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Chapter 1

Introduction

Let S be a P'-bundle over P!, for example P! x P!, and let D be an irreducible
curve on S. To the curve D, we associate a projective space |D|. We study the
geometry of the Severi variety V(D) parametrizing irreducible rational curves on
minimal rational ruled surfaces, i.e. P'-bundles over P!, in the projective space |D|
for a given curve D. In particular, we compute the Severi degree. That is, we
compute the number of irreducible rational curves through dim V(D) general points
on F,, where F,, = P(Op1 & Op1(n)), (n > 0).

Consider the question of determining these Severi degrees on the projective plane
P2. Since 3d — 1 will prove to be the dim V(D) where D is a curve of degree d,
this is equivalent to asking how many rétional plane curves of degree d pass through
3d — 1 general points. For example, first take a degree one curve, i.e. a line in
the plane. There are infinitely many lines though one point, no lines through three
general points, but one line through two points. In other words N(D) = 1 when D

is a line. Continuing with the example in the plane, we ask how many conics (d = 2)



pass through five general points? The answer again is one, since five points determine
a unique conic. For d = 1 and d = 2 the Severi variety is in fact equal to the complete
linear system of the degree d rational curve. For d > 3 the results are not so easily
anticipated. There are twelve rational cubics passing through nine general points;
equivalently a general pencil of elliptic curves has twelve nodal cubics, so N(D) = 12
when D is a cubic. In the late 19th century Zeuthen determined that there were 620
rational quartics passing through 11 general points. Only in 1993 was it shown by
Kontsevich that there are 87304 rational plane quintics passing through 14 general
points.

Below we give some facts about the mininal rational surfaces so that we can
precisely state this enumerative problem. We conclude the chapter with a history of

the problem.

1.1 Preliminary Facts Needed About F,

We note here that we work over the complex numbers, so by P* we mean P¢ and by
an irreducible rational curve we mean a curve whose normalization is P*.

Every minimal ruled surface over P! is of the form P(Op: & Op:(n)) for some n > 0.
We denote this surface by F,, the nth Hirzebruch surface. The Hirzebruch surfaces
are birationally equivalent to P! x P! and hence to P? so they are all rational.

The Picard group of F,, is generated by the classes E and F, where
F*=—-pn, E-F=1 and F?=0.

For n > 0, E is the unique irreducible curve on F, with negative self-intersection.
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The class F is the class of the fiber of the ruling on TF,.
If we denote a section of the P!-bundle F, — P! disjoint from E by C, then
C ~ E +nF. So the classes C and F also generate the Picard group of F,, with

intersection pairings given by
C? =n, C-F=1, and F%2=0.

For divisor classes on F,,, consider their possible self-intersections. We have E? =
—n, F? = 0 and D? > n corresponding to D ~ aC + bF with a,b > 0. The divisor
classes D for which D? > n are the interesting N(D)’s, so for our purposes it is more

convenient to write a divisor class D as
D~ aC +bF

fora,b € N.

A complete linear system |D| contains an irreducible curve if and only if D = E
or D ~ aC + bF when a > 0 and b > 0. The general member of |D] is a reduced
connected curve if and only if D = E, D = F, D ~ C + bF when b > —an, or
D~ aC +bF whena > 2 and b > —n.

The canonical class of F,, is
K~ -2E—(2+n)F~-2C~-(2-n)F.

Note that if D ~ aC + bF is effective, then K — D is not effective so H?(D) = 0
by Serre Duality. Therefore Riemann-Roch for the divisor class D on the surface F,

becomes
0 1 1 2
B(D) = B(D) = 5(D* = D K) + x(Os,).

3



As a rational surface, F,, has birational invariants ¢ = 0 and p, = 0 so x(Or,) =

1—g+py;=1. For D >0 wehave D-F >0so
H' (O, (D)) = H'(P, ¢.05, (D)),
where ¢ is the ruling ¢ : F, — P'. For D ~ aF + bF,
$.0r, (D) = (Op1 & Op1(—n))®* @ OIP;l(b)-

But this is a sum of terms of the form Op:i(c) where ¢ > b — an which is always
positive since D is irreducible, here we follow Hartshorne’s line of proof in Lemma

2.4 on p. 379. Therefore h'(Of, (D)) = 0. Thus
0 | I
h (D)=§(D —-D-K)+1
and so we can conclude that

dim | D] = %(DQ - D-K).

1.2 Statement of the Problem

Let S =F, and let D be an effective divisor on S.

Definition 1.2.1 Let V(D) be the closure of the locus of all points parametrizing

irreducible rational curves in the projective space |D)|.

We call this variety the Severi variety. A general point of the Severi variety represents

a curve with p, nodes , where p, is the arithmetic genus of D.



We denote the dimension of V(D) by r(D). Since a general point of V(D) is
known to be a curve with p,(D) nodes, and no other singularities, then V(D) has

dimension
r(D) = dim|D|~pa(D)
L o 1 e
= 5(D ~D-Kg) — 1+§(D + D - Kg)
= —K¢-D-1
The degree of V(D) we denote by N(D). Called the Severi degree, N(D) repre-

sents the number of irreducible rational curves in |D| passing through (D) general

points on S. It is the goal of this work to find an explicit formula for N(D) on S = F,.

1.3 Further Notation

Definition 1.3.1 For a positive integer m, let Vi, (D) C V(D) C |D| be the closure
of the locus representing irreducible rational curves in |D| meeting E at a smooth

point with multiplicity ot least m.

Let 7, (D) = dimV,,,(D) and N,,(D) = degV,,,(D). Caporaso and Harris in [CH1]

(Proposition 2.1 on p.21) show that r,,(D) = —Kgs- D —m.

1.4 History

This basic enumerative problem of determining Severi degrees has remained unsolved

until very recently. Interest in this problem has been revitalized by recent ideas in



quantum field theory which lead to the definition of quantum cohomology. As a by-
product, formulas enumerating rational curves on certain varieties were proved. For
example, in 1993 Kontsevich (in [K]) derived a beautiful formula for rational curves
in the plane, assuming associativity of the quantum product (not known at the time).
Kontsevich’s well known recursive formula for a divisor of degree d on P?;

Nd= ) dN(dl)N(dz)dfdg [dQ ( ;{f_‘;) —d (;’i__‘ll)} .

di+da=

In addition, Kontesevich and Manin have a similar recursive formula for N (D) on Fy
and F;. Their technique was dependent upon the fact that those surfaces are convex
and hence the technique will not extend to F, for n > 2.

L. Caporaso and J. Harris in a very long paper, [CH1], were able to find a very nice
closed formula for the degree of the Severi variety for the divisor 2C on F,. Recall

that C is a section of the P!-bundle F,, — P*.

Theorem 1.4.1 [CH1] (p.80) Let N(2C) be the number of irreducible rational curves

in the linear series |2C| on F, passing through 2n + 3 points, then

| = 2n + 2

N(20) = — k)?
o)=Y o2 (")
k=0
Others investigated particular divisor classes on F,,. Using excess intersection and

the moduli space of stable maps, D. Abramovich and A. Bertram calculated Severi
degrees in all classes on Fs, and in certain classes on F,, [V, p.11}. Notably, they were
able to write a formula for N(2C +bF) on F,,. Their formula determines N(2C +bF)

on I, in terms of N(2C + (b+1)F) on F,_;. So their recursion in a sense is in terms

of a worse divisor on a better surface.



In [CH2] L. Caporaso land J. Harris developed the Rational Fibration Method
and applied it to the cases S =P? , S =T, , and S = 3. The first case provides
a simpler proof of Kontsevich’s formula. When applying the method on Fs, we see
the occurrence in codimension 1 of degenerate loci that are no longer of type V(D);
instead we see loci of curves satisfying tangency conditions with E. So for Fs, Ca-
-poraso and Harris get an inductive formula expressing N (D) in terms of degrees of

these tangential Severi varieties. The results of [CH2| are as follows:

Theorem 1.4.2 [CH2| (p.15) For any effective divisor D # E on Iy

N(D) = 5 3 NDIND)D: D) x

D1+Des=D
©-pie-pa(Jip) 73) - e pr () 75|+

+ > N(D)N(D,)(D: - E)(D;- E) x
Diy+De=D-E

o005~ =27 () 3) |



Theorem 1.4.3 [CH2| (p.23) For any effective divisor D # E on F3

N(D) = 5 Y NDIND:)D; D) x

Dﬁ[];; ].JDl)(c - Dy) (:((ll))l))__?)) Sy (:é@;i)] )

+ ) No(D)N(Dy)(E - Ds) x
D1+Dy=D—-FE

ooy 75) ~wor ([ 5|+

+ > N(D1)Ny(Ds)(E - D) X
Di+Do=D—-E

(D) -3 2(r(0) -3
[(Dl .C)(D;-C) (T(D1) B 1) —(Dy - C) (T(D1) _ 2)] +
. 3
i g D1+D2+Zl73=D—EgN(Di)(Di | E) ’
[(2(C - Dy)(C - Dy)+ (C-Dy)(C - D3)+
\ r(D) -3
+(C - D,)(C- D3) - (C - D3)?) <T(D1) —1,7(Dy) — 1> T

n ((C’ . Dy)?+ (C - D3)? + (C - D,)(C - D3)) (T(D:)(lz)ZTr?EDZ))] .

These formulas are in the spirit of Kontsevich. The recursion involves degrees of Severi
varities of smaller divisors, possibly with tangency conditions. All other components

of the calculation are very easily calculated.

1.5 Results of Ravi Vakil

R. Vakil recently computed Severi degrees for divisors of arbitrary gehus on F,, not
just of rational curves. That is, count the number of curves of genus g through

~Ky, - D + g — 1 general points. The results for the irreducible case follow.



Definition 1.5.1 Let WP9(a, 3,T') be the closure (in |D|) of the locus of irreducible
curves in S in a divisor class D of geometric genus g, not containing E, with (in-
formally) oy "assigned” points of contact of order k and By "unassigned” points of

contact of order k with E and let N29(a, B) be its degree.

wrr

Theorem 1.5.2 [V] (p. 7) If dim WP9(a, 3,T) > 0 then

Nz]'r?;g Z szI'r?;g Oé + ek, ﬁ - ek)

Br>0

+3 = ( L aa > az) (TDl’glﬁ(f;’;’,(f), ;;”g' (5’)>

1 (P
i Di , i i
'H( )Iﬂ TN (o )
i1 \7'
where the second sum runs over choices of D, g',ct, ', v (1 < i < 1), where D* is
a divisor class, g* is a non-negative integers, of, *,7* are sequences of non-negative

integers, >. D' =D — E, Y. v* = 8, * > ', and o is the number of symmetries of

the set {(D%, g%, %, B, ") hi<i<t-

The formula uses the following definitions and notation. For any sequence o =

(o, @g, ...) of non-negative integers with all but finitely many o; zero, set
o] = o1+ as+az + ...

Iazal +2a2+3a3+...
o = 101902309

al = al!ag!ag,!...

() = (2) () ()~

9
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Let e, be the sequence (0, ...,0,1,0,...,0) that is zero except for a 1 in the Kt term.
Let

TP9(8) := —(Ks+E)- D+ 8] +g— 1.

So with the ”seed data” N %(e;,0) = 1, this formula inductively counts irreducible
curves of any genus in any divisor class of F,, by allowing the assigned points of contact
to get worse and the unassigned points of contact to get better. While it is indeed

a very elegant formula, in practice it is very difficult to compute with, even in the

simplest of cases.

1.6 Results of This Paper

Theorem 1.6.1 Let D # E be an effective divisor on F,,. Then

nN(D)= Y N(D)N(Dp)(D; - Dy) x

(©-pye-D) (1Y) e 1oy 2)] *

- > A (H N, (Di)A(Di)) [71(0 Dy -C-D2+ 3 y(C- Di)z}

Di+...+Ds=D~E i=1 i=2
{Dg,...,Ds}

(1.1)

This formula calculates the number of rational curves in any class on F, in the style
of Kontsevich a,nd of Caporaso and Harris. The recursion is in terms of the degrees
of Severi varieties of smaller divisors with possible tangency conditions and otherwise
involves only intersection products of curves on F,,, which are easily calculated. We

10



also note that the main theorem in the case of P? gives a proof for Kontsevich’s
formula, and in the case of F; and F3 agrees with the formulas of Caporaso and
Harris above. Unexpectedly, the theorem gives a simpler proof of the closed formula
of Caporaso and Harris for N(2C) on F,. As a result of the simplicity of the objects

involved in the calculation, I have written a Maple program implementing the formula.

1.7 Outline of Approach

Chapter Two describes in detail the method used to calculate these Severi degrees.
The approach taken is inspired by the Rational Fibration Method of L. Caporaso and
J. Harris in [CH2|. This method builds a surface Y for a divisor D and a generically
finite map 7 : ) — F,, whose degree is the Severi degree N(D). In order to calculate
the degree of m, we must first determine the Néron-Severi group of Y. To this end,
the remaining part of Chapter Two will address issues necessary to fully describe the
Néron-Severi group of ).

The third chapter begins with a statement of the main theorem and then proceeds
with its proof. Chapter Four uses this theorem to calculate some Severi degrees in the
plane és well as on F,. Chapter Four also gives a different proof for a closed formula
for the degree of the Severi variety for 2C on F,, using the main theorem.

Chapters Five and Six apply the Rational Fibration Method to the tangential
Severi varieties V,,,(D) with the goal of writing an explicit formula for N,,(D). Specif-
ically, Chapter Five classifies and describes the reducible fibers of ) — B so that we

might write down the Néron-Severi group of ). This is the most delicate issue in the

11



construction. Chapter Six states and proves the theorem giving the explicit formula

for Ny, (D). We finish by giving in Chapter Seven some examples using the formula

for Ny, (D).

12



Chapter 2

Methods and Techniques

The Rational Fibration method of [CH2] builds a surface ) and a map 7 such that
the degree of 7 is the Severi degree N(D). This chapter will describe this method
in detail and explain how the Severi degree appears as a result of its construction.
We then use a proposition of Caporaso and Harris in [CH1] to fully describe the

Néron-Severi group of ).

2.1 The Rational Fibration Method

We begin by briefly summarizing the Rational Fibration Method. The construction
begins by taking a linear section I' of V/(D), so I parametrizes the irreducible rational
curves in |D| passing through r(D) — 1 general points. Let x be the universal family
of curves corresponding to I and let f : x — T" be its projection onto I". Assume for
the moment that x is a smooth surface and that I is a smooth curve. Let 7 be the

inclusion followed by projection, 7 : xy = ' x F, — F,.

