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CHAPTER 1 

INTRODUCTION

G eom etrical o p t ic s  was c re a te d  to  e x p la in  th e  n a tu re  and 

b eh av io r o f  l i g h t  and a lth o u g h  I t  p ro v id es  In fo rm atio n  about th e  r e 

f le c t io n ,  r e f r a c t i o n ,  and th e  I n te n s i ty  o f  l i g h t  r a y s .  I t  f a l l s  to  

fu rn ish  In fo rm atio n  abo u t p o la r i z a t io n .  I n te r f e re n c e ,  and d i f f r a c t io n .  

To tak e  th e se  l a t t e r  phenomena In to  accoun t g eo m e tric a l o p t ic s  has 

been ex tended  to  h ig h e r  o rd e r  o p t i c s .  So f a r  no a ttem p t has been made 

to  f in d  o b se rv ab le  d if fe re n c e s  p r e d ic te d  by th e se  two th e o r ie s  In  a 

curved space  tim e . In  t h i s  t h e s i s ,  we make such an a t t e n p t ,  we examine 

the  e f f e c t  o f  a  g r a v i t a t i o n a l  f i e l d  on th e  p o la r iz a t io n  o f  an 

e lec tro m ag n e tic  wave moving in  a  cu rved  space  tim e.

In  o rd e r  to  e s tim a te  th e  e f f e c t  o f  g ra v ity  on p o la r iz a t io n  

we must go to  h ig h e r  o rd e r  term s In  wave le n g th  than  j u s t  th e  

g eo m etrica l o p t ic s  l i m i t .  We th e r e f o r e  p re s e n t  In  th e  n e x t  c h a p te r  th e  

th eo ry  o f h ig h e r  o p t ic s  In  th e  c o n te x t o f g e n e ra l r e l a t i v i t y .  We devote 

ch ap te r 3 to  c a lc u la t in g  th e  e f f e c t  o f  a  g r a v i t a t io n a l  f i e l d  on p o la r i 

z a tio n  and In  th e  fo u r th  c h a p te r  we apply  ou r r e s u l t s  to  v a r io u s  types 

o f  g r a v i ta t io n a l  f i e l d s  th a t  e x i s t  In  n a tu re .



CHAPTER 2

GEOMETRICAL OPTICS AND MAXWELL’S EQUATIONS

We in te n d  to  e x p lo re  th e  r e la t io n s h ip  betw een g eo m etrica l 

o p tic s  ( th e  b ran ch  o f  o p t ic s  c h a ra c te r iz e d  by th e  n e g le c t  o f  wave le n g th )  

and M axwell’s e le c tro m a g n e tic  th e o ry  i n  th e  c o n te x t o f  g e n e ra l r e l a t i v i 

ty .

In  o rd e r  to  so lv e  o p tic s  problem s w hether in  th e  range of 

ra d io  fre q u e n c ie s  o r  l i g h t  f re q u e n c ie s , one m ust so lv e  M axwell’s  e q u a tio n s

w ith  i n i t i a l  and boundary c o n d itio n s . S in ce  M axwell’s  eq u a tio n s  can 

be so lv ed  e x a c tly  f o r  very  few r e a l  problem s one f re q u e n tly  r e s o r ts  to  

th e  s im p le r  methods o f  g eo m e tric a l o p t i c s .  A lthough th e se  methods have 

p roved  rem arkably  a c c u ra te  in  th e  o p t i c a l  domain, they  a re  very  much 

l im ite d .  They do n o t  fu rn is h  in fo rm a tio n  abou t in te r f e r e n c e ,  p o la r i z a t io n ,

o r  d i f f r a c t io n  and say  n o th in g  about n u m e rica l accu racy .

There have been  two s ig n i f i c a n t  developments so f a r  which 

connect g e o m e tr ic a l o p tic s  and Maxwell’s th e o ry . The f i r s t  one i s  due to  

Sommerfeld and Runge^and i n  t h e i r  tre a tm e n t a  fu n c tio n  u,w hich may r e p re 

s e n t  some conq>onent o f  f  o r  th e  H ertz  v e c to r ,  v is  -assumed to  s a t i s f y  a 

reduced  s c a l e r  wave eq u a tio n

2
Au +  k  u = 0 ,



where k = (Cq^q)^  w = . The s o lu t io n s  sought a re  o f  th e  form

where A i s  th e  am plitude o f  th e  wave and S i s  th e  p h ase . By re q u ir in g  

th a t  th e  assumed s o lu t io n  s a t i s f i e s  th e  above s c a le r  wave e q u a tio n  and 

l e t t i n g  k “  we g e t th e  e ik o n a l e q u a tio n  f o r  th e  phase and a d i f f e re n 

t i a l  e q u a tio n  fo r  th e  am plitude A.

The second developm ent i s  due to  L u n e b u r g ^  who In tro d u ced  

th e  n o tio n  o f an a sy m to tic  s e r i e s  s o lu t io n  o f  M axwell’s eq u a tio n s  in  

which th e  g eo m etrica l o p t ic s  f i e l d  i s  th e  f i r s t  te rm . He co n sid e red  so

lu t io n  o f  th e  type

%  + ............ 1 .
(Ü

5  = e^OkS - c t )  ^  + ...............} . (2 . 1)
w

I f  Ê and B in  eq u a tio n  (2 .1 )  a re  re q u ire d  to  s a t i s f y  M axwell’ s eq u a tio n s  

to  a l l  o rd e rs  in  ^  , we f in d  t h a t  S s a t i s f i e s  th e  e ik o n a l e q u a tio n  and 

v e c to rs  B^ s a t i s f y  some d i f f e r e n t i a l  e q u a tio n s . The zero  o rd e r term s

re p re s e n t  th e  g eo m e tric a l o p t ic s  f i e l d  and h ig h e r  o rd e r  term s a re  

c o r re c t io n s  to  g eo m etric a l o p t i c s .

Now l e t  us c o n s id e r  th e  case o f curved  sp ace  tim e and r e 

l a t e  g eo m e tric a l op tics  and M axwell’s e q u a tio n s . We w i l l  fo llo w  th e  de

velopm ent g iven  by E h le ra^  who f i t s t  w r ite s , frhe e l e c t r i c  and m agnetic f ie ld s



4

in  term s o f a s e l f  d u a l b iv e c to r  and th e n  does an expansion  s im i la r  to  

Luneburg.

Tlie so u rce  f re e  Maxwell eq u a tio n s  in  vacuum fo r  a curved space  

4
tim e a re  g iv en  by

 ̂ = 0 , (2 . 2) 
;b

+ 'b c , a  + \ a , b  '  "  ’ 

where r e p re s e n ts  c o v a r ia n t d i f f e r e n t i a t i o n ,  i . e .

and a re  th e  u s u a l C h r is to f f e l  sym bols. i s  th e  e le c tro m a g n e tic

f i e l d  te n s o r  and F*^^ i s  th e  dual o f F^^. (See eq u a tio n  A 1 .6 ). I f  

we d e f in e  a  b iv e c to r

= F^^ + iF**b ' (2 .4 )

we see  t h a t  i t  i s  s e l f  d u a l ,  i . e .  G*. = -  iG , . and th a t  M axwell’s— — aD ab

eq u a tio n s  (2 .2 )  and (2 .3 )  can be  re p la c e d  by a  s in g le  e q u a tio n

= 0 . (2 .5 )

The e l e c t r i c  and m agnetic  f i e l d s ,  as seen  by an o b se rv e r w ith  fo u r 

v e lo c i ty  u^ a r e  r e la te d  to  G^^u^.

-  iB^ = G®^u^ . ( 2 . 6)

The above r e la t io n  d e f in e s  th e  e l e c t r i c  and m agnetic f i e l d s  

only fo r  th e  o b se rv e r  w ith  four v e lo c i ty  u ^ . The above r e la t io n  a ls o  

s t a t e s  t h a t  and (tim e components o f E and 5 )  in  th e  o b se rv e rs  

r e s t  fram e a re  always ze ro .
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In  o rd e r  to  r e l a t e  g eo m e tric a l o p t ic s  and M axw ell's th eo ry  

we co n s id e r a  power s e r ie s  s o lu t io n  o f th e  type

G * ( x '. c )  -  o f

= ( + ( L „ e “ G f  .
(2 .7 )

âbwhere S i s  a  r e a l  s c a l e r  phase fu n c tio n , e i s  a  r e a l  p aram ete r and (n) 

a re  s e l f  dual b iv e c to r s .  P o s i t iv e  and n e g a t iv e  phase  r e p re s e n t  th e  r i g h t  

and l e f t  c i r c u la r ly  p o la r iz e d  waves and e i s  r e l a t e d  to  th e  wave le n g th  

(se e  eq u a tio n  3 .1 1 ).

