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NOMENCLATURE

area of the loading orifice, in.

Width of the inlet orifice, in.

Discharge coefficient of inlet orifice

Discharge coefficient of the central orifice

Discharge coefficient of the exit orifice of SVR

Discharge coefficient of the loading resistor

Height of the vortex chamber, in.

See Appendix E (Equations E.7 and E.26)

Length of the capillary tube, in.

Length of the inlet orifice, in.

Length of the central orifice, in.

Static pressure

Static pressure
psi

Static pressure

(see Equation B.

Static pressure

chamber, psi
Static pressure

‘Static pressure

psi

Static pressure
psi

Volumetric flow

at the upstream of the vortex resistor, psi

at the downstream of the vortex resistor,

at the upstream of the central orifice
13), psi

at the outer periphery of the vortex

at the exit of the vortex chamber, psi

at the downstream of the central orifiée,

¢

at the inlet of the orifice of the SVR,

. 3
rate, in. /sec.

Reésistance of fluid resistor, 1bf.sec/in.5
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Re

Rede

AC)

Radial coordinate, in.

Reynolds number based on the diameter d
Reynolds number based on a diameter de
Radius of the vortex chamber, in.
Radius of the central orifice, in.
Temperature of the operating fluid, °F
Time delay, seconds

First order lag, seconds

Radial velocity, in/sec.

Radial velocity at the inlet of the vortex chamber,
in/sec. '

Radial velocity at r=r, in the vortex chamber, in/sec.

2

Radial velocity at r=r, in the diffuser chamber, in/sec.

2
Radial velocity functions (see EquationD.7)
Tangential velocity, in/sec.

Tangential velocity at the inlet of vortex chamber, in/sec.

Tangential velocity at the inlet of the central orifice,
in/sec.

Tangential velocity at the downstream of the central ori-
fice, in/sec.

Tangential velocity at the inlet of the diffuser chamber,
in/sec.

Tangential velocity at y=§, in./sec.
Axial velocity in the central orifice, in./sec.

Characteristic length used for shear stress calculations
(see Appendix B), in.

Characteristic length used for shear stress calculations
(see Appendix B), in.:

Axial coordinate, in.

Incremental change in the variable in the parenthesis
(eg. py)
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Pressure drop across a resistor, lbf./in.2

Change 'in volumetric flow rate, in.3/sec.
Boundary Layer Thickness, in.

Coqstants (see definitions in Appendix D)

A dimensiqpless parameter defined by 24u rl/hzu

Absolute viscosity of the fluid, 12£j§EE

in
Kinematic viscosity of the fluid, inz/sec.
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Fluid density, lbf.secz/in.4
Tangential shear stress, lbf/in.2
Tangential shear,stress on the annular wall of the vortex

chamber, 1bf/in.

Tangential shear stress in the vortex chamber, 1bf/in.2

Tangential shear stress in the central orifice, lbf/in.2
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CHAPTER I
INTRODUCTION
I.1. Background

In fluid power and fluidic‘systems resistors are used for various
applications such as impedance matching, flow rate measurement and
control. Orifices and capillary tubgs are the most common fluid
resistors. Figures 1 and 2 show typical steady-state characteristics
of a capillary tube and a short-tube orifice respectively. Hydraulic
fluid is assumed to be the opergting medium here and throughout this
thesis. Normally AP is considered the independent variable (plotted
on abscissa) and Q the dependent variable (plotted on ordinate).
Resistance is defined as the inverse slope of the Q vs. AP curve at an
operating point, i.e., R=3(AP)/3Q. Since most fluid resistors are
nonlinear (R depends on the operafing point), it is convenient to
describe the steady-state behavior in termé of the Q vs. AP relationship
or 'tharacteristic curve' instead of the "resistance." Resistor
‘geometrical parameters, fluid thermodynamic properties (density and
temperature or viscosity)determine the steady-state characteristics.

' used in this thesis, describes the

The term 'temperature sensitivity,'
variation of the steady-state flow rate through the resistor due to
fluid temperature variation, i.e., 3Q/3T evaluated at an operating

point. For fluid temperature ranges normaliy encountered in practice,

the temperature sensitivity of a resistor can be substantial.

1
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In many applications the variation of flow rate (at a constant
pressure drop) with the temperature is undesirable. For example, if
the‘preséure at the supply port of a hydraulic proportional amplifier
is held constant (normal operation), the supply flow rate may vary
subspantially due to the sensitivity of .the orifice resistance to
temperature variations. This variation affects the gain characteristics
of the amplifier and thereby alters steady-state and dynamic behavior
of the associated system. In this case it is desirable to use a
compensating resistor to minimize the temperature sensitivity of the
supply poft.

Vortex resistors can be designed to have a positive, zero, or
negative temperature,sénsitivity. Capillary tubes and short-tube
orifices always exhibit positive temperature sensitivities. Properly
- designed vortex resistors may be used with capillary tube and orifice
type resistors to achieve temperature compensation.

Figures 3 and 4 show schematics of two types of vortex resistors:
the Non-Symmetric Vortex Resiétor, or "NSVR" (also called the vortex
diode), and the Symmetric Vortex Resistor, or "SVR." Analysis of the
fluid mechanics of the vortex resistors reveals that the resistance
elements (orifices, vortex chamber and diffuser chamber) can be divided
into two groups. One group'(vortex chamber and central orifice) contri-
butes a negative temperature sensitivity. In contrast, the second |
group contributes a positive temﬁerafure sensitivity effect and tends
to cancei the effect of the first group. This second group consists of
‘the inlet orifice and the sudden expansion diffuser in the case of the
NSVR. 1In the SVR configuration, the inlet and exit orifices together

with the diffuser chamber form the positive temperature sensitivity
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group. Figures 5 and 6 show measured steady-state characteristics for
twblNSVR geometries, one which exhibits a negative and one a small
positive temperature sensitivity. When the positive and negative effects
of the two resistance groups exéctly match each other, the resultant
vortex resistor 1s temperature-~insensitive. Figure 7 shows a case in
which the temperaturé sensitivity is near zero, or negligible.

For a given preésure drop and a comparable minimum dimension (i.e.,
vortex chamber height compared to orifice width or diameter), ﬁhe vortex
chamber can offer substantially highervresistance*than the simple orifice
alone. Figure 8 shows the pressure drop-flow rate characteristics of
two different vortex resistors and for a simple short-tube orifice which
has the same geometry as the central orifice in the vortex resistors.

The increase in resistance due to the inclusion of the vortex chamber is
appérent. Thus, a given resistance can be achieved with a larger mini-

mum dimension in a vortex resistor than in a simple shqrt—tube orifice._
Seﬁsitivity to contamination due to solid particles in‘the hydraulic

fluid 1s correspondingly less for the vortex resistor.
I.2. Scope of the Study

The principal objective of this étudy was to’develop mathematical
models which describe the steady-state and dynamic behavior of the two
basic types of hydraulic vortex resistors, for, flow in the high resis-=
tance direction. A steady-state model should relate the dependent vari-
able Q to the independent variables AP and T; a dynamic model should

also include time as an independent variable.

#R=9 (AP)/5Q.
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Secondéry objectives were to demonstfate the feasibility of design-
ing (1) a temperature-insensitive vortex resistor, and (2) a temperature-
sensitive vortex resistor which can compensate forbthe femperature
sensitivity of a conventional fluid resistor.

The sfudy was 1iﬁited to the folléwing specific tasks:

1. Development of steady-state empirical models for the two basic
fypes of vortex resistors.

2. Development of.approximate analyficai models. for the two types
of the vortex resistors.

3. Determination of maximum and minimum steady-state temperature
sensitivities for a set of geometrical configurations which cover the
- expected practical range.

4. Development of an approximate dynamic model for the non-

symmetric vortex resistor.
I.3. Summary of Results

An empirical model has been developed for the NSVR configuration
(for flow in the high resistance direction). Experimental data taken
on 24 different geometries and at temperatures of 95°F to 135°F (with
MIL-5606A hydraulic oil) have been used in the model development.. The
model predictions exhibit a maximumverror* of 30 percent over the range
of the experimental data. |

Empirical models have also been developed for the NSVR configura-
tion with flow in‘the low resistance direction, and for the SVR config-

uration. These models have been developed by using only a limited

*Error = 100 x (experimental Q - predicted Q)/Experimental Q; at a
given AP.

o
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-amount of data (8 geometries). Their usefulness is correspondingly
limited.

ApprOximaté analytical models have been developed for the symmetric
and non—symmetfic vortex resistors. -Two'steady—stéte aﬁaiytical models,
one incorporating. a one—diménsional and the other -a two—dimensionalf
approximafion to the flow field in the vortex chamber, have been develop—
- 'ed for the non—symﬁetric vortex resistor; A one—dimensional model has
been developed for the symmetric vortex resistor configuration. These
models exhibit a maximum error of 15 percent of reading over the range
of the experimental data measgred. |

The feasibility of designing temperature-insensitive and compensat-
ing vortex resistors in practical sizes has been established. (Compen-
sating vortex resistors cancel the temperature sensitivityiof conventional
fluid resistors.)

Temperature sensitivities ranging from +0.00004 in.3/sec.—°F (almost
zero) to -0.0069 in.3/sec.—°F have been measured with the available vortex
resiétor configurations. The temperature sensitivity of a‘comparable
short-tube orifice is of the order of +0.005 in.3/sec.—°F.

A linearized dynamic model based on a one-dimensional flow approxi-
mation has been developed which incorporates implicitly a pure time delay‘
and a first order lag. The model can be used to predict the response
.of the resistor output pressure to step (with fiﬁite risé time) changes

in the input pressure. Analytical predictions are in fair agreement

with the experimentally observed dynamic responses.

Transient responses to a terminated-ramp input measured on a typical
geometry indicated that the rise time is 13 milli-seconds. The predicted

rise time using the analytical model is 9 milli-seconds.



CHAPTER II

LITERATURE SURVEY

The concept of the NSVR (or vortex diode) was originated by Dieter
Thoma [1]*, and the SVR configuration was first used by the Lee Com-
pany [2] in the design of their "Lee Visco Jet.'" No analytical studies
(in the laminar regime) of the SVR have been reported in the open litera-
ture. With the exception of reference [3], wherein Paul has obtained
order-of-magnitude estimates for the NSVR performance, no analytical
studies have been reported. The vortex and diffuser chambers (see
Figure 4) have been studied separately as described in the sections

below.
II.1. Vortex Flow

Vortex chamber studies have been motivated by applications in
fluidics and in meteorology. Four different techniques have been used
in the past with varying degrees of success for characterizing and pre-
dicting the vortex flow field. These techniques are:

(1) Similarity solutions,

(2) Momentum integral solutioms,

(3) Finite difference solutions,

(4) Empirical approaches.

