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CHAPTER I
INTRODUCTION

Let X and Y be topological spaces. In the ensuing discussion we
will use the following standard notation: C(X,Y) and H(X,Y) are the
collections of continuous surjections and homeomorphisms, respectively.
In the event that X = Y we agree to write C(X) and H(X). A1l function
spaces will be endowed with the compact - open topology. In this topol-
ogy we will write (F,U) for the collection of maps Which take F into U,
F compact and U open. We use C, = and N to denote the standard middle-
thirds Cantor set, "1is homeomorphic to", and the positive integers,
respectively. Our only nonstandard notation is the letter P for the

space of irrationals.

The literature is quite wealthy in results that relate properties
of X and H(X). In particular, Whittaker (18) shows that two compact,
locally euclidean manifolds are homeomorphic if and only if there is a
group isomorphism between their homeomorphism groups. Wechsler (17)
obtains the same equivalence for spaces satisfying a strong homogeneity

condition. If we set x'={h eH(X) : h(x) = x}, then we obtain a sub-
group of H(X). In (11), Mostert gives conditions on X which guarantee

that X and H(X)/x' are homeomorphic. A complete listing of the major

papers in this category would indeed be lengthy and inappropriate at
this time. Al1 of the papers, however, share a common feature. Each

imposes topological conditions (usually rather severe) on X which al-

Tows an algebraic statement about H(X), or a subgroup of H(X), to take
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on topological significance. While the three reéu]ts just mentionedb
are indeed elegant, their proofs share 1ittle common ground and there-
fore there is room for improvement. |

The techniques presented in this paper are certain]y not offered
as a general panacea for all problems, but rather as a viewpoint which
provides a common ground from which to attack. That in itself is useful.

1.0. Definition. Let feC(X,Y) and set G(f,Y)={heH(X): fh = f}.

G(f,Y) is a subgroup of H(X). We define f to be a standard map if and

only if | | | | |
i) f is anbidenfification map and ’

1i) X.w e f_l(y) implies there are X in X and h_ in G(f,Y) such

that x - X gnd hn(xn) > W.

If X = C and Y is compact and metrizable, then Vobach (14) shows
that standard maps exist. Thevexistence of such maps provide us with
"a classification theorem for the class of compact metric spaces. The
statement and proof of this theorem will be provided later.
| It is easy to_show_that any locally compact, separable metric
space is the contindous image of N x C where N and C are the positive
integers and Cantor set, respeétive]y. It is certainly well known
that any complete, separable metric space is the continuous image of
P, the irrationals. The following questions, in view of (14), are there-
fore quite naturally poséd: Are theorems similar to Vobach's theorem
for compact metric spaces available for locally compact (complete) sep-
arable metric spaces stated in terms of H(N x C) ( H(P) )? Part of
this research is devoted to providing affirmative answers to these

questions.



| Having established these theorems one naturally speculates as to
whether algebraic or topological properties of G(f,X) determfnes any
topological properties of X. Unfortunately, very Tittle has been estab-
lished in this direction. However, there are fixed-point theorems and
~ connectivity conditions for X in terms of G(f,X) and some structure
theorems for the group G(f,X) itself given in this paper.

In the coursé of proving these theorems it will be necessary to
develope a few of the elementary pfoperties bosseSsed by C and P. No
claims of originality are made and because of their "folklore" nature
complete proofs are given. We will also develop a few elementary topo-
logical properties of standard maps (in the Cantor set - compact metric

space setting).



CHAPTER II

C AND P

2.0. Proposition. H(C) is totally disconnected.

Proof: Let o e H(C) and D, its component (assume the compact-open topol-
ogy) in H(C). Let D1 be the component of the identity. D1 is a normal
subgroup of H(C) (see (12)). According to a theorem of R.D. Anderson (1)

H(C) is simple. Hence D1 = {lc} or H(C). 1If D1 = {lc}, then a'l

D =

[0

{lc} which in turn implies Da = {a}. If D1 = H(C), then evidently H(C)
is connected. But if x is any fixed point of C, the map p : H(C) - C de-
fined by px(h) = h(x) is continuous and onto. Thus, we deduce that C is
connected, a contradiction. We conclude that H(C) is totally discon-

nected.

2.1. Proposition. H(P) is totally disconnected.

Proof: The proof is similar to that of 2.0.

2.2. Theorem. For each i 1et'Ai = N. Then H{Aﬁ :ieN}and P

are homeomorphic.

Proof: Let P' = Pn[l,»). Since P' and P are homeomorphic it will suf-
fice to show that P' and H{Ai: ie N}are homeomorphic. First, let us
note that each element o in P' has a unique hepresentation as a contin-

ued fraction o = Eal, ays ...] where a.eN (see (13)). Topologize P' by



d(a,B8) = 1/n where n 15 the first integer such that o ® Bn (d is a com-

plete metric and is equivalent to the Euclidean metric).

If o e P' and 8" > o then |Tags oy, -..1 - L&, &,...1] > 0, or
equiva]ent]y; I(a0 - 88) +'(1/[a1, R 1/[6?, ...1)] » 0. If for
“each n € N there is an m > n such that aq ; Bg =z 0, then evidenf]y
1/[u1, cee] - 1/[85, ...] converges to some integer. However, both |
fractions are smaller than one and hence their difference does not ex-
ceed'one. Therefore ag = 68 eventually. It follows by induction that
a = BE eventually for each k € N.

Define h: T{A. : i ¢ N} > P' by h((ag, ays +..)) = Laps aps ...,
Clearly h is well-defined, one to one, and onto. The continuity of

1

both h and h™~ follows from the discussion in the:preceding paragraph.

2.3. Corollary. C x P and P are homéomorphic.

Proof: - For each i in N let Bi = {0, 2} with the discrete topology.
Let Ai = N for each i in N with the discrete topology. Then Ai X Bi
and Ai are homeomorphic for each i. Therefore C x P and P are homeo-

morphic.

2.4. Corollary. Let Pi = P for each i in N. Then H{Pi : i e N}

and P are homeomorphic.

Proof: By theorem 2.2 Pi = H{A} : j € N} where A} = N for all i and j

R

in N Thus mP; : f e N} = TLAL £ 3 e Nb i ie Nb=A;: e N)

R

where Ai =N for each i in N. Therefore H{Pi : i e N} =P,
Let C(N,N) be the space of maps of N into N endowed with the com-
pact - open topology. Assume that P' has the metric of 2.2.

2.5. Proposition. C(N,N) = P'.



Proof: Define ¢: C(N,N) - P' by ¢(f) = [f(1), f(2), ...]. Clearly ¢
is well-defined and onto. |

¢ is continuous. Let Sl/n(a) be the open ball in P”af o of radius
'1/n and f e C(N,N) with ¢(f) = a. Definij = ({j},{aj}) = {g ¢ C(N,N):

g(j) = aj} where o = [ags aps ... 1. Clearly Bj is open in C(N,N).

IA

Choose m > n and define B = n{Bj : 1<

¢(B) < Sl/n(a)f
¢ is one to one: Let f,g € C(N,N) with f = g. Then there is an

m}. Then B is open and

i e N such that (i) = g(i). Thus, ¢(f) = ¢(qg).
¢'1 is continuous: Let o e P' and o9 a sequence in P' which con-
verges to o. Then ¢_1(aJ) = (ai, a%, o) - (al, %o cel) = ¢-1(a)’
wherev[ai, u%, el = o (Recall that [a%, a %, el > [ul, az,...] if

and only if ug > ai). Therefore C(N,N) = P'.

2.6. Corollary. Let Ai = N for éach i in N. Then P' =

MC(A;, A) i i e N

Proof: Follows immediately from 2.5 and 2.4

2.7. Theorem. Let H(N,N) = {h ¢ C(N,N) : h is one to one}.

Then P' = H(N,N).

