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Abstract: As models of strictly pseudoconvex domains, we consider holomorphic functions
on the unit ball B,, = {z € C" : |z| < 1}. In particular, we focus on proper holomorphic maps
B,, — By. In the equidimensional case N = n, proper holomorphic maps are automorphisms.
We discuss the parameters associated to automorphisms, and more generally involutions and
their higher-order analogues.

We then define the mixed spaces B, = {(z,s) € C* x RF : |2]2 + |s|> < 1}, and address
similar questions regarding proper maps, automorphisms, and involutions in the new setting.
In particular, we show how to recover the parameters that determine an automorphism of
B, using the germ at 2 = 0. We also specify necessary conditions on involutions in both
the B,, and B,, ; settings.
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CHAPTER I
INTRODUCTION

We start with a brief introduction to the difficulties distinguishing the study of one
complex variable from the study of several complex variables.

Recall that a function f : C — C of a complex variable z is called holomorphic (or
complex-analytic) if it is complex-differentiable. One way to rigorously define this notion
is to start by identifying C with R? (topologically), and write z = z + iy as (z,y) (with
r,y € R). Similarly writing f : C — C as u + 4v, or instead f : R? — R? as (u,v),
so that the original function f(z) is now interpreted as f(z,y) = (u(x,y),v(z,y)). The

Cauchy-Riemann equations say that

ou  Ov Ju v
—=— and —=-——.
or 0Oy dy ox
An attractive alternative notation is to define two operators, called Wirtinger operators,
0 0
— and — b
0z 9z

o _1(o oy 0 _1(0 0
dz 2 \0x Oy 0z 2\ox oy/)’

Using this notation, a C* function f : C — C is complex-differentiable if and only if % = 0.
All functions of complex variables are assumed to be holomorphic.

For functions in higher complex dimensions, f : C* — C¥, which are functions of several
complex variables z1, ..., z,, we will call f holomorphic if f is holomorphic in each complex
variable separately, and is jointly continuous. This is sufficient (see e.g. [Leb19] or [GR65])
to conclude that f enjoys a power series expansion in a ball of positive radius at every point

where it is complex-differentiable.



We will frequently make use of biholomorphic functions. A function f : U — V is
biholomorphic if both f and f~! are holomorphic. This implies, in particular, that f is
one-to-one, and that the matrix of first derivatives of f has full rank at every point.

1.1 Domains of Holomorphy

An essential result in complex analysis (of one variable) is the Riemann Mapping Theorem,
which shows, among other things, that every connected, simply-connected, open subset of
the complex plane is biholomorphically equivalent to the unit disk D, with the exceptions
of the empty set and the whole complex plane itself. That is, if U C C is a non-empty
open set that is both connected and simply-connected, then there is a pair of holomorphic
functions ®, ¥ such that ®(U) = D, ¥(D) = U, and both compositions ¢ o ¥ and ¥ o
are the identity. As a consequence, if one wants to understand the functions say U — X, it
suffices to understand the functions f : D — X, since fo®: U — X.

In a substantial sense, all open, connected, simply-connected non-empty proper subsets
of C are thus equivalent. By simply comparing the function algebras on these domains, they
cannot be distinguished. One important, but easily overlooked, quality of these domains is
that they are examples of domains of holomorphy. A domain of holomorphy is a connected
open set D C C" that is the natural domain of definition for some holomorphic functions, in
that for each point p in the boundary of D, there exists a holomorphic function on D which
does not extend past p. When n > 1, not all open, connected, simply-connected, non-empty
proper subsets of C" are the natural domain of definition for a holomorphic function, in
contrast to the situation in one complex variable, where the functions f(z) = > 7 2*" and
g(z) =37, 2™ are both holomorphic, but do not extend to any open set containing the
unit disk, illustrating that the disk is a domain of holomorphy. By contrast, consider the
following example, which is intimately related to the fact that the zero set of a holomorphic

function cannot have real codimension one.

Example 1.1.1 The unit ball By = {(2,w) € C" : |2|? + |w|* < 1} is a domain of holomor-



phy. For any point p € By, the open set By \ {p} is not a domain of holomorphy.

We refer the interested reader to Krantz’s excellent introductory article [Kra87] for a proof.
The idea is to expand any holomorphic function f : By — By as a Laurent series in w,
and argue that the coefficients (which are functions of the other variable) must vanish by
examining them on one-variable complex disks lying in the complex planes of the form z = a
where a is nonzero. In particular, any holomorphic function defined on B, \ {p} must extend
holomorphically to a function on B,.

Lest the reader feel unsatisfied that the domain, though simply-connected, is not “con-
nected enough” in the sense that its nth fundamental group! is nontrivial, we refer the reader
to Kaup and Kaup [KK83]| for a wonderfully illustrated version of the example below, which
is known as a Hartog’s figure (as well as an illustration of a camel which, surprisingly, does

provide intuition about why this example works).

Example 1.1.2 The topologically trivial set H which is the union of {(z,w) € D x D : % <
2] < 1} with {(z,w) € DxD: |w| < 1} is not a domain of holomorphy. Given any function
f that is holomorphic on H, there is a holomorphic function F' on the set D x D such that

Flg=Ff.

As a consequence of the existence of domains that are not domains of holomorphy, the
astute reader will have surmised that the Riemann Mapping Theorem fails for functions
of several (i.e. two or more) complex variables. Even more surprisingly, Poincaré showed
[Car31] that two of the natural generalizations of the disk to C? namely By = {(z,w) :
|2]24+|w|?* < 1} and Ay = {(2,w) : |z| < 1 and |w| < 1}, are not biholomorphically equivalent
domains, despite the fact that both are domains of holomorphy, and are even homeomorphic.
Consequently, it is not sufficient to study the function theory on the reader’s favorite domain

of holomorphy in C? (or beyond).

"We will not need the definition of this in this dissertation, so we omit it.



1.2 Pseudoconvexity

The unit ball B, defined as {z € C" : |z|*> = _|z]? < 1} is a reasonable first domain
of holomorphy to study. The primary alternative, the so-called polydisc A, = {z € C" :
maxy, |2x| < 1}, has a product structure, and so enjoys considerably fewer symmetries. Fur-
ther, B,, lacks any notion of ‘preferred’ or ‘distinguished’ direction. As an added bonus that
we will not make use of, the unit ball (or its boundary) is the appropriate set to consider
when computing norms of linear operators on, say, finite-dimensional vector spaces.

To be more formal, we must first introduce one of multiple equivalent definitions of con-
vexity as relevant to the area. Namely, we will describe the notion of Levi-pseudoconvexity.

First recall a standard definition of convexity. Suppose U C R”" is an open set with
boundary prescribed by a smooth function p : R® — R with derivative which doesn’t vanish
near the boundary, in the sense that p(z) < 0 if and only if x € U, and p(x) = 0 if and only if
x is in the boundary of U, denoted OU. (We say that p is a defining function for U.) The

Hessian matrix of the defining function at a point z € OU is the matrix of second-partial

derivatives
T 82 8%p 8% T
oz? 0x107 0x10x,
0?p 0?p 0?p
H— | 012021 023 0z20zy,
Po o # o
| 02,001 O01,0x ox? |

An open set with smooth boundary is convex if and only if the Hessian matrix is positive
semi-definite (as a form when restricted to the tangent space) at every point of the boundary.
That is, if for every vector v based at point p € QU that is tangent to OU, vI Hv > 0, then
U is convex.

Now to define pseudoconvexity, we can alter the above definition in a natural way. Sup-
pose that U C C” is an open set with boundary prescribed by a smooth defining function

p: C" — R with derivative which doesn’t vanish near the boundary, so p(z) < 0 if and only



if z € U, with p(z) = 0 if and only if 2 is in the boundary OU. Define the complex Hessian

matrix of the defining function at a point z € QU to be the matrix

[ 0%p 0?p 9?p
02,07 0202 070z,
0?p 0?p 9?p
[ — | 0202 0202 020
9?p 0?p 0%p
02,021 07,02 02,07n.

An open set with smooth boundary is pseudoconvex if and only if the complex Hessian
matrix is positive semi-definite (as a form when restricted to the complex tangent space) at
every point of the boundary. That is, if for every vector v based at point p € U that is

v; = 0, we have

"0
tangent to OU in the sense that Z G_T
P

- Zj

0%r

——| Vv >0
(%j@zk ik =

p

k=1
(which is more easily expressed as v’ Lv > 0), then U is pseudoconvex.

The unit ball stands as a prototypical example among the most fruitful class of domains
known, namely the (strictly) pseudoconvex domains. In fact, every pseudoconvex domain
with smooth boundary is locally biholomorphic to the unit ball up to second order (see
[Leb19, Lemma 2.3.8] for discussion of the technical details), and so the unit ball locally

models the boundaries of such domains.

1.3 Proper Maps

Definition 1.3.1 A map between subsets of Euclidean spaces* f : X — Y s called proper

if the preimage of any compact set K CY 1is also compact.

This generalizes invertibility by declaring that “f~! is continuous”, were it a function. This

definition is equivalent to the following standard characterization.

2We will use R™ with the usual dot product, or C" with the sesquilinear inner product

(21, -y 2n), (W1,...,wy)) given by w121 + ... + Wy 2p.



Proposition 1.3.1 For a map between bounded open subsets X and Y of R™, the map
f X =Y is called proper if the image of any sequence which approaches the boundary of

X approaches the boundary of Y.

Thorough discussions of the importance of proper maps in the setting of complex man-
ifolds and varieties can be found in [GR65] and especially the comprehensive survey of

Forstneric [For93].

1.4 Background on the Unit Ball

Proper maps between unit balls B,, and By have been extensively studied over the past 50
years; see Section 2.8 for a small sample of results. In the case B,, — By with N < n, i.e.,
when the target space has lower dimension than the domain, there are no proper maps. If
proper f : B, — By were to exist, then the preimage of a point p would be a compact
complex variety contained strictly inside the domain B,, (recall that since f is proper, there
can be no sequence {r,} approaching the boundary of the domain for which f(x,) — p
approaches zero), and hence a finite set (see [Rud08, Theorem 14.3.1] for a proof). On the
other hand, if NV is less than n, then the preimage of p € f(B,,) would have to have positive
dimension. Therefore only the cases when N > n are interesting.

Alexander [Ale77a] showed that proper maps between unit balls in equidimensional com-
plex spaces are automorphisms, that is, if n > 1 and f : B, — B, is proper, then f is
an automorphism. By contrast, a similar statement for A™ = {(z1,...,2,) € C" : |z] <
1,...,|zs] < 1} fails to be true: since A" is a product domain, with each factor being By, and
since [CV13] proper maps on product domains decompose as (permutations of) products of

proper maps, we can easily see that maps such as

15
4 2 1
(21,22,23) =z 5723

2’1_

are clearly not invertible, but are indeed proper®. See Section 2.1 below for discussion of

1 5
321
—1,5
1 221

2
,and 1 — |z3]2. The first

3To verify properness, we can compute the three quantities 1 — |23]%, 1 —



what the factors may look like.

We will see more proper maps Section 2.8.

1.5 Outline of Thesis

In chapter two, we give an overview of the relevant literature on proper maps, and give
results needed for chapter three. In Section 2.1, we restate the classical single complex
variable material on proper maps. In Section 2.2, we discuss specifics about the proper
self-maps of the unit disk which are linear fractional transformations. In Section 2.3, we
fully classify those self-maps of the unit disk that are their own inverses. In Section 2.4, we
generalize this to give conditions on the form for self-maps of the unit disk that generate
finite groups under composition.

Sections 2.5-7 replicate as much as possible the material of Sections 2.2-4, but now in the
context of the unit ball in C*. We note that the material of Section 2.1 does not need to be
replicated, due to the result cited from [Ale77a] in the last section.