I f  we r e q u ire  in  e q u a tio n  (2 .7 )  to  s a t i s f y  M axwell’s 

eq u a tio n  (2 .5 ) to  a l l  o rd e rs  o f  e we g e t

G+^(0 )S ,y  = 0 . (2 . 8)

G*(0)S»*^ + G+^XO)S’* + G+*(0)S’h = 0 , (2 .9 )

o f  ( n ) .^  ± i G f  (n + 1)S ,^  = 0 . (2 .1 0 )

C o n trac tin g  eq u a tio n  (2 .9 )  w ith  S ,^  g ives

G ^^(0)S’ ^S, + G+C(0)S'*S, + G +*(0)S, S ’^ = 0 . (2 .1 1 )

From eq u a tio n s  (2 .8 )  and (2 .1 1 ) we g e t

c { b ( o ) s , s ’ C = 0 . ( 2 . 12)



From eq u a tio n  (2 .1 2 ) i t  fo llo w s  th a t  th e  phase  fu n c tio n  s a t i f i e s

g^^S ,aS ,b  = 0 . (2 .13 )

Since 5 ,^ ,^  “ ^*b*a ~ ^ '  e q u a tio n  (2 .13) im p lie s

S , , S 'b  = 0 . (2 .14)a ;b

E quation (2 .1 3 ) i s  th e  w e ll known e ik o n a l e q u a tio n  and says t h a t  S = 

co n s tan t i s  a n u l l  h y p e rs u r fa c e . E quation  (2 .1 4 ) im p lie s  th a t  kg=S,^ i s

tan g en t to  a s e t  o f  n u l l  ( l i g h t l i k e )  g e o d e s ic s . E qu a tio n  (2 .8 ) says t h a t

àb (0 ) i s  a  n u l l  h iv e c to r  w ith  e ig e n v e c to r  k^  s  .

The norm als k  = S , to  th e  n u l l  h y p e rsu rfa c e  S = con

s ta n t  give us a  n u l l  congurence and allow  us to  c o n s tru c t  p a r a l l e l  t r a n s 

p o r te d  n u l l  t e t r a d s  a t  ev e ry  p o in t  in  space  tim e (s e e  appendix  A l) . The 

s e l f  dual b iv e c to r s  G®^(n) can be w r i t t e n  i n  term s o f  th e  n u l l  t e t r a d  

(see  e q u a tio n  A 1 .9 ) ,

G®^(n) = A^(n)V®^ +  #^(n)U ^^ +  C ^(n)M * . (2 .15 )

The g eo m e tric a l o p t ic s  approx im ation  i s  i d e n t i f i e d  w ith  th e  h ig h  

frequency l i m i t  i . e  e 0

,  (2 .16)T



where 0 ^ ( 0 )  = A+(0)V*h + B^(0)U^^ + C+(0) .

Maxwell’s e q u a tio n s  appea r as d i f f e r e n t i a l  e q u a tio n s  o b e y e d !  A ^(n ), 

B +(n), and C+(n). To f in d  th e se  we p u t  e q u a tio n  (2 .1 5 ) i n  eq uations

(2 , 8) end (2 . 10) ,  we g e t

B+(0) = C+(0) = 0 ,

A+ + A+8 = 0 . (2 .17 )

For n - th  o rd e r  c o r re c t io n s  we g e t ,

A^(n) + A+(n)0 -  C + (n),^  -  B +(n)ô" = 0 , (2 .18 )

C+(n) + 2C+(n)G = B + (n),^  -  B +(n){a +  Ç} , (2 .19 )

B ^ (n ) ,^  + C ^ ( n ) + B^(n){0'* -  y "  QÎ "  A ^(n)a -  2C+(n)o

± iB +(n + 1) = 0 , (2 .20 )

A + (n ) ,-  + C + (n ),^  -  A^(n)Ç,+ 2C + (n)0 ' + B+(n)6

± iC +(n + 1) = 0 , (2 .21 )

where



and

•m -  .

' t  = 'a ? *  •

-f '  ” \ ; b " ' ’ ’

« ■ ‘ \ ; b ' ” >

'X i b '^ * ’ - 

‘ X i b ' ’’ •

a T& b0 = t  m , m , a ;b

4 -  ,

a re  th e  s c a la r s  a s s o c ia te d  w ith  th e  t e t r a d .

Now l e t  us ta k e  a  look  a t  th e  fo u r  d i f f e r e n t i a l  eq u a tio n s

(2 .1 8 ) ,  ( 2 .1 9 ) , ( 2 .2 0 ) ,and (2 .2 1 ) .  E q u a tio n  (2 .1 9 ) i s  a  consequence o f 

eq u a tio n s  (2 .1 8 ) ,  ( 2 ,2 0 ) ,and (2 .2 1 ) (s e e  appendix  A2). E quations (2 .1 8 ) ,  

( 2 .2 0 ) ,and (2 .2 1 ) a re  th e  ones we w i l l  use to  f in d  A +(n), B + (n),and 

C+(n). The p rocedu re  to  f in d  th e se  n - th  o rd e r  term s i s  as fa llo w s .

F i r s t  one f in d s  th e  n u l l  ta n g e n t v e c to r  k^  and c a lc u la te s



the  t e t r a d  f i e l d .  Next one e v a lu a te s  a l l  s c a la r s  a s s o c ia te d  w ith  th e  

te t r a d  and in te g r a te s  e q u a tio n  (2 .1 7 ) fo r  A +(0). The rem ain ing  e q u a tio n s

(2 .1 8 ) ,  ( 2 .2 0 ) Ï and (2 .21) a re  so lv e d  by an i t e r a t i v e  p ro c e s s . Knowing 

A ^(n), B + (n),and  C^(n) eq u a tio n s  (2 .2 0 ) and (2 .21 ) a re  so lv ed  f o r  

B+(n + 1) and C+(n + 1 ) . Knowing B+(n + 1) and C^(n + 1) e q u a tio n  (2 .18 ) 

is  th en  so lv ed  fo r  A^(n + 1) .

In  th i s  th e s i s  we w i l l  look  a t  only th e  f i r s t  o rd e r  term s 

and they  a re  g iven  by

B + (l) = ;  lA +(0)o , (2 .22 )

C+(l) = ± i{ A + (0 ) ,-  -  A+(0)g} , (2 .2 3 )

A +(l) = ± iA +(0)f+  , (2 .2 4 )

where f^  s a t i s f i e s

I  -  '

E quation  (2 .2 5 ) i s  d i f f i c u l t  to  in t e g r a te  , how ever, i f  one i s  i n t e r e s t e d  

on ly  in  p o la r iz a t io n  e f f e c t s  B+(l) i s  a l l  th a t  i s  needed. We have 

in te g ra te d  eq u a tio n  (2 .2 5 ) to  g e t th e  e x a c t f i r s t  o rd e r  c o r re c t io n  term s 

to  g eo m e tric a l o p tic s  i n  a S chw arzsch ild  g r a v i t a t io n a l  f i e l d .  I n te r e s t e d  

re a d e rs  shou ld  see  appendix  A3.

