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Abstract: For an algebraic number a we denote by M («) the Mahler measure of o. Mahler
measure is a height function on polynomials with integer coefficients. Moreover, as M («) is
again an algebraic number (indeed, an algebraic integer), M (-) is a self-map on A(Sometimes
denoted Q), and therefore defines a dynamical system. The orbit size of a., denoted #Oy;(a),
is the cardinality of the forward orbit of o under M. In this thesis, we will start by introducing
the background of Mahler measure as a height and a dynamical system, we will review
previous results on the orbit sizes of lower degree algebraic integers and lower degree number
fields, then we discuss results on the orbit sizes of algebraic integers with degrees at least
3 and non-unit norm. After that, we will turn our focus to the behavior of algebraic units,
which are of interest in Lehmer’s problem. We will prove the results regarding algebraic
units of degree 4 and discuss that if o is an algebraic unit of degree d > 5 such that the
Galois group of the Galois closure of Q(«) contains Ag, then the orbit size must be 1, 2
or oo. Furthermore, we will show that there exist units with orbit sizes larger than 2. We
will also show a few experimental results on the behavior of (log(M™(«))). In chapter five,
we will prove partial results on the classification of number fields based on the existence of
wandering point.
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CHAPTER I
INTRODUCTION

1.1 Background

In his 1933 paper [16], Lehmer tried to find large primes among the prime factors of Pierce
numbers A,, = H?Zl(oz? —1), where the «;’s are the Galois conjugates of an algebraic integer
a. Since limy, o |Any1/A,| is equal to the Mahler measure of «, denoted M («), Lehmer
argued that the Mahler measure can be used to measure the rate of increase of the Pierce
numbers. Moreover, since it helped his search to choose algebraic integers such that A,, does
not increase rapidly, Lehmer wanted to find Mahler measures that are very close to 1.

Inspired by this, D.H. Lehmer asked in 1933 if the Mahler measure for an algebraic
number which is not a root of unity can be arbitrarily close to 1. This question became
known as Lehmer’s problem. It is often suggested that the minimal value of Mahler measure
that is greater than 1 is a Salem number, namely 7 = 1.17. .., which is the largest real root
of the polynomial f(z) = 21+ 2% — 27 — 25 — 2% — 2* — 2® + x + 1, discovered by Lehmer
in his paper [16].

Although there has been much computational work performed in order to find irreducible
polynomials of small Mahler measure, remarkably, no polynomial of smaller nontrivial Mahler
measure has been found since Lehmer’s original 1933 work. Since that time, the best asymp-
totic bound towards Lehmer’s problem was discovered by Dobrowolski [9]. It is clear that
in considering the problem, one can reduce to considering the Mahler measure of algebraic
units. Smyth [29] found a lower bound for Mahler measures of non-reciprocal units. In

another direction, Borwein, Dobrowolski and Mossinghoff proved the Lehmer conjecture for



polynomials with only odd coefficients [3].

One direction we can take to explore Lehmer’s problem is to investigate Mahler measure
as a dynamical system. The study of iteration of the Mahler measure began with questions
about which algebraic numbers are themselves Mahler measures. Adler and Marcus [1]
proved that every Mahler measure is a Perron number and asked if the Perron numbers
given by the positive roots of 2™ —x — 1 are also values of the Mahler measure for any n > 3.
Recall that « is a Perron number if and only if @ > 1 is a real algebraic integer such that
all conjugates of a over Q have absolute value < «. This notion of ‘Perron number’ was
introduced by Lind [17] who also proved several properties of the class of Perron numbers in
[18], including that they are closed under addition and multiplication and are dense in the
real interval [1,00). Boyd [4] proved that the positive roots of 2" —x — 1 for n > 3 were
not values of the Mahler measure, but Dubickas [11] showed that for every Perron number
[, there exists a natural number n such that nf is a value of the Mahler measure. Dixon
and Dubickas [7] and Dubickas [13] established further results on which numbers are in the
value set of M. However, the question whether a given number is a Mahler measure of an
algebraic number is very hard to answer in general. For instance, it is an open question of
Schinzel [24] whether or not v/17 + 1 is the Mahler measure of an algebraic number.

Dubickas [10] appears to have been the first to pose questions on the Mahler measure as
a dynamical system, introducing the concept of the stopping time of an algebraic number
under M, defined as the number of iterations required to reach a fixed point. We note that
the stopping time is one less than the cardinality of the forward orbit of the number under
iteration of M, which we will call the orbit size. Specifically, we set M (a) = a and let
M™(a) = Mo---oM(a) denote the nth iteration of M. We define the orbit of o under M
to be the set:

Ou(a) = {M"(«) : n > 0}. (1.1.1)

Then the orbit size of a is #O)ys(«), while the stopping time is #Oy(a) — 1. It is easy to

see that for any algebraic number o, M(a) < M (a), so M is nondecreasing after at least



one iteration, and thus, the Mahler measure either grows, or is fixed.

In fact, by Northcott’s theorem, it is easy to see that if « is a wandering point of M,
then M (a) — oo, as the degree of M (a) can never be larger than the degree of the
Galois closure of the field Q(«). In particular, there are no cycles of length greater than 1;
each number « either wanders (that is, the orbit under M is infinite), or it is preperiodic
and ends in a fixed point of M. Dubickas claimed in [10] that ‘generically’ M™(a) — oo,
however, he did not give an example or a proof of this. In my master’s thesis, I showed that
if [Q(a) : Q] < 3, then #0)(a) < oo, and we will present an algebraic number « of degree
4 with minimal polynomial z* + 522 4+ x — 1 such that M®"(a) = M®(a)?""", proving that
M®™(a) — oo for this example.

Further, it is trivial to see that the fixed points of M correspond to natural numbers,
Pisot-Vijayaraghavan numbers, and Salem numbers. This raises several natural questions:
for example, can one show that the Lehmer problem could be reduced to the study of fixed
points of M? The answer to such a question might help establish the long held folklore con-
jecture that Salem numbers are indeed minimal for Lehmer’s problem. The fixed points for
the dynamical system induced by the multiplicative Weil-height have recently been classified
by Dill [6].

Dubickas posed several questions in [10], including whether one could classify all numbers
of stopping time 1 (that is, numbers which are not fixed by M, but for which M («) is fixed),
and whether algebraic numbers of arbitrary stopping time existed. In a later paper [11], he
established, among other things, that for every k£ € N, there exists a cubic algebraic integer
of norm 2 with stopping time k.

After the publishing of the paper by Paul Fili, Lukas Pottmeyer and me [15], Dubickas
posed the question that whether one could find all number fields K that do not contain
algebraic numbers with infinite orbit(private communication). It is clear that such fields
include all numbers fields K satisfying [K : @] < 3, but are there any other K with this

property? It appears that if the corresponding Galois group is big enough, then there will



be a wandering unit in the extension, but what if the Galois group is small? We will explore
these questions and give partial results in chapter 5.

Part of this thesis is taken from the paper by Paul Fili, Lukas Pottmeyer and me [15],
and my master’s thesis. In particular, part of Chapter I is from [15] and my master’s thesis;
Part of Chapter II is from my master’s thesis; Chapter III is from [15]; Part of Chapter IV

is from [15].

1.2 Mahler measure, Lehmer’s problem and partial results

The Mahler measure was defined by Kurt Mahler [19] in 1962, but appeared earlier in a
paper of Lehmer [16] in an alternative form.

d
Definition 1 Let P (z) = agz? + ... + ag = ag[] (z — ;) be a non constant polynomial with
i=1

integer cofficients. The Mahler measure of P is defined to be

M (P) = exp ( /0 g |P(e2)] dt)

which is the geometric mean of | P (2)| for z on the unit circle. We refer to m (P) = log M (P)

as the logarithmic Mahler measure.
We first give a simple method to compute the Mahler measure, based on Jensen’s formula:

Lemma 1.2.1 We have

d d
M (P) = |ag| [ [ max {1, |esl} = |ao| ] laul = %ao [] o,
i=1 lovi|>1 | Z:|;1

where vy, . .., ay are the roots of P(z), that is, P(2) = ao [\, (z — i) € Zz].

Proof. First we will show that we can assume that P (0) # 0 so that we can apply Jensen’s
d

formula. Since P (z) = ao]] (¢ — a;), notice that if one of the roots o; = 0, then P (z) =
i=1

ap (z) (z — B1) (z = P2) ... (2 — Ba—1), where [3; are the rest of d — 1 roots.



Define P (2) = ag (z — 1) (2 — f2) ... (2 — Ba—1). observe that M (P) = M (P,) by either
of the definitions. So we can avoid all the cases of P(0) = 0. Now P is an analytic function
on the complex plane, P (0) # 0, so by Jensen’s Formula,

1
log | P (0)| = log |apar; - - - avg| = Z log || + / log |P(e*™™)| dt
0

Jai] <1

m(P) = log (exp ( /0 1 log |P (e*™)] dt))

= loglapay...aq| — Z log ||

|a¢\<1

= log|ao| +log|as| + ... log aal — > log ||

‘Oci|<1

Thus,

= loglagl + 3 loglas

lei|>1

= log | |aol H ||

lei|>1

Since log is one-to-one on R,

exp (/ log | P(e*™*) |dt> |ao| H la;| = +ag H ;.
0

lo;|>1 =
|al\>1
The last equality is because, if a; with |a;| > 1 is non-real, then some a; = @; is its conjugate.
Note that this gives |a;| = |a;| > 1, and o;«; is a real number. Therefore, the absolute value

signs can be dropped. [ |

Definition 2 If o € C is a root of a polynomial f(z) = agz® + ag_12" + ...+ ag € Z[2],

then « is called an algebraic number.

We let A C C denote the set of all algebraic numbers. It is well-known that A forms a
subfield of C.

Definition 3 For o € A we define M («) to be the Mahler measure of the minimal polyno-

mial P, of «, that is, where P, is a generator (unique up to sign) of the ideal:

P,={f(x) € Z[z]: f(a) =0} C Z][z].



We note in passing that deg P, = [Q («) : Q).

Note that by construction, M (c«a) = M («) for any o in the Galois group of the Galois
closure of Q («).

Observe that, with the convention of Definition 3, M in fact defines a function
M:A— A

In addition, the Mahler measure is actually a height function on polynomials with integer
coefficients because there are only a finite number of such polynomials of bounded degree
and bounded Mahler measure. In fact, by Mahler’s formula, the Weil height is related to

Mabhler measure by the following equation:

h(a) = dog P log M ()

The study of heights has led to the introduction of potential theoretic techniques in num-
ber theory and led to the resolution of classical problems like the Bogomolov conjecture, and

may help with many more related questions.

In this paper we explore the behavior of the Mahler measure as a dynamical system on
the set of algebraic numbers A. The inspiration for this study comes from the observa-
tion, proven in Theorem 17, that the fixed points of the Mahler measure contain a class of
algebraic numbers which in light of experimental evidence(we refer the reader to M. Moss-
inghoff’s website [20] for the latest tables of known polynomials, as well as the papers by
Mossinghoff [21] and Mossinghoff, Rhin, and Wu [22]) are widely believed to be minimal for
the Mahler measure, namely, Salem numbers. Inspired by the analogy with the definition of
the canonical height for rational maps, one might hope that a method might be found for
bounding the Mahler measure of points which are wandering. This result, together with a
better understanding of preperiodic points, may one day lead to a reduction of the Lehmer
problem to the class of Salem numbers. We will now introduce the basic background regard-

ing Lehmer’s problem which motivates this study. In Section 1.3 we will introduce dynamical



systems and the particular questions which we will address in Chapter II. Finally in Section
1.5 we will state the main results of this thesis and the conjectures formed from our study
of the subject.

Lehmer sought large primes amongst the so-called Pierce numbers, given by

Au(F) =[] (e ~ 1),

i=1
where «; are the roots of a monic integral polynomial F'(z). He proved that A, (F') is more

likely to produce primes if it does not grow too rapidly, and measured the rate of growth by

Ani1(F)

An(F) which is where the Mahler measure comes into play.

Lemma 1.2.2 For a monic F € Z[x] with no roots on the unit circle,

g&'%' :ilimax{l,]ai]}.

Proof. We can treat each term in the product separately:

. an—"l —1 |O{7,| if |OZZ| >1
lim Zn—]_ =
nmeel 4 T 1if |y < 1
The case when |o;| = 1 is excluded by the assumption that F' has no roots on the unit
circle. m

It follows that for such F' € Z[x],

lim
n—oo

so that Lehmer’s search for prime numbers led naturally to the question of finding monic
polynomials with integer coefficients with Mahler measure close to (but not equal to) 1. This

question has since become known as Lehmer’s problem.

1.2.1 Lehmer’s Problem

Among those monic integer coefficients polynomials with M (P) > 1, could the polynomials

be chosen with M (P) arbitrarily close to 17 Today it is widely believed that this is impossible



and that the values are bounded away from 1. This statement is commonly called Lehmer’s
conjecture. The smallest known value of M (P) > 1 was actually found by Lehmer in his

1933 paper [16] and is M (P) & 1.17638..., where P (2) = 210429 —27—20— 20 — 21— 234 > 41,

(0]
(0]

Figure 1: Roots of P(2) = 2104+ 2% — 27 — 20 — 2% — 24 — 23 + 2 4+ 1.

As shown in Figure 1, among the roots of P(z), 8 of the 10 lie on the unit circle, which
is very special. Lehmer’s conjecture seems to be a very deep problem and remains unsolved
till now, but there are versions of this problem for certain classes of polynomials have been

solved during these years.

1.2.2 Partial results towards Lehmer’s problem

There are several partial results towards Lehmer’s conjecture. Schinzel’s theorem gives
the lower bound of the Mahler measure of polynomials with all real roots. Smyth proved
that Lehmer’s conjecture is true for all polynomials that are not reciprocal, and in 1979,
Dobrowolski gave essentially the best known unconditional result towards the conjecture.
We will now review these results.

Now, if our setting is for polynomials with integer coefficients, then |ag| > 1, so M (P) >
1. In Lehmer’s conjecture, we only care about the case when M (P) > 1, so when does
M (P) = 17 The answer is when P (z) is a power of z times a product of cyclotomic

polynomial, which will follow from a lemma of Kronecker:



Lemma 1.2.3 (Kronecker’s lemma) Suppose a; # 0 is an algebraic integer |aq| < 1 and
the algebraic conjugates ag, o, ...aq—1 of a all have modulus |o;| < 1 then «ay is a root of
unaty.
d
Proof. Consider the polynomial P, (X) = H (X —aP), then P; is the minimal polynomial
for o . -
The coefficients of P, are elementary symmetric functions of the nth powers of the roots
a1, (o, ...y, SO they are rational integers. Each of the coefficients is uniformly bounded for
every n by a combinatorial constant depending only on the degree d, since |a;| < 1 for all

1 <4 < d. So the collection of polynomials {P,}, y is finite. Hence there exist positive

integers n; < no such that P,, = P,,. Therefore
ni ni ni\ __ n2 n2 n2
{7, oyt .o} ={af?, ay?, ... a?}.

Consider the permutation group Sy, define o € S; to be the action on the set of roots such

that

Which gives

) o
But since
O‘Z(li) = O‘Zg(z)
ot =ali
Similarly,
Oéz% - Q{Zg(z)
So if ¢ has order r in Sy,
o = o]
and therefore a?{ <a?57n{ — 1) = 0, since ;70 , So Oz?gfnizl, «; is a root of unity. |



We now classify when the Mahler measure is trivial:

Theorem 4 Suppose F' € Z[x] is non-zero, non-constant, and that the coefficients of F' have
no common factor other than 1. Then M(F) =1 if and only if all the zeroes of F are roots
of unity or 0. In particular, M(F) = 1 if and only if there exist integersr > 1,t € {0,1,.....}

and cyclotomic polynomials ¢y, . .., ¢, such that f (z) = £2" or f(2) = £2'[[_, ¢; (2).

Proof. Suppose all the zeros of F' are roots of unity or 0, then F has a factor z' where
te€{0,1...},and F ‘[Bt (a:N — 1) for some N > 1. Hence the leading coefficient of ¥’ must be
+1, so it follows that M (F) = 1 by definition.

Now suppose that M(F) = 1. It follows that F' must be a polynomial with leading
coefficient 41, so all of the zeroes are algebraic integers, and satisfy |a;| < 1forall 1 <i <n.
By the previous lemma, all the roots of I’ are roots of unity or zero.

For the second part of the theorem, we know from the argument above that if M (F') = 1,
then all zeroes of f are roots of unity or 0. So the leading coefficient of f must be +1,
and F has a factor z* where ¢t € {0,1,.....}. Now if « is a root of unity, then an irreducible
polynomial ¢(z) is a factor of f for which « is a root, and ¢(z) is a cyclotomic polynomial. This
is because all the roots of a non-zero irreducible integral polynomial are Galois conjugates,
since o = 1 then 0™ (a) = o(a™) = (1) = 1. So all the conjugates (the other roots of the
irreducible polynomial) are roots of unity. A irreducible integral polynomial with roots that
are all roots of unity is a cyclotomic polynomial.