The third chapter consists of entirely new material defining the domains B, as the unit
balls in C" x R*. We consider the results of chapter two as adapted for these new domains. In
Section 3.2, we discuss homotopy equivalence and spherical equivalence. In Section 3.3, we
discuss some results about extending proper maps to the closed ball En,k, as well as illustrate
the fundamental imbalance between the treatment of the real and complex coordinates. In
Section 3.4, we adapt work from Sections 2.2 and 2.5 to the new domains. In Section 3.5,
we discuss some restrictions on these maps when we impose some rationality conditions on
the real coordinates. In Sections 3.6 and 3.7, we again adapt the material from Sections 2.3

and 2.6 to this new setting.

factors as the product of 1 — |23]? with 1+ |22|? + |22|* + |22|%; the second factors as 1 — |z1|> multiplied by

lz1[® + [21]° + |z |* + |21 + 1

3
|21[10 — 4]z 5 + 4




CHAPTER I1

PROPER MAPS B, — By

In this chapter, we will provide an introductory discussion of proper holomorphic maps
whose domain is B,, and codomain is By with particular emphasis on the N = n case. The
details differ for the two domain cases B; and B,, (n > 1).

2.1 Proper Maps B; — B,

Proper maps from the unit disk to itself include examples such as z — ew% where a € B,

and 0 € R, and the maps z — 2 where £ € {0,1,...}. In fact, by multiplying and composing

such maps, this is a complete characterization.

Proposition 2.1.1 Suppose f is a proper holomorphic map D — . There exists a finite

sequence of (not necessarily distinct) points aq, . ..,ar, in D, and a real number 6, such that

L
, ap — 2
[() =’ g 1—apz
This can be proven by recognizing that f~!(0) must be a finite set, dividing f by the
finite product, and then arguing that the quotient must be a constant.
Note that when L = 1, the form is a linear fractional transformation of D, which is in
fact a one-to-one function. When the points ay, ..., ar take the common value of zero, f(z)

reduces to e?zL.



2.2 Linear Fractional Transformations on B;

It is well known (see e.g. [Ul08]) that f : D — D is an automorphism if and only if f can
be written in the form

flz)=¢

1—az
where 6 is a real number and «a is a point in D. If we have a function f : D — D that is
known to be an automorphism, then we can extract the parameters 6 and a in a variety of
ways. One such choice is by noting that f(a) = 0 implicitly defines a. Subsequently, we
can find % using the fact f(0) = e?a (at least if a is nonzero). This does not determine
uniquely, since for any solution 6, for 6, the choice 6; = 27 + 0, is also a solution.

An alternative means of finding the parameters is as follows. Notice that f(0) = e?a and

that because
d a—z —1+]af
dz1l—az (1 —az)?

we have the simple expression
f1(0) = =€ (1~ |al?).

Since |f(0)| = |a|, we can write f/(0) as —e(1 — |£(0)|?), and so we conclude that

w0
1—[f(0)]
which also implies that
0 0
=I5 - LTa-1ron

Note that these expressions for a and e are valid no matter the values of f(0) € D and
f'(0) (if nonzero). However, observe that f’(0) cannot be zero, as evidenced by the form
f'(0) = —€(1 — |a]?) above.

The non-uniqueness of such an expression can be illustrated by giving an alternative form

for a. Notice first that f/(0) = —e?(1—|a|?) and |a| < 1 together imply that |f'(0)] = 1—|al|?



. Now

which can in turn be written as 1 — | f(0)

O Lo
Foy L OP)

_f0)f(0)
e L0 )
£(0)£'(0)
(1—[£(0)]?)?
FL0)f7(0).
1 [f(O)P

(1= 1£(0)]*)

These formulas and computations will be generalized later in Section 2.5.

2.3 Involutions of B,

An interesting subclass of these functions that will be discussed further later is the class of

involutions. Recall the definition.

Definition 2.3.1 A function f : X — X is called an involution of X if fo f is the identity

function id.

More generally, one can study functions f : X — X that satisfy Babbage’s equation fo---o
f = id. Define f°V = f and for any positive integer n, set f°™ = fo o™= We use
the notation f°", or f°™. (The reader may be familiar with a common notation f(™ in the
literature, but we avoid this to prevent confusion with a common notation for derivatives.)
With this notation, Babbage’s equation says f°" = id, or if we want to emphasize the input,
for(z) = =.

Solutions to Babbage’s equation generate finite subgroups of maps (with composition
as the operation) within the larger automorphism or endomorphism groups. In particular,
involutions are natural candidates to use to conjugate other maps, since f~! = f, and thus

ftogof=fogo fiseasy to calculate.

Lemma 2.3.1 The involutions of the unit disk D = By are precisely those linear fractional

10



transformations which can be written in the form

a—z

f(z) = or f(z) =z

1—az

Proof. As stated at the start of 2.2, automorphisms of D are rotations of linear fractional

transformations
a—z

f(z) = f(z1a,0) =€

1—az
where a € D and 6 € R.

Direct computation allows us to compute conditions on a and # such that f is an invo-

lution. If z = f(f(2)), then we must have

Rearranging,

i 0l=a2) —e’(a—2) _ (|’ +e”)z+ (1= e")a
(1—ELZ) —dew(a_z) (1_ |a|26z6) —d(l—eze)z

z =
By cross-multiplying, we see the condition that
(1—|a]?e®)ze™® —a(e™™ — 1)22 = (—|af* + )z + (1 — €?)a,
or equivalently,
—a(e™ —1)22 + (7 — |a* + |a]* — )z — (1 —e)a = 0.

Since this must hold for all z € DD, then in particular we know that it holds at z = 0, and

hence either a = 0 or ¢ = 1.

In the case that a = 0, the quadratic condition reduces to (e™® — )z = 0. We can
evaluate this condition at nonzero values of z, and so conclude that e~ — ¢ must vanish.
0—=z2

0

As a consequence, €' must be either 1 or —1. Hence, we have f(z) = + = Fz.

1-0

In the case that e = 1, the quadratic condition reduces to 0 = 0, so a is not further

a—z A

restricted. Hence f(z) = T for any a € D works in the case that ¢ = 1. Note that if
—az

a = 0 here, we recover the function f(z) = —z. |

11



2.4 Higher-order self-maps of the Disk

While the content of this section certainly exists somewhere in the work of Klein, among
others, and the study of SL(2,C), we include these results not to claim that they are new,
but for the parallels in Section 2.7.

A strategy similar to that of the last section works to classify the linear fractional trans-
formations f : D — D satisfying f(f(f(z))) = z. Indeed, this method can be generalized for
the general Babbage’s equation, and partial results are given.

Assume that f : D — D is a linear fractional transformation, so f(z) can be written
in the form f(z) = ei("% for some real parameter 6 and some a € D. (Note the slight
change in form, which will simplify the signs in the computation below.) We consider the

situation that a composition of f with itself N times is the identity function:

If a = 0, then f(2) has the simple form ¢z, and the compositions f°VV(z) have the form

ei9<€i9(. . (ewz) .. ))

which simplifies to ¢/V?z. Consequently, in the case that f fixes zero, the condition fV(z)

2 is equivalent to saying that eN% = 1. Hence €* must be an Nth root of unity. Further, we

can state that f does not satisfy a lower-order identity of the form f°*(z) = z if and only if
e is a primitive Nth root of unity, i.e. a root of the Nth cyclotomic polynomial (commonly
denoted @y ).

If the parameter a is nonzero, the form for f°V becomes significantly more complicated.

Lemma 2.4.1 If f : D — D is given by f(z) = e 1Z — , then we can write f°"(z) in the
—az

form
L0 0% — Bra

Y — @02

12



where the coefficients au,, B, Yn, On are determined according to the recursive equations

-ozn+1- -ew 0 0 |a|2- -an-
Bt 0 1 ¢ 0 Bn
|01 a0 | |
o] | 0 0 1] |6

along with the initial values oy = 1 =y, = 61 = 1.

Proof. The proof is a straight-forward induction argument. When n = 1, we have f°!(z)
just representing f(z) itself, and so the initial values of the coefficients are verified.

Assume that f°"(z) has the form

on _ wO‘n 5”
f (Z)_e Y —(I(S >

and consider now f(f°"(z)).

FF (=) = f (a ﬂw)

Vi — A0p 2

( i0 On< ﬁn )
e —a
0 Vn — A0p 2
1—a ewan — Pna
Y — AOpZ

Multiplying through the top and bottom on the right-hand side, and regrouping terms in

=€

order to factor out z appropriately,

000,z — e Bua — ay, + |al?6,z

Vo — 0p 2 — a€¥ 0,z + Bpal?e’
p(€Pan, +al?,)z — (€76, + Tn)a
(Yo + lal?Bne®) — a(bn + ane®)z’

FF(2) =

o0 Un12 — Ppi1a
Tnt1 — Q0py12

Comparing this with f°"+(z) = , we see that we need

g1 = €, + |al?5,
Bn-{—l - eieﬂn + Yn
Tn+1 = Tn + |a|2ﬁn€w

5n+1 - 571 + anezﬁ

13



This agrees with the matrix formulation stated above. |

It is worth observing that the system of four equations above can be decoupled into two

pairs of equations. One such formulation is

Qi1 e |a)?| |an
5n+l 67:9 1 671
Yarr| |1 laPe?| |
Bn-‘rl 1 61’6‘ ﬁn

In this presentation, it is much clearer that the two inductive processes are intimately related.

Indeed, one can write the transition matrices as follows:

e |al? 1 |a?| [e? O 1 |al?e? 1 |a*| |1 ©
e 1 1 1]]0 1 1 e 1 1] [0 ¢*
In order to focus on the solutions of Babbage’s equation, f°"(z) = z, we prove the

following.

Lemma 2.4.2 If f : D — D is a linear fractional transformation that does not preserve the

origin, and if f(z) = z, then when writing f(z) in the form ewaz;ga, we have § = 0,
v —adz

B=0, and e’a/y = 1.
Proof. Suppose that f(z) = z. We can write

L0z — fa
f(z) = 6107_—a§z-
Since f does not preserve the origin, then a is nonzero (otherwise f(0) = a implies that
f(0) =0, i.e. f does preserve the origin). If § # 0, then clearly f(z) has a pole at v/ad, i.e.,
f does not simplify to the entire function z.
Thus ¢ = 0 is necessary. Consequently, we consider f(z) = ewaZ%ﬁa. In order for this

to be defined, certainly v # 0. We observe now that we have



and so (say, by the Identity Theorem!, or simply by using the linear independence of mono-
mials) it follows that e?a/~ is 1, and —Ba/y = 0. Since we have supposed that both a # 0

and v # 0, we conclude further that g = 0. [ |

We can actually say more about the terms appearing in the sequences of Lemma 2.4.1.

Lemma 2.4.3 Suppose that f : D — D is a linear fractional transformation. Write fo"(z)

ewm. The four sequences {a,}, {Bn}, {1}, and {0, } satisfy the same recurrence

as —
Tn — aénz

relation (with different initial conditions), and B, = 6, for all n.

Proof. Rewrite the pair of equations

g1 = Py, + |al?d,

5n+1 - 577, + anew

from the proof of Lemma 2.4.1 in the form

i1 — €0, = lal?d,

Opt1 — Op = a,,e’?

and take turns eliminating the variables to find the pair of second-order equations
€_i9(5n+2 - 5n+1) - (5n+1 - 571) = |a|25n

and
(nga — €%ani1) — (ang1 — €70y,) = |al?ane.

It is not hard to see that {a,} and {d,} both satisfy the equation

Tnyo — (L+ eNapy + 2, = |af*ez,.

'In one complex variable, the following standard result holds: if f = 0 on an open set, then all coefficients
of f in a power series expansion (around a point in the open set) must vanish.
In the case appearing in the theorem, we compare two linear polynomials z and mz + b, and use the

Identity Theorem applied to the difference f(z) := z — (mz + b).
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Similarly, the pair of equations

Yn+1 = Tn + |a’2ewﬁn

671—',—1 =Yn + ewﬁn

can be rewritten as

Tnt+1 = In = |a|2€ieﬁn
Br1 — eieﬁn =Tn
whence
(B2 — €i95n+1) — (Bnt1 — €i05n) = |a|2€i0ﬁn
and
e (nrz = Mr1) = (Y1 = ) = laf*ya.

These also both satisfy
Tpre — (1 + ew):cnﬂ +ef, = |a|26i9xn.