F o r a re a d e r  who i s  n o t  f a m i l ia r  w ith  s e l f  d ual b iv e c to r s  »
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the  concept o f  u s in g  them to  r e p re s e n t  e le c tro m a g n e tic  f i e l d s  i s  r a th e r  

d i f f i c u l t  to  u n d e rs tan d . We g iv e  an example to  c le a r  th e  a i r .  L et us 

c o n s id e r  th e  s im p le  case  o f  c l a s s i c a l  e l e c t r i c  d ip o le  r a d ia t io n .  For a 

source a t  th e  o r ig in  and l i n e d  up .w ith  z a x i s ,  th e  f a r ,  in te r m e d ia te , and 

n e a r  f i e l d s  a re  g iven  by

Î  = E(0) + E ( l)  + E(2) ,

B = B(0) + Ê ( l)  + B(2) ,

where

2 (0 ) = -  .g.9S.(M ). t g  ,

5 (0) = _ p k ^ s in e  co8 (W ) ^  ,
r  (j)

2 ( 1) = £L-S|eM ){2cos0 e^ + sine e^},

2(1) = P.k  s i n ( kS) .
r 2 *

Ê (2) = ^ ^ 2 c o s 0  e^ + sinO eg}cos(kS) ,

^ ( 2) = ^  ,

where S = r  -  c t ,  k  = ^  , and p i s  th e  e l e c t r i c  d ip o le  m om ent.e^,e^ and 

are  u n i t  p o la r  v e c to r s .  The E and 2  a re  th e  ones seen  by an o b se rv e r 

w ith  fo u r  v e lo c i ty  u^ = ( 1 ,2 ) .  The s u r fa c e s  S = c o n s ta n t a re  th e  forw ard  

n u l l  cones.

S = r  -  c t ,  => k® =  ~ ( 1 , 1 ,0 ,0 )  .
n
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The o th e r  t e t r a d  v e c to rs  can b e  taken  as

t^ = ~ ( 0 , 0 , l , i )  = ^  {eg + ie^}

= ^ ( 1, 1, 0 , 0 ) .

The n o n -v an ish in g  components o f  E® -iB ^  = a re  th e  spa& ia l

components

Î - ±t = {^(0) - i ? ( 0 ) }  + {E(D -  i J ( l ) }  + {E(2) -  i f ( 2 ) } .

2
Ê(0) -  iB (0) = -  ^  slnO cos(kS){eg -  ie ^ }  ,

2
sinG 2(k u^)t cos(kS) , 

= G“‘̂ (0 )u^ ,

r

,ab,

where G^^(O) = -  ^  sinG cos(kS ) k ^ t ^ ^  .

1^(1) -  i ? ( l )  = ^  sinG  s in (k S ){ 6g -  i e  } ^  ^2 cosG sin (kS )ep , 
r

= ^  {sinG t ^  + cosG(k^ + m^) } s in (k S ) , 
r

= G^^(l)Uj^ ,

where G ^^(l) = ^  s in (k S ){ sin G  k ^ ^ t^  + 2cosG (k^^rn^^ + t^ ^ t^ '^ )}  . 
r^

J (2 )  -  iB (2) = ^  cos(kS){2cosG e^  + sinG  e^} ,

= ^  cos(kS ){/2coa8  (k^ + + s in G (t*  + t®> }»



= G
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ah,
' « “b ,

where G^^(2) = cos(kS ){2cos0(k^^in^+  t ) + s ln 0 (k ^^ t^^  -
r

G^^ can be w r i t t e n  i n  a  power s e r ie s  o f  e ( e = - ^  = ^  )

^ab _ ^ab iS /e  „ab - iS /e  
"+ ‘G = G? e  + G e ,

where G^^ = G^^(O) + eG ^^(l) + e^G®^(2) ,

and where G^^(n) = A ^ ( n ) k ^ t ^  + B^(n)m^^t^^ + C^(n){k^^m^^ + t^ ^ t^   ̂}

The c o e f f ic ie n t s  A +(n), B+(n) and C+(n) a re

2
A+(0) = -  sin© , 

c r

B+(0) = C+(0) = 0 ,

2
A +(l) = t  s i n 0 ,

“ c r

B+(l) = 0 ,

2
C+(l) = ± CO S0 ,

c r

B+(2) = -  A+(2) .  £ | '  ,
c r

and

2
C+(2) = P-ÿ -? cos© .
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The g eo m etrica l o p t ic s  term s a re

.  o f  + o f

G^^(O) = -  slnO
c r



CHAPTER 3

FIRST ORDER EFFECT ON POLARIZATION

We w i l l  examine g r a v i ty ’s e f f e c t  on p o la r i z a t io n  by re^ 

s t r i c t i n g  o u r a t t e n t io n  to  c i r c u la r ly  p o la r iz e d  e le c tro m a g n e c tie  waves. We 

w i l l  s t a r t  w ith  a  c i r c u la r ly  p o la r iz e d  wave a t  a  so u rce  and see  how a 

g r a v i t a t io n a l  f i e l d  a f f e c t s  i t  as i t  p ro p ag a te s  t h r o u ^  a  curved space 

tim e.

I t  i s  common p r a c t ic e  to  c h a ra c te r iz e  th e  s t a t e  o f  p o la r 

iz a t io n  by S tokes param eteres s ^ ,  Sg, s ^  and Sq w hich a re  d e fin ed  by%

Sĵ  =  Sq c o s 2 x  cos28 ,

Sg = Sq cos2% s in 20 ,

S3 = Sg s in 2x ,

where x c h a r a c te r iz e s  th e  e l l i p t i c i t y  and th e  sen se  in  w hich th e  e l l i p s e

i s  b e in g  d e s c r ib e d ,  6 s p e c if ie s  the  o r ie n t a t i o n  o f  th e  e l l i p s e  and 

2 2 2 hSg = (S j + S2 + Sg) i s  p ro p o r tio n a l to  th e  t o t a l  i n t e n s i t y  o f  the  wave. 

R igh t o r  l e f t  handed c i r c u la r ly  p o la r iz e d  waves a re  c h a ra c te r iz e d  by 

S j = s^ = 0 and l i n e a r ly  p o la r iz e d  waves by Sg = 0 .

We can take  th e  q u a n tity

14
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(S j +  s )
P  ^ -----—  , (3 .1 )

®0

as a  m easure o f th e  e f f e c t  o f  g ra v ity  on p o la r i z a t io n .  P h y s ic a l ly  P

re p re s e n t th e  r a t i o  o f  th e  p a r t  o f  th e  in t e n s i ty  o f th e  wave which i s

l i n e a r ly  p o la r iz e d  to  th e  t o t a l  in t e n s i ty  o f  the  wave. I f  we p u t a

c i r c u la r ly  p o la r iz e d  wave i n  a g r a v i t a t i o n a l  f i e l d  th e n  P w i l l  t e l l  us

how much o f  th e  wave h a s  become l i n e a r ly  p o la r iz e d .  P d e f in e d  above can
2

be r e l a t e d  in  a s in g le  way to  th e  maximum and minimum v a lu e s  o f  E ( i . e . ,

th e  le n g th s  o f th e  m a jo r and m inor a x is  o f  th e  e l l i p s e  d e sc r ib e d  by 

the  e l e c t r i c  v e c to r  o f  th e  wave)

(8? + S ^)^
P = -----    = cos2x . (3 .2 )

0

Since

/
ta n x  = ± ----------------, (3 .3 )

2
where ± re p re s e n t  th e  p o la r i z a t io n  ( r ig h t  and l e f t  handed) and ,

2 2 E . a re  th e  maximum and minimum v a lu es  o f  E , th e  P i n  e q u a tio n  (3 .2 ) mill

reduces to

-  E^.
P = - ^  f S L .  . (3 .4 )

^max ^fflln

In  e q u a tio n  (2 .6 )  we have g iven  th e  e l e c t r i c  and m ag n e tic  f i e ld s  seen  

by an o b se rv e r  w ith  fo u r  v e lo c i ty  u^ .
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E* = E* -  iB ^ =

Assuming t h a t  th e  e le c tro m a g n e tic  wave i s  e l l i p t i c a l h y  p o la r iz e d  th e
2

maximum and minimum values o f  E a re  g iv en  by

•
(3 .5 )

P u tt in g  e q u a tio n  (3 .5 )  in  e q u a tio n  (3 .4 )  we g e t fo r  P

l s \ l
P = ■ . (3 .6 )

R e s t r i c t in g  o u r s e l f  to  r ig h t  o r  l e f t  c i r c u la r ly  p o la r iz e d  waves a t  th e

so u rce  and th en  u sing  e q u a tio n  (2 .7 )  and e q u a tio n  (2 ,15 ) to  e v a lu a te  th e  

-a.
s c a la r  p ro d u c ts  |E % |  ^nd , we g e t

|{ - 2A+B/k^m^ + m^k^) +

|A+B+ -  c ; |  , (3 .7 )

and
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-  |C+(u t p l  -{A ^B^(u^t ) -  Â+B^(u t^ )}k  

