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Chapter 1

INTRODUCTION

1.1 Motivation

Since the beginning of time, humans have attempted to imitate natural techniques
in order to solve human design problems. In nineteenth century, Charles Darwin
showed that species correct their behaviors based on interactions with the environ-
ment in order to stay safe and/or to avail benefits [1]. For example, Ivan Pavlov
used inducing conditional reflexes with simple reward or punishment to teach dogs
behavior patterns [2]. Therefore, it can be said that learning the correct behavior
to survive from interactions with the environment is a highly desirable characteristic
of a species/cognitive agent. A cognitive agent can be described as an agent that
acquires knowledge and understanding through thinking, experience, and the senses
to produce a specific result.

To humans, one of the most coveted design tasks is to perform assigned tasks
precisely while remaining safe. Ultimately, this entailed the development of cognitive
agents/autonomous agents. Repeatability, accuracy, and lack of physical fatigue are
crucial advantages of autonomous agents over humans. Additionally, autonomous
systems can provide advantages in settings where humans may be in danger, such as
war zones and hostile environments. In order to maximize the likelihood of success
and reduce the number of casualties, using autonomous systems for complex, high-risk
tasks has long been a goal of humans.

In this thesis, the interaction between an agent and it’s environment is modeled

using actions, states, and rewards. The environment will be interpreted as the sur-



roundings or circumstances under which the agent operates. Furthermore, we will
refer to an enticing stimulus, delivered to an agent to change its actions as a reward.
Similarly, a penalty can be described as an aversive stimulus applied to an agent to
change its actions.

Typically, any action taken by an agent affects the state of the system (i.e., the
agent and the environment), and the agent is rewarded (or penalized) for it. Learning,
in this context, amounts to the synthesis of a behavior policy/strategy, is defined as a
map from the state space to the action space to complete a given task. Most natural
and artificial methods to learn policies involve “trial and error” where policies are
learned and refined by implementing them and observing the resulting rewards. While
“trial and error” or “learning from failure” is an integral part of the learning process,
safety-critical systems require learning techniques where the errors and failures result
in, perhaps suboptimal, but safe behavior. As a result, safely learning a correct policy
which ensures both safety and correct action is a critical capability for an agent to
possess.

What exactly is safety, correct action, and correct policy? Depending on the
objectives of the agent-environment interaction, safety can be described in several
ways. Intuitively, safety connotes the ability to avoid danger. In robotics, guidance,
and control applications, safety is often expressed in terms of state and/or action
space constraints. Correct action is often described as the action that maximizes
the cumulative reward or minimizes the cumulative cost. In robotics, guidance, and
control applications, the cumulative cost is often interpreted as a Bolza cost, i.e.,
the combination of a Lagrange cost and a Meyer cost. The Lagrange cost is the
cumulative penalty accumulated along a path traversed by the agent, and the Meyer
cost is the penalty at the boundary. Policies with lower total costs are considered
better, and policies that minimize the total cost are considered optimal.

In robotics, guidance, and control applications, correctness and safety of a policy



are quantified in terms of a Bolza cost and state-space and /or action space constraints,
respectively. In addition to safety and optimality, stability is another critical charac-
teristic of an autonomous system. Stability is often described as the agent’s desired
response with no intolerable variation in response to parameter changes. In summary;,
the goal of the thesis is to develop learning techniques that enable an agent to learn
an policy to achieve a task while maintaining safety and stability doing learning and
execution.

In robotics, stability has traditionally received far less attention than safety [3]. In
general, policy-based trajectory planners use the agent’s exact dynamical model and
knowledge of the environment to ensure that the agent/robot is safe by maintaining
defined constraints (state space and/or action space constraints) and planning ob-
stacle avoidance maneuvers [4]. Sample-based methods generate policy by extracting
samples (also known as useful information) from an agent’s state and/or action space
and then using the samples to design trajectories. To ensure safety, sample-based
policies take into account an agent’s dynamics. Sample-based policies face a tradeoff
in that they must strive to support either safety and persistent feasibility (i.e., the
existence of a solution that meets the constraints on state space and/or action space)
or performance (i.e., optimality) [5-7]. Another safe trajectory planner is Nonlinear
Model Predictive Control (NMPC), where the system dynamics are used for plan-
ning and obstacles are treated as constraints in an optimization program over the
control inputs of a robot. Policies generated using NMPC face the same tradeoffs as
sample-based policies [8-15]. Reachability-based methods, another type of trajectory
planners, precalculate a reachable set using the robot’s motion, then use these reach-
able sets to ensure collision avoidance at runtime. Reachability-based policies enable
strict safety guarantees and some persistent feasibility guarantees but the precomput-
ing of the reachable sets are often inefficient as they over-approximate the reachable

sets [16-21].



Control design techniques based on Lyapunov functions and control Lyapunov
functions have been used to ensure stability in control systems, and control barrier
functions have been used to resolve safety concerns. Recently, control barrier func-
tions have been merged with control Lyapunov functions to create control synthesis
techniques that ensure both stability and safety. However, to achieve the correct
policy, these methods must ensure that the effort is minimized, i.e., they must solve
an optimization problem. In most cases, these optimization problems must consider
a large number of state space and/or action space constraints which leads to the
dilemma of choosing between optimally and safety [22-24].

The barrier function-based system transformation (BT) method solves this prob-
lem. A complete state constrained and/or action space-constrained optimal control
problem is converted into a similar, unconstrained optimization problem using this
transformation process. The state constraints can be guaranteed if the initial state is
within the prescribed bound, which guarantees safety [25]. Thus, we seek a method
that can be used in conjunction with BT to obtain the correct policy that stabilizes
the agent while keeping it safe and minimizing its Bolza cost.

Finding the optimal policy that minimizes the total Lagrange and Meyer cost
(Bolza cost) is known as the Bolza optimal control problem. Obtaining an analytical
solution to the Bolza problem is often infeasible if the system dynamics are nonlin-
ear. On the other hand, numerous numerical solution techniques are available to solve
Bolza problems; however, numerical solution techniques require exact model knowl-
edge and are realized via open-loop implementation of offline solutions. Open-loop
implementations are sensitive to disturbances, changes in objectives, and changes in
the system dynamics; hence, we seek online closed-loop solutions of optimal control
problems to solve this drawback [26-34].

We can find these closed-loop solutions using the value function. Typically value

function is described with the respect of a given policy, i.e., how good it is for an agent



to be in a given state under a given policy. The notion of “how good” is expressed in
terms of the total accumulated cost. In other words, a value function evaluated at a
given state and under a given policy is defined as the total accumulated cost starting
from the given state under the given policy. Under the general conditions we can
now say that the optimal policy value function will be our optimal policy. Therefore,
to solve the online closed-loop optimal control problem, we need to determine the
optimal value function.

In the past, value function-based dynamic programming (DP) techniques such as
policy iteration (PI) and value iteration (VI) have been developed as useful tools for
optimal control synthesis for systems with finite state and action spaces. However,
as the state space’s size increases, computing both PI and VI become practically in-
feasible [29,33,35-37]. To tackle this problem, approximate dynamic programming
(ADP) techniques can be used. ADP algorithms approximate the classical PI and
VT algorithms to compute approximate optimal value function using a parametric ap-
proximation of the policy or the value function, i.e., if the policy or the value function
can be parameterized with sufficient accuracy using a small number of parameters,
the optimal control problem reduces to an approximation problem in the parameter
space. Furthermore, this formulation lends itself to an online solution approach using
reinforcement learning (RL) where the parameters are adjusted on the-fly using input-
output data [38-42]. Despite the drawbacks such as needing: 1) sufficient exploration
of the state-action space and 2) some insight into the dynamics of the system, RL
has given rise to practical techniques that can synthesize nearly optimal policies to
control nonlinear systems that have large state and action spaces and unknown or
partially known dynamics.

In online implementations of RL, the control policy derived from the approximate
value function is used to control the system; hence, obtaining a good approximation of

the value function is critical to the closed-loop system’s stability. Similar to adaptive



control, the sufficient exploration condition manifests itself as a persistence of exci-
tation (PE) condition when RL is implemented online. In general, it is difficult to
guarantee PE a priori; hence, to ensure PE, a probing signal is applied to the controller
using trial and error. In the stability analysis, the probing signal is ignored; hence,
the closed-loop implementation’s stability cannot be guaranteed. However, model-
based RL (MBRL) schemes has been developed which uses finite exciation (FE) to
relax the PE condition. Using FE facilitated by model-based extrapolation, stability
and convergence of online RL can established under a PE-like condition that, while
impossible to guarantee a priori, can be verified online [43,44]. On the other hand,
MBRL methods are prone to failure due to inaccurate models such as models with
parametric uncertainties and/or partially observable models. Online MBRL methods
that handle modeling uncertainties are motivated by tasks that require systems to
operate in dynamic environments with changing objectives and system models, and
accurate models of the system and environment are generally not available in complex
tasks due to sparsity of data.

In this thesis, a novel MBRL technique combined with BT has been develop for
models with parametric uncertainties to achieve the correct policy. To address, the
partial observability of the models, another MBRL technique combined with BT has
been developed for continuous nonlinear control affine systems in the Brunovsky form.
The applicability of the developed methods is demonstrated through simulations, and
to illustrate their effectiveness, comparative simulations are presented wherever alter-
nate methods exist to solve the problem under consideration. The thesis concludes
with a discussion about the limitations of the developed technique, and further ex-
tensions of the technique are proposed, along with the possible approaches to achieve

them.



1.2 Literature Review

One way to generate safe trajectories for the agent is to use different sample-based
methods such as rapidly-exploring random trees (RRT), probabilistic road maps
(PRM), fast marching trees (FMT), and so on [5-7]. Sample-based techniques map
trajectories by sampling from the control input and/or state space of a dynamical
system. It results temporal and/or spatial discretization of the system’s dynamic
model. A finer discretization usually allows for stronger claims about the safety of
such methods, but at the expense of increased computational cost and, resulting a
reduction in performance [4,21]. With respect to an arbitrary cost function, sample-
based methods may generate optimal trajectories but do not ensure safety. To ensure
safety, the sample-based methods incorporate the dynamics of an agent [5,21,45], and
to perform obstacle avoidance, obstacles are buffered to compensate for the robot’s
shape [4,21], resulting the reduction of performance by reducing the free space avail-
able for planning. On the other hand, trajectory planners need to achieve persistent
feasibility, (Planning is persistently feasible if there always exists a safe trajectory
or stopping maneuver before the robot completes executing the previously planned
trajectory [21]) to be feasible in real life. Ensuring persistent feasibility demands
additional computational cost which causes reduction of performance. [45-47] shows
that linearizing the robot’s model results rapid results but one may lose safety guaran-
tees. This means that sample-based methods suffer from the tradeoff between safety
guarantee and performance, i.e., optimality.

Nonlinear Model Predictive Control (NMPC) techniques, another type of safe
trajectory planner, experience the same tradeoff as sample-based methods. NMPC
techniques map trajectories by formulating an optimization program over a system’s
control inputs, with the dynamics and obstacles treated as constraints. In general,
NMPC techniques discretize time, and linearize the dynamical model of the system

to make the optimization problem feasible [8-11,15,21]. To avoid linearization (still



requires discretization), pseudo-spectral methods approximate the NMPC program
with polynomial functions [12]. An alternative to these types of discretizations and
simplifications of the dynamics is Sequential Action Control (SAC) [13,14]. The
obstacle avoidance NMPC techniques have been shown in [15]. On the other hand,
various methods such as fine discretization [15], linearization of the dynamics [10],
tracking a precomputed a dynamically feasible reference trajectory [48], exploitation
of environement structure [11], usage of SAC [13,14], computation of the viability
kernels (assuming the environment is known) [49] have been attempted to ensure
persistent feasibility.

Reachability-based techniques uses precomputed reachable sets to synthesize safe
tracking controllers to ensure collision avoidance, and /or considering state constraints,
and/or control constraints at runtime [21]. In literature, a number of Reachability-
based techniques exist to compute reachable sets such as sums-of-square (SOS) pro-
gramming [17,19], Hamilton-Jacobi-Bellman (HJB) reachability [16,50], zonotope
reachable sets [18,20]. By computing overapproximations of the reachable sets of
robots in state space, the SOS and zonotope attempts safety [19,20]. The HJB ap-
proach, on the other hand, poses its offline reachability analysis as a differential game
between a complex model (i.e., high fidelity) of a system and a simplified planning
model. The numerical solution of this offline reachability analysis is not provably
overapproximative [51]. For the SOS approach, with a finite library of reachable sets,
one attempts to compose the reachable sets sequentially at runtime [19,21] to ad-
dress persistent feasibility, though it is unclear how to continue when no reachable
sets are available. Zonotope approach is used to valid a single maneuvur though it is
unknown how to promise the existence of valid manuevurs [18] during the whole run
time. For the HJB approach, one can simultaneously plan exploration trajectories
and trajectories that return the system to a previously known safe location [52]; how-

ever, due to the reachability analysis’ underlying conservatism, which restricts the



system’s free space making it stuck at the same position for a long time. A more re-
cent reachability-based approach in [21] has taken a system decomposition approach
to improve the tractability of computing reachable sets, resulting strict safety. Persis-
tent feasibility is achieved by prescribing a minimum sensor horizon and a minimum
duration for the planned trajectories. However, this approach is still burdened with
calculating expensive reachable sets.

To avoid the calculation of reachable sets, [22,23] reintroduced the concept of
control barrier functions. Originally, the concept of control barrier functions was
developed by the inspiration of set invariance concept introduced in the 1940s. In
1942, Nagumo provided necessary and sufficient conditions for set invariance [53].
Later, [54] showed details about the safety in terms of set variance. Later, in the 2000s,
barrier certificates were introduced as a convenient tool to formally prove safety of
nonlinear and hybrid systems [55-57]. The barrier certificates were motivated by its
use in the optimization literature where barrier functions are added to cost functions
to avoid undesirable regions. A barrier function is a continuous function whose value
on a point increases to infinity as the point approaches the boundary of the feasible
region of an optimization problem [58]. A barrier certificate is a function of state
satisfying some conditions on both the function itself and its time derivative along
the flow of the system, and a barrier between potential system trajectories and the
given unsafe region denotes that a given system is safe [55]. In achieving this, one do
not need to compute the reachable set neither we need to have explicit computation
of system flows.

Later, barrier certificate approach has been extended to a Lyapunov-like approach
known as Barrier Lyapunov function in [59], but the definition of Barrier Lyapunov
function is different than the one considered in the current literature, while the con-
ditions of Barrier Lyapunov function ensure safety over the entire set(not just on the

boundary), they also enforce invariance of every level set. Meanwhile, the work on



viability theory [60,61] extended the above-mentioned approaches to open dynamical
systems. This facilitated a move from invariant sets to controlled invariant sets, which
are sets that can be made invariant by designing a controller appropriately. Inspired
by the barrier certificate, the notion of control barrier function was first introduced
in [62]. Later, [22,23] redefined the concept of control barrier function to minimize
the restriction by providing necessary and sufficient conditions. Safe stabilizing con-
trollers can be synthesised by the control barrier function method by embedding set
invariance conditions within an optimal problem. The problem reduces to solving
a quadratic program (QP) at each time stage to obtain the optimal control if the
control system is affine in controls and the cost is quadratic [22]. This QP-based
approach works myopically, which means the safe control is just a function of the cur-
rent state [24,63], which means this method can guarantee local safety at each time
point, but the safety restriction is satisfied based on how often the QP is solved [64].
This creates a problem of selecting step sizes during solving QP, a step size that is
too small can lead to additional computation, whereas a step size that is too big can
lead to risky actions. Moreover, if QP based approach is designed too conservatively,
it may use unnecessary intervention when the situation is not dangerous; if QP based
approach is too optimistic, it may allow the state to get too close to the boundary of
the safe set and have to invoke large intervention to prevent the state from approach-
ing to the bound of the set, and it may become infeasible, and fails. To increase
the feasibility of the QP a relaxation variable is added, which can easily become in-
feasible in the presence of conflicting control, stability, and safety constraints [65].
While increasing feasibility, this relaxation no longer guarantees convergence to the
desired equilibrium point [66]. To address these issues, [24] proposes to reformulate
constrained QP as an unconstrained optimal control problem with new augmented
instantaneous cost.

Since developing analytical solutions for nonlinear systems much more difficult,

10



numerical solutions are sought for solving optimal control problems of general nonlin-
ear systems [67]. Formulating the optimal control problem in terms of a Hamiltonian
and then numerically solving a two-point boundary value problem for the state and co-
state equations is a typical approach [26,27]. Another option is to directly transpose
the optimal control problem into a nonlinear programming problem and then solve
the resulting nonlinear program [68-73]. By avoiding the need to solve the Hamilton-
Jacobi-Bellman equation, the nonlinear optimal control problem can be solved using
inverse optimal control [74-81]. However, these numerical solution techniques require
exact model knowledge and are realized via open-loop implementation of offline solu-
tions. Open loop implementations are sensitive to disturbances, changes in objectives,
and changes in the system dynamics; hence, online closed-loop solutions of optimal
control problems need to be sought. One way to find closed-loop solutions is to use
value functions [24] which can be obtained by the DP techniques. The literature on
DP techniques focused on the theory of optimality is substantial [28-34]. The need
for exact model knowledge limits the applicability of conventional DP techniques like
PT and VI. Model-free reinforcement learning techniques such as Q-learning [31] and
temporal difference learning [29,36] avoid the need for exact model knowledge. These
methods, however, require that the states and actions be on finite sets. Despite the
fact that the theory was developed for finite state spaces of any scale, model-free re-
inforcement learning techniques can only be applied in small state spaces. Under the
umbrella of neuro-dynamic programming [33,36-42|, extensions of simulation-based
reinforcement learning algorithms have been studied for systems with countable state
and action-spaces.