The initial conditions a; = 1, 1 = 1, 73 = 1, and ¢; = 1 found in Lemma 2.4.1 imply
that g = € + |a]?, Bo = 1+ €, 5 =1+ |a|?c?, and §, = 1 + €. The first two terms of
a linear second-order recurrence relation characterize the solutions. Notice that 3, = ¢, for

all n. -

The recurrence relation can be explicitly solved. For fixed 6 and a, the equation x, o —
(1 + e)apyr + €?(1 — |a|*)z, = 0 is a constant coefficient equation, so we have auxiliary
equation
2 — (1 +e)r +e(1—|a*) =0.
With a bit of work, we could show that the discriminant of this quadratic equation,

(1 + 61‘0)2 . 461‘0(1 o |a|2) — (1 o ei6)2 +4€i9|a|2,

is zero if and only if |a|? = sin® 16.
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In the case that the discriminant is not zero, there are two distinct roots
1 , 1 ) A 1/2
re =51 +e%) £ 3((1- )+ 4eaf?)

a
and the quantity — can be shown to be given by
n

(ror™ =" D fap(rt =™ o =™ (€ afP) (=
(o =™ (T =) (T =T 4 (L faPe?) (T )

«
In the case that the discriminant is zero, we can similarly show that — is given by
n

(2 —n)r™tt — (€ + |a[*)(1 = n)r"
(2 —n)rntt — (1 4 |al2e?)(1 — n)r™

Example 2.4.1 Suppose that f : D — D is a linear fractional transformation z — eieg
—az
which is not the identity function. Then f(f(f(2))) = z if and only if —|al* =1 + 2cos¥.

Proof. If a = 0, we know from the discussion at the beginning of the section that (e¥)? =1

is required. In this case, € is a root of the equation ¢ — 1 = 0. If f is not the identity

function, then e # 1, so is a solution to ¢2+c+1 = 0. This is easily verified to be equivalent
to solving 1 + 2cosf = 0, by writing 2cosf as ¢ + ¢ L.

Assume that a is nonzero. From Lemma 2.4.1 above, we know that

as 61‘0 |a|2 61’0 |a|2 ay
(53 ew 1 €i6 1 (51
Using the initial values of a; = 1 and d; = 1, we compute
s e?(e” + |al?) + |al*(e" + 1)
53 61;9(61'9 + |a|2) + (eie + 1)

Hence 63 is given by
()’ + (1 + |a]*)e” + 1.
From

|a|2€i9+62i9+6i9+120

17



we can see that
laf* = ——f—.
e
Since the left-hand side (recall that a # 0) is a real number in the interval (0, 1), the right
side must also lie in (0,1). Write —(e? + 1+ e7%) as —(1+ 2cosf). The appropriate values
of 6 are restricted so that —1 — 2 cos @ is positive. If we use the convention that 6 € [0, 27),
then 6 € (27, 37) and such choice of # must be compatible with |a|> = —1 — 2 cos 6.

We compute similarly that
B 1+ e + [af?e’ 4 €2
and observe that 3 does equal zero.
It is a direct computation to show that

€i6&3 _ 63i0+2|a|2€2i0+ ‘CL’QGiG

v3 1+ 2|al?e?® + |a|2e20
Substituting in that |a|? = —e~% —1—¢  we find that the fraction above simplifies naturally
to
(e +1)* .
(e +1)3

Example 2.4.2 For the choice 6 = gw, i.e., e¥ = —%\/§+ %i, we may choose any a € D

satisfying

(—3VB+ 3+ (—3V3+3)+1  —VB+3-VBi+i
—1VB+ i V3 —i

For any real number ¢, set
a = e\ V3-—1

The skeptical but interested reader can verify that for these choices of a and 0, the linear

=-1+v3.

af* = -

fractional transformation f(z) = ewlz;fl indeed satisfies f(f(f(z))) = .
z
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By a similar computation, we can compute the n = 4 case.

Example 2.4.3 Suppose that f : D — D is a linear fractional transformation, written as in

Ezample 3, which is not the identity function. Then f°(z) = z if and only if |a|* = — cos 6.

3

Consequently, for every choice of 6 in the interval (%ﬂr, 1m), there is a corresponding linear

fractional transformation satisfying f(f(f(f(2)))) = z.
The n = 5 case is already much harder. We can find
55 — (1 + 6z‘0)4 o 361'0(1 + 61‘0)2(1 . ’CL|2) + 62i0(1 . |a|2)2

which is biquadratic in |a|?. As n increases, the degree of the polynomial d,, = 0 relating %

and |a|? increases.

2.5 Linear Fractional Transformations of B,, (n > 1)

The linear fractional transformations of B,, are well-understood; see [D’A93] or [Rud08] for

example. We will use the formulation of D’Angelo,

a— L(z)
Y § el A
where L(z) denotes the map
(2,a)
L(z) = o
(2) =02+ o
with 0 = /1 — |a|]?. To emphasize the choice of a appearing in L, we may write L,(z) or

L(z;a) for L(2).
The expression (z,w) denotes the conjugate-linear inner product on C"; in the usual

coordinates, z = (z1,...,2,) and w = (wy, ..., w,) have inner product
(z,w) = 2101 + . .. + 2, Wy.

If points in C™ are denoted by column vectors,

21
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then (z,w) takes the convenient form w'z where the dagger 1 indicates the conjugate of the
transpose.

Without much difficulty, we can write f(z) in a matrix formulation. We utilize the fact
that the product of scalars ¢ with vectors v is commutative to rewrite (z,a)a as a(z,a) =

a(a’z). Hence

a— oz pn
—U %
f(Z) 1_<Z,G/>
(o+ r3%)
a— |0+ aa' | z
T 1+0
a 1—atz

Similar to the work near the end of Section 2.2, we can find expressions for U and a (and

A) in terms of the values of f and its derivatives at 0.

Theorem 2.5.1 Letn > 1 be an integer, and f be a linear fractional transformation B,, —

B,,. Then f(z) has the form

Ua—L(Z; a)
1—{(z,a)
where a 1s given by
1
a=—————J£(0),
e’

the unitary matriz U s given by

LSOO, 1,

140 o2 o

U:

and where J is the (complex) Jacobian matriz of f at the origin, and o denotes \/1 — |al|?,

as usual.

The form for a here matches the alternative form for a given at the end of Section 2.2 in the
n = 1 case. Additionally, the form for U agrees with the formula e = f'(0)/(—1 + | £(0)?)

by replacing U by €, f(0)! by f(0), and J by f/(0).
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Proof. Verifying the explicit formulas for a and U in terms of the germ of f (i.e., the values
of f and its derivatives) at the origin is easy. (Discovering the formulas was the real work.)

We must first give explicit formulas for f(0) and J, and compute with them.

a—(o+ aa')z
From f(z) =U . 1 jTL g , we see that f(0) = Ua. An immediate consequence
—a'z
is that | f(0)| = |al.
In order to compute the Jacobian matrix for f = (fi,..., fu)7,
[0f Oh o Oh]
0z 0z 0z,
or,
J = 0z ,
Afn Afn
L 02, 0z, 4
0 . o
we need to compute the columns 9 f of J. Let e, denote the unit vector pointing in the z,
2
T
direction, so that z = [21 Zo o+ zn] decomposes as Z zeep. We proceed to compute the

=1
columns of U~!.J (as U is a constant with respect to each of the z, variables, we are allowed

this slight ease of notation). Using the usual quotient rule,

a—(oc+ ! aa’)z
L0f 0 140
0z Oz 1—afz
(1-— aTz)i(a — (o + aa")z) — (a — (0 + aaT)z)i(l —a'2)
U_lﬁ _ aZg 140 1+o aZg
0z (1—a'z)?
By choice of the e, vectors, 52 is d;0e, where dj,, denotes the usual Kronecker delta
j

function, which takes the value 1 if £ = m and 0 otherwise. This allows an easy simplification

of the derivative terms:

1 1
U—lﬁ B (1—a'2)(0— (o + 1 +0aa*)eg) —(a— (o + T
0z (1 —a'z)?

UaaT)z) (0 —a'ey)

We evaluate both sides at z = 0, as that is the only point where we claim to need the
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Jacobian, and then simplify:

1-0)(0— Ney) — (a—0)(0 — a
— :( )0 = (o + g aad)er) — (a = 0)(0 —dley)
825 z=0 (1—0)2
=—(o+ 1+O_LIGT)65+CL6LT65
1
T at
= —o0ey + aa'ey.
140

Multiplying both sides by U (on the left) and assembling the columns into a matrix, we get

o o
J\ZzozU(1+aaaT—UI> [61 ey - en] :U(1+aaaT—al>

since |:€1 ey - - en] is the identity matrix.

Because we are only concerned with the Jacobian matrix at z = 0, we will simply write

J for J|,—o. Hence, we can write

o

J = Uaa' — oU

1+o
Now we verify the two expressions stated in the theorem.

R
o’ 10

1 o f
= — T—
= [0a]? (1+0Uaa (TU) Ua

= — 1 U aa'U" — cUT | Ua
1 — |af?
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and
1 T
R OO
140 o2 o
T
= 1 (Ua)(Ua) 7 Uaat - oU 1 Uaa' — ocU
140 o2 1+0 c\l+o
1 tut 1
_ 1 Ual Uaa' — U ~Uaa' +U
1+o0 o 1+o 1
L 171 frrt frrt i
= — - Uad'UUaa' — Uaa'UTU Uaa +U
l+o0c0\1+o0
L 171 Pt : :
= — — Uaa'aa' — Uaa' | — Uaa' +U
l+oco0 \l1+0o 1+<7
1 1 1 1
=— — Uala|?a’ — Uaa® ) — Uaa' + U
l+o00\1l+0 l1+o
1 1 1 1
=— — Ua(l —o*)a' — Uaa' | — Uaa' + U
l+o00\l1+0 1+o
1 1
=— — (Ua(l = 0)a' — Uaa') — Uaa' + U
l+o0o o
1 1
1+00( a( a)a) 1+0 aa+
1
(UaaT) Uaa' + U
1+0 o
which simplifies down directly to U, thus concluding our proof. [ |

An example illustrating a more complicated version of this result is provided in Section 3.4.

2.6 Involutions of B, (n > 1)

As analogy with Section 2.3, we consider the involutions of the unit ball B,, in higher dimen-
sions. As in the case n = 1, involutory proper maps in the n > 1 case are biholomorphisms,

and therefore automatically linear fractional transformations. While several references, e.g.
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[Rud08], discuss the following lemma as a source of involutions, they do not give a complete
classification of all involutions (Proposition 2.6.1 below).

A common technique for finding normal, or normalized, forms for a function is to conju-
gate by some map (e.g. in order to pick a preferred fixed point). Involutions are particularly
nice maps with which to conjugate, because the inverse map is known. In complex di-
mensions n > 1, computing the inverse map, even for a linear fractional transformation, is

considerably more tedious, so involutions are even more attractive.

Lemma 2.6.1 For each choice of a € B,,, the linear fractional transformation

a— Ly(2)

va(2) = ¢(2;a) = m

is an involution of B,,. Here, L,(z) denotes the map

(2,a)
—a
14+ +/1—al?

For shorthand, we can denote /1 — |a|? by 0,, which we write as ¢ when there is no potential

z /1 —|a]?z+

for confusion.

Proof. We want to show that ¢,(¢.(z)) = z for any vector z € B,,. Fix z and decompose it
into a component parallel to a and a component in the plane orthogonal to a, i.e., as ca + B
with ¢ explicitly given by (z,a) /|a|?, and so B is a vector in B,, such that (B, a) = 0. Since

L, is a linear map, we have L,(2) = cLy(a) + Ly(B). It is easy to see that L,(B) = 0B, and

that
2
a
Ly(a) = oa+ 1|_|_|0
(557
— o+
l1+o
=(c+1—0)a=a
S0

L.(2) = Ly(ca+ B) = ca+0B.
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We can now compute ¢,(z) as follows.

©va(2) = pa(ca + B)
_a— Ly(ca+ B)
"~ 1—{ca+ B,a)
a—ca—oB
1 —c{a,a) — (B, a)
(1—¢c)a—0oB
1 —clal?
_1-c o
B 1—c]a\2a_ 1 —clal?

B.

As shorthand, we denote this by cia + ¢ B.

Since ¢, (z) is in a very similar form as z, namely a linear combination of @ and B, similar

calculations show the following.

Pa(Pa(2)) = palcra + c2B)
_a— Ly(cia+ c2B)
~ 1—{(cia + B, a)
_a—c1Lg(a) — caLo(B)
- 1—c{a,a) —cy (B, a)

a—ca— coB

1 —¢lal?
l1—¢ Co0
a j—
1 —clal? 1 —¢lal?

B.

