77, −2.19,

and −2.11 N/mm, respectively, after accounting for the 2.74 N/mm positive stiffness

provided by the spring. It is expected for Beam 2 to have the largest stiffness as it has

a larger second moment of area than Beams 3 and 4 (i.e., thicker, see Table 3.1). It is

unclear why Beam 2 ended up having the lowest absolute value for negative stiffness. If

Beam 1 were to be statically tested, it would be expected to have a stiffness most similar

to that of Beam 2 due to it having a similar average second moment of area.

When comparing these results to the theoretical models discussed in Chapter 2, the

stiffnesses of the beams from the prototype closely follow those determined using the

models, as can be seen in Figure 3.14. It is found that the models more accurately

represent the stiffnesses of the beams following plastic deformation occurring in the

beams. Additionally, it is found that the models tend to represent a longer range over

which softening occurs. Similarly, the theoretical models predict much sharper knees

on the force-displacement curve than those which are determined experimentally.
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3.4 Summary

The final beam used for the setup is 228.6 mm long, 1.588 mm thick, and with 19.050

mm rise. After removing fixed connections so that only sections of the beam in flexure

are considered, each half of the beam is 92.08 mm long. There is found to be signifi-

cant variation in thicknesses for the beams despite using the same printing setup for each

beam, causing stiffnesses to vary a not insignificant amount from beam to beam. Despite

the variation between beams, each combined setup exhibits a slightly positive, quasi-

zero stiffness when statically tested. The average negative stiffness of the (2) beams is

determined to be −2.02 N/mm, and the average stiffness of the combined setup is deter-

mined to be 0.72 N/mm. From static testing, it is found to have a significant softening

over a displacement range between 10 and 30 mm as the beams are exhibiting negative

stiffness. This is ideal behavior for the test setup leading into the dynamic testing in

Chapter 4. Beams are found to have large plastic deformations as a result of the static

testing. It is expected that as dynamic testing occurs, plastic deformation will occur,

and thus the behavior of the setup will change.
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Chapter 4

Dynamic Testing

4.1 Overview

Following the completion of static testing, dynamic testing is performed on the system

in order to evaluate its performance. A virgin beam (Beam 1) is used in order to ensure

that the plastic deformations Chapter 3 notes would not be present during the initial

set of tests. In order to perform the dynamic testing, the test setup is attached to a

vertical shake table so that different ground accelerations could be applied to the system.

Tests performed on the system include harmonic tests, where the system is subjected to

accelerations varying in a sinusoidal pattern at a given frequency, and white noise tests,

where the system is subjected to a wide variety of frequencies and accelerations. The

dynamic test results consist of measuring acceleration of the base and of the isolated

mass at the top of the system to assess the transmissibility.

4.2 System Setup

Since dynamic testing is the final aim of this research, the system is setup with dynamic

testing in mind over the course of the design. A three-dimensional shake table in Fears

Structural Engineering Laboratory is used to perform the dynamic tests. The only two

changes that needed to be made for the setup were to provide a method for attaching the

setup to the shake table and to attach the mass to the setup.

In order to attach the setup to the shake table, the UTM (Universal Testing Machine)
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Figure 4.1: The setup after it is attached to the shake table and loaded. After initially loading the
beam, no settlement occurred until an additional loading was applied.

connector is removed from the bottom of the setup. This then allows the system to be

clamped to the table using the rail and some C-clamps. The system is also slightly

adjusted by using small shims underneath the setup in order to level the test setup. To

attach the mass to the setup, the hole at the top of the existing UTM connector is tapped.

This then allows for a plate to be attached to a screw and screwed in to the center of

the setup, with a large nut being used to hold the screw in place. From there, additional

mass is added to the plate and clamped on using C-clamps.

The mass used for testing weighs 72.9 N, which is meant to represent the isolated

payload. When this mass is applied to Beam 4, which had already been tested in Chapter

3, Beam 4 settles immediately. However, when this mass is applied to the virgin Beam

1, it is not enough to initially cause a displacement in the system, so it is manually forced

through in order to cause it to settle into its operating range. The lack of settlement can

be seen in Figure 4.1. Plastic deformation from excess loading is needed in order to get
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Figure 4.2: Following the addition of loading in order to create settlement, asymmetries were noted
in the setup, where the right side buckled through and the left side did not.

the system to settle to its ideal operating range. After initially applying an additional

loading to the beam, asymmetries could be noted in the plastic deformation, as can be

seen in Figure 4.2. After additional loading is applied and additional plastic deformation

is induced in the system, this asymmetry where only one side buckled could not be

recreated.