Proof: Let ¢ : C(N,N) -~ P' be the homeomorphism given in 2.5. Let
PP facP ti2joa - agr @ = Lag, ops «o-1}. Clearly o(H(N.N))
= pt.. Thus, we show P and P' are homeomorphic. | '

Define Pk = {geP':i, J <k, i=]J implies By # Bj}. Let a ¢ Pk

and choose n ¢ N such that n > k. Then B ¢ Slln(d) if and only ifaj=sj

for j satisfying 1 <j <n. Therefore B ¢ Pk and so Pk is open in P'

#

for each k. Now P# = n{P, : k € N} and therefore P" is an absolute Gd'

k



According to (8) we can conclude that P' and pt are homeomorphic if no
- non-empty open subset of P# is compact., Let U = P#rﬁ V, V open in P'.

Let p < U and choose n such that Sy, (P) C V implies pf s, (P) CU.

1/n
. 1 _ :
Define p~ = [pl,pz,...,pn+1,pn+3,pn+2,pn+4,pn+5,...]

2 - . -
p = [Pl,st---,Pn+1,Pn+4spn+3spn+2,Pn+5spn+6,...]-

k _ . _
P = IPyaPose e sPr o Praka2 Prak o Prek-17" " *Pra2 Prake3> -+

where p = [pl,pz,...]. {pJ : Jen}CUand has no Timit point in U.

#

Therefore U is not compact. Hence P" = P',

2.8. Corollary. Let Ai = H(N,N) for each 1; Then P' = {Ai :
i e N}.

Proof: Follows from 2.4 and 2.7.



CHAPTER III
CLASSIFICATION THEOREMS

This section is devoted to the classification theorems mentioned
in the introduction. We will also present the proof of Vobach's funda-
mental lemma which appears in (14).

Let us recall the definition of a standard map and set S(X,Y) =
{f e C(X,Y) : f is standard}. We shall show for certain choices of X
and Y that S(X,Y) # ¢. The classification theorems will then follow
quite easily.

We first prove a stronger version of a proposition by Fort (4)..

3.0. Definition; Let F be a set-valued map from a separable

metric X to a complete, separable metric space Y. F is upper semi-
continuous at x if and only if 1) F(x) is closed in Y and 2) for each
neighborhood V of F(x) there is a neighborhood U of x such that

F(u) c v.

3.1. Lemma. Let {fn : n e N} be a sequence of upper semi-contin-‘
uous set-valued maps from X to Y, X and Y as in 3.0. If for each x e X
fj(x) Cifj+1(x) for all j and diam'fn(x) + 0, then f defined by f(x) =

ﬂ{fn(x) :n e N} is a continuous function.

Proof: For each k choose Yy € fk(x). {yk} is a Cauchy sequence and so
has allimit point y. Let U be any neighborhood of y and k any fixed
positive integer. Then UN fk(x) # ¢ and therefore y ¢ fk(x).

\
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Therefore y erﬁ{fk(x) : ke N} Ifz sfﬁ{fk(x) : k e N}, z * Y, then
diamrﬁ{fk(x) : k e N} > 0 which contradicts the hypothesis that

diam fk(x) + 0. Clearly f(x) must be a singleton. Let U be any neigh-
borhood of f(x). If for each m € N there is an n > m such that fn(x)

¢ U, then there is a Yy € fn(x) - U for each n and necessarily Yo >
f(x), a contradiction! Thus, there exists an m such that n > m implies
fn(x)<: U. By upper semi-continuity for each y > m there is an open
set Vj such that fj(vj) C U. Now fm(vm) :)fmfl (Vm) O fio (Vm) D...

Hence f(Vm) C U and therefore f is continuous at x.

We omit the proof of the following standard fact. See, for examp]é,

(3).

3.2. lLemma. Let X, Y and Z be spaces, f : X > Y an identifica-
tion, and g : X - Z continuous. If_gf'1 is single-valued, then.gf'1 is

continuous.

3.3. Lemma. Let X be homogeneous and f ¢ S(Y,Z). Then foI :
X x Y > Z is standard where I is the projection map on the Y - coor-

dinate.

Proof: Suppose f(n(x,y)) = f(m(a,b)). Then f(y) = f(b) and so there
are x_ e Y and hn e G(f,Z) such that X, >y and hn(xn) -+ b. Choose
g € H(X) with g(x)

a. Then H,» defined by H, = (g,hn) e G(fom,z),
(x,xn) + (x,y), and Hn(x,xn) -+ (a,b). feoll is an identification since

f is and T is an open map. Thus, foIl is standard.

3.4. Lemma. Let X, Y and Z be topological spaces and f ¢ S(X,Y).
Then Y and Z are homeomorphic if and only if there is a g e S(X,Z) sa-

tisfying G(f,Y) = G(g,Z).
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Proof: Suppose h : Y - Z is a homeomorphism. Clearly hof e S(X,Z) and
G(f,Y) = G(hf,Z).

On the other hand, let us assume there is a standard map g of X
onto Z satisfying G(f,Y) = G(g,Z). Define h :.Y.* Z by h(y) = gf'l(y).
~ We assert that h is single-valued. If f(a) = f(b), then there are
Xy € X and hn e G(f,Y) satisfying X, ~ @ and hn(xn) -+ b. Therefore h
is single-valued. Similarly, h_1 is single-valued. By lemma 3.2 both
h and h'1 are continuous and therefore h is a homeomorphism. This lem-

ma is essentially contained in the main theorem of A. Vobach (14).

At this point our strategy should be clear: Namely, for each class
of spaces S for which there is a 'universal' space X (each element of
S is a continuous image of X) we want to establish that S(X,Y) =z ¢ for
each Y ¢ S. By virtue of that fact and lemma 3.4 we will have a clas-

sification of all elements in S.

3.5. Lemma. Let X be a complete metric space and for each posi-
tive integer i let Ai(: N, Ai z ¢. If there is a family of closed
= gk .
covers F, = {F (al,az,...,ak) : (al,az,...,ak) £ A1 XAy x o X ALY
which satisfy the conditions

k k+
1. F (al,az,...,ak) OF 1(a

1,a2,...,ak,n) for each n ¢ Ak+1’
2. mesh-Fk < 1/k, and

3. Fn(al,az,...,an) :)Fn+1(b1,b ) implies there is a

RPN
n+l ~ _ ehtl
m e An+1 such that F (al,az,...,an,m) = F (bl’bZ""’bn+1)’
then there is a map f ¢ C(A,X) (set A = mA; : e N}) such that f(a) =
f(b) implies there are sequences a, € A and-hn e G(f,X) satisfying

a, ~a and hn(an) - b.
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Proof: If a = (al,az, ..) ¢ A then set E (a) E(a ..,an) ={bedA:

b. = a.

j i 1 < i <n}. Let A have the following (Baire type) metric:

d(a,b) = 1/n where n is the first integer for which a, * bn' d is a
complete metric and agrees with the product topology. Clearly the set
En(a) is both open and closed for each'a‘e Aand n e N.

