ZEROS OF RANDOM TRIGONOMETRIC POLYNOMIALS
WITH DEPENDENT COEFFICIENTS

By
ALI PIRHADI

Bachelor of Science in Pure Mathematics
Razi University
Kermanshah, Iran
2003

Master of Science in Pure Mathematics
Lorestan University
Khorramabad, Iran

2006

Submitted to the Faculty of the
Graduate College of the
Oklahoma State University
in partial fulfillment of
the requirements for
the Degree of
DOCTOR OF PHILOSOPHY
May, 2021



ZEROS OF RANDOM TRIGONOMETRIC POLYNOMIALS
WITH DEPENDENT COEFFICIENTS

Dissertation Approved:

Dr. Igor E. Pritsker

Dissertation Advisor

Dr. Paul A. Fili

Dr. Jiri Lebl

Dr. Ye Liang

il



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, Dr. Igor Pritsker, for his sup-
port, guidance, and patience and for leading me in this dissertation’s direction. It is neces-
sary to mention that even though he has considerably helped me in the preparation of this
manuscript, there might be some errors in this work, for which I take full responsibility. I
would also like to thank my graduate advisory committee: Dr. Paul Fili, Dr. Jiri Lebl, and
Dr. Ye Liang.

I am also thankful to the Department of Mathematics at Oklahoma State University
(OSU) for funding me as a GTA, for all travel grants, and for having awarded me with
the 2017 Schiller J. Scroggs Distinguished Graduate Fellowship and the 2018 Jeanne Agnew
Outstanding Teaching Assistant Award.

Special thanks go to Dr. Anthony Kable for funding me through the Vaughn Foundation
in summer 2018, the Graduate College at OSU for their financial support in summer 2020
through the Graduate College Robberson Summer Dissertation Fellowship, and the OSU
Foundation for the 2020-21 Distinguished Graduate Fellowship.

Furthermore, I want to thank all the amazing faculty and staff members of the De-
partment of Mathematics, especially Dr. Christopher Francisco and Dr. Anthony Kable for
mentoring and helping me grow to a better math teacher.

Finally, I wish to thank my wife, Dr. Solmaz Bastani, for her great support and encour-

agement during the ups and downs of this journey, and my family and friends.

Acknowledgments reflect the views of the author and are not endorsed by committee members or Okla-
homa State University.

il



Name: ALI PIRHADI
Date of Degree: MAY, 2021

Title of Study: ZEROS OF RANDOM TRIGONOMETRIC POLYNOMIALS WITH DE-
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Major Field: MATHEMATICS

Abstract: It is well known that the expected number of real zeros of a random cosine
polynomial (of degree n)

Volz) = Zaj cos(jz), =z € (0,2m),
=0

where the coefficients a; are independent and identically distributed (i.i.d.) real-valued
standard Gaussian random variables, is asymptotically 2n/+/3. To the best of our knowledge,
the above asymptotic relation has always been the lower bound for the expected number of
real zeros of V,, when the a; employ different settings. However, this inequality is sharp
for most of the cases that have been considered so far. Moreover, out of various ways to
establish a set of dependent coefficients, one can sort out the coefficients in the blocks of
the same length and then identify certain blocks. As one may expect, the expected number
of real zeros of these polynomials is subject to how we identify the blocks, yet it might be
independent of the size of the blocks. In this manuscript, we investigate four cases of random
cosine polynomials where the blocks of the coefficients are identified in different fashions.
The cases we study include the adjacent, palindromic, and periodic blocks as well as the case
involving only two blocks, each of which possesses a different expected number of real zeros
from one another.
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CHAPTER I

INTRODUCTION

1.1 Plan of this dissertation

In this dissertation, we study zeros of random trigonometric polynomials with dependent
coefficients. Chapter I contains a concise history of the subject.

The second chapter consists of the results from our published work [67]. The objective of
the chapter is to introduce two different models of random trigonometric polynomials with
dependent coefficients and to show the expected number of real zeros may remain intact or
exceed that of the classical case with i.i.d. coefficients, depending on how one possibly sort
the coefficients in different blocks.

Chapter I1II includes the results obtained in another published paper [68]. In that chapter,
the expected number of real zeros of a random cosine polynomial with palindromic blocks of
coefficients (of any fixed length ¢ € N\ {1}) is considered. Our result generalizes the work of
Farahmand and Li [35] on the expected number of real zeros of random cosine polynomials
with palindromic coefficients, which corresponds to ¢ = 1.

In the fourth and the last chapter, we study the same concept of the expected number
of real zeros with quite a different setting. We determine the expected number of real zeros
for algebraic, trigonometric, and cosine polynomials, where the coefficients are grouped in

blocks of a fixed length recurring periodically.



1.2 A brief history of the study of random polynomials

Let (€2, A4,P) be a probability space on which we define complex-valued random variables
M0, M5 - - -, M- In addition, assume S C C and fy, fi,..., fn : S — C are some functions. We

consider a random function F;, : S — C defined as
Fu(2) = Fulz,w) = > n5(@) f(2), (1.2.1)
=0

which is indeed the linear combination of f;’s.

1.2.1 Random algebraic polynomials

Among all well-known random functions, of great importance are the random algebraic
polynomials (or Kac polynomials) P,(z) plainly created by replacing the f;(z) in the above

definition with the monomials 2/, that is,
Po(2) i=no+mz+ - A 12" 02", (1.2.2)

where the 7; are complex-valued random variables and 7,, # 0. Let E denote the mathemat-
ical expectation, P be the probability of an event, and N, (S) denote the number of zeros of
P, in the set S.

For the sake of clarity, we would like to reserve the coefficients 7; only for the case of

complex-valued random (algebraic) polynomials and define real-valued ones as
Py(z) =ap+aix + -+ a,_12" " + a,a”, (1.2.3)

where the a; are real and chosen at random.

The work on the expected number of zeros of random polynomials initiated in the early
1930s. Bloch and Pélya [8] were the first to study the expected number of real zeros of
a random polynomial whose coefficients are independent and identically distributed (i.i.d.)
random variables. They assumed that ag = 1 almost surely (a.s.), namely P({w : ap(w) =

1}) = 1, and that all other coefficients are uniformly chosen from the set {—1,0, 1}, i.e.,

PHw:aj(w) = -1}) = P({w : ¢;(w) = 0}) = P({w : a;(w) = 1}) = 1/3.



Bloch and Pélya showed that
E[N,(R)] = O(v/n), asn — cc.

Throughout an almost-a-decade period, in a series of publications [58, 59, 60, 61, 62] Lit-
tlewood and Offord found and constantly modified upper and lower bounds for N, (R) of the
random algebraic polynomial P,(x) = Z?:o a;x?, where the coefficients a; are real-valued
random variables with either standard Gaussian or Bernoulli distribution, or uniformly dis-

tributed in [—1, 1]. More precisely, they proved that in such cases

1
98"« N,(R) < logn,
log log logn

with probability 1 — o(1) as n tends to infinity.
When it comes to real-valued random polynomials P, with i.i.d. standard Gaussian co-
efficients (with mean zero and unit variance), the expected number of real roots of these

polynomials was the subject of the in-depth investigation by Kac [53]. He showed that

/ V1—=hi(z dw

C1—g2

where
na™ (1 — 2?)
1—g2n

ho(x) =

Using the above integral formula, Kac obtained the famed asymptotic relation
2
E[N,(R)] ~ —logn, (1.2.4)
0

and the estimate

E[N,(R)] < (2/7)logn + 14/m, n e N\ {1}.

In [54], using quite a different method, Kac also showed the same asymptotic as in
(1.2.4) holds if the coefficients are i.i.d. random variables uniformly distributed in [—1, 1],

which was conjectured in his previous article [53]. The error term in asymptotic estimate



(1.2.4) established by Kac, which is o(logn), was later improved by many mathematicians.

In fact, defining
Ap := lim (E[N,(R)] — (2/7)log(n + 1)),

n—yoo
Jamrom [51, 52] and Wang [89] independently derived two integral representation forms of
the constant Ay. More improved versions of Kac’s asymptotic (1.2.4) may be found in the
works of Hammersley [44], Yu [92], Edelman and Kostlan [18] and especially of Wilkins [90]
who gives the asymptotic expansion

2 o0
E[N,(R)] ~ ~logn + > A,

k=0

where the coefficients A, As, A4 were explicitly computed via integrals. Indeed, we approxi-
mately have Ay ~ 0.6257358, Ay ~ —0.2426127 and A,y ~ —0.0879406 with A; = A3 = A5 =
0. It has still remained an open problem if A, = 0 holds for the other odd k’s.

Although the initial study of the number of real roots of random polynomials involved
coefficients with discrete distribution, most of the following research focused on the case
of the coefficients with normal distribution. However, an innovative method introduced by
Erdés and Offord [21] showed that for a random polynomial with i.i.d. Bernoulli distribution,

for sufficiently large n,
2 2/3
N,.(R) = —logn + o((logn)*~loglogn),
T

with probability 1 — o(1/+v/loglogn). By enhancing their method, Ibragimov and Maslova
46, 47, 48] showed that if the coefficients a; are from the domain of attraction of the normal

(proper) law, then

E[N, ()] — (2/m)logn + o(logn), if E(a;) =0,

(1/7)logn 4+ o(logn), if E(a;) # 0.
More recently, Nguyen, Nguyen and Vu [65] showed that the error term in the above estimate

is literally bounded provided that the coefficients a; have mean zero. The variance of the

number of real zeros of random polynomials has also been of great interest. In 1974, Maslova



[64] showed that if the coefficients a; are i.i.d. random variables distributed in such a way

that E(a;) = 0 and E( |aj|2+5) < 00, 0 >0, then

Var[N,,(R)] ~ %(1 - %) logn.
While the number of real roots of the polynomial P, is quite small, concentrating at +1, in
the 1960s, Sparo and Sur [88] and Arnold [3] were among the first to show that most of the
complex zeros concentrate on the unit circumference T. Years later, Shepp and Vanderbei
[86] showed that, for large enough n, about n— (2/7) logn of zeros accumulate on T whereas
(2/m)logn of real roots gather at +1.
The fact of accumulation of complex zeros of polynomial P, on the unit circumference

may be viewed differently. Let Z(P,) = {z1,22,...,2,} be the set of complex zeros of P,

(counted with multiplicity) and define the normalized zero counting measure

1 n
To = Z 0z
7j=1
where 0., is the unit point mass at z;. The term equidistributed zeros refers to

*
Tp — MT, as n — 0o.

Namely, 7,, converges (in the weak™ topology sense, or weakly, in the language of probability
theory) to the normalized arclength measure pr on the unit circumference T with probability
1, where dur(e®) := dt/(2w). More recent work on the limiting distribution of zeros of
random polynomials are the papers of Ibragimov and Zeitouni [50], Hughes and Nikeghbali
[45], Ibragimov and Zaporozhets [49], and Pritsker [69].

1.2.2 Random trigonometric polynomials

A random trigonometric polynomial of degree n is defined as

T.(z) == Zaj cos(jx) + bjsin(jz), =€ (0,27), (1.2.5)



where the coefficients a; and b; are chosen randomly. It is also convenient to tag the special

case
n

Vo(x) = Zaj cos(jz), x € (0,2m), (1.2.6)

J=0

as a random cosine polynomial if the coefficients a; are random variables. We note that

setting z = €@, (1.2.6) is literally depicted as

n

Vo(x) = Zaj cos(jr) = %Zaj(zj +27)

J=0

— 2N et = Z P (), (1.2.7)

where

2&0, lf] = O,

Q.

5 if1<j<n

As (1.2.7) suggests, it is evident that the number of real zeros of V,, can not exceed 2n.
The study of zeros of random trigonometric polynomials dates back to the 1960s when
Dunnage [17] found the celebrated asymptotic for the expected number of real roots of
random cosine polynomials. He showed that asymptotically about 1/v/3 of all zeros of V,,
are real, in fact
2n

E[N,(0,2m)] ~ (1.2.8)

as long as ap = 0, and the a; are i.i.d. random variables with standard normal distribution.
Only two years after the work of Dunnage, as part of his Ph.D. thesis, Das [15] investigated

random cosine polynomials of the form
Vos(x) == Zj5aj cos(jx), a; ~N(0,1), 6 > —3/2,
j=0
and showed that

B /1426 1/2-6
E[N,s5(0,27)] = 2n 1% +O(n ), asmn— oo.

As a matter of fact, the above asymptotic relation improves the error term O(n''/13(log n)3/13)

obtained by Dunnage to O(y/n) only by setting § = 0. The error term O(1), the best known



so far, appears in the work of Wilkins [91] where he proves that

3

E[N,(0,2m)] = 2n\/—g ! Z (2n11r G +0((2n+1)7%), asn — oo,

with Dy = 1 and D1, Dy, D3 being explicitly computed.

There have also been developments in the study of K-level crossings, namely zeros of
polynomials V,,(x) = K with K being any constant which may depend on n but not on
x, and the cases with coefficients having nonzero mean. For instance, Sambandham and
Renganathan [76] showed that the expected number of real zeros of V,, remains invariant
even if p # 0. Unlike random algebraic polynomials whose expectation of the K-level
crossings decreases for relatively large values of K, more precisely the expected value of the
K-level crossings in the interval (—1,1) drops down from (1/7)logn to (1/7)log(n/K?) as
long as K = o(y/n), the expected value of level crossings remains stable for the case of
random cosine polynomials. The following characterization of the expected number of level
crossings of random cosine polynomials [29, Theorem 4.1] given by Farahmand, which to

some extent summarizes his own works [24, 26], reveals that, for sufficiently large n,

2n
=+ 0@, if K=0(mYY),

E[N, x(0,27)] = \2/5 (1.2.9)
=4 o(n), if K =o(n),

V3
where N, x(0,27) denotes the number of K-level crossings of the random cosine polynomial
V,, whose coefficients a; are i.i.d. and a; ~ N (p, 1). For larger values of K, up to this point,
it is understood that the polynomial V,,, asymptotically and on average, is not to touch the
level K if K = O(y/nlogn), for instance see [33].

Compared with the expected number of real zeros, our knowledge of the variance of real
roots of random trigonometric polynomials was crude and just in the form of upper bounds.
The first result on the variance of the number of real zeros was obtained by Qualls [73] in

1970 by using the theory of stationary processes. He considered a normalized version of



random trigonometric polynomials defined as
1 © ‘ oy
Xp(x) = NG ;aj cos(jz) + bjsin(jz), =z € (0,2m), (1.2.10)

also known as Qualls’ ensemble. Not only did he find that

E[N,(0,27)] = 2\/(2n + 1é(n + 1)7

but also showed that, for some positive constant C' and sufficiently large enough n,
N, (0,27) — E[N,,(0, QW)]‘ < Cn3

with probability 1—o(1), provided that the coefficients a;, b; are i.i.d. random variables with
standard normal distribution. Two fairly large upper bounds for the variance of real roots

of polynomials V,, were established by Farahmand [25, 28] concluding that
Var[N,(0,27)] = O(n**), asn — oo.

More recently, the asymptotic Var(N,(0,27)) ~ en conjectured by French physicists Bogo-
molny, Bohigas and Leboeuf [9] has been showed to be true (with ¢ = ¢g ~ 0.5582 being
explicitly computed) by Granville and Wigman [43] for Qualls’ ensemble with i.i.d. standard
Gaussian coefficients. Moreover, they proved the Central Limit Theorem (CLT) by showing

that the distribution
N, (0,27) — E[N,(0, 27)]
\/Can

weakly converges to the standard normal distribution. In recent years, variance and CLT of

the number of real roots of Qualls’ ensemble has become an interesting direction of research,
cf. [87], [4], [6] and [16]. Do, Nguyen and Nguyen [16] found an asymptotic relation
for the variance of the number of real roots for the Qualls’ ensemble whose coefficients
are i.i.d random variables belonging to a broad class of distributions (even discrete ones)

satisfying the following (finite moments of large orders) criteria

E[¢] =0, Var(¢) =1 and E| |§|M°} < 00, for large enough M.



Moreover, the authors verified that the variance of the number of real roots, asymptotically,

is linear in terms of the expectation by showing that

lim SVar[N,(0,27)] = c + —E[¢! — 3]

n—c0 1 15

It is then trivial to see that if the coefficients are uniformly chosen from {#1}, also known
as the Rademacher distribution, Var(N,(0,27)) ~ (¢ — 4/15)n.

More on the history of the subject together with many additional references and further
directions of work on a broad range of topics such as non-identical coefficients, sharp cross-
ings, local extrema, points of inflection, and exceedance measure can be found in the books

of Bharucha-Reid and Sambandham [7] or of Farahmand [29] and the references therein.

1.2.3 Dependent coefficients

Sambandham was one of the first mathematicians who studied the case of dependent coef-
ficients for both algebraic and trigonometric polynomials. In a series of papers published in
the 1970s, c.f. [83, 84], he investigated the expected number of real zeros of random alge-
braic polynomials with dependent coefficients of either constant or geometric correlations.
Sambandham showed that for a random polynomial P, with standard normal coefficients,
the standard asymptotic relation (1.2.4) holds if the coefficients are of geometric correlation,
that is,

pik = Elajar] = pP ™, pe(0,1/2) (1.2.11)

whereas E[V,,(R)] reduces asymptotically to (1/7)logn if the coefficients are of the constant

correlation, i.e.,
1, ifj =k,
Pik = (1.2.12)
p, itj#k, pe(0,1).
The number of K-level crossings of P, with coefficients being of the constant correlation

was investigated by Farahmand in [23] showing that the number of K-level crossings reduces

to half of that of in the case when the coefficients are independent—in contrast with the



fact that the number of K-level crossings of P, with coefficients being of the geometric
correlation, defined in (1.2.11), still remains unsolved. The case of dependent coefficients
of negative correlations was also discussed in the work of Farahmand and Nezakati [36]
where they showed that the asymptotic (1.2.4) remains unaltered if the coefficients are of
negative geometric correlation, namely p;, = —p*=7l, p € (0,1/3). Not always is O(logn)
the desired asymptotic. Farahmand and Nezakati [37] proved that the expected number
of real zeros of P, notably reduces to O(y/logn) if the correlation between the coefficients
satisfies p;r, = 1 — |k — j| /n. Moreover, in [38] they explored the expected number of real
zeros of polynomials of the form

n n 1/2

j
first introduced by Edelman and Kostlan [18], where a; ~ N (0, 1), and are of the constant
correlation as defined in (1.2.12). Farahmand and Nezakati showed that E[N,(R)] ~ /n/2,
which is indeed half of the value obtained in [18] for the case when the coefficients are
independent.

The study of random trigonometric polynomials with dependent coefficients was first
considered by Sambandham [82] where he showed that for the random cosine polynomials

V,, with standard normal coefficients satisfying (1.2.12),

2
E[N,(0,27)] = il O3 asn — oo,

V3

with probability at least 1 — n™2 ¢ € (0,1/13). Similarly, the case of random trigono-
metric polynomials with coefficients of geometric correlation was studied by Sambandham
and Renganathan [77] confirming that E[N,(0,27)] ~ 2n//3 is still valid. Analogous to
(1.2.9), Farahmand [27] extended his own result to the case with the dependent coefficients
of either constant or geometric correlation by showing that the number of K-level crossings
stays unchanged as 2n/v/3 for large enough n. Angst, Dalmao and Poly [2] showed that

the expected number of real zeros of Qualls’ ensemble, as defined in (1.2.10), satisfies the

10



universal asymptotic 2n/v/3 +o(n) as long as the coefficients are standard Gaussian random
variables satisfying a general correlation function p : N — R.

