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Abstract

In this thesis we study compact simply connected C1BFs (manifolds which arise as

quotients of cohomogeneity one manifolds). In particular, we study various elemen-

tary properties of C1BFs including their topological and curvature properties. More-

over, we give a classification of their structures in low dimensions and also show that all

simply connected manifolds which admit non-negative curvature in low dimensions

admit a C1BF structure.
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Chapter 0

Introduction

A very interesting class of Riemannian manifolds are those which admit metrics of

non-negative sectional curvature. Elementary examples of such manifolds are the Eu-

clidean spaces, spheres, and Lie groups equipped with a bi-invariant metric. Non-

negatively curved manifolds have been of great interest in Riemannian geometry and

a great deal of effort has been put into finding examples of manifolds of non-negative

curvature. Aside from taking products, the easiest way of producing new examples is

by taking quotients of manifolds with non-negative sectional curvature, which again

have non-negative curvature by O’Neill’s formula [O’N66]. In particular, a very large

class of non-negatively curved manifolds are the biquotient manifolds. A biquotient

manifold is any manifold which can be expressed as the quotient of a homogeneous

space M = G/H by a free isometric group action, where G is assumed to be compact.

Note that by taking the free isometric group action to be the trivial action by the trivial

group, we see that the class of biquotients contains all homogeneous spaces as a spe-

cial case.

Biquotients first appeared in Riemannian geometry shortly after Milnor’s discovery
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of the so called exotic spheres (manifolds which are homeomorphic but not diffeomor-

phic to the standard 7-dimensional sphere S7) [Mil56]. Milnor’s original construction

of the exotic spheres realized them as S3- bundles over S4. Later, it was shown by Mil-

nor, Smale, Kervaire–Milnor and Eells–Kuiper [KM63, Sma61, EK62] that there are in

fact 28 possible oriented differentiable structures on S7 and that 20 of these are dif-

feomorphic to S3-bundles over S4. With the discovery of the exotic spheres, a natu-

ral question was whether the exotic spheres admit metrics of non-negative sectional

curvature. This question turned out to be quite difficult to answer. The first progress

toward answering this question came when Gromoll and Meyer showed that one of

the exotic spheres in dimension 7 is a biquotient, hence admits non-negative sectional

curvature [GM74]. This is particularly interesting because a result due to Borel says

that any homogeneous space that is homeomorphic to a sphere is necessarily diffeo-

morphic to a sphere. This in particular shows that the class of biquotients is strictly

larger than the class of homogeneous spaces. It was later shown [Tot02, KZ04] that the

Gromoll-Meyer sphere is the only exotic sphere which can be written as a biquotient.

In particular, new techniques would need to be used to have any hope of putting met-

rics of non-negative curvature on the remaining exotic spheres.

Nearly three decades after the Gromoll-Meyer sphere was shown to admit non-

negative curvature, it was shown by Grove-Ziller [GZ00] that all of the so called Milnor

spheres (i.e. exotic spheres that are also S3-bundles over S4) in dimension 7 admit met-

rics of non-negative sectional curvature. In particular, they showed that any cohomo-

geneity one manifold with singular orbits of codimension at most two admits a metric

of non-negative sectional curvature. They were then able to associate to each Milnor

sphere a certain principal SO(3)-bundle over S4 that is cohomogeneity one and sat-
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isfying this property and deduce that the Milnor spheres have non-negative sectional

curvature. After this groundbreaking result, the question had been answered for all but

8 of the exotic spheres in dimension 7. The question of whether the remaining 8 exotic

spheres admit metrics of non-negative sectional curvature remained unanswered for

nearly two decades. Recently, Goette, Kerin, and Shankar were able to finish the prob-

lem using a new construction which yields all of the Grove-Ziller examples as a special

case [GKS20].

As we have seen, cohomogeneity one manifolds and biquotients have played a very

important role in finding new examples of manifolds with non-negative sectional cur-

vature. One may then wonder about manifolds that are constructed from biquotients.

It turns out that there is an interesting class of manifolds, which we will call codimen-

sion one biquotient foliations, or C1BFs, used in Goette, Kerin, and Shankar’s work to

show that the remaining exotic spheres admit non-negative curvature. In particular,

a C1BF is a singular Riemannian foliation [Mol88] of a manifold where the principal

leaf (i.e. the diffeomorphism class of leaves of maximal dimension forming an open

dense set) are biquotients of codimension one. C1BFs can be easily constructed by

taking quotients of any cohomogeneity one manifold (M ,G) by any free isometric ac-

tion contained within the group G . In particular, unless otherwise stated, a C1BF is

such a quotient of a cohomogeneity one manifold. Note that by taking free isometric

action to be the trivial action by the trivial subgroup of G , we see that every cohomo-

geneity one manifold is a C1BF. Thus cohomogeneity one manifolds are a special case

of C1BFs.

C1BFs are quite ubiquitous and our first result provides a wealth of examples of
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C1BFs.

Theorem 0.0.1. Suppose M ≈ (Sn1 × ·· · × Snr )/T k is diffeomorphic to a quotient of a

product of spheres by an effectively free linear torus action. Then M is a C1BF.

Furthermore, we will see that all currently known examples of simply connected

manifolds which admit metrics of non-negative sectional curvature up to dimension 6

give rise to a C1BF structure in a natural way. In fact, up to dimension 5 are biquotients,

and we obtain as a byproduct of this result that every representation of such a manifold

M n , n ≤ 6, as a reduced biquotient (defined in Chapter 1) gives rise to a C1BF structure

on M .

Theorem 0.0.2. All known examples of compact, simply connected manifolds of dimen-

sion at most 6 which admit a metric of non-negative sectional curvature are C1BFs.

Furthermore, for all such examples which are diffeomorphic to biquotients, all repre-

sentations of these manifolds as a reduced biquotient G//H naturally give rise to a C1BF

structure.

C1BFs are a very natural generalization of cohomogeneity one manifolds and, as

we will see later, C1BFs arising as quotients of cohomogeneity one manifolds have a

structure very similar to that of cohomogeneity one manifolds. A great deal of effort

has been put into classification results for the special case where the C1BF is cohomo-

geneity one. For instance, Hoelscher has given a classification of all cohomogeneity

one actions in terms of their group diagram up to dimension 7 [Hoe10], Frank has

given a classification of cohomogeneity one manifolds with positive Euler character-

istic [Fra13], DeVito and Kennard have given a classification of cohomogeneity one

manifolds with singly generated rational cohomology [DK20], and Straume and Wang

[Str96, Wan60] have given classifications of cohomogeneity one actions on spheres as
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well as homology spheres. We note that Wang’s classification contains a gap.

In this thesis we will do a certain classification of C1BFs in low dimensions. In par-

ticular, we will classify all possible leaf structures which occur in low dimensions for

compact simply connected C1BFs, where by leaf structure we mean triples (P, X ,Y )

of diffeomorphism types of the principal leaf P and singular leaves X and Y . A leaf

structure is said to be an admissible leaf structure provided that there exists a com-

pact simply connected C1BF which realizes the leaf structure. Such a classification in

higher dimensions is currently intractable because there is no complete classification

of biquotients. However, there are several partial classifications such as DeVito’s clas-

sification of compact simply connected biquotients in dimensions up to dimension 7

[DeV14, DeV17] and Kapovitch-Ziller’s classification of biquotients with singly gener-

ated rational cohomology [KZ04]. Such classification of C1BFs is important because

such a classification in dimension 6 may yield new examples of manifolds with non-

negative sectional curvature.

We present now our classification results. In dimension 4 we have the following

theorem.

Theorem 0.0.3. Let M be a compact, simply connected, 4-dimensional C1BF and let

L = S3/Q8 ≈ SO(3)/(Z2⊕Z2) denote the nonclassical lens space with fundamental group

Q8. The following list is the complete list of admissible leaf structures:

1. (S3, pt , pt )

2. (S3,S2, pt )

3. (S3,S2,S2)

4. (S2 ×S1,S2,S2)

5. (S2 ×S1,S2,S1)

6. (Lm(1),S2,S2) (m ≥ 2)

7. (L ,RP2,RP2)

8. (L4(1),S2,RP2)

Furthermore, the topology of such C1BFs can be described as follows.
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(i) C1BFs of type 1,5, or 7 are diffeomorphic to S4

(ii) C1BFs of type 2 or 8 are diffeomorphic to CP2.

(iii) C1BFs of type 6 are diffeomorphic to CP2#−CP2 if m is odd. If m ≥ 4 is even, they

are diffeomorphic to S2 ×S2. In the special case m = 2, such a C1BF is diffeomor-

phic to either S2 ×S2 or CP2#CP2.

(iv) A C1BF of type 4 is diffeomorphic to either S2 ×S2 or CP2#CP2

It is worth noting that Parker [Par86] has shown thatCP2#CP2 is not cohomogeneity

one. Thus we have the following corollary.

Corollary 0.0.4. CP2#CP2 the lowest dimensional example of a manifold which admits

a C1BF structure but does not admit a cohomogeneity one structure.

We note that the 5-dimensional classification has one exceptional case in the sense

that it is, at the time of this thesis submission, incomplete. In particular, the case where

the C1BF has principal leaf Lm(r )×S1 turns out to be rather complex compared to the

other cases, as we will see below in Chapter 3. In particular, there is one infinite fam-

ily of leaf structures which, at the time of submission of this thesis, we were unable to

determine whether all leaf structures which get past the sphere bundle and van Kam-

pen theorem obstructions are admissible. For a more detailed explanation of what is

known about this infinite family, see Case C.6.1 of Chapter 3. We note that, due to

the classification of simply connected disk bundles in dimension 5, that C1BFs of this

type cannot produce new examples of non-negative curvature in the simply connected

case.

Theorem 0.0.5. Let M be a compact, simply connected, 5-dimensional C1BF and let

S2×̂S1 denote the unique nonorientable S2-bundle over S1 and “≡m" denote congruence
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modulo m. With the exception of some leaf structures of type (11) potentially not being

admissible, the following list is the complete list of admissible leaf structures:

1. (S4, pt , pt )

2. (S2 ×S2,S2,S2)

3. (CP2#−CP2,S2,S2)

4. (S3 ×S1,S3,S3)

5. (S3 ×S1,Lm(r ),Ln(s))

gcd(m,n) = 1

6. (S3 ×S1,S1,S3)

7. (S3 ×S1,S3,S2 ×S1)

8. (S3 ×S1,S3,Lm(r ))

9. (S3 ×S1,S2 ×S1,Lm(r ))

10. (S2 ×T 2,S2 ×S1,S2 ×S1)

11. (Lm(r )×S1,Ln(r );Lk (s))

m|n,k, and s ≡±mr±1

12. (Lm(1)×S1,S2×S1,Ln(1))

where m|n

13. (L2(1)×S1,L2(1);S2×̂S1)

In dimension 6 the difficulty of such a classification increases substantially because

the singular leaves can be 5-dimensional biquotients and they need not be simply con-

nected. We have restricted our attention to the case where the principal leaf is simply

connected which ensures that the singular leaves are also simply connected. With this

restriction, we have the following classification theorem

Theorem 0.0.6. Let M be a compact, simply connected, 6-dimensional C1BF. Let S3×̂S2

denote the nontrivial S3-bundle over S2. With the possible exception of leaf structure

(19), the following list is the complete list of admissible leaf structures for M:

1. (S5, pt , pt )

2. (S5, pt ,CP2)

3. (S5,CP2,CP2)

4. (S3 ×S2,S2,S2)

5. (S3 ×S2,S3,S2)

6. (S3 ×S2,S2 ×S2,S2)

7. (S3 ×S2,CP2#CP2,S2)

8. (S3 ×S2,CP2#−CP2,S2)

9. (S3 ×S2,S3,S3)

10. (S3 ×S2,S3,S2 ×S2)

11. (S3 ×S2,S3,CP2#CP2)

12. (S3 ×S2,S3,S2 ×S2)

13. (S3 ×S2,CP2#CP2,S3)

14. (S3 ×S2,CP2#−CP2,S3)

15. (S3 ×S2,S2 ×S2,S2 ×S2)

16. (S3 ×S2,CP2#CP2,S2 ×S2)

17. (S3 ×S2,CP2#−CP2,S2 ×S2)

18. (S3 ×S2,CP2#CP2,CP2#CP2)

19. (S3 ×S2,CP2#CP2,CP2#−CP2)

20. (S3×S2,CP2#−CP2,CP2#−CP2)

21. (S3×̂S2,S2,S2)

22. (S3×̂S2,CP2#−CP2,S2)

23. (S3×̂S2,CP2#CP2,S2)

24. (S3×̂S2,CP2#−CP2,CP2#−CP2)

25. (S3×̂S2,CP2#CP2,CP2#−CP2)

26. (S3×̂S2,CP2#CP2,CP2#CP2)
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In the case of leaf structure (19), there does not exist a representation of a C1BF as a

group diagram with G = Sp(1)×Sp(1) hence any C1BF which possibly admits such a leaf

cannot do so with the principal or singular leaves given as reduced biquotients.

Note that it is likely that leaf structure (19) does not occur as a C1BF arising as a

quotient of a cohomogeneity one manifold. In particular, DeVito has outlined an ap-

proach to showing that such a leaf structure does not arise for any G (see chapter 3).

However, there certainly exist double disk-bundles with this leaf structure. In particu-

lar, there exits C1BFs with principal leaf S3 ×S2 and CP2#CP2 or CP2#−CP2 as one of

the singular leaves. One can simply take two such C1BFs, separate the two halves, and

glue the two halves together to form a double disk-bundle with leaf structure (19). This

would be a good candidate for a new example of non-negative curvature. Although it is

worth noting that, since it is likely not a C1BF, it is not immediate that the codimension

2 singular leaves guarantee non-negative curvature.

8



Chapter 1

Preliminaries

1.1 Transformation Groups

In this section we will establish some notation that will be used throughout as well

as introduce some basic results about transformation groups. We start by recalling

some standard terminology for group actions. The theory of compact transformation

groups is extensive, and this is not meant to be complete, but rather to introduce some

notation and standard terminology that we will use. For a complete treatment of these

topics, see [Bre72, Lee13]. Recall that if G is a group and M is a set, a left action of G on

M is a map G ×M → M , often written as (g , p) 7→ g ·p, that satisfies

g1 · (g2 ·p) = (g1g2) ·p for all g1, g2 ∈G and p ∈ M

e ·p = p for all p ∈ M

and a right action is defined similarly. The group G will always be assumed to be a

compact Lie group and M a smooth manifold, unless otherwise stated, and we will

usually want the action to be smooth; that is, defining map G ×M → M is smooth. A
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manifold M endowed with an action of a group G is often referred to as a G-space.

Group actions will be used quite often throughout this thesis and sometimes there will

be more than one group action present. Often times other notation will be used for

a Lie group G acting on a manifold M . We may, for example, denote the action by

(g , p) 7→ g ?p. For each p ∈ M , the orbit of p will be denoted by G ·p and is the set of

all images of p under the action by elements of G ; that is,

G ·p = {g ·p : g ∈G}

Similarly, for each p ∈ M , the isotropy group of p, denoted by Gp , is the set of elements

of G that fix p:

Gp = {g ∈G : g ·p = p}.

Let N = {g ∈G : g · x = x for all x ∈ X }. Then N is a closed normal subgroup of G , called

the ineffective kernel. A group action is said to be transitive if for every pair of points

p, q ∈ M , there exists a g ∈G such that g ·p = q , or equivalently, if the only orbit is all of

M . A group action of G on M is said to be effective if the ineffective kernel N is trivial. A

group action is said to be free if the only element of G that fixes any element of M is the

identity; that is, g ·p = p for some p ∈ M implies g = e, or equivalently, if every isotropy

group is trivial. We say that two group actions on a space M are orbit equivalent if the

two actions have the same orbits. We observe that if G acts on a space M , then the

induced action of the quotient group G/N on M is effective and is orbit equivalent to

the action of G on M . We say that the action of a group G on a set M is effectively free if

for all g ∈G , if there is an p ∈ M such that g ·p = p, then g ∈ N .

It is useful to have a notion of when two group actions are equivalent. We say that

10



the action of G1 on M1 is equivalent to the action of G2 on M2 if there is a diffeomor-

phism f : M1 → M2 and an isomorphismϕ : G1 →G2 such that f (g ·p) =ϕ(g )? f (p) for

all p ∈ M1 and g ∈G1. In the special case G1 =G2 there is a stronger type of equivalence

that is usually preferred. A map f : M1 → M2 between G-manifolds is G-equivariant if

f (g ·p) = g? f (p) for all p ∈ M1 and g ∈G . Two group actions are equivalent if there ex-

ists a G-equivariant diffeomorphism between the two G-spaces. A G-equivariant map

is often said to intertwine the two actions.

Recall that for an action of a group G on a manifold M , one can define an equiva-

lence relation on M whose equivalence classes are precisely the orbits of G in M . The

set of orbits is denoted by M/G and with the quotient topology, it is called the orbit

space of the action. We recall that the quotient manifold theorem implies that if a com-

pact group G acts smoothly and freely, on a smooth manifold M , then the orbit space

is a smooth manifold of dimension equal to dim M −dimG . Since any effectively free

action is orbit equivalent to a free action by taking the quotient of the acting group by

the ineffective kernel, it follows that the quotient of a manifold by a compact, smooth,

effectively free group action is again a smooth manifold.

The following elementary proposition is taken from [Bre72]. This important propo-

sition tells us that the orbits of a group action are diffeomorphic to the quotient of the

group by the isotropy at each point.

Proposition 1.1.1. Suppose G acts on a smooth manifold M and let p ∈ M. The map

αp : G/Gp → G ·p defined by αp (gGp ) = g ·p is a diffeomorphism, where G ·p denotes

the orbit of p and Gp denotes the isotopy subgroup at p.

The following proposition is often useful for computing quotients of manifolds by

11



actions where the group G is disconnected. The proof is left to the reader.

Proposition 1.1.2. Suppose a compact Lie group G acts on M and suppose N is a closed

normal subgroup of G. Then M/G is canonically diffeomorphic to (M/N )/(G/N ), where

G/N acts on M/N by g N · [p] = [g ·p].

The above proposition is most often used to compute the diffeomorphism type of

the quotient of a manifold M by the action of a disconnected group G . In this case, one

takes N = G0, where G0 denotes the identity component of G . Hence one first com-

putes the quotient of M by the identity component, followed by the quotient of the

resulting space by the group of components of G .

Proposition 1.1.3. Let G be a compact Lie group acting continuously and transitively

on a connected manifold M. Then the identity component G0 also acts transitively on

M.

Proof. Assume G acts on M transitively. Let p ∈ M . We show that the orbit of p by G0

acting on p is all of M . Let θp : G → M be the orbit map defined by θp (g ) = g · p. In

general the quotient map by a group action is an open map, therefore, the quotient

map G →G/Gp is an open map (since Gp acts on G by h ·g = g h−1). Moreover, the map

G/Gp →G ·p = M given by gGp 7→ g ·p is a homeomorphism hence their composition

G →G/Gp →G ·p

is open. Moreover, this composition is θp , hence θp is open. Since G is compact, θp is

also closed. Now, the identity component G0 is both open and closed. The restriction

of an open map to an open set is an open map hence the restriction of θp to G0 is open.
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The same statement holds with “open" replaced with “closed". It follows that the orbit

of p by G0 is clopen and hence is all of M since M is connected.

Another useful tool that is often useful for computing quotients is the associated

bundle construction:

Associated Bundle Construction:

Let π : P → M be a principal G-bundle arising from a right action of G on P and let ?

denote a smooth left action of G on a manifold F . Define a right action of G on P ×F

by (p, q) · g = (p · g , g−1 ? q). We then take the quotient by this action to obtain the

space E = P ×G F . Note that [p · g , q] = [p, g ?q] for all g ∈G . Then the projection map

π : E → M defined by π[p, q] = π(p) is a fiber bundle with fiber F and structure group

G .

A fundamental theorem of compact transformation groups is the so-called Slice

Theorem. Let M be a Riemannian manifold and let S ⊂ M be a closed submanifold of

M . Let ν(S) denote the normal bundle over S; that is, the subbundle of T M consisting

of vectors based at points of S which are perpendicular to S. Furthermore let ν<ε(S) =
{v ∈ ν(S) : |v | < ε} denote vectors of ν(S) of length less than some ε> 0. Let νx(S) ⊂ ν(S)

denote vectors in ν(S) with basepoint x ∈ S. Finally, let Nε(S) = exp(ν<ε(S)). With this

notation, we now state a version of the slice theorem:

Theorem 1.1.4. (The Classical Slice Theorem) Let G be a compact Lie group acting iso-

metrically on a Riemannian manifold M. For all p ∈ M, the orbit G ·p is an embedded

submanifold of M. Moreover, for all p ∈ M, there exists an ε > 0 so that the slices Sx =
expx

(
ν<εx (G ·p)

)
at x ∈ G ·p and the tubular neighborhood G ·Sp = Nε(G ·p) = ⋃

x∈G·p
Sx

about G ·p satisfy the following properties:

(i) The slices Sx are pairwise disjoint; that is, Sx ∩Sy =; for all x, y ∈G ·p and x 6= y.
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(ii) g ·Sx = Sg ·x for all g ∈G and x ∈G ·p.

(iii) Gx acts on Sx , and the action is G-equivariant via expx to the isotropy representa-

tion Gx → I som
(
νx(G ·p)

)
.

(iv) The map [g , q] 7→ g ·q is a well defined diffeomorphism G ×Gp Sp →Nε(G ·p) where

G ×Gp Sp is the quotient of the action of Gp on (G ×Sp ) by h?(g , q) = (g h−1,h ·q), where

the action on the second factor is the action given by (iii).

(v) The map [g , q] 7→ gGp defines a G-equivariant fiber bundle projection G ×Gp Sp →
G/Gp ≈G ·p with fiber Sp .

1.2 Homogeneous Spaces

Homogeneous spaces are a special case of a biquotients which will be essential to

our study. Therefore, it is important that we review some basics about homogeneous

spaces.

Definition 1.2.1. A smooth manifold endowed with a transitive smooth action by a Lie

group G is called a homogeneous space.

Observe that if H and K are conjugate Lie subgroups of G , i.e. there exists g ∈ G

such that K = g H g−1, then the map h 7→ g hg−1 is a Lie group isomorphism H → K .

Proposition 1.2.2. Let M be a topological space with an action by a Lie group G. If

p, q ∈ M are in the same orbit, then the isotropy groups Gp and Gq are conjugate. In

particular, if M is a homogeneous space with Lie group G, then all of the isotropy groups

under the action by G are conjugate.

Proof. Suppose g ·p = q . Then it is easy to show that gGp g−1 =Gq . The latter statement

follows immediately because all points in a homogenous space lie in the same orbit.
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By the previous proposition, for a homogeneous space M , it makes sense to refer

to the isotropy group of the action. If H is the isotropy group of a homogeneous space,

observe that H has a smooth left action on G given by h · g = g h−1 and that this action

is free. Therefore, the quotient space G/H is a smooth manifold and by Proposition

1.1.1 we have M is diffeomorphic to G/H .

Theorem 1.2.3. (Classification of Homogeneous Spaces) There is a one-to-one corre-

spondence between homogeneous spaces and manifolds of the form G/H where G is a

Lie group and H is a closed Lie subgroup.

Proof. If M is a homogeneous space with Lie group G , we have already shown that M

is diffeomorphic to G/H where H is the isotropy group of G . Conversely, if G is a Lie

group and H is a Lie subgroup, then G/H is a homogeneous space via the action of G

on G/H given by g1 · (g2H) = g1g2H .

This theorem, along with the closed subgroup theorem shows that the study of ho-

mogeneous spaces reduces to the study of Lie groups and their closed subgroups. Thus

a homogeneous space is usually written as M =G/H .

1.3 Biquotients

In this section, we will recall some basic properties about biquotients. The basics of

biquotients are discussed in detail in Eschenburg’s habilitations [Esc84]. For more

details about the topology of biquotients see, for instance, [Esc92] where Eschenburg

has shown how to compute their cohomology rings and [Sin93]where Singhoff has de-

scribed how to compute their characteristic classes.

Definition 1.3.1. A biquotient is any manifold which can be expressed as a quotient

of a homogeneous space M =G/H by an effectively free isometric action.
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We are interested in non-negative curvature and when the group G for the homo-

geneous space is compact, the resulting biquotient has non-negative curvature. This

follows from O’Neill’s formula [O’N66], which applies more generally to Riemannian

submersions. Recall that a Riemannian submersion is a smooth map π : M → N such

that the pushforward π∗ is an isometry on horizontal vectors (that is, vectors orthogo-

nal to the fibers of π). For Riemannian submersions, O’Neill’s formula tells us that

secN (X ,Y ) = secM (X̃ , Ỹ )+ 3

4
‖[X̃ , Ỹ ]v‖2

where X and Y are orthonormal vector fields on N , X̃ and Ỹ are their horizontal lifts

to M ,[X ,Y ]v is the projection of [X ,Y ] to its vertical part (i.e. the part of [X,Y] tangent

to the fibers of π).

When a compact Lie group G acts effectively freely and isometrically on a Rieman-

nian manifold M , the quotient projection π : M → M/G is a Riemannian submersion

when M/G is equipped with the quotient metric. Therefore, O’Neill’s formula tells us

that taking quotients by an effectively free isometric action causes curvature to in-

crease. It follows that any biquotient that is the quotient of a homogeneous space

M =G/H , with G compact, by a free isometric action admits a metric of non-negative

curvature.

As noted in the introduction, every homogeneous space is itself a biquotient by

taking the quotient of M = G/H by the free action of the trivial group. In practice, a

convenient way to construct biquotients is the following:

Construction 1.3.2. Let f = ( f1, f2) : H →G×G be a homomorphism of groups. There is
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an induced action of H on G given by h·g = f1(h)g f2(h)−1. When this action is effectively

free, the quotient space, denoted G//H, is a biquotient.

An action as in the construction above will be called a biquotient action. In the

case where H is a subgroup of G , f can be taken to be the inclusion, therefore, any

subgroup H of G gives a biquotient action on G by left and right translation, that is,

(h1,h2) · g = h1g h−1
2 . Furthermore, in the special case H = K ×L ⊂G ×G and f the in-

clusion, we denote the biquotient by K \G/L.

Totaro [Tot02] has shown that if M 'G//H is a compact, simply connected biquo-

tient, then M is also diffeomorphic to G ′//H ′ where G ′ is simply connected, H ′ is con-

nected, and no factor of H ′ acts transitively on any simple factor of G ′. Such biquo-

tients will be called reduced biquotients. Reduced biquotients have been classified in

low dimensions by Kapovitch-Ziller and DeVito [KZ04, DeV14, DeV17]

The following proposition is sometimes useful for checking whether a biquotient ac-

tion is effectively free.

Proposition 1.3.3. Suppose that f = ( f1, f2) : U → G ×G is a homomorphism of Lie

groups and U acts on G via the corresponding biquotient action. Then the action is

effectively free if and only if for all u ∈U , if f1(u) is conjugate to f2(u) in G, then f1(u) =
f2(u) ∈ Z (G).

Proof. Suppose that U acts on G effectively freely and suppose u ∈U with f1(u) conju-

gate to f2(u) in G . Then there exists g0 ∈G such that g0 f1(u)g−1
0 = f2(u). But

g0 f1(u)g−1
0 = f2(u) ⇐⇒ f1(u)g−1

0 f2(u)−1 = g−1
0 ⇐⇒ u · g−1

0 = g−1
0 .

Therefore, u fixes an element and hence, since U acts effectively freely, we must in fact
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have u · g = g for all g ∈ G . That is, f1(u)g f2(u)−1 = g and hence f1(u)g = g f2(u), for

all g ∈ G . In particular, this must hold for g = e, which says f1(u) = f2(u) and hence it

follows that f1(u) = f2(u) ∈ Z (G). Suppose now that for u ∈U that f1(u) is conjugate to

f2(u) if and only if f1(u) = f2(u) ∈ Z (G). We wish to show that U acts on G effectively

freely. Pick g0 ∈G and assume u · g0 = g0. Then u · g = g ⇐⇒ f1(u)g0 f2(u)−1 = g0 ⇐⇒
g−1

0 f1(u)g0 = f2(u). In particular, f1(u) and f2(u) are conjugate. Therefore, f1(u) =
f2(u) lie in Z (G). It follows immediately that u · g = g for all g ∈G .

Corollary 1.3.4. The biquotient action as in the previous proposition is free if and only

if for all u ∈U , if f1(u) is conjugate to f2(u) in G, then f1(u) = f2(u) = e.

Proof. Going through the proof of the previous proposition, one sees that when the

action is free one must have f1(u) = f2(u) = e rather than just lying in Z (G).

The following proposition shows that to check whether a biquotient action is effec-

tively free, it suffices to check whether it is true on a maximal torus.

Proposition 1.3.5. Suppose that U is a connected Lie group and suppose that f = ( f1, f2) :

U → G ×G is a homomorphism of Lie groups and U acts on G via the corresponding

biquotient action. The action is effectively free if and only if the action is effectively free

when restricted to a maximal torus TU ⊂U .

Proof. If the action is effectively free then clearly it is free when restricted to a maximal

torus. Now assume a maximal torus TU ⊂ U acts effectively freely on G . Pick u ∈ U

and assume u · g0 = g0. By the Maximal Torus Theorem, there exists x ∈ U such that
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xux−1 ∈ TU . Then u · g0 = g0 =⇒ f1(u)g0 f2(u)−1 = g0 and hence

xux−1 · f1(x)g0 f2(x)−1 = f1(xux−1) f1(x)g0 f2(x)−1 f2(xux−1)−1

= f1(x) f1(u) f1(x)−1 f1(x)g0 f2(x)−1 f2(x) f2(u)−1 f2(x)−1

= f1(x)
[

f1(u)g0 f2(u)−1] f2(x)−1

= f1(x)g0 f2(x)−1.

Therefore, xux−1 fixes f1(x)g0 f2(x)−1 and, therefore, since xux−1 ∈ TU and the action

of TU is effectively free, we must have xux−1 · g = g for all g ∈G , that is

f1(x) f1(u) f1(x)−1g f2(x) f2(u)−1 f2(x)−1 = g (1.3.1)

for all g ∈ G . In particular, taking g = f1(x) f2(x)−1 in (1.3.1) we see that f1(u) = f2(u).

Furthermore, since xux−1 has a fixed point, it follows that f1(xux−1) is conjugate to

f2(xux−1). But xux−1 ∈ TU and, therefore, since the TU action is effectively free, by

Proposition 1.3.3 we must have f1(xux−1) = f2(xux−1) ∈ Z (G). Thus, if f1(xux−1) =
z ∈ Z (G), then f1(x) f1(u) f1(x)−1 = z which implies that f1(u) = f1(x)−1z f1(x) ∈ Z (G).

Therefore, Proposition 1.3.3 tells us that the action by U is effectively free.

Corollary 1.3.6. A biquotient action is free if and only if the action is free when restricted

to a maximal torus.

Proof. In the proof of the previous proposition, if the maximal torus TU acts freely,

then since we had xux−1 · g = g and xux−1 ∈ TU , we must have xux−1 = e. But then

u = e which implies that the action of U was free.

We will often be computing quotients of manifolds by a compact Lie group acting

freely or effectively freely by a biquotient action. The following proposition is extremely
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useful for such computations.

Proposition 1.3.7. Let G be a compact Lie group acting smoothly on manifolds X and Y .

Suppose that the action of G on X is transitive and the diagonal action of G on X ×Y is

free. Then for any x ∈ X the action of the isotropy group Gx on Y is free and the quotient

spaces (X ×Y )/G and Y /Gx are canonically diffeomorphic. Moreover, if the action of G

on X ×Y is a biquotient action then the action of Gx on Y is again a biquotient action.

Proof. We first show that Gx acts on Y freely. Suppose g ∈ Gx such that g · y = y for

some y ∈ Y . Then since g ∈ Gx we have g · (x, y) = (g · x, g · y) = (x, y) so g fixes (x, y).

But by freeness of the diagonal action of G on X ×Y we must have g = e, so Gx acts

freely on Y . Now we show the diffeomorphism statement. Fix x ∈ X and consider the

diagram

Y /Gx (X ×Y )/G

X ×YY

π

f

q

F

where f (y) = (x, y) and π and q are the quotient maps. We wish to show that q ◦ f

is constant on the fibers of π. Note that π−1[y] = {g · y : g ∈ Gx}. Then (q ◦ f )(g · y) =
q(x, g ·y) = q(g ·x, g ·y) = [g ·x, g ·y] = [x, y]. Then by the universal property of quotient

maps we get an induced map

F : Y /Gx → (X ×Y )/G ; F [y] = [x, y]

which is well defined and smooth. To show F is surjective, suppose [x ′, y] ∈ (X ×Y )/G .