It only remains to calculate the two new coefficients. The common denominator 1—c;|a|?
is
1—c af? = 1—cla]* —|al* +ca*  1—af?
1—cla2™" 1 —clal? 1 —clal?

so the coefficient of a in ¢,(p.(2)) is

1 1—c
1—cla]2 1—cla*—(1-¢)
= = C
1—af” 1—|af?
1 —clal?
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and the coefficient of B is

o
1—c]a|20_ o? _,
L—]a® = 1-|a?
1 —clal?
thus proving that indeed ¢, (p.(ca + B)) = ca + B. |

Remark 2.6.1 An alternative proof of this result can be centered on the multivariable ana-
logue of the Schwarz Lemma that is known as Cartan’s (Uniqueness) Theorem. Cartan’s
Theorem states (see e.q. [Rud08] or [Leb19]) that if f is a self-map of a bounded, connected,
open set U C C™ with a fized point f(p) = p such that f'(p) is the identity matriz, then f is
the identity function on the entire domain U. The proof above is then reduced to observing
that the composition @, o @, satisfies the hypotheses of the theorem, in particular with p = 0

(or with p = a).

Though the usual proof of Cartan’s Theorem (see also the books [BM48], [Sch05], as well as
the original paper [Car30]) conceals the geometric understanding of the above computations,
it is worth mentioning. The proof considers Cauchy estimates of iterated compositions f°/
of our self-mapping, and concludes that the higher-degree terms in a power series expansion
around the fixed point must vanish. The appearance of iterated functions almost a century
ago, especially in the proof of a result whose statement does not indicate iteration, is strong
evidence that iterated functions deserve focused study.

As in the B; case, there are involutions where the unitary matrix (here generalizing
the lead €% coefficient) is not the identity. The following lemma introduces a notational

convenience for dealing with the more general linear fractional transformations B,, — B,,.

Lemma 2.6.2 The linear fractional transformations @, satisfy the following functional re-

lationship with unitary matrices U :

o(Ux;a) = Up(x;U'a).
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Proof. We can start with the right side, Up(z; UTa). We know that

o(z; UTa) _ N Uta — /1= 1UTal TTapPa — <x, UTa> Uty
’ 1 —(x,Ufa) 1+

1— |Uta?

and multiplying by U on the left, coupled with the fact that UU'a = Ia = a because U is

unitary, we see that

]
U(p(a:;UTa):;<a—\/1—|UTa|2Ux—1+<x’Ua> a).

1 — (z,Uta) V1= 1|Utal?
The length of any vector a is unchanged under the action of a unitary matrix, so |Ua| = |a,
and

1 <:1c,UTa>
T — 1 2 )
Up(x;U'a) 1= (z.0%a) (a A/ la|?Ux ! - |a|2a>

Since UT is the adjoint of U, we can rewrite the inner products <a:, U Ta> as (Uzx,a). Finally,

we have
1 (Uzx,a)
Up(z;Ula) = ——— [ a — /1 = |a]2Us — ——F—a ] .
o ) 1—(Ux,a)( la 1+ /1— a2 )
Of course, the right-hand side here is precisely ¢(Uz;a). |

Using the above lemma to help streamline our work, we can now prove a result of partic-
ular interest, namely the classification of all involutions of B,,. We will see a generalization
of this result to a new setting at the end of the next chapter. This result is new, as far as

the author is aware.

Proposition 2.6.1 Suppose f : B, — B, is a holomorphic map. The composition f o f is

L,
the identity function if and only if f can be written in the form Ul (2)

——F— with Ua =
1= (z,a) wi a=a

and U? = 1.

Proof. We must prove both directions.

(=) If f is an involution of B, then it is an automorphism. As in Section 2.5, it must
have the form f(z) = Ug(z;a) for some U and a. Now if f(f(z)) = 2, then in particular
f(f(a)) = a. We can explicitly describe f(f(a)) in terms of U and a, and it has a simple

form. First, we note that f(a) is zero. Thus f(f(a)) = f(0). Plugging 0 into f immediately
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gives f(0) = Ua. Consequently, f(f(a)) = a implies that Ua = a. Hence, a is either the
zero vector, or a is an eigenvector of U (with eigenvalue one).

If a is zero, then f(z) = Uyp(z;0) simplifies to —Uz. Here, f(f(z)) = z is easy to study:
f(f(2)) = =U(=Uz) = U?z. Since U?z = z must hold for all choices of z € B,,, the unitary
U? is the identity matrix.

If a is nonzero, we know that Ua = a. Here our lemma p(Uz;a) = Up(x;U'a) helps
us; f(f(2)) = Up(Up(z;a);a) becomes U%p(p(z;Uta); a) after one application. We notice
that U'a = a because U is unitary (to be clear: Ua = a is equivalent to U~ 'Ua = U~ 1a,
which in turn says @ = U~ la; i.e. a = U'a). As a consequence of Ula = a, we see
that U?p(p(z; Uta); a) simplifies to U%p(p(z;a);a). We can directly use that ¢(—;a) is an
involution to further simplify to U?z. That is, if a # 0 and Ua = a, then f(f(z)) simplifies
to U?z. Since f(f(z)) = z identically, we again find that U? = I.

(<) Suppose that Ua = a and U? = I. We want to show that f(f(z)) is the iden-
tity function. Since f is a map of the form f(z) = Up(z;a), we can simplify f(f(z)) =
Up(Up(z;a);a). Applying the lemma, we can write Up(Up(2;a);a) as U%p(p(z;Uta); a).
Applying the fact that U? = I and that U'a = a, f(f(z)) simplifies to p(p(2;a);a). But

©(—;a) is an involution (Lemma 2.6.1), so we are done. |

2.7 Higher-order self-maps of B,

Calculations similar to those in Section 2.4 can be performed to make progress towards
finding solutions to f°" in the situation that f is a proper map B,, — B,,. We will see that
difficulties arise because of the non-commutative nature of the components U and a of the
linear fractional transformations when n > 1. Of course, we assume n > 1 for the remainder
of the section.

Any proper map f : B, — B, is a linear fractional transformation, so has the form

T (2,a)
a — 1-— aQZ——a
. a 1+ /1 |a?

1—(z,a)
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In order to simplify the calculations going forward, we will leverage the well-known corre-
spondence (which works for n > 1) between linear fractional transformations and matrices
in the special linear group SL(n + 1,C), which consists of the multiplicative collection of
(n+ 1) x (n+ 1) matrices with complex entries, modulo nonzero scalar multiples.

To be more precise, we note that the general linear fractional transform has form

Mz+wv
Zrr
wlz + ¢
where M is an an n x n matrix, v and w are n x 1 (column) vectors, ¢ is a scalar, and the
product w?z denotes the usual bilinear inner product w - z (as opposed to the sesquilinear
inner product used in other sections). This linear fractional transformation is unchanged

when the parameters M, v, w, and c are all simultaneously rescaled by nonzero scalar

A € C, since
AMz + v

S (Aw)z + Ac

is the same function.
This identification is especially useful because composition of linear fractional transfor-
mations is modeled by multiplication of (block) matrices. For example, if F(z) is given by

M M v
crv and G(z) is given by TZ——:_UN, then we can clearly identify the composition
wl'z+¢

wlz + ¢
Mz+ 79
=T -t MMZ—}—M@—FQI}TZU—F&}
F(G(Z)) _ U}N z4+c _ -
rMz+70 wr Mz + wTv 4+ cw’z + cé
?—FC
wtz+c
with the matrix product
M v| |M @ MM +vo" Mo+ v
wl cf |07 ¢ wI M + cT wTo + cé

Under this identification, the form for a linear fractional transformation f : B, — B,

found in section 2.5 can be written as a matrix

—oU — Uad' Ua

1+0
—al 1
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where we have again used the notation o = /1 — |a|?. If desired, this matrix representation

of f can also be factored as

1
U 0| |0l + zaa" —a
0 1 —al 1
In the case that a is the zero vector, the matrix representation for f simplifies drastically

to [V Y], so the matrix representation for f°"(z) is given by

n

U 0 (—1)"U™ 0
0 1 0 1
In the case a = 0, f°"(z) = z if and only if (—1)"U™ is the identity matrix. (The negative

sign distinguishing this result from the analogous discussion when in the case of maps D — D

)

In the case that a is not the zero vector, difficulty in the computations arises quite quickly.

zZ—a La— 2z
0 — and e —.
—az 1—az

arises because of the alternative format used here. Compare e’

Consider, for instance, the matrix representation of f o f(z). Here, we have
o2U? + 1;LUUQCL(IT + 1ergUaaTU + ﬁ(]aaTUaaT —Uaa! —oU?a — 1J%UUCLCLTUCL +Ua
1
oalU + H—UczTUaaT —al —a'Ua +1
We notice that expressions of the form a'U’a appear, and are scalars, so we denote these by

fte. This simplifies our matrix representation of f°% to

o?U? + IJ%UU%LQT + 1erUUaaTU + (lig)g Uaa' — Uaat —oU?a — ﬁ—lgUa +Ua
oa'U + i%cﬂ —al —p1+ 1
which allows us to group terms more effectively

U + (15 + gl — 1) Uadl + 12 UadlU —oU%a+ (1 - £4) Ua
aaTU—I—(l’i—la—l)aT 1—
Generally, we can write the matrix representing f°" in the form

-U 0 o,  —fnha

0 1| |—a'é, 7
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where oy = ol + H%acﬁ (denote this matrix R), f; = d; = I, and 7, = 1, and we have the

recursion relations

apy1 = —RUa, + aa'é,
5n+1 = _RUﬁn + M
Yn+1 = TVn — aTUﬁna

5n+1 = 571 - UOén

When a = 0, R is the identity matrix.

2.8 Some Rational Proper Maps B, — By where N >n > 1

Generically, proper maps can be quite wild. A result of Dor [Dor90] shows that there exists
proper maps (which are not rational) B,, — B,,,; for each n > 2 which cannot be extended
to be C? in a neighborhood of the boundary. By contrast, Forstneri¢ [For89] showed that
any map B,, — By which extends to the boundary with sufficient regularity (specifically, if
the function is class CV~""1) is necessarily rational.

In this section, we state some known results regarding rational maps B, — By that
are proper. While these maps are certainly more ‘interesting’ than automorphisms, their
classification is considerably more subtle, and requires more assumptions with regards to
regularity of the maps as they extend to the boundary of the domain (if they do indeed
extend to the boundary). Any maps appearing in this section are potential fodder for
constructing examples of the type which appear in Chapter 3.

A fruitful notion of equivalence is the following.

Definition 2.8.1 Two proper maps f,q : B, — By are called spherically equivalent if there

exists automorphisms (see Section 2.5) ¢ : B, — B,, and v : By — By such that pog = foep.

This notion is a common choice for distinguishing proper maps. The maps By, — B, are

already known, so we state the next case.
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Example 2.8.1 (Faran’s maps) According to Faran [Far82], the only proper maps By —

B3 which extend to the boundary as C* functions are
o (z,w)— (z,w,0),
o (z,w)— (2, zw,w?),
o (z,w) — (22, w? V2zw), and
o (z,w) — (2, w?, V32w),
up to spherical equivalence.
For n > 2, the behavior (at least when N = n + 1) is simpler.

Example 2.8.2 For n > 3, Webster [Web79] showed that there is precisely one rational
proper map B,, — B, 11, up to spherical equivalence. That is, every rational map B,, — B, 14

is spherically equivalent to the linear embedding z — (z,0).

For n > 3, there is a nice trichotomy. Faran [Far86] showed that there is only one
spherical equivalence class for proper maps B,, — By when N < 2n — 2. Huang and Ji
[HJO1] showed that there are two spherical equivalence classes B,, — Bs,,_1, represented by

the linear embedding and the Whitney map

(21, s 20) = (2050 Znety 2021, o 22).

Finally, D’Angelo [D’A88] showed that there are infinitely many spherically inequivalent

maps, as illustrated by the family of maps
(2", 2,) = (2, 2, co8 0, 2,2 sin 0)

where 6 takes some fixed value in (0, 7/2).
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CHAPTER III
PROPER MAPS B, , — By x

We are ready to define our principal object of study. In recent years, Jiri Lebl, Alan
Noell, and Sivaguru Ravisankar have studied extensions of functions that are defined on a
relatively open subset of C" x R to neighborhoods in C" x C [LNR17b, LNR17a, LNR19].
In particular, in [LNR17b], the authors specify the space {(z,s) € C* x R : ||2]|* + |s|*> < 1}
[their notation] as the model case.