The common ground between the case with independent coefficients and those mentioned
above with dependent coefficients satisfying some correlation properties is that 2n/ V/3 is the
universal expected value for the number of real roots (in one period) of a random trigono-
metric polynomial. Two examples of random trigonometric polynomials with strongly de-
pendent Gaussian coefficients, i.e., the expected number of real roots are different from the
standard one, are of great interest to us. The first example is the recent work of Pautrel [66]
which considers the expected value of the number of real roots of Qualls’ ensemble, where

aj,bj ~ N(0,1) with E[a;bg] = 0, and the correlation of the coefficients satisfies
Elajax] = Ebjbe] = p(|k — j]) := cos(|k — jle), a >0,

He shows that under this strong dependence condition, asymptotically, the expected number
of real roots of X,, may significantly differ from the standard one. More precisely, he proves
that for all € > 0 and I € (v/2,2], there exist a = a(l) > 0, and infinitely many n € N, such

that

n

‘w—z‘ge

The second example is the work of Farahmand and Li [35], where they extensively studied
the expected number of real roots of polynomials 7}, and V,, possessing palindromic coeffi-
cients, that is, a,—; = a; and b,,_; = b;. Unlike the algebraic polynomials with palindromic
coefficients (studied in [32]) whose expected number of real roots still remains asymptotic
to (2/7)logn, a random cosine polynomial satisfying symmetry of the coefficients ends up

with a non-universal result. In other words,

Theorem 1.2.1 (Farahmand & Li) Letn =2m—1, m € N, and V,,(z) = >_7_; a; cos(jx),
x € (0,2m). We assume that the aj, 0 < j < m—1, are i.i.d. random variables with standard

Gaussian distribution. If the a; are palindromic, i.e., a; = an—j, 0 < j < m — 1, then

E[N, (0, 2r)] = % +Om¥), asn — oo, (1.2.13)

11



Let us reverse the order of the coefficients of V,, and define

n

Vo(z) = Za”—j cos(jx), x € (0,2m).

J=0

It then follows from Proposition 2.1 of [13] that
N,.(0,27) + N,.(0,27) > 2n, (1.2.14)

where ],an(O? 27) refers to the number of zeros of V,, in one period, counted with multiplicity.
This literally shows that if the coefficients of V,, are palindromic, n is the least average
number of real zeros one can expect in (0,27), which is obviously in direct contradiction
with (1.2.13).

To resolve the issue, it is vital to point out that the asymptotic (1.2.13) solely counts the
number of probabilistic real roots, and not those which are deterministic. To begin with, we

observe that if the coefficients are palindromic, we can write

—_

n

3

Vo(z) = Zaj cos(jx) = A a; | cos(jz) + cos(n — j)z] = 2cos(nz/2) V, (z),
where m = (n+1)/2, and
Vi(x):= '_ ajcos(n/2 — j)x.

Let us call N,(0,27) and N;(0,27) as the number of real zeros of V,, and V* in (0, 2m)

respectively. Thus, with this notation, (1.2.13) should have been stated as
n
E[N?(0,27)] = — + O(n®*), asn — oco. 1.2.15
[N (0, 2)] 7 (n") ( )

Now, taking n distinct roots of cos(nx/2) into account, the expected value of the number of

all real zeros of V,, is

E[N,(0,27)] = E[n + N*(0,27)] = n + —= + O0n*4), as n — . (1.2.16)

V3
Remark 1.2.1 We note that Farahmand and Li [35] only considered the case where n is

odd. They mentioned that the same result holds for even n’s without making any further

12



comments, which does not seem immediate at all. Therefore, we give a complete proof of
the asymptotic relation (1.2.16) in the appendix to this manuscript, see Appendix, Theo-

rem A.1, on p. 107.

1.2.4 Kac-Rice’s formula

The Kac-Rice formula is our chief tool to study the number of real zeros of random functions’
asymptotic behavior. The underlying formula on which the seminal Kac-Rice formula is built

is called Kac’s counting formula, see [53, Lemma 1], and is stated as follows.

Lemma 1.2.1 (Kac’s Counting Formula I) Let F' € C'a,b], and assume that F' has

finitely many zeros in (a,b). We define
N*(a,b) = N(a,b) + (x(a) + x(b))/2,
where N(a,b) is the number of zeros of F in (a,b) and

1, if F(x)=0,

k(z) =

0, otherwise.

Then

L1
N*(a,b) = lim —/ L{ir@)<e} (@) | F' ()] dz, (1.2.17)

e—0+ 2¢

where multiple roots are counted only once.

We also note that v, := (1/2¢)1{p(z)<c} converges to Dirac’s J-measure (point mass measure
at the origin) as ¢ — 0, which implies that in each sufficiently small interval I, C (a,b)

containing a zero of F', we have

So(F(2)) |F' ()| da = 1.

Iy,

Thus, summing over all the &, (1.2.17) may be written as
b
N*(a,b) = / do(F(x)) |F'(z)| dz.
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Remark 1.2.2 We can easily extend Kac’s counting formula to find the number of K-level

crossings of function F' by replacing F' with F' — K to obtain

. L1 :
Ni(a,b) = lim —/ Lp(a)-k|<ey(z) [F(2)] dx

e—0+ 2¢
:/ Sk (F(x)) |F'(2)] da, (1.2.18)

where N (a,b) is the number of K-level crossings and df is the point mass at K.

Consider the Dirichlet integral

1 [ si
P.V. —/ sin(ay) dy =sgn(a), a#0,
T J - Yy
and let a = xg < 11 < -+ < Ty < Tpry1 = b, where xq,...,x) are the roots of F'. It is
clear that
/ / cos(yF(x)) |F'(z)| dz dy
Tj+1
=P.V. 2— / cos(yF(x)) |F'(z)| dz dy
™ JJ
1 0o M ZTj+1
=PV. — Z :|:/ cos(yF(x))F'(x)dx dy
2m =0 i—q x;
_ lii{w 1 /oo sin(yF (2j:1)) - sin(yF(x,)) dy}
2¢ T J y
7=0
| M
= 2 3 [se(Flayn)) — san(F(x))] = N*(a.b),
§=0

which leads us to another version of Kac’s counting formula:

Lemma 1.2.2 (Kac’s Counting Formula ITI) If F € C'[a,b] and F'(x) vanishes only at

a finite number of points in (a,b), then

N*(a,b) / / cos(yF(x)) |F'(z)| dz dy. (1.2.19)

An essential contribution to this area was also made by Rice [78, 79], a computer scientist

who is well-known in information theory, telecommunication, and signal processing, shortly

14



after Kac published his pioneering paper having established the counting formula. To in-
troduce the Rice formula, let us consider a real-valued stochastic process {F(x) : = € I}
where [ is an interval. The original Rice formula shows that the expected number of K-level
crossings of a Gaussian centered stationary process with unite variance, in the interval I, is
given by

o VAl e
B[N (D) = Y2

where A, is the second moment of the process. Roughly speaking, by taking expected
value of both sides of (1.2.18), Kac-Rice’s formula gives an explicit integral formula for the

expectation of the number of K-level crossings, namely

EM@Uﬂ:E{Mnlizmw@;“ﬂ@HFMHM]

e—0+ 2¢

. 1
= lim E{2—/1{|F(1)K|<s}($) |F ()] dw}
€Jr

— [ dm [ BIF@IF@) =] preot) dvdo
=[MW@Mﬂﬂ=ﬂmmWM% (1.2.20)

where pr(,) denotes the probability density function for F'. The above is just an upshot of a
more general result known as the k-factorial moment of crossings, see [5, Theorem 3.2 & 3.4].
In particular, the expected number of K-level crossings of a real-valued Gaussian random

function F' is shown to be

E[NK(I)]Z// Y| Pr). @) (K, y) dy dz, (1.2.21)
IJ—o0o

where pp(y) ri(2) denotes the joint probability density for F' and F”, see [5, (3.20), p. 79] or
[29, Theorem 2.1, p. 12].

Among different variants of Kac-Rice’s formula, which are more or less equivalent, for
instance see [1], Chapter 3 of [5], [14, p. 285], and [29, pp. 26-28], for the purpose of this
text we stick to the one proved by Lubinsky, Pritsker and Xie [63, Proposition 1.1]. Using

the counting formula (1.2.19), the authors showed that
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Lemma 1.2.3 (Kac-Rice Formula) Let [a,b] C R, and consider real-valued functions
fi(x) € C'a,b], 0 < j < n. Define the random function F,(x) = Y77 a;fi(x), where
the a; are i.i.d. random variables with Gaussian distribution N'(0,0?). Let

n

A@) =Y (G@PR B@) =Y h@fa)  and  Cola) = 3 (f@)"

j=0
If A, (z) > 0 on [a,b], and there is M € N such that F)(x) has at most M zeros in (a,b)
for all choices of coefficients, then the expected number of real zeros of F,(x) in the interval

(a,b) is given by

E[N, (a,b)] = % / b ‘/A”(x)%a)_ G, (1.2.22)

Remark 1.2.3 It should be stressed that the original statement of the above lemma assumes
that “fy(z) is a nonzero constant” in place of “A4,, > 0 on [a, b]”, a stronger hypothesis than
stated. However, under this slightly weaker condition, 0 < 7, = mingcq An(x) holds, and

the proof is the same.
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CHAPTER I1

RANDOM TRIGONOMETRIC POLYNOMIALS WITH PAIRWISE EQUAL
BLOCKS OF COEFFICIENTS

This chapter discusses the expected number of real zeros of some random trigonometric
polynomials with pairwise equal blocks of coefficients. To begin with, we explore the poly-
nomials 7T;, and V,,, defined in (1.2.5) and (1.2.6) respectively. We show that the expected
number of real zeros of these polynomials in small intervals of length ¢ > 0 is negligible.
Afterward, we discuss two cases of random trigonometric polynomials with pairwise equal
blocks of coefficients, one with adjacent blocks, and the other with only two pairwise equal
blocks.

2.1 Equidistribution and the expected number of zeros in negligible intervals

The study of the number of zeros of the polynomial V, () = } 7_;a;cos(jz), z € (0,27),
with Gaussian coefficients, in a small interval dates back to the very first landmark in the
subject by Dunnage [17, sec. 10, pp. 82-84] and extended shortly after by Das stating “the
probability of V,(z) having an appreciable number of zeros in a small interval t —e < z <
t+e, te(0,2m),is small”, see [15, sec. 2, p. 721]. Thereafter, Jensen’s inequality has been
the essential tool to determine the expected number of real zeros of random trigonometric
polynomials in negligible intervals; for instance see [26], [27], [30], [39], [34], and [35].

When a random trigonometric polynomial has i.i.d. Gaussian coefficients, one can effort-
lessly employ Flasche’s result [40, Theorem 1, p. 3923] to show that, for any n € (0,27) and
e >0,

E[N,(n,n+¢)] = O(ne), asn — oo. (2.1.1)
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This section aims to find an analogous estimate for polynomials 7}, and V,, without worrying
whether the coefficients are independent or not.

As already observed in (1.2.7), real zeros of V,,(x) are in fact the complex roots of an
algebraic polynomial P,,(z) lying on the unit circumference T. Hence in order to reach
our desired result, it is natural to study complex zeros of random algebraic polynomials
P.(z) =327 1,2’ in a very small annular sector containing the circular arc e, t € (n, n+e).

As briefly discussed, see page 5, equidistribution of the zeros refers to
To = fir,  as m — 00.

One can find more on the global limiting distribution of zeros of random polynomials, for
instance, in the works of Ibragimov and Zeitouni [50], Hughes and Nikeghbali [45], and
Ibragimov and Zaporozhets [49]. In particular, it was proved in [49] that for random algebraic
polynomials P, with the a; being complex-valued i.i.d. random variables, E[log™ |ao|] < oo
if and only if 7, — pr almost surely. As we observe in all results addressed above, it
is commonly assumed that the a; are i.i.d. random variables. Pritsker [70] (see also [69])
showed that under assumption that the distribution function of the |a;| meets desirable
growth conditions, 7, — pr a.s., where the a; need not be identically distributed or even
independent. One can study the deviation of 7, from pr through the discrepancy of these

measures in the annular sectors
A(a,p)={z€C:r<|z|<1/r, a<argz< p}, 0<r<l.

Pritsker and Sola [71, Theorem 3.7] considered a random polynomial P, (z), with not neces-

sarily independent coefficients, and proved that the expected discrepancy of roots of P, in
the annular sector A, («, ), namely

? |

decays like y/logn/n. We also note that in the case of deterministic polynomials, which was

b —«
2

(A (o, B)) —

considered by Erdds and Turdn [22], \/logn/n is the optimal order one can obtain. Pritsker
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and Yeager [72] generalized the above asymptotic relation while removing many unnecessary
restrictions. Herein, we quote one of their results on the rate of convergence for the expected
discrepancy, which is vital to obtain our intended result on the number of real zeros of

random trigonometric polynomials with dependent coefficients.

Lemma 2.1.1 (Pritsker & Yeager) Let P,(2) = Y. ja;,2', n € N, be a sequence of
random polynomials, where a;,, are complez-valued random variables. For a fized t € (0, 1],
of

M = Slé}[N) {E[la;,|"]: 0<j <n} < oo,

and
L := inf {E[log |aj.[) : j = 0,n} > —oo,
then
E| |m(4 (0 8) - 22 | =0/ B2), asn— (2.1.2)
(Ao, o — - , n o0, A

where the implied constant (in big O notation) depends only on r,t, M and L but not on n.

So, we are in the position to claim that the expected number of real roots of polynomials

V,, and T,, remains comparatively small in negligible intervals.

Lemma 2.1.2 Let V,(z) = > 7_a;cos(jx) with the a; being random variables, not neces-
sarily independent, with Gaussian distribution N'(0,0%). If a € (0,1/2) is fized, then for all
d € [0,27), we have

E[N, (5,0 +n~%)] = O(n'™"), asn — oo,
where the big O is uniform in 9.

Proof. Without loss of generality, let us set ¢ = 1. It follows from (1.2.7) that V,(z) =
27" Py, (2)/2, where z = €@ and P, is a random polynomial of degree 2n with coefficients

defined as 1y = 2ap and 7; = n_; = a;, 1 < j < n. Therefore, for 1 < j < n,

E[no]]

20 = E[[n;]] = E[ln—;]

0 o=t?/2 |t|dt / *tQ/tht 2
m

—00
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and

o=’/ Jog |t| dt
oo V2T
e~/ |og(t) dt _ —y —log2

0 vV 2 2

where v = — [[7 e "log(t) dt is Euler-Mascheroni’s constant. Now, applying Lemma 2.1.1

E[log|n-n|] =E[logn.|] =

~ —0.63518,

while setting t =1, r=1/2, a = § and § =6 + n~?, we have

? |=o(5)

—a

n
2

Tgn(A1/2(5, ) + n_a)) —

which implies that

E[2n 75,(A12(0,6 + n~%))] = O(y/nlogn) + O(n'~*) = O(n' ™).
Let N,(-) and N5, (-) denote the number of zeros of V,, and P, respectively. Since (9,6 +
n=%) C Ay12(,0 +n7%), it is immediate that
E[Nn(é, 1) + n*a)] g ]E[N;n(Al/g((s, ) —+ n*a))}
=E[2n72,(A12(6,6 + )] = O(n'™), asn — oo,

where this estimate is uniform in ¢ since all r, ¢, M and L are fixed. [ |
In a similar way, one can show that

Corollary 2.1.1 Let T, (x) = > 7 ajcos(jx) + b sin(jz) with the a; and b; being random
variables with Gaussian distribution N'(0,0?). If a € (0,1/2) is fized, then for all & € [0, 27),

we have

E[N, (5,0 +n"%)] = O(n'™*), asn — oo,

where the big O is uniform in §.

Proof. Again, for simplicity let o = 1. Similar to (1.2.7) and setting z = €', we can write

27" Py, (2)

T,(z) = 5 )
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where Py,(z) := Y 1 mpz"™ with

2@0, lfj: y
Ny =mnN-j =
aj—ibj, 1f1<]<n

It is then clear that E[|ng|] = 24/2/7, and for 1 < j < n,

Elln;|] = Elln-;[} < Eflay[] + E[lo;]] < 2\/?

and

—v —log2
E[log|n-n|] = E[log |n.| | > E[log(max{|as|, [ba[})] = — 5
which imply that M < oo and L > —oo. The rest of the proof remains the same as in the

proof of Lemma 2.1.2. [ |

2.2 Random trigonometric polynomials with equal adjacent blocks, and only

two equal blocks

Our primary motivation behind the study of roots of random trigonometric polynomials with
pairwise equal blocks of coefficients is that the expected number of real zeros of a random
cosine polynomial with palindromic coefficients is not universal any longer, i.e., it deviates
from 2n/+/3. More precisely, as we see in (1.2.16), in such a case, one should expect about
36.6% more real zeros than in the classical case where the coefficients are i.i.d. Gaussian
random variables that are centered with unit variance. This naturally raises the question of
whether the expected value of the number of real roots remains universal if the coefficients are
sorted and identified in different ways. In other words, we would like to know how strongly
dependent the coefficients should be to force the expectation to become non-universal, how
arranging the coefficients in blocks with a specific length changes the expected number of
real zeros and what this length has to do with that expectation. As observed and expected

by the author, a random cosine polynomial with adjacent coefficients, namely as; = agj1,
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asymptotically has the same expected number of real zeros as the classical case. Since each
coefficient by itself can be seen as a block of unit length, it is reasonable to investigate the
number of real zeros of a random trigonometric polynomial whose coefficients are ordered in

blocks instead.

Definition 2.2.1 An (-tuple (a;, ait1,-..,a;+0—1) is called a block of coefficients of length
‘.

The first model we consider is the one where successive blocks of coefficients are pairwise
identified. In particular, we show no matter what the length of these adjacent blocks is, the
expected value of the number of real zeros is universal as if the coefficients were independent
in the first place. The construction goes as follows:

Fix / € N, and let n = 2m — 1+ r, m € Nand r € {0,1,...,2¢ — 1}, namely r is the
remainder and m is the quotient of dividing n + 1 by 2¢. We sort the coefficients in 2m

blocks of length ¢ in the following fashion. Assume

2m—1
A: (ao,al,...,an) = U AiUAT,
=0
where A; := (ag, apiy1, - -, apre—1), and
- 0, if r =0,
A, =
(CLQKma s 7a26m—1+1")a if 1 ST < 20— 1.

In other words, the set A, varies in size from empty to having 2¢ — 1 elements and comes in
the end of A. We further assume that the adjacent blocks are identified, i.e., Asj11 = Ay,
0 < j < m—1. In the following theorem, we prove that under these assumptions, the
expected number of real zeros of V,, asymptotically stays unaltered as 2n//3 regardless of

the size of the blocks.

Theorem 2.2.1 Fiz { € N and let n = 2m —1+7r, m € N, and r € {0,1,...,20 — 1}.

Assume Vi, (z) = 377 a; cos(jx), x € (0,27), and U;n:_ol Ag;UA, is a family of i.i.d. random
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variables with Gaussian distribution N'(0,02). For 0 < j <m—1and 0 < k < 0 — 1, we

further assume agpjyork = Qoej+k, 0 other words, Agjiq = Agj. Then

E[N,(0,27)] = 2—\/% +0(n*?), asn — oo,

where the implied constant (in big O notation) only depends on (.

Similarly, let

2m—1
B = (by,by,....bn) = | J B;UB,
=0
where B; := (bgi, bris1, - - -, brige—1), and
~ 0, if r =0,
B, =

(batmy -+ s bagm—14r), 1 <r<20—1.

We can also show that the above result also holds for random trigonometric polynomials
T,. To put it in a nutshell, the expected value of the number of real zeros of a random

trigonometric polynomial with adjacent blocks of coefficients is universal.