Since G acts on X transitively, there exists g ∈ G such that g · x = x ′. Then F [g−1 · y] =
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[x, g−1 · y] = [g · x, g · (g−1 · y)] = [x ′y] so F is surjective. To show F is injective, suppose

that [x, y] = [x, y ′]. Then there exists g ∈ G such that (x, y ′) = (g · x, g · y) and hence

g · x = x and g · y = y ′. Thus g ∈ Gx so [y ′] = [g · y] = [y] so F is injective. The inverse

being smooth is obvious.

To prove the statement about biquotient actions, assume that the action of G on X ×Y

is a biquotient action induced by the homomorphism f = (
( f1, f2), ( f3, f4)

)
: G → (X ×

Y )2. Then

g · (x, y) = (
f1(g ), f2(g )

)
(x, y)

(
f3(g )−1, f4(g )−1)

= (
f1(g )x f3(g )−1, f2(g )y f4(g )−1)

But by definition this is the diagonal action, so the second component is the action of

G on Y which says g · y = f2(g )y f4(g )−1. This is the biquotient action induced by the

homomorphism f̂ = ( f2, f4) : G → Y ×Y and restricting this action to Gx ⊂G remains a

biquotient action, completing the proof.

Corollary 1.3.8. With the same hypothesis as Proposition 1.3.7, but with the diagonal

action of G on X ×Y being effectively free, then the action of Gx on Y is effectively free

and we have the diffeomorphisms (X ×Y )/G ≈ Y /G ≈ Y /Ĝx where Ĝx =Gx/K and K is

the ineffective kernel of diagonal the action, and Gx is the isotropy of any point x ∈ X .

Proof. We first show that Gx acts on Y effectively freely. Suppose g ∈ Gx such that

g ·y = y for some y ∈ Y . Then since g ∈Gx we have g ·(x, y) = (g ·x, g ·y) = (x, y) so g fixes

(x, y). But since the diagonal action is effectively free, we must have g fix every point of

X ×Y , so Gx acts effectively freely on Y . Now, the same argument used in the proof of

Proposition 1.3.7 gives the first diffeomorphism. For the second diffeomorphism, let

K be the ineffective kernel of the diagonal action of G on X ×Y . Then G ′ = G/K acts
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freely on X ×Y so by Proposition 1.3.7 we have

(X ×Y )/G ≈ (X ×Y )/G ′ ≈ Y /(G ′)x

where (G ′)x is the isotropy of some point x ∈ X by the action of G ′ on X. Note that

(G ′)x = {[g ] = g K ∈G ′ : g · x = x}. Now, we claim that Ĝx ≈ (G ′)x , where Ĝx is as defined

above, from which the result follows immediately. Define the natural homomorphism

π : Gx → (G ′)x by g 7→ [g ], which is well defined because if g ∈ Gx then [g ] ∈ (G ′)x by

definition. This homomorphism is clearly surjective and smooth and it is obvious that

K = kerπ.

1.4 Cohomogeneity One Manifolds

Here we will review some basic facts about cohomogeneity one manifolds. Let G be a

compact Lie group and M a closed smooth manifold.

Definition 1.4.1. An action of G on M is said to be cohomogeneity one if the orbit

space M/G is one dimensional or, equivalently, if there are orbits of codimension one.

Since M is compact, the quotient M/G ' [−1,1] or M/G ' S1. We will only consider

the case where M ' [−1,1]. From now on, whenever we say cohomogeneity one mani-

fold, we mean a cohomogeneity one manifold in which the quotient M/G ' [−1,1].

Example: A rather simple example is obtained by taking M = S2, the unit sphere, and

considering the action of the unit circle S1 on S2 by rotation about the axis passing

through the north and south poles. The orbit of any point on S2 which does not lie on

the north or south poles is a circle (corresponding to the lines of latitude) while the or-

bit of the two poles are both points. Since the circular orbits are codimension one, this
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is a cohomogeneity one action and, moreover, the quotient S2/S1 ' [−1,1]. The fact

that the codimension one orbits of this action all have the same diffeomorphism type

and forming an open dense subset of S2 as well as the existence of two orbits differing

from these is typical for simply connected cohomogeneity one actions.

The orbits of codimension one forming an open dense subset are called the princi-

pal orbits and any non-principal orbits are called singular orbits. In a general cohomo-

geneity one action the principal orbits are all diffeomorphic, so it makes sense to refer

to the principal orbit of a cohomogeneity one action. Note that in a simply connected

cohomogeneity one manifold, there will always be two singular orbits of codimension

strictly greater than one. Furthermore, the diffeomorphism types of the singular orbits

can differ from each other. In the non-simply connected case, it is possible for every

orbit to be principal or for there to be singular orbits of codimension one. In the latter

case, the singular orbits are called exceptional orbits.We will only be concerned with

simply connected cohomogeneity one manifolds, so exceptional orbits will not occur

this thesis. The isotropy groups corresponding to the principal and singular orbits are

called the principal isotropy group and singular isotropy group, respectfully, and the

principal orbits have isomorphic isotropy groups.

Mostert showed in [Mos57] that there are precisely two singular orbits correspond-

ing to the endpoints of I = [−1,1], and M can be decomposed as the union of two tubu-

lar neighborhoods of the singular orbits, with common boundary a principal orbit, and

these tubular neighborhoods are disk bundles over their corresponding singular orbit.

This gives cohomogeneity one manifolds what is called a double disk-bundle (DDB)

structure:
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Definition 1.4.2. A closed manifold is said to admit a double disk-bundle (DDB) de-

composition if it can be written as the union of two disk bundles glued together along

their common boundary by a diffeomorphism.

DDB structures have been studied extensively, for instance in [GH87, DGGK20,

EU11]. In the former, they actually consider a more general object called the double

mapping cylinder of which a DDB structure is a special case.

The following argument, taken from [GZ00], makes this description of a cohomo-

geneity one manifold as a DDB more precise in terms of an arbitrary but fixed G-

invariant Riemannian metric on M , normalized so that M/G ' [−1,1]. Let x0 ∈ π−1(0)

and let γ : [−1,1] → M be the unique minimal geodesic with γ(0) = x0 and π ◦γ = I d .

Note that γ intersects all orbits orthogonally and, since π ◦ γ = I d , it follows that γ

is a minimal geodesic between the two singular orbits B± = π−1(±1) = G · x±, where

x± = γ(±1). Let K ± = Gx± be the singular isotropy groups and H = Gx0 = Gγ(t ), -1 <

t <1, be the principal isotropy group. Let D`±+1 be the unit normal disk at x±. In

the notation of the slice theorem, D`±+1 = Sx± = expx±(ν1
x). Note that, by construc-

tion, ∂D`±+1 intersects the principal orbit G · x0. Note also that since G acts by isome-

tries, G acts on each unit normal disk and g takes the unit normal disk D`±+1 at x± to

the unit normal disk at g · x±. It follows that G ·D`−+1 = π−1[−1,0] = N1(G · x−) and

G ·D`++1 = π−1[0,1] = N1(G · x+), so these are tubular neighborhoods with unit disks

as the slices. By (iv) of the slice theorem, these tubular neighborhoods of the singular

orbits have the form

D(B±) =G ×K ± D`±+1

Note that D(B±) are both disk bundles over the corresponding singular orbit with pro-

jection taking each disk to the point of the orbit over which it is centered. Thus we have
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obtained a DDB decomposition

M = D(B−)∪E D(B+)

where E =π−1(0) =G ·x0 =G/H is canonically identified with the boundaries ∂D(B±) =
G ×K ± S`± .

Let (M ,G) be a cohomogeneity one manifold and let K ± be the singular isotropy

groups and H the principal isotropy group of the action. It is well known that any

cohomogeneity one manifold (M ,G) with M/G ' [−1,1] determines a group diagram

G

K − K +

H

with H ⊂ K ± ⊂ G and K ±/H ≈ Sl± . The spheres S`± are called the fiber spheres of the

cohomogeneity one manifold. For simplicity, a cohomogeneity one group diagram

will often be denoted by G ⊃ K −,K +,⊃ H . Conversely, any such diagram determines

a cohomogeneity one manifold. The quotients G/K ± and G/H are diffeomorphic to

the singular and principal orbits, respectfully. Thus such group diagrams completely

specify the manifold as well as the action. For example, the group diagram for the

action of S1 on S2 by rotation mentioned above is

S1

S1 S1

{1}

Given an action of a group G on a manifold M , we will often want to compute

whether the action is cohomogeneity one. Intuitively, if the dimension of G is much
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larger than that of M and the action of G is not transitive, the action has a good chance

of being cohomogeneity one. The easiest way to show that an action is cohomogeneity

one is if one can find a codimension one orbit. Another useful tool is the following well

known proposition which allows us to construct new cohomogeneity one actions from

old ones

Proposition 1.4.3. Suppose G1 acts by cohomogeneity one on M1 and G2 acts transi-

tively on M2. Then the product action of G1×G2 acts by cohomogeneity one on M1×M2.

Proof. The dimension of the orbit of a product action is the sum of the dimensions of

the orbits of each action. Since the orbit of G1 on M1 is codimension one and the action

of M2 is transitive, hence each orbit is codimension zero, it follows that the product

action has a codimension-one orbit.

Before giving another very useful way for showing that an action is cohomogeneity

one, we need a definition.

Definition 1.4.4. Suppose a Lie group G acts on a Riemannian manifold M and let Gp

be the isotropy group at p ∈ M . The differential of the action of Gp on M defines a

linear representation of Gp on Tp M called the isotropy representation. The tangent

space of the orbit Tp (G ·p) ⊂ Tp M and its normal space νP (G ·p) ⊂ Tp M are invariant

subspaces of the isotropy representation. The restriction of the isotropy representation

to νp (G ·p) is called the slice representation.

One can restrict the action of Gp induced by slice representation to the unit sphere

in the normal space. The following well known proposition tells gives us a sufficient

condition for an action to be cohomogeneity one.
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Proposition 1.4.5. Suppose a Lie group G acts on a Riemannian manifold M and let

p ∈ M. If the action of Gp on νp (G ·p) induced by the slice representation is transitive,

then the action of G on M has cohomogeneity one.

As a final note, we are interested in manifolds of non-negative sectional curvature,

and the following theorem of Grove and Ziller [GZ00] gives a useful criterion which

ensures that certain cohomogeneity one manifolds admit non-negative sectional cur-

vature.

Proposition 1.4.6. (Grove-Ziller) Any cohomogeneity one manifold with singular orbits

of codimension at most 2 admits an invariant metric of non-negative sectional curva-

ture

1.5 Codimension One Biquotient Foliations

Here we introduce the main object of interest, namely codimension one biquotient fo-

liations. A singular Riemannian foliation of a manifold M is a certain partition F of

M into smooth, connected, locally equidistant submanifolds of M , called the leaves of

the foliation (precise definitions can be found in either of[MC88, MR19]). When all of

the leaves have the same dimension, the foliation is called a regular foliation, or sim-

ply a foliation of M . Foliation theory tells us that a singular Riemannian foliation has

a diffeomorphism class of leaves, called the principal leaf, which form an open dense

subset of M and have maximal codimension. Any leaf which is not a principal leaf is

called a singular leaf.

Definition 1.5.1. If all of the leaves of a singular Riemannian foliation are biquotients

then we call the foliation a biquotient foliation.
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Definition 1.5.2. A biquotient foliation in which the principal leaf has codimension

one is called a codimension one biquotient foliation or simply C1BF.

General C1BFs defined, as above, in terms of singular Riemannian foliations are rather

complicated. We will restrict our attention to a (potentially) smaller class of C1BFs

which will be easier to study. We will now motivate this restriction. We will use the

following lemma:

Lemma 1.5.3. Suppose G is a compact Lie group. Let ∆G ≤ G ×G be the diagonal sub-

group. Suppose H is another subgroup of G ×G such that the induced biquotient action

is free, giving a biquotient G//H. Then the biquotients ∆G\ G ×G /H and G//H are

canonically diffeomorphic.

Proof. Define a map F :∆G\G×G/H →G//H by F [g1, g2] = [g−1
1 g2]. Observe that this is

well defined, since if [g1, g2] = [g̃1, g̃2], then (g̃1, g̃2) = (g g1h−1
1 , g g2h−1

2 ) for some (g , g ) ∈
∆G and (h1,h2) ∈ H . Thus we have

F [g̃1, g̃2] = F [g g1h−1
1 , g g2h−1

2 ]

= [h1g−1
1 g−1g g2h−1

2 ]

= [h1g−1g2h−1
2 ]

= [g−1
1 g2]

= F [g1, g2]

Clearly F is surjective because for [g ] ∈ G//H we have [e, g ] 7→ [g ]. On the other

hand, F is injective. Indeed, if F [g1, g2] = F [g̃1, g̃2], then [g̃−1
1 g̃2] = [g−1

1 g2] and hence

g−1
1 g2 = h1g̃−1

1 g̃2h−1
2 for some (h1,h2) ∈ H . Thus we have
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[g̃1, g̃2] = [g̃1h−1
1 , g̃2h−1

2 ]

= [(g1h1g̃−1
1 )g̃1h−1

1 , (g1h1g̃−1
1 )g̃2h−1

2 ]

= [g1, g1g−1
1 g2]

= [g1, g2]

A standard smoothness argument shows that F and its inverse are smooth, making F a

diffeomorphism.

Suppose now that we have a cohomogeneity one manifold M with group diagram

G

K − K +

H

where G/K ± and G/H are the orbits and K ±/H ' S`± are the fiber spheres.

Suppose we restrict the action of G on M to a subgroup L ≤G which acts freely on

M . Note that the action of L on M preserves each orbit of the G-action on M . This

can be expressed in terms of L acting on the homogeneous spaces G/K ± and G/H via

the obvious action. Upon taking the quotient of M by the L action, the homogeneous

quotients corresponding to the orbits of the cohomogeneity one action become biquo-

tients foliating M/L and we get a corresponding group diagram

G

L×K − L×K +

L×H

29



which completely specifies the leaf structure of the foliation. In particular, the prin-

cipal leaf is the biquotient L\G/H and the singular leaves are L\G/K ±. Furthermore,

we observe that (L ×K ±)/(L × H) ' K ±/H ' S`± . This shows that every quotient of a

cohomogeneity one manifold by a free isometric action contained within the group G

is a C1BF and determines a group diagram analogous to the cohomogeneity one group

diagram. Note that by taking the subgroup of G to the the trivial subgroup, we see that

every cohomogeneity one manifold is itself a C1BF.

Conversely, suppose we have biquotients G//K ± and G//H where K ±, H ≤ G ×G

act freely on G and satisfying the condition that K ±/H ≈ S`± . Then one can form the

corresponding group diagram and Wilking noticed this diagram corresponds to a quo-

tient of a cohomogeneity one manifold by a free isometric action contained within G ,

namely

G ×G

K − K +

H

∆G
G

K − K +

H

where we mean the diagonal subgroup ∆G ≤G acts on the cohomogeneity one mani-

fold specified by the group diagram on the left. This follows from Lemma 1.5.3.

Definition 1.5.4. We call the cohomogeneity one manifold given by the group diagram

on the left the standard lift to cohomogeneity one of the C1BF given by the diagram

to the right.

This shows that every group diagram of the form

G

K − K +

H
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with H ⊂ K ± ⊂G ×G and K ±/H ' S`± determines a C1BF that is a quotient of a coho-

mogeneity one manifold (M ,G) by a free isometric action contained within the group

G . The singular leaves are the biquotients G//K ± and the principal leaf is G//H .

Given a C1BF with group diagram as above, note that the embeddings of H and

K ± into G ×G specify biquotient actions of these groups on G . We will, in general,

allow the embeddings of the groups to have kernel, provided that the induced action

remains effectively free. For example, if H is embedded in G ×G via some homomor-

phism f = ( f1, f2) : H → G ×G , then the action of H on G is the biquotient action in-

duced by f and the quotient by this action is the principal leaf G//H . Similarly, we get

embeddings of K ± into G ×G giving the biquotients G//K ±.

Convention: We restrict our attention to codimension one biquotient foliation which

arise as quotients of cohomogeneity one manifolds with group G by an effectively free

action where the effectively free action comes from the restriction of the cohomogene-

ity one action to a subgroup of G . From now on, when we refer to C1BFs, we mean

C1BFs that arise as these quotients, unless explicitly stated.

The following proposition, whose proof is taken from [DGGK20], shows that C1BFs

which arise as quotients of cohomogeneity one manifolds have a DDB structure com-

pletely analogous to that of cohomogeneity one manifolds.

Proposition 1.5.5. Any C1BF which is the quotient of a cohomogeneity one manifold by

a free subaction admits a DDB structure.

Proof. Suppose G acts on M ′ by cohomogeneity one. Then, as we have seen above,

there are closed subgroups H ⊂ K ± ⊂ G with K ±/H ' S`± such that M ′ is equivari-
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antly diffeomorphic to the union of the disk-bundles G ×K ± D`±+1 glued equivariantly

along their common boundary G ×K ± S`± ' G/H . Suppose now that there is a sub-

group U ⊂ G which acts freely on M ′ with quotient the C1BF M . Observe that the

U action on M ′ preserves the orbits of the G action. Now, via the equivariant diffeo-

morphism mentioned above, U acts freely on each of the disk bundles G ×K ± D`±+1 by

the action induced from the action of U by left multiplication on the first factor of the

product G ×D`±+1. As the U action commutes with the action of K ± on the right of

the first factor, it follows that U \(G ×K ± D`±+1) is diffeomorphic to (U \G)×K ± D`±+1.

These disk bundles both have boundary diffeomorphic to the biquotient U \G/H and

the equivariant gluing map in the DDB decomposition of M ′ now induces a gluing of

the quotient disk bundles, yielding the desired DDB decomposition of M .

Corollary 1.5.6. A C1BF M with group diagram {G ,K −,K +, H } and K ±/H ' S`± has a

DDB decomposition M = G ×K − D`−+1 ∪G//H G ×K − D`++1, where the actions of K ± on

G ×D`±+1 are given by the biquotient action on the G factor and the on the disk factor,

these are the same actions as the actions of K ± on the disks in the DDB decomposition of

the standard lift of M to cohomogeneity one.

Proof. This follows from Proposition 1.5.3 as well as the proof of the previous theorem

by taking M ′ to be the standard lift of M to cohomogeneity one and taking the quotient

by the diagonal ∆G subaction of G×G.

In particular, a C1BF decomposes as two disk bundles, each of which have base

space a singular leaf G//K ±, and the two disk bundles are glued together along a prin-

cipal leaf G//H . Note that ∂D`±+1 = S`± = K ±/H . The spheres S`± are called the fiber

spheres of the DDB.
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Definition 1.5.7. Given a C1BF, we define the leaf structure of the C1BF to be the dif-

feomorphism types of the principal leaf G//H and the singular leaves G//K ±, and will

be denoted as a triple (G//H ,G//K −,G//K +). A leaf structure is said to be an admissi-

ble leaf structure provided that there exists a compact simply connected C1BF which

realizes the leaf structure.

The central goal of this thesis will be to answer the following question:

Question: Given a triple of biquotients (G//H ,G//K −,G//K +), where G//H has dimen-

sion n ≤ 5, which triples occur as admissible leaf structures for a C1BF manifold M n+1?

Another important fact coming from the DDB structure of the C1BF is that the prin-

cipal leaf must be a sphere bundle over each singular leaf. In particular, for a DDB with

fiber spheres S`± , principal leaf P , and singular leaves G//K ±, we get sphere bundles

S`± →G//H →G//K ±. Moreover, the long exact sequence of homotopy groups

... →πn(S`) →πn(G//H) →πn(G//K ±) →πn−1(S`) → ...

Sphere bundles have been studied extensively, for example, in [Ste44, Gib68, Tho74,

DL05, Mel84]. Such classifications will frequently allow us to rule out many possibili-

ties for B . Furthermore, Corollary 1.6.2 (see below) allows us to rule out the case `= 0.

This fact will allow us to greatly reduce the number of possible C1BF structures on

manifolds.

The following proposition is an easy generalization of Proposition 1.4.6 which gives

a simple criterion to guarantee a C1BF has non-negative curvature.
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Proposition 1.5.8. Any C1BF with singular leaves of codimension at most 2 admits a

metric of non-negative sectional curvature

Proof. By Proposition 1.4.6, the analogous result holds for cohomogeneity one man-

ifolds with singular orbits of codimension at most two. We observed above that any

C1BF with group diagrams containing groups G , K ±, and H is the quotient of a coho-

mogeneity one manifold, namely

G ×G

K − K +

H

∆G
G

K − K +

H

But the corresponding cohomogeneity one manifold given by the left diagram has

singular orbits of the same codimension as the singular leaves of the C1BF. Thus by

O’Neill’s formula, the result follows for C1BFs.

We will now prove a nice theorem which gives vast amounts of examples of C1BFs.

In particular, we will show that any quotient of a product of spheres by an effectively

free torus action is a C1BF. We will first prove a lemma which shows that this statement

is true for the quotient of a single sphere by such an action.

Lemma 1.5.9. Suppose a torus T k acts on a sphere by any linear torus action. Then the

action of T k is contained within a cohomogeneity one action on the sphere. In particu-

lar, the quotient of any sphere by an effectively free linear torus action is a C1BF.

Proof. Suppose the torus T k acts on the sphere Sn−1 as above. The action being linear

means that it is induced by a representation ρ : T k →O(n). It follows that the action of

T k is orbit equivalent to a torus subgroup of O(n) acting on Sn−1. We may assume that

k ≤ rankO(n) because the dimension of such a torus cannot exceed the rank of O(n).
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Now, write Sn−1 = SO(n)/SO(n − 1) and consider the natural action of SO(2)SO(n −
2) on SO(n)/SO(n − 1). This action is well known to be cohomogeneity one [Wan60,

Str96]. Therefore, we have exhibited a cohomogeneity one action of SO(2)SO(n−2) on

Sn−1 = SO(n)/SO(n − 1). Since rank
(
SO(2)SO(2n − 2)

) = rankO(n), it follows that, up

to conjugacy T k ⊂ SO(2)SO(n −2), so this action contains an action equivalent to the

original T k action on Sn−1, so the quotient Sn−1/T k is a C1BF.

Theorem 1.5.10. Suppose M ≈ (Sn1 × ·· · ×Snr )/T k is diffeomorphic to a quotient of a

product of spheres by an effectively free linear torus action. Then M is a C1BF.

Proof. The theorem follows from the previous lemma. Indeed, suppose T k acts on

Sn1 ×·· ·Snr as in the statement of the theorem. The projection of this action onto each

factor yields a linear torus action T k on Sni , i ∈ {1, ...,r }, which may or may not be effec-

tive. Note that T k cannot be effective for k > rankO(ni +1), so on each factor, T k acts as

a subgroup of O(ni +1). Consider the action of T k on Sn1 given by the projection of the

action onto the first factor. By the previous lemma, we can extend this to a cohomo-

geneity one action G on Sn1 . Now, consider the action of G ×O(n2+1)×·· ·O(nr +1) on

Sn1 ×Sn2 ×·· ·×Snr via the product action, where each O(ni ) acts via the standard tran-

sitive action. Note that O(ni +1) contains the effective portion of the T k action, due to

the fact that it is the isometry group of Sni . Therefore, since G acts by cohomogeneity

one and O(n2 +1)×·· ·×O(nr +1) acts transitively on Sn2 ×·· ·×Snr , so by Proposition

1.4.3, the product action is cohomogeneity one. Thus we have exhibited a group which

acts by cohomogeneity one and contains an orbit equivalent action to the T k action

on Sn1 ×·· ·×Snr , showing the quotient is a C1BF.

This theorem has a plethora of applications. It can be, for example, applied im-

mediately to Totaro’s work [Tot03], as well as DeVito’s work [DeV17], to obtain infinite
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families of C1BFs in dimension 6.

Given group diagrams for two cohomogeneity one manifolds, [GWZ08] gives a the-

orem which completely classifies when the diagrams are equivalent. One would like to

have a theorem which does the same for general C1BFs. There is no complete answer

for this, but we present now the first such theorem in this direction. In particular, the

theorem gives sufficient conditions for two diagrams to determine the same C1BF up

to diffeomorphism.

Theorem 1.5.11. Suppose M1 and M2 are C1BFs with group diagrams {G1,K −,K +, H }

and {G2,L−,L+, J }, respectively. Suppose there exists a diffeomorphism ϕ : G1 →G2 and

isomorphisms (i)-(iii) which agree on their restrictions to H and satisfying conditions

(a)-(c)

(i) ψ : K − → L−

(ii) µ : K + → L+

(iii) ρ : H → J

(a) ϕ(k1 · g ) =ψ(k1)?ϕ(g )

(b) ϕ(k2 · g ) =µ(k2)?ϕ(g )

(c) ϕ(h · g ) = ρ(h)?ϕ(g )

for all k1 ∈ K −, k2 ∈ K +, h ∈ H, and g ∈G. Here · and ? denotes the biquotient action of

the subgroups of G1 ×G1 on G1 and the subgroups of G2 ×G2 on G2, respectively. Then

there exists a diffeomorphism F : M1 → M2.

Before proving the theorem, we note that it is perhaps somewhat surprising is that

the map ϕ : G1 → G2 is only required to be a diffeomorphism rather than an isomor-

phism of Lie groups. Moreover, we present an example of C1BFs satisfying the hypoth-

esis of this theorem, where ϕ is a diffeomorphism but not an isomorphism after the

proof of the theorem. The conditions that the (i)-(iii) along with (a)-(c) are precisely
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the conditions needed to ensure that principal leaves are taken to principal leaves and

singular leaves are taken to singular leaves.

Proof. The idea of the proof is that we start by showing that ϕ induces diffeomor-

phisms taking the principal and singular leaves of M1 to the corresponding leaf in M2

and that these diffeomorphisms extend to a global diffeomorphism M1 → M2. Observe

that ϕ : G1 → G2 induces a diffeomorphism ϕ : G1//H → G2//J on the principal leaves

given byϕ[g ] = [ϕ(g )]. This is well defined since in [g ] = [x] ∈G//H if and only if x = h·g
for some h ∈ H . Thus ϕ[h · g ] = [ϕ(h · g )] = [ρ(h)?ϕ(g )] = [ϕ(g )] = ϕ[g ]. Moreover, ϕ

is bijective. To see this, observe that ϕ−1 : G2 →G1 satisfies ϕ−1( j ? g ) = ρ−1( j ) ·ϕ−1(g )

for all j ∈ J and g ∈G2. Indeed, sinceϕ
(
ρ−1( j ) ·ϕ−1(g )

)= ρ(
ρ−1( j )

)
?ϕ

(
ϕ−1(g )

)= j ?g ,

this implies ϕ−1( j ? g ) = ρ−1( j ) ·ϕ−1(g ). Thus ϕ−1 induces a map ϕ−1 : G2//J →G1//H

given by ϕ−1[g ] = [ϕ−1(g )]. Moreover, ϕ−1 is actually the inverse of ϕ, so ϕ is bijective.

Clearlyϕ andϕ−1 are smooth becauseϕ andϕ−1 are smooth, soϕ is a diffeomorphism.

Similarly, ϕ induces diffeomorphism on the singular leaves.

We have shown that ϕ induces diffeomorphisms taking each leaf of M1 to the cor-

responding leaf of M2. We will now show that ϕ induces a global diffeomorphism

F : M1 → M2. Recall that we can decompose M1 as a DDB

M1 =G1 ×K − D`−+1 ∪G//H G1 ×K + D`++1

where K ±/H ≈ S`± and ∂D`±+1 = S`± . Let I = [0,1) and note that a disk D is diffeomor-

phic to
(
∂D × I

)
/ ∼, where ∼ identifies ∂D × {0} to a point. By scaling the metric on M1,
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it follows from Proposition 1.5.5 and its corollary that we can decompose M1 as

M1 =
(
G1 ×K −

(
K −/H × [0,1)

)
/ ∼

)
∪

(
G1//H × (−1,1)

)
∪

(
G1 ×K +

(
K +/H × [0,1)

)
/ ∼

)
:= M−

1 ∪M 0
1 ∪M+

1

where the action of K − is the biquotient action on the G1 factor and on the second

factor the action is given by k1 · [k2H , t ] = [k1k2H , t ] and, similarly, we can decompose

M2 as

M2 =
(
G2 ×L−

(
L−/J × [0,1)

)
/ ∼

)
∪

(
G2//J × (−1,1)

)
∪

(
G2 ×L+

(
L+/J × [0,1)

)
/ ∼

)
:= M−

2 ∪M 0
2 ∪M+

2

Define F± : M±
1 → M±

2 by F±
[
[g , [kH , t ]

] = [
ϕ(g ), [ψ(k)J , t ]

]
and F0 = M 0

1 → M 0
2 by

F0
(
[g ], t

)= (
[ϕ(g )], t

)
.

Clearly F0 is well defined. We now show that F± are well defined. To check that F−

is well defined, note that
[
g1, [k1H , t1]

]= [
g2, [k2H , t2]

] ∈ M−
1 if and only if g2 = k ·g1 for

some k ∈ K − and one of conditions (i) or (ii) below hold and, similarly,
[
g1, [l1 J , t1]

] =[
g2, [l2 J , t2]

] ∈ M−
2 if and only if g2 = l ? g1 for some l ∈ L− and one of conditions (a) or

(b) below hold:

(i) t1 = t2 =−1,

(ii) t1 = t2 6= −1 and k−1
2 k1 ∈ H

(a) t1 = t2 =−1

(b) t1 = t2 6= −1 and k−1
2 k1 ∈ J

Assume
[
g1, [k1H ,−1]

] = [
g2, [k2H ,−1]

] ∈ M−
1 . Then g2 = k · g1 for some k ∈ K − and
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also [k1H ,−1] = [k2H ,−1]. Hence we have

F−
[
g2, [k2H ,−1]

]= F−
[
k · g1, [k1H ,−1]

]
= [

ϕ(k · g1), [ψ(k1)J ,−1]
]

= [
ψ(k) · g1, [ψ(k1)J ,−1]

]
= [

g1, [ψ(k1)J ,−1
]

Similarly, if t 6= −1 and
[
g1, [k1H , t ]

] = [
g2, [k2H , t ]

] ∈ M−
1 , then g2 = k · g1 and k−1

2 k1 ∈
H . Since k−1

2 k1 ∈ H and ψ takes H to J , we have ψ(k2)−1ψ(k1) ∈ J and hence

F−
[
g2, [k2H , t ]

]= F−
[
k · g1, [k2H , t ]

]
= [

ϕ(k · g1), [ψ(k2)J , t ]
]

= [
ψ(k)?ϕ(g1), [ψ(k2)J , t ]

]
= [

ϕ(g1), [ψ(k1)J , t ]
]

so F− is well defined. The same argument shows that F+ is well defined. Note that

M±
i and M 0

i , i ∈ {1,2}, are open submanifolds of M1 and M2, respectively, and it is easy

to see that F± and F0 are smooth. Moreover, they have the obvious inverse maps, ob-

tained by replacing the maps ϕ and ψ appearing in the definition of these maps with

their inverses, so their inverse maps are smooth as well, hence F± and F0 are diffeo-

morphisms. Therefore, they extend to a diffeomorphism F : M1 → M2 provided that

they agree on the overlaps of M±
1 and M0.

To check that they agree on the overlap, note that the only overlaps of these sub-

manifolds are the following two cases
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(I) A point
[
g , [kH , t ]

] ∈ M−
1 also lies in M 0

1 when t ∈ (−1,0)

(II) A point
[
g , [kH , t ]

] ∈ M+
1 also lies in M 0

1 when t ∈ (0,1)

Since there is no identification in
(
K −/H × [0,1)

)
/ ∼ for t 6= −1, it follows that

A = M−
1 ∩M 0

1

=G1 ×K −
(
K −/H × (−1,0)

)
= (

G1 ×K − K −/H
)× (−1,0)

where the last equality follows because K − acts trivially on (−1,0). Similarly, we have

B = M 0
1 ∩M+

1

=G1 ×K +
(
K +/H × (0,1)

)
= (

G1 ×K + K +/H
)× (0,1)

We wish to identify the points in A and B with a point in G1//H × (−1,1) in such a way

that F± and F0 agree on these points. Observe that there is a canonical way to identify

G1 ×K − K −/H with G1//H . In particular, the K − action on G1 ×K −/H is transitive on

the K −/H factor with isotropy group H , so by Proposition 1.3.7 we have that G1 ×K −

K −/H 'G1//H via the diffeomorphism

G1//H →G1 ×K − K −/H ; [g ] 7→ [g ,eH ]

Thus we identify ([g ], t ) ∈ G1//H × (−1,1) with
(
[g ,eH ], t

) ∈ A and, similarly, ([g ], t ) ∈
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G2//J × (−1,1) with
(
[g ,e J ], t

) ∈ M−
2 ∩M 0

2 . Note that F0
(
[g ], t

)= (
[ϕ(g )], t

)
while

F−
(
[g ,eh], t

)= (
[ϕ(g ),ψ(e)J ], t

) ∈G2 ×L− L−/J

= (
[ϕ(g ),e J ], t

)
= (

[ϕ(g )], t
) ∈G2//J × (−1,1)

where the last equality follows from the identifications above. The same argument

shows that F0 and F+ agree on B . Thus F0 and F± extend to a global diffeomorphism

F : M1 → M2 as desired.