In earlier work, John D’Angelo and Jiri Lebl [DL16] studied homotopies between rational
proper maps, which introduces the additional real parameter ¢. Expressions like their exam-
ple (22,v/2 — 122w, tw, v/1 — t2w?) will look similar to expressions below. In that paper, the
examples given are proper for every value of ¢ in the interval [0, 1].

In this chapter, we abstract the two avenues above by considering proper maps defined
between spaces of the following form.

Definition 3.0.1 We denote the unit ball in C* x R* by B, .. That is, B, denotes the set

{(2,8) = (21, -y Zny 81y -5 8k) ECP X RF 212+ -+ 2P+ 87+ + 52 < 1}.

When k£ = 0, we may continue writing B,, for B,, o especially when we have reason to think
of B,, o in the context of Chapter 2 (for example, in Theorem 3.1.1 below).

In general, maps f from C" x R¥ to CY x R¥X can be written as having n + k input
variables, which we will call z,..., z,,s1,...,8;. The function f has N + K components;
we aggregate the first N components into a vector-valued function, say ¢, and the last K
components into a vector-valued function, say h. We will occasionally write 7_, f for g and
T | for h.

Observe that a priori both g and h have domain C" x R¥. We will insist that all functions
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of the complex coordinates z1, . . ., z, are holomorphic. Since h is thus a holomorphic function
of complex variables with its image lying in R¥, the function A must be constant with respect
to the complex variables (an elementary consequence of the Cauchy-Riemann equations, for
example). That is, any such map f can be written as a pair of maps g : C* x R* — CN x R¥
and h : RF — RX.

Throughout this chapter, we will see various ways to construct proper maps using proper
maps B,, — By along with additional data, such as auxiliary maps By, — Bo x. Let us start

with the following simple example.

Example 3.0.1 The maps B,,1 — B,1: (2,s) — (2 exp(l%s),s) and B, — B,k : (2,5) —

(zexp el s) are proper.

With this example, we can illustrate the usual way to check if a map B,, , — By i is proper.
We compute 1 — |f(z,s)]? and check if this can be factored as a product of 1 — |z]? — |s|?
(a defining function for the domain) multiplied by an expression in terms of z and s which
is bounded on the closed ball En,k. Indeed, we can compute here that the squared norm of

2

these maps is |z|> + |s|?, s0 1 — | f(z,5)]* is 1 — |z]*> — |s|? on the nose.

The following is a nontrivial example built using Example 2.8.1 from the last chapter.

Example 3.0.2 The map f: By — B3, defined by mapping (z,w,s) to

1S proper.

It is an exercise in algebra (or the use of a computer algebra system) to show that

1 — |f(z,w,s)|* factors as a product of

|2 |w]®
1-sY)(1- -
( S)( 1-s2 1—s2

with the rational function

R E N N N G PG B
1—s2 (1-s2)2 1-52 (1-52)2 (1-s2)2
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which we will write as X (z,w,s). The product of the first two factors can be written as
(14 s*)(1 — s — |z]* = |w|?), so it suffices to show that the rational function X (z,w,s) is

bounded. Observe that because the points (z,w,s) € By satisfy |z|> + |w|? + s* < 1 and

2 2
thus in particular ‘2’1;‘1:‘ < 1, we can bound X above:
-5
z|? 2| w|? w|* w|?|z|?
R R NN 7 NN 2 LU G

1—s2 (1—-s2)2 1—-3s2 (1-52)2 (1-—s2)?
T A e N el O 4l L i S A il UL
<l+—— _ — ] <6.
=1t 1 — 52 + 1—352 + 1 — 52 + 1—352 + 1—352

While the construction of this last example is opaque (for the moment), the reader can

recognize the numerators of each component function. One expects that we should be able
to recover the example from last chapter, somehow. The first definition in the next section

clarifies the relationship.

3.1 Relating Mixed-Type Proper Maps to Complex Proper Maps

To distinguish proper maps between spaces of the form B,, from proper maps between spaces
of the form B, ;, we will refer to the former as proper holomorphic maps or complex proper
maps, and the latter as mized-type proper maps. Usually, the distinction will be perfectly
clear from context, as in the following theorem, and we could refer to both as proper maps
without confusion.

At times, we will be concerned with the regularity of our proper maps with respect to
their real variables. We say that a mixed-type proper map f : B, — By i is of class Propqo
if it is holomorphic and (jointly) continuous; more generally we say f is of class Propg. if
it is proper, holomorphic, and of class C*. In the cases where a mixed-type proper map f
in class Prop.« extends continuously to the boundary with ¢ derivatives, we say that f is of
class Propc:. Finally, we say that the mixed-type proper map f is Ratg or Ratcg if it is a
rational in z or rational in z and s, respectively, and is (jointly) continuous.

Recall that the map f can always be written as a pair of maps (g, h) where h does not

depend on the complex variable(s) z. Because of this decomposition, holomorphicity of f is

35



completely encoded by holomorphicity of g. In particular, the map g, when viewed correctly
(Theorem 3.1.1 below), is itself a proper map. In order to have explicit notation, we make

the following definition.

Definition 3.1.1 For a mized-type proper map f = (g,h) : Bpx — By x of any class, we
can associate at each s € By a map (which we call a leaf map)

g(zv1 = sl s)

A Dz
ez =

It is not difficult to show, but it is of extreme importance for this chapter, that each
such associated leaf map is in fact a complex proper map, i.e. is proper in the sense of the

previous chapter.

Theorem 3.1.1 The leaf maps A, [f] associated to a mized-type proper map f : B, —

By x of any class are proper holomorphic maps B,, — By.

Proof. Checking the domain and target is trivial.

Assume that f is proper, so whenever 1 — |z|? — |s|? tends to zero, so does 1 —|g(z, s)|* —
|h(s)|?. Fix s € Byy. To show that A,[f] is proper, we want to show that whenever 1 — |w|?
tends to zero, so too does 1 — |A,[f](w)|%. For each point w € B, the point (w+/1 = [s]2, s)
is in B, x, and vice versa, for every point (z,s) € B, the point w = z/\/l—7|s|2 is in B,

since
z

1 —[sf?

N I Bl
Sl 1= fs

Now let {w,}, be a sequence in B,, which tends to the boundary. Define the sequence
{(wn/1 —|5|%,8)}n in B, k. This sequence tends to the boundary, too. We now look at the

behavior of the sequence {A;[f](wn)}n. The quantity 1 — [A;[f](w,)[* can be written as

1 — |h(s)[* = lg(zn, 5)I*
1 —[h(s)” '

The numerator tends to zero because the map f is proper. [ |

The next lemma will help with algebraic book-keeping in the rest of the chapter.
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Lemma 3.1.1 Let f = (¢,h) : By — By and F = (G, H) : B,y — By x be mized-type
proper maps of any class. For any s € Boy, the leaf of the composition taken at s is given

by the composition of leaf maps in the following way:

MJFo 1] = Mo [F] o A1)

Proof. This is a straightforward computation. Observe that plugging f(z, s) = (g9(z, s), h(s))
into F'(z,s) = (G(z,s), H(s)) yields Fof(z,s) = (G(g(z, s),h(s)), H(h(s))) so the leaf map

of the composition is

G(g (, V1—1sP, s), h(s))

\/ 1— [H(h(s))[?
By comparison, the separate leaf maps are

N [F]:G(Z L-OPM) w ] = SCVTTE )
: S HAG)P S T AP

so in the composition, the factors y/1 — |h(s)|? cancel appropriately. [ |

Aj[Fof]:zm

One can morally reverse the process in the definition above in order to define a ‘promotion’
of a proper holomorphic map ¢g : B, — By along a map h : Byi — By x to produce the

mixed-type proper map

A’l(g, h):Bnr — Byni:(2,8)— (g(

S VIR

This promotion inverts the leaf map in the sense that

A, [A’l(g, h)} =g(z) and A’l(As [ﬂ,h) = f(z,5).

Remark 3.1.1 For any orthogonal matriz Q, the function I'g(g, h) defined by taking (z, s)

to

(g(wfr:TWE)x/__Tﬁ__P'Qh )

satisfies As[Tq(g,h)](2) = g(2). However, we note that To(As[f], h(s)) is the map taking =
to (9(z,s)Qh(s)).

Other variations are possible.
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Despite not being a completely canonical construction, many examples in this chapter are
constructed by using modifications of this A~!, including Example 3.0.2 above.

The correspondence between mixed-type proper maps B,, , — By x and leaf maps B,, —
By allures the reader to consider the role of functors in our discussion. There is an awkward
way to define such a functor, but Lemma 3.1.1 illustrates why the most direct attempt at

definition of a functor fails.
Remark 3.1.2 If we insist that h(0) = 0, then Ay is a functor.

More generally, if we insist that h(s.) = s. for some fixed s, € By, then A, is a functor.
We now turn to discussing the real components of our functions. More lurks here than

one might first imagine.

Example 3.1.1 [t is not necessary for the projection onto the real coordinates to take values

near one, as the mized-type proper map' example f : B, 1 — B, 111 defined by

e = (222 2

V10

There are two natural potential ameliorations to this problem. One could refactor this

tllustrates. The map s — s not a proper map By, — By ;.

example, and instead view the map as an example B, ; — B, 2. That is, the ‘real’ portion
245 2—s5

V10 V10

as can be verified by checking that 1 — |h(s)|? is given by (1 — s?). This will not generally

of the map can be viewed as s +— ( ) This is indeed a proper map By ; — By 2,
work.

The second reasonable consideration, especially in light of the definition of the leaf maps
above, is to consider rescaling the image of the h function. Or, instead, to ask if h need be
proper onto its image. This also fails. See Theorem 3.3.1 to see that h can be chosen quite

freely.

'We can verify that f is proper by computing 1 — |f(z,s)[> = £(1 — |2[* — s?).
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Despite this promised failure, we have this comforting result, which says that the as-
sociated map h is indeed a proper map in its own right when the complex dimensions are

equal.

Theorem 3.1.2 If f : B, — B,k : (2,5) — (g(2, ), h(s)) is a mized-type proper map of

any class, then the map h : By — By x s proper.

Proof. For each s, we have a proper holomorphic map g, := A, [ ﬂ : B, — B,. Since such
Js 1s necessarily an automorphism of the ball by the result of [Ale77a], there is a preimage
a = a(s) of 0 under g,. That is, for each s, g(a(s)\/1 — [s[?, ) is zero. We note that the
map s > a(s)y/1 — [s|2 =: A(s) must be continuous if f is, by Theorem 2.5.1. Now consider
the limit as (z, s) approaches the boundary of B,, , along the specific path s — (A(s), s) to
see that

1 =lm]|f(A(s),s)| =lim|(0,h(s))] = lim |h(s)|
as needed. [ |

We can also intuit from this why h will not necessarily need not be proper when the complex
codimension increases. Crucial for the proof was the existence of the path along which
lim |h(s)| = 1 as s approaches the boundary. In particular, when the complex dimension of
the target is larger than the complex dimension of the source, it is possible that the image

under A [ f] avoids the origin completely. See, for instance, Theorem 3.3.1.

3.2 Equivalences of Proper Maps

In this section, we discuss two usual notions equivalence as relevant in this setting.

Example 3.2.1 The map [ : By — By given by

(2,0) s=0

(\/iW’S> s#0
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1s a mized-type proper map. For any choice of nonzero s, the leaf maps Ay [f] and A [f} are
inequivalent (in the sense of definition below) as maps By — By. Indeed, we observe that f

18 not even continuous inside the domain.

Definition 3.2.1 We say that two proper maps (of the same class) fo, f1 : X — Y are
homotopy equivalent if there exists a function F continuous on I x X such that F(t,—) is
a proper map X — Y for every value of t € [0,1], and such that z — F(0, z) is the same

function as fo and similarly F(1,—) = f1.

As far as we are concerned, only proper maps f which are (at least) continuous will be of
interest. (See Example 3.2.1 above.) In this case, we can consider F' as a continuous map
from the product space [0, 1] x B,, ; to the codomain By f, and further we assume that F' is

holomorphic with respect to the complex variables.

