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CHAPTER I 

INTRODUCTION AND LITERATURE SURVEY 

1.1 Statement of the Problem and Outline of Solution Methods. The 

subject of atmospheric electricity has been investigated from both the 

experimental and theoretical points of vie~· for more than two hundred 

years. Present attempts to correlate measured data with more modern 

theoretical concepts indicate that substantially more extensive investi

gations need to be done on this subject. For example, the most widely 

accepted theory of atmospheric ~lectricity, that on a global average 

there is from 1400-1900 amperes of current flowing to the earth in fair 

weather areas, and a like.amount of current leaving the earth in thunder

storm areas would not necessarily be an accurate description if appre

ciable diffusion currents .. were present in the atmosphere. Consequently, 

this thesis is a report of. a study of charge transport and equilibrium 

in the global atmosphere which was conducted in order to. develop a more 

rigorous theoretical approach to the distributions of ion densities, 

electric field, space charge density and drift and diffusion currents in 

the fair weather atmosphere. These distributions will hopefully provide 

some additional insight into the subject of atmospheric electricity. 

The general approach t.c, the study was to develop a comprehensive 

mathematical model based on the generalized continuity equations and the 

Poisson equation. Known geophysical data and physical laws were used to 

evaluate the functional form of the parameters and coefficients appearing 

1 
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in the atmospheric model. 

Solutions to the model were then obtained under the three simplifying 

assumptions: 1) steady state conditions exist, 2) large ion content is 

negligible, and 3) horizontal variations in elec~rical properties are 

small. Even under these assumptions the model is quite complex and con

sists of three simultaneous, non-linear differential equations with vari

able coefficients. Initial conditions were taken from the best available 

experimental results presented in the literature. 

Finally, a thunderstorm model for an electrical current generator 

was developed and analyzed to compare electrical properties in fair 

weather and thunderstorm areas. 

The remainder of this chapter is devoted to a survey of the present 

state of knowledge of atmospheric electricity. 

1.2 Summary of Air-Earth Current Flow and Earth's Surface Change. 

The present theory of air-earth current flow and maintenance of the 

earth's negative surface charge density is that positive charge is 

carried to the earth in fair weather areas, and away from the earth in 

thunderstorm areas, (Wilson, 1920). 

On the basis of data and theoretical calculations there is considered 

to be a current of 1800 amperes flowing to the earth in fair weather 

areas, a potential difference of 360kv between the earth and the iono

sphere, and a total earth-ionosphere resistance of 200 ohms. 

The average value of electric field at the earth's surface is usually 

taken as being approximately -130v/m (Chalmers, 1957). Thus the E vector 

points toward the earth's center. On the basis of electromagnetic bound

ary conditions, the earth's surface charge density, w, is 



w = E0E = (8.854 x 10-12 farads/m) (-130v/m) 

-9 2 = ~1.15 x 10 coulombs/m. 

Then, if the current flow to earth (Chalmers, 1957) is taken as 2.4 

-12 2 -12 2 x 10 amperes/m or 2.4 x 10 coulombs/sec-m, the earth charge 

would be neutralized after 

t = 1.15 x 10-9 coulombs/m2 . 2.4 x 10-12 coulombs/sec-m2 

= 480 sec.= 8 minutes. 

The continuity equation for electrical charge requires that if 1800 

amperes flows to the earth, and if the earth maintains its given charge, 

then there exists a circuit by which this current can flow away from the 

earth. The accepted theory is that thro_:ugh lightning and point dis-

charge, the charge which arrives at the earth in fair weather areas by 

precipitation and conduction current is removed from the earth. The 

circuit can then be envisioned as shown in Figure 1 • 

EARTH 

Figure l. Air-Earth Conduction Current Circuit 
•. 



Table I gives a balance sheet of charge transfer by different investi-

gators, (Chalmers, 1957). 

TABLE I 

CHARGE TRANSFER BALANCE SHEET 

Fair Point Precip-
Weather Dis- ita-

Place Author Conduction Charge tion .1:ightning Total 

Cambridge Wormell(l930) + 60 2 c/km-yr -100 +20 -20 40 
Cambridge Wormell(l953) + 60 -170 +20 - 5.6 - 96 
Durham Chalmers(l947) + 60 - 90 +40 -35 - 25 
Durham Revised + 60 -180 +40 - 5 - 85 
Kew Chalmers(l949) + 35 -.125 +22 -45 -113 
Kew Revised + 35 -300 +22 - 6 -249 
World Wait(l950) +100 - 30 +20 -20 - 70 
World Israel(l953) + 90 -100 +30 -20 0 

All results for England show an excess of negative charge. Chalmers 

speculates the answer lies in Polar or desert regions, because in areas 

of considerable thunderstorm activity (England for example) an excess of 

negative charge is transferred to the earth. Hence, he concludes regions 

of low thunderstorm activity ( deserts and polar regions) will have an 

excess of positive charge, resulting in an overall balance. 

1. 3 Summary of Atmospheric Electricity Definitions and Experimental 

Results .. 

a) Columnar Resistance - The resistance of a vertical column of air 

of one square-meter cross-sectional area, which reaches from the earth to 



5 

the ionosphere, is called the columnar resistance of the atmosphere. 

Israel (1953) arrives at a figure of 7.4 K 1016 ohm/m2 , or approximately 

17 2 -i7 2 10 ohm/m. The columnar conductance would then be 10 mho/m. Con-

sidering,the earth's surface area to be 5 K 1014m2, the total earth-iono-

sphere conductance is: 

14 2 -17 2 -3 
GE-I= (5 K 10 m )(10 mho/m) = 5 K 10 mho. 

Then 

R_ = l/G_ = 103 I . = 200 ohms 
-E-I -E-I 5 

is the total resistance between earth and ionosphere. 

b) Ionospheric Potential - Gish (1951) has estimated the total cur-

rent flowing to the earth from the ionosphere to be 1800 amperes -

Kraakevik (1958) maintains 1400 amperes. Then the potential of the iono-

sphere is calculated to be 

V =IR= {1800) (200) = 360kv. 

Based on observations of I and R, there is a diurnal variation of iono-

spheric potential of+ 20% about its mean. Clark {1958) arrives at a 

mean of 290 kv on the basis of measurements made from aircr~ft, while 

Gish and Sherman (1936) quote 400 kv as .the potential of the ionosphere. 

c) Ions in the Atmosphere - Important in atmospheric electricity 

phenomena are four types of ions, generally classified as large and small, 

where each size ion may be positively or negatively charged. Also imper-

tant are the Aitken or condensation nucleii, neutral particles on which 

water condenses when air is saturated with moisture. The importance of 

these nucleii is that the small ions may become attached tG. these neutral 

particles to form large ions. 
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The mobility,µ+' (average drift velocity per unit of electric field) 

for the positive small ions is given by Bricard (1965) as 1.4 cm2/v-sec, 

and µ 2 for the negative small ions is given as 1.9 cm /v-sec at standard 

temperature and pressure (STP). The mobilities U+ and U for the large 

ions are given by Schonland (1953) as being of the order of 0.0004 

2 
cm /v-sec. 

Measurements show that the concentrations n , n, N , N (ions/cc) 
+ - + -

of the four types of ions varies with time and location depending on 

many factors (Chalmers, 1957, Sagalyn and Faucher, 1954) such as air 

pollution, climatic conditions, extent of the austauch or exchange region, 

and whether over land or sea regions. Chalmers (1957) states that at 

land stations n+ is 750/cc, n is 680/cc, N is 4000/cc, and over oceans 
- + 

n+ is 640/cc, n is 575/cc, and N+' is 4500/cc. 

Ions in the atmosphere are primarily produced by different means 

depending on location and altitude. At low altitudes, the main source 

of ionization is radiation from radioactive substances in the air and 

in the earth's crust. While as al ti tudE;i increases, the ionization due 

to cosmic radiation becomes predominant (Schonland, 1953). These pro-

cesses (radioactive substance radiation and cosmic radiation) produce 

small ions. The large ions are produced by combination of nucleii and 

small ions. Small ions are lost by combination with: 1) oppositely 

charged small ions, 2) oppositely charged large ions or 3) uncharged 

nucleii. Large ions are lost by combination with: 1) oppositely 

charged large ions or 2) oppositely charged small ions. 

d) Atmospheric conductivity - The conductivity of the atmosphere 

will be denoted by o. Conductivity, o, in general is defined by ohm 9 s 

law, 
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J = aE, 

where J is the current density vector (amperes/m2) and Eis the electric 

field vector (volts/m). Conductivity of the atmosphere is due to the 

presence of the ions discussed in the previous paragraph. 

Atmospheric conductivity, a, can be considered as the sum of two 

polar conductivities a and a , where a is the conductivity from posi-
+ - + 

tively charged ions, and a from negative ions. Assuming ions ar~ 

singly charged, i.e., possess a charge of.:!:.. 1.602 x 10-19coulornbs, the 

expressions for the polar conductivities are: 

a = (e) (µ n + U_N_), 

where e is the electronic charge. Then the total conductivity is 

·a= a++ a • 

Conductivity at the earth's surface, over land, is usually taken as 

-14 2 x 10 mho/meter (Chalmers, 1957). 

Because the mobility of the large ions is much less than that of 

the small ions, the conductivity is usually considered to be accomplished 

by the small ions. This assumption is valid unless the concentration 

of large ions becomes very large, as for example, where the air is 

highly polluted. Qualitatively, for regions of high pollution, conden-

sation nucleii will be densely concentrated, hence, the concentration 

of small ions will decrease because of increased combination with 

nucleii, and therefore, the concentration of less mobile large ions will 

increase. As a result, atmospheric conductivity in polluted air will 
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be les~, than for "clear air" areas, 

Using the defined polar conduc:tiv.ities, the vertical current dmisity 

2 
J - (o+ to )E amperes/m. 

Independent measurements by Sagalyn (1958) and Curtis and Hyland (1958) 

show that the mean value of a /a is 1.05. The following Figure shows 
- + 

the variation of conductivity with altitude at Payerne, Switzerland 

(MUhleisen, 1965), 
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Although in the original data, only cr+ was given, the relationship that 

cr is l.OScr was used to obtain 
- + 

cr = cr + l.05cr = 2.05cr+. + + 

Explorer II data from Bricard (1965) is also shown on this figure. Two 

factors considered responsible for the increase of conductivity with 

altitude are: 1) Increased cosmic ray ionization with altitude, and 2) 

fewer condensation nucleii at higher altitudes, (Chalmers, 1957). 

Although the theory of atmospheric conductivity considered four 

types of ions, if more types are present, with different mobilities and 

9 

different magnitudes of charge, the expression for conductivity would be 

cr = cr+ + cr = l µ.(n+).q. + l µ,(n ).q. 
- i 1 1 1 j J - J J 

whereµ is mobility, n is concentration, and q is the magnitude of charge 

possessed by a given type of ion. Gish (1944) has experimentally .arrived 

at the expression 

- = 
(J 

l 2.94 exp (-4.52h) + l.39 exp (-.375h) + 0.369 exp (-.12lh), 

where his in meters and 1/cr is in 1013 ohm-meters. 

e) Atmospheric Electric Field - In fai-r.. weather, the electric field 

is negative, with an average surface value of ~130v/m. Measurements by 

Clark (1958) show that the field intensity decreases approximately 

exponentially with altitude. Chalmers (1957) asserts that the increase 

of conductivity with altitude is fundamental, and the electric field 

decrease is a consequence of this since the current density is the same 

at all altitudes (Kraakevik, 1958 and Law, 1963 maintain this assumption 

is suspect). For example, if Vis the potential of the ionosphere, 
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and R is the Columnar resistance, then I, the conduction current density 

is given by 

I ::: V/R. 

2 If r is the resistance of the lowest one meter of the lm column, then 

E =Ir= Vr - V R- aR 

is the average potential drop across this one meter, so that changes in 

conductivity are reflected in changes in potential gradient. 

As expected from the preceding paragraph, the electric field and 

conductivity experience similar diurnal and secular variations. The two 

following figures show experimental values of measurements of atmospheric 

electric field intensity and its diurnal variation. 

1.4 Thunderstorm Electricity. The existing theories regarding the 

role of thunderstorms in atmospheric electricity have been mentioned. --

Salient features of thunderstorm electricity will be presented. 

a) Thunderstorm Cells - An individual thunderstorm may consist of 

several cells, where a cell is defined as a individual chirnney of con-

vection in a storm (Boudreaux, 1959). This convection updraft carries 

moisture-laden air to elevations where ice crystals are formed.· The 

charge distribution in a typical cell is positive charge at the top of 

the cell, negative charge at the bottom of the cell. The charge in this 

thundercloud will induce charges on the earth's surface with a resulting 

change in the electric field. Electric field intensity may become high 

enough so that point discharges occur. Lightning flashes to the ground 
\ 

may occur, transporting charge to or ~rem earth, and precipitation may 

also transport charge to earth. These three manifestations of a 
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thunderstorm; point discharge, lightning, and precipitation are con

sidered to be the most important in maintaining the earth's charge 

distribution. 
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b) Charge Separation in Thunderstorms - Numerous theories have been 

formulated ;r,egarding the mechanism or mechanisms whereby thunderstorms 

attain their observed charge distributions (Chalmers, 1957). It is 

possible that several of these theories are correct in that charge sepa

ration may be due to more than one process. In general, the theories 

fall into two categories: l) ions produced by cosmic rays, etc., in 

the cloud somehow become separated, positive ions to the top of the cell 

and negative ions to the bottom, 2) neutral bodies in the cloud become 

divided, the heavier part having one polarity, the lighter part the 

opposite polarity. The second category is given more credence by 

workers in the area. 

Workman and Reynolds theory (Workman and Reynolds, 1949) which is 

in the second category is most widely accepted. This theory is based on 

laboratory results which show that when water freezes, there is a poten

tial difference between the ice and water phases during the freezing 

process, and similarly during melting. Now if, during freezing, the 

water is blown off a freezing water drop, then the water and ice will 

be charged oppositely and are separated. So, in a thunderstorm, if 

water being carried aloft by the updraft freezes, and the water and ice 

blown apart, then the ice which is usually negative falls toward the 

bottom of the cell, and the water which is positive is carried on toward 

the top of the cell. Magnitudes of charge separated by this process are 

given by Stott and Hutchinson (1965). Such a charge separation process 

would lead to the charge distribution in a typical thunderstorm cell. 
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c) Electric Field Variations Due to Thunderclouds - Schonland (1928) 

in South Africa measured the electric field as thirteen different thunder

storms passed over. On each of these, the field reversed polarity and 

became positive. This would indicate that the polarity of these storms 

was as discussed earlier. The magnitude of the field varied depending 

on factors such as cloud size and altitude. 

d) Point Discharge Currents - The measurement of the amount of 

charge transferred to or from the earth by point discharge currents has 

proved quite difficult (Wormell, 1927, Schonland, 1928, Chalmers, 1957). 