As an application of this theorem, we can explicitly exhibit an example C1BF dia-

grams determining diffeomorphic manifolds, where ϕ : G1 → G2 is a diffeomorphism

but not an isomorphism. Consider the C1BF diagram for a manifold M1 given by

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

Sp(1)

where, in the notation of the above theorem, the embeddings are given by

K − →G1 ×G1; (z, p) 7→ (z, z,1, p)

K + →G1 ×G1; (z, p) 7→ (z, z,1, p)

H →G1 ×G1; p 7→ (1,1,1, p)

Similarly, let M2 be the C1BF determined by the C1BF diagram
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Sp(1)×Sp(1)

Sp(1)×S1 Sp(1)×S1

Sp(1)

where, in the notation of the above theorem, the embeddings are given by

L− →G2 ×G2; (p, z) 7→ (z, p,1, z)

L+ →G2 ×G2; (p, z) 7→ (z, p,1, z)

J →G2 ×G2; p 7→ (1, p,1,1)

In the notation of the above theorem, define ϕ : G1 → G2 by (q1, q2) 7→ (q1, q2). Then

ϕ is clearly a diffeomorphism but not an isomorphism. If we define ψ : K − → L− and

µ : K + → L+ by (z, p) 7→ (p, z) and ρ : H → J to be the identity, we see that these homo-

morphisms agree on their restrictions to H . Moreover, we have

ψ(z, p)?ϕ(q1, q2) = (p, z)? (q1, q2)

= (zq1, pq2z)

=ϕ(zq1, zq2p)

=ϕ(
(z, p) · (q1, q2)

)
(1.5.1)

showing that ψ satisfies condition (a) of the theorem. Similarly, it is easy to show that

µ and ρ satisfy conditions (b) and (c) of the theorem, respectively. Thus M1 and M2 are

diffeomorphic.
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1.6 Additional Results About

Codimension-One Biquotient Foliations

We are interested in classifying compact simply connected C1BFs. The following propo-

sition, whose proof can be found in [DGGK20] , tells us that in compact simply con-

nected C1BFs the fiber spheres always have strictly positive dimension, provided that

the singular leaves are connected.

Proposition 1.6.1. Let M be a compact simply connected manifold which admits a DDB

decomposition with connected singular leaves B±. Then B± are both of codimension at

least two.

Corollary 1.6.2. Let M be a compact C1BF with group diagram {G ,K −,K +, H } with

K ±/H ≈ S`± . If M is simply connected and the singular leaves G//K ± are connected,

then `± ≥ 1. In particular, if M is simply connected and G connected, `± ≥ 1.

We have the following well known fact, stated as a proposition, which puts a strong

restriction on the principal leaf of a C1BF.

Proposition 1.6.3. Let M be a simply connected closed manifold. Any codimension one

submanifold of M is orientable. In particular, the principal leaf of a C1BF must be ori-

entable.

The following propositions give strong restrictions on the topology of the leaves of

a C1BF.

Proposition 1.6.4. Let M be a simply connected C1BF with principal leaf G//H. Then

π1(G//H) is either abelian or the quaternion group Q8.
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Proof. The work of Grove-Halperin in [GH87] implies the result as follows. In their

terminology, let F → G//H → M be the associated fibration with homotopy fiber F .

Then by the long exact sequence (LES) of homotopy we get

π2(M)
β−→π1(F ) →π1(G//H) → 0

Thus π1(G//H) =π1(F )/kerβ and, therefore, π1(F ) is a quotient of one of the groups in

Table 1.4 of the referenced paper and hence is either a quotient of an abelian group or

a quotient of Q8. Any quotient of Q8 is either abelian or Q8, so the result follows.

Proposition 1.6.5. Let M be any simply connected DDB. Then the singular leaves must

have cyclic fundamental group. In particular, the singular leaves of C1BF must have

cyclic fundamental group.

Proof. Let P denote the principal leaf and B± denote the singular leaves. By the long

exact sequence of homotopy, π1(P ) → π1(B±) are surjective. Therefore, if π1(B±) are

not cyclic, then neither is π1(P ). Let F be the homotopy fiber of the inclusion P → M .

This means we have a homotopy fibration F → P → M and hence by the long exact

sequence of homotopy we have π1(F ) → π1(P ) is surjective. Thus, since π1(P ) is not

cyclic, we also have that π1(F ) is not cyclic. It follows from Table 1.4 in [GH87] that

π1(F ) ∈ {Q8,Z⊕Z2,Z⊕Z} and that we have circle bundles S1 → P → B±. If π1(F ) ≈ Q8

and π1(P ) is a noncyclic quotient of Q8, then π1(P ) = Q8 or π1(P ) ' Z2 ×Z2. In either

case, since M is simply connected, by (3.7) of [GH87], the images of the two maps

π1(S1) →π1(P ) generate π1(P ). In the case of π1(P ) 'Q8, since {±1} ⊂Q8 is a subgroup

of every nontrivial subgroup of Q8, it follows that both maps have images which strictly

contain {±1}. In particular, they have images of order 4 or 8. Thus, π1(B±) ≈ Z2 or is

trivial, either of which is cyclic, a contradiction. In the case π1(P ) ' Z2 ×Z2, as noted
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above, the images of the two maps π1(S1) → π1(P ) generate π1(P ), so at least one of

the maps has to be nontrivial, which implies π1(B±) is again cyclic, a contradiction.

For π1(P ) ' Z2 ×Z2,as well asFor the remaining two cases, π1(F ) is abelian, so π1(P )

is abelian in this case. The images of π1(S1) → π1(P ) are two cyclic subgroups C− and

C+ of π1(P ), since they are quotients of π1(S1). By assumption, π1(P )/C+ ≈ π1(B+) is

noncyclic, so the image of C− in π1(P )/C+ cannot be onto. But this means that the

group generated by C− and C+ in π1(P ) is a proper subgroup of π1(P ). Indeed, if any

g ∈ π1(P ) can be written as c−+ c+ for c± ∈ C±, then the image of g in π1(P )/C− is the

same as the image of c+. But this contradicts that M is simply connected.

Given a C1BF decomposition of a manifold M , it will be important for us to decide

whether the manifold is simply connected either directly from its C1BF diagram or

its leaf structure. Here we will prove a version of the van Kampen theorem for C1BFs

which will allow us to do this. We first introduce a small amount of rational homotopy

theory which will allow us to prove a corollary of the van Kampen theorem which will

put further restrictions on the topology of the principal leaf of a C1BF.

Definition 1.6.6. Let X be a topological space and letπk (X ) denote the k-th homotopy

group of X . The corresponding rational homotopy group is obtained by tensoring

withQ. We will denote this by πk (X )Q :=πk (X )⊗Q.

Remark: The tensor product π1(X )⊗Q only makes sense with the usual tensor product

for π1(X ) abelian. For π1(X ) nonabelian the tensor product is interpreted using Exam-

ple 2.52 in [FOT08]. In all instances in this thesis, π1(X ) is abelian or the quaternion

group Q8 and, in the latter case, π1(X )Q = 0.

For X a topological space and R a coefficient ring, define H∗(X ;R) =
∞⊕

i=1
Hi (X ;R) and
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π∗(X ) =
∞⊕

i=1
πi (X ). The following lemma allows us to compute the rational homotopy

of spaces with finitely generated homotopy groups.

Lemma 1.6.7. Let Ai be abelian groups. Then the following properties hold:

(i) (
m⊕

i=1
Ai )⊗Q≈

m⊕
i=1

(Ai ⊗Q),

(ii) Zn ⊗Q= 0,

(iii) Zn ⊗Q≈Qn .

We now state the classical version of the van Kampen theorem to establish the no-

tation for the C1BF version of the theorem.

Theorem 1.6.8. (Classical van Kampen Theorem) Suppose X = A ∪B, where A,B are

open subsets and x0 ∈ A ∩B is the basepoint, and A, B, A ∩B are path connected. Then

we have four inclusion maps

A

A∩B X

B

a i

jb

and the homomorphism Φ : π1(A)∗π1(B) → π1(X ) extending the induced homomor-

phisms a∗ and b∗ is surjective with kernel N = 〈〈a∗(w)b∗(w)−1〉〉 for w ∈π1(A∩B).

To prove our version of the van Kampen theorem, we will use the following lemma.

Lemma 1.6.9. Suppose X = A ∪B satisfies the hypothesis of the classical van Kampen

theorem and let N be as in the classical van Kampen theorem. If the induced maps

a∗ :π1(A∩B) →π1(A) and b∗ :π1(A∩B) →π1(B) are surjective, then

(π1(A)∗π1(B))/N ≈π1(A∩B)/NA NB

where NA = ker a∗ and NB = kerb∗.
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Proof. Define ϕ : π1(A ∩B)/NA NB → (π1(A)∗π1(B))/N by ϕ(g NA NB ) = a∗(g )N . Ob-

serve that a∗(g )N = b∗(g )N . This implies that ϕ is well defined. Also, ϕ is clearly a ho-

momorphism. We wish to construct an inverse homomorphism for ϕ. Note that since

a∗ : π1(A ∩B) → π1(A) is surjective, a∗ induces an isomorphism a∗ : π1(A ∩B)/NA →
π1(A) and, similarly, b∗ induces an isomorphism b∗ :π1(A∩B)/NB →π1(B). Therefore,

we get homomorphisms

π1(A)
a−1
∗−−→π1(A∩B)/NA

ja−→π1(A∩B)/NA NB

where ja is the quotient map g NA 7→ g NA NB . Similarly, we get homomorphisms

π1(B)
b
−1
∗−−→π1(A∩B)/NA

jb−→π1(A∩B)/NA NB

where jb is the analogous quotient map. Let ã = ja◦a−1
∗ and b̃ = jb◦b

−1
∗ . By the univer-

sal property of free products ã and b̃ extend to a homomorphism ψ : π1(A)∗π1(B) →
π1(A∩B)/NA NB defined byψ(a1b1a2b2...) = ã(a1)b̃(b1)ã(a2)b̃(b2)... . It is easy to check

that N ⊂ kerψ and, therefore, ψ induces a homomorphism ψ : (π1(A)∗π1(B))/N →
π1(A ∩B)/NA NB defined by ψ(g N ) =ψ(g ). It is straightforward to check that ψ is the

inverse of ϕ hence ϕ is an isomorphism.

We now give the C1BF analogue of the van Kampen theorem for cohomogeneity one

manifolds, which can be found in [Hoe10]. Before stating the theorem, note that for

any C1BF given by the group diagram {G ,K −,K +, H }, we have sphere bundles K ±/H
i−→

G//H
π−→G//K where the projection map π is given by π[g ]H = [g ]K ± and the inclusion

map i is given by (k1,k2)H 7→ [k−1g k2] for any g ∈G .

Theorem 1.6.10 (van Kampen Theorem for C1BFs). Let M be a C1BF with group dia-

gram
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G

K − K +

H

with K ±/H ≈ S`± with `± ≥ 1. Then π1(M) ≈π1(G//H)/N−N+ where

N± = ker{π1(G//H) →π1(G//K ±)} = Im{π1(K ±/H) →π1(G//H)}.

In particular, M is simply connected if and only if the images of K ±/H = S`± generate

π1(G//H) under the natural inclusions.

Proof. We will compute the fundamental group of M using van Kampen’s theorem.

We know that M decomposes as a double disk bundle M = B+ ∪ B− glued along a

principal leaf G//H ; that is, B+∩B− = G//H . Let a± be the inclusions of B+∩B− into

B±. Assume the basepoint x0 is contained in B+ ∩B−. Observe that the inclusions

a± induce the same maps on homotopy as the projection maps in the sphere bundles

K ±H → G//H → G//K ±. Indeed, we know that B± deformation retracts onto the sin-

gular leaves G//K± and it is easy to see that, under the deformation retractions, the

inclusions a± : B+∩B− → B± become the projection map in the sphere bundle above.

Thus, with a slight abuse of notation, we also call the projection maps a±, giving us the

sphere bundles

K ±/H
i±−→G//H

a±
−−→G//K ±.

where K ±/H ≈ S`± and i± are the inclusions. This gives the long exact sequence of

homotopy groups

... →π1(S`±)
i±∗−→π1(G//H)

a±∗−−→π1(G//K ±) −→π0(S`±).
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Since `± > 0 we have that S`± is connected so π0(S`±) = 0. Therefore a±∗ : π1(G//H) →
π1(G//K ±) is surjective. The result now follows from the the previous lemma.

Corollary 1.6.11. If M is a C1BF as in the van Kampen theorem and is simply con-

nected, the principal leaf G//H has π1(G//H)Q ∈ {0,Q,Q2}. In particular, if M is simply

connected and the principal leaf has a torus factor T n , then n ≤ 2.

Proof. Since π1(M) = 0 we have N−N+ =π1(G//H). Also note that

N± = Im(π1(K ±/H)) ≈ Im(π1(S`±)).

Since π1(S`±) = 0 or π1(S`±) ≈Z we have N± ∈ {0,Zn ,Z} for some positive integer n. By

Proposition 1.6.4, it follows that π1(G//H) is either abelian or Q8. If π1(G//H) is abelian

then N−N+ ≈ N−× N+ and hence π1(G//H)Q = π1(N−N+)Q ∈ {0,Q,Q2} depending on

the values of N±. On the other hand, if π1(G//H) =Q8 then π1(G//H)Q = 0.
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Chapter 2

Low-Dimensional Examples of

Non-negative Curvature

Non-negatively curved (and positively curved) manifolds have been of great interest in

Riemannian geometry and are the subject of several classical theorems such as the

theorems of Bonnet-Myers and Synge, as well as the sphere theorem. Examples of

non-negatively curved manifolds are limited, but new examples of such manifolds

are frequently constructed as homogeneous spaces or biquotients. For example, the

Gromoll-Meyer sphere [GM74] was the first exotic sphere shown to admit non-negative

sectional curvature by showing it could be written as a biquotient. Grove-Ziller [GZ00]

in the process of proving that the Milnor spheres (i.e. exotic spheres that are also S3-

bundles over S4) in dimension 7 admit non-negative curvature have shown that co-

homogeneity one manifolds with singular orbits of codimension at most two admit a

metric of non-negative sectional curvature. The proof exploits the presence of a double

disk-bundle (DDB) structure by putting metric of non-negative curvature on each half

of the DDB that agrees on the common boundary. DDB decompositions are present in

a plethora of other examples of manifolds which admit metrics of non-negative curva-
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ture; for example see, [GKS20, Dea11, GVZ11].

Given the prevalence of known examples of manifolds which admit metrics of non-

negative curvature which are known to admit DDB decompositions, the Double-Soul

Conjecture [Gro02] asks whether every non-negatively curved, closed, simply con-

nected Riemannian manifold admits a DDB decomposition. It is important to note

that there exist compact, simply connected manifolds which do not admit DDB de-

compositions, but have no currently known obstruction to admitting non-negative

curvature. For example, in dimension 5, the complete list of manifolds which admit

a DDB decomposition are S5, S3 × S2, the Wu manifold SU(3)/SO(3), and S3×̂S2 (the

unique nontrivial S3-bundle over S2 [DGGK20]. Therefore the connected sum of the

Wu manifold with itself is not a DDB, yet there is no known obstruction to this mani-

fold admitting non-negative curvature.

We have seen that, just like cohomogeneity one manifolds, C1BFs also admit a DDB

structure and, if the singular leaves have codimension at most two, such a C1BF also

admits a metric of non-negative curvature. Given the prevalence of DDB decomposi-

tions in non-negative curvature, it is natural to ask whether all currently known ex-

amples of manifolds which admit metrics of non-negative curvature admit a C1BF

structure. This will be the topic of this chapter and we will see that this is true up

to dimension 6. In particular, we will show that all known examples of compact sim-

ply connected manifolds M n which admit metrics of non-negative sectional curvature

admit a C1BF structure for n ≤ 6. Moreover, as mentioned above, most such examples

of non-negative curvature are biquotients and we will, in particular, show that every

representation of M n as a reduced biquotient gives rise to a C1BF structure in a nat-
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ural way. For n ≤ 5, all such examples are biquotients. DeVito [DeV14, DeV17] has

given a classification of compact simply connected reduced biquotients up to dimen-

sion 7, so we refer to this (along with DeVito’s PhD thesis) for the descriptions of low

dimensional manifolds as biquotients. We note that Kapovitch and Ziller [KZ04] have

previously classified biquotients with singly generated rational cohomology rings. We

summarize the results of this chapter in the following theorem.

Theorem 2.0.1. All known examples of compact, simply connected manifolds of dimen-

sion at most 6 which admit a metric of non-negative sectional curvature are C1BFs.

Furthermore, for all such examples which are diffeomorphic to biquotients, all repre-

sentations of these manifolds as a reduced biquotient G//H naturally give rise to a C1BF

structure.

It is worth noting that if one drops the assumption that the manifold M is simply

connected, it is not clear whether all examples of non-negative curvature in dimen-

sions less than 6 are biquotients. In particular, Torres [Tor19] has constructed an ex-

ample of a 4-dimensional manifold with fundamental group Z2 which is certainly not

diffeomorphic to a biquotient G//H for G connected. It is currently undecided whether

this manifold is diffeomorphic to a biquotient for G disconnected. In higher dimen-

sions (with the exception of dimension 7), it is unlikely that all known examples simply

connected examples of manifolds with non-negative curvature are C1BFs. However,

many higher dimensional examples are constructed using techniques that guarantee

they are C1BFs, such as the infinite family of 8-dimensional cohomogeneity one exam-

ples constructed by Dessai [Des16].

In dimensions 2 and 3, the above theorem is trivial because only simply connected

manifolds are S2 and S3 and their only descriptions as reduced biquotients are the
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homogeneous quotients S2 = SU(2)/S1 and S3 = SU(2)/{e}. Theorem 1.5.10 trivially

implies that both of these give rise to C1BF structures. We will break the work for di-

mensions 4-6 into separate sections.

2.1 Examples in Dimensions 4 and 5

Dimension 4:

From DeVito’s classification, it follows that M = G//H is one of the spaces on the fol-

lowing list:

1. S4

2. CP2

3. S2 ×S2

4. CP2#−CP2

5. CP2#CP2

For spaces (3)-(5), the only way to write these spaces as reduced biquotient is M =
Sp(1)2//T 2 for various effectively free linear torus actions, so each of their representa-

tions as reduced biquotients give rise to a C1BF structure. Thus it remains to handle

spaces (1) and (2). In the case M = S4, if these spaces are written as a reduced biquo-

tient G//H , then the groups G and H are one the following four pairs:

(i) G = Sp(2); H = Sp(1)2

(ii) G = SU(4); H = SU(3)×SU(2)

(iii) G = Spin(8); H = Spin(7)×SU(2)

(iv) G = Spin(7); H =G2 ×SU(2)

Similarly, if M =CP2 then the groups G and H are one of the following two pairs:

(v) G = SU(3); H = SU(2)×S1
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(vi) G = SU(4); H = Sp(2)×S1

According to DeVito’s work, groups (i) give rise to a homogeneous space and a non-

homogeneous biquotient, described in Cases 1 and 2 below, respectively.

Case 1:

The homogeneous space Sp(2)/Sp(1)2 determined by groups (i) is given by the stan-

dard embedding (p, q) 7→ diag(p, q) of Sp(1)2 into Sp(2). Equivalently, this is the quo-

tient of the action of Sp(1)2 on Sp(2) by right translation. The action by right trans-

lation is contained within the action of Γ = Sp(1)4 on Sp(2) given by (p, q,r, s) · X =
diag(r, s)X diag(p, q). It is easy to compute that the isotropy ΓY of the matrix

Y = 1p
2

1 −1

1 1


is ΓY = {(q, q, q, q) : q ∈ Sp(1)} ' Sp(1), so the orbit Γ/ΓY is 9 dimensional, which is

codimension 1 inside of Sp(2). Thus the action ofΓ is cohomogeneity one and it follows

that this homogeneous space is a C1BF.

Case 2:

The biquotient determined by groups (i) is given by the action of Sp(1)2 on Sp(2) by

(p, q) ·X = diag(p, p)X diag(q ,1)

This biquotient action is contained within the same action as the homogenous action

in Case 1, so is also a C1BF.
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For groups (ii), according to DeVito’s work there is no homogeneous spaces and

only one biquotient, given by Case 3.

Case 3:

The biquotient determined by groups (ii) is given by the action of SU(2)× SU(3) on

SU(4) by

(A,B) ·X = diag(A, A)X diag(B∗,1)

Extend this to the action of Γ= SU(2)×SU(2)×U(3) on SU(4) given by

(A,B ,C ) ·X = diag(A,B)X diag(C∗,detC∗)

To see that this action is cohomogeneity one, it is not difficult to compute that the

isotropy of the identity I ∈ SU(4) is

ΓI =
{(

A, I ,diag(A, I )
)

: A ∈ SU(2)
}' SU(2)

which has codimension 3 inside of SU(4). We wish to show that the action of G I in-

duced by the slice representation on the unit sphere in the normal space of the iden-

tity is transitive. The orbit has codimension 3, so the unit sphere in the normal space

is S2. Thus we are looking at a linear action of ΓI = SU(2) on S2. But dim
(
SU(2)

) =
dim

(
SO(3)

)
so it follows from Myers-Steenrod that this action must be equivalent to

the transitive action of O(3) on S2. Thus by Proposition 1.4.5 it follows that the action

of Γ is cohomogeneity one, so the biquotient in this case is a C1BF.

For groups (iii), DeVito’s work tells us that there are no homogeneous spaces and

only one biquotient, described in Case 4.
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Case 4:

To describe the biquotient given by groups (iii), recall that the standard embedding of

SU(2) into SO(8) is given by taking a matrix P ∈ SU(2) and splitting P into its real and

imaginary parts; that is, writing P = B+Ci for some real matrices B and C and mapping

P to the block matrix

P̂ =


B −C

C B

I


The biquotient determined by groups (iii) is then given by the action of Spin(7)×SU(2)

on Spin(8) by

(A,P ) ·X = diag(A,1)X P̂ T

where we take the lift of diag(A,1) and P̂ T in SO(8) to a corresponding element of

Spin(8). To see that this action is contained within a cohomogeneity one action, ob-

serve that P̂ ∈ SO(7) ⊂ SO(8), so its lift is contained in Spin(7) ⊂ Spin(8). Thus we can

extend the above action to the action of Spin(7)×Spin(7) on Spin(8) by left and right

translation, which is the lift of the analogous action of SO(7)×SO(7) on SO(8), which is

known to be cohomogeneity one.

For groups (iv), there is one biquotient, which is discussed in Case 5.

Case 5:

According to DeVito’s work, up to finite cover, the biquotient determined by groups (iv)

is given as G2\Spin(7)/SU(2) where G2 → Spin(7) via the lift of the standard embedding

G2 → SO(7) and SU(2) is embedded into Spin(7) via the lift of the map SU(2) → SO(3) →
SO(7), where the first map is the double covering map and the second map sends an

element B ∈ SO(3) to diag(B , I ). Thus the biquotient can be examined by the action of
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G2 ×SO(3) on SO(7) given by

(A,B) ·X = AX diag(B T , I )

To extend this action to a cohomogeneity one action is somewhat tricky. The natural

thing to do is to extend the SO(3) factor to SO(6) or SO(5), but Onishchik [Oni94] has

shown that these actions are both transitive. However, Kollross [Kol02] has shown that

the action of G2 ×SO(3)×SO(4) on SO(7) is cohomogeneity one, which is an extension

of the above biquotient action. So the above biquotient yields a C1BF structure.

Groups (v) give rise to one homogeneous space and one biquotient, described in Cases

6 and 7, respectively.

Case 6:

The homogeneous space determined by groups (v) is SU(3)/U(2) where U(2) embeds

in SU(3) via the standard embedding A 7→ diag(A,det A). This homogeneous action is

clearly contained within the action of U(2)×U(2) on SU(3) by left and right translation,

which is well known to be cohomogeneity one. Thus we get a C1BF structure in this

case.

Case 7:

The nonhomogeneous biquotient determined by groups (v) is given by the action of

SU(2)×S1 on SU(3) by

(A, z) ·X = diag(z A, z2)X diag(z4, z4, z8)

To see that this biquotient action is contained within a cohomogeneity one action,
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observe that diag(z4, z4, z8) us contained in U(2) ⊂ SU(3) and, similarly, diag(z A, z2) is

also contained within U(2) ⊂ SU(3). Thus we can extend this biquotient action to the

same cohomogeneity one action as in the previous case.

Finally, groups (vi) give rise to only a nonhomogeneous biquotient, which we will

describe in Case 8.

Case 8: Recall that the standard embedding of Sp(2) in SU(4) is given by writing a ma-

trix P ∈ Sp(2) as P = A+B j for complex matrices A and B and mapping P to the block

matrix

P̂ =

 A B

−B A


For groups (vi), the nonhomogeneous biquotient is is given by the action of Sp(2)×

S1 on SU(4) by

(P, z) ·X = P̂ X diag(z, z, z, z3)

To see that this action is contained within a cohomogeneity one action, observe that

diag(z, z, z, z3) is contained in S(U(2)U(2)) ⊂ SU(4), so we can extend the action to the

action of Γ= Sp(2)×S(U(2)U(2)) on SU(4) given by

(
P̂ ,diag(C ,D)

) ·X = P̂ X diag(C∗,D∗)

Let us compute the orbit of the identity. It is not difficult to compute that the isotropy

of the identity is

ΓI =
{
diag(A, A),diag(A, A) : A ∈ U(2)

}' U(2)

Therefore the orbit of the identity has codimension 2 inside of SU(4), so the normal
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sphere to the orbit at the identity is a circle S1. Thus ΓI ' SU(2) acts on S1 via the ac-

tion induced by the slice representation. Moreover, because this action is nontrivial,

it follows that it is effectively a circle action, so is transitive. Thus the action by Γ is

cohomogeneity one and contains the original biquotient action, which shows that the

biquotient is a C1BF.

Dimension 5:

Dimension 5 actually turns out to be much easier than dimension 4. According to

Pavlov [Pav04], the only compact simply connected five dimensional biquotients are

S5, S3 × S2, S3×̂S2, and the Wu manifold W = SU(3)/SO(3). According to DeVito’s

classification [DeV14], for S3 × S2 and S3×̂S2, all reduced biquotients are of the form

M = Sp(1)2/S1 for some linear action of S1, so by Theorem 1.5.10 all give rise to C1BF

structures. Moreover, in the cases where M = S5 or the case where M is the Wu mani-

fold, all reduced biquotients are homogeneous. In particular, S5 can be written as S5 =
SU(4)/Sp(2) or S5 = SU(3)/SU(2), and the Wu manifold is, of course, the homogeneous

space W = SU(3)/SO(3). Each of these representations of S5 and W as reduced biquo-

tients admit cohomogeneity one actions. In particular, the action of SU(2) ⊂ SU(3) on

W is well known to be cohomogeneity one [Hoe10]. It is also easy to see that the actions

of Sp(2) on S5 = SU(4)/Sp(2) is cohomogeneity one and that the action of SU(2) on

SU(3) by right translation is contained in the cohomogeneity one action of U(2)×U(2)

on SU(3), therefore SU(3)/SU(2) is also a C1BF.

59



2.2 Examples in Dimension 6

In dimension 6 we have the usual biquotient examples, which can be found in De-

Vito and Kapovitch-Ziller’s classifications [DeV14, DeV17, KZ04]. We note that a cer-

tain family of biquotients of the form Sp(1)3//T 3 appearing in DeVito’s classification

were previously examined in detail by Totaro [Tot03]. Furthermore, in dimension 6

there are additional infinite families of examples which admit non-negative curvature

discovered by Grove-Ziller [GZ00, GZ11] which are constructed as quotients of cer-

tain principal SO(3)-bundles over various 4-manifolds, namely S4 or CP2, S2 ×S2 and

CP2#−CP2. For instance, in the case of CP2 , Grove-Ziller take the cohomogeneity one

group diagram for CP2

S3

C j ∪ jCi C j

Z4 = 〈 j 〉

where Ci = {e iθ : θ ∈ R} and C j = {e jθ : θ ∈ R}, and lift this cohomogeneity one group

diagram to a cohomogeneity one diagram which defines a principal SO(3)-bundle over

CP2 which is given by

SO(3)×S3

R j ,k (p−θ),e iθ)∪ (Ri ,k (π), j ) ·S1 (Ri ,k (p+θ),e jθ)

Z4 = 〈Ri ,k (π), j 〉

where p− is even and p+ ≡ 2 (mod 4). Here S1 denotes the identity component of the

group K − in the diagram above and Ri ,k (θ) and R j ,k (θ) denote the group of rotations
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by an angle θ in the 2-plane spanned by {i ,k} and { j ,k}, respectively in the imaginary

quaternions Im(H). Grove and Ziller use a result of Dold and Whitney [DW59] which

says that the total space of any principal bundle over a simply connected 4-manifold is

determined by its second Stiefel-Whitney class and its first Pontryagin class. Moreover,

they show that the total space of every vector bundle over CP2 with nontrivial second

Stiefel-Whitney class admits a complete metric of non-negative curvature. That is, ev-

ery vector bundle overCP2 which is not spin admits a complete metric of non-negative

curvature. In particular, Grove and Ziller show that the principal SO(3)-bundles de-

fined by the diagram above has first Pontryagin class p1 = 1
4 (p2+ − p2−) and is spin if

and only if p± ≡ 2 (mod 4). Therefore, “half" of these bundles are known to admit a

metric non-negative curvature. It is currently unknown whether the other half admit

a metric of non-negative curvature. We obtain additional 6-dimensional examples of

non-negative curvature by restricting the action of SO(3) on the above 7-dimensional

examples to the free SO(2)-action contained within it. These examples are obviously

C1BFs by construction. Similarly, the other Grove-Ziller principal SO(3)-bundles are

easily seen to be C1BFs as well by the same argument.

We now turn to the 6-dimensional compact simply connected reduced biquotients

M 6 = G//H . According to DeVito’s classification, for compact simply connected re-

duced biquotients whose cohomology ring is not singly generated, the following list of

groups are all of the possible pairs of groups (G , H)

1. G = SU(2)2; H = 1

2. G = SU(4)×SU(2); H = SU(3)×SU(2)×S1

3. G = Sp(2)×SU(2); H = Sp(1)2 ×S1

4. G = Spin(7)×SU(2); H =G2 ×SU(2)×S1

5. G = Spin(8)×SU(2); H = Spin(7)×SU(2)×S1

6. G = SU(3); H = T 2

7. G = SU(3)×SU(2); H = SU(2)×T 2

8. G = SU(4)×SU(2); H = Sp(2)×T 2
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9. G = SU(2)3; H = T 3

Note that pair (1) is trivially a C1BF. Notice for pairs (2)-(5), all of the groups G have

a SU(2) factor and all of the H groups have a circle factor. This motivates us to make

the following proposition.

Proposition 2.2.1. Suppose we have an action of L × S1 on Γ× SU(2) for some groups

L and Γ such that the action is a product action with L acting on Γ transitively and S1

acting on SU(2) by any nontrivial linear action. Then the product action is contained

within a cohomogeneity one action. Thus the quotient of Γ×SU(2) by any effectively free

subaction of the action of L×S1 on Γ×SU(2) is a C1BF.

Proof. G acts on Γ transitively, so by Proposition 1.4.3 the action can be extended to

cohomogeneity one if and only if the action of S1 on SU(2) can be extended to coho-

mogeneity one. But SU(2) ' S3, so this is a linear torus action on a sphere. The result

then follows from Theorem 1.5.10.

Therefore, to show biquotients arising from pairs (2)-(5) are C1BFs, it suffices to ex-

tend the actions determined by these biquotients to actions of the form of Proposition

2.2.1. We now describe the actions determined by pairs (2)-(5), as specified in DeVito’s

classification [DeV17], in the cases below. Note that in each case below, the actions re-

quire restrictions on the parameters to ensure that they are effectively free, but we will

be able to extend them to cohomogeneity one actions regardless of the parameters, so

we do not specifically mention the parameter restrictions.

Case 1: Group Pair (2)

The pair (2) determines one family of actions of SU(3)× SU(2)× S1 on SU(4)× SU(2)
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given by

(A,B , z) · (X ,Y ) = (
diag(zm A, zm)X diag(znB∗, znB∗),diag(z l , z l )Y

)

for appropriate restrictions on the parameters to ensure the action is effectively free.