Proposition 3.2.1 Promotion of g1 along hy is homotopy equivalent to promotion of gs

along hs if and only if g1 is homotopy equivalent to go and hy is homotopy equivalent to hs.

Proof. (=) Assume that G is a homotopy connecting g; and g¢o, and that H, is a homotopy
connecting h; and hy. Then A™'(Gy, Hy) is clearly a homotopy connecting A~*(gy, hy) and
A~ (g2, ha).

(<) If F} is a homotopy connecting A~' (g1, hi) and A~ (ga, he), then 7_, F} is a homotopy

connecting hy and ho, and A, [Ft] is a homotopy connecting ¢g; and g». |

The following is an example illustrating how one might utilize information from proper

holomorphic maps (chapter two) to understand the forms of mixed-type proper maps.

Proposition 3.2.2 Let f be a mized-type proper map By — B3 x of class Ratc, i.e., every
leaf map z — f(z,$) is a rational function and f is continuous. All leaf maps {As [ﬂ 1S5 €

Box} are the same, up to spherical equivalence.

Proof. Let f : Byr — B3k be such a map. For any choices s and s’ in By, convexity of

By, tells us that (1 —t)s + ts’ is a path within By connecting s (when ¢t = 0) to s’ (when
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t = 1). The map G, defined by Aq_y)stts [ f] is clearly continuous in ¢, and so is a homotopy
equivalence of the rational proper holomorphic maps By, — B3 given by A; [ f} and Ay [ f]
Further, for each value of ¢ in the interval [0, 1], the proper holomorphic map G; : By — Bj is
rational. By [DL16, Corollary 3.2], the spherically inequivalent maps enumerated by Faran

are homotopically inequivalent. [ |

This leads to a natural question. If every leaf of a map B, — B3 is spherically equivalent,
is it possible to aggregate these leaf-level spherical equivalence maps in a nice way? The
answer, sadly, is ‘no’.

In order to construct an example that does not work well, it is helpful to use a proper

holomorphic map B,, — By where the degrees of the component mappings are not all equal.

Example 3.2.2 Recall from Example 3.0.2 the mized-type proper map By — B3, defined

by sending (z,w, s) to

This is constructed by considering A= ((23,w®, v/3zw), s*) and appropriately (or, inappro-
priately ) ‘twisting’ the first coordinate. There are no mixed-type proper bijections (of class

Propeo) ¥ :Bsy — Bsy and @ : Boy — Bay such that A, [\If ofo <I>] is independent of s.

Proof. The map ® is completely determined by ¢, := A, [@} and the real map 7(s) := TP
(Put another way, ® = A~(¢,,n). See the discussion immediately preceding Remark 3.1.1.)
We first show that 7 is a bijection. Suppose that s; and s, in By are mapped to the same
image under 7, i.e. 1(s1) = n(s2). We consider the leaf maps at these points. Observe that
Os, = N, [CI)] and ¢, = A, [(I)} are both holomorphic proper maps By — Bs. By Alexander’s

result, both ¢5, and ¢, are thus automorphisms of Bs; in particular, they are surjective.

Choose z; and z; such that ¢, (z1) and ¢s,(22) are zero. For these choices we have
zin/1 — |s;]?
Dz /1= |sil* s5) = <¢sj (ﬁ) VA |77(3j)|2777(3j)> = (0,7(s;)).
g
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Since ® was injective by hypothesis, the points (z; \/1—7|3j|2, s;) are equal for j = 1,2. In
particular, s; = so. If  were not surjective, then ® would not be surjective.

Pick any t € (0,1) and set s; = n ' (v/t), s = n7'(—=v/t). Note that s; and s, are
distinct, as verified by 1(s1) = vVt # —v/t = n(s3). We now compare the leaf maps at these

values of the real parameter. The composition rule 3.1.1 says
A0 £ 0] = Mgy [#] 0 Ay [1] 0 A, 8],

By choice of s; and s, we see that h on(s;) and h o n(sg) share the common value ¢, and
SO Apo(sy) [\If} = Apon(s2) [\IJ} Thus by composing on the left by the inverse of this common
map, we see that Ay, [Wo fo®] = A, [Vo fo®] reduces to

Ap(sr) [ﬂ oAy, [(I)] = Ay(sy) {f} oA, [(I)}

If we denote A, [CID} o (Ag, [@] )~ by (o, n), we can rewrite the desired equality as

An(Sl) [ﬂ = An(82) [f] o (a, ).

Explicitly, Ay, [ f] for our choice of f is

1
V1= Th((s)P
_ 1 ein(sl) 1 — s 423 \% 1 - |77(31)|23
V1= [h(n(s1))? < e =12
VAT Ch I
1- 77(51)23
Tt I
R
— ! <eiﬁ\/1 — \/1_5423, \/1 — \/¥4w3, V31— \/1_54221))
1— (VD)2
-t (ei*/z\/l —122° V1 — t20°, ﬁﬂzw)

V1-IVEP

= (V2 w®, V/3zw)

9((z,w) /1 = [n(s1)[2,n(s1))

An(sl) [f}

I—mn
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and similarly

Aoter)[f] 0 (0, B) = (7128w, V3zw) 0 (0, B)
= (e7Vla®, 5%, V3ap).

To have equality of these two maps, there must be valid choices of t,a, 5 such that we
simultaneously have e'Viz3 = e=Vig3 w3 = 83, and v3zw = V3af. First rewrite these

2ivt .3 3 3

equations: e*Viz3 = o3, w3 = 32, and 2w = aB. Cubing the last condition, we see that

(zw)” = (af)’
— CY3B3

_ 2V, 3,3

and hence we require that ¢%v? = 1. This can only occur if 2v/7 € 27Z, i.e. if ¢ is of the

form 72n? for some integer n. This contradicts the choice of ¢ € (0, 1). [ |

By tweaking the above construction, we can see that there are infinitely many maps f
such that A; [\IJ ofo q)} is not independent of s for any choice of ¥, ®.

The maps ® and ¥ in the previous proof play the role of the automorphisms appear-
ing in the definition of spherical equivalence in Section 2.8. It is natural to introduce the

corresponding definition here.

Definition 3.2.2 Two mized-type proper maps fi, fo : B,x — By of class C are called
spherically equivalent (in class C) if there exists mized-type proper maps ® and ¥ (in class

C) such that W o fo = f10®.

We note how the spherical equivalence classes interact with the action of ‘taking a leaf’
in the remainder of this section.

Let [g]c denote the spherical equivalence class of g, where g is a complex proper map,
and similarly let [f]cr denote the spherical equivalence class of f, where f is a mixed-type
proper map. Additionally, we define [f]cr’ to be the subset of [f]cr whose elements are of

the form Vo f o @ with the additional restriction that 7, ® is the identity map.
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Theorem 3.2.1 For any mized-type proper map f : B, — By, and for all s € By, we

have Ag[[fler] = [As[f]]e-

Proof. Fix a proper map f = (g,h) : B,y — By k.

Let W o f o ® be a representative in [f]cg/. Then, by Lemma 3.1.1,
As[Wo fo®] = A [T] o As[f] o As[].

Clearly, for each s € Bg, As [\Il} and A, [CD} are automorphisms of the appropriate balls in
the pure complex spaces.

Conversely, let Yo f o ¢ be a representative in [As [ f]]c, so that 1 is an automorphism of
By and ¢ is an automorphism of B,,. We construct ® as A~! ((ﬁ, id> and similarly ¥ is the
promotion of 1 using the identity function. These maps are both injective and surjective, so

indeed W o f o ® is in [f]cgr/. Further, A;[¥o fo®] is Yo fod. [

The more natural question is how the spherical equivalence classes relate. Of course, the
above proposition shows that we cannot expect the leaf map to commute with taking the

equivalence class, in general. We state the result.

Theorem 3.2.2 For any mized-type proper map f : B, — By x, and for all s € By, we

have the containment [Ag [f“c C A, [[f] CR}.

Proof. We need only note that [f]|cr/ is a proper subset of [f]cr. [

3.3 Some Constructions

In this section, we make some observations regarding regularity of mixed-type proper maps
and their extensions to the boundary of B, ;. We will see that, in contrast to some nice
results such as Faran’s By — B3 case, regularity in the real variables is expectedly difficult
to control.

To begin, we give a variant of an earlier example (Example 3.0.1).
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Example 3.3.1 Define the function f : B, — B, 2 by writing w for s + it and sending
(z,s,1t) to

(z, Re{w exp 1;

|w]

hin(wesp 1))

This function is proper, since |f(z,s,t)|? = |2]*+|w exp 1_"‘w||2 = |22+ |w|? = |22+ s>+ |t]?

and so 1 — | f(z,s,t)|? tends to zero as 1 — |(z, s,t)|* does.
We can also note that the map above is a bijection of B,, » with itself.

Remark 3.3.1 Example 3.0.1 is interesting in that it extends continuously to the boundary

(by the squeeze theorem), but its derivative does not. That is, the map is of class Propeo \

Propcl .

Similar to a result of Catlin and D’Angelo [CD96] which says that for each homogeneous
vector-valued polynomial p defined on C”, there is a constant M > 0 and a vector-valued
polynomial ¢ such that (ﬁp, q) is a proper holomorphic mapping of balls B,, — By, we can

look for results allowing us to suitably “add dimensions” in order to make a map proper.

Proposition 3.3.1 Let h : By — Box be a continuous map. If there exists a function

B :Bor — Boa that satisfies

sy L= B = [h(s)P

ls|—1- 1—|s|?

< 00,

then there exists a mized-type proper map f : B, — B,i1 x (which can also be viewed as a

map B, — B, x11) such that . | 1s the prescribed function h.

Proof. The construction is quite elementary, but does not necessarily extend nicely to the

boundary, i.e. the resulting map is of class Propso but not necessarily in Prop.. for ¢ > 0.

ers) - (\/ ) h<s>) .

This map is proper, since

Define

L — s — |2
1 —|sf?

L—[f(z )" = (1= B(s)* = [h(s)]")
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For this example, note that the map s+ (5(s), h(s)) must be proper. In order for the limit
from the hypothesis to exist, the numerator must approach zero, since the denominator does.

Continuity of the extension to the boundary will follow from the squeeze theorem. Both
B and h are bounded a priori, so we need only check that the leading expression vanishes
as (z,s) approaches the boundary. But z approaches zero at the only potential points of
discontinuity (i.e., when |s| — 1). At those points, we can bound the modulus of the first

term using the product of the given bounded limit superior together with the norm of z. MW

Similarly, we have the following.

Proposition 3.3.2 Let h : By — Box be any C*? real map. Then f : Bnr — Bniix
defined by

(2,8) = (VI PV = [h()P2, Is2V/T = ()P, hs) )

s a mized-type proper map of class Propeo. This can also be viewed as a mized-type proper

map B, — B, k41 of class Propeo.
Proof. This map is proper, as 1 — | f(z, s)|? is calculated to be
(1= 1el* = Is*) (X + [s]*) (1 = [R(s)[*).

We again observe that the map h : s — |s[>\/1— [h(s)[?, h(s)) is a proper map, as 1 —

[h(s)[* = (1= [h(s)[)(1 = [s]). u
Proposition 3.3.3 If h : By — Box s a map for which the quotient
1— 2 1— 20
( |h(8)1| )(| 2 [2(s)[") 18 bounded, then

—|s

(.5 s ( \/ (- 1h<s>112_><’18 ; B, o) TR, h(s))
15 a mized-type proper map.

This is a particular case of the more general following construction.
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Proposition 3.3.4 If h : By — Box and B : By — Box are maps for which

(L= [h(s)P)(A = B(s)]")

1 —|sf?

Feen o (\/ U BB IEOR b v T= TG h<s>>

18 a mized-type proper map.

18 bounded, then

Proof. Tt is straightforward algebra to verify that 1 — |f(z,s)|? factors as

(1= () (A = [B(s)*)(1 — |s]* = [2[*)
1—|sf? '

The above constructions do not guarantee nice regularity up to the boundary. For ex-
ample, the derivative of the term |h(s)|y/1 — |h(s)|? with respect to (any component of) s
is guaranteed to diverge as |s| — 1 if h is proper.

For some specific functions h, we can construct mixed-type proper maps f : B, —
By i such that the real projection 7, f is h. Sometimes, this new function extends to the

boundary with nice regularity.