13



Figure 2.1: General Construction.

By carefully considering the degree of = we will see that degm = N(D). We now
describe this construction and conclusion more precisely.

Let S = F, and let D be an effective divisor on S with nonnegative self-intersection.
Choose r(D)—1 general points gi, ..., g-(p)-1 € S and let I" be the closure in | D| of the
set of irreducible rational curves passing through these points. If Hy, is the hyperplane

in |D| parametrizing curves through ¢; then

I'=V(D)NnH,N..NnH,

r(D)-1?

a linear section of V(D). We note that V = V(D) is non-singular off 3V so by
Bertini’s Theoreom VN H,, is non-singular oft 8V N H,,. Therefore the singular locus
of I is contained in OI', which parametrizes the reducible fibers. Let x C ' x S be
the universal family over I', i.e. the subscheme of I" x S whose fiber over each [X] € T

14



is X (the family of curves corresponding to I' C |D|). A general fiber of x — I' is an
irreducible nodal rational curve, so there are a finite number of special fibers which
are reducible, possibly have tangency conditions with F, and at worst have nodes
away from E (Prop 2.1 of [CH1]). We would like to build a family from x — I" whose
general fiber is the normalization of its corresponding fiber in x — I'. So we do a
series of normalizations. Normalizing I" gives 'V — I'. T is a smooth curve. Then
take the normalization x” of x xp I'” to give x¥ — I'” with general fiber isomorphic

to PL. If we represent x by
x ={(v,D,)|y €T, D, curve on S}
then

xxr " = {(7,Dy,)ly €T, D, curve on 5,7 € I and v(3) = 7}
= {(Dyp M) =}

If we let X¥ denote a fiber of x¥ — ['¥, then X* may differ from the normalization of
X. We can think of x as having a locus of assigned nodes and x” is the normalization
of each fiber only at these assigned nodes. Finally we apply a semi-stable reduction
by making a base change B — I'” and blowing up the total space of the pullback
family x¥ xpr» B. This gives a family Y — B whose total space is smooth, whose
general fiber is a smooth rational curve, and whose special fibers are all nodal curves.

We will denote the composite map by 7 : Y — S.
T:Y =X X B -2 x—>I'xS5—=S

Note that 7 is a generically finite map. Recalling that T’ parametrizes all curves

15



Figure 2.2: Construction of the Surface ).

passing through the 7(D)—1 general points, we calculate the degree of 7. To calculate

. the degree of m we consider for arbitrary s € S the following set:
7 (s) = {([X], 9)|[X] € T'}.

That is, we consider the set of all curves parametrized by I' passing through s for
s € 5. Therefore the degree of 7 is equal to the number of irreducible rational curves

in |D| passing through ¢y, ...,¢-(p)-1 and s, i.e. degm = N(D).

2.2 Classification of Reducible Fibers of y — T’

As a ruled surface, the Picard group of Y is freely generated by the class of a fiber

of the ruling, the class of a section of the ruling and the classes of all the irreducible

16



curves contained in fibers of the ruling and disjoint from the section. The Proposition
below is a restatement of Proposition 2.5 of [CH1]. It classifies the reducible fibers
of x — I'. Note: the construction of [CH1] involves the same x — I' as the rational
fibration construction. The ideas in this Proposition will be used to describe the

reducible fibers of  — B so that we can write down the Néron-Severi group of ).

Proposition 2.2.1 (Proposition 2.5 of [CH1] on p.28) Let X C S = F, be any

reducible fiber of the family x — T.

1.'If X does not contain E, then X has ezactly two irreducible components X
and X,, with [X;] € V(D;) and Dy + Dy = D. Moreover, each [X;] is a general

point in V(D).

2. If X does contain E, then X has irreducible components E, X1, ..., X, with
[(Xi] € V(D;) and E4+Dy+...+D; = D. Moreover, each X; is general in V,,.(D;)

for some collection my, ..., ms of positive integers such that > ;_ m; = n.

Notation. If X is any reducible fiber of the family x — I' not containing E, we call
its corresponding fibers of f : Y — B type J fibers. If X is any reducible fiber of
the family x — I containing E, we call its corresponding fibers of f : Y — B type

K fibers.

2.3 Classification of Reducible Fibers of f: )Y —+ B

Lemma 2.3.1 Type J fibers have two smooth irreducible components, J; and Jo. J;
and Jo meet transversally at one point, such that n(J;) = D;, D; > 0, and D; # E.

17



Figure 2.3: Type J Reducible Fibersof f : Y — B

Notation. By convention we denote the component of a type J fiber containing ¢; by
Ji. Let j(Dq, D;) denote the number of fibers of type J such that n(J;) = D; and
D, + D, = D. And let Bj be the set of points b € B such that the fiber X, over b is
a fiber of type J.

Note: The type J fibers are derived directly from Propositions 2.6 and 2.7 of [CH1]
on pages 33 and 37. We do not reprove the results here.

The type K fibers described in the Lemma below are a generalization of Proposi-
tions 2.6 and 2.7 of [CH1]. The results here apply the ideas of the Propositions to a
more general object. Caporaso and Harris allow only one component of the decom-
position to meet E at a smooth point with multiplicity greater than one. We allow

each component D; to meets E at a smooth point of multiplicity m; where m; > 1.

18



Lemma 2.3.2 Type K fibers have irreducible components Kg, K; 1, Ki 2, ..., Ki 5,1, K;
with 1 = 1,...,s such that n(K;) = D;, n(Kg) = E, D; > 0, and D; # E.

Kg,Ki1, Kig, ..., Kiy—1, Ki form a chain in the given order, i.e.
Kgp-Kiz=K;1-Kig=K;2-Kizg=..=Kj 2 Kj ;1=K y,—1- K; =1,
and no other intersections.

Notation. For the type K fibers: let m; be the multiplicity with which D; meets
E at a smooth point and ~; be %, where we assume k = lem (mg, mo,...,my).
By convention we denote the component containing ¢; by K. Let k(Dy, Ds, ..., Dy)
denote the number of fibers of type K such that w(K;) - D;, n(Kg) = E, and
i Di=D—E. And let Bg be the set of points b € B such that the fiber X over

b is a fiber of type K.

Definition 2.3.3 If P is a limit of nodes of fibers of x — I' near X in the chosen
branch — that is, if (P,b) is in the closure of the singular locus of the map x xpr (I —
{b}) = IV - we will say that P is an old node of X. If (P,b) is an isolated singular

point of the map x Xr (Y — {b}) = 'V we will say that P is a new node of X.

Proof. (of Lemma 2.3.2) We describe the fibers of type K of  — B in two parts. We
begin by analyzing the local geometry of I' around a point corresponding to a fiber of
type K. Then we analyze the singularities of the total space of the normalized family
x” — I'V along the fiber corresponding to the fiber of type K.

Fix a point [X] € I such that X is a reducible fiber of x — T containing F as a

component. By Proposition 2.2.1, X must be of the form X = FUX;U...UX, where

19



K’))’l" K‘

Figure 2.4: Type K Reducible Fibersof f: Y — B

X is a general member of the family V,,(D;) for some collection of positive integers
my, ..., M, such that . m; = n. Since Xj is an irreducible rational curve with p,(D;)

where

1
pa(Di) = 1 -+ —2‘(D? + D, . Ks)

then the total number of nodes on X will be
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Zpa(Di) + ZDz"Dﬂ“Z(Di'E“mi):

}
i

= Z(1+%(D3+Di-K5)> +Y D;-D;j+ Y (Di-E—my)
[ =1

=1 i
i#j

=1 =1 : 2] 1=1

i
1 8 S
= s+1+; (—n+ZD§+(n—2)+ZD,~-KS> +
=1 =1

+2Di-Dj+i(Di~E~mi)
1,5 =1

.Y .
i%j

1 2 - 2 -
= 5+1+'2'(E +;D1+EK5+ZD,K3> +

i=1

+> D;-Dj+ Y (Di-E—my)
%) i=1

i#]

= s+ p.(D) - imi.
=1

Thus X has s + p.(D) — Y_;_, m; nodes and s tacnodes of order my, ..., m,. Then as
in [CHI1] we see that in the normalization of the total space of the family, the fiber
corresponding to X will consist of a curve E mapping to E, plus the normalizations
X, of the curves X;, each meeting F at one point and disjoint from each other. All
the nodes of X arising from points of pairwise intersection of the X; are old. If X;
has a point of contact order m; > 1 with F, that must be the image of the point
X, N E € x*; all the other points of X; N E will be old nodes of X. If X; intersects
E transversely, then any one of its points X; N E can be a new node. This completes

the first part of our analysis.
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Now we analyze the singularities of the total space of the normalized family x” —
I'V along the fiber X”. First we introduce some notation.

Notation. We will denote by Pf, ..., P}, 1 < i < s, the new nodes of X along E
coming from components of X meeting E only transversely; and by P* 1 <1 < s, the
double points of X other than nodes, coming from a point of contact order m; > 2
of F with another component of X, if any. We recall that the nearby fibers of our
family are smooth near P}, and that there will be one point p’ of x} lying over each
P;, which will be a node of X¥, while the nearby fibers have m; — 1 nodes tending to
the point P?; thus the normalization X” — X will again have one point p* lying over
P, and that point will be a node of X”.

Consider the family x¥ — I'V in a neighborhood of the whole fiber X", the fiber
corresponding to X. Recall that V is the minimal desingularization of x”. X" has
only nodes as singularities so x” will have a singularity of type A, at each node.
Suppose that p' € X is an A,,_; singularity, for some ;. Resolving p* gives a chain
of ; — 1 smooth rational curves with self-intersection -2 in ). We will denote the
component of X meeting E at P! by KZ Now consider the pull-back of E from S to
Y by

s yi—1
E = kE + Z (aiKi + Z ai’jKi’j) + E
i=1 j=1
where k € Z, and FE is the proper transform of E and E' is a curve in meeting the

fiber only at the Kj;, with
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Since m maps K; ; to points in S, then degg, (7*E) =0 and

* 2
TE-Ki; = 0i;1Kij-1 - Kij + 0K+ a0 Kijjo - K

0 = aij-1—2ai5+ 05541

setting a;,, = 0 and a;0 = k.

On the other hand, 7 restricted to K; meets E at P! = 7(p') with multiplicity
m; so the multiplicity at p* of the restriction to K; of the divisor n*(E) — E’ is m;
implying that a; -1 = mi: m; = (7°F — E') - Kj = Qi1 K yi—1 - Ki, 80 Q5,1 = ;.
Similarly a; v, —2 — 26, -1+ iy, = 0,50 @i 5,2 = 2m; and Gy, —3—20; 4,2+ i ;-1 = 0,
SO @;,;—3 = 3m;. Continuing a; — 2a;1+a;2 = 0, 50 a;0—2(v; — )m; + (1 —2)m; =0
and therefore a; y—v;m; = 0; finally k = a; ¢ = ;m;. Therefore p; € x" is a singularity
of type A, _1, where v; = mﬁz Clearly lem(my,ma, ..., m4)|k. This completes our

description of the fibers of type K. O

2.4 Néron-Severi Group of )Y

Now we address the main goal of this chapter. Since ) is a ruled surface, the Néron-
Severi group of Y is freely generated by the class of a fiber of the ruling, the class of
a section of the ruling, and the classes of all the irreducible curves contained in fibers
of the ruling and disjoint from the section. Let Y be the class of a fiber of Y and A
correspond to a section of f : Y — B parametrizing curves through the base point

q1. We choose the following as a basis for the Néron-Severi group of Y:

{A, YU {Jo}een, U{Kg, Ki1, Ki2, .. Kini—1, Ki YoeBy i=1,..s — {K1}-
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Note: One can readily see that J; =Y — J, and likewise for the type K fibers.

The below relations follow easily:
A-Y=1 Y?=0, Ji=-1,

Kp=-s, K};=-2, K/=-1

Kg-Kip=1 Kij-Kij1=1 Ky K =1

Other than these and A?, there are no additional non-zero intersections. The calcu-

lation of A? is a delicate one; we compute it in the next chapter.

2.5 Counting Reducible Fibersof f: )Y — B

Taking into account the results of the above classification of fibers of Y — B, we
count the reducible fibers of type J and type K on Y. This count will be used in the

calculation of N(D).

Lemma 2.5.1 1. If X is a reducible fiber of Y — B not containing E, then

the number of type J fibers for a given decomposition D = D; + Dy, denoted
j(Dl, Dz), 18

(Z((li))ii) N(D1)N(Ds)(D: - Da).

2. If X s a reducible fiber of Y — B containing E, then the number of type K

fibers for a given decomposition D = Dy + ...+ Dy, denoted k(D1, Do, ..., D), is

ATINDIAD),
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where
1

1 r(D) -2
A= R (Tml (Dl) -1, ng(DZ)a rms(D3)7 "‘7Tms—1(D8-1)>’

A(D;) =

bl

1 mi22

and R represents the repetition factor accounting for repetition of the compo-

nents in the set {Ds, ..., Dg}.

Proof. (Part 1.) If X is a reducible fiber of x — I' not containing £ as a component,

then X must contain two components X; and X, meeting transversely at one point

such that W(Xl) =D, D;> 0, D; ?é E,and D= D, + D,.

Since D must pass through r(D) — 1 general points, each X; can hold at most

r(D;) of these r(D) — 1 general points. Since D = D; + D,

r(D)—1 = (-Kg-D—-1)—1
= —Kg-(D;+ Dy)—2
= —KS'Dl—l—KS'DQ—].

= 1(D1) +r(Dy).

It follows that X; must contain exactly r(D;) points. Recall that by convention the

point ¢; lies on X, so there are r(D) — 2 choose r(D;) — 1 ways to distribute the

r(D) — 1 points on the two curves. For each such distribution of points there exist

N(D;) curves X; € V(D;) containing the r(D;) points. So there are

(:((19131))_—21) N(D1)N(Dz)
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such [X] € T. For each [X] € T, T has D; - D, smooth branches (Proposition 2.6 in
[CH1)). So there will be D; - Dy points of I'V lying over each [X]. Finally we note

that x” is smooth along such fibers (Proposition 2.7 in [CH1] on p.37). Therefore

r(D) -2

D) — 1) N(D1)N(D5)(D; - Dy).

3(D1, Do) = (

(Part 2.) If X is a reducible fiber of x — I' containing F as a component, then

X has irreducible components
{Kg, K1, Kig, ooy Kiyi1, Ki}

with ¢ = 1, ..., s such that n(K;) = D;, n(Kg) = E, D; > 0, and D; # E. For each 7
let m; be the multiplicity with which Dz meets E at a smooth point.