Define f : A > X by f(a) =N(F'(aj,...,a ) : ne N fe C(AX)
by lemma 3.1. f(En(a)) = Fn(al,...,an) since on the one hand b ¢ En(a)
implies £(b) = N{F¥(by,bys...sb,) © k ¢ NFC F'ays....a ). On the

other hand, if x ¢ Fn(al,;..,an), then there is a sequence {aé :

aj € Aj’ n+1 < J < =} such that x =rW{Fn+k(a RERL ,a'

n+1’"" an+k) :

k € N} = f(b) where b = (al,az,...,a ,a Clearly b ¢ En(a).

n+1’an+2’ o)

Now, let us suppose that a = b, f(a) = f(b), and let ¢ > 0 be given.
Choose n such that En(a) F\En(b) = ¢ and 1/n < e. Since f(En(a)) =

Fn(al,...,an), f(E,_ (b)) = Fn(bl,bz,...,bn) and both contain f(a) = f(b),

n+1(

there is a F c ""’Cn+1)’ a'n+1 . An+1 and b' € An+1’ such that

n+l

n+l _ phtl : -
f(a) = f(b) ¢ F (cysevesCpyq) =°F (al,...,an,aﬁ+1) =

n+l
F (bl, . b b'+1)

d(asa) < 1/n < e as required and we

Let a € E(a13°°°sa n+1)
must now exhibit h e G(f,X) such that d(h(a),b) < €. We define h in
terms of a sequence of set-valued maps. On A - {En+1(a enesd ,an+1)
n+l . n+1
UE (bl’ b ,b +1)} let h be the identity; on E' “(a CEERRRPL B n+1)
LJE"+1(b1,...,bn,bn+1) we use a sequence of set-valued maps. Set
n+l n+1 1
) E (al,..., n+1) ifdeE" (bl’ . b bn+1)
Hyld) - ™ (by,...ub ubl ) iF d e BT )
12 n1) 1 € al,...,an,an+1
n+l 1 - n+2 . !
Now E (al,...,a ,an+1) = {E (al, ..,a ,an+1,an+2) DA, € An+2}
n+2 . n+2 1 . I
and £ (by,enubpsblyy) = UEE™ (b suu b ubl bl ) b e AT

Moreover, for some choice of subscripts in the (n + Z)Eb-coord1nate,
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n+2(

b

n+2 ] ] - ] ] ]
f(E (al,...,an,an+1,an+2)) = f(E ”bn’b b +2)). Let's

1°°° nt+l’"n

assume, as indicated, that the choice is a6+2 and b'

n+2° No generality

is lost by this assumption. Set

n+2 . . n+2 v
_ E (al,.. ,an,an+1,aa+2) if deE (bl""’bn’bn+1’bn+2)
old) = . E™2(p b ,b'..,b' ) if deE"*? ! )
(b5 e esbpabpygsbpyp) 17 deBT(ags - uapap 0204,
for each such pair a6+2,b6+2 in An+2' In general, set
n+k 1 ' . n+k 1 1
o (d) = E (al""’an’an+1""’an+k) if deE (bl""’bn’bn+1""’bn+k)
k n+k ' . . n+k '
E (bl""’bn’bn+1""’bn+k) if deE (al,...,an,aﬁ+1,...,an+k)
where the above pairs of sets are chosen so that they have identical
f - images.
. n+1 / 1 n+1 ]
Now we define h on E (al,...,an,an+1)lJ E (bl""’bn’bn+1) by

h(d) =rW{Hk(d) : k e N}. By lemma 3.1 h is continuous and onto. But
h2‘= 1A and therefore h"1 is continuous and onto. h e G(f,X) since it
fixes each point or switches it with a point in the same pre-image.

Finally, d(h(a),b) < 1/n < e.

Remark: We should note at this point that lemma 3.5 does not estab-

1ish that f is standard.

The next lemma is a generalization of a useful fact established

by Vobach in (15).

3.6. Lemma. If f e S(X,Y) and h is a homeomorphism from Z to X,

then fh is an element of S(Z,Y).

Proof: Let h be a homeomorphism between X and Z. If f(h(a)) = f(h(b)),

then there is a sequence x_ in X and h, e G(f,Y) such that Xp > h(a)

n
and h (x ) > h(b). Define o in H(Z) by o = h'lohnoh. fohoa, =

-1 _ _ -1
fohoh ohnoh = foh. Thus, o € G(foh,Y). Set z, = h (xn). Then
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2z »aand o (z) = h 7 (h (h(h7H(x )))) = h7hh (x)) > h7L(h(b)) = b.

Therefore foh e S(Z,Y)

~ The next result appears in (14). It is the main conclusion of
Vobach's paper. It is mentioned here only because we obtain it so

easily from lemma 3.5.

'3.7. Theorem. If X is compact and metrizable, then S(C,X) = ¢.

Proof: Let {T(j) : 1 <] < n} be a finite closed cover of X whose
mesh does not exceed 1. For each T(k) choose a finite number of closed
subsets T(k,1) of diameter less than or equal to 1/2 whose union is T(k).
Label this collection {T(k,1) : 1 <1 < k2}. ‘Now consider each T(k) n
T(m) which is non-empty and write it as a finite union of closed sub-
sets none of whose diameter exceeds 1/2. Label each set in this union
in two ways: T(k,1) ande(m,l). We now add each set to the collection
already obtained for T(k) and T(m). We now have the closed cover
{T(k,1) : 1 <k < ny and 1/5 1 < ké} where ké is some integer larger

~ than k2 which accommodates the sets obtained by considering the inter-
sections. Define n, = max imum {ké} and go back to each coi]eétion

{T(k,1) : k fixed, 1

IA

1 < ké} and add a sufficient number of sets
(diameter < 1/2) to obtain a toté] of n, sets. The induction is clear.
To establish our assertion we need only to note that the family of
closed covers {T(al,...,an) 1 < a; <n., Ne N} satisfies the condi-
tions of-lemma 3.5. Each Ai (see proof of 3.5.) is finite and there-

fore A is a Cantor set. The proof is completed by observing that f is

an identification since f is closed.
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3.8. Theorem. (Vobach (14). Let X and Y be compact metric

spaces and f a standard map of C onto X. X and Y are homeomorphic if

and only if there is a standard map g of C onto Y satisfying G(f,X) =

G(g,Y).
Proof: Lemma 3.4.

Our next task is to extend the results just obtained, namely 3.7

and 3.8, to the class of locally compact, separable metric spaces.

Notation: Let us denote C - {1} by C'. Since C is homogeneous it is

c]ear that C - {a} = C' for all a ¢ C.
3.9. lemma. C' =C x N.

Proof: Choosé a pairwise disjoint collection {Cy - k € N} of open Can-
tor ;ubsets of C such that C' =lJ{Ck : ke N}. For eachn e N let hnv:
C x {n} » Cn be a homeomorphism. Define h : C x N - C' by h(c,n) =
hn(c). Clearly h is well-defined, one-to-one and onto. Let U be an
open subset of C'. Then U=U(C, N U : k ¢ N3 We have h™1(u) =
Uth™H(C, N U) = ke N} = Uthi}(C, N U) & k & N3 which is open in C x N.
Accordingly, h is continuous. Let V be an open subset of C x N. Then
V = UV x {kn} : Vn is open in C, kn e N, n e N} and h(V) =U{h(Vn X
tky3) :neN =lJ{hkn(Vn) : n e N} which is certainly open in C' since

each Cn is an open subset of C. Therefore h is a homeomorphism.

3.10. Theorem. If M is a locally compact separable metric space,

then S(C x N, M) = ¢.

Proof: In view of lemmas 3.6 and 3.9 it is sufficient to show

* *
S(C'sM) = ¢. Let M be the one-point conpactification of M. M 1is a
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compact metric space. Construct the sequence of closed covers requir-
ed by Temma 3.5 in such a way that the ideal point p belongs to ex-
actly one element of each cover in the seduence. Let f be the element
of S(C,M*) so induced. We assert that f'l(p) is a singleton. If f(a)
= f(b) = p, then evidently p must belong to more than one element of
some cover, contrary to hypothesis. Hence, f'l(p) is a singleton as
claimed.

Define g from C' = C.- f'l(p) onto M by g(c) = f(c). Since each
element of G(f,M*) fixes f"l(p) we have the inclusion G(f,M*)<: G(g,M),
h e G(f,M*) restricted to C' of course.

g is an identification: Let U be a subset of M such that g'l(U)
is open in C'. Since p £ U, f'l(U)= g'l(U). C' is open in C and there-

- *
fore f 1(U) is open in C. Therefore, U is open in M and must be open

in M since p ¢ U. Hence g is an identification.