Theorem 2.2.2 Fiz ¢ € N and let n =2lm —1+7r, m € N, and r € {0,1,...,2¢ — 1}.
Assume T, (z) = 7 ajcos(jz) +b;sin(jz), z € (0,27), and U;”:_OI(AQJ-UB2J-)U(ATUB) is
a family of i.i.d. random variables with Gaussian distribution N'(0,0%). For 0 < j <m —1,

we further assume Agji1 = Agj and Baji1 = Byj. Then

2
E[N,(0,27)] = 7% +OnY?), asn — oo,

where the implied constant depends only on .

The second case to be studied is even more extreme because the set of random coefficients

is composed of only two identical blocks. Let A = (ag, aq,...,a,) = AgU Ay U A, where

Ao = (ag, a1, -, amy21-1), A1 = (Qny2], Afnj21 415 - - -5 G2[n/2]-1),
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and

N 0, if n is odd,
A=

(a,), if nis even.
We prove that if the condition A; = Ag is imposed, the asymptotics of the expected number

of real zeros of V,, is no more universal.

Theorem 2.2.3 Let V,,(z) = > 7 jajcos(jz), n € N, and x € (0,27). Assume Ag U A is
a family of i.i.d. random variables with Gaussian distribution N'(0,02). For 0 < j < m :=

[n/2] — 1, we further assume a;in/2) = a;, that is, Ay = Aq. Then

E[N,,(0,27)] = (% + @)n +0(n*?), asn — oo,

2v/3

where the implied constant depends only on .

In a similar fashion, we define B = (b, by, . .., b,) = By U B; U B with

By := (bo, b1, ... byny21-1),  Bi= (bras2), brny2141, - - -, bapny21-1),
along with

- 0, if n is odd,
B =

(bn), if n is even.
We observe that the above result is also valid for polynomials T;,, i.e.,
Theorem 2.2.4 Let T,(z) = Y7 a;cos(jx) + bjsin(jz), n € N, and z € (0,27). Assume

AyUByUAU B is a family of i.i.d. random variables with Gaussian distribution N(0,02).

[f Al = AO and Bl = Bo, then

E[N,(0,27)] = (% + %)n +0((n*?), asn — oo,

where the implied constant depends only on £.
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2.3 Proofs

In this section, we only give the proofs of Theorems 2.2.1 and 2.2.3 since they are more
challenging. The proofs of Theorems 2.2.2 and 2.2.4 are much easier due to the appearance
of many cancellations, and they employ precisely the same machinery as those of Theorem
2.2.1 and 2.2.3 and are therefore omitted. Before proving the first theorem, we need a handful

of lemmas that are pretty useful for what comes.

Lemma 2.3.1 Fiz ¢ € N\ {1} and define uy(x) :=sin(fx)/lsin(z), x € [0, 7], then
lu(x)| < 1, = €[0,7],

where the maximum is attained only at the endpoints x = 0, 7.

Proof. Let f(y) = Ty(y), y € [—1,1], be the ¢-th Chebyshev polynomial of the first kind,
namely Ty(y) := cos(farccos(y)) on [—1,1]. It is clear that f(y) is a polynomial of degree ¢
and |f(y)| < 1. It is also known that

d

f/<y) = @Te@) =0Up1(y),

where U,_1(y) is the Chebyshev polynomial of the second kind defined as

Urs(y) = sin(¢ arccos(y))

< L
sin(arccos(y)) ’ g

Now, f meets all the hypotheses of Markov’s inequality for algebraic polynomials, see [74,
Theorem 15.1.4, p. 567], that is, f is a polynomial of degree at most ¢ on [—1,1], and

|f(y)| < 1. Hence Markov’s inequality for algebraic polynomials implies that
Wl =0 ) <2yl <L
and the upper bound is achieved only at y = +1. In other words,
U ()| <€yl <1,

and the upper bound is achieved only at y = 4+1. This concludes the proof if we set

y = cos(x). |
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The next lemma we wish to discuss here gives us a fairly nice estimate for the sum of the

trigonometric functions and their derivatives.
Lemma 2.3.2 Fiza € (0,1/2) andp € N and let z € E = [m~ % 7n/p —m~ %, m € N. For
A=0,1,2, we define
\(p,m, ) Z] cos(2pj)x, and Qx\(p,m,x) Z] sin(2pj)x
Then
P\(p,m, ), Q\(p,m,z) = O(m ), asn — oo,
where the implied constant depends only on p.

Proof. Tt follows from [42, 1.341(1,3), p. 29] that, for p # 0, r € N and z € (0,7),

r—1

Z cos(2pj + q)x = sin(rpe) C:i(liz;x_) Dp + q)x7 (2.3.1)

and

S sin(2pj + q)x = sin(rpz) sin((r — 1)p + q)m'

= sin(pz)

(2.3.2)

By (2.3.1), we have

Sin(mpx) cos(m — 1)px
sin(pz)

Py(p,m, x) Z cos(2pj)x = O(m?),

where the last estimate is reached by the fact that csc(pzr) = O(m?) on E. It is also easy to

check, while employing (2.3.2), that

Pi(p,m, ) = %(M) _ izw

2p dx s 2p
_d (sin(mpx)sin(m — 1)px
de ( 2p sin(pa) )
_ mpcos(mpz) sin(m — 1)pz
B 2psin(px)
(m — 1)psin(mpz) cos(m — 1)px
2psin(px)
psin(mpz) sin(m — 1)pzx cos(pz)
- 2psin?(px)

= O(m') + O(m**) = O(m*'*™*).
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Similarly, by taking derivative of Q,(p, m,x), we can show that Py(p, m,x) = O(m?T), as

m tends to infinity. The proof of estimates for the @), is alike. [ |

Corollary 2.3.1 With the above assumptions, let

m—1 m—1
Ry(p,m,x) := Zj’\ cos(2pj + 1)z, and Sy(p,m,x) Z] sin(2pj + 1)z.
=0 =0

Then, from the preceding lemma, we have
R)\(pama :E)v S)\<p7 m, ‘1.) = O<m/\+a)7 as n — 0.

2.3.1 Proof of Theorem 2.2.1

Before we prove Theorem 2.2.1, we need a lemma. Keep in mind that in the following lemma,

the implied constants (in big O notation) depend only on £.

Lemma 2.3.3 Fiz { € N and set n = 2¢m — 1, m € N. Let us define

H
~

1
Qggjrk cos(20] +£/2 + k)x,
0

m—

el
I

7=0
where the asy;.y. are i.i.d. random variables with Gaussian distribution N'(0,0?). For a fived

€ (0,1/4), we define Eq = [0, /(] \ Fy with
Fo=10,n""U(r/20 —n"*7/20 +n"*)U(n/l —n~* /L.
Then

(1). 0<Afl(x):%+(’)(n“), as n — oo and x € Ej,
(2). Bi(x) =0(n'"), asn— oo and z € Fy,
(3). Ci(x) :E+O( n?t®), asn — oo and z € Fy,

where A% (x), B! (z) and C(x) are defined in a similar way as in Lemma 1.2.5.
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Proof. 1t is trivial that

n

Al (x) = cos?(205 + £/2 + k)x > cos®({x/2) > x € Ej.

3 O
H
T
—

—1 =1
_n+1  Ry(2,m,(x) So(2,m, lx) _
= + 5 Z cos(2kx) —a Z sin(2kx).

Hence the boundedness of Zf;_:t cos(2kx) and Zi_:t sin(2kx) along with Corollary 2.3.1 gives

that
n(l+ O(n='t))
4 Y

A% (z) = % + O =

Proof of (2). We observe that

as n — oo and z € Ej. (2.3.3)

m—1 £—1
Bi(x)=—>_ > (205 +£/2+ k) cos(20j + £/2 + k) sin(2(j + (/2 + k)x
j=0 k=0
1 -1 4-1
2

Z 205+ 0/2 + k) sin((4 + 1)0 + 2k)x
k=0
—1

3
’_‘H
N

(65 + €/4+ k/2)[sin(4j + 1)z cos(2kx) + cos(4j + 1)lx sin(2kz)]

DM

7=0 k
So(2,m, lx) — So(2,m, lx) —
E(Sl 2,m, lx) T) Zcos(?kx) B — chos(2kx)
k=0 k=0
0(2,m, lx) 2,m, lx)
— 0| Ri(2,m, lx) + >Zsm (2kx) Ro(2,m, (z) 5 stm 2kx).

Thus, Corollary 2.3.1 implies that

Bi(z) = O(n'™*), asn — oo and z € Ej.

n
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Proof of (3). We see that
—1 -1

> (205 + /2 + k)? sin® (205 + £/2 + )z

k

[

Cr(z) =

o

<
I
S O

(]

—_

-1

3

(205 +€/2 + k)*[1 — cos((4j + 1)€ + 2k)z]

<
Il
o
~ >

(]

= o

3
L

(205 +£/2 + k)?

<
Il
o
Bl

0
—
Z(%j +€/2 + k)? cos(4j + 1)fx cos(2kz)

3
|

N[ —

<

— O
~
= o

3

+ (205 + £/2 + k)?sin(45 + 1)fz sin(2kz).

DN | —
B
[en}

=0

It is clear that Zi;h k* is bounded for A = 1,2, and Z;?:Olj = O(m?). Thus, it is quite

easy to check that

m—1 (-1
SO @+ /2 + k)
=0 k=0
m—1 .
=0 (45+1) 203 -302+1¢
22{53(4j2+2j+1/4)+< )2(“ ) 4 -
=0
m—1
403(m — 1)m(2m — 1)
= 4¢° O(m O(m?
jzo 72+ 0m*) = ; +O(m?)
3,3 3
= 4€3m +O(m?) = =+ 0m?)
Next, we observe that
—14-1
(205 4+ £/2 + k)? cos(4j + 1)lx cos(2kx)
=0 k=0
m—1 ¢—1
= (45 + 25 + 1/4)0° + (4] + 1)lk + k*] cos(4j + 1)l cos(2kz)
=0 k=0
Ry(2,m, lx) —
= (? {4}32 (2,m,lx) +2R1(2,m, lz) + O’T’] Zcos(Qkx)
-1 ) -1
+ (4R, (2, m, lx) + Ry(2,m, lx)) Z k cos(2kx) + Ry(2,m, lx) Z k? cos(2kx)
k=0 k=0

= O(m*t) = O(**),
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where the next to last equality is obtained by applying Corollary 2.3.1, and the fact that

f;;t k* cos(2kz) is bounded for A = 0, 1, 2. Similarly, we have

—_
~

-1
(205 + £/2 + k)?sin(4j + 1)lz sin(2kz) = O(n*™).
0

3

I
o
el
I

J

Putting these estimates together, we have

Cix) = 7;—2 +O(n**), asn — oo and x € Ep,

as desired. u

Proof of Theorem 2.2.1. We start with the simplest case when r» = 0, that is, n = 2¢m — 1.

For z € (0,27), we see that

x) = Z a;j cos(jx)

m—1 £—1

Z A20j+k cos(%j + k)x + cos(20j + L+ k)x } = 2cos(lx/2) V) (z),
Jj= 0

~

TT

where

3
L

—1
V¥ (z) == Aopj+k COS(205 + 0/2 + k).
j 0
and N(-) be the number of real zeros of V,, and V*

i

—_ ©

iz
Let us fix a € (0,1/4) and let N, (-

respectively. It follows from Lemma 2.3.3 that

A (x) = A (2)Cr(2) — B (2)* = ¢ . O(n™*)

48
H{1+O0m e
U ( 4E§n )), as n — oo and z € Ey. (2.3.4)

So, (2.3.3) and (2.3.4) as well as Lemma 1.2.3 (Kac-Rice’s formula) give

E[N;(Ep)] A*
(1 +O( ) o
T Jg, V3(1 4+ O(n-1+2))
~ n+0(n?) B (
\/57'[‘ ‘EO| -
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Let Ey, = Ey + kn/l and Fy, = Fo + kn/l, 0 < k < 20 — 1. In the same way, we can show

that

[N (Ey)] = %

Furthermore, Lemma 2.1.2 helps us write

+0(n'™), asn — oco.

E[N, (Fi)] < E[No(Fi)] = O(n'™?).
Thus, for 0 < k <20 -1,

E[N;[kx/t, (k + 1)7/0)] = é + O, asn — .

Therefore,

20—1

E[N;:(0,27)] = Z E[N;[kn/C, (k+ 1)7 /€] = % +0(n'™), asn — oco.

Now, taking ¢ distinct zeros of cos(¢x/2) into account, we have

E[N,(0,27)] = E[f + N*(0, 27)] = % +OM), asn— o (2.3.5)

Note that the above result holds for n = 2¢m — 1. To generalize this result, we also need to
study the expected number of real zeros of the polynomials V.1, V,iio,..., Vo1, where

n = 20m — 1. For z € (0,27), we can write
Vos1(x) = Vo (2) 4+ apyr cos(n + 1)ax = 2cos(bx/2) Vi (x) + ayyq cos(n + 1)z

It is natural to estimate A, 1, B,+1 and C, 41 in terms of A}, B and C; whose asymptotic

estimations are already given in Lemma 2.3.3. In fact,

Api1 (1) = dcos?(lx/2) A% (x) + cos®(n + 1)z,

Bpy1(x) = —20sin(lx/2) cos(lxz/2) AL ()

+ 4 cos®(0x/2) B (x) — (n + 1) sin(n + 1)z cos(n + 1),
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and

Cri1(z) = P sin®(Lx/2) A% (z) + 4 cos® (L /2)C (z)

— 4lsin(lx/2) cos(fz/2) B (x) + (n + 1)?sin®*(n + 1)z
Thus,

Ani1(2) = Ang1(2)Crpa(2) = Bupa(2)? = 16 cos (bx/2) A, ()
+4(n + 1)%sin2(n + 1)z cos?((x/2) A% (x) + (2 cos®(n + 1)z sin®((x/2) A% (z)
+4cos?(n + 1)z cos?(£x/2)C% (x) — 20 cos?(n + 1) sin(fx) B (x)
— ((n+ 1) sin(2n + 2)a sin(fz) A% ()

+4(n + 1) sin(2n + 2)z cos*(fx/2) B (x).
Let y = /¢ —n~% Tt is clear that
|cos(£z/2)| = |cos(ly/2)| = sin(dn"*/2) = In~"/7, x € Ey,

which implies that sec(¢x/2) = O(n®) on Ey. Now, this fact along with Lemma 2.3.3 and

(2.3.4) helps us to write

A,i1(7) = 16 cos*(lx/2) A% (z) + O(n?)

_ rteos'(la/2(1+0m) | o
3
_ n* cos?(£z/2) (1 + O(n™*) + O(n~111))
3
_ n cost ((x/2) (1 + O(n_1+4a))

3 ?

as n — oo and x € Fj,

Comparably, we see

App1(x) = dcos®(lx/2) Ax (z) + O(1) = ncos®(fz/2) + O(n®)

=ncos’({z/2)(1+ O(n~""*")), asn — oo and z € E.
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Thereafter, applying Kac-Rice’s formula gives us

E[ n+1 EO \/ n+1

(1 +O( ) o
o \/‘<1 _I_O(nflJrQa))
n(1+ O(n=tr))

= \/57‘[‘ ‘E0|

(n + O(n4a)) (7r/€ + (’)(n‘“))
V31

———l—O( Y+ O, asn — oco.

V30

Now, we use Lemma 2.1.2 and observe that

E[N, 1[0, 7/0]] = —% + O(n'9) + O(n'9), asn — oco.

V30

Recall that a € (0,1/4). Thus, the most efficient estimate occurs at a = 1/5, which implies

that

E[N, 1[0, 7/¢]] = % +OmY%), asn— oo

Likewise, for 0 < k < 2¢ — 1, we obtain that

B[N, [k /L, (k + 1) /(] = % +OM*%), asn — oo

Hence taking sum over k’s, we get the desired result

201
E[Np41(0,27)] = Z E[Npi1lkm/l, (k+ D) /l]] = % +O(n*®), asn — oo.

We can replicate this method to show that

E[Nn—l-%—l(oa 27T)] == E[NTH-?(OJ 27T)]
2n
= E[N,.1(0,27)] = == + O(n*®), asn — oc.
V3
Now, setting a = 1/5 in (2.3.5) finishes the proof. |
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2.3.2 Proof of Theorem 2.2.3

To prove Theorem 2.2.3 we follow the same procedure as in the proof of Theorem 2.2.1, by

estimating the auxiliary functions A}, B} and C;.

Lemma 2.3.4 Assume n € N is odd, and set m = (n —1)/2. Let
Vi(z) =) ajcos(j+ (n+1)/4)z,
j=0
where the a; are i.i.d. random variables with Gaussian distribution N'(0,0?). For a fived
a € (0,1/4), we define E = [0,n] \ F with F' =1[0,n"*) U (7 —n~* 7]. Then

(1). 0<A2(m):%+(9(na), asn — oo and x € E,

(2). Bi(x) =0O(n't), asn-—ooandx € F,

. 13n3

+O(n*™), asn—ocoand z € E,
where A% (x), Bl (z) and C!(x) are defined in a similar way as in Lemma 1.2.5.

Proof. We first show that A7 > 0 on E. It is clear that

Ar(x) = Zcosz(j +(n+1)/4)x = % +3 cos(2j + (n+1)/2)z.
=0 =0

We use (2.3.1) and observe that

m+1 cos(nz)sin(m + 1)x
2 2sin(x)
- m+1 cos(nz)sin(m + 1)z
2 (1 (m + 1) sin(x) )
~ (m A+ 1)1 + Uy (x) cos(nx))
5 ;

() =

where

sin(m + 1)z
m + 1) sin(z)’

U1 (x) = (
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As a direct application of Lemma 2.3.1, it is immediate that |u,,11(z)| < 1 on E which

points out that A¥ > 0 on E. It is achieved without great effort that

A:;(x):Zcos j+n+1)/4)x %Z 1+ cos(2j + (n+1)/2)z]

m+1 cos( n—|—1 )z /2) sin((n + 1)z/2)
= -+ Z_: s(2jz) — ) ;sm 2jx)
_n+1 N cos((n+ 1)z/2) Py(1,m+ 1,2) sin((n+ 1)z/2) Qo(l,m + 1, )
T4 2 B 2 '

Once more Lemma 2.3.2 gives us

n(l+0(n=))

A (x) = g +O0(n*) = 1 , asn—ooandzx € E. (2.3.6)

Proof of (2). We write

Z j+ (n+1)/4] sin(j + (n+1)/4)z cos(j + (n+1)/4)z

—Z J+ (n+1)/4]sin(2j + (n+1)/2)z

Jj=

l\')>—‘

= —cos((n+ 1)z/2) Z [7/2 4 (n+1)/8] sin(2jz)

j=0

—sin((n + 1)z/2) i [7/2 4 (n+1)/8] cos(2jz)

= _COS((n+1>$/2)(Q1(1 TT;-i-l ,T) N (n+1) Q0(81,m+ 173;))
_Sin((n+1)x/2>(P1(1,m2+ 1,z) N (n+1)P0(81,m+1,x)).

Thus, using Lemma 2.3.2, we have the following estimate

Bi(z) = O(n'*), asn —ocandx € E.
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Proof of (3). To estimate C, we see

Cr(z) =

NE

[+ (n+1)/4]sin®(j + (n + 1) /4)z

o

.

Z j+ (n41)/4]*(1 = cos(2j + (n + 1)/2)z)

l\.’)l»—l

I

o

[7/2+ (n+1)j/4+ (n+1)?/32]

Ms

—cos((n+1)x/2) [77/2+ (n+1)j/4+ (n+1)?/32] cos(2jz)

[e=]

J

+ sin((n + 1)m/2)

Ms

[7°/2+ (n+1)j/4+ (n+1)*/32] sin(2jz).