Since D must pass through r(D) — 1 general points, each X; can contain at most
Tm; (D;) of the 7(D) — 1 general points ¢y, ..., ¢r(p)-1- Since D = Dy +...+ D, + FE
and Yo, m; =n,

r(D)—1 = (-Kg¢-D-1)-1
= —Ks-(D1+...+Ds+FE)—2
= -Ks - D)—Kg - Dy—...—Kg-Dy—Kg-E—2

= —KS'Dl—...—KS'DS—Tl+2—2
= Z"KS'Di'—n
i=1

= i—Kg'Di—zs:mi
i=1 =1

= Z(—KS . Dz — mz)

i=1
= Z Tmi (D).
=1
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So it follows that each X; must contain exactly r,,,(D;) points. Recalling that the

point ¢; lies on Xj, then there are

( (D) — 2 )
Ty (Dl) - 1’ Tmz(D2)a ng(Dg), e Tms—1(Ds—1)

ways to distribute the (D) — 1 points on the s curves. For each distribution of points
there exist Ny, (D;) curves X; € Vi, (D;) containing the rp, (D;) points. Thus there -

are

(Trm (D1) - 177”m2(DT2()l>)2m—3(§73)> ---:Tms_l(Ds-l)) |

such [X] e I

By Lemma 2.3.1 in a neighborhood of [X] € I, T consists of [],, _,(D; - E)
smooth branches, 'y, (where o = (a4, ..., ;) with ; removed if m; # 1), and, for all ¢
such that D; has a point P? of intersection multiplicity m; > 2 with E, exactly m; —1
nodes of nearby fibers will tend to P'. Along the smooth branches Ty, each point
P, o, has a single point lying over it which will be a node of the fiber X* of x¥ — I'V
corresponding to [X] € I'. The fibers X” of x¥ — I'” corresponding to [X] € T are
all the curves obtained by normalizing X at all the nodes of the D;, at all but one of
the points of intersection of E with each of the components D; with m; = 1, and at
all the transverse points of intersection of D; with E for m; > 2; finally then taking
the partial normalization of X at P; having an ordinary node over p;. Therefore we

are able to conclude that
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where

_ 1 r(D) -2
8= R (Tml (Dl) - 1» Tms (D2)7 ng(D?:); seey rms_l(Ds—1)>,

AD;) =

?

and R represents the repetition factor accounting for repetition of the components in

the set {Ds, ..., D;}. Note: D is distinguished since by convention ¢; lies on D;.
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Chapter 3

The general recursion for [,

We will now prove the main theorem. The proof is motivated by the following fact:

given any two line bundles L and M on S, we have
7*L-7*M =degw(L- M) =N(D)(L-M).

We begin by proving some useful lemmas. In particular, we write 7*L as a linear
combination of the elements of the Néron-Severi group of ), and we calculate A2
Once we have done this, we will have all the necessary information to enable us to

calculate 7*L - m* M for any line bundles L and M on S = F,.

3.1 Theorem

We recall the necessary facts and definitions related to the type K fibers. A reducible
fiber of the family x — I' has irreducible components F, X1, Xo, ..., X, with D =
E + Dy + Dy + ... + D, X; is general in V,,,(D;) for a collection of positive integers
mq, My, ..., M such that >0, m; = n.
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(Note: dimV,,,,(D;) = 7, (D;) = —Ks - D; — m;.) The corresponding components X;
on x” have singularities of type A,,_; where v; = —n':— and we assume for computational
purposes that k = lem(m;y, my, ..., m,). Related to the number of type K fibers for a

particular decomposition we have:

_ 1 r(D)—2
a= R (rml(Dl) - 17Tm2(D2)’Tm3(D3)’ "'>Tms—1(D5—1)>

where R represents the repetition factor accounting for repetition of components in

the set {Dsy, Ds, ..., D;}, and

A(Dz‘)-——{

1 my; Z 2.
The calculation of A%, to be shown later, involves choosing a section A’ disjoint from

A. As a result we see a corresponding definition for A’ describing how the remaining

(D) — 3 points (not counting ¢; and ¢») can be distributed on the s curves:

1 r(D) -3 )

A= —
R (Tml (Dl) - 17Tm2 (D2) - 1,7‘m3(D3),7”m4(D4), "'7Tms—1(Ds—1)

where R’ represents the repetition factor accounting for repetition of components in

the set {Ds, ..., D;}. These are the ingredients in the following theorem.

Theorem 3.1.1 Let D # E be an effective divisor on F,. Then

nN(D)= > N(Di)N(D:)(D; - Ds) x
Di+Dy=D

(€D D) <:<(119)1)>_—31> -e-m(f) %))+

+ > (f[Nmi(Di)A(Di)> (71;72) (© D} +

Dy+..+Ds=D—E
{D3z;--s Ds}

- Z A (H N, (Dz)A(Dz)) [71(0 D~ C - D)2 + Z %(C . Dl)z}

Di+..+Ds=D—E '
{D3,....,Ds}

(3.1)
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We make a few notes regarding the use of the formula. For a given effective
divisor D, there are two types of decompositions: type J and type K. For the type J
decompositions, D decomposes into 2 components:' Dy and Ds, each effective divisors.
These are the decompositions which are allowable in the first sum, clearly a finite sum.
In this sum symmetric decompositions are included when Dy # Ds.

The remaining two sums determine the contributions coming from the type K
fibers. These are the decompositions which contain E as a component as described
above such that a corresponding reducible fiber of ¥ — I' has irreducible components
E, X1, X,,...,X, with D — E = Dy + Dy + ... + Dy, X; is general in V,,,,(D;) for a
collection of positive integers my, ms, ..., m, such that 2;1 m; = n. We note here
that in particular we see that s < n, sé again we see that the sums are finite.

The middle Summatién is related to A%, which as we will see later, requires that
D, and D, be distinguished. So for a given decomposition of this type, this sum will
accept only the permutations in which D; and D, are distinguished. For example,
suppose D — E = D+ F + F + F where D # F. Then allowable permutations for
this decomposition would be D+ F+F+F, F+D+F+Fand F+F+D+F.
Note: F + F + F + D is considered the same as the third permutation since they
agree in the first two components.

The last sum, again coming from the type K fibers, requires that only D; be
distinguished. Using the same example, suppose D — E = D + F + F + F where
D # F. Then allowable permutations for this decomposition would be D+ F+F +F
and F+ D+ F+F. Note: F+F+D+ F and F + F + F + D are considered the

same as the second permutation since they agree in the first component.
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3.2 Proof of Theorem: Some Useful Lemmas

Let L be any line bundle in Pic F,,. We can write the class of its pullback to J as a
linear combination of the elements of the Néron-Severi group of ). Since we know the
image in F,, of the components of the reducible fibers of f : YV — B, we can calculate
the degrees on all such components of 7*L of any line bundle.

Take any effective divisor class D on S with nonnegative self-intersection and
V(D) # 0. Choose r(D) — 1 general points ¢i, g, ..., ¢ p)-1 on S. Consider the

family x — [ of curves X € V(D) passing through the ¢;. Let x* - T", Y — B, and
T Y= xp B =2 x—=>IxS=>S

be as described in the set-up of the Rational Fibration method in Section 2.1.

Lemma 3.2.1 For L any line bundle in Pic(F,),

7L = (L-D)A—(L-D)A%Y — > (L-D)J,+

bEBy
7i—1 _
+ > |m(L-Di—L-D)Kp+ Y (n —j)(L-Di~L-D)Ky+
beBg j=1
s
+ 3N LDy~ L-D)—jL-D)K;, (3.2)

i=2 j=1
where By and By are the subsets of points of B parametrizing fibers of type J and

type K respectively.

Proof. Take L any line bundle in Pic(F,). Recall that Pic } is generated by a section
of the ruling, A, a fiber of the ruling, F', and all the irreducible curves contained in

fibers of the ruling and disjoint from the section. So we can write the class of the
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pullback of L to Y as a linear combination of
{A,Y}YU{L}oen, U{KE, Ki1, Ki2, ..., Kipi-1, Ki}ve By i=1,...s — 1K1}

We define the coefficient of O as ap in this linear combination allowing us to write
the pullback of L as:

7L = asA + ayY + JE + KF

where

= Z aj,J2

bEBJ

and

m-1 s
Kt = Z (aEKE—i-zaUKU-i—ZZaU ”>.

beBg 1=2 j=1

Note: here K;,, = K;. Now we determine the coefficients ag in the above expression

for 7* L by evaluating the following products: L-D = 7*L-Y =a4A-Y,s0a4 = L-D;

since 7 collapses A to the base point ¢ we have 0 = 7*L - A = a4 A2 + ayY - A4, so
—(L-D)A% L-Dy=7*L-Jy = ay,J2, and so a;, = —(L - Ds).

We similarly determine the coefficients of the type K fibers. Now L - D, = n*L -
K, = a14,-1K1,-1 - K1 + (L - D)A - Ky, 80 G1,,-1 = L-D; — L - D; similarly
0=7"L-Ki-1=0a14-2K1y-2Kiy-1+01 51 K?} -1 80 Q14,2 = 2(L-Dy~L-D);
and0=7"L-K;,,_2 = a1,71_3K1,71—3'K1,71—2+a1,71—2K12,71_2+a1m—1Klm—l‘Klm—%
SO @1.4,-3 = 3(L - Dy — L - D). Continuing in this manner we are able to write the
coefficient of K7 ; in general: ay,,—j = j(L-D1—L-D)soay; = (y1—j)(L-Dy—L-D)

for all j. We now have enough information to determine the coefficient of Kg:

e ¥ _ 2
O0=7"L- Ky =apKg-K;1+ a11K7; +a12K12 - Ki 1,
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SO

aE:2a1,1—a172:2(’yl-1)(L-D1—L-D)—(71—2)(L~D1—L-D)

and thus ag = y1(L-D; — L- D).

For the remainder of this proof we assume ¢ # 1. Now L-D; = n*L - K; =
Gi1Kimi—1 - Ki+ a;K2, 80 a; = @i y;-1 — L-Di; 0 = 7*L - K; 4,21 = @i 2K 2 -
Kinio1 + i1 K7y + 6K - Ky, 1, 80 Q5,1 = 04,2 — L - Dy; continuing gives
aij+1 = a;; — L - D;. But recall that we also have a;; 1 — 2a;; + a;j41 = 0 s0
0 =7L- K, = agKg - K;; + ai,lel + a;9K;o - K;1, 80 20,1 = ag — a;9 =
Y1(L-Dy1—L-D)+a;1—L-D; s0 a;; = 1(L-Dy—L-D)—L-D;; Recall: a; 41 = a; j—L-D;
Soa;o =a;1—~L-Dj,a;3=0a;9—L-D; =0a;;—2L-D;, 0,4 = a,3—L-D; = a;;—3L-D,.
Continue, giving a; ; = a;j_1—L-D; = a;; — (j—1)L-D; = v, (L-Dy — L-D) —§L-D;.
a;=0;y,-1—L-D;=(L-Dy—L-D)—~L- D,

And so all the coefficients are as claimed in the lemma. a

Next we compute A2. To do this we choose a base point g # ¢; so that g,

determines a second section A’ of f : Y — B disjoint from A. Then, by symmetry,
24% = (A — A2

By writing A’ in terms of the Néron-Severi group of Y we can calculate (4 — A')?,

allowing us to solve for A2.
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Lemma 3.2.2 If A corresponds to a section of f : Y — B parametrizing curves
through q, where f : Y — B s as described in Section 1.2 then

4 = %(‘ > N@l)N(D?)(DI'Dz)@(gf)_—sl)+

Di+Dy=D

- Y A [N 0AD)

Di+...4+Dg=D~E =1
{D3,....Ds}

where

R T'ma (Dl) - 17Tm2(D2) - 17Tm3(D3))Tm4(D4)7 "‘7Tm3_1(Ds—l) ’

R’ represents the repetition factor accounting for repetition of components in the set

{Dg, ceey Ds}, and

A(Di)z{

Proof. Choose a base point g2 # ¢;. The point g, determines a section A’ of f : Y — B
parametrizing curves through ¢,. A and A’ are determined by the distinct base points

q1 and g, and as such are disjoint. By symmetry A2 = (4’)2 and A- A’ =0 so0
247 = (A - A')2.

Let Sj C By be the subset of points on B parametrizing reducible fibers of type J
for which ¢; and g, lie on distinct components. Let A;(D;, Ds) denote the number

of such fibers, so

A(D1, D) = NDYN D01 D) (1) 7).

This follows from the proof for j(D;, D;) noting that g, lies on Jo. Define Sk

similarly for fibers of type K in which ¢; and ¢, lie on different components. Let
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Ak (D1, Ds, ..., D,) denote the number of such fibers of type K, so
Ag(D1, Dy, ..., D,) = A [ | N (Di)A(D5)
i=1

where

A = _1_( r(D) -3 )
R T'my (Dl) - 17Tm2(D2) - 17Tm3(D3)aTm4(D4)a ---;Tms_l(Ds——l)

and R’ represents the repetition factor accounting for repetition of components in

the set {Dj, ..., Dy}, and

This follows from the proof for k(Dy, ..., D) noting that g lies on D;.

Now we determine the coefficients of A’ — A. For the type J fibers, let o; be
the blowdown of J,. Let A := 0;(A), and A’ := 0;(4’). By standard properties of
blowdowns,

Y=h+J, A=o%(4), A =03A)—Jy, and o3(A'-4) =1,

for some [. It follows that in terms of the type J fibers
A—A=lY - L=(1-1)Y+Lh+J—-Jo=(1-1)Y+J.