Results indicate variations of current through trees depending on such 

factors as whether the tree is in leaf or not, and wind direction. 

Point discharge currents occur when the electric field near an 

object raised above its surroundings becomes large enough so that atmo

spheric ions are accelerated to the point where they can produce ioniza

tion by collision. Ions of polarity opposite to the electric field move 

to the object and comprise a current to earth. Generally, only in the 

presence of thunderstorms does the electric field become large enough to 

cause this breakdown. Schonland's (1928) experiments with trees indicate 

a minimum of 600 to 1000 v/m is required to cause point discharge for 

objects the size of trees. 

e) The Role of LightninP-: in Charge Transfer - During the period 

when· the lightning st:roke provides an ionized conducting path between 

cloud and earth, charge can be transported from the earth. The total 

effect must depend on the number of discharges and the charge transported 

2 by each flash. Wormell (1939) concluded 0.4 flashes to earth per km 

with 0.28 flashes per km2 bringing negative charge to earth. He esti

mated the average charge transferred per flash is 20 coulombs so that 
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2 -5. 6 coulombs/km -year are brought to earth. Results of other investi-

2 gators ranP-P up to -45 coulombs/km - year (Chalmers, 1957). 

f) Precipitation Currents - Investigators have measured the charge 

in precipitation (rain, hail, snow) to try to determine charge brought to 

earth by precipitation. Single drop charges and average effect of large 

numbers of drops have been measured, with emphasis on single drop mea-

surements. 
-11 · 

Banerji and Lele (1952) found an average of 10 coulombs 

per drop of rain, although this value was substantially greater than 

other investigators have found. Estimates of total charge brought to 

earth have been given earlier. 

1.5 Summary. The salient theories of atmospheric electricity, for-

both fair and disturbed weather conditions have been presented, along 

with quo~ed numerical values of some of the variables of atmospheric 

electricity. Among the investjgators in atmospheric electricity is the 

consensus that many of the theories are unsatisfactory, that many 

problems in the area are still unsolved and tl:ose that have been "solved" 

still require further work. Two statements made at the third interna-

tional conference on atmospheric electricity - Montreux, Switzerland, 

May 5 - 10, 1963 are illustrative: "The continued existence of these 

problems reminds us again of their complexity. They appear to defy solu-

tion." - Dr. S. C. Coroniti, and "Moreover, the results in this field 

are so complex and so contradictory that it seems senseless to continue!" 

- Hans Isra~l. The data presented in Table I indeed shows that much 

work needs to be done to answer the questions of atmospheric electricity. 

However, investigations in the field of atmospheric electricity are con-

stantly being carried out, with improved success brought about by im-

proved instrumentation and measuring techniques and improved theories 



CHAPTER II 

AN ELECTRICAL MODEL OF THE FAIR WEATHER ATMOSPHERE 

2.1 Introduction. An examination of the existing theories of 

atmospheric electricity as presented in Chapter I yields the following 

salient features: l) in fair weather areas, there is a conduction cur-

rent of 1400-1800 amperes flowing to the earth, 2) a like amount of 

current leaves the earth in thunderstorm areas, 3) the ionosphere is at 

a potential of approximately +360kv with respect to the earth, 4) there 

exists in the atmosphere an electric field which decreases with altitudE 

from a ground level value of the order of -130 volts/meter, and 5) the 

conductivity of the atmosphere increases monotonically with altitude 

-14 from a ground level value of the order of 2 x 10 . mhos/meter, this 

conductivity being attributable to the presence of ions. 

The earth-atmosphere-ionosphere system is sometimes s:ompared to a 

spherical capacitor; the earth and ionosphere being the plates of this 

capacitor, and the atmosphere acting as a "leaky" dielectric. Thunder-

storms are thought to be the generators which keep the system in 

equilibrium. 

Measurements of cond~ction current in the atmosphere are accomplished 

by two methods, direct and indirect. The direct method involves mea-

suring the charge per unit time collected by the measuring equipment, 

while in the indirect method, conductivity and electric field are mea-

sured, and conduction current is calculated using Ohm's law. 

17 
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. Conductivity, on the other hand, can be measured directly or can be 

determined on the basis oi ionic concentration measurements using the 

relationship discussed in Chapter I. Ionic concentrations and conduc-

tivity are usually measured using Gerdien condensers carried by balloons 

(Stergis, et al., 1955), aircraft (Kraakevik, 1957) or rockets (Boudreau, 

~ al., 1959). 

In this chapter, an electrical model of the global atmosphere is 

developed from fundamental considerations of transport theory applied 

to electrically charged particles. This model, being somewhat more 

comprehensive than previously proposed mechanisms, is expected to yield 

a more valid theory governing distributions of ionic concentrations and 

electric field within the atmosphere. From these distributions can be 

calculated atmospheric conductivity, drift currents, diffusion currents 

and space charge density. 

2.2 Atmospheric Model Description. Consideration may initially be 

given to an ion of charge q and mass m situated in the earth's atmosphere. 

Neglecting relativistic effects, the forces acting on the ion will consist 

of the Lorentz force f1 , and the force of gravity fg. Newton's law of 

motion for the ion can then be written as 

f= 

where vis the ion's velocity vector. If g is the acceleration due to 

the earth's gravitational field, Ethe atmospheric electric field, and 

B the total magnetic field comprised of the earth's magnetic field plus 

any self generated field due to the charged particle's velocity, then 

Newton's law becomes: 
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n d., 
f = -dt = f L + f g = q [E + v x BJ + mg. 

In the atmosphere, both the E and g vectors are directed radially 

inward toward the center of the earth. Consequently, the first and third 

terms in the right hand side of the preceeding expression can be combined 

algebraicallyo The magnitudes of the terms qE and mg can be compared 

using known geophysical data. 
+ 

The principal atmospheric ion is considered to be o; with a mass of 

-26 5.31 x 10 kilograms (Whipple, 1965). The gravitation constant is 

approximately 908 meters/sec2 , q is 1.6 x 10-19 coulombs and E varies 

within the atmosphere from 1.0 volt/meter up to approximately 100 

volts/meter. Then the ratio of ,~,. satisfies the inequality 
qEI 

10-8 < 

1::1 
Consequently, 

- '\, qE +mg= qE. 

Thus Newton's law of motion is, to a good approximation 

f = q [E + v x BJ ' 

Ion viscosity, v, may be defined as the ratio of the force acting 

on an ion to its resulting velocity. Thus 

which implies 

f 
v = - -

\) 

v = I = g!E + v x B! 
v !vi 

q[E + v x BJ = 
\J 

µ[E + v x BJ, 
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where the ratio of ion charge to ion viscosity is the ionic mobility,µ. 

The current density associated with charged particles moving with velo

city, v, is gjven by 

J = q n v 

where n is the particle concentration. Thus the magnitude of the cross 

product vxB satisfies the inequality 

As discussed in Chapter I, J is of 

n is of the order of 109 ions/m3 • 

m/sec. The earth's magnetic field 

2 webers/m or less, so that 

J 
qn 

-12 2 the order of 10 amperes/m, and 

Thus, l~nl is of the order of 10-2 

-4 is known to be of the order of 10 

1---, < v x B = • IBI ~ 10-6 volts/m. 

The upper limit is negligible cdmpared to the magnitude of the electric 

field, Over many years of experimental measurements and observations by 

previous investigators, no evidence has been found to indicate the 

existence of any appreciable self-generated magnetic fields due to 

possible plasma characteristics of ions in motion in the atmosphere. 

Thus, the resulting expression for ion velocity is approximately 

v = µE. 

If this equation is multiplied by the ion concentration, n, there 

results 

nv = µnE. 



But nv is simply the ion flux in ions-m-2-sec-1 • Thus, ~agnetic field 

I 
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and gravitational forces can be neglected in determining ion flux in the 

atmospher!!. 

Since it is known from electrostatics that a particle of negative 

polarity is accelerated opposite to the direction of the electric ,field, 

and a positive particle accelerated in the direction of the electric 

field, then 

r = + iinE c -
where the plus sign obtains if the ion is positive. 

From the kinetic theory of gases, it is known that if there is a 

difference in concentration of molecules within the gas, i.e., a 

concentration gradient, there will be a net diffusion of molecuies away 

from I'E!gions of higher concentration toward regions of lower concentra-

tion, such that there is a net particle flux given by 

FD = -DVn. 

where FD is the particle diffusion flux, Dis the diffusion coefficient~ 

and Vn denotes the gradient of the particle concentration, n. 

The total flux F, for a given type of ion in the atmosphere is then 

the sum of the fluxes attributable to diffusion and the electric field, 

or 

F =Fe+ FD= -DVn + iinE. 

- 2 The current density, j (amperes/m) due·to the ion flux is given by 

the product of ionic charge times ionic flux. Therefore, 



j = q[-!Wn :!:. µnE]. 

a) Generalized Continuity Equation and Poisson's Equation. - The 

generalized continuity equation states that the time rate of change of 
>' 

concentration of a given type of particle (assumed here to posses,s · an 

electrical charge) equals the divergence of the negative flux of that 

particle, plus the particle generation r.ate pe~ unit .volume, less the 

rate of particle loss per unit volume. Poisson's equation states that 
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the divergence of the electric displacement vector equals the net charge 

density present. Stated mathematically, assuming only one type of 

charged particle, 

an - -at= V • [-F] + G - L 

and 

V • D = V • EE = p = qn 

where 

n = particle concentration 

t = time 

G :;: particle generation rate per unit volume 

L = particle loss rate per unit volume 

F = particle flux 

D = electz:,ic displacement 

E = electric field intensity · 

E = permittivity of medium 

q = particle charge. 

For the case of charged particles (ions) in the atmosphere, using 
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the flux expression derived in the preceding section, the c6rttinuity 

equation becomes 

fi'" = V • [OVn + µnE] + G - R 

where the loss term is symbolized by·R, since the primary mechanism of 

ion loss in the atmosphere is due to recombination (Schonland, 1953). 

Considering the four types of ions discussed in Chapter I, a flux 

term will exist for each type of ion. The symbols which will be used in 

describing· these fluxes are summarized in the following table, where 

upper case symbols apply to large ions, and lower case symbols apply to 

small ions. 

TABLE II 

SYMBOLS AND DIMENSIONS OF PARAMETERS 

Parameter Symbol Dimensions 

Concentration N ions/m 3 n 
' 

Diffusion Coefficient d 2 
' D m /sec 

Mobility u 2 -1 -l 
µ 

' 
m -volt -sec 

Electric Field E volt/m 

Generation Rate g G . -3 -1 
' 1on.s-m · ·-~eG 

Recombination Rate R ions-m -3 -l r ' -sec 

Flu,c: f F ions-m -2 -1 
' -sec 



The four flux terms, where. the, subscript indicates ion polarity; are: 

-F = -n· w + u N f + + + + + 

F = -D v'N - u N E 

f+ = -d 'fn + µ+n+E + + 

f = -d v'n µ n E. .. - -

If the total positive ion and negative ion fluxes are denoted by F+ 
, T 

and "f respectively, then 
-T 

F = 'f + f = - [ ( u n + U N )E + ( d v'n + D v'N ) ] • 
-T 

In accord with the available experimental evidence, it is assumed that 

only a single positive or negative increment of electronic charge q 
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exists on each large or small ion. Thus, the positive and negative ion 

current densities j+ and J_ are given by the product of the appropriately 

signed ionic charge +q and these polar flux expressions, that is: 

\ = q+F+ 
T 

j :: q_ "f -T 

In each of these expressions, the current density is the superposition 

of a drift or conduction current and a diffusion current, e.go, 
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(j_) 0 : q[d_Vn_ + D VN] 

(j_)c = a E = q[µ_n_ + u_N_]E, 

where the subscripts D and C indicate diffusion anQ conduction respec-

tively. 

' From this discussion it is seen that if the four concentrations n, 
+ 

n_, N+' and N_, and the electric field E can be determined, both diffu-

sion and conduction curre.nt densities can be calculated in terms of the 

ionic mobilities, diffusivities, and charges. 

b) Atmosph~ric Model - Thus, the electrical model of the atmosphere 

which will be explored i~ detail consists of the four generalized con-

tinuity equations, coupled with the Poisson equation, i.e., the model is: 

an 
-= v . [d Vn + µ n E] + g - r at - - - - (2.1) 

an 
,.',tit:.. .. , v [d Vn -µ..,:ri+E] at: = . + g - r+ + + + 

(2.2) 

aN 
~= v . [D VN + UN F. J + G R (2.3) 

aN+ 
v . [D+ VN+ U+N+E] G+ R+ --- + ,.. 

at (2.4) 

v. EE= q[(n+ + N+) - (n + N )] (2.5) 

The atmospheric model thus represented consists of five simultaneous 

partial differential equations in the five unknowns N , N , n, n , and 
+ - - + 

E, The general solutions of these five equations provide the theoretital 

ion distributions and electric field in the atmosphere. From these 



quantities, the drift and diffusion currents, conductivity, and space 

charge density can be calculated, for further comparison with the 

available experimental evidence. 
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To summarize, the problem is to examine in detail the theoretical 

adequacy of a five-equation model of the electrical properties of the 

fair-weather atmosphere. The theoretical ionic concentrations and the 

electric field distribution in the atmosphere are made available through 

· numerical and analytical solutions of the equations. Implicit in the 

model are the assumptions that the magnetic field and gravitational forces 

are negligible. 



CHAPTER III 

CHARACTERISTICS AND MEASURED ELECTRICAL PROPERTIES OF THE ATMOSPHERE 

· 3.1 Introduction. Before determining atmospheric model parameters 

such as the ionic mobilities, diffusion coefficients, recombination 

coefficients and generation rates; atmospheric temperature, pressure 

and density distributions must be obtained. Atmospheric characteristics 

such as extent, chemical composition and chemical processes will also be 

examined in this chapter. 

3.2 Atmos:pher.ic Nomenclatut>e. The atmosphere is considered to be 

composed of spherical layers having indistinct boundaries. The name of 

each layer consists of a word with the suffix "sphere", and the upper 

boundary of the layer is denoted by the same word with the suffix 

"pause". For example, the upper boundary of the troposphere is the 

tropopause. The International Union of Geodesy and.Geophysics (IUGG) 

has adopted the notation tnat the atmospheric shells be denoted by 

(named in order of increasing altitude): troposphere, stratosphere, 
_1,. • 

mesosphere, and thermosphere where each shell is oharacterized by a 

definite temperature distribution. Figure 5 and Table III from the 

"U. S. Air Force Handbook of Geophysics" illustrate the adopted nomen-

cl.ature. 