Both PI and VI become computationally infeasible as the size of the space grows.
The need for excessive computation can be avoided if the approximate optimal value
function instead of the exact optimal value function is computed. To obtain an ap-

proximation to the optimal value function using PI, the generalized Hamilton-Jacobi-

11



Bellman equation must be solved approximately in each iteration [35]. Several meth-
ods to approximate the solutions to the generalized Hamilton-Jacobi-Bellman equa-
tion have been studied in the literature. The generalized Hamilton-Jacobi-Bellman
equation can be solved numerically using perturbation techniques [82-84], finite dif-
ference [85-87] and finite element [88-90] techniques, or using approximation methods
such as Galerkin projections [91,92]. In this thesis, a linear-in-the-parameters approx-
imation scheme developed in [93,94] has been used to approximate value function.
The characteristics of the approximation scheme, also known as the Universal Ap-
proximation theorem, can be established using the Stone-Weierstrass theorem [94,95].
This theorem states that a single layer neural network can simultaneously approxi-
mate a function and its derivative given a sufficiently large number of basis functions.
The function approximation error, along with its derivative can be made arbitrarily
small by increasing the number of basis functions used in the approximation. To
ensure system stability during the learning phase, a two-network approach is utilized,
where in addition to the value function, the policy is also approximated using a para-
metric approximation. The critic learns the value of a policy by updating the weights,
and the actor improves the current policy by updating the weights.

The two-network approach known as the actor-critic architecture is one of the most
widely used architectures to implement generalized PI algorithms [28,30,36,42,96,97].
Actor-critic methods were first developed in [98] for systems with finite state and
action-spaces, and in [28] for systems with continuous state and action-spaces using
neural networks to implement the actor and the critic. The actor can learn directly to
minimize the estimated cost-to-go, where the estimate of the cost-to-go is obtained by
the critic [28,42,97-100]. The actor can also be tuned to minimize the Bellman error
(also known as the temporal-difference error) [101]. The critic network can be tuned
using the method of temporal differences [28,29,36,39,40,42,102] or using heuristic

dynamic programming [30,37,103] or its variants [97,104, 105].
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The iterative nature of actor-critic methods makes them particularly suitable for
offline computation and for discrete-time systems [106-117]. A continuous-time for-
mulation of actor-critic methods was first developed in [118]. In [118], the actor and
the critic weights are tuned continuously using an adaptive update law designed as a
differential equation. While no stability or convergence results are provided in [118],
the developed algorithms can be readily utilized to simultaneously learn and utilize
an approximate optimal feedback controller in real-time for nonlinear systems. A
sequential (one network is tuned at a time) actor-critic method that does not require
complete knowledge of the internal dynamics of the system is presented in [119]. Con-
vergence properties of actor-critic methods for continuous-time systems where both
the networks are concurrently tuned are examined in [120], and a Lyapunov-based
analysis that concurrently examines convergence and stability properties of an online
implementation of the actor-critic method is developed in [121].

In online implementations of reinforcement learning, the control policy derived
from the approximate value function is used to control the system; hence, obtaining
a good approximation of the value function is critical to the stability of the closed-
loop system. Obtaining a good approximation of the value function online requires
convergence of the weights of the actor-critic to their ideal values. Hence, similar to
adaptive control, the sufficient exploration condition manifests itself as a persistence
of excitation condition when reinforcement learning is implemented online.

Parameter convergence has been a focus of research in adaptive control for sev-
eral decades. It is common knowledge that least-squares and gradient descent-based
update laws generally require persistence of excitation in the system state for con-
vergence of the parameter estimates. Modification schemes such as projection al-
gorithms, o—modification, and e—modification are used to guarantee boundedness
of parameter estimates and overall system stability; however, these modifications do

not guarantee parameter convergence unless the persistence of excitation condition is
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satisfied [122-124].

In general, the controller does not ensure the persistence of excitation condition.
Thus, in an online implementation, an ad-hoc exploration signal is often added to
the controller [36,125,126]. Since the exploration signal is not considered in the
the stability analysis, it is difficult the ensure stability of the online implementation.
Moreover, the added probing signal causes large control effort expenditure and there
is no means to know when it is sufficient to remove the probing signal. More recent
works [43] have leveraged techniques from concurrent learning adaptive control [127]
in the form of BE extrapolation which allows the BE to be evaluated at unexplored
regions of the statespace. This extrapolation results in a virtual excitation of the
system which facilitates weight estimate convergence [43].

The unconstrained optimal control problem posed by [24] is solved using ADP
where the proximity penalty approach is cast into the framework of control barrier
functions. The proximity approach was first introduced in the context of obstacle
in [128] and [129], where an additional term that penalizes proximity to obstacles was
added to the cost function. Since the added proximity penalty in [128] was finite, the
ADP feedback could not guarantee obstacle avoidance, and an auxiliary controller
was needed. In [129], a barrier-like function was used to ensure unbounded growth
of the proximity penalty near the obstacle boundary. While this approach results
in avoidance guarantees, it relies on the relatively strong assumptions that the value
function is continuously differentiable over a compact set that contains the obstacles
and penalty-induced discontinuities in the cost function. Therefore, while the control
barrier function approved results in safety guarantees, the existence of a smooth value
function, in spite of a nonsmooth cost function, needs to be assumed. Furthermore, to
facilitate parametric approximation of the value function, the existence of a forward
invariant compact set in the interior of the safe set needs to be established. Since

the invariant set needs to be in the interior of the safe set, the penalty becomes
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superfluous, and safety can be achieved through conventional Lyapunov methods.

This thesis is inspired by another approach to safe ADP, recently developed in
[130], based on the idea of transforming a state and input constrained nonlinear
optimal control problem into an unconstrained one with a type of saturation function
was introduced in [131,132]. In [130], input and state constrained optimal control
problems are solved using ADP where the state constrained optimal control problem
is transformed, using a barrier transformation (BT), into an equivalent, unconstrained
optimization problem. In contrast to [24], mere stability of the transformed system
is sufficient for the original system.

A MBRL approach to address the state-constrained optimal control problem ap-
pears in [133], where the results in [130] are extended to soften the restrictive persis-
tence of excitation requirement. While the transformation in [130] and [133] results in
verifiable safe feedback controllers, it requires exact knowledge of the system model,
which is often difficult to obtain. [134], [135] proposed concurrent learning algorithm
(CL) for online model learning, where information-rich past data is stored and concur-
rently used along with gradient based parameter update laws. Unlike the PE condi-
tion, an online verifiable rank condition on the stored data is sufficient for parameter
convergence. Later, [136] proposed a filtered concurrent learning (FCL) algorithm
based on the framework of composite adaptive control proposed in [10]. In addition
to the low pass filtering, as performed in [10], the proposed method uses an integral
of the filtered outputs to obviate the restrictive PE condition. In this thesis inspired
by [136], a novel filtered concurrent learning technique for online model learning is
developed, and later integrated with the BT method to yield a novel MBRL solution
to the online state-constrained optimal feedback control problem under parametric
uncertainty.

Apart from parametric uncertainties in exact system model, another significant

drawback of the MBRL methods is that they require full state feedback measure-
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ments, and as such, cannot be used if the system is partially observable. MBRL in
partially observable systems has long been a focus of study in RL [137,138], where
partially observable Markov decision processes (POMDPs) have been utilized to re-
alize MBRL using output feedback. In [139] an output-feedback MBRL method is
developed for a class of nonlinear systems where the problem is formulated as a state
estimation problem, and for a specific class of systems, an online solution is obtained
that guarantees stability during the learning phase. To the best of the authors’ knowl-
edge, online RL solutions to safety-constrained optimal control problems in partially

observable nonlinear continuous-time systems are not available in the literature.

1.3 Outline of the thesis

Chapter 1 serves as the introduction. This chapter focuses on the concerns and
weaknesses of existing methods; motivating the thesis’s development as well as offering
a comprehensive overview of the state of the art.

Chapter 2 contains a brief review of available techniques used in the application of
BT RL to deterministic continuous-time systems. This chapter also includes a brief
review on the available methods used in the state of the art.

Chapter 3 presents the development of a safety aware model-based reinforcement
learning technique using BT for the deterministic continuous-time systems with para-
metric uncertainties. This chapter implements a novel online MBRL based controller
which uses BFs, BE extrapolation and a novel FCL method. A known BF transforma-
tion is applied to a constrained optimal control problem to generate an unconstrained
optimal control problem in the transformed coordinates. MBRL is used to solve the
problem online in the transformed coordinates in conjunction with the novel FCL to
learn the unknown model parameters. Regulation of the system states to a neigh-
borhood of the origin and convergence of the estimated policy to a neighborhood

of the optimal policy is determined using a Lyapunov based stability analysis, and
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simulations are presented to demonstrate the performance of the developed controller.

Chapter 4 implements the development of a safety aware model based reinforce-
ment learning technique using BT for output-feedback optimal control of a class of
deterministic continuous-time nonlinear systems. A novel online MBRL based con-
troller which uses BF's, BE extrapolation and a novel state estimator method has been
developed. This new state estimator takes the observable output feedback of the sys-
tem using the BF's, and implements in the original coordination. Later, regulation of
the transformed system states to a neighborhood of the origin and convergence of the
estimated policy to a neighborhood of the optimal policy is determined using a Lya-
punov based stability analysis, and a relation between the convergence of the original
state systems and the converge of the transformed state systems has been shown.
Simulations are performed to demonstrate the applicability and the effectiveness of
the developed method.

Chapter 5 concludes the thesis. A summary of the thesis is provided along with
a discussion on open problems and future research directions.

Proofs of the theorems and lemmas from chapters 3 and 4 are available in the

appendix.

1.4 Contributions

This section details the contributions of this thesis over the state-of-the-art.

1.4.1 Safety-aware ADP for systems with Parametric Uncertainty

The main contributions of this chapter:

e Novel implementation of BT in deterministic nonlinear systems with parametric

uncertainties.

e Novel FCL-based system identification for deterministic barrier transformed
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systems with parametric uncertainties. Theoretical result guarantees that the
estimated unknown parameters of the barrier transformed systems with para-

metric uncertainties converges to the real parameters.

The inclusion of FCL makes the full state feedback controller robust to mod-
eling errors and guarantees closed-loop stability under a finite (as opposed to

persistent) excitation condition.

Novel implementation of simulated experience in deterministic barrier trans-
formed nonlinear systems with parametric uncertainties using FCL-based sys-

tem identification.

Detailed stability analysis to establish simultaneous online identification of bar-
rier transformed system dynamics and online approximate learning of the op-
timal controller in barrier transformed coordinate, while maintaining barrier
transformed system stability. The stability analysis shows that provided the
system dynamics can be approximated fast enough, and with sufficient accu-
racy, simulation of experience based on the estimated model implemented via
approximate BE extrapolation can be utilized to approximately solve an infinite-

horizon optimal regulation problem online are provided.

Novel theoretical result to guarantee that the optimal stabilizing controller de-
veloped for the barrier transformed system also stabilize the original system,
and if the initial state is within the prescribed bound, the state constraints

and/or control constraints can be guaranteed.

Simulation results that demonstrate the approximate solution of an infinite-
horizon optimal regulation problem online for an inherently unstable control-
affine nonlinear system with uncertain drift dynamics without the addition of

an external ad-hoc probing signal.
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In summary, for the first time ever, a safety aware model based reinforcement
learning method using BT has been developed for the system with parametric uncer-

tainties.

1.4.2 Safety-aware ADP for partially observable systems

The main contributions of this chapter:

e Novel state estimator for deterministic barrier transformed partial observable
systems. Theoretical result to guarantee that the estimated deterministic bar-

rier transformed state converge to the real barrier transformed state.

e Detailed stability analysis to establish simultaneous online estimation of the
state and online learning of an approximate optimal controller in barrier trans-

formed coordinate, while maintaining system stability.

e Novel theoretical result to guarantee that the optimal stabilizing controller de-
veloped for the deterministic barrier transformed partial observable system also
stabilize the original deterministic partial observable system, and if the initial
state is within the prescribed bound, the state constraints and/or control con-

straints can be guaranteed.

e Simulation results that demonstrate the approximate solution of an infinite-
horizon optimal regulation problem online for an inherently unstable control-
affine nonlinear system with uncertain drift dynamics without the addition of

an external ad-hoc probing signal.

In summary, a novel safety aware model based reinforcement learning method

using BT has been developed for deterministic partially observable systems.
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Chapter 11
PRELIMINARIES

The focus of this thesis is to develop frameworks to guarantee safety while obtaining
online approximate solutions to infinite horizon total-cost optimal control problems
for nonlinear, partially observable, deterministic systems. This chapter serves as
a brief introduction to safety certification methods, and model-based reinforcement

learning methods that have been used to facilitate the development.

2.1 Notation

Throughout the thesis, unless otherwise specified, the notation R™ represents the
n—dimensional Euclidean space, and the elements of R™ are interpreted as column
vectors, ()T denotes the vector transpose operator. For any arbitary, a € R, R,
denotes the interval [a,00), and R., denotes the interval (a,00). Unless otherwise

specified, an interval is assumed to be right-open. If any arbitary a € R™ and

a
b € R", then [a;b] denotes the concatenated vector € R™™™ and [a,b] denotes
b

the concatenated vector [a b] e R>(m+7)  The notations I,, and 0,, denote the nxn
identity matrix and the zero element of R", respectively. The notation f € CV (X,Y),
N € R, denotes that the function f : X — Y is N-times continuously differentiable.
Function names corresponding to state and control trajectories are reused to denote
elements in the range of the function. For example, the notation w(-) is used to
denote the function u : Rs;; — R™, the notation u is used to denote an arbitrary

element of R™, and the notation u (¢) is used to denote the value of the function w (-)
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evaluated at time ¢. The notation f € O (g) denotes that there exists ¢, M € Rsg

such that |f(z)| < c|g(x)|, Vo > M

2.2 Method for Safety Certifications

2.2.1 Problem Formulation

A nonlinear control affine system as follows

= f(2)+g(@)u, (1)

where z € () C R” denotes the system state, u € U C R™ denotes the control input,
f 2 — R” denotes the drift dynamics, and g : 2 — R™™ denotes the control
effectiveness matrix. To ensure that the control problem is well posed, it is assumed
that f and g are Lipschitz continuous on a set {2 that contains the origin as an interior

point, f(0) =0, and V f(x) is continuous and bounded for every bounded z € .

2.2.2 Barrier Transformation

Definition 1 Let the function b: R — R, is referred to as barrier function (BF), be
defined as

b(ai,Ai)(yi) = log Vi = 1, 2, o, n, (2)

where a; and A; are two constants satisfying a; < 0 < A;.
Let define b(ga) : R" — R™ as b a)(z) = [bay,a1)(®1);- -5 ban,a,)(zn)] with a =
[ai;...;a,] and A = [Ay;...;A,]. Moreover, the inverse of (2) exists on interval

(a;, A;), and is given by

b@aAi)(yi) = aiAim, Vy; € R. (3)
Derivative of (3) with respect to y; yields
by, ay(¥i) Aja? — a; A2 "
dy; B alevi —2a;A; + A2evi’
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Consider the BF based state transformation
i = b(ag,a,)(T), @ = b(_ali,Ai)(Si)' (5)

The time derivative of the transformed state can be computed using (4) and the chain

rule as
dSz‘ .I’Z

— ot 6
dt @, ®)

dz | Z=8;

which yields the transformed dynamics

S g

— s,
where
a?esianiAmLA?e_si 1 1
Fils)= e (g (5050 )], ®)
a?esi—QaiAi—l—A?e*Si _ _
Gils)= g ? 9i (10t A (510500305 4 (n)]). (9)
After using the BT, the dynamics of the transformed state s = [s1;...;s,] can be
expressed as,
s = F(s)+ G(s)u, (10)

where F(s) == [Fi(s);...; Fu.(s)] € R", and G(s) = [G1(5);...;Gn(s)] € R™*.
The method used in this thesis to solve unconstrained infinite-horizon total cost

optimal control problems for non linear systems is discussed in the next section.

2.3 Unconstrained infinite-horizon optimal control problem

2.3.1 Problem Formulation

The focus of this section is on unconstrained infinite-horizon total cost optimal control
problems for nonlinear systems that are affine in the controller and cost functions that
are quadratic in the controller. That is, optimal control problems where the system

dynamics are of the form

&= f(z)+g(@)u, (11)
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where x € 2 C R™ denotes the system state, u € R™ denotes the control input,
f Q@ — R” denotes the drift dynamics, and g : 2 — R denotes the control
effectiveness matrix. To ensure that the control problem is well posed, it is assumed
that f and g are Lipschitz continuous on a set €2 that contains the origin as an interior
point such that f(0) = 0 and V f(z) is continuous and bounded for every bounded
z € Q. The notation ¢(t;tg, 2%, u(-)) denotes a trajectory of the system in (11) at
time t under the control signal u with the initial condition 2 € € and initial time
to € R>o.

The cost functional is of the form

o0

J (to,xo,u(-)) = /c (x (T;to,xo,u ()) U (7')) dr, (12)

to

where the local cost ¢ : R® x R™ — R is defined as
c(r,u) 2 Q(z) +u' Ru, (13)

where state penalty function, @ : R® — R is a positive definite function, and control
penalty matrix (or, reward), R € R™*"™ is a symmetric positive definite matrix.

To ensure that the optimal control problem is well-posed, the minimization prob-
lem is constrained to the set of admissible controllers, and the existence of at least

one admissible controller is assumed.

Definition 2 Admissible Control [91]: Given the system (f,g), a control u is defined
to be admissible with respect to the state penalty function QQ on R, if u is continuous

on Q, u(0) = 0, u stabilizes (f,g) on 2, and J < oo, Vx € Q.

2.3.2 Exact Solution

If the functions f, g, and @ are stationary (time-invariant) and the time-horizon is
infinite, then the optimal control input is a stationary state-feedback policy u(t) =

¢(z(t)) for some function ¢ : R™ — R™ [140].
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Definition 3 Let f : S — R be a real-valued function. Let f be bounded below on S.
The infimum of f on S is defined as 1n£f(m) =k € R such that: (1): Yx € S :
HAS
kE<f(zx), (2:VeeR>0:3xe€S: f(z)<k+e.