+ 2 A + C + (k \)  ( i ^ ^ )  + 2 A ^ C ^ ( k \ ) ( t ^  u^)

+ 2B^C (̂u^m®) (u  ̂t|̂ ,) + 2B^C^(m®u^)(t^v^) } ,

(3 .8 )

P u tt in g  e q u a t lo n (3 .7) and e q u a tio n  (3 .8 )  in  e q u a tio n  (3 .6 )  and ta k in g  

th e  term s on ly  up to  f i r s t  o rd e r  in  e we ge t fo r  P

E|A+(0) B + (l) |
P   -------- =-----  . (3 .9 )

|A ^(0) | ^ ( k \ ) ^

Using e q u a tio n  (2 .2 2 ) P reduces to

e |o |
P  ---------- 5-  . (3 .10 )

(k\ ) 2

S ince e i s  r e l a t e d  to  th e  wave le n g th  by

(3 .11)
( k \ )  ■

P in  eq u a tio n  (3 .10  ) becomes
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A|a|
p  -------: —  . (3 .12 )

2ii(k u^)

The above form ula has been developed only  fo r  r ig h t  and l e f t  

c i r c u la r ly  p o la r iz e d  w aves, how ever, th e  e f f e c t  on u n p o la riz e d  waves 

shou ld  be no l a r g e r  because  u n p o la rized  waves can be w r i t t e n  as  l i n e a r  

com binations o f  c i r c u la r ly  p o la r iz e d  ones.

E quation  (3 .1 2 ) t e l l s  us t h a t  th e  f i r s t  o rd e r  e f f e c t  on p o l a r 

iz a t io n  i s  p ro p o r t io n a l  to  the  s h e a r  (o) in tro d u c e d  in to  th e  l i g h t  

waves. Shear i s  u su a lly  in tro d u c e d  in to  th e  rays o f  g e o m e tric a l o p t ic s  

by an inhomogeneous in d ex  o f  r e f r a c t io n ,  however, in  cu rved  space tim e 

th e  g r a v i t a t i o n a l  f i e l d  i t s e l f  can d i s t o r t  th e  l i g h t  ray s  and produce 

sh e a r . In  th e  n ex t c h ap te r  we w i l l  look  a t  s e v e ra l  a p p l ic a t io n s  w here 

sh e a r  (o) becomes la rg e  and where P i s  most l i k e ly  to  be m easurab le .



CHAPTER 4

APPLICATIONS

In  th e  p re c e d in g  c h a p te r  we in v e s t ig a te d  g r a v i ty ’s  e f f e c t  

on p o la r iz a t io n  and found i t  t© be p ro p o r t io n a l  to  s h e a r .  In  t h i s  chap t

e r  we apply ou r r e s u l t  to  l i g h t  waves p ro p a g a tin g  in  (1) a S ch w arzsch ild  

space  tim e (2) an inhomogeneous u n iv e rs e . In  o rd e r  to  e v a lu a te  P , th e  

sh e a r  in tro d u ced  in to  th e  l i g h t  waves m ust be  c a lc u la te d  fo r  each  c a se . 

The sh e a r  (a) can be c a lc u la te d  by in te g r a t in g  th e  o p t i c a l  s c a l a r  equa

t io n s  along th e  c e n t r a l  n u l l  g e o d e s ic s ,^

0 + 0^ + | o ) 2  = % , (4 .1 )

0 + 200 = R , , , (4 .2 )dabc

w here ( ' )  re p re s e n ts  d i f f .  c e n t ia t io n  w ith  r e s p e c t  to  an a f f in e  param

e t e r  o f  th e  c e n t r a l  n u l l  r a y .  The expansion  c o e f f ic ie n t  0 i s  r e a l  and 

sh e a r  i s  in  g en e ra l com plex. The p rocedu re  f o r  f in d in g  o i s  to  e v a lu a te  

the  d r iv in g  term s o f  e q u a tio n s  (4 .1 )  and (4 .2 )  a long  th e  c e n t r a l  n u l l  

geodesic  and then  in t e g r a t e  w ith  a p p ro p r ia te  i n i t i a l  c o n d itio n s .

A

SCHWARZSCHILD GRAVITATIONAL FIELD

19
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B efore p ro ceed in g  w ith  ou r a p p l ic a t io n  l e t  us give a  b r i e f  

rev iew  o f th e  m otion of l i g h t  ray s  in  a Schw arzsch ild  f i e l d .  The 

m e tr ic  w hich g iv es  us th e  g r a v i t a t i o n a l  f i e l d  i s

ds^ = (1 -  ^ ) “ ^dr^ +  r^(sin^0d(()^ +  d0^) -  (1  -  -~ )d t^  ,

w here m i s  th e  S chw arzsch ild  mass* O rie n tin g  th e  c o o rd in a te s  such  th a t

IT  ■’0 = Y and 0 = 0 f o r  our l i g h t  ray  th e  ta n g en t v e c to r  must obey

0 = (1 -  + r V  -  (1 -  “ )d t^  .

The components o f  th e  ta n g e n t v e c to r  a re  e a s i l y  c a lc u la te d  to  be

k* -  §1 = * (4A .1)

= k { i -  (1 -  ,

where X i s  an a f f in e  p aram ete r and Z i s  th e  im p ac t p a ram eter d e f in e d  a t  

œ (see  F ig , 1 ). I n te g r a t in g  eq u a tio n  (4A .1) g iv e s  us th e  t r a j e c to r y  o f

*
N ote: we u se  th roughou t u n i t s  o f c = 1 , G = 1.
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t
/

/
/

STAR

OBSERVER

CENTRAL NULL RAY

D e f in i t io n  o f  im pact p a ram ete r % and A4». 

F i g . 1.
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l i g h t  ray s

to  -  tg  =    2----- » (4A.2)
^  (1 - -— H I  -  \ ( 1  -

+0 -  +s -  ^ --------------------  , (4A.3)
^  T ^ a  -  \ ( 1  -  

r

where and S, a re  th e  c o o rd in a te s  o f  th e  so u rce  a t  em ission  and r ^ ,

*0**^0 th e  ob serv er* s  c o o rd in a te s .

For th e  S chw arzsch ild  m e tr ic  th e  o p t i c a l  s c a l a r  eq u a tio n s
g

(4 .1 )  and (4 .2 )  become

0 + 0 + |o |2  = 0 , (4A.4)

or + 200 = , (4A.5)
r

w here th e  p hase  o f th e  d r iv in g  te rm  in  eq u a tio n  (4A.5) h as  been f ix e d  

such th a t  i f  we s t a r t  w ith  th e  sh e a r  r e a l  i t  s ta y s  r e a l .  I f  we w r i te  0 

and 0 i n  term s o f  th e  two dim ensions o f  th e  wave f r o n t  (s e e  F ig .2)

t
D+

0 ± 0 = ■—  , (4A.6)

e q u a tio n s  (4A .4)and (4A.5) become

K  -  D+ = 0 '  (4A. 7)
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fO(N

CENTRAL NULL RAY

STAR

POINT SOURCE

M otion o f  a  l i g h t  beam i n  S ch w arzsch ild

f i e l d
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O
The s o lu t io n  fo r  a  p o in t  so u rce  i s  g iven  by °

D. = U v i x ' h  - ~ - r ----- (4A.8)
R r ^ { r r { r }

D_ = 6Br s in (* ^  -  *g) , (4A.9)

2
where {r} * {1 -  A ÿ (l -  — )}  and 3 i s  the iso trop y  group parameter d e-  

r ^
fin ed  in  F ig . 2. P utting equations (4A.8) and (4A.9) in to  equation

(4A.6) and using equation (4A.1) we get fo r  the shear

-  ■—) I  £1̂
0 = %{—=— r  + -------------------------    -  -y c o tC tg  -  (|) ) }.

R r ^ { r P { r }

(4A. 10)

We o b serv e  from e q u a tio n  (4A. 10)t h a t  s h e a r  in  a  Schw arzsch ild  g r a v i ta 

t i o n a l  f i e l d  becomes la rg e  o n ly  n e a r  focus ( i . ^ .  -mir). There a re

two cases  i n  n a tu re  where th e  g r a v i t a t io n a l  f i e l d  i s  a p p ro p r ia t ly  de

s c r ib e d  by S chw arzsch ild  and where l i g h t  fo cu sin g  may be seen . Thé f i r s t  

case i s  th a t  o f  a  s ta t io n a r y  dense s t a r  ( f o r  example a n e u tro n  s ta r ) a n d  

th e  second  a  c o lla p s in g  s t a r  as i t  approaches i t ' s  S chw arzsch ild  r a d iu s .