Hence each root of f (that is root of unity) will fix a irreducible factor of f, which is
a cyclotomic polynomial, and the product of these cyclotomic polynomials is a factor of f,
the only other factor is +£2' (¢t € {0,1....}). The converse direction is immediate from the

definition of M. [

We now state some of the partial results towards Lehmer’s conjecture that motivate our

study.

Theorem 5 (Schinzel [25]) Suppose that F € Z [X] is monic with degree d, F (—1) F (1) #

10



d/2
0 and F(0)= 41. If the zeroes of F' are all real then M (F') > <1+T\/5> with equality if and

only if F is a product of a power of 2> — x—1 and a power of 1 —x — x°.

Before introducing Smyth’s theorem, we need the definition of reciprocal polynomials.

Definition 6 Suppose I € C|x| has degree d; write F* (x) = 2%F (z™). Then F is recipro-

cal if ' = F*, and is non-reciprocal otherwise.
As an example, the polynomial 22 — z + 1 is reciprocal. On the hand, if we let
fx)=a®—2—1
Then
z3 (f (xil)) = (x*3 —a - 1) 2 =1—z2*—2°
So f (x) is not reciprocal.

Theorem 7 (Smyth [29]) If F (z) € Z[x] is a non-reciprocal polynomial, and F (0) F (1) #
0 then m(F)>m(2® —2—1) =log(1.324...) = 0.281 ...

Note that F'(0) # 0 = F is not divisible by x — 1. If F is reciprocal , then given F' is of

degree d,
2 (F (z27")) = F (z)
Now define G (z) = F () F (x — 1) then G is of degree (d + 1).
MG (7)) = 2™ () (a7 1)

— (L’dF (ZE_I) . l’d+1F (ZL'_l)

= F(z)—xF(x)
= F(z)(1-2)
- G

So G (z) is not reciprocal. Hence condition about divisibility by  — 1 is required.
Lastly, we state a result of Dobrowolski, which gives essentially the best known asymptotic

lower bound.

11



Theorem 8 (Dobrowolski [8]) Let a be algebraic number of degree d, then for d > 2

1 loglog d s
M 1 .
(a) > +1200( log d )

We note that the constant of 1/1200 in the above theorem has since been improved to 1/4
by Voutier [30].
Classical results for Mahler measure and partial results towards Lehmer’s problem are

extensively surveyed in Smyth’s paper [27].

1.3 Dynamical systems, the Northcott theorem

We mentioned at the beginning that the Mahler measure function maps algebraic numbers

into itself. This is a specific example of a dynamical system:

Definition 9 For a set X, let f be a function which maps X to itself, that is, f: X — X.

We call the pair (X, f) a dynamical system.

Loosely speaking, dynamics refers to the study of the behavior of the points in X under

iteration of the map f. We write

fr=fofofo..f
—_—

n iterations

A primary goal in the study of dynamic is to classify the points of X by the behavior of
their orbits, Oy (a), where O (o) = {a, f (a), f* (@), f? (a),...}.
We will give some definitions to classify what the orbit of a point in X looks like under

iteration of f.

Definition 10 A point x € X is called a periodic point for the dynamical system (X, f) if
there exists n > 0 such that f*(x) = f(f(--- f(x)) = x.

Definition 11 A point x € X is called a preperiodic point for the dynamical system (X, f)

if there exists n > m > 0 such that f™(x) = f™(x).

12



We note that a number is preperiodic if and only if the orbit is finite:

Lemma 1.3.1 Let (X, f) be a dynamical system, x € X. Then the orbit Os(z) is finite if

and only if x is preperiodic.

Proof. 1f z is preperiodic, then f™(x) = f™(x) for somen >m > 0. If n—m =d, f™"*(z) =
fri(x), frr2(x) = 72 (x), - () = T4 x) = f™(z) and as the iteration continue, the
numbers repeat, so the orbit O(z) has no more than m + d elements.

If Oy(x) is finite, then, for some ¢ > 1, fi(z) = f7(z) for some j < i, otherwise we will get

infinitely many different outputs for the iteration, and Oy(z) cannot be finite. |

Definition 12 A point x € X is a wandering point for a dynamical system (X, f) if it is

not preperiodic (equivalently, if the orbit is infinite).
The most basic questions we might ask about a dynamical system are the following:

1. What points are fixed by f7
2. What points are periodic?

3. What points are preperiodic?

Note that fixed points are periodic (of period n = 1), and periodic points are also preperiodic,
but that none of the converses necessarily hold.
We wish to study M : A — A as a dynamical system. To study problem (1), we begin

by prove that certain algebraic numbers are fixed points for M.
Proposition 13 Everyn € N C A is a fixed point of M.

Proof. The minimal polynomial of n is F'(z) = x—n. By definition, M (F) = |a| H?Zl max{1, |a;|},
so M(n) = M(x—n)=nforalneN |
As a convention throughout this section, for any a € A, we let P,(x) € Z[z] be the

minimal polynomial of o, and denote the roots of P,, that is, the Galois conjugates of «, by

a=ai,...,q, where n = deg P,.

13



Definition 14 We say that o € A is a Pisot-Vijayaraghavan number if:

1. « 18 an algebraic integer.

2. a € R and a > 1,

3. All Galois conjugates of «, oy, ..., ,, o # v, satisfy |a;| < 1.
We note that vacuously, the set of natural numbers are Pisot-Vijayaraghavan.
Definition 15 We say that o € A is a Salem number if

1. « 18 an algebraic integer.

2. a € R and a > 1.

3. All Galois conjugates of a, oy, ..., ,, a; # « satisfy |a;| < 1 and at least one conjugate

Qp, has |ag,| = 1.
Notice that a Salem number must have degree at least 2 over Q.

Proposition 16 If a is Salem, then for any conjugate o, the number o' is also a Galois

1

conjugate of o, that is, oy - = «; for some 1 < j < n. In particular, the minimal polynomial

P, is reciprocal.

Proof. 1t « is Salem, then there is one conjugate «; such that |o;| = 1 then @; is also a
conjugate of a, and ooy = 1. Now, a; = (o) for some o € Gal(Q(ay, ..., q)/Q). Now
o(a)o(a; = o(oyag) = o(1) = 1.

Soaj-o(mm) =1;0(a; = aj_l, and it is also a conjugate. That P, is reciprocal now follows

immediately, as the roots of P are precisely the inverses of the roots of P,. [ |

We now classify the fixed points of M:

Theorem 17 Let o« € A\ {0,1}. Then M(«) = « if and only if o is a Pisot number or a

Salem number.

14



Proof. Let the minimal polynomial of a be

f(2) =apz® + a2+ 4 ay
d d (1.3.1)
= ag H(z — ;) = H(z —a;)
i=1 i=1
Then M(f) = Hizl max{1, |o;|}. If o is a Pisot number, then M(f) = |a| = «, since all

other roots have modulus less than 1. The proof is similar if « is a Salem number.

On the other hand , if M(«) = «, then
M(a) = |aplla] = a > 1

So o must be a real number that is greater than 1, and ay = +1, that is, « is an algebra
integer.

a has no other conjugates with |o;| > 1, hence |a;| < 1 for all conjugates «; other than «,
Therefore by definitions, « is either an Pisot number or a Salem number.

It is a folklore conjecture that Lehmer’s conjecture can be reduced to consideration of
Salem numbers (Pisot-Vijayaraghavan numbers are non-reciprocal and hence have Mahler
measure bounded away from 1 by Smyth’s theorem), and the above result suggests that this
may be true because of the special nature of such numbers under the iteration of M. For
more information on recent results and applications of this important class of numbers, the
readers may want to read Smyth’s survey article [28].

In regard to classifying the periodic points and the preperiodic points, we will now proceed
show the proof that, for degree no larger than 3 polynomials, the iteration of M : A — A will
give the output that stabilizes eventually, those are examples of a € A that are preperiodic.
There are many other questions that we are interested in, for example:

If we increase the degree of f(z), which is the initial input of the iteration, does the “tail”
length before stabilization increase? If we have the initial algebraic unit to be degree 6, will

it take more than 1 application of M to get to the stabilized output? Is it true that if the
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degree of the starting algebraic unit is d > 4, then its orbit size is bounded by d — 17 Can we
find algebraic units with arbitrarily long but finite orbits in large enough degree extensions?

And how large is “large enough” degree?

Remark 1.3.1 Note that M™(a) > M™(a) for all algebraic number o, the iterates of
Mahler measure is non-decreasing(after one iteration), it is clear that we cannot have cycles
of length greater than 1, such as o — M(a) — M?(a) — a.

As we will see later, it is possible to have either a wandering point, or a preperiodic point

with a long “tail” before reaching a fixed point.

One key theorem for the background of Mahler measure as a dynamical system is North-

cott Theorem.

Theorem 18 (Northcott [23]) For any T, D > 0, the set
{a € A: M(a) <T and degree of « < D}
1s finite.

If the orbit of av under M, Op(a) = {M™(a) : n > 0} is infinite, then either the degree
of the algebraic number M"(«) tends to infinity as n — oo or the number M"(«) — oo as
n — oo by Northcott’s theorem. In fact, it must be M"(a) — oo as n — oo. All values
of M™(«) live in the field: Q(ay, ..., ay, 1], ..., |an|), where aq, ..., a, are all the Galois
conjugates of «, this is of finite degree over Q.

In the next section, we will introduce some important properties of M as a dynamical

system.

1.4 Properties of M as a dynamical system

In [7], Dixon and Dubickas gave their proofs for the properties presented in this section, and

I will rephrase their proofs.
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Definition 19 We say that o € Q" is torsion-free(See [12] and [14]) if for any o €
Gal (Q/Q), if a # o(a), then ;& ¢ Tor(@").

Proposition 20 Suppose o € Z, then M(a™') = M(a).
Proof. This is immediate by Definition 1. [ |

Proposition 21 Suppose o € Z, let the minimal polynomial of o be f, let Gy, be the Galois

group of f. Suppose that —a = o(a) for some o € G, then M(a?) = M(«).

Proof. Soppose there exists a Galois conjugate § such that § # —«a and 8 # a. Then
there exists 7 € G, such that 7(a) = 3, but then 7(—a) = 70(a) = —7(a) = —0.
Hence —pf is also a Galois conjugate of . Now, let the complete set of conjugates of «
be {1, —ay, ag, —, ..., i, —, b Since the conjugates of o2 are the squares of the conju-

gates of a, M(a?) = [] [a?| = M(a)= ] |a||—cul |

(2
|ai[>1 |ai|>1

Proposition 22 Soppose a € Z and 3 = M(«a). let the minimal polynomial of B be f, let
Gp be the Galois group of f. Then [ is torsion-free and M(B") = M ()" for any n € N.

Proof. We know that M ™ (a) is a Perron number [7], hence the conjugates of 3 are all less
than § in absolute value. Therefore, for any o € Gg, if § # o(f) then % & Tor(@x),
thus f§ is torsion-free. Now, this implies that [Q(5") : Q] = [Q(5) : Q]. Let the set

of conjugates of 5 be {1, ..., B}, then the set of conjugates of 5" is {A7, ..., 5}, hence
M@y = 11 188 = 11 18" =(II 18:])" = (M(B))". u

|8 |>1 1Bi|=1 1Bil=1
Theorem 23 If « is torsion-free and M(a) = o™ for some integer n > 1, then « is a
wandering point for M. In particular, if o is a Perron number, then it satisfies this conclusion

as well.

Proof. This is immediate from Theorem 22. [ |
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1.5 Main results and conjectures

In this thesis, we will prove several other results regarding the stopping time of algebraic

numbers. Our first result is a direct generalization of Dubickas’s result:

Theorem 24 For any d > 3,1 € Z\ {£1,0} and k € N there is an algebraic integer a of
degree d, N(o) =1 and #Op(a) = k.

The proof of Theorem 24 will be given in §III below. To study the possible behaviour of
algebraic units under iteration of M is more delicate. It is clear that #Oy(a) < 2 for all
algebraic units of degree at most 3, and this result is (non-trivially) also true if the degree

is 4:

Theorem 25 Let « be an algebraic unit of degree 4. Then either #Op () < 2 or #0y(a) =

00. Moreover, if #Oy(a) = oo, then M®)(a) = M(a)?.

The first algebraic unit o with #0y(a) > 3 we found has degree 6 and orbit size 5. It
is given by any root of 2° — 2° — 4x* — 22? — 42 — 1. Despite an extensive search, we did not
find any unit of degree 5 of orbit size > 3, nor a unit of degree 6 of finite orbit size > 6.

It will follow from the proof of Theorem 25 that we have the following corollary:

Corollary 26 If o is an algebraic unit of degree 4, then the sequence (log M™())nen sat-

1sfies a linear homogeneous recursion.

The proofs of Theorem 25 and Corollary 26 are given in §IV. We note that, in the
example of a degree 4 wandering point given by Zhang [31], the sequence (log M ™ (a)),en
satisfied the recursion relation z, = 2x,_5 for n > 3. Based on the above corollary and

further experimental data, we make the following conjecture:

Conjecture 1 For every algebraic unit o, there exists a constant k such that the sequence

(log(M ™ (a))) >k satisfies a linear homogeneous recursion.
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We note that, in the case of a large Galois group, the behavior of units is particularly
simple. We prove that, if the Galois group contains the alternating group, then the orbit
of a unit must either stop after at most one iteration, or the unit wanders. Specifically, we

prove in §IV the following theorem:

Theorem 27 If « is an algebraic unit of degree d such that the Galois group of the Galois
closure of Q(a) over Q contains the alternating group A4, then #Oy(a) € {1,2,00}.

+1

More precisely, if « is as above, of degree > 5, and such that none of £a™" is conjugate

to a Pisot number, then #Oy(a) = co.

One might be led by Theorems 25 and 27 to suspect that, in fact, algebraic units cannot

have arbitrarily large but finite orbits under M. However, we prove that this is not the case.

Theorem 28 Let S € N be arbitrary, and let d > 12 be divisible by 4. Then there exist

algebraic units of degree d whose orbit size is finite but greater than S.

The proof is given in Section IV. It would be interesting to know whether there are large
finite orbits of algebraic units in any degree less than 12.

We know that all numbers fields K satisfying [K : @] < 3 do not contain algebraic
numbers a with infinite orbit. But are they all such fields? No. We know that there are

quartic K that don’t have a wandering point, as Theorem 29 below shows.

Theorem 29 Let K/Q be of degree 4. If K 1is totally real, then it contains a wandering
point under iteration of M if and only if K is not biquadratic. If K 1is totally imaginary,

then there are no wandering points in K.

Note that the classification of the extensions of signature (2, 1) is still partially open.
In extensions of degree 5, there always exists an algebraic unit which is wandering under

iteration of M.

Theorem 30 Let K/Q be an extension of degree five. Then there exists an algebraic unit

i K which is wandering under iteration of the Mahler measure M.
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Furthermore, in chapter 5, we will discuss the complete classification of all the Abelian

extensions that don’t contain a wandering point:

Theorem 31 Let K/Q be an Abelian extension. Then K does not contain a wandering

point under iteration of M if and only if the maximal real subfield of K has Galois group

1somorphic to Cy, Cy, Cy x Cy, or C5.
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CHAPTER I1

LOWER DEGREE CASES

Part of this chapter is from my master’s thesis.

2.1 Orbit sizes of lower degree algebraic integers

Let a be an algebraic integer, that is, an algebraic number with minimal polynomial that
is monic, irreducible and with integer coefficients. The main result of this section is the

following;:

Theorem 32 If the degree of o is at most 3, then the orbit of o under M is eventually fized

(i.e., it stabilizes).

We break the proof down by degree.

2.1.1 Degree 1

Suppose that « is of degree 1. Then the minimal polynomial f(z) = = + b with b € Z.
If b =0, then M(a) = ][] max{l,|a|} = 1, with the minimal case being f(z) =z — 1,
lo;|>1
and M (M («)) = 1, stabilized. If b # 0, then M(a) = [] |as| = |b] = £b (with minimal
loes| 21

polynomial f(x) =z Fb). Then M (M («)) = M(|b|) = |b|] = £b and is stabilized.

2.1.2 Degree 2

Now suppose « is of degree 2. Let the minimal polynomial be 2% + ax + b € Z[z]. Then
?+ar+b=(r—a)(lzv—a). Ifa ¢ R, then |a| = |a] > 1. Then |b| = |a|[a] > 1. So in
this case, M(a) = [] || = |a||a] = |b], so M(M(«)) = M(|b]) = |b|, stabilized. If o € R,

|oi|>1
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then we can’t have both |al, [@] < 1, so at least one value is > 1. If both |af, |@| > 1, then
again, M(«) = |a-a| = |b| and M (M («)) = M(|b]) = |b|.
If o] > 1, but |@| < 1. Without loss of generality, M («) = |a| = £a and M (M («)) =

M(£a) = |a|, so the Mahler measure stabilizes.