For the type K fibers, let o be the blowdown of K;, K 1,1, ..., Ki2, K;1 in the
listed order beginning with ¢ = s down to 7 = 2, then blow down Kg, K11, ..., K14, 1.
Let A := ox(A) and A’ := ox(A"). By standard properties of blowdowns,

Y =Kp+ 5, (Ki+ 05 Kig)

A = 0% (A), and
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A = U;{(A') - Klm—l - 2K1m—2 e (’Yl - 1)K1,1 - ’YlKE +

Yi—1
-V Z (Z Ki,j -+ K1,> - (’Yl + 1)K2’1 - (’)’1 -+ 2)K2’2 e
1

>3 \j=
—(n+ 72— DKoy — (11 + 72) Ko

Now we know o} (A’ — A) =1Y. So

A’ —A = [Y - Kl,'yl—l — 2K1,71_2 — . — ("}’1 - 1)K1,1 — ’)/IKE -+

7i—1
= (Z Kij+ Ki) —(m+ 1)Ky — (1 +2)Kpp — ... +

>3 \j=1

—(m+ 71Ky — (m+ 1)K

= (l — ")/1)Y + ")’1Y b Kl,’y]‘—l — 2K1,71_2 — ... — (")/1 — 1)K1’1 it ’)’1KE -+

ri—1
—MN Z (Z Kz,] + Kz) - (’71 + 1)K2’1 — (’Yl -+ 2)K2’2 — ...+

>3 \j=1

~(n+7—1)Kyy-1— (1 + 1)K

= (-7m)Y+m (KE‘*'ES: (Ki'*‘%Z_Ki,j)) +

=1 j=1

—Kiy-1— 2Ky, 2~ ... — (m - 1)K11 —nKg+

vi—1
N Z (Z Kij+ Ki) —(Mm+DKyy —(m+2)Ko2 — ... +

i>3 \j=1

= (l — ")’1)Y + (('yl)Kl + Kl,l + 2K1,2 + ...+ +(’)/1 e 1)K1;71_1) +

—~((72)K2 + K2,1 + 2K2,2 + ...+ +(’)/2 - 1)K1’,y2_1)

Let k; = K;1 +2Ki2+ ... + (vi — 1)Kiy,—1 + (7)) K;. Let o blow down all J5’s and
all components of the type K fibers except K; as above. Then arguing as before we

have:

A—A=mY+> Ji+ Y (61— k)

beSy beSK
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and so

2A2 = (AI — A)2 = m2Y2 =+ Z le + Z (Kll - I€2)2

beSy bESK
- Z(_l) - 2(71+’Yz)-
beSy beSk
Therefore
1
A= Z(—U—Z(%er))

besSy beSk

o

= 5 |- Z Aj(Dy, Dy) — Z (1 + y2) Ak (D1, ., D)

\ Di+Dy=D S

where in the decompositions of D — E above, the first and second components are

distinguished, as claimed in the Lemma. O

3.3 Actual Proof of Theorem

Proof. Let C be a section of the P'-bundle F, — P! disjoint from E, C ~ E + nF.
Using the relation developed in Section 2.1, 7*C - 7*C = (C-C)degm. Since C-C =
n and degm = N(D), n*C - n*C = nN(D) and so N(D) can be calculated from
evaluating 7*C - n*C.

By Lemma 3.2.1 on page 32, letting L = C,

m*C = (C-D)A-(C-D)A’Y = > (C-Da)Jr+

beBy
vi—1
+ Y |m(C-Dy—C-D)Kg+ > (n—j)(C-D;—C-D)Ky;+
beBg 7j=1
s
+3 > (m(C- Dy - C- D)~ jC-D)Ky;

i=2 j=1
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Using short-hand notation
™C = (C-D)A-(C-D)A*Y + J° + K©,

we compute the intersection product on Y of the pull-back of line bundle C on F,

with itself. We obtain

TC -1 C = ((c -D)A— (C - D)A%Y + JC + KC)
~((c .D)A— (C - D)A?Y + JC + KC)
= (C-DyA*—2(C-Dy*A’A-Y +(C - D*(A*)’Y* +
+J9-J°+ K¢ - K¢

= —(C-D)?A*+J°.J°+ K. K°.
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A straighforward calculation yields

nN(D) = n*C-n*C

= C DR Y (© DD+

Di+Ds=D

+ Z [—s*y%(C-Dl—C-D)Q-F

Di+..+Ds=D—E
{Ds,..,Ds}

+271(n = 1)(C- Dy - C-D)* +

y1—1

+Z (m—)*C-Dy = C-D)*+

-2
+Y 2n-§)m—3-1)(C-Dy~C-D)*+

=1

+i[2’71(0'1)1—C‘D)(’Yl(C'D1—C'D)“C'Di)

=2
—(m(C Dy~ C-D) —%C - Di)? +
+Zl 2(wm(C-Dy—C-D)—jC-D;)x
x(1(C-Dy—C-D) - (j+1)C- Di) +
~9(y1(C - Dy — C - D) — §C - D;)?) H k(D1, Dy, ..., D).

(3.3)

Some tedious but elementary manipulation of the coefficient of k(Dy, D, ..., D,) yields

nN(D) = —(C-D)?A*— > (C-Do)*(Dy,Ds) +
Dy+4+Dys=D
- Y 1n(C-Dy = C-D)*+ Y ~%(C - Di)?| k(Dy, ..., D).
Dy+..4+Dg=D~-E =2
{Dg,..., D;s}

(3.4)

Considering only the type J components of the above expression for nN(D), and
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using the following facts:

D=Di+ Dy=> (CD)2= (CD1)2+2(CD1)(0D2)+(0D2)2,

(:<(I])Jl)>_—31) i (:&))_—2) - (:<(51)>:21>’
(D1, Da) = N(DON(Da)(D: - D) ([ 7% )

T(Dl)
(J part) A*= “‘% Y. N(D)N(Dy)(D: - Dy) (:((é)f)—_i)

D1+Do=D

gives

—(C-D)*A*— >~ (C-Ds)*(Dy,Dy)
Di+Ds=D

~ jlc-p ¥ NN ([ 1)) +

Dy 4+ Da=D T(Dl) —_ 1
3 2 . r(D)—2
2 (C DN )

= Y N(D)N(D)(D:- D) x

D1+Dy=D
30 (ioy ) = () )
= ) N(D:)N(D2)(D; - Dy) x

D1+D2=D

B- ((C-Dy)* +2(C-D))(C - D)+ (C- Dy)?) (:((51 ))"_31) +
D 2)2<r<(113)1))_—21>}

= Z N(D1)N(D3)(Dy - Dy) x

Di+D2=D

5 (D +2(C-D)(C Dy + (€ D) (on-3)

-e-n* (7o) 3)* (o =2))|
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= E N(D,)N(D;)(D; - Dy) x

[CRESCER:N (vipy 1) ~c-por <:<(119)1)>——32) y

oy 1) (€D 5e-p)

> N(D)N(D:)(D: - D) x

Dy+D2=D

c-pie-py([p) ) —e-nr ([ 7))

Il

The last equality was due to cancellation of symmetric divisors.

For the components of type K only:

- (C-DPA*— > |nu(C-Di=C-D?*+> %(C-Dy)?| k(Dy,..., Dy)
Di+...4+Ds=D—E =2
{Dy,..., Ds}
S A’ 0
= Z HNmi(Di)A(Di) 7(’)’1-*-72)(0'17) +
Dy+..+Dg=D-E i=1
’ {D3,....Ds}
- > ( Nmi(Di)A(Di)) 71A(C-D1——C-D)2+Z%A(C-D,-)2}
Dl-{+...+Ds=1;—E i=1 1=2
Day,..., Dg

Combining these gives this result: nN(D) =

> N(D:))N(D2)(D: - D) x

D1+D2=D
r(D) -3 of (D) -3
je-paie-pa (o) - @0 (i) 75)] +
+ Z (H Nin, (Di)A(Di)) %I(’Yl +72)(C - D)2] +
e -
Dlﬁ{ub.;?,s;g—b“ 1=1 L 1=2
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Chapter 4

Examples

4.1 The plane.

Recall in the plane a divisor class is determined by its degree. We consider the
variety of cubic V(3) C PP, dimV = 8. V is irreducible and smooth at its general
points. It contains an irreducible subvariety of codimension one whose general points
parametrize reducible cubics given by the union of a line and a conic. V is singular
along this subvariety. It is well-known that the degree of the singular locus is 12. We
will be calculating this same 12 using the techniques of this paper.

Fix 7 general points ¢, ¢5..., g7 in the plane and let I' C V be the irreducible curve

parametrizing all nodal cubics through the points. Let x — I' be the corresponding

7

2) reducible fibers corresponding to reducible cubics of type

family. This family has (
C;, U Cy where C is a line through two of the points ¢, ¢qo, ..., g7 and Cs is a conic

through the other five points. If £ is a point on I' such that X;, the fiber above it in

the family x — I, is one of these reducible curves then ¢ is a node of I
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Let B be the normalization of I'. Let V be the normalization of the fiber product

of x and B over T, i.e.

Y= (x xr B)".
This is a smooth surface. f : ) — B has general fiber isomorphic to P! and special
fibers that are at worst nodal. There are j(Cy,Cs) = 2(;) reducible nodal fibers and
no other singular fibers. Let 7 : Y — P2,

Let Y represent the class of a fiber of f : Y — B so that Y2 = 0. Let A represent
the class of a section corresponding to one of the seven base points, denoted by q.
Let B’ C B be the set of points corresponding to reducible fibers. Note: B’ consists
of exactly 2(;) points as calculated earlier. For b € B’ let Ji; and Jy; be the two
components of the fiber such that A-J;, =1 and A-Jop = 0. Then {Y, A, {Jop }ven }
generate the Néron-Severi group of Y with

A-Y=1 J=-1, and A-Jy=Y- Jp,=0.

Let L be the hyperplane class in P2. Then
7*L-7*L=L-Ldegm =N

and

L =ayY +asA+ Z OJJ“JQ,I,.
beB’

Calculating the coefficients: 7*L-Y =3 soay = 3; 7*L- A = 0 so ay = —3A4?; and
L - Jap = L - Tudyp = degmioy, 80 ag,, = —degm.Jop. This gives 7L - "L =
—9A% = 3, p(degm.Jop)?.

Next we compute A2. Pick any one of the other base points and call it ¢. Let A’
be its corresponding section. Note that A2 = (A')? and A- A’ = 0s0 24%2 = (A— A")2
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To compute the right-hand side, let
S;=1{be B¢ € n(Jap)},

i.e. the collection of points b € B’ such that the sections A and A’ meet different com-
ponents of the fiber. For every b ¢ S;, A and A’ — Y Jo) have the same intersection

number with every component of the every fiber of Y — B:

A (Jip+ Jop) = Zj2b (Jip+ Jop) =1

For every b € Sy, we have A- J;, = 1 and A- Jpp = 0, while A" - J;, = 0 and
A’ - Jop = 1. Therefore, A and A" — 3", s, J2, differ by a multiple of the class of Y,

1.e.

- Z J2,b + nY.

bES

So

2A2=(A-AV =D Nhyl=> -1=—#

beSy beSy

that is the number of reducible fibers with ¢ and ¢’ on different components.

Now we count the number of fibers of this type. There are 5 curves with ¢ on the
line and ¢’ on the conic and 5 with ¢’ on the line and ¢ on the conic, giving a total of
10. Since I has a node at each point corresponding to a curve of this type, then after
normalizing I' we have 20 curves of this type. Therefore 242 = —20, so A2 = —10.

Finally we compute Y (deg 7, Jop)?. There are (?) points on I' corresponding to
reducible fibers with ¢ on the line. Since I" has a node at each of these points, then
after normalizing I we have 12 curves of this type. The point ¢ being on the line
implies that J; is the line and J;p is the conic which has self-intersection 4.
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There are (3) points on T' corresponding to reducible fibers with ¢ on the conic.
The curve I' has a node at each of these points, so after normalizing ' there are 2(2)
such points. The point ¢ being on the conic implies that J; 4 is the conic and Jy4 is

the line which has self-intersection 1, so

> (degmW;)* = 2(6)(4) + 2 <g> = 78.

Thus N = -9(-10) - 78 =12.

4.2 Proposition for N(2C) on F,

In this section we show how our formula from Theorem 3.1.1 can be used to give

another proof of Caporaso and Harris’ formula for N(2C).

Proposition 4.2.1 (Caporaso and Harris, [CH1] Theorem 3.3 on p. 80) Let N(2C)
be the number of irreducible rational curves in the linear series |2C| on F, passing

through 2n 4 3 points, then

3
-

N(20) =E <2n+2>.

=0

=

4.2.1 Proof of Proposition

Proof. Apply the formula in Theorem 3.1.1 to the case of D =2C on F,,. If D = 2C
then we have decompositions 2C = C + C (type J) and 2C — E = (C +bF) + F +

F'+ ...+ F where there are n— b copies of F' (type K). Here are the relevant numbers:

Type J Fiber:

r(2C)=-Ks-2C—-1=Q2E+(n+2)F)-2C~1=2n+3
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r(C)=-Ks-C—-1=QRE+(n+2)F)-C—-1=n+1

For the decomposition 2C = C' + C, the contribution to nN(2C) is

NCIN(C)(C - C) [(C .o)C-0) (rr<(2(%):13> —(C -0y (2((25)_—23)]

= () =)
n n—1
()=
n n—1
Type K Fibers: For each b, b = 1,...,n — 1, there is a decomposition 2C —
E = (C+b)+F+F+..+F. 1Insuch acase S0""'m; = n. If D; =
C' + bF then m; = b giving v; = 1 and if D; = F then m; = 1 giving v; = b

(note - 1b+1 m; =b+ (n—10)(1) = n) The dimensions are calculated as
15(C +bF)=~Kg- (C+bF)—b=Q2E+ (n+2)F)- (C+bF)—b=n+b+2
r"F)=—Ksg-F-1=Q2E+(n+2)F)-F-1=n+1
The contribution of these fibers in the formula of Theorem 3.1.1 is as follows:
= 1 2n
Ny(C +bF) |z ——— . 2
> N(C+ )[ 2(n—b—1)! <n+b+1,0,1,1,...,1)(b+1)(0 200+

b=1
1 1 2n 9
+§(n—b—1)!(o,n+b+1,1,1,...,1>(1+b)(c'20) +
11 o ,
§(n—b—2)!(0,0,1,1,...,1>(b+b)(0'20) ] +

2n+1
- ZNbC+bf [(n '(n+b+17171a---a1)x
(

(1C - (©+bF) = C 202 +b(n—b)(C - F)?) +

“+

n 2n+1 o
(n—b—l)! 0,1,1,...,1

(b(C .F—C-20?+1(C-(C+bF))*+b(n—b-1)(C- F)?)]
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Note that in the first sum the first two components are distinguished so we sum
over the permutations (C +bF)+ F+ ..+ F, F+(C+bF)+ F + ..+ F, and
F+F+ ..+ F+(C+bF). While in the second sum, only the first component
is distinguished so we sum only over the permutations (C + bF) + F + ... + F and

F+(C+bF)+ F + ...+ F. We can then simplify to

;‘:_11 Kn+b )(b+1)4n2+ (n+2:+ 2>4bn2} +
:Z;lenz_f:_:l) (=) +b(n 1)) +

2n+1
n+b+2

) (b(l — 22+ (n+b)?+bn—b-— 1))}

Combining the above contributions of the type J and type K fibers gives:

N@C) = n? [(2: ) - (nzf 1)} i

n—1
2n 2n
b+ 1)4n? 4bhn?
* ;b[<n+b+1>( +1)dn +(n+b+2> "%

b=

. gbanf:jl) (0= +bn =) +
( 2n +1 ) (b(l_Qn)2+(n+b)2+b(n—b‘1))}

n+b+2

We complete the proof by simplifying the above formula to the desired form.
This simplification is motivated by the very clever ideas used the proof of this same

proposition in [CH1]. We begin by labeling pieces of the formula and simplifying

them individually. Let

= (G)- G5

2
Al = K n )(b+1)4bn2+(n 2n )4b2n2},and

n+b+1 +b+4+2

o
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n+b+1
( 2n+1

Al = [( 2n -+ 1 )b((b—n)2+b(n—b))+

n+b+2

)b(b(l —2n)2 + (n+b)2 +b(n—b— 1))] .