The atmospheric model will be examined in detail for the lower three 

regions; the troposphere, stratosphere, and mesosphere; with primary 

interest in the troposphere and stratosphere. 
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Region. 

Troposphere 

Stratosphere 

Mesosphere 

TABLE III 

ATMOSPHERIC REGIONS 

Temperature Distribution 

Characterized by uniform temperature decrease of 

nominal value 6.5°K/km. 

Nominally constant temperature. 

Region of the first temperature maximum. The major 

temperature minimum occurs at the mesopause. 
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Thermosphere Region of rising temperature above the mesopause. No 

upper altitude limit. 

3.3 Atmospheric Composition and Primary Chemical Reactions. The 

principal atmospheric gases are nitrogen, oxygen, argon and carbon 

dioxide. For altitudes below the mesopause, the proportions of these 

gases are thought to be invariant. Table IV lists the characteristics 

of these constituents. 

On the bc1sis of the relative weights of the atmospheric constituents, 

the molecular weight of air is calculated to be 28.966. 

Within the troposphere and stratosphere, electron and positive ion 

ion-pairs are formed primarily by cosmic radiation, and by radiation 

from radioactive matter in the ai~ and in the earth's crust. However, 

ionozation due to the presence of radioactive matter is negljgible above 

the bottom two kilometers of the troposphere. Negative small ions are 

formed by the attachment of electrons to neutral molecules, the most 

predominate reaction according to Whipple (1965) is 
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TABLE IV 

PRINCIPAL ATMOSPHERIC CONSTITUENTS {FROM "U. S. 
A.IR FORCE HANDBOOK OF GEOPHYSICS") 

Molecular or Molecular or 
Constituent % by Volume Atomic Weight Atomi.c Weight (gms) 

Nitrogen (N2) 78.088 28.016 48.50880 x .10-24 

Oxygen (0 2) 20.949 32.000 53.12256 x 10-24 

Argon (A) 0.93 39.944 66.31024 x 10-24 

Carbon Dioxide 0.03 44.011 73.06178 x 10-24 
(C02) 

In the upper portion of the stratosphere and intfle mesosphere, 

electrons are produced not only by c,osmic radiation, but also by photo-

detachment, 

and collisional detachment, 

where Mis a neutral molecule. Throughout the troposphere, stratosphere 

and lower portion of the mesosphere, the electron mean lifetime is so 

short that the free electron density is negligible {Cole and Pierce, 
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1965). For altitudes w,here the electron mean lifetime be comer c pprecia-· 

ble, the model would be supplemented by an additional continuity equation 

describing the concentration of electrons. This would be the case in the 

upper portion of the mesosphere. 

As discussed in Chapter I, the small ions produced by the above 

processes can become attached to Aitken nucleii to form the highly im-

mobile large ions. 

3.4 Atmospheric Temperature, Pressure and Density. Temperature, 

pressure and density (T, P, p) distributions in the atmosphere whi~h will 

be used in determining parameters in the atmospheric model will be 

taken frQm tables in the :•u. S. Standard Atmosphere, 1962'' and its 1966 

supplement. The particular distributions are annual averages at mid-

latitude ( 45°N) • Al though all. three variables P, T, and p are given , 

any one of the three can be calculated from the other two by the 

hydrostatic equation solu't;ion 

= l?M 
P RT 

c:·i (3.1) 

where pis density, Pis pressure, Mis molecular weight (28.966), R is 

the universal gas constant, and Tis temperature. Figures 6, 7, and 8 

show respectively the atmospheric temperature, pressure, and density" 

distributions • 

In the following chapter, the data represented in these figures 

will be used to derive ion mobilities, diffusion coefficients, and 

generation and recombination rates. 

3. 5 · Measured Electrical Properties of the Atmosphere. The atmq-

spheric variables; electric field, conductivity, ionic concentration and 

drift currents, as measured by various investigators will be presented 
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to provide a basis fm. comparison with the results of analysis of the 

atmospheric model, and to provide data for use in determining quantities 

which will aio in the analysis. 

a) Electric Field - On the basis of measurements, this variable is 

assumed to decrease approximately exponentially with altitude. Figure 9 

shows measurements by Stergis, ~ al., ( 1957) and Hatakeyama ( 1965), where 

the measured values are extrapolated above twenty-five kilometers. 

Hatakeyama's data is closely approximated by the analytic expres-

sions, where Z is altitude in meters, and Eis in volts per meter: 

for O $.. Z ~ 3090 

-4 
-3 .o x 10 x Z E = -130 x e 

for 3000 < Z ;s 18000 

-4 
E -1.63 x 10 x Z - -81.5 x e 

and for Z ~ 18000 

E = _37 •52 x e~l.243 x 10-4 x Z 

and the data of Stergis, et al., is approximated by: 

for O $.. Z ;s 7500 

for 7500 < Z $.. 15000 

-3.175 x l0-4Z E = -°l.30 x e 

-1.85 x 10-4(z - 7500) 
E = -12 x e , 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

( 3 .6) 
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and for Z > 15000 

-1.45 x 10-4(z - 15000) E = -3 x e (3.7) 

Von Schweidler (1929), obtained an analytic expression for the 

electric field on the basis of balloon measurements. His formula is 

-3 -4 
E = -[goe-3.5 x 10 Z + 40e-2.3 x 10 Z] (3.8) 

where Z is in meters, and the electric field in volts/meter. 

The electric potential difference between the earth and the upper 

atmosphere can be calculated using these expressions and the definition 

of potential difference between points A and B, 

B 
= - f E • dl. 

A 

The upper atmosphere will be taken as being at infinity. Then if ~E-A 

is the potential difference between the earth and the top of the atmo-

sphere, 

f :E(Z)dZ. 
0 

Using Equations 3.2, 3.3, and 3.4 as the electric field results in 

5 = 5 x 10 volts, 

while using Equations 3.5, 3.6, and 3,7 gives 
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These potentials are in fair ag:r.'eement with the results quoted in 

Chapter I, where it is pointed out that some disagreement exists as to 

the exact ionospheric potential. In fact, the exchange layer will have 

an important bearing on the measured atmospheric electric field, since, 

being a relatively "high resistance" region there will be a large 

·potential drop acro~s the layep. Thus, if meteorological conditions at 

the location where the electric field is measured are such that the 

exchange layer is thin or even nonexistent, the integration of the 

measured field should indicate a lower ~E-A than if the exchange region 

is· of greater extent. 

b) Conductivity - Stergis, et al. , ( 1955) measured the polar 

conductivities ·using balloon borne instruments at White Sands, New Mexico. 

In their experiments, a was measured two days prior to a , and the 
- + 

total conductivity shown in Figure 10 is the sum of these polar conduc-

tivities, i.e., 

aT =a++ a • 

c) Conduction Current Der .. sity - Figure 11 shows the results of 

conduction current density measurements made from an aircraft off the 

~ast and West Coasts (Kraakevik, 1958). Above the top of the exchange 

layer, the current was essentially constant up to the highest altitude 

at which measurements were made. 

d) Ionic Concentrations 

1) Large ]on Concentrations - Sagalyn and Fa~cher (1954) repo~t 

on the measurements of large ion concentrations made during over forty 

airplane flights. Figure 12 shows two of the nine concentration pro-

files reported. These two are typical of the nine measurements in that 
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within the exchange layer the large ion concentration varies widely, 

depending on meteorological conditions, and then reduces to a small 

value above the exchange layer. These investigators determined the top 

of the exchange layer by the altitude at which a sharp decrease in 

temperature gradient was detected. The average height was six thousand 

feet, with a standar,d deviation of two thousand feet. The maximum and 

,ninimuw values were ninety-four hundred :feet and thirty-two hundred feet 

respectively. 

This se:r>ies of measurements also showed that the large ion concen-

t~atior was approximately the same for large ions of either polarity, 

. "' i.e., N ~ N. This would indicate that the positive small ion density 
+ -

considerably exceeds the negative small ion density within the exchange · 

layer since it is seen from Table VI of Chapter IV that the negative 

small ions combine with nucleii at nearly twice the rate of the positive 

small ions. This is the so called "electrode effect" in which there is 

an excess. of pos.i ti ve ions near the ·earth's negatively charged surface. 

2) Small Ion Concentration - Small ion concentrations have not 

been measured ;nearly as extensively as atmospheric conductivity. A few 

investigators have made measurements of small ion densities, however. 

For example, Kroening (1960) measured negative small ion densities for 

altitudes up to 35 km. His results are presented in Figure 13. 

The decrease in ion density above 15 km was not expected on the 

basis of Kroening's theoretical p~dictions. Analysis of the atmospheric 

model will hopefully provide more satisfactory predictions of ion 

densities. Also shown in Figure .13 are the results reported by Paltridge 

(1965). These two curves are the result of smoothing the data reported. 
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3.6 Atmospheric Ionization. In that portion of the atmosphere 

below tw.o kilometers, ionization is produced by radiation from radio-

active material in the earth's crust, radioactive gases in the air, and 

from c,osmic rays. Table. V from Hess and O'Donnell (1951) lists the total 

ionization produced by these sources at altitudes of three centimeters 

and one meter. 
-3 -1 . 

In this table,·· I denotes one ion pair-cm -sec 

TABLE V 

RATE OF IONIZATION IN THE LOWEST ATMOSPHERE 

Source of Ionization 3 cm Altitude 100 cm Altitude. 

y rays 3.58I 1. 76! 

a rays 2.18! 0.47! 

y rays 3.76! 3.21I 

Cosmic rays 1.96! l.96I 

Total 1Ll+8I 7.40I 

The ,following two figures, after Bricard (1965) show the rates of 

ionization in the 1ower atmosphere. Figure 14 showing ionization by 

radioactive matter in the earth's crust, and Figure 15 ionization by 

radioactive gases in the air. After examining cosmic ray ionizatiqn, it 

will become apparent that above a few kilometers, the ionization rates 

presented in these two figut-es becomes negligible. 

Measurements of cosmic ray ionizatior by Bowen, et al. (1938) show 

that ionization increases with altitude up to approximately 16 km, and 
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then monotonically decreases in the remainder of the atmosphere. Such 

behavior is probably primarily due to "cosmic showers", where the coi:imic 

primaries initiate secondaries, tertiaries, etc. These descendents 

ionizing more and more air molecules as they traverse the atmosphere, 

until they have lost sufficient energy in ionization that their ability 

to ionize begins to decrease, and continues to decrease. Because of 

shielding by the earth's magnetic field, cosmic ray intensity is a 

function of geomagnetic latitude, (GML), having a minimum at the geomag.c 

netic equator and a maximum at the geomagnetic poles. Also, cosmic ray 

intensity has been shown to be inversely correlated to solar activity 

(Forbush, 1954). Figure 16 from Bowen, et al, (1938) shows cosmic 

ionization measured at different geomagnetic latitudes, and Figure 17 

from Neher, et al., (1953) shows cosmic ionization variation with GML. 

Figure 18 from Neher and Anderson (195~) shows the results of cosmic 

ionization mea$ured at different times at the same GML. The year 1954 

corresponded to a period of solar minimum, and 1936 to a solar maximum. 

It can also be seen from this figure that the "peak" of ionization occurs 

at higher altitudes as solar activity decreases. 

The abscissa of Figure 16 is given in meters of water below the top 

of the atmosphere, where 10. 33 meters of water corresponds to ground 

level. To convert altitude to meters of water requires using the 

atmospheric temperature and pressure tables, and tables of mercury 

density. For example, at a pressure of 760 mm Hg and a temperature of 

27~°K, the density of mercury is 13.596 gm/cc. Hence 

0 • ?om Hg ~13. 59fi'!,m - cm - 3 - Hg -lJ = 
-3 -1 l.Ogm - cm - H2o 
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Any altitude can be obtained from its equivalent in meters of water by 

the inverse process. 

2 The abscissa of Figure 18 is given in gm/cm of air overhead which 

can be converted to altitude. For example at STP, 

(0. 76m H )[13.596 gm]= 
g. cc - Hg 

3 I 2 -· 103 .O gm crn ot aiI'\o 

In illustration, using the pressure, temperature, and mercury density 

tables gives an atmospheric pressure of 73,6 mm Hg at 16.3 km and density 

of Hg as 13.6 gm/cc. Then: 

7.36 x 13.6 
2 = 100 gm/cm air overhead 

= l. O meters of H2o. 

Ordinates of both Figure 16 and 18 give ionization rates referred to 

one atmosphere. In order to obtain the ionization at a given altitude 

the ordinate must be multiplied by the ratio of the atmospheric density 

at the desired altitude to the standard air density at 760 mm Hg and 

Using the conversion process outlined above, the ionization at 

s1°N GML from Figure 16 was converted to ionization rate as a function 

of altitude in kilometers. The result is shown in Figure 19. Figure 20 

from Cole and Pierce (1965) is a similar derivation for periods of 

intermediate solar activity. 

The geophysical data represented in this chapter will be used in 

determining the behavior of the atmospheric model parameters, and will 

also aid in interpreting results of analysis of the model. 
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CHAPTER IV 

DERIVATION OF ATMOSPHERIC MODEL FOR ALTITUDES 

ABOVE THE EXCHANGE LAYER 

1i.1 Introduction. Prior to analysis of the atmospheric model 

defined by Equations 2.1 through 2.5, the altitude dependence of the 

mobility, diffusivity, generation rate and recombination rate terms 

appearing in the model must be known. This dependence will be deter-

mined using known relations from semiconductor theory, the the?ry of 

ionized ~ases, and the data given in Chapter III. 

The data represented in Figures 12 and 13 indicate that above the 

exchange layer (average height of l. 8 km), the large ion content becomes 

negligible compared to the small·ion density. Attention will initially 

be directed toward the form of the atmospheric model above the exchange 

layer. 

4.2 Small Ion Mobilities. The average mobility of the positive 

2 -1 -1 small ion at STP is of the order of 1.4 cm -volt -sec , and that of th~ 

2 -1 -1 negative small ion is of the order of 1.9 cm -volt -sec (Bricard, 

196~). According to Loeb (1955), the mobility of ions in a gas is 

inversely proportional to the ~ensity of the gas. Then if µ 0 is the 

mobility measured at density p0 , 

µ (p) 

Using Equation 3.1, the mobility can be expressed as a function of 

pressure and temperature, 

54 
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µ (Z) (4.l) 

Equation 4.l holds for ions of either polarity. 

The ionic mobilities are known to also be functionally dependent on 

humidity, although little is known as to the exact form of this depen-

dence. Further experimental work needs to be done to define the effect 

humidity has on the small ion mobilities. Consequently, the dry air 

laboratory values will be used for the model analysis, and only tempera-

ture and pressures effects will be considered. 