The optimal value function V* : R" — R can be expressed as

Vi) it /t " (6, (), u(-))dr, (14)

u(')eu[t,oo
for all x € 2, where u; and U; are obtained by restricting the domains of u and func-

tions in U; to the interval I C R, respectively. Assuming that an optimal controller

exists, let the optimal value function, denoted by V* : R” x R™ — R, be defined as

V*(z):= min /tooc(¢(7,x,u[t,T)(-)),u())dT, (15)

u(‘)eu[t,oo)
[44, theorem 1.5] shows that for a nonlinear system described by (11), V*(z) €
C! (R",R) is the optimal value function corresponding to the cost functional (12) if

and only if it satisfies the Hamilton-Jacobi-Bellman equation

min (VV(&U) (f(@)+g(z)u) +Q(x)+uTRu> =0, (16)

ueR™

where V () denotes the derivative of (-) with respect to its first argument with the
boundary condition V' (0) = 0. Provided the HJB in (16) admits a continuously dif-
ferentiable solution, it constitutes a necessary and sufficient condition for optimality,
i.e., if the optimal value function in (14) is continuously differentiable, then it is the
unique solution to the HJB in (16) [141]. The optimal control policy u* : R* — R™

can be determined from (16) as [44]

w*(z) = —%R_lgT (2) (VV* (2))", Vaeo (17)

The HJB in (16) can be expressed in the open-loop form as

VV*(z) (f(z) + g(z)u*) + Q(z) + v Ru* =0, Vz €. (18)
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Using (17) in (16) can be expressed in the closed-loop
1
VV* (@) f(x) = YV (@) R7g" () (VV* @) +Q ) =0, VreQ  (19)

The optimal policy can now be obtained using (17) if the HJB in (19) can be solved

for the optimal value function V*.

2.3.3 Value Function Approximation

In general, an analytical solution of the HJB equation is infeasible; hence, an approx-
imate solution is sought. The actor-critic (also known as adaptive-critic) architecture
is one of the most widely used architectures to implement generalized policy iteration
algorithms [28,36,42,96-100]. The actor can learn to directly minimize the estimated
cost-to-go, where the estimate of the cost-to-go is obtained by the critic. In an ap-
proximate actor-critic-based solution, the optimal value function V* is replaced by a
parametric estimate 1% (x, Wc> and the optimal policy u* by a parametric estimate
U (m, Wa> where W, € RE and W, € RE denote vectors of estimates of the ideal pa-
rameters. The objective of the critic is to learn the parameters WC, and the objective
of the actor is to learn the parameters W,. Substituting the estimates V and @ for
V* and u* in (18), respectively, a residual error § : R” x R x Rl — R, called the

Bellman Error, BE, is defined as

8, Wes Wa) o= OV (2, W) (F() + gl@)i(a, W) ) +Q(a) i, Wa)” Ri(a, W),
(20)
To solve the optimal control problem, the critic aims to find a set of parameters

. and the actor aims to find a set of parameters W, such that

8(z, We, W,) = 0, (21)
and
. 1 . A\
u(x, W,) = —§R_1gT (z) (VV (ZB,WC>> , Vzeq. (22)
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Due to the lack of an exact basis for value function approximation, an approximate
set of parameters that minimizes the BE is pursued. In particular, to ensure uniform
approximation of the value function and the policy over an operating domain 2 C R",
it is desirable to find parameters that minimize the integral error F, : R¥ x RF — R

defined as
Es(WmWa) = /

5 (x, W, Wa> dz. (23)
e

In an online implementation of the deterministic actor-critic method, it is desirable

to update the parameter estimates W, and W, online to minimize the instantaneous

error Fj (Wc(t), Wa(t)> or the cumulative instantaneous error

~

E(t) = /0 "B, (WC(T), Wa(r)) dr, (24)

while the system in (11) is being controlled using the control law, u(t) = @ (z(t), Wa(t)).

2.3.4 RL-based Online Implementation

Exact model knowledge is needed to compute the Bellman error in (20) and the
integral error in (23). In addition, computing the integral error in (36) is generally
infeasible. In reinforcement learning-based approximate online optimal control, the
Hamilton-Jacobi-Bellman equation along with an estimate of the state derivative [125,
142], or an integral form of the Hamilton-Jacobi-Bellman equation [143] is utilized to
approximately evaluate the Bellman error along the system trajectory.

The Bellman error, evaluated at a point, provides an indirect measure of the
quality of the estimated value function evaluated at that point. Therefore, the un-
known value function parameters are updated based on evaluation of the Bellman
error along the system trajectory. Such weight update strategies create two chal-
lenges for analyzing convergence. The system states need to satisfy the persistence
of excitation condition, and the system trajectory needs to visit enough points in the

state-space to generate a good approximation of the value function over the entire
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domain of operation. These challenges are typically addressed in the related litera-
ture [121,142,144-151] by adding an exploration signal to the control input to ensure
sufficient exploration of the domain of operation. However, no analytical methods
exist to compute the appropriate exploration signal when the system dynamics are
nonlinear.

For notational brevity, the dependence of all the functions on the system states
and time is suppressed in the stability analysis subsections unless required for clarity

of exposition.

2.4 Linear-in-the-parameters approximation of the value function

While the critic updates the estimates W, (+), the actor simultaneously updates the
parameter estimates W, () using a gragient—based approach so that the quantity
U (x,Wa) + sRg" (x) (VV <x, Wc>) decreases. The weight updates are per-
formed online and in real-time while the system is being controlled using the control
law v =1 (ac, Wa) . In general, ensuring stability during the learning process is diffi-
cult. The use of two separate sets of parameters to estimate the value function and
the policy is actually needed solely to preserve stability during the learning process.

For feasibility of analysis, the optimal value function is approximated using a

linear-in-the-parameters approximation
1% (x, WC> =Wlo (), (25)

where o : R® — R’ is a continuously differentiable nonlinear activation function
such that ¢ (0) = 0 and Vo (0) = 0, and W, € R”, where L denotes the number of
unknown parameters in the approximation of the value function. Based on (17), the

optimal policy is approximated using the linear-in-the-parameters approximation

A

U <x, Wa> = —%R_lg (2)" Vol (z)W,. (26)
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A least-squares update law for the critic weights is designed based on the subse-

quent stability analysis as

W, = —UCF%&, (27)

. Tww!T
I'= <6F - nc%> 1{||FHSF}’ (28)

where I : Rsy, — RE*E s a time-varying least-squares gain matrix, ||T'(t0)|| < T
w:=Vo(r)i, p=1+vw'Tw € R, v € R is a positive constant gain, I > 0 € R is
a saturation constant, § > 0 € R is a constant forgetting factor, and n. > 0 € R is a

constant adaptation gain.

The actor weights are updated based on the subsequent stability analysis as

2 T T T cGoWa T
Wa = =t (Wa = We) = maalV + =220, (29)
P

where 7,1, 7.2 € R are positive constant adaptation gains,
G, =Vo (z)g(x) R '¢" () Vol (z).

The stability analysis indicates that the sufficient exploration condition takes the
form of a PE condition that requires the existence of positive constants 1) and 1" such

that the regressor vector satisfies

T w(r)(r)”
%[L Z ‘/tv WdT7 YVt € tho (30)

Let Wc =W — VVC and Wa £V — Wa denote the vectors of parameter estimation
errors, where W € R” denotes the constant vector of ideal parameters. Provided (30)
is satisfied, and under sufficient conditions on the learning gains and the constants i
and T, the candidate Lyapunov function

L 1 . I
v (x W, Wa> SV (@) + SWIT W+ W W,
can be used to establish convergence of z, W,, and W, to a neighborhood of zero as

t — 00, when the system in (11) is controlled using the control law
u="1au (:v, Wa> , (31)
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and the parameter estimates W, (-) and W, (-) are updated using the update laws in

(27) and (29), respectively.
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Chapter III

SAFETY-AWARE MODEL-BASED REINFORCEMENT LEARNING
WITH PARAMETRIC UNCERTAINTIES

Awareness of safety is crucial in reinforcement learning when task restarts are not
available and/or when the system is safety critical. Safety requirements are often
expressed in terms of state and/or control constraints. In the past, model-based re-
inforcement learning approaches combined with barrier transformations have been
used as an effective tool to learn the optimal control policy under state constraints
for systems with fully known models. In this chapter, a reinforcement learning tech-
nique is developed that utilizes a novel filtered concurrent learning method to realize
simultaneous learning and control in the presence of model uncertainties for safety

critical systems.

3.1 Problem Formulation

3.1.1 Control objective

Consider a continuous-time affine nonlinear dynamical system
&= f(x)0 + g(x)u, (32)

where © = [x1;...;x,] € R™ is the system state, § € RP are the unknown parameters,
u € RY is the control input, and the functions f : R* — R™*? and ¢g : R® — R"*¢
are known, locally Lipschitz functions with f(x) = [fi(z); - ; fu(2)] and g(z) =
[g1(x); -+ ; gu(2)]. The notation [a;b] denotes the vector [a b]”.

The objective is to design a controller u for the system in (32) such that starting
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from a given feasible initial condition z°, the trajectories x(-) decay to the origin and
satisfy z;(t) € (a;, A;),Vt > 0, where i = 1,2,...,n and a; < 0 < A;. While MBRL
methods such as those detailed in [44] guarantee stability of the closed-loop with state
constraints are typically difficult to establish without extensive trial and error. In the

following, a BT is used to guarantee state constraints.

3.1.2 Barrier Transformation

Let the function b : R — R, is referred to as barrier function (BF), be defined as

Ai(ai — i .
b(amAi)(yi) = IOg ﬁ, VZ = 1, 2, e,y (33)

Let define by 4y @ R" — R"™ as bq,4)(7) = [Day,4)(T1); - - 0(an,a,)(%5)] With a =
[ai;...;a,] and A = [Ay;...;A,]. Moreover, the inverse of (33) on the interval

(a;, A;), is given by
eV —1

b(;i.’Ai)(yi) = aiAi—aieyi A (34)
Taking the derivative of ((34)) with respect to y; yields
dbgy a0 (9:) Aja? — a; A2 (35)
dy; areyi — 2a;A; + A2e~vi’
Consider the BF based state transformation
8; = bia, (1), T = b(_ali,Ai)(Si)' (36)

In the following derivation, whenever clear from the context, the subscripts a; and
A; of the BF and its inverse are suppressed for brevity. The time derivative of the

transformed state can be computed using the chain rule as $; = ﬁ which
(a4,4:) %

0z |Z:Si

yields the transformed dynamics

i(2)0 + gi
= SO G pg L s, (37)
db(a;.a,) 0)
T L=
where
aZesi—2a; A;+Ale™ “1ioy. -1
RO= g H7 o076, )
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T = (I e} (39)

After using the BT, the dynamics of the transformed state s = [s1;...;s,] can be
expressed as,

$=F(s)+ G(s)u =y(s)0 + G(s)u, (40)

where y(s) == [Fi(s);...; Fu(s)] € R™*P and G(s) == [G1(5);...; Gn(s)] € R™™9.
Continuous differentiability of 6~! implies that F' and G are locally Lipschitz
continuous. Furthermore, f(0) = 0 along with the fact that b=*(0) = 0 implies that
F(0) = 0. As aresult, for all compact sets 2 C R" containing the origin, G is bounded
on € and there exists a positive constant L, such that Vs € Q, ||y(s)|| < L,||s||. The
following lemma relates the solutions of the original system to the solutions of the

transformed system.

Lemma 3.1.1 If t — ®(t,b(z"),¢) is a Carathéodory solution to (40), starting
from the initial condition b(z°), under the feedback policy (s,t) — ((s,t), and if
t — A(t,2°,C) is a solution to (32), starting from the initial condition x°, under the
controller u(t) = ¢(®(t;b(z°),¢),t), then A(t,2° () = b~ (®(¢,b(2"),¢)) for almost

all t € Rzo.
Proof. see Lemma 3.1.1 in Appendix A. [ |

It is immediate from Lemma 3.1.1 that if the trajectories of (40) are bounded
and decay to a neighborhood of the origin under a feedback policy (s,t) — ((s,1),
then the feedback policy (x,t) — ( (b(x),t), when applied to the original system in
(32), achieves the control objective stated in section (3.1.1). To develop a BT MBRL
method that is robust to parametric uncertainties, the following section develops a
novel identifier inspired by the filtered concurrent learning (FCL) method presented
in [136].
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3.2 Parameter Estimation

Estimates of the unknown parameters, 6 € RP, are generated using the filter

y(s), |[Ysll <7,

0, otherwise,

vy vl <7

0, otherwise,

, G(s)u, ||Y¢] <7,
¢ - (s)u, ||Y7]] " ¢0) =0 (43)

0, otherwise,

. YT(s—s"—=Gy), |Y]| <Y7,
o L (a4

0, otherwise,
where s° = [b (29)5...5b (x%)} , and the update law
0 =pY[!(X;—Ys0), 6(0) =06, (45)

where (3, is a symmetric positive definite gain matrix and ?f is a tunable upper bound
on the filtered regressor Y.

Equations (40) - (45) constitute a nonsmooth system of differential equations

hl(zle’)? Y, §?7
5= h(zu) = ¥l <7 (46)

ho(z,u), otherwise,

~

where z = [s; vec(Y); vec(Yy); Gy Xy; 0], ha(z,u) = [F(s) + G(s)u; vec(y(s));
vec(YTY); G(s)u; YT (s —s°—Gy); SiY[(Xy— Yfé)], and hs(z,u) = [F(s) + G(s)y;
0; 0; 0; 0; B1Y/(Xy — Y;6)]. Since ||Y;|| is non-decreasing in time, it can be shown

that (46) admits Carathéodory solutions.
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Lemma 3.2.1 If ||Y|| is non-decreasing in time then (46) admits Carathéodory so-

lutions.
Proof. see Lemma 3.2.1 in Appendix A. [ |

Note that (42), expressed in the integral form

t3
Y= [ Y@y r (47)
0
where t3 = irtlf{t >0 | [|[Y;(®)] < Y;}, along with (44), expressed in the integral
form
t3
Xp(t)= [ YT(7) (s() -G ) (43)
0

and the fact that s(7) — s — G4(7) = Y(7)6, can be used to conclude that X (t) =
Yy(t)0, for all t > 0. As a result, a measure for the parameter estimation error can be
obtained using known quantities as Yfé =Xy — Yfé, where 0 := 0 — 0. The dynamics

of the parameter estimation error can then be expressed as
0 = —BY}Y;0. (49)

The filter design is thus motivated by the fact that if the matrix YfTYf is positive

definite, uniformly in ¢, then the Lyapunov function Vi(0) = %éTﬁf 19 can be used
to establish convergence of the parameter estimation error to the origin. Initially,
YfTYf is a matrix of zeros. To ensure that there exists some finite time 7' such
that Y7 (t)Y}(t) is positive definite, uniformly in ¢ for all ¢ > T, the following finite

excitation condition is imposed.
Assumption 3.2.1 There exists a time instance T > 0 such that Y;(T') is full rank.

Note that the minimum eigenvalue of Y} is trivially non-decreasing for ¢t > ¢35 since
Y;(t) is constant Vt > t3. For ¢4 <t5 <ts, Y;(t5) = Yy(t4) + ftif YT (7)Y (7)dr. Since
Y¢(t4) is positive semidefinite, and so is the integral ftff YT(7)Y (7)dr, we conclude

that Amin(Y7(t5)) > Amin(Y7(ts)), As a result, t — Apnin(Y7(f)) is non-decreasing.
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Therefore, if Assumption 3.2.1 is satisfied at ¢ = T, then Yj(¢) is also full rank
for all ¢ > T. Similar to other MBRL methods that rely on system identification
( [44, Chapter 4]) the following assumption is needed to ensure boundedness of the

state trajectories over the interval [0, 7).

Assumption 3.2.2 A feedback controller v : R™ — R? that keeps the trajectories
of (40) inside a known bounded set over the interval [0,T), without requiring the

knowledge of 0, is available.

If a feedback controller that satisfies Assumption 3.2.2 is not available, then, under
the additional assumption that the trajectories of (40) are exciting over the interval
[0,7), such a controller can be learned, online while maintaining system stability,

using model-free reinforcement learning techniques such as [142, 150, 152].

Remark 3.2.1 While the analysis of the developed technique dictates that a different
stabilizing controller should be used over the time interval [0,T), typically, similar
to the examples from section 3.5.1 and section 3.5.2, the transient response of the
developed controller provides sufficient excitation so that T is small (in the exam-
ples provided in section 3.5.1 and section 3.5.2, T is the order of 107> and 107°,

respectively), and the stabilizing controller is not needed in practice.

3.3 Model-Based Reinforcement Learning

Lemma 3.1.1 implies that if a feedback controller that practically stabilizes the trans-
formed system in (40) is designed, then the same feedback controller, applied to the
original system by inverting the BT also achieves the control objective stated in Sec-

tion 3.1.1. In the following, a controller that practically stabilizes (40) is designed as
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Safe Trajectory
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Estimator
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Figure 1: Developed BT MBRL framework (after Y;(7) is full rank [Assumption
3.2.1]). This control system consists of simulation-based BT-actor-critic-estimator
architecture. In addition to the transformed state-action measurements, the critic
also utilizes states, actions, and the corresponding state-derivatives to learn the value
function. In the figure, BT: Barrier Transformation; TS: Transformed State; BE:
Bellman Error. Dotted line means one time initialization, and dashed lines mean

learning action.
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an estimate of the controller that minimizes the infinite horizon cost!