In this notation,

A = nd

We simplify A} using the identity
2n N 2n _ 2n+1
n+b+2 n+b+1) \n+b+2)

2n 2n
' 2.2 2
A = (n+b+2)%7l+(n+b+1>wb+U@1

2n 2n 2n
= 46°n* 46°n’ 4bn®
(n+b+2) bn+<n+b+1) S PR et

2n +1 2n
= 4b*n? 4bn?
(n+b+2) " +<n—|—b—l~1) n

Now we simplify A} using a similar identity

2n+1 n 2n+1 . 2n+2
n+b+2 n+b+1) \n+bdb+2/)
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A;,' _ 2n+1
n+b+1

b((b=n)> +b(n— b)) +

n2:;_+12)b<b(1 —2n)% 4+ (n+b)*+bn—b— 1))

)

(
(e
)

)

2n+1 9 9
— 4b
<n+b+2)b(n bn + 4bn*)
2n+1 9 2n+1 9 2n+1 9 9
= - b —b 4b
<n+b+2 b(n ”)+<n+b+2)b(” n)+(n+b+2> "
2n + 2 2n+1
— b 2 _ 4b22
(n+b+2 (n )+<n+b+2>

Combining these we get
n—1

N(@2C) = A+ (4 -4

b=1

2n nl 2n +1 2n
— 2 4b2 2 4b2
" (n—1>+§[(n+b+2> w n+b+1 T
2n + 2 2n+1
— b(n? — bn) — 4% n?
<n+b+2> (n n) (n+b+2> n}

n—1
2n 2n . 2n+2
= n? 2 _ b(n® — b
" (n—1)+;[(n+b+1)4bn (n+b+2> (n ")
2n i 2n "l o+ 2
2 2
= - b(n —
n(n—1)+z<n—b—1>4bn ;(n—b>n(n )

b=1 1
n—1 n—1
2n 2n 2n 4+ 2
_ 2 2¢, _ _ —
= n (n— 1) + ,}Zl (k— 1)477, (n — k) kE=1 ( i )nk(n k)

nN(2C) = n2<n2fl)+§(k2_ 1>4n (n—k)— S:i(znm) nk(n— B)
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4.2.2 Application of Proposition using Maple

Programming this formula in Maple to calculate N(2C) on F, yields the following
numbers.
with(combinat, numbcomb);

for n from 2 to 10 do
N2C[n] = add((n — k)? x numbcomb(2 ¥ n + 2, k), k = 0..n — 1);

od:
print(N2C);
n=2: 10, n=3: 69, n=4: 406, n=>5: 2186, n=6: 11124, n=7: 54445, n=8: 259006,

n=9: 1205790, n=10: 5519020

4.3 Examples on [F,.

431 D=2C+F

We show that N(2C + F) = 93. If D = 2C + F then we have decomposition
2C+F = C+(C+F) (type J), 2C+F = (2C)+F (type J), and 2C—FE = (C+F)+F
(type K).

TYPE J

Relevant counts for the decomposition 2C + F = C + (C + F):

Dimensions:
r(26’+F)=—K5-(2C+F)—1-—-(2E+4F)-(20+F)—1=9
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r(C)=—Ksg- C—1=2E+4F)-C-1=3
r(C+F)=-Ks-(C+F)—1=_2E+4F)- (C+F)—-1=5
Number of fibers of J) — B of this type for the decomposition 2C+ F = C+(C + F):

(g1 lies on C)

J(C,C+F) = N(C)N(C+F)(C-C+ F)(

- 5()-e

(g1 lies on C and ¢; lies on C + F)

r(2C+F) -2
r(C) -1 )

A;(C,C+F) = N(C)N(C+F)(C-C+ F)(

- 1() e

Contribution of 2C + F = C 4 (C + F) to 2N(2C + F):

r(2C+ F) -3
r(C) -1 )

L c @0+ P)2ALC.C+ F) = (C-(C+ F)%(C,C+F)

£ (25)(45) — (9)(63) =

Relevant counts for the symmetric decomposition 2C + F = (C + F) + C:
Number of fibers of Y — B of this type for the decomposition 2C+ F = (C + F)+C:

(¢1 lies on C + F)

i(C+F,C) = N(C+F)N(C)(C+F-C) (

7
= =1
o(7) =10

(g1 lies on C' + F' and ¢, lies on C)

7‘(20+F)—2)
r(C+F)-1

AJ(C+F,C) = N(C+F)N(C)C+F-C) (

- ()
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Contribution of 2C + F = (C+ F)+ C to 2N(2C + F):

% (C - (2C + F))2A;(C + F,C) — (C - C)*j(C + F,C)
1 285
= 5(25)(45) — (4)(105) = =~

Total contribution for the decomposition 2C + F = (C+ F)+C=C+ (C+ F) is

-9 285
4+ 2 =138
o+ =138

Relevant counts for the decomposition 2C + F = (2C) + F:
Dimensions:
r(2C)=-Ks-2C —-1=(2E+4F)-2C-1=7
r(F)=-Ks-F—-1=QE+4F)-F-1=1

Number of fibers of Y —+ B of this type for the decomposition 2C' + F = (2C) + F:

(g1 lies on 2C)

i(2C,F) = N(QC)N(F)(QO-F)(T(2C+F )“2)

r(2C) -1
= 10(2) (Z) =140

(g1 lies on 2C and g, lies on F)

A;(2C,F) = N(2C)N(F)(2C - F) (r(Qc + F) - 3)

r(2C) —1

Contribution of 2C + F = (2C) + F to 2N(2C + F):

L . @0+ P)2a,eC, F) = (C - F)2(20, F)

= 2(25)(20) — (1)(140) = 110
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Relevant counts for the symmetric decomposition 2C + F' = F + (2C):
Number of fibers of Y — B of this type for the decomposition 2C + F = F + (2C):

(g1 lies on F)

J(F,2C) = N(F)N(Q2C)(F -20C) (T(22F‘;F_)1— 2>
- 10)(g) =20
(gy lies on F and g lies on 2C)
A;(F,2C) = N(F)N(2C)(F -2C) <r<27§£ ;) zi)l— 3)

= 10(2) (g) =20

Contribution of 2C + F = F 4+ (2C) to 2N(2C + F'):

% (C - (2C + F))?4,(F,2C) — (C - 20)%(F, 2C)

- %(25)(20) ~ (16)(20) = 70

Total contribution for the decomposition 2C+F = (2C)+F = F+(2C) is 110~ 70 =
40.

TYPE K

Relevant counts for the decomposition (2C + F) — E = (C + 2F) + F:

Dimensions:
r(C+2F)=—-Ks-(C+2F)-1=2E+4F)- (C+2F)—-1=7
(C+2F)-E=2>mgyr>1
r(F):—K5~F—1=(2E+4F)-F—1=1
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Classification of multiplicities:
2=mMcier +MF = Mcyar =Mp =L, Yc4r =7 =1

Number of fibers of ) — B of this type for the decomposition (2C + F) — E =
(C+2F)+ F:

(g1 lies on C + 2F)

K(C +2F,F) = N(C+2F)N(F)(E-(C+2F))(E- F)(

- ()

(g1 lies on C + 2F and g, lies on F)

7"(20+F)—2>
r(C+2F) -1

r(2C + F) — 3)

Ax(C+2RF) = N(C+2RNEE-©+2m)(E-F)(To

()

Contribution of (2C + F) — E = (C +2F) + F to 2N(2C + F):

(C-(2C + F))*(Yo1or + 77) Ak (C + 2F, F)

[ NN

~ (Ye42r(C - (C+2F) — C- (2C + F))?* +vp(C - F)*) k(C + 2F,F)

— %(25)(1 +1)(2) — (1(4 — 5)* + 1(1)*)(14) = 22

Relevant counts for the symmetric decomposition (2C + F) — E = F + (C + 2F):
Number of fibers of ) — B of this type for the decomposition (2C + F) — F =

(C + 2F) + F:
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(g1 lies on F)

K(F,C+2F) = N(F)N(C+2F)(E-F)(E-(C+2F))(T(2§]i—)]i)1_ 2)
7
- o)
(g1 lies on F and g5 lies on C + 2F)
Ag(F,C+2F) = N(F)N(C +2F)(E-F)(E-(C +2F)) (T(ZS;_)F—)l— 3)

()

Contribution of (2C + F) — E = F + (C + 2F) to 2N(2C + F):

(C - (2C + F))*(vr + Yo+42r) A (F, C + 2F)

(NN

— (yr(C-F = C - (2C + F))* + yc42r(C - (C + 2F))*) k(F,C + 2F)

1
= (291 +1)(2) - 11 -5 +1(4)*)(2) = -14
Total contribution for the decomposition 2C+F —E = (C+2F)+F = F+(C+2F)

is 22 — 14 = 8. Therefore 2N (2C + F') = 138+ 40+ 8 = 186, and so N(2C + F) = 93.

4.3.2 D=3C

We show that N(3C) = 2232. If D = 3C then we have decomposition 3C = 2C + C
(type J),2C — E = (2C+ F)+ F (type K), and 2C — E = (C+ F) + (C + F) (type
K).
TYPE J
Relevant counts for the decompositions 3C = 2C + C:
Dimensions:
r(3C)=-Ks-3C —-1=(2E+4F)-3C -1=11
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r(20) = ~Kg-2C — 1= (2E+4F)-2C - 1=17
r(C)=-Kg-C—1=(RE+4F)-C—-1=3

Number of fibers of Y — B of this type for the decomposition 3C = 2C + C"

(g1 lies on 20)

i(26,6) = NECON(C)(2C-C) (Zgg; - ?>

= 10(4) (2) = 3360

(g lies on 2C and ¢, lies on C)

A,20,C) = N(2C’)N(C)(20~C’)( (30)‘3>

T
r(2C) -1
= 10(4) (8) =1120
6
Contribution of 3C' = 2C + C to 2N (3C):
L ¢.3024,00,0) - (C- )20, 0)
- %(36)(1120) — (4)(3360) = 6720

Relevant counts for the symmetric decomposition 3C' = C + 2C:
Number of fibers of Y — B of this type for the decomposition 3C' = C + 2C:

(g1 lies on C)

j(C,2C) = N(C)N(2C)(C-20) (Tr(?cc'j)): 12)

= 10(4) (g) = 1440

(g1 lies on C and ¢ lies on 20)

A;(C,20) = N(C)N(zc)(c.zc)ng%:?)

= 10(4) (2) — 1120

57



Contribution of 3C = C + 2C to 2N (3C):
1
= (C-3C)%A;(C,2C) - (C-2C)*(C,2C)

1
= 5(36)(1120) ~ (16)(1440) = ~2880
Total contribution for the decomposition 3C' = 2C+C = C+2C' is 6720—2880 = 3840.
TYPE K

Relevant counts for the decomposition 3C — E = (2C + F) + F:
r2C+F)=-Ks-(2C+F)—-1=(2E+4F)-2C+F)—-1=9
(2C+F)-E=1>mocyr > 1
r(F):—KS-F—1:(2E+4F)-F—1:1
F-E=1>mp2>1

Macyr =Mp =1= Ycyr=7r =1

Number of fibers of Y — B of this type for the decomposition 3C —FE = (2C+ F)+ F:

(g1 lies on 2C 4+ F)

- (z) = ON(2C + F)

(q1 lies on 2C + F' and ¢ lies on F)

Ag(2C + F, F)

Veo+ AN 0+ PNE-F)( 00 o)

= (%) =aoe
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Contribution of 3 ~ E'= (2 + F) + F to 2N (3C):
. (C-3C)(vacrr +vr)Ak(2C + F, F)
— (yac+r(C - (2C + F) = C - 3C)* + 4p(C - F)?) k(2C + F, F)
_ -;—(36)(1 +F1NQC + F) = (15 — 6)% + 1(1)2)9N(2C + F) = 18N (2C + F)
Relevant counts for the symmetric decomposition 3C — E = F + (2C + F):

Number of fibers of Y — B of this type for the decomposition 3C — F = F+ (2C+ F):

(g; lies on F)

k(F,2C + F) = N(F)N(2C+F)(E-F)(E-(2C+F))<TS§))__12>
= N(20+F)<3>=N(2C+F)

(g1 lies on F and g, lies on 2C + F)

Ag(F,2C+F) = N(F)N(2C+F)(E-F)(E-(2C + F)) (Tr(f ﬁ))__ 13)
— N@o+F)(() = NeC+ )

Contribution of 3C — E = F + (2C + F) to 2N(3C):

(C-3C)*(vr + vac+r) Ak (F,2C + F)
— (vr(C - F = C-3C)? + 7204+r(C - (2C + F))*) k(F,2C + F)
= SO+ DNEC+F) ~ (101~ 6 +1(5))N(2C + F) = ~14N (20 + F)
Total contribution for the decomposition 3C — E = (2C + F) + F = F + (2C + F)
is 18N(2C + F) — 14N(2C + F) = 4N(2C + F) = 4(93) = 372.
Relevant counts for the decomposition 3C' — E = (C + F) + (C + F):
r(C+F)=-Kg-(C+F)-1=(2E+4F)- (C+F)-1=5
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E-(C+F)=12>2mgyr>1=merp =9c4r =1
Number of fibers of ) — B of this type for the decomposition 3C — F = (C + F) +
(C+F):

(g1 lieson C + F)

K(C+F,C+F) = NC+FPE-(C+F)E-(C+F)) (T(g?f})__? 1)

- ()

(g1 ieson C + F and ¢, lieson C + F)

Ag(C+F,C+F) = N(C+F2E-(C+F)E-(C+F)) (T

- ()1

Contribution of 3C — E = (C+ F) + (C + F) to 2N(3C):

r(3C) -3
(C+F)- 1)

1
= (C-30)*(yosr + vorr)Ak(C+ F,C + F) +

— (Yo4r(C - (C+ F) = C-3C) + yo1+r(C - (C + F))?) k(C + F,C + F)

= %(36)(1 +1)(70) — (1(3 — 6)> + 1(3)%)126 = 252
Therefore

IN(3C) = 3840+ 372+ 252

= 4464,

and N(3C) = 2232.
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Chapter 5

The Geometry of V,,(D)

Now we apply the Rational Fibration Method to the tangential Severi varieties V;, (D)
with the goal of writing an explicit formula for its degree. We begin by desbribing

the Rational Fibration Method in this context.