Using the data given in the temperature and pressurp t.ables, small 

ion mobilities as a function of altjtude were determined from Equation 

4.l. The results are shown in Figure 21. Analytic expressions for the 

mobilities can be Qerived form the calculated data. The results are, 

where Z is expressed in km, 

(4.2) 

IJ_ (Z) O l4Z 2 -l -1 =.l.9e • · cm -volt -sec (4.3) 

Small ibn drift velocities in the vertical direction, given by the 

product of mobility times.electric field, can be determined on the basis 

of .. the measured electric field intensity and the theoretical mobility 

expressions. Equations 3.2, 3.3, and 3.4 give the electric field as 

measured by Hatakeyama, and Equations 4.2 and 4.3 the ion mobilities. 

The dimensions of the electric field were converted to volts/cm so that 
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the velocities are in cm/sec. Figure 22 shows these velocities, where 

a positive velocity is in the direction of increasi_ng altitude. 

4 •. 3 Small Ion Diffusivities. From the ionic mobility expressions 

and the temperature data, diffusion coefficients can be determined using 

Einstei~'s relation 

kT 
d = - µ. 

q 
(4.4) 

ln this expression, k is Boltzrnan's constant, and singly charged ions 

are assumed, i.e., q is the electronic charge. Substituting Equation 

4.1 into 4.4 gives 

d(Z) 

The results of this calculation for small ions of both polarity and for 

Z up to seventy km are shown in Figure 23. 

Analytic expressions can be derived to represent the diffusion 

coefficients in the atmosphere. 

For Z .s. 10 km, 

(4.Sa) 

d (Z) = 0,0488e0~09lSZ (4.Sb) 

For 10 < Z ..s.. 50 km, 

d+(Z) = o.ogoe0.1543(Z - 10) (4.6a) 

d (Z) = O.l22eO.l543(Z - 10) (4.6b) 

and for Z .s. 50· km, 
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Figure 22. Small Ion Velocities 
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d+(Z) = 41 . 4e0,117(Z - 50) (4.7a) 

d (Z) = SG.le0.117(Z - 50) (4.7b) 

I th ' d • • 2; d Z ' ' k ·n · ese expressions, 1s in cm sec, , an . is in . m. 

4.4 Small Ion Recombination Rate. For altitudes where large ion 

concentration is negligible, the primary mechanism of· loss will be small 

ion-small ion recombinations. Thus, the rate of recombination will be 

proportional to the small ion concentrations, i.e., the more ions present, 

the faster recombination will occur. Furthermore, the two recombination 

terms, r and r, will be the same (if the free electron lifetime is 
- + 

negligible) since fpr this. type recombination, for every negative small 

ion lost, a positive small ion is also lost. Consequently, the recom-

bination model is 

r = r = o:: n n + + _, 

where o:: is a constant of proportionality (dependent on temperature and 

pressure), known as the recombination coefficient and has dimensions of 

. -1 -1 volume-ion -sec • 

Of the theories regarding ion recombination, Thomson's three-body 

theory has been shown to most accurately describe such ··recombinations in 

air. In fact, Sayers (1938) experimentally verified that this theory is 

valid in air for pressures from l0-2mm Hg up to 760 mm Hg. A detailed 

derivation of Thomson's theory is given in Appendix A. Only its most 

outstanding features apd the resulting expression for o:: will be discussed 

here, 

In essence, Thomson's theory concludes that even though two oppo-

si tely charged ions come within that distance, ~' of one another where 
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average kinetic energy and Coulombic potential energy are equal, i.e., 

when 

2 
! kT = ___ q....._ 
2 '+'ITE' 0 d 

recombination is not certain. However, if during this period of orbital 

encounter, either or both of the ions experience a collision with at 

least one neutral air molecule, sufficient ionic kinetic energy will be 

lost, and ion-ion recombination will occur. Such collisions are to be 

expected if the ion mean free path Lis such that L < d. Since mean 

free path is dependent on density, or equivalently pressure and tempera-

ture, this at least intuitively indicates that Thomson's recombination 

coefficient a: will depend on _these atmospheric variables. 

The conclusion of Thomson's theory is that.the recombination coeffi-

cient is given by the expression 

a: = l. 73 x 10 -s 
T 

3 
. '2 

(~) ( 1 ) f(x) 
T M 

-1 -1 cc-ion -sec ' 

where Mis the molecular weight of the ions relative to hydrogen and f(x) 

is a function accounting for the probability of ion-molecule collisions. 

The argument xis a temperature and pressure dependent variable deter-

mined from the expression 

x = 
. 2 

o.81(273) 
T 

where LA/Lis the ratio of mean free path of a molecule at STP to that 

of the ion, and is approximately 3 for air. Therefore, 



2 
x = 2.43( 2; 3) 

The probability function of xis of the form 

f(x) = l - ~ [l - e -x ( x + l) ] 2 • 
4 

x 
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From experimental data taken at 293°K and 760 mm Hg, a: has been determined 

to be 1.6 x 10-5cc/ion-sec. Calculating x, and f(x) at this temperature 

and pressure, then (l/M)112 can be determined from the recombination 

coefficient expression. The final expression is: 

a: = 1. 9 3 :x: 10 - 5 
T 

3 
2 

(~) f(x). 
T 

Results of this calculation using the temperature and pressure dis-

tributions in the atmosphere are shown in Figure 24. The Thomson reeom-

bination coefficient can be expressed as a function of altitude as 

fol.lows: 

for O ~ Z ~ 15, 

for lo .s.. z < 50, 

and for 50 .~ Z .s,. 70, 

a: = l. 5 x 10-6 e-0~16(Z - 15) 
T 

a: = 5.5 x 10-9 
T 

-0.118(Z - 50) 
e 

where Z is in kilometers and -3. -1 -1 
a: is in cm -ion -sec 

T 
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More recent theoretical evidence from Cole and Pierce (1965) indicates 

that the Thomson ~hree-body reaction is valid for altitudes below thirty

five km, but that a two-body rea~tion is possibly dominant at greater 

altitudes, The result of using this newer recombination data is also 

shown in Fi.gure 24. Analytic expressions for this functic:,n are: 

For O .s. Z < 15, 

for 15 .s_ Z < 34, 

for 34 ~ Z < SO, 

and for Z ~ 50, 

a: = 1.75 x 10-6 
2 

a: = 1 •5 x 10-6 e-0.16(Z - 15) 
2 

a: = 6.7 x 10-0 
2 

e 
-.073(Z - 34) 

-8 
a: = 2.0 x 10 

2 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

4.5 Small Ion Generation Rate. InitiaL .conside~ations of ion 

. generation will. be based on the assumption that electron mean lifetime 

is negligible. Under this ~ssumption, positive and negative small ions 

are generated at exactly the same rate, i.e., in Equations 2 .1 and 2 .2, 

The generation of ions will be assumed to follow the curve shown in 

Figure 20 of Chapter III. This curve can be analytically represented by 

the following functions: 



65 

for O s. Z .s.. 1. 25, 

-l.079Z 
g = 10.0 e (4.12) 

for 1.25 < Z .s.. 13, 

for 13 < Z .s.. 15.7, 

for 15.7 < Z ~ 40, 

and for Z > 40, 

0.233Z 
g = 1.94 e 

g = 42.0 

g = 42.0 e-O.l543(Z - 15,7) 

(4.13) 

(4.13) 

(4.15) 

-O.ll4(Z - 40) 
g = e (4.16), 

. -3 -1 where Z is in km and g is in ions-cm -sec The behavipr of this 

function for altitudes less than 1.25 km is accounted for by the 

ionization due to radioactive substances in the earth and in the air, 

above this altitude, cosmic:: ray ionization becomes dominant. Equations 

4.12 through 4,16 will be used as the generation model for small ions of 

either polarity. 

4.6 Generation and Recombination in Regions Where Large Ion Content 

is Not Negligible. For altitudes above the exchange layer, the various 

coefficients,µ , d, and the forcing functions, g - r, are now con-+ + .. . + t 

sidered knowri, and analysis of the reduced model can proceed in this 

altitude regime. A.s stated earlier, ini tj al emphasis will be placed on 

anal~sis of the. model above the exchange layer. However, within the 
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exchange layer, the. generation and recombination terms are of a different 

form. In this region, 

G - R = n2on_No n12n+N- n00N+N-

G+ - R + = nlOn+No - n12n_N+ - r 00N+N ... 

g - r = g - a:n n - n21n_N+ n2on _ No - + -

g - r = g - a:n n - n D N - n n N' .. + + · + - 12 + - 10 + 0 

where N0 denotes a neutral nucleii. Mean values of the combination 

coefficients at STP are given in Table VI where the entry dimensions are 

+3. -l -l cm -ion -sec 

TABLE VI 

RECOMBINATION COEFFICIENTS 

11 00 

-6 · -6 4.5 x 10 0~001 x 10 

It is seen from the preceding set of equations that the model is greatly 

simplified if the concentrations N0," N+' and N_ can be neglected. 

4.7 Form of Model Above Exchange Layer. The form of the model 

which obtains above the austauch region is thus reduced to the three 

equatio~s: 

.•· 
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an 
_...,..._ - 'i/ . [d Vn + µ_n_EJ + g - cxn n (4.17) at + -

an+ - v . [d 'i/n µ+n+EJ + g - cxn n (4.18) at - + + + -

v·· e: E = q(n - n ) 
0 + -

(4.19). 

This reduced model will be explored analytically by use of various 

mathematical techniques incorporating the foregoing experimentally based 

data and derivations, 



CHAPTER V 

SIGNIFICANCE OF UNCERTAINTIES IN MEASURED ELECTRICAL PROPERTIES 

5.1 Introduction. The last consideration prior to analysis of 

the atmospheric model will be to examine uncertainties in measurements 

of electrical properties of ·the atmosphere and to note the effect these 

uncertainties will have on the analysis. 

5.2 Atmospheric Electric Field. Figure 9 shows the results of 

·electric field measurements by two different investigators. Both results 

shown are smoothed curves fit to the measured data, and indicate that the 

derivative of the electric field is always positive, i.e., 

dE -> 0 dZ 

for all z. From the Poisson equation, Equation 4.19, this implies that 

(5.1) 

for all Z. However, an examination of Figure 25, also reported by 

Hatakeyama ( 1965-) shows that Equation 5 .1 is not necessarily true for 

all altitudes. ·In fac.t, Figure 26 shows the results of numerically 

differentiating the curve in Figure 25, and then using Equation 4.19 to 

solve for the difference in small ion concentrations. Thus, 

E:O dE 
n+ - n - q dZ' 

where dE/dZ is obtained as indicated. Figure 26 then gives an 

68 



69 

.0 

t= .. 
w 
0:: 
:) 800 U) 
U) 

IJ.J 
0:: 
a.. 90 

-20 -40 -60 80 

ELECTRIC FIELD, VOLTS/ METER 

Figure 25. Atmospheric Electri-c · .Field 



10.--~~-.-~~~,..........~~--~~~..--~~--.-~~~-.-~~--,,~--~----~--, .......... ---~.....,.....~~~..-~~--

Sr-

, 1 
~ 6 I I 
::.::'.' 

...: 
I I 

I 
(!) 

s 

w4 
I 

I 

I 
I 21-

o .... 
0 2 4 6 8 10 

DIFFERENCE IN SMALL ION CONCENTRATION, n+ - n_, IONS-CM-3 

Figure 26. Difference in Small Ion Concentrations 

-..J 
0 



approximate indication of n+ ... n .which will be used to compare with 

small ion density measurements i~ Se~~ion 5.4. 
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A possible answer to this reversal in the sign of the electric field 

derivative might be that if Aitken nucleii ··oJ:'·,cpndensation particles were 

p:i;,esent at the altitudes of these sign reversals, then according to the 

data .. in Table VI, the positive small ions could combine witl'). the nucleii 

at a higher rate than the ·negative small ions, and a condition reached 

at which 

n > n • 
+ 

Other investigators, for example KoE;!nigsfeld (1953), report on 

balloonsonde electric field measurements, and find that at an altitude 

within the troposphere, the electric field reduces to approximately 

-10 v/m and remains constant for all higher altitudes, The results of 

Koenigsfeld are shown in Figure 27. 

This data would indicate that above approximately ten kilometers, 

the small ion densities were equal. Figure 9 data indicates that under 

average conditions, n+ is slightly greater than n_, but their difference 

becomes smaller as altitude increases. In fact, an examination of 

Equations 3.2 through 3'.7 implies the small ion difference decreases 

exponentially with altitude. 

With regard to the atmospheric electric field, typical measurements 

conclude that the field behaves approximately as shown in Figure 9, that 

is, decreases nearly exponentially with altitude to some small limiting 

value, and from this can be deduced that the difference of ions is small, 

and also decreases with altitude. 
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5.3 Conductivity, Polar Conductivity Ratio, and Ionic Mobilities. 

Atmospheric polar conductivities or the ratio of the polar conductivities 

has received nearly as much consideration as the electric field in the 

number of measurements made. However, _with the exception of a few mea-

surements, e.g. Woessner~ al. (1958), investigators have been content 

with measuring either cr or cr , or if both were measured, measurements ' + -

were made at different times and not simultaneously. Nevertheless, there 

is general agreement that the conductivity increases with altitude in 

an exponential manner and is due to the presence of small ions. The 

measurements of Gish and Sherman (1936), however, showed a decrease in 

conductivity at higher altitudes not detected by most investigators. 

Where some disagreement arises is in measurements of the polar 

conductivity ratio, 

cr µ n 
-= (5.2) 

Sagalyn (1958), Kraakevik (1955) and Curtis and Hyland (1958) all 

report an average ratio of approximately 1.05 !. 0,1 on the basis of 

measurements made from aircraft, Woessner,~ al. (1958) obtains a ratio 

of near unity above the exchange layer. Now Phillips (1955), has shown 

in the laboratory that as air pollution is decreased, the conductivity 

ratio approaches the mobility ratio, which laboratory measurements indi-

cate is approximately 1.3 to 1.4. Woessner et al. (1958) conclude that --
pollution is small above the exchange layer because cr_/cr+ approaches 

unity, but they also agree with the above mobility ratio. Their con-

clusion seems to be in contradiction with laboratory measurements of 

cr_lcr+ andµ_!µ+, Sagalyn (1958) concludes that sine~ the. small ions of 



either polarity are generated and recombine at nearly the same rate, 

then 

n 
"' "'1, 
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so that the mobility ratio must also be near unity. The~e is apparently 

a difference in laboratory and field measurements. A possible reason 

for the difference could well be the effect of humidity on small ion 

mobility. Limited investigations in this regard do show a reduction of 

the mobility ratio as humidity is increased. However, direct measure-

ments of small ion mobility as a function of altitude have not been 

carried out to the extent that laboratory measurements can be contra-

dieted. Such measurements certainly need to be made in order to deter-

mine any correlation (or further lack of correlation) with laboratory 

results. In this light, the model analysis will assumEr that laboratory 

mea$urements of the mobility ratio are the most reliable, and that the 

mobility ratio µ_/µ+ may have an average constant value, the value 

depending on pollution content. 