Case 2: Group Pair (3)

The pair (3) determines two families of actions of Sp(1)2 × S1 on Sp(2)×SU(2) where

the first family is given by

(p, q, z) · (X ,Y ) = (
diag(p, q)X diag(zm , zn),diag(z l , z l )Y

)

and the second family is given by

(p, q, z) · (X ,Y ) = (
R(mθ)diag(p, p)X diag(q , zn),diag(z l , z l )Y

)
where in the second action, z = e iθ and R(θ) is the standard rotation matrix. Note that

we require appropriate restrictions on the parameters to ensure the action is effectively

free.

Case 3: Group Pair (4)

The pair (4) determines one family of actions of Spin(7)×SU(2)×S1 on Spin(8)×SU(2)

given by

(A,B , z) · (X ,Y ) = (
diag(A,1)X diag(zmB∗, znB∗),diag(z l , z l )Y

)

where the above notation means the lift of diag(A,1) ∈ SO(7) ⊂ SO(8) to Spin(7) ⊂
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Spin(8) and the notation diag(zmB , zmB) ∈ Spin(8) means the lift of the block diag-

onal embedding U(2) ⊂ ∆SO(4) ⊂ SO(4)2 ⊂ SO(8). Note that we require appropriate

restrictions on the parameters to ensure the action is effectively free.

Case 4: Group Pair (5)

Recall that, up to conjugacy, there is a unique nontrivial embedding G2 → SO(7). We let

π : SU(2) → SO(3) denote the double covering map. The family of actions determined

by pair (5) is induced by the lift of the homomorphism f : G2×SU(2)×S1×S1 → (SO(7)×
SU(2))2 where, with

z = e iθ; f (A,B , z) = (
A,diag(z l , z l ),diag(π(B),R(mθ),R(nθ)), I

)
.

Thus the pair (5) determines one family of actions of G2 ×SU(2)×S1 on SO(7)×SU(2)

given by

(A,B , z) · (X ,Y ) = (
AX diag(π(B),R(mθ),R(nθ))−1,diag(z l , z l )Y

)

for appropriate restrictions on the parameters to ensure the action is effectively free.

In each of the above cases, we have some group L ×S1 acting on some group Γ×
SU(2) where L ×S1 acts on Γ by left and right translation by elements which are con-

tained within Γ, and the action on SU(2) is given by multiplication by diag(z l , z l ), so we

can extend each action to one of the form Γ2 ×S1 to an action of Γ2 ×S1 on Γ×SU(2)

given by (γ1,γ2) · (X ,Y ) = (
γ1Xγ−1

2 ,diag(z l , z l )Y
)
, which is an action of the form of

Proposition 2.2.1, so all of their quotients are C1BFs.

The group pair (6) above determines only one biquotient, namely Eschenburg’s in-
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homogeneous flag manifold [Esc82]. A standard way of constructing this manifold is as

the quotient by the action of T 2 on SU(3) given by

(z, w) ·X = diag(z, w, zw)X diag(1,1, z2w 2) (2.2.1)

To see that Eschenburg’s inhomogeneous flag manifold is a C1BF, we recall that

the action U(2) × U(2) on SU(3) by left and right translation is cohomogeneity one.

Introduce ineffective kernel into the action (2.2.1) by cubing every instance of z and w

so that we get an action of T 2 on SU(3) by

(z, w) ·X = diag(z3, w 3, z3w 3)X diag(1,1, z6w 6) (2.2.2)

Now, observe that diag(z2w 2, z2w 2, z2w 2) = z2w 2I ∈ Z (U(2)), where Z (G) denotes the

center of a group G . Hence the action of T 2 on SU(3) by

(z, w) ·X = diag(zw 2, z2w, zw)X diag(z2w 2, z2w 2, z4w 4) (2.2.3)

has the same quotient as action (2.2.2). But action (2.2.3) is now an action by left and

right multiplication by elements which are contained in U(2) ⊂ SU(3), so we can extend

this to the cohomogeneity one action U(2)×U(2) on SU(3) mentioned above, showing

that Eschenburg’s inhomogeneous flag manifold is a C1BF.

Finally, group pairs (7) and (8), the work has already been done. In particular, De-

Vito shows that every such biquotient coming from pair (8) is diffeomorphic to a man-

ifold of the form S5 ×T 2 S3 for an effectively torus actions, while all biquotients coming

from pair (9) come from linear actions of T 3 on S3×S3×S3. Thus Theorem 1.5.10 shows

that all such biquotients are C1BFs.
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It remains to show that the 6-dimensional biquotients whose cohomology ring is

singly generated are C1BFs. These were not explicitly handled in [DeV17] because such

biquotients had previously been handled by Kapovitch and Ziller, as mentioned at the

beginning of this chapter. However, the explicit results can be found in DeVito’s dis-

sertation. In particular, any compact simply connected 6-dimensional biquotient is

diffeomorphic to either S6 or CP3.

10. G = Spin(7); H = Spin(6)

11. G =G2; H = SU(3)

12. G = SU(4); H = SU(3)×S1

13. G = Sp(2); H = SU(2)×S1

14. G = Spin(7); H =G2 ×S1

15. G = Spin(8); H = Spin(7)×S1

Note that biquotients determined by groups (10) and (11) are always diffeomorphic

to S6 and the remaining groups determine biquotients diffeomorphic to CP3. Accord-

ing to DeVito’s classification, the only biquotient determined by group pair (10) is the

homogeneous space Spin(7)/Spin(6). This is well known to admit a cohomogeneity

one action by Spin(6) so is a C1BF. Similarly, the only biquotient determined by group

pair (11) is the homogeneous space G2/SU(3). According to Kollross [Kol02], the action

of SO(4)×SU(3) on G2 by left and right translation is cohomogeneity one, so it follows

that G2/SU(3) yields a C1BF structure.

Group pairs (12)-(15) require a bit more work, so we will handle these each in sep-

arate cases below.

Case 5: Group pair (12)

Group pair (12) determines two nonhomogeneous biquotients as well as a homoge-

neous biquotient. The first nonhomogeneous biquotient is given by the action of SU(3)×

66



S1 on SU(4) by

(A, z) ·B = diag(z A, z3)Bdiag(z3, z3, z3, z9) (2.2.4)

and the other one is given by the action

(A, z) ·B = diag(A,1)Bdiag(z, z, z, z) (2.2.5)

For the homogeneous quotient, this can be thought of as SU(4)/U(3), where this arises

from the group pair (12) by the map SU(3)×S1 →U (3) → SU(4), where the first map is

the triple covering map and the second map is the usual embedding. It is well known

[Hoe10] that U(3)/SU(4) admits a cohomogeneity one action by SU(2)×SU(2) so gives

rise to a C1BF structure. To see that biquotient (2.2.4) is a C1BF, observe that the ma-

trices which multiply on the left and right are contained in U(3) ⊂ SU(4). Thus we can

extend this action to the usual cohomogeneity one U(3)×U(3) on SU(4), so this biquo-

tient gives rise to a C1BF structure. The same argument shows the biquotient (2.2.5),

so also gives rise to a C1BF structure.

Case 6: Group pair (13)

Group pair (13) determines one homogeneous biquotient and one nonhomogeneous

biquotient. The homogeneous biquotient is Sp(2)/Sp(1)× S1 where Sp(1)× S1 is em-

bedded via (q, z) 7→ diag(q, z) and the nonhomogeneous biquotient is determined by

the action of Sp(1)×S1 on Sp(2) given by

(q, z) ·X = diag(q,1)X diag(z, z)

Both the homogeneous and the nonhomogeneous biquotient can be extended to the

action of Sp(1)4 on Sp(2) given by (p, q,r, s) · X = diag(p, q)X diag(r , s) which we have
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already seen to be cohomogeneity one in Case 8 of Section 2.1. Thus both of these

biquotients give rise to a C1BF structure.

Case 6: Group pair (14)

The embedding of G2 into Spin(7) is given by the lift of the unique (up to automor-

phism) embedding G2 → SO(7) and the embedding of S1 ' SO(2) is given by the lift of

the embedding B 7→ diag(B , I ). Thus the biquotient is given by the action of G2 ×SO(2)

on Spin(7) via

(A,B) ·X = AX diag(B T , I )

This action can be examined via the analogous action of G2 ×SO(2) on SO(7), of which

the above action is a lift of. This action can be extended to the cohomogeneity one

action of G2×SO(3)SO(4) on SO(7) which Kollross [Kol02] has shown is cohomogeneity

one. Thus this biquotient gives rise to a C1BF structure.

Case 7: Group pair (15)

For group pair (15), the only embedding is the lift of the usual block embedding

SO(7) → SO(8). Furthermore, S1 ' SO(2) embeds via the lift of B 7→ diag(B ,B ,B ,B).

Thus the biquotient is given by the action of Spin(7)×SO(2) on Spin(8) by

(A,B) ·X = diag(A,1)X diag(B T ,B T ,B T ,B T )

We can examine this action by passing to the analogous action of SO(7) × SO(2) on

SO(8), of which the above biquotient action is a lift. Observe that diag(B T ,B T ,B T ,B T )

is contained in SO(6) × SO(2) ⊂ SO(8). Thus we can extend the above action to the

action of SO(7)×SO(6)×SO(2) on SO(8) by

(A,B ,C ) ·X = diag(A,1)X diag(B T ,C T )
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Observe that if we first take the quotient by SO(7), we are left with the action of SO(6)×
SO(2) on SO(7)\SO(8) ' S7. The proof of Theorem 1.5.10 shows that this action is co-

homogeneity one. Thus this biquotient gives rise to a C1BF structure.
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Chapter 3

Classification of C1BFs

Let M n , n ≤ 5 be a compact simply connected C1BF. In this chapter we will classify all

triples of biquotients (G//H ,G//K −,G//K +) which are admissible leaf structures for a

C1BF in these dimensions. Furthermore, we will do a partial classification of such leaf

structures in dimension n = 6.

For n ≤ 3, there are not very many possibilities. In dimension 2, all such C1BFs

must be diffeomorphic to S2 and it is clear that the only possible leaf structure is the

case where the principal leaf is a circle and both singular leaves are a point. This leaf

structure is well known to be realized by the standard two fixed point cohomogene-

ity one action on S2. In dimension 3, clearly all such C1BFs are diffeomorphic to S3.

The singular leaf is a compact biquotient of dimension 1 or 0 so must be a s circle or

a point. Furthermore, the principal leaf must be a sphere bundle over each singular

leaf and must also be orientable by Proposition 1.6.3, so it follows from Steenrod’s clas-

sification of sphere bundles [Ste44] that if one of the singular leaves is a circle, then

the principal leaf must be the torus T 2. In the case where a singular leave is a point,

the principal leaf has to be a circle. Therefore, the only possible leaf structures are
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(T 2,S1,S1) and (S1, pt , pt ). The former is realized by the cohomogeneity one action on

S2 with group diagram T 2 ⊃ S1 ×1,1×S1 ⊃ 1 and the latter is realized by the standard

two fixed point cohomogeneity one action on S3. We summarize these results in the

following theorem.

Proposition 3.0.1. Let M be a compact simply connected 2 or 3 dimensional C1BF. Then

M is diffeomorphic to S2 or S3. Furthermore, the only admissible leaf structure in the

case of S2 is (S1, pt , pt ) and in the case of S3, there are two admissible leaf structures,

namely (S2, pt , pt ) and (T 2,S1,S1).

3.1 Classification in Dimension 4

Let M 4 be a C1BF with three dimensional principal leaf P 3. By Ge and Radeschi’s clas-

sification [GR15], M is diffeomorphic to one of S4, CP2, S2×S2, or CP2#±CP2. Notably,

CP2#CP2 is not cohomogeneity one but, as we will see in Chapter 4, it is indeed a C1BF.

Ge and Radeschi’s classification greatly simplifies the classification of C1BFs in dimen-

sion 4 since, as a byproduct of their classification, they have obtained a classification

of singular Riemannian foliations of codimension one on all simply connected closed

4-manifolds. Thus we need only consider the leaf structures obtained in their classifi-

cation and determine which of these structures is realized as a C1BF. These are written

in Table 1 of the aforementioned paper. The results of this section can be summarized

by the following theorem:

Theorem 3.1.1. Let M be a compact, simply connected, 4-dimensional C1BF and let

L = S3/Q8 ≈ SO(3)/(Z2⊕Z2) denote the nonclassical lens space with fundamental group

Q8. The following list is the complete list of admissible leaf structures:
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1. (S3, pt , pt )

2. (S3,S2, pt )

3. (S3,S2,S2)

4. (S2 ×S1,S2,S2)

5. (S2 ×S1,S2,S1)

6. (Lm(1),S2,S2) (m ≥ 2)

7. (L ,RP2,RP2)

8. (L4(1),S2,RP2)

Furthermore, the topology of such C1BFs can be described as follows.

(i) C1BFs of type 1,5, or 7 are diffeomorphic to S4

(ii) C1BFs of type 2 or 8 are diffeomorphic to CP2.

(iii) C1BFs of type 6 are diffeomorphic to CP2#−CP2 if m is odd. If m ≥ 4 is even, they

are diffeomorphic to S2 ×S2. In the special case m = 2, such a C1BF is diffeomor-

phic to either S2 ×S2 or CP2#CP2.

(iv) A C1BF of type 4 is diffeomorphic to either S2 ×S2 or CP2#CP2

It is important to note that while structures of type 3 can, in principle, be diffeo-

morphic to either CP2#CP2 or CP2#−CP2, We do not currently have an example where

this occurs on CP2#CP2. Similarly, for case 4, this can, in principle be diffeomorphic to

CP2#−CP2, but I don’t have an explicit example of this, but I fully expect that it happens

(C P 2#−CP2 generally has much more “freedom” for this sort of thing than CP2#CP2).

Moreover, dimension 4 is the lowest dimension where there exists a manifold that is

a C1BF which is not cohomogeneity one, namely CP2#CP2 is not cohomogeneity one

[Par86].

Corollary 3.1.2. CP2#CP2 the lowest dimensional example of a manifold which admits

a C1BF structure but does not admit a cohomogeneity one structure.

To prove the above theorem, we need only go through each leaf structure appear-

ing in Ge and Radeschi’s classification and verify that there is a C1BF realizing each leaf
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structure. In fact, it turns out that each leaf structure can be realized as a cohomogene-

ity one structure.

Case B.1: (P = S3)

From Ge and Radeschi’s classification, there are three possible leaf structures with

principal leaf S3, which are examined in the cases below. Note that, from their clas-

sification, M is diffeomorphic to one of S4, CP2, or CP2#CP2.

Case B.1.1 (P,B−,B+) = (S3, pt , pt )

Such a C1BF is easily seen to be diffeomorphic to S4. And is well known to be realized

by the standard two fixed point cohomogeneity one action on S4.

Case B.1.2 (P,B−,B+) = (S3,S2, pt )

This leaf structure is realized as cohomogeneity one via the group cohomogeneity one

group diagram SU(2) ⊃ SU(2),S(U(1)U(1)) ⊃ SU(1). It is also realized as cohomogeneity

one via the group diagram U(n) ⊃U (n),U (n −1)U (1) ⊃U (n −1). Hoelscher showed in

[Hoe10] that both of these diagrams arise as an action on CP2 . In fact, from Ge and

Radeschi’s work, a C1BF with this leaf structure must always be diffeomorphic to CP2.

This leaf structure is also realized via a non-cohomogeneity one C1BF in Structure 4.1.4

in Chapter 4.

Case B.1.3 (P,B−,B+) = (S3,S2,S2)

Hoelsher shows in [Hoe10] that the group diagram S3 ⊃ S1,S1 ⊃ Zm is an action on

CP2#−CP2, n is odd. In the case m = 1, such a cohomogeneity one manifold has this

leaf structure and the principal orbit is S3, which is an example of a cohomogeneity

one manifold CP2#−CP2 realizing this leaf structure. This is also realized as a non-
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cohomogeneity one structure on CP2#−CP2 by Structure 4.1.2 in Chapter 4.

Case B.2 (P = S2 ×S1)

There are two possibilities for the leaf structures for M in this case. M is diffeomorphic

to one of S4, S2 ×S2, or CP2#−CP2.

Case B.2.1 (P,B,B+) = (S2 ×S1,S2,S2)

By Ge and Radeschi’s classification, a C1BF with this leaf structure is either S2 ×S2 or

CP2#−CP2. Hoelscher shows in [Hoe10] that the cohomogeneity one group diagram

S3 ×S1 ⊃ S1 ×S1,S1 ×S1 ⊃ S1 × {1} arises as a product action on S2 ×S2. Such an action

has the desired leaf structure, so this case is realized as cohomogeneity one.

Case B.2.2 (P,B,B+) = (S2 ×S1,S2,S1)

Hoelscher shows in [Hoe10] that the group diagram S3 × S1 ⊃ S1 × S1,S3 × 1 ⊃ S1 × 1

arises as a sum action on S4. Such an action has the desired leaf structure so this case

arises as cohomogeneity one. In fact, by Ge and Radeschi’s classification, a C1BF with

this leaf structure is always diffeomorphic to S4.

Case B.3: (P = Lens Space)

We now consider the case where the principal leaf is any three dimensional lens space.

Recall that the three dimensional lens spaces Lm(q), gcd(m, q) = 1, are quotients of S3

by free Zm-actions. In particular, for S3 ⊂ C2, Lm(q) = S3/Zm where the Zm-action is

generated by (z1, z2) 7→ (e
2πi
m z1,e

2πi q
m z2). Note that in the case m = 1 that Lm(q) = S3

which we have already treated separately, so we assume m ≥ 2. Note also that this case

contains the special case L2(1) =RP2. We also consider within this case the nonclassi-

cal lens space L = S3/Q8 ≈ SO(3)/(Z2⊕Z2). We do not consider S2×S1 as a lens space.

From Ge and Radeschi’s classification, we get only the following cases.
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Case B.3.1 (P,B−,B+) = (Lm(1),S2,S2)

The only possibilities for a C1BF with this leaf structure are S2 ×S2, and CP2#±CP2. In

fact, all three of these manifolds arise as C1BFs with this leaf structure. The same group

diagram S3 ⊃ S1,S1 ⊃ Zm referenced in Case B.1.3 for m ≥ 2 realizes this leaf structure

as cohomogeneity one. This arises as an action on S2 × S2 or CP2#−CP2 depending

on whether m is even or odd, respectively. We can similarly realize this leaf structure

as a non-cohomogeneity one C1BF on S2 ×S2 and CP2#−CP2 when m is even or odd,

respectively, as shown in Structures 4.1.3 and 4.1.2 of Chapter 4, respectively. This is

also realized by Structure 4.1.1 in the case m = 2 where Lm(1) =RP3. It is also notable is

that by Ge and Radesci’s classification, m = 2 is the only case where M is diffeomorphic

CP2#CP2 for m ≥ 2.

Case B.3.2 (P,B−,B+) = (L ,RP2,RP2)

This is realized as cohomogeneity one by the cohomogeneity one group diagram S3 ⊃
{e iθ}∪ { j e iθ}, {e jθ}∪ {i e jθ} ⊃Q8. This comes from an action of SO(3) on S4 as described

in [GZ00]. In fact, by Ge and Radeschi’s classification [GR15], a C1BF with this leaf

structure is always diffeomorphic to S4.

Case B.3.3 (P,B−,B+) = (L4(1),S2,RP2)

This is realized as cohomogeneity one by the cohomogeneity one group diagram S3 ⊃
{e iθ}, {e jθ}∪ {i e jθ} ⊃ 〈i 〉. This diagram arises from an action of SO(3) on CP2, as de-

scribed by Hoelscher in [Hoe10]. In fact, by Ge and Radesci’s classification [GR15], any

C1BF with this leaf structure is diffeomorphic to CP2.
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3.2 Classification in Dimension 5

Let M 5 be a compact simply connected C1BF with principal leaf P 4. By the classifica-

tion of 5-dimensional DDBs [DGGK20], M must be diffeomorphic to either S5, S3×S2,

S3×̂S2 (the nontrivial S3-bundle over S2), or the the Wu manifold SU(3)/SO(3). We note

that the 5-dimensional classification has one exceptional case in the sense that it is, at

the time of this thesis submission, incomplete. In particular, the case where the C1BF

has principal leaf Lm(r ) × S1 turns out to be rather complex compared to the other

cases, as we will see below. In particular, there is one infinite family of leaf structures

which, at the time of submission of this thesis, we were unable to determine whether

all leaf structures which get past the sphere bundle and van Kampen theorem obstruc-

tions are admissible. For a more detailed explanation of what is known about this infi-

nite family, see Case C.6.1 below. The rest of the section will be devoted to proving the

remaining statements in the following theorem.

Theorem 3.2.1. Let M be a compact, simply connected, 5-dimensional C1BF and let

S2×̂S1 denote the unique nonorientable S2-bundle over S1 and “≡m" denote congruence

modulo m. With the exception of some leaf structures of type (11) potentially not being

admissible, the following list is the complete list of admissible leaf structures:

1. (S4, pt , pt )

2. (S2 ×S2,S2,S2)

3. (CP2#−CP2,S2,S2)

4. (S3 ×S1,S3,S3)

5. (S3 ×S1,Lm(r ),Ln(s))

gcd(m,n) = 1

6. (S3 ×S1,S1,S3)

7. (S3 ×S1,S3,S2 ×S1)

8. (S3 ×S1,S3,Lm(r ))

9. (S3 ×S1,S2 ×S1,Lm(r ))

10. (S2 ×T 2,S2 ×S1,S2 ×S1)

11. (Lm(r )×S1,Ln(r );Lk (s))

m|n,k, and s ≡±mr±1

12. (Lm(1)×S1,S2×S1,Ln(1))

where m|n

13. (L2(1)×S1,L2(1);S2×̂S1)

To prove the above theorem, we first wish to determine what all of the possibilities
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for the singular leaves are in a 5-dimensional C1BF. To do this, first note that by Propo-

sition 1.6.5, the singular leaf must have cyclic fundamental group. Using classifications

of such manifolds in dimensions 1-3, it follows that, other than a point, the only man-

ifolds which could possibly appear as the singular leaf of a 5-dimensional C1BF are

given by the following list:

List A: (Potential Singular Leaves)

1. S1

2. S2

3. S3

4. Ln(r ), n ≥ 2

5. S2 ×S1

6. S2×̂S1

7. RP2 (shown to not occur below)

Note: When “List A" is referred to below, we mean spaces (1)-(6), asRP2 is shown below

to not occur. Additionally, note that in the case where P = S4, we can also have a point

as the singular leaf.

Now, the fact that the principal leaf P is a sphere bundle over each singular leaf with

orientable total space puts very strong restrictions on the possibilities for the principal

leaf. For S2, we are interested in S2-bundles over S2. It follows from [Ste44] that the

only two such possibilities are S2 × S2 and CP2#−CP2. Similarly, it follows from the

same reference that the only S3-bundle over S1 with orientable total space is S3 ×S1.

To determine the possibilities for the principal leaf when one of the singular leaves is a

lens space Ln(r ), consider the following theorem, taken from [Tho74]

Theorem 3.2.2 (Thornton). Let { fi : 0 < i ≤ p −1} be representatives of the elements in
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[Lp (q),CP ∞]. Then the total space of a principal S1-bundle determined by fi is homeo-

morphic to Ld (q)×S1, where d = gcd(i , p).

The “homeomorphism" conclusion in the above theorem can be upgraded to “dif-

feomorphism" without too much trouble. Furthermore, we have the following impor-

tant result, also from [Tho74]

Proposition 3.2.3 (Thornton). Any fiber bundle S1 → E → B with E and B orientable

manifolds is a principal S1-bundle.

It now follows, any circle bundle of the principal leaf P over S3 or Ln(r ) has to be

diffeomorphic to Lm(r )×S1 for some m and r . Furthermore, Thornton also shows that

the total space of a principal circle bundle over or S2×S1 is diffeomorphic to Ln(1)×S1

for some n.

Lemma 3.2.4. There cannot exist a 5-dimensional C1BF manifold M with S2×̂S1 as

both singular leaves or RP2 as both singular leaves. Furthermore, there cannot exist

such a C1BF manifold with S2×̂S1 and RP2 as singular leaves together. In particular, at

least one singular leaf must be orientable.

Proof. Let P be the principal leaf and suppose RP2 and S2×̂S1 are the singular leaves.

Then we get a bundle S2 → P → RP2 and the long exact sequence of homotopy tells

us that π1(P ) ≈ π1(RP2). On the other hand, we also have a bundle S1 → P → S2×̂S1

and the long exact sequence of homotopy gives us π1(P ) →π1(S2×̂S1) → 0, so we get a

surjection Z2 → Z, which is impossible. On the other hand, to rule out the possibility

of both singular leaves being S2×̂S1, note that in this case both fiber spheres are S1.

Since S2×̂S1 is nonorientable, it follows that, in the notation of Table 1.4 of [GH87],

both of the bundle projection maps are “twisted", so π1(F ) ≈ Q8, where F is the ho-

motopy fiber of the inclusion. It follows from the long exact sequence of homotopy
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associated to the fibration F → P → M that, since M is simply connected, π1(P ) is a

quotient of Q8, so must be finite. On the other hand, we also have the circle bundle

S1 → P → S2×̂S1, and the long exact sequence of homotopy implies π1(P ) →π1(S2×̂S1)

is surjective, which is impossible since π1(P ) is finite. In the case where both singular

leaves are RP2, Table 1.4 of [GH87] implies that π1(F ) = 0. On the other hand, the LES

of homotopy associated to the sphere bundle S2 → P →RP2 implies π1(P ) 'π1(RP2), a

contradiction.

Thus, by the lemma, it follows that if either of these spaces appear as a singular leaf,

the other singular leaf is one of the cases we have already dealt with above. Thus we

have proved the following proposition:

Proposition 3.2.5. Let P be the principal leaf of a 5-dimensional C1BF. Then P is diffeo-

morphic to one of the following spaces:

1. S4

2. S2 ×S2

3. CP2#−CP2

4. S3 ×S1

5. S2 ×T 2

6. Lm(r )×S1, m ≥ 2

Corollary 3.2.6. The biquotient RP2 does not appear as a singular leaf of any C1BF in

dimension 5.

Proof. From the proof of Lemma 3.2.4 above, the principal leaf P must haveπ1(P ) ≈Z2.

No principal leaf on the above list has such a fundamental group.

Now that we have significantly narrowed down the possibilities for the leaves of

the C1BF, we wish to determine the admissible leaf structures (P,B−,B+). Given a fixed

principal leaf P , recall that we must have a sphere bundle S` → P → B b over the sin-

gular leaf B for ` > 0. In the special case where P = S4, we can get the bundle S4 →
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S4 → {pt }. Otherwise, using List A, we will have the following three sphere bundle cases,

which will be repeatedly referenced below.

(i) S3 → P → S1

(ii) S2 → P → S2

(iii) S1 → P → B 3

We will also repeatedly use the fact that if π1(B) = 0, then B is a compact simply con-

nected two or three dimensional biquotient, hence is S2 or S3, respectively. We will

frequently use the long exact sequence of homotopy associated to bundles, which we

will refer to simply as the LES of homotopy.

Case C.1: P = S4

Note that the sphere bundle cases (i) and (ii) are immediately ruled out by the LES of

homotopy. Similarly, for case (iii), the LES of homotopy gives π1(B) = 0, hence B = S3.

But the LES of homotopy also implies π3(B) = 0, which is impossible. Therefore, the

only possibility is sphere bundle S4 → S4 → {pt }. Thus the only possible leaf structure

in this case is (P,B−,B+) = (S4, pt , pt ). Additionally, it is easily seen that M must be

diffeomorphic to S5. This is well known to be realized by the standard two fixed point

cohomogeneity one action on S5.

Case C.2: P = S2 ×S2

Sphere bundle case (i) is clearly impossible by the LES of homotopy. For (iii), the LES

of homotopy tells us that B is simply connected, hence B = S3. On the other hand,

the LES of homotopy gives an isomorphism π3(S2 ×S2) → π3(B) which is impossible.

This only leaves case (ii) which is clearly possible via the trivial bundle. Thus the only

possible leaf structure is the case where (P,B−,B+) = (S2 ×S2,S2,S2). This is realized as
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a non-cohomogeneity one C1BF structure on S3×S2 in Structure 4.2.4. We also show at

the end of Structure 4.2.6 in Chapter 4 that a C1BF with this leaf structure is necessarily

diffeomorphic to S3 ×S2.

Case C.3: P =CP2#−CP2

Sphere bundle case (i) is immediately ruled out by the LES of homotopy. For case (iii),

the LES of homotopy implies B is simply connected so B = S3. However, a portion of

the LES of homotopy also gives π2(S1) →π2(CP2#−CP2) →π2(B) which implies an in-

jection π2(CP2#−CP2) → π2(B) which is impossible since, by the Hureweicz theorem,

π2(CP2#−CP2) ≈ H2(CP2#−CP2) ≈ H2(CP2)⊕ H2(CP2) ≈ Z⊕Z. Thus only case (ii) re-

mains. It is well known thatCP2#−CP2 is the unique nontrivial S2-bundle over S2. Thus

the only possible leaf structure here is (P,B−,B+) = (CP2#−CP2,S2,S2). This example is

realized as Structure 4.2.6 in Chapter 4 and we also show that that a C1BF with this leaf

structure is necessarily diffeomorphic to S3×̂S2.

Case C.4: P = S3 ×S1

In contrast with the previous cases, in this case we get a plethora of different possible

leaf structures. In fact, the only sphere bundle case that we can rule out is via the LES

of homotopy is (ii). Indeed, the LES of homotopy gives 0 → π1(S3 ×S1) → π1(S2) → 0

which implies π1(S2) ≈ Z, but this is clearly impossible. We now need to determine

which spaces on List A can occur in a sphere bundle S` → S3 ×S1 → B . Clearly B = S1

and B = S3 are possible via the trivial bundles. Moreover, the action of S1 on S3×S1 via

the Hopf action on the S3 factor and trivial on the S1 factor is free with quotient S2×S1,

so we get a principal bundle S1 → S3 ×S1 → S2 ×S1.

Lemma 3.2.7. S3 ×S1 is a circle bundle over any lens space Lm(r ).

Proof. Let m,r be integers which are relatively prime. Recall that the lens space Lm(r ) =
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S3/Zm is the quotient of Zm = 〈ζ0 = e
2πi
m 〉 generated by the diffeomorphism (z1, z2) 7→

(ζ0z1,ζr
0z2). Consider the action of S1 on S3×S1 by w ·((z1, z2),θ

)= (
(w z1, w r z2), w mθ

)
.

Since gcd(m,r ) = 1, this action is free. Furthermore, it is transitive on the S1 factor, so

by Proposition 1.3.7

(S3 ×S1)/S1 ≈ S3/Γe

where Γe is the isotropy of the identity 1 of the transitive factor. Clearly, Γe =Zm = {ζ ∈
S1 : ζm = 1}. If we choose ζ0 = e

2πi
m to be the generator, then the action of Zm on S3 is

generated by ζ0 · (z1, z2) = (ζ0z1,ζr
0z2), which is precisely the action giving Lm(r ) as the

quotient. Thus we get a principal bundle S1 → S3 ×S1 → Lm(r ).

The only remaining possibility for the singular leaf is S2×̂S1, which is ruled out via

the following lemma.

Lemma 3.2.8. S3 ×S1 is not a circle bundle over S2×̂S1.

Proof. We know that S2×̂S1 ≈ (S2 ×S1)/Z2 where the Z2 action is generated by (q, z) 7→
(−q,−z). It then follows immediately from the associated bundle construction that

S2×̂S1 is a circle bundle over RP2. We claim that if S3×S1 is a circle bundle over S2×̂S1,

then S3 ×S1 is a bundle over RP2, with fiber either T 2 or the Klein bottle K . To see this,

we have circle bundles S1 → S3×S1 π1−→ S2×̂S1 and S1 → S2×̂S1 π2−→RP2. Let π : S3×S1 →
RP2 denote the composition

S3 ×S1 π1−→ S2×̂S1 π2−→RP2

This is a composition of surjective submersions, so is a surjective submersion. By

Ehresmann’s lemma, S3 × S1 → RP2 is a fiber bundle. To see the fiber type, note that

π−1
2 (p) ≈ S1. Now, π−1

1 (S1) ∈ S3 ×S1 is precisely the pullback of the bundle S3 ×S1 →
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S2×̂S1 via the inclusion S1 ,→ S2×̂S1. Thus, π−1(S1) is some S1-bundle over S1. By

Steenrod’s classification of sphere bundles [Ste44], it follows that

π−1(S1) =π−1
1 (π−1

2 (p)) =π−1(p)

is either T 2 or K . Finally to complete the proof of the lemma, we prove the following

claim:

Claim: There is no bundle F → S3 ×S1 →RP2 with fiber T 2 or K .