5.1 The Rational Fibration Method for V,,(D)

Let S =T, and let D be an effective divisor on S with nonnegative self-intersection. -
Let V,,(D) be the closure of the locus of all points parametrizing irreducible rational
curves in |D| meeting E at a smooth point with multiplicity m. Note: V(D) C
V(D) C |D|. The dimension of V,,(D), which we assume to be nonempty, we denote

by 7, (D). By proposition 2.1 of [CH1],
rm(D) = —Kg-D —m,

where K is the canonical class of S. We denote the degree of V,,(D) by N,,(D).
We begin by choosing r,(D) — 1 general points ¢i,¢s, ..., ¢rn(p)-1 € S and let
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I'm(D) C V(D) be the closure of the locus of points [X] € V(D) corresponding
to the irreducible rational curves X passing through these points. Equivalently, if
for any point p € S, H,, is the hyperplane in |D| of points corresponding to curves

passing through p, then I, (D) will be the one-dimensional linear section of V;,(D):

T'm(D) = V(D) NP H

=1

Thus 'y, (D) is the closure in V(D) of the set of irreducible rational curves passing
through ¢i, ..., ¢, (p)-1 and meeting E at a smooth point with multiplicity m. Let
Xm(D) C TI'yy X S be the universal family over I',,(D), i.e. the family of curves
corresponding to I',,. The fibers of x,,, — I',, correspond to the curves parametrized
by I';,. We would like to build a family from yx,, — I',, whose general fiber is
the normalization of its corresponding fiber in x,, — I';,. So we do a series of
normalizations. Normalizing I',, gives IV, — I',,. Then take the normalization x;, of
Xm Xr,, I't, to give x7, — I'” . Finally we apply a semi-stable reduction by making a
base change B — I'’, and blowing up the total space of the pullback family x;, xr» B.

| This gives a family V,, -+ B. We will denote the composite map by 7 : V,, = B.
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Figure 5.1: Construction of the Surface Y.

We study the geometry of the general point of the boundary of V;,,(D). To do this
we list all types of reducible fibers that occur in the family y,, — . Remafk: By
[CH1] Proposition 2.1, away from any points of tangency with E, X has only nodes

as singularities.

5.2 Classification of Reducible Fibers of y,, — '),

Here we describe the reducible fibers of the family y,, — I[',, so that we may com-

pletely describe the reducible fibers of ), — B and the Néron-Severi group of V,,.
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Proposition 5.2.1 Let X € S =F, be any reducible fiber of the family Xm — I'm.

We assume m < n.

1. If X does not contain E, then X has exzactly two irreducible components X; and

Xs, with [X;] € V(D;) and Dy + D2 = D and either

(a) Each [X;] is a general point in Vi, (D;) for some my,my € Z.. such that
X1 ﬂXgﬂE:(Z) andm1+m2 =m+1.

OR

(b) Each [X;] is a general point in Vi, (D;) for some my, my € Zy such that

#(leXgﬂE)=7'21 andm1+m2:m+1-r.

2. If X does contain E, then X has irreducible components E, X, ..., X, with
[X;] € V(Dj) and E + Dy + ... + Dy = D. Moreover each [X;] is a general
point in Vi, (D;) for some collection my, ..., ms of positive integers such that

Y mij=n+m-—1

Notation. If X is any reducible fiber in the family x,, — I';, not containing E such
that X1 N Xo N E = (), we call its corresponding fibers of f : V,, — B type Jn
fibers. And let Bj,, be the set of points b € B such that the fiber X, over b is a fiber
of type J,,. If, on the other hand, X is any reducible fiber in the family x,, — '
not containing F such that X1 N X, N E # 0, we call its corresponding fibers of
f:Ym — B type J . fibers. For fibers of this type we assume 7 < 2. And let Bj
be the set of points b € B such that the fiber X} over b is a fiber of type J,. If X

is any reducible fiber in the family x,, — I'y, containing E, we call its corresponding
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fibers of f : Y, — B type Ky, fibers. And let By, be the set of points b € B such
that the fiber X} over b is a fiber of type K,,.
Proof.

(Part 1.: X does not contain E) We write the divisor X as asum X =} °_, a; X;
where a; > 0 and the X are irreducible curves in S. Since [X] € V(D) C V(D), X
is a (reducible) rational curve and so all the curves X; must be rational. We can see
this by considering any one-parameter family x’ — I of irreducible rational curves
specializing to X. With this family apply the same sequence of normalizations to
arrive at a family ) — B’ of nodal curves, with general fiber P!, that admits a
regular map Y’ — x’. Since the fibers of ) — B’ are reduced curves of arithmetic
genus zero, every component of X is dominated by a rational curve and so mﬁst be
rational. Therefore [X;] € V(D;) where D; are divisor classes such that ) a;D; = D.

We begin by showing that X; belongs to Vi, (D;) for suitable m;. We approach
this by limiting the number of points of intersection of the curves X; with E. This
gives a better bound on the dimension of the family of such curves X.

Now, say X; € Vi (D;) where m/ = (ml, ..., mfc) is a sequence of positive integers
with ). ml = Xj-E. Let v; + X7 — X; be the normalization map and Y be a
reducible fiber of . Choose any irreducible component XJQ of Y dominating X;
(hence dominating the normalization X¥), and let 7; : X — X? — X be the
restriction of 7: Y - Bto X ]‘-’ .

By counting points, clearly 3.(m! —1) > X, - E — #(X; N E) so

65



S ml - 1)

Y]

\Y)

ZX .E - Z#XﬂE
= ZX -E— Z#a,x NE)

By assumption 7 = #{(X; N E)N(X;NE),for i # j} so

;j(mz_l) = ;Xj'E— (# ((Z;anj) nE) +r)

> > X, E-#(XnNE)-r1

J

DEXZZCLJ'XJ' SO

dmi-1) > > X;-E-#DnE)-r

,J J
(D E - Z i —1)D, - E) (D-E—m+1)—7

:_Z WD, -E)+m—-1-r. (5.1)

Now

Zdimef (D;) = Z (T(Dj) = (m] - 1))

1

= S (-Ks-Dj—1)= 3 (mi - 1).

J Y]

On the other hand,

dimV,(D)-1=r,(D)—-1 = —Ks-D—m—1
= —Ks- () a;D;) -
J
= Zaj(—Ks-Dj)—m—l.
J
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Assume for now that 7 < 2. Since the components meet along E in 7 points, this
imposes T independent conditions on Y, Vai(D;). So dim V(D) — 1 is at most
Zj VW (DJ) -7, thus
> 0i(-Ks-Dj)=m—-1 < D (=Ks-D;=1) = (ml-1)~7. (52)
J J 1,j

Then using inequality 5.1, the above becomes

Zaj(—Kg-Dj)—m—l S Z—Kg'Dj-S+
J J
+Z(aj—1)Dj'E—m+1+T—T,
J
which simplifies to
> (a; - 1)(-Ks—E)-D; +5—-2<0.

J

On S=F,, Ks=—-2E — (n+2)F, so for any divisor «C + BF with ¢, 8 > 0,
(-Ks—E) - (aC+pF)=(F+(n+2)F)-(aC+ pF)=F+a(n+2)>0.

Thus, since s > 2, 3" (a;—1)(~Ks—FE)-D;+s—2 < 0 can only happen if a; = 1 for all
Jand s = 2. Since a; = 1 for all j, there is a unique component of ¥ mapping to each
X, and so each X, j =1 or 2, can have at most one point of intersection multiplicity
m;. Therefore each X; is in Vi, (D;) for some positive integers m;, j =1 or 2.

The inequality 5.1 now simplifies to (m; —1)+(ma—1) > m—1—7 = m; +my >
m+1—7. Inequality 5.2 becomes (m; —1)+(me—1) <m+1-2—7 = m;+my <
m + 1 — 7. Combining these gives my + mo=m+1— 7.

This completes part 1.
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(Part 2.: X contains E) Now suppose X = aE + > _°_,a;X;. Here we show that
X; belongs to Vi, (D;) for suitable m;. We approach this by limiting the number
of points of intersection of the curves X; with E. This gives a better bound on the
dimension of the family of such curves X.

Consider the family ) — B. The total space of Y is smooth and every fiber is a
union of smooth rational curves meeting transversely, and whose dual graph is a tree.
Take Y a special fiber of J and decompose it into Yz, the union of the irreducible
components mapping to F, and Yg, the union of the remaining components. Then
take Yr and decompose it into s parts, such that Y; is the union of the irreducible
components mapping to X;. Let {Z;}ics be the irreducible components of Yz. For
each i, let o; be the degree of the map plz, : Z; = E, so >, a; = a. Similarly, let
{Z;i}ie1; denote the connected components of Y; and «;; the degree of the restriction
map plz,, : Y; — Xj, so that ), o = a;.

Let € be the number of points of intersection of Yz with Y. Since the dual graph
of Y is a tree, then the number of pairwise points of intersection of the connected
components Z;; of Y; and the connected components Z; of Yz is equal to the total

number of all such connected components minus one. In other words,

e=#(YgNYr) = #{connected components of Yz} +

+ Z #{connected components of Y;} —1
J
S a-+ Z a; — 1.
el
Now suppose X; € Vi for each j =1,...,5. Let v; : X7 — X; be the normalization

map. Choose any irreducible component X;’ of Y dominating X; (hence dominating
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the normalization X7), and let 7; : X7 — X — X; be the restriction of 7 to X7.

The total number of points of the pullback v}(E) of E to X7 is

#vi(E) < #m;(E)
= #(X]NYg)

and hence

>_#V(E) < ) #(XjNYp)

< #(YrNYg)

with strict inequality if any a; > 1. But the sum of degrees of E on the curves X;
satisfies
> deg(mE) > (D> _X;)-E
J J
= ((D - aE — z —1)D;) - E)

=D-E+an—z a; —1)D; - E.

J
Comparing #V;‘(E), the number of points of the pullbacks of E to the normalization
X7 with the degree of this pullback, deg(n}E), we conclude that there must be
multiplicities in these divisors: specifically, the sum } 7, (m —1) of the multiplicities

minus one must be the differences of these numbers, so that
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Zm—l Zdegvr y—e—(D-E-(m-1))
4]
2D-E+an—2(aj—1)Dj-E+
—aiZaj—%-l—D-E—i-m—l
=a(n—1)+1—Z](aj—1)Dj-E—Zaj+m—1 (5.3)
J J

This allows us to bound the number of degrees of freedom of the curves X;:

Zdimej(Dj) = Zr(Dj)_Z(mg~1)

= D (=Ks-Dj=1) =3 (mi-1)

On the other hand,

dimVy(D) =1 = ru(D)—1

= —Kg-D-m-1

= CI,(—KS . E) + Zaj(—Kg -D
J

= —a(n——2)—m—1+Zaj(-—Kg-D

But dim V;,(D) — 1 must be at most ), dim V7 (D;). So

—a(n —2) — —1+Za] —-Ks-D Z -Ks - -—S—Z(mg—l)



and so
a—2+ Z(%’ - D[((-Ks— E)-D;) - 1] <0.

Now

(-Ks—FE)-D;j=(C+2F)-D; >n+2

for any curve D; on S = F, other than E and F, so for D; # F we have

0 > a—2+(a; - 1)((-Ks - E)- D;)
>a—2+(a;—1)(n+2)

>a—2+(a; —1)(m+2)

which can be true if and only if a; = 1, since @ > 1, a; > 1, and m > 1. Since
a; = 1 for all j, there is a unique compbnent of Y mapping to each Xj;, so each
X; can have at most one point of intersecion multiplicity m; > 1 with E. The
inequality 5.3 now simplifies to > .(m; —1) > a(n —1)+1—s+m —1 and so
>_;mj > a(n — 1) + m. Inequality 5.4 becomes 3 .(m; —1) <a(n—2)+m+1~s
and so ), m; < a(n —2) +m+ 1. This gives a(n — 1) + m < a(n — 2) + m + 1, thus
a < 1. So we have E;=1 m; = n+m — 1. Therefore each X is a general member of
Vin; (D;) for some positive integers my, ..., ms with Y5, m; =n+m — 1. O

Determining the reducible fibers of Ym — B,, from the reducible fibers of x,, —
I',,, follows as in the V(D) case with analagous arguments for the J,, type fibers. We
assume that the singularity arising in the J,, type fibers is of type A,_i. When this

singularity is resolved, the resulting fiber is a chain jl, jo,1, J~072, - jo,,,_l, Jo.
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Figure 5.2: The Surface YV,,.

5.3 Néron-Severi Group of ),

Since Y, is a ruled surface then as before, the Néron-Severi group of ) is freely
generated by the class of a fiber of the ruling, the class of a section of the ruling, and
the classes of all the irreducible curves contained in fibers of the ruling and disjoint
from the section. Let Y be the class of a fiber of ),, and A correspond to a section of
f : Ym — B parametrizing curves through the base point ¢q;. We choose the following

set of generators for the Néron-Severi group of V,,:

{4, Y} U {J2}bes,,, U {Jo1, o2, - Jopy-1, jz}beBJ-mU

{Kg,Kip, Ko, s Kiy, -1 KiYoe By, i=1,.s — 151}
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The below relations follow easily:
AY=1 Y*=0, J:=-1,
Jg;=-2 Ji=-1, Joj-Joji=1, Jom-1-=1
Ky=-s, K ;=-2 K!=-1,
Keg-Kii=1 Ki;-Kijnu=1 K, -K=1

Other than these and A2, there are no additional non-zero intersections. The calcu-

lation of A? is done in the next chapter.

5.4 Counting Reducible Fibers of f:),, -+ B

Now we calculate the number of fibers of type Jy,, type Jm and type K,, on V. This

count will be used in the calculation of N,,(D).

Lemma 5.4.1 1. If X is a reducible fiber of Y, = B of type J,,, then the number

of such fibers for a given decomposition D = Dy + D,, denoted j,(D1, Ds), is

(T;mggz)—j) Ny (D1) Nipy (D2)(Dy - Dy).