5.4 Small Ion Concentration Measurements. Small ion concentration 

measurements are the least extensive of any of the fair weather atmo-

~pheric electricity quantities. Figure 13 shows the results of two of 
l 
t 1hese measurements. The data of Paltridge (1965) gave the result that 

over the entire altitude regime measured 

-= 1.43 + 0.14. 
n 

Looking at this result in conjunction with electric field measurements 



and Poisson's equation, 

or 

dE a 
dz = ..:._ (n 

EO + 

n 

n ) ~ .L (0.43) 
EO 

EO dE 
= -0-. 4....,.3-q dZ. 
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n_, 

Now Hatakeyama's electric field data gives that within the troposphere, 

-2 where Z is in meters, and dE/dZ in volts -m Then 

n = 8.854 x 10-12 4 
----------,-- (-130)(-3 x 10- ) 

(0.43)(1.602 x 10-19 1 

= 0.5 
-3 x l0-4z 

e 

. I 3 ions m 

ions/cc. 

This figure is at least three orders of magnitude less than measurements 

of ionic concentration indicate. Admittedly, Hatakeyama's and Paltridge's 

measurements were made at different times and at different geographic 

locations, bul' this great discrepancy is not to be expected. Since 

electric field is more easily measured and has received more extensive 

investigation, the most acceptable conclusion seems to be that the small 

ion densities are nearly equal, i.e., 
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It can also be noted. from Figure 13 that the small ion density 

decreases at higher altitudes. This condition was not detected in the 

conductivity measurements of most investigators. As pointed out earlier, 

the conductivity increases exponentially at a rate at least as great as 

the rate of mobility increase. This suggests that the ion concentrations 

also continued to increase. One theory put forth to explain the noted 

decrease in small ion density is the possibility of "bunches" of pollu-

tion at higher altitudes. However, no satisfactory explanation of how 

these pollutants arrived at such high altitudes has been made. Also 

suspect is the operation of the measuring apparatus itself at extreme 

altitudes. 

5 .• 5. Conclusions o • The discussion in this chapter has pointed out 

discrepancies in measurements of atmospheric electricity variableso 

One point all investigators agree on is that imP,rovements in instrumen-

tation and measuring techniques are required. This point seems to be 

extremely well taken. 

Analysis of the atmospheric model will proceed using the conclusions 

that seem to be most concrete. These include a mobi~i ty ratio of 1. 3 to 

1. 4, nearly equal ion densities, a monotonically decreasing electric 

field, monotonically increasing conductivities, and a nearly constant 

conductivity ratio in "clean" air. 
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CHAPTER VI 

STEADY STATE AND ONE DIMENSIONAL ANALYSIS OF 

THE ATMOSPHERIC MODEL 

6.1 Introductiono Equations 4.17, 4ol8 and 4o19 form the.atmo-

spheric model for regions where the large ion content is negligible, 

This chapter will describe the analysis of this three equation model, 

6 o 2 Steady State and One-Dimensional Fot'm of, the- Atmospheric Modelo 

Sagalyn and Fauchet' (1954), and Gish and Wait (1950) have made measure-

ments of the hot'izontal variation of electt'ical pt'operties of the atmo-

sphereo Both investigator>s report that variations of these properties 

in the horizontal direction wer>e small, at most ten per cent of the mean 

value measured at constant altitude. Assuming this to be the case, the 

model· is conside:r>ably simpler in that spatial derivatives in only the 

vertical direction require consideration. For if v denotes any atmo-

spheric electr>ical qu~ntity 9 then the gradient of vis given by 

Since horizontal variations are assumed to be much smaller than 

vertical variations, 

Incot'porating this result into the model gives 
1. 

an_ a an_ 
~ = az [d_ Tz+ ii_n_E] + g - o::n+n ... = O 



and 

-aE _ ti ( ) 
az - t"" n+ - n .. 

0 

One further known property of the atmosphere will be considered -
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that steady state or at least "quasi-static" equilibrium obtains. This 

assumption is valid if time variations of temperature, pressure 9 and 

cosmic ray intensity are small. Cosmic ray intensity is known to main-

tain a nearly constant value during a given period of the.solar cycle, 

while the time derivatives of temperature and pressure are also small in 
. ' 

areas of fair weather. Assuming this to also be the case 9 the model· 

simplifies to, 

dn_(Z) 
~ [d_(z) dZ + µ_(Z)n_(Z)E(Z)] + g(Z)-«(Z)n+(Z)n_(z) = 0 (6.1) 

Ef.. = .S... [n (Z) • n,;.(Z)] dZ e0 + · • 
which comiists of three ordinary• second order• simultaneous• nonlinear, 

differential equations with variable coefficients. This is the model 

which will be analyzed with as much rigor as possible. 

The assumptions which have been made in the model transition from 

Equations 2.1 through 2o5 to Equations 6.1 9 602 and 6.3 are: 1) large 

ion content is negligible 9 2) horizontal variations of electrical quan= 

tities are much smaller than vertical variations 9 and 3) steady state 

conditions obtaino 
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603 Attempts at Numerical Integrationo The three preceding equa

tions can be put into a form more amenable to numerical studyo Performing 

the differentiation indicated in Equations 6ol and 6o2e where a prime 

indicates differentiation with respect to z. 

d n" + (d ' + µ ... E)n ... ' + (µ_E' + Eµ_')n_ + g - a:n.,.n .. = O 

Substituting Equation 603 into these two equations gives 

µ_q 
d n " + (d ' + µ E)n ' + [- (n .,. n) + Eµ_']n_ + g ... a:n n = O 

- - - £0 + + ... 

µ.,.q 
d+n+" + ( a.,.· ' - µ+E )n+' - [- (n - n ) + Eµ ' Jn + g - a:n n = o 

£0 + + + + ~ 

Making the substitutions 

x = n ' 

y: n I 

+ 

and solving for x' and y' results in the set of five• first order differ-

ential equations 

[.s_ (n ... n.,.h.1_ - µ_ 'E]n_ - [d_' + µ_E]x - [g "' a:n.,.n_J 
£0 ... 

x' = n" = ............... _....-._. ............ __ _,,_.._..."""'! ................ _..._,,....,,,__. ........... .-.. ...... _... 
d 

y' = n " = + 

n' = x 

[~ (n.,. - n_)µ+ + µ+'E]n.,. - [d+' - µ.,.EJy - [g - a:n.,.n.J 

0 

''• 
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These five equations are in a form suitable for numerical integration 

techniqueso Both Runge-Kutta and predictor-corrector methods were tried 

for integration of this set of equationso However; because of the re .. 

peated subtraction of nearly equal numbers which occurs in these equa-

tions. extremely small integration step sizes were required in order to 

maintain truncation and round-off errors at a small value, with the re-

sult that the amount of computer time on the Oklahoma State University 

IBM 7040 which would be necessary to integrate the three equation model 

was impracticalo Consequently; attempts· at a coJJ1Plete numerical solution 

were abandoned in favor of analytic and limited numerical "'lethqdso 

604 Pre-Solution Conclusions From the Atmospheric Modelo Several 

conclusions regarding behavior of atmospheric electrical quantities can 

be inferred from the model prior to its solution. For convenience, these 

conclusions will be presented as a set of theorems and ~orollaries. For 

proof of these theorems, .the model, Equations 6ol through 6.~, will be 

rewritten as • 

L [d n '] d (6.4) + dZ [µ_n_E] + g ... a:n n = 0 
dZ. - - + -

d d 
0 (6.5) cl"Z" [d n "] - ~ [µ n E] + g - =n n = + + + + + ... 

.9£. = S.... (n - n ) (6.6) 
dZ e:o + -

Theorem 1: Hypothesis Diffusion current density independent of 

altitude implies conduction current density is also independent of alti-

tude. 

Proof From the hypothesis, 

or 
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Now subtracting Equation 605 from 6.,4 9 and using the preceding 2:1esult 

gives 

or 

t 

and the theorem is provedd 

Corollary lcl: Hypothesis Polar diffusion fluxes independent 

of altitude implies conduction current density is independent of altitude. 

Proof From the hypothesis 

and the result follows from Theorem 1. 

Theorem 2: Hypothesis Conduction current density independent 

of alti tut de, implies that the diffusion current density is independent 

of altitude" 

Proof From the hypothesis• 

or 

Subtracting Equation 6.,5 from 6.,4 9 and incorporating this result gives 

• 



82 

and the theorem is provedd 

Corollary 2ol: Hypothesis Polar conduction fluxes independent 

of altitude implies that the diffusion current density is independent of 

altitudeo 

Proof ..... From the hypothesis, 

and the result then follows from Theorem 2. 

Theorem 3: Hypothesis ...... Altitude independent conduction current 

density, and a constant positive polar conductivity ratio implies the 

polar conduction fluxes are independent of altitude, and hence the dif ... 

fusion current density is independent of altitude. 

Proof From the hypothesis• 

or 

Also from the hypothesis, 

C > 0 0 

Then 

.. d 
= ... C ~ (1J .. ,D.,,E) .. 

Suppose 

d dZ (µ_n_E) ~ 0 9 

then 
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C = -1 

which is a contradiction. Thus 

d dZ (µ_n_E) C > 0 , 

and the first statement is proved. The second assertion follows from 

Corollary 2.1. 

Theorem 4: Hypothesis Either conduction current density or dif-

fusion current density being independent of altitude implies the total 

current density is independent of altitude. 

Proof The proof follows by combining Theo!'ems 1 and 2, for 

if either of th~ current densities is altitude invariant, so is the other, 

and hence their sum, the total current density, is altitude invariant. 

These theorems and corollaries will be used in the following analysis. 

6,5 Altitude Independent Conduction Current Density Solution to 

the Atmospheric Model, As discussed in Section 3.5(c), measurements in-

dicate that a constant vertical conductior: current density flows above 

the exchange layer in fair weather areas. Then from Theorem 2, a constant 

diffusion current density must also obtain in this region. If this latter 

current is denoted as JD, then from the definition of diffusion current 
0 

density, 

(6.7) 

Using results given in Chapters IV and V, namely that 

d = L357d+ 

and 
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Equation 607 becomes 

• 
or 

• 

Integrating Equation 609 from z0 to z. where.pis a variable of integra~ 

tion• 

yields 

z 
I .2!!. d z dp p 

0 

J 
.. DO z d 

n(Z) =n0 +--....... -/ ~ 
o.357q z ~ 

0 

' 

(6.iO) 

Analytic expressions for the positive small ion diffusivity are 

given in Equations 4.Sat 4o6a and 4.7a. Using these expressions, Equa-

tion 6.10 can be integrated 13pnalytically., The I:8M 7040 was used to eval-

uate the resulting expressions for n(Z). The results for two different 

sets of initial conditions are shown in Figure 28 • 

. Ini 'f;ial conditions necessary for this solution are' th,e in.i. tial small 

ion concentration and the initial derivative of the small ion concentra-

tiono The diffusion current density was determined using this initial 

derivative and diffusivity in Equation 6080 One set of initial condi-

tions was determined from Kroeningvs data in Figure 13, and the second 

set obtained from a theoretical curve of n, derived by assuming the gen= 

eration rates and recombination rates are equalo In this latter case. 

l 
2 

n :;: [i.J 
cc t 
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which is shown in Figure 29 for comparison purposeso S~th «T and «2 were 

used in the calculation. The first set of initial conditions used was, 

(n) loO x 109 ions 
... 3 = - m 0 

dn 5 ions -4 
(dZ)O = 3.0 x 10 .. m • 

and the second set was 

Cn\ 1.33 x io9 ions ... -3 = m 

cf>o 5 ions -4 = lo 7 X 10 · - m • 

where .the initial altitude is taken as the top of the exchange layer, 

which is assumed to have an average value of two kilometers. 

Electrical conductivity of the fair weather atmosphere was calcu-

lated using the resulting ionic concentration distribution and the ionic 

mobilities described by Equations 4o2 and 4o3o Thus the expression for 

conductivity• · 

{6.10.l) 

was evaluated• and the .results for both sets of initial conditions shown 

in Figure 30. 

The atmospheric electric fiel~ distribution was then calculated 

using these conductivity values and the constant conduction current den-

sity J c0• that is 

where 

J 
co 

E(Z) = a'rzj' • (6 .• 11) 
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Now a0 can be calculated from the initial ionic concentration and 

the initial mobilitieso As for the initial electric field• two different 

values were used in obtaining solutionso Stergis' data shown in Figure 9 

indicates that at two kilometers. the electric field is ·70 volts/meter• 

and Von Schweidler's analytic expression given in Chapter III gives that 

at this same altitude• the electric field is ·25 volts/metero The re• 

sults of electric field calculations using these initial conditions and 

both conductivity expressions in Equation s.11 are shown in Figures 31 

and 320 A comparison of the data in Figures 31 and 32 with data in Fig-

ure 9 shows a very close agreement. 

Space charge density, Pt can be found using the preceding resultso 

For 

then 

dn. ndJJ+ 
• 2.357 J q[JJ+ dZ + -az] 

dE CO 
-· = --------~----dZ , 2 

[2.357qu+n? 
• (6.12) 

From Equation 4.2 it can be seen that 

(Zin meters), 

•• 

and from Equation 609 9 .. 

0 

Using these results ip Equation s.12. 
JD 

0 -4 
dE - JcO [0.357qd+ + lo4 x 10 n] 

dZ = 2 0 

2o357qµ+n 
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Then 

.. 4 + lo4 x 10 n] 
dE 

P =- 'o d'z = (6.13) 

Equation 6013 was evaluated using the previously determined initial 

conditions and ionic concentrations. The results are shown in Figure 33 9 

where it can be seen that the space charge density decreases with alti• 

tude as was predicted in Chapter v. 

Calculation of pin the above manner avoids the possibility of 

errors which would be introduced U$ing Poisson's equation where two 

large, nearly equal numbers would have to be subtracted 9 ioeo • where 

• (6.14) 

Thus the electric field data shown in Figure 31 and 32 could have 

been numerically differentiat-ed and the negative small ion density found 

from the expression 

n 
e:o dE = n + - qdZ • (Ei.15) 

and then p calculated according to Equation 6014. But as stated 9 Equa-

tion 6.15 would introduce errors because of the subtraction of two nearly 

equal numbers. 