2.1.3 Degree 3

Now we suppose a = ay is of degree 3,
flx) =2+ az? +br +c= (v — o) (r — a)(z — as) where |c| > 1.

Case 1: There is one real root and two complex roots. Without loss of generality, let

a; € R, a3 = a3 are complex numbers ( a3 = @3 is from complex conjugate root theorem).

So asaz € R. Now, |agas| and |ag| cannot be both less than 1, so at least one of them

is > 1.

1. If both > 1, then |asas| = |as| - |az] > 1. Since ag = ag, |as] = |as|. Hence
lag| = |as| > 1 and |a;| > 1. Therefore,
M(a) = ] || = |oul|aellas] = ||, So M?(a) = M(|e|]) = |c|. Thus stabilized,

|| >1
minimal f(z) =z — |c|.

2. If |agas| > 1 but |ag| < 1 then since |as| = |ag|, || > 1, |az] > 1. Hence M(a) =
lag||as| = agas. Since ajanas = —¢, asaz = ¢ € Q(ay). So the minimal polynomial
631
of apag is of degree 3. degree [Q(az, a3) : Q] =3
T = az = ay = ag, T(eas) = ajas,7(01an) = azag.
So the conjugates are: aza; and ajag. Now if |ajas| < 1 then |aza;| = |ajas| < 1.

Then M (asas) = asas, Stabilized.
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If |oqag| > 1, then both |azaq| and |asas| > 1. M(agas) = |aras] - |asas| - |azaq| =

(a1aza3)? = ¢®. So Stabilized.

3. If |agas] < 1 but |ag| > 1 then |as| < 1,]as| < 1, but |a;| > 1. M(ay) = |ou| and

M (Jai|) = |en], Stabilized.

Case 2: All 3 roots, ay, as, ag are real.

Then |aq|, |asl, |as| cannot all be less than 1. Without loss of generality, we have three cases:

1. |y, |az|, |as| are all > 1. Then M(a) = ] || = |aillazl|as] = |¢|. M?*(a) =
|ai|>1

M(|c|) = |e|. Stabilized.

2. |ai] > 1 and |ag| < 1,|az| < 1. Then M(a) = ][] |as| = |ag| and M?(a) = |a],
lo; | >1
stabilized.

3. If Jaz| > 1,]ag| > 1, and |ag| < 1, then M(a) = ][] |au| = |aullae] = |arasl.
o(ajae) = agag, T(1an) = aqas. So if |agas| < 1,]55;\ < 1, then M(|loqas|) =
|apap|. Stabilized.

If |agasz| > 1, |ajas] > 1, then M (|ajas|) = 2, stabilized.

If |agasz| > 1, Jagas| < 1, then M(Jajas|) = Jagasas| = |cas|

Conjugates of |cas| = € - cag, where € € {1} are ecay, ecas.

Now, |ecay| > 1, |eca2| > 1. Now if |cag| < 1, then M (|cag|) = £ = |Pajas] =
eclaiay. If ecajaz < 1, then M(ec?ajay) = |cteas|. Once again, |ctca;| > 1, |cteas| >
1. Now, if |®a3| < 1, then continue the process until the power of ¢ big enough to

make |¢™ag| > 1, and the output of M will be stabilized then;

Otherwise, if |c°asz| > 1, then

M(|c*cas|) = |cteay| - [cteay] - |cteas|
(2.1.1)

= [P arapas| = |9
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and M (|c'0]) = |¢'9], so stabilized. Similarly, if |ajas| > 1, |agas| < 1, the output of

M will stabilize eventually.

2.2 Number fields with degree less than 4

Theorem 33 Let K/Q be a number field satisfying [K : Q] < 3, then K does not contain

algebraic numbers with infinite orbit.

Proof. Suppose that a is an element in K, then « is an algebraic number with degree n < 3,

and aq,- -, q, are the distinct Galois conjugates of a. Note that if ¢ is a positive integer,
then the Galois conjugates of ca are among cayq, - - - , ca,,. This, and a similar argument as
before, gives that #O0y(a) < 0. |

2.3 An example of degree 4 unit

Proposition 34 Let a be a root of f(x) = x* + 52> +x — 1. Then {M"(a) : n € N} is

infinite.

Proof. Let the Galois conjugates of o be denoted «q, as, a3, ay, where o and ay are real,
as and ay are complex, |a1| &= 0.5393, |as| &~ 0.3547, |az| = |ay| = 2.2859. Then M(a;) =
|as||ay| since only ag and ay are outside or on the unit circle. Now consider M (asgay). Note
that f(z) factors into irreducibles as (z 4+ 1)(2* +2? +1) (mod 2), and f is irreducible mod
5. Therefore the Galois group of f contains a 3-cycle and a 4-cycle. This means that the
Galois group has order at least 12, and has an odd permutation, which implies that it is .Sj.
Those are all the permutations for 4 elements. So there are (;1) = 6 combinations, azay has
degree 6. When we check in Mathematica, only 3 roots of the minimal polynomial of agay
have absolute value > 1. Again, if we check in Mathematica, those roots are a;as, ajay, and
Q30yy.

1
Hence, M?(a1) = M(azay) = [afazaf] = ‘?
2
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Conjugates of ayazay with absolute value > 1 are ayazay and asazay. Reciprocals of o

are conjugates.

In fact, M?(aq) = M(|1/a3|) = M(|a3]) = M(|ai]) = |afai]. Then M*(an) = M(e307)

|ajagag| since conjugates of a2a? that has modulus > 1 are afa?, a?a?, aia?. |ajazay] =
1

ol

Again, M®(an) = M(|z) = M(Ja3]) = M(Jai]) = |agej|. Then M(a1) = M(|ozaj]) =

Qg

lafadad| = , and we can continue the process and M"(a;) will be increasing(goes to

8
Qs
infinity) as n — oo, since |ay| < 1. We can prove by induction that M?"~!(ay) = M(ay)

2n71
and M?"(ay) = M?(ay)?"".

We will prove M?"(ay) = M(a1)*" . When n = 1, M(ay) = |agou|, M(ay)®" " =
lagay]. So M2 H(aq) = M(aq)?" holds for case n = 1. Suppose the case of n — 1 holds.

Then

(2.3.1)

. n—2 n—2 n—2 n—2 n—2 n—2
Conjugates of a2” a3 = that have absolute value > 1 are o a3 ,a?" a3 and

271.72 2n72

So, M(jaZ' a2 ]) = [ aZ" " aF"™| = \—

Now,

M* ) = M(|1/a3"|)

M(lo3" ) = M(lo3" ) (2.3.2)
_ |a§n—1ain—l| _ |a3a4|2n_1 _ M(a1)2n_1

Hence, the result holds for the case of n. Similarly, we can prove that M2*(ay) = M?(ap)?"

and thus the orbit of @ under the Mahler measure tends to infinity (doubly exponentially). B
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CHAPTER III
NON-UNITS ALGEBRAIC INTEGERS

This chapter is from [15].

3.1 A few isolated cases

In [11], Dubickas proved the case d = 3 and [ = 2 (and k arbitrary). In order to prove

Theorem 24, we will start with a few examples.

Example 3.1.1 Since there are Pisot-Vijayaraghavan numbers of any degree and norm, we

know that for any d € N and any |l € Z \ {£1,0} there are algebraic numbers o of degree d,

norm | and orbit size 1. By Perron’s criterion, we may take the largest root of x% 412z~ +1.

Similarly, the polynomial @ + 1% + 1 has precisely one root 3 inside the unit circle and

all other roots are of absolute value > |l|. Hence, the polynomial is irreducible. Let o be the
l

largest root of this polynomial. Then M(a) = |B” which is a Pisot number. Thus, o has

norm [, degree d and orbit size 2.

Example 3.1.2 For anyl € Z\ {£1,0} we consider f(z) = 2* — >z +1. Let ay, 9, 3 be
the roots of f ordered such that |aq| > |ag| > |as].

If 1 > 2 we have

f(=l—1)=-=21>-2-1<0 f(=)=1>0
fl—=1)=-27+4-1<0 fH=1>0
f)y=1-12+1<0 f(H)=%>0

Hence, the three roots are real and none of them is an integer. If f is reducible, then

one of the factors must be linear, this is a contradiction since [ is monic. Hence, f is
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irreducible and it follows cy € (=1 —1,=1), ap € (I = 1,1) and a3 € (7,1). Therefore

12

= —Oéll,

we find MO(ay) = ay, MO (o) = —ajap = O(LS; M® (o) = M(L) =

as asas

M®) (a1) = M(—ayl) = aqlaglasl = 1* € Z. These are all elements in the orbit of a; under
iteration of M. Hence, oy is an algebraic integer of degree 3, N(ayp) =1 and #Oy(aq) = 4.
Moreover —ay is an algebraic integer of degree 3, N(—ay) = —l and #Oy(—ay) = 4.

In the same fashion one can prove that any root of the polynomial x® +1x% —1 is of degree

3, norm —l and orbit size 3.

Example 3.1.3 Again let | € Z\ {£1,0} be arbitrary and consider f(x) = z* — ?2* + (I* —
Dz +1. The four roots of f are ordered as |oy| > |ag| > |as| > |au|. A direct computation
shows that f is irreducible and #Oy (o) = 4 ifl € {—=3,—-2,—4}. Ifl ¢ {-3,—-2—-1,0,1,2},

then we show as in the last example that

1

ag €(=l—1,-1), axe(l—11), az€e(1,2), a4e€ (-1, _Z_Z)

if 1 >0, and
1
o € (—l — 1,—[), Q9 € (l - 1,[), Q3 € (1,2), Qy € (1, l—2)

if L < 0. Obuviously f has no linear factor. Moreover, ay and oy must be Galois conjugates,
since the norm of ay has to be a diwvisor of . Hence, if f is not irreducible it factors into
g(x) = (x — ay)(z — ag) and h(z) = (x — ag)(x — ag). This can only occur if g and h are
in Z[z]. Comparing the size of the roots, the only possibilities are g(z) = x>+ (I + 1)z + 1
and h(z) = z* — (I + 1)z + 1. However, multiplying these two polynomials does not give f.
Hence, f is irreducible.

Now we calculate the orbit size of an. We have M(ay) = —L, M®P(ay) = +Pa,

M® (o) = £1°, and hence #Oy(ay) = 4. We have shown, that any root a of f is an

algebraic integer of degree 4, norm | and orbit size 4.

Example 3.1.4 One can show with similar methods as above, that any root of z¢ — 192z 41
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has orbit size 3, for alld >4 and | € Z \ {£1,0}: To this end, we note
| = 19722 = "2 > |I| +1> |2 +1] V=z€eC, |z =1, (3.1.1)

and

|29 = > " -l > | =122 +1] VzeC, |zl =]l (3.1.2)

Now we apply Rouché’s theorem. Then (3.1.1) tells us that ¢ — 12z + 1 has precisely one
root oy inside the unit circle, and (3.1.2) tells us that all Toots o, ..., a4 of x4 — 1972z + 1
have absolute value < |l|.

Before we proceed with calculating the orbit size of one of these roots, we need to show
that ¢ — 19722 + [ is irreducible. This is obviously the case if |l| is a prime number. So
in particular, we can assume that |l| > 4. Using this assumption and d > 4, the same
calculation as in (3.1.1) proves that there is precisely one root of ¢ — 192z + 1 of absolute
value < \/m (necessarily ).

It follows that no product of two or more of the elements aq,...,aq_1 can be a divisor
of . Hence, the only possibility for % — 192z + 1 to be reducible is, if it has a root a € 7Z.
This a must be a divisor of |l| and it must satisfy a® = 1%2a — . Hence, a®' | | which
implies |a|?~ < |I|. This is not possible, as we have just seen that |a| > +/]I|. It follows that

2 — 19722 + 1 is indeed irreducible, and oy is an algebraic integer of degree d, and norm 1.

We then have:
) M(l)(al) = O{l-..oéd_l g |al—d‘ ¢ Z)
o MP(ay) = M(£L)=+[[L, L €Z, and

o M™ (o) = M (ay) for alln > 2.

Hence oy has orbit size 3.

28



3.2 A generalization of Dubickas’s result on non-units

Proposition 35 Let d > 3 be an integer and let aq, ..., aq be a full set of Galois conjugates

of an algebraic integer o. Assume the following conditions:
i |ag] > |as| >0 > ag| > 1> |agl,
ii. |ai| < IN(a@)| for allie {2,...,d},

Then « is a pre-periodic point of M. More precisely, if we let

c(a) = min{min{k € N: 2 | k and |ag - N(a)*| > 1},

min{k € N: 21k and |a;| < |N(c)*|}},

where we define by = 1, and b, = b,_1 - (d — 1) + (=1)"" for all n > 2, then #Oy(a) =

c(a) +2.

Proof. First we note, that o cannot be an algebraic unit. Hence, |N(«)| > 2 and by > 1
for all k. We claim that b, — oo. To see this, notice that by = 1,bp = d —2 > 1, and
we want to show that for n > 3, b, > (d — 2)(d — 1)"% 4+ 1. Now, this is true for n = 3,
since b3 = (d — 2)(d — 1) + 1. By induction, suppose b, 1 > (d — 2)(d — 1) + 1, then
by > (d=2)d—1)"3+1)d-1)+(-1)"=Wd-2)(d—1)"2*+(d—-1)+ (-1 >
(d—2)(d—1)""2+1, as desired. Therefore, b, > 1 for all n, and b, — .

So the integer ¢ := ¢(«) does indeed exist. We claim that for all £ < ¢ we have

+ e if 24k

M®) (q) = (3.2.1)
+N(a) - if2 |k

Note that aq, ag € R, since there is no other conjugate of the same absolute value. Therefore,
the sign in (3.2.1) has to be chosen such that the value is positive. We prove the claim by

induction.
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For k = 1, we calculate MM (a) = M(a) = +ay - ... ag = £ = LN

aq aq

assumption (i). Now assume, that (3.2.1) is correct for a fixed k < ¢. If k is even, then by

assumption (i) we have

M*D(a) = M(EN() - ;) = £N (@)@ ay - gy

N(a)bk‘(d_l)'H _ :tN(a)bk+1
Qg (6% ’

==

Here we have used that k < ¢ and hence |N(a)% - ag4| < 1.

If k£ is odd, then by assumption (ii) we have

b b b b
M () = M(iN(oz) k) _ Nl N(@)  N(a)™
Qg Qg Qg1 Q9
N (o)br:(d=1)
_ g M EN (@)D a) = £N () - .
Qo ... Og—1

Here we have used that £ < c and hence |%1)bk| < 1. This proves the claim. Moreover, the
proof of the claim shows that M**V(a) > M®) () for all k € {0,...,c—1}.

Now, we calculate MtV (a). By definition of ¢, every conjugate of M¢(«) is greater
than 1 in absolute value. Therefore, M°*!(a) € N. It follows, that M2 (a) = MY (a).

Hence, #Op () = ¢+ 2 as claimed. |

It remains to prove the existence of an algebraic number of degree d satisfying the as-
sumptions of Proposition 35 for an arbitrary c.

The strategy is as the following: We will prove the locations of the roots of a class
of irreducible polynomials satisfying assumptions (i) and (ii) from Proposition 35, then by
Proposition 35, show that any root of one of the polynomials in the class will have desired
degree, norm and orbit size.

We fix for the rest of this section arbitrary integers d > 3, ¢ > 2 and | € Z \ {£1,0}.
Moreover, we define

fol)=2- (2 =2)-(x —n)+1

and denote the roots of f,, by oz(ln), e ,ozé") ordered such that

o] > (o8] > .. > fog”]|
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Lemma 3.2.1 Let n > |l| + 3 be an integer. With the notation from above we have aﬁ"’ €

(n—% n+i), ozén) € (—%, — ) U(5, %), and |a§n)| € (1, /3= 1%) forallie {2,...,d-1}.

Moreover, a&”) s negative if and only if agn) <n.

Proof. We apply Rouché’s theorem and first prove the location of a&"). Let z be any complex

number with |z| =n + 1. Then

1 1 1
> |n+ - (n+—)d2—2‘-—
n n n
1 1
— 1 el _d72_2
‘ + (n+n) '
> |l

Hence by Rouché’s theorem, f,, has exactly as many roots of absolute value < n + % as

z-(x2=2)-(x—n), so f, has d roots of absolute value < n+<. Now, let z be any complex

1

number with [z| = n — -, suppose that n = |I| +m where m > 3. Then

2 (2777 =2) - (= n)|

n ' n
>l L (n_l>_2‘.l
n n n
1 1
= (|| + I+ —
(14 m = e (4 m = ) T
1 1
=1 Sl = 57— +m —2)
(|1} +m) l] +m
[ 1 1 2
— |l - 4 +(m—2)+ S L = >l

([ +m)> (Il +m (Ut +m)* (U] +m)* = (|l +m)
since m > 3. Again by Rouché’s theorem, f,, has d — 1 roots of absolute value < n — % Since

fn has no roots on the circle |z| = n—1, f, has asingle root in (—n—2%, —n+1)U(n—2 n+i).

ny
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Now,

(=n = )(n - =)= 2)(=20 - )

1 1 1
n n n

> (Il +2)

1., 1
- —92!(2 -
(n+-) \<n+n>

> ([ -+ 2)[1 A +2))

= ([ + 212l +4)

> [1)* > i].
Similarly,
(cnt+ Dy ((ent D2 oycan s Dy s 2 >
—n+ —=)((—n+ — —2)(—2n+ — .
n n n|
Since
1 1,y 1
= N(—n — = N (—2n — =
(== ) (=n— ) = 2)(~20— 1)

has the same sign as

(=t () = 2) (=2t ),

fo(—n + %) has the same sign as f,(—n — —) Therefore, since there is only one root in the
annulus |z] € (n— £, n+ 1), which is necessarily real, f, cannot have any root in the interval

(—n — %, —n + %), thus f, has a single root in the interval (n — %,n -+ l).