*Numbers in brackets refer to the references in the Bibliography.
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Similarity solutions for a potential vortex flow over a stationary
flat plate have been obtained by Kidd and Farris [4], and Hoffmann [5].
A numerical search is required to solve the two-point boundary value
problem resulting from the similarity solution approach. It has been
demonstrated in references [4 and 5] that the convergence time becomes
too large for tangential Reynolds numbers greater than 4.75. Tangential
Reynolds numbers for the SVR and the NSVR are expected to be of the
order of a few hundreds at normal operating conditions. Hence a similar-
ity solution technique in the existing form does not seem feasible.

Von Kérmén's integral technique [6] (commonly called the momentum
integral technique) is an approximate approach. In this approach, the
partial differential equations describing the flow field are reduced to
ordinary differential eqﬁations‘by‘integrating along one of the two
independent space variables. This integratibn (commonly performed along
the axis of the vortex) requires velocity profiles in functional forms.
Two &ifferent approaches have been‘employed to obtain reasonable
velocity profile functions. The first approach involves the concept of
Prandtl's boundary layer. Velocity profile functions are developed on
the basis of physical insight into the problem, as was originally done
by Von Kirmdn. The second approach due to Boyaék and Rice [7], assumes
a general polynomial form for the velocity profiles without requiriné
any apriori knowledge of the flow field. 1In this respect, the second
approach is superior to the first one but it tends to be computationally
inferior due to the larger number of differential equations involved in
the model.

The analyses of Rott and Lewellen [8], Wormley [9], and quk,

Think and Lin[10], are based on the first momentum integral approach.
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Rott and Lewellen's model [8] is a general one applicable to both
laminar and turbulent flow regimes. Zero radial velocity is assumed in
the core (i.e., the space between the top and bottom boundary layers of
the vortex chamber) in order to produce a simplified model amenable to
~a closed-form analytical solution. Wormley [9] removed this restriction
by including a developing flow‘region in which the radial velocity in
the core is allowed to be different from zero. Wormley's model is
valid for operation in the turbulent regime; it cannot be used directly
for modeling the SVR and the NSVR for operation in the laminar regime.
Bpt, Wormley's basic approach can be utiliied by including laminar
shear stresses and velocity profile functions which are appropriate for
the laminar regime.

A more approximate form of the momentum integral approach, as
appliéd to vortex flow, is the "one-dimensional" approach. In this
approach, the velocity profiles are assumed to be uniform. Closed form
solutions based on the oﬁe—dimeﬁsional approach have been obtained by
Taplin [11], and Bichara and Orner [12]. Taplin [11] treated the
tangential velocity as a known function of the radiai distance. Bichara
and Ornér [12] developéd a more general model (turbulent regime) by
calculaﬁing the radial distribution of the velocities using appropriate
equations. This latter appfoach is highly efficient, and can be extended
for use in the laminar regime. Bﬁt,.the ?esults should be expected to
have limited validity due to the velqcity profile assumption.

The availability of high speed electronic computers with relatively
large storage capacities makes finite-difference methods of solving
partial differential equations more attractive. A'recent application of

this approach related to the vortex flow problem was presented by Farris
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et al. [13]. The computational times reported in reference [13] indi-
cate that the state-of-the-art in this area of numerical computation has
not yet reached a reasonable level of practicality.

Very few empirical or 'black-box" studies of the vortex flow problem
'héve been reported in the literature. The most relevant here is the
émpirical study of the vortex amplifier by Hondour and Rezek [14]. The
important effect of viscosity variation of the hydraulic oil (due to
temperature changes) was not included in this model however. Since the
vortex amplifier characteristics are strongly influenced by viscosity
variations, the model presented in reference [14] is of limited use.

Studies conducted on vortex rate sensors are not pertinent to the
study of the SVR or the NSVR due to the significant differences in the
assoclated flow fields observed in these two classes of devices. The
Rossby number (ratio of radial to tangential velocity) is very large
(much greater than unity) for a vortex rate sensor and it is of the
order.of 0.1 for the SVRrand the NSVR.

In summary, no efficient analysis technique has been reported
which is directly applicable to the vortex chamber under normal opera- -
ting conditions. An empirical study of the vortex chamber is feasible.
An alternative semi-analytical apﬁroach is the one-dimensional approach
of Bichara and Orner [12] with necessary modifications for operation in
laminar regime. Yet another, but more difficult, approach is to adapt

Wormley's momentum integral approach to the 1aminarvflow case.
II.2 Orifice Flow

The axial flow through the central orifice in the vortex resistor

is accompanied by a large swirl at the inlet induced by the flow in the
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vortex chamber (forward flow case). This swirl flow through the orifice
resembles the swirl flow through nozzles used in swirl atomizers. The
effect of swirl is to force a large portion of the fluid to the boundary
layer on the cylindrical surface, and thereby increase the resistance

to flow through the orificé. In the NSVR there 1is no swirl in the ori-
fice when flow is in the "reverse" direction (i.e., low resistance
direction).

Tayldr [15] and Weber [16] have studied the swirl flow through
nozzles using the momentum integrai approach. It is possible to adapt
this approach for analyzing the central orifice in the vortex resistor.
But, the resulting model would significantly increase the complexity of
the overall model of the vortex resistqr. A simple model (essentially
one dimensional) which takes into account the effect of swirl in the
orifice has been developgd by Bichara and Orner [12]. Since the inlet
conditions for the orifice are not exactly the ideal conditions used in
the more sophisticated approach of references [15 and 16], it appears
more reasonable to use the approximate but efficient model of reference
[12].

The vortex resistor rectangular cross-section orifices (i.e., the
inlet orifice for the NSVR and the inlet and outlet orifices for the
'~ SVR) and circular cposs—section cenFral orifice, caﬁ be modeled as
short-tube orifices with sharp—edged entries. The coefficient of dis-
charge reported by Lichtarowicz, et al. [17] and Reid [18] can be used

for predicting the flow characteristics of these orifices.
IT1.3 Diffuser Flow

The diffuser chamber in the case of the NSVR is a sudden expansion
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section. This chamber can be modeled with reasonable accuracy by means
of a one-dimensional momentum equation approach. The diffuser chamber
of the SVR is characterized as a decelerating vortex flow (counter-~
rotating with respect to the inlet vortex chamber); the corresponding
flow field is exceedingly complex. |

Radial diffuser flows have been studied both analytically and
experimentally by Jaﬁsen [19 and 20]. His analyses are based on a
momentum integral technique. The flow field in the radial diffuser is
assumed to be symmetric about a mid-plane, with good accuracy. But,
the flow field in the diffuser chamber of the SVR is dominantly anti-
symmetric and resembles the flow field on one side of an enclosed
rotating disc. Therefore, Janseq's results cannot be used for the
vortex resistor case. |

There is no published literature on the analysis of the flow field
in a diffuser chamber such as that in an SVR. But, the rotating disc
studies can serve as a guide. Analytical and experimental studies of an
enclosed disc were originally conducted by Daily and Nece [21]. Recently
Miloh and Poreh [22] have extended the analysis to non-Newtonian fluids.
The analysis involves consideration of two boundary layers, one‘on the
rotating disc and the other on the stationary casing. Rigid body rota-
fion is .assumed for the core and a momentum integral approach is used
to solve for the flow field. These anal&sesydo not inclﬁde through-
flow. The basic approach oijailyJand Necé can be extended to the
diffuser chamber of the vortex resistor. Alternatively, one-dimensional
approach, similar to the one of reference [12], can be used to approxi-

mate the complex flow field existing in the diffuser chamber of the SVR.
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I1.4. Vortex Dynamics

No analytical or experimental results have been reported iﬁ_the open
literature concerning the‘dynamical behavior of' SVR and NSVR»eleﬁents.
However, somé work has been done on the dynamics of fluidic vortex
amplifiér and vortex rate sensors.

The vortex rate sensor has a low swirl component whereas a NSVR
inherently has a large swirl component. Results of dynamié_studies of
vortex rate sensors [23, 24, 25] appear to bé of limited value iﬁ under-
standing the dynamical behavior of vortex resistance elements.

Duff, et al. [26] and Knapp [27] ﬁave measuredvthe dynamic response
of a vortex valve, but no attempt has been made to analytically predict
the response. bTaplin [28] has derived an analytical model for small-
signal operation of a vortex amplifier. His ''one-dimensional model"

and a first order lag T, to characterize the

includes a time delay T 2

1
vortex chamber dynamics. The propagation of tangential velocity from
the outer edge of the vortex chamber to the exit orifice gives rise to
the pure time delay Tl' For inviscid flow, T1 equals the chamber fill
time. But, due to viscous effects, the flow is contained largely in
the boundary layer én the top and bottom surfaces of vortex chamber.
This tends to reduce the effective chamber volume (see reference [29]).
Taplin [28] used one quarter of the chamber fill-time as the time delay.
The second time constant T2 arises from the inertia of the core’between
the two boundary layers. Again one quarter of the chamber fill-time
was used.by Taplin [28] for T2. In contrast, Bell [30] used T1 =1/2

the chamber fill-time for T1 and T2 = 1.3 times the chamber fill-time to

match hisvexperiméntal data. The empirical nature of the models used by

- Taplin and Bell is obvious.
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To rationalize the choices of T1 and TZ’

distributed parameter dynamic model. The model was used to estimate

Anderson [31] derived a

and T2. The resulting times were fractions of the chamber

the times ?1
fill-time ranging from 0.2778 to 0.3648 for Tl and from 0.6454 to
0.7647 for T2 for the four cases studied by Anderson. Unlike Bell [30]

and Taplin [28], Anderson does not predict a constant fraction of the
chamber fill-time for Tl and T2. In this respect;.Anderson's model 1is
superior to the others. Experimental results confirm the validity of
Anderson's approach.

Ariderson's model is based in part on Wormley's steady-state model
[9] which in turn uses turbulent shear stress terms. A major modifica-
tion wéuld be required in the Anderson model to make it useful in the
dynamic'characterization of the NSVR and SVR which typically operate
in the laminaf flow regime.

Although the previous dynam;c studies have limited direct appli-
cation to the vortex resistor problem, Taplin [28] and Bell [30] suggest
a model form for describing the vortex chamber dynamics. That is, a

model form which includes a pure time delay and a first order lag agrees

- reasonably well with experimental data.