The potential difference between the-earth and the upper atmc:,sphere, 

~E-A' was determined by numerically integrating the electric field dis

tributions of Figures 31 and 32. The earth was taken as being at zero 

potential, so that 

z 
= -f E"(p)dp 

zo 
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Figure 34 shows the resulting potential curves for two different sets of 

initial conditions used in this analysiso The potential has reached a 

limiting value at around fifteen kilometers and remains ·at this value 

for all greater altitudeso The values obtained for ¢E-A are seen to be 

in close agreement with estimates based on electric field measurements. 

To summarize the above analysis• measurements inp.icate that above 

the exchange layer, there exists a constant conduction current - at least 

up to the highest altitudes measured. It has been assumed that this s'it-

uation obtains throughout the atmosphere. Then according to the atmo-

spheric model, there will also be a constant diffusion current. Using 

this fact and the analytic expression for ionic mobilities and diffusiv-

ities, sm~ll ion concentration, and conductivity were determined. From 

Ohm's law and the existence of a aonstant conducti<;m current 9 the elec-

tric field expression, and the potential difference between the earth 

and upper atmosphere was defined by numerical integration of the electric 

field. Necessary initial conditions were determined from the best avail-

able information., An obvious shortcoming in the choice of initial con= 

di tions is that the measurements .of ionic concentrations and electric 

~ 
field from which these initial values were obtained were made at differ-

ent times and at different geopgraphic locations., It would be highly 

desirable if simultaneous measurements of these variables, both as a 

function of altitude, could be made so that more satsifactory initial 

conditions could be determined, and also to allow a comparison of the 

preceding theoretical results with concurrent data. The sensitivity of 

the results as a function of initial conditions can clearly be seen from 

Figure 28 9 where a relatively small change in cl>o made a significant 

difference in the theoretical ion concentrations. 
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The preceding solution can be formulated for numerical solution. 

TThe polar current. densities are given by 

j+ q[µ+n+E 
dn+ 

= d+ dZ ] 

dn 
j = q[µ_n_E + d+ dZ-] 

ftRearranging these two equations and adding yields 

Using the Poisson equation to substitute for the difference in ion con-

centrations, and also the fact 

gives 

j £0 d2E 
qd+[2.357µ+nE - - -] 

q dZ2 = ( l. 3; 7 + j +) 

On differentiation, 

But from the generalized continuity equations, 

d (' ) (q_)(g 2 -q(g 2 
dZ J = - ecn ) = ecn ) 

~ (j+) = (q+)(g 2 q(g 2 - ecn ) = - a:n) 

and from the conduction current expression, 

so that Equation 6.17 becomes 

(6.16) 

(6.17) 

' 
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(6.18) 

This expression contains only the one unknown, E9 and is amenable to 

numerical solution since the subtl':'action of like numbers is avoided. On 

solution, n could be found from the expression for drift current density. 

However• the use of Theorem 2. provides a simpler approach to the solution 

so that numerical integration will not be cal':'ried out, This type of nu• 

merical formulation therefore avoids the difficulties described in Sec-

6 0 6 Analysis of the Model for Total Current Density Independent of 

Altitude 0 The assumption of time equilibrium of ionic concentrations 

implies altitude independence of the total atmospheric current density. 

Atmospheric space charge density where large ion and electron densities 

are negligible is 

p = q(n+ - n_) • 

Then 

But time equilibrium requires 

an+ an_ 
...... =·-.-:::·O at at ; 

so that 

le.= 0 at 

......... 

The continuity equation of electrical charge is: 



Hence 

- dJT 
'i/ oJ ~-=o T ·v. dZ 
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' 
which implies the total current density• JT' is independent of altitudeo 

Or 

. .( 6019) 

is constanto 

Under the same assumptions made ,in the preceding section regarding 

mobility :and d.iffusivi,ty ratios and the near equality of small ion con• 

centrations• Equation 6019 becomes 

• 

which can be put into the form 

(6020) 

Ionic concentrations will be determined from this equation using the 

electric field measurements described in Equations 3.5 9 306 and 3o7o 

If the mobility and diffusivity are written as 

and 

wwwhere the nµIl'lbers µ0 t d0 ~ µ1 and d1 are given in Chapter IV. Then 



Equation 6020 becomes 

where 

and 

2G3571,10 
Cl= Oo357d0 
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• (6.21) 

Equation 6.21 is of the. form of BernoullP s equation and can be 

solved by using the integrating factor 9 

. ( JJ - d )p 
I. F. = exp [ C 1 f e 1 1 E ( p) dp] 0 

The electric field will have the general·form 

so that if 

and 

then the integrating factor becomes 

Multiplying both sides of Equation 6~21 by the integrating factor gives 

the result 
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d dZ [(Io F o )n] 

so that 

-dz 
n = (IoFo)•l [C2 J OoFo) e l dZ + K] (6022) 

where 

Because of the complexity of the integrand in Equation 6.22• numer-

ical integration.is required to obtain a solution. However• a simpler 

expression for n can be foundo For when the total constant current.den-

sity• JT• of Equation 6019 is determined from available measured data• 

there arises the conclusion that 

i oe. • the total current is principally conduction current. Consequently• 

Equation 6.19 can be written 

which becomes 

or 

J 
co 

=-q • 

Using the initial conditions from Section 6.41) J is determined, 
co 

and then using Stergisv measured electric field and the mobility 
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expression given in Equation 4o2 ~ the ionic concentration can be calc.u

latedo The resuit is shown in Figure 350 Comparing this result with 

Figure 28 for the same initial conditions shows a very close agreement 

in the theoretical ion concentrationso Consequentlyt the conductivity 

and space charge density derivable from the data of Figure 35 would be 

similar to those shown in Figures 30 and 330 The significant difference 

between the solution of Section 605 and the present analysis is that in 

the former treatment 9 as a consequence of Theorem 2 9 only the initial 

electric field and ion concentration need be known in order to solve for 

the desired electrical properties, while in the present case 9 the initial 

ion concentration and the entire electric field must be known in order 

to find the remaining variableso 

607 Analysis of the Atmospheric Model .for a Constant Polar Conduc• 

tivity Ratioo In Section 5o3 it was pointed out that in regions of neg

ligible pollution, the ratio of polar conductivities apparently attains 

a nearly constant -value equal to the mobility ratioo Thus 

a qµ_n= JJ ... n = ~= = -=-=-= = c 
a+ qµ+n+ l-l+n+ 

or 

0 (6024) 

From the last statement it can be shewn that 

Since from Equation 6024 

n 
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then 

which gives 

Multiplying by the factor~ 

kT dn_ kT . ·.dn+ 
er-µ_ r = c q" µ+ a:z • 

which is equivalent to the desired result• namely 

(6025) 

Now rewriting Equations 604 and 605 using the relations given in Equa• 

ticns 6024 and 6025 9 

Dividing the first of these equations by C and then subtracting the 

two shows that 

(6026) 

As before 9 let 



and let 

K = l .. c 
2C 
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From the discussion in Chapter IV regarding generation' and recom-

bination rates·. g and cc in Equation 6 o:'.6 will be written 

glZ 
g = goe 

cc z 
l 

cc = .ci: e· 
0 

FolJ.ow;i.ng thiase substitutions, Equation 6026 assumes the forll} 

dn Performing the indicated differentiation and solving for dZ ., 

(6027) 

dn -= dZ 

K -(µl + El)Z .. ci:lZ 2 glZ 
f(n.,Z) = - e (ci: e n .., g0e ) ... (lJ1. + E1 )n 

µOEO O 

The function f(n,Z) can be shown to have continuous first order 

' l d • ' l)f d c3f d h f t. f' L' h 't partia erivatives az' an an' an t ere ore sa is ies a ipsc l z cond 

dition for all Zand n of interesto Then according to the Uniqueness 

and Existence Theorem1 ., Equation 6027 possesses a unique solution. 

Similar to the situation encountered in Section 6.6 9 Equation 6.27 

contains two unknowns e the electric fieid and the ionic concentration. 

On the strength of available measurements and previous analysis 9 the 

electric field is· assumed to be of exponential form. E0 , the ini~ial .· 

electric field 9 will be determined as l:>E:'!fore 0 that is from measured.data. 

1ror a detailed treatment of the uniqueness and existence theorem 
for first"'order ordinary differential equations see "Ordinary Differen= 
tial Equations" G. Birkhoft and Go Rota 9 Ginn and Co., Boston 0 1962. 
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The value of the exponent E 1 will be found from the solution of Equation 

60270 

If the electric field was assumed to be known as in the previous 

section, a numerical integration could be used to find the ionic.concen= 

tration, but an analytic solution will be shown to yield not only n 9 but 

E1 as wello 

Although Equation 6027 is obviously nonlinear; the form of the equa~ 

tion and the fact that the various coefficients are exponential indicates 

that the solution might also be exponential in formo Therefore• just as 

is done in the solution of linear differential equations• an exponential 

solution will be assumed, and if this trial solution can be made to sat~ 

isfy the equation• then by the uniqueness theorem it will be the desired 

solutiono 

To this end, let 

where n0 will be a known initial conditiong and n, remains to be detelt.'=

minedo Equation 6027 now becomes 

or 

With the two parameters E1 and n1 yet unknown., there are two nontrivial 

ways in which Equation 6028 can be satfsfiedo The first requires 



106 

and 

µonot;o + Kg "" k=ono 
2 

0 = 0 

From these equations 9 

g ... CIC 

1 l 
nl = 2 

and 

El = gl -·µl ""nl 0 (6 0 30) 

While the second requires 

a: + 2n1 = gl l 

!Jl + El + nl = 0 

and 

2 
0 g - "ono = 0 0 

so that 

g = CIC 

l l 
nl = 2 

and 

El = ;,.(µl + nl) 0 (6 o 32) 

Using the values for g1 ~ 1,11 ~ and « 1 given in Chapter IV for both 

forms of the recombination coefficient g n1 and E1 can be determinedo 

Evaluating Equation f>o30 gave an electric field expression not consistent 

with measured results in that E1 increased with altitude instead of de= 

creased as measurements indicate the case to beo As for example in toe 
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data of Figure 9 o Equation 6 o 32 on the other hand gave an electriic field 

exponent which was in good ag!"eement with experimentally determined val= 

ues o Specifically.., using the Thomson recombination coefficient showed 

2 -4 =l . k' d =4 E1 to be "" 06 x 10 meters up to thirteen ilometers~ an . =lo4 x 10 

-1 meters above this height o These values are seen to compare favorably 

with those in Equations 3o2 through 3o7 which describe results of electric 

field measurementso 

Taking E1 to be define.a by Equation 6 o 32 11 then n1 is given by Equa= 

tion 6031, and 

The fact that there wet'e two ways to satisfy Equation 6 o 28 does not 

that in eithet' case the functiof'.lal form of n is the same., It is the 

added parameter E1 which is adjusted to confo:t:m with experimental resultso 

Two facts are implicit in Equations 6 o 31,, 6 o 32 and 6 o 330 The first 

is that the positive conduction flux is constanto This is seen by re= 

ferring to Equation 6028 where if as in Equation 6032 

then 

Alsog since 

"n a:::C 11 n 
.. = = "'+ + 
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The conclusion is then that 

or 

which implies the conduction current density in constanto Alternatively 0 

since 

and 

then 

Jc = q( µ+n+ + 1.1.,,A)E ~ ":L 357qµ+nE 

( µl +El+nl)Z 
= 2o357qµ 0n0E0e 

which is independent of Z o 

Then according to the theorems of Section 604.., the diffusion current 

density is also constant 9 and the solution for this case is discussed in 

Section 6 o 5 o The second il)1plication. is the fact that the generation and 

recombination rates are equalo This is evident from ;Equations 6031 and 

6033 because 
0: 

l z 

implies that 
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glZ l l 
goe {l = cmtJ2 n = [ cc z It z (6034) 

cc e l 
0 

Now squaring and :rearranging this last equation gives the result 

2 
g = cc:n • 

ioeo, the generation and recombination rates are equalo 

The ionic concentration specified by Equation 6034 us~ng both cc 
T 

and cx: 2 is shown in Figure· 290 

The conclusion can then be drawn that a constant polar conductivity 

ratio i.mplies a constant conduction current density and that ion genera-

tion and recombination ~ates are equalo It can also be concluded that a 

knowledge of the generation and recombination coefficient functions• and 

the mobility function is sufficient to define the electric field and ion 

concentration distributions 9 from which any other desired atmospheric 

electrical property can be derivedo 

Considering the conclusion of Theorem 2 9 it can also be stated that 

the premise on which the present solution is based, namely that of a con= 

stant polar conductivity ratio 9 also implies an altitude independent dif= 

fusion current densityo Section 605 treated in detail the solution for 

the latter implication, and consequently the ion concentrations found 

there= Figure 28 - would be expected to agree with Equation 60340 In 

comparing these two solutionst Figures 28 and 29 0 it is seen that the 

general forms are similar when cc:T is used in Equation 6034~ but that the 

~T concentration of Figure 29 is approximately twice that of Figure 28 

for similar initial conditionso The probable source of this disagreement 

is in the initial conditions on which Figure 28 is basedo In fact 9 it 
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was pointed out at the time that the solution was critically dependent 

on the choice of initial conditions• and since the available data was at 

best difficult to interpret from the standpoint of determining initial 

conditions 9 there was considerable chance for error in determining (~?o 

on which the solution of Section 605 was basedo But since either suppo~ 

sition, constant conduction current or constant conductivity ratiot im= 

plies a constant diffusion current, the solutions should agree, and do 

iri form• with the difference in magnitudes likely due to the unavailabil= 

ity of data from which initial conditions can accurately be obtainedo 

608 Cosmic Ray Intensity Determined From Atmospheric Electricity 

Measurementso An outcome of the preceding solutions is the possibility 

of determining cosmic ray intensity from measurements of certain atmo-

spheric electrical propertieso For example, since the best available 

evidence indicates both a constant conduction current density and a con= 

st ant conductivity ratio in the unpolluted atm?sphere = both of which 

according to the model imply a constant diffusion current = measurements 

of initial ionic concentration and electric field should be sufficient 

to define the cosmic ionization functiono Thus as shown in Section 605~ 

a knowledge of the initial derivative of the ionic concentration and the 

diffusivity expression defined the ionic concentration distribution., and 

a kn_owledge of the initial ion concentration., and the initial electric 

field defined the electric field distI'ibution. Then from Section 60 7 

where 

n(Z) 

and 

E(Z) = 
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it can be seen that once n(Z) and E(Z) are known~ g0 and g1 can be deter= 

minedo This will suffice to define the cosmic ray ion generation rate• 

without the necessity of direct measurementso 

609 Summa!Xo The original atmospheric model was simplified using 

known atmospheric propertieso Implications of the model were presented 

in the form of a set of theorems~ some of which proved useful in subse

quent analysiso Solutions were obtained under three conditionsg total 

conduction current constant, total current constant 9 and polar conductiv

ity ratio constant o The solutions agreed in functional form, but some 

discrepancy existed in the magnitudes of some of the calculated variables. 