For the testing, a time series of accelerations are generated using a MATLAB script,

which adjusts to different parameters, including amplitude and frequency. These ac-

celerations are converted into a time series of displacements and then transferred to a

computer controlling the vertical shake table and a proprietary software for the com-

puter. The computer reads the displacements and, using a series of six linear actuators,

moves the shake table up and down in order to create the given displacements. The

accelerations of the table and of the system are measured using high-sensitivity (100

mV/g), ceramic shear ICP accelerometers (352C33, PCB, Depew, NY) attached to both

the table and to the mass. The accelerometer attached to the mass can be seen in Figure

4.3. The accelerations obtained from the accelerometers are measured using a separate
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Figure 4.3: Accelerometers are attached to the mass and the shake table in order to measure
accelerations.

computer using LabView and recorded for each test performed. The accelerometers

measure accelerations at a rate of 5,000 Hz.

4.3 Dynamic Testing Sequence

Due to the importance of plastic deformation on the beam, the order the tests took place

in is carefully recorded. This order is listed in Table 4.1.

4.4 Dynamic Testing Results For Harmonic Tests

The accelerations measured by the accelerometers are filtered in order to remove mea-

surement noise. This is done by removing accelerations experienced at frequencies

outside of an expected range. Frequencies outside of 0.5 Hz to 45 Hz are removed from

the data. This aims to capture a significant range of frequencies that would be experi-
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Table 4.1: Dynamic testing sequence on Beam 1 (virgin beam). Measurements are taken to deter-
mine plastic deformation before loading the system, following the initial loading, following the initial
buckling of the setup, after Test No. 26, and after Test 31.

Test No. Motion Frequency [Hz] Amplitude [%g]

1 Harmonic 10 10
2 10 20
3 10 30
4 10 50
5 10 75
6 7.5 10
7 7.5 20
8 7.5 30
9 7.5 40
10 6.25 10
11 6.25 20
12 6.25 30
13 5 10
14 5 15
15 5 20
16 4 5
17 4 10
18 4 15
19 4 20
20 3.5 5
21 3.5 10
22 3 5
23 3 10
24 2.5 5
25 2.5 5
26 2.5 2.5
27 10 10
28 10 20
29 10 30
30 10 50
31 10 75

32 White noise 2–10 5*

33 5–20 5*

34 5–20 10*

*Root mean square (RMS) acceleration

49



10
0

10
1

10
2

10
3

Frequency [Hz]

10
-5

A
c
c
e
le

ra
ti
o
n
 [
g
] unfiltered

filtered

Figure 4.4: A fast Fourier transform showing the ground acceleration for the case of 4 Hz and
20%g. The data that is removed after filtering is shown in a different color than the data that is kept
after filtering.
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Figure 4.5: An acceleration time-history for the case of 4 Hz and 20 percent of a g showing the
difference between the data before and after filtering.

enced by the system between tests, while removing environmental noise that would not

have a significant impact on the accelerations experienced by the system. This allows

for a significant amount of the noise to be removed from the system. An example of the

noise removed from the system can be seen in Figures 4.4 and 4.5. Here, the frequen-

cies removed in the filtering process can be seen in Figure 4.4. The removal of these

frequencies causes the difference between the filtered data and the unfiltered data for

Figure 4.5.

After the data is filtered, the data for each different test is processed and two different

types of graphs are produced for each case.

The first type of graph used is an acceleration time-history graph. This shows how
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Figure 4.6: An acceleration time-history for the case of 4 Hz and 20%g showing the effects of the
ground motion on the isolated mass.

the accelerations of the system changes over time, for both the ground and the isolation

system. The time-history graph for the case of 4 Hz and 20%g is provided in Figure 4.6.

For every case tested in this research (Table 4.1), the isolator moves out-of-phase with

the ground motion. However, if the system were to be subjected to frequencies less than

the natural frequency, it would be expected that it would move in-phase with the ground

motion. Additional frequencies can be seen when examining the graph closely, but the

forcing frequency is the dominant cause of acceleration experienced by the system. The

time-history graph can be used to easily obtain the maximum accelerations experienced

by both the ground and the isolator:

peak ground acceleration = amax
g = max |üg(t)| (4.1)

peak isolator acceleration = amax = max |üg(t) + ü(t)| (4.2)

where amax
g is the peak ground acceleration, üg(t) is the acceleration of the ground vary-

ing based off of time, amax is the peak isolator acceleration, and u(t) is the acceleration

experienced by the isolator.