<.
Il
=)

A basic computation shows

[7/2+ (n+1)j/4+ (n+1)*/32]

M

<
Il
o

mim+1)2m+1) (m+Dmim+1) (n+1)2*(m+1)
12 - 8 * 32
13n3

— 2
= Jo2 + O(n?).

Moreover, applying Lemma 2.3.2 gives

Z [72/2+ (n+1)j/4+ (n+1)*/32] cos(2jx)

7=0
P(1,m+1,2) (n+1DP(I,m+1,2) (n+1)?Py(l,m+1,2)
B 2 * 4 - 32

= O(n**).

Similar computations give us

Z [72/2 4 (n+1)j/4 + (n + 1)2/32] sin(2jz) = O(n**).

=0
Hence
3
. 13n

“(z) = 107 +OMm**), asn—oocandx € E,

as required.
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Proof of Theorem 2.2.3. We provide the proof through two steps based on n being odd or
even. As a matter of fact, the proof is straightforward for odd n due to the abundance of

deterministic zeros.

First case: Assume n is odd and let m = (n — 1)/2. For x € (0,27), observe that

Vn@) =

ajcos(jx)

M-

0

J

a;[ cos(jz) + cos(j + (n +1)/2)z] = 2cos((n+ 1)z/4) V. (z),

Il

<
Il
o

where

V() = Zaj cos(j+ (n+1)/4)x.

=0

Suppose N, (-) and Nj(-) are the number of real zeros of V,, and V" respectively. Let

a € (0,1/4) be arbitrary and fixed. We use the estimates given in Lemma 2.3.4, and observe

that
1 4
A3(r) = A (@) i) — By(a)’ = o + O(*™)
1304 (1 + O(n~"+e
= nt(1+O(n )), asn — oo and x € E. (2.3.7)

768

Therefore, (2.3.6) and (2.3.7) as well as Kac-Rice’s formula (Lemma 1.2.3) suggest that
)

1 \/_n(l +O(n~19) o
g 4V3(1+ O(n-1+e))
_ VIBn(1+O(n )
B 437
_ (VB t 0n®) (r + O0(n*))
437

+ 0™, asn — oco.

|E]

_ VT
L

Afterward, Lemma 2.1.2 guarantees that E[N(F)] = O(n'™), giving us

VT
2/3

E[N;;(0,2m)] = 2E[N;(0,7)] = +0(n'™), asn — oco.

37



In consequence, adding (n+1)/2 distinct zeros of cos((n+1)x/4) to the above estimate gives

E[N,(0,27)] = E {”TH + N (0, 2@}

(1 VI
—(fm

Second case: Assume n is even, and a € (0,1/4) is fixed. To study the expected value of

>n +0(n'™), asn— oco. (2.3.8)

the number of real zeros of V,,, we start from the case of odd n and consider the polynomial

Vo1 instead. For z € (0,27), we see that
Vig1(x) = Vo(x) + apy1 cos(n + 1)z
=2cos((n+ 1)x/4) V.)(x) + apy1 cos(n + 1)x.

*

It is then easy to compute A,,11, B,4+1 and C,41 in terms of AY, B} and C} whose asymptotics

are already described in Lemma 2.3.4. In fact, we have

Apy1(z) = 4cos*((n + 1)z /4) A% (x) + cos®(n + 1)z,

Bpii(x) = —(n+ 1) sin((n + 1)z /4) cos((n + 1)z /4)A;, ()

+4cos’((n+ 1)z /4)Bi(x) — (n+ 1) sin(n + 1)z cos(n + 1)z,
and
Cri1(z) = ((n+1)/2)sin*((n + 1)z /4) A% () + 4cos®((n + 1)x/4)Ck (z)
—2(n+ 1)sin((n + 1)z /4) cos((n + 1)x/4) B} (x) + (n + 1)*sin*(n + 1)x.

Let

ot i= 4k +2)7/(n+1), keNuU{0},

and Z be the set of all the z}™, which are in fact the roots of cos((n + 1)z/4) lying in E.
It is then easy to count and see that we possess n/4 + O(n'~?) of such almost zeros. We

want to capture the reader’s attention that, in this case, the integrand in Kac-Rice’s formula
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obeys different asymptotics depending on the proximity of these so-called almost zeros. For

each 2} € Z, we define
Jp = [gp" = 2r/(n+ 1), 2" + 21/ (n + 1)).

It is obvious that = € J; can be written as x = 2} +47u/(n+1), for some u € [-1/2,1/2).

This helps to express A, 11, Bni1 and C,41 explicitly as functions of u. In fact, for x € Ji,

we obtain
Apyi(7) = 4sin®(7u) A% (z) + cos? (47u), (2.3.9)
B i1(z) = (n + 1) sin(7u) cos(mu) Ay (x)
+ 4 sin®(7u) B (z) — (n + 1) sin(4mu) cos(4mu),
and

Cpir(r) = ((n +1)/2)? cos®(mu) A% (z) + 4 sin® (7u)C* ()

+2(n + 1) sin(7u) cos(mu) B (z) + (n + 1)* sin®(47u),
which allow us to compute

Api(2) = Apsr (2)Crsa () = Bupa(2)?
= 16sin’(mu) A% () + 4(n + 1) sin®(ru) sin® (4mu) A% (2)
+ ((n+ 1)/2)? cos® (ru) cos® (4mu) A% (z)
+ 4sin®(mu) cos® (4mu) Cii(z) + 2(n + 1) sin(7u) cos(mu) cos® (4mu) B ()
+2(n + 1)2 sin(mu) cos(mu) sin(4mu) cos(4mu) A% (z)
+ 8(n + 1) sin®(7u) sin(47u) cos(4mu) B (). (2.3.10)

Our main objective is to prove that as n goes to infinity, on average, one root should be

expected as we approach the :1:2“, namely u gets close to 0, which hence invites us to label

these points as almost zeros.
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As the first step, we approximate the number of real zeros of V,,;; while keeping enough

distance from these almost zeros. To do so, we define

! n+1 —1—a n+1 —1—a n+1
L= [af =07 i 0], et e Z,

U= |J I, and G=E\U.

IZ'HEZ
Keep in mind that if z € G,

n+1 —1— —
|z — |(n+1)>n1a(n+1)>na‘
47 47 47

jul =

Thus,

1 1

|sin(7u)| ~ 2|ul

< 2mn?,

which implies that csc(mu) = O(n®) on G. With this fact in mind and using Lemma 2.3.4

and (2.3.7), we can estimate (2.3.10) as

Apii(z) = 16sin*(mu) A (z) + O(n?)

13 4gin? 1 O —1+a
13n* sin4(7ru)(1 + O(nflJra) + O(n—1+4a)>
48

13n* sin* 14+ O(n~1tie
_ on s (WU)<48 (n )), asn — oo and x € G.

Comparably, we estimate

Apii(x) = 4sin®(mu) A% (2) + O(1)

= nsin®(ru) (1 + O(n~""?")), asn — oo and z € G.
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Inserting these two estimates into the Kac-Rice formula gives

\/ n+l

n+1

1 vf_n(1+%90r4+“0)d$
¢ 4V3(1+ O(n~1+2))
B \/ﬁn(l + O(n—1+4a)>
B 437
_ (V13n + O(n'®)) (7 + O(n™%))
437

+O0(n*) +0(n'"), asn— co.

E[ n+1

|G

_ Vi
i

In addition, it follows from Lemma 2.1.2 that

V13n
43

The fact that a € (0,1/4) suggests that we may achieve the best possible estimate if we set

E[N,+1(GUF)| = +0O(n*) +0(n*), asn— co.

a=1/5. Hence

V13n
4v3

where G = E\ U and U = Upntiez I, with I}, = [27T" — n75/5 27" + n=8/5] are defined as

E[N,1(GUF)] = (n*?), asn — oo, (2.3.11)

above while setting a = 1/5. In order to reach our desired result, we need to prove
E[N, ., (U)] = % +OM*%), asn — . (2.3.12)

Recall that we have n/4 + O(n*/°) of the intervals I}, in (0, 7). Therefore, it suffices to show
E[N, 1 (I)] =1+ O0(n""?), asn— oo.

Equivalently, we intend to prove
E[Nyy1(Ii)] = % +0(n™ %), asn — oo, (2.3.13)

where

]k — [ZL‘Z—H Z—H + n—6/5]7
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and (2.3.13) does not depend on the choice of k. We divide the I, into four subintervals

_ n+1 —5/4 n+1 —6/5 . n+1 —13/10 n+1 —5/4
Ipa = [z +n ) /}, Io= [z}t +n /10 gntl g /},

1, —17/10 _ntl . —13/10 1 ntl 17/10
Lig = [apth 4071700 a0t 4 0] and Iy = [t aptt 4]

We study the expected number of real zeros in each subinterval separately. For ¢ > 0, we

also define
Lore = [x2+1 —|—n’5/4+5,x2+1 _i_Tffs/ﬂ7 and I, = [ ntl 4 13/10 n+1_|_n75/475].
First, we show that
E[Npi1(Ii1)] = O(n~Y%),  asn — oo. (2.3.14)

If z € I}1.., one can check that sin(mu) = O(n~'/?) and csc(ru) = O(n'/4~¢). Hence we can

rewrite (2.3.9) as

Apii(z) = 4sin®(ru) A% (2) + O(1) = nsin®(ru) + O(1)

= nsin®(ru) (1 + O(n’lﬂ’%)), asn — oo and x € I ..

In a similar way, we estimate (2.3.10) and obtain

13n* sin*(7u)

A1 (z) = 16sin*(mu) AX (z) + O(n?) = 18

13n* sin(7u) (1 + O(n=*
_ ( )4(8 ( )), asn —ooand x € [j..

+O(n®)

Therefore, Kac-Rice’s formula gives us

E[Nnpi1(Ikne)] = \/T
B 1/ \/_n(1+0(n—46))
— . 4\/5(1_’_0( _1/2—26))
B (1+0(n*)) \/_n
a T I e 4\/—

= (1+0(n))0(n) O(n™%%), asn — cc.
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Now, (2.3.14) holds by letting e — 0.

Second step requires showing that
E[N,i1(Ii2)] = O(n~ %), asn — oo. (2.3.15)

If # € I},5., we observe that sin(ru) = O(n~/47¢) and csc(ru) = O(n*1°). Plugging these

estimates back into (2.3.9) and (2.3.10) gives us

Apii(x) = 4sin®(mu) A% (z) + O(1) = nsin®(ru) + O(1)

= nsin®(mu) (1 + O(n%)), asn—ocoand z € I,
and

A (x) = ((n +1)/2)% cos®(mu) cos?® (4mu) A% () + O(n*~*)
_ nPcos?(mu) cos® (4mu) 3 o
= 16 + O(n°~)

3 2 2 4 1+O —2e
_ e () cos (176m)( (n )), asn —ooand x € [o,.

Therefore, by Lemma 1.2.3 (Kac-Rice’s formula), we have

E[NnJrl [k2s - n+1

Ik2€ n+1

dx

1 / n3/2 |cos(7ru)| |cos(4mu)| (1 + O(n—2a))
I 2. 4TlSH1 ( )( +O( _2/5))

1 nl/? (1 + O(n*%))
ST /IH 4sin®(mu) (1 4+ O(n=2/%)) e

d
= (1+0(n %)) O(nl/Q)/ +, as n — 0o.
L. SiN7(mu)
Indeed, letting ¢ — 01 implies
1/2 dx
E[Nnt1(Lg2)] = O(n'/7) 3, asn — oo
I, Sin (7u)
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Recall that x = 27! + 47u/(n + 1), thus
dx 4T (ntDn=3/4/dm
/Im sin?(ru)  n+1 /(n+1)n13/10/47r sin?(mu)
Ar T gy A P gy
n+1 n—3/10 /47 S <7Tu) n+1 n—3/10 4z 4u

=0 H om0 =0mn1, asn — oco.

Now, (2.3.15) follows from the last two relations.

Next, we wish to show that
1
E[Npi1(Is)] = 5t O(n~'%), asn — oo. (2.3.16)

For = € I3, it is quite easy to see that sin(mu) = O(n=3/1%) and csc(mu) = O(n/1°). Once
more, applying these facts to (2.3.9) together with (2.3.6), while setting a = 1/5, gives us
Api1(x) = 4sin®(mu) A% () + cos?(4mu) = nsin®(mu) + cos®(4mu) + O(n~%)
= (nsin®(ru) + cos*(4ru)) (1 + O(n~*%)), asn — oo and z € I3,

where the last equality is derived from the fact that cos?(4ru) > 1/2 for very small values

of u, and

—5 ! < ! <2
nsin®(mu) + cos?(4dmu) — cos?(4dmru)

We can also estimate (2.3.10) as

Apyi(z) = ((n 4 1)/2)? cos®(mu) cos®(4mu) A% (z) + O(n'*?)
_ n?cos?(mu) cos® (4mu) 1475
= 16 +O(n /%)
n® cos?(mu) cos? (4ru) (1 + O(n=1/%))

= 16 , asn—ooand x € Ii3.

We also note that since x € I3, we have u = O(n~*/1%) implying that both cos(ru) and
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cos(4mu) are positive on Iy 3. Now, by Kac-Rice’s formula

E[Nn—l-l Ik?; n+1
I3 n+1
1 n3/% cos(mu) COS(47TU) (1+0(n7'?))
/Im 4(nsin®(mu) + cos?(47ru)) (1 + O(n=2/%))

1+ 0O(n~ 1) n3/? cos(mu) cos(4mu)
4dr /Ik 5
1407y cos(n™3/2(n 4 1)t/4) cos(n=>/2(n + 1)t)
B 4 /n—l/B nsin®(n=3/2(n + 1)t/4) + cos?(n=3/2(n + 1)t)

dx

T

5 nsin®(mu) 4 cos?(4mu)

1/5

dt,  (2.3.17)

where the last equality directly follows from x = 2} + 47u/(n + 1), and the change of

variables ¢ = n%2(z — "), Let us define

cos(n=3/2(n 4 1)t/4) cos(n=3/2(n + 1)t)
nsin®(n=3/2(n + 1)t/4) + cos?(n=3/2(n + 1)t)

fn(t) = . ]l[nfl/57n1/5](t), t e R+.

It is easy then to check that
sin(n™32(n + 1)t/4) > n~Y?2t/2r, and cos(n T A(n+1)t) > 1/2, te [nV? 0.

Therefore,

472

s g(t), and g€ L'RM).

< fult) <

Hence by Lebesgue’s Dominated Convergence Theorem we have

nl/5

cos(n™3/2(n 4 1)t/4) cos(n™>/2(n + 1)t)

li dt
nooo o1 msin2(n—372(n + 1)t/4) + cos?(n—32(n + 1)t)
< dt
—16 [ —— =o2m 2.3.18
/0 2116 (23.18)

1/2

If we implement the change of variables x = n™"/“t, we proceed with

1/5

o< /” cos(n=3/2(n + 1)t/4) cos(n=3/2(n + 1)t)

= s msin®(n=3/2(n + 1)t/4) + cos2(n=3/2(n + 1)t)
n/? dt
/,11/5 nsin®(n=1/2t/4) + cos?(2n-1/2t)

n—3/10

1/2 / dx
=n :
no10 nsin?(z/4) + cos?(2z)

dt

<
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Considering the convexity of the sine function on [0,n~3/1°] we arrive at
sin(x) > zn®10sin(n=3/19),

and as a result

n—3/10
nl/Q/ dx

n-/10 msin®(z/4) + cos?(2z)
n—3/10 dr

<16 1/2/

" nr/10 22n8/5 8in%(n—3/10) + 16 cos?(2x)

n—3/10

= 16n1/2/ do

w10 22n8/58in%(n=3/10) 4+ 16(1 — sin?(27))

n—3/10

dz
< 1602 / :
" w10 22n8/58in% (n=3/10) 4+ 16(1 — 4n—3/5)

where the last inequality is derived from sin(2x) < 2z < 2n73/10. Set

n4/ sin(n=3/10)

41— 4n=3/5

Thus, the change of variables ¢t = ¢,z gives that

Cp =

n—3/10

1602 / d
n-10 2n8/58in?(n=3/10) 4 16(1 — 4n—3/5)
3/10 dt

47’L_3/10 cnn”
V1 — 4n~3/5 sin(n-3/10) /Cnn—7/10 142

Ap—3/10 o dt
< _
S V11— 4n-36 sin(n—3/10) /cnn—7/10 1+¢2

=d,(2m —4 arctan(cnn’7/10)),

where
n—3/10
d, = .
V1 —4n=3/5gin(n—3/10)
One may employ the estimate
x

=1+0(z%), asz—0,

V1 —4x?sin(z)
to show that d,, = 1 + O(n~%/%). Moreover, the estimates

sin(z)

v 1 — 422

=1+ 0(z?), and arctan(z) = O(x), asz — 0,
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give
n!/2 sin(n=3/10) B O(nl/z)

o= An=3/10\/T — 4n-3/5

as well as

arctan(c,n” 1) = O(c,n710) = O(n~1/9).

Thus, putting all the relations appeared after (2.3.18) together, we can claim that there exist
C' >0 and N € N such that for all n > N,

1/5

cos(n™3/2(n 4 1)t/4) cos(n=3/2(n + 1)t)

0< dt < 2m + Cn 2.
h /,1_1/5 nsin?(n=3/2(n 4+ 1)t/4) + cos2(n=3/2(n + 1)t) "

Now, this together with (2.3.18) guarantees that

1/5

cos(n=3/2(n + 1)t/4) cos(n=3/%(n + 1)t)

) dt = 21 + O(n~/?). 2.3.19
/n1/5 nsin®(n=3/2(n + 1)t/4) + cos?(n=3/2(n + 1)t) ™+ O™ ( )

Hence (2.3.16) follows from (2.3.17) and (2.3.19).

Finally, we prove that
E[Npi1(Iia)] = O(n~Y?),  asn — oo. (2.3.20)

If © € I4, we see that sin(ru) = O(n~7/%). Plugging this into (2.3.9) and (2.3.10) assists

us in writing

Apyi(z) = ((n 4 1)/2)? cos®(mu) cos®(4mu) A% (z) + O(nd/?)
_ ncos (7ru1)6(:os (4mu) + o)

3 cos? cos?(4mu) (1 + O(n~ 7/
_n (Tu) ( 17;u)( (n ))7 asn — oo and x € Iy 4,

and

Apyi () = 4sin’(ru) A% () 4 cos?(4mu) = cos?(4ru) + O(n~ /%)

= cos”(4ru) (1 + O(n%)), asn— oo and z € I,
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77/10)

It is worth mentioning that x € I 4 gives u = O(n , hence both cos(mu) and cos(4mu)

are positive on I 4. Now, Kac-Rice’s formula (Lemma 1.2.3) gives that

\/ n+1

T4 Ania(z

_ _/ n3/? COS(’]TU)(l + O(n~7/%)) I
1. 4cos(dmu) (14 O(n=2/%))

E[Nni1(Ik4)] =

= O(n3/2)/ d—x, as n — 0o.
I, cos(4mu)

Recall that x = 2! + 47u/(n + 1), hence the change of variables t = 47u implies that

17/10

/ dr B 1 /(n+l)n dt _ 1 /‘2717/10 dt
I, cos(4mu) S n+1 cos(t) ~ n Jy cos(t)

log (sec(2n~7/1%) + tan(2n~7/10
_ g( ( n ) Il( n )) _ O<n717/10>7 as n — 00,
n

where the last equality is obtained by the estimate log(sec(x) + tan(z)) = O(z) as z — 0.
Hence (2.3.20) holds.
We combine (2.3.14), (2.3.15), (2.3.16) and (2.3.20) and observe that (2.3.13) holds, so

does (2.3.12). Thus, (2.3.11) and (2.3.12) lead us to the desired result, namely

E[N,,1(0,27)] = 2E[Ny11(0,7)] = 2E[N, 1 (GUF UU)]

(1 ‘/E) FOMM), asn—oo.  (2.3.21)

2V/3

At last, (2.3.21) along with setting a = 1/5 in (2.3.8) concludes the proof. |
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CHAPTER III

RANDOM TRIGONOMETRIC POLYNOMIALS WITH PALINDROMIC
BLOCKS OF COEFFICIENTS

3.1 Self-reciprocal polynomials

Let

Pu(2) =m0+ mz+ -+ 012"+ 02"

be a polynomial of degree n with complex coefficients. We say P, is palindromic (self-
reciprocal) if n,_; = 1;, 0 < j < n, or equivalently P,(z) = 2"P,(z~'). We also note that w
is a zero of P, if and only if w™! is also a zero of P,. Moreover, we note that if a polynomial
Q. € R[z| has all its zeros on T, then Q,(z) = $2"Q,(z7") for some 8 € T. This could be

shown by writing

n

Qu(z) = an [z =), an#0, il =1, 1<i<n,

i=1
and noting that Q,(a; ') = Q,(a;) = 0 since Q,, is a polynomial with real coefficients. Thus,

we can rewrite (), as

n

Qn(z) = ay (z - a;l) = (-1)"a'a, H(l — zq),

=1 i=1

where o =[]\, a;. It is now easy to check that
Qn(z) = (=) " 12"Q,(z71).