The reason for this discrepancy is thought to be the unavailability 

of data from which the required initial.conditions can be obtained with 

the necessary accuracyo An experimental measurement program could pos"' 

' sibly resolve the discrepancy. As a consequence of the analysis, a simp"' 

lified method of determining cosmic ray intensity within the atmosphere 

is proposed. 



CHAPTER VII 

ELECTRICAL THUNDERSTORM MODEL 

7.l Introduction. Since in fair weather areas, there is apparently 

a constant conduction current flowing from the high atmosphere to the 

earth, in order to maintain the earth's negative charge, current must be 

flowing away from the earth in non-fair weather, that is, thunderstorm 

areas, Indeed, measurements made above thunderstorms show a conduction 

current flowing upward toward the ionosphere (Gish and Wait, 1950 and 

Stergis !!_ ala, 1957). Thus a thunderstorm is envisioned as a generator 

maintaining the electrical balance of the earth-atmosphere system, the 

positive generator pole being at the top of the cell and its negative 

pole at the bottomo 

As was mentioned in Chapter I, electric field measurements made in 

the vicinity of thunderstorms indicate that typically the upper portion 

of the cell is positively charged, the lower portion negatively charged, 

with the possibility of an additional small positive charge in the lower 

part of the cell, If the ~ower posftive charge is neglected~ and the 

remaining upper and lower charges assumed to be point charges, then a 

dipole or bipolar cloud model is obtainedo The estimated magnitudes of 

these charges for "typical" storms vary over a wide range of valueso 

Gish and Wait (1950) propose 39 coulombs for both upper and lower charges, 

while Kasemir (1965) quotes +60 coulombs for the upper charge and -340 

coulombs for the lowero If the third charge is included, then a 
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tripola:r model can be formulated, 

ln this chapter, an electrical model will be examined to determine 

the behavior of atrnospr eric electrical properth!s both near and far re-

moved from the storm. This model will be generial in that the effect of 

any number> of charge centers at a~bitrary locations can be considered, 

The variation of conductivity with height will also be included in the 

storm model. 

7.2 Formulation of Thunderstorm Model, Three assumptions previously 

discussed will be incorporated in the model. These are: 1) Steady-

state conditions obtain, 2) conductivity variations in the horizontal 

directions are negligible and 3) atmospheric conductivity varies expo-· 

nentially with height according to the expression: 

(7,1) 

Under these assumptions, 

v E 
aB 

0 :x: -- - = at 

'iJ 0 E -· p/£ (7,3) 

'iJ ,TT = 'iJ (J 'II' J') - -
::lp 

~ Ou 
'""+· c ,')11... 

(7.4) 

and 

(7,5) 

Where J denG>tes conduct ion current obeying Ohm I s law~ and J 1 denotes 
c 

any other currents in the cello For example, the charge separation pro-

cess in a thunderstorm can be considered a convection current in which 

positive charge is carried to the top of the cello Thus the region of 
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the positive charge is a source of conduction current, and a sink for the 

convection current, with the roles reversed for the negative charged 

region. 

From Equation 7.~, the electric field can be taken as the negative 

gradient of a scalar potential function, i.e., 

E = - 'i/V. 

Using Equations 7.5 and 7.6 in 7.4 gives 

6or 

'i/ 0 (J + Ji ) = V • ( -o V V + Jr ) = 0 
c 

o v2 V + Vo O 'i/V = V • Jt . 

Considering Equation 7.1, 

or 

0 'i/2 v + a O av - 'ii O Jv ' az -

(7.6) 

v2 v + a av= v. J, (7.7) 
az o 

The storm charges will be considered as point charges so that in cylin-

drical coordinates, 

'ii O J' r~) 5(Z - Z.) 8(q, - ~.). 
1 1 o/1 

This result follows from Poissc··, vs equation where 

v o Ji 
(1 

av 
a c1Z. 

Now if the ith charge is assumed to be a source of J 1 (sink of J' ) , then 
c ' 



at the given charge, 

'i/ ' J' 
a = 

It can also be seen from this discussion that because of the varying 
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conductivity there is an added space charge density term, a ( av /aZ), in 

Poisson's equation, Then Equation 7,7 becomes 

2 cV q. 
'i/ v + a - = - - 1- o(r az e0r r,) o(Z - Z,) 0(4> - 4>,). 

1 1 1 

Summing over all charges present gives the differential equation des-

cribing the electric potential in the atmosphere due to the charges 

present in the thunderstorm, 

2 av 
'i/ V+a-=az 

The situation for' two charges ( p = 2) is shown in Figure 36, where 

the earth's surface is considered to be a conducting surface at zero 

potential, and the ionoshpere at height his another conducting layer 

at potential V0 , 

7.3 Solution of Thunderstorm Model. The detailed solution of 

Equation 7.8 subject to the boundary conditions of Figure 36 is shown in 

Appendix C. The potential function is 

a - -{Z-Z,) 

ff-
e-·i')L~ 

2 .J. J.k(q\-qii) ·oo 

f 
q,e co 

J. l 
. 

l e-ahj 
t 

i;:: 0rrh 
e 

- i=l k;;;-00> n=l 
_J 

mrZ , 
mrZ, 

Ik:(m r,) Kk(mn r) sin 
J.. 

(7,9) 
n 1 

hsrn h 

If all charges are situated on the Z axis, as for example, in the bipolar 
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model where p = 2, the solution is shown in Equation Col8o There 

V(r,Z) -aZJ e + 
-.ah 

e 
l 

n=l 
K ( ) • mrZ , 

O mnr . sin h sin 

z = h 

z 

V = 0 

Figure 360 Bipolar Thunderstorm Model 

A result similar to Equation 7ol0 was obtained by Holzer and Saxon (1952) 

for the case of one charge on the axiso The electric field components 

can be derived from these potential functions using Equations 7 o 6 o Thus 

E. "' 
r 

av 
d!' 



and 

av 
E = - -z az 
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The resulting expressions using Equation '1al0 (p = 2) are given in Equa-

t ions Co 21 and Co 22, and show that. as r -1>· 00 , 

I 

E + 0 
I' 

-az av0 e 

-ah ' 
l - e 

so that in fair weather areas, the electric field beha,;:es as determined 

in Chapter VI o 

Assuming the charge magnitudes and locations are known, then the 

preceding potential functions c~n be used to solve for other electrical 

quantitiesa For example, the conduction current density is given by 

and the total current above the storm at any given height z1 can be 

obtained by integrating Equation 7 ol.L Thus 

I ·- J (r,<j> ,Z ' rdrd:p o 

c l' 

where it is assumed the cell i~ cylindrical with radius r 1 o The total 

space charge density can also be determined from the relation 

which far removed flt'om the storm activity is 
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2 -az a e: 0 v0 e 
PT::: h 

1 - e-a 

This behavior is also consis1ent with the results of Chapter VI. 

7.4 Conclusions. The theory that thunderstorms serve as generators 

for the global atmospheric electricity system is the most widely accepted. 

However, just as .in the fair weather situation, experimental results in 

thunderstorm regions are sketchy and contradictory. For example, the 

conductivity within a thunderstorm is an unknown quantity, although 

Kasemir \1965) theorizes a value of about one-third that of the fair 

weather conductivity. The magnitudes of the charge centers within the 

cell are also a subject of contr•oversy as pointed out in Section 7. L 

Nevertheless, the foregoing analysis provides results which are consistent 

with the results of fair weather atmospheric analysis. 



CHAPTER VIII 

SUMMARY AND CONCLUSIONS 

8.1 Summary. An analysis of the electrical propet'ties of the atmo

sphere was made using a model consisting of the generalized continuity 

equations and Poisson's equationo In particular, charge t~ansport and 

equilibrium were investigated using this model in the light of certain 

observed features of atmospheric electricityo Desired results were 

theoretical predictions of ionic concentrations, electric field distri

butions, conduction and diffusion currents, and space charge density. 

In Chapter II, the form of the model was derived from basic physical 

laws and from known geophysical data. It was shown that gravitational 

and magnetic forces could be neglected in the model. 

Chapters III and IV were concerned with determining the functional 

form of the ionic mobilities, diffusivities, and recombination and gen

eration rates which appeared in the model. 

The effect that uncertainties and discrepancies in measured char-

aacteristics of the atmosphere would have on an analysis of the model is 

discussed in Chapter Vo The most generally accepted features were 

selected as a basis of comparison for the theoretical resultso Analysis 

of the model was carried out in Chapter VI. Solutions were obtaine~ 

under three assumptions made as a consequence of the discussion in 

Chapter V. , . 
Chapter VII presented a general model of a thunderstorm cell. This 
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model was more comprehensive than previous models in that any arbitrary 

location of charge centers in the cell could be included in evaluating 

the alectri.c potential function. 

8.2 · Conclusions. On the basis of analysis of the model it can be 

concluded that small ion concentrations increase with height up through 

the .stratosphere and then remain essentially constant throughout the 

remainder of the atmosphere. Also, the electric field decreases mono-

tonically with height, which agrees with measured data. Diffµsion cur-

rents appear to be negligible in comparison with conduction currents. 

Using the atmospheric model, it is possible to predict the electrical 

properties of the atmosphere as a function of height on the basis of 

temperature and pressure soundings, and as a function of the measured 

electric field and small ion concentrations at the top of the exchange 

layer. These same measurements can also be used to determine cosmic 

ray intensity as a function of height by using the atmospheric model. 

8.3 Recommendations for Further Study. The most interesting and 

fruitful extension of this thesis would be a program of experimental 

measurements to determine correlations between the theoretical predic-
) 

tions and measured results when the necessary measurements were made 

at the same time and location. This could resolve the uncertainties 

in the previous results which arose because the initial conditions used 

in the analysis were taken from data measured at different geographic 

locations and during different phases of the solar cycle. 

A second extension would be to supplement the model with an addi-

tional continuity equation describing,the concentration of electrons. 

Such a model would be significant in the higher atmosphere where the 

electron mean lifetime is greater. In this case the model would assume 



the form, 

and 

an 
e = it V · [d Vn + µ n E] + g - « n - « n n + e e e e l e 2 e + 

« n. 
3 -

an 
"at = V • [ d Vn + µ n E] + « n - « n - « n n 

l e 3 - 4 + -

\7 • E = .9..... (n - n - n ) • ta + e 
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The functional form of the various attachment, detachment, and re-

combination coefficients would have to be determined as well as the 

electron mobility and diffusivity to enable solution of this model. 
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APPENDIX A 

1HOMSON RECOMBINATION COEFFICIENT 

A~l· Introduction.. T~e Thoms<?n recombinat!on coefficient• a:T~ 

whicl,1 was used·during analysis •of·the atmospheric model is derived in 

this Appendix1 • a:T has p.~en spown to apply for electron attaching gases, 
. ' 

. -2 
for example o2 , for pressures of 10 mm Hg to 760 mm Hg (Sayers, 19~8). 

A.2 · Derivation of a:T. Consider two oppositely charged ions in the 
·, ! 

atmosphere separated by a distance r. The coulomb potential energy is 

and assuming a Maxwell-Boltzman phase space distribution the average 

molecular kinetic energy is 

K .E. = ; kT 

where k js Boltzman 1 s constant and Tis the absolute temperature. When 

the ions are within that distance d of each other w.here the two energies 

are equal, they are said to be within the sphere of active attraction. 

Thus dis defined by 

! kT 
2 

Thomsonvs theory states that even if the two ions are within d of 

1-The Thom~on recombipation theory is discussed in detail by 
· Leonard B. Loeb, "Basic Processes of Gaseous Electronics", University 
of California ~ress, Berkeley, 1955, Chapter VI. 
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each other, recombination is not certain because the ions may possess 

sufficient energy to escape from the sphere of attraction. However, if 

either or both of the ions experience a kinetic collision with a neutral 

molecule while within this sphere then enough energy is'lost in the 

collision so that recombination will occur. 

Assume the ion densities are n and. n ions/cc, and the ions move 
' + 

with·average thermal velocities v+ and v. Then the ions move relative 

h h . h d M 11' l • f [ 2 . 2]1/2 to eac ot er wit a ran om axwe ian ve ocity o v+ + v~ • Now 

assume further that ions of one polarity (positive say) are fixed in 

position, then a moving negative ion sweeps out an attractive volume of 

d2[ 2 2]1/2 3 -1 . ..,1 d • h' h mb' • 'bl 1r v+ + v . cm -sec -ion uring w ic reco · 1nat1ons possi y 

occur. So that if recombination is proportional to the ion densities, 

the rate of change of ion density due to r~combination is then 

dn+ 

itv! v2Jl/2 d't = e: 'Tr + n+n- -· « n+n._ ' T (A.l) 

where e is a probability function accounting for the probability of ion-

molecule collisions. 

Geometrically, consider the sphere of radius d centered about a 

fixed positive ion in Figure 37. The negative ion travels the path 

A-B. The probability that the negative ion escapes a molecular impact is 
-x/L 

givenby the survival equatio" e , where L is the ll)ean free path of 

the negative ion. The area of the annular ring is seen to bE 
2 . 2 

21rd sin cf>dcf>, and the area of the base of a hemisphere is 1rd , therefore 

the relative area is 

2nd2 sin cf>d<l> 

7Ta2 
- 2 sin !f>d<l>' 

which is the probability of a path length 2d cos r at the angle <j>. 



x = 2d cos <j> 

positive 
ion 

Figure 3?. Sphs~e of Attraction 
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B 

sin .<I> 

Then 2 sin <I> cos <f>d<f> gives the relative area .perpendicular to the direc

tion of travel, so that the probability of escaping a collision fo.r any 

<I> from Oto ~/2 is 

I 

~ 

2 -
= J e 

0 

2d cos <I> 

L 
sin <I> cbs <f>d<f> 

2d 
2L2 - L 

= -- [ 1 - e ( 1 + L2d)] o 

4i 

Then the probability of a negative ion-molecule collision and hence 

recombination is 

P = 1 - I , 

and the probability of a pos~tive ion-molecule collision 
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P+ = l - I+' 

where I+ is obtained from I_ by replacing L_ with L+. Finally the prob

ability of either or both ion:s experi1::nd:ng a collision is the logical 

union of P+ and P_, or 

If 

and 

then «T becomes 

where 

Let 

then 

and 

f(y) 

e =PUP - P+ + P - PP" + - + -

= v 

= L' 

2d 

P = [1 - ~ <1 - e - L <12a + 1)) J. 
2d2 

P(y) 

2d 
y = r-· 

= [l-, .?.__ (1 - e-y (y + l))] 2 . 
y 

(A.2) 

(A.3) 



Evaluating d gives 

d = __ q.._:--. - = 4.05 x 10-8 c2; 3) meters 
. 41a: 0 (2 kT) 

Loeb (1939) states that in air, 

And 

'\, 1 x 10-5 760 
L 3 p· 

V ~ l 7 105 ( 2 T' • x 273 MJ 

where Mis the molecular weight. Thus 

l 
2 

Y = ~d = 2.43 c2;3>2 <1!0> 

and ccT becomes 
3 1 
2 2 

o:T '\, 1.73 x 10-5 ( 2; 3) (~) f(y) 

From experimental data at 293°K and 760 mm Hg, -6 cc is 1.6 x 10 
T 
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(A.4) 

(A.5) 

_(A.6) 

(A.7) 

3 -1 cm -sec 

0 -1 -ion Evaluating y and f(y) under these conditions gives the value of 

( lM)l/2' h f' 11 so t at ina y, 

3 

6 273 2 ; 
CCT = 1.93 x 10- (~) f(y) 

where f(y) and y are given by Equations A.3 and A.6 respectively. 