The second type of graph used is a fast Fourier transform (FFT). An FFT allows for

accelerations to be attributed to different frequencies. The FFT for the case of 4 Hz and

20%g is provided in Figure 4.7. The majority of the accelerations are found directly

at 4 Hz, but there is a noticeable spread between 3.5 Hz and 4.5 Hz. All cases tested
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Figure 4.7: An FFT for the case of 4 Hz and 20%g showing the effects of the floor acceleration on
the isolated mass.

have a spread in the accelerations about the expected point. Additionally, all cases have

meaningful accelerations at integer multiples of the forcing frequency (e.g., 12 Hz and

8 Hz for the system excited at 4 Hz) and at half the forcing frequency (e.g., 2 Hz for

the system excited at 4 Hz). This can be seen in the time-history graph as periodic ac-

celerations within each wave of the forcing harmonic. These periodic accelerations can

be found in both the ground motion and the isolator motion, indicating that these small

motions are also passed through the structure, which also corroborates what was seen

in the time-history. However, in the isolator these accelerations have a lower amplitude,

as they are isolated out to a degree due to being at a higher frequency.

From these two different types of graphs, transmissibilities are able to be obtained

for each different case for the sake of comparison. For determining transmissibility

from the time-history graphs, the maximum absolute value of the filtered acceleration is

taken for both the ground motion and the isolator motion and compared to one another:

Transmissibility =
amax

amax
g

(4.3)

The filtered acceleration is used in order to remove effects from forces not intended

to be considered in this experiment. For determining the transmissibility from the FFT

graphs, the peak response acceleration for both the floor and isolator are taken from
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the FFT in the vicinity of the forcing frequency and compared to one another. This

peak response is always taken close to the forcing frequency; however, the discrete

frequencies at which the FFT is calculated did not necessarily include the exact forcing

frequency. Because of this, the transmissibility from the FFT is thought to be less

accurate. Results from the transmissibility test can be found in Table 4.2 and Figures

4.8 and 4.9.

Table 4.2: Measured transmissibility values for each test performed during dynamic testing.

Forcing 
Frequency (Hz)

Acceleration
(g)

Transmissibility
from Time-History

Transmissibility
from FFT

Notes

2.5 0.05 12.597 7.172
2.5 0.05 16.225 7.766
2.5 0.025 3.153 3.388

3 0.05 1.528 1.274
3 0.1 1.697 1.204

3.5 0.05 1.055 0.850
3.5 0.1 0.868 0.693

4 0.05 0.681 0.658
4 0.1 0.596 0.509
4 0.15 0.537 0.431
4 0.2 0.565 0.413
5 0.1 0.691 0.368
5 0.15 0.425 0.266
5 0.2 0.374 0.252

6.25 0.1 0.312 0.284
6.25 0.2 0.283 0.162
6.25 0.3 0.271 0.154

7.5 0.1 0.302 0.232
7.5 0.2 0.181 0.143
7.5 0.3 0.157 0.104
7.5 0.4 0.170 0.106
10 0.1 0.249 0.240
10 0.2 0.221 0.131
10 0.3 0.169 0.094
10 0.5 0.094 0.066
10 0.75 0.069 0.055
10 0.1 0.137 0.116
10 0.2 0.171 0.120
10 0.3 0.157 0.101
10 0.5 0.133 0.091
10 0.75 0.114 0.074
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Figure 4.8: Transmissibility performance for system compared to forcing frequency. Transmissibility
used is from peak response.

Figure 4.9: Transmissibility performance for system compared to forcing frequency and accelera-
tion. Transmissibility used is from peak response.

The results produced several notable observations.

Firstly, the system consistently performs better under higher ground accelerations

when compared to lower accelerations at the same frequencies. This indicates that the

system is non-linear, as differing loads (or in the case of this research, accelerations) do

not have a linear effect on the accelerations experienced by the structure. This could be

due to the effects of or the nonlinear force-displacement response of the isolation sys-

tem under large displacements. Although friction did not pose a large problem during

static testing because the load head moved the bearing vertically up and down the shaft,
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Figure 4.10: Transmissibility performance for system compared to ground acceleration. Transmis-
sibility used is from peak response graph. All points are taken at a forcing frequency of 10 Hz.

moving in the shake table results in more free movement, thus causing movement in

directions other than the vertical direction. This then causes the parts to rub up against

each other, creating more friction. Friction force has a lesser effect when the structure is

subjected to more violent ground accelerations because friction force is constant, but the

input forcing (müg) increases with increasing üg, thus causing the relative influence of

friction to be less. From comparing the results for the tests performed at 10 Hz (Figure

4.10, which was done at the start and end of dynamic testing, this phenomenon is more

prevalent in the initial set of tests when compared to the tests at the end of the experi-

mentation. Because of this, the system has a more variable transmissibility depending

on loading before plastic deformations have set in.

Secondly, at 2.5 Hz and 3 Hz, the system amplifies the effects of the accelerations

at the base (i.e., transmissibility in excess of unity), resulting in higher accelerations

experienced at the mass when compared to the accelerations experienced by the base.

This indicates that the forcing frequency is close to reaching the natural frequency.