3.11.  Theorem. Let X and Y be Tocally compact separable metric
spaces and f ¢ S(C x N, X). X and Y are homeomorphic if and only if

there is a standard map g of C x N onto Y satisfying G(f,X) = G(g,Y).
Proof: Lemma 3.4.

3.12. Corollary. If X is a locally compact separable metric

space, then S(P,X) = ¢.
Proof: This follows fmmediate]y from 2.2, 2.3, 3.3, and 3.10.

3.13.  Theorem. Let X and Y be locally compact separable metric

spaces and f € S(P,X). X and Y are homeomorphic if and only if there

is a g ¢ S(P,Y) satisfying G(g,Y) = G(f,Y).
Proof: Lemma 3.4.
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3.14. Corollary. Let f and g be standard maps of C x N (P) onto

locally compact separable metric spaces X and Y. X and Y are homeomor-

phic if G(f,X) and G(g,Y) are conjugate in H(C x N) (H(P)).

Proof: The proof of a similar corollary 1n‘(14) is utilized here. We
establish the result for P only since the other case is essentially the
same.

Since G(f,X) and G(g,Y) are conjugate in H(P) there is an h ¢ H(P)

1 -1

such that G(f,X) = h~ We

1

G(g,Y)h. Define p e S(P,X) by p = foh

,X) = G(g,Y). If a e G(g,Y), then h™Leaoh ¢ G(F,X)
1

assert that G(foh~

and so foh_loov,0h = f, or th-loof,= foh—l, Hence o .g G(foh-
1 1

, X). Con-

versely, if foh™Tog = fh™L then foh™lgoh = foh™loh = f. Hence h™logoh

e G(f,X), or 8 € G(g,Y). The proof now follows from 3.13.

We have now established classification theorems (and assorted cor-
ollarys) for the ciass of locally compact, separable metric spaces as
well as for the class of compact metric spaces. Our last effort in
this direction is to establish essentially the same set of theorems

for the complete, separable metric spaces.

3.15. Theorem. If X is complete, separable and metrizable, then
S(P,X) = ¢.
Proof: Let us first construct a sequence of closed covers which satisfy
‘the three conditions set fbrth in lemma 3.5. Let {F(k) : k € N} be a
closed cover of X of mesh one or less. For each F(k) choose closed
subsets {F(k,2n) : n ¢ N} of diameter less than or equal to 1/2 whose
union is F(k). For each non-empty intersection F(k) N F(n) choose
closed subsets {F(k,4m-1) = F(n,4m-1) : m € N} of diameter no more than

1/2 whose union is F(k) N F(n). We now reconsider each collection so
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formed for each k and add a sufficient number of subsets of diameter
less than or equal to 1/2 to insure that each element of N appears as
~a second coordinate for each k. The induction is clear. The family
{F(kl,.;.,kn) : ki € N; n e N} satisfies the hypothesis of Temma 3.5.
Since each Ai = 7 (see proof of 3.5.) wé have a map f : P > X such that
a # b, f(a) = f(b) implies there are a e X and'hn e G(f,X) such that
a, > a and hn(an) > b. It remains for us to show that f is an identi-
fication. Unfortunately, this may not be true. However, what we can
do is construct a second map from P to X by using the map f in such a
way that the new map retains the "transitive point-inverses" as well as
being an identification.

In (10), Michaels and Stone prove that any metric space which is
the continuous image of the irrationals is also a quotient of the irra-
tionals. In proving this result they construct a sequence {Zi :ie N}
of spaces, ‘each homeomorphic to P (let hi : Zi + P be the homeomorphisw,
such that (1) Z =LJ{Zi : i e N} and P are homeomorphic and (2) g : Z » X
defined by g(z) = f(hi(z)) if z e Zi is an identification, where f is
a continuous map of P onto X. For our purposes, f is the map construct-

ed at the beginning of the proof. We intend to show that g is standard.

For each o ¢ G(f,X) define % 5 in H(Z) by
-1
hj cxhi(z) Z ¢ Zi
_ -1
a_ij(z) hj ahj(z) Z e Zj

z z ¢ Zi U Zj
First let us note that o5g € G(g,X). Let z ¢ Z and consider g(aij(z)).
If z £ Z; v Zj, then clearly g(“ij(z)) = g(z). If ze Zss then
9(ay3(2)) = F(hs(h3 (alh;(2))))) = F(hy)2)) =g(2). Similarly forz e Z,.
Now, let a = b, g(a) = g(b). Then f(hi(a)) = f(hj(b)) iface Zs
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b e Zj' Therefore there are sequences‘pn e p and un_e G(f,X) such that
Py hi(a) and an(pn) -> hj(b). Consider h;l(pn). h;l(pn) + a and

n -1 -1 -1 -1 -1 )
a'iJ(h1 (pn)) = hJ (un(h1(h1 (pn)))) = hJ (an(pn)) > hJ (hJ(b)) b.

Thus, g is a standard map of Z onto X.

3.16. Theorem. Let X and Y be complete separable metric spaces

and f ¢ S(P,X). X and Y are homeomorphic if and only if there is a

standard map g of P onto Y satisfying G(f,X) = G(g,Y).
Proof: Lemma 3.4.

3.17.  Corollary. Let f and g be standard maps of P onto complete

separable metric spaces X and Y. If G(f,X) and G(g,Y) are conjugate in

H(P), then X and Y are homeomorphic.

Proof: See the proof of 3.14.



CHAPTER IV

SOME STRUCTURE THEOREMS FOR G(f,X) AND REMARKS
CONCERNING EQUIVALENCE RELATIONS

4.0. Definition. Let X be a compact metric space énd G a sub-

group of H(X). Define the relation ~ as follows: x ~ y if and only if

there are sequences Xy € X and hn e G such that X, > X and hn(xn) > Y.

We have already seen how each compact metric space determines a
group which in turn classifies that space. It is therefore reasonable
to ask the following question: Let G and ~ be as in 4.0. If ~ is an
equivalence relation, is X/~ metrizable? Such groups obviously exist

in view of 3.7. Consider any G(f,Y) where f ¢ S(C,Y).

Remark: For all groups G C H(X) ~ is reflexive and symmetric.

4.1.' Theorem. Define x Roy (x R3 y) with respect to G C H(X)
if and only if for each € > 0 there is é ¢ € Xand h € G such that
d(x,o0(c)) +d(o(c),y) < e (d(x,F(c)) + d(F(c),y) < ¢) where d, o(c) and
F(c) are a metric for X, the orbit of c, and the orbit closure of c,
respectively. For the moment let ~ = R1 (see 4.0.). If Ri is transi-
tive, then Rj and Rk are transitive, i,j,k ¢ {1,2,3}. Morebver, all
three relations determine precisely the same set of equivalence

classes.
Proof: Clearly R1 transitive implies that R2 and R3 are transitive.

Suppose X Ri Y,y Ri z fori=1, 2, 3 and R3 is transitive. Given

19
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e > 0 there is a ¢ ¢ X such that d(x,F(c)) + d(F(c),z) < e/4. There-

foré(there‘ake h and k in G satfsfying d(x,h(c)) + d(k(c),z) < e. Hence,
X R2 z. We a]sd have d(x,h(é)) + d(k(h_l(h(c))),z) < ¢ and so X R1 zZ.
Thus, R1~and R2 are transitive. In a similar way we can show the other

possfbi]ity as well aé the last statement of the proposition.

4.2. Definition. Let ~ be as in 4.0. Set V(X) = {G C H(X) : ~ is

transitive and G is a group}. For the remainder of this section [x]G,
or simbly [x] if G is understood, will denote the equivalence class con-

taining x.