J(u(-)) = /OOO r(o(r,s% (), u(r))dr, (50)

over the set U of piecewise continuous functions t +— wu(t), subject to (40), where
&(7, 5%, u(+)) denotes the trajectory of ((40)), evaluated at time 7, starting from the
state s° and under the controller u(-), r(s,u) = s?Qs + u’ Ru, and Q@ € R™" and
R € R99 are symmetric positive definite (PD) matrices. Assuming that an optimal
controller exists, let the optimal value function, denoted by V* : R” x R? — R, be

defined as
V*(s) := min /t7’(¢(7’,S,U[tﬂ—)(')),U('))dT, (51)

u(-) €Ut 00)

where u; and U; are obtained by restricting the domains of u and functions in U;
to the interval I C R, respectively. Assuming that the optimal value function is
continuously differentiable, it can be shown to be the unique positive definite solution

of the Hamilton-Jacobi-Bellman (HJB) equation

min (VSV(s) (F(3)+G(s)u) +s7 Qs+u” Ru>:0, (52)

uERY
where V() = %. Furthermore, the optimal controller is given by the feedback policy

u(t) = u*(o(t, s,upy))) where u* : R" — RY defined as

u*(s) = —%R_IG(s)T(VSV*(s))T. (53)

3.3.1 Value function approximation

Since computation of analytical solutions of the HJB equation is generally infeasible,
especially for systems with uncertainty, parametric approximation methods are used
to approximate the value function V* and the optimal policy u*. The optimal value

function is expressed as

V*(s) =WTa(s) +e(s), (54)

For applications with bounded control inputs, a non-quadratic penalty function similar to [153,

Eq. 17] can be incorporated in (50).
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where W € R” is an unknown vector of bounded weights, o : R® — R’ is a vector
of continuously differentiable nonlinear activation functions such that ¢ (0) = 0 and
Vso(0) = 0, L € N is the number of basis functions, and ¢ : R" — R is the
reconstruction error. Exploiting the universal function approximation property of
single layer neural networks, it can be concluded that given any compact set y C R"
and a positive constant € € R, there exists a number of basis functions L € N,
and known positive constants W and @ such that |[W|| < W, sup,, |[e(s)]| < &,
SUP,e, ||Vs€(s)]| < € sup,e, ||o(s)|| < 7, and sup,e, ||[Vso (s)|| < @ [154]. Using
((52)), a representation of the optimal controller using the same basis as the optimal

value function is derived as
1
u' (s) = —5 R'GT (s) <V50T ()W + Vel (3)) . (55)

Since the ideal weights, W, are unknown, an actor-critic approach is used in the
following to estimate W. To that end, let the NN estimates V:R" x RE - R and

o : R" x RY — RY be defined as

v (s, W) =WTo(s), (56)
i (5.17,) = _%ngT (5) Voo (s) W, (57)

where the critic weights, W, € RL and actor weights, W, € RE are estimates of the

ideal weights, W.

3.3.2 Bellman Error

Substituting (56) and (57) into (52) results in a residual term, 0 : R" x RE x RE xR —

R, which is referred to as Bellman Error (BE), defined as

(5, W Was0) = 9,V (5, W) (y()0 + G(s)i(s, Wa) )+, Wa) Ri(s, Wo)+57 Qs

(58)
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Traditionally, online RL methods require a persistence of excitation (PE) condition
to be able learn the approximate control policy [148,149,155]. Guaranteeing PE a
priori and verifying PE online are both typically impossible. However, using virtual
excitation facilitated by model-based BE extrapolation, stability and convergence
of online RL can established under a PE-like condition that, while impossible to
guarantee a priori, can be verified online (by monitoring the minimum eigenvalue of
a matrix in the subsequent Assumption 3.3.1 [43]. Using the system model, the BE
can be evaluated at any arbitrary point in the state space. Virtual excitation can
then be implemented by selecting a set of states {sk |k=1,--- N } and evaluating

the BE at this set of states to yield

~ A A N ~ A

(st W Wa, 0) 1= Vo, V (s Wo) (1) + G, 1) )

+ (s, Wo) T Ri(sy, W,) + s-Qsp,  (59)

where, V,, = %, Y = y(sk) and Gy, == G (sy). Defining the actor and critic weight
estimation errors as WC =W-= WC and Wa =W-= Wa and substituting the estimates
(54) and (55) into (52), and subtracting from (58) yields the analytical BE that can

be expressed in terms of the weight estimation errors as?

A ~ 1 -~ - -
6= —w'W, + ZWZ G W, —WTV, 0oy + A, (60)

where A = W'V, ,0GrVe" + 1G. — VyeF. G = GR'GT € R, G, =
V.,eGrVsel € R, G, = V,0GR'GTV 0" € REXL,
and w == V0o (yé + Gu(s, Wa)) € RE.

Similarly, (59) implies that

1

5k:—ngc+4

WG, W,—WTV,, oryrd+Ay, (61)

2The dependence of various functions on the state, s, is omitted for brevity whenever it is clear

from the context.
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where, Fy = F(sy), ex = €(sk), o = o(sk), Ag = %WTVskakGRszkef + %Gek —

vskEka, G VskekGRszke{, W = vsk()’k (yké—{—Gkﬁ(sk,Wa)) € RL, GRk =

€

GkR_ng € R™"™ and ng = VskakaR‘lG;stka,f e RXL,

Note that sup,., |A] < dé and if s, € x then |A;| < dé, for some constant d > 0.

3.3.3 Update laws for Actor and Critic weights

The actor and the critic weights are held at their initial values over the interval [0, T')
and starting at t = 7', using the instantaneous BE 4 from (58) and extrapolated BEs

0 from (59), the weights are updated according to

N
A wa ke W 2
W, = —k T25 — Seap Yk (62)
“p N ; P
- wwl ey o wpw?
[ =480 —k,I—T— 2T —1I, 63)
2 N 1;:1: 72 (

W, = —ka, (W - W) kW,
ko, GTW,wT N ke, GT Wl
= T W, U’c—[/{/C7 64
1 2 " (64
with T (to) = [y, where I : Rs;, — RE*L is a time-varying least-squares gain matrix,
p(t) =1+ nwl @)w(t), pp(t) = 1+ nwl (H)w(t), 8 > 0 € R is a constant
forgetting factor, and k., kc,, ka,, ko, > 0 € R are constant adaptation gains. The

control commands sent to the system are then computed using the actor weights as

»(s(t)), 0<t<T,
u(t) = (65)

A

i (s(0. W), 127,

where the controller ¢ was introduced in Assumption 3.2.1. The following verifiable

PE-like rank condition is then utilized in the stability analysis.
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Assumption 3.3.1 There exists a constant c; > 0 such that the set of points

{skER"H{::l,...,N} satisfies

we (M wi (1)) (66)

1 SX wy (t
< 1 —
ol <t | N

P

ET‘[\)\_/

Since wy, is a function of the weight estimates 6 and W,, Assumption 3.3.1 cannot

be guaranteed a priori. However, unlike the PE condition, Assumption 3.3.1 can

wi ()wil (t)

be verified online. Furthermore, since Ay, <ij:1 PO
k

) is non-decreasing in the
number of samples, N, Assumption 3.3.1 can be met, heuristically, by increasing the

number of samples.

3.4 Stability Analysis

Theorem 3.4.1 Provided Assumptions (3.2.1, 3.2.2, and 3.3.1) hold and the gains
are selected large enough based on (72) - (75), then the system state s, weight esti-

mation errors W, and W,, and parameter estimation error 0 are uniformly ultimately

bounded.

Proof. Under Assumption 1, the state trajectories are bounded over the interval

[0,T). Over the interval [T, 00), let B, C R""2L*P denote a closed ball with ra-

dius r centered at the origin. Let y = B, N R". Let the notation || H be defined
s ||n]] = SUDgoey /A (s°)|, for some continuous function h : R® — R™. To facilitate
the analysis, let {wj ERo|j=1,--- ,7} be constants such that @, +wy + w3 =1,

and wy + ws + we + wr = 1. Let ¢ € Ry be a constant defined as

5 &

c = + = 67
- 2Fk62 2’ (67)

ks be a positive constant defined as k5 = (WKcleO'Ly). and let + € R be a positive
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constant defined as

1 1
WG, ~|[V.eGTV 0T
4(ka1 + k?az) We (2 || || + 2|| € V g ||>

1

+
4 (kal + kaQ) We

| o \?
(ka2W+Z(kcmtkcg)WQHGUH) . (68)

To facilitate the stability analysis, let V;, : R"™57P x Ryq — Rsq be a continuously

differentiable candidate Lyapunov function defined as

1

1 ~ -
Vi (Z,t) = V*(s) + 5WCTF*(t)Wc + 5

WIW, + Vi(6), (69)

where V* is the optimal value function, V; was introduced in section 3.2 and Z £
s; W Wy é] The update law in (62) ensures that the adaptation gain matrix is
bounded such that

L <T@ <T,Vt € Rsp. (70)

Using the fact that V* and V; are positive definite, Lemma 4.3 from [156] yield
u(lZll) <Vi(2,t) <w (I1Z]) . (71)

for all ¢ € Ryp and for all Z € R"™5P where v,7; : Rsg — R are class K

functions. Let v, : Rsg = Rsg be a function defined as v; (|| Z]]) = M +

- 12 -2 il|2
kc2§w1 Wl + (ka1+];a2)w4 Wl + ||92H _

The sufficient conditions for ultimate boundedness of Z are derived based on the

subsequent stability analysis as

ksr 1 —
(kCQQWQ - 576) (kal + ka2>w5 Z (kal + Z (kcl + kc?) W“GaH)a (72)
1 —
(kal + ka2) wr Z Z (kcl + ch) WHGoHv (73)
k
Auind Yy (1)} > 5=+ 1, (74)
vt () <o Hu(r). (75)
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The bound on the function F' and the NN function approximation errors depend on
the underlying compact set; hence, ¢ is a function of r. Even though, in general, ¢
increases with increasing r, the sufficient condition in (75) can be satisfied provided
the points for BE extrapolation are selected such that the constant ¢, introduced in
(67) is large enough and that the basis for value function approximation are selected
such that [|e]| and |[Ve|| are small enough.
The orbital derivative of (69) along the trajectories of (40) and (62) - (64) is given
by
Vi = VLV 4 WV Gi o+ WIT W, 4 SWIE W+ WIW, 41 (76)

Substituting (62) - (64) in (76) yields

Vi < V,V* (F + Gu*) — V,V*Gu* + V,V*Gi — chTrl( 1r ut 7rz C;‘”l 5k)
k
k=1

1~ wwT keo wkwT ~
— —WIT Y AL — ke (I =—=-T") — 2T’ Ep)r—tw,

kdw

4p

- WaT(_ kal(Wa - WC) kaZW + (( WT Go + Z IN Kot WTGak)TW )> + V1 (77)

Using the inequality % < %

N
. - - 1 - ke Ty o~
V, < —sTQs — gwfr—lwc -5 (§ 72;”“% ) W, — (ka1 + koz) WIW,
k
k=1

1 1 1 11 ¢
+ (QWTGU + 5 VeeGTV,0" + kaa W ideT%WTGU - W Z ;:”c WTng) .

N

. 1 XLk, U ~

W [ ka=A+ =3 2N 4 ka WIW + kW SWTGLW,
p N&= px 4 p

N

ke - N

WS EER TG W, + ikdwT‘in”G(,Wa

Pk P
k=1

N
keawis 1 - "
+ WIS F2R TG W+ G+ Vi = W ka W'V, 0y8
4N =1 Pk 4 P

N
1 . -
- SWika2y :%WTVSUkka. (78)
k=1
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So,

: 1 1 | 1~
Ve < —sTQs — ZWTGUW + §WTGC,WG + G+ 5WaTvSaGRvSeT

N S . <1 1
—-wir! < - kclr%(wTWe + fWaTGUWa ~WTV,0oy0 + §WTVSUGRV36T +4Ge - VSeF))

N
s (1 kczwk - . -
+wIr-t (NF; o —wiW, + ZW,LTGU;CW& — (WTV o) + Ak)>

B rwwl -

WTF "W, + de WC

1 .1 o -
+ koW — Z “”““’k W, + ka WEW, — (ka1 + ka2) W W + kaa WEW
2 N k=1 Pi

T
- Wf((k”w LGy +Z heaw WaTGUk) WC> — 0B YT Y. (79)

Using Rayleigh-Ritz theorem,

. 1 1 | 1~
Ve < —sTQs — ZWTGUW + §WTGUWG + G+ 5WaTvSaGRVSeT

N S . <1 1
—-wir! < - kclr%(wTWe + fWaTGc,Wa ~WTV,0oy0 + §WTVSUGRV36T +4Ge— VSeF)>

N
~ _ 1 kCQCUk ~ 1.~ ~ -
+wIr-! (Nr ;;1: o — Wi W, + ZWQTGU;CW& — (WTV o1y:0) + Ak)>

B

~ < 1 = mwwt - 1 ~ wf
- §WCTF_1WC + gkclwcTiQWc + ikCZ k

-
We+ kaa W, W,

Mz

rl
¢ N
k=1
o . - k. . _

—(ka1+ka2)wfwa+kagwfwwg(( LMWTG +Z o QWkWTG0k> WC> —Amin{ Y702
(80)

Using Cauchy-Schwartz inequality,

We

. 2 - 2
VL S 75TQ5 - chQ - (kal + ka2) ’ a

1 1 — 1 P
+@WWA+AWﬂﬂWHﬂ+mW+4%H%MWW%®

) 11 Nk, .
<(kc1 + ko) HaH) L WT (kal n kcl—WTG +1v ;’:”“ WTGUk) W,
k=1

2

1 — 11—
+*(kcl+k62)W|Go” +Z||G€H

4
~26~2 -
+4%M<W”+-““”)—Amdn}wﬁ (81)

W,

2¢ 2
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(81) can be re-expressed as

2

. ~ 112 -
Vi < —sTQs — keac (w1 + w2 + w3) HWC — (ka1 + ka2) (wa + ws + we + wr) HWa

1

+ (;W|GU|| + 3 [ VoG V0] 4 BT+ G (s + heo) WQHGGH> W
+ | ((kc1 + keo) H5H> + <ka1 + i (ke + kcz)WHGa”) || || 7

2

1 .
+ 1 (kcl + kc2) W”Gcr”

W,

1 ~ 012 e Wc 2
+ TG Auin¥P1012 + (o) (”2”+ el ) (52)

Provided the gains are selected based on the sufficient conditions in (72), (73), (74)

and (75), the Lyapunov derivative can be upper-bounded as
Vi, < —vl(HZH), V| Z]] >vf1 (¢), (83)

for all t > T and VZ € B,. Using (71), (75), and (83), Theorem 4.18 in [156] can
then be invoked to conclude that Z is uniformly ultimately bounded in the sense
that limsup,_,. ||Z ()| < v (U_l (v " (L))) . Furthermore, the concatenated state
trajectories are bounded such that HZ (t)” € B, for all t € R>p. Since the estimates
W, approximate the ideal weights W, the policy @ approximates the optimal policy

u*. [ |

Using Lemma 3.1.1, it can be concluded that the optimal feedback policy u*,
applied to the original system in (32), achieves the control objective stated in section

(3.1.1).

3.5 Simulation

To demonstrate the performance of the developed method for a nonlinear system with
an unknown value function, two simulation results, one for a two-state dynamical
system (84), and one for a four-state dynamical system (87) corresponding to a two-

link planar robot manipulator, are provided.
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3.5.1 Two state dynamical system

The dynamical system is given by
&= f(z)0 + g(x)u (84)

where

ra 0 0 0
flz) = : (85)
0 21 xo wo(cos(2zy) + 2)?

0 = [01;05;03;0,] and g(x) = [0; cos(2z1) + 2|. The BT version of the system can be
expressed in the form (40) with G(s) = [0; Gs,] and

F, 0 0 0
y(s) = , (86)
0 By, [y B,

where

P alest —2ay Ay + Ale™5
1, = L2
! Ala% — alA% ’

2 2 —
aze®® — 2a,As + Aze™*?
2 AQCL% — GQA%

2 2 —
P — ase’® — 2asAs + Ase™*? "
3 2 2 )
Asas — ay A3

4

aze® — 2a9 Ay + Ale™*2
Fy, =2 2 2 2)2
b ( Y s——Y xo(cos(2x1) + 2)7,

aze®? — 2a, A5 + Ale~*2
Gy, = | 2 2 2 2.
2 ( Agal — ay Al cos(21) +

The state x = [z; x3])T needs to satisfy the constraints, z; € (=7,5) and x5 € (=5,7).

The objective for the controller is to minimize the infinite horizon cost function in
(50), with @ = diag(10,10) and R = 0.1. The basis functions for value function
approximation are selected as o(s) = [s?;s189;53]. The initial conditions for the

system and the initial guesses for the weights and parameters are selected as x(0) =

[—6.5;6.5], 6(0) = [0;0;0;0], T(0) = diag(1, 1,1), and W,(0) = W,(0) = [1/2;1/2; 1/2].
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The ideal values of the unknown parameters in the system model are 6; = 1, 65 = —1,
0;s = —0.5, 6, = 0.5 and the ideal values of the actor and the critic weights are
unknown. The simulation uses 100 fixed Bellman error extrapolation points in a 4x4

square around the origin of the s—coordinate system.

Results for the two state system

As seen from Fig. 2, the system state x stays within the user-specified safe set while
converging to the origin. The results in Fig. 3 indicate that the unknown weights for
both the actor and critic NNs converge to similar values. As demonstrated in Fig. 4
the parameter estimation errors also converge to the zero.

Since the ideal actor and critic weights are unknown, the estimates cannot be di-
rectly compared against the ideal weights. To gauge the quality of the estimates, the

trajectory generated by the controller

where WC* is the final value of the critic weights obtained in Fig. 3, starting from
a specific initial condition, is compared against the trajectory obtained using an
offtine numerical solution computed using the GPOPS II optimization software [157].
The total cost, generated by numerically integrating (50), is used as the metric for
comparison. The results in Table (1.) indicate that while the two solution techniques
generate slightly different trajectories in the phase space (see Fig. 5) the total cost

of the trajectories is similar.

Sensitivity Analysis for the two state system

To study the sensitivity of the developed technique to changes in various tuning pa-
rameters, a one-at-a-time sensitivity analysis is performed. The parameters k., k.o,

ka1, ka2, B, and v are selected for the sensitivity analysis. The costs of the trajecto-
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Table 1.: Comparison of costs for a single barrier transformed trajectory of (84),
obtained using the optimal feedback controller generated via the developed method,

and obtained using pseudospectral numerical optimal control software.