Proposition 3.3.5 If h is an affine linear function By — Bo 1, say h(s) = ho + hys, and

if there exists By, 81 € R satisfying Bofy = —hohy and 85 + 83 =1 — h3 — h3, then the map
Bn,l _>Bn,2 : (Z,S) = ( B%+h%2560+5157h0+h18)

s a mized-type proper map. Further, the map B, 1 — B, » extends smoothly to the boundary,

i.e., 15 of class Propgw.

Proof. 1t is a direct computation to check that for the function f : B, ; — B, 2 as defined,

1 —|f(z,9)|? is given by

1-— (ﬁf + h?)|z|2 — ﬁg — 26018 — B%SQ — h(z) — 2hohys — h%sQ.
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The condition 8y8; = —hohy causes the linear terms to cancel. The summand 1 — 32 — h2

can be replaced by 7 + h?, and thus

L—|f(z,8) = (B + hi)(1 = |2* = )
which verifies that f is proper. Smoothness of the extension is clear because each component

of f is a polynomial. [ |

We note that the real numbers 3y and [3; in the proposition always exist. The condition
that h(Bo 1) C By, simply says that |hg £ hy| < 1. If hy happens to be zero, then we can
pick By = 0 and 3; = /1 — h3, for example, and hence the map (z, /1 — h3s, hys) is a valid

choice of mixed-type proper map. Similarly if h; = 0, the map (1/1 — h2z, /1 — hZs, ho)

is proper. For the more general case, we only note that by viewing the map’s codomain as
B,+1,1, we can even allow the choice of 3 to have complex coefficients, as can the coefficient
o(s) = (1~ B2 (1~ B~ h(s)/(1 - )2) " of =

Theorem 3.3.1 Let N > n and g : B, — By be the linear embedding z — (2,0). Let

h : Boy — Box be an arbitrary real map, and U(s) be an arbitrary map into the set of

N x N unitary matrices. Let a : Bo; — By be a function satisfying

lim a(s) € 9By \ g(Bn).

s—+1

The following map B,, 1 — By i is a mized-type proper map:
a(s) = VT = Tal)Pw — -2 (s)

f(z,8)=[U(s)v1—|h(s)]? 1 — (w,a(s))

,h(s)

where w denotes g(z/v1 — s?).

We should remark before proving this existence result that if g is the linear embedding, such

an a function always exists: let a(s) = (0,...,0,s), for example.

Proof. To check that f is proper, it suffices to verify that 1—|f(z, s)|? tends to zero as |(z, s)|

approaches 1. A lengthy but direct computation shows that 1 — |f(z,s)|*> can be factored as

(1= h(s)D)(1 = a1 — wft)— 2 L 1als)P ~ Ja(s)

1= (w,a(s)) P(1+ /T~ Ta(s)PP)
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If we can show that the denominator is well-behaved, we will be done, since the factor 1—|w|?
tends to zero (because g is proper) except possibly as |s| — 1. However, as |s| tends to 1,
we instead rely on the fact that |a(s)| tends to 1, by choice of a.

The factor 1+ /1 — [a(s)[? is bounded below, so we focus on the other factor. Because
of the Cauchy-Schwarz inequality, we know that | (w,a(s))| is bounded above by |w]||a(s)].
For all points (z, s) in the ball, |w| = |g(z/v/1 —s2)| < 1 and |a(s)| < 1. Hence the limit
of | (w,a(s)) | is bounded above by 1. The Cauchy-Schwarz inequality further tells us that
equality can only be achieved if some vector in the set of accumulation points of g(z/v/1 — s2 )
is parallel to the limit of a(s). Note that if g(z/v/1 — s2) — Xa(1) (for example) along some
path, then (w,a(s)) — (Xa(1),a(1)) = A, so unless A = 1, the denominator cannot be
zero. But we know that li7rln g(2n/+/1 — 52) cannot equal a(1), otherwise a(1) would be in

the closure of the image of g. Consequently, for any path (z,s) — (0,1), we do not have

g(z/vV1—3s%) = a(l). |

3.4 Statement of form for proper maps f: B, — B, x

Let f : B, — B, x be a map which is complex-differentiable in its complex coordinates.
That is, we write f(z,s) = (g(z,s),h(s)) and insist that g be complex-differentiable in the

z = (z1,...,2,) coordinates. By applying Ag [ﬂ given in Definition 3.1.1, we know that

_g(zy/1-]s]2,9)
A =S

that proper holomorphic maps in the equidimensional case are automorphisms, so Ay [ ﬂ is

is a proper holomorphic map B,, — B,,. Recall that [Ale77a] showed

a linear fractional transformation. If n = 1, this means that there exist parameters a = a(s)

and 6 = 0(s) so that

g(z/1—[s]*s) £i0(5) a(s) — 2

T=[h(sP  1-a(s)z
and so ;
a(s) — W=
g(z,s) = ) 1 —|h(s)|?
1—a(s) 1: =

49



For n > 1, the linear fractional transform takes a more complicated form, but from

glzv1—lsP?s) U(s) M) = Lizials))

1 —[h(s)]? 1= (z,a(s))

we can just as easily conclude that

a(s) — L(z/\/T—[s[%a(s))
2,8) = — |h(s)[?U (s
e A S Y s

or more explicitly

— . VTR
1—|h(8)\2U(8)a(8>_ e VI—P 1+ T [a()P )

1—|sf?

We introduce a small change in notation. The quantities a(s) appearing in the n = 1 and
n > 1 answer the question: what value of X makes A,[f](X) = 0 true? However, when k # 0
they do not answer the question: what value of X makes f(X,s) = 07 To correct for this,
we introduce A(s) = /1 — [s[2a(s). In some sense, these new quantities now play the role
that a did in the B,, — B,, cases, since f(A(s),s) = (0,h(s)) and f(0,s) = (U(s)A(s), h(s)).
Similar to Theorem 2.5.1, we can find explicit forms for the parameters a (or A) and U

in terms of the germ of f at z = 0.

Theorem 3.4.1 Let n > 1 be an integer, and f be a mized-type proper map B, — B, 1 of

class Propeo. Then f(z,s) has the form

A(s) _L( : Al )
N R AL Z”"tg““' h(s)
1_<¢1—|s|2’¢1—|s\2>

1—|s”
—WJ(S)T%JC(QS)

and U(s) is given below; J(s) denotes the Jacobian matriz (with respect to the complex

where A(s) is given by

coordinates) of m., f(z,s) evaluated at z = 0.
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Proof. Since Aj [ f} is a proper holomorphic map B,, — B,,, we can use the results of Sec-

tion 2.5 to conclude that a(s) can be written in the form

B 1
1 —[A[f](0)

where Dy is used to denote the Jacobian of 1 evaluated at 0.

; (DoAS[f])" AL [£](0)

Recall that the functions A, [ f} and g := 7, f are related by

As[f](Z) _ g(z\/ 1— |5’2>5)‘

1= [n(s)?

By a simple application of the chain rule,

_ (Dog)(=v/T— 5P 5) /T~ 5P

D.(A[f]) Ok
and so in particular,
Js) =D ([ = B
(3) - z:O( s[fD - /—1 — ’h(8)|2 (2,8)=(0,5) :

We can also observe that 7, f(0, s) is simply written as \/1 — |h(s)|2U(s)a(s), and is related

to A [f](0) by

T (0, 8)
A = L1
O = Aher
We have
8] =1 |Asl[f] o P A
T
_ 1 1 - |S|2 s chf(O,s)
e ( =T )> ( = \h<s>|2>
o o V) (e 0.9)
LTI )P
_ =[P
=TT her g P @ e S0
Y a9 F0.5)
AS) = == T 7 0.8
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Further using the results of Section 2.5, we can also compute the form for U(s) based on

the form of U, namely
1

1
U= —mf(o)f(o)u —=J

in Section 2.5. Note that previously o denoted /1 — |a|?, so now denotes

| 2

o TR PR VLI R e A
L= la(s) \/1 1= [h(s)]? \/1—|h(s)|2'

Consequently, we can calculate U(s) as

! ! L |sP?
<—m/\s [F1OA[F](0) - ;I) (mJ(s)>

— 9(0, 5)g(0, 5)1/ (1 — |1(5)[?) _ 1 I 1 —|sf? J(s)
_ gl () 190, 8)P 90,9 | VI-TRG)P
A e (1 |(s)? ) SRS
— |- 1 9(0,5)9(0, 5)" 1 S| VAT i
i 19(0, )2 1—[£(0,s) o 19(0, 5)|? 1— [h(s)
A=) [h(s)P
-- ! (0.5)9(0.9)' I S
E <¢1— (s)2 + /1 —|f(0, )2 1= [£(0, )] T |f(075)|2> 1—[s[?J(s)
|

Example 3.4.1 The function f : By — By given by

fi(z,w, s)M(z,w, s)
fo(z,w, s)M(z,w,s)/t
h(s)

with explicit components

fi(z,w,s) = —2s (15sw — 5t(v/3u + 10) + V3uz(v3u + 10) + 25z>

+ 2 (—3st(\/§u +10) + 3s (35w + 52) + V3uw(v/3u + 10))
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fo(z,w,8) = —2s (—3$t2(\/§u +10) + 3st (3sw + 52) + V3tuw(vV3u + 10))

2 (—5t2(\/§u +10) + V3tuz(vV3u + 10) + ¢ (155w + 25z)>

VL )t~ 16520t

M(z,w,s) = (1+ 2)° (v/3u + 10) (—3sw + 10¢ — 5z)
_4s(s 1)
h(s) = (214 1)2

where t denotes V1 — 52 and u denotes V25 — 352 is a mized-type proper* map of class

Propeo, and application of the theorem correctly recovers

1/2
a(s) = /
3s/10
and
1 2s s2—1
(5) = s2+1
1—s% 2s

Corollary 3.4.1 If f : B, — B,k is a mized-type proper map of class Ratc (and n > 1),

then the associated map A is also a rational function.
We can similarly state the following for the case n = 1, which was excluded above.

Theorem 3.4.2 Let f be a mized-type proper map By — By . Then f(z,s) has the form

Als) z
, 152 1 sl
1 — |h(s)|2619(s) \/ ‘S| _\/ ’S| ,h(é’)
A(s)z
1—
1—|s?
where A(s) is given by
_1_—|3|27T £(0,8)m... £-(0, )
1 _ |f(0’ S)|2 cn ) cnJdz )

2Indeed, 1 — |f(z,w, s)|? is a product of 1 — s? — |z|?> — |w|? and

3 (352 — 25) (52 — 25 — 1)° (s + 25 — 1) (952 — 20v/3v/25 — 352 — 175)
(s + 1)4 (V3v25 —3s2 + 10)2 (3sw + 5z — 10v/1 — s2) (3sw — 10v/1 — s2 + 5%)
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and e s given by
1—|s]*  7.f(0,s)

VIR, _ |7 f0.5)F

1= [n(s)|?

Proof. The proof works the same as the proof above. By work of Section 2.2, we have

L ALOATT)
A==, [F](0)2
and /
o AAO
L—[A[f](0)7
and the result follows. [ |

3.5 Rational Self-maps of B, ;,

We observe that mixed-type proper maps B,, , — B,, ; are more restricted than those mixed-
type proper maps that arise as restrictions of holomorphic proper maps F' : B, — B,
whose restrictions f = Flg,, are mixed-type proper maps f : B, — B, . Note that F
is a linear fractional transformation by Alexander’s result (see Section 1.4). We can write
F as a pair of functions (G, H) with G a map B,,x — B,, and H a map B, — By. The
map H must restrict to a map h = H |Bn,k which, as in the discussion at the beginning of
the chapter, must be a map h : By, — By, since it is a real-valued holomorphic function
of the complex variables. The fact that F' is a linear fractional transformation implies that
F' can be written as a fractional with a single denominator, i.e. G and H can be written
as P1/Q and P»/Q, respectively. In particular, the map h, which is the restriction of P;/Q
to a By — By, map, is a linear fractional transformation. Because the denominator @
does not depend on z € B,, we know that the function G is not only a linear fractional
transformation, it is in fact an affine linear function of z. Concrete statements about the
form of F' can be made, but these results are not used in the remainder of this chapter, so

we omit them. In the remainder of this section, we see rational mixed-type proper maps
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whose leaf projections Ag [ f} are linear fractional transformations in the complex variables,
as opposed to affine linear transformations.
The following cute result about real functions can be used to help interpret the results

of the two theorems which follow.