Thirdly, due to the motion of the structure, it is expected that it has at least one

additional natural frequency, out of plane with the intended direction of motion of the

system. Significant lateral motion is noted during the tests at 5 Hz, indicating that there
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is a natural frequency close to 5 Hz. There is also slight lateral motion noted during the

tests at 3.5 Hz and 2.5 Hz, but it did not seem significant in comparison to the vertical

acceleration of the structure.

Fourthly, there is significant plastic deformation over the course of the experimenta-

tion on Beam 1. The height of the spring is measured several different times throughout

the course of dynamic testing to measure the effects of plastic deformation. Initially,

prior to loading, the spring’s length was 76.0 mm. After the loading is initially applied,

the spring’s length dropped to 72.6 mm. After manually buckling the beam in order to

get it to settle before testing, the spring’s length drops to 54.4 mm. This shows that a

significant deformation occurs upon reaching an initial loading for the first time. After

going through every dynamic harmonic test, the spring’s length was 47.6 mm. This

indicates that the bulk of the plastic deformation occurs upon initial loading; however,

there is still some slight creep as more loading occurs.

Dynamic testing results for white noise motion tests can be seen in Appendix D.

Bulk dynamic testing results for all harmonic motion tests can be seen in Appendix E.

4.5 Summary

Dynamic testing is performed on the system using a vertical shake table. Both time-

history analyses and FFTs are used to analyze the results. Results show that the system

effectively produced isolation for forcing frequencies greater than 3.5 Hz. Unexpect-

edly, it is found that the system performed better under larger accelerations. Significant

plastic deformation occurs in the design beam over the course of dynamic testing. This

results in the system having different performances over time as plastic deformation

occurs, even when subject to the same loading pattern.
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Chapter 5

Summary, Conclusions, and Future Work

5.1 Summary and Conclusions

A light, small-scale vertical isolation system is designed and fabricated. It is designed

under the intention that the scaling of the setup would be able to be adjusted such that

valuable objects, such as a server cabinet, could be isolated following changes to the

scaling of the system. This system is designed using the principles of negative stiffness

for a pair of laterally loaded arches in combination with a parallel spring in order to

obtain a desired force-displacement curve with a quasi-zero stiffness. Due to the usage

of the 3D printer, this laterally loaded arch has its shape prescribed such that it is initially

stress-free, despite having initial curvature.

In order to obtain force-displacement curves for the setup, three different methods

are used: a mathematical energy minimization approach, an OpenSees finite element

(FE) model, and characterization tests using an experimental setup. All three systems

are modeled to represent the system designed in Chapter 3, meaning that every setup

uses the same beam parameters and the same spring parameters. In order to accurately

model the spring for all three methods, the spring is experimentally tested and is found

to have a stiffness of 2.74 N/mm.

In Chapter 2, an energy minimization approach is used to model the behavior of the

beam. Here, a mathematical model seeks to determine the optimal shape of the beam

under a given displacement by attempting to find the most stable energy state of the
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beam. Using this information, forces are able to be associated with the energy states

and related to the displacement under a given force. From this method, the negative

stiffness for the two beams is determined to be −2.17 N/mm and the positive stiffness

of the combined setup is determined to be 0.57 N/mm.

Also in Chapter 2, an OpenSees FE model is used to analyze the behavior of the

beam. Here, a FE model is created by discretizing the beam into 21 different nodes,

corresponding to 20 different elastic, Euler-Bernoulli elements with corotational trans-

formation. Afterwards, these elements are run through an earthquake simulation soft-

ware (OpenSees) in order to determine the effects of increasing vertical load at a point

of interest. From this method, the negative stiffness for the two beams was determined

to be −2.09 N/mm and the positive stiffness of the combined setup is determined to be

0.65 N/mm.

In Chapter 3, an experimental setup was created. This experimental setup is tested

using a universal testing machine, which controlled displacements and measured the

amount of load needed to generate different displacements. This allows for repeated

loads to be applied to the beams in order to determine how they worked in practice.

Using this model, slight hysteresis is found in the system, differing from the energy

minimization approach. Additionally, the effects of plastic deformation are able to be

seen on the system, with the force-displacement curve changing with every cycle of

loading and unloading. Using this experimental setup, three different beams are tested.

From this setup, the average negative stiffness for the two beams is determined to be

−2.09 N/mm and the average positive stiffness of the combined setup is determined to

be 0.65 N/mm.

All three of the experimental setup stiffnesses are within the range of expected val-

ues determined from the theoretical models, as can be seen in Figure 3.14. This is

especially the case when considering the large variation of beams due to the lack of
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precision from the 3D printer used. Although the theoretical models do a good job of

accurately predicting the general behavior of the system, the physical model contains

significantly more information about the specific workings of the system. For example,

the physical model showcases the vulnerability of the setup to asymmetries, which re-

sults in notable differences in the energy stored in the beam between sides of the beam.