Method Cost

BT MBRL with FCL 71.8422

GPOPS II [157] 72.9005
8 T T T
6 L i
4t i
2t i

E
2t ]
4t 1
6L ]
-5 0 5

z1(t)

Figure 2: Phase portrait for the two-state dynamical system using MBRL with FCL

in the original coordinates. The boxed area represents the user-selected safe set.
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Figure 3: Estimates of the actor and the critic weights under nominal gains for the

two-state dynamical system.

-1 —————v—vy—Y
0 2 4 6 8 10
Time, t(s)
Figure 4: Estimates of the unknown parameters in the system under the nominal

gains for the two-state dynamical system. The dash lines in the figure indicates the

ideal values of the parameters.
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w
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Figure 5: Comparison of the optimal trajectories obtained using GPOPS II and using

BT MBRL with FCL and fixed optimal weights for the two-state dynamical system.

ries, under the optimal feedback controller obtained using the developed method, are
presented in Table II for 5 different values of each parameter.

The parameters are varied in a neighborhood of the nominal values (selected
through trial and error) k. = 0.3, ko = 5, ko1 = 180, k.o = 0.0001, 8 = .03, and
v = 0.5. The value of 3 is set to be diag(50,50,50,50). The results in Table 1T

indicate that the developed method is robust to small changes in the learning gains.

3.5.2 Four state dynamical system

The four-state dynamical system corresponding to a two-link planar robot manipu-

lator is given by

T = fi(z) + fa(x)0 + g(x)u (87)
where _ .
z3
fiz) = " , (88)
Z3
M-,
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Table 2.: Sensitivity Analysis for the two state system

oo, = 0.01 0.05 0.1 0.2 0.3
Cost 72.7174 72.6919 72.5378 72.3019 72.1559
fooy= 2 3 5 10 15

Cost 71.7476 72.3108 72.1559 71.8344 71.7293
kg, = 175 180 250 500 1000
Cost 72.1568 72.1559 72.1384 72.1085 72.0901
kg, = 0.0001 0.0009 0.001 0.005 0.01
Cost 72.1559 72.1559 72.1559 72.1559 72.1559
B= 0.001 0.005 0.01 0.03 0.04
Cost 72.2141 72.1559 72.1958 72.1559 72.1352
v= 0.5 1 10 50 100
Cost 72.1559 72.4054 72.6582 79.1540 81.32
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i ] fdl
0, 0, 0, 0
fa
fl@)=1 0,000 |, 0=1]"], (89)
Ja1
—[M~', M~YD
L . I
0,0
(M—I)T
where
D = diag |x3, 14, tanh(z3), tanh(xy)| (91)
M — P1 + 2p362 D2 +p302 c R2X27 (92)
D2 + P3C2 D2
. —p35aTy  —P3S2(T3 + T4) € R, (93)

D3S2T3 0

with sy = sin(xg), co = cos(za), p1 = 3.473, p2 = 0.196, p3 = 0.242. The positive
constants fq,, fa,, fs;s fs;, € R are the unknown parameters. The parameters are
selected as fq, = 5.3, fa, = 1.1, f5, = 8.45, fs, = 2.35.

The state z = [#1 xy x3 x4]7, that corresponds to angular positions and the
angular velocities of the two links needs to satisfy the constraints,
ry € (=7,5), za € (=7,5), z3 € (=5,7) and x4 € (—5,7). The objective for
the controller is to minimize the infinite horizon cost function in (50), with @ =
diag(1,1,1,1) and R = diag(1, 1) while identifying the unknown parameters § € R*
that correspond to static and dynamic friction coefficients in the two links. The
ideal values of the the unknown parameters are ¢, = 5.3, 0, = 1.1, 63 = 8.45,
and 6, = 2.35. The basis functions for value function approximation are selected

as 0(8) = [s183; S284; S359; S451; S152; S453; 51; S5; 53; 54]. The initial conditions for the
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Pk o ¥ . d
60 80 100

Time, t(s)
Figure 6: State trajectories for the four-state dynamical system using MBRL with

FCL in the original coordinates. The dash lines represent the user-selected safe set.

system and the initial guesses for the weights and parameters are selected as x(0) =
[—5; —5;5; 5], é(O) = [5;5;5;5], I'(0) = diag(10, 10, 10, 10, 10, 10, 10, 10, 10, 10), and
W,(0) = W,(0) = [60;2:2;2;2;2:40;2:2;2]. The ideal values of the actor and the

critic weights are unknown. The simulation uses 100 fixed Bellman error extrapola-

tion points in a 4x4 square around the origin of the s—coordinate system.

Results for the four state system

As seen from Fig. 6, the system state x stays within the user-specified safe set while
converging to the origin. As demonstrated in Fig. 8, the parameter estimations
converge to the true values.

A comparison with offline numerical optimal control, similar to the procedure used for
the two-state, yields the results in Table (3.) indicate that the two solution techniques
generate slightly different trajectories in the state space (see Fig. 9) and the total
cost of the trajectories is different. We hypothesize that the difference in costs is due

to the basis for value function approximation being unknown.
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Figure 7: Estimates of the critic weights under nominal gains for the four-state dy-

namical system.

Table 3.: Costs for a single barrier transformed trajectory of (87), obtained using the

developed method, and using pseudospectral numerical optimal control software.

Method Cost
BT MBRL with FCL 95.1490
GPOPS 11 57.8740

In summary, the newly developed method can achieve online optimal feedback
control thorough a BT MBRL approach while estimating the value of the unknown
parameters in the system dynamics and ensuring safety guarantees in the original co-
ordinates. The following section details a one-at-a-time sensitivity analysis and study

the sensitivity of the developed technique to changes in various tuning parameters.

Sensitivity Analysis for the four state system

The parameters k.1, ke, ka1, ka2, 8, and v are selected for the sensitivity analysis.
The costs of the trajectories, under the optimal feedback controller obtained using the
developed method, are presented in Table II for 5 different values of each parameter.

The parameters are varied in a neighborhood of the nominal values (selected through
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Figure 8: Estimates of the unknown parameters in the system under the nominal

gains for the four-state dynamical system. The dash lines in the figure indicates the

ideal values of the parameters.

Table 4.: Sensitivity Analysis for the four state system

oo, = 0.01 0.05 0.1 0.5 1

Cost 05.91 05.4185 05.1490 04.1607  93.5487
oy = 1 5 10 20 30

Cost 304.4 101.0786  95.1490 92.7148 93.729
gy = 5 10 20 30 50

Cost 04.9464 05.1224 95.1490 05.1736 95.1974
ooy = 0.05 0.1 0.2 0.5 1

Cost 95.2750 05.2480 05.1490 04.9580 04.6756
B= 0.1 0.5 0.8 0.9 0.95
Cost 125.33 109.7721  95.1490 92.91 93.7231
v= 50 70 100 125 150
Cost 02.2836 03.34 95.1490 96.1926 97.9870
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Figure 9: Comparison of the optimal state trajectories obtained using GPOPS II and
using BT MBRL with FCL and fixed optimal weights for the four-state dynamical

system.

trial and error) k. = 0.1, ke = 10, ko1 = 20, ko2 = 0.2, § = 0.8, and v = 100. The
value of f is set to be diag(100, 100, 100, 100). The results in Table (4.) indicate that

the developed method is not sensitive to small changes in the learning gains.
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Chapter IV

SAFETY-AWARE MODEL-BASED REINFORCEMENT LEARNING
WITH PARTIAL OUTPUT-FEEDBACK

Deployment of unmanned autonomous systems in complex, high-risk tasks provides
operational benefits such as accuracy, physical endurance, and so on. Hence, the
usage of unmanned autonomous systems has been significantly expanding over the
past decades. To realize complex autonomy, techniques that allow autonomous agents
to learn to perform tasks, in a provably safe manner, are needed. While recent years
have seen prolific progress in the area of safe reinforcement learning [22,24, 25,130,
133,158], most existing techniques require full state feedback. This chapter focuses
on the development of a reinforcement learning framework for autonomous systems
in continuous time under partial observability, while guaranteeing stability and safety

which is a critical, and yet open research question.

4.1 Problem Formulation

We consider the following continuous-time affine nonlinear dynamical system in Brunovsky

form

T1 = Tg

&y = f(x) + g(x)u, (94)
where 1 = [z1,;...;71,] € R" and 2y = [w9,;...;79,] € R", 7 := [x1;75] € R*"

is the system state, v € R™ is the control input, and x; € R" is the output. The

drift dynamics, f : R*™ — R", and control effectiveness, g : R*® — R™ ™ are locally
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Lipschitz continuous. Let, & = [Z1; 22|, &1 = [T1,;...;%1,], and Tg = [To,;...;Ta, ]
be the estimates of x, z1, and x5 respectively. The notation [a;b] denotes the vector
[a 0T,

The objective is to design an adaptive estimator to estimate the state, online,
using input-output measurements, and to simultaneously estimate and utilize an op-
timal controller, u, such that starting from a given feasible initial condition x°, the
trajectories x(-) decay to the origin and satisfy x;;(t) € (as;, As;). The notation (-);; is
used above and in the rest of the manuscript to denote the jth element of the vector
(+)i-

Note that the unknown part of the state, x5 is simply the time derivative of the
output, x1. While the derivative can be computed numerically, state estimators, such
as the one designed in the following section, have been shown to be more robust to
measurement noise than numerical differentiation. Furthermore, the state estimator
designed in the following section allows for rigorous inclusion of state estimation errors

in the analysis of the feedback controller.

4.2 State Estimation

In this section, a state estimator inspired by [159] is developed to generate estimates

of x. The estimator is given by

A A

. T X2
p=1= (95)
T2 f@) +g@)u+m
where, vy = [v1,;...;11,] € R" is a feedback term designed in the following. To design

of v; is motivated by the need to establish bounds! on state estimation errors in a

barrier-transformed coordinate system. To facilitate the design of vy, let the state

precisely, (180) in section B.2
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estimation errors be defined as
T = 1 — T,
i’g = T9 — 2%2. (96)
Let the function b : R — R, is referred to as barrier function (BF), be defined as
bia; A ) Wi;) = log ————=, Vi=1,2; Vj=12,...,n 97
(a1, (Yis) o (A — ) (97)

Whenever clear from the context, the subscripts a;, and A;; of the BF. The feedback

component vy, is designed as

Toa eb@1y) _ 2a1, A1, + A%je_b(ilj)
(@(b(a1,) = b(@1,)) = (k + o+ B) ny), (98)
where the signal 7; is added to compensate for the fact that x, is not measurable.

Based on the subsequent stability analysis, the signal n; is designed as the output of

the dynamic filter

‘ d "

My = =Py —krj —a (E (b(flj) - b(ﬁlj))) ’ (99)
where 7, (1) =0, «, k, and ( are positive constants and the error signal r; is defined
as

d . .
"I T q (b(w1,) = b(d1,)) + a(bla,) = b(i,)) + ;. (100)

The signal 7; can be implemented via the integral form,

1) = [ (= G+ B (r) — k(b
= b(@1,)) (7)) dr = (s + @) (b, )(8) — b, ) (1)
— bl1,)(0) + b(a1,)(0)). (101)

While MBRL methods such as those detailed in [44] guarantee stability of the closed-
loop with state constraints are typically difficult to establish without extensive trial

and error. In the following, a BT is used to guarantee state constraints.
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4.3 Barrier Transformation

The inverse of (97) exists on interval (a;;, A;;), and is given by

vi; _
1 e’ —1

b(‘“j ’Azj)(wj) = a4y g, e¥ii — A, . (102)

Consider the BF based state transformation

- . 1
Si; = b(ai]-7Aij)(‘ij>7 Li; = b(aij A

)(57;].). (103)
In the following derivation, whenever clear from the context, the subscripts a;; and
Aj; of the inverse of BF are suppressed for brevity.

To transform the dynamics in (94) using the BT, the time derivative of the trans-

formed state variables can be computed as
$1=H(s), (104)

Where H(S) - [H<Sll7521>;"';H(81n782n)]7 and

2 81, 2 _—S81.
aj e’ —2a1 Ay, + Aj e

H(Slj, SQJ-) B
Az

. 105
A — o2, 1o

Similarly,
S9 = F(s) + G(s)u, (106)

where F(s) = [F(s1,,82,);...; F(s1,,52,)], G(s) = [G(s1,,59,);...;G(s1,, S2,)],

2 82 —52
ay. e —2ag, Ay, + Az €% - -
Flsis) = ( pR )f@l@mw (52,))), (107
and
2 82 2 52
ajy €™ — 2ay; Ag; + A2je i B B
Gloryosm) = ( e | o7 ) (). (108)

The system (94), in the transformed coordinates, can then be expressed as

cmfea= | T (109)
F(s)+ G(s)u
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As detailed in Lemma 4.3.1 below, design of the BT ensures that the trajectory of
(94) and (109) are linked by the BT whenever the initial conditions and the feedback

policies are linked by the BT.

Lemma 4.3.1 If t — ®(¢,b(z°),() is a Carathéodory solution to (109), starting
from the initial condition b(z°), under the feedback policy (s,t) — ((s,t), and if
t — A(t,2°,C) is a solution to (94), starting from the initial condition x°, under the
controller u(t) = ¢(®(t;b(z°),¢),t), then A(t,z° () = b~ (®(¢,b(2"),¢)) for almost

all t € Rzo.
Proof. See Lemma 4.3.1 in Appendix B. [ |

To transform the state estimator using the BT, let

§ij = b(.fi'l]), and gij = Sij — §ZJ (110)
The state estimator can then be expressed in transformed coordinates as
. |5 H(3
=7 = ) , (111)
82 F(8) + G(8)u+ va(s1,m)
where, vy = [vo,;...;10,], 1 = [m;...;nn], and

2 89 2 _—82.
a3 € — 2ay; Ay, + A3 €%

ng = 1/1]. ([b_l(glj),nj) . (112)

2 _ 2

As detailed in Lemma 4.3.2 below, the design of the BT ensures that the trajecto-
ries of (95), (96), (97), (98), (99), (100) and (111), (112) linked by the BT whenever
the underlying state trajectories x(-) and s(-) and the initial conditions #° and 3° are

linked by the BT.

Lemma 4.3.2 Ift — U(t;b(x1()),b(2°)) is a Carathéodory solution to (111), start-
ing from the initial condition b(i°) along the trajectory t — b(xy(t)), and if t
E(t;z1(+),2%) is a solution to (95), starting from the initial condition i° along the

trajectory x1(+), then &(t;x1(+), 2%) = b= (U (¢ b(x1(+)), b(2°))) for all t € Ry.
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Proof. See Lemma 4.3.2 in Appendix B. [ |

The following section develops a bound on a Lyapunov-like function of the state

estimation errors to be utilized in the subsequent stability analysis.

4.4 Optimal Control Formulation

Lemma 4.3.1 implies that if a feedback controller that practically stabilizes the trans-
formed system in (109) is designed, then the same feedback controller, applied to
the original system by inverting the BT also achieves the control objective stated in
Section 4.1. In the following, a controller that practically stabilizes (109) is designed

as an estimate of a controller that minimizes the infinite horizon cost?

J(u()) = / " (d(r, 8, ul)), u(r))dr, (113)

over the set U of piecewise continuous functions ¢ — wu(t), subject to (109), where
&(7, 5% u(-)) denotes the trajectory of (109), evaluated at time 7, starting from the
state s°, and under the controller u(-). In (113), ¢(s,u) = Q'(s) + u’ Ru where
Q'(s) = sTQs, Q'(s) : R = R", Q € R™™ and R € R™ ™ are symmetric positive

definite (PD) matrices.
Assumption 4.4.1 One of the following is true:
1. Q" is PD.
2. Q" is PD, and s; — Q' (s) is PD for all nonzero sy, € R™.

3. Q' is PD, sy — Q' (s) is PD for all nonzero s; € R™ and F (s) # 0 whenever
S1 7é 0.

2For applications with bounded control inputs, a non-quadratic penalty function similar to [153,

Eq. 17] can be incorporated in (113).
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Assuming that an optimal controller exists, let the optimal value function, denoted

by V* : R" x R? — R, be defined as

V*(s) == min /too c(o(T, s, up)(+)), u(-))dr, (114)

u(") €U 00)
where uy and U; are obtained by restricting the domains of v and functions in U;
to the interval I C R, respectively. Assuming that the optimal value function is
continuously differentiable, it can be shown to be the unique PD solution of the

Hamilton-Jacobi-Bellman (HJB) equation

min (V;l (H(s)) + Vay (F(s) + G(s)u) + s"Qs + uTRu) —0, (115)

u€eRY
where V() = %, and V() == V()V. Furthermore, the optimal controller is given by

the feedback policy u(t) = u*(¢(t, s,upy))) where u* : R" — R™ defined as

W (s) = —%RlG(s)T(VSQV*(s))T. (116)

4.4.1 Value function approximation

Since computation of analytical solutions of the HJB equation is generally infeasible,
especially for systems with uncertainty, parametric approximation methods are used
to approximate the value function V* and the optimal policy u*. The optimal value

function is expressed as

V*(s) =WTa (s) +€(s), (117)

where W € R” is an unknown vector of bounded weights, o : R?" — R” is a vector
of continuously differentiable nonlinear activation functions such that ¢ (0) = 0 and
V.0 (0) =0, L € N is the number of basis functions, and ¢ : R** — R is the recon-
struction error. Exploiting the universal function approximation property of single

layer neural networks, it can be concluded that given any compact set® B (0, y) C R?"

3Note that at this stage, the existence of a compact forward-invariant set that contains trajectories
of (109) is not being assumed. The existence of such a set is established in section 4.7, theorem

4.7.1.
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and a positive constant € € R, there exists a number of basis functions L € N, and

!

known positive constants W and & such that ||[W| < W, SUDseB(0,x) e (s)]| <

qQl

SUP,eB(0. || Vo€ ()| < & supsero [lo (s)]| < 7, and sup,ep [[Vso ()] <
[154].
Using (115), a representation of the optimal controller using the same basis as the

optimal value function is derived as

u (s) = —%RlGT (5) (Vo™ ()W + Vo (5)) (118)

Since the ideal weights, W, are unknown, an actor-critic approach is used in the
following to estimate W. To that end, let the NN estimates V :R" x RY - R and

o R" x RLY — R™ be defined as

1% (s W) = WTo (3), (119)
~ 1 ~
i <s Wa> = —5R7GT (3) Vo™ (5) W, (120)

where the critic weights, W, € RY and actor weights, W, € RE are estimates of the

ideal weights, W.