The class of polynomials with palindromic coefficients and their zeros’ behavior have
attracted a lot of attention over recent years, and it turns out to have many applications in

some areas of physics and mathematics.
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There is extensive literature on the behavior and the location of the zeros of self-reciprocal
polynomials with deterministic coefficients, for instance, focusing on the minimal conditions
imposed on a self-reciprocal polynomial to make all its roots unimodular, that is, lying on
the unit circle (see, e.g., [57],[55],[56] and [11]). There is also a direct connection between
these polynomials and trigonometric ones. For instance, if we define

n
Py, (2) == 2apz" + Z a; (2" + ")
j=1
with the coefficients being real, it is immediate that P, is a self-reciprocal polynomial of

degree 2n, and we can easily check that
e Py, (M) = 2V, (), (3.1.1)

where V,, is a cosine polynomial as defined in (1.2.6). Another example is the trigonometric

polynomial of the form

=z
L

Ry (z) := lan—_jcos(j +1/2)x + by_;sin(j + 1/2)z]. (3.1.2)

J

I
=)

The asymptotic expected value of the number of real zeros of (3.1.2) was surveyed by Farah-

mand, see [31] and [35, Case 3, p. 1884]. Note that (3.1.2) can be rephrased as
e~ ™M/2P () = 2Ry (z) + 2cos(N + 1/2)z,

where n = 2N + 1, and P,(z) = >_7_;7;2’ is a random polynomial with n; = a; + ib;,
no = N, = 1, and it is conjugate-reciprocal, i.e., 1,_; = 7;.

The number of unimodular zeros of these polynomials has also been of interest to some
mathematicians. More recently, Erdélyi [20] proved the following result: assume that S C Z
is finite, and P(z) is a palindromic polynomial whose coefficients lie in S. Then for a positive

constant ¢, which only depends on € > 0 and

M = M(S) :=max{|z| : z € S},
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the number of unimodular roots of P exceeds
¢(logloglog | P(1)] )1_6 -1,

which significantly improves the recent result of Sahasrabudhe [81] and his previous work
[19]. This result combined with (3.1.1) establishes an explicit lower bound for the number
of sign changes (in one period) of V,, with coefficients in S. More precisely, he proved that,

for some ¢ > 0,

?

N#(0,27) > ( c ) log log log |V, (0)

1 +log M ) loglogloglog |V, (0)]
where N7#(0,27) is the number of sign changes of V,, in (0,27) and M as defined above, see

20, Corollary 2.3].

In the case of random polynomials with palindromic coefficients with the Gaussian distri-
bution N (0, 0?), it is understood from the work of Farahmand and Gao [32] that the expec-
tation of the number of real roots still remains asymptotic to the universal value (2/7)logn,

see also [85] for the case where Var(a;) = o7.

3.2 Self-reciprocal random trigonometric polynomials

We would like to focus on random trigonometric polynomials with palindrome coefficients.
Conrey et al. [13] proved that the number of real zeros of V;, with self-reciprocal i.i.d. coef-

ficients exceeds n by showing that
N,.(0,27) + N,(0,27) > 2n,

where ]/\\f; denotes the number of zeros of \7; obtained by reversing the order of the coefficients
of V,,, and slightly improves the result obtained by Borwein et al. [10, Theorem 2, p. 1152].

The palindromic polynomials V,,, T,, and R,,, as defined in (3.1.2), were considered by
Farahmand and Li in [35], where they showed that the asymptotic expected number of
real roots of T,, and R, remains universal whereas it enlarges by 36.6% for a palindromic
random cosine polynomial V,,, see (1.2.16) for our modification of their result as discussed

in Chapter 1. This poses the following research problem:
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e Does the asymptotic expected number of real roots of a random cosine polynomial stay

non-universal if we group the coefficients in palindromic blocks of a certain length?

e If so, what is the connection between the length of the blocks and the deviation from

the universal asymptotics?
e What happens if one allows the size of the blocks to grow?

In this section, we attempt to answer some of these questions.

Similar to the first case discussed in Chapter 11, fix £ € N\{1}, and let A := (ag, a1, ..., a,)
be the set of all the coefficients of V,,(x) = >_7_ a; cos(jz), x € (0,27). Set n = 20m —1+r,
m € N, where r € {0,1,...,2/—1}. In other words, r is the remainder and m is the quotient
of dividing n 4+ 1 by 2¢. We then sort out the coefficients into 2m blocks of a length ¢ as

follows. Set

2m—1
A= (ao,al,...,an) = U A]‘UAT,
§=0
where
(Cl@j,angrl,...,ag(j+1)_1), 1f0 g] gm— 1,
Aj =
(Qgjar, Qpjg1qrs s Qp(jr1)—140), T m < j<2m—1,
and
0, if r =0,

(Qomy -+ Qom14r), 1 <r<20—1.

In other words, A, comes in the middle of A, and #/L =r, 0<r<<20—1.
The main theorem of this chapter, which is a generalization of Farahmand and Li’s result,
answers the first question raised above. In fact, we prove that the expected number of real

zeros of a random cosine polynomial with palindromic blocks is non-universal.

Theorem 3.2.1 Fizl € N\{1}, and letn = 2m—1+r, wherem € N andr € {0,1,...,20—

1}. Assume Vy,(z) = Y7o a;cos(jr), » € (0,27), and U;?:Ol A;UA = (ag,an,...,00m- 14r)
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is a family of i.i.d. random variables with Gaussian distribution N'(0,0%). For0 < j <m—1

and 0 < k < £ — 1, we further assume ayom—1—j)4r+k = Qejtk, 1-€., Agm_1—j = Aj. Let us

define
// \/ 3L —ui(s) o
(1 + (s cos(zﬁ))2 7
with
") = Ty
Then

2
E[N,(0,27)] = 7% K, 4+ On**), asn — oo,

where the implied constant depends only on L.

Remark 3.2.1 We note that the case £ = 1 is indeed a random cosine polynomial with
palindromic coefficients whose expected number of real zeros has already been discussed in

(1.2.16), and in detail in Appendix, see pp. 101-107. Namely, if / = 1, then

n
E[N,(0,27)] = n4+ — + O(n**), asn — .
N, (0.2m)] = -+ 2+ O

3.2.1 Properties of the K,

To answer the second question, our numerical computation suggests that {K,}72, is de-
creasing, namely the smaller ¢ is, the more expected number of real roots deviates from
the universal one. We also give a definitive answer to the last question by proving that K,

converges to 1 as ¢ tends to infinity. This requires a quick lemma.

Lemma 3.2.1 Let ¢,,1, : X — R, where (X, A, ) is a measure space. Assume that the

©n are measurable, the 1, are integrable and |p,| < ¥, a.e. (almost everywhere) for all n.

If limy, oo 0 = @ a.e., limy o0 by, = V¥ a.e., ¥ is integrable and limsup, . [y n = [ ¥

then @ is integrable and lim, o [ ¢n = [y ©-

Proof. Our proof is based on that of Lebesgue’s Dominated Convergence Theorem [41, The-

orem 2.24]. That ¢ is measurable is immediate. Note that |p| < ¢ a.e. and ¢ is integrable,
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so is . It is also clear that ¥, +¢, = 0 a.e. and ¥,, — ¢, = 0 a.e., hence by Fatou’s Lemma,

we obtain

/w+/¢<mmﬁ/wwwm
— lim inf (/wn—l—/g)n) +hmmf(—/wn> +1imsup/wn
gliminf/gon+1imsup/wn:hminf/wﬁ/w,

and
/w—/gpgliminf/(wn—gpn)
zliminf(/d)n—/gon> +1iminf(—/@/)n> +1imsup/@/zn
gliminf(—/g0n> —Himsup/@bn:—limsup/gon+/¢.
In other words, limsup [ ¢, < [ ¢ < liminf [ ¢,. Thus, by definition, [ ¢, — [ . |

Lemma 3.2.2 For (€ N\ {1}, let us define Ky as in Theorem 3.2.1. Then
(1). 1 <K< (1+3)/2.
{—00

Proof. For a fixed £ € N\ {1}, we define

guls, 1) = \/1 +7 =) e R = (0,7/2) x (0,17),

1+ ug(s) cos(t))w

and

fo(s,1) == = ig;;igzzt), (s,1) €R.

In other words, we have g,(s,t) = \/1+ 3fZ(s,t). Note that, by [42, 3.613(1), p. 366], we

obtain

T dt ™
= < 1. 3.2.1
/0 1+acos(t) +/1—a? la ( )
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This combined with the fact that |u,(s)| < 1 on (0,7/2), see Lemma 2.3.1, gives us

/féstdt 7T/ VI~ ui(s dt:1 s € (0,7/2). (3.2.2)

1+ ug(s) cos(t)

It is a known fact that for any nonconstant f € L'((0,7)) and a strictly convex function ®

on the real line, Jensen’s inequality is strict (see Theorem 3.3 of [80]). That is,

@(% /wa(t) dt) < %/;@(f(t))dt.

Let ®(y) := /1 + 3y?. It now follows from Fubini-Tonelli’s Theorem, (3.2.2), and Jensen’s

1 /2 1 ™
l=— W(I)(—/ fo(s,t) dt)ds
™ Jo

w/2
<— / fgSt))dtdS—Kg

< //1+\/_fgst))dtds— + V3

Proof of (2). In order to use Lemma 3.2.1, let X = R? R = (0,7/2) x (0,7), and define

1+ \/gfl(‘s?t)
71-2

inequality that

: ]173(8, t)

we(s,t) == gz(;, ) -1gr(s,t), and (s, t) =

It is trial that 0 < @g(s,t) < ¥e(s,t) on R. Note that limy_, ue(s) = 0 guarantees that

1++3
7-‘-2

2
lim pe(s,t) = — =t @(s,1), and  Hm 3y(s,t) = =:4(s,1).

l—00 2

Now, implementing (3.2.2), while using the Fubini-Tonelli Theorem, yields

hmsup/Rw: ”zﬁz/Rw.

{—00

Therefore, it is immediate from Lemma 3.2.1 that

lim K, = hm ‘PZ / =1.

{—00
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3.3 Proof of Theorem 3.2.1

The proof of Theorem 3.2.1 is step-by-step through a sequence of lemmas. It is necessary
to mention that in all of the following lemmas, the implied constants in each big O depend

only on /.

Lemma 3.3.1 With the same assumptions as in Theorem 3.2.1, fix a € (0,1/3) and let
Ey = (0,7m)\ Fy, where F, = Ut_, (im/0 —n~%in/l +n""). Then
n(1 + ue(z) cos(nz))

(1). 0 < Ap(z) = +O(n*), asn— oo and xz € Ey,

2
2 .
(2). B,(x)= e ue(a:)4sm(n1:) +O(n't), asn — oo and = € Ej,
3 2 _
(3). Cp(z) = gl W(f;) cos(na)) + O(n***), asn — oo and = € E,

where Ay (x), Bn(z) and C,(x) are defined in a similar way as in Lemma 1.2.5.

Proof. Setting J, = {j : a; € A,} helps to write

\E

Vo(z) = a;cos(jx)

=0
m—1 (-1

= agjrk| cos(lj + k)x + cos(€(2m — 1 — j) +r + k)z] + Zaj cos(jx)
J=0 k=0 jedr
m—1 0-1

= agjrr| cos(lj + k) + cos(n — £+ 1 — ) + k)z] +Za] cos(jx)
7=0 k=0

JGJT

with the conventional notation of » .7 a;cos(jz) = 0if r = 0. Let € Ey and observe that

m—1 {—1
Ap(x) = Z [cos(lj + k)x + cos(n — L+ 1 — {j + k)z] +Zcos jx)
7j=0 k=0 je€Jy
m—1 : -1
=4 A cos” (n €+21 %])a: cos? (n €+21+2k)x+200s2(j1’)
Jj=0 k=0 jedy
m—1 -1
= [1+cos(n — 0+ 1—20j)x] [1+cos(n — €+ 1+ 2k)z] +ZCOS jx)
j=0 k=0 jed,
m—1 -1
— [1+cos(€+r+2€] Z +cos(n — 0+ 1+ 2k)x +Zcos jx),
=0 k=0
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where the last equality is reached by replacing j with m — 1 — j. Now, identity (2.3.1)
simplifies A, (x) as

A(z) = (m N sin(mlz) cos(ml + 7‘):6) <£ N sin(x) cos(nx ) Z cos?(jz)

sin({z) sin(x

= ml[1 + um(lz) cos(ml + 7)z] [1 + ue(z) cos(nz)| + Z cos?(jr).

j€Jr
Note that, for z € Ey, |u,(¢x)| < 1 and |ug(x)| < 1, see Lemma 2.3.1. Thus, A, is positive

on E,. Moreover,

m—1 (-1
Ap(x) = [cos(lj + k)x + cos(n — L+ 1 — €j + k)] —|—ZCOS jx)
j=0 k=0 jedr
m—1 (-1
:Z cos?(jr) +22 cos(lj + k)x cos(n — 0+ 1—L4j+ k)x
=0 =0 k=0
m—1 (-1 m—1 -1
:Z cos?(jr) +ZZcosn—€+1+2k)x+ cos(n — 0+ 1 —20j)x
7=0 7=0 k=0 7=0 k=0
n /-1 m—1

s?(jx) +chosn—€+1+2k)x+€ cos({ +r + 20j)x,
=0 —0 =0

.

where the last equality is obtained again by replacing j with m — 1 — 5. It is clear from

Lemma 2.3.2 that

z , 1 < , n+1 PB(l,n+1l,z) n
2 _ o ) ) _ a
JE:O cos®(jr) = 5 E (14 cos(2jx)) = 5t 5 =35t O(n%).

J=0

The fact that csc(z) = O(n*), x € E;, combined with (2.3.1) yields

-1 :
(n 41 —r)sin(fx) cos(nx)
142k =
me:OCOS(n (+1+2k)x > sim(a)
_ nsin({x) cos(nx) o nug(x) cos(nx) "
20 sin(z) +0) = 2 +0).
Similarly, since csc(fx) = O(n®) on Ey, we have
m—1
Z cos(l+ 1 + 20 = sin(mlz) cos(ml + 1)z _ oMo,
= sin({x)
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Putting all these estimates together gives the desired estimate

n(1+ ue(z) cos(nz))

An(z) = 5

+O(n%), asn— oo and x € FEy.

Proof of (2). Following the definition of B,,, we have

B.(z) = — Z jsin(jz) cos(jzr) — - [cos(lj + k)x + cos(n — 0+ 1 — €j + k)z]

jedy J

3

Il
=)
B
Il
=)

x [((j + k)sin(lj + k) + (n— L0+ 1— L)+ k)sin(n — 0+ 1 — 0 + k)z]

m—1 ¢—1
=— Z] sin(jz) cos(jz) — (0j + k)sin(lj + k)x cos(n — €+ 1 —{4j + k)x
=0 =0 k=0
m—1 {—1
(n—0+1—V0j+Ek)sin(n—L0+1—10j+k)x cos({j + k)x.
=0 k=0

We employ the identity sin(«) cos(8) = [sin(a + §) + sin(a — 5)]/2 to simplify the above as

m—1 (-1
B,(x) Z]Slnjx cos(jx) —% (n—0+1+2k)sin(n — ¢+ 1+ 2k)x
=0 7=0 k=0
1m 14-1
52 (n—0+4+1—20j)sin(n — 0+ 1 — 20j)x.
7=0 k=0

By Lemma 2.3.2, we obtain

1 1
Z] sin(jx) cos(jz) Z] sin(2jx) = @ ,n2+ .7) = O(n't).
7=0

/-1

Using the estimate ), —((—¢+ 1 + 2k)sin(n — £ + 1 4 2k)z = O(1) gives us

m—1 £—1
(n—0+4+1+2k)sin(n — €+ 1+ 2k)x
7=0 k=0
-1
= ansin(n — 0+ 1+ 2k)z+ O(m)
k=0
_ n(n+1—r)sin(fx)sin(nz)
B 20 sin(x) +0(m)
_ n2ue(x)25m(nx) + O+,
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where the penultimate equality is a direct application of identity (2.3.2). Note that

m—1 -1
(n—L0+1—205)sin(2j + 1)lx
j=0 k=0
m—1 m—1
=l(n—(+1)) sin(2j + 1)z — 202> jsin(2j + 1)tz
J=0 J=0

={(n— 0+ 1)Sy(1,m, lx) — 20*S,(1,m, lx) = O(n'*?).

Similarly, we have the following estimate

-1

~

-1

3

(n — €41 —205) cos(2j + 1)z = O(n't%).
0

I
o
bl
i

Thus, combining the last two estimates gives

3
L

-1

(n—0+1—20)sin(n — £+ 1 —205)x = O(n'*).

<

Il
=)
B

Il
o

Hence

2 .
B, (z) = N Ug(x):m(nx) + O, asn — oo and x € E,.

Proof of (3). We see that

m—1 ¢—1
Z [(€j+k)sin(£j+k)a:+(n—€+1—€j+k)sin(n—€+1—€j+k)x}2

=0 k=0

= Zﬁ sin?(j)
14-1

+ ij—i—k (n—0+1—1j+k)[cos(n—€+1—205)x — cos(n — { + 1+ 2k)z].

j=0 k=0

+

.