(I)

A STATIONARY DENSE STAR

Since th e  s h e a r  becomes la rg e  only  n e a r  focus we w i l l  

e s tim a te  th e  va lu e  o f  P around th e  focused  re g io n , F r i s t  we e s tim a te  th e  

s iz e  o f  P f o r  a  s in g le  p o in t  so u rce  and then  by assuming th a t  th e
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su rfa c e  o f  th e  s t a r  i s  covered  w ith  p o in t  so u rces  we in t e g r a te  to  g e t 

the  t o t a l  P . F o r a p o in t  so u rce  th e  sh e a r  n e a r  focus can be  approxim ated 

by

Z r l

(4A.11)

where i s  d e f in e d  i n  F i g . l .  The P from e q u a tio n  (3 .1 2 ) becomes

— (4A.12)

C onsider th e  c a se  o f  a p o in t  so u rce  on th e  s u r fa c e  o f  a  dense s t a r  ( f o r

14example a  n e u tro n  s t a r )  where A -  10km and r^  = 10 km th en

(4A .13)

I f  we p a t  a r a d io  an ten n a  w ith  i t ' s  c e n te r  a t  th e  focus p o in t  e q u a tio n  

(4A. 13) t e l l s  us th a t  th e  s iz e  o f  th e  ré g io n  around focus w here P = 1 i s

o f  th e  o rd e r  o f  10 I f  we ta k e  th e  an ten n a  o f  th e  s iz e  1001 we s e e  

from e q u a tio n  (4A .13) t h a t  th e  P a t  th e  edge o f  th e  an ten n a  I s  o f  th e  

o rd e r  o f  lO"^^ w hich t m p l t e a  t h a t  th e  amount o f  energy  o f  th e  wave t h a t  

w i l l  become l i n e a r ly  p o la r iz e d  I s  v e ry  sm a ll and hence our an ten n a  w i l l  

n o t  b e  a b le  to  d e te c t  I t .  I f  we assume th e  e n t i r e  s t a r  I s  covered  w ith  

p o in t  so u rc e s  th e  average P. i s  g iven  by
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I
P = , (4A.14)

n

where a re  th e  average v a lu es  o f P n e a r  focus fo r  th e  p o in t  so u rces

and a re  th e  a p p a re n t average  i n t e n s i t i e s  n e a r  focus o f  th e  p o in t

so u rces  i n  th e  sm all p ie c e  o f  th e  s u r fa c e  6A (se e  F ig . 1 ). We see  from  

e q u a tio n  (4A. 14) th a t  P i s  very  sm a ll even i f  l i g h t  from each p o in t  so u rce  

i s  fo cu sed . The co n c lu sio n  i s  th a t  we w i l l  n o t be ab le  to  observe  any 

p o la r i z a t io n  e f f e c t s  due to  g r a v i ty  when we ob serv e  a  dense s t a r  even 

i f  th e  g r a v i t a t i o n a l  f i e l d  i s  s tro n g  e n o u ^  to  focus th e  l i g h t  we 

o b se rv e .

(2)

COLLAPSING STAR

The case  o f  a  c o l la p s in g  s t a r  i s  o f  s p e c ia l  i n t e r e s t  be

cause  in  th e la te  s ta g e s  l i g h t  ray s  a re  focused  many tim es a t  d i f f e r e n t  

p o in ts  b e fo re  reac h in g  th e  o b se rv e r  and we m ight e x p e c t to  f in d  la rg e

amounts o f  s h e a r  in  th e  m u lti- fo c u se d  ra y s .  The lu m in o s ity  o f  a  c o l la p s -

6 7 8in g  s t a r  has been c a lc u la te d  by s e v e r a l  a u th o rs  * * . However we w i l l  

ta k e  on ly  th e  r e s u l t s  o f  I.D w ived i and R.Kantowski who g iv e  th e  lum i

n o s i ty  o f  a  c o l la p s in g  s t a r  as

K  (1 - 1 ^ ( 1  -  v ^ )d iL^ JLmax _2 R
L = R — ------------------------------   (4A.15)

4irr“ 0 (1  -  ^  (v  +  (R P )  ( I  + v { R p )

w here Lq i s  th e  t o t a l  lu m in o s ity  o f  th e  s t a r ,  v  i s  th e  c o lla p s e  v e lo c i ty  ,
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and Umax i s  g iven  by

The average P i s  d e f in e d  by

/  P6I 
s t a r

P  ----------  . (4A. 16)
/  61 

s t a r

Using e q u a tio n  (3 ,1 2 ) P becomes

• f „ J o |  V k \  «Is t a r '  ' a
P   - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  , (4A. 17)

^ t a r ”

where 61 i s  th e  ap p aren t lu m in o s ity  o f  a sm all p ie c e  o f  th e  s u rfa c e  and 

th e  in te g r a t io n  i s  taken  over th e  s u r fa c e  o f th e  s t a r .  U sing eq u a tio n  

(4A .15) and e q u a tio n  (4A ,11) we g e t fo r  P

&max ‘  c o t(* o -* s )d t
A f  —  r ---------------- n-----

0 (v  + {R P ) (1 +  v{R P )
P = Om 9 9 '  (4A .18)

,  »max -  r >  < ' -

(V + ( R ) S ( r +  V W S "

E quation  (4A. 18) g ives us th e  average va lue  o f  P f o r  a  c o lla p s in g  s t a r .  

To f in d  P in  th e  l a t e  s ta g e s  we have to  e v a lu a te  th e  in t e g r a l s  in  the  

denom inator and in  th e  n u m era to r. The in t e g r a l  i n  th e  denom inator has 

been c a lc u la te d  b e fo re
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f  ------------------------   r -  = -   exp(-----   ) ,
0 (v  + {R}'^)(1 + V{R}^) ^3tn 3*^ m

(4A .19)

where v» i s  th e  c o l la p s e  v e lo c ity  a t  R = 3m as seen  by an r e s t  o b se rv e r  im

w ith  c o o rd in a te s  t_ ,r „ ',a n d  t_  i s  th e  tim e when th e  s t a r  c ro ssed  R = 3m.Ü U jm

To e v a lu a te  th e  num era to r o f eq u a tio n  (4A. 18) we must f in d  cot(^Q -  <t>g) » 

(<|>0 -  (|)g) i s  g iven  by e q u a tio n  (4A. 3 ) . In  th e  l a t e  s ta g e s  we can ap p ro x i

mate (4^ -  4g) by

♦n -  -  I  ( ‘ - , (4A.20)
"  * 3 /3  m

where S.  ̂ = 3 /3  m, P u tin g  eq u a tio n  (4A.20) in  eq u a tio n  (4A. 18) fo r  P we 

g e t f o r  th e  num era to r ( c a l l  i t  I^ )

t o  I »  -  r ) ' "  -  >44
,  , R 3/3  m cI  = /   ;------r ---------- ------ j------------------------  .
^  (v  + { R n  (1 + v{R P)

(4A.21)

g
Next ta k e  a  look  a t  th e  curve w hich r e l a t e s  R and & (see  F ig ,3) . A ccord

in g  to  P ig . 3 th e  v a lu e  o f  i  rem ains c lo se  to  as R goes from R = 3m 

to  2m. We a ls o  observe  from eq u a tio n  (4A .21) t h a t  th e  m ajor p a r t  o f

comes from R = 3m and th a t  th e  p a r t  coming from  R = 2m i s  n e g lig ib le .,.W e  

th e re fo re  approxim ate by

.  V L L Z k .  c o t( ‘ °  " 3 m  -  "0 .
^3m 3 /3  m 3 /3  m

(4A.22)
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R=3m [l+l/2 c îç C-y) ] R»3m[l+exp(-Y)] 

ft«tç[l+3/2 exp(-2Y>]& "& c[l-3/2  exp (-2Y )l

SB

2m

o Zc

F ig .4 .R (& ) cu rv e  f o r  t y p i c a l  c o l la p s in g  s t a r  g iv en  a n a l y t i c a l l y  fo r; R/2m by 