To prove the location of agl"), let z be any complex number with |z| = \ll . Then,
. d I |
5 d—2 9 > ‘ 9 Iy, o
2 (=) z—m)l 2 H 2= B - B
1|? 0”7 P 1)? 1)?
BN U R
n
W + 411
22l — |l| 77— > |
22l = Wi >

By Rouché’s theorem, f,, has exactly as many roots of absolute value < M as the polynomial

‘ . This root is

x- (2972 —2) - (x — n). This is, f, has exactly one root of absolute value <
necessarily real. A straightforward computation shows that fn(i%) have the same sign as

fn(0). Hence f, cannot have any root in the interval (—5-, 5-).
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To show the location of agn) for alli € {2,...,d— 1}, let z be any complex number with

|z| = 1. Then,

|2+ (27 =2) - (z = n)|
=1 =2 |z —n|

>n—1>|l,

so f, has a single root of absolute value < 1. The argument above also shows that f, has no

roots on the circle |z| = 1. Now, let z be any complex number with |z| = 43/3 — 2. Then,

|2+ (2" = 2) - (z —n)|

>3- )7 (1= ) (- (3 - 5)77).

Notice that since n > |I| +3, n — (3 — é)dlﬁ > ||, hence it suffices to show that (3 — é)d%? :

(1 —2) > 1. Indeed, by elementary calculus, (3 —2)(1— )2 > 1 for all d > 3, which gives

|z - (2% = 2) - (2 — n)| > |l], hence by Rouché’s theorem, f,, has d — 1 roots of absolute

value less than *7/3 — %l. Therefore, f, has exactly d — 2 roots with absolute values in the
interval (1, “¢/3 — 2).
The last part of the lemma is obvious, since z - (x472 — 2) - (x — n) changes the sign at 0

and at n in the same way. [ |

Lemma 3.2.2 Letn > || + 3. Then f, is irreducible in Q[x] whenever [ is odd.

Proof. From Lemma 3.2.1 we know ™ > |I|. Hence, a{"” must be a conjugate of the only

root of f,, which is less than 1 in absolute value. If f,, would be reducible, then some product
of the elements aén), . ,Ozfl"_)l must be a divisor of [. But every such product lies strictly

between 1 and 3. Since 2 is no divisor of [ by assumption, f,, is necessarily irreducible. B

Lemma 3.2.3 Let p be a prime and let f = 2% + ag_ 127 + ... + apx?® + a1 + ag € Z[x]
such that p | a; for all i € {0,...,d — 1} and p* t ay. Then either f has a divisor of degree

< 2 or f is irreducible.
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Proof. This follows exactly as the classical Eisenstein criterion. Assume, that f = ¢g-h where
g@)=a"+ g1 +...+g0 and h(z)=2°+h, 125 4.+ hy € Zl7]

with r,s > 3. Since the reduction of g - h modulo p is equal to z? € ZpZ[z] and ZpZ|x]
is an integral domain, we know that each coefficient of g and h is divisible by p. It follows

p? | goha + gih1 + gaho = az, which is a contradiction. [ |
Lemma 3.2.4 Let n > |l| + 3 and |l| both be even. Then f, is irreducible.

Proof. We first note that f,, does not have a factor of degree 1. Otherwise, some divisor a
of  would be a root of f,. But |a(a —n)| >n —1> ||+ 1. Hence, in particular, f,(a) # 0
for all a | I. It follows, that f, is irreducible for d = 3. From now on we assume d > 4.

If [ and n are even, then f,(z) = x(2972 —2)(z —n) +1 = 2% — nz®! — 222 + 2nz + 1 is
— by Lemma 3.2.3 — irreducible if it does not have a factor of degree 2.

Since o™ is larger than || (which is the absolute value of product of all roots of f,),

it must be conjugate to oziln) which is the only root of absolute value < 1. If ozfln) would

(n) (n)

be the only conjugate of aﬁ”), then oy’ + «,’ € Z. This is not possible by Lemma 3.2.1.

This means, that there is no factor of degree 2, having a§”) or agn) as a root. This proves
that f, is irreducible for d = 4. For d > 5 the only possibility of a divisor of degree 2
is 2?2 — (al(-n) + agn))x + aﬁ”)aj(."), for i # j € {2,...,d —1}. By Lemma 3.2.1, we have
|a§")a§»n)\ > 1 and |a§n)a§-")] < d‘i/ﬁQ < 2. Hence, such polynomial is not in Z[z]. We
conclude that f,, does not have a factor of degree < 2 and therefore f,, is irreducible. [ |
Theorem 36 Letd > 3 andl € Z\{+£1,0} such that (d,1) ¢ {(3,2),(3,—2)}. Moreover, let
by, by, . .. be the sequence from Proposition 85 and ¢ > 2 be an integer with ¢ # 2 if d € {3,4}.

Then any root o of fype—1(x) = x(x®? — 2)(x — |I|**"*) + 1 is an algebraic integer of degree

d, norm L, and orbit size c + 2.

Proof. The cases we have to exclude, are those which violate assumption (ii) in Proposition

35 or satisfy [I%71| < |I| + 3.

34



In Lemmas 3.2.2 and 3.2.4, we proved that a has degree d. Moreover, by Lemma 3.2.1,

« satisfies assumptions (i) and (ii) from Proposition 35. As usual we denote with ay, ..., aq4

>%21and

the full set of conjugates of a. Then by Lemma 3.2.1, we achieve |aylb

| < [T 4 1 <[],

l be—1+1 .
b=t and |aylb1| < |||1|b7 < 1. Again from

beml —1 >

Furthermore, we know |ay| > |
Lemma 3.2.1 we also have |agl®2| < 1 and || > 1%-2, if ¢ > 3.
What we have shown is that in the notation from Proposition 35, we have ¢(a) = ¢, and

hence #O0y(a) = ¢+ 2. |

A closed formula for the recursion by, b, ... is b, = 2((d — 1)" + (—1)""!). So Theorem

36 is fairly effective.

Corollary 37 For any triple (d,l, k) of integers, with d > 3, I ¢ {£1,0}, and 1 < k, there

are algebraic integers o with [Q(a) : Q] = d, N(«) =1 and #Op(a) = k.

Proof. For (3,2,k) and (3,—2, k) this is due to Dubickas [11] (note that he states the case
N(a) = 2, but then —« does the job in the case of negative norm). Together with Theorem

36 and the examples in 3.1, we conclude the corollary. [ |
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CHAPTER IV

UNITS OF HIGHER DEGREES

Part of this chapter is from [15].

4.1 Orbit sizes of degree 4 units

In light of Theorem 24, one might ask if arbitrarily long but finite orbits occur for algebraic
units. In this section we will prove Theorem 25, which states that the orbit size of an
algebraic unit of degree 4 must be 1, 2, or co.

Let a be an algebraic unit of degree 4. If « is a root of unity, a Pisot number, a Salem
number or an inverse of such number we surely have #0O,,(«) < 2. Hence, we may and will

assume for the rest of this section that the conjugates of « satisfy
| = [ao| > 1> [as| > [oul.

Denote the Galois group of Q(ay, as, as,ay)/Q by G,. For any € Q(ay, s, as, ay) we
denote the Galois orbit of 8 by G, - 5.
Then M () = £aja and

Go - (mas) C{aras, qas, oy, asas, aooy, asoy b

Lemma 4.1.1 If|ajoy| =1 or |ayas| = 1, then we have either #Oy(a) = 2 or #O0y(a) =

0.

Proof. 1f |ayay| = 1, then also |agas| = 1, and if |ajas] = 1, then also |asay| = 1. In both
cases we see

| = |as| = |as| = |aul. (4.1.1)

36



We first assume that oy ¢ R. Then ay = a7 and hence |ay| = |as|. Obviously it is
M(ay) = aqag. By our assumptions and (4.1.1), all values |ajasl|, |aqayl, |asas|, |asayl,
|aisay| are less or equal to 1. Hence M@ (a;) = M(aias) = ajay. Therefore, #0y(a1) = 2.

If o € R and || = |ag|, then s = —ay and ay = —a3. Hence, the only non-trivial
Galois conjugate of M (a;) = o? is a2 and lies inside the unit circle. Therefore, M® (o) = o?
and #O0y (o) = 2.

From now on we assume that |aq| # |az|. Then, by (4.1.1), we have
lag| > |ag| > 1> |ag] > |ay]
and a; must be totally real. Moreover, we see
af,ah, oy, are pairwise distinct for all n € N, (4.1.2)
and
()™, (agay)”, (arag)”™, (aaay)™  are pairwise distinct for all n € N. (4.1.3)

We notice, that in this situation it is not possible that |ayas| = 1, since otherwise |agay| < 1
which contradicts 1 = |ajasasay|. Therefore, |ajay| = 1, and ay = +a;*. It follows that

also a3 = =, *. This gives natural constraints on the Galois group Gy, namely
Go C{id, (12)(34), (13)(24), (14)(23), (14), (23), (1342), (1243)} C S,.
In particular, since GG, is a transitive subgroup of S, with order divisible by 4,
G = {id, (12)(34), (13)(24), (14)(23)} or {id, (1342), (14)(23), (1243)} C G..

In the first case, G, - (ayag) = {19, agays}, which implies that a;j s is a quadratic unit.
Hence #0,(a) = #0p(cnas) + 1 = 2.

In the second case, G, - (aqae) = {aian, azay, ajag, asay}. Note that aqas is still of
degree 4 by (4.1.3). Hence M@ (a;) = M(ajay) = +a?asas = 2. By (4.1.2) it follows
M@ (a) = M(a?) = (a102)? = M(a)?. Now, by induction and (4.1.3) and (4.1.2), it follows

M™(a;) = a?" for all even n € N. Hence #0,;(a;) = oo. |
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From now on, we assume:

|Oleé4| §é 1 §é |OélOé3|. (414)

Lemma 4.1.2 Assuming (4.1.4), if o} = of or off = aff for somen € N, then #Op(ay) =

2.

Proof. Let af = ay for some n € N. Then £ is a root of unity. Since none of the elements

a1 a1 a2 o2 o3 a3 Q4

Q1 o1 a2 a3 o4
az? as’) az’ as’ a1’ a2’ ai’

% Jies on the unit circle, we have Ga (&) C {& a2 a3 a4l
) = ) ’ )
g az a2’ a1’ ag’ ag

Hence

Ga C {id, (12), (12)(34), (13)(24), (14)(23), (1324), (1423)}.

This implies M® (o) = M(Fa1as) = fa1as = M(ay), and hence #Oy(a;) = 2. The

same proof applies if aff = . [ |

Lemma 4.1.3 Assuming (4.1.4) and #Op () > 2, then

a. logas] > 1, |aqas| > 1.
b. |O./30é4| < 1, |CYQO[4| < 1.
c. one of the values |aay| and |asas| is < 1 and the other is > 1.

d. of, of, af, o} are pairwise distinct for all n € N.

n

e. (anan)™, (agay)™, (aras)™, (agay)™ are pairwise distinct for all n € N.

Proof. Obviously |ayas| > 1 and |agay| < 1. Moreover, 1 # |ajas| > |agay| and |ajas] -
|agay| = 1. This means |ajas| > 1 and |asay| < 1, proving parts (a) and (b).

Since |ajay| - |agas| =1 and |ajay] # 1, part (c) follows.

The elements aq and s lie outside the unit circle, and a3 and a4 lie inside or on the unit
circle. Hence, the only possibilities for (d) to fail are o} = of or af = o} for some n € N.
By the previous lemma, both implies #O;(a;) = 2, which is excluded by our assumptions.

Part (e) follows immediately from (a), (b) and (d). |
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Lemma 4.1.4 If M® (a;) = M(a)? and #0x (1) > 2, then #Oy(ay) = 00,

Proof. This is true if assumption (4.1.4) is not satisfied, by Lemma 4.1.1. If we assume
(4.1.4), then by Lemma 4.1.3 (d) and (e), we are in the same situation as at the end of the

proof of Lemma 4.1.1. Hence, an easy induction proves the claim. [ |

We now complete the proof of the statement that #Oy(aq) € {1,2,00}. It suffices to
prove this under the assumption (4.1.4). From now on we assume #Oj/(«) > 2 and show

that this implies #0Oy;(«) = oo. By Lemma 4.1.3, we have

2 2 2 2 92 4 2 2
M3 (a) € {£alasas, £atasasay, Falala?, +alasay, araas)

1
= (£ 40l +—, £ +22) (4.1.5)
g oy Qa3 g

In two of these cases the orbit of a can be determined immediately:

o If MP(a) = +£a?, then (since we have #Oy(a) > 2) it is o} # af for all n € N.

Hence M®) (o) = M(a)? which implies #Oy;(a) = oo.

o Similarly, if M®(a) = £, then (since #Oy(a) > 2) it is af # of for all n € N.
4

Hence M®) (o) = M(a?) = M(a)? and again #0,(a) = oo.

We now study the other three cases.

4.1.1 The case M?(a) = +2

This case occurs if ajag € G, - (a1an), and
o |ajay| > 1 but aqay € Gy, - (), or
o |asasz| > 1 but avas € G, - ().

In both cases the only possibilities for GG, are the following copies of the cyclic group C}

and the dihedral group Dsg:
(I) ¢y ={id, (1342), (14)(23), (1243)}, or
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(1) Ds = {id, (1243), (14)(23), (1342), (12)(34), (13)(24), (14), (23)}.

In both cases a full set of conjugates of < is {1, 23 a4 921 Tt follows
4 Qq’ 2’ 01’ Qg

@ () = MLy = £ X2 _ 2 _ 2
M (a) M(a4) ia4 o (a1a2)” = M(a)

Hence, by Lemma 4.1.4 we have #0(a) = oc.

4.1.2 The case M (a) = ig—:ls

This case occurs if ajas € G, - (@1an), and |ajay| > 1, and ajay € G, - (@1an).
Hence, the only possibilities for G, are the following copies of the cyclic group Cy and

the dihedral group Dsg:
(I) Cy ={id, (1234), (13)(24), (1432)}, or
(IT) Dg = {id, (1234), (13)(24), (1432), (12)(34), (14)(23), (13), (24) }.

In both cases a full set of conjugates of & is {51, 22 =3 @41 Tt follows
3 a3’ ag? a1’ az

M®(a) = M2y = 42 @2 2 = M(a)?
() (ag) o o (a1a2) (a)

Hence, again we have #0O)/(«) = oo by Lemma 4.1.4.
4.1.3 The case M®(a) = +22

This case occurs if ajag € G, - (@), and |asas| > 1, and asas € G, - (aan).
Hence, the only possibilities for GG, are the following copies of the cyclic group C, and

the dihedral group Ds:
(I) Cy ={id, (1234), (13)(24), (1432)}, or

(II) Ds = {id, (1234), (13)(24), (1432), (12)(34), (14)(23), (13), (24)}.
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In both cases a full set of conjugates of <2 is {92,623 a4 @11 Tt follows
4 Qq’ 1’ a2’ Qg

M®) :M% :i%-%:i 2 — M(a)?
(@) = M(T) = £52- 7 = £(maw)’ = M(a)

Hence, also in this case we have #0O)/(a) = oo.

This concludes the proof of Theorem 25. We now prove Corollary 26:

Proof of Corollary 26. Let o be an algebraic unit of degree 4. We set
an = log(M™(a))

for alln € N. If #0)(«0) < 2, then a, 11 = a, for all n € N. If #O);(«) = 00, then Theorem
25 tells us a3 = 2a;. Moreover, MW (a) = M(M®(a)) = M(M(a)?) = M(M(a))? =

M@ (a)2. Hence, ay = 2ay, and by induction we find a, 41 = 2a,_1, proving the claim. M

4.2 Units with higher degree with restrictions

In this section we will prove Theorem 27. We know that #Oy(a) € {1,2, 00} whenever «
is an algebraic unit of degree < 4. (We note in passing that the orbit size for units of degree
less than 4 is trivially 1 or 2.) So we assume from now on that « is an algebraic unit with
[Q(ar) : Q] = d > 5. Denote by G, the Galois group of the Galois closure of Q(«). We
assume that G, contains a subgroup isomorphic to Ay, so G, is either the full symmetric
group or the alternating group. Every self-reciprocal polynomial admits natural restrictions
on which permutations of the zeros are given by field automorphisms. Hence, a cannot be
conjugated to £ a Salem number (see [5] for more precise statements on the structure of
the Galois group Gy, when « is a Salem number). If one of +a*! is conjugated to a Pisot
number, then surely #O)/(a) € {1,2}. Hence, we assume from now on that none of +a*!
is conjugated to a Pisot number.