Note that

Z] sin?(jx) Z] ——Z] cos(2jx)

_ (n—l— 11)é2n+ 1) B P2(1,n2+ 1,x) _ %3 L O,
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We use Lemma 2.3.2 and the boundedness of Ze LEM, A = 1,2, to show that

m—1 ¢—1
(lj+k)n—L0+1—10j+k)cos(2j + 1)lx
j=0 k=0
m—1 ¢—1
=(n—>0+1) (05 + k) cos(2) + 1)lx
j=0 k=0
m—1 ¢-1
+ — ?5%) cos(2] + 1)lw
=0 k:0
-1
= (n—€+1)(€2R (1,m,lx) + Ro(1,m, lx) Zk)
k=0
-1
+ Ro(1,m, fx) Y k* — (*Ry(1,m, lx) = O(n**).
k=0
Likewise,
m—1 (1
(lj+k)(n—L€+1—Lj+k)sin(2f + 1)lx = O(n*™®).
=0 k=0

The last two estimates combined with the following identity

cos(n — 41 —205)x = cos(n + 1)x cos(2j + 1)lx + sin(n + 1)z sin(2j + 1)lx

yield
m—1 (-1
(lj+k)Y(n—L0+1—{j+k)cos(n — €+ 1—205)z = O(n*™?)
7=0 k=0
We employ identity (2.3.1), and observe that
m—1 (-1
(lj+k)(n—L+1—{j+k)cos(n —{+ 1+ 2k)
7=0 k=0
m—1 (-1
= Z[(n—€+1)€ — 0?§*] cos(n — 0+ 1 + 2k)x
J=0 k=0
m—1 £—1
+Z [(n— €+ 1)k + k] cos(n — €+ 1+ 2k)z
0 k=0
B (n — 0+ Dl(m —1)m  £2(m —1)m(2m — 1)] sin(fz) cos(nz)
B [ 2 a 6 sin(z)
-1
+m Y [(n—L0+1)k+ k] cos(n — €+ 1+ 2k)z.
k=0
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We already know that csc(x) = O(n®) on Ey, and Zf;_:}) k*cos(n — € + 1+ 2k)z = O(1),

A = 1,2. Thus, the following is immediate

m—1 ¢-1
(lj+k)n—C+1—Lj+Ek)cos(n — €+ 1+ 2k)x
=0 k=0
nl*m?  ?m3\ sin(lz) cos(nw) ota
_( 2 3 ) (sin(x) +0(m™™)
3
_n w(:c)lgos(nx) o),

Putting all these estimates together, we observe that

n®(2 — uy(x) cos(nx))
12

Cn(z) = + O(n*™), asn — oo and x € Ej.

Lemma 3.3.2 With the same assumptions as Lemma 3.5.1, we have

VAn(2)C(2) — By(x)?
An()

0t O(n*) \/1+ 3(1— u(x))

= 7 , asn —ooand x € Fy.
2V/3 (1 + w(z) Cos(nzzc))2

Proof. Assume that ¢ € N\ {1} is fixed. Using A,,, B,,, and C,, as in Lemma 3.3.1 gives that
ot (14 () cos(mv))2 +3(1 — u}(z))]
B 48
4 2 2
n*[(1 + we(x) cos(nz))” + 3(1 — uf(z))]
48

4 O(n?)-i—a)

A
(1 + we(z) cos(nz))” + 3(1 — ud(x))

It is clear from Lemma 2.3.1 that there exists a constant w, € (0, 1) such that
lue(z)| S wp, x€[m/20,m —7/20], (3.3.1)

Thus, for z € [r/2¢, 7 — w/2(],
1 < 1
(1 + w(x) Cos(nx))2 +3(1 — uZ(x)) T (1= we)?+3(1 - w?)
1

T 0w 2w "

0<
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So, for z € [7/20,m — w/2(], we write
n4 [(1 + we(x) Cos(ngg))2 +3(1 — ul?(m))} [1 + @(n—1+a)] |

An(2)Cn(z) — Bu(z)? =

48
Note that
0 < cos(fz) < up(x) < cos(z), =z € [0,7/20]. (3.3.2)
This helps to write, for x € [n=%, /2],
1
0 < 5
(1 + we(z) cos(nx))” + 3(1 — ui(z))
1 1
< 5 <
(1 —we(2))” +3(1 —up(x)?) (1 —ue(2))(4 + 2ue(2))
1 1 w2 m2n2e
<

< = < <
4(1 —cos(x))  8sin?(z/2) ~ 82 8
Therefore, for € [n=% 7/2(], we obtain

n*[(1 4 we(z) Cos(ngg))2 +3(1 — ud(2)] [1 + O(n1+%)]
48 :

An(2)Cp(x) — Bn(x)2 =

Hence for any x € Ej, we have

nt (1 + w(x) Cos(mp))2 +3(1 —ud(z))] [1 + O(n~1*9)] |

A (2)Cp(2) = Bu(z)? = 48

Taking square root of both sides, while considering the fact that a € (0,1/3), we see that,

for large enough n and = € F,

n*(1+ O(n~1+)) \/(1 + up(x) Cos(nx))2 +3(1 — ui(x))
443 '

VAL (@)Co() = Bu()? =

In a similar way, one can show that

A, (1) = n(l+ Ug(:;) cos(nz)) oM

1 1 O —143a
_ n( + ug () Cos(m;))( +O(n >)’ asn — oo and x € Ej.

Now, since A, (z) > 0 on E,, we see

VA(@)Cn(7) = Bu(w)> _ n(l+ 0 ) | L 30— w(2)
An(z) 23 (14 we(2) cos(nx))2
0O [ 30— )
2V/3 \/ i (1 + () cos(mc))w
as desired. [

asn — oo and x € Ey,

62



Lemma 3.3.3 With the same assumptions as Lemma 3.3.1, let Gy = E, N [0,7/2]. Then,

as n grows to infinity,

([0 + O™ [J (n) + J; (n)]
V3r

+ O(n'), if n —{is even,

E[N,(0,27)] =
2 O 3a J+
\ [ n \(/%W)} e () + O(nt=9), if n— ¢ is odd,
where
J,(n) ::/ g (z)dx, and J, (n) ::/ g, (x) dx,
Gg Gl
with

(@) = \/1+ 3(1 — ul(x)) and g-(2) = \/1+ 3(1 — u2(x))

1+ up(x) cos(nx))w 1 — up(x) COS(TLJZ))Z'
Proof. From Lemmas 2.1.2, we know that E[N,,(F;)] = O(n'~®), for large enough n. If we

use Lemmas 3.3.2 and 1.2.3 (Kac-Rice’s formula), we observe that

E[N,(0,27)] = 2E[N,(0,7)] = 2E[N,(E, U F})]
z \/AN(I)Cn(ZE) — B,(x)
T JE, An(x)

_n4 0@ B, pie oo
e /Eé\/H(HW(Z) _dr+ O(n'™), oo (333)

cos(nz))

= 2E[N,(E))] + O(n'™*) = : dx + O(n'™7)

It is also clear that, for x € [0, 7/2],

—uy(x), if £1is even,
u(m—x) = (3.3.4)

ue(x),  if £ is odd,

which gives that, for = € [0, 7/2],

—uy(z) cos(nx), if n— £ is even,
ug(m — x) cos(n(mr — x)) =

ue(x) cos(nzx),  if n—{is odd.
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Therefore,

/ \/ 3(1 — u2(x)) o JS(n)+ J, (n), ifn—{is even,
2
Fe (14 ue(w) cos(nz)) 2J; (n), if n— ¢ is odd.

Hence combining this with (3.3.3) yields the desired result. |

The following lemma is also an essential step in proving Theorem 3.2.1.

Lemma 3.3.4 With the same g, as in Lemma 3.3.3, assume that { € N\ {1} and c € (0,1)

are fized. Then

/ g, (x)dr =0(n"°), asn— oo.

T/2n

Proof. Recall that

) 3(1 — uj(x))
)= /1 2
9n ( ) \/ + (1 — u5<l‘) COS(nl'))

For a fixed ¢ € N\ {1}, let us choose sufficiently large N € N so that N=¢ < 7/2¢. This

implies that for all n > N and z € [7/2n,n"¢], u,(z) > 0. For all n > N, we define

@
1 — ug(x) cos(nz)

fu () =

Since 1 < g, (z) < 1+ /3 f; (x), it suffices to show that

n—¢

fo (@) dz = O(n™°).
w/2n
Let ny := [n'~¢/7], and for 1 < k < ny define
Qf = {x € [(k = V)x/n,kr/n) : cos(nz) > 0},
and

Qp = {x € [(k—1)m/n, km/n] : cos(nz) < ()}.

We know that we(xz) > 0 on [1/2n,n ¢ and 0 < f,, (z) < 1on @, 1 <k < ny, hence



In order to obtain a fitting upper bound for our integral over the @}, we note that k needs
to run from 2. Otherwise, f~ blows up as fast as O(x~2) over Qf = [0,7/2n], which ends
up with a divergent integral. Thus, for the rest of the proof, let 2 < k < ny;. When z € @y,

2 < k < ny, we observe that x > k7 /2n and consequently that sin(x) > 2z/m > k/n. Thus,

0<cos(z) < V1—k2/n?=1a, <1, z€Q, 2<k<n.
Therefore, the above inequality combined with (3.3.2) gives us

/ /Q+ W iz < /Q sin(fz) da

1 — uy(x) cos(nx) + 1 — cos(z) cos(nx)

< k’ﬁﬂ/ dx < kﬁﬂ/ dz
) qf 1 — cos(z) cos(nz) ) o 1 — axcos(nz)

B dx  ktr /'“f dx
(k

h _1yr 1 —agcos(z)

n S -1y 1 — ai cos(nz) - n?
Applying the change of variables u = x — (k — 1)7 for the odd k, similarly u = kr — z if k

is even, we obtain

km T
d d
/ S / ° = 1 (3.3.5)
(k—1)r 1 — ag cos(z) o l—apcos(z) /1—a
where the latter equality is obtained by (3.2.1). It follows from the last two relations that
for allm > N,

k 2 2
fn_(ac)dngzfl, 2<k<n.
N

n?y/1—ai n

Thus, there exists M, > 0 such that, for all n > N,

N NGRS Sy AT
w/2n k=1 Y @k —2 Y QF
<t T TN C e (3.3.6)
= 2n n ) 0T e
n

Lemma 3.3.5 If ¢ € N\ {1} and c € (0,1) are fized, then

/ gH(x)de =0, asn — oo,
0

where g is defined as in Lemma 3.3.3.
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Proof. The proof of this lemma is almost identical to that of Lemma 3.3.4 . Let us define

() = )
x) = )
" 1 + up(x) cos(nz)
Thus, we require showing that
a (z)dz = O0(n™)

0
It is trivial that

F(r)dr < —, 1<k<

40" (v) d 2n’ =

and, for 1 < k < nq,

FH(@) dr < krﬁﬂ/ dx
oy 1+ cos(

ar n x) cos(nz)

_ htr / dzx _ htr /’”f dx
S on op 1+ axcos(nz) S 02 Jgnya L+ agcos(z)’

The same change of variable as in (3.3.5) gives

/kTr dr B /ﬂ- dr B -
(h—1)r 1+ ax cos(z) Jo 1+agcos(z) /1— ai’
which similarly implies that for all n > N and 1 < k < nq,

Y/ 2
fi(x) de < .
Qr n
Therefore, for all n > N, we have

ni / 2
Z/ fH(x)de < nlc<% + l) = Myn=°.

k=1 QruQy n

| st <
0

|
Lemma 3.3.6 With the same assumptions as in Theorem 3.2.1, fix a € (0,1/3). Then, as

n grows to infinity,

[ [n+0W™)][1f (n) + I; ()]
V3

+O(n'=), ifn—{is even,

E[N,(0,27)] =
[2n + O(n*)| I} (n)

+ O(n'™%), if n — ¢ is odd,
( V3
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where

1 /2 1 /2
If(n) = _/0 gi(z), and I, (n):= —/ g, (z)dzx.

™ ™ /2n

Proof. Define
[¢/2]
H@ = U [Zﬂ/g — nfa,iﬂ/f + nfa].
i=1
It is known from (3.3.1) that |u,(x)| < wy, * € Hy, which shows that

1< gt (), g, (z) < V1+3/(1—wp), =€ H,

Therefore,

/Hg gy () dz = O(n~*), and /Hz g, (x)dz = O(n™?).

Thus, with the help of Lemma 3.3.4, we can write

i = | @)
-/ // sioyde— [ gioas— [ / 7 () do = w17 (n) + O(n™2).

In a similar way, we have J,/(n) = 71,5 (n) + O(n™*). Now, Lemma 3.3.3 helps to reach the

desired result. [ |
Lemma 3.3.7 Fiz { € N\ {1} and a € (0,1/3). For 1 < k < n':=[n/2] define

km, if £ is odd,
G =
(k—1)m, if k is even.

Then

][(n):ii/kw) \/1—1—( 301 = ui(Ge/)) sdt+O0(n™"), asn — oo.

nm o= Jk-1 1 — up(Ce/n) Cos(t))
Proof. Note that that

T Jr/2n
1 w/n 1 n'n/n 1 w/2

— [ a@des [ @i [ g
T Jr/2n T Jr/n T Jn'z/n



When n is even, the last integral in the above vanishes, and it is as small as O(n~!) when n

is odd. Since 0 < f, () < 1 on @, we observe that

w/n
l/ gn(:c)da::l/ gn(x)dxgl/ (14 V3 fo(o)de < LHY3)

T Jxom T Jor T Jor 2n

Therefore,

n'm/n
== [ @ e+ o),

w/n

We apply the change of variables t = nx, and observe that
1 n'w/n
I[(n):—/ g5 (2) da + O(n™Y)

[T g

(1 — ue(t/n) cos(t))

By Lemma 2.3.1, we already know that |u,((x/n)| < 1, and in particular

lug(Gr/n)| = Jue(m/n)| < 1.

Therefore, (3.2.1) helps us write

/ \/ —up(G/m) L VBT VI (G mdt 14V

(1— g Cl/n) Cos(t)) Snoonm Jo T—wlGi/n)cos(t)  n

Considering the last two relations, to prove our desired result, we need to prove that

J 31— ui(t/m)
1)7r (1 — w( t/n) (15))2

) \/ BG4 o
k—1)m (1— Qk/n) cos(t))2 7

or equivalently, we desire to show that

1 n’ km
Ly / A (f)dt = O(m™), asn— oo, (3.3.7)
Ty J (k=17

where, for 2 < k < n' and ¢t € [(k — 1), kn],

} 3(1— w2 (t/n) 31— vi(G/m)
Ak n t) = 1+ n I+ -
(1) \/ ( \/ (1 — ue(Cr/n) cos(t))




Set b, := (1 — a)/2, where a € (0,1/3) is fixed. With the same positive integer N coming
from the proof of Lemma 3.3.4, let n; := (nlfba/ﬂ and ny = [n/2(], for all n > N. If

2 < k < ny, we replace ay, with uy((;/n) in (3.3.5) to obtain

\/ —EGin)
(k—1)m (1— Ck/n) cos(t))
1, VB V1= uj(Ge/n) dt
S n 07T Jgo1yx 1 —u(Ce/n) cos(t)
l ﬁ T /1 —u(Ge/n)dt 1+/3
n o nm Jo 1—u(C/n)cos(t)  n

It follows from n; < n'~% and the above inequality that

L~ [ 3(1 — up(G/n)) -
— 1 sdt < (1+V3)n™°
nmw /(k1)7r \/ - (1 — uy(Cp /1) cos(t)) < +v3)

Replacing ¢ with b, in (3.3.6) also gives us
—Z / 0w,
(1 — wue(t/n) cos(t ))2
1 kﬂ/n 1—
0],
—1)m/n (1 — ue(z) cos(nz))
ni kn/n ni km/n
= Z/ gy (z)dx < 7~ + /3 Z fo(x)dx

k=2 v (k=1)7/n e ¢ (k—1)m/n

< (’/T + \/gMg)nib“

Hence putting the last two relations together and with the help of the triangle inequality we
see that

ii/kﬂ AL, @) dt = O(n™"). (3.3.8)

A= J(k=r

On the other hand, if n; +1 <k <0/, it is obvious that A, € C'[(k — 1), kx]. Thus, by
the Mean Value Theorem for Integrals, there exists g, € ((k — 1), k7) such that

/

1 n
Z / ) di| = Z Ao < S |Ara(an)].
k: n1+1 —)m k‘ n1+1 nk:n1+1
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For ny +1 < k < n/, let us define

1 —u2(t/n)
1 — up(t/n) cos(ay)’

Sen(t) = t e [(k—1)m, krl.

Since f,,, > 0 and /1 + 3y* > V3 |y, we see that

| knak\_'\/u?) fem(aw)) \/1+3 (fin(G)
3 frnlan) + fin(G)] [ fin(an) = fi,(G0)]
\/1 +3(fia(an)’ + \/1 +3(fin(G)

< V3| finlan) = fin(Go)l -

We know that 0 < |ue(t/n)| < 1 on [(k— 1w kn], ny +1 < k < 0/, hence 0 < f | €
C'[(k — 1)7, kx]. Thus, by the Mean Value Theorem, there exists (5 lying between aj, and

(r such that

[Finlew) = Finl@0)] = 16— el [ £, (B0)] < [ i (80|

So, we can write

fﬂ Z (f,m ﬁk’ (3.3.9)

k=ni1+1

Z / Ay (t) dt
-1

kn+1

Let us define an auxiliary function

ug(x) cos(z) — cos(lx)
sin(z)/1 — u?(x)

Some properties of hy are indeed quick and quite useful. Tt is trivial that, for 2 € [0, 7/2],

hg(l‘) =

. x€[0,7].

he(x),  if £ is even,
he(m —x) = (3.3.10)

—hy(z), if £is odd.
Moreover, hy(x) could be simplified as
sin(¢x) cos(x) — ¢sin(x) cos({x
) = SnE) L) — L) ot
lsin®(z)4/1 — uj(x)

_ (1—=0sin({+ 1)z + (1+£)sin(l — 1)z
20sin*(x)/1 — u2(z) '
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Note that (1—¢) sin(¢+1)z+(1+¢) sin({—1)x vanishes at x = 0. In addition, for z € [0, 7/2/],

we have

% (1= 0)sin(¢ + 1)z + (14 £)sin(¢ — 1)z] = 2(¢* — 1) sin(¢z) sin(z) = 0.

This means that hy(x) is nonnegative on [0, 7/2¢]. Hence we apply (3.3.2), and see that

cos?(z) — cos(lx 2 —2
) eottn) ) B2

0 < hy(z) < z € [0,7/24), (3.3.11)

sin?(x)
where the last inequality follows from the facts that n, is a strictly decreasing function on
[0, 7w/2¢], and

lim ny(x) = (* —2)/2.

z—0t
With the help of (3.3.1), (3.3.10) and (3.3.11), one can show that h, is integrable on [0, 7].

Namely,

T w20 T—7/2¢
/ \ho(a)| dz = 2/ ha(z) dx+/ Ihe(z)| da
0 0 T

/20
_ (=2 N /H/% 2dx

20 je sin(z)y/1 —w?

= A D (3.3.12)

20 N

71



We also note that, using the triangle inequality, we obtain

uf(Br/n) cos(Br/n) — ue(Br/n) cos(¢By/n)
nsin(By/n)\/1 — ui(Bk/n) [1 — up(Br/n) cos(ozk)}
B \/W[ug(ﬁk/n) cos(Br/n) cos(ay) — cos({fy/n) cos(ov)]
nsin(B/n) [1 = ug(Bi/n) cos(ar)]
_ 1 ue(By/n) cos(Br/n) — cos({Br/n)
n| o sin(Be/n)y/1 = ui(Br/n)

Fon(B1)] =

y ue(Br/n) [T =g (B/n)] cos(au)
1 — wy(Be/n) cos(au) [1 — we(Br/n) cos(ou)] ?
_ [Pu(Br/n)] ue(Br/n) [ uf(Be/n)] cos(au)
n 1 — up(Br/n) cos(ay)

[1 — ug(Br/n) cos(ozk)}2
o B/l [ Jue(Be/n)| 1 — uj(By/n)

S, L= Jue(Be/m)l 1 = ue(Br/n)| ]

_ Nhe(Be/m)| 1+ 2 Jue(Bi/n)] 3| he(Bx/n)|

= T TuBem)] S n[i= uGefn]] (33.13)

First, let n; +1 < k < ny. It is obvious that n=% < By/n < 7/2¢. Tt follows from (3.3.2),

(3.3.11) and (3.3.13) that, for n; + 1 < k < ng,

3 he(Br/n)| 3(02 —2)
[ B0)] < S oD < T el
3(2-2) 32 -2)
= 2n(1 —cos(Br/n))  4nsin®(B/2n)

o 3(0* — 2)7? o 3(02 = 2)wPn~tH2e 32 — 2)wPn
= dn(B/n)? 4 B 4
Hence we use (3.3.9), and observe that
e [T s <5 [
k ni+1 k=ni1+1
3V3(? — 2)m3n—e

In other words,

(3.3.14)
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Next, let ng + 1 < k < n’. This means that 7/2¢ < fi/n < 7/2. Therefore, (3.3.1) and
(3.3.13) show that, for no +1 < k <7/,
3 |he(Br/n)]

(1 = [ug(By/n)])
6 6/

< nsin(fk/n)/1 — wg(l — W) < n(l— Wg)3/27

where the last inequality comes from the fact that sin(f/n) > 26, /nm > 1/0 for nog + 1 <

‘fkin%ﬁk)‘ <

k < n'. Thus, with the help of (3.3.9), we have

n/

1 > /(kﬂ Ay () dt| <

nim
k=ng+1 k—1)m

330

_ -1
(1 _w£>3/2 = Dgn .