CHAPTER III
STEADY-STATE EMPIRICAL MODELS

In cases where fluid systems involving a large number of elements
are to be simulatéd, it is often desirable to use simple mathematical'
models for the elements in order to maximize computational efficiency.
‘The empirical models developed here for symmetric and non-symmetric
vortex resistors are single algebraic equations which contain experi-
‘mentally derived coefficients. They are computationally efficient for
preliminary design calculations but 1iﬁited in their range of applica-
tion by the available data base. More éccurate‘analytical models are
developed in Chapter IV which consist of sets of algebraic/differential
equations; these models are applicable over a wide range of geometri-
cal and operational conditions, but they require the use of a digital

computer in performing analysis and design calculations.
I1T.1. Model Form

The empirical models developed in this study are similar in
functional form to the vortex amplifier model developed by Hondour and
Rezek [14] except that the effect of viscosity is included here. The

steady-state characteristic of a vortex resistor is assumed to be of

the form
+ . | ', a’z a_g (24_ . a5 ;a aé v 627 .
L malr) (2) (£) (B) (2) (55) "
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where the a's are constants which are computed by linear regression
using experimental data. The form of Equation (1) is consistent with
that normally used in analyses and data correlations for orifice type

resistors.

III.2. Experimental Apparatus and Procedure
for Measurement of Steady~-State

Characteristics

Figure 9 shows a schematic of the experimental apparatus used to
obtain steady—stafe characteristics for vortex resistors over a range
of geometrical and operational conditions. These data were used to
determine the constants in Equation (1) and to validate the one-
dimensional and two-dimensional models presented in Chapter IV. A
Vickers hydraulic piston pump rated at 5 gpm (at 1500 psig) provided
the fluid poﬁer source. vThe operating fluid was MIL-5606A hydraulic
Aqil. A chromalox coil—typé immersion heater (of 10 kW capacity) was
used for héating the hydraulic oil (95° - 135° F). A feedback tempera-
ture'controiler was used to maintain the o0il temperature constant at |
any desired value above the room temperature. Figure 10 is‘a photo-

graph of the test stand and primary instrumentation.

I11.2.1. ReSistor Block

The vortex resistor block was of laminated comstruction. Figure 11
shows parts of the NSVR assembly. Tapped holes in the top and bottom
allowed mounting of the pressure gauges and thermocouples very near the
effective inlet and exit of the resistor. Locating-pins were used in

accurately drilled holes to insure proper aligmnment of the laminates.
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Figure 10.
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Figure 11 shows the vortex chamber orifice and diffuser laminations
used for the SVR configuration. (The vortex chamber and diffuser
chamber laminations are identical.) For the non-symmetric configuration
or NSVR, no diffuser laminations were used. The end block of ﬁhe NSVR
contained a sudden expansion diffuser aligned with the central orifice
as shown in Figure 12. Figure 13 is a photograph showing the various
parts of the NSVR assembly.

Table I lists the various sets of laminations used in this étudy.
Sets 1 énd 2 were made by Air-Research Corporation. Sets 3 and 4 were
designed and constructed at 0SU. Sets 1 and 2 were made from steel and
were copper piated. Set 3 was made of brass and set 4 of plexi-glass.
In sets 1 through 3, surfaces in contact were sufficiently smooth and
the clampingvforce-during assembly was large enough to result in negli-
gible leakage between the laminations. Rubber O-ring seals were used
with set 4 laminations to eliminate leakage. Different end blocks
were used for the four sets of laminations due to their different
geometrib scales. Different overall resistor geometries were aséembled
from sets 1, 2, and 3. The height of the vortex chamber (and diffuser

chamber in the case of the SVR) and the length of the central orifice

were conveniently varied by the number of laminations used.

I171.2.2. Instrumentation

The following quantities were measured:

_ 1. 1Inlet and outlet static pressures,
2. Volumetric flow rate through the resistor,
3. Temﬁeréture of the hydraulic oil.

Bourdon-tube ‘type pressure gauges were used to measure the static
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TABLE I

GEOMETRY OF LAMINATIONS USED IN THE
STEADY-STATE STUDY

Length

Thickness Vortex A Maximum
of "Inlet .- per Chamber Orifice °~ Number of
Width Orifice Lamination Radius Radius Laminations
Used
Set b 51 1 )
No.. inch inch inch inch inch Remarks
1 0.03280 0.09525 0.010 0.08955 - 8 Four geometries were tested for
- 00 0.010 - 0.03475 5 SVR from these laminations
-2 0.02845 0.29795 0.006 0.13630 - 20- Twelve geometries were tested for
0.03675 0.28650 0.006 0.14195- - 20 SVR and NSVR (both high and low
0.04775 0.22700 0.005 0.14171 - 10 resistance flow directions) from
- - 0.010 - 0.06000 7 this set.

3 0.05000 - - 0.25000 - 24 geometries were tested for
0.10000 0.25000 - NSVR from this set of lamina-
0.15000 0.25000 -— tions (in high resistance flow
0.20000 -0.25000 - direction).

0.25000 0.25000 -
- - i o 0.06250
- - 0.050 - 0.12500
- —— - 0.14950
-— - l - 0.20100
- - - -— 0.25000
4 0.25000 0.500 1.000 - 2 This set was made of plexi-glass
- - 0.560 - 0.42500 and was primarily used in flow

visualization study

6¢



pressures in the range 0.5 psig and up. For pressures below 0.5 psig,
strain-gauge pressure transducers were used for improved accuracy. The
pressure gauges‘were calibrated‘withva dead-weight tester. The maximum
" error in pressure measurement was + 0.2% of the full scale.

Fischer-Porter rotameter-type flowmeters were used to measure
the volumetric flow rate. Three different flowmeters were used to
cover the entire range of flow rate, i.e., 0.001 to 1 gpm. The flow-
meters were calibrated with the actual operating fluid over the entire
range of temperature operation. Maximum error in flow rate measurement
was + . 0.47% of the full scale.

A Leeds and Northrup Numatron II temperature measurement system
was used in conjunction with locally built Iron-Constantan thermocouples.
The .thermocouple elements were located in the end blocks of the vortex
resistor. The flow sensitivities of the thermocouples were minimal
(of the order of 1°F error for the total range of flow rate used) when
they were located in the end block position shown in Figure 14. The
overall error of the temperature measurement system was less than + i°F.

The temperature measurement system was calibrated by measuring the
temperature of boiling water. Two thermocouples, one at the upstream
and one at the downstream of tﬁe resistor, were used to determine the
temperature difference across the resistor. By thermally insulating
the resistor block the temperature difference in thé worst cése (at
lowest flow rate)vwas.i 2.5°F. An average of the two temperatures was

used as the temperature of the hydraulic oil for computational purposes.

I1T.2.3. Properties of MIL-5606A Hydraulic 0il

Density and viscosity were the only properties of the hydraulic oil
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| used in the analysis of the resistor. Properties data available from
the literature (see Figures 15 and 16) were used for all calculations.
The pressure depen&ence of viscosity and density was not included due
to the relatively low operating pressure. Care was taken to remove
all trapped air from the system by bleeding.'

All measured steady-state data are presented in detail in reference:
[33]. Typical pressure drop-flow rate characteristics are shown in

Chapter IV.
III.3. Empirical Correlations

- "Appendix A outlines the linear regression procedure used to obtain

the model constants (a,'s of Equation 1 = based on the measured data).

i
Figure 17 shows a correlation for an NSVR with a radius ratio (rz/rl)

of 0.299. Other parameters for this case are listed in Table III in
Appendix A. The flow conditions ranged from ;g3-= 100 to 1000. The

1
model agrees with the experimental data within 30 percent of reading.
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CHAPTER IV
STEADY-STATE ANALYTICAL MODELS

This chapter summarizes the development of approximate analytical
models which predict the steady-state behavior of the two types of vortex
resistors. 'Thé approacﬁ is to approximate the basic flow processes with
simple and manageable functions. . In the case of the vortex chamber (see
Figure 4), the flow field has been relatively well described in earlier
studies [9]. The flow field in the diffuser chamber of the SVR has not
been studiedvand is difficult to visualize intuitively. A flow visuali-
zation study was conducted to identify the basic character of the flow

field in the symmetric vortex resistor.
IV.1. Flow Visualization Study

A large scale plexi-glass model (2 inches outer diameter vortex
chamber) run on water was used for the flow visualization study. Figure
18 shows the sphematic of the experimental setup. Figure 19 shows an
exploded view of the model with the dye-injection system. The first
plate dn the left carries an injector (inside the tube) which was used
for introducing dye at different depths in the vortex chamber. The
vortex chamber, central orifice'and diffuser plates can also be seen in
Figure 19. The flow conditions were maintained at a Reynolds number
(based on the central orifice diameter) of 200 for all cases except that

shown in Figure 27. For Figure 27, the Reynolds number was 500.

- 36



Dye Injector ' , Camera

Heedle Valve / \\ Plexiglass Vortex Resistor

" X \// p\r//mowmagy

[ u |

P

/
Lighted Background Screen . JR S S

Figure 18. ‘Schematic.of Flow Visualization Apparatus

LE



Figure 19.

Plexiglass Model for Flow
Visualization

38



39

IV.1.1. Vortex Chamber.

Figures 20-23 show typical results from the flow visualization
study of the vortex chamber. Figures 20 and 21 show the boundary layer
flow. 1In the cases shown in Figures 22 aﬂd 23, dye was 1introduced into
the core region. The dye streaks in these latter cases show the core
flow with a relatively large tangential to radial velocity ratio. The
streamlines appear to‘be disturbed due to the wake created by the

injector.

IV.1.2. Diffuser Chamber

Figures 24-29 show the flow patterns in the diffuser chamber. 1In
all cases the diffuser chamber was first filied with dye, and then water
flow Wés initiate& by opening the needle valve‘(see Figure 18). The flow
patterns‘of Figures 24, 25, and 26 were observed in time succession. A
spinning, tube~like flow pattern was observed during the test. (The
spinning of the tube was about a toroidal axis [see Figure 30]). TFigure
27 shows the flow pattern at a high Reynolds number. Figure 28 shows
the reverse flow on the top surface of the diffuser chamber. Figure 29
shows the boundary layer flow along the annular wall and reverse flow on
the top surface of the diffuser chamber. An attempt to photograph cases
where dye was injected into the core region of the diffuser failed. The
dye injected at various‘ﬁeights dispersed quickly without a stable pat-
tern. The presence of the injector and the fate of injection disturbs
the flow field strongly. Reciréulation:was observed in the core region
of the orifice; Figure 30 shows schematically the‘overall flow field

observed in the SVR.