Additionally, the physical model could be better used to understand the effects of plas-

tic deformation, friction, and variability between tests. Because of this, the physical

model is believed to be the better model for interpreting the behavior of this particular

setup. However, the theoretical models have the advantage of being more adaptable to

different setups, as they can more quickly be adjusted since they do not require extreme

precision.

In Chapter 4, the setup that the theoretical models are based off of and that static

testing is performed on is subjected to vertical ground accelerations using a shake table.

A design load is applied to the test setup in order to cause settling in the beam into the

operating range. Harmonic ground accelerations are then applied to the setup, and the

acceleration of the isolated mass was measured. The setup is found to exhibit isolation

for forcing frequencies greater than 3.5 Hz. Isolation performance improves as both

forcing frequency and acceleration increased. In fact, for the test at 10 Hz and 0.75g,

the transmissibility is found to be between 0.069 and 0.114, depending on the amount

of plastic deformation in the beam. The natural frequency of the isolation system is

determined to be between 2.5 Hz and 3 Hz.

From dynamic testing, several notable properties in the system are determined.

Firstly, plastic deformation causes substantial effects in the system. From the results

that are measured in dynamic testing, less variability is found in the setup after substan-

tial testing has already occurred on the beam. Additionally, plastic deformation has a

large effect on the shape of the beam, greatly increasing the amount of natural bowing
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in the beam. Secondly, there is visible out-of-plane displacement that occurred in the

setup, despite only vertical accelerations being applied to the system. It is believed that

there is at least one other mode in the system, which has a natural frequency of 5 Hz.

Thirdly, the impacts of acceleration on the transmissibility experienced by the isolated

mass are unexpected. This indicates that the system is non-linear. Friction is expected

to be what causes this non-linearity, as larger accelerations result in changes in the ratio

of force applied at the base to the force due to friction being applied to the system.

Overall, the setup performs well for the expected ranges of frequencies intended to

be isolated.

5.2 Future Work

This research seeks to design an isolation system that could be used for small-scale

applications. As a continuation of this research, the following are several areas which

have the potential for further investigation:

• Several different test setups could be used in parallel in order to isolate a larger

mass. This would have several advantages compare to the system used in this

research. Firstly, it would allow for a larger load to be isolated, more closely

mimicking the loading of a server cabinet or a piece of biomedical equipment

which may be sensitive and require isolation in order to protect. Secondly, it

would allow for the effects of lateral motion to be explored. Ultimately, com-

bining several different isolation systems together in order to isolate in multiple

different directions would prove useful for protecting certain objects.

• The initial shape of the beam could be explored more in-depth in order to provide

different force-displacement curves. As was mentioned in Chapter 2, changing

the initial seeding of different mode shapes (qn = Qn,0/H) into the beams resulted

in different force-displacement curve shapes. From testing using the energy min-
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imization approach, adjusting q1 and q3 could result in creating a quasi-zero stiff-

ness without a spring. However, this results in losing out on a substantial amount

of the initial positive stiffness of the beam due to q1. Further research could be

done into this in order to determine whether there is an effective method of creat-

ing an initial positive stiffness using another method, and perhaps a system could

be designed without a spring.

• Different beam parameters could be used in order to create different effects in

the force-displacement curves of the system, and with it the dynamic properties

of the setup. For example, the material of the beam could be substituted from

plastic to carbon fiber, effectively changing the Young’s modulus of the beam and

with it the energy stored in the beam. This has the disadvantage of requiring

a different method of fabricating a beam, however. Additionally, springs at the

correct stiffness could be hard to find if the beam is too much stiffer. Furthermore,

beams could be adjusted such that they have different rises, lengths, and cross

sections, in order to meet the needs of a system. The theoretical models used

allow for these changes to be quickly explored in order to determine the efficacy

of changes before being produced.
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Appendix A

Preliminary Designs

The initial design tested in this research considers a flat, 203.2 mm long 3D-printed

beam. This beam is supported by pinned connections (modeled with V-shaped grooves)

and attempts to simulate a point load for the load. An example of this beam and the

connections can be seen in Figure A.1. Several optimizations to this test setup are

eventually made in order to improve the performance of the system. The beams used

here have issues with snapping-through to different deflected shapes as load increased

and decreased due to instabilities in the force-displacement curve.

The beams are tested in an Instron machine, which allows for displacement control,

CIVIL ENGINEERING AND ENVIRONMENTAL SCIENCESSCHOOL

UTM Connector
Pinned Beam 
Connections

Knife-Edge Beam 
Constraint80-20 Rails

Angle Brackets

Figure A.1: Initial test setup
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Figure A.2: Initial test setup placed in Instron machine.

with a given displacement requiring a certain force, which is measured using a load

cell. The test setup is attached to the system using 3D-printed UTM (universal testing

machine) connectors which are pinned to the Instron machine and clamped, as can be

seen in Figures A.1 and A.2.