Hence, if we denote by aq, ..., a4 the Galois conjugates of o, we assume

laq] > |ag] > ... > o] > 1> |ap] > .00 > agl, (4.2.1)

where r € {2,...,d — 2} and 1 > |og_q].
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We identify G, with a subgroup of Sy, by the action on the indices of a, . . ., ag. In particular,

for any 0 € A; and any fi,..., fs € Z the element

U'(ozfl‘...~oz£d) ::‘)‘51(1)""'04%1)

is a Galois conjugate of ay' - ... - agd.

Lemma 4.2.1 Let i,j,k,l € {1,...,d} be pairwise distinct, and let f1,..., fq € Z. Then

a. (i,5,k) - (o' ---ady =o' ol —= fi=f = f

b (1, 7) (kD) - (@] --af) =af - -aft e fi=f and fi = f.

Proof. In both statements, the implication <= is trivial. Lets start with the other implica-

tion in (a). It is

Since d > 5, we may choose two conjugates of o not among «;, o, a — say «, and ay. Since

G, contains Ay, the elements (,7)(p, q), (,k)(p,q), (J,k)(p,q), (i,],k), and (i, k, 7) are all

fi=1f; _aij—fk _a{k—fi

contained in G,. Applying these automorphisms to «; = 1, yields

a]fi—fj 'al]:j_fk _asz*fi 1= afi_fj ,azfj_fk ,agk*fi

alfi—fj _afj—fk _aljsk*fi i—fj ,afj_fk ,asz*fi

:lzak j

agi_fj . azfj_fk . Oéj,cki t=1=q

Ji—f; .agj_fk ol
j .

Hence

2fk—Ffi—f; 2fi—fi—fx 2fi—fx—1Fi
(0% (6% (0%
(—l> =1, (—l> =1, and (—l> =1.
Qg Qg Qy

But z—k is no root of unity, since it is a Galois conjugate of g—;, which lies outside the unit

circle. It follows 2fy, — fi — f; = 2fi — f; — fx = 2f; — fx — fi = 0, and hence f; = f; = f&.

This proves part (a).
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Part (b) follows similarly: (i,5)(k,1) - (a]' ---al*) = af* - - - o) implies

i fi

fi fe bg fr
QL 'O[] 'Oék 'Oél =

fi
(0% 'Oék, 'Oél .

fi,
{ J

Without loss of generality, we assume f; > f; and f; > f;. Using that (¢,1)(j, k) is an element

fi—fi fe—11 fi—fi fe—h
(071 « (6% (6%
( ]) N ( k) and < k) N ( ]> .
o o7} (67} 0%

Multiplying both equations yields

a; (fj_fi)+(fk_fl)_ Qk (Fi—f)+(fe—11)
a; o ’

a; - a (fi—f)+(fe—f1) _
Q- '

of G, we get

and hence

Again, 22 is a Galois conjugate of -2 yhich lies outside the unit circle, and hence is
T oagag ag—1-ag’ !

not a root of unity. Therefore (f; — fi) + (fx — fi) = 0. Since f; > f; und fi, > fi, it follows

f; = fi and fi = f;, proving the lemma. u
Lemma 4.2.2 Let fy, ..., fq be pairwise distinct integers. Then [Q(ad' - --al?) : Q] = #G,.

Proof. The proof is essentially the same as the proof of part (1) in Theorem 1.1 from [2].

Assume there is a 0" € G, C Sy such that of' ---aft =71 (f' ... al?). Then
1=l o Qi@ (4.2.2)

If o is an odd permutation, then G, = Sy, then it was already proven by Smyth (see Lemma
1 of [26]) that f; = f,q) for all 4, hence that o = id. If o is an even permutation, then
by repeated application of Lemma 4.2.1 to equation (4.2.2) above, this is only possible if
fi — fo() is the same integer for all ¢ € {1,...,d}, say fi — fou) = k.

Since o = id, it follows

f1:k?—l—fg(l):2k+f02(1):...:d!-k?—l—fad!(l):d!-k?—l—fl,
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and hence k = 0. Therefore we have f; = fo(;) for all i € {1,...,d}. But by assumption the
integers fi,..., fq are pairwise distinct, hence, we must again have o = id. Since in either

case, 0 = id, this means that the images of ay' - -- Ozi;d are distinct under each non-identity

element of Gy, so [Q(ad" ---af?) : Q] = #G.,. |

Proposition 38 Let M™(a) = ' - ... €5 such that the exponents ey, ..., e, are pairwise

distinct. Then M®*+D(a) > M™(qa).

Proof. We denote by Z3 the set of 3-cycles in G, C Sy. For any k € {1,...,d}, the number

—1)(d—2)(d—3)

of 3-cycles which fix & is equal to 3 . For any pair k # k' € {1, ..., d}, the number

of 3-cycles sending k to k' is (d — 2). Therefore,

I 7 M™(a)

TEZ3

W=D)E=)W=3) , L (1_9) T, | ep @=DE-2E=3) )4 (d—2) 32y ek
0= e ] 423)

d
Since « is an algebraic unit, we have H?Zl ajz’“zl “* = 4+1. Hence, the value in (4.2.3) is

equal to
4 (@-1)(d-2)d-3)
Tl 50| o0 () 245222 g ),
j=1
The last inequality follows from our general hypothesis that d > 5. Since eq,...,e4 are

assumed to be pairwise distinct, it follows from Lemma 4.2.2 that the factors 7 - M™(a) in

(4.2.3) are also pairwise distinct conjugates of M (a). In particular

I M™(«)

TEZg

M (a) = M(M" (@) > > M™(a)

which is what we needed to prove. [ |
Lemma 4.2.3 Letn € N and let M™(a) = af' ---af*. Then we have:

1. e; > €41 for all but at most one i € {1,...,d — 1}.

2. Ife; < e;pq for somei € {2,...,d— 1}, then e;_1 > e;41.
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3. If e; < ejpq for somei € {1,...,d— 2}, then e; > e;1o.
4. If e; < ejpq for some i € {1,...,d— 1}, then

€1 > €3> > €1 > €41 > € > €49 > €43 > > €.

Proof. It is known that M (a) is a Perron number, which means that M (a) does not
have a Galois conjugate of the same or larger modulus (cf. [11] for this and other properties
of values of the Mahler measure). This fact will be used several times in the following proof.

To prove (1), we have two cases: there are three distinct elements 1 < i < j < k < d such
that e; < e; < ey, or else there exist 1 <i < j < k < < d such that ¢; < ¢; and e, < ¢.
Assume first that there are three distinct elements 1 <17 < j < k < d such that e; < e; < e;.
Recall that by definition we have |a;| > |a;| > |oy|. Therefore |oy|*~% < |a;|* ™%, which

implies

75 a5 o < e e < 1

<oy [
€; €j €k €j €k €;
= oy o) - ot <oy? ot oy

= |M"(a)| < [(i,k,5) - M"™(a)].

By Lemma 4.2.1, (i,7,k) - M™(a) # M™(a) is a Galois conjugate of M ™ (a). This con-
tradicts the fact that M (")(a) is a Perron number. In particular, it is not possible that
e; > €11 > eo forany i € {1,...,d — 2}.

Now assume that we have 1 <17 < j < k <[ < d such that ¢; < e; and e, < ¢;. Then

il = o and Jau| > [eu] imply
o475 1% 2 o 77 e,

and hence

all

€j [ e €j € e ek
oy ot ot <o’ aft o ot
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This, however, is equivalent to |M™ (a)| < [(4,)(k,1) - M™(a)|, which is not possible by
Lemma 4.2.1, since M ™ (a) is a Perron number. This proves part (1) of the lemma.

In order to prove part (2), we assume for the sake of contradiction that e; < e;41 but
ei_1 < e;yq for some i € {2,...,d —1}. By part (1), since we already have e; < e;,1, we

know that e;_; > e;. We have

€ €i+1

(i—1,4,i+1) - ais

6171’
Q;

Qi1

€i4+1

= Ja|“ 1| i

Now,
|C‘~/i—1 €i—17€i+1 |Olz' ei—€i—1 |ai+1 €i+1—€;
= |05i—1 €i—1—€it1 |ai €i—€i—1 |ai+1|5i+1_ei71 |05H_1 €i—1—€;
< [ g
=1

Therefore,

(M (@) < [(i = 1,40+ 1) - M™(a)),

giving a contradiction to M (a) being a Perron number.
Similarly, if e; < e;41 and e; < €;49, then we know by (a) that e;1; > e;1o. This implies
that |M™ ()| < |(i,5 + 2,7+ 1) - M™(a)|. This proves part (3).

So far we have proven that if e; < e;;1 for some i € {1,...,d — 1}, then we have
€12 €2 ... 2 €1 > €1 >€ > €= €3> ... 2> €4

We need to show that all of the above inequalities are strict. Assume that this is not the
case, and that e = eg1. Then k, k4 1,4,72 + 1 must be pairwise distinct. It follows, that
(3,0 + 1) (k, k+ 1) - M™ ()| = |(i,i + 1) - M™(a)| > |[M™(a)|, which is a contradiction.

The last inequality just follows from the fact that |« Cit1, [ |

e Jagga [ > ai]® - o
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Lemma 4.2.4 Let f| > fo > ... > fr > 0 be integers, with f1 > 1, and let a; > ay > ... >

Foalt > 1.

=1 "

aq > 0 be real numbers such that [[;_, a; > 1. Then []

Proof. We prove the statement by induction on £k, where the base case k = 1 is trivial. Now
assume that the statement is true for k£ and that there are real numbers a; > ... > agy 1 > 0,
with Hf:ll a; > 1, and integers f; > ... > fri1 > 0, with f; > 1. If f; = fr11, then the claim
follows immediately. Hence, we assume f; > fri1. Set f/ = fi— frai foralli € {1,... k+1}.

Then

Moreover, Hle a; is either greater than or equal to Hf:ll a; > 1 (if a1 < 1), oritis a

product of real numbers > 1. Hence, our induction hypothesis states Hk a’ > 1. This

i=1""

implies

k+1 k+1 o\ e k

i fi
et~ (ITs) - (I14)
i=1 i=1 i=1
—_——
>1

proving the lemma. |

Proposition 39 Let M™(a) = o' ---a5'. If e;y1 < ¢ for alli € {1,...,d — 1}, then

M+ (q) > M®)(q),

Proof. We show that M (a) has a non-trivial Galois conjugate outside the unit circle. This
immediately implies the claim.
Since « is an algebraic unit, we may assume that e; = 0. Note however, that this uses

our assumption e; 1 < ¢; for all ©. We set
s:=max{i € {1,...,d}|e; # 0}.

By Proposition 38 we may assume that we have e; = e;41 for some i € {1,...,d — 1}.
This 7 is not equal to s, since es # 0 = ez ; by definition. If ¢ ¢ {s — 1,s + 1}, then

(i +1)(s,s +1) - MW (a) = af' - o as+ral,. Ifi =s—1, then (s —1,s+1,s) -
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€s—2 €es €s—1 €s

n _ el €s _ el €s—1 e s
M®™(a) = aft -+ alFal a8 aly = aft -l as+a,. If finally ¢ = s+ 1, then
M — afl .. oSt a2 ottt = afl .. oS gttt
(s,s+1,s+2) MM (a) = af Qg1 Q1O y = O Qg1 QST 0

s

Since egr1; = 0, we see that in any case

€s—1 _€eg

att - gy, is a non-trivial Galois conjugate of M®™(a). (4.2.4)

We will prove that this Galois conjugate lies outside the unit circle. Again we distinguish
several cases.

If s < r —1, then all of the elements «g,...,as:1 lie outside the unit circle. Hence
lag « - asqasiq| > 1.

If s >r+1, then |ay - s 1051 1| = |Qsasya - ag|™! > 1, since all of a, . . ., o lie inside
the closed unit disc and |oy| < 1.

Lastly, we consider the case 2 < s = r < d — 2. Then surely |ay - -a,_1| > ||
and |ayy1] > |aei2- - aq|, where the first inequality is strict whenever r # 2, and the
second inequality is strict whenever r # d — 2. By our general assumption it is d > 5
and hence |aq + -+ ap_1Q41| > |agpi9 -+ aq4|. Since the product of all «; is £1, it follows
lag -+ g | > 1.

Hence, in any case we have |aq|- - |as_1| - |asi1| > 1. From our assumption e; > ... > ¢4
it follows by Lemma 4.2.4 that |af' - a5"7'aS,| > 1. Therefore, M ™ () has a non-trivial
Galois conjugate outside the unit circle (see (4.2.4)). Hence MV (a) = M(M™(a)) >

M™(a). u
We are now ready to prove Theorem 27.

Proof of Theorem 27. As stated at the beginning of this section, we may assume that d > 5,
and that the elements +a™! are neither conjugates of a Pisot, nor a Salem number. Hence,
we may assume that the hypothesis (4.2.1) is met. Let n € N be arbitrary. Then for some
e1,...,eq € No, we have MM (a) = af' -+ a5, We have seen in Lemma 4.2.3, that one of

the following statements applies:

l.eg>2ey> ... > ¢y, o1
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2. the integers ey, ..., e4 are pairwise distinct.

In case (i), we have M ™+Y(a) > M™(a) by Proposition 39. In case (ii), we have M ™+Y(a) >

M™(a) by Proposition 38. Hence #0)(a) = oco. [

4.3 The existence of units with orbit sizes greater than 2

Let d = 4k, with an integer £ > 3. Now, we will show that there exist algebraic units of

degree d with arbitrarily large orbit size, proving Theorem 28.

Proof of Theorem 28. Let ay, 51 be positive real algebraic units satisfying:

1. [Q(ﬂl) : Q] e 2, 51 > 1,

2. «j is a Salem number of degree 2k.
3. The fields Q(ay) and Q(5;) are linearly disjoint.

For any k£ > 3 we can indeed find such «; and ;. Since there are Salem numbers of any
even degree > 4 we find an appropriate a;. Now, we take any prime p which is unrammified
in Q(ay), and let 3; > 1 be an algebraic unit in Q(,/p). Note that if the above conditions
are met by a; and £, then they are met by o and 3¢, for any ¢, ¢’ € N.

We denote the conjugates of oy by ao, -+ , g, With ag, = o', and the conjugate of
By is By = By'. Note that am,--- , a9, all lie on the unit circle. By assumption (3) the

element o /3; has degree 4k and a full set of Galois conjugates of a3, is given by

{eiB;: (i,7) € {1,...,2k} x {1,2}}.

There are two cases. First, if 51 > «y, then |a;6;] > 1 for all ¢ € {1,---,2k} and

|a; Ba| < |aiag| < 1 foralli € {1,---,2k}, hence,

2%
M(aip) = H%51 = g (4.3.1)
n=1
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For the second case, if §; < a1, then

la;B1| >1 <= ie{l,---,2k—1}, and |a; 02| > 1 <= i=1.
Therefore
2%—1
M(a181) = |aa B - H ;B - |onBa] = a%ﬁ%k_Q- (4.3.2)
n=2

We now construct an algebraic unit of degree 4k of finite orbit size > S. Let ¢/ € N be
such that (af)?* > 55%_2)5. Then by (4.3.2), we have M (atf;) = (af)26%72, M@ (a!p,) =
M(()?)(B372)) = (af)? §2k72)2, o MO (akpy) = (af)ﬁﬂ%*ms. Hence, the orbit size
of af B, is greater than S. However, there exists S’ > S such that (0/1)25/ < B?Iﬁ_ms’. Assume

that S is minimal with this property. Then we have
M afy) = (a2 g7 2 (g1

Y

which is of degree 2. Therefore, the orbit size of a{f; is S’ +2 > S. [ |
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CHAPTER V

CLASSIFICATION OF NUMBER FIELDS BY ORBIT SIZE

5.1 Fields of degree four

In this section, we will prove Theorem 29 and Proposition 42.

5.1.1 Totally imaginary extensions

We will show that

Proposition 40 If K/Q is a totally complex number field of degree 4, then all elements in

K are preperiodic under iteration of the Mahler measure.

Let a € Q be of degree 4 and totally imaginary. Moreover, let a € N be the leading
coefficient of its minimal polynomial (note, that we do not assume that « is an algebraic
integer). Denote the Galois conjugates of a by aq, e, as, ay, such that |a;| = |as| > |as| =
|ag|. Then the Mahler measure of « is one of the elements a, aajas, acyasazay.

Since a and aayasazay =: e are in Z, our « is preperiodic, whenever M («) # aa;s.