Figure 20. Boundary Layer Flow in Vortex
Chamber

Figure 21. Boundary Layer Flow in Vortex
Chamber
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Figure 22. Core Flow in Vortex Chamber

@

Figure 23, Core Flow in Vortex Chamber



Figure 24. Flow Pattern in the Diffuser
Chamber of SVR

Figure 25. Flow Pattern in the Diffuser
Chambet of SVR
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Figure 26. Flow Pattern in the Diffuser
Chamber of SVR

Figure 27. Flow Pattern in the Diffuser
Chamber of SVR at a
Reynolds Number of
500
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The results shown in Figures 20-23 in&icate that a boundary layer-
vortex core model would be an appropriate description of the flow field
in the vortex chamber. Figure 22 illustrates that the flow in the
diffuser chamber is not symmetric about a mid-plane. The conceptual
model for the idffuser chamber ideally should account for the observed
reverse flow. Boundary layer flows may be assumed on the top and bottom
surface$ of the diffuser chamber with the radial component of velocity

being radially inward at the top and radially outward at the bottom.
IV.2. One-Dimensional Model of the NSVR

IV.2.1. Model Description

The geometry of the NSVR may be divided into four regions following
the approach of Bichara aﬁd Orner [12]. Figure 31 shows the four regions.
These regions may be modeled by making assumptions appropriate for the
individual regions. The resulting equations may be suitably combined to
result in an overall mathematical model.

The modeling approach fpr the NSVR is summarized below (see
Appendix B for additional details). The inlet region of the NSVR is
modeled as an orifice. The discharge coefficient characteristic is
assumed to be the same as that of a.short—tube orifice with a sharp-
edged entry. Experimental data oﬁ the cirqula; short-tube orifice re-
ported in reference [18] are used even though the downstream conditions
are not the same in the two cases. An empirical correlation (see
Appendix B, Equation (B.5)) was developed to conveniently use the
experimental orifice data.

The flow is assumed to be axisymmetric at the periphery of the

region 2. The shear stress on the outer cylindrical surface of the
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vortex chamber is obtained from an analogy with the flat plate solution
of Blassius [32]. This assumption is understood to be a rough approxi-
mation. A more exact.approach would take into account the non-
axisymmetric nature of the flow field at the entry of the vortex
chamber.

Flow within region 2 of the NSVR is assumed to be one-dimensional,
i.e., the étatic pressures and velocities are assumed to be functions
of the radial variable "r" only. The ordinary differential equations
which result (see Appendix B) ére much simpler than the corresponding
ordinary differential equations that result from a momentum integral‘
approach. These equations can be solved in closed form, which eliminates
numericalintegtationand results in high computational efficiency. The
assumption 6f uniform velocity profile does not permit inclusion of
the shear stress into the model. However, a shear stress term can be
artificially included. Radial shear is neglected but shear stress in
the tangential direction is included.

The presence of é developing flow region in the vortex chamber
suggests that the average shéar stress should be greater than the shear
stress for the fully—developed flow case. The tangential shear stress

' and was chosen such that the

value was treated as a "free parameter,'
computed results agreed reasonably well with experimental data. A wvalue
fwo times that associated with fuliy—developed lamigar flow between two
parallel plates was found to produce acceptable resﬁlts.

Region 3 is modeled as an orifice. Separation at the enﬁry is mini-
mized by thé swirl, and the wall boundary layer is thinned due to
centrifugal force produced by the swirl. These effects tend to result

in a larger orifice discharge coefficient than for the case with no
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swirl. (For the case with no swirl, the discharge coefficient varies
from 0.6 to 0.8 for the range of operation considered.) A value of
unity'was used for the discharge coefficient of the central orifice.
The static pressure at the downstream end of the central orifice is
assumed to be éonstant over the area of the orifice. But, the upstream
pressure 1s allowed to vary with the radial distance r.

Region 4 is modeled as a sudden-expansion diffuser which recovers
half of the kinetic energy of the fluid. This choice was based on an
approximate analysis of the{diffuser taking into account the effect of

swirl. (See Appendix B for details.)

IV.2.2. Typical Results

Figures 32-35 compare experimental data and aﬁalyticalbpredictions
based on the one-dimensional model. The model predicts the experiment-
ally observed behaviér of the NSVR reasonable well in both the positive
and negative temperature sensitivity regions for a majority of the
geomeﬁries tested. The temperature range for the analytical predictions
was limited to 95° to 135° F becauée of test stand limitationms.

Figures 36-37 show analytical predictions for the temperature range
-50°F to +150°F (a common military spécification). The geometry of | ,
Figure 36 exhibits a relatively large negative temperature sensitivity
(-0.0052 in3/sec.—°F). In contrast, Figure 37 shows nearly zero
temperature sensitivity (-0.0002 in3/sec.-°F) over the entire temperature
range. Experimental verification is needed to evaluate the acqgracy of
the predictions over the wide temperature range used in Figures 36 and
37.

Figure 38 shows the variation of flow rate as a function of
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preésure drop across the inlet orifice and fluid temperature. The inlet
orifice albne élways exhibits a positive ﬁemperature sensitivity
[3Q/3T]*. Figures 39 and 40 show the variation of the flow rate for

the vortex chamber and the central orifice respectively. The average
tangential velocity in a vortex is approximately proportional to the
squaré root of the pressure drop across the vortex. The average tan-
gential velocity in a given vortex chamber increases with higher flow
rates and lower velocities. Therefore, if the viscosity decreases (due
to temperature rise) the flow rate must decrease to maintain a constant
average tangential velocity (or equivalently, the pressure drop). Thus,

3Q/3T| is negative for the vortex chamber.
AP=constant »

In the case of the central orifice the effect of inlet swirl is
to force the fiuid towards the cyliﬁdrical wall, thereby reducing.the
effective cross—séctional area of the orifice. As the fluid temperature
increases (accompanied by viscosity decrease and swirl increase) the
effective orifice area decreases and the resistance increases; the result

is a negative BQ/BTI .
AP=constant

At low pressure drops the swirl effect is small in both the vortex
chamber and the central orifice. In this case, the inlet orifice
characteristic doﬁinates the NSVR resistance characteristic, resulting in
an oyerall positive temperature sensitivity. At higher‘pressure drops
the vortex chamber and the céntral orifice characteristics dominate,
resulting in a negative temperature sensitivity for the NSVR. If the

inlet orifice can be operated in the pressure drop range where BCd/BRe

*Temperature sensitivity 1s defined for a constant pressure drop.
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is negative (possible only for 1/D<1; see Figure 41), the inlet orifice
characteristic will reinforce the vorte% chamber and central orifice
characteristics, with the reéult that thé overall temperature»éensitivity
is more negétive_than with the vortex chamber and the central orifice

alone.
IV.3. One-Dimensional Model of the SVR

IV.3.1. Model Description

The SVR geometry is convéniently divided info five regions as
shown in Figure 42 (see Appendix C for mathematical details). Models
for regions 1, 2, and 3 are the same as those developed for the NSVR.
A one—dimensional, axisymmetric flow is assumed to exist in region 4,
which is contradictory to the flow field observed in the flow visualiza-
tion study described earlier (see Seetion IV;1). In region 4 the flow
. field is essentially non-symmetric about a mid plane through the diffuser
chamber. Buf, a non-uniform velocity profile would lead to partial
differential équations,-thereby increasing substantially the mathematical
complexity of the model. The simpler one-dimensional axisymmetric
assumption yields a model which is of lesser accuracy but greater
mathematical simplicity than the partial differential equation model.
Regions 1 and 5 of the SVR are modeled as orifices with discharge
cdefficients equal to that.of a short-tube orifice with a sharp-edged

entry (see Figure 41).

IV.3.2. Typical Results

Figures 43-46 show comparisons of analytical predictions with typi-

cal experimental data for four SVR geometries. Geometries were
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available which resulted in small temperature sensitivities only,
although larger temperature sensitivities are possible with other
geometries. The difference between the experimental and predicted
values of the flow rate (at constant pressure drop) is less than 5 per-
cent of reading for all but the low flow rate range in all four cases
“considered. The characteristics at -50°F and +150°F shown in Figures
43-46 indicate the temperature sensitivity of the geometries over a

wide temperature range.

IV.4., Two-Dimensional Model of the SVR

!

IV.4.1. Model Description

The sfeady—state relati6ns USed iﬁ the oné—dimenéional model of the
NSVR for regions 1, 3, and 4 are élso used for the two—dimensional model.

The model for region 2 is devgloped b§ adapting the momentum
integral approach of Wormley [9]‘t§lthe laminar flow case. Appropriate
non-uniform velocity profile functions are assumed for the radial and
tangential vélocities, and the laminar shear stresses (both radial and
tangential) arevcomputed directly from the velocity profiles. Integra-
tion of the partial differential equations along the vortex chamber
height leads to a system of four non-linear ordinary differential
equations which are solved numerically. The model includes a 'developing-
flow" region (as was originally employed by Wormley [9]). In the
developing flow region the radial velocity in the core is non-zero and
the circulation (i.ef, rvs) is constant. When the flow is "developed,"
the radial velocity in the core is zero and the circulation is not

constant. Unlike the one-dimensional model, the shear stresses are

computed directly from the velocity profiles.
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The differential equations are locally iinearized at r=r, (see

' Appendix D for details) to eliminatevcomputational difficulties which\
_result from the singularity at the outer periphery of the Qoftex
chamber (i.e., at r=ri). An approximete_soiution, valid in a elose

neighborhood of rys is obtained to initiate the numerical integration.

IV.4.2. Typical Results

- Figures 47—50 show comparisons of model predictions .and typical
experimental data for‘different NSVR geometfies. The difference;Between
experimental and predicted values is less than 15 percent of reading in

-all cases. - |

V The two-dimensional model predicts the temperature sensitivity more
accurately (see Figures 33 and 48) than the one—dimensionalvmodel. The
improvemenﬁ in the accuracy may be attributed toithe two-dimensional
nature of the velocity profiles.

Figures 51 and 52 show the radial distribution of the velocities
and the boundary layer thickness correeponding to the NSVR geometry of
Figure 47 for a flow rate of 0.4 in3/sec. The radial velocity in the
core (i.e., ud) is zero at about r=0.127 inch (see Figure 51); indicating
that. all the flbwvis conteined in the boundary layer. The boundary
layer thickness (8) increases rapidly in the developing flow region.
The thickness (§) increases slowly and then decreases as the flow
progresses towards the center. The decrease is due to a rapid accelera-
tion of the fluid particles in the radial direction'caﬁsed by‘the steep
pressure gradient existing near Fhe centerv(See.figure 52). Thevtangen;
tial velocity (v%) increases lineafly in tﬁe deveiOping flow region and

remains relatively constant in the developed flow region.
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CHAPTER V
DYNAMIC BEHAVIOR OF NSVR

This chapter summarizes the development of an approximate
analytical model which describes the dynamic behavior of the NSVR
configuration, and the results of éxperimental transient response

studies on one particular NSVR geometry.
V.1l. Dynamic Model Development

A detailed discussion of the dynamic model development is given in
Appendix E.  The dynamic model employs the one-dimensional steady-state
model (Chapter IV) with appfopriqte changes made to include primary
dynamical effects. The orifices and the diffuser chamber are modeled
as purely resistive elements. A time delay T1 and a first-order lang2
characterize the éropagatioﬁ of,the.tangenfial velocity in the vortex
chamber. The resulting mathematical model is nonlinear.