4.5 Errors bounds for the state estimator

To develop error bounds for the estimation errors, consider the time-derivative of

(104) as
:S:1 = FQ(S) + Fg(S) + G1<S)u, (121)
where Fy(s1,52) = [Fa(s1,,52,);-- -3 Fa(s1,, s2,)],
F3(=5‘1, 82) = [F3(S11, 821); S F3(81n, Szn)]a G1(81, 82) = [G1(811, 821)§ Sy G1(81n, S2n)]7
a%jesli — Aieislj .
Fals1;, 5)) = Ayai —ay A o) (122)

2 ,51; 2 =81,
aj e’ — 2a1; Ay, + Aj e

F3(51j,52j) = ( Al.a% — al,A% > f([b71<81j)7bil(52j)])7 (123)
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and

2 815 2 781,
aj e’ — 2a1, A, + Aj e

G1(31j752j) = < Aa? —ay A? ) g<[b71(81j)’b71<52j)])'

Similarly, time-derivative of the first state of (111) yields
1= F3(8) + F3(3) + G1(8)u + vs,

where v3 = [v3,;...;v3,] and

2 81 2 —381,
aj el —2a1; Ay, + Aj e

1/~
vy, = A a? —ay AT v, ([0 (51,),m5)-
J J J J

We can rewrite (126) as
vy, = (a?(b(wy,) = b(@1,)) — (k+ o+ B)my) = (a1, — (k+ o+ B)my),
and (99) as
1y = —bny — krj — Oé§1j-
Using the fact that n = [ny;...;n,] which yields
0= —pfin —kr —a(H(s, 8)),

where H(s, §) = H(s) — H(8) = 5;. Furthermore, (100) can be expressed as

r=35 +as +7,
where r = [ry;...; ], which yields

S1=r1—ad —n,
The time-derivative of the filtered error signal (130) is given by

7;':§1+Oé§1+7'7:§1—§1+06§1+7'7,
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which yields

~

— G1(8)a(8,W,) — %51 + (k+a+ B1)n

+ CYSL1 — pin —kr — 0451,

and can be expressed as

= Fy(s,8) + Fi(s, 8) + Gy(s, 8)u(s, W,) — a®5; — kr + kn + an, (133)

where Fy(s,8) == Fy(s) — Fy(3), Fy(s,8) = Fs(s) — F3(5), G1(s,38) = G1(s) — G1(5).
The following lemma 4.5.1 develops a bound on a Lyapunov-like function of the state
estimation errors s;, 7, and 1. The bound is utilized in the subsequent stability

analysis in section 4.8.

Lemma 4.5.1 Let V,, : R*™ — Rsq be a continuously differentiable candidate Lya-

punov function defined as Vie(Zy) = %2§1T§1 + %’I“TT‘ + %nTn, where Zy = [37,rT nT].

Provided s, § € B(0,x) for some x > 0, the orbital derivative of Vi, along the tra-
jectories of &, , and 1, defined as Vi (Z1,5,5,W,) = %ﬁ’g’m([—](s) — H(3)) +

BVSE(Z(gf’g’W")'r‘+ avse(zé;,g,wa)m can be bounded as Vie(Z1, 5,5, W,) < —a®||5|* — (k —

@) ||r* = (B = )l + @1 (1 + @s + @waa) Ir[[[15:]] + @iwallr(ln]

+ @[ Wall + ool

Proof. See Lemma 4.5.1 in Appendix B. [ |
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4.6 Model-based Reinforcement Learning

4.6.1 Bellman Error

Substituting (119) and (120) into (115) results in a residual term, 6 : R?" x RE x RE —

R, which is referred to as Bellman Error (BE), defined as

~ A

Va5, W) (F3) + G(a)a(s 1))

+a(8, W) " Ru(3,W,) + §7Qs.  (134)
Traditionally, online RL methods require a persistence of excitation (PE) condition
to be able learn the approximate control policy [148,149,155]. Guaranteeing PE a
priori and verifying PE online are both typically impossible. However, using virtual
excitation facilitated by the model, stability and convergence of online RL can es-
tablished under a PE-like condition that, while impossible to guarantee a priori, can
be verified online (by monitoring the minimum eigenvalue of a matrix in the subse-
quent Assumption 4.8.1) [43]. Using the system model, the BE can be evaluated at
any arbitrary point in the state space. Virtual excitation can then be implemented
by selecting a set of states {sk |k=1,--- ,N} and evaluating the BE at this set of

states to yield

5k(8k, WC, Wa) = V (Sk, Wc) (H(Sk)) + ‘A/:% (Sk, WC) (F(Sk) + G(sk)ﬁ(sk, Wa)>

Skl

A A

+ (s, Wo) ' Ri(sg, W,) + s Qsp. (135)

Defining the actor and critic weight estimation errors as W, =W — W, and W, =
W — W, and substituting the estimates (117) and (118) into (115), and subtracting

from (134) yields the analytical BE that can be expressed in terms of the weight
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estimation errors as*

. . 1. .

6= —wlW, + ZWEGGWCL + A, (136)
where A = %WTV§20G3V326T + iGe — (Vg eH + Vi,eF), G = GR™IGT € RV,
G. = V4,eGrVsel €R, G, =V4,0GR'GTV;,07 € RFXE and w = V0 H
Vo (F +Gas, Wa)) € RE.

Similarly, (135) implies that
. N .
5k=—w,{Wc+ZWaT Go WatAp, (137)

where, Fy, = F(sg), G = F(sg), Fr, = H(sy), €& == €(sg), o == 0(Sk),

A = WV, 04Gr, Ve, € +1G., — (Vsklekal + VY, eka>,

Gep = Vi, 6Gr Ve €F, Wy = Vi, 01Fky + Vs, 0y (F + Gra(ss, Wa)) e RL,

Gy, = Vi, oG RT'G{V, of € R¥ and Gg, = GLR™'G] € RV

Note that sup g ) |Al < dé and if s;, € B (0, %) then |Ag| < dé, for some constant

d> 0.

4.6.2 Update laws for Actor and Critic weights

Using the instantaneous BE § from (134) and extrapolated BEs 0, from (135), the

weights are updated according to

A k N Wk 2
W, =—-<T ok, 138
N ;pk k (138)

N

: k. wrwi
=pI'——=TI —=T, (139)

N ,; i

N .
: . R . k.. GT W, wl .

a:_ka< a c>_kaWa o 07k ¢y 14
W, (W, —-Ww, , +; o W, (140)

4The dependence of various functions on the state, s, is omitted hereafter for brevity whenever

it is clear from the context.
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with T (to) = [y, where I' : Rs;, — RE*L is a time-varying least-squares gain matrix,
p(t) = 1+t ()w(®), pr(t) = 1+ ywl (t)wy(t), v > 0 is a constant positive
normalization gain, § > 0 € R is a constant forgetting factor, and k., ke, , ko, Ko, >
0 € R are constant adaptation gains. The control commands sent to the system are

then computed using the actor weights as
u(t) = i <§(t), Wa(t)> . t>0. (141)

The Lyapunov function needed to analyze the closed loop system defined by (95),
(98), (101), (109), and (138), (139), (140) is constructed using stability properties of
(109) under the optimal feedback (116). To that end, the following section analyzes

the optimal closed-loop system.

4.7 Stability Under Optimal state Feedback

The following theorem establishes global asymptotic stability of the closed-loop sys-

tem under optimal state feedback.

Theorem 4.7.1 If the optimal state feedback controller (116) that minimizes the cost
function in (113) exists and if the corresponding optimal value function is continuously

differentiable and radially unbounded, then the origin of closed-loop system

$1=H(s),

$9 = F(s) + G(s)u*(s) (142)
15 globally asymptotically stable.

Proof. Under the hypothesis of Theorem 4.7.1, the optimal value function is a unique

solution of the Hamilton-Jacobi-Bellman equation [160]

Vi (s)H(s1,82) + V2 (s) (F (s) + G (s)u (s)) +c(s,u*(s)) =0, (143)
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with

1
uw(s) = —5RTG(s) (Vi V()" (144)
Since the solutions of (142) are continuous and the function V* is positive semidef-

inite by definition, if V* o = 0 for some s # 0, it can be concluded that
S2

Q <¢ (t,s,u* ())) =0,Vt > 0, and u* (q§ (t,s,u* ())) = 0,Vt > 0. If Assumption
4.4.1-(a) holds then ¢ (t, s, u* ()) = 0,Vt > 0, which contradicts s # 0. If Assumption
4.4.1-(b) holds, then s; (t, s, u* ()) =0,Vt > 0. As aresult, ¢ (t, s, u* ()) =0,Vt >0,
which contradicts s # 0. If Assumption 4.4.1-(c) holds, then s, (¢, s, u* (-)) = 0,Vt >
0. As aresult, s1 (£,s,u" (-)) = ¢z, Vt > 0 for some constant ¢; € R™. Since F (s) # 0
if s; # 0, it can be concluded that ¢, = 0, which contradicts s # 0. Hence, V* (s)
cannot be zero for a nonzero s. Furthermore, since F'(0) = 0, the zero controller
is clearly the optimal controller starting from s = 0. That is, V*(0) = 0, and as a
result, V* : R — R is PD.

Using V* as a candidate Lyapunov function and using the HJB equation in (143),

it can be concluded that
Vi (s) H(s) + Vy, (s) (F (s) + G (s)u" (s)) < =Q(s), (145)

Vs € R*™. If Assumption 4.4.1-(a) holds, then the proof is complete using Lyapunov’s
direct method. If Assumption 4.4.1-(b) holds, then using the fact that if the output
is identically zero then so is the state, the invariance principle [156, Corollary 4.2] can
be invoked to complete the proof. If Assumption 4.4.1-(c) holds, then finiteness of the
value function everywhere implies that the origin is the only equilibrium point of the
closed-loop system. As a result, the invariance principle can be invoked to complete

the proof. |

Using Theorem 4.7.1 and the converse Lyapunov theorem for asymptotic stability

[156, Theorem 4.17], the existence of a radially unbounded PD function V : R*" — R
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and a PD function W : R?*" — R is guaranteed such that
Vi, (5) F(s) + Vs, (5) (F (5) + G (s)u" (5)) < =W (s), (146)

Vs € R?". The functions ¥V and W are utilized in the following section to analyze the

stability of the output feedback approximate optimal controller.

4.8 Stability Analysis

The following verifiable PE-like rank condition is then utilized in the stability analysis.

Assumption 4.8.1 There exists a constant c; > 0 such that the set of points
{sk eER™ | k= 1,...,N} satisfies

N

) 1 wy, () wg (1)
< — — .
albs Wt |3 Zkl o2 (1) (147)

Since wy, is a function of the weight estimates s and W,, Assumption 4.8.1 cannot

be guaranteed a priori. However, unlike the PE condition, Assumption 4.8.1 can

wi (w] (1)
Pe(t)

be verified online. Furthermore, since Ay, <ij:1 ) is non-decreasing in the
number of samples, N, Assumption 4.8.1 can be met, heuristically, by increasing the
number of samples. It is established in [155, Lemma 1] that under Assumption 4.8.1
and provided A, {Fg 1} > 0, the update law in (139) ensures that the least squares

gain matrix satisfies

LI, <T(t) <TI, (148)

Vt € Ry and for some I',I' > 0. Using (137), the orbital derivative of the PD
function V introduced in (146), along the trajectories of (109), under the controller
u=1u (é, Wa> be defined as

12 (s, 3, W) =V, (s) H(s) + V,, (s) (F (s)+ G (s) @ (S W)) , (149)
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adding and subtracting Vs, (s) (G (s)u* (s)),
1% (s, 8, Wa> =V, (s) H(s) + Vs, (s) (F (s) + G (s)u” (s))
v, (s) (G (s) (u (s) — a(s, Vm)) . (150)

Using (146), the fact that G is bounded, the basis functions o are bounded, and that
the value function approximation error ¢ and its derivative with respect to s, § are

bounded on compact sets, the time-derivative can be bounded as

V (5,5,W.) < =W () + e + o 3] | W

+ 3 HWG

+ sl (151)

for all W, € RE, for all s € B(0,x), and for all § € B(0, ), where y € R*" is a
compact set, tq, -+ , 14 are positive constants, and s := s — .

Let © (Wc, W, t) = LWIT (t) W.+ WIW,. The orbital derivative of © along
the trajectories of (138) - (140) is defined as

. ~ ~ ~ X 1~ . ~ ~ A

6 <WC, Wa,t> = WITTW, = SWIT T W, + W W, (152)
where WC = —Wc, and Wa = —Wa.
Provided the extrapolation states are selected such that s, € B(0, x),

Vk =1,..., N, the orbital derivative in (152) can be bounded ° as

2

- (kal + ka2>

2

S (Wc, Wa,t> < —k,c

\m

i

-2 - - —\ ||~
o s [l | - et || et ) || [ ]| + (et + ) |7
(153)
for all ¢ > 0, where ¢5,...,13 are positive constants that are independent of the

learning gains, W denotes an upper bound on the norm of the ideal weights W, and

w (/JT
C3 = Mily>0 Amin { (%F_l () + 35 e I;kk ) }

5The full derivation is shown in Appendix B.1
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Assumption 4.8.1 and (148) guarantee that c3 > 0. From (182) we get,

Vee (215,58, Wa) < a4 = (k = w14)

—(Br—a)|Inll* + =1 (1 + @ + @ae) I3 ]| + @reallr | [l + w2 | Wl + <517,
(154)

for all W, € RE, for all s € B(0, x), and for all § € B(0, x), where w,, s are positive
constants that are independent of the learning gains and w;, wy are the Lipschitz
constants on B(0, x) for F, and h, respectively.

The candidate Lyapunov function for the overall system is then defined as

Vi (Z,t) =V (s)+ O (W W, t) YV (7)), (155)

T
where 7 = {ST §T T gt WCT WGT] . The orbital derivative of the candidate
Lyapunov function along the trajectories of (95), (100),(101),(109), (138), (139),

(140), under the controller (141), is defined as

Vi(Z,1) =V (s, 5, Wa> e (Zl, s, 5, Wa) +O <W Wa,t> . (156)

Let C C R°™ be a compact set defined as C = {(s,51,n,7) € R||s]| + ||5.||(1 +
wa(1+ ) +ws(||7]|ll + 7)) < x}- Using (180), whenever, (s, §1,7,7) € C, it can be
concluded that s,5 € B(0,x). As a result, (151), (153), and (154)

imply that whenever Z € C x R?L, the orbital derivative can be bounded® as

~ 2
Vi (Z,8) < =W (5) — hecy | W — o [l&?

2 ~
- (kal + kaQ - kcLB) HWa

_ (k _ w1w4)H7ﬂH2 —_ (ﬁl — Oé)HT]“Q + (kcLG + kal) HWC

g

+ 191+ g + waa) |51 HW

+ vl | W

+ (Lzm +w2> 17| HW

+ (1 + @4 + waa)m||r[| |51 + wrooal|r||||n]] + wawmal[nl] + (3 + wazoa)||7||

We

+ kcLSE

+ <L3 + ket + kaQW) HWa + (1 + wy + waa)|| 51| + tiE,

6The full derivation is shown in Appendix B.2
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which yields

Vi (Z,t) < =W (s) — 2T (

where 2z = [HWC

P = |:kcL8E (]{?CL7 + L3 + ka2W> Ly (1 + wy + ’ZD40./) (w:), + L4’ZD4) LyTO4 | »
and
[kcgg - (kcL6 + kal) 0 0 0
0 (ka1 + ka2 — kets)  —t2 (1 4+ wa + waa) — (t2wwg + w2) — 19Ty
M = 0 0 % —w1 (1l + wa + waa) 0
0 0 (k — w1ty) — 01T
0 0 0 0 (81— @)l

i

13l ]

M+ MT
2

T
i

>2+P2+L1E,

Provided the matrix M + M7 is PD,

Vi (Z,t) < =W (s) = M||z|" + P 2] + e,

where M = A\pin {M+2MT } Letting M = M, + M, and letting W : R*"+2L R

be defined as W (Z) = =W (s) — M, ||z||*, the time derivative of (155) bounded as

Vi (Z,t) < -W(2), (157)

Yzl > 3 (1\% + E—; + %) =pu,7Z € B(0,Y), for all t > 0, and some Y such that
B(0,%) C C x R?E,

Using the bound in (148) and the fact that the converse Lyapunov function is
guaranteed to be time-independent, radially unbounded, and PD, Lemma 4.3 can be

invoked to conclude that
o([I21) < Ve (zt)y <v(12]), (158)

for all t € Rsg and for all Z € R 2L where v,¥ : R5g — Rxq are class K functions.
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Provided the learning gains, the domain radii y and Y, and the basis functions for
function approximation are selected such that M + M7 is PD and p <o~ (v (0, X)),
Theorem 4.18 in [156] can be invoked to conclude that Z is uniformly ultimately
bounded. Since the estimates W, approximate the ideal weights W, the policy u

approximates the optimal policy u*.

4.9 Simulation

To demonstrate the performance of the developed method for a nonlinear system with
an unknown value function, two simulations, one for a two-state dynamical system
and one for a four-state dynamical system corresponding to a two-link planar robot

manipulator, are provided.