Eventually, springs are added to the test setup in order to attempt to achieve quasi-

zero stiffness. A redesigned load-head is designed and 3D-printed in order to accom-

modate the addition of the springs to the design. The redesign can be seen in Figure

A.3.

In addition to the springs, this adjusted setup also adds a flat platform with which

load could be applied to the setup in order to begin performing dynamic testing. Fur-

thermore, it also adds guides in order to help improve the stability of the system as it is

loaded.

After static tests on the setup with springs are finished, dynamic testing was ready
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Figure A.3: Initial test setup with springs

to be performed. However, due to COVID-19, the vertical shake table was unable to be

used. As a substitute for the dynamic testing, the setup is loaded with different masses

and photographs were taken. An example photograph can be seen in Figure A.3. From

the photographs, locations at various points on the beam are used in order to map out the

deflected shape using a series of Fourier transforms Harvey et al. (2019). Additionally,

the data is normalized for both length, as the length varied slightly from test to test

due to slight movements in the camera, as well as for the deflection. This then allows

for the deflections to be compared to one another and a relationship between mass and

deflection to be determined. During this testing, a snapthrough occurred twice. This

causes a large jump on the load deflection curve. The results of these tests can be seen

in Figure A.4. Dynamic testing is never performed on this setup, but it is anticipated

that this system would not have performed well in a dynamic test due to the stability

issues.
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Figure A.4: Force-displacement results with old system. Beam snaps through during both loading
and unloading.
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Appendix B

Theoretical Results

B.1 Energy Minimization Model

Figures B.1 through B.3 include force-displacement curves for the beams and the com-

bined setups for varying levels of initial third mode shape function seeding, q3.
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Figure B.1: Theoretical displacement history (left) and force-displacement curve (right) for the
design beam and spring using the energy minimization model and q1 = 0.75, q2 = −0.01, and
q3 = 0.25.
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Figure B.2: Theoretical displacement history (left) and force-displacement curve (right) for the
design beam and spring using the energy minimization model and q1 = 0.50, q2 = −0.01, and
q3 = 0.50.
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Figure B.3: Theoretical displacement history (left) and force-displacement curve (right) for the
design beam and spring using the energy minimization model and q1 = 0.25, q2 = −0.01, and
q3 = 0.75.
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Appendix C

OpenSees Model

Below is the OpenSees code snapThroughAnalysis.tcl used to model the laterally-

loaded arch with a spring in parallel.

1 #===============================================================

2 # SET UP

3 #===============================================================

4 wipe; # clear memory of all past model

definitions

5 model BasicBuilder -ndm 2 -ndf 3; # Define the model builder, ndm=#

dimension , ndf=#dofs

6 set folder Data; # set up name of data directory

7 file mkdir $folder; # create data directory

8

9 #===============================================================

10 # DEFINED NODES

11 #===============================================================

12 node 1 0 0

13 node 2 4.604 0.117268551

14 node 3 9.208 0.466186664

15 node 4 13.812 1.038162818

16 node 5 18.416 1.819113063

17 node 6 23.02 2.789807814

18 node 7 27.624 3.926345347

19 node 8 32.228 5.200740339

20 node 9 36.832 6.581612956

21 node 10 41.436 8.034961535

22 node 11 46.04 9.52499981

23 node 12 50.644 11.01503809

24 node 13 55.248 12.4683867

25 node 14 59.852 13.84925936

26 node 15 64.456 15.1236544

27 node 16 69.06 16.260192

28 node 17 73.664 17.23088681

29 node 18 78.268 18.0118371

30 node 19 82.872 18.5838133

31 node 20 87.476 18.93273144
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32 node 21 92.08 19.05

33

34 node 22 92.08 19.05

35

36 #===============================================================

37 # BOUNDARY CONDITIONS

38 #===============================================================

39 fix 1 1 1 1

40 fix 21 1 0 1

41 fix 22 1 1 1

42

43 #===============================================================

44 # DEFINE MATERIALS & SECTIONS

45 #===============================================================

46 set nbeam 2

47 set Es [expr $nbeam*2636]