This follows from the spectral sequence using Z2 coefficients. Indeed, we have that

H 1(T 2;Z2) ≈ H 1(K ;Z2) ≈Z2⊕Z2. Together with the fact that H 1(RP2;Z2) ≈ H 2(RP2;Z2) ≈
Z2, it follows that the E (0,1)∞ is nontrivial as is E (1,0)∞ . This implies that H 1(S3×S1;Z2) con-

tains Z2 ⊕Z2, which is a contradiction.

Thus, by the work above, we have reduced the list of possibly admissible leaf struc-

tures to the following cases.

Case C.4.1: (P,B−,B+) = (S3 ×S1,S1,S1)

In this case, the fiber spheres K ±/H ≈ S3, thus the van Kampen theorem says that such

a C1BF is not simply connected because their images do not generate π1(G//H) ≈Z.

Case C.4.2: (P,B−,B+) = (S3 ×S1,S1,S3)

This is realized in Structure 4.2.1 as a non-cohomogeneity C1BF structure on S5. This is

also realized as cohomogeneity one by the group diagram S3×S1 ⊃ {
e i pθ,e iθ

}
,S3×Zn ⊃

Zn for gcd(p,n) = 1 which, according to Hoelscher’s classification [Hoe10] arises as an

action on S5.
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Case C.4.3: (P,B−,B+) = (S3 ×S1,S1,Lm(r ))

We assume for this case that m ≥ 2. We claim that this case is not simply connected.

To see this, note that one fiber sphere is S3 and the other is S1. WLOG say K +/H ≈
S3 and K −/H ≈ S1. Thus by van Kampen theorem, the map π1(K −/H) → π1(S3 ×S1)

induced by inclusion must be surjective if M is to be simply connected. But this is

impossible. Indeed, consider the bundle S1 i−→ S3 ×S1 π−→ Lm(r ) and the corresponding

LES of homotopy

π1(S1)
i∗−→π1(S3 ×S1)

π∗−→π1(Lm(r )) → 0

Sinceπ∗ is surjective, if i∗ were surjective, thenπ∗ = 0 by exactness. This would require

π1(Lm(r )) = 0 which is clearly not the case. Thus M is not simply connected.

Case C.4.4: (P,B−,B+) = (S3 ×S1,S1,S2 ×S1)

We claim that this case is not simply connected. To see this, we use the same argu-

ment as the previous case. Note that one fiber sphere is S3 and the other is S1. WLOG

say K +/H ≈ S3 and K −/H ≈ S1. Thus by van Kampen theorem, the map π1(K −/H) →
π1(S3×S1) induced by inclusion must be surjective if M is to be simply connected. But

this is impossible. Indeed, consider the bundle S1 i−→ S3 ×S1 π−→ S2 ×S1 and the corre-

sponding LES of homotopy

π1(S1)
i∗−→π1(S3 ×S1)

π∗−→π1(S2 ×S1) → 0

Sinceπ∗ is surjective, if i∗ were surjective, thenπ∗ = 0 by exactness. This would require

π1(S2 ×S1) = 0 which is clearly not the case. Thus M is not simply connected.

Case C.4.5: (P,B−,B+) = (S3 ×S1,S3,S3)

This structure is realized as cohomogeneity one.
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From Hoelscher’s classification [Hoe10], the cohomogeneity one group diagram S3 ×
S1 ⊃ {

e i pθ,e iθ
}
,
{
e i pθ,e iθ

}⊃Zn , gcd(p,n) = 1, arises as an action on S3×S2, and it is not

difficult to compute that this cohomogeneity one action has the correct leaf structure

using Proposition 1.3.7. This structure is also realized as a non-cohomogeneity one

C1BF structure in exceptional case 1 of Structure 4.2.2.

Case C.4.6: (P,B−,B+) = (S3 ×S1,S3,Lm(r ))

This is realized as a C1BF as a special case of Structure 4.2.7.

Case C.4.7: (P,B−,B+) = (S3 ×S1,S3,S2 ×S1)

This is realized as a cohomogeneity one C1BF in Structure 4.2.5 of Chapter 4.

Case C.4.8: (P,B−,B+) = (S3 ×S1,Lm(r ),Ln(s))

Here we assume that m,n ≥ 2. We prove that M is simply connected if and only if

gcd(m,n) = 1. By van Kampen theorem for C1BFs, M is simply connected if and only if

the images of π1(K ±/H) generate π1(G//H) under the natural inclusions. Note that in

this case K ±/H ≈ S1 and we have fiber bundles S1 i−→ S3×S1 π−→ Lm(r ) and S1 → S3×S1 →
Ln(s). By the LES of homotopy we have

0 →π1(S1)
i∗−→π1(S3 ×S1)

π∗−→π1(Lm(r )) → 0

or, equivalently

0 →Z
i∗−→Z

π∗−→Zm → 0

By exactness π∗ is surjective and hence Z/kerπ∗ =Zm and thus im(i∗) = kerπ∗ = mZ.

Similarly, the image of the other fiber sphere is nZ. But mZ and nZ generate Z if and

only if gcd(m,n) = 1. This C1BF structure is realized in Structure 4.2.7 of Chapter 4.
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Case C.4.9: (P,B−,B+) = (S3 ×S1,Lm(r ),S2 ×S1)

Here we assume that m ≥ 2. This this leaf structure is realized as a C1BF in Structure

4.2.8 of Chapter 4. We note also that in the case that r = 1 and m and n are both odd,

at the end of Structure 4.2.2 of Chapter 4 we show that all such leaf structures can be

realized as a C1BF on S3 ×S2. The case where m and n have opposite parity and r = 1

we will see that all such leaf structures can be realized as a C1BF on S3×̂S2, which we

describe at the end of Structure 4.2.3 of Chapter 4.

Case C.4.10: (P,B−,B+) = (S3 ×S1,S2 ×S1,S2 ×S1)

We claim that this is not simply connected. Suppose we have such a leaf structure.

Then we have fiber bundles S1 i∗−→ S3 × S1 π∗−→ S2 × S1 so by the LES of homotopy we

have

Z
i∗−→Z

π∗−→Z→ 0

Therefore, Z' Z/Imi∗. But Imi∗ = nZ for some integer n. It follows that n = 0 so i∗ is

trivial. Therefore the inclusions K ±/H cannot generate the fundamental group of the

principal leaf.

Case C.5:P = S2 ×T 2

For sphere bundle case (i), note that the LES of homotopy gives π1(S2 ×T 2) ≈ π1(S1)

which is impossible. For sphere bundle case (ii), the LES of homotopy gives an isomor-

phism π1(S2 ×T 2) ≈π1(S2) which is impossible. This proves the following lemma:

Lemma 3.2.9. For a C1BF with principal leaf S2 ×T 2, the singular leaves must be codi-

mension two. In particular, the fiber spheres are both circles.

Corollary 3.2.10. The manifold S2×̂S1 cannot be the singular leaf of a C1BF manifold

M with principal leaf P = S2 ×T 2.
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Proof. Let F be the homotopy fiber of the inclusion P → M . Then we get the fibra-

tion F → P → M and, since M is simply connected, the LES of homotopy associated

with this fibration tells us that π1(P ) is a quotient of π1(F ). Because the fiber spheres

are both circles, Table 1.4 of [GH87] tells us that if one of the singular leaves is nonori-

entable, then π1(F ) is either Z⊕Z2 or Q8. But π1(P ) ≈Z⊕Z is not a quotient of either

of these groups.

The remaining possibilities that we have not yet considered on List A are S3, S2×S1,

and Lm(r ) for m ≥ 2. We observe that S3 is impossible because if we have a bundle S1 →
S2×T 2 → S3, then the LES of homotopy gives π1(S1) →π1(S2×T 2) is surjective, that is,

a surjective homomorphism Z→ Z⊕Z, which is impossible. More generally, we can-

not have a sphere bundle S1 → S2 ×T 2 → Lm(r ). Indeed, note that π1(S2 ×T 2) ≈Z⊕Z,

so H1(S2 ×T 2) ≈ Z⊕Z. By universal coefficients we then have H 1(S2 ×T 2) ≈ Z⊕Z.

We also know that H 1(Lm(r )) = 0. Now, a portion of the Gysin sequence [Hat02] gives

0 → H 1(S2 ×T 2) → H 1(Lm(r )), so we have an injection Z⊕Z→ 0, which is impossible.

Finally, we note that S2×T 2 admits a free circle action via z · (q, w1, w2) = (q, zw1, zw2)

whose quotient is clearly S2 ×S1, so we get a principal bundle S1 → S2 ×T 2 → S2 ×S1.

We have thus shown that the only possible leaf structure is (P,B−,B+) = (S2×T 2,S2×
S1,S2 ×S1). This is realized as a non-cohomogeneity one C1BF structure on S3 ×S2 in

the exceptional case 2 of structure 4.2.2.

Case C.6:P = Lm(r )×S1

Here we handle the case where the principal leaf P = Lm(r )×S1 for m ≥ 2. This is the

most complicated case. Note first that for sphere bundle case (i), the LES of homotopy

gives 0 →π1(Lm(r )×S1) →π1(S1) → 0 which is impossible. For sphere bundle case (ii),
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by the LES we get 0 →π1(Lm(r )×S1) →π1(S2) → 0 so π1(S2) ≈Zm ×Z, which is impos-

sible.

We have thus shown that any singular leaf of a C1BF with P = Lm(r )× S1 must be 3-

dimensional, and thus the fiber spheres are both circles. This allows us to prove the

following important lemma.

Lemma 3.2.11. Let M be a C1BF manifold with principal leaf P = Lm(r )× S1. Then

S2×̂S1 cannot be the singular leaf for m 6= 2.

Proof. Let F be the homotopy fiber of the inclusion P → M . Since π1(M) = 0, it follows

from the LES of homotopy associated to the fibration F → P → M that π1(P ) is a quo-

tient of π1(F ). By the work above, both of the fiber spheres are circles. Furthermore,

we know from Lemma 3.2.4 that at least one of the singular leaves must be orientable,

so Table 1.4 of [GH87] tells us that π1(F ) ≈ Z⊕Z2. Therefore, we need π1(P ) ≈ Zm ⊕Z
to be a quotient of π1(F ) ≈Z2 ⊕Z, which implies m ≤ 2. We have already ruled out the

case m = 1, where the lens space is a sphere, in Lemma 3.2.8.

Note that this lemma rules out the possibility of S2×̂S1 in all cases but m = 2, but

does not tell us whether this actually happens in the case m = 2. Recall that when m = 2

we have L2(r ) ≈RP2 for any value of r . We also know from Lemma 3.2.4 that S2×̂S1 can

be at most one of the singular leaves in a C1BF.

We can certainly have P = Lm(r )×S1 be a circle bundle over Lm(r ) itself. But we can,

in fact, have P circle fiber over many more lens spaces, as we will now show. Suppose

we have a circle bundle S1 → Lm(r )×S1 → Ln(s). By Proposition 3.2.3 this bundle must

be principal and, moreover, by Theorem 3.2.2 we may assume that r = s and m divides
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n since m = gcd(i ,n) for some i . Conversely, suppose x is a divisor of n. We claim that

Lx(r )×S1 circle fibers over Ln(r ). Indeed, x divides n, so 1 ≤ x ≤ n, thus x = gcd(x,n),

so Lx(r )×S1 circle fibers over Lx(r ) by the same theorem. In summary, we have shown

that we can restate Thornton’s theorem as follows:

Proposition 3.2.12. There exists a circle bundle S1 → Lm(r )×S1 → Ln(r ) if m divides n.

Furthermore, the total space P of any circle bundle S1 → P → Ln(r ) is diffeomorphic to

Lm(r )×S1.

A subtle question is whether it is possible to have a C1BF with principal leaf P =
Lm(r )× S1 and singular leaves B− = Ln(r ) and B+ = Lk (s) where r 6= s and m divides

n and k. Thornton’s theorem implies that if such a C1BF exists, then Lm(r ) × S1 is

diffeomorphic to Lm(s)×S1. We would like to thank Igor Belegradek for providing the

reference for the following fact, stated as a lemma.

Lemma 3.2.13. Suppose L and L′ are 3-dimensional lens spaces and L×S1 is diffeomor-

phic to L′×S1, then L is diffeomorphic to L′.

Proof. Suppose L, L′ are 3-dimensional lens spaces and S1×L is diffeomorphic to S1×
L′, then the covering space of S1 ×L corresponding to the torsion subgroup defines an

h-cobordism between L and L′ (we have embeddings of L and L′ in the covering space

with disjoint images, and the images bound an h-cobordsim). It follows from Atiyah-

Singer fixed point theorem that h-cobordant lens spaces are diffeomorphic [AB68].

Proposition 3.2.14. Suppose there exists a C1BF with principal leaf P = Lm(r )×S1 and

singular leaves Ln(t ) and Lk (s). Then we may assume that t = r and s ≡±r±1 (mod m).

Proof. By Thornton’s theorem it follows that we may assume that t = r . Furthermore,

we then have a circle bundle S1 → Lm(r )× S1 → Lk (s) which, by Thornton’s theorem
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and the above lemma implies that Lm(r ) is diffeomorphic to Lm(s), so by the classifica-

tion of lens spaces [Bro60] implies the statement about congruence of r and s modulo

m.

We also note that Thornton’s work [Tho74] also implies that the total space of any

principal circle bundle over S2 ×S1 is diffeomorphic to Lm(1)×S1.

It follows from the work above that we can deduce the following summary.

Summary: Let M be a C1BF manifold with principal leaf P = Lm(r )×S1. Then the only

leaf structures which are possibly admissible are the following:

1. (Lm(r )×S1,Ln(r ),Lk (s))

2. (Lm(1) × S1,Ln(r ),S2 × S1); r ≡ ±1±1 (mod

m)

3. (L2(r )×S1,L2n(s),S2×̂S1)

4. (Lm(1)×S1,S2 ×S1,S2 ×S1)

where m divides n and k and s ≡±r±1 (mod m).

We now break these possibilities down by cases as we have for the previous principal

leaves.

Case C.6.1: (P,B−,B+) = (
Lm(r )×S1,Ln(r ),Lk (s)

)
By the work above we must have that m divides n and k and that r ≡ ±s±1 (mod m).

At the time of submission of this thesis, this case is incomplete. In particular, we do

not know whether all leaf structures of this type can be realized as a simply connected

C1BF. However, many of them (and maybe even all of them) can be realized as the

examples given by Standard Case 1.2 of Structure 4.2.2 in conjunction with Case 2 of

Structure 4.2.3.

Case C.6.2: (P,B−,B+) = (
Lm(1)×S1,Ln(r ),S2 ×S1

)
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Here we must have that m divides n. Moreover, we will show that if such a C1BF is to be

simply connected, we must have m = n. In this case, because the principal leaf must be

diffeomorphic to Lm(r )×S1 to fiber over Lm(r ) and also be diffeomorphic to Lm(1)×S1

in order to fiber over S2 ×S1. From the work above it follows that Lm(r ) is diffeomor-

phic to Lm(1). Thus for simply connected C1BFs, we are looking for leaf structures of

the form (P,B−,B+) = (
Lm(1)×S1,Lm(1),S2×S1

)
. We exhibit C1BF structures on S3×S2

and S3×̂S2 realizing this leaf structure in 4.2.2 and 4.2.3, respectively.

To prove the statement about simply connectedness, let π1(Lm(1)× S1) = Zm +Z
with generators a and b. The LES of homotopy groups corresponding to the fiber bun-

dle S1 i−→ Lm(1)×S1 π∗−→ S2 ×S1 gives

0 →Z
i−→Zm +Z π∗−→Z→ 0

Note that because Z has no torsion, a must map to 0 ∈Z under π∗. Since π∗ is surjec-

tive, b must map to a generator of Z, so Imi∗ = Kerπ∗ =Zm +0. Now consider the LES

of homotopy groups corresponding to the fiber bundle S1 j−→ Lm(1)×S1 p∗−→ Ln(1):

0 →Z
i−→Zm +Z π∗−→Zn → 0

If the images of both fiber circles are to generate π1(Lm(1) × S1), we must have b ∈
Kerp∗ = Im j∗. Using the fact that p is surjective now means that m ≥ n, but since m

divides n it follows that m = n.

Case C.6.3: (P,B−,B+) = (L2(r )×S1,L2n(s),S2×̂S1
)

We show first that such a C1BF is not simply connected for n 6= 1. In the case n = 1,
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the principal leaf is RP3 ×S1 and the lens space singular leaf RP3, independent of the

choice of the value r and s. We exhibit a simply connected cohomogeneity one C1BF

with this leaf structure in Structure 4.2.10 in Chapter 4. If we have a C1BF with this leaf

structure, then we have circle bundles

S1 i−→ L2(r )×S1 → S2×̂S1 (3.2.1)

S1 j−→ L2(r )×S1 → L2n(s) (3.2.2)

The first has LES of homotopy Z
i∗−→ Z2 ×Z → Z → 0 and, because Im(i∗) has to be

cyclic, we must have Im(i∗) = 〈(0,k)〉 or Im(i∗) = 〈(1,k)〉 for some k ∈ Z . But we must

also have (Z2 ×Z)/Imi∗ ' Z, so it follows that Im(i∗) = 〈(1,k)〉. On the other hand, the

same argument applied to the other LES implies that Im( j∗) = 〈0, p〉 for some integer

p. But then (Z2×Z)/Im( j∗) 'Z2×Zp 'Z2n so in fact p = n where n is forced to be odd.

Thus the images of i∗ and j∗ are generated by (1,k) and (0,n) which is easily seen not

to contain the element (0,1) ∈Z2 ×Z unless n = 1, which by the van Kampen theorem

for C1BFs proves that such a C1BF is not simply connected unless n = 1.

Case C.6.4: (P,B−,B+) = (
Lm(1)×S1,S2 ×S1,S2 ×S1

)
We show that such a C1BF is not simply connected if m ≥ 2. In the case m = 1, this

reduces to Case C.4.10 for which we have already shown is not simply connected. To

see that this is not simply connected for m ≥ 2, suppose we have such a C1BF. Then we

have circle bundles

S1 i−→ Lm(1)×S1 π−→ S2 ×S1
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So by the LES of homotopy we get

Z
i∗−→Zm ×Z π∗−→Z→ 0

so Z' (Zm ×Z)/Ker(π∗) ' (Zm ×Z)/Im(i∗), so it follows that Im(i∗) ⊂Zm . Thus the im-

ages of the fiber spheres under the inclusions cannot generate π1(G//H) = π1(Lm(1)×
S1), so it is not simply connected if m ≥ 2.

3.3 Classification in Dimension 6

Let M 6 be a C1BF with five dimensional principal leaf P 5. In this section, we will clas-

sify all possible leaf structures for such C1BFs under the additional assumption that P

is simply connected. According to Pavlov [Pav04], the only compact simply connected

five dimensional biquotients are S5, S3×S2, S3×̂S2, and the Wu manifold SU(3)/SO(3).

Thus these are the only possible manifolds which can appear as the principal leaf of a

six dimensional C1BF with simply connected singular leaf. The results of this section

can be summarized by the following theorem.

Theorem 3.3.1. Let M be a compact, simply connected, 6-dimensional C1BF. Let S3×̂S2

denote the nontrivial S3-bundle over S2. With the possible exception of leaf structure

(19), the following list is the complete list of admissible leaf structures for M:

1. (S5, pt , pt )

2. (S5, pt ,CP2)

3. (S5,CP2,CP2)

4. (S3 ×S2,S2,S2)

5. (S3 ×S2,S3,S2)

6. (S3 ×S2,S2 ×S2,S2)

7. (S3 ×S2,CP2#CP2,S2)

8. (S3 ×S2,CP2#−CP2,S2)

9. (S3 ×S2,S3,S3)

10. (S3 ×S2,S3,S2 ×S2)

11. (S3 ×S2,S3,CP2#CP2)

12. (S3 ×S2,S3,S2 ×S2)

13. (S3 ×S2,CP2#CP2,S3)

14. (S3 ×S2,CP2#−CP2,S3)

15. (S3 ×S2,S2 ×S2,S2 ×S2)
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16. (S3 ×S2,CP2#CP2,S2 ×S2)

17. (S3 ×S2,CP2#−CP2,S2 ×S2)

18. (S3 ×S2,CP2#CP2,CP2#CP2)

19. (S3 ×S2,CP2#CP2,CP2#−CP2)

20. (S3×S2,CP2#−CP2,CP2#−CP2)

21. (S3×̂S2,S2,S2)

22. (S3×̂S2,CP2#−CP2,S2)

23. (S3×̂S2,CP2#CP2,S2)

24. (S3×̂S2,CP2#−CP2,CP2#−CP2)

25. (S3×̂S2,CP2#CP2,CP2#−CP2)

26. (S3×̂S2,CP2#CP2,CP2#CP2)

In the case of leaf structure (19), there does not exist a representation of a C1BF as a

group diagram with G = Sp(1)×Sp(1) hence any C1BF which possibly admits such a leaf

structure cannot do so with the principal or singular leaves given as reduced biquotients.

Note that it is likely that leaf structure (19) does not occur as a C1BF arising as a

quotient of a cohomogeneity one manifold. In particular, DeVito has outlined an ap-

proach to showing that such a leaf structure does not arise for any G . In particular, if

M =G//H is simply connected, then we can write M =G ′//H ′ for G ′ and H ′ connected.

According to DeVito, given a biqutoient G//H , one can pull back G to any cover of G

to get an equivalent biquotient. Thus we may assume that G = G1 × ·· · ×Gn ×T k for

Gi , i ∈ {1, ...,n} simple. We will call a biquotient semi-reduced if, up to cover, M =G//H

where G , H are connected and H does not act transitively on any factor of G . Note that a

biquotient G//H for G , H connected is not semi-reduced if H acts transitively on some

factor of G , hence we can cancel factors using Proposition 1.3.7. Given a C1BF dia-

gram {G ,K−,K+, H }, one can replace the groups in the diagram with connected groups

to obtain another C1BF diagram {G ′,K ′−,K ′+, H ′} with the same leaves. One can then

cancel any factors of the G ′ group in the diagram by getting rid of factors of G ′ for

which H ′ acts transitively. Since H ′ ≤ K ′
±, it follows that K ′

± also act transitively on

G ′. Thus we can replace the C1BF diagram {G ′,K ′−,K ′+, H ′} with another C1BF diagram

{G ′′,K ′′−,K ′′+, H ′′} for which G ′′//H ′′ is a semi-reduced biquotient. However, K ′′
± may still

act transitively on some factor of G ′′, so these leaves may or may not be semi-reduced.

We call such a C1BF a reduced C1BF. One needs to show that this reduction process
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actually yields C1BF diagrams which give rise to diffeomorphic manifolds. Once this

has been shown, it should follow that one cannot get leaf structure (19) as a C1BF.

We wish to determine the admissible leaf structures (P,B−,B+). Given a fixed princi-

pal leaf P , recall that we must have a sphere bundle S`→ P → B b over the singular leaf

B for ` > 0. In the special case where P = S5, we can get the bundle S5 → S4 → {pt }.

Otherwise, it follows from the LES of homotopy associated to the above sphere bundle

that π1(B) = 0. Therefore, we will have the following three sphere bundle cases, which

will be repeatedly referenced below.

(i) S3 → P → S2

(ii) S2 → P → S3

(iii) S1 → P → B 4

For sphere bundle case (iii), we must have that B is simply connected, hence it

follows from DeVito’s classification of 4-dimensional biquotients that the only possi-

bilities for B are the biquotients on the following list.

List B: (Potential Singular Leaves)

1. S4

2. CP2

3. S2 ×S2

4. CP2#CP2

5. CP2#−CP2

The following lemma will often allow us to rule out spaces (3)-(5) as a possibility for

a singular leaf with a single argument.

Lemma 3.3.2. The manifolds S2×S2,CP2#CP2 andCP2#−CP2 have the same homotopy

groups. Likewise, the manifolds S3 ×S2 and S3×̂S2 have the same homotopy groups.

Proof. Note that by DeVito’s classification of 4-dimensional biquotients, all three of
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these spaces can be written as as a biquotient B = (S3 × S3)//T 2 for some free torus

action. Therefore, we get a LES of homotopy associated to the bundle

T 2 → S3 ×S3 → B.

from which it follows that πn(B) 'πn(S3 ×S3) for n ≥ 3. In the case n = 1 we know that

all of these spaces are simply connected, and in the case n = 2 it is well known that

π2(B) 'Z×Z for each of these spaces.

Similarly, according to DeVito’s classification of 5-dimensional biquotients, we can

write S3 ×S2 and S3×̂S2 as a biquotient (S3 ×S3)//S1. Applying a similar argument to

the one above shows these spaces have the same homotopy groups as well.

Case D.1: P = SU(3)/SO(3)

We will show that the P = SU(3)/SO(3) does not occur as the principal leaf of a C1BF.

This follows immediately from the following lemma.

Lemma 3.3.3. The Wu manifold W = SU(3)/SO(3) is not a sphere bundle over any space.

Proof. By the LES of homotopy associated to the bundle SO(3) → SU(3) → SU(3)/SO(3)

it is easy to compute π1(M) = 0 and π2(M) ' Z2. Suppose now that we have a sphere

bundle Sd →W → B 5−d . Clearly d = 4 is impossible by the LES of homotopy associated

to this sphere bundle. For d = 3, the LES implies implies π1(B 2) = 0 so B 2 = S2, which

is impossible since there are only two S3-bundles over S2, namely S3 ×S2 and S3×̂S2.

Similarly, for d = 3, the LES implies π1(B 3) = 0, so by the Poincaré conjecture B 3 = S3,

but by Steenrod’s classification of sphere bundles, the only S2 bundle over S3 is S2×S3.

The only remaining case is whether there is a circle bundle S1 → W → B 4. By the LES
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of homotopy we have

0 →Z2 →π2(B 4) →Z→ 0 →π1(B 4) → 0

which implies π1(B 4) = 0 and hence, by the Hurewicz theorem, H2(B 4) ' π2(B 4). But

by exactness, π2(B 4)/Z2 ' Z hence, because π2(B 4) ' H2(B 4) is free abelian, it follows

that H2(Z) 'Z⊕Z2. Now, since B 4 is simply connected we have that B 4 is orientable, so

H 2(B 4) 'Z⊕Z2 by Poincaré duality. On the other hand, since H1(B) = 0, the Universal

Coefficient Theorem implies H 2(B 4) 'Z, a contradiction. Thus the Wu manifold is not

a sphere bundle.

Case D.2: P = S5

As mentioned above, we can have a point as the singular leaf in this case. It is easy

to rule out sphere bundle cases (i) and (ii) by the LES of homotopy. This only leaves

sphere bundle case (iii). The LES immediately rules out the case where B = S4. The

well known Hopf fibration gives a circle bundle S1 → S5 → CP2 showing that B = CP2

is a possibility for the singular leaf. It follows from the LES of homotopy associated

to sphere bundle case (iii) that B = S2 × S2 cannot occur and hence, by Lemma 3.3.2

the remaining spaces on List B cannot occur as the singular leaf. Thus the only leaf

structures which can possibly occur are the following three cases.

Case D.2.1 (P,B−,B+) = (S5, pt , pt ) Such a C1BF is easily seen to always be diffeomor-

phic to S6 and is realized by the standard two fixed point cohomogeneity one action

on S6.

Case D.2.2 (P,B−,B+) = (S5,CP2, pt )

This is realized as a C1BF in Structure 4.3.8 in Chapter 4.
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Case D.2.2 (P,B−,B+) = (S5,CP2,CP2)

This is realized as a C1BF in Structure 4.3.5 in Chapter 4.

Case D.3: P = S3 ×S2

Clearly sphere bundle cases (i) and (ii) are possible via the trivial bundles. For sphere

bundle case (iii), it is easy to rule out the case B = S4 via the LES of homotopy. Using

the Hopf fibration S1 → S5 →CP2, it follows that π3(CP2) = 0. It this then easy to to rule

out the case B = CP2 using the LES of homotopy. The case B = S2 ×S2 clearly occurs

because S3 ×S2 admits a free circle action with quotient S2 ×S2. We handle the cases

B =CP2#±CP2 in the following lemmas.

Lemma 3.3.4. There exists principal circle bundles S1 → S3 ×S2 →CP2#±CP2.

Proof. According to DeVito’s classification of 4-dimensional biquotients, we can write

CP2#−CP2 ' (S3×S3)//T 2 where T 2 acts on S3×S3 via (z, w)·(p, q) = (z2p, w zn qzn) for n

an odd integer. Fixing z = 1 yields a free circle action by the w-factor circle S1
w on S3×S3

which obviously has quotient (S3×S3)/S1
w = S3×S2. Now, the circle action obtained by

fixing w = 1 in the above action yields an effectively free circle action by the z-factor

circle S1
z which commutes with the action of S1

w , so the z-circle acts on the quotient

(S3 ×S3)/S1
w ' S3 ×S2 and must be effectively free because the original product action

is effectively free. Thus we have a nontrivial effectively free circle action on S3×S2 with

quotient CP2#−CP2 which implies that we get a principal bundle as above.

We can apply a similar argument to get a principal bundle S1 → S3 × S2 → CP2#CP2

using (again from DeVito’s classification) that CP2#CP2 ' (S3 × S3)//T 2 where T 2 acts

on S3 ×S3 by (z, w) · (p, q) = (zw pw , zw 2qz).

In summary, we can have B ∈ {
S2,S3,S2 ×S2,CP2#CP2,CP2#−CP2

}
, so each of the

following leaf structures can possibly occur.
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Case D.3.1: (P,B−,B+) = (S3 ×S2,S2,S2)

This is realized as a C1BF in Structure 4.3.3 in Chapter 4.

Case D.3.2: (P,B−,B+) = (S3 ×S2,S3,S2)

This is realized as a C1BF in Structure 4.3.2 in Chapter 4.

Case D.3.3: (P,B−,B+) = (S3 ×S2,S2 ×S2,S2)

This is realized as a C1BF in Structure 4.3.6 in Chapter 4.

Case D.3.4: (P,B−,B+) = (S3 ×S2,CP2#CP2,S2)

This is realized as a C1BF in Structure 4.3.9 in Chapter 4.

Case D.3.5: (P,B−,B+) = (S3 ×S2,CP2#−CP2,S2)

This is realized as a C1BF in Structure 4.3.11 in Chapter 4.

Case D.3.6: (P,B−,B+) = (S3 ×S2,S3,S3)

This is realized as a C1BF in Structure 4.3.1 in Chapter 4.

Case D.3.7: (P,B−,B+) = (S3 ×S2,S2 ×S2,S3)

This is realized as a C1BF in Structure 4.3.4 in Chapter 4.

Case D.3.8: (P,B−,B+) = (S3 ×S2,CP2#CP2,S3)

This is realized as a C1BF in Structure 4.3.13 in Chapter 4.

Case D.3.9: (P,B−,B+) = (S3 ×S2,CP2#−CP2,S3)

This is realized as a C1BF in Structure 4.3.14 in Chapter 4.

Case D.3.10: (P,B−,B+) = (S3 ×S2,S2 ×S2,S2 ×S2)

This is realized as a C1BF in Structure 4.3.7 in Chapter 4.
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Case D.3.11: (P,B−,B+) = (S3 ×S2,CP2#CP2,S2 ×S2)

This is realized as a C1BF in Structure 4.3.20 in Chapter 4.

Case D.3.12: (P,B−,B+) = (S3 ×S2,CP2#−CP2,S2 ×S2)

This is realized as a C1BF in Structure 4.3.15 in Chapter 4.

Case D.3.13: (P,B−,B+) = (S3 ×S2,CP2#CP2,CP2#CP2)

This is realized as a C1BF in Structure 4.3.16 in Chapter 4.

Case D.3.14: (P,B−,B+) = (S3 ×S2,CP2#−CP2,CP2#CP2)

We do not currently have a model of a C1BF realizing this leaf structure. We see in

Chapter 4 that all other leaf structures in dimension 6 with simply connected principal

leaf having S2 × S2 or CP2#±CP2 as a singular leaf can be constructed from a group

diagram using G = Sp(1)×Sp(1). We will prove the following proposition

Proposition 3.3.5. A C1BF with leaf structure (S3 ×S2,CP2#−CP2,CP2#CP2) does not

have a representation as a group diagram with G = Sp(1)×Sp(1).

The proof of this is rather long due to the fact that there are a lot of things to check.

First, we note that DeVito classifies reduced biquotients up to the following equiva-

lence.

Proposition 3.3.6 (DeVito). Suppose f : H →G×G induces an effectively free biquotient

action. Then, after any of the following modifications of f , the new induced action is

effectively free and the quotients are naturally diffeomorphic.