4.3. Definition. Let Fc X. F =Ulx]g : [xIg N F = b,

4.4. Lemma. If G e V(X), then F* is closed for each closed Sub-

set F of X.

‘ ‘ : 1
Proof: Let F be a closed subset of X and w ¢ F.. Then there is a se-
. * - . : 2
quence {un_f n e N} in F which converges to w. Let Xn be that element
of F such that Uy~ X Without loss of generality we assume that X
converges to some x ¢ F. For each n € N there is az in X and hn in
G satisfying‘d(un,zn)uf d(h (z,).x ) < 1/n. But d(w,z,) +:d(hn(zn),x)

< d(wsu ) + d(un,zh) +d(h,(z,)sx,) + d(x ,x) and d(w,u ) + d(x ,x) > 0

n
* ' *
as n > o, Therefbre w~xand weF . Hence F is closed.

‘Notation: Let X/~ = {EXJG X e X},

4.5. Theorem. If G e V(X) and'X/~ has the quotient topology, then

X/~ is compact and metrizable.

Proof: By lemma 4.4. {[x]G : X ¢ X} is an upper semi-cOntinuous decom-

position of X.. Since X is compaCt, a well-known theorem (see (9)) forb
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example) gives us that X/~ is Hausdorff. Hence X/~ is metrizable.

We have presented a collection of subgroups whose associated quo-
tient spaces are metrizable. Namely, the collection V(X). An inter-
esting question therefore is: If G is a subgroup of H(X), what are
sufficient (algebraic or fopo]ogica]) conditions that insure.G e V(X)?
Unfortunately, no substantial progress has been made in this direction.
There are sufficient conditions known which force G ¢ V(X), but as we

shall see, they are far too severe to be of any value.

4.6. Definition. (Gottschalk and Hedlund (6)). Let T be a top-

ological group. AC T is left-syndetic if there is a compact KC T

satisfying KA = T.

4.7. Definition. (Gottschalk and Hed]und (6)). Let T be a sub-

group of H(X) and assume H(X) is a topological group. T is almost
periodic at x if and only if for each neighborhood U of x there is a
left-syndetic subset A of T such that xA C U.

4.8. Theorem. (Gottschalk and Hedlund (6)). Let X be a cohpact

Hausdorff space. If T is almost periodic at x for each x in X if and
only if the class of -orbit-closures is an upper semi-continuous con-

tinuous collection.

!

4.9. Theorem. Let X be a compact metric space of positive dimen-

. . d
sion. There does not exist a map f e C(C,X) such that cG(f,X) gf

talc) : o e G(f,X)I = f71(f(c)) for each c ¢ C.

Proof: Suppose such a'map f does exist. Since C is compact and X is

metrizable, certainly f is closed. On the other hand, {cG(f,X): c ¢ C}
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~ decomposes C and hence the projection map p : C > C/~ (x ~y iff x and
y belong to the same orbit closure) is open (see (6), p. 7). We have

the following commutative diagram

where h is a homeomorphism defined by hop = f. Hence f is open and X

must be zero dimensional, a contradiction.

4.10. Corollary. Let X be a compact metric space with positive

dimension. If f is a standard map of C onto X, then G(f,X) is not al-

most periodic.

Proof: 1If G(f,X) is almost beriodic then we claim f'l(f(x)) = §§(?TYY.
Surely we have xG(f,X) C f-l(f(x)). Ifye f-l(f(x)) and U is aneigh-
borhood base at x, then y efﬁ{Ugﬁ : n e N} by the standardness of f.
But, a well-known theorem (2.31 (6)) givesfﬁ{U;GT?:YT: n e N} = xG(f,X).
Therefore {EET?:YT : ¢ e C} is a decomposition of C. However, this
implies (4.10 (6)) that G(f,X) is almost periodic, contrary to

theorem 4.9.

4.11. Theorem. Let X be a Tocally compact, separable metric

space. If f ¢ C(N x C, X) and zG(F,X) = f'l(f(z)) for each z ¢ N x C,

then X has dimension zero.

Proof: Let p : Nx C > N x C/~ be the projection map. Then p is both
open and closed (see 1.41, 4.10, 4.17, and 4.18 in (6)). We have
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where h is a homeomorphism defined by hep = f. Therefore f is both open

and closed. Hence dim X = dim (N x C) = 0. N

Notation: If G < H(X), let X/G be the orbit space with the quotient

topology.

4.12. Corollary. Let X be a compact space of positive dimension.

If f e S(C,X) then C/G(f,X) is not Ty

Proof: Consider the following diagram:

P

> C/G(f,X)

N/

where h is a homeomorphism defined by hp = f. If X/G(f,X) is T then
cG(f,X) = {a(c) : a e G(f,X)} = cG(F,X) partitions C and so G(f,X) is

almost periodic (see 4.10. (6)), contrary to the conclusions of 4.10.

Let X be a compact metric space and G a subgroup of H(X). Let us
.assume that G is almost periodic so that X/~ (x ~ y iffrx and y belong
to the same orbit closure) is metrizable. Let p : X > X/~ be the pro-
jection map. Surely p is a standard map. The price we must pay is
dim X/~ = 0 which somewhat 1imits the scope of ouk studyT

There are some algebraic statements that can be made about G(f,X).
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They are completely structural in nature and have 1ittle bearing on X
since virtually all G(f,X) must possess these properties.

4.13. Theorem. Let M be a compact metric space not homeomorphic

to the Cantor set C. If f ¢ S(C,M), then.
(1) G(f,M) is not free, and

(2) G(f,M) is centerless.
Proof: (1). Since f is not one-to-one G(f,M) = {1C}. The proof of
3.5 allows us to construct h e G(f,M) such that h2 = 1C'

(2). Choose m € M such that f'l(m) is not a singleton. There is
an x e f'l(m) such that h(x) = x, h ¢ G(f,M). Using the technique in
3.5 we can construct a ¢ G(f,M) such thaf a(x) = x, a(h(x)) = h(x).

Then h(a(x)) = h(x) = a(h(x)). Thus, G(f,M) is centerless.
The next theorem is a generalization of a result by Vobach (15).

4.14. Theorem. Let D be a compact homogeneous metric space such

that H{Di : Di‘= D for each i ¢ N} and D are homeomorphic. Let {Xi :
i e N} be a collection of Hausdorff spaces for which S(Di’xi) z ¢ for
each i ¢ N. Set X = H{Xi : 1 € N}. Then there are p ¢ S(D,X) and p; €
S(D,Xi) satisfying G(p,X) =fW{G(pi,Xi) : i e NI. |

Proof: Let h e H(D, m{D, : i e N}) and q; e S(D;,X;). Define p; e
S(D,Xi) by P; = Q;°T;°h where m, : m{D; @ i e N} > D; is the projection
map on the iEb-coordinate. By successive applications of 3.3 and 3.6
p; s standard fdr each_1. Define p : D -~ X by p(x) = {pi(x) e N3.
Note that p =.{qionioh : i € N} is equivalent to h followed by q = {qi :
ie N}':.H{Di : 1 e N} » H{Xi : i e N}. Accordingly, we show q is stan-
dard. = Suppose {qi(xi)‘: ie N} ='{qi(yi) : i e N} Then qi(xi) =

qi(yi) for each i and so there are sequences zg in D; and ag in
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J 3,3 . .
j j Xs and “i{zi) 3 Yi- Define the sequence {zj :
J e N} in H{Di : i e N} by zj = {zg : i e N}. Clearly Zj -> {Xi : i e N}

G(qi,Xi) satisfying z

PR R U PN R -
Let hj {ai : i e N}. Then hj(zj) {ai(zi) T e N}g-{yi : i e N}

Furthermore, gh, = {q, : i e N} o h, = {qioag tieN=(a :ieN=g
as required. Clearly q is an identification.