. Linearization of the nonliﬁear model results in the following
transfer function relating the princibal variables of interest:

bp, _ Kq(1-T,D)
Ap 14T, D+K , exp (~T; D) (1)

4
where K3 and K4 are constants defined in Appendix E. Equation 1 can be

i

used for small-signal dynamic analysis.
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V.1.1. Determination of the Time Delay Ii

and the Time Constant T

2

The time delay T, and the time constant T, are estimated by

1 2

modeling the vortex chamber as a "tube" of width b and length L
(see Figure 53). The time delay Tl is assumed to be the time taken
for the tangential velocity information to travel the length L. That is

T, = L/v (2)

where v is the average tangential velocity in the vortex chamber
obtained from the steady-state analysis.

The time constant T2 is obtained by considering the inertance I of

the equivalent tube of length L and the overall steady-state resistance

R of the vortex resistor. Therefore

T, I/R 3)

The inertance T is given by pL/bh.

V.1.2. Computed Step Response

The dynamic model constants (K3,K4, T1 and T2) are computed by using
average flow conditions. Table II lists numérical values for an example
problem. Flow variables (i.e. velocities and pressure) corresponding
to zero flowrate are used as the initial conditions for the dynamic
simulation.

Figure 54 shows the computed transient response of a NSVR (see
Table II for geometry) subjected to a step input of 20 psi. The over-

shoot is due to the time delay T, associated with the tangential velocity

1
propagation. Until the new tangential velocity information reaches the

central orifice, the NSVR, exhibits a resistance value corresponding to

'
]
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TABLE II

DYNAMIC MODEL PARAMETERS - EXAMPLE

Geometry of NSVR

0.1500 inch
0.3500 inch
0.1709 inch
0.2500 inch
0.1005 inch
0.4000 inch

]

H = > o
1]

r
1

1
1
2
2

Model Coefficients

L = 1.2743 inch

v = 95.8423 inch/sec.

I =1.8975 x 10  1bf/sec’/in>
R = 0.9000 1bf.sec/in’

T1 = 13 milli-seconds

T2 = 2 milli-seconds

Ky = 0.894596

K, = 0.199428
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the initial operating point. For a positive step input, this delay
corresponds to a temporary increase in the resistance. The temporary
decrease iﬁ flow rate caused by the delay, results in the overshoot
observed in Figure 54. For a negative step input, there would exist

a corresponding undershoot.
V.2. Experimental Study

V.2.1. Apparatus

Figure 55 shows a schematic of the apparatus used in the experi-
mental study of the dynamic behavier of vortex resistors. The hydraulic
system used was the same as that used for the steady-state experiments.
A quick opening solenoid valve (3/16 inch‘orifice diameter) was
employed to generate a transient input at the upsfream or downstream end
of the vortex resistor. An accumulator énd a flow bypass path (using a
needle valve) was used to minimize pressure fluctuations upstream of the
solenoid valve,‘during and after sudden opening of the valve. A fixed
resistor (shorttube orifice L=0.2500", D=0.0625") was connected at the
downstream end of the vortex resistor to simulate a typical load. The
instantaneous pressure‘drop,across this "load" orifice was a measure
of the instantaneous flow-rate at the exit of the vortex resistor.
Figure 56 shows the dimensions of the end blocks of the vortex resistor

and the pressure transducer locations.

V.2.2. Instrumentation

Kistler Piezoelectric Model 601A transducers with Model 504A
charge amplifiers were used to measure the time dependent pressures at

the inlet and exit of the vortex resistor. The long time constant
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setting on the charge amplifiers permittéd the static calibration of the
pressure measuring system. The temperature measurement system used in
steady-state experiment was used to measure the average temperatures
during the dynamic response tests. The temperature of the hydraulic oil
was relétively constant (within + 1°F) during the transient response
tests.

The input and output pressure signals (from the upstream and down-
stream of the vortex resistor) were displayed on a Tektronix Model 502
dual-beam oscilloscope. Polaroid pictures were taken of the oscillo-

scope traces.

V.2.3 Experimental Results

Figure 57 shows a typical response obtained on an NSVR configura-
tion. Avpositive step input was aﬁplied by suddenly opening the solen-
oid valve located at the upstream end of the vortex resistor block. The
rise time of the pressure 'step" input was of the order of 10 milli-
seconds; this was the shortest rise time possible with the available
chponents. No discernable pure time delay or first-order lag is
evident on the transient response traces of Figure 57.

Figure 58 shows a transient response trace taken for a somewhat
higher pressure step input. The high frequency noise in the input was
due to a short term oscillation of the pressure regulator.

In an effqrt to sharpenbthe input pressure signal, a negative step
was used. The negative step input was generated by locating the solen-
oid valve between the downstream end of the vortex resisggr and the

loading resistor. The rise time obtained was of the order of 4 milli-

seconds. Figures 59 and 60 show transient responses for two different
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loading resistors at the downstream of the vortex resistor. No
discernable dynamics are evident from these traces. The resolution
obtainable from the scope photographs is of the order of 0.5 milli-
second. Therefore, delays or‘time constants smaller than 0.5 milli-

second are not observable.
V.3. Comparison of Theory and Experiment

The rise time experimental input was considered too long to permit
a direct comparison of experimental data with the predicted step
response of Figure 54. A terminated-ramp-type input signal having a
rise time of 10 milliseconds approximates the experimental input condi-
tion. Figure 61 compares the experimental and predicted dynamic
responses fof this ramp inpﬁt. The model predicts the basic dynamic
behavior well inAa quaiitétive sense, even though there appears to be
some error in Tl and T2' ,More accurate estimation of the time constants
T1 and T2 may be possible using a distributed parameter approach similar

to that used by Anderson [31], but the procedure presented in this

chapter is probably adequate for most purposes.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS
VI.1. Conclusions

This study has established that (1) temperature-insensitive vortex
resistors can be bullt in practical sizes, and (2) temperature compen-
sation for fluid resistors of the orifice and capillary tube tyﬁes can
be provided by means of vortex resistors and (3) vortex resistors
'(operating.on hydraulie oil) behavé primarily as resistors with no
appreciable reactive dynamics.

The empirical models discussed in Appendix A can be employed for
designing voftex resistors having a given temperature sensitivity. The
accuracy of these models cannot be insured for operation outside the
range of‘the data base.

The one-dimenéional anaytical models developed for the NSVR and
SVR configurations can alsgo be used for design purposes.. These models
are expected to be more accurate over a wider range of geometries and
flow conditions than the empirical models. The empirical models do not
include all the important geometrical parameters and are limited by
constraints placed on the establishment of a data base through experi-
mentation. The analytical models, include most of the variables

believed to be of significance.

The two—dimensional model developed for the NSVR is more accurate
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than the one-dimensional model for some geometries, but it is not as
efficient computationally due to the numerical integration required.

The dynamic model developed for the NSVR is only an approximate
dynamic characterization of_the resistor, but it is sufficiently
accurate for mosf system dynamics needs. Model predictions as validated
by transient response requirements, suggest that the dynamicsvof a.ver—
tex resistor are relatively unimportant compared to the dyeamics of
other principal elements in a typical fluid system which incorporafes

the resistor.
VI.2. Recommendations

The following areas are suggested for future studies:

1. The empirical models developed for the SVR and NSVR (low
resistance direction) are limited in usefulness to e relatively small
range of geometries, temperatures, and flow conditions. The most.
serious limitation of the data base used to develop the empirical
models is the small temperature range (§5°‘to 135°F) covered. Military
and industrial specifications usually call for an operating temperature
range of -50°F to 150°F. Additional data should be acquired in order
to broaden the range of validity of the empirical models.

2. Velocity profiles in the vortex chamber should be measured

to validate more fully the flow field assumptions which underly the

two-dimensional model.

3. An improved diffuser model should be sought for the SVR
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configuration. The model should take into account the secondary

reverse flow in the diffuser. A momentum integral approach can be used
for this purpose.

4. The dynamic response experiments conducted to date have established
that the time constants associated with a typical vortex resistor
(vortex chamber diameter = 0.5'") are less than 0.5 milliseconds. More
precise determination of these time consfants would be difficult using
typical size geometries. A more accurate dynamic characterization could
be made by time-scaling transient response measurements on a large

scale model. A distributed parameter model similar to Andersén's
turbulent flow model [31] could be develoﬁed fo more accurately predict
phe vortex chamber dynamics for the laminar flow case. This model would
yield values‘for the time constants Tl and T, to be used in the
approximate lumped-parameter model.

5. Algorithms and computer programs should be developed to allow

efficient use of the analyticai models as design tools.
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A.1.. Basic Model

The geometries of the NSVR and the SVR are described by six length
parameters (see Figure‘é): b, h, 11, Tis Ty and 12. Due to symmetry,
the diffuser chamber dimensions are the same as those of Vortex chamber
for an SVR. The steady—sta;e characteristic of a fluid resistor may be
described by a functional relationship between the volumetric flow rate
(for inéompressible flow situations) and the pressure drop across the
resistor. This functional dependence involves the geometry of the
resistor and reievant physical properties (density and viscosity in this
case) of the fluid. 1In the case of the vortex resistor this relationship

may be expressed as follows:

Q= Q(b)k, Ql,}bl;hii lz;APJ/;,,}'L‘> (A‘l)

For purpose of scaling, it is necessary to normalize the variables. The
following dimensionless parameters may be defined based on the variables
of equation (A.1l):
4
&" AP Q

7

/622 AV

The choice of ry as the characteristic length is arbitrary. Equation
(A.1) may be replaced by
;,ff AP

A= f(R e by w
[}

1 [ A'I),Ll 'h"
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‘The function f can be any function that fits the experimental data
within the desired accuracy. However, the choice of the fﬁnctien f is
governed by mathematical simplicity and ease of numerical manipulation.
From this point of Qiew, a feasonable functional form would be as

follows:

4 a Qs Az
A, AP ‘[97- 14: 17_-
Zar = a5 () ()

& Qs g L, T

(______ (..'_) (___7:) | (A.3)
AV K TR ,

where a1s @gs evens a, are constants. These constants can be determined

by linear regression using experimental data.
A.2. Data Base

Ideally the experimental data to be used for an empirical model
development should-envelep’with a fine grid the entire range of useful
geometries and flow situations. However, practical considerations meke
such an exhaustive data acquisition infeasible. Therefore, a limited
number of geometries were selected and tested under a few judiciously
'selected flow situations. Various factors were involved in the selec-
tion of the geometries and the operating conditions. These factors are
discussed below.