4.9.1 Two state dynamical system

The dynamical system is given by

T1 =129, 9= f(x)+ g(2)u, (159)

where
f(z) = -z — %xg (1 — (cos (2z1) + 2)2> , (160)
g(x) = cos (2z1) + 2. (161)

Noted that x; is the measureable output. Using our estimator, we have the following

estimated dynamics

Li'l = 32'2, Lf’g = f(i) + g(:%)u + vy, (162)

The state, ¥ = [r; x»]7, and the estimated states & = [#; 5|7 needs to satisfy
the constraints, z1,%, € (a1, A1) and xg, T9 € (ag, Ay) where a; = -7, A =5, as =

-5, A; = 7. The objective for the controller is to minimize the infinite horizon cost
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Table 5.: Comparison of costs for a single trajectory of barrier transformed (159),
obtained using the optimal feedback controller generated via the developed method,

and obtained using pseudospectral numerical optimal control software.

Method Cost

BT MBRL with state estimator 97.25
GPOPS 1I [157] 86.37

function in (113), with @ = diag(10,10) and R = 0.1. The basis functions for value
function approximation are selected as o(8) = [§?;5,85;83]. The initial conditions
for the state, the estimated state, and the initial guesses for the weights are selected
as z(0) = [—6.5;6.5],(0) = [—6;6], ['(0) = diag(1,1,1), and W,(0) = W.(0) =
[1/2; 1/2; 1/2} respectively. The ideal values of the actor and the critic weights for the
barrier-transformed optimal control problem are unknown. The simulation uses 100
fixed Bellman error extrapolation points in a 4x4 square around the origin of the

s—coordinate system.

Results for the two state system

Fig.11 indicates that the system state, x, stays within the user-specified safe set while
converging to the origin. As seen from Fig. 13, the state estimation errors also con-
verge to the zero. The results in Fig. 12 shows that the unknown weights for both
the actor and critic NNs converge to similar values.

As the ideal actor and critic weights are unknown, the estimates cannot be directly
compared against the ideal weights. To gauge the quality of the estimates, the tra-

jectory generated by the controller

where Wc* is the final value of the critic weights obtained in Fig. 12, starting from
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Figure 11: Phase portrait for the two-state dynamical system using MBRL with state

estimator in the original coordinates. The boxed area represents the user-selected safe

set.

a specific initial condition, and is compared against the trajectory obtained using an
offline numerical solution computed using the GPOPS II optimization software [157].
The total cost, generated by numerically integrating (113), is used as the metric for
comparison. The results in Table 5. indicate that while the two solution techniques

generate slightly different trajectories in the phase space (see Fig. 14).

Sensitivity Analysis for the two state system

To study the sensitivity of the developed technique to changes in various tuning gains,
a one-at-a-time sensitivity analysis is performed. The gains k, «, 51, ke, ka1, ka2, 5,
and v are selected for the sensitivity analysis. The costs of the trajectories, under the
optimal feedback controller obtained using the developed method, are presented in
Table 6. for 5 different values of each gain. The gains are varied in a neighborhood of
the nominal values (selected through trial and error) £ = 0.0001, o = 0.0001, 8; = 10,
k. =0.1, kyy = 100, ko = 0.1, =5, and v = 5.

The results in Table 6. indicate that the developed method is robust to small

changes in the learning gains.
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Figure 12: Estimates of the actor and the critic weights under nominal gains for the

two-state dynamical system.
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Figure 13: Estimation errors between the original states

under nominal gains for the two-state dynamical system.
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Figure 14: Comparison of the optimal trajectories obtained using GPOPS II and

using BT MBRL with fixed optimal weights for the two-state dynamical system.

Table 6.: Sensitivity Analysis for the two state system. The gains are varied in a
neighborhood of the nominal values (selected through trial and error) £ = 0.0001,
a = 0.0001, gy =10, k. = 0.1, k,y = 100, ko = 0.1, B =5, v =5, and NF indicates

not feasible.

-2

-1

5 -1

State, s;(t)

-0.5

ko= 0.001 0.01 0.1 1 10
Cost 97.25 97.25 97.25 97.26 97.38
kg, = 30 50 100 200 500
Cost 97.26 97.25 97.25 97.25 97.25
Fgy= 0.01 0.05 0.1 0.5 1
Cost 97.25 97.25 97.25 97.25 97.26
B= 1 2 5 10 30
Cost NF 97.25 97.25 97.25 97.25
v= 0.1 1 5 10 30
Cost 99.06 97.36 97.25 97.25 97.36
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4.9.2 Four state dynamical system

The four-state dynamical system corresponding to a two-link planar robot manipu-

lator is given by

&1 =xy, a2 = f(x)+ g(z)u, (163)
where
.CCh 1'21
€T = ) To = )
xlg xQQa

x (o, + fs, tanh(xg,
f(l’)_—M_1<VM 21 + fd 2 f (2) >’
T2, fd2x22 + f82 tanh(‘r%)
U
g(z) = (M7, u=1| "1,
Uz

D = diag {mgl,xb,tanh(xgl),tanh(x%)} ;

Mo p1+2p3ca pa + psco J——

P2 + p3C2 D2

Vi = —P3S2T2, —P3Sa(T2, + To,) € R>,
P3Sala, 0
with sy = sin(xy,), ca = cos(x1,), p1 = 3.473, po = 0.196, p3 = 0.242. The parameters
are selected as fy, = 5.3, fg, = 1.1, fs, = 8.45, fs, = 2.35.

Noted that z; is the measureable output. Using our estimator, we have the fol-

lowing estimated dynamics

il = X9, ILQ = f(i') + g(i)z} + vy, (164)
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Table 7.: Costs for a single barrier transformed trajectory of (163), obtained using

the developed method, and using pseudospectral numerical optimal control software.

Method Cost

BT MBRL with state estimator 11.226
GPOPS 11 6.858

T

The state © = [r1, x1, 2, xa,]" corresponds to angular positions and the an-

gular velocities of the two links; & = [#1, @1, &2, @9,]7 corresponds to the es-
timated angular positions and the estimated angular velocities of the two links.
Now, z, & need to satisfy the constraints, zi,,2;, € (—1,1); x1,,21, € (—1,1);
To,, Lo, € (—2,2); xg,, T2, € (—2,2). The objective for the controller is to min-
imize the infinite horizon cost function in (113), with @ = diag(10,10,1,1) and
R = diag(1,1). The basis functions for value function approximation are selected
as 0(8) = [81, 52,3 51,82, 82, 81,5 82,51, 5 81,815} 52,823 §%1; §%23 3%13 §§2}

The initial conditions for our state, our estimated states, and the initial guesses
for the weights are selected as x(0) = [—0.5; —0.5; 1; 1], (0) = [-0.5; —0.5; 1.1; 1.1],
['(0) = diag(10, 10, 10, 10, 10, 10, 10, 10, 10, 10), and Wa(O) = [5;15;0;0; 10; 2; 15; 5; 2; 2],
WC(O) = [15;15;0;0;10;2;15;5;2;2]. The ideal values of the actor and the critic
weights are unknown. The simulation uses 625 fixed Bellman error extrapolation

points in a 4x4 square around the origin of the s—coordinate system.

Results for the four state system

As seen from Fig. 15, the system estimated state x stays within the user-specified safe
set while converging to the origin. As demonstrated in Fig. 17 the state estimations
converge to the true values.

A comparison with offline numerical optimal control, similar to the procedure used

for the two-state, yields the results in Table 7. indicate that the two solution tech-
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Estimates States, &(t)

Figure 15: Estimated State trajectories for the four-state dynamical system using
MBRL with state estimator in the original coordinates. The dash lines represent the

user-selected safe set.

niques generate slightly different trajectories in the state space (see Fig. 18) and the
total cost of the trajectories is different. We hypothesize that the difference in costs
is due to the basis for value function approximation being unknown.

In summary, the newly developed method can achieve online optimal feedback
control thorough a BT MBRL approach while estimating the value of the unknown
states in the system dynamics and ensuring safety guarantees in the original coordi-
nates.

The following section details a one-at-a-time sensitivity analysis and study the

sensitivity of the developed technique to changes in various tuning gains.

Sensitivity Analysis for the four state system

The gains k., kq1, ka2, B, and v are selected for the sensitivity analysis. The costs of
the trajectories, under the optimal feedback controller obtained using the developed
method, are presented in Table 8. for 5 different values of each gain.

The gains are varied in a neighborhood of the nominal values (selected through

trial and error) k. = 1000, k,; = 100, ke = 1, § = 0.001, v = 500, k = 0.001, o = 1,
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Figure 16: Estimates of the critic weights under nominal gains for the four-state

dynamical system.

02 T T T T T
= u I v Iy
= 0.1 -
EA O P —
Z
L
< -0.1 ]
5

_D.2 1 1 1 1 1

0 0.5 1 1.5 2 2.5 3

Time, t(s)
Figure 17: Estimation errors between the original states and the estimated states

under nominal gains for the four-state dynamical system.
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Figure 18: Comparison of the optimal state trajectories obtained using GPOPS II

and using BT MBRL with fixed optimal weights for the four-state dynamical system.

Table 8.: Sensitivity Analysis for the four state system. The gains are varied in a

neighborhood of the nominal values (selected through trial and error) k£ = 0.001,

a=1, 4 =100, k. = 1000, ks =

100, kqo =

indicate weights not converging and not feasible, respectively.

1, B = 0.001, v = 500; WNC and NF

ko= 100 500 1000 2000 5000
Cost 11.7277 9.94 11.226 WNC WNC
kg, = 10 50 100 250 500
Cost 13.01 11.546 11.226 11.226 11.94
kg, = 0.01 0.1 1 10 100
Cost 11.326 11.306 11.226 11.42 520.06
B= 0.00001 0.0001 0.001 0.01 0.1
Cost 11.234 11.229 11.226 WNC WNC
v= 1 50 500 1000 5000
Cost NF WNC 11.226 12.026 14.7279
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and B; = 100. The results in Table 8. indicate that the developed method is not

sensitive to small changes in the learning gains.
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Chapter V

CONCLUSION AND FUTURE WORK

5.1 Summary

This thesis focuses on addressing the two key issues: (a) safety, (b) online learning
and optimization.

The method to address safety in this thesis, barrier transformation (BT), is an
effective method to address the safety issue for a dynamical system in real time as
this method reduces the computational cost significantly by avoiding the state con-
straints. While RL is a powerful technique for optimization and online learning, it
is often difficult to use RL to synthesis controllers safely due to the trial and error
learning approach that is fundamental to RL. Hence, RL typically requires a large
number of iterations due to sample inefficiency. Sample efficiency in RL can be im-
proved using model-based reinforcement learning (MBRL); however, Methods based
on MBRL are vulnerable to failure as a result of inaccuracies in models with para-
metric uncertainties and/or partially observable models. To address this issue, two
model-based reinforcement learning (MBRL) techniques for the safety-aware systems

have been developed in this thesis.

5.2 Results

Chapter IIT addresses the optimal controller synthesis issue for the safety-aware sys-
tems with parametric uncertainties. This chapter presents a novel online MBRL

based controller which uses BFs, BE extrapolation and a novel FCL method. A
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known BF transformation is applied to a constrained optimal control problem to gen-
erate an unconstrained optimal control problem in the transformed coordinates. The
system dynamics, if linear in the parameters in the original coordinates, are shown
to be also linearly parameterized in the transformed coordinates. MBRL is used to
solve the problem online in the transformed coordinates in conjunction with the novel
FCL to learn the unknown model parameters. Regulation of the system states to a
neighborhood of the origin and convergence of the estimated policy to a neighbor-
hood of the optimal policy is determined using a Lyapunov-based stability analysis.
Simulations are used to demonstrate the applicability of the developed approaches,
and to demonstrate their usefulness, comparative simulations are shown whenever
alternative techniques are available.

Chapter IV addresses the optimal controller synthesis issue for the safety-aware
partially observable systems. This chapter presents a novel framework for approxi-
mate optimal control of a class of safety aware nonlinear systems. The framework
consists of a novel safe state estimator, and a novel online MBRL based controller. A
BT has been applied to a constrained optimal control problem to generate an uncon-
strained optimal control problem in the transformed coordinates. MBRL is used to
solve the problem online in the transformed coordinates in conjunction with the novel
state estimator to estimate the transformed states. In the developed method, the cost
function is selected to be quadratic in the transformed coordinates. Regulation of the
system states to a neighborhood of the origin and convergence of the estimated policy
to a neighborhood of the optimal policy is determined using a Lyapunov-based stabil-
ity analysis. Furthermore, state estimator-based BT MBRL controller is guaranteed
to keep the state of the original system within the safety bounds. Simulations are
used to demonstrate the applicability of the developed approach, and to demonstrate
their usefulness, comparative simulations are shown whenever alternative techniques

are available.
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5.3 Limitations and future work

Limitations and possible extensions of the ideas presented in this thesis revolve around
the same two key issues: (a) safety, and (b) online learning and optimization.

The barrier function used in the BT to address safety is not time varying, a more
generic, and adaptive barrier function constructed, perhaps, using sensor data is a
subject for future research. The BT method used to address safety uses a box-based
barrier, a different barrier approach can be another interesting subject for future
research.

For optimal learning, parametric approximation techniques are used to approxi-
mate the value functions in this thesis. Parametric approximation of the value func-
tion requires selection of appropriate basis functions which may be hard to find for
the real-world systems. Developing techniques to systematically determine a set of
basis functions for real-world systems is a subject for research.

The barrier transformation method to ensure safety relies on the dynamics of the
system. While chapter 11T addresses parametric uncertainties, the established meth-
ods could result a potential safety violation due to the non-parametric uncertainties.
To be specific, since the safety relies on the inverting barrier function to recover the
original dynamics, Lemma 3.1.1, Lemma 4.3.1, and Lemma 4.3.2 which link between
the original dynamics and the transformed dynamics may break down due to the non-
parametric uncertainties/unmodeled dynamics; resulting a potential safety violation
or/and instability. Future studies can focus on developing a more rigorous theoretical
case and/or a more robust approach for ensuring safety.

The approaches developed in this thesis guarantee local stability over a small
compact set which causes the difficulty of determining correct gains to stabilize the
the states of the system.

A more direct extension of this thesis involves developing techniques to solve

the model uncertainty issue for the safety aware partially observable systems with
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parametric uncertainties, which can be achieved by merging the techniques developed
in this thesis.

Besides, in the developed method, the cost function is selected to be quadratic in
the transformed coordinates. We have optimized our cost function in the transformed
coordinate. However, a physically meaningful cost function is more likely to be avail-
able in the original coordinates. Hence, techniques to transform cost functions from
the original coordinates to the barrier coordinates ensure that optimization in barrier
coordinates also corresponds to optimization in the original coordinates is another

topic for future research.
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Appendix

Proofs

A Chapter III

Lemma 3.1.1 If ¢t — q)(t,b(xo),g“) is a Carathéodory solution to (40), starting
from the initial condition b(z°), under the feedback policy (s,t) + ((s,t), and if

0 under

t — A(t,2° () is a solution to (32), starting from the initial condition x
the controller u(t) = ¢(®(t;b(z"),¢),t), then A(t,z°,¢) = b~ (D(¢,b(2°),()) for all

te Rzo.

Proof. Since t — ®(t;b(z"),¢) is a Carathéodory solution to § = y(s)d + G(s)u, it
is differentiable at almost all t. Since b~! smooth, ¢ — b~ (® (¢ b(2°),¢)) is also

differentiable at almost all ¢. When b~ (®(¢;b(2"),¢)) is differentiable,

Ayt pia0) oy - GO (@(EDE),C))) dD(E,b(z"), ¢)
Lt (@ (a:b(a).0)) = i Ao de)
So,
(@ sna). ) = LEED D) (4 54000), )0

+ G(®(1(2°), Q)¢ (@(5(2°), ). 1) )
By the construction of y and G, for almost all ¢ € R,

Dyt (@ (5%, 0)) = £ (@ (t:0(2°), €)))0

dt
+ (b7 (@ (¢ 6(2°),€))) (P (¢ 6(2°), ¢), 1),

110



clearly ¢ — b™'(®(¢;b(2°),()) is a Carathéodory solution to (32), starting from the
b= (b(z°)) = 2° under the controller u(t) = ¢(®(¢b(z°),¢),t). Finally, continu-
ity of ¢ — b7 (®(¢;b(2°),¢)) and t — A(t,2° () implies that b= (P (¢;b(2"),¢)) =

A(t, 2%, ¢) for all t € Rsy. |

Lemma 3.2.1 If ||Y}|| is non-decreasing in time then (46) admits Carathéodory

solutions.

Proof. Since ||Y;(0)|| = 0, given any piecewise continuous control signal ¢ — u(t)
and initial conditions s° and 6°, the Cauchy problem z = hy(z,u), 2(0) = 20 =
[s;0;0;0; 0; 6°] admits a unique Carathéodory solution ¢ — z(0, 2°) over [0, t*), with
t* = min(ty, 1), where t; = inf{t € Rso | [|[Y;1(¢,2°]] = Y;} and t, = inf{t €
Rso| lim, .y [|21(7, 2°)|| = 0o}, where Y}; denotes the Y} component of z;.

Given any (t',2") € Rsg x R2"+204P°+7 the Cauchy problem 2 = hy(z,u), z(t) =
%', also admits a unique Carathéodory solution t — zy(t;t', 2') over [t t**) where t**
— min (oo, (inf{t € Ry [limy, ., [|2o(r, b, 2)] = oo})).