So, we have shown that

Z / = O(n™). (3.3.15)

k no+1

Combining (3.3.8), (3.3.14) and (3.3.15) yields the desired result
1 n' km
— Z/ A, dt=0m")+O0(n ")+ 0(n')=0(Mn""), asn— oo
™ =2 (k—1)mw
since a < b, = (1 —a)/2, a € (0,1/3). Thus, (3.3.7) holds as required. |

Lemma 3.3.8 With the same assumptions as Lemma 3.5.7, we have

+ uﬁ(ck/n)) —a
I (n sdt+O(n™"), asn— oo.
(n) = \/ 1 + Uy Ck/n) cos(t )) ™)

Proof. The proof of the lemma is quite similar to that of Lemma 3.3.7. For this reason, we

just state the critical steps and leave the details to the reader. As in the proof of Lemma

3.3.7, we require showing that

Z/ =0, asn— oo,
-1

where, for 1 < k< n' and t € [(k — 1), kn],

A () = \/1+( 3(1 — ui(t/n)) 2_\/1+ 3(1 — u2(Ce/n))

1+ u(t/n) cos(t)) (1 + we(Gr/n) cos(t))”
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It is quite easy to prove that

1 ni km
S / A () dt = O(n"). (3.3.16)
nma— Jk-1)r
For ny +1 < k < n/, let us define
1 —us(t/n
Finlt) = UM (k= 1), k).

14 we(t/n) cos(ay)’

The same argument that helped us obtain (3.3.9) gives that

1 n’ kn \/gﬂ n’ .
+ +
Y [ anwa <Y |k

m k=ny+1 7 (k=1)m n1+1
where
ny ~ |he(Br /1) ue(SBr./n) [1 —ug(Br/n)] cos(ou)
’f"”" (ﬁk)‘ B n 1 + ug(Br/n) cos(ay) i [1 4 we(Bi/n) cos(ay)]”

31he(Br/m)]
n[1— |u(Be/n)| ]

We follow the same procedure as in Lemma 3.3.7, and observe that, for n; +1 < k < ny,

3(0? — 2)n*n—
i o] < XD
and, for no +1 < k < n/,
6/
+ / <
75 80| < =g
Therefore,
Z / = O(n™), (3.3.17)
k n1+1
and

Z/ AfL () dt = O(n™). (3.3.18)

kn+1

Now, (3.3.16)—(3.3.18) gives the desire result, that is

1 n km
— / AfL(t)dt =O(n™"), asn — oo.

N1 J (k=1)r
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Lemma 3.3.9 With the same assumptions as Lemma 3.53.7,
I;(n) =K+ 0O(n"), asn— oo.

Proof. 1t follows from Lemma 3.3.7 that

- 3(1 — uj(Ce/n)) a
I, (n)= dt + O(n™%).
e () \/ 1 — ug(Ce/m) cos(t))2 t+0m™)

We use the same change of variables as in (3.3.5) and observe that

- BA—w(G/m) ot oo, 3.3.19
7r2/ Z 1_W(<k/n)cos(t))2 +Om™) ( )

We intend to show that

[ Z 31— uz@k/n)i "

1_U,Z Qk/n cos( )2
)

/ / \/ 1—W cis)@))?d”tw(bin)' (3.3.20)

Let us define

g (s,t) = \/1 + 0 i(:b zs;bfz(()ss)(zf)f X Liomz (s,1),  (s,t) € [0,7]*

For any fixed t € (0,7) and any s € [0, 7], we set

g (s) =g (s5,0), and I(t):= /Oﬂgt_(s)ds.

For the sake of simplicity of our computations, we suppose that n is even. Set

th k—1/2)m/n’) :%th((%’—l)ﬂ/n)

:—Zzgt (2 — 1)m/n) = th (/)

Hence proving (3.3.20) is equivalent to showing that

/OW Ru(g)dt = /Oﬂ (1) dt+o(10g”). (3.3.21)

n
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Define

X Lom2 (s,1), (s,t) €[0,7]%,

and for any fixed t € (0,7) let f; (s) :== f~(s,t), s € [0, 7]. It is clear that
0.< VB (s) < g (s) <1+ V3 (s),

and

_ 3ft7(5)
9 (s)

Therefore, proving that g, , t € (0, 7), is integrable and a function of bounded variation over

dfy (
d

‘ dg; (s)
ds

<va |4l

[0, ], simply requires showing that f,” is integrable and of bounded variation over the same

interval. It is clear that

’dft_(s) _ | ue(s) cos(s) — cos(Cs) ug(s) B [1— u}(s)] cos(?)
ds sin(s)y/1 —u2(s) ||1—wes)cos(t) [1 — ug(s) (:os(t)}2
we($) B [1 — uz(s)} cos

1 — uy(s) cos(t) [1 — w(s) cos(t )}

. |ue(s)] [1 = uj(s)] |cos(t)]
< Jhe(s)] (1 ~Tur(s) cos(D) + 1 foato) cond) ) (3.3.22)

It is trivial that
0< fnls) = /- () < 1,

which implies that f_, is integrable over [0, 7]. Moreover, (3.3.22) and (3.3.12) imply that

df,
/ ”/2 d_/|hg ) ue(s)| ds < /W )| ds < o0.
0

Thus, fﬂ_/2 is a function of bounded variation over [0, 7|. Note that, by symmetry, we just

need to prove the claims for ¢ € (0,7/2). So, without loss of generality, fix ¢t € (0,7/2). B
(3.3.4), it is immediate that, for any s € [0, 7/2],

fi (s), if £is even,
fo(m—s) = (3.3.23)

fi (s), if £is odd,

~—
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where

TN 1— U%S)
fils) = 1+ up(s) cos(t)

This indicates that f,” is integrable and a function of bounded variation over [0, 7] if both

f; and f;' are integrable and of bounded variation over [0, 7/2]. It is obvious that
0< fi(s) <1, s e 0,7/2),
and

0< fi(8), /7 (s) <1/(1—wy), s €[m/2,7/2].

Furthermore, (3.3.2) gives that
/W/%{f_( )[d _/”/% V1—ui(s)ds </”/2£ sin(¢s) ds
0 e A 08= o L—ug(s)cos(t) = J; 1—cos(s)cos(t)
(m /’T/% sin(s) ds
2 Jo 1 —cos(s)cos(t)

LI (1 — cos(m/20) cos(t)) e

T2 cos(t) 1 — cos(t)

~X

So far, we showed that f,” and f; are integrable over [0, 7/2].
In order to see that f,” and f;' are functions of bounded variation over [0, /2], similar

0 (3.3.22), we can write

' dfi' (s)

ds

= |hy(s)] 1 4 ue(s) cos(t) [1+ ue(s) cos(t )]
[ )] eos)
< he(s)] (1 — |ue(s) cos(t)| i [1— ue(s) cos(t )\] ) (3:3.24)
Up to this point, (3.3.22) and (3.3.24) state that, for a fixed ¢ € (0,7/2) and any s € [0, 7/2],
G| |G| jue(s) 1 u3(s)] cos(t)
‘ ds ds < Jhels)l (1 — |ug(s)] cos(t) " [1- |u4(s)|cos(t)]2>. (3:3.25)
It is clear from (3.3.1) that, for s € [7/2¢,7/2],

o) [1— u3(s)] cos(t)
e(s) (1 — [ue(s)] cos(t) " [1— Jue(s)] cos(t)f)

ug(s) N [1— u?(s)] cos
i(

Y

. 1—w 2 2+ wy
< |he(s + . >< ( >
|he(s)] (1 —we (1 —w)? sin(s)/1T—wf \1 —w
6 6/
_ _ (3.3.26)

T osin(s)y/T—wi(l—wp) (1= w)??
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where the last inequality holds since sin(s) > 1/¢ on [7/2¢,7/2]. Considering (3.3.25) and
(3.3.26), we have showed that f,” and f;" are of bounded variation over [r/2¢,7/2]. Tt also

remains to prove that f, and f," are of bounded variation over [0,7/2¢]. It follows from

(3.3.11) and (3.3.2) that

[ (s et
<£ > : /OW (1 - 008(18) cos®) 1 S—mc(fs<)>csj(<)>]2>d8
<57 /OW (1 e 4{171 Sn<(s>)cos(f>)] )ds
<ﬁ;24w<um%én%®+&éizimiiza
- T ) e

where the last equality is obtained by (3.2.1) and integration by parts. We employ [42,

3.613(1), p. 366], while setting n = 1, and observe that

/7r cos(s) ds (1 —sin(t))

1 —cos(s)cos(t)  sin(t)cos(t)

This helps to rewrite (3.3.27) as

/2t ) ug(s) [1 —uj(s)] cos(t)
/0 fuls) (1 — uy(s) cos(t) - [1— (s )cos(t)]2>

gﬁ—Q(w +%ﬂyﬂmm><w

2 sin(t) 4 sin(t) cos(t)

This along with (3.3.25) implies that f,” and f;” are of bounded variation over [0, 7/2¢]. To
summarize, we have so far showed that g, , t € (0, 7), is integrable and a function of bounded
variation over [0, 7.

Let us define

!/

U (8) =T pw(s) —n's, se€|0,m],

also known as the modified sawtooth function, and p, := Zz;l 1, with 14, denoting the

Gy

characteristic function on Gy = [(2k — 1) /n, 7]. If we follow the technique stated in Section
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2 of [12], then

In particular, we have

[ 1@ - Rt dt\ 25 [ [t

4+/37 (s < [ue(s)] [1_U?(5)} |cos(t)] s
S h /0 /0 7o ()] he(s) (1—\ug(s)cos(t)| " [1_|W(s)cos<t)y]2>d "

dft ds dt

where the last inequality comes from (3.3.22)—(3.3.24), and the fact that |v,/| is symmetric

about s = 7/2. Note that
| (1 - \ljfg)c‘osw i [[11__ \U()Mtﬂ)
N // (1 - \LZfS\)Losu) i [[11 - \Zi;}\ |< >}|2>Chf
’ // (1 e * [[1; aiﬂ |< E )dt

2 |ue(s)] 1 — ug(s)
S 2/0 (1 — Jug(s)| cos(t) - [1— Jue(s)] Cos(t)}z)dt'

Therefore, we can write

[ - ot e

8V3r 2 (72 . [ue(s)] L —uj(s) s
<2 [ o )|<1_|W(S)|COS@+[l_me(s)‘cos(t)r)d t.

(3.3.28)

It is quite easy to check that |v,/(s)] < 7/2, s € [0,7/2]. Hence with the help of (3.3.26),

we have

/2 (/2 [ue(s)] 1—u2(s) ) 3(0—1)m?
/n/% /o v (3)] [ha(5) (1 — |ug(s)] COS(t)+ [1— Jue(s)] cos(t)}2>dtd S 4(1 — wy)3/?

(3.3.29)
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Now, (3.3.2) helps to write

/20 5 |ug(s)] 1 — up(s) s
/ / v (3)] ()| (1 ~Tue(s) o5 " [1— fues) cos(t)}z) "
22 [T/ /2 1 (*7 sin’(s)
< 5 /0 Vi (5)] /0 (1 — cos(s) cos(t) * 4[1 — cos(s) COS(t)}Q) s
29 [T/ ™ 1 (27 sin’(s)
< 5 /0 [V ()] /0 <1 — cos(s) cos(t) * 4[1 — cos(s) COS(t)]2> s

ey - - Cr?sin®(s) [T dt s
= 5 /0 | n’( )| (SiH(S) + 4 /0 [1 —COS(S) COS(t)}2>d ’

where the last equality is gained by (3.2.1). We apply [42, 2.554(3), p. 148] with n = 2,

a=1and b= —cos(s), and obtain

/7r dt _ 1 /7r dt _ 7
0 (1 —cos(s) cos(t))2 sin®(s) Jo 1—cos(s)cos(t) sin’(s)

Combining the last two relations, we can write

T2 /2 . ) [ug(s)] 1 — uj(s) s
/0 /O [ (8)] [Pe(5))| (1_ fue(s)] cos(t) [1- ]ue(s)]cos(t)F)dtd

2 _ 2,3 w/2¢ ,
< (0 —=2)(4m + o7 )/ |1/n (s)] ds
8 0 sin(s)
2 2 2, 4 w/n /26 ,
< ol (ol gy ] )
16 0 s /n 5

with the last inequality obtained by sin(s) > 2s/m. Note that |v,/(s)] = n's = ns/2 on
[0, 7/n], and |v(s)| < 7/2, s € [7/n,7/2(]. Therefore,

©/2 )2 . . ()] 1 — uj(s) 5
/0 /0 |V (8)] [he(5)] <1 — |ue(s)| cos(t) * [1 — |ug(s)] cos(t)f)dtd
() +1) (

(0% — 2) (47 + 027°) (log n — log(2
32

< 3.3.30)

It follows from (3.3.29) and (3.3.30) that there exist d, > 0 and N € N such that, for all

n>=N,

T2 /2 " ) [ug(s)] 1 —u2(s) ) e
/0 /0 e (5)] (o) (1—Iue(s>|cos(t> " [1—|ug(s)|cos(t)}2)dtd s delogn.
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Thus, this combined with (3.3.28) implies that, for all n > N, we have

[ - <g;>]dt\

SV3r [ [ ug(s) 1= ui(s)
<= ‘”"’“)”hﬁ(”‘(1—|u@<s>|cos<t>+[1_@(8)‘(;08@)}2)““

_ 8v/3md,logn
= n

Y

where the interchange of integration order is justified by the Fubini-Tonelli Theorem. This
shows that (3.3.21) holds, so does (3.3.20). Now, combining (3.3.20) with the fact that

g~ (s,t) is symmetric about the vertical line passing through the point (7/2,7/2,0) gives us

/ Z 3(1 — Ue(Ck/n)) dt

(1 — we(C/m) cos(t))

/"/ Ve rer o ()

At last, this very last estimate and (3.3.19) allow us to write that

_ BG4 e
7T2/ Z 1—ug(gk/n)cos(t))2 +O0™)

// \/ 1—w (S)(i))stdHO(lOi”)+O(n‘“)
L a0

=K+ 0(n™"), asn— oo,

where the last equality comes from the fact that
1 ™ 7r/2 1 - 2
—2/ / 1 Ao g
™ Jo Jo (1 — ue(s) cos(t))

1 [" [7/? 3(1 — ud(s))
2 /o /o \/ - (1 + ug(s) cos(t))2 ‘ ( )
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Similarly, we have the following lemma, whose proof is omitted since it follows the exact

procedure as in the proof of Lemma 3.3.9.

Lemma 3.3.10 With the same assumptions as Lemma 3.5.7,
IF(n) =K, +0O(n*), asn— oo.

Finally, we reach the point to prove the main theorem of this chapter.

Proof of Theorem 3.2.1. Fix a € (0,1/3). It follows from Lemma 3.3.6 that

;

[0+ OW*)][I](n) + 1, (n)]
V3

+ O(n'~), if n—{is even,

E[N,(0,27)] = <

[2n + O(n*)| I} (n)
( V3

Therefore, with the help of Lemmas 3.3.9 and 3.3.10, we obtain that

+ O(n'™%), if n — ¢ is odd.

2n

V3

It is clear that the best estimate occurs when a = 1/4. Thus,

E[N,(0,27)] = K, +O(n*) + O0(n'™*), asn — oo.

2n

V3

as desired. u

E[N,(0,27)] = K, 4+ On**), asn — oo,
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CHAPTER IV

RANDOM TRIGONOMETRIC POLYNOMIALS WITH PERIODIC
COEFFICIENTS

4.1 Trigonometric polynomials with periodic coefficients

This chapter focuses on the number of zeros of random algebraic and trigonometric (cosine)
polynomials with periodic coefficients.

The motivation of studying the number of real zeros of random cosine (trigonometric)
polynomials with periodic coefficients arises while studying a classical work of Szegd [75,
p. 260] as stated below.

Theorem (Szegd) Let f(z) => 7, a;z? be a power series with only finitely many distinct
coefficients. Then either D is the domain of holomorphy of f or f can be extended to a
rational function f(z) = p(z)/(1 — 2*), where p(z) € C[z] and k € N.

To prove the above theorem, it suffices to show that if D is not the domain of holomorphy
of f, then from some coefficient on all coefficients are periodic, i.e., there exist A, u € N with
A < p such that ayy; = a,qj, 7 € NU{0}. Therefore, defining P(z) := Z;;& a;z’ and

Q(z) := Zg:i a;z’, z € D, we then write, while setting k = pu — A,

z
f() = P() + Q) + QI + Q)+ = P) + 2 s e
This naturally invites us to investigate the cosine series V(2) := > 72 a;cos(jz) with

only finitely many distinct coefficients.

Proposition 4.1.1 V(z) with only finitely many distinct coefficients diverges in C.
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Proof. Observe that

> y 1

:Z(IJCOSjZ (Za] WJrZaeW): (Zajw]+2a] ]>,

Jj= 7=0
where w = €. Since we are dealing with only finitely many distinct coefficients, we then
see that limsup, ]aj|1/j = 1. Thus, 372 a;w’ and Y77 a;w™ diverge in C \ D and D
respectively, which implies that Z;io a; cos(jz) diverges in C \ R.

Note that V(z) = > 7 a;cos(jz), = € [0,27), with only finitely many distinct coeffi-
cients is also divergent since lim;_,, a; cos(jx) # 0. This could be shown by assuming to the
contrary that lim;_,, a; cos(jzo) = 0 for some zy € [0,27). Set M := min{]|q,| : a; # 0} and
let € € (0, M/2) be arbitrary. We may find a large enough J € N so that |a;cos(Jzo)| < €,

for all j > J. It is then clear that |cos(2Jx)| < e/M < 1/2, and
lagy cos(2Jx0)| = M |cos(2Jx0)| = M(1 — 2cos?(Jxg)) > M(1 — 2% /M?) > ¢

where the last inequality is derived from the fact that 26+ Me—M? < 0 for all e € (0, M/2).
Thus, V(z) = > 72 a;jcos(jz) with finitely many distinct coefficients diverges in the entire

complex plane. [ |

Similarly, T'(2) 1= > 77 a;j cos(jz) +b;sin(j2) diverges under the same conditions. However,
our objective is to study the number of real zeros of partial sums of these infinite series.
We begin with a model considering the coefficients being periodic from the trailing coef-
ficient ag on, namely ay = a¢, kK € NU {0}, and a fixed £ € N. Let A = (ag, a1,...,a,) be
the block of all coefficients and n = ¢m — 1, m € N, where ¢ is fixed. We split the coefficients

into the blocks of length £ as the following. Set A = (ag, a1, ...,a,) = ;= o Aj, where

Aj = (@, g, - - Qegn)—1)-

We further assume that the coefficients are periodic, i.e., Ag = A; =--- = A,,_1. In what
follows, we investigate the roots of polynomials P,, T,, and V,, with coefficients satisfying

the above arrangement.
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Lemma 4.1.1 Fiz { € N and set n = {m — 1, m € N. Let P,(2) = Y7 a;27, where
(ag,ay,...,a,) = U;n:_ol A; with the A; as above. We also assume that the coefficients are

periodic, i.e., aproj = ap for 0 < k<l —1and 0 < j<m—1. Then

Remark 4.1.1 From the above lemma, it is clear that P, has at least {(m —1) =n—{+1
zeros that are all unimodular. We also note that if £ = 1, then all zeros are the m-th roots

of unity other than 1.