2. If X is a reducible fiber of Y, — B of type Jp, with 7' =1, and, assuming that
the components meet at the smooth point of multiplicity mi, then the number of
such fibers for a given decomposition D = Dy + Dy, denoted j,, (D1, Dy), is

(2172 o= (22 o
where

E-D, m =1ANDm,=1

O(Di) = {

1 otherwise.
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3. If X is a reducible fiber of Y — By, containing E, then the number of type Kp,
fibers for a given decomposition D—E = D, +...+D;, denoted k,,(D1, D, ..., Dy),

18

i=1
where
Al ( (D) — 2 )
R ,rml (’Dl) - 177'm2(D2)a7'm3(D3), "'3Tm3_1(Ds—l) ’
and ,
E. Dz m; = 1
1 m; Z 2.

R represents the repetition factor accounting for repetition of the components

in the set {Ds, ..., D;}.

Proof. (Part 1.) If X is a reducible fiber of x,, — 'y, not containing F as a compo-
nent, then X must contain exactly two components X; and X, meeting transversely
at one point such that n(X;) = D;, D; >0, D; # E, and D = Dy + D;.

Since D must pass through r,,(D) — 1 general points, each X; can hold at most

Tm; (D;) of these 7, (D) —1 general points. Since D = D;+D, and m;+mg = m+1-,

rm(D)—1 = (-Ks-D—-1)—m+1-1
= —Kg-D—-(m+1)
= —Kg-(D;+D3)— (m+1)
= —Ks - D1—Kg-Dy—mi—mg—7
= —K¢-Di—my—Kg-Dy—mo—7
= Tm(D1) +7m,(D2) — 7
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If 7 =0 (so type Jn ﬁbérs) then it follows that X; must contain exactly rpm, (D;)

points. Recalling that the point ¢; lies on X7, then there are

(o)

ways to distribute the r,,(D) — 1 points on the two curves. For each distribution of
points there exist Ny, (D;) curves X; € V,,.(D;) containing 7, (D;) points. So there

are

Tm(D) — 2
Ny (D1) Ny, (D
(Tml(Dl)‘"]-) 1( 1) 2( 2)
such [X] € I'y,. For each [X] € T',,, '), has D; - Dy smooth branches (Proposition 2.6
in [CH1]). So there will be D; - D, points of I', lying over each [X]. Finally we note

that x%, is smooth along such fibers (Proposition 2.7 in [CH1]). Therefore

Tm(D) — 2

(D1, Da) = (7))

)Nm(Dl)Nm (D2)(D - Dy).

This completes part 1.

(Part 2.) If 7 =1 (so type Jy, fibers) then
Tm(D) -1= T'my (Dl) + T, (Dg) - 1.

On the other hand 7 = 1 implies that one component must pass through a point of
intersection of the other component with F. This may be imposed on either of the
two curves. If the condition is imposed on the second curve then it follows that X;
must contain exactly r,, (D;) points and X, must contain exactly r.,,(D2) — 1 points.
Recalling that the point ¢; lies on X;, then there are
rm(D) — 2
(me (D) — 1)
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ways to distribute the 7, (D) —1 points on the two curves. If the condition is imposed
on the first curve then it follows that X; must contain exactly 7, (D;) — 1 points

and X, must contain exactly rm,(D,) points . Recalling that the point ¢; lies on Xj,

(o 2)

ways to distribute the r,,(D) — 1 points on the two curves. For each distribution of

then there are

points there exist N, (D;) curves X; € Vp,,,(D;) containing r,,(D;) points, counting

the condition where appropriate. So there are

(o 23) # (i =) )0
such [X] € Tp..
It is also possible that the condition might be imposed at any of the points of
E N D;. We assume that the condition is imposed at the point of multiplicity m;. In
other words there is only a choice when m; = my = 1. For each [X] € T,,,, I, has
©(D;) smooth branches where X; is not the component that the condition is imposed

on(Proposition 2.6 in [CH1]), where
| E-D; my=1ANDmy=1
O(Dy) = {

1 otherwise.

So there will be ©(D;) points of I'%, lying over each [X] € I'y,. Finally we note that

Xy, is smooth along such fibers (Proposition 2.7 in [CH1]). Therefore

00 (21217 o+ (1 Yot

This completes part 2.
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(Part 3.) If X is a reducible fiber of x,, — I'y, containing F as a component, then

X has irreducible components
{KE) Ki,h Ki,?a seny Ki,’)'i—h K’L}

with ¢ = 1,..., s such that 7(K;) = D;, n(Kg) = E, D; > 0, and D; # E. For each i
let m; be the multiplicity with which D; meets F at a smooth point.

Since D must pass through r,,(D) — 1 general points, X; can contain at most
Tm; (D;) of the 7(D) — 1 general points qi, ..., ¢y, (p)—1. Since D =Dy + ...+ D;+ E

and Y., m; =n+m— 1, then

rm(D)=1 = (-Ks-D—-1)—m+1-1
= —KS(D1++D3+E)—(’I7’L+1)
- —KS-D1——KS-DZ—...—KS-DS—KS-E—(m+1)
= —Ks-Dl—...—KS'DS—R+2—(TTL+].)
= Y -Ks-Di—-n-m+1
1=1
= Z—KS'Di—Zmi
=1 =1

L

= Y (—Ks-D;—m;)

=1

= Zrm (D;).

It follows that each X; must contain exactly r,,, (D;) points. Recalling that the point

q1 lies on X7, then there are

(rml (D1) — 1, rmz(fg;l)(,lz,)n;;s), coor oy (Ds_l))
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ways to distribute the r,(D) — 1 points on the s curves. For each distribution of
points there exist Ny, (D;) curves X; € V,,,(D;) containing 7y, (D;) points. So there

are

’l"m(_D) _ 2 s
<rm1(D1) - 1’Tm2 (D2)’ Tms (D3)a ---7Tms—1(Ds—1)> HNmi(Di)

=1

such [X] e T.

By [CH1] Proposition 2.6 and 2.7 we have the following: In a neighborhood of
[X] € Ty, T consist of I1,,,,—; D; - E smooth branches, Iy, and for all 7 such that D; has
a point P; of intersection multiplicity m; > 2 with F, exactly m; — 1 nodes of nearby
fibers will tend to F;. Along the smooth branch v,, each point F;,, has a single
point lying over it which will be a node of the fiber X* of x,, — I'Y, corresponding
to [X] € Ty

The fibers X* of x%, — I'”, corresponding to [X] € Ty, are all curves obtained by
normalizing X at all the nodes of the D;, at all but one of the points of intersection
of E with each of the components D; with m; = 1, at all the transverse points of
intersection of D; with E for m; > 2, and finally taking the partial normalization of |
X at P; having an ordinary node over P;. Therefore we are able to conclude that

ku(Dy, ..., Dy) is as stated in the Lemma. |
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Chapter 6

The general recursion for Ny, (D)

We will now prove the theorem below. Just as for the calculation of N(D), the proof

is motivated by the following fact: given any two line bundles L and M on S, we have
7L -7*M = degm(L- M) = N,(D)(L-M).

We begin by proving some useful lemmas. In particular, we write 7*L as a linear

combination of the elements of the Néron-Severi group of ),,, and we calculate A2.

6.1 Theorem

We recall the necessary facts and definitions needed to use the below theorems. In
general we have r,(D) = —Kg-D —m. A reducible fiber of the family x,, — I'y,
of type Jp, or type Jm Has irreducible components X;, Xo, with D = D; 4+ D», X; is
general in V,,,,(D;) for positive integers my, my such that m; + ms = m+1— 7 where
T = #(X1NX2N E). Related to the type J,, fibers for a particular decomposition we
have: J(Dy, Ds,T,) representing the coefficient of Ny, (D1) Ny, (Ds) in the formula.
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A reducible fiber of the family x,, — ', of type K,, has irreducible components
E Xq,... X, with D = E+ D; + ... + Dy, X; is general in V,,,(D;) for a collection
of positive integers my, ..., ms such that 3 . m; = n+m — 1. The corresponding
components X; on x¥ have singularities of type A,,_; where ; = Fﬁ” and we assume
for computational purposes that £ = lem(my, ..., m;). Related to the number of type

K,, fibers for a particular decomposition we have:

— l Tm(D) — 2
8= R (Tml (Dl) - 1>Tm2(D2)7rm3(D3)’ "'arms—l(DS—l)>

where R represents the repetition factor accounting for repetition of components in

the set {Ds, ..., Ds}, and
A(D;) = {
The calculation of A%, to be shown later, involves choosing a section A’ disjoint from

A. As a result we see a corresponding definition for A’ describing how the remaining

rm(D) — 3 points (not counting g; and go) can be distributed on the s curves:

1 rm(D) — 2

i )
R 'rm1(Dl) - lyrmz(DQ) - 1aTm3(D3)7Tm4(D4)) "')Tms—l(Ds—l)

where R’ represents the repetition factor accounting for repetition of components in

the set {Ds, ..., Ds}. These are the ingredients in the following theorem.
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Theorem 6.1.1 For any effective divisor D # E on Fy,

nNp(D)= > Ny (D1)Nm,(D2)(Ds - Dy) X

Dq+Dg=D
my+mo=m+1

(e-poe-ma ()7 e (i )]

+ 3 Np(Di)Nm,(D2)J (D1, Do, 7,9)

{D3,...,Ds}

DS (Nmi(D»A(D,-)) S0+ w0 P+

z
5
=
S

=
[

% (C-D;—C-D)*+ XS:%(C . Di)ﬂ .

Di+..4+Dg=D-E 1=2

{D2,--.,Ds}

(6.1)
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6.2 Theorem case 7= 1:

We recall the necessary facts and definitions needed to use the below theorems. In
general we have r,(D) = —Kg - D — m. A reducible fiber of the family x, — T
of type J,, or type J, has irreducible components X;, X,, with D = D; + D,, X;
is general in V,,(D;) for positive integers my, my such that my +mg = m+1—7
where 7 = #(X; N Xy N E). Related to the number of type J,,, fibers for a particular

decomposition we have:

E-D; mi=1AND my;=1

1 otherwise.

A reducible fiber of the family x,, — I';, of type K, has irreducible components
E, Xy, .., Xs, with D = E+ D; + ... + D, X; is general in V,, (D;) for a collection
of positive integers my, ..., m, such that >}, m; = n+m — 1. The corresponding
components X; on x%, have singularities of type A,,_; where y; = mi, and we assume
for computational purposes that k£ = lem(my, ..., m;). Related to the number of type

K,, fibers for a particular decomposition we have:

1 rm(D) — 2 )

R (Tml (Dl) - 1) Tmz(D2)7 Tm3(D3)7 seey Tms-—l(Ds—l)

where R represents the repetition factor accounting for repetition of components in
the set {Ds, ..., D;}, and
A(D;) = {

The calculation of A2, to be shown later, involves choosing a section A’ disjoint from

A. As a result we see a corresponding definition for A’ describing how the remaining
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Tm(D) — 3 points (not counting ¢; and ¢2) can be distributed on the s curves:

rm(D) — 2

1
= )
R Tmy (Dl) - 11Tm2 (D2) - 1,7‘m3(D3), Ty (D4)7 cees 7"m,.;—l(l)s—l)

, where R’ represents the repetition factor accounting for repetition of components in

the set {Ds, ..., Ds}. These are the ingredients in the following theorem.

Theorem 6.2.1 For any effective divisor D # E on F,,, and assuming T = 1 for all
Jm fibers we have

nNm(D)= > Ny (D1)Ni,(D2)(D; - Dy) X

Dy+Dg=D
m1+mgo=m+1

©-pie-( [0 7 ) - e-mar () )+

L Z_ N, (D1) Ny, (D2)(C - D)? x
R A R A A B
- Z ¥Nimy (D1) Ny (D2)(C - Dy)?
oo (o) +ewa(iph )] +

D (H N, (D»A(Di)) 5 0n e D +

—~ > (I:[ Ny, (D ) A

{Da,..., Dg}

v(C-D, —C - D) +Z%c D)}

=2

(6.2)
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6.3 Proof of Theorem: Some Useful Lemmas

Let L be any line bundle in Pic F,,. We can write the class of its pullback to YV, as a
linear combination of the elements of the Néron-Severi group of Y,,. Since we know
the image in F,, of the components of the reducible fibers of f : V,, = B, we can
calculate the degrees on all such components of 7*L of any line bundle.

Take any effective divisor class D on S with nonnegative self-intersection and
Vin(D) # 0. Choose r,(D) — 1 general points g1, ¢z, ..., ¢r,.(p)-1 o0 S. Consider the
family x,, — I'yy of curves X € V,,,(D) passing through the g;. Let x2, — IV, Vn
— B,,, and

W:ym—>x;’nxpgan—>X;’n—>Xm¢——>Fm><S—>S
be as described in the set-up of the Rational Fibration method in Section 2.1.
Lemma 6.3.1 For L any line bundle in Pic(F,),

m*L = (L-D)A—(L-D)A®Y — > (L-Da)Ja+

bEBJm

-2

beBj

v—-1
> (L Da)Jo + (L - DM}

=1

¥i—1
+Z{ (L-Dy—L-D)Kg+ Y (m—4)(L-Di—L-D)Ky;+

bEBk,, Jj=1

=2 j=1

where By,,, Bj , and Bk, are the subsets of points of B parametrizing fibers of type

Im, jm, and K,, respectively.

Proof. Take L any line bundle in Pic(F,). Recall that Pic}),, is generated by a section

of the ruling, A, a fiber of the ruling, F', and all the irreducible curves contained in
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fibers of the ruling and disjoint from the section. So we can write the class of its

pullback to V,, as a linear combination of
{A7 Y} U {JQ}bEBJm U {j0,17 j0,2’ ceey j’y—-lv j?}bGBij

{KE, Ki,la Ki,?: ey Ki,’yi—-h Ki}bEBKm,izl,..‘,s - {Kl}

We define the coefficient of O as ag in this linear combination allowing us to write

the pullback of L as:

L =asA+ayY +JL + JE + KE

where
L __ E
Jm — aJ2J2>
bEBJm
¥
-y N
Ja= > > aodos ),
and

71—1 s
KnyJ; = E (QEKE + Z al,jKl,j + z Eai,jKi,j> .
j=1

beBk,, =2 j=1

Note: here joﬁ = J, and K;,, = K;. Now we determine the coeflicients for 7*L by
evaluating the following products.

Since L-D=7*L-Y=0a4A-Y,a4=L-D.