If o ¢ G(p,X), then p(a(x)) = {pi(a(x)) :ieNt = {pi(x) i e N}
which implies pi(a(x)) = pi(x) for all i. Hence o er{G(pi,Xi) :ie N}.
Similarly, a € G(pi,Xi) for each i € N gives pjea = P, OF equivalently,

pea = p. Hence a ¢ G(p,X).

4.15. Definition. (See (2)). Let G, {6, : 1 e I} be groups such

that G = ®.G,. Define n; : G~ G, by n.{g; : i € I} = g,. A subgroup
i i i it it

H of G such that Hi(H) = Gi for each i ¢ I is called a subdirect sum of

the G..
i

A well-known theorem in grodp theory (see (2)) is the following.

4.16. Theorem. Let G be a group with normal subgroups {Gi tie I}
satisfyingfﬁ{Gi i e KCI}= {lG}. Then G is isomorphic to a sub-
direct sum of the groups {G/Gi i e I}

Let M be a compact metric space and p € S(C,M). If HC M, let
S(p,H) = {heG(p,M) : h(x) = x for each x ¢ C - p_l(H)}. According to
(16), S(p,H) is a normal subgroup of G(p,M). Again, we generalize a

result of Vobach's (16).

4.17. Theorem. Let M be a compact metric space and p « S(C,M).

If M =lJ{Ha : a ¢ A}, then G(p,M) is isomorphic to a subdirect product
of (6(p.M) / S(P.H_ - UH, : & = a}).

Proof: We need only to show that {S(p,Ha‘—U{HB : B #a})}is a disjoint
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collection of normal subgroups of G(p,M). Suppose B # ¢ and let h ¢
S(p,HB ~UH, o= B}) ﬂS(p,H0 -UH, ¢ o= o}). Then h(x) = x for

“each x in {C - p-l(HB -lJ{Ha :a =z B})U {C - p'l(H0 ~UH, : a2 g} =

1.. The

P—IQJ{HQ :a# B})U p-lﬂJ{Ha :a # g}) =C. Therefore h c

conc]dsion follows from 4.16.

Let X be a compact metric space and f € S(C,X). The last results
in this section deal with the relationship between G(f,X) and X/F, F
a non-empty closed-open subset of X.
Let X, f and F be as in the preceding paragraph. Then f'l(F) is a
Cantor subset of C. For each o ¢ H(f—l(F)) define @ in H(C) by
c c# f'l(F)
w(c) = 1
alc) c e f ~(F)
Define F = { ¢ H(C) : a ¢ H(F L(F))}. F is a subgroup of H(C).
For each a ¢ G(f,X) define o e G(f,X) by
* c Ce f'l(F)
o (C) = -1
a(c) c ¢ f °(F)
. * * *
Define G = {a : a ¢ G(f,X)}. Clearly G 1is a subgroup of G(f,X).

4.18. Theorem. The following statements are true.

1) F is a subgroup of H(C),
*
2) G 1is a normal subgroup of G(f,X), and

* ,
3) G ds a continuous homomorphic image of G(f,X).

Proof: 1) is obvious. 2) Let o e G, h ¢ G(f,X), and x e £ L(F). Then
h(x) ¢ £ 1(F) and a(h(x)) = h(x). Thus, h"}(a(h(x))) = x. Hence

- * - -
(h lgaoh) = h 10a0h and h loaqh € G*. For a, B € G* we surely have

-1.% - X
(aoB 1) = qof 1, 3) Define & : G(f,X) ~ G* by 6(a) = a* (assume
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G(f,X), G* have the c/o topology). Clearly & is onto and well-defined
by definition. If o > as then certainly a: > a*. Therefore 6 is con-
tinuous. If ¢ £ £ *(F) and o, & ¢ G(f,X), then a(c), 8(c) £ £ *(F).
Thus, o (8 (c)) = (a=8)(c). |

4.19. Theorem. G* ® F ¢ V(C) and C/~ = X/F where ~ is given by
4.0. with respect to the group G ® F.
Proof: ~ is certainly reflexive and symmetric. Suppose Cqy ~ Cys
Cy) ~ C3» and € > 0 is given. There are a, b ¢ C and h, k ¢ G* ® F such
that d(c;,a) + d(h(a),c,) < e and d(cy,b) + d(h(b).cg) < e If c; f
f'l(F), then we can assume a ¢ f_l(F). Now h = goa, g ¢ G and o ¢ F.
Therefore a(a) ='a, h(a) = g(a) # f'l(F), and b £ f'l(F). Thus, ¢ ~ ¢,
(with respect to G(f,X)) and in a similar way Cy ~ Cg (with respect to
G(f,X)). Therefore there is an e ¢ C and ¢' ¢ G(f,X)'such that d(cl,e)
+ d(g'(e),c3) < e. Again we assume e ¢ f'l(F). Thus g'(e) = (g')*(e).
If c; e f7(F), then a c f71(F) and h(a) ¢ f"1(F). Therefore, c, e

f'l(F) and c, € f"l(F). f'l(F) is homogeneous and we have c; ~ C3 (with

3
respect to G* ® F) as asserted.v Hence, G* ® F is transitive and G* ®F
e V(C).

Clearly G*rﬁ F = {IC} and ga = ag for each g ¢ G* and o e F.
Therefore G* @ F is a group.

Consider p : C » X/F given by p(c) = n(f(c)), n,: X = X/F the
quotient map. G(p,X/F) is\precisely G* ® F and therefore C/~ (with
respect to G* ® F) = X/F. \



CHAPTER V

TOPOLOGICAL PROPERTIES OF STANDARD MAPS AND
SOME RELATIONSHIPS BETWEEN X AND G(f,X)

In this section all spaces are compact and metrizable. We will
also be considering the function spaces S(C,X) and G(f,X) as‘we11 as
the group G(f,X). Al1 function spaces are endowed with the compact-
open topology. |

We will develop some of the basic topological propefties possessed
by S(C,X) and G(f,X). We will also determine sufficient conditions on
G(f,X) which force X to have certain characteristics.

A reasonable starting point is the investigation of the re]atidn-

ship between S(C,X) and C(C,X).k

5.0. Theorem. Let M be a compact metric space and f ¢ C(C,M).

If p e S(C,M), then there is a g € S(C,C) such that peg ¢ S(C,M) and
dist(f,peg) < ¢ for any ¢ > O.

Proof: Given ¢, let {Cj : 1 <J <n} be a decomposition of C satisfy-
ing following conditions:
1. Each Ci is both open and closed,
2. Ci F]Cj = ¢y, 1 2 j; and
3. diam f(Cj) < ¢ for each i.
Define E; = p™1(f(C;)) and D; = Cx E; x {1/3). Let D =uiDy :
1 < j < n} and note D, = D=C. If heG(p,M), then h(ej) = E; for all

28
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j. Construct o e H(C,D) such that a(Cj)_= Dj and define q eaC(C,C) by
q = TNlea where I is the projection map on the Ej - coordinate. 1 ¢

S(D,C). If (e ,e;51/3;) = N(c,.e,,1/3,), then e = e, by definition of
n. Let X, = (cl,el,l/jl) for each n and choose h € H(C) and k €
H({1/1,1/2,...,1/n}) such that h(c;) = ¢, and k(1/j;) = 1/J,.
Then (h,lC,k) e G(m,C) and (h,lc,k)(xﬁ)-+(cz,e2,1/j2) (equals in fact)
as required. In view of 3.6 Teo ¢ S(C,C). Define g e C(C,M) by q =
peq = (pel)o a. By 3.6 g e S(C,M) if poll ¢ S(D,M). But pen e S(D,M)
by 3.3. Hence g € S(C,M).