48 set A 40.323

49 set Iz 8.468

50

51 #===============================================================

52 # DEFINE ELEMENTS

53 #===============================================================

54

55 geomTransf Corotational 1; # Corotational

56

57 element elasticBeamColumn 1 1 2 $A $Es $Iz 1

58 element elasticBeamColumn 2 2 3 $A $Es $Iz 1

59 element elasticBeamColumn 3 3 4 $A $Es $Iz 1

60 element elasticBeamColumn 4 4 5 $A $Es $Iz 1

61 element elasticBeamColumn 5 5 6 $A $Es $Iz 1

62 element elasticBeamColumn 6 6 7 $A $Es $Iz 1

63 element elasticBeamColumn 7 7 8 $A $Es $Iz 1

64 element elasticBeamColumn 8 8 9 $A $Es $Iz 1

65 element elasticBeamColumn 9 9 10 $A $Es $Iz 1

66 element elasticBeamColumn 10 10 11 $A $Es $Iz 1

67 element elasticBeamColumn 11 11 12 $A $Es $Iz 1

68 element elasticBeamColumn 12 12 13 $A $Es $Iz 1

69 element elasticBeamColumn 13 13 14 $A $Es $Iz 1

70 element elasticBeamColumn 14 14 15 $A $Es $Iz 1

71 element elasticBeamColumn 15 15 16 $A $Es $Iz 1

72 element elasticBeamColumn 16 16 17 $A $Es $Iz 1

73 element elasticBeamColumn 17 17 18 $A $Es $Iz 1

74 element elasticBeamColumn 18 18 19 $A $Es $Iz 1

75 element elasticBeamColumn 19 19 20 $A $Es $Iz 1

76 element elasticBeamColumn 20 20 21 $A $Es $Iz 1

77

78 uniaxialMaterial Elastic 1 2.74

79 element zeroLength 21 21 22 -mat 1 -dir 2

80

81 #===============================================================

82 # Define RECORDERS

83 #===============================================================
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84 recorder Node -file $folder/nodeDispl.out -node 1 2 3 4 5 6 7 8 9 10

11 12 13 14 15 16 17 18 19 20 21 22 -dof 1 2 3 disp;

85 recorder Node -file $folder/endReactions.out -node 1 22 -dof 1 2 3

reaction;

86

87 #===============================================================

88 # DEFINE VERTICAL LOADS

89 #===============================================================

90 pattern Plain 100 "Linear" {

91 load 21 0.0 -1.0 0.0;

92 }

93

94 #===============================================================

95 # SAVE NODAL INFORMATION

96 #===============================================================

97 set nodeXYZ "${folder}/Nodes.txt"

98 set NODES [open $nodeXYZ "w"]

99 foreach i [list 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

22] {

100 puts $NODES "$i [nodeCoord $i]"

101 }

102 close $NODES

103

104 #===============================================================

105 # START OF ANALYSIS

106 #===============================================================

107 # Create the convergence test

108 test EnergyIncr 1.0e-18 100

109 #test NormDispIncr 1.0e-8 50 0

110 #test NormUnbalance 1.0e-6 400 1

111

112 algorithm Newton

113 numberer RCM

114 constraints Plain

115

116 set maxD 38.2

117 set numIncr 20000

118 set dD [expr -$maxD/$numIncr]

119 integrator DisplacementControl 21 2 $dD

120

121 analysis Static

122 # system FullGeneral

123

124 #===============================================================

125 # PERFORM ANALYSIS

126 #===============================================================

127 analyze $numIncr

128

129 loadConst -time 0.0

130

131 puts "################################################"

132 puts "Analysis Complete"
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133 puts "################################################"

134

135 wipe

75



Appendix D

Dynamic Testing White Noise Results

The isolation system discussed in Chapters 3 and 4 was subjected to three different white

noise tests. The dynamic tests follow the procedure mentioned in Chapter 4. These

tests sought to broaden the spectra of the transmissibility curve for the isolation system.

Each of these tests lasted 60 seconds. These tests would have produced cleaner fast

Fourier transforms had a longer test duration been used, as more relationships between

acceleration and frequency would have been developed. Despite this, trends can still be

seen in the FFTs for the different white noise tests performed.

Figures D.1 and D.2 include acceleration time-histories and FFTs, respectively, for

white noise generated with frequencies between 2 Hz and 10 Hz and with accelerations

that have a root mean square (RMS) of 0.05g.

Figures D.3 and D.4 include acceleration time-histories and FFTs, respectively, for

white noise generated with frequencies between 5 Hz and 20 Hz and with accelerations

that have an RMS of 0.05g.

Figures D.5 and D.6 include acceleration time-histories and FFTs, respectively, for

white noise generated with frequencies between 5 Hz and 20 Hz and with accelerations

that have an RMS of 0.10g.