If t* =ty then t — 2z (¢, 2%) is also a unique Carathéodory solution to the Cauchy
problem 2 = h(z,u), z2(0) = 2°. If not, then

. 21(t,2%), t<t
t— 2%(t,2°) = : (165)

22 (ta tl? limTTh 21 (7_7 ZO))a 13 Z tl

is a unique Carathéodory solution to the Cauchy problem 2z = h(z,u), z(0) = 2°. H

B Chapter IV

Lemma 4.3.1 If ¢ — ®(¢,b(z°),() is a Carathéodory solution to (109), starting

from the initial condition b(z°), under the feedback policy (s,t) — ((s,t), and if

0

t — A(t,2° () is a solution to (94), starting from the initial condition z°, under

the controller u(t) = ¢(®(¢;b(z"),¢),t), then A(t,2°,¢) = b= (®(¢t, b(x°),()) for all
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t e RZO'

H(s
Proof. Since t — ®(t;b(z"),¢) is a Carathéodory solution to § = (5) ,
F(s)+ G(s)u

it is differentiable at almost all ¢. Since b~! smooth, ¢ — b~ (®(¢;b(z°),¢)) is also

differentiable at almost all . When b~!(®(¢; b(2°),()) is differentiable,

d _, o A (@ (;0(2°),¢))) dP(t;b(2°),¢)
SH (5 0(0).)) = - el
So,
d d(b~ (@ (¢ 6(2°),Q)))

&b_l (CI> (t; b(z?), C)) =

ds
H(®(t;b(2),¢))
F(®(t;b(2°),¢)) + G(@(t;b(z°),¢)) (@ (¢;b(2°), €), 1)

By the construction of H, F', and G, for almost all £ € R,

%b‘l(@(t;b(wo),c)) = | (1 (@(t:b(2°),0))) + g (b~ (@ (:b(z"), €)))
b t

Clearly t — bt (@ (t; b(z), C)) is a Carathéodory solution to (94), starting from the
b= (b(z°)) = 2° under the controller u(t) = ¢(®(¢b(z°),¢),t). Finally, continu-
ity of ¢ — b7 (®(¢;0(2°),¢)) and t — A(t,2° () implies that b= (®(¢;b(2"),¢)) =

A(t, 2%, C) for all t € Rsy. |

Lemma 4.3.2 If t — W (t;b(z1(+)), b(2°)) is a Carathéodory solution to (111), start-

ing from the initial condition b(2°) along the trajectory t + b(z(t)), and if ¢

0

£(t;x1(+),2°%) is a solution to (95), starting from the initial condition z° along the

trajectory z1(-), then &(¢; 21 (+), 2%) = b= (W (¢; b(z1(+)), b(2°))) for all t € Ro.

Proof. Since t — W(t;b(z1(-)), b(2°)) is a Carathéodory solution to

. H(3)

5= , it is differentiable at almost all . Since b~! smooth,
F(3) + G(8)u + va(s1,1)
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t—= b7 (U (¢ b(x1()), b(2"))) is also differentiable at almost all ¢.
When b7 (U (¢; b(z1(+)), b(2"))) is differentiable,

a oy AT (Y (b)), b(E))) ds
3 O (W (E:0(a (). 6(2%))) = ds ar
So,
d 0
3 (07 (T (t0(1(). b(2)))
A (Y (5 b((), b(3")))
ds
H (W (t;b(x1(-)), b(29)))
F(W(1:b( (), b °>)) ( (161 (), b(2) u(t)
_ —|—V2(\If( (@0)),15) |
By the construction of H, F', v, and G, for almost all t € R,
b (s (15 b(1 (), b(29)))
d SO (t;0(x1(-)), b(2°))))
L (0 (b1 ().56)) =
i o7 ({5 M), )))u
+1/1(b LW (¢ (21 (1)) )’t))

Clearly ¢ +— b~ (W (¢; b(21(-)), b(2°))) is a Carathéodory solution to (95),

starting from the initial condition b~*(b(2°)) = &° along the

trajectory ¢ +— b(z1(¢)). Finally, continuity of ¢ — b= (W (¢ b(z1(+)),b(2%))) and
t = &t aa(),2%)

implies that b= (U (¢; b(z1(+)), b(2°))) = &(t; 21(-), 2°) for all t € Ry |

Lemma 4.5.1 Let V. : R*™ — R5( be a continuously differentiable candidate Lya-

punov function defined as Vi.(Z;) = %25?51 + 3r7r + in"n, where Zy == [37, 77, n"].

Provided s, § € B(0,) for some y > 0, the orbital derivative of Vi, along the tra-

jectories of &1, 7, and 7, defined as V,.(Zy, s, 8, W,) = %@(H(s) — H(3)) +

AVie(Z1,8,8,Wa) - | dVie(Z1,8,5,Wa) - . ~ 17 ~
se( L a) g dVeel é’ns’s’ o)), can be bounded as Vie(Z1,8,38,W,) < =35> — (k-
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wiwg)||r]]? = (B — @)|In|]> + @1 (1 + @y + wacr]]) ||7][]|51]] + @rzwa||r]||7]

+ @ ||| Wl + eo3] 7.

Proof. Using the fact that V. is PD and Lemma 4.3 from [156] yields
vl Z1) < Vse(Z1) < u([|Z1]) (166)

for all £ € Rs, and for all Z; € R3", where v, U+ Ryp — Ry are class x functions.
Let v; : R>g — Rxg be a class k function such that v (| Z1]]) = (/|81 + ||| + [|n]]?).-
Using (104), first state of (111), (128), and (133), the orbital derivative can be ex-

pressed as
Vie(Z1, 5,5, W,) = 51751 + T +nTn. (167)
(131) and (133) yields,
Ve (Z1,5,8,W,) = 23T (r — as) —n) + rTr 4+ 0" (=i — kr — asy), (168)
using (130),
Vie(Z1, 5,5, Wa) = =a®§" 1 — kr"r — (B1 — a)n"n + (r" Fa(s, 8) + 17 Fy(s, 3)
+rTGy(s,8)0). (169)

Rewriting (169) as

Vie(Z1, 8,5, W) < =671 — krTr — (81 — a)n'n + T Fy(s, ) + r F3(s, §)
—rTGy (s,5) (s W)—i—r G (s,8) 1 < W)—TTél(s,é)a(s,§,W)
+rTGy (s,8) 0 (s, W), (170)
which yields
Vie(Z1,5,3,W,) < =578 — krTr — (81 — @)+ 1T Fy(s, 8) + r7 Fy(s, 3)
—rTGy (s,8) (sW)—i—rTGl s§ﬁ< )—r G (s,8) 0 <3W>

—rTGy (5,8) u (s, W) +7rTGy (5,8) 0 (3, W) + 717Gy (s,8) 0 (s, W). (171)
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Simplifying (171) yields

‘};E(Zlvsaga Wa) < _0533~1T81 k?” r— (ﬂ a)n 77+7'TF2<8 S) +7'TF3(

+r7G,y (s,8) 0 (s, Wa> +7“TG1 (s,8)u < > +r7G, (s,8)u (s W)

+rTGy (s,8) (s, W) +1rTGy (s,8) 0 (3, W) + TGy (s,8) 0 (s, W).

(172)

Using the Cauchy-Schwarz inequality and the fact that F5, F3, and G are Lipschitz

continuous on B(0, ).

Vse(ZhSag)W) < Oé 81 81 k/r r—= (ﬁl _04)77 n

+w@llr(llI3] + wallr Wl + s,

Provided s,5 € B(0, ) from (106) and (111),

2 2
S9 = b (81( Alal alAl )) = h(Sl, 31)7

ajest — 2a, Ay + Ales1

’ A1a2 — a1A2 .
2= b | 51( ) ) = A5, 5),
h (Sl(a%em “oud, + Aew) | =)

and

§2 = S9 — §2 = h(Sl,él) — h(§1, 3’1)

Provided s; is fixed, Lipschitz continuity of h, we can write,
h(s1,$1) = h(51, $1)| < @all(s1,81) — (51, 81)]],

where wy is the Lipschitz constant. (175) yields,

[h(s1,81) — h(81,$1)| < @ullsy = s1f| or,  |h(s1,51) = h(51, 81)] < @oal|54]].

Provided s; is fixed, Lipschitz continuity of h, we can write,

(51, 81) — h(s1,51)| < @al|(51,81) — (51,51) ],
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(174)

(175)

(176)

(177)



(177) yields,
\h(s1,81) = h(s1,51)| < @al|s1 — &1 or, |h(s1,81) — h(st,51)| < wal|s1]. (178)

Provided s, § € y, Lipschitz continuity of h can be exploited to derive the bound

‘h(Sl,él) — h(gl,gl)‘ = ’h(Sl, 81) — h(g’l, 81) + h(§1,$1) - h(§1,§1)|
< h(s1,51) = h(31,81) + h(81,81) = B(31, 81)| < @al|51]| + coal|51

< @al|31[| + @allr — asy —nll. (179)
Using the triangle inequality,
18] < llsall + I82]] < (1 + @a + @) ||31]] + @al[r]| + walln]] (180)

Substituting (180) into (173)yields

Vie(Z1, 8,5, W,) < —a®5,7s1 — krTr — (61 — a)n'n
+ @ ((1 + @y + @aa)||E1 ]| + @] + W4||77||> + @ |lr|[[|Wal| + ws|rl|.  (181)
(181) can be rearranged as

Vie(Z1, 5,8, Wa) < =[5 — (k — wizoa) |7 [|* = (81 — ) [1n]|*

+ w1 (L+ @+ weal)) 7|5l + @@l 0] + @l Wall +wslirll. (182)

B.1 Full derivative of Weight parameters

%W = () W, + %WGT W,. The orbital derivative of © along

Let © (Wc, VVa,t) =

the trajectories of (138) - (140) is defined as

. ~ ~ ~ X 1 -~ . ~ ~ A
6 <WC, Wa,t> = WITTW, = SWIT T W, + W W, (183)
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SO

where WC =

—Wc, and Wa =

—Wa. Substituting (138) - (140) in (183) yields,

N
k Wi
) = -WITH | —5T )y =0
N
1.~ k Wt -
— -WIT™ [ gr - =T Ll I e 4
2 N ; P2
- Nk GTW,wT
- WaT kal (Wa - Wc) - kaQWa Z - 4]}sz ‘ We ) (184)
k=1
k N w
t) — W | —fep S kg
N ; Pk g
N
1.~ k wpwi -
— -WIT™ [ pr - 5T AT W,
2 N ; P2
. Nk, GTW,wT
- WaT _kal (Wa - Wc) - kaQWa + Z : 4];sz . WC ) (185)
k=1
) — I ——FZ—(Sk WTF 1,

— (ka1 + ko) WIW, + ka WIW, + kpoe WIW

k.GITW, wl
_ E I)[/'T k ak I{f 1
4N py, e (186)

T nd ~
Z Wk(;}k We — (kal + ka2> WEW + kaleW
1 Pk
k. GEW, wk
+ k’aQWTW Z WT—ach’ (187)
k=1 AN pr
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S0,

6 (WWt) - ——WTZ WIW, + = WTZ“’“ Yora, w.

N
k. w ke wrwl ~
+NWT§: kAk—ﬁWTF Wt = WY TR WL — (hat + a2) W,

=1 Pk 2 2N k=1 Pi
N
S ~ ~ k:G Wwk
ka I c ka r - I ok c 1
+ kaaWIW, 4 koo WIW kZW N W,, (188)
S0,
B rnti ke Wk T
= —SWIT YW, — (ka + ke W,
@< > 9 ¢ (har - ) W 2N on
k=1
kCVVTf: ”k”’f—“‘““’f W+kWTZ”kAk+kWT§:“k1WTG W,
2N ¢ —~\ oz N N — pr 4 @ ok
S ~ ~ k. GTW wl
kaa WIW, 4 koo WIW — Y WIZE 2k py7 (189
+ 1YV + 2VVa kz:; a 4Npk; ) ( )
S0,
B ke oA wpw?
SR 1 — _wT | Ept c haad’] o TTTi
@( caWaat) Wc 2 +2N; Ok WC (ka1+k02)Wa Wa
N w N
FhVIN T A 4 kT WGy Wy + kay WIW,
;Npk ;4]\7% g !
N
~ ~ A GTW,wl
T - Tk ak 1
+ ko WIW kCZW N Tk _aTkyy. o (190)

Provided the extrapolation states are selected such that s, € B(0, ),

Vk =1,..., N, the orbital derivative in (183) can be bounded as

S -2
@ (Wca Waa t) S _kcg Wc (kal + kaZ)
2 — N\ ||~
+ kets + (kets + kar) + (et + ka2 W) ||V
for all t > 0, where ¢5, ..., 13 are positive constants that are independent of the learn-

ing gains, W denotes an upper bound on the norm of the ideal weights W, and

€3 = MiNy>0 Amin { <2i =1t + 2N Jk\f ) w1;°:f> } Assumption 4.8.1 and (148) guar-

antee that c3 > 0.
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B.2 Derivation for candidate Lyapunov function

The candidate Lyapunov function for the overall system is then defined as

Vi (Z,8) =V (s)+ O (W Wt) F Vo (Z)), (191)

T
where Z = [ST T T T VT/CT WGT} . The orbital derivative of the candidate
Lyapunov function along the trajectories of (95), (100),(101),(109), (138), (139),

(140), under the controller (141), is defined as

Vi(Z,1) =V <s, 3, Wa) + V. (Zl, 5,3, Wa) + 6 (W Wa,t> . (192)

Vi (Z,t) < =W (8) + t1€ + 12 || S]] + 13 + 14 ||3]|

\Wa

\m

2
- ch

2 - 2 ~
- (kal + kaQ) HWa + kcLSE HWC

.

+ k’cL5 HWG

+ (kcbﬁ + kal)

i

g

+ (kcw + ka2W> HW

—&?[[51[* = (k = w@a)[7]]* = (81 = ) [nl|* + @i [|r[[[131]] + wreoa |7 [[[|35: ]
+ el |3 + w1l + @ |r Wl + oslir]l, (193)
SO,

Vi (Z,1) < —W (s) + ue + (m 13l + ¢ + kotr + ka2W> HW

+ ta [|5]]

2 ~2 .
— (ka1 + ka2 — kets) HWa + ketge HWC

.

+ (Kot + kar) HW

i

- ch
—a®||51]° = (k = @@ |r[I* — (81 — o) lIn]|?

+ (1 + @+ ww) @il 5dll + wiwallrlllinll + w2l [IWall + @sllrll, (194)
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S0,

2
- (kal + ka2 - kcL5)

2

Vi (Z,t) < =W (s) — ke

W, W,

—a® |51 — (k — @iz |17

— (B — ) ||n|)? + E+ (LQ 151 + t5 + kotr + kQQW) HW + o ||3)

+ ketg€ [|We|| + (kete + ka1)

i

|

N (1 + @ +W4a>W1HTHH§1H

+wioalrlllnll + ol Wall + s, (195)

S0,

~ 2 - 2
Vi (Z,1) < —W (5) — kee |[Wo||” = (kar + kas — kuts) HW IR

r

~ k=@l = 6 = @l + (o0 + bt + k¥ ) 7,

+ ta(1 + @y + @) |51 + (3 + tawoa)||7]| + tawwa||n]]

+ k.tg€ HWC W,

+ (k’cL6 + kal)

W

+ (1 + @ + waa)w|[rl[[3:1]] + @i |n]

+ 191+ w4 + wa0) |5 HW

+ <LQW4 + WQ) ||7’||

.

+ ol | W

+ ng, (196)

SO,

2

Ve (Z,t) < =W (s) — kec

2 ~
Wc - (kal + ka2 - kcL5) HWa

—a®|I51]° = (k = wwa) |7 [I* = (81 — o) lIn]|?

+ (kCLG -+ kal)

.

i

+ 121+ @+ a0) 1] | W

+ vl | W

(i + ) I 7

+ (1 + @4 + waa)m||r|| |51 + wroal|r||||n]] + a0l + (3 + tazoa)||7||

+ <L3 + ]CCL7 + ka2W> HVNVG WC

+ kcbgg

+ 04(1 + wy + W40é)H§1|| + ng, (197)
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Let C C R°™ be a compact set defined as C = {(s,51,n,7) € R>™|[||s|| + ||5:]|(1 +
wa(1+ ) +w@a(||7]|ll + 7)) < x}- Using (180), whenever, (s, 51,n,7) € C, it can be
concluded that s,5 € B(0,x). As a result, (151), (153), and (154)

imply that whenever Z € C x R?%, the orbital derivative can be bounded as

~ 2
Vi (Z,6) < =W (5) — ke | . LN

2 -
— (ka1 + ka2 — kets) HWa

— (k = @)l = (B — &)lInll* + (Kets + kar)

+ (Lg?ﬂ4 + WQ> ||T||

+ (1 + @ + waa)w|[rl[[5:1]] + @r@alr[l[nll + caallnl] + (s + cawa) 7]

.

g

+ (1 + @+ aa) |31 | W

W,

+ o] || W

+ kcLSE HVNVC

+ (L3 —f- k’CL7 + ka2W> HVNVG + L4(]_ —I— T4 —I— YE404)||§1|| —I— ng,

which yields

M+ MT

VL(Z,t)S—W(s)—zT< 5

)Z—I—PZ—FME,

T
MmZ:Mm muwnmﬂ»

|

P = {kcng <kcb7 + s+ ka2W> 1y (1+ g+ wga) (3 + w@y) 4@y s

and
[kccs — (kete + kat) 0 0 0
0 (ka1 + ka2 — kets)  —t2 (1 4+ wa + waa) — (tows + w2) —12T04
M = 0 0 ol —w1 (1 + w4 + wacr) 0
0 0 0 (k — w1my) — w1 W,
0 0 0 0 (81 — Q)]

Provided the matrix M + M7 is PD,

Vi (Z,t) < =W (s) = M||z|" + P 2] + uie,

where M = Amin {M+2MT } Lettlng M = Ml —+ MZ and 1ett1ng W : R5n+2L SR

be defined as W (Z) = —W (s) — M, ||z||%, the time derivative of (155) bounded as

Vi (Z,t) < -W(2), (198)
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2€2

Yzl > 3 (Miz + Z—Qg + ;\14—3) =u,Z € B(0,Y), for all t > 0, and some Y such that
B(0,%) C C x R?E.
Using the bound in (148) and the fact that the converse Lyapunov function is

guaranteed to be time-independent, radially unbounded, and PD, Lemma 4.3 can be

invoked to conclude that
v(IZll) <V (Z,t) <T(|Z]), (199)

for all t € R>q and for all Z € R 2L where v,7 : R5¢g — Rx are class K functions.

Provided the learning gains, the domain radii y and Yy, and the basis functions for
function approximation are selected such that M + M7 is PD and <o~ (v (0, X)),
Theorem 4.18 in [156] can be invoked to conclude that Z is uniformly ultimately
bounded. Since the estimates W, approximate the ideal weights W, the policy @

approximates the optimal policy u*.
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