Let x € C and X € Cj for some j. Consider g(x) = p(n(a(x))). Then
a(x) € Dj and T(a(x)) € Ej. Therefore, p(m(a(x))) € f(cj) which yields

dist(f,peq) < e.

5.1. Cofo]]ary. S(C,M) is a dense subset of C(C,M).

Remark: Note that 5.0 actually states that pS(C,C) n S(C,M) is a dense
subset of C(C,M) for each p e S(C,M).

5.2. Definition. Let f e S(C,M) and K(f) the decomposition of C

by the point-inverses of f. Define A(f,M) = {a ¢ H(C) : a(D) e K(f)

for each D € K(f)}. It is convenient to think of the elements of A(f,M)

(G(f,M)) as those elements of H(C) which switch (preserve) the fibers
of f.

5.3. Theorem. The following statements are true.

(1) There is a continuous homomorphism from A(f,M) to H(M) with
kernel G(f,M).

(2) A(f,M) is a closed subset of H(C).

(3) G(f,M) is a closed (in H(C)) normal subgroup of A(f,M).
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Proof: (1) Let h e A(f,M) and define a(h) by a(h)(m) = £(h(f 1(m))).
By a well-known theorem (see (3), page 123) a(h) is continuous if a(h)
is single-valued. But this is clearly true sjnce h preserves the fiber
structure of f. Similarly [u(h)]_l is continuous and therefore a(h) ¢
H(M).

o is continuous: Let (F,U) be any subbasic‘open set of H(M). Then
a-l((F,U)) = (f_l(F), f_l(U)) N A(f,M). Hence a is continuous.

h, e A(f,M). Then a(h,°h,) =

1° 2
0 (fohzof'l) since h

a is a homomorphism: Let h
1
)

1
-1 _ (fon of" .
fohlohzof = (f h1 f 1 and h2 preserve the fiber

structure of f. Thus a(hlohz) = a(hl) 0 a(hz) as required.

kernel o = G(f,M): Clearly for each h ¢ G(f,M) a(h) = 1M.' If
1. 1M' For each m € M we have

then by definition fohof™
f(h(f'l(m))) = m, or equivalently, h(f'l(m)) C:f'l(m). But h ¢ A(f,M)
and hence h(f‘l(m)) = f-l(m). Therefore h e G(f,M) and G(f,M) = |
kernel a.
(2) Let h ¢ A{f,M) and let h e A(f,M) be a sequence such that
hn > h. Let a be the continuous homomorphism defined in (1). We will
show that a(hn) converges to some element k of H(M) and that o(h) = k.
Let p and p+(d and d+) be complete metrics for C and C(C) (M and
C(M)), respectively. Let ¢ > 0 be given and choose § according to the
uniform continuity of f such that d(f(x),f(y)) < e for each x and y sa-
tisfying p(x,y) < §. Since hn + h there is an integer N such that
2 (¥)) =

d(f(hn(f-l(y))), f(hm(f-l(y)))) < ¢ provided n,m > N, y arbitrary.

n,m > N implies p+(hn h,) < 6. Thus, d(a(h )(y),a(h

Hence a(hn) is a Cauchy sequence in the complete space C(M). Let

1

Tima(h ) = k € C(M). Then foh of "~ = k and foh = kof. Therefore

-1

foh = kof. In a similar way foh;1 > foh™L = K'of, k' & C(M). Hence
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kek' = 1, = k' k. Therefore k e H(M). Fohofl

= k implies h ¢ A(f,M).
We conclude that A(f,M) is closed.

(3) - G(f,M) is a closed (in A(f,M)) normal subgroup of A(f,M) by
virtue of (1). Since A(f,M) is cldsed in H(C), we havé G(f;M) is closed

in H(C).

The next step, having established 5.3, is to show A(f,M) = G(f,M)
for some f ¢ S(C,M). We do not know if this is the case for all
f ¢ S(C,M). Obviously G(f,M) = A(f,M) for some choices of M. For
example, any rigid compact metric space (A space is rigid if it's homeo-
morphism group is trivial.‘This type of result can be found in (7)).
The following definitions and theorem 5.7 are due to R.D. Anderson (5).

We will sketch it's proof for later use.

5.4. Definition. Y is an infinite product space if Y = H{Yi :
i e Z where Yi =~ Y for all i and Z is the set of integers.

If g; € H(Yi,Y) for each i ¢ Z, then we define the infinite shift

o e H(H{Yi : 1 eZ}) by O({yi i eZ}) = {x; : 1 e Z} where x, =

07 (9500 (Vi)

5.5. Definition. A discrete flow is a triple (Z,Y,a) where Z is

the additive group of integers, Y is a separable metric space, and o is
a map from Z x Y onto Y such that (1) a(n1+n2,y) =fa(n1, a(nz,y)), and
(2) a(0,y) =y for eachy ¢ Y. If Y"c Y and «(Z,Y') = Y', then we say
that (Z,Y',0) is a subflow of (Z,Y,a). :

The flow (Z,X,8) is lifted by f to the flow (Z,Y,a) if f e C(Y,X)

and the following diagram commutes.
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ZxY - Y
(1,f) f
Z x X > X
B .

5.6. Definition. The flow (Z,Y,a) is said to be quasi-universal

can be Tifted by a mapping f to a subflow of (Z,Y,a). (Z,Y,a) is uni-
versal with respect to x if (Z,Y,a) is quasi-universal and f may be

specified to be a homeomorphism.

5.7. Theorem. For any infinite product space Y, the infinite

shift o generates a universal discrete flow with respect to the class

of spdces which can be embedded in Y.

Proof: Let f, : X ~ Y be an embedding and let h ¢ H(X). Let (Z,X,8)

0
be the discrete flow defined by g(n,x) = h"(x) and let (Z,Y,o) be the
discrete flow defined by o(n,y) = o”(y).

Define f : X > Y by f(x) = {y. : i € Z} where y; = g;l(fo(hi(x))).

;
Clearly f is an embedding. Set A = f(X). We require (Z,A,a) to be a

subflow of (Z,Y,o) and the following diagram to be commutative.

ag
(Z,A,0) - A
(1,f 1) 1 1 £
(Z,X,8) =~ X
B

- s _ -1 i+1
Let f(x) = {ai : 1 e Z}. Then 849 = gi+1(f0(h (x))), or

equivalently, 9}1(91+1(a1+1)) =.9}1(f0(h1+1(X))) = ggl(fo(ﬁi(h(X))))-
1 1

Hence of =~ = f h.
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The next theorem is a slight generalization of a result by Anderson
(5). It is a standard map version of his theorem and therefore relevant

to our discussion.

5.8. Theorem. Let M be compact and metrizable. If heH(M), then

there is astandard map ¢ ¢ S(C,M) and o e H(C) such that ¢oa = hog.

Proof: Let (Z,C,o.) be the discrete flow on the Cantor set C generated

c)
by<£. Let 9; be the homeomorphisms associated with the infinite pro-

duct. Similarly, we define (Z,ITch) with associated homeomorphisms

g} e H(I?,Iw), where I” is the Hilbert cube.

Let f, e S(C.,I-) and define f e C(C,I") by Hk(f({xi e Z})) =

0°°0
0" (a3 (Fo(ag (g, (M ((x; = 1 € Z1)))))). We assert that f e S(C,I%) and
— : 1‘1 |
opvof = foo.. The latter statement follows since gk-l(gk(nk(f({xi}))))
= 9&:%(96(f0(961(9k_1(9;}1(9k(Hk({Xi})))))))),'OP opof = foon. Now,

- -1 0
lTet us assume that f({xi}) = f({yi}). For each k, 99 gy © S(Ck,IO) by

lemma 3.6. Therefore, for each k ¢ Z there are sequences {zﬁ :ne N}

. k -1 © k k
in C, and hn £ G(foogO 0gk,IO) such that Zg > Xy and hn

. _ ok
fine Hn e H(C) by Hn = {hn

(zﬁ) > Y- De-
t k e Z}. Clearly H e G(f,I") and
Hn({zﬁ : k € Z}) converges to{yk : k e Z}. Since f is closed it is an
identification and hence standard.