(i) For any automorphism f ′ of H, change f to f ◦ f ′,

(ii) For any element g = (g1, g2) ∈G×G, change f to Cg ◦ f , where Cg denotes conjugation

by g ,

(iii) For any automorphism f ′ of G, change f to ( f ′, f ′)◦ f .
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Proof of Proposition 3.3.5. Consider the following homomorphisms

(1) T 2 → Sp(1)×Sp(1); (z, w) 7→ (zw, zw 2, w, z)

(2) T 2 → Sp(1)×Sp(1); (u, v) 7→ (u2, vun ,1,un)

(3) S1 → Sp(1)×Sp(1); θ 7→ (θa ,θb ,θc ,θd )

According to DeVito’s classification of reduced biquotients, (1) induces a biquotient

diffeomorphic to CP2#CP2 and the homomorphism (2) induces a biquotient diffeo-

morphic to CP2#−CP2 if n is odd and diffeomorphic to S2 ×S2 if n is even. Finally, (3)

induces a biquotient diffeomorphic to S3×S2 if gcd(a,b,c,d) = gcd(a2−c2,b2−d 2) = 1

and diffeomorphic to S3×̂S2 if gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 −d 2) = 4. Further-

more, up to the equivalence theorem above, these are the only ways to write these quo-

tients as reduced biquotients, hence any C1BF diagram for the desired leaf structure

using G = Sp(1)×Sp(1) would have K ± = T 2 and H = S1, where the tori are embedded

using the embeddings above, up to equivalence. We will show that a C1BF diagram

with these groups cannot give the desired leaf structure.

Observe that the images of (1) and (2) do not intersect in a circle. In particular,

any intersecting circle must have w = 1 and with w = 1 we have that the image of (2)

becomes (z, z,1, z). By replacing z with an integer power of z, we may assume that the

images of (1) and (2) intersect only when (z, z,1, z) = (u2, vun ,1,un). In particular, we

must have

z = u2 (3.3.1)

z = vun (3.3.2)
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z = un (3.3.3)

Note that setting (3.3.2) equal to (3.3.3) implies v = 1 and then setting (3.3.1) equal to

(3.3.3) implies u2 = un . Hence these circles only intersect on the subgroup

{(u,1) : un−2 = 1} ⊂ T 2.

Note that this is a circle only in the case n = 2, which would give a quotient diffeomor-

phic to S2×S2. It remains to show that there is no equivalent embeddings (in the sense

of DeVito’s theorem above) that can produce the desired leaf structure.

We start by showing that equivalence (ii) cannot produce a C1BF diagram with the

desired leaf structure; that is, there is no way to conjugate the image of the tori by

an element of (Sp(1)×Sp(1))2 to get the desired leaf structure. It suffices to keep the

torus determined by (2) fixed and conjugate the torus given by (1). First, note that for

q = a +bi + c j +dk ∈ Sp(1) and x + yi ∈ S1 ⊂C, it is not difficult to check that

q(x + yi )q = x + (a2 y +b2 y − c2 y −d 2 y)i + (2ad y +2bc y) j + (2bd y −2ac y)k (3.3.4)

Since we assume that the tori for the embeddings (1) and (2) land in Sp(1)∩C, it follows

that we must have

2ad y +2bc y = 0 (3.3.5)

2bd y −2ac y = 0 (3.3.6)

in order to get an intersection of (2) with the image of (1) after conjugation by an el-

ement of (Sp(1)×Sp(1))2. Note that we may assume y 6= 0 because this must hold for
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every z ∈ S1. Therefore, equations (3.3.4) and (3.3.6) imply

ad +bc = 0 (3.3.7)

bd −ac = 0 (3.3.8)

Multiplying (3.3.7) by b and (3.3.8) by a gives

abd +b2c = 0 (3.3.9)

abd −a2c = 0 (3.3.10)

which implies (b2 −a2)c = 0 hence b2 −a2 = 0 or c = 0. We consider these as two sepa-

rate cases.

Case 1: (c = 0)

In this case, equations (3.3.7) and (3.3.8) imply

ad = 0 (3.3.11)

bd = 0 (3.3.12)

These are satisfied if d = 0 or both a = 0 and b = 0. If d = a = b = 0 then q = 0 which

is a contradiction. If d = 0 then p ∈ C∩ Sp(1) so conjugation does nothing. If a = 0

and b = 0 then d 6= 0 and hence p = ±k and by formula (3.3.4), we have kzk = z so q

acts on S1 by taking complex conjugates, so will not help us get an appropriate circle

intersection in the images of (1) and (2).

Case 2: (b2 −a2 = 0)
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In this case we will assume c 6= 0 otherwise we are back in Case 1. The condition b2 −
a2 = 0 implies b =±a. In the case b = a, we have by equations (3.3.7) and (3.3.8) that

ad +ac = 0 (3.3.13)

ad −ac = 0 (3.3.14)

Note that it is easy to see from equations (3.3.7) and (3.3.8) that the cases b = ±a are

equivalent. Adding equations (3.3.13) and (3.3.14) we see that 2ad = 0 and hence a = 0

or d = 0. If a = d = 0 then a = b and hence b = 0 and, therefore, q = ± j for which

conjugation acts by taking complex conjugates which is not helpful. If a = 0 and d 6= 0

then a = b implies b = 0 so q =±k so conjugation by q again is not helpful. If d = 0 and

a 6= 0 then b 6= 0 so q = a +bi ∈C∩Sp(1) so conjugation again does nothing.

It follows that we cannot conjugate the image of the torus embedding (1) to get an

S1 intersection with (2) when n is odd. In particular, no embeddings of the tori up to

the equivalence given by (ii) of DeVito’s equivalence theorem will give us a C1BF dia-

gram with the desired leaf structure.

For equivalences given by (ii), note that the automorphism group of Sp(1)×Sp(1) is

Aut(Sp(1)×Sp(1)) = 〈σ,K(p,q) : (p, q) ∈ Sp(1)×Sp(1)〉

where σ denotes the automorphism which swaps the first and second factors, as well

as the third and fourth factors and K(p,q) is conjugation by (p, q) ∈ Sp(1)×Sp(1). Note

that in (iii), if we choose f ′ = K(p,q), then ( f ′, f ′) ◦ f = Cg ◦ f which we have already

shown is not helpful because permissible conjugations either do nothing or take com-
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plex conjugates. Thus we need only focus on swapping factors. If we keep the torus

(2) fixed again and swap the factors of torus (1) by (σ,σ)◦ f , the image of torus (1) be-

comes (vun ,u2,un ,1) ⊂ (Sp(1)×Sp(1))2. Therefore, we want to look for intersections of

this torus with (zw, zw 2, w, z) ⊂ (Sp(1)×Sp(1))2. Clearly we must have z = 1 and in this

case the second torus becomes (w, w 2, w,1). We then want

vun = w (3.3.15)

u2 = w 2 (3.3.16)

un = w (3.3.17)

It is not hard to see that these equations imply that the intersection is {(u,1) : u2n−2 =
1} ⊂ T 2 which is only a circle in the case n = 1. In the case n = 1, it is easy to see that

the circle intersection gives a biquotient diffeomorphic to S3×̂S2.

For equivalences given by (i) of DeVito’s theorem, note that the automorphism

group of T 2 is GL2(Z), i.e. the group of invertible 2× 2 integer matrices. The auto-

morphism corresponds to the matrix multiplication

a b

c d


 z

w

=

za w b

zc w d


That is, the automorphism (z, w) 7→ (za w b , zc w d ) where the matrix

X =

a b

c d
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is invertible over GL2(Z). Precomposing the embedding (z, w) 7→ (zw, zw 2, w, z) for the

torus (1) with (z, w) 7→ (za w b , zc w d ) gives

(z, w) 7→ (za+c w b+d , za+2c w b+2d , zc w d , za w b) (3.3.18)

In particular, this is a change of coordinates on the torus and we wish to determine

whether there is a change of coordinates that gives a circle intersection with the torus

(u, v) 7→ (vun ,u2,un ,1) for n odd. In particular, it is clear that we need za w b = 1. The

question remains which subgroups of T 2 satisfy for this for all z, w within that sub-

group. This subgroup also needs to be a circle and thus w has to be a power of z (es-

sentially to restrict the torus to a circle subset). Thus we have w = zm for some integer

m. Therefore za w b = za w mb = 1 which implies za+mb = 1. This happens for all z ∈ S1

if and only if a =−mb.

Thus we have shown that the only way we can get a circle intersection with the

desired property is if w = zm for some m ∈Z and a =−mb. Thus we set

X =

−mb b

c d

 (3.3.19)

and consider the corresponding embedding

(z, zm) 7→ (zmd+c , z2md+2c , zmd+c ,1) (3.3.20)

We want (u, v) 7→ (vun ,u2,un ,1), n odd, to have a circle intersection with (3.3.20). It is

clear that we need v = 1 so we restrict to (u,1) 7→ (un ,u2,un ,1). By replacing z with an
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integer power of z, we may assume WLOG that

un = z2md+c (3.3.21)

u2 = z2md+c (3.3.22)

Note that (3.3.22) implies that u = ±zmd+c and then these equations together imply

that (±z)n(md+c) = zmd+c . This needs to hold for all z ∈ S1, so we have to use “+" and

have either n = 1 or n an arbitrary odd integer and md + c = 0. If c =−md then

X =

−mb b

−md d


has determinant zero so is not invertible. Thus we must have n = 1.

Thus we have shown that the tori

T 2 = (vun ,u2,un ,1)

T 2 = (za+c w b+d , za+2c w b+2d , zc w d , za w b)

intersect in a circle only when the following conditions are satisfied

1. a =−mb,m ∈ Z

2. w = zm

3. n = 1

4. v = 1

5. u = zmd+c

6. The matrix (3.3.19) is in GL2(Z)
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Under these conditions, the corresponding circle intersection is

z 7→ (zmd+c , z2md+2c , zmd+c ,1) (3.3.23)

It is easy to see using the gcd conditions for the circle embedding (3) that such a circle

will always have quotient S3×̂S2.

Finally, we note that in the argument for equivalences given by (iii), we used a torus

embedding equivalent to the embedding (2) by swapping factors and showed that we

could not get the desired leaf structure. If we had instead used embedding (2) with-

out swapping factors, completely analogous work shows that you can only get a cir-

cle intersection with (1) in the case that n = 2 which corresponds to a leaf structure

(S3 ×S2,CP2#CP2,S2 ×S2).

Case D.3.15: (P,B−,B+) = (S3 ×S2,CP2#−CP2,CP2#−CP2)

This is realized as a C1BF in Structure 4.3.18 in Chapter 4.

Case D.4: P = S3×̂S2

Note that sphere bundle case (i) happens by definition of this space. By Steenrod’s

classification of sphere bundles, sphere bundle case (ii) must be a product bundle so

cannot happen in this case. For sphere bundle case (iii), note that S3 ×S2 and S3×̂S2

have the same homotopy by Lemma 3.3.2, all of the sphere bundle cases ruled out in

Case D.3 via homotopy are also ruled out here. In particular, in sphere bundle case (iii),

B = S4 is ruled out as well as B = CP2. It follows from a theorem of Giblin [Gib68] that

any simply connected total space of of a circle bundle over S2 ×S2 is homeomorphic
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to S3 ×S2, so B = S2 ×S2 does not occur. We handle the remaining two cases for B as

lemmas.

Lemma 3.3.7. There exist a principal circle bundle S1 → S3×̂S2 →−CP2#−CP2.

Proof. The argument is similar to that of Lemma 3.3.4. In particular, by DeVito’s clas-

sification of biquotients we have CP2#−CP2 ' (S3 × S3)//T 2 where T 2 acts by (z, w) ·
(p, q) = (z2p, w zn qzn) where n is odd, and S3×̂S2 ' (S3 × S3)//S1, where S1 acts on

S3×S3 by z ·(p, q) = (za pzc , zb qzd ) where gcd(a,b,c,d) = 1 and gcd(a2−c2,b2−d 2) = 4.

Choose a = 2, c = 0, and b = d = n for n odd. Then the above gcd conditions are satis-

fied and the circle action is given by

z · (p, q) = (z2p, zn qzn) (3.3.24)

For the above T 2 action, fixing w = 1 leaves precisely the circle action (3.3.24) with

quotient S3×̂S2. Using the same argument as in Lemma 3.3.4, it follows that we get a

principal bundle S1 → S3×̂S2 →CP2#−CP2.

Lemma 3.3.8. There exist a principal circle bundle S1 → S3×̂S2 →CP2#CP2.

Proof. By DeVito’s classification we can writeCP2#CP2 ' (S3×S3)//T 2 where T 2 acts by

(z, w)·(p, q) = (zw pw , zw 2qz) and we can write S3×̂S2 ' (S3×S3)//S1 where S1 acts on

S3 ×S3 by w · (p, q) = (w a pw c , w b qw d ) where gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 −
d 2) = 4. Observe that if a = c = 1, b = 2, and d = 0 then the gcd conditions are satisfied

and the circle action is given by

w · (p, q) = (w pw , w 2q). (3.3.25)
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For the above T 2 action, fixing z = 1 leaves precisely the circle action (3.3.25) with quo-

tient S3×̂S2. Using the same argument as in Lemma 3.3.4, it follows that we get a prin-

cipal bundle S1 → S3×̂S2 →CP2#CP2.

In summary, we can have B ∈ {
S2,CP2#CP2,CP2#−CP2

}
, so each of the following

leaf structures can possibly occur.

Case D.4.1: (P,B−,B+) = (S3×̂S2,S2,S2)

This is realized as a C1BF in Structure 4.3.21 in Chapter 4.

Case D.4.2: (P,B−,B+) = (S3×̂S2,CP2#−CP2,S2)

This is realized as a C1BF in Structure 4.3.12 in Chapter 4.

Case D.4.3: (P,B−,B+) = (S3×̂S2,CP2#CP2,S2)

This is realized as a C1BF in Structure 4.3.10 in Chapter 4.

Case D.4.4: (P,B−,B+) = (S3×̂S2,CP2#−CP2,CP2#−CP2)

This is realized as a C1BF in Structure 4.3.19 in Chapter 4.

Case D.4.5: (P,B−,B+) = (S3×̂S2,CP2#CP2,CP2#−CP2)

This is realized as a C1BF in Structure 4.3.22 in Chapter 4.

Case D.4.6: (P,B−,B+) = (S3×̂S2,CP2#CP2,CP2#CP2)

This is realized as a C1BF in Structure 4.3.17 in Chapter 4.
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Chapter 4

Models of C1BFs in Detail

In this chapter we will provide many explicit models of C1BFs which realize the leaf

structures appearing in Chapter 3.

4.1 C1BFs in Dimension 4:

Dimension 4 is the lowest dimension where there exists a manifold that is a C1BF

which is not cohomogeneity one, namely CP2#CP2 is not cohomogeneity one. As our

first explicit C1BF structure in this chapter, we will show that CP2#CP2 is a C1BF.

Structure 4.1.1. From DeVito’s classification of compactly simply connected biquo-

tients [DeV14], we can write CP 2#CP 2 = (
Sp(1)×Sp(1)

)
//T 2 where the action of T 2 on

Sp(1)×Sp(1) is given by

(z, w) · (r1,r2) = (zwr1w , zw 2r2z) (4.1.1)
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Let S3 ⊂C2 and consider the action of Sp(1)×Sp(1)×T 2 on Sp(1)×S3 given by

(p, q, x, y) · (r, (a,b)) = (pr q , (xa, yb)) (4.1.2)

This is a product action of the action of Sp(1)×Sp(1) on the Sp(1) factor and the action

of T 2 on the S3. The former action is transitive, while the latter is by cohomogene-

ity one, hence the product action is cohomogeneity one. The goal here is to find a

torus T contained within the group in the action given by (4.1.2) such that the action

restricted to T is the action given by (4.1.1). This will exhibit CP2#CP2 as a C1BF. To

simplify things, we will rewrite the action (4.1.2) as an action on Sp(1)×Sp(1) so that in

both cases the groups are acting on this space. We identify S3 ⊂ C2 with Sp(1) via the

diffeomorphism (a,b) 7→ a +b j . It is easy to check that under this diffeomorphism of

the S3 factor, the action (4.1.2) is equivariant with the action of Sp(1)×Sp(1)×T 2 on

Sp(1)×Sp(1) given by

(p, q, x, y) · (r, a +b j ) = (pr q , xa + yb j ) (4.1.3)

Finally, writing r2 = a +b j in action 4.1.1 and using the fact that j z = z j for j ∈ Sp(1),

action 4.1.1 becomes

(z, w) · (r, a +b j ) = (zwr w , w 2a + z2w 2b j ) (4.1.4)

Comparing actions (4.1.3) and (4.1.4), it is easy to see that if we define a homomor-

phismΦ : T 2 → Sp(1)×Sp(1)×T 2 byΦ(z, w) = (zw, w, w 2, z2w 2), then the restriction of

action 4.1.3 to the torus T= Im(Φ) is precisely the action 4.1.4. We have thus exhibited

CP2#CP2 as a C1BF.
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We now wish to compute the group diagram and leaf structure for CP2#CP2 arising

from this construction. To do this, we first compute the principal and singular orbits

of the cohomogeneity one action (4.1.3). Once we know the principal and singular or-

bits of this action, we can compute the leaves of the C1BF by taking the quotient of

each leaf by the action of T. Let G = Sp(1)× Sp(1)×T 2. It is easy to check that the

isotropy group of y = (1,1) is Gy = ∆Sp(1)× S1 × {1} and gives a singular orbit G/Gy .

The other singular orbit G/Gu corresponds to the point u = (1, j ) and it is easy to check

that Gu = ∆Sp(1)× {1}×S1. To get the principal orbit G/Gv , we can look at the point

v = (1,1+ j ) and it is easy to check that Gv = ∆Sp(1)× {1}× {1}. Now, to compute the

principal leaf, we use the following general method.

Method: Suppose G acts on M by cohomogeneity one and a subgroup H of G acts

effectively freely on M by restricting the action. Let Gp be the isotropy group corre-

sponding to a point p. Then the orbit containing p is G/Gp and the corresponding leaf

in the C1BF M/H is obtained by taking the biquotient H\G/Gp . To compute this quo-

tient, we think of G/Gp as the quotient by the action of Gp on G by k ·g = g k−1 and the

quotient of G/Gp by H as the quotient by the action of H on G/Gp by h·[g ] = [hg ]. Since

these action commute, the biquotient H\G/Gp is the quotient by the action H ×Gp on

G given by left and right translation, that is (h,k) · g = hg k−1.

Using this and Construction 1.3.2, it is easy to see that the principal leaf is the

biquotient induced by the embedding

T 2 ×Sp(1) → (Sp(1)×Sp(1)×T 2)2

given by (z, w, p) 7→ (zw, w, w 2, z2w 2, p, p,1,1) or, more explicitly, the quotient by the

113



action of T 2 ×Sp(1) on Sp(1)×Sp(1)×T 2 given by

(z, w, p) · (q1, q2, x, y) = (zw q1p, w q2p, z2w 2 y)

To compute this quotient, let Γ= T 2 ×Sp(1) and observe that Γ acts transitively on

the second Sp(1) factor and the T 2 factor. Thus by Proposition 1.3.7 we have

(Sp(1)×Sp(1)×T 2)//Γ≈ Sp(1)/Γe

where e = (1,1,1) ∈ Sp(1)×T 2. It is easy to compute that

Γe = {(1,1,1), (1,−1,−1), (−1,1,1), (−1,−1,−1)}.

Observe that under the action of Γe on Sp(1) that (1,−1,−1) acts ineffectively and that

(−1,1,1) and (−1,−1,−1) act by q 7→ −q . It follows that the action of Γe on Sp(1) is

equivalent to the Z2 action on Sp(1) generated by q 7→ −q . Thus Sp(1)/Γe ≈RP3. Simi-

larly, we can easily compute that the singular leaf corresponding to the quotient of the

singular orbits G/Gy and G/Gu are given by the biquotients induced by the embed-

dings T 2 ×Sp(1)×S1 → (Sp(1)×Sp(1)×T 2)2 given by

(z, w, p, t ) 7→ (zw, w, w 2, z2w 2, p, p, t ,1)

(z, w, p, t ) 7→ (zw, w, w 2, z2w 2, p, p,1, t ),

respectively. From Ge and Radeschi’s classification [GR15], both singular leaves in this

case are necessarily S2.

To summarize, from the computations above, it follows that the C1BF group diagram
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in this case is

Sp(1)×Sp(1)×T 2

T 2 ×Sp(1)×S1 T 2 ×Sp(1)×S1

T 2 ×Sp(1)

M 'CP2#CP2

G//H 'RP3

G//K − ' S2

G//K + ' S2

where the embeddings are

K − →G ×G ; (z, w, p, t ) 7→ (zw, w, w 2, z2w 2, p, p, t ,1)

K + →G ×G ; (z, w, p, t ) 7→ (zw, w, w 2, z2w 2, p, p,1, t )

H →G ×G ; (z, w, p) 7→ (zw, w, w 2, z2w 2, p, p,1,1)

Structure 4.1.2. This construction will exhibit a non-cohomogeneity one structure on

CP2#−CP2. The construction follows the same general procedure as Structure 4.1.1.

From DeVito’s classification of compactly simply connected biquotients [DeV14],

we can write CP 2#−CP 2 = (
Sp(1)×Sp(1)

)
//T 2 where the action of T 2 on Sp(1)×Sp(1)

is given by

(z, w) · (r1,r2) = (z2r1, w znr2zn) (4.1.5)

where n is odd. As we did in Structure 4.1.1, we rewrite this action with r2 = a +b j to

get (4.1.5) in the form

(z, w) · (r, a +b j ) = (z2r, w a +w z2nb j ) (4.1.6)

We again consider the action (4.1.3) from structure 4.1.1 and wish to find a torusT con-

tained within the acting group so that the restriction of the action to T is the same as

action (4.1.5). Comparing actions (4.1.3) and (4.1.6), it is easy to see that if we define
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a homomorphism Φ : T 2 → Sp(1)×Sp(1)×T 2 by Φ(z, w) = (z2,1, w, w z2n), then the re-

striction of action (4.1.3) to the torus T= Im(Φ) is precisely the action (4.1.6). We have

thus exhibited CP2#−CP2 as a non-cohomogeneity one C1BF.

We will now compute the group diagram and leaf structure for CP2#−CP2 arising from

this construction in the same general manner as in structure 4.1.1. We already com-

puted the singular orbits of action cohomogeneity one action (4.1.3) in the previous

structure. Using the same method as in the previous structure, it is easy to see that the

principal leaf is the biquotient induced by the embedding T 2×Sp(1) → (Sp(1)×Sp(1)×
T 2)2 given by (z, w, p) 7→ (z2,1, w, w z2n , p, p,1,1) or, more explicitly, the quotient by the

action of T 2 ×Sp(1) on Sp(1)×Sp(1)×T 2 by

(z, w, p) · (q1, q2, x, y) = (z2q1p, q2p, w x, w z2n y) (n odd)

To compute this quotient, let Γ= T 2 ×Sp(1) and observe that Γ acts transitively on the

last Sp(1) and T 2 factors, hence by Proposition 1.3.7 we have

(Sp(1)×Sp(1)×T 2)/Γ≈ Sp(1)/Γe

where e = (1,1,1) ∈ Sp(1)×T 2. It is easy to compute that Γe = {(ζ,1,1) : ζ2n = 1}. To

compute the quotient, note that Γe acts on Sp(1) by (ζ,1,1) ·q = ζ2q . This is equivalent

to the action of the groupZ2n of 2nth roots of unity acting on Sp(1) by ζ ·q = ζ2q which

is again equivalent to the action of the group of nth roots of unityZn acting by ζ·q = ζq .

It follows that the quotient Sp(1)/Γe ≈ Sp(1)/Zn ≈ Ln , where Ln is the lens space Ln(1)

with n odd. Similarly, it is easy to check that the singular leaves are given by the two

biquotients induced by the embeddings T 2 ×Sp(1)×S1 → (Sp(1)×Sp(1)×T 2)2 given

by (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p, t ,1) and (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p,1, t ). The
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work in case B.3 in Chapter 3 implies that the singular leaves both have to be S2.

To summarize, from the computations above, it follows that the C1BF group diagram

in this case is

Sp(1)×Sp(1)×T 2

T 2 ×Sp(1)×S1 T 2 ×Sp(1)×S1

T 2 ×Sp(1)

M 'CP2#−CP2

G//H ' Ln(1); n odd

G//K − ' S2

G//K + ' S2

where the embeddings are

K − →G ×G ; (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p, t ,1)

K + →G ×G ; (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p,1, t )

H →G ×G ; (z, w, p) 7→ (z2,1, w, w z2n , p, p,1,1)

In particular, in the case n = 1 we have G//H ≈ S3.

Structure 4.1.3. This construction will exhibit a non-cohomogeneity one structure

on S2 ×S2. This construction is essentially the same as structure 4.1.2. In particular,

from DeVito’s classification of compactly simply connected biquotients [DeV14], we

can write S2 ×S2 = (
Sp(1)×Sp(1)

)
//T 2 where the action of T 2 on Sp(1)×Sp(1) is given

by

(z, w) · (r1,r2) = (z2r1, w znr2zn) (n even)

where n is even. This is the same action as the one from structure 4.1.2, the only differ-

ence being that n is now even instead of odd. Thus the same argument as the previous

case applies, and we get the same leaf structure for S2 × S2. In particular, the C1BF

group diagram for S2 ×S2 arising from this construction is
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Sp(1)×Sp(1)×T 2

T 2 ×Sp(1)×S1 T 2 ×Sp(1)×S1

T 2 ×Sp(1)

M ' S2 ×S2

G//H ' Ln(1); n even

G//K − ' S2

G//K + ' S2

where the embeddings are

K − →G ×G ; (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p, t ,1)

K + →G ×G ; (z, w, p, t ) 7→ (z2,1, w, w z2n , p, p,1, t )

H →G ×G ; (z, w, p) 7→ (z2,1, w, w z2n , p, p,1,1)

Structure 4.1.4. This construction will exhibit a non-cohomogeneity one structure on

CP2. The construction requires some knowledge of Eschenburg spaces which we re-

view now. For more details, see [GSZ06]. Let a = (a1, a2, a3) and b = (b1,b2,b3) be

triples of integers such that
∑

ai =∑
bi = c for some integer c. Let

S1
a,b

=
{(

diag(za1 , za2 , za3 ),diag(zb1 , zb2 , zb3 )
)

: z ∈U (1)
}
⊂ SU(3)×SU(3)

The action of S1
a,b

on SU(3) by left and right translation is free if and only if for every

permutation σ ∈ S3, gcd(a1−bσ(1), a2−bσ(2)) = 1. In this case, the resulting 7-manifold

Ea,b = SU(3)//S1
a,b

is called an Eschenburg space. The Eschenburg spaces contain the

homogeneous Aloff-Wallach spaces A , which correspond to the case that bi = 0, i ∈
{1,2,3}. Let E denote the set of Eschenburg spaces. Grove and Ziller noticed that E

contains an infinite family E1 of cohomogeneity one manifolds

E1 =
{

Ep = Ea,b ∈ E : a = (1,1, p), b = (0,0, p +2), p > 0
}
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Observe that the actions by S1
p and S1

−p−1 on SU(3) are equivalent. It follows that E1 is

the unique space in E1∩A . Note that each Ep has cohomogeneity one since the action

of U(2)×SU(2) ⊂ SU(3)×SU(3) on SU(3) by left and right translation commutes with the

S1
p action, and that U(2)\SU(3)/SU(2) =CP2/SU(2), which is an interval. The following

proposition gives the group diagrams for these cohomogeneity one manifolds

Proposition 4.1.1. (Grove-Shankar-Ziller)

The cohomogeneity one action of G = SU(2)×SU(2) on Ep has principal isotropy group

H = {
(±I )p+1, (±I )p

} ≈ Z2 and singular isotropy groups K − = ∆SU(2) · H and K + =
S1

(p+1,p) embedded with slope (p +1, p) in a maximal torus of SU(2)×SU(2).

We are interested in the Aloff-Wallach space E1 and the Eschenburg space E2. Ob-

serve that E1 and E2 admit an SO(3) action in the following way. Write E1 = SU(3)//S1
1

and E2 = SU(3)//S1
2 where

S1
1 =

{(
diag(z, z, z),diag(1,1, z3)

)
: z ∈U (1)

}
⊂ SU(3)×SU(3)

S1
2 =

{(
diag(z, z, z2),diag(1,1, z4)

)
: z ∈U (1)

}
⊂ SU(3)×SU(3)

Then the SU(2) ⊂ SU(3) action on E1 = SU(3)//S1
1 given by A · [X ] = [AX ] is well defined

with kernel Z2 = {±I }, so the effective action is by SU(2)/Z2 = SO(3). The authors show

that in the case of E1 and E2, the SO(3) action is free. Moreover, this action preserves

the orbits of the cohomogeneity one actions on these spaces. Thus taking the quotient

of E1 and E2 by the SO(3) action we obtain a C1BF structure on each of these spaces.

We will compute the leaf structure of these C1BFs.

The above proposition tells us that the group diagram for E1 is
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SU(2)×SU(2)

∆SU(2) ·H S1
(2,1)

H

where H = {
(I , I ), (I ,−I )

}
. Observe that since H commutes with everything in ∆SU(2),

it follows that ∆SU(2) · H is just the group of all products of things in ∆SU(2) and H .

From this observation, it follows that

∆SU(2) ·H = {
(A, A) : A ∈ SU(2)

}∪{
(A,−A) : A ∈ SU(2)

}

Therefore, to compute the singular orbit corresponding to ∆SU(2) ·H , we use proposi-

tion 1.1.2. In particular,

(
SU(2)×SU(2)

)
/
(
∆SU(2) ·H

)≈ ((
SU(2)×SU(2)

)
/∆SU(2)

)
/Z2

Clearly
(
SU(2)×SU(2)

)
/∆SU(2) ≈ S3. It follows then that the quotient by Z2 is SO(3) ≈

RP3. Thus the singular orbit
(
SU(2)× SU(2)

)
/
(
∆SU(2) · H

) ≈ RP3. For the other sin-

gular orbit, it follows from Barden’s classification of simply connected 5 manifolds

[Bar65] that
(
SU(2)×SU(2)

)
/S1

(2,1) ≈ S3 ×S2. For the principal orbit, H = {
(I , I ), (I ,−I )

}
so

(
SU(2)× SU(2)

)
/H is the quotient by the action of H on SU(2)× SU(2) by (I ,±I ) ·

(X ,Y ) = (X ,±Y ) which is really just the antipodalZ2 action on the second factor, hence(
SU(2)×SU(2)

)
/H ≈ SU(2)×SO(3) ≈ S3 ×RP3. Similarly, the above proposition tells us

that the group diagram for E2 is
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SU(2)×SU(2)

∆SU(2) ·H S1
(3,2)

H

and the same calculations as above tell us that the orbits are the same as in the case of

E1.

Now, to get the leaves, it is not too difficult to see that principal leaf is

(
SU(2)×SO(3)

)
/SO(3) ≈ SU(2) ≈ S3

and the singular leaves are SO(3)/SO(3) = pt and S3 ×S2/SO(3) ≈ S2. A C1BF with this

leaf structure is necessarily CP2.

4.2 C1BFs in Dimension 5

He we will give explicit models of C1BFs in dimension 5 which realize the leaf struc-

tures determined in Chapter 3.

Structure 4.2.1. In this structure we exhibit an non-cohomogeneity one C1BF struc-

ture on the sphere S5. We start by embedding U(2) → SU(3) via the standard block

diagonal embedding S(U(1)U(2)). Then G = U(2)×U(2) acts on SU(3) by left and right

translation (A,B) ·X = AX B∗. Consider the matrix

X =


1p
2

1p
2

0

1p
2

− 1p
2

0

0 0 −1

 ∈ SU(3)

We show that the orbit of X under the action of G has codimension one, hence the

121



action above is cohomogeneity one. Indeed, consider arbitrary elements of SU(2) ⊂
SU(3)

A =


z 0 0

0 a b

0 c d

 B =


w 0 0

0 r s

0 t v


where z = 1

ad−bc and w = 1
r v−st and z, w ∈ U(1). It is easy to compute

AX B∗ =


zwp

2
zrp

2
zt

awp
2

− arp
2
−bs − atp

2
−bv

cwp
2

− crp
2
−d s − ctp

2
−d v

= X

if and only if

A = B =


z 0 0

0 z 0

0 0 z2


It follows that the isotropy GX is a circle and the orbit G/GX is codimension one as

desired. Similarly, it is easy to see that the identity matrix I and the matrix

Y =


0 0 −1

0 −1 0

−1 0 0


do not lie in the same orbit and G I =∆U(2) ⊂ SU(3)×SU(3). Moreover, a similar com-
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putation to the principal isotropy group above shows that

GY =
{(

diag(zw , z, z),diag(w, z, zw)
)

: z, w ∈ U(1)
}
≈ T 2

so the orbits of I and Y are singular orbits. As a simplification, we can write down the

group diagram of the above cohomogeneity one action as

U(2)×U(2)

U(2) T 2

S1

where U(2) is embedded diagonally and S1 ×S1 is embedded via

(z, w) 7→ (
diag(z, w),diag(w, zw )

)

and S1 is embedded via z 7→ (z, z2).