R 5. 3 |  { l4 [l_ 2 /3 (l-& 2 /& g 2 )ex p (+ Y } ]^ /^ } /( l- l/2 G x p { .Y } ) w here Y = (tQ -ro -t3 m )/3 ^ m  and &g=3/3m.
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Using e q u a tio n s  (4A. 18), (4A, 1 9 ),an d  (4A .22) we g e t P fo r  a  r e s t  

o b se rv e r

p .  ^ 4 »  .  (4A .23)
4%TQ 3 /3  m

To e s t im a te  th e  s iz e  o f P l e t  us p u t —2 = 10 ^ \m 'a n d  m=lkm we g e t f o r  P

'0

P = 10"^^co t(-2-------^ ----- — ) . (4A.24)
3 /3  m

E quation  (4A.24) t e l l s  us t h a t  when we o b serv e  th e  l a t e  s ta g e s  o f  a  

c o l la p s in g  s t a r  P = 1 f o r  on ly  10 ^ ^sec , much to  s h o r t  a  tim e to  

m easure P ,

INHOMOGENIOUS UNIVERSE

In  th e  p rev io u s  c a lc u la t io n s  we used a s tro n g  g r a v i t a t i o n a l  

f i e l d  ( s h o r t  fo c a l  le n g th )  to  focus l i g h t  b u t  when we d id  ach iev e  

fo cu s in g  th e  reg io n  o f h ig h . sh e a r  was v e ry  s m a ll.  In  th i s  s e c t io n  we 

use a weak g r a v i t a t io n a l  f i e l d  ( lo n g  f o c a l  le n g th )  and re p e a t th e  

c a lc u la t io n .

We in te n d  to  examine p o s s ib le  p o la r iz a t io n  e f f e c t s  on th e  

p rim ev a l f i r e b a l l  rem nants due to  in h o m o g en e itie s  in  our u n iv e rs e .  We 

cou ld  c a lc u la te  a (and hence P) by u s in g  eq u a tio n s  (4 .1 )  and ( 4 .2 ) ,  how



31

ev e r we w i l l  in s te a d  use a  s im p le  g eo m e tric a l p ro ced u re . The sh e a r  i s  

d e fin ed  in  term s o f  th e  two dim ensions o f  th e  wave f r o n t  (s e e  F ig .4) by^

D. D
0 = % (g  “  D  ̂ * (4B.1)

+  —

1 I

We c a lc u la te  — and — as fo llo w s ; C onsider a  s in g le  l i g h t  beam coming 
+  »

from a  so u rce  S (se e  F ig .4) p a s s in g  by a  inhom ogeneity  o f  mass M. L e t 

3 , 7 be th e  a n g le s  d e fin ed  in  F ig ,4 , A b e  th e  c lo s e s t  d is ta n c e  o f  

approach and Dj. be th e  d is ta n c e s  o f th e  sou rce  and th e  inhom ogeneity  

a t  th e  tim e ra y s  a r r iv e .  Let a be th e  d e f le c t io n  an g le  due to  an inho 

m ogeneity . and D can b e  ta k e n  as shown in  F ig .4 and t h e i r  c a lc u la 

tio n  is  s t r a i g h t  fo rw ard . We f i r s t  c a lc u la te  D_.

D = (D^y -  0^0)6 , (4B.2)

where th e  an g le  6 i s  d e fin e d  in  F ig .4 . y  i s  r e l a t e d  to  g by

. (4B.3)
Y =

» s -

Hence we g e t f o r  D_

D = („  - -  D^a)6 . (4B.4)

Using th e  E in s te in  bend ing  fo rm ula f o r  a



4Gm

A&
g +  Ag

SOURCEINHOMOGENEITY

>DD

M otion o f  a  l i g h t  beam i n  th e  p re se n c e  o f  an in h o m o g en e ity .

a -  y

cAT AD

Change i n  D_.

F ig .  4 .
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4GMa = —2~ , (4B.5)

we can w r i te  D as

,2

where 3q i s  th e  an g le  a t  fo cu s in g  (see  F ig .4) and i s  r e la te d  to  Oq by

D* 6 .
°0 ~ D -  D, • (4B.7)

s I

f
To c a lc u la te  D l e t  AD be th e  change in  D fo r  a sm a ll change in  T

(tim e) then  (se e  F ig .4)

f
AD_ = c AT(a -  y)6 , => D_ = c (a  -  y)6 * (4B.8)

t
Using e q u a tio n s  (4 B .3 ), (4 B .5 ), (4 B .6 ), (4 B .7 ),an d  (4B .8) we g e t fo r  "0=

i  4 - ^

f

S im ila r ly  we can c a lc u la te  ^  and i t  i s  g iven  by



( 4 B .10)
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^ —

T herefore from e q u a tio n s  (4 B .1 ), (4B .9)» (4B.10)

 ̂ (4B.11)

Near focus th e  f i r s t  term  i s  n e g l ig ib le  and we can approxim ate o by

2 2

a  = -  ^ ) ( 1  -  , (4B.12)
3 S 3

and P by

^ D 2
P = - ^ ( - 4  -  i r > < l  -  -T>"^ • (4B. 13)

4» i 3^ ^3 3^

To e s tim a te  th e  va lue  o f  P we p u t a  ra d io  an tenna  o f an g u la r s iz e  3q 

a t  focus a t  tim e t  = 0 and l e t  i t  r o t a t e  w ith  th e  e a r th .  L et us a lso  p u t 

th e  inhom ogeneity h a l f  way betw een th e  so u rce  and th e  a n te n n a , we g e t 

f o r  P

where w i s  th e  an g u la r v e lo c i ty  o f  th e  e a r th .  I f  we ta k e  = 10 and 

l e t  to = 10” ^ ra d /s e c  , we s e e  from e q u a tio n  (4 B .14) th a t  th e  m easurab le  

e f f e c t  on P l a s t s  on ly  10 sec  which i s  c le a r ly  too  s h o r t  a  p e r io d  o f  

tim e to  m easure P .



CHAPTER 5 

CONCLUSION

A ccording to  g eo m e tric a l o p t i c s ,  a  p la n e  o r  c i r c u la r ly  

p o la r iz e d  wave a t  th e  so u rc e  w i l l  rem ain p la n e  o r  c i r c u la r ly  p o la r iz e d  

as i t  p ro p ag a tes  through a  curved  space  tim e , how ever, acco rd in g  to  th e  

f i r s t  o rd e r  c o r r e c t io n  to  g e o m e tr ic a l o p tic s  th e  g r a v i t a t i o n a l  f i e l d  

does a l t e r  th e  p o la r i z a t io n  o f  th e  wave. The e f f e c t  i s  p ro p o r t io n a l  to  

the  s h e a r  in tro d u c e d  in to  th e  l i g h t  ra y s  by th e  g r a v i t a t i o n a l  f i e l d .  I f  

a c i r c u la r ly  p o la r iz e d  wave i s  p u t in  a  curved  space  tim e , p a r t  o f  the  

wave becomes l i n e a r ly  p o la r iz e d  due to  th e  g r a v i t a t i o n a l  f i e l d .  The 

in t e n s i ty  o f  t h i s  p a r t  i s  p ro p o r t io n a l  to  th e  s h e a r  ( a ) .

We t r i e d  s e v e r a l  a p p l ic a t io n s  th e  f i r s t  o f  w hich was to

l i g h t  coming from a dense s t a r .  The co n c lu s io n  was th a t  due to  th e  s iz e

o f ou r an tenna  we a re  n o t  a b le  to  d e te c t  any p o la r i z a t io n  changes, even

when th e  l i ^ t  we observe  i s  fo cu sed  by th e  g r a v i t a t i o n a l  f i e l d  o f  th e

s t a r .  Our n e x t a p p l ic a t io n  was to  l i g h t  coming from th e  l a t e  s ta g e s  o f  

a  c o lla p s in g  s t a r .  H ere th e  m easurab le  e f f e c t  l a s t e d  fo r  such  a  s h o r t  

p e r io d  o f  tim e th a t  i t  was n o t  m easu rab le . The f i n a l  case  we t r i e d  was 

th a t  o f  b la c k  body r a d ia t io n  p a s s in g  n e a r  a  inhom ogeneity  b e fo re  reach 

ing  an an ten n a  f ix e d  on th e  e a r t h .  In  th i s  .ease the. m easurab le  e f f e c t  

la s t e d  only  10"^^second and was th e re fo re  n o t  d e te c ta b le .  B efore c lo s in g  

we sh o u ld  m ention a  h y p o th e t ic a l  case w here th e  e f f e c t  i s  m easurable*
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I f  an o b se rv e r  who i s  c lo se  to  a  n eu tro n  s t a r  ( r^  - 6R) observes r a d ia 

t io n  coining from b eh in d  th e  s t a r ,  he w i l l  b e  a b le  to  d e te c t  an e f f e c t  

on p o la r i z a t io n .  I f  we pu t an an tenna o f  th e  s i z e  1001 w ith  i t s  c e n te r  

a t  focus th en  P a t  th e  edge o f  an tenna  i s  down only  to  10 ^ which i s  

d e te c ta b le .