Since 7 collapses A to the base point ¢ we have 0 = 7m*L- A = a4 A2 +ayY - A, so
ay = —(L - D)A%

Type Jn:

Since L- Dy = 7*L - Jy = ay,J2, az, = —(L - Dy).
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Type jm:

Since L-D; = n*L-J; = (L-D)A-J, +ao1Jo1-1, a0y = L-Dy—L-D = —L- Dy,
Since 0 = m*L- Jy1 = —L- DyJ¢, + aopJoz - Jo, a0z = —(—L - D3)(—2) = —2L - D;.
Since 0 = 7*L-Joo = —L-DyJo - Jog — 2L - D3 Jgy + ao3Jdos - Jo2, 50 ags = —3L - Dy
Continuing: ag; = —jL - D, for all j.

Type K,,.:

Since L - D; = W*Lv- Ky = a1 1K1 -1 K1 +(L-D)A- Ky, 0151 = L+
D, ~L-D. Since 0 = 7L - K141 = 014,-2K151-2 - K14,-1 + alm_lem_l, we
have a14,_2 =2(L-Dy — L-D). Since 0 =7*L - K1 4,—2 = @14, -3K17,-3 - K1,9,—2 +
01, -2K3 o014, —1K1 41 K1,,_9, we have a, 4,3 = 3(L-D;— L- D). Continuing:
a1y-j = J(L-Dy—L-D). Thus a1; = (1 — j)(L - Dy — L - D) for all j. Now
0=nL-Ki; =agKg-Ki1+ al,lKil +a12K12- K11, 50 ag = 2a17 — 412 =
2w -1V)L-Dy—L-D)—=(y1—=2)(L-Dy—L-D). Thus ag = (L -Dy, —- L-D).
Fori#1; L-D; = m*L- K; = t;;-1K; -1 - Ki + a;K?, s0 a; = a;,,-1 — L - D;.
Fori#1;0=m"L K;,_1 = aip2Kiy—2 K1+ i1 K7y + 0K - K1,
SO Qi y—1 = Qipy;—2 — L - D;. Continuing: a;;41 = a;; — L - D;. We also know that
Gij-1—20i,5+ 0541 = 0. Now 0 = 7*L-K;; = apKp- Ky +a;1 K} + 02K, 5- Ky, 50
20,1 =ag—a;2 = n(L-D1—L-D)+a;1—L-D; and so a;; = y1(L-Dy—~L-D)—L-D;.
Recall that a; j41 = a;;—L-D;,s0 a;2 = a,1—L-D;,a;3 =a;2—L-D; = a;; —2L-D;,
and a;4 = a;3 — L - D; = a;; — 3L - D;. Continuing, we get a,; = a;;1 — L-D; =
ajg—(j—1)L-Di=w(L-Dy—L-D)—jL-D; Finalya;, =a;,,-1—L-D; =
y1(L - Dy — L- D) —~L- D;, and so all the coefficients are as claimed in the lemma.

O
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Next we compute A?. We do so using the same techniques as used in the calcula-

tion of A% for V(D).

Lemma 6.3.2 If A corresponds to a section of f : Vi, — By, parametrizing curves

through q1 where f : Y, — By, is as described in Section 5.1 then

42— }[ _ Z Nm%(Dl)Nmz(D2)(D1‘D2) (;”jggf)__i) o

Di+Dy=D
™ +m2=m+1

- Z ’}’le (Dl)Nmz(D2) x

D1+Dy=D
mit+mo=m

(00 (i ) +e (Tlfﬁi?ff-i)) *
- Y i AT N (DIAD)

Dy+..+Ds=D-E
{Dg3,...,.Ds}

where

!

_ L( m(D) — 3 )
R’ /rml (‘Dl) - 17Tm2(D2) - 15TM3(D3)7TTTL4(D4)) vy Tms_l(Ds—l) ’

R’ represents the repetition factor accounting for repetition of components in the set .

{Ds,...,D;}, and

A(D,-):{

Proof. Choose a base point ¢; # ¢;. ¢ determines a section A’ of f : YV, — By,

parametrizing curves through ¢,. A and A’ are determined by the distinct base

points g; and ¢, and as such are disjoint. By symmetry A% = (4’)?2 and A- A’ = 0 so
24 = (A—- A')%.
Let S; C Bj, be the subset for which ¢; and ¢, lie on distinct components. Let

A (D1, Dy) denote the number of such fibers of type J,,, so

rm(D)—3>-

Aj. (D1, Dg) = Niny (Dl)Nmz(D2)(D1 ’ D2) (,rm (Dl) -1
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This follows from the proof for j, (D, D;) noting that ¢, lies on J,. Define Sj
and Sk, similarly for fibers of type J,, and K,, in which ¢; and ¢, lie on different

components. Let A; (D1, D) denote the number of such fibers of type Jom, SO

b= 1m0 (000 517) o (05

This follows from the proof for j,,(D;, D) noting that ¢, lies on Jo. Similarly let

Ak, (D1, Do, ..., Dy) denote the number of such fibers of type K,,, so
Ak, (Dy,Ds, ..., D) = A'HleNmi (D)A(D;).

where

' l( Tm(D) -3 )
R, Tmy (Dl) e 1, Tm2 (Dz) -— 1, Tms (Dg), Tmy (D4), s Ty (Ds—-l)
and R’ represents the repetition factor accounting for repetition of components in

the set {Ds, ..., D,}, and

This follows from the proof for k,,(Dy, ..., D;) noting that ¢o lies on Dy. Now we
determine the coefficients of A’ — A. For the type J,, fibers, let oy be the blowdown
of Jo. Let A :=0;(A), and A’ := 0;(A"). The following is clear:

Y~dit+de, A=o03(4), A =0%A)~Jy, and oA —A)=1Y,

for some [. It follows that, in terms of the type J,, fibers,
A—-A=lY -L=(1-0)Y+ L +h—J=(10-1)Y +J.

For the type I fibers, let o7 be the blowdown of j2, j(m_l, ...,j(),g, j(),l in the
listed order. Let A := 0(A4) and A’ := o 5(A").
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Y~ 4+ Y10 Jog + e

A=0%(A)
A = O'}(A') - jO,l — 2j0,2 — . (’)/ — 1)j0,7_1 — ’yljg
Now we know a"’}-(A’ —A)=1Y. So
A’ —A = [lY - jO,l - 2j0’2 — . — (’)’ — l)joﬁ_l - ’)’jg

= (=Y +vi+7Jos+ ... + 7j0,7—1 + 7
_jO,l - 2j0’2 — . (’)’ - 1)j(),7_1 — ’}’jz

= (l — ’)/)Y + ’)/jl + (’)/ ha 1)j0,1 + ...+ 2..70,7__2 —+ jO,’y—l

For the type K,, fibers, let ox be the blowdown of K;, K; ~,-1, ..., Ki 2, K; 1 in the
listed order beginning with ¢ = s down to ¢ = 2, then blow down Kg, K11, ..., K1 4,-1.
Let A := og(A) and A" := ok (A").

Y~Kg+3>, (Ki + ;7:_11 Ki,j) |

A= oy (4)

A = ox(A) =K1 -2K1 02— ... —(m— 1)Ky — nKg +

7i—1
N Z (Z Ki; + Ki) —(m+ 1)Ky — (m+2)Kep — ... +

>3 \j=1

~(mn+72=1)Kay,—1 — (71 +12) Ko

Now we know o3 (A’ — A) =1Y. So
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AI —-—A = Y - K1 S 2K1,’y1—2 . (’)’1 - 1)K1’1 — ’YlKE +

-1 Z (Z Kz] + K) — (’)’1 + ].)Kg,l — (’)/1 + 2)K2,2 — ...+

>3

—(n+7 - 1)K2,'72—1 —(m+7) K

= (l - ’Yl)y +mY - Klm—l - 2K1m—2 e T (”/1 - 1)K1,1 —1Kg+

vi—1
o (5 K &) = 18-

>3 \j=1

—(m+r—-1)Kyy1— (n+7)Ks

= (l-'YI)Y"r’h (KE-i'ZS: (Ki+’§:Ki,j)) -+

=1 j=1

—Kl y—1 7 2Kl =2 T e T (’Yl - 1)K1,1 - ’Y1KE +

—~Y1 Z (Z Kz] + K) - (71 + 1)K2y1 — (’)/1 + 2)K2’2 — .+

>3

= (I-m)Y+ ((71)K1 + K11 +2K12+ .+ +(n - 1)K1m—1) +

—((’Yz)Kz + Koy +2Ko0+ ...+ +(72 — 1)K1,'rz—1)

Let K; = Ki,1 + 2Ki,2 + ...+ (’Yz - 1)Ki,%_1 -+ (71)Kz
Now let ¢ blowdown all J5’s, all the components of the type J,, fibers except Ji,
and all components of the type K, fibers except K; as above. Then arguing as before

we have:

Ao+ Y Rt T (wﬁzy JJO,,)+ S (rs ~ )

€S, beS;, beSK,,
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24 = (A' - A = mY?P+ Y Ji+

beSy,,
72 2
+ Z <7J1+Z(7—j)«]0,j> + > (k1 — k)’
bESjm 7=1 beSk,,
= - Z 1- Z v Z (m+72)
bESy,, beS; €Sk

Therefore

1 B Y ED SR T DTS
bES beS; bES K,
= 5|- X 4nm.py

Dy+Dg=D
mi+mo=m+l

- Z Ajm(DlaDQ)

Dy+Dy=D
mi+mo=m

- Z (M +72) Ak, (D1, .., D)

Dij+..4+Ds=D~E
{D3,....,Ds}

where in the decompositions of D — E above, the first and second components are

distinguished. O

6.4 Proof of N,,(D) Recursion Theorem

Proof. of Theorem 6.1 Let C be a.section of the P!-bundle F,, — P! disjoint from E,
C ~ E+nF. Now we calculate 7*C-7n*C. As for N(D), since 7*C-7*C = C-Cdegm
then

7C - 1*C = nN,(D).
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By Lemma 6.3.1 on page 84

7*C = (C-D)A—(C-D)A’Y = Y (C-Dy)Jz +

beB,,,

-2

y—1
Z] C D2 J0]+’Y(C Dz)JQ}

bEBj Jj=1
7i—1
+ > |m(C-Di~C-D)Kp+ (1= §)(C- D1 = C-D)Ky;+
bEBKk,, Jj=1
s i
+Y > (n(C-D,—C-D)-jC- Di)Ki,j:l :
i=2 j=1

Using short-hand notation
m™C = (C-D)A—-(C-D)A*Y +JS +JS + K¢S

we compute the intersection product on ), of the pull-back of line bundle C on F,

with itself. This gives
m™C-7*C = —(C-D)?A* 4+ JS - JS + JS . JS + KS - KC.
Similar to the N(D) case we obtain:

nNn(D) = —(C-DP*A*— 3" (C:Dy)*jm(Dy1, D2) +

D14+Dg=D
mi+mo=m-1

- Z Y(C - D3)?jm(D1, D) +

Dy+Dg=D
mi-+mo=m

- z 7(C-Di-C- D)+ Z’Yi(c - D;)?| km(D1, ..., Dy).

Di+..+Ds=D—-FE 1=2
{D2 ..... Dg}
Simplifying as in the N (D) case gives the desired result. i
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Chapter 7

Example No(C + bF') on F,

Before using the formula to do the calculation, we make a few remarks regarding the
geometry of this example to give some insight into the computation. V5(C + bF') has

dimension

ro(C + bF) = (2E + (n+ 2)F)(C + bF) — 2 =2b +n,

so we choose 2b + n — 1 points ¢, ..., gap+n—1. Consider the family x» of curves in
Vo(C + bF) through these points. Let A be the class of ¢; and Y an irreducible fiber
in the family. There are two types of reducible fibers of xo: type J and type J.

The first type, type J, is a decomposition of X € x into X; + X, where 7(X;) =
C + (b— 1)F and 7(X,) = F such that Xl is general in V3(C + (b — 1)F), X, is
general in V(F) and ¢; € X;. We also have a decomposition as above but with
7(X1) = F and 7(X3) = C + (b— 1)F such that X; is general in V(F'), X, is general
in o(C+ (b—1)F), and ¢; € X;.

The second type, type J, is a decomposition of X € y into X; + X, where
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m(X1) = C+(b—1)F and 7(X;) = F such that X; isin V(C+ (b—1)F), X is V(F),
q1 € X1, and X; and X, intersect at a point ori E. We also have a decomposition as
above but with 7(X;) = F and #n(X;) = C + (b — 1)F such that X; is in V(F), X,
isin V(C+ (b—1)F), ¢1 € X, and X; and X, intersect at a point on E.

We make a few comments about decompositions of type J. We have Tﬁl (Dy) +
Tms(D2) — 1 = ro(D) — 1. This says that the component X; may contain r,,, (D) or
Tmy (D1) —1 of the ro(D)—~1 = 2b+n points. If X; contains r,,, (D;) of the points then
the component X, must intersect X; at any one of its X; - E points of intersection
with E. Note: X; € V(D;) = X; meets E transversely. If X; contains 7, (D;) — 1
of the points then the component X, contain exactly r,,(D2) of the points and X;
must intersect X, at any one of its X - E points of intersection with E. We also note
that since dim V(F) = r(F) = 1, the component X; such that 7(X;) = F can not
both contain a point and have the condition imposed on it that it must pass through
a point on E. As a result, several pieces of the computation will drop out, i.e. have
no contribution to the calculation.

The relevant dimensions are

ro(C+(b—1)F) =2b+n—2, r(C+(b—1)F)=2b+n—1, and r(F)=1.
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So nNy(C + bF)

= Ny(C+ (b= 1)F)N(F)(C + (b—1)F - F) x

e e (311 -0 (21100

+ N(F)Ny(C + (b— D)F)(F-C + (b—1)F) x

:(C-F)(C-C+ (b—1)F) <2b+g‘3> —(C-C+(b- 1)F)2<2b+_”1‘ 3)}

+ (C-C+bF)’N(C+ (b~1)F)N(F) x
c+o-0rB (5 1 70) + (51073
— 2(C-F)’ N(C + (b— 1)F)N(F) x

o+6-vr-0 (10 70) + (51075

+ (C-C+bF)2N(F)N(C+ (b~ 1)F) x

L(F.E)<2b+(7)z—3> +(C+(b—1)F-E)(2b+_7;_3>'

— 2C-C+(b—1)F)ENF)N(C + (b— 1)F) x

[(F-E)(2b+§—2> +(C+(b—1)F-E)(2b+_nl—3)]
= 20-2)((n4+b—-1)—(2b+n—-23)+2(b—2)(n+b—1)+
(n+b)2—2b—-1+20+n—-2)+(n+b)2-2(n+b-1)>

= 2n(b—1).

Thus No(C +bF) =2(b~ 1).
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