76



0 10 20 30 40 50 60

Time [s]

-0.2

-0.1

0

0.1

0.2

0.3

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

20 20.5 21 21.5 22

Time [s]

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

Figure D.1: Time history for full duration of white noise test (left) and zoomed in on two second
interval (right) for frequencies from 2-10 Hz and accelerations that have an RMS of 0.05g.
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Figure D.2: FFT for full range of filtered frequencies (left) and zoomed in on frequencies that the
shake table was displaced at (right) for frequencies from 2-10 Hz and accelerations that have an
RMS of 0.05g.
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Figure D.3: Time history for full duration of white noise test (left) and zoomed in on two second
interval (right) for frequencies from 5-20 Hz and accelerations that have an RMS of 0.05g.
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Figure D.4: FFT for full range of filtered frequencies (left) and zoomed in on frequencies that the
shake table was displaced at (right) for frequencies from 5-20 Hz and accelerations that have an
RMS of 0.05g.
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Figure D.5: Time history for full duration of white noise test (left) and zoomed in on two second
interval (right) for frequencies from 5-20 Hz and accelerations that have an RMS of 0.10g.
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Figure D.6: FFT for full range of filtered frequencies (left) and zoomed in on frequencies that the
shake table was displaced at (right) for frequencies from 5-20 Hz and accelerations that have an
RMS of 0.10g.
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Appendix E

Dynamic Testing Harmonic Bulk Results

This Appendix contains bulk results for all of the different harmonic dynamic tests

performed on the system. Figures are listed in the order that the tests were performed

in (Table 4.1). Figures include acceleration time-histories and fast Fourier transforms

(FFT).
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Figure E.1: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 1 at a frequency of 10 Hz and amplitude of 0.1g.
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Figure E.2: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 2 at a frequency of 10 Hz and amplitude of 0.2g.
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Figure E.3: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 3 at a frequency of 10 Hz and amplitude of 0.3g.
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Figure E.4: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 4 at a frequency of 10 Hz and amplitude of 0.5g.

81



10 10.5 11 11.5 12

Time [s]

-1

-0.5

0

0.5

1

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

8 9 10 11 12

Frequency [Hz]

0

0.1

0.2

0.3

0.4

0.5

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

Figure E.5: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 5 at a frequency of 10 Hz and amplitude of 0.75g.
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Figure E.6: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 6 at a frequency of 7.5 Hz and amplitude of 0.10g.
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Figure E.7: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 7 at a frequency of 7.5 Hz and amplitude of 0.20g.
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Figure E.8: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 8 at a frequency of 7.5 Hz and amplitude of 0.30g.
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Figure E.9: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2 Hz
of the forcing frequency (right). Test 9 at a frequency of 7.5 Hz and amplitude of 0.40g.
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Figure E.10: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 10 at a frequency of 6.25 Hz and amplitude of 0.10g.
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Figure E.11: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 11 at a frequency of 6.25 Hz and amplitude of 0.20g.
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Figure E.12: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 12 at a frequency of 6.25 Hz and amplitude of 0.30g.

10 10.5 11 11.5 12

Time [s]

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

3 4 5 6 7

Frequency [Hz]

0

0.01

0.02

0.03

0.04

0.05

0.06

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

Figure E.13: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 13 at a frequency of 5 Hz and amplitude of 0.10g.
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Figure E.14: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 14 at a frequency of 5 Hz and amplitude of 0.15g.
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Figure E.15: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 15 at a frequency of 5 Hz and amplitude of 0.20g.
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Figure E.16: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 16 at a frequency of 4 Hz and amplitude of 0.05g.
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Figure E.17: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 17 at a frequency of 4 Hz and amplitude of 0.10g.
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Figure E.18: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 18 at a frequency of 4 Hz and amplitude of 0.15g.
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Figure E.19: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 19 at a frequency of 4 Hz and amplitude of 0.20g.
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Figure E.20: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 20 at a frequency of 3.5 Hz and amplitude of 0.05g.
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Figure E.21: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 21 at a frequency of 3.5 Hz and amplitude of 0.10g.
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Figure E.22: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 22 at a frequency of 3 Hz and amplitude of 0.05g.
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Figure E.23: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 23 at a frequency of 3 Hz and amplitude of 0.10g.
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Figure E.24: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 24 at a frequency of 2.5 Hz and amplitude of 0.05g.
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Figure E.25: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 25 at a frequency of 2.5 Hz and amplitude of 0.05g.
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Figure E.26: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 26 at a frequency of 2.5 Hz and amplitude of 0.025g.

10 10.5 11 11.5 12

Time [s]

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

8 9 10 11 12

Frequency [Hz]

0

0.01

0.02

0.03

0.04

0.05

0.06

A
c
c
e

le
ra

ti
o

n
 [

g
]

ground

isolator

Figure E.27: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 27 at a frequency of 10 Hz and amplitude of 0.1g.
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Figure E.28: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 28 at a frequency of 10 Hz and amplitude of 0.2g.
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Figure E.29: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 29 at a frequency of 10 Hz and amplitude of 0.3g.
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Figure E.30: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 30 at a frequency of 10 Hz and amplitude of 0.5g.
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Figure E.31: Acceleration time-history for two-second interval of harmonic test (left) and FFT ±2
Hz of the forcing frequency (right). Test 31 at a frequency of 10 Hz and amplitude of 0.75g.
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