A lthough th e  f i r s t  o rd e r  c o r re c t io n s  to  g eo m etrica l op

tic s  a re  o f  th e o r a t i c a l  i n t e r e s t  t h e i r  o b s e rv a t io n a l  consequences a re  

n e g l ig ib l e .  Our c a lc u la t io n s  were done o n ly  f o r  p o la r i z a t io n  e f f e c t s ,  

how ever, o th e r  f i r s t  o rd e r  e f f e c t s  ( in t e r f e r e n c e ,  e t c . )  shou ld  be 

s im i la r ly  sm a ll.



APPENDIX 1

PARALLEL TRANSPORTED NULL TETRADS AND SELF DUAL BIVECTORS

When one i s  w orking w ith  n u l l  g eo d es ic s  ( l i g h t  ray s) a 

conv ienen t way to  h an d le  th e  r a d ia t io n  f i e l d s  th a t  flow  along  th e s e  n u l l  

d ir e c t io n s  i s  by th e  use o f  p a r a l l e l  tr a n s p o r te d  n u l l  t e t r a d s .  The con

s t r u c t io n  o f  a  n u l l  t e t r a d  everyw here along a n u l l  congruence i s  done by

f i r s t  b u ild in g  th e  n u l l  t e t r a d  a t  some p o in t  on each  geodesics o f  

th e  congruence and th e n  p a r a l l e l  t r a n s p o r t in g  i t  a long  tho se  n u l l  g eodesics  

(see F ig .5 ) .

NULL RAY L

r a

F ig u re  5 .

Let k  be th e  n u l l  ta n g e n t v e c to r  a t  p o in t  P on some n u l l  ray  L. L e t us 

c o n s tru c t two n u l l  v e c to rs  m^ and t ^  a t  p o in t  P s a t i s f y in g

k®m = t ^ t  = I ,  a a

37
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k \  = k ^ t  = = t® t = = 0 , (A l .l )a a a  a  a  '

where i s  a  r e a l  n u l l  v a c to r  and i s  complex.

The complex v e c to r  has r e a l  and im aginary  p a r ts

t^  = ~  (p^ + iq ^ )  , (A1.2)
/2

where p^ and a re  r e a l  o rth o g o n a l space l i k e  u n i te  v e c to r s .  From 

eq u a tio n  ( A l .1) i t  fo llow s th a t

a  a  . 
p Pa = q = 1 ,

p ^ a  = 0 .

(A1.3)

Now we p a r a l l e l  t r a n s p o r t  th e  n u l l  t e t r a d  d e fin e d  a t  P 

a long  th e  n u l l  ray  L

m® , k^ = t^  . k^ = 0 , (A1.4)jD

k^ i s  th e  ta n g e n t v e c to r  to  a  g eodesic  and i s  a u to m a tic a lly  p a r a l l e l  

t r a n s p o r te d .  S ince  p a r a l l e l  t r a n s p o r t  p re se rv e s  le n g th s  and a n g le s ,  

ra  ̂ , t^  ,and k® co n tin u e  to  s a t i s f y  th e  o rth o n o rm a lity  r e la t io n s  ( A l . l ) .

The n u l l  t e t r a d  d e fin e d  above forms a  b a s is  in  term s o f  

which we can decompose te n so rs  o f  any o r d e r ,  f o r  example the  m e tr ic
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te n so r  can be ex p ressed  as

gab ^ 2 k . (A1.5)

The s e l f  dual b iv e c to r  i s  an an o th e r in t e r e s t i n g  te n so r  th a t  we w ant to  

ex p ress  in  term s o f  th e se  n u l l  v e c to r s .  A s e l f  dual b iv e c to r ,  a neces

s a ry  to o l fo r  do ing  g eo m etrica l o p t i c s ,  i s  a two index  an tisym m etric  t e n 

so r  having th e  fo llo w in g  p ro p e rty

where F - deno tes th e  dual o f  F ,  and i s  d e f in e d  by ab ab

where i s  th e  L ev i-C h av ita  a l te r n a t in g  symbol and g i s  th e

déterm inen t o f  m e tr ic  g^^.

There a re  only  th re e  independen t s e l f  d u a l b iv e c to r  and 

they can be  ta k en  as

vab ,  2^[a-b3  .  a jb  _ ^b_a

0=^ . 2 m W  5 (Al-
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+ t* tb  _ fb ^a  ^

Any o th e r  s e l f  d u a l b iv e c to r  must be a  l i n e a r  com bination o f  th e  th re e  

s e l f  dual b iv e c to r s  d e fin e d  above. For example i f  G i s  a s e l f  dual 

b iv e c to r  then

Q^b = ^ySb ^  g ^ab  ^  ^ a h   ̂ (A 1 .9 )

where A, B and C a re  complex s c a la r s ,



APPENDIX 2

MAXWELL'S EQUATIONS

The purpose o f  t h i s  appendix  i s  to  v e r i f y  th e  s ta te m e n t 

t h a t  o f  th e  fo u r  M axw ell's e q u a tio n s  on ly  (2 .1 8 ) ,  ( 2 .2 0 ) ,and (2 .2 1 ) a re  

needed f o r  doing g eo m e tric a l o p t i c s .

We can r e w r i te  e q u a tio n  (2 .1 0 ) as

± j  G+^k^ E + F^m® + G+t* + H ^t^ = 0 ,  (A2.1)

where

E± = A+,- -  A+g + C+,^ -  B+5 + 2C+0' ± ̂  C+ = 0 , (A2.2)

F+ E C+ + 2C^0 -  + B^(S + Ç) = 0 , (A2.3)

G+ E -  -  C+,- + A^o -  B+( 0 '  + Q -  Y) + 2C+c

+ Y B+ = 0 , (A2.4)

H+ = À+ + A^0 -  C+,- -  B+Ô' = 0 , (A2.5)

a re  M axw ell's  fo u r  (complex) e q u a t io n s .  However only  th re e  a re  independr-

41



42

e n t due to  th e  f a c t  t h a t  th e  d iv e rg en ce  o f  eq u a tio n  (A 2.1) v a n ish e s . To 

f in d  th e  dependent eq u a tio n  we ta k e  th e  d ivergence o f  e q u a tio n  (A2.1)

< ® f ;b "  I  <“ -6)

Since i s  a  an tisym m etric  te n s o r  arid k ^ ,^  i s  sym m etric , th e  l e f t  hand 

s id e  o f  e q u a tio n  (A2.6) expands to

= +  “  F_j_ .  (A 2 , 7)

The r ig h t  hand s id e  becomes

m y  + p y  +  G+t* + = È j  + 2E,G + + F y . h

+  « ± - t + ° ± ‘ \ b  +  « ± > ï  + v ‘ ;b •

(A2.8)

P u tin g  eq u a tio n  (A2.7) and e q u a tio n  (A2.8) i n  e q u a tio n  (A2.6) we ge t

t^  . (A2.9)
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I f  e q u a tio n s  (A 2 .2 ), (A 2 .4 ),and  (A2.5) a re  s a t i s f i e d  then  eq u a tio n  (A2. 

9) im p lie s  t h a t

-  I  °  • (A2.10)

This e q u a tio n  has on ly  one s o lu t io n  a n a ly t ic  a t  e = 0 and th a t  i s  

= 0 . I f  we i n s e r t  th a t  F+(e = 0) = 0 fo r  th e  g eo m etrica l o p tic s  

l im i t  th en  F+ = 0 f o r  a l l  e .