Hence, from now on we assume
| = Jaz[ > 1> [as| = |oul.
The Galois conjugates of aajas all lie in the set
{aa g, acyag, acay, acsas, aciay .

Before we proceed, we remark that aa;as is a Perron integer.
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Lemma 5.1.1 If aqas = asay (resp. ajay = asas), then ajag (resp. aiay) is not a Galois
conjugate of .
Proof. Assume aya3 = asay, then (aja3)? = ajasazay € Q. Therefore, ayas cannot be a

Galois conjugate of the Perron number aas. The same argument applies if a1y = asa;. B
We proceed to prove Proposition 40:

Proof for Proposition 40. 1f all Galois conjugates of aajay have absolute value > 1, then
aayag — and hence a — is surely preperiodic. So we assume that aagay < 1.

Since in any case we have a3 = txay, it follows,

2
M®(a) = M(acyas)
3 5
c{aajag, a’ajaparazasay, a°apanagasagayaeagaeas

={aaiq, a*eaiay, ae*aran}

If |ae| = 1, which is precisely the case if « is an algebraic unit, then M® (o) = M(a) and
a is preperiodic. Assuming that |ae| > 1, and M®(a) # M(a), then the possible Galois

conjugates of M®(a) are
{a'’aian, a’e’ ajas, a'e’ ajay, a'e’ asag, a'e’ azay b,

with (i,7) € {(2,1),(3,2)}. As before, either |a’e’aszay| > 1, and we are done, or M) (a) is
an element from

CL3Z_1€3J+1 51—2653+2

y
{a'e’ ajas, a0, a ajas}.

Since each iteration increases the power of the whole number in front of the ajas, after
finitely many iterations, all Galois conjugates of some M®*)(a) lie outside the unit circle,
and it is fixed. Hence, « is preperiodic in all cases as claimed. [ |

5.1.2 Biquadratic extensions

Let p, q € Z be squarefree integers. We will prove, that all elements in K = Q(,/p,/q) are

preperiodic under iteration of the Mahler measure. (By the last section, we can then assume
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that p and g are positive).
Let a € K be arbitrary. Since K/Q is Galois, M («) is still in K. Moreover, M («) is an
algebraic integer. Hence, we may assume without loss of generality, that « is an algebraic

integer, with Galois conjugates

|| > [as| = |ag| > |aal.

If precisely one, or precisely four, conjugates of « lie outside the unit circle, then « is
obviously preperiodic. We assume first, that precisely three conjugates of « lie outside the

unit circle. Then M(a) = |oasas| =

Nl
ay

. Again, if one or four conjugates of %ﬁf) lie

outside the unit circle, then « is obviously preperiodic. But if precisely three conjugates of

N(a)

Qq

lie outside the unit circle, then « satisfies the assumptions of Proposition 35, and we
can conclude that « is preperiodic.

Hence, we are left with the case that precisely two conjugates of o or M(«) lie outside
the unit circle. Since, as before, M(«) is also an element from K, we may assume without
loss of generality that

|| > fag| > 12 Jag| > |aul.

Since a = ay € K, there are a,b,c,d € Q, such that o = a + b,/p + ¢\/q + d\/pq. Then s

must be one of the elements

a—by/p+cyqg—dypg , a+by/p—cyqg—d\/pg , a—>byp—c\q+dypq.

In any case, M(a) = £ajas is a quadratic integer, and hence « is preperiodic. This gives

the following proposition

Proposition 41 If K/Q is biquadratic, then all elements in K are preperiodic under itera-

tion of the Mahler measure.

Some extensions of signature (2,1) contain a wandering point:
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Proposition 42 If a,b,d € 7 are such that \/a +bVd generates a real number field K
of signature (2,1), then every element in K is preperiodic under iteration of the Mahler

measure.

Proof. Let d € N, and a,b € Z, such that a + bv/d > 0 and a — bv/d < 0. Set K =
Q(V'a+ bVd). Note, that the case a = 0, b = 1 gives a radical extension K = Q(v/d).
Moreover, our assumptions guarantee that K has signature (2,1). We aim to prove that all
elements in K are preperiodic under iteration of M.

Let a € K be of degree four. Then there are r, s, t,u € QQ such that

a=a :r+s\/a+b\/c_i+t(a+b\/c_l)+u(\/a+b\/&>3.
Since the degree of « is four, the Galois conjugates of « are
o :r—s\/a~|—b\/3+t(a+b\/3)—u(\/a—l—b\/;l)?)
a3:r+s\/a—b\/a+t(a—b\/gi)+u(\/a—b\/a)g
044:r—s\/a—b\/c_i—i-t(a—b\/;l)—u(\/a—b\/&)g.

Let a € N denote the leading coefficient of the minimal polynomial of o. Then
M(«) € {aaq, acg, aciag, acyazoy, acnigay, Aoy, Ay easoy .

Note, that by assumption a3 = @z. Moreover, asay, cpas € Q(vVd), and K = Q(oy) =
Q(az). Hence, M(a) € K.

Therefore, we may assume that a = «a; is an algebraic integer in K of absolute value
> 1. If ag, as, ay lie all outside (or inside) the closed unit circle, « is surely preperiodic. So

we assume that one of as, a3, oy lies inside, and another lies outside the unit circle. Then
M(a) € {1y, anazay}.

If M(a) = ajay € Q(v/d), we are done, since then « is preperiodic. So we proceed with

M(a) = cyazay = %j) € K. As before we see, that if the number of Galois conjugates of
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%20‘) outside the unit circle is equal to 1, 2 or 4, then « is preperiodic. But if this number is

equal to 3, then « satisfies the assumption of Proposition 35, and hence it is preperiodic in

this case as well. This proves Proposition 42. [ |

The assumption on the signature is crucial, as the following example shows: The el-
ement a = }L (—1 — V17T —/2(17 + \/17)) is an algebraic unit in the totally real field

Q ( 2(17 + v/ 17)). This unit has precisely two conjugates outside the unit circle. The

first is oy = « and the second is ay = 71; (—1 + V17 +4/2(17 — \/1_7)) Hence,

(—V17=5)V34 —2V17T \/ﬁ_l
6

M(a) = ajag = I 5

Again, M(a) has precisely two conjugates outside the unit circle. Hence, M® (a) # M(a).
It follows, that the orbit of a contains at least three elements. Hence, by Theorem 25, « is
a wandering point.

5.1.3 Totally real extension of degree 4

Lemma 5.1.2 Let K be a totally real number field of degree 4. Suppose that K is embedded
in R, so K CR, and denote by 01,09, 03 the remaining non-trivial embeddings of K into R.

Then there exists an algebraic unit o« € K, such that
i |al > |oy(a)] > 1,
ii. |oa(a@)l, los(a)| < 1, and
iii. |ao(a)| # 1 for alli € {1,2,3}.
Proof. Let Oj be the unit group of K. For a € O} we define
L(a) = (log |al, log|o1 ()], Iog |72(a) |, 1og o5 (a)]).
By Dirichlet’s unit theorem L(Q}) is a lattice of rank 3 in the hyperplane
{(z1, 2, 23, =1 — Ty — T3)|21, T, v3 € R} C R
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Let B € R be larger than any vector spanning a fixed fundamental domain of the lattice
L(Oj). Then there exists an element (xy,zo,x3,24) € L(Oj) such that x; > 2B, 0 <
T < B, and —B > x3 > —2B. It follows that x4y = —21 — 29 — 23 < —2B + 2B = 0 and
x1+x3 # 0 # 21+ 24 This means that any a € O}, such that L(«) = (21, x9, 23, 14) satisfies

the statements (i), (ii), (iii) from the lemma. |

Proposition 43 Let K/Q be totally real of degree four and let L be the Galois closure of K
over Q. If there is a o € Gal(L/Q) such that all embeddings of K are given by id, o|x, 02|k,
and o3|k, then there is an algebraic unit in K, which is a wandering point under iteration

of the Mahler measure.

Proof. By Lemma 5.1.2 there is an algebraic unit a € K such that the Galois conjugates of

o satisfy
la] > |o(a)|>1 and |0%(a)],]0%(a)] <1 and |ao®(a)| # 1. (5.1.1)

Now, the Mahler measure of « is M(a) = ao(«). The elements

are pairwise distinct Galois conjugates of awo(a). Moreover, since « is an algebraic unit, we
have

lo(@)o?(a)| - |o*(a)al =1,

and by (5.1.1) |0*(a)a| # 1. Tt follows, that precisely one of o3(a)a and o(a)o?(a) lies
outside the unit circle. Hence M®(a) = M(ao(a)) > M(a), and the orbit of o under

iteration of M contains at least three elements. It follows, that « is a wandering point. W

Corollary 44 Let K/Q be totally real of degree four, and let L be the Galois closure of
K over Q. If Gal(L/Q) is isomorphic to the cyclic group with four elements Cy or to the

dihydral group Dy, then there exists an algebraic unit in K which is wandering under iteration

of the Mahler measure M.
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Proof. If Gal(L/Q) = Cy, then L = K and the assumptions from Proposition 43 are met.
Hence, there is a wandering unit in this case. Now assume that Gal(L/Q) = D, = (o, 7),
with o of order 4 and 7 of order 2. In particular K/Q is not Galois in this case!

If 0|k or 03|k were the identity map, then K would be fixed by the group (o) of order 4,
and hence [K : Q] < 2, which is not possible. If 02| were the identity map, then K would
be the fixed field of (o?). But (¢?) is normal in Dy, and hence K/Q would be normal, which
is not the case.

It follows, that id|x, 0|k, 0%|k, and o3|k are pairwise distinct embeddings of K. So

again the assumptions from Proposition 43 are met, and K contains a wandering unit. N

Proposition 45 Let K/Q be totally real of degree four, and let L be the Galois closure of K
over Q. If Gal(L/Q) contains the alternating group A4, then there exists an algebraic unit

i K which is wandering under iteration of the Mahler measure M.

Proof. By Lemma 5.1.2 there is an algebraic unit « in K such that the Galois conjugates
a = Qq, (o, a3, ay satisfy

| > fao[ > 1> [as| > [oul

Again, M(«a) = fajas. Since Gal(L/Q) contains A4, the Galois conjugates of ajay are
precisely

g, iy, oy, Qe Qe  (i3Qy.
(Consider the action of the group on the indexes). It is |ajas| > |asay| and |ajasaszay| = 1.
Hence ajas is a Galois conjugate of ajas outside the unit circle. As before it follows that

the orbit of o under iteration of the Mahler measure contains at least three elements, which

implies that « is a wandering point. |
At last, we have the following theorem:

Theorem 46 Let K/Q be totally real of degree four. Then there exists an algebraic unit
in K which is wandering under iteration of the Mahler measure M, if and only if K is not

biquadratic.

o7



Proof. If K is biquadratic, then there are no wandering points by Proposition 41. So let K
not be biquadratic. This means that the Galois group of the Galois closure L of K over Q
is not the Klein four-group. Since Gal(L/Q) must be a transitive subgroup of Sy with order
divisible by 4, it must be isomorphic to Cy, D4, A4 or S;. In all these cases there exists a

wandering unit by Corollary 44 and Proposition 45. [ |

Discussion in Section 5.1 gives us Theorem 29.

5.2 Fields of degree five

We will now show that in extensions of degree 5, there always exists an algebraic unit which

is wandering under iteration of M.

Lemma 5.2.1 Let K be a totally real number field of degree 5, which we assume is embedded
i R, hence K C R. Denote by 01,09, 03,04 the remaining embeddings of K into R. Then

there exists an algebraic unit o € K, such that
i. la| > |oi(a)| > |oa(a)| > 1 > |os(a)] > [os(a)l,
ii. |aoy(a)| < 1, |oe(a)os(a)| < 1, and
iii. Jaoy(a)] > |oa(a)os(a)).
Proof. Let Oj be the unit group of K. For o € Oj we define
L(a) = (log |a|,log|o1(a)],log |oa(a)|, log |o3(a)]), log [o4()]).
By Dirichlet’s unit theorem L(Qj) is a lattice of rank 4 in the hyperplane
{(z1, 2, 3, T4, —T1 — Ty — T3 — T4) |71, To, T3, 74 € R} C R,

Let B € R be larger than any vector spanning a fixed fundamental domain of the lattice
L(O%). Then there exists an element (x1, z2, x3, x4, z5) € L(O}) such that 9B < 1 < 10B,

8B <19 <9B,0< x3< B, —7TB < x4 < —6B. therefore, —14B < x5 = —x1—To— 23— 24 <
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—10B, and so 1 + x5 < 0, x5+ x4 < 0, 1 + x5 > w3 + x4. This gives that any a € O}, such

that L(«) = (1, xe, 3, T4, x5) satisfies the statements (i), (ii), (iii) from the lemma. |

Lemma 5.2.2 Let K be an extension of degree 5 with signature (3,1) that is embedded in R.
Denote by 01,09 the remaining embeddings of K into R, and by o3, 04 the complex conjugate

pair of embeddings into C. Then there exists an algebraic unit o € K, such that
i |al > Joy(a)] > |oa(@)] > 1> |os(a)] = [ou(a)],
ii. |aoy(a)| < 1, |oe(a)os(a)| < 1, and
iii. Jaoy(a)] > |oz(a)os(a)).
Proof. Let Oy be the unit group of K. For a € O3, we define
L(e) = (log|al, log o1 ()], log [oa(e)], 2log |os(a)]).
By Dirichlet’s unit theorem L(O3) is a lattice of rank 3 in the hyperplane
{(—y — 23 — 214, T3, T3, 224) |To, T3, 24 € R} C R,

Let B € R be larger than any vector spanning a fixed fundamental domain of the lattice
L(O%). Then there exists an element (xy, z9, x5, 2x4) € L(O}) such that 9B < x5 < 10B,
7B < x3 < 8B, —15B < x4 < —14B, therefore, 10B < 1 = —x9 — 23 — 224 < 14B. We see
that 1 + x4 < 0, 23 + 24 <0, 1 + 24 > 23 + 4. This gives that any a € Oj; such that

L(a) = (x1, x9, x3, 224) satisfies the statements (i)-(iii) from the lemma. |

Lemma 5.2.3 Let K be an extension of degree 5 with signature (1,2) and assume that K
1s embedded into R. Denote by 01,09, and o3, 04 the complex conjugate pairs of embeddings

of K into C. Then there exists an algebraic unit o € K, such that
i o] > |oy(@)] = [o2(a)] > 1 > |os(@)] = [oa(a)],

ii. Jaoy(a)] < 1,|oa(@)os(a)| < 1, and
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iii. Jaoy(a)] > |oz(a)os(a)).
Proof. Let Oy be the unit group of K. For o € O3, we define
L(er) = (log|al, 2log o1 (a)], 2log [os(c)]).
By Dirichlet’s unit theorem L(O3) is a lattice of rank 2 in the hyperplane
{(—2xy — 214, 29, 224) |72, 74 € R} = {(—2 — y,2,9)|7,y € R} C R,

Let B € R be larger than any vector spanning a fixed fundamental domain of the lattice
L(O%). Then there exists an element (z1,2x9,224) € L(O%) such that 9B < zy < 10B,
—17B < x4 < —16B, therefore, 12B < 1 = —2x9 — 224 < 16B. We see that 1 + x4 < 0,
To + x4 <0, 21 + x4 > 29 + 4. This gives that any o € O3 such that L(«) = (21, 229, 214)

satisfies the statements (i)-(iii) from the lemma. |

Proposition 47 Let K/Q be totally real of degree five and let L be the Galois closure of
K over Q. If there is a 0 € Gal(L/Q) such that all embeddings of K are given by id, 0|k,
02|k, 0| k,and o*|k , then there is an algebraic unit in K, which is a wandering point under

iteration of the Mahler measure.

Proof. By Lemma 5.2.1, there is an algebraic unit @ € K such that the Galois conjugates of

« satisfy
L |af > |o(a)| > |o*(a)| > 1 > |0 ()| > [0%(a),
2. |o?(a)d?(a)| < |act(a)| < 1.

Now, M(a) = +ac(a)o?(a) and

lo(@)o”(a)o”(a)| = aoi(a)| b 0% (@) (@)o™ ()] = | < b
3 4 = L 0'4 a)oo\)| = !
|o*(@)a*(a)al = (@)o%(a) < Lo (a)as(a)] prmpTrn] R
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and

lac(a)o?(a)| = > 1

ai(a)ot(a)

are pairwise distinct Galois conjugates of |ao(a)o?(a)|. Therefore,

M@ (a) = £a’0(a)®c?(a)?0?(a)ot(a) = £ao(a)?c?(a).

Now,
2 2 _ o(a) ola)e(a) 203 (a)| = o*(a)
|C¥O’(Oé) o (Oé)|— 0'3(04)0'4((1/> >17| ( ) ( ) ( )| 04(01)Oé >]-7
2 3(0) 204 (a)] = o*(a) 3ot (a)?] = 04(a)
7)o (o) ()] = | T < 1o ()ac () = | s <1,
and
oo (a)o(a)] = (0)o% (@) > 1

are pairwise distinct Galois conjugates of M) ().