Now, consider the restriction of the cohomogeneity one action above to SU(2)×
{I } ⊂ U(2)×U(2), embedded as above. It is easy to see that the restriction of the above

action to this subgroup is free, hence the quotient of SU(3) by this subaction is a C1BF

and, in fact, the quotient is diffeomorphic to SU(3)/SU(2) which is necessarily diffeo-

morphic S5. We will now compute the leaves of the action using the same method as in

structure 4.1.1. The principal leaf will be the quotient of U(2)×U(2) by the biquotient

action induced by the embedding SU(2)×S1 → (U(2)×U(2))2 via

(A, z) 7→ (
A, I ,diag(z, z2),diag(z, z2)

)

or, more explicitly, the biquotient action of Γ = SU(2) × S1 on U(2) × U(2) by (A, z) ·
(X ,Y ) = (

AX diag(z, z2),Y diag(z, z2)
)
. Clearly this action is transitive on the first U(2)
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factor. Thus, by proposition 1.3.7

(U(2)×U(2))/(SU(2)×S1) ≈ U(2)/ΓI

whereΓI is the isotropy of the identity I ∈ U(2) with respect to the action ofΓon the first

U(2) factor. But (A, z) · I = Adiag(z, z2) = I if and only if A = diag(z, z2). But A ∈ SU(2)

so det A = z = 1, hence z = 1 and A = I . Thus ΓI is trivial, so the principal leaf is U(2)

which, as a manifold, is diffeomorphic to S3 × S1. Now let us compute the singular

leaves.

The singular leaves are the biquotients induced by the embedding SU(2) × U(2) →
(U(2)×U(2))2 given by (A,B) 7→ (A, I ,B ,B) and the embedding SU(2)×T 2 → (U(2)×
U(2))2 given by (A, z, w) 7→ (

A, I ,diag(z, w), (zw )
)
. The first induces the action of L =

SU(2)×U(2) on U(2)×U(2) given by

(A,B) · (X ,Y ) = (AX B∗,Y B∗)

and the second induces the action of F = SU(2)×T 2 on U(2)×U(2) by

(A, z, w) ·X = (
AX diag(z, w ),Y diag(z, zw)

)

For the first of these actions, clearly the action is transitive on the first factor, so again

by 1.3.7

(U(2)×U(2))/(SU(2)×U(2)) ≈ U(2)/∆SU(2)

where ∆SU(2) is the isotropy of the identity I ∈ U(2) with respect to the action of L on

the first U(2) factor. Clearly this quotient is diffeomorphic to U(2)/SU(2) ≈ S1. For the

other singular leaf, again the action of F on the first factor is transitive, so by the same
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lemma

(U(2)×U(2))/(SU(2)×T 2) ≈ U(2)/FI

where FI is the isotropy of the identity I ∈ U(2) with respect to the action of F on the

first factor. It is easy to compute

FI =
{(

diag(z, z), z, z
)

: z ∈ U(1)
}
≈ U(1)

Now, the quotient U(2)/FI is clearly diffeomorphic to U(2)/U(1) ≈ S3.

To summarize, from the computations above, it follows that the C1BF diagram in this

case is

U(2)×U(2)

SU(2)×U(2) SU(2)×T 2

SU(2)×S1

M ' S5

G//H ' S3 ×S1

G//K − ' S1

G//K + ' S3

where the embeddings are

K − →G ×G ; (A,B) 7→ (A, I ,B ,B)

K + →G ×G ; (A, z, w) 7→ (
A, I ,diag(z, w), (z w )

)
H →G ×G ; (A, z) 7→ (

A, I ,diag(z, z2),diag(z, z2)
)

Structure 4.2.2. In this structure we exhibit several non-cohomogeneity one C1BF

structure on S3×S2 which arise by varying the parameters in the equation below. From

DeVito’s classification of simply connected biquotients [DeV14], we can write S3×S2 =
(Sp(1)×Sp(1))//S1 where the action of S1 on Sp(1)×Sp(1) is given by

z · (r1,r2) = (zar1zc , zbr2zd ) (4.2.1)
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where a,b,c,d are integers with gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 −d 2) = 1. Writing

r2 = a +b j , action 4.2.1, becomes

z · (r1, a +b j ) = (zar1, zc , zb−d x + zb+d y j ) (4.2.2)

We again consider the same cohomogeneity one action (4.1.3) that we used in structure

4.1.1. Comparing action (4.1.3) to action (4.2.2), we see that if we define a homomor-

phismΦ : S1 → Sp(1)×Sp(1)×T 2 byΦ(z, w) = (za , zc , zb−d , zb+d ), then the restriction of

action (4.1.3) to the circle Im(Φ) is precisely the action (4.2.2). We have thus exhibited

S3 ×S2 as a C1BF.

We now wish to compute the group diagram and leaf structure for S3 ×S2 arising from

this construction. Using the principal and singular orbits of action (4.1.3), we see

that the principal leaf is the biquotient induced by the homomorphism S1 ×Sp(1) →
(Sp(1)× Sp(1))2 by (z, p) 7→ (za , zc , zb−d , zb+d , p, p,1,1). More precisely, the principal

leaf is the quotient by the action of S1 ×Sp(1) on Sp(1)×Sp(1)×T 2 by

(z, p) · (q1, q2, w1, w2) = (za q1p, zc q2p, zb−d w1, zb+d w2) (4.2.3)

To compute the quotient, there are several cases to consider. In particular, we

would like to be able to assume that at least one of a or c is nonzero and that one

of b −d and b +d is nonzero. The cases where a and c are both zero, as well as the

cases where b −d and b +d are both zero will be referred to as exceptional cases and

the cases where at least one of a or c is nonzero and at least one of b −d or b +d is

nonzero will be referred to as standard cases. We will first deal with the exceptional

cases since these are easier.

When a = c = 0 or b −d = b +d = 0,the gcd conditions imply that the following list
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gives the only permissible values of the parameters:

1. (a,b,c,d) = (0,±1,0,0)

2. (a,b,c,d) = (0,0,0,±1)

3. (a,b,c,d) = (±1,0,0,0)

4. (a,b,c,d) = (0,0,±1,0)

It is easy to see that the family of actions given by (1) and (2) are equivalent and that

the family of actions given by (3) and (4) are equivalent. Thus we need only consider

the cases where (a,b,c,d) = (0,1,0,0) and (a,b,c,d) = (1,0,0,0) separately.

We will also like to compute the singular leaves in the exceptional cases. We note

that the singular leaves are the biquotients induced by the embeddings S1×Sp(1)×S1 →
(Sp(1)×Sp(1)×T 2)2 by (z1, p, z2) 7→ (za

1 , zc
1, zb−d

1 , zb+d
1 , p, p, z2,1) and S1 ×Sp(1)×S1 →

(Sp(1)×Sp(1)×T 2)2 by (z1, p, z2) 7→ (za
1 , zc

1, zb−d
1 , zb+d

1 , p, p,1, z2) or, more precisely, the

actions of S1 ×Sp(1)×S1 on Sp(1)×Sp(1)×T 2 given, respectively, by the following

(z1, p, z2) · (q1, q2, w1, w2) = (za
1 q1p, zc

1q2p, zb−d
1 w1z2, zb+d

1 w2) (4.2.4)

(z1, p, z2) · (q1, q2, w1, w2) = (za
1 q1p, zc

1q2p, zb−d
1 w1, zb+d

1 w2z2) (4.2.5)

Exceptional Case 1: (a,b,c,d) = (0,1,0,0)

In this case, the principal leaf is the quotient by the action of S1 ×Sp(1) on Sp(1)×
Sp(1)×T 2 given by

(z, p) · (q1, q2, w1, w2) = (q1p, q2p, zw1, zw2)

This action is clearly transitive on the first and third factors so by proposition 1.3.7 we

have that the quotient is diffeomorphic to (Sp(1)× S1)/Γe where Γe is the isotropy of
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the identity e = (1,1) of the transitive factors. But it is easy to see that Γe is trivial, so we

have

(Sp(1)×S1)/Γe ≈ S3 ×S1

For the first singular leaf, note that in this case action 4.2.4 becomes

(z1, p, z2) · (q1, q2, w1, w2) = (q1p, q2p, z1w1z2, z1w2)

This action is transitive on the last three factors, so again by 1.3.7 we have that the quo-

tient is diffeomorphic to Sp(1)/Γe where Γe is the isotropy on the identity e = (1,1,1) on

the transitive factors. It is again easy to see that Γe is trivial so

Sp(1)/Γe ≈ S3

Essentially the same computation shows that the other singular leaf is S3 as well. To

summarize, from the computations above, it follows that the C1BF group diagram for

S3 ×S2 in this exceptional case is

Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3 ×S2

G//H ' S3 ×S1

G//K − ' S3

G//K + ' S3

where the embeddings are

K − →G ×G ; (z, p, w) 7→ (1,1, z, z, p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (1,1, z, z, p, p,1, w)

H →G ×G ; (z, p) 7→ (1,1, z, z, p, p,1,1)
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Exceptional Case 2: (a,b,c,d) = (1,0,0,0)

In this case, the principal leaf is the quotient by the action of S1 ×Sp(1) on Sp(1)×
Sp(1)×T 2 given by

(z, p) · (q1, q2, w1, w2) = (zq1p, q2p, w1, w2)

This is transitive on the third factor so by proposition 1.3.7 the quotient is diffeo-

morphic to (Sp(1)×T 2)/Γe where Γe is the isotropy on e = 1 of the transitive factor. It is

easy to see that Γe = {(z,1) : z ∈ S1} ≈ S1 and that the quotient is

(Sp(1)×T 2)/Γe ≈ S2 ×T 2

For the first singular leaf, action 4.2.4 reduces to

(z1, p, z2) · (q1, q2, w1, w2) = (z1q1p, q2p, w1z2, w2)

which, using essentially the same argument we see that the singular leaf corresponding

to this action is S2 ×S1. Similarly, the action for the other singular leaf reduces to

(z1, p, z2) · (q1, q2, w1, w2) = (z1q1p, q2p, w1, w2z2)

and it is easy to compute the singular leaf in this case is also S2 ×S1. To summarize,

from the computations above, it follows that the C1BF group diagram for S3×S2 in this

exceptional case is
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Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3 ×S2

G//H ' S2 ×T 2

G//K − ' S2 ×S1

G//K + ' S2 ×S1

where the embeddings are

K − →G ×G ; (z, p, w) 7→ (z,1,1,1, p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (z,1,1,1, p, p,1, w)

H →G ×G ; (z, p) 7→ (z,1,1,1, p, p,1,1)

We now examine several standard cases which are much more complicated than

the exceptional cases.

Standard Case 1: In this case we will assume b−d 6= 0, at least one of a and c is nonzero,

and additionally that a 6= ±c. The principal leaf is given by action (4.2.3) above. In this

case, since b −d 6= 0, the action is clearly transitive on the first and third factors, so by

Proposition 1.3.7 we have

(Sp(1)×Sp(1)×T 2)/S1 ×Sp(1) ' (Sp(1)×S1)/Γe

where Γe is the isotropy of the action on the identity e = (1,1) of the transitive factors.

It is easy to compute that

Γe =
{
(ζ,ζa) : ζb−d = 1

}'Zb−d = {ζ : ζb−d = 1} ⊂ S1

Therefore it follows that the principal leaf is given by the quotient of the action of Zb−d
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on Sp(1)×S1 by

ζ · (q, w) = (ζc qζ
a

,ζb+d w) (4.2.6)

The quotient of the above action depends on the parameter values, so we break the

analysis into a couple of cases.

Standard Case 1.1: In this case we will assume b −d 6= 0, b +d = 0, and at least one

of a and c is nonzero, and additionally that a 6= ±c. In this case, the quotient which

determines the principal leaf reduces to the action of Zb−d on Sp(1)×S1 by

ζ · (q, w) = (ζc qza , w)

In particular, the action is trivial on the second factor so

(Sp(1)×S1)/Zb−d ' (
Sp(1)/Zb−d

)×S1

But b+d = 0 implies that b−d = 2b hence b2−d 2 = 0. Hence 1 = gcd(a2−c2,0) implies

that a2 − c2 = ±1 so (a,c) = (±1,0). Thus we assume (a,c) = (1,0) since the parameter

values will clearly have the same quotients. It follows that the quotient for the principal

leaf is the quotient by the action of Z2b on Sp(1)×S1 by ζ · (q, w) = (qζ, w). It follows

immediately that the principal leaf is

(Sp(1)×S1)/Z2b ' L2b(1)×S1

where b is any positive integer. Now let us compute the singular leaves under the as-

sumptions of Standard Case 1.1. The quotients for the singular leaves are given by ac-

tions (4.2.4) and (4.2.5) above. Under the assumptions of this case however, the action
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(4.2.4) reduces to

(z1, p, z2) · (q1, q2, w1, w2) = (z1q1p, q2p, z2b
1 w1z2, w2)

The action is transitive on the first and third factors so by Proposition 1.3.7 we have

that this singular leaf is given by the quotient

(Sp(1)×Sp(1)×T 2)/(S1 ×Sp(1)×S1) ' (Sp(1)×S1)/Γe

where Γe is the isotropy of the identity (1,1) of the transitive factors. It is easy to com-

pute that

Γe =
{
(z, z, z2b) : z ∈ S1}' S1

so it follows that the action of Γe on Sp(1)×S1 is given by

z · (q, w) = (qz, w).

Therefore, this singular leaf is clearly diffeomorphic to

(Sp(1)×S1)/S1 ' S2 ×S1.

For the other singular leaf, this is the quotient by (4.2.5) which under our assumptions

reduces to

(z1, p, z2) · (q1, q2, w1, w2) = (z1q1p, q2p, z2b
1 w1, w2z2)

This action is transitive on the first, third, and fourth factors, so by Proposition 1.3.7 we

have

(Sp(1)×Sp(1)×T 2)/(S1 ×Sp(1)×S1) ' Sp(1)/Γe
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where Γe is the isotropy of the identity (1,1,1) of the transitive factors. It is easy to

compute here that

Γe =
{
(ζ,ζ,1) : ζ2b = 1

}'Z2b ⊂ S1

It follows that this singular leaf is equivalent to the quotient ofZ2b on Sp(1) by ζ·q = qζ,

so clearly this singular leaf is diffeomorphic to

Sp(1)/Z2b ' L2b(1)

To summarize, from the computations above, it follows that the C1BF group dia-

gram for S3 ×S2 in Standard case 1.1 is

Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3 ×S2

G//H ' L2b(1)×S1

G//K − ' S2 ×S1

G//K + ' L2b(1)

where the embeddings are

K − →G ×G ; (z, p, w) 7→ (z,1, z2b ,1, p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (z,1, z2b ,1, p, p,1, w)

H →G ×G ; (z, p) 7→ (z,1, z2b ,1, p, p,1,1)

Standard Case 1.2:

Now we assume that in addition to the assumptions made for Standard Case 1 above,

that we also have b +d 6= 0. It follows that the action (4.2.6) for the principal leaf is

now nontrivial on the second factor. To determine the quotient, we write q = x+ y j for

x, y ∈C. Then ζc qζ
a = ζc (x + y j )ζ

a = ζc−a x +ζc+a y j = x + y j if and only if at least one
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of ζc−a or ζc+a is 1. In particular, ζ is a (b −d)th root of unity and either a (c + a)th or

(c−a)th root of unity. But gcd(c±a,b−d) ≤ gcd(a2−c2,b2−d 2) = 1 so gcd(c±a,b−d) = 1

and hence ζ = 1 using the fact that if ζn = ζm = 1, then ζgcd(m,n) = 1. Thus the action

giving the principal leaf is free when restricted to the action on the first coordinate.

Thus the associated bundle construction implies that we get a bundle

S1 → Sp(1)×Zb−d S1 → S3/Zb−d

That is, the quotient is a circle bundle over a lens space. It follows from Theorem 3.2.2

that the quotient is diffeomorphic to L×S1 for some lens space L.

To determine the the lens space L, we consider the action of Z×Z on S3 ×R (the

universal cover of L×S1) given by

(n,m) · (p, t ) = (
zn

0 ?p, t +m +n(
b +d

b −d
)
)

(4.2.7)

where z0 = e
2πi
b−d is the generator of Zb−d and ? is any free action of Zb−d on S3.

Lemma 4.2.1. The action (4.2.7) is effectively free with kernel K generated by (b−d ,−(b+
d)). In particular, the action is effectively a free action byZe ×Z, where e = gcd(b−d ,b+
d).

Proof. Suppose (n,m) · (p, t ) = (p, t ). This implies
(
zn

0 ?p, t +m+n( b+d
b−d )

)= (p, t ). Thus

we have the following two conditions hold:

1. zn
0 ?p = p 2. t +m +n( b+d

b−d ) = t

Condition (1) implies zn
0 = 1 hence e

2πi n
b−d = 1 so b −d = n and, therefore n = k(b −

d) but then condition (2) implies m +k(b +d) = 0 so m = k(−(b +d)). Thus (n,m) =
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(
k(b −d),k(−(b +d))

)
for some k ∈ Z. In other words, the kernel K is generated by

(b −d ,−(b +d)). Finally, it follows from Smith Normal Form that (Z×Z)/K ' Ze ×Z
where e = gcd(b −d ,b +d).

We now claim that (S3 ×R)/(Z×Z) is diffeomorphic to the principal leaf (Sp(1)×
S1)/Zb−d provided we choose? to be the action given by the action on the first coordi-

nate of action (4.2.6). Now, since the Z actions on S3 ×R given by n and m commute,

we can compute the quotient by first taking the quotient by the action of Z by m, fol-

lowed by the quotient of the action of Z given by n. The former is the quotient of the

action of Z on S3 ×R given by m · (p, t ) = (p, t +m). Then we have that the quotient by

this action is

(S3 ×R)/Z' S3 × (R/Z) ' S3 ×S1.

Now, the Z factor corresponding to n acts on S3 ×R by n · (p, t ) = (
zn

0 ?p, t +n + ( b+d
b−d )

)
so acts on S3 × (R/Z) by

n · (p, [t ]) =
(
zn

0 ?p,
[
t +n(

b +d

b −d
)
])

(4.2.8)

Let F : S3 × (R/Z) → S3 ×S1 be the diffeomorphism (p, [t ]) 7→ (p,e2πi t ). We observe that

this diffeomorphism is equivariant with respect to the action (4.2.8) and the action of

Z on S3 ×S1 defined by

n ¦ (p, w) = (zn
0 ?p, (zn

0 )b+d w)

But z0 is a generator of Zb−d ⊂ S1 and the action ? was defined to be the action given

by the action on the first coordinate of of action (4.2.6), so this is in fact the same as

the action (4.2.6). This shows that (S3 ×R)/Z×Z is diffeomorphic to the principal leaf

(Sp(1)×S1)/Zb−d . In particular, putting this all together, we have that the principal leaf
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is

(Sp(1)×S1)/Zb−d ' (S3 ×R)/(Z×Z) ' (S3 ×R)/(Ze ×Z) ' Le (q)×S1

for some q , where e = gcd(b −d ,b +d). To determine this value of q , we recall that

the action of Zb−d on S3 which determines the lens space was given by ζ · p = ζc qζ
a

.

Writing p = z1 + z2 j we see that ζ · (z1 + z2 j ) = ζc−a z1 +ζc+a z2 j . Therefore, this action

is equivalent to the action of Zb−d on S3 ⊂ C2 given by ζ(z1, z2) = (ζc−a z1,ζc+a z2). It

follows that the quotient is

S3/Zb−d ' Lb−d (µ−(c +a)).

where µ− is the multiplicative inverse of c −a in Zb−d .

We now compute the singular leaves. The first singular leaf is given by the quotient

of the action (4.2.4) above. In particular, this action is transitive on all but the second

factor, so

(Sp(1)×Sp(1)×T 2)/(S1 ×Sp(1)×S1) ' Sp(1)/Γe

where Γe is the isotropy of the identity (1,1,1) of the transitive factors. It is easy to

compute that

Γe = {(ζ,ζa ,ζb−d ) : ζb+d = 1} 'Zb+d ⊂ S1

Note thatZb+d = Γe acts on S3 by ζ ·q = ζc qζ
a

or, equivalently, Zb+d acts on S3 ⊂C2

by ζ(z1, z2) = (ζc−a z1,ζc+a z2). It follows that

S3/Zb+d ' Lb+d (µ+(c +a))

where µ+ is the multiplicative inverse of c −a in Zb+d .
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Finally, the other singular leaf is the quotient by action (4.2.5) and similar work

shows that this singular leaf is diffeomorphic to

S3/Zb−d ' Lb−d (µ−(c +a))

where µ− is the same as above.

To summarize, from the computations above, it follows that the C1BF group dia-

gram for Standard Case 1.2 is

Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3 ×S2

G//H ' Le (µ−(c +a))×S1

G//K − ' Lb+d (µ+(c +a))

G//K + ' Lb−d (µ−(c +a))

where the embeddings are

K − →G ×G ; (z, p, w) 7→ (za , zc , zb−d , zb+d , p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (za , zc , zb−d , zb+d , p, p,1, w)

H →G ×G ; (z, p) 7→ (za , zc , zb−d , zb+d , p, p,1,1)

where gcd(a,b,c,d) = 1, gcd(a2−c2,b2−d 2) = 1 and b±d 6= 0 and a±c 6= 0. The leaves

are G//H ≈ Le (µ−(c+a))×S1 and G//K − ≈ Lb+d (µ+(c+a)) and G//K + ' Lb−d (µ−(c+a))

where e = gcd(b −d ,b +d), µ− is the multiplicative inverse of c − a in Zb−d and µ+ is

the multiplicative inverse of c −a in Zb+d .

As a special case of Standard Case 1.2, we observe that if we choose c = 1 and a = 0,

then gcd(a,b,c,d) = gcd(a2−c2,b2−d 2) = 1 for any choice of b and d and µ± = 1. Thus
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G//K − = Lb+d (1) and K + = Lb−d (1). If we choose b +d and b −d to be relatively prime,

then e = 1 and hence G//H = S3 × S1, which gives us models of C1BFs in Case C.4.8

of Chapter 3 with leaf structure (S3 × S1,Lm(r ),Ln(r )) in the special case that r = 1.

Observe that if b −d = m and b +d = n, then 2b = m +n and hence m +n is even,

so m and n are either both even or both odd. However, they can’t both be even since

gcd(m,n) = 1. Moreover, if m and n are both odd, and b −d = m and b +d = n, then

b and d have opposite parity. Since m and n are both odd, the midpoint m+n
2 is an

integer. We set b = m+n
2 and d = n−m

2 and observe then that b +d = n and b −d = m

and note that if the midpoint b is even then d is odd and if d is even then the midpoint

b is odd. It follows that we can get all C1BFs in case C.4.8 in the case where r = 1 and

m and n are both odd from the Standard Case 1.2.

Structure 4.2.3. This is an extension of the work from Structure 4.2.2. In particular, if

we now assume that gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 −d 2) = 4 we will get C1BFs

which are diffeomorphic to S3×̂S2. We will consider two cases below.

Case 1: Here we make the same assumptions on the parameters (aside from the gcd

conditions) as in Standard Case 1.1 of Structure 4.2.2. Note that b +d = 0 implies that

b2 −d 2 = 0 so 4 = gcd(a2 − c2,0) which implies (a,c) = (±2,0). We assume that b = 2.

But we then also have 4 = gcd(a,b,c,d) = gcd(2,b) which implies that b is odd. Now,

the action for the principal leaf, which is given by action (4.2.6) is an action of Z2b on

Sp(1)×S1 given by

ζ · (q, w) = (qζ
2
, w)

This action is effectively free with kernel Z2 = ±1. Thus the action is effectively a

Z2b/Z2 'Zb action given by

ζ · (q, w) = (qζ, w).
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Thus the principal leaf is

(Sp(1)×S1)/Zb ' (Sp(1)/Zb)×S1 ' Lb(1)×S1.

for b an odd integer. For the singular leaf given by action (4.2.4), the action reduces to

(z1, p, z2) · (q1, q2, w1, w2) = (z2
1 q1, p, q2p, z2b

1 w1z2, w2)

It is not difficult to compute that the quotient for this singular leaf is

(Sp(1)×S1)/S1 ' S2 ×S1.

The other singular leaf is given by action (4.2.5) and the same sort of argument as in

Standard Case 1.1 of Structure 4.2.2 allows us to compute the corresponding singular

leaf is

Sp(1)/Zb ' Lb(1)

for b odd.

To summarize, from the computations above, it follows that the C1BF group dia-

gram for S3×̂S2 in this case is

Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3×̂S2

G//H ' Lb(1)×S1; b odd

G//K − ' S2 ×S1

G//K + ' Lb(1); b odd
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where the embeddings are

K − →G ×G ; (z, p, w) 7→ (z,1, z2b ,1, p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (z,1, z2b ,1, p, p,1, w)

H →G ×G ; (z, p) 7→ (z,1, z2b ,1, p, p,1,1)

Case 2: Here we make the same assumptions on the parameters as in Standard Case

1.2 of Structure 4.2.2. The principal leaf is given by action (4.2.6). Write q = x + y j for

x, y ∈ C. Then ζ · q = ζc−a x +ζc+a y j = x + y j if and only if at least one of ζc−a or ζc+a

is 1. Thus ζ is a (b −d)th root of unity and either a (c + a)th or (c − a)th root of unity.

Since gcd(c±a,b−d) divides a2−c2 and b2−d 2 and any divisor divisor of two numbers

divides their gcd, it follows that gcd(a ± c,b −d) both divide gcd(a2 − c2,b2 −d 2) = 4.

Thus gcd(a±c,b−d) ∈ {1,2,4}. It is easy to se that the case where this gcd is equal to 1 or

4 is impossible, so it has to be 2. Since ζb−d = ζa±c = 1, we must have ζgcd(a±c,b−d) = 1.

It follows that ζ=±1. But then 2 divides (a + c)(a − c) and 2 divides (b +d)(b −d). But

2 divides a + c if and only if 2 divides a − c and similarly 2 divides b +d if and only if 2

divides b −d . Thus gcd(a ± c,b −d) = 2. Thus the action (4.2.6) is effectively free with

kernelZ2 = {±1}. Note also that the above work implies that b±d and c±a are all even.

Now, rewrite action (4.2.6) in terms of an action of S3 ⊂C2, which we see is an action of

Zb−d on S3 ×S1 given by

ζ · (z1, z2, w) = (ζc−a z1,ζc+a y,ζb+d w).

Note that Z2 = {±1} is a normal subgroup of the kernel of this action. Thus Zb−d /Z2 '
Z b−d

2
acts on S3 × S1 with the added benefit that the action by Z b−d

2
is free on the S3

factor. Note that the isomorphism Zb−d /Z2 'Z b−d
2

is given by [ζ] 7→ ζ2 and hence Z b−d
2
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acts on S3 ×S1 by

ζ2 · (z1, z2, w) = [ζ] · (z1, z2, w) = (ζc−a z1,ζc+a z2,ζb−d w) = (
(ζ2)

c−a
2 , (ζ2)

c+a
2 , (ζ2)

b−d
2

)
.

It follows that the principal leaf is the quotient by the action of Z b−d
2

on S3 ×S1 by

ζ · (z1, z2, w) = (ζ
c−a

2 z1,ζ
c+a

2 z2,ζ
b−a

2 w).

A similar argument to that in Standard Case 1.2 of Structure 4.2.2 implies that the prin-

cipal leaf is diffeomorphic to Le/2(µ− c+a
2 ) where µ− is the multiplicative inverse of c−a

2

in Z b−d
2

and e = gcd(b −d ,b +d). Note also that e
2 = gcd( b−d

2 , b+d
2 ). Similarly, one can

show that the other singular leaf corresponding to action (4.2.4) is diffeomorphic to

L b+d
2

(µ+ c+a
2 ) where µ+ is the multiplicative inverse of c−a

2 in Z b+d
2

and the singular leaf

corresponding to (4.2.5) is diffeomorphic to L b−d
2

(µ− c+a
2 ) whereµ+ is the multiplicative

inverse of c+a
2 in Z b+d

2
.

To summarize, from the computations above, it follows that the C1BF group dia-

gram for S3×̂S2 in this case is

Sp(1)×Sp(1)×T 2

S1 ×Sp(1)×S1 S1 ×Sp(1)×S1

S1 ×Sp(1)

M ' S3×̂S2

G//H ' L e
2

(µ− c+a
2 )×S1

G//K − ' L b+d
2

(µ+ c+a
2 )

G//K + ' L b−d
2

(µ− c+a
2 )
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where the embeddings are

K − →G ×G ; (z, p, w) 7→ (za , zc , zb−d , zb+d , p, p, w,1)

K + →G ×G ; (z, p, w) 7→ (za , zc , zb−d , zb+d , p, p,1, w)

H →G ×G ; (z, p) 7→ (za , zc , zb−d , zb+d , p, p,1,1)

where gcd(a,b,c,d) = 1, gcd(a2 − c2,b2 −d 2) = 4 and b ±d 6= 0 and c ±a 6= 0. Note that

these conditions imply that b±d and c±a are even. The leaves are G//H ≈ L e
2

(µ− c+a
2 )×

S1 and G//K − ≈ L b+d
2

(µ+ c+a
2 ) and G//K + ' L b−d

2
(µ− c+a

2 ) where e = gcd(b −d ,b +d), µ−

is the multiplicative inverse of c−a
2 in Z b−d

2
and µ+ is the multiplicative inverse of c−a

2

in Z b+d
2

.

As a special case of Case 2, if we choose c = 2 and a = 0, then µ± = 1 so G//K − =
L b+d

2
(1) and G//K + = L b−d

2
(1). Choosing b and d so that gcd(b −d ,b +d) = 2 gives e

2 = 1

so G//H = S3 × S1 which will give us models C1BFs of Case C.4.8 of Chapter 3 with

leaf structure (S3 ×S1,Lm(r ),Ln(r )). Note that we must also have gcd(a,b,c,d) = 1 and

gcd(a2−c2,b2−d 2) = 4, and if we want gcd(a,b,c,d) = 1 then at least one of b or d must

be odd. Moreover, gcd(a2 − c2,b2 −d 2) = gcd(4,b2 −d 2) = 4 implies 4 divides b2 −d 2.

Thus 2 divides b +d or 4 divides b −d , so b and d must both be odd. Now, we want

b+d
2 = m and b−d

2 = n so b +d = 2m and b −d = 2n. Hence b = m +n and, moreover,

since b is odd we must have that m and n have opposite parity. We assume that WLOG

that m < n. Set b = 2m+2n
2 = m +n and d = 2n−2m

2 = n −m. Then b+2
2 = n and b−d

2 = m

so we get every C1BF of Case C.4.8 of Chapter 3 for m and n with opposite parity.

Structure 4.2.4. Here we will exhibit a C1BF structure on S3 ×S2. Consider the coho-
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mogeneity one action of Sp(1)×Sp(1) on Sp(1)×Sp(1) by

(r, s) · (p, q) = (r pr ,r qs) (4.2.9)

Recall that the quotient by the action of S1 on Sp(1)×Sp(1) by

z · (p, q) = (za pzc , zb qzd ) (4.2.10)

gives S3 × S2 if gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 −d 2) = 1, and gives S3×̂S2 when

gcd(a,b,c,d) = 1 and gcd(a2 − c2,b2 − d 2) = 4. We see that if a = b = c, r = za and

s = zd , then these two actions are the same. In this case, it is easy to check that the gcd

conditions imply that the only permissible values for the parameters are

1. (a,b,c,d) = (1,1,1,0)

2. (a,b,c,d) = (−1,−1,−1,0)

3. (a,b,c,d) = (0,0,0,1)

4. (a,b,c,d) = (0,0,0,−1)

Thus restricting action 4.2.9 to S1 = Im
(
z 7→ (za , zd )

) ⊂ Sp(1) × Sp(1) for (a,d) =
(±1,0) or (a,d) = (0,±1) and taking the quotient gives us C1BF structures on S3 ×S2. It

is clear that parameter values will yield the same results. Thus we need only consider

parameter values (1). It is easy to compute that the singular and principal isotropy

groups corresponding to y = (1,1), u = (−1,1) and v = (i ,1), respectively, are Ge =Gu =
∆Sp(1) and Gv =∆S1. Now, let us compute the leaves of the corresponding C1BF in the

case (a,b,c,d) = (1,0,0,0). In this case, the principal leaf is the biquotient induced by

the embedding T 2 → (Sp(1)×Sp(1))2 by (z, w) 7→ (z,1, w, w) or, more explicitly, the the

action of T 2 on Sp(1)×Sp(1) by

(z, w) · (p, q) = (zpw , qw)
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To compute the quotient, it is easy to see that the diffeomorphism f : Sp(1)×Sp(1) →
Sp(1)× Sp(1) given by f (p, q) = (pq , q) intertwines the above action with the action

(z, w)? (p, q) = (zp, qw). It follows that the principal leaf is S2×S2. On the other hand,

the singular leaves are, in both cases, are the biquotients induced by the embedding

S1 ×Sp(1) → (Sp(1)×Sp(1))2 by (z, p) 7→ (z,1, p, p). It is easy to compute that both sin-

gular leaves are S2 directly, or deduce this using case C.3 of Chapter 3. To summarize,

from the computations above, it follows that the C1BF group diagram is

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

T 2

M ' S3 ×S2

G//H ' S2 ×S2

G//K − ' S2

G//K + ' S2

where the embeddings are

K − →G ×G ; (z, p) 7→ (z,1, p, p)

K + →G ×G ; (z, w) 7→ (z,1, w, w)

H →G ×G ; (z, w) 7→ (z,1, w, w)

Structure 4.2.5. Here we will exhibit a C1BF with leaf structure (S3 × S1,S3,S2 × S1).