APPENDIX 3

FIRST ORDER CORRECTIONS TO GEOMETRICAL OPTICS

The s o lu t io n  o f M axwell’s  eq u a tio n  to  f i r s t  o rd e r  in  A

fo r  a s in g le  p o in t  sou rce  lo c a te d  i n  a  Schw arzschild  space  tim e w i l l  be

p re se n te d  h e r e .  The procedure  o f f in d in g  th e  s o lu tio n  w i l l  be th e  same 

as g iven  in  c h a p te r  2 .

For a p o in t so u rce  s i t u a t e d  in  a S chw arzsch ild  space tim e 

the v e c to r  which i s  norm al to  th e  n u l l  h y p ersu rface  and tan g en t to

the  ou t going n u l l  geodesics i s  g iven  by ®

(1 _ 221)

“  = = k { l -  ^ ( 1  -  } =k{r}^ ,

(A3.1)

dd) , d> &kcosg

do _ ,8  &ksing cos* , 
dX 1

where X i s  th e  a f f in e  param eter o f  th e  c e n tr a l  n u l l  g e o d e s ic , I  i s  th e  

im pact p a ra m e te r , and B i s  th e  is o tro p y  p aram eter. The p aram eters  i  and 

3 la b e l  th e  d i f f e r e n t  g eodesics  o f  th e  n u l l  congruence b u t  a re  c o n s ta n t

44
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alon# each n u ilR eo tle s lc  . The n u l l  v ec to r»  and t "  o f the n u l l  te t r a d  

can be c a lc u la te d  from eq u a tio n  (A l .l )  and th e  co n d itio n  th a t  they  be 

p a r a l l e l  t r a n s p o r te d  along  the  n u l l  g e o d e s ic s . The v e c to r  m  ̂ i s  g iven  by

and t^  by

tm =
2 r ^ ( l  -  2=) k

2, 20 cos* s in g  r A k , n
m '  J •

- 1 ] ,
2 r s in  0 r

(A3.2)

(A3.3)

“  / 2 r ( l  -  k  '

t ^  = - ~ [  -  X ] ,
/ 2 r  ^

.0  1 /Xkcos* s in g  icosg^
‘  f  '

~  Æ rsln 0 ^

Some o f th e  s c a la r s  a s s o c ia te d  w ith  th e  n u l l  t e t r a d  needed l a t e r  a re  

g iven by

I
D+

0 ± o = , (A3.4)
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1 1
a = —  { — — 1 — } , (A3.5)

/Zli

1Ç = {   1 } , (A3.6)
/ z z  -

t

0" = *2 r ^ - ' ^  ( ^ ^ + 4 ^ + \ - 4 ^ ^  ’ (^3 .8 )
-  ]ii Z £ k

H r  f _ f _dX___w here D_ = \  / .  and /  = /

B efore p ro ceed in g  w ith  M axwell’s e q u a tio n  , l e t  us d e r iv e  

c e r t a in  r e l a t i o n s ,  th e  u se fu ln e ss  o f  w hich w i l l  become c le a r  l a t e r .  From 

th e  d e f in i t io n  o f th e  Riemann te n so r

2k n  = A .dabc ,

2 t  r? T = t* ^ ,"a; (b ;c ]  dabc ,

we can d r iv e  th e  fo llo w in g  r e la t io n s

(G,C + %,%) -  288 ' + (0 0 ' + 0 0 ')  -  2ÇÇ = t* & d ab c t* t^ tf  »

0 '  +  Ô O '  + 0 0 ' = *
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Using th e  f a c t  th a t  f o r  th e  S chw arzsch ild  m e tr ic  = 0 and combining 

th e  above two e q u a tio n s  we g e t

+ 4 o o ' = 4 m ^ ^ ^ ^ ^ t® tV  -  2 6 ' +  . (A3.9)

To d e r iv e  th e  n e x t u s e fu l  r e l a t i o n  we co n s id e r

R = ■ . (A3.10)

From e q u a tio n  (A3.10) i t  fo llo w s th a t

F o r th e  S ch w arsch ild  m e tr ic  t h i s  becomes

( a ,^  -  -  qo + ) = (R,^D^) , (A 3.i i )

where we have p u t

—g—  = -  a + q . "  (A3.12)

R from e q u a tio n  (A3.10) tu rn s  o u t to  be

R =  [ d ( | - ) ,  -  . (A3.13)
/2&D. n%-Q.+ +
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Some o th e r  u s e fu l  r e la t io n s  f o r  S chw arzsch ild  space tim e a re  g iven  below

Ç = -  IT—^ . (A3.14)

=>
D Æ zB

= [—M  , (A3.15)

and

-  4mV , t* t^ k ^  -  = [y + — C] . (A3.16)dabc

Now l e t  us go to  M axw ell's  e q u a tio n s . We f i r s t  c a lc u la te  

A+(0) by in te g r a t in g  eq u a tio n  (2 .1 7 )

l+ (0 )  + A+(O)0 = 0 .

Using e q u a tio n  (A 3.4) we have

P+(&,6)
A+(0) = -= --------  , (A3.17)

Æ7D + —

w here P+(&,8) a re  c o n s tan ts  o f  in t e g r a t i o n  and a re  fu n c tio n s  o f 2. and B. 

Knowing A+(0) and th e  s c a le r s  th e  c a lc u la t io n  o f  B +fl) and C+(l) i s  

s t r a i g h t  forw ard  from eq u a tio n s  (2 .2 2 ) and (2 ,23 )

iP+(&,B) D. D 
B + (l) = + iA +(0)o = ;  — f z r —  ( Ï T  -  ÜT) » (A3'18)

2/D,D +
+  -
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iP+(&,B) P+,% D _
C+(l) = ± is( - ^ +  Ç)} . (A3.19)

± ++ —

In  o rd e r  to  e v a lu a te  A+(l) we must i n t e g r a te  eq u a tio n  (2 .25 ) w hich i s  

given by

Using e q u a tio n  (A3.17) and expanding th e  term s we get

f+ = 1+ + L+ , (A3.20)

where

P+»t P+»t
1+ = + ^ ( a  -  q - O  + ^ ( a  + Ç -  q) , (A3.21)

= k (2 a » t “  “  2qa + o f + q^ -  2g ,^  -  -  4 a a " ) .

(A3.22)

I n te g r a t in g  e q u a tio n  (A3.20) we g e t

-  / I+ d l  + /L^dA + c o n s ta n t ,  (A3.23)

Using e q u a tio n s  (A 3 .9 ), (A3.11), and (A3.16) we can w r ite  as

t

L+ = + (Y +  ^ )  -  q^ -  ,
/2A

hence

/L+dA = k ( -  2R, D + 2 0 ' + Y -  /q^dA + ^  ) . (A3.24)
y/za

2
To e v a lu a te  /q  dA we f i r s t  c a lc u la te  q from eq u a tio n  (A3.12) f o r  the  

Schw arzsch ild  m e tr ic
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where

r 2(1 -  2m/r)dX . (A3.26)

q In  eq u a tio n  (A3.25) can be  sq u ared  and in te g ra te d  to  g e t

r 2 1 r  -  3in/r)ax

 ---------

-  S f ï i l i ]  . (A 3.27)

where

P = /  (1 -  2m /r)dX  ̂ (A2.28)
r*{r}^

P u tt in g  equation(A 3.27) in  e q u a tio n  (A3.24) com pletes th e  in te g r a t io n  

o f .

To I n te g r a te  we make a co o rd in a te  tra n s fo rm a tio n  from 

( r , 0 , # , t )  to  (A ,g ,& ,tg ) . In  th e  new c o o rd in a te s  i s  w r i t t e n  as

I .  — ^ ) +  —
-  2P+D^ d2^ 2P+D_ dB'̂  P^D^

v/5iD_,^ dP+

p^j)2 dB(■TT )̂ . (A 3.29)
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Using e q u a tio n  (A3.10) and eq u a tio n  (A3.15) we can in t e g r a te  as 

ÆiX *^+

When th i s  i n t e g r a l  a long  w ith  /L^dX I s  p la c e d  in  e q u a tio n  (A3.23) we 

have com plete ly  determ ined  th e  f i r s t  o rd e r  c o r re c t io n s  to  g eo m e tric a l 

o p t ic s  i n  a S chw arzsch ild  . space  tim e .
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