We will show that when n > 2, M™(a) = a‘c(a)’o*(a) for some i < j such that
j—i < i, and that M («) has five distinct Galois conjugates, among which three conjugates
are outside of the unit circle while the other two lie inside of the unit circle, which gives that
« is a wandering point.

We will show this by induction. The case for n = 1 and n = 2 are as above. Suppose

that M1 (a) = a'o(a)’o?(a)’ for some i < j, then

oty at(a)] = | s> 1

oo (ayea)| = || o1

0% (a)0* (@) (a)'| = ‘;(f()a) L

a)alatiap] = | I <1
and N

ot (a)io(a)| = 02(&0)‘;3(0()1 -1




are pairwise distinct Galois conjugates of M) ().
Since
o)y o(a)o?(a) < ot () alo(a)
and
ola) o (o) (a) > o 'od (o)t (),
the five absolute values above are pairwise distinct Galois conjugates of M ™~V (q).
Therefore, M™(a) = a7 o (a)*7+02(a) o3 (a)'o(a)’ = alo(a)Ho?(a).
By the same proof as above, M (a) has five distinct Galois conjugates, three of them

are strictly outside of the unit circle while the other two lie strictly inside of the unit circle.

This proves that « is a wandering point. [ |

Corollary 48 Let K/Q be totally real of degree five, and let L be the Galois closure of K
over Q. If Gal(L/Q) is isomorphic to the cyclic group with five elements Cs or to the dihedral
group Dy or to the semidirect product Z4 X Zs, then there exists an algebraic unit in K which

18 wandering under iteration of the Mahler measure M .

Proof. 1f Gal(L/Q) = Cj, then L = K and the assumptions from Proposition 47 are satisfied.
Therefore, there is a wandering unit in this case. Now assume instead that Gal(L/Q) = D5 =
(o,T), with o of order 5 and 7 of order 2. Note that K/Q is not Galois in this case.

If 0| or 02| or 03| or 0| were the identity map, then K would be fixed by the group
(o) of order 5, and hence [K : Q] < 2, which is not possible.

Therefore, id |, 0|k, 02|k, 0°|x and 0|k are pairwise distinct embeddings of K. So in
this case the assumptions from Proposition 47 are met, and K contains a wandering unit.

Now, assume that Gal(L/Q) = Z4 x Zs = (o, 7), where o is of degree 5 and 7 is of degree
4. Notice that in this case K/Q is again not Galois. By the same argument as above, id |,
olk, 0%k, 0|k and o*|k are pairwise distinct embeddings of K. Hence, once again, the

assumptions from Proposition 47 are met and K contains a wandering unit. [ |
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Proposition 49 Let K/Q be totally real of degree five, and let L be the Galois closure of K
over Q. If Gal(L/Q) contains the alternating group As, then there exists an algebraic unit

in K which is wandering under iteration of the Mahler measure M.

Proof. By Lemma 5.2.1, there is an algebraic unit o in K such that the Galois conjugates
a = Qi, (g, (3, Oy, s satisfy

|Oél| > |062‘ > |Oég‘ >1> ’064‘ > ’C(g)‘
Therefore, M(a) = fayasas. Since Gal(L/Q) contains As, the Galois conjugates of ajasas
are precisely

Qiltiy  ,  Qolylis , Q30 , Q3005 , Qo030

o0l ,  (pozes , 30y, Qs (N Qia0y

Notice that |ajasazauas| =1 and |agasay| > |asas|, which gives |ajasay| > 1.
Therefore the orbit of o under iteration of M contains at least 3 elements. By Theorem

27, a is a wandering unit. [ |
To summarize, we get the following theorem:

Theorem 50 Let K/Q be totally real of degree five. Then there exists an algebraic unit in

K which is wandering under iteration of the Mahler measure M.

Proof. Since Gal(L/Q) must be a transitive subgroup of S5 with order divisible by 5, it must
be isomorphic to Cs, Dy, Z4 X Zs, As or Ss. In all these cases there exists a wandering unit

by Corollary 48 and Proposition 49. [ |
The proofs for signature (3,1) and (1,2) are similar.

Proposition 51 Let K/Q be of degree five with signature (3,1) and let L be the Galois
closure of K over Q. If there is a 0 € Gal(L/Q) such that all embeddings of K are given by
id, olg, 0%k, 0®|Kk,and o*|x , then there is an algebraic unit in K, which is a wandering

point under iteration of the Mahler measure.
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Proof. By Lemma 5.2.2, there is an algebraic unit aw € K such that the Galois conjugates of

a satisfy
L Jo| > |o(a)] > [o*(a)] > 1> |o*(a)| = |o*(a)],
2. |o?(a)o®(a)| < |act(a)| < 1.
Then, by the same proof as above for the totally real case, a is a wandering point. [ |

Corollary 52 Let K/Q be of degree five with signature (3,1), and let L be the Galois closure
of K over Q. If Gal(L/Q) is isomorphic to the dihedral group Dy or to the semidirect product
Zy X Zs, then there exists an algebraic unit in K which is wandering under iteration of the

Mahler measure M .

Proof. Assume that Gal(L/Q) = D5 = (o, 7), where o is of order 5 and 7 order 2. By the
same proof as in Corollary 48, there is a wandering unit in K in this case.
Now assume that Gal(L/Q) = Z, x Zs = (o, 7) where o is of order 5 and 7 is of order

4. In this case, K also contains a wandering point by the same argument as in Corollary

48. |

Proposition 53 Let K/Q be of degree five with signature (3,1), and let L be the Galois
closure of K over Q. If Gal(L/Q) contains the alternating group As, then there ezists an

algebraic unit in K which is wandering under iteration of the Mahler measure M.

Proof. By the same argument as in the proof for Proposition 49, in this case there exists an

algebraic unit which is wandering under iteration of M. |

To summarize, we have

Theorem 54 Let K/Q be of degree five with signature (3,1). Then there ezists an algebraic

unit in K which is wandering under iteration of the Mahler measure M.

Proof. Since Gal(L/Q) must be a transitive subgroup of S5 with order divisible by 5, it must

be isomorphic to Cs, Ds, Zy X Zs, As or S5. Gal(L/Q) cannot be isomorphic to Cs since

64



K is not Galois over Q. In all the rest of these cases there exists a wandering unit by the

corollary and proposition above. [ |

Theorem 55 Let K/Q be of degree five with signature (1,2). Then there exists an algebraic

unit in K which is wandering under iteration of the Mahler measure M.

Proof. By Lemma 5.2.3, there is an algebraic unit o € K such that the Galois conjugates of

a satisfy
L Jo| > |o(a)| = [o*(a)] > 1> |o*(a)| = |o*(a)],
2. |o?(a)d ()| < |act(a)| < 1.

Then, once again, the rest of the proof is essentially the same as the proof for the totally

real case. [ |

Finally, altogether, we have Theorem 30.

5.3 Abelian extensions

5.3.1 Multiquadratic fields

For any r € N we call a field extension K/Q r-quadratic, if there are dy,...,d, € Z such
that K = Q(\/dy,...,v/d,) and [K : Q] = 2".

Let K be r-quadratic, then K/Q is Galois and hence K is either totally real or totally
complex. Moreover, any proper subfield of K is r’-quadratic with " < r.

We first consider totally real 3-quadratic fields K = Q(v/dy,v/da,/d3). For each i €
{1,2,3} choose a fundamental unit 3; € Q(v/d;) with |3;] > 1. Moreover, let ni, ny,ns be
positive integers, and set o; = ;. Denote with o; the nontrivial element in the Galois

group of Q(v/d;)/Q. Then |o;o;(;)| = 1 for all i € {1,2,3}. The Galois conjugates of
a = oty as® are

Q1003 01(041)062% CY102(CY2)03 04104203(%)

0'1(061)0'2(042)063 0'1(0(1)0520'3(043) &102(0[2)0'3(0'3) 01(041)02((12)03((13)
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By choosing the exponents n;’s such that |57 | ~ |852| ~ |55?|, we can ensure that |5]| > 2,

and |53°] ,[35°| € (167" — 5,161 + 3), and we have
o |ajanasl, |ay]? > 1,
o |o1(aq)asas), |aros(an)os], |agasos(as)|, |al| > 1,
o |o1(an)oz(as)asl, lor(ar)asos(as)], [aroa(as)os(os)], o |~ < 1,
o |o1(ay)oa(az)oz(az)], |ay| ™3 < 1.

In particular, « is a Perron number (and hence torsion-free) of degree 8, and the Mahler

measure of « is

M(a) = |oqasasor(aq)asasanos(as)osarasos(asz)| = |a%a%a§| = a?.

Since « is torsion-free, it is M®)(a) = M(a?) = M(a)? = a*. More generally, for any n > 1
it is M™(a) = o®", which immediately implies that o is wandering under iteration of M.

We have just seen:

Proposition 56 Let K be a totally real 3-quadratic field. Then there are wandering units

under iteration of the Mahler measure.
This gives:

Corollary 57 Let K be a r-quadratic field. If K is totally real and r € {1,2}, or if K is
totally imaginary and r € {1,2,3}, all elements in K are preperiodic under iteration of the
Mahler measure. In all other cases there are wandering units under iteration of the Mahler

measure.

Proof. Assume first that K is totally real. By Proposition 41, all elements of K are prepe-
riodic, if r € {1,2}. If » > 3, then it contains a 3-quadratic subfield. By Proposition 56, K

contains a wandering unit.
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Now, let K be totally imaginary. If r € {1, 2,3}, then for any a € K it is M (o) € KNR.
This is M («) lies in a totally real (r — 1)-quadratic subfield of K (where a 0-quadratic field
is just Q). By the first part of the proof, we conclude that «, and hence all elements in K
are preperiodic. If r > 4, then K NR is a totally real (r — 1)-quadratic subfield of K. Again

by the first part of the proof, there is a wandering unit in K. [ |

A totally imaginary 3-quadratic field gives an example of a field of degree 8 in which all
elements are preperiodic. Similarly, any totally imaginary Galois extension of degree 6 has
this property: The Mahler measure of any element in such a field is real and must live in a
proper subfield. This implies that the Mahler measure of an element in our field is of degree
1, 2, or 3. Hence, any element is preperiodic.

We are now ready to prove the following theorem:

Theorem 58 Let K/Q be an abelian 2-extension. Then K does not contain an element
wandering under iteration of M, if and only if the maximal real subfield of K has Galois

group isomorphic to Cy, Cy or Cy x Cs. In all other cases, K contains a wandering unit.

Proof. Let a € K be arbitrary. Then M («) is a real algebraic number in K (since K/Q is
Galois). By assumption K/Q is abelian and hence all subfields are Galois over Q as well. It
follows that M («) lies in the maximal real subfield of K. If this maximal real subfield is a
trivial or a quadratic extension of Q, then surely there are no wandering elements in K. If
it is a Cy x (5 extension, it does not contain a wandering point by Proposition 41.

In all other cases, K contains a totally real field of Galois group isomorphic to Cy or
isomorphic to Uy x Cy x (5. Both yields the existence of wandering units by Corollary 44

and Proposition 56. [ |

From now on we will only consider abelian extensions. We aim to classify all the Abelian
extensions that do not contain a wandering point. Let us start with the smallest remaining

degree.
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5.3.2 Abelian extensions of degree six

Proposition 59 Let K/Q be an abelian extension of degree 6. Then there exists an element

in K that is wandering under iteration of M if and only if K s totally real.

Proof. If K/Q is totally imaginary, then M («) — as a real element — must lie in a proper
subfield of K for all @ € K. This means that M («) is of degree 1, 2, or 3. In all cases « is a
preperiodic point. Hence for the rest of this proof we assume that K is totally real. We will
show that K contains a wandering unit.

For any a € K, we set @y = o and ;41 = o(«y) for all i € N, where o is a generator of
Gal(K/Q).

By Dirichlet’s unit theorem there is an algebraic unit o € K, such that
lag| > |ag| > |ag| > 1> |as| > |as| > |ayl. (5.3.1)
Then M(a) = |ajagaz|. In particular, we get

51| = lawasasl|,  [B2] = |axcnas],  [Bs] = |asazoul
1Ba] = |euasas|, |Bs| = [asauae], [Bs| = |asasaul.
We will see in a moment that /3 satisfies the same distribution of Galois conjagates as « in

(5.3.1). Then, inductively, it follows that « is a wandering point. By using the table above

and (5.3.1) we immediately get

161 > [Bel, 16| > |Bal, (B2l > 15|, 18] > [Bs],  [Bs] > |Bal-

Since «v is an algebraic unit, we have |fBs| - |G5| = |aqaeasagasag| = 1. We have already
noticed, that 52| > |85|. Hence, we have |Bs] > 1 > |B5|. We have shown that M(«a) =
has the same distribution of Galois conjugates as a. As noticed above, this implies that «

is a wandering point. [ |
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5.3.3 Abelian extensions of degree nine

We proceed with studying abelian extensions, and whether they contain wandering points

or not.

Proposition 60 Let K/Q be an abelian extension with Galois group isomorphic to C3 x Cs.

Then there are wandering units in K.

Proof. By Galois theory, we can write K as the compositum of two linearly disjoint fields
K; and Ks, both of degree 3. Since K is Galois and of odd degree, it must be totally real.
In particular K; and Ky are totally real.

Let v be a Pisot unit in K7 and let § be a Pisot unit in K5 (recall that any real number
field of degree greater than 1 contains a Pisot unit). Denote by ay, as, as the Galois

conjugates of o, and by (1, fs, B3 the Galois conjugates of 3, ordered such that
’@1‘ >1> ’062‘ > ’CYg,l and |51’ >1> |ﬁ2| > |ﬂg’
Since K; and K, are linearly disjoint, the Galois conjugates of 3, are precisely

a1By,  aife, ai1fs, B, By, wfs, aszfBi, 3B, aszfs.

Since powers of v and 3 are also Pisot units, we may raise o and 3 to some power to assume
that o and [ satisfy

‘Oélﬁg‘ > 1 and ‘510&3| > 1.

Then we find

M (ayfy) = [(0a 1) (a1 B2) (a1 Bs) (2 1) (sf)| = |ai 7] = (aufBr)?.

By construction «4/; is a Perron number, and hence torsion free. It follows from the last
displayed formula, that M™(c,31) = (a13;)?" for all n € N. Hence a3, € K is a wandering

unit. ]
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5.3.4 Cyeclic extensions of odd degree > 5

We define for all integers a the integer @, with @ =a mod n and @ € {1,...,n}. Let n > 5
be an odd integer and we fix any Galois extension K/Q with Gal(K/Q) = C,,. Let o be a
fixed generator of this Galois group. For any element o € K, we set o = ¢*~(a) for all

i €{2,...,n}. This implies
o(@)=a™Y  and  o(a™)=aV =a.

Note that K is necessarily totally real, as a Galois extension of odd degree.
We break such cyclic extensions into two cases: n =3 mod 4 and n =1 mod 4.

Assume first that n =3 mod 4.
Lemma 5.3.1 Let o € K be such that
0] > [a®] > |a®] > [a® ] > |[a®)] > |a2] > [a®] > ... (5.3.2)
In other words, we assume that
0. [a®] > a9 Vi€ {1,..., %=1}, and

b, ‘&(n+2—i)

> |a®| Vie{2,... =1}

Assume that precisely ”T“ conjugates of a lie outside the unit circle. Then the conjugates of

B = M(«) are precisely distributed as the following
BD] > [2] > [6)] > |89 > |80D] > [BD] > [D| > .., (5.3.3)
that is,
c. |89 > |20 vie{2,..., 21} and

d ‘ [T

> [ vie{1,..., 51}

n+1

and M () has either precisely “3= or precisely "T_l conjugates outside the unit circle.
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Proof. We have

D). n=1) . o)

3n+3+n 1)

a( 4 2

o ‘a(3n13) ) O{(3n13+1) (3n2»3+2) .

cQ

Note that § is a Perron number, hence we (1) = f3 is the largest conjugate of 3. Now, define

for all i € {0,..., 25},

‘Oé(—?’“ﬁfi) QT L (R ’ B
Vi = 3nt3 - 3n+3 : i3 1| I+ "
‘a< Fi) | () L EEe )| B0

Notice that we have 79 = 1. Further, we have

(P2 —0) | o (P +(-1) (i) | (ot

o) o ‘a
- = Y1 - 5.3.4
for all i € {1,...,25'}. By assumption (a) on the a/)’s we find that for all i € {1,..., 253}
we have
‘a(snﬁ )l < ‘a(nTH“) and ‘a(? ) (22 ~0)
This shows that 1 =~y >y > ... > Ynzs. For all 7 € ”*5 ...,”T_l}, we have
‘a ) < ‘a(w) and ‘a(@) < ’a(m) .
Hence, Ynts < Yngo <o < Yoo For 7 = "Zl, we have
‘a(nTH‘”) = ‘a(snﬁ 2 and ‘a(nT%_’) = ’a L) )
Therefore, Yoo = Yo
Since we have
n+5 3n+3 3n+3
‘au) () ‘au)(a)
Yozt = n+1 3n—1 n+1 <1
’a<%> N E ) ’a<T>
we have that v; < 1 for all 7 € {1,...,%*}. This means
‘B(Hi) > ‘B(lﬂ') — )5(n+17i) _ ‘5(n+27(1+z’)) Vic {1 n— 1}
R :
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Hence,

%

> ‘ 6(n+2—i)

n-+1
Vi 2,... )
ZE{, o }

This proves assumption (c) for the 3®’s. Now we prove that 5)’s satisfy the condition (d).