For the NSVR configuration, 24 geometries were selected close to
the geometfical proportions of the Lee Visco Jet #62AVL.1 (see reference
[2]) which was observed to heve a negative éQ/ST'while operating on
MIL—56Q6 hy&raulic oil. of the five geometrical ratios (i.e.,vb/rl,

/rl, and 12/r1), only three were considered as having a

h/rl, ll/rl, r,
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strong influence on the vortex characteristics. These ratios were
B/rl, h/rl, and-rzlrl. This simplification was necessary to limit the
number of geometries to a manageable number.

The vortex chamber radius r, was selected to.be 0.250". Although
smaller values of ry would likely be used in most fluidic applications,
the dimensional accuracy afforded by the available machining equipment

prohibited a smaller value of r, for the experiments reported here.

1
Figure 51 shows the grid locations of the 24 geometries used. The
dimensions of these geometries are given in Table III. In each of the
six vertical planes of Figure 62 four geometries were selected, thereby
allowing uniform spanning of the geometrical space. The geoﬁetries
were staggered to decouple the space variables. Otherwise, the selection
of the geometries was arbitrary. The data obtained on 24 gedmetries
for an NSVR‘operating in the high résistance direction of flow is
considered adequate for development of the NSVR model.

Additional experimental data were obtained for the SVR configura-
tion and for flow in the low resistance direction of the NSVR. The
ratio r2/r1> was held constant for these data. These data were primarily
intended for evaluation of the analytical model. Therefore, only a few
geometries were selected from the available laminations (see Table IV)
The number of geometries used, i.e. 8, is not sufficient to develop an
empirical model valid over a wide range of operating conditionms.
However, the empirical models develdped using these limited experimental
data can provide at least approximate estimates of the steady-state

characteristics of the SVR and of the NSVR operating in the low resistance

flow direction.
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Geometry b h 11 dl d2 l2
Number (in) (in) (in) (in) (in) (in)
1 0.05 0.25 0.2500 0.5 0.0625 0.20
2 0.20 0.25 0.1550 0.5 0.1250 0.25
3 0.25 0.25 0.1500 0.5 0.2010 0.40
4 0.10 0.25 0.2000 0.5 0.2500 0.50
5 0.10  0.30 0.2000 0.5 0.1250 0.25
6 0.05 0.30 0.2500 . 0.5 0.1495 0.30
7 0.15 0.30 0.1709 0.5 A 0.2010 0.40
8 0.25 0.30 0.1500 0.5 0.2500 0.50
9 0.10 0.35 .0.2000 0.5 0.0625 0.20
10 0.15 0.35 '0.1709 0.5 0.1495 0.30
11 0.05 0.35 0.2500 0.5 0.2010 0.40
12 0.20 0.35 0.1550 0.5 0.2500 0.50
13 0.20 0.40 0.1550 0.5 0.0625 0.20
14 0.15 0.40 0.1709 0.05 0.1250 0.25
15 0.25 0.40 0.1500 0.5 0.1495 0.30
16 0.05 0.40 0.2500 0.5 0.2500 0.50
17 0.15 0.45 0.1709 0.5 0.0625 0.20
18 0.05 0.45 0.2500 0.5 10.1250 0.25
19 0.10 0.45 0.2000 0.5 0.1495 0.30
20 0.25 0.45 0.1500 0.5 0.2010 0.40
21 0.25 0.50 0.1500 0.5 0.0625 0.20
22 0.05 0.50 0.2500 0.5 0.1495 0.30
23 0.20 0.50 0.1550 0.5 0.2010 0.40
24 0.15 0.50 0.1709 0.2500 0.50

0.05
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TABLE IV

GEOMETRIES OF THE VORTEX RESISTORS

-(CONSTRUCTED BY AIR RESEARCH
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CORPORATION)

Geometry b h 1 d d 1

Number (in) (in) (in} (i%) (ing (i%)
1 0.02845 0.060 0.29795 0.27260 0.120 0.010
2 0.02845 0.060 0.29795 0.27260 0.120 0.070
3 0.04775 0.030 10.22700 0.28342 0.120 ~0.010
4 0.04775 0.030 0.22700 0.28342 0.120 0.070
5 0.02845 0.030 .0.29795 0.27260 0.120 0.070
6 0.02845 0.060 0.28650 0.28342 0.120 0.010
7 0.03675 0.060 0.28650 0.28342 0.120 0.010
8 0.03675 0.060 0.28650 0.28342 0.120 0.070
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A.3. Results

Table V 1lists the constants (ai's) for the NSVR and the SVR for
various flow situations. TFigures 63-67 show correlations of the experi-
mental data with the empirical models. The empirical predictions are
within ten percent for most of the cases. In cases 2-4 the maximum
_error between model and data is»less-than 20.percent and in case 1 the
error is within 30 percent.

From equation (A.3), with a, = a =0,

6~ 2
-
. 2+45
R RPN B
Q____[_ . as a2
YIS v (A
2 (7)) (%) (£) it

Differentiating with fespect to the kinematic viscosity

S : >
2& _ Gs c z+@as
2V . o 2+4Q5 (A.5)
AP = copstant '
where
!
4 +4g 2445

K, AP
< =

o (Y (b e Ly
[ Ay Ay

From Equation (A.5) and Table V it caﬁ be observed that the sign of the
viscosity sensitivities (3Q/8v) for the NSVk (in reverse flow) and the
SVR, are negative for low Reynolds; numbers and positive for high
Reynolds' numbers. The sensitivities are always negative for the forward
flow direction of the NSVR. A positive value of 9Q/3V implies that the
flow rate increases with viscosity. A small magnitu&e of 9Q/3v, as in

the case of the NSVR (high resistance direction of flow) for the r2/r1
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TABLE V

CONSTANTS OF EMPIRICAL MODELS

Resistor a
Case Type Flow Rate Range 1 ) a4 A s
1 NSVR a;  2987.8402-34015.2540 + 146802.2200x> - 279280.
High Resistance 100 < Q <1000 1600x” + 195865.3207x%
direction of TV a, = 7.1037 - 110.3456x + 554.8653x2 - 1187.7469x3
flow +902.3449x%
a; = 3.340 - 56.0170x + 227.0982x2 - 346.9231x3
+ 152.5452x4
a4 =0
ag = -0.4937 + 10.8926x - 78.7254x2 + 214.0315x3
-194.2896x*
where x = r2/r1
2 VR e 56 <— < 1100 3.424471 -2.213886  -2.052803 0.0047308  -0.2029383
ow Resistance rlv
direction of
flow
3 SVR Q
15 <=5 < 400 96.63902 -1.788208 -1.633816 -0.017810 -0.503094
1
4 SVR Q
400 < —- < 1100 2.289831 -1.816749 -1.839667 0.0114691 0.1379318
1

LOT
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0.402 geometries indicates that the resistor is nearly temperature

insensitive.
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Figure 68 sho&s the four regions of the NSVR which can be indivi-
dually modeled. The equations derived here are similar to those of
reference [12] but with modifications for operation in laminar regime.
Also reference [12] does not include region 4 of Figure 68. Further,
due to operation in laminar regime the discharge coefficient of inlet
orifice is not treated as constant but is aliowed to vary with the
Reynolds number. Thé basic assumptions are:

| 1. The fluid is incompressible and Newtonian,

2. The flow is laminar throughout the device,

3. No heat transfer,

4. All surfaces are smooth and geometrically exact,

5. No body forces,

6. The oéerating fluid properties are assumed constant throughout

the fiow field.
Additional assumptions are described ‘in the secfions which follow.
B.i.. Region 1

Figure 69 shows region 1 of the NSVR (same as region 1 of SVR).

B.1.1. Assumptions

1. A shear stress based on the flat plate‘Blassius profile is
assumed to exist onkthe annular surface of region 1. |

2. The'rédial and tangential velocities and pressure are uniform
over the annular surface of region 1.

3. The discharge coefficient of the inlet passage is the same as
that of an equivalent circular short' tube orifice with sharp-edged

entry even though the downstream conditions are not the same for the

two cases.
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Figure 68. Regions of NSVR



Figure 69.

Region 1 of Vortex Resistors (SVR and NSVR)
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4. The width of the inlet orifice, b, is much smaller than the

diameter of vortex chamber (i.e., b<<2r1).

B.1.2., Governing Equations

Flow Rate: Q = Cy,bh/ 2(p, - p;)/p

. Radial Velocity
“at inlet Yoy = _Q/Zﬂrlh
Conservation of pr1 , 2 2
angular momentum Q" - pr.Qv, = 2mr ht
'thdl , 171 1 tl
Shear Stress:
1.5
Te1 0.664 vy /v VX .
where
’ r.-b
_ -1 1
X, = 2r1[2w - cos (—= ) ]
1
Orifice Discharge Coefficient:
5 6
i-1 1 j-1
C,, = I r C,,(log,.Re, ) -
dl 1=1 j=1 ij 10 de d

where

_4Q 2bh
Rede md_ v’ de = b+n

€(1,1)=0.

C(3,1)=0.226876244315706 D 00 ,C(4,1)=-0.507148451077533D-01
C(5,1)==.249327806165838 D-02 ,C(l,2)=—0.795026948224413D 00
€(2,2)=0.142923814768118 D 01 ,C(3,2)=-0.107062947471109D 01
C€(4,2)=0.327389281735691 D 00 .,C(5,2)=-0.322173197963765D-01
€(1,3)=0.632542509986194 D 00 ,C(2,3)=-0.127600317094214D 01
C(3,3)=0.934492443943111 D 00 ,C (4,3)= -0.286766619747770D 00
C(5,3)=0.304900339103475 D-01 ,C(1,4)=-0.151492790673141D 00
C£2,4;=0.312611655321839 D 00 , g3,4;= -0.229092531851455D 00
C(4,4)=0.707338263930315 D-01 ,C(5,4)=-0.766974040642524D-02
€(1,5)=0.148165042552580 D-Ol',C(2,5)= -0.307706419128231D-01
€(3,5)=0.225854454114608 D-01 ,C(4,5)=-0.700958813169788D-02
€(5,5)=0.768051230807445 D—03.,C(1,6)= -0.518515906302915D-03
€(2,6)=0.107854148254401 D-02 ,C(3,6)=-0.792969865409395D-03
C(4,6)=0 ,C(5,6)= -0.272806432199908D-04

.247201065756165 D-03

209285657990720 D 00 ,C(2,1)=0.791788479941879 D-02

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)
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Equation (B.5) 1is an empirical model developed from the experimental
data of reference [18] and 1is accurate to within 5 percent error in the
range

10 <Re. <2200

de

0.5<1,/d <12.

B.2. Region 2

B.2.1. Assumptions

1. Flow is symmetric, see Figure 70.
2. TFlow is one-dimensional, i.e., pressure and velocities (radial
and tangential) are functions of only the radial distance.