Before stating the next lemma, let us define
B = (bo, bl, . 7bn)7 and Bj = (bgj, bgj+1, . abé(j—i-l)—l)-

Theorem 4.1.1 Fizl € N, and setn ={m—1, m € N\{1}. Let T,(v) = >_7_; a; cos(jz)+
b;sin(jz), x € (0,27m). Assume AgU By is a family of i.i.d. random variables with Gaussian

distribution N(0,0%). We also assume that the coefficients a; and b; are periodic, i.e.,

Aptej = A and bpygj = b for 0 <k <l —1and 0 < j<m—1. Then

-1
E[N,(0,27)] =n+1—{0+/n?+ T

Remark 4.1.2 If / = 1, then all the zeros happen to be real.

Theorem 4.1.2 Fiz £ € N, and set n = m — 1, m € N. Let V,(z) = 377, a;cos(jz),
x € (0,2m). Assume Ay is a family of i.i.d. random wvariables with Gaussian distribution
N(0,0?). We also assume that the coefficients a; are periodic, i.e., age; = ay for 0 < k <

{—1and 0<j<m—1. Then
E[N,(0,27)] = 2n + O(n*?) asn — oo,

where the implied constant depends only on L.
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4.2 Proofs

Proof of Lemma 4.1.1. With the assumptions of Lemma 4.1.1, one can write
-1

n /—1 m—1 m—1 -1 Im
_ i k+tj _ 2 Ky _ 2 —1 k
P.(z) = ‘ a;?’ —Zak ' 2R = (ZZ])(Z%Z ) =1 Zakz ,
7=0 k=0 7=0 7=0 k=0 k=0
which gives us at least {(m — 1) =n — £ + 1 roots with modulus one. |
Proof of Theorem 4.1.1. For x € (0,27), we apply (2.3.1) and (2.3.2) and observe that
T, (x) = Z aj cos(jx) + b;sin(jx)
=0
/-1 m—1 {—1 m—1
= ag » cos(k+Lj)x+ Y by y sin(k+j)x
k=0  j=0 k=0 j=0
: -1
sin(mlx/2) _
= “Sn(lz)2) kz:; lak cos(k + (m — 1)0/2)x + by sin(k + (m — 1)/2)z]
sin(mlx/2)
= ——=T*(x).
sn(lz/2) @)
We first find the expected number of real zeros of T*. We observe that, for x € (0, 27),
-1
Ar(z) = [cos®(k + (m — 1)0/2)z + sin®(k + (m — 1)¢/2)z] = € > 0, (4.2.1)
k=0
-1
Bi(x) == [k+ (m— 1)t/2]sin(k + (m — 1)£/2)x cos(k + (m — 1)¢/2)x
k=0
-1
+ Y [k + (m = 1)¢/2]sin(k + (m — 1)¢/2)x cos(k + (m — 1){/2)z =0, (4.2.2)
k=0
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and

-1
C(z) = Z [k + (m — 1)0/2]” sin®(k + (m — 1)¢/2)x
/—1
+Z m—1) 6/2} cos?(k + (m — 1)£/2)x

Z P DY:Z{)(MM@%)HM

_(e=neee-1) , (t=1)em-1) . Blm — 1)

6 2 4
BCME —6lm+ 2 +2)  L[3(lm — 1) + (2 —1)]
B 12 B 12

([3n? + (€2 — 1)]
B 12 '

It follows from (4.2.1)—(4.2.3) that

* * * 2 _
VAL (2 — B*(x)? 1 n2+£ 1.
A;;() 2 3

Therefore, by Kac-Rice’s formula (1.2.3), we obtain

E[N?(0, 27)] = W/:WVA* /;U Biw)l gp = \fn2 + £21

Let us define ¢, (z) := sin(mlx/2)/sin(fx/2). We know that

Z(om)N0,2n/0] = {2jm/ml: 1< j<m—1}.

)

(4.2.3)

(4.2.4)

Therefore, ¢, has {(m—1) = n+1—/ zeros in [0, 27]. Now, considering (4.2.4) and n+1—¢

zeros of ¢,,, we have

-1

E[N,(0,27)] =n+1— ¢+ E[N:(0,2m)]=n+1—L+1/n?+

as required.

Proof of Theorem 4.1.2. Fix a € (0,1/2), and define F = [0, 7] \ F, where F' =

a

(m—n~%ml.
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For x € [0, 7], we apply (2.3.1) and observe that

n /-1 m—1
Va(z) = Z ajcos(jz) = » ap Y cos(k+{j)x
=0 k=0  j=0
. -1
sin(mfx /2
= W a cos(k + (m — 1)0/2)x.

k=0

If we set ¢ = 1, it is easy to check that V,, has exactly 2n zeros in [0,27], so we assume
that ¢ € N\ {1}. Again, setting ¢,,(z) = sin(mlz/2)/sin(lx/2), we can write V, (z) =
Om(x)V(x), where
-1
V() = Z ag cos(k + (m — 1)¢/2)x.
k=0
To discuss the expected number of real zeros of V¥ in E, we compute Ay, B} and C};. First,

for z € E, we apply (2.3.1) and obtain

)

-1

[1+ cos(2k + (m — 1)0)z]

| —

Ar(x) = icosz(/ﬂ + (m—1)¢/2)x =

B 1(6 N sin(fx) cos(fm — 1)1‘) :E[l + up(x) cos(nw))

bl

(4.2.5)

sin () 2 ’

/Usin(z). Note that Markov’s inequality (see Theorem 15.1.4 of [74])

~—

where uy(x) = sin(lx

~—

guarantees that |us(x)| < 1 on F implying that A% > 0 on E. Moreover,

~

Bi(x)=— ; [k + (m —1)¢/2]sin(k + (m — 1)¢/2)x cos(k + (m — 1){/2)x

¢

[e=]

[k + (m —1)¢/2]sin(2k + (m — 1){)x
:l?fl 1 /—1
sin(2k + (m = 1))z — 5 > [k = £/2)sin(2k + (m — 1)0)z

k=0 k=0

lm e~
= % sin(2k + (m — 1)0)z + O(1)
it =)

~ N | —
SER.

Cmuy(z) sin(nw)
4

+0(1),
where the last sum is obtained with the help of (2.3.2). Therefore,

B (z) = —K"W(‘”):m(m) +O1), asn—ooandz € E. (4.2.6)
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In addition, using (2.3.1), we obtain that

/-1

Cr(z) = [k+ (m—1)£/2) sin?(k + (m — 1)£/2)z

=
5}: m —1)0/2]°[1 — cos(2k + (m — 1)¢)z]

B €2m _ sin(lx) cos(fm — 1)z .

8 <£ sin(x) ) +0(m)

_ m (1— UgS(I) cos(nz)) L O(m).

Hence,
Crx) = (1 — () cos(na)) +0(n), asn—>occandz € E. (4.2.7)

8
Hence, (4.2.5)-(4.2.7) imply that

A¥(x) := A (2)Ck () — Bi(2)? = en (11_61%( ?) +0O(n), asn—ooandz € E.

As in the proof of Lemma 3.3.2, we can show that

Cn*(1 —u(2))[1+ O(n=+2)]
16

A (z) =

, asn—oocandzx € F.

Therefore,

Ar(z)  n[l4+0(n 2] y 1 —ul(x)

= d E.
Az () 2 1 + w(z) cos(nz)’ s oo and e

From this point on, the proof is very close to that of Theorem 3.2.1. Set G = EN[0, 7/2] =

[n~% m/2]. As in the proof of Lemma 3.3.3, we can easily show that, as n tends to infinity,

'@+om%HfWWhﬁWﬂ+mma%ﬁn_mem
E[N:(0,27)] = <
| [2n + O(T:“)]JF(”) L O, if n — £ is odd,
where
TH(n) = j S(@)de, and J; (n):= /an‘(fv) dz,
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with

T
1 — ug(x) cos(nz)

1 — uj(x)

fa () = 1 + up(x) cos(nz)’

and f (x):=

Note that while proving Lemmas 3.3.4 and 3.3.5, we showed

n—a

/On‘ i (x)de =O(n %), and o (x)de =O(n™?).

w/2n

Hence, likewise Lemma 3.3.6 we can write

(

[n+OMm*)][I/(n) + I, (n)] + O(n'™), if n— {is even,

E[N; (0, 27)] =

[2n + O(n*)| I} (n) + O(n'~2), if n — ¢ is odd,
\
where
1 /2 1 /2
F(n) = —/ fF(z), and Z,(n):= —/ [ (x)dx.
T Jo T Jrx/2n
We use the same method established through Lemmas 3.3.7-3.3.10 to show that

/ \/1—u,Z
/2n

Cos(nx)

/ / — ig_ “éos)(t) dsdt +O(n™?)
ﬂ/z/ v 1_% dtds + O(n™),

1 4 uy(s) cos )

(4.2.8)

where the interchange of integration order is justified by the Fubini-Tonelli Theorem. Now,

applying (3.2.1) yields

/7r dt B ™
o 1—u(s)cos(t) /11— u(s)’

which gives us

Similarly, we have
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Plugging these two into (4.2.8), we can write
E[N(0,27)] = n + O(n**) + O(n'™%).
It is clear that the best estimate in above occurs when a = 1/3. Thus,
E[N?(0,27)] = n 4+ O(n*?).
At last, considering n + 1 — ¢ distinct roots of ¢,,, in [0, 27, we have
E[N,(0,27)] = n 41—+ E[N?(0,21)] = 2n + O(n*?), asn — oo,

as desired.
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APPENDICES

Random cosine polynomials with palindromic coefficients

This appendix discusses the expected number of real zeros of random cosine polynomials
with palindromic coefficients. Even though this subject was already studied by Farahmand
and Li [35], we believe it is necessary to give a complete proof of the case with palindromic
coefficients since the given result in [35] is not accurate. Besides, they only considered the
case where n (the degree of V},) is odd, see pp. 11-12 for our brief comments on their result.

We investigate the expected number of real zeros of random palindromic cosine polyno-

mials through the following lemmas based on n being odd or even.

Lemma A.1 Fiza € (0,1/2) and let n =2m — 1, m € N. Define V,,(z) = > _7_; a;j cos(jz),
x € (0,2m). We assume that the coefficients a;, 0 < j < m — 1, are i.i.d. random variables
with Gaussian distribution N'(0, 0?). If the a; are palindromic, i.e., a; = a,—;, 0 < j < m—1,
then

E[N,(0,27)] =n + Doy O(n'™*), asn — oco.

V3

Proof. Since the coefficients are palindromic, we observe that

Volx) = Zaj cos(jr) = a;j[ cos(jz) 4 cos(n — j)z]

3

J

Il
o

= 2 cos(nz/2) - ajcos(n/2 — j)x = 2cos(nx/2) V) (x),

J

3

Il
=)

where m = (n+1)/2, and

m—1

V¥(z) = Z ajcos(m—j—1/2)x.

=0
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Let N,(-) and N;(-) be the number of real zeros of V,, and V;* respectively. We first
find the expected number of real zeros of V* in (0,27). Therefore, we require computing
Af(x), Bi(x) and Cf(z) for V¥, as they are defined in Lemma 1.2.3. Let E = [0, 7] \ F,
where F' = [0,n"%) U (7 —n % 7], and a € (0,1/2) is fixed. We note that, for = € F,

m—1 m—1
= Zcosz(m —Jj—1/2)x = ZCOSQ(j +1/2)x,
=0 =0

where the last equality is simply obtained by replacing 5 with m — 1 — j. It is trivial that

—1
Ar(x) = cos?(j +1/2)x > cos*(x/2) >0, z€E.

3

.
Il
o

Moreover,

-1

3

cos?(j +1/2)x = 1 Z[ + cos(2j + 1)z]

L1 - Ry(1
=0

A (z) =

n

N}

o= 11

(\]

2

Now, Corollary 2.3.1 gives that

1
A) = 2+ 0m) = =+ 0(7)
—1+a
= n(1+(94(n )), asn — oo and z € E. (A.1)
Note that

m—1
Bi(x)=—=) (m—j—1/2)sin(m —j—1/2)z sin(m —j —1/2)x

=0

m—1

=" +1/2)sin(G + 1/2)z sin(j + 1/2)z

i, Si(L,m,z)  So(1,m,x)

=0
1/2)sin(25 + 1 - : -
Zy+/s1ny+) 5 PR

where the second equality is again reached by replacing j with m — 1 — j. Thus, Corollary

2.3.1 implies that

Bi(z) = O(m'™) = O(n'*™), asn—ocoandz € E. (A.2)

n
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To estimate C};, we see that

3
L

3 ¥
—~
8
S~—
I

(m—j—1/2)*sin*(m —j — 1/2)x

.
Il
~ o

m—

(7 +1/2)*sin®(j + 1/2)z

<.
Il

m—1

Z] + 7+ 1/4)[1 — cos(2j + 1)x].

Jj=

Since Z;n:_ol J = O(m?), it is quite easy to check that

l\DI»—t

3
,L
3
L

(P+i+1/4) =

[\3|>—l
()

SNE

(n+1)>3 N n?
48

Next, with the help of Corollary 2.3.1, we observe that

m—1

Z(f +j+1/4)cos(2j + 1)z = Ro(1,m, x) + Ri(1,m, z) +
=0

+
S
310
I
=
3{0
I
|
+
=
310

= O(m>+) = O(n*+a).
Plugging the last two estimates into C;, we have

Cr(x )—4—8+O( n*t), asnm—ocand xv € E.
It follows from (A.1)—(A.3) that

AL (@) = AL (2)C(2) - B;(x)” = @ +0(n"")
Y140 e
n( (n )), asn —ooand x € F.
192
Thus, (A.1) and (A.4) as well as Lemma 1.2.3 (Kac-Rice’s formula) give
S i)

_ _/ (1 + O(n=+)) "
B 2V3(1 + O(n-1+a))
_ | = (n+O0n®) (7 + O(n™))
2\/_7r 2\/§7T

:——i—(’)( ), asn — 0.

2V/3

n+ O(n)
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Furthermore, Lemma 2.1.2 implies that
E[N;(F)] < E[N,(F)] = O(n'™).
Thus,

E[N*(0,27)] = 2E[N(0,7)] = 2E[N*(EU F)] = % +OMm), asn — oo.

Now, taking n distinct roots of cos(nx/2) in (0, 27) into account, we have

E[N,(0,27)] = E[n + N;(0,27)] = n + +O0(n'™), asn — oo.

=R

At this point, we discuss the expected number of real zeros of random palindromic cosine

polynomials of even degrees.

Lemma A.2 Fiz a € (0,1/2) and let n = 2m, m € N. Define V,(z) = > 7_; a;jcos(jz),
€ (0,2m). We assume that the coefficients a;, 0 < j < m, are i.i.d. random variables with

Gaussian distribution N'(0,02). If the a; are palindromic, i.e., a; = a,—;, 0 < j < m, then

E[N,(0,27)] = n + % + 0™, asn — oco.

Proof. It is obvious that since n is even, the term a,/; cos(nxz/2) = a,, cos(mx) remains

unchanged in the middle. In other words,

n m—1
V() Za] cos(jx) = ap, cos(mz) + Zaa cos(jz) + cos(n — j)z]

7=0 7=0
m—1
= @, cos(mx) + 2cos(nx/2) Y a;cos(n/2— j)x
=0
= 2cos(nz/2) V' (x),

where m = n /2, and
m—1

V() = %n + Z a; cos(m — j)x.

j=0
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Again, let N,(-) and N/(-) denote the number of real zeros of V, and V* respectively.
We need to estimate the expected number of real zeros of V¥ in (0,27). Let us define
E =10,7]\ F, where FF = [0,n"*)U (7 —n~% 7|, and a € (0,1/2) is fixed. We note that, for

r el

It is also obvious that

where the second equality is obtained by replacing 7 with m — 1 — 7. It is clear that

m—1 m—1
1 1 1
Al (z) Z+Z (7+1) Z_l+§ [1+ cos(2] + 2)z]
=0 =0
1 m
— % + 1 + cosz(a:) ]ZOCOS(Qj +1 _sin(@ Zsm 2j+ 1)z
_m 1 N cos(z) Ro(1,m,x)  sin(x) So(l,m x)
2 4 2 2

Therefore, it follows from Corollary 2.3.1 that

Ax(z) = % +O(m?) = % + 00
n(l+ O(n=1te))

= 1 , asn—ooandx € F. (A.5)
We also observe that
m—1
Br(x) ==Y (m—j)sin(m — j)x sin(m — j)z
=0
m—1
=—> (j+Dsin(j+ 1)z sin(j + 1)z
=0
m—1
1 S ]-7 ) + S ]-> )
=73 (7 +1)sin(2j + 2)z = —COS(:E)[ 1(1,m ;) o(1,m, )]
7=0
sin(z) [Ri(1,m, ) + Ro(1,m, z)]
2 Y
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where the second equality is again reached by replacing 7 with m — 1 — j. Hence Corollary

2.3.1 implies that

Bi(z) = O(m't*) = O(n'**), asn —ooand x € E. (A.6)

n

Note that

3
L

(m — j)?sin(m — j)z

3 ¥
—~
S
S~—
I

.
Il
=)

3
L

(j+1)*sin®(j + 1)x

Ng

7=0
1m—1
=5 (72 + 25 + 1)[1 — cos(2j + 2)a].
7=0
It follows from Z;.n:_ol j = O(m?) that
m—1
1 9 , m? n?
- 2j +1) = — 4+ O(m?) = — + O(n?).
52 U +2j+1) ==+ 0(m7) = 2+ O0()

Il
o

J

Moreover, with the help of Corollary 2.3.1, we have

3

(7* + 27 + 1) cos(2j + 2)x = cos(z) [Ra(1,m, ) + 2R (1, m, ) + Ro(1,m, z)]

<.
Il
=)

— sin(z)[S2(1,m, z) + 251 (1, m, ) + So(1,m,z)] = O(m***) = O(n***).

Putting the last two estimates back into C;;, we obtain

3
n
Cr(x) = —

“(z) = R +O(Mn*), asn—ooandr € E. (A7)

From this point on, the proof is quite similar to that of Lemma A.1. Namely, we can show

that

E[N;(0,2m)] = % +0(n'), asn — 0.

Finally, considering n distinct roots of cos(nz/2) in (0, 27), we have

n

E[N,(0,27)] = E[n + N;(0,27)] = n + +0(Mn'™), asn— oo,

pe

as required. [ |
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Now, Lemmas A.1 and A.2 lead us to the desired result, i.e.,

Theorem A.1 Fiza € (0,1/2), and let n = 2m—1+r, wherem € N and r € {0,1}. Define
Vo(z) = Z?:o a;cos(jx), x € (0,2m). We assume that the coefficients a;, 0 < j < [n/2], are
i.i.d. random variables with Gaussian distribution N'(0,0?). If the a; are palindromic, i.e.,

aj; = Qp—j, 0<y < [n/2]7 then

E[N,(0,2m)] =n+ — + O(n'™*), asn — .

Sl®
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