Lemma 3.5.1 Suppose that h is a real-valued bijection from the interval (—1,1) to itself. If

both h and h™' are rational functions, then h is a linear fractional transformation. Further,

h(z) is a function of the form :I:lz —

where a € (—1,1).
—az

Proof. For the duration of the proof, we write g for the function given by A~! on the interval
(—1,1). Note that both h and ¢ are rational functions, and thus extend to the entire Riemann
sphere meromorphically. Additionally, the identities hog(z) = z and goh(z) = z hold on the
set (—1, 1), and this set has limit points (namely all points in the closed interval [—1, 1]). By
the Identity Theorem, the two identities hold on the entire Riemann sphere; that is, A and g
are rational inverses on the Riemann sphere. Of course, both h and g must have at most one
zero and at most one pole, so it follows that h and ¢ are linear fractional transformations.
Since h is a linear fractional transformation on the Riemann sphere, it is determined
uniquely by the image of three points. We require that h(—1) is in the set {1, —1} and that
h(1) takes the other value, i.e., h(1) is in the set {1,—1} \ {h(—1)}. Our third point will

be a € (—1,1) such that h(a) = 0. This is possible, since h is surjective. The case that

h(1) =1, h(—1) = —1, and h(a) = 0 is satisfied by the function h(z) = lz —%. The case
—az

that h(1) = —1, h(—1) = 1, and h(a) = 0 is similarly satisfied by h(z) = _12 —a |
—az

For the following result, we may assume k > 1.

Theorem 3.5.1 Let f : By, — By be a mized-type proper map, so f has the form

Als) z
e Y1 ISP ng =LS
1 —
5P
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Then f is rational with rational inverse if and only if the following four functions are rational:

1 - |h<8>|2ei9(s)
V1=|sl?

Proof. Let f : By, — By be an invertible map. If f is rational in both z and s, then in

h, h™', A, and s —

particular
A(s)

0,5) = (—/T — |I(s) e 25
f(0,8) = ( |h(s)| yipmrE

is rational from which both —V\I/I'—h(s';ew(s)A(s) and h(s) must be rational. Additionally,

h(s))

0
T, g—i((), s) must be rational. We compute that 7_, 8_£ is given by

(1 _ A(S)Z ) 1 I ( ¥4 _ A(S) ) A(s)
1= |h(s) e 1—[s2 ) i—]sP  \VI—]sP i—|s2)1- |8‘2‘

|- Al 2
1—|s|?

Evaluating this at z = 0 simplifies the result considerably

of
7TC1 &

(0,5) = /1~ |h(s) 2™

(# _A@&)
VI-TsP VI— 5P
_ 1—m<wd@<k_mww)

V1—1s|? 1—|s/|?

We note that

7. f(0,5) 1—1f(0,5)|? _ 7. f(0,8) 1 — £(0,s)f(0,s)
70,5 1= [ fO. )P~ 7efo(0,5) 1= (., f(005))

is rational because of Theorem 3.4.2. It follows, then, that

A(s) =

1— ‘h(8)|2€i9(5)
VI-RE
is also rational, as it can be written as the quotient of two rational functions.
The other direction of the proof is almost obvious. If the four specified functions are
rational, the construction for f, namely

o) = VPP 2= 40
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is clearly rational. To conclude that the inverse function is rational, we can observe that the

explicit form of the inverse function

~1(5)) — » 1— |h_1(8)|2€—i9 h=1(s)
fHz,8) = A<h—( ! Ll ( | h™t(s)
B A(h=1(s)) . 1 - |h_1(8)|267i9(h*1(s))
1—[h=!(s)[? 1—[s]?

1

is formed as a composition of rational functions. [ |

We note that in the case that n = 1 and k = 1, we can say the following. By Lemma 3.5.1,

. 1= [h(s)]? Vi—a
h(s) must of the form iu, and so [1(5) simplifies to ¢

1—as V1 —]s|? 1—as

In this case, we conclude that €®) must be a rational function of s. There are many such

which is rational.

examples: for instance, P(s) 4 iQ(s) where the pair (P, Q) is a rational parameterization of

2R 1-R?
1+R2’ 1+R2

an arc unit circle, i.e., (P, Q) is of the form ( > where R is any rational function.

If f is a mixed-type proper map B, — B, then it has the form

(2, A(s))  _A(s)
1— |

|A(s)]2

A(s) — 4|1 — YT — T4

o) = V11— Ih(s)|2U(S> 1—s| 1+,4/ —|1A,(\s‘)\—|2 1 | hs)
’ V1—s2 1 (z, A(s)) ’

1—s2

1 —|h(s)]?
If f is of class Ratcgr, then in particular 7, f(0,s) = 1—||(S|Z|U(S>A(S) and
— s

7, f(0,s) = h(s) are rational.

Theorem 3.5.2 Assume n > 1. Let f : B, — B, 1 be a mized-type proper map, so f(z,s)

has the form

Als) = 4]1— AGE (= As) A(s)
TGP, Pl gy - M |
V1-IsP? [ AG)

1—|sf?

s|?
,h(s)

Suppose that f is rational with rational inverse. Then A(s) is rational, h(s) is a linear

s—a
l—as

fractional transformation of the form =+ for some a € (—1,1), and U(s) is rational.
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Proof. The form for h is given by Lemma 3.5.1. As observed in the discussion prior to this

1 —|h(s)|? V1—a?
[s)] simplifies to —a, which is itself rational.

V1 — g2 1—as

The vector-valued A(s) is a rational function if f is, because by Theorem 3.4.1, it can be

proof, we know that

expressed as a rational function of f and its derivatives evaluated at z = 0. [ |

3.6 Automorphisms and Involutions of B, ;

Recall from Theorem 3.4.2 that a mixed-type proper map f : By, — By, can be written as

1 - |h(3)|26i0(s)A(5) -z (S)
V1—s? 1_@’

Proposition 3.6.1 Suppose that f : By — By is a mized-type proper map, so f(z,s) can

be written in the form

1 - |h(3)|2€¢9(s)14(3) —z
V1—s? 1 _ Az’

1—s52

f(z,8) = h(s)

The map f is an involution f(f(z,s)) = (z,s) if and only if f is the identity function, or
f(z, ) has the form

A(s) — =z
-

where A(s) is a real-valued function satisfying the bound |A(s)| < v/1 — s2.

Proof. From Lemmas 2.3.1 and 3.5.1, we know that h(s) must either be in the form h(s) = s
-5

for some p € (—1,1). In the case h(s) = s, the composition f(f(z,s)) is

or h(s) = P

1
identically (z, s) if and only if the three quantities (1 — e®(*))A(s), (1 — s?)(1 — €¥®)), and
A(5)e?() (1 — 52)(1 —e*®)) all vanish. From the second condition, we see that e?(*) must be
identically one. If 6 is continuous, then we must have e??(*) = 1 or ¢?s) = —1. If ¢(8) = —1,

then A(s) =0, so we have

feo) = (<155 5) = (59
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If ¢®) = 1, then A(s) is undetermined, and we get

A(s) — z
f(z, S) = e S
1 -2
In the case h(s) = 1p— i , the composition f(f(z,s)) is identically (z,s) if and only if

the three conditions (1 — ps)(1 — ps — )\ /1 — p2) A(s),
(1 . 82)(1 . 621‘9(5) +p252 +p2€219(s) . 2p8),

and
(1= ) A(s) (1= ps)y/T= 47 = (1 = p)e)
all vanish. The first condition can only vanish if A(s) = 0, since 1 — ps can vanish only when

s = 1/p, and the factor 1 — ps — e?®)/1 — p?) likewise can only vanish when

IT—ps |
iep|

which occurs at at most two values of s; by continuity, A(s) vanishes everywhere. The third

Y

condition is automatically satisfied. The second condition vanishing implies that

p2i0(s) _ (1-— ps)2
1—p?

which cannot hold for all s, because the right-hand side is real and non-constant.

The other direction is a direct computation. [ |

3.7 Involutions of B, ;

In the following statement, we use a(s) instead of A(s) in order to simplify the form of the

second condition.

Theorem 3.7.1 Assumen > 1.

FEach mized-type proper map f : B, — B, depends on three auziliary functions U, A,

and h as in the statement of Theorem 3.4.1. Recall a(s) = A(s)/+/1 — |s|>. Write fuan for
f

The map fuapn is an involution if and only if the three following conditions hold.
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(a) hoh=1id
(b) U(s)a(s) = a(h(s))

(c) U(s)U(h(s)) =1
Remark 3.7.1 [t is important to note that there is at least one mized-type proper map which

satisfies this set of conditions before taking the time to prove this. Observe that U(s) = I,
a(s) =0, and h(s) = s does satisfy (a)-(c).
Proof. (<) Assume that the three conditions hold. We will show that

fU,a,h(fU,a,h(Z7 S)) = (Z, 8)‘

For convenience, we can write f(z,s) as (g(z,s),h(s)). In this notation, the composition

f o f looks like

(9(z, ), h(s)) o (9(z, 5), h(s)) = (9(9(2,5), h(5)), h(h(s))).

Condition (a) tells us that the h(h(s)) portion of the composition works as intended, so we

need only show that g(g(z, s), h(s)) simplifies to simply z.
9y 1) is a proper holomorphic map

From definition 3.1.1, we know that A, [f} = " TGr

B,, — B, and hence has form Up(z;a).

9(9(27 s), h(S))

VIZT(SIPU ()  imials)
= VI THRE)PU(h(s))e 1h((8)2 );am(s))

& VI=TsPU(s)g (U(s)so(m;a s
— VI=sPU(h(s)U(s)¢ (w(W;a s
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(c) z
= \/1 — |8‘2(’0 (90(\/1?‘8‘2,(1<8)),U(8)Ta(h(8)))

(b) z

= V1-|sPe (@(\/1?‘8‘2;@(3));@(3)) :

Finally, we can use the fact that ¢(—, a(s)) is an involution for each s, so the right-hand side

simplifies to

as needed.

(=) Assume that the map fy,, is an involution. We want to show that the three
conditions (a) h(h(s)) = s, (b) U(s)a(s) = a(h(s)), and (c) U(s)U(h(s)) = I are all satisfied.
The first condition, h(h(s)) = s, is immediately satisfied by composing f o f and looking at
the last £ components.

Consider f(f(0,s)). The inside f(0,s) is given by

0
<\/1 ~h(S)PU(s)e <ﬁ a<s>) ,h<s>> = (VI=TRGFU(s)a(s). hs))
and plugging this into f again yields

T TRGRIPU(h(s)) ( V1= he)FU(s)als). a<h<s>>)

L—n(s)P

in the first components. As we already know that h(h(s)) = s, we can simplify

F(7(0.5)) = <U<h<s>>so(v<s>a<s>; a<h<s>>),s>_

This is supposed to equal (0,s) because f is an involution, so we see that we have the

condition
Uh(s))¢ (Uls)a(s): alh(s))) = 0.
The only preimage of 0 under ¢(—, B) is B itself, so we must have that U(s)a(s) = a(h(s)),

hence showing (b).
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To see (c), for all w € B,,, we have
w=U(h(s))¢ (U(S)s0<w; a<s>);a<h<s>>>

— Uh()U ()¢ (so (wias)): U<s>-1a<h<s)>)

where the last equality follows from Lemma 2.6.2. By multiplying by the inverses of the

unitary matrices, this tells us that

Uls) MU (h(s)w = ¢ (s@(w; a(s)); U<s>-1a<h<s>>> .

Observe that the left side is a unitary transformation acting on w, so the right side is as
well. Temporarily denote this common unitary transformation by V(s), and abbreviate
U(s)"ta(h(s)) by B(s). In this notation, we have p(p(w;a(s)); B(s)) = V(s)w. Apply the

inverse of ¢(—; B(s)), i.e. p(—; B(s)) itself, to both sides to get

p(w;a(s)) = o(V(s)w; B(s)).

In particular, evaluating at w = 0 tell us that a(s) = B(s). Evaluating at w = a(s) tells us

that V(s) = I. That is, U(s)"'U(h(s))™ = I, or equivalently U(h(s))U(s) = I. [ |

We also observe that condition (b) of the theorem can be stated in terms of the rescaled

functions A(s) as
1—[s?

S)A(s) = —r0——r—
Y T

A(h(s)).
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