Define for all i € {1,..., %52},

o (FE=)  (FE) | (FEEE—) ’ 5@
i = 3nt3 3n+¥3 - 3nt3  n=1_; Ik
NG BN e BN ) | 3D |
20
Note that p; = 59| > 1. Now,
)| | o (F)
it1 = M 5.3.5
r TR )| | e e) 059
Q=) || ()
= l; - (5.3.6)
)| )
Q)| | (B 4)
NCEDINNE =D

for all i € {1,..., %51}, By assumption (b) on the a’s, for all i € {1,..., 253}, we have

a(snTJrg_O > a<nT+5+Z) , and a<%+i) > a(nTJrs_i) )
This implies that 1 < py < g < ... < fing1. For all i € {22, ..., 251},
a<nT+5+i) > 04<3n4j_i) , and a<nT+5_Z) > a<%+i) )

Hence, fings > ... > fin_1. Since
2
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We then have that pu; > 1 for all i € {1,..., "T_l} This means

’ p(nF2=i)

_ ‘mﬁ)

Y

foralli e {1, -, ”T’l} This completes the proof of assumption (d) for the 3®’s.
By the distribution of the conjugates of 3, we have

3n+7 (3n+3

> |8

> 6] > |2

- -3
T—roots T—roots

Hence, we need to show that we have ‘5(%)‘ > 1 and ‘ﬁ(%)‘ < 1.

O{T)a(%)..

We have ‘ (55)

1)‘. Assume that this is < 1. Then by (b)

|| ‘ale) NG ONC O ..a@)’ <1

However,
}a(2>| NG DI BIN G BN ) ’a<”7“>,a<"75> aW| <1,
—|N(@)]=1
which is a contradiction. Hence, ‘ oA )’ < 1. Assume
’5(3":% _ ’a<”7“> ") M) >
Now by (a),
‘a ) (1) )] > 1,

which implies that,

‘Oé(@) . ‘au)a@) NGO ’a(%w NG S IN OIS
But this implies that ‘ (7)‘ > 1, a contradiction. This proves the lemma. |
Lemma 5.3.2 Let a € K be such that
}04(1)| > |a(2)| > ’a(”)’ > ‘a(g)‘ > }a("’l)} > |a(4)| > ’a("’Q)’ >, (5.3.8)

that is,
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a. ‘a(””_i) > o] vie{1,..., 551

b o] > [a™ 20| i e f2,..., 1),

n+1

Assume that precisely "5~ conjugates of a lie outside of the unit circle. Then the conjugates

of B = M(c) are precisely distributed as the following
18V > [ > [8P] > [80V] > |89)] > 0] > |8W]| > ... (5.3.9)
That is,
c. |89 > |19 vie{l,...,%51}, and

d |80 > [89] Wie 2, 2,

n+1 1

and M () has either precisely "3~ or precisely "5~ conjugates outside the unit circle.

Proof. We have

o™ . o1 L (D)

3n+7 41

:‘Oé( i) . o7 BE) L (T

).a( a( 2

Note that § is a Perron number, so () = f is the largest conjugate of 3. Define for all

ie€{0,..., %511,
‘a(%i”) QT L o () ‘5@')
h ‘a<3”7”—i> PN = I T
Notice that we have 79 = 1. Now, we have
‘a<3“:7+”7*17<171)) : @(3":%%1“)‘ ‘a<"T*"*i> . a<”T*5+i>‘
Lt ‘aﬂ—”w—l)) V== I ’a(%ﬂ') o) (53.10)
for all i € {1,...,%}. By assumption (a) on the a\9’s we see that for all i € {1,..., 252}
we have
‘a(@) < )a(w) and ‘a<hT+5+i) < ‘04(3%771)




This shows that 1 =5 > v > ... > Ynzs. For all 7 € {”T”%,...,”T_l}, we have

‘a(%ﬂl) < ‘a(%g_i) and ‘a(%_i) < ‘a(nT%H)

Hence, Vo1 < Ynis <o < Yoot
Now, we have
‘&<"T+5> NS TN E) ‘a<"T+5> “
’}/L,l = = < 17
2 ‘a<"7”> o) L (3D )O/%)

we have that 7, < 1 for alli e {1,..., "T_l} This means

’/B(l—l—i) < ‘ﬁ(l—z) — ‘ﬁ(n—i—l—i) Vie {1 n— 1}

S :
Hence,
‘W < ‘5@“—") Vie {2”;1}

This proves assumption (d) for the 5)’s. Now we prove that 3()’s satisfy the condition (c).

Define for all i € {1,..., %5},

a(3n4+7+(i—1)) . a(‘"”li-i-l-i-(i—l)) o a(%#%“r(i—l)) )B(g)
L) ) e ]
20
Note that p = [307] > 1. Now,

Q(FEEF ) || (BT )
1= - 5.3.11
e aw—wn‘ o
NEEHINNCE
= ;- : (5.3.12)
== ,'amﬁi)

foralli € {1,...,%}. By assumption (b) on the a?)’s, we see that for all i € {1,..., 22},

we have

OA(W) , and

75



, and

Hence, pints > pinss > ... > pn-1. Since
4 4 2

o) o) o ()

We then have that p; > 1 for all i € {1,..., %1}, This means
‘ 50)

for all : € {1,---, ”T_l} This completes the proof of assumption (c) for the 3™,

)

- )ﬁ(m)

Recall the distribution of the conjugates of ®)’s, we have

(5% ’ (3E2) ‘ ("5°)

>‘64 > (U > 1V > L
"T_‘ri—roots n;3‘r00t3

Hence, we need to show that we have ‘ﬂ("TH) > 1 and ‘B(nT%) <1

n+1)

We have ‘5( 1

_ ‘Q<1> @ oY

. Assume that this is < 1, then by (b),

@] ‘a(n+2—2) o +2=3) L g (nr2- L) a®| ‘a(n) a1 o] <1
This gives,
@] |t gD o5 ‘au) N N S | ]
=N (a)|=1

A contradiction. Hence, ) B(nTH)’ > 1. We now argue similarly for B(WTH)‘. Assume

)ﬁ(n%s) _ ‘a@) ca® .| >,
Now by (a‘)7
2= o (n+2-2) | (n+2=-250) | ’a(@) - ‘a(l)a(n) a3 ‘a(@) > b
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But then,

’Oé(@) .‘au)a(n) o5 .‘a@).a@)...a(”f)‘ o1
Since a(@)‘ < 1, this is a contradiction. This proves B(nT%) < 1, so the lemma is
proved. [ |

Proposition 61 Let n > 7 be such that n = 3 mod 4. Moreover, let K/Q be a Galois
extension with Galois group isomorphic to the cyclic group C,,. Then K contains a wandering

unit under iteration of the Mahler measure.

Proof. We fix a generator o of Gal(K/Q) and use the notations as above. By Dirichlet’s
unit theorem, we find an algebraic unit @ € K such that « satisfies the assumptions from

Lemma 5.3.1. If § = M(«) has "7_1 conjugates outside the unit circle, then 37! has precisely

”TH conjugates outside the unit circle. These are distributed as

n+3 n+1 n+5

(BUE) L > (BUE) L > (BEFN) T > (B )L

n+3

Let (3027))~! = ~, then we have

Now, v satisfies the assumptions of Lemma 5.3.1, and we have M?(a) = M(B) = M(v).
Suppose that M () has precisely "T_l conjugates outside the unit circle. Then, as before, some
conjugate of M(y)~! satisfies the assumptions of Lemma 5.3.1, and M3(a) = M(M(v)) =
M(M(y)™). Now, either M?(«) satifies the assumptions of Lemma 5.3.1 or Lemma 5.3.2,

or some conjugate of M?3(a)™!

satisfies Lemma 5.3.1 or Lemma 5.3.2, and the argument
continues. To summarize, for any iterate M7(«), either it satifies the assumptions of Lemma
5.3.1 or Lemma 5.3.2, or some conjugate of M’(a)~! satisfies Lemma 5.3.1 or Lemma 5.3.2.

This implies that « is a wandering unit. |

Now, instead, assume n = 1 mod 4. As a reminder, we define for all integers a the integer

7



@, with@=a modnandae {1,...,n}.
Lemma 5.3.3 Let a € K be such that
la| > [a®| > |a™] > |a®)] > [a®V| > [aW| > || > ... (5.3.13)
Then we have
a. |a@] > a2 Vi€ {2,..., %}, and

b, ‘Oé(n—f—Q—i)

> o] vie{1,..., 551

n+1

Assume further that precisely "= conjugates of « lie outside the unit circle. Then the

conjugates of f = M («) are precisely distributed as in (5.3.13) and M («) has either precisely

“5= or precisely “5= conjugates outside the unit circle.

Proof. Our assumptions guarantee that we have

BZM(Q):’a<1>.a<2>.._a<"T+3> ’a(m.a(n—l) (=5
_ ’a<3";1+1> P N

As a Mahler measure, § is a Perron number, and hence we know that (1) = 3 is the largest
conjugate of 3. In order to prove that the 5 satisfy the assumption (a) from the lemma,

we define for all i € {1,..., "T_l}

‘a<—3”:5+z'> N = EERE) BN == =) ‘ BE)
Vi = 3ntb . 3nt5_ 1_; 3nfb5  n-1_ - (1=’
a( 4 71) . a( 4 + 72) oo a( 4 + 2 71) /6

Obviously, we have 79 = 1. Moreover, we see

BT | (S )

Vi = Yi-1- (5.3.14)

3n4+5+(i71)) . 06(3#;577’) 04(3”147“’144) . (3n4+5 *’L.)

= Yi-1"
| a

g

foralli € {1,...,%}. By assumption (a) on the a'¥)’s we find that for all i € {1,..., 2},

we have




This proves 1 =y <7 < ... < Yz For all i € {™3 . 2-1} assumption (a) yields

‘a(w) > ‘a(nT”_’) and ‘a(w) > ‘a(nTM”)
Hence, we have Ynts > Ynar > o> Yo Since we have
2
‘a<"7+3> NG ‘Q(”T“’v "
st = n+7 3n+5y| 3n+5 > 1,
2 ‘Q<T> NES ‘Q(T>

we find v; > 1 for all ¢ € {1,..., %1}, This means

Bn+27(1+i)

’5(1+i)

N ‘ B0

n—1
) 1,...
Vze{, _— }
n+1
; 2.... )
VZG{, _— }

This proves assumption (a) for the 3)’s. Assumption (b) can be proven similarly: For all

or equivalently

o

> ‘ ﬁ(n—i—Z—i)

i€ {l,...,251}, define

ol (T (T
N ) ) ()| ]
20)
Note that p; = 5] > 1. We have
Ne===)1} ‘a(?’":m)
= 1L - 5.3.15
Hit+1 Hi . (M) a (m) ( )

a(37lzx+5_i) ‘ Oé(3n4+5+i)

. : (5.3.16)
] o)

o) [ ()

(5.3.17)
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foralli e {1,..., "T_l} By assumption b on the a)’s, for all i € {1,..., ”7_5},

a(%> > a<nT+7_Z) , and a<E) > a(nT”H)
For ¢ = "T_l,

04<373#+i> > a(nTH_Z> , but a(%%_l> = (Jz(nT”H) :
Therefore, above gives 1 <y < pip < ... < prugs. For all i € {5, ..., 251} assumption (b)
gives

o57) > o) . and o) > o) ;

which implies that fints > fingr > ... > fina. Now, by (b),

)| ) )
Hn—1 = — — = — — > 1.
S NCO NG RNCIINGS

Hence, p; > 1 for all i € {1, ..., "T_l} We conclude that

Y

’ g(2=)

_ ‘ﬁ(ﬁ)

foralli e {1, -, ”T’l} This completes the proof of assumption (b) for the /’s.

By the distribution of the conjugates of 5 we get

3n+5 )

() ’ ( ’ (=)
>‘ﬁ4>ﬁ4 > |V > L
5= -many "Tfs-many
Hence, in order to prove the lemma, we have to show that we have /B(nTS) > 1 and ‘5(7177) <

1. But this is almost obvious once we have written the 3@)’s in terms of the a)’s.

n+3 )

We have ‘ﬂ( 1

= ‘a(l) e oz(nTH)‘. Assume that this is < 1. Then by (a) also

‘a@)‘ . ‘a(n+272)g(n+273) » -a("”*%l)

= |a®]| - ‘am)a(n—l) . ..a<"7+3>‘ <1
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Multiplying both terms < 1 gives

N

This is a contradiction. Hence, ‘ ﬁ(nTH)

> 1. To show that ‘ﬂ(nT”)

< 1, we argue in the
same way. Assume

‘B(WT”’ > 1.

. ’&m ot

Then by (b) (and (a) for the last estimate) we also have

a2 D (272 L (nr2=tg)] ’a(@) . ‘a(@) > 1.

_ ‘au)a(n) o)

However, multiplying both terms and applying that the norm of « has absolute value one,

we get o3| > 1, which is nonsense. This proves the lemma. [ |

Lemma 5.3.4 Let a € K be such that
laP] > [a™] > [a@] > |a" V| > |aP] > [a"2 | > [a?)] > ... (5.3.18)
In other words,
a. |aW| < o279 Vie{2,..., 2} and

b [ < Vie {1,551,

n+1

Assume further that precisely

conjugates of « lie outside the unit circle. Then the
conjugates of = M(«) are precisely distributed as in (5.3.18) and M («) has either precisely
n+1

= or precisely "T_l conjugates outside the unit circle.

Proof. This can be proved by an argument similar to those in the proofs of Lemma 5.3.1,
5.3.2 and 5.3.3. Note that all we have done is to replace i by 2+n — ¢ for all i € {1,...,n}

in Lemma 5.3.3. This does not affect the result. [ |

Proposition 62 Let n > 5 be such that n = 1 mod 4. Moreover, let K/Q be a Galois
extension with Galois group isomorphic to the cyclic group C,,. Then K contains a wandering

unit under iteration of the Mahler measure.

81



Proof. We fix once and for all a generator o of Gal(K/Q) and use the notation as above.
By Dirichlet’s unit theorem, we find an algebraic unit o € K such that « satisfies the
n—1

assumptions from Lemma 5.3.3. If 3 = M(a) has "5~ conjugates outside the unit circle,

n+1

then 8! has precisely 7= conjugates outside the unit circle. These are distributed as

n+3

Setting (3("27))~! = 4, then this is nothing but

In other words, 7 satisfies the assumptions of Lemma 5.3.4. Moreover, we have M?(a) =

M(B) = M(v). Assume that M(y) has precisely “5% conjugates outside the unit circle.

Then, as before, some conjugate of M(vy)™!

satisfies the assumptions of Lemma 5.3.3, and
M(M(v)) = M(M(y)~'). We conclude, that any iterate M*(«) either satisfies the assump-
tions of Lemma 5.3.3 or of Lemma 5.3.4. In particular, no iterate of « is a fixed point and

hence « is a wandering unit. [ |

Altogether, we have the following proposition:

Proposition 63 Let K/Q be a cyclic extension of odd degree n > 5 with Galois group

1somorphic to C,. Then there are wandering units in K.

5.3.5 Classification of Abelian extensions

Table 1 on the next page shows the results so far on Abelian extensions.

In conclusion, we have Theorem 31.

Proof for Theorem 31. Suppose that the maximal real subfield of K has Galois group iso-
morphic to Cy, Cy, Cy X Cy, or C3, then M(«) as a real number must lie in a totally real
subfield of K with Galois group isomorphic to C7, Cs, Cy x Cs, or C3, but we know that all

elements in such fields are preperiodic. We assume now that the maximal real subfield of
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Galois group of maximal real subfield | Contains Wandering point
C1, Cy, or Cy x Cy No
Cs No
Contains Cy or Oy x Cy x Cy Yes
Contains C,, where n > 5 is odd Yes
Contains Cy Yes
Contains C3 x C4 Yes

Table 1: Classification of Abelian extensions

K has Galois group that is not isomorphic to one of C, Cy, Cy x Cy, or Cs, then its Galois

group has to contain one of the following:
(a) Cy
(b) Cy x Cy x Cy
(¢) C,, where n > 5 is odd
(d) Cs
(e) C3 x C;

Then, K has a totally real subfield with Galois group isomorphic to one of (a)-(e). By the
results we proved in this chapter, such a subfield contains a wandering unit, this proves the

forward direction. [ |
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