Let (Z,M,8) be the flow generated by h € H(M). By 5.7 (Z,M,8) can
be embedded as a subflow of (Z,I1%,0). Let (Z,F,o) be that subflow. We

have
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1

where k™= : M > F is a homeomorphism. Set C' = f—l(F) and consider the

following commutative diagram.

9%
ZxC' > ('

(1,94) ¢

ZxM - M
B

where ¢ = k(flf_l(F)). C' is closed since M is compact. Therefore
C x C' is a Cantor set. Define the flow (Z,C' x C, Eb) by Eb(n,c',c) =

(oC(c',n),c). Then

C
Zx (C' x C) ———————> (' x.C .
(1,1c0) e
o
ZxC' > c'
(1,0) ¢
4
ZxM - M
B

is a commutative diagram and ¢ = M1 € S(C' x C, M).

5.9. Lemma. Let M be a compact metric space, f ¢ C(C,M), h & H(M),
and K(f) the decomposition of C by the point-inverses of f. If fa =
hf for some o e H(C), then a(D) e K(f) for each D ¢ K(f).

Proof: Letm e M. Then f(a(f 1(m))) = h(F(f 1(m)) = h(m), or a(f 1(m))
c f'l(h(m)). Therefore, for each D ¢ K(f) there is a D' ¢ K(f) such

that o(D) < D'. Similarly, for each D e K(f) there is a D' ¢ K(f) such
that a'l(D) c D'. If a(D) = D', then there is a d' ¢ D' such that d' ¢#
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o(D). But o 1(D') ND = ¢. Hence a(D) = D'.

We can finally state and prove the promised theorem.

5.10. Theorem. Let M be a non-rigid compact space. Then there

is a Cantor set C and standard map f from C onto M such that A(f,M) =
G(f,M).

Proof: Follows immediately from 5.8 and 5.9.

Chapter five up to this point has dealt only with the properties
posséssed by G(f,M) and A(f,M) and their relationship. We will now
establish conditions on G(f,M) which force M to assume certain topolog-
ical characteristics.

Let M be a compact metric space and p ¢ S(C,M). Recall that for
NCM, S(p,N) = {a ¢ G(p,M) : a(x) = x for each x in C - p'l(N)}is a

normal subgroup of G(p,M).

Remark: If N is a closed-open subset of M, then N = p'l(N)/~ (~ with
respect to S(p,N) as defined in 3.0.). This is an easy consequence of
the following argument. Define p : p'l(N) ~ N by p(x) = p(x). For
each a e G(p,M) set

a(x) X € p'l(N)

x  x £pTHN) |

and note that o ¢ S(p,N). Thus, p(x) = E(y) implies there are sequences
X, € p'l(N) and hn e G(p,M) satisfying'xn > x and hn(xn) +~Yy. Clearly
ﬁh e (Sp,N) and ﬁh(xn) ~y as required.

A remark due to A.R. Vobach (16) 15 the following: If XU Y is a

separation of M, then G(p,M) = S(p,X) ® S(p,Y). A converse is true.

5.11. Theorem. Let M be a compact metric space. M is not
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connected if and only if for each f ¢ S(C,M) we have
1) G(f,M) = H ® K and
2) a separation C = CHLJ CK such that H fixes each element of

| CK and K each element of CH.

Proof: We denote C/~G, CH/“H and CK/~K by C/G, CH/H and CK/K, respec-
tively. We use the symbol UF to denote free union. Define h : C/G -
CH/H U CK/K by

[X]H x € C

H
h([x]G) =
[X‘]K X € CK
Let p; @ C + C/G, Py Cy > CH/H and Py CK +-CK/K be the quotient

maps. Suppose B is a closed subset of CH/H Up CK/K, say B = BH UE BK.

Then h'l(B) = pG(pgl(BH)) v pG(pil(BK)) is closed. Clearly h is

one-to-one and therefore a homeomorphism. Hence M is not connected.
1
(

The converse follows immediately from Vobach's remark since p " (X)

u p—l(Y) is a separation of the desired type.

An idea closely related to 5.11 is expressed in the following

theorem.

5.12. Theorem. Let H and K € V(C) be such that there is a sepa-

ration CHlJ CK

respectively. Then the following statements are true.

= C such thath and K fix each element of CK and CH;
(1) G=H®K e V(C)
(2) C/G = CH/H Up CK/K

Proof: (1) Clearly h ® K is a subgroup of H(C). In view of 4.5 it
suffices to show that ~ (with respect to H ® K, see 4.0.) is transitive.

Suppose x ~y and y ~ z, and let € > 0 be given. Choose a, b ¢ C and
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hy * kys hy ok, E G satisfying d(x,a) + d(hlkl(a),y) < ¢ and d(y,b) +

d(h2k2(b),z) <e Ifx eC,, then without loss of generality we can

H’
assume a e Cy. Thus, hlkl(a) = hl(a) which implies x ~y (with respect
to H). Similarly, y.~Hz. H e V(C) implies x 2 and hence x ~ z.

Therefore, G € V(C). A similar argument applies if x € CK. The proof

of (2) is contained in 5.11.

The Tast two theorems in this section deal with contractibility

and the fixed-point property.

5.13. Definition. Let C' C C and D', D decompositions of C' and

C, respectively. A retraction r : C -~ C' is called fiber-preserving if

given D € D we have [r(cl)]v. = [r(cz)]p. for each C1sCy € D.
Remark: Note that any closed subset of C is a retract of C.

5.14. Theorem. Let X be a compact metric space embedded in 1”.

Let ¢ € C(C,I") be continuous and C' = ¢'1(X). Define ¢' = ¢|C. and
let K(¢) and K(¢') be the decompositions of C and C', respectively,
induced by the point-inverses of ¢ and ¢' respectively. If there is a
fiber-preserving (with respect to K(¢), K(¢')) retractionr : C -~ C',

then X is a contractible Peano continuum.

Proof: We identify C/K(¢) and C/K(¢"') with I” and X, respectively.

P
Consider the following diagram
¥
C/K(9) - C'/K(4")
¢ N
C > ('
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— -1 — . . . N

= ! - -
where r([c]K(¢)) o're ([C]K(¢))' r is well-defined since r is fiber
preserving and hence is continuous. Clearly r is a retraction and thus

X is a contractible Peano continuum.

Remark: The interesting question, at least from our point of view, is
what happens if we require ¢ to be standard? What properties must

G(¢,I") possess in order to induce r?

5.15. Theorem. Let X be a compact metric space. Then X has the

f.p.p. (fixed point property) with respect to homeomorphisms if and only
if for each f € S(C,X) and h € A(f,X) there is at least one D ¢ K(f)
such that h(D) = D.

Proof: Suppose X has the f.p.p. with respect to H(X) and let f ¢ S(C,X).
Consider A(f,X) and let o € A(f,X). As before, theorem 5.3 we have a
continuous homomorphism ¢ : A(f,X) - H(X). Then there is an x ¢ X such
that (p(a))(x) = F(a(f71(x))) = x. Since a ¢ A(f,X), we conclude that
o(F71(x)) = £ (x).

Conversely, let he H(X). By 5.10 there is a standard map f and

o ¢ A(F,X) such that foaof ! =

h. By hypothesis there is a D e K(f)
such that o(D) = D. Set m = f(D). Then h(m) = f(a(f 1(m))) = m and X

has the f.p.p. with respect to homeomorphisms.

Remark: Again, the question to ask is which property of G(f,X) will

produce such behavior in A(f,X)?
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