Consider the cohomogeneity one diagram

S3 ×S1

{1}×S1 S1 × {1}

{1}

G/H ' S3 ×S1

G/K − ' S3

G/K + ' S2 ×S1

This is manifold is easily seen to be simply connected. To see this, recall that for the

cohomogeneity one case, we have the sphere bundles K ±/H
i−→ G/H

π−→ G/K ± where
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the inclusion map is given by kH 7→ kH . Consider the loop α− : [0,1] → K −/H given

by α−(t ) = (1,e2πi t ). This is clearly a generating loop for K −/H and the image of this

loop under the natural inclusion K −/H → G/H generates π1(G/H) on its own, so the

manifold determined by the above diagram is simply connected.

Structure 4.2.6. Here we will exhibit S3×̂S2 as a C1BF with leaf structure

(CP2#−CP2,S2,S2). Recall from DeVito’s classification [DeV14] that we can writeCP2#−
CP2 as the biquotient induced by the embedding

T 2 → (
Sp(1)×Sp(1)

)2; (z, w) 7→ (z2, w zn ,1, zn)

for n an odd integer. We will construct a C1BF diagram using these groups which yields

the correct leaf structure. In order to make this work, we will need reparametrize the

torus action above. Let θ = z and ϕ = w zn . This coordinate transformation is easily

seen to be invertible, so gives a change of coordinates of the torus. Then the above,

torus embedding is equivalent to (θ,ϕ) 7→ (θ2,ϕ,1,θn). This shows that the biquotient

induced by the torus embedding

T 2 → (
Sp(1)×Sp(1)

)2; (z, w) 7→ (z2, w,1, zn)

is also diffeomorphic to CP2#−CP2. Therefore, we consider the group diagram

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

T 2

where the embeddings are given by
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K − →G ×G ; (z, p) 7→ (z2, p,1, zn)

K + →G ×G ; (z, w) 7→ (z2, p,1, zn)

H →G ×G ; (z, w) 7→ (z2, w,1, zn)

Because the biquotient action induced from H is effectively free, it follows from

Proposition 1.3.5 that the biquotient actions induced from the embeddings of K ± are

effectively free as well. It follows immediately from Proposition 1.3.7 that G//K ± ≈ S2

and, by above, G//H ≈CP2#−CP2.

We now wish to determine the diffeomorphism type of the manifold M given by the

group diagram. We know that M must be one of S5, S3×S2, S3×̂S2, or the Wu manifold

W = SU(3)/SO(3). Note that H 2(S5) = 0 and H 3(W ) =Z2. We fist show that H 3(M) ≈Z,

hence M must be either S3 ×S2 or S3×̂S2. Decompose M = B−∪B+ as a DDB and note

that each disk bundle B± deformation retracts onto S2 and P := B−∩B+ =CP2#−CP2.

Consider the following portion of the Mayer-Vietoris sequence

0 → H 2(M)
Ψ−→ H 2(B−)⊕H 2(B+)

Φ−→ H 2(P ) → H 3(M)

Note that H 2(B−)⊕H 2(B+) ≈ H 2(P ) ≈Z⊕Z. By exactness, Ψ is injective, thus H 2(M) ∈
{0,Z,Z⊕Z}. Furthermore, Ker(Φ) = Im(Ψ) ≈ H 2(M). Thus to compute H 2(M), it suf-

fices to compute Ker(Φ). Note that Φ = i∗− j∗ where i∗ and j∗ are induced from the

inclusion maps i : P → B− and j : P → B+. Note also that because B− = B+ (and,

more specifically, are the exact same quotient), it follows that i = j . Observe that since

i∗ = j∗, it follows that ∆Z⊂Z2 ⊂ Ker(Φ); that is, Ker(Φ) contains a copy of Z. It follows
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that H 2(M) ≈Z.

We note that k∗ : H 2(M) → H 2(P ) induced by the inclusion k : P → M is injective

(on cohomology with Z2 coefficients). To see this, we claim that the map i∗ above is

injective. First note that the maps i : P → B− and and the bundle projection of the

principal leaf onto the singular leaf, S2 → P
π−→ S2, induce the same homomorphism on

cohomology because composing i with the deformation retraction ft of B− onto the

singular leaf S2 gives ft ◦ i =π.

Consider now the Gysin sequence associated to the sphere bundle S2 → P
π−→ S2:

0 → H 2(B−)
π∗
−→ H 2(P ) → H 0(B−)

∪e−→ H 3(P )

By exactness, π∗ = i∗ is injective, as desired. It now follows that k∗ : H 2(M) → H 2(P ) is

injective. Indeed, recall that Ψ = (α∗,β∗) where α∗ and β∗ are induced by inclusions

α : B− → M and β : B+ → M . Thus Ψ is injective if and only if α∗ and β∗ are injective.

Thus k∗ = i∗ ◦α∗ is injective.

To determine whether M is S3 ×S2 or S3×̂S2, recall that these two spaces are dis-

tinguished by their second Stiefel-Whitney classes w2 associated to their tangent bun-

dles. In particular, w2 is zero for S3×S2 and nonzero for S3×̂S2 (for a detailed treatment

of Stiefel-Whitney classes, see [MS74]). We will show that the second Stiefel-Whitney

class is nonzero. To do this, consider the pullback of the tangent bundle k∗T M . We

recall the following facts about Stiefel-Whitney classes:

Fact 1: For a submanifold L ⊂ M , and k : L → M the inclusion, k∗T M = T L⊕νL, where

νL is the normal bundle to L.
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Fact 2: For a codimension one submanifold of M with M simply connected, then

νL = 1, where 1 denotes the trivial bundle.

Using these facts, using standard properties of Stiefel-Whitney classes, we have

k∗w2(T M) = w2(k∗T M)

= w2(T P ⊕νP )

= w2(T P ⊕ 1)

= w2(T P )w0(1)+w1(T P )w1(1)+w0(T P )w2(1)

= w2(T P )+w1(T P )w1(1)+w2(1)

= w2(T P )

But w2(T P ) 6= 0 for P =CP2#−CP2, so w2(T M) 6= 0, so we must have M ≈ S3×̂S2.

We note that this same argument can be used to show that if P = S2 × S2 instead

of CP2# −CP2, then M = S3 × S2. Indeed, since k∗ is injective, and w2(T P ) = 0 for

P = S2 ×S2, it follows that w2(T M) = 0, so M = S3 ×S2.

In summary, in this case we get the group diagram

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

T 2

M ' S3×̂S2

G//H 'CP2#−CP2

G//K − ' S2

G//K + ' S2
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where the embeddings are given by

K − →G ×G ; (z, p) 7→ (z2, p,1, zn)

K + →G ×G ; (z, w) 7→ (z2, p,1, zn)

H →G ×G ; (z, w) 7→ (z2, w,1, zn)

Structure 4.2.7. Here we will exhibit a C1BF with leaf structure
(
S3 ×S1,Lm(s),Ln(r )

)
,

where gcd(m,n) = 1. To begin, note that the action of S1 on S3 ×S1 by

w · ((z1, z2),θ
)= (

(w z1, w r z2), w mθ
)

is free when gcd(m,r ) = 1 it follows from Proposition 1.3.7 that the quotient (S3 ×
S1)/S1 ' Lm(r ). Applying the proof of Proposition 2.13 in [DeV17] to the above action,

it follows that the biquotient action induced by

T 2 → (
U(2)×S1)2; (z, w) 7→ (

diag(z, zr ), zm ,diag(w,1),1
)

is free with quotient (U(2)×S1)/T 2 ' Lm(r ). Using this as motivation, we consider the

C1BF diagram

U(2)×S1

T 2 T 2

S1

G//H ' S3 ×S1

G//K − ' Lm(r )

G//K + ' Ln(s)

where the embeddings are given by
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K − →G ×G ; (z, w) 7→ (
diag(z, zr ), zm ,diag(w,1),1

)
K + →G ×G ; (z, w) 7→ (

diag(z, zs), zn ,diag(w,1),1
)

H →G ×G ; w 7→ (
I ,1,diag(w,1),1

)
where gcd(m,r ) = gcd(n, s) = 1. Note that H is the restriction of K ± to z = 1, so the di-

agram is consistent. It follows easily from the work above along with Proposition 1.3.7

that the leaves are G//H ' S3 × S1, G//K − ' Lm(r ), and G//K + ' Ln(s). By the work

in case C.4.8 of Chapter 3, this is simply connected provided that gcd(m,n) = 1. Note

that if gcd(m,n) 6= 1, the above diagram still defines a C1BF but it is not simply con-

nected. Finally, observe that in the special case n = 1 we get a C1BF with leaf structure(
S3 ×S1,Lm(r ),S3

)
.

Structure 4.2.8. Here we will exhibit a C1BF with leaf structure
(
S3×S1,Lm(r ),S2×S1

)
,

where gcd(m,r ) = 1. Consider the C1BF diagram

U(2)×S1

T 2 T 2

S1

G//H ' S3 ×S1

G//K − ' Lm(r )

G//K + ' S2 ×S1

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (
diag(z, zr ), zm ,diag(w,1),1

)
K + →G ×G ; (z, w) 7→ (

I ,1,diag(w, z),1
)

H →G ×G ; w 7→ (
I ,1,diag(w,1),1

)
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It is clear that the actions induced by K ± and H are free and that the embedding of

H is obtained simply by setting z = 1, so the diagram is consistent. From the work in

Structure 4.2.7 we have G//K − ' Lm(r ) and it is easy to see that G//K + ' S2 × S1 and

G//H ' S3 ×S1.

It remains to check whether the C1BF coming from the above group diagram is

simply connected. By the van Kampen theorem for C1BFs, it is simply connected if

and only if π1(K ±/H) generates π1(G//H) under the natural inclusions. To check this,

consider the curve α− : [0,1] → K − defined by α−(t ) = (
diag(e

2πt i
m ,e

2πr t i
m ),e2πt i , I ,1

)
. We

claim that the curve α− in K − pushes down via the quotient map to to a generating

loop in K −/H ' S1. To see this, observe that this curve pushes down to the following

curve in K −/H , which we also call α−

α−(t ) = (
diag(e

2πt i
m ,e

2πr t i
m ),e2πt i , I ,1

)
H

which is now a loop in K −/H because

α−(1) = (
diag(e

2πt i
m ,e

2πr t i
m ),1, I ,1

)
H = (I ,1, I ,1)H =α−(0).

Furthermore, we know that K −/H ' S1 and this loop goes around exactly once, so it

follows that it is a generating loop for G//H .

Now, by the remarks above the van Kampen theorem for C1BFs, the inclusion map

for the sphere bundle K ±/H →G//H →G//K ± is, in general, given by

(k1,k2)H 7→ [k−1
1 g k2]
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for any fixed g ∈ G . It suffices to check whether the inclusion of the fiber spheres at

the identity (that is, g = e) generate π1(G//H). Note that G//H ' S3 ×S1 via the diffeo-

morphism [B , z] 7→ (
(b1,b2), z

)
where (b1,b2)T is the first column of B and consider the

following diagram

S3 ×S1 Lm(r )

G//K −G//HK −/H

' '

By above, a generating loop for K −/H ' T 3/T 2 is α−(t ), which maps via the inclu-

sion map at the identity to the loop

t 7→ [
diag(e

−2πt i
m ,e

−2πr t i
m ),1,e−2πt i ]

in G//H . Composing this loop with the left vertical diffeomorphism in the diagram this

loop becomes

t 7→ (
[e

−2πt i
m ,0],e−2πt i )

Note that in π1(Lm(r )× S1) ' Z that this loop corresponds to 1, so is a generator for

π1(G//H).

Structure 4.2.9. Here we will exhibit a C1BF with leaf structure(
Lm(r )×S1,Lm(r ),Lm(r )

)
, where gcd(m,r ) = 1. We know that the biquotient induced

by

T 2 → (
U(2)×S1)2; (z, w) 7→ (

diag(z, zr ), zm ,1,diag(w,1),1,1
)

is diffeomorphic to Lm(r ). Let us extend this to the biquotient action induced from the
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embedding

T 2 → (
U(2)×T 2)2; (z, w) 7→ (

diag(z, zr ), zm ,1,diag(w,1),1,1
)

It is clear that (U(2)×T 2)//T 2 ' Lm(r )×S1. Consider the group diagram

U(2)×T 2

T 3 T 3

T 2

G//H ' Lm(r )×S1

G//K − ' Lm(r )

G//K + ' Lm(r )

where the embeddings are given by

K − →G ×G ; (z, w,θ) 7→ (
diag(θz,θr zr ), zm ,θm ,diag(w,1),1,1

)
K + →G ×G ; (z, w,θ) 7→ (

diag(z, zr ), zm ,θ,diag(w,1),1,1
)

H →G ×G ; (z, w) 7→ (
diag(z, zr ), zm ,1,diag(w,1),1,1

)
Note that we have seen previously that the G//K + ' Lm(r ) and G//H ' Lm(r )×S1.

But we have not seen the biquotient induced by the embedding of K − previously. We

will show that G//K − ' Lm(r ). To see this, consider the action of S1 on Lm(r )×S1 given

by

θ · ([w1, w2], x
)= (

[θw1,θr w2],θm x
)
. (4.2.11)

Note that this action is well defined since [w1, w2] = [w ′
1, w ′

2] if and only if [w ′
1, w ′

2] =
[ζw1,ζr w2] for some ζ ∈ Zm ⊂ S1 and, furthermore, θ commutes with ζ. Observe also

that θ·([w1, w2], x
)= (

[w1, w2], x
)

if and only if θ ∈Zm , which acts trivially, so the action

is effectively free. Thus by Proposition 1.3.7, since the action is transitive on the S1
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factor, we have

(Lm(r )×S1)/S1 ' Lm(r )/Zm ' Lm(r ).

Note that the diffeomorphism G//H ' (U(2)×T 2)//T 2 ' Lm(r )×S1 is given by [B , x, y] 7→(
[b1,b2], y

)
where (b1,b2)T is the first column of B . It is not difficult to see that, un-

der this diffeomorphism, action (4.2.11) becomes S1 acting on (U(2)×T 2)//T 2 via θ ·
[B , x, y] = [

diag(θ,θr )B , x,θm y
]
. Since this action commutes with the action of T 2 on

U(2)×T 2, it follows that the quotient by this action is equivalent to the biquotient in-

duced by K − →G ×G .

It remains to check that C1BF defined by the above diagram is simply connected.

By the van Kampen theorem for C1BFs, it is simply connected if and only if π1(K ±/H)

generates π1(G//H) under the natural inclusions. Consider α− : [0,1] → K − given by

α−(t ) = (
diag(e

2πt i
m ,e

2πr t i
m ),1,e2πt i , I ,1,1

)
.

We claim that the curve α− in K − pushes down via the quotient map to to a gen-

erating loop in K −/H ' S1. To see this, observe that this curve pushes down to the

following curve in K −/H , which we also call α−

α−(t ) = (
diag(e

2πt i
m ,e

2πr t i
m ),1,e2πt i , I ,1,1

)
H

which is now a loop in K −/H because

α−(1) = (
diag(e

2πt i
m ,e

2πr t i
m ),1,1, I ,1,1

)
H = (I ,1,1, I ,1,1)H =α−(0).

Furthermore, we know that K −/H ' S1 and this loop goes around exactly once, so it fol-

lows that it is a generating loop for K −/H . Similarly, the loop α+(t ) = (I ,1,e2πt i , I ,1,1)

pushes down to a generating loop for K +/H ' S1.
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Now, by the remarks above the van Kampen theorem for C1BFs, the inclusion map

for the sphere bundle K ±/H →G//H →G//K ± is, in general, given by

(k1,k2)H 7→ [k−1
1 g k2]

for any fixed g ∈G . It suffices to check whether the inclusion of the fiber spheres at the

identity (that is, g = e) generate π1(G//H). Consider the following diagram

Lm(r )×S1 Lm(r )

G//K ±G//HK ±/H

' '

By above, a generating loop for K −/H ' T 3/T 2 is α−(t ), which maps via the inclu-

sion map at the identity to the loop

t 7→ [
diag(e

−2πt i
m ,e

−2πr t i
m ),1,e−2πt i ]

in G//H . Composing this loop with the left vertical diffeomorphism in the diagram this

loop becomes

t 7→ (
[e

−2πt i
m ,0],e−2πt i )

Note that inπ1(Lm(r )×S1) 'Zm×Z that this loop corresponds to (1,1). Similarly, doing

the same thing with α+(t ), we see that this loop corresponds to the loop

t 7→ (
[1,0],e−2πt i )

in Lm(r )×S1, which corresponds to (0,1) in the fundamental group. Therefore, α±(t )
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together generate π1(G//H), so M is simply connected.

Structure 4.2.10. Here we will exhibit a C1BF with leaf structure(
L2(1)× S1,L2(1),S2×̂S1

)
. Consider the following cohomogeneity one diagram, taken

from [Hoe10], which is known to be simply connected.

S3 ×S1

{
(e iθ,1)

} ·H
{
(e j nθ,e2iθ)

}
〈

( j ,−1)
〉

G/H ' L2(1)×S1

G/K − ' S2×̂S1

G/K + ' L2(1)

where n is an odd integer. We wish to compute G/K +. This can be computed as the

quotient by the action of S1 on S3 × S1 by (e j nθ,e2iθ) · (q, w) = (qe j nθ, we2iθ). Let us

compute the kernel of this action. We want

qe j nθ = q (4.2.12)

we2iθ = w (4.2.13)

The first of these equations implies e jθ is an nth root of 1; that is, θ = e
2πk

n and the

second equation implies that θ = 0 or θ =π. But n is odd so this implies that the action

is in fact free. Furthermore, the above action is transitive on the circle factor so by

Proposition 1.3.7 we have

(S3 ×S1)/K + ' S3/Γe

where Γe is the isotropy of the identity of the transitive factor. It is easy to compute that

Γe =
{
(1,1), (−1,1)

}
. Thus it is easy to see that S3/Γe 'RP3 ' L2(1).

Now let us compute G/K −. Note that H is a normal subgroup of G so
{
(e iθ,1)

} ·H

is just products of elements of
{
(e iθ,1)

}
with elements of H . The identity component
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of K − is the circle K −
0 = {

(e iθ,1)
}
. Clearly (S3×S1)/K −

0 ' S2×S1 via the diffeomorphism

[q, w] 7→ (
[q], w

)
. Observe that in K −/K −

0 we have [e iθ,1] = [−e iθ,1] and [ j e iθ,−1] =
[− j e iθ,1] and K −/K −

0 'Z2 acts by

[ j e iθ,−1] · ([q], w
)= (

[ j e iθq],−w
)= (

[ j q],−w
)
.

This is equivalent to the antipodal map on both factors, so S2×S1/Z2 ' S2×̂S1. Finally,

it follows from the work in Chapter 3 that there is no other choice but for the principal

leaf to be G/H ' L2(1)×S1.

4.3 C1BFs in Dimension 6 With Simply Connected Prin-

cipal Leaf

He we will give explicit models of C1BFs in dimension 6 which realize the leaf struc-

tures determined in Chapter 3. Note that when the principal leaf is simply connected,

any consistent C1BF diagram is necessarily simply connected by the van Kampen the-

orem for C1BFs.

Structure 4.3.1. Here we will exhibit a C1BF with leaf structure (S3×S2,S3,S3). Accord-

ing to Hoelscher’s classification of cohomogeneity one manifolds, the diagram

S3 ×S3

∆S3 ∆S3

∆S1

M ' S3 ×S3

G/H ' S3 ×S2

G/K − ' S3

G/K + ' S3

arises as a cohomogeneity one action of S3 ×S3 on itself. It is clear that G/H ' S3 ×S2

and G/K ± ' S3
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Structure 4.3.2. Here we will exhibit a C1BF with leaf structure (S3×S2,S3,S2). Accord-

ing to Hoelscher’s classification of cohomogeneity one manifolds, the diagram

S3 ×S3

∆S3 S3 ×S1

∆S1

M ' S6

G/H ' S3 ×S2

G/K − ' S3

G/K + ' S2

arises as a cohomogeneity one action of S3 ×S3 on S6. It is clear that G/H ' S3 ×S2,

G/K − ' S3, and G/K + ' S2.

Structure 4.3.3. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,S2,S2). Consider the C1BF diagram

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

S1

G//H ' S3 ×S2

G//K − ' S2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, p) 7→ (z2, zn ,1, p)

K + →G ×G ; (z, p) 7→ (z2, zn ,1, p)

H →G ×G ; z 7→ (z2, zn ,1, zn)

for any even integer n. It is clear that the diagram is consistent. By DeVito’s classifi-

cation of biquotients we have G//H ' S3 ×S2 (because n is even) and it follows from

Proposition 1.3.7 that G//K ± ' S2.

Structure 4.3.4. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,S2 ×S2,S3). Consider the C1BF diagram
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Sp(1)×Sp(1)

T 2 Sp(1)

S1

G//H ' S3 ×S2

G//K − ' S2 ×S2

G//K + ' S3

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; p 7→ (1, p,1,1)

H →G ×G ; w 7→ (1, w,1,1)

for n even. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K − ' S2 ×S2. It is clear that G//H ' S3 ×S2 and G//K + ' S3.

Structure 4.3.5. Here we will exhibit a C1BF with leaf structure (S5,CP2,CP2). Accord-

ing to Hoelscher’s classification of cohomogeneity one manifolds, the diagram

SU(3)

S(U(2)U(1)) S(U(2)U(1))

SU(2)SU(1)

M 'CP3#−CP3

G/H ' S5

G/K − 'CP2

G/K + 'CP2

arises as a cohomogeneity one action on CP3#−CP3. It is easy to see that G/H ' S5.

It then follows dimension considerations and from the work in Case D.2 of Chapter 3

that G/K ± 'CP2.

Structure 4.3.6. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,S2 ×S2,S2).
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Sp(1)×Sp(1)

T 2 Sp(1)×S1

S1

G//H ' S3 ×S2

G//K − ' S2 ×S2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (p, w) 7→ (1, w, p,1)

H →G ×G ; w 7→ (1, w,1,1)

for n even. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K − ' S2×S2 and G//H ' S3×S2 and it follows from Proposition 1.3.7

that G//K + ' S2.

Structure 4.3.7. Now we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,S2 ×S2,S2 ×S2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3 ×S2

G//K − ' S2 ×S2

G//K + ' S2 ×S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

H →G ×G ; w 7→ (1, w,1,1)
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for n even. It is clear that the diagram is consistent. By DeVito’s classification of

biquotients we have G//K ± ' S2 ×S2 and clearly G//H ' S3 ×S2.

Structure 4.3.8. Here we will exhibit a C1BF with leaf structure (S5,CP2, pt ). We will

simply make a small modification to Structure 4.3.5. Consider the cohomogeneity one

diagram

SU(3)

S(U(2)U(1)) SU(3)

SU(2)SU(1)

M 'CP3

G/H ' S5

G/K − 'CP2

G/K + ' pt

We already know from Structure 4.3.5 that G/K − ' CP2 and G/H ' S5 and it is clear

that G/K + = pt . It is easy to see that such a C1BF is diffeomorphic to CP3.

Structure 4.3.9. Here we will exhibit a C1BF with leaf structure (S3 ×S2,CP2#CP2,S2).

Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 S1 ×Sp(1)

S1

G//H ' S3 ×S2

G//K − 'CP2#CP2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; (z, p) 7→ (z, p,1, z)

H →G ×G ; z 7→ (z, z,1, z)
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It is clear that the diagram is consistent. By DeVito’s classification of biquotients

we have G//K − ' CP2#CP2 and G//H ' S3 × S2 and it follows from Proposition 1.3.7

that G//K + ' S2.

Structure 4.3.10. Here we will exhibit a C1BF with leaf structure (S3×̂S2,CP2#CP2,S2).

This will simply be a slight modification of Structure 4.3.9. Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 S1 ×Sp(1)

S1

G//H ' S3×̂S2

G//K − 'CP2#CP2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; (w, p) 7→ (w, w 2, p,1)

H →G ×G ; w 7→ (w, w 2, w,1)

It is clear that the diagram is consistent. By DeVito’s classification of biquotients

we have G//K − 'CP2#CP2 and G//H ' S3×̂S2 and it follows from Proposition 1.3.7 that

G//K + ' S2.

Structure 4.3.11. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,CP2#−CP2,S2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 Sp(1)×S1

S1

G//H ' S3 ×S2

G//K − 'CP2#−CP2

G//K + ' S2
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where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (p, w) 7→ (1, w, p,1)

H →G ×G ; w 7→ (1, w,1,1)

for n odd. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K − 'CP2#−CP2 and G//H ' S3 ×S2 and it follows from Proposition

1.3.7 that G//K + ' S2.

Structure 4.3.12. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3×̂S2,CP2#−CP2,S2). This will be a slight modification of Structure 4.3.11. Consider

the C1BF diagram

Sp(1)×Sp(1)

T 2 S1 ×Sp(1)

S1

G//H ' S3×̂S2

G//K − 'CP2#−CP2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (z, p) 7→ (z2, zn ,1, p)

H →G ×G ; z 7→ (z2, zn ,1, zn)

for n odd. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K − ' CP2#−CP2 and G//H ' S3×̂S2 and it follows from Proposition

1.3.7 that G//K + ' S2.
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Structure 4.3.13. Here we will exhibit a C1BF with leaf structure (S3×S2,CP2#CP2,S3).

Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 Sp(1)

S1

G//H ' S3 ×S2

G//K − 'CP2#CP2

G//K + ' S3

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; p 7→ (p, p,1, p)

H →G ×G ; z 7→ (z, z,1, z)

It is clear that the diagram is consistent. By DeVito’s classification of biquotients

we have G//K − ' CP2#CP2 and G//H ' S3 × S2 and it follows from Proposition 1.3.7

that G//K + ' S3.

Structure 4.3.14. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,CP2#−CP2,S3). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 Sp(1)

S1

G//H ' S3 ×S2

G//K − 'CP2#−CP2

G//K + ' S3

where the embeddings are given by
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K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; p 7→ (1, p,1,1)

H →G ×G ; w 7→ (1, w,1,1)

for n odd. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K − 'CP2#−CP2. It is clear that G//H ' S3 ×S2 and G//K + ' S3.

Structure 4.3.15. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,CP2#−CP2,S2 ×S2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3 ×S2

G//K − 'CP2#−CP2

G//K + ' S2 ×S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (z, w) 7→ (z2, w zm ,1, zm)

H →G ×G ; w 7→ (1, w,1,1)

with n odd and m even. It is clear that the diagram is consistent. By DeVito’s classifi-

cation of biquotients we have G//K − ' CP2#−CP2 and G//K + ' S2 ×S2. It is also clear

that G//H ' S3 ×S2.

Structure 4.3.16. Here we will exhibit a C1BF with leaf structure

(S3 ×S2,CP2#CP2,CP2#CP2). Consider the C1BF diagram
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Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3 ×S2

G//K − 'CP2#CP2

G//K + 'CP2#CP2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

H →G ×G ; w 7→ (z, z,1, z)

It is clear that the diagram is consistent. By DeVito’s classification of biquotients we

have G//K ± 'CP2#CP2 and G//H ' S3 ×S2.

Structure 4.3.17. Here we will exhibit a C1BF with leaf structure

(S3×̂S2,CP2#CP2,CP2#CP2). This is a slight modification of Structure 4.3.16. Consider

the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3×̂S2

G//K − 'CP2#CP2

G//K + 'CP2#CP2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

H →G ×G ; w 7→ (w, w 2, w,1)
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It is clear that the diagram is consistent. By DeVito’s classification of biquotients we

have G//K ± 'CP2#CP2 and G//H ' S3×̂S2.

Structure 4.3.18. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3 ×S2,CP2#−CP2,CP2#−CP2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3 ×S2

G//K − 'CP2#−CP2

G//K + 'CP2#−CP2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

H →G ×G ; w 7→ (1, w,1,1)

for n odd. It is clear that the diagram is consistent. By DeVito’s classification of

biquotients we have G//K ± 'CP2#−CP2 and clearly G//H ' S3 ×S2.

Structure 4.3.19. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3×̂S2,CP2#−CP2,CP2#−CP2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3×̂S2

G//K − 'CP2#−CP2

G//K + 'CP2#−CP2

where the embeddings are given by
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K − →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

K + →G ×G ; (z, w) 7→ (z2, w zn ,1, zn)

H →G ×G ; z 7→ (z2, zn ,1, zn)

for n odd. It is clear that the diagram is consistent. By DeVito’s classification of biquo-

tients we have G//K ± 'CP2#−CP2 and G//H ' S3×̂S2.

Structure 4.3.20. Here we will exhibit a C1BF with leaf structure

(S3 ×S2,CP2#CP2,S2 ×S2). Consider the C1BF diagram

Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3 ×S2

G//K − 'CP2#CP2

G//K + ' S2#S2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (z2w, z2w 2, w, z2)

K + →G ×G ; (z, w) 7→ (z2, z2w,1, z2)

H →G ×G ; z 7→ (z2, z2,1, z2)

It is clear that the diagram is consistent. By DeVito’s classification of biquotients

we have G//K − ' CP2#CP2 and G//K + ' S2 ×S2. Note also that according to DeVito’s

classification the biquotient induced by the embedding

S1 → (
Sp(1)×Sp(1)

)2; z 7→ (z, z,1, z)
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is diffeomorphic to S3 ×S2. The biquotient induced by the embedding H → G ×G in

our diagram is orbit equivalent to this action, so we have G//H ' S3 ×S2.

Structure 4.3.21. Here we will exhibit an infinite family of C1BFs with leaf structure

(S3×̂S2,S2,S2). Consider the C1BF diagram

Sp(1)×Sp(1)

S1 ×Sp(1) S1 ×Sp(1)

S1

G//H ' S3×̂S2

G//K − ' S2

G//K + ' S2

where the embeddings are given by

K − →G ×G ; (z, p) 7→ (z2, zn ,1, p)

K + →G ×G ; (z, p) 7→ (z2, zn ,1, p)

H →G ×G ; z 7→ (z2, zn ,1, zn)

for any odd integer n. It is clear that the diagram is consistent. By DeVito’s classification

of biquotients we have G//H ' S3×̂S2 It follows from Proposition 1.3.7 that G//K ± ' S2.

Structure 4.3.22. Here we will exhibit a C1BF with leaf structure

of the form (S3×̂S2,CP2#CP2,CP2#−CP2).

From DeVito’s classification [DeV14] the homomorphisms T 2 → (Sp(1)×Sp(1))2 given

by (z, w) 7→ (zw, zw 2, w, z) and (z, w) 7→ (z2, w z,1, z) induce biquotients diffeomorphic

to CP2#CP2 and CP2#−CP2, respectively. According to the equivalences taken advan-

tage of in DeVito’s classification, the biquotient induced by (z, w) 7→ (w z, z2, z,1) also

has quotient CP2#−CP2.

Consider the C1BF diagram
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Sp(1)×Sp(1)

T 2 T 2

S1

G//H ' S3×̂S2

G//K − 'CP2#CP2

G//K + 'CP2#−CP2

where the embeddings are given by

K − →G ×G ; (z, w) 7→ (zw, zw 2, w, z)

K + →G ×G ; (z, w) 7→ (w z, z2, z,1)

H →G ×G ; z 7→ (z, z2, z,1)

It is clear that the diagram is consistent. By DeVito’s classification of biquotients we

have G//H ' S3×̂S2 and G//K − 'CP2#CP2 and G//K + 'CP2#−CP2.
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