3. Friction in the radial direction is neglected.

B.2.2. Governing Equations

Radial Momentum: u ggwngi __1dp ,
dr r p dr (B.6)
Tangential Momentum: u gz_+ u _ 1 Tt2
dr r p oy (B.7)
Continuity: d _
ar (W =0 (B.8)
Shéar Stress: T o] =¥1l2n .
t2 h h
y=+ —_ (B.g)

- 2
This»shéar stress value is twice that for fully developed laminar flow

between parallel plates.
B.3. Region 3

Figure 71 shows region 3 of NSVR.
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Figure 70. Region 2 of Vortex Resistors (NSVR
and SVR)
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Figure 71. Region 3 of NSVR
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B.3.1. Assumptions

1. Radial velocity has a discontihuity at region 3's boundaries in
vortex and diffuser chambers. The radial velocity is zero in region 3,

2. Flow is axisymmetric,

3. The rotary motion of fluid is that of a rigid body,

4. The tangential shear stress on the cylindrical surface is given

'by the flat plate boundary layer stress.

B.3.2. Governing Equations

Tangential T
velocity } vE T, v ) . (B.10)
Pressure } dpu 9
distribution &~ v
r T (B.11)
Axial velocity w = v 2(pu - p3)/p (B.12)
Boundary condition} 1 2
atr =r, P, =Py +2"Pu2 (B.13)
r, ‘ ‘ »
Flow rate Q=2¢C,, S © 2rr wdr (B.14)
d2 0
Conservation of _ 2 .
angular momentum } Pr,Qvy - prZQVB“ZﬂrZ LoTes (B.15)
where | ' . 4y 1.5
2 3 !/ Yvx
Ty3 = 0.664u = m2
X 9= 2'rrr2

B.4. Region 4

B.4.1., Assumptions

1. The diffuser chamber is assumed to be large enough to result in

small velocity heads.
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2. The diffuser efficiency is assumed to be 0.5. That is 50 per-
cent of the kinetic energy is recovered in the diffuser.- Tﬁis figure
(50 percent) 1s selected on the basis of the axial momentum equation
(written for the control volume comprising of region 4 of NSVR)
assuming potential vortex and neglecting axial vélocity terms. The

resulting axial momentum equation is

. : A A A

1 .2 __2 _ 2. .0

P, ~ Py =3Pvy [1-7 a n@)]
o o 2

which gives a pressure recovery of approximately 50 percent.
(Assumptions of rigid body rotation and constant tangential velocity

lead to unbounded pressure recovery for increasing diffuser dimensions.)

B.4.2. Governing Equations

2.
- 1, 42
P, = Pyt 7 Pl +v3) | (B.16)

nrz

Euqations (B.1l) through (B.16) describe the mathematical model
of the NSVR in laminar regime of operation. These equations may be
rearranged for numerical solution as follows:

From equation (B.1):

2
L= - 0 |
2(C41b0) (B.17)

Combining equations (B.3) and (B.4):

1.5 ~
a1V tayv; -ag=0 (B.18)

where
_ 2
a1::1.3281Tr1 hpv \)/xml
a2 E'prlQ

_ 2
ay=pr,Q /thdl



From Equation (B.8):

u, =T

2 1917%,

From Equations (B.7) - (B.9):

ry/r,
v = < 2 v
exp[A(1-r,)] .
2 rl

1

Where
A= 24 vr. /h2u. 1.
A= 1/

From Equations (B.6) - (B.9):

pu2 r2 v2
P, =pp - __1 (C(1-1)-_71
2 2 exp(})
r
2
r2 r
L —L-1) - and) +
2 2 r
r - 1
2
o i 2i-2
z A {l—(rz/rl) } ]
i=2 it (2i-2)

Combining Equations (B.10) - (B.14) gives:

2
Q=2 fa2™ [Z(Pz‘P3) L2 ]3/2
2 ,0 u2 e
v
2
2 3/2
[1-]1- 5 |

2 ]
)5 (P2‘P3)+u2

From Equation (B.15):

-, _ 0.664mvr, 1
v3— 2 272 (Vz + v3)1.5
Qn/2\)xm2 ’
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(B.19)

(B.20)

(B.22)

(B.23)
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Numerical Computations Algorithm

Given the geometry, fluid properties and flow rate Q the pressure

drop AP=Pi—P0 may be computed as follows:

Steps:

1.

Calculate uy from Equation (B.2), and Py from
Equation (B.17) by assuming any arbitrarily chosen
value of‘pi.

Solve Equation (B.18) for v Due to nonlinearity it

1
will involve a numerical search.

Calculate'v2 frbm Equation (B.20), and Py from
Equation (B.21). Note that the series in Equation
(B.21) converges to a desired accuracy within a finite
number of terms (less than 50 terms).

Numerically solve Equation (B.22) for Py and

Equation (B.23) for Vg

Compute Py from Equation (B.16) and calculate

AP = |



APPENDIX C

ONE-DIMENSIONAL MGDEL OF SVR
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Figure 72 shows the five regions of SVRﬂ The models of regions 1,
"2, and 3 of SVR and NSVR (described in Appendix B) are identical. Only

the models of regionsj4 and 5 are described below.
C.1l. Region 4
Figure 73 shows regiom 4 of SVR.

C.1l.1. Assumptions

1. Flow is assumed oné—dimensional and axisymmetric.

2. A fraqtion of the angular momentum at the inlet of the diffuser
chamber is recovered as potential energy. The remainder is dissipated
completely in the diffuser chamber.

3. The shear stress in the radial direction is neglected. Blassius
solution of flat plate boundary layer is used for the tangential shear

stress used in the model.

C.1.2. Governing Equations

N

(a1 1 . du v~ _ _ldp ‘
Radial Momentum: ua; i 5 dr. (.1)
Tangential Momentum: dv 4 v 1 BT: (C.2)

dr r P 9y

Continuity: %_ (ru) = 0 ‘ ' ‘ (c.3)

r

. : _ = 12u
Shear Stress: Ttl . h = + =V (C.4)
| 12

Boundary Conditions:

] ]. 2 l2:

Py =Pyt elvg vy (c.s)

v(rl) = 0‘ : : (C.6)
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Regions 2 & 4

Regions 1 & 5

Region 3

: Region 2
Region 1

N

/

Region 5 Region 4

Figure 72. Regions of SVR
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Figure 73. Region 4 of SVR

c

Figure 74. Region 5 of SVR



C.2. Region 5
Figure 74 shows region 5 of SVR.

C.2.1. Assumptions

1. The tangential momentum at the annular inlet of region 5 is

assumed to be dissipated completely due to friction at the annular

wall.
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2. An orifice characteristic may be used for the exit channel.

C.2.2. Governing Equations

Q = C, 4bh VZ(p4—po)/o

where C =C and is calculated from Equation (B.5).

d3 dl

(c.7)

Equations (B.1l) through (B.16) and (C.1) through (C.7) describe

the complete SVR model. Equations (B.17) through (B.23) are valid for

this case. Additional equations needed for calculations of P, and P,

are developed below: From Equations (C.2) - (C.4):

rz/r

A2 2
exp[7 r_ - 1 9)]
2

1

From Equation (C.8) it can be observed that the boundary condition

(C.6) cannot be satisfied exactly. Therefore instead of requiring

(c.8)

v(rl) to be zero, it was allowed to be small enough so that the assoc-

iated angular momentum was a negligible fraction of the total momentum.

Therefore
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A rz'— r
expPE 1 2)1]
2
T
1
v, = v(r,)
3 r)/Ty v (c.9)
where v(rl) = 0.01 inch/sec (assumed).
Combining Equations (C.1l), (C.3), and (C.8) gives upon
simplification:
2 2 £
! 2 1 2 2 '2 . 2
P,=P3 t (A -=5)5puyt o5 vy)-exp (33)
1 1 1
1 ri 2 TR OV L ST e Lok Dt
[E(——z" -1)—)\ln(-1-_—-) + Z TI1021-D) ]
r2 2 i=2 ) (C.10)
From Equation (C.5)
2
Py =Py~ T 0
| 2(C43bh) (c.11)

Equations (B.17) - (B.23) and (C.9), (C.5), (C.10), and (C.11)
constitute the SVR model for numerical calculations. These equations
are solved sequentially to determine the pressure drop across the

resistor for a given flow rate.



APPENDIX D

TWO-DIMENSIONAL MODEL FOR NSVR
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In Appendix B a steady-state one-dimensional model was derived for

the NSVR. The velocity profiles in region 2 (i.e., the vortex chamber)

were assumed to be uniform across the chamber height.

this restriction has been relaxed and the velocity profiles are

In this appendix

allowed to be nonuniform. Appropriate equations are derived for region

2 based on Von Kirmin's momentum integral technique.

earlier in Appendi¥ B for regions 1, 3, and 4 remain the same.

D.1.

‘Region 2

Figure 75 shows region 2 of NSVR.

D.1.1. Assumptions

1. Vortex chamber is thin, i.e., h/rl‘«l.

2. Flow is axisymmetric.

3. Flow is symmetric about xx(see Figure 75).

4. The radial velocity in the core is zero when the flow is

fully developed.

D.1.2. Governing Equations

Continuity: §E+E="é‘i
9r T dy
' 2
Boundary Layer du _ v
Momentums : or -r
- ldp .,

p dr
v, uv
or T

Equations derived

(0.1)

(D.2)

(D.3)
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Figure 75. Region 2 of NSVR



129

du v 2
. 6 __8 -1 dp
Core Momentum: Us 47 r T~ F ar (D.4)
dv u,.v
§
dr r

Boundary Conditions:
At y =0, u=v=w=0

At y = h/2, w =2u/dy = 3v/dy =

: At r = Iy» u=uy
‘ v =V
w=20
P =P (D.6)

Velocity Profiles:
u = ug (D) + ug(r) g(n) 6 < y<8 )

v = v (M)

u = ua(r)
§ < y< L/2
v = vé(r) . :
n = y/é : ({.7)

J
Integrating Equations (D.1) - (D.3) using the velocity profiles

of (D.7) and the boundary conditions of (D.6) gives the following
system of ordinary differential equations (note equations D.4 and

D.5 are also included):
‘ du du

6 6 Us 1

[( 1)u o, ] + [(a 1)5+"‘] + [a s8] ir T [(a -1)

Su, + b u o,8 u ] (D.8)

8 2 8 4 s '
2 dés
[(ay=ag) uy + (2“2'“4) % T Y% 1 ar 4 [ag-ag) sug +
du(S du 5
20!.25us] a‘;—' + [(20(,2—0.4)75u6 + 20L3(5us] i [E] ir - T

[a vz - (a,=a.) u2 - (2a,-0,) u u‘ - u2] - 2-(f'ﬁ +
178 175 76 2 47 “8s 3"s § Yo 6
T

8oUg) | . (D.9)
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- . | 1 ‘ |
-[(al—a5) U6 + (az— a4) us] ar + [(dl_QS)é]'-'
o,
dr

+ [(al6u5 +a25us)/V6]f

dr o+

_ " ‘ dus. S
[ (a, '- 0£4)6] 9 T [-(20,-a,).

v f'

I a0
du ' '
§ . 1, dp 2 : R ' : :
fug) 5+ [p] ir Vs /T S (D.11)
where R .
1 2. ' 1
4, = é fdn , a, = é fgdn
1 1
ay= [ gdn , a,=[ gdn
1 '
df
a. = [ fdn £ ===
5 o o dn n =0
1
- dg
g = qr |
n=0

Profile functions f and g may be selected arbitrarily to satisfy the
' ' ’
boundary conditions [£(0)=0, £(1)=1, £ (0)>0, f (1)=0 and g(0)=g(1)=0,

1 L} . . .
g (0)>0, g (1)=0]. The following functions satisfy these conditions:

f(n) c[n‘--Egl{nc/(c—l)}] ; - , ‘v(D.12)

» b1 . - o
b [ n(l-n) 7] S ; - (D.13)

g(n)

where

A b |
b = (b1+l) '/(bll)- (b1=2 and c=1.25 are used).

There exists a singularity at r=r,, for the system of differential
equations (D.8)-(D.11). Approximate solutions for 6,,us and ug
may be obtained by locally linearizing the differential equations.

The resulting solution is valid in the neighborhood of the singularity.



D.2. Approximate Solution Near The

Singularity

Forcing us to zero Equations (D.9)-(D.11) gives respectively

du
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2 ds s,8 dp
%3% Qr +2a36us dr + p dr
= §-[ v z—a u2] - ) u
r %1V %% T % B Y (D.14)
7 du
. dé s
(@y=a,) uggy + (yma,)8
L
- (2a2—u4)6u5_ vfo + Eg_ Gus
T $ r ’ (D.15)
Lodp vy
poar (D.16)
Assuming potential core flow, Equation (D.16) gives
= P 21, _ 1
P =2y + 3 ) Gz - 2) (0.17)
Rearranging Equation (D.15)
'
20,0 vi o
d _ 2 74 __o 2
(“2 aa) dr (6us) T r Gus 8 + r 6us (D.18)
At'r=rl, ug = 0 but d/dr(dus) is not negligible. Therefore,
neglecting Gus terms in Equation (D.18) gives
1)
' »f
d o]
(ap-a,) 3¢ (Sug) = - — 19)

Neglecting the radial friction in Equation (D.14) and combining with

Equation (D.17) gives

2
(r,v

d 2. 5(r1vy ) 25

oy gp (Sug) + 3 = ay(ryvy) 3

8 ‘ (D.

(D.

20)
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In a close neighborhood of r, let

1
n
§ 2 ¢y (ar) 1
"2
u ~ c, (Ar) (D.21)
s = 2
where Ar = r,-r. Substituting from (D.21) in (D.19) and (D.20) gives
respectively
1
‘ n1+n2-1 yfo -n,
—(n1+n2) (az-u4) clczAr =cy (Ar) (D.22)
‘n,+2n,-1 ' c, (r,v )2 n
2 1 2 1'71'1 1
-(n1+n2) asC;Cy (Ar) = (al—l) 3 (Ar)

r (D.23)

Equating indices of Ar terms and solving the resulting equations gives
n, = 0.25

1 .
0.50 (D.24)

L)

Combining Equations (D.21) - (D.24) gives

T 1.25a0.,r
L vfo Jr—f—ﬂ_;—gﬂ 1/2 1/4
§ 0.75(a4—u2) (1-0L1)v1 ] (Ar)

"
(1-0,)v 1/2
u E T f—2t1 )
s N 1.25a.,r

371

ulh/2 - a46us

%._ (1—a5) S » (D.25)

[h3

Us

The numerical algorithm is similar to the one described in

Appendix B for one-dimensional model.



APPENDIX E

1

DYNAMIC MODEL OF THE NSVR
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The dominant dynémics of an NSVR element are expected to be in the
vortex chamber, i.e., region 2. The inlet and the central orifices and
the diffuser are expected to respond much faster than the vortex chamber.
Hence, steady-state models are used for all regions except region 2 of
NSVR. One-dimensional approach used for steady-state modeling is also
used for dynamic model development as described below.

Governing equations of regions 1, 3, and 4 of NSVR are the same
as those given in Appendix B. However, they have been repeated here
for eacy reference. (See Appendix B for assumptions involved in

modeling of regions 1, 3, and 4.)
E.1. Region 1
E.1.1. Governing Equations

Flow: Q= Cdlbh /2(pi—p1)/p ) (E.1)

Continuity: u, = —Q/2ﬂr1h (E.2)

Angular Momentum: pr Q2
1 2
- prlel = 27r hrt

thdl 1 1 (E.3)
where
., = 0.664 vl'5 [ Vv
t1 - DORUYy %1 : (E.4)



E.2. Region 2

E.2.1. Assumptions
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Assumptions in addition to those given in Appendix B are given

below:

4
v

1. There is a time delay T1

and a first order lag T

2

associated

with the propagatiOn of the tangential velocity in the vortex chamber.

2. Variations of through flow are small so that the discharge

coefficient variations are negligible.

E.2.2. Governing Equations

Continuity: u, = rlul/r2
Tangential Momentum: _Ils
v e V1
2 1¥T2s 2
T r
2 A 2
r—l' exp{ 2 (1— 2)}
1
24vr1
where A =
h2 u l
1
TlD

Radial Momentum
(linearized)

where kl and k2 are obtained from

' ‘_' e
} A(pl_pZ)_kl(]l+T2D)Avl + szul

pu2 r2 pv2 r2 r
- -1 .1 _ D S S SR 2
r e r 1
2 2
: 2 a- 2/ 22y
i .
1=2 i! (2i-2)

(E.5)

(E.6)

(E.7)

(E.8)
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E.3. Region 3

E.3.1. Governing Equations

Radial Velocity: ug = -u, (E.9)
Angular Momentum: 0.664mvr, 1
272 1.5
: vy =V, = (—) . (v2+v3)
Qv 2\)Xm2 (E.10)
2 2(p,-p,)
Flow Rate: Q = 2Cqmry —2 37 4 u ] 3/2
3T °F ?
V2
Vg 2/2
[1-|1- | 1 (E.11)

2 2
5(p2-93) +u,
E.4. Region 4

E.4.1. Governing Equations

Pressure Recovery: P, = Pg +% p(u§ + v§ ) (E.12)

Equations (E.1) - (E.12) can be linearized (wherever necessary) and
combined to résult in a linear dynamic model of NSVR which can be used
for small signal AC analysis. Linearizing Equations (E.1) and (E.2)

gives respectivelyf

bpy = dpy =3y AQ (E.13)
and

Auy = a,AQ ' | (E.14)

where
a; = Y20 (p7-p])/Cy bh

a, = —1/2nr1h
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combining Equation (E.3) and (E.4) and linearizing
Av, = agAQ (E.15)

where

2T, Q* 2 z}zvf
= — 3 *
a, _[thdl prlvf ]/[1.992wrlh11vxm1 + prlQ.].

Linearizing Equations (E.5) and (E.6) gives respectively

fu, = a,lu, | (E.16)
and
; TlD
bv,=as( L+ ,D ) by + agbuy (E.17)
where
aAErl/rz‘
. rz :
ar=1/[— exp A% . 2,2
5 T {2 (1 r2/r1)}]
‘ 2
vk \ r
a, _ 1 l _7'. E
6= 5 {- 2 1 2) oF }
r2 v r2 r1 1
—=exp A*(1- — )}
T {= 2
1 2 r
1‘
From Equation (E.8):
2
2pv* r r
1 1 1 2
= ——— | — (—— - - * o
k= om om 7 7 -1 - e
r 1
'2 .
N Ul ¢ BYCY2S ki
1=2 il (2i-2)
2 2 2
r ,ﬂv* r r
1 1 1 1 2
= * (— ~ - ——— = (— - - 2% o
k2 pu ( 5 1) oxp (B [2 ( > 1) A ln(r ) +
r T 1
2 2
T 21-2 vx?
T A% {1-(r2/1r1) } A% evy

q=2 0 (-0 fuf| e

*Asterisk refers to values of the variables at the operating point.



» 2i-2
r, o l-(rz/rl)
[-A* 1In (—) + I " -

r, 1= (i-1) ! (2i-2)

Linearizing Equations (E.9) and )E.10) gives respectively:

A u3 = —Au2

and

Av

3 a7Av2 + aSAQ

where

a, E(l—Cl)/(l +C1)

0.664ﬂvr212(v§ +v’§)l'5
a, = *2
8 Q*“v 2\)xm2 . (1+C1)
0.996mvr, 1
C1= 272 (v§+v§)0'5 .
Q* Jvamz

From Equation (E.11):

Ap2 - Ap3 = agAu + a sz + allAQ

2 10
where
a9 == puj
_bc, 3/2
a0l3 3 ¢ g ¥
v§ 4

sign (1—v§2/cz)]/§[c3Jﬁ; '(1—c4

sign (l—vgz/Cz)(vé/Cz)z].

2 . 3/2
a,, = 1/0[03/62 (1-c,’

11 . 372

2 . -
-2y
) 2V2 CB/ C

C 32 g

)-C.C 32 5
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(E.18)

(E.19)

(E.20)

(E.21)
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. 2 2
sign (l—vg /Cz)(vg/Cz) ]

*—-pD%
) 2(p2 p3) 9
C.z —2 3" 4 ux
_ 2, 2
Cy=Cyp TT,/V3
2
- %
c,.I1 - vs/c, |

Linearizing Equation (E.12) gives:

Apg = A&p = 8 ,0uq + a;5lv, » (E.22)
where
- *
81p= 7 pPu3
= - pvk
413= =~ PV3

Equations (E.7), (E.13) - (E.22) can be combined to give

Api - Apo - e
A 17 %2 41D o (E.23) .
where

a

elzzal +a11 + aga, 4 + az(k2 + a,aq + a

627213 T 26210
24212)

e,=a, {kl + (a7a13 +a10)a5}.

E.5. Loading Resistor

For an orifice type of loading resistor the flow rate is given by:

Q= C,,A VZPO/p

(E.24)
assuming the downstream end of the orifice is at atmospheric pressure.

Linearizing Equation (E.24) gives (assuming AQ is small enough so that
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Cc13 remains constant):

AQ; = all;Apo ‘ (E.25)

where

1
2C

I

a

AV 2/opg

14 d4

From Equations (E.23) and (E.25),

Apo k3(1 - T2D)

Api 1 + TZD + k4 exp (-TlD) . (E.26)
where

k3 =1/(1 + all;el)

k e./(1+ a

4 - 2142

14%17 -
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