APPENDIX B 

SAMPLE COMPUTER PROGRAMS 

Sample listings of some of the computer programs used in .. the deri

vation and analysis of the atmospheric model are shown in the following 

t~bles. 

Table VII. shows the program used in Chapter IV to calculate mobili

ties,diffusivities and recombination coefficients. The input data con

sisted of altitude, temperature and pressure and initial (STP) ion mobil

ities. Temperature and pressure data was taken from "U.S. Standard 

Atmosphere, 1962" and its 1966 supplement. Double precision was used in 

the recombination coefficient calculations to reduce round off and trun

cation errors. Mobility and diffusivity ca:lculations were not as critical 

and were made in single precision. 

The programs used to implement · the analysis of Section 6. 5 are 

shown in Tables VIII and IX. 

The program of Table VIII calculates ion concentration, electric 

field, conductivities and space charge density. Mobilities and diffu

sivities are determined using the relations given in Chapter IV. The 

input data is also shown in the listing. The ~lectric field thus calcu

lated is then integrated by the program shown in Table IX to determine 

the electric potential as a function of height. 
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TABLE VII 

PROGRAM TO CALCULATE MODEL PARAMETERS 

C PROGRAM TO CALCULATE IONll MOdLLITIES, DIFFUSION COEFFICitNTS, AND 
C THOMSON RECOMBINATION COEFFICIENT, FOR ALTITUDES TO 70KM. REQUIRED 
C INPUTS ARE ALTITUDE, PRESSURE, TEMPERATURE AND MOBILITIES FOR 
C POSITIVE AND NEGATIVE IONS AT STP •. 

DOULILE PRECISION Xl,S,Y,ALPHA· 
1 WRITE(6,100) 
c 
C READ INITIAL IONIC MOBILITIES, 
c 
2 READ(5,l0l)UPO,UNO 
3 WR!TE(6,102lUPO 
4 WRITE(6,103)UNO 
S WRITE16,104l 
c 
C READ ALTITUDE, T~MPERATURE AND PRESSUREi 
c 
6 READ(5,105)Z,T,P 
c 
C TEST FOR END OF DATA. 
c 

IF(Z.GT.70.0lCALL EXIT 
c 
C CALCULATE THOMSON RECOM8INATION COEFFICIENT, 
( 

( 

X1=2,43•f( (273,0/T)#lf2,Q)lf(P/760,0) 
S=l,0-(2,0/ (XllHf2,0l )lq 1,w-(DEXP(-Xl l )iqX1+l,Ol) 
Y=2,Q·i+S-(Slf5) 
ALPl,A"'(l,93E-06)lf( (273.0IT)*lfJ.,5)llY 

C CALCULATE ION MOb!LIT!ES, 
c 

( 

UP=UP0*("/60,0/P)*(T/273,0) 
UN=UN0*(760,0/P)*(T/273,0) 

C USING EINSTEIN RELATION FOR CALCULATING DIFFUSION COEFFICIENTS. 
c 

DP=( ((l.j8E-23l*Tl/l,602l-19)*UP 
DN~( ( (1,38E-23l*Tl/lo602l-l9l*UN 
WRITE(6,106lZ,UP,UN,Xl,Y,ALPHA,DP,DN 
GO TO 6 

100 FORMAT(1X,104HTHOMSON R(COMLIINATION CO~FFICIENT ANO POS1TIVE AND N 
lEGATIVE SMALL ION M08ILITIES FUR ALTITUDES TO 70 KM.) 

101 FORMAT(2F10.5) 
102 FORMAT(1H0,3X,41HPOS ION MOBILITY AT STP(SQ CM/VOLT-SEC)~ ,E9,4l 
103 FORMAT(4X,41HNEG ION MOBILITY AT STP(SQ CM/VOLT-SEC)= ,E9.4) 
104 FORMAT(IH0,1X,129H Z(KMI UP(SQ CM/VOLT-SEC) UN(SQ CM/VOL 

IT-SEC) X F(X) ALP~A(CC/ION-SEC) DP(SQ CM/SEC) 
1 DN(SQ CM/SEC)) 

105 FORMAT(3Fl0,5l 
106 FORMAT(3El6e4,3016.4~2El6,4l 

END 
'.liENTl~Y 
'.hIBSYS 



TABLE VIII 

PROG~M FOR MODEL SOLUTION 

il D 
:"·JOI~ 

A-0001 EC SHREVE 
ED SHREVE 

4367-?lrDIGl 
4367-51·001 

j.J~JU8 NAMEPR MAP 
':' I 8FTC JCKNAM 

PR(,GP A~, TO C ALCVLA TE ICNEC. .. CONC:::.NTRAT i or-..: AND Eu:-c1,R.TIC iF IT EILC 
A.SSUMlNG CONSTANT CONDUCTION CURRFNT IMPLIES CON5TA1':ilil" [l)l!f"IFUSiON 
CURRENT• 

READ INlTIAL CONJlTIONS .. 

READ15,1000J CPZ,CPPZ,EZ~RO,ZZ~RD,CDZ,CCZ 
WRITEC6,1001J 
C9ZERO=CDZ*l•OE-lg 
CCZERO=CCZ*l•OE-12 
Z~AX=7.0E+D4 
JZ=5.0E+02 
CK=l .602E-19 
Ul l.4E-04 
UZ RO=l.4E-04 
Cl 1, 357 
Z = ZERO 

Z=ALTITuo~. 
OZ=ALTITUDE INCREMENT. 
CK=ELECTRONIC CHARGE. 
Ul=MOBILJTY EXPONENT. 
UZERO=!NITIAL POSITIVE ro~ MOblLITY. 

CPZERO=CPZ*l.0~+09 
CPMZRO=CPPZ*l.CE+05 
WR1TEC6,10U31 CPZERO 
WRITE(6,1004J CPMZRO 
~'IRITE(6tl0U5l CDZ.ERO 
WRITE{6,10U6l CCZERO 

(DlERO=INlT!AL ION CON:CEN:TRATION.. 
CPMZRO=lNITJAL DERIVA.TJrVE er ION CONCENTRATION. 
CDZE1~0=1NITIAL DIFFUSION CURREriT DENSITY. 
CCZERO=lNITIAL DRIFT CURREN'T DENSITY. 

TEST FOR END OF DATA. 

IFICPZERO.E.Q.Q.OJ CALL EXIT 

PARAMETERS FOR DIFFUSION CO~FFICIENT CALCULATIONS. 

L)ll=0.916E-04 
DlZCR0=3·6E-06 
Dl2=1.534E-04 
D2ZERO=l.939E-06 
Ol3=1.17E-04 
D3ZERO=l.2006E-05 
X 1 =Cl• 0 IC Dl ZERO*Dl l J. J ,If f EXP t-D"l:l * ZZE:.RO )-EXP 1-011• L.OIE-+104 D l 
X 2= ( 1 • 0 ! I D2 ZERO•Dl 2 I l '* ( EXPi. -D'l 2*1 • OE+04 J-EXP 1-Dl2*5.CE"'!-~""' I I 

CALCULATE MOOILITIES. 

UPOS=UZE.RO*EXP lUl*Z) 
UN!:.G=C 1 *UPOS 

CALCULATE DIFFUSION COEFFICIENTS AND ION CONCENTRATJO.'/',,c* 

c 
c 
c 
6 
c 
c 
c 

c 
c 
c 

JFfZ.GT.l.GE+04J GO TO 3 
DCP=Dl 7ERIJ4£XP ( 01 l *Z] 
DCl\l=Cl*DCP 
CP=CPZERO+(CDZERO/ICK*(Cl-1.0J*DlZcRO*DllJ)*tlXPf-Dll*ZZER~J-EXP{-

lDll*Zl l 
GO TO 6 
IFIZ.GT.5.0E+04J GO TO 4 
UCP=D2ZERO*EXP(Dl2*Zl 
DCN=Cl•DCP 
CP=CPZERO+ICDZERO/{CK*ICl-l.OllJ*IXl+(l.O/ID2ZERO*Dl21l*ICXP(-Dl2* 

ll.OE+04l-EXP<-012•ZJ)) 
GO TO b 

DCP=D3ZERO+E XP ( 013+2 J 
DCN=Cl*DCP 
CP=CPZERO+ICDZERO/(CK•(Cl-l·Ol)J*IXl+X2+(1.0/iD3ZERO*Dl3))*1EXP{-D 

113•5.0E+04J-EXP1-Dl3•ZJJ) 

CONVERT ALTITUDE FRO,., METE«S TO KILOMETERS FOR PRINTOUT. 

Zl=Z•l.OE-03 

CALCULATE ELECTRIC FIELD. 

EF=CCZERO/iCP•ICl+l.Ol*UPCS*CKl 

CALCULATE TOTAL A~D POLAR CONDUCTIVITIES. 

SIGMAP=CK*UPOS*CP 
SlGMAN=CK*UNfG4CP 
~JGTOT=51GMAP+SIGMAN 

CALCULATE SPACE CHARCE DENSITY• 

RHl=<<-CCZER01*1fCDZERO/{(Cl-l.Ol*CK*DCPlJ+fl.4E-C4l*CPJJ/(ICl+l.O 
ll'*CK*UPOS*CP*CPJ 

RHO=RH1*8·8~4E-12 
WRITE(6,l002JZl,CP~EF~ccP~DCN,UPOS,UNEG,SIGMAP,SIG~AN,SIGTOT,RHO 
l=Z+DZ 
IFCZ.LE.ZMAX) GO TO 2 
GO TO l 

1000 FORMAT(6Fl2.6J 
lVOI FORMATC!X,125HZ(KM) LPtl0.\15/UM) tF(V/M) DPOS(SWM/SECJDNi:.GISGM/5E 

11 UPfSQM/V-S)UN(S~M/V-SJ 51GP(MHO/Ml SIGNCMHO/M) SIGTCMHO/MI RHO(( 
20UL/OM) J 

1002 FORMAT{F5.l,lOEl2e8l 
1003 FORMAT{lX,18HCPZERO(JONS/M**3J= ,El5•S-I 

,EIS. 8 l 
,E15.Bl 

1004 FORMAT ( lX ,18HCPMZRO( JONS/M••4 J = 
li.l05 FORMAT f lX .1 BHCDZEROf AMPS/~*"*2 J = 
1J06 FORMAT{lX,18HCClERO(AMD5/~**2)= ,Els.a, 

'ii.ENTRY 
1.0 
1. 0 
1.329 
1. 329 
o.o 
iiIOSYS 

END ' 

3.0 
3.0 
1.7 
1. 7 
3.0 

-70.0 
-25.0 
-70 .. 0 
-25.o 
-7u.o 

2000.0 
2000.0 
2000,0 
2000.0 
2000.0 

.757 

.757 

.42 

.42 
,757 

-4.S-

-1.75 
-6.51 
-2 • .;25 
-4.9 

1--' 
w 
(,,)· 



TABLE IX 

PROGRAM TO CALCULATE ATMOSPHERIC POTENTIAL 

$ID 
$JOB 

A-0001 ED SHREVE 
ED SHREVE 

$IBJOB NAMEPR MAP 
$IBFTC DCKNAM 

4367-51001 
4367-51001 

C PROGRAM TO INTEGRATE ELECTRIC (!ELD TO OBTAIN IONOSPHERIC 
C POTENTIAL 

c 

DOUBLE PRECISION Y,Z,H,HT,SUMl,SUM2~AUX,AUX1,AUX2 
DIMENSION ZZl200l,Y(200l,Zl200),XEFl200),XZl200),EF(200) 

C READ INITIAL CONDITIONS~ 
c 
10 READ15,1000l H,NDIM,EZERO,CPZERO 

WRITE(6,100ll EZERO 
WRITE16,1002l CPZERO 

c 
C H=INTEGRATION STEP SIZE. 
C NDIM=NUMBER OF DATA CARDS. 
C EZERO=INITIAL ELECTRIC FIELD. 
C CPZERO=INITIAL ION CONCENTRATION. 
c 
C TEST FOR END OF DATA. 
c 

c 

IF(H.EQ.O.O) CALL EXIT 
WRITEl6tl003l 

C READ ALTITUDE AND ELECTRIC FIELD DATA CARDS. 
c 

DO l I=l,NDIM 
l READ(5,1004l ZZ(Il,Ef(ll 
c 
C CHANGE SIGN OF ELECTRIC FIELD. 
c 

DO 2 l=l,NDIM 
2 Y(Il=-EF(I) 
c 
C CALL INTEGRATION SUBROUTINE. 
c 

CALL DQSF(H,Y,Z,NDIM) 
c 
C PRINT OUT ALTITUDE, ELECTRIC FIELD AND POTENTIAL. 
c 

3 

1000 
1001 
1002 
1003 
1004 
1005 

$ENrnY 
$lBSYS 

DO 3 I=l,NDIM 
WRITE(6,1005l ZZ(Il,EF(I),Z(I), 
GO TO 10 
FORMAT(FB.4,14,2FB.4l 
FORMAT(1X,11HEZERO(V/Ml=,ll5.8l 
FORMAT(1X,30HCPZEl~O( ( IONS/MiH3)i~(lO.E-09l l= ,El5.8) 
FORMATl1X,36H Z(KMl EF(V/Ml ATMPOT(VOLTSll 
FORMAT(F8.2,15X,El5.8) 
FORMAT(F8.2,2El5.8) 
END 

134 
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APPENDIX C 

SOLUTION OF·THUNDERSTORM MODEL 

Cpl Problem Definitiono The simplest dase will be examined first 

and the result extended to the general case of Chapter VIIo Thus. the 

electric potential inside a grounded cylindrical box when point charges 

are located on the cylinder 9s axis (Z axis) is desired. The cylinder is 

defined by 

0 < Z < h 

and 

r = b 

Also 9 the ·conductivity of the cylinder varies with height according to 

the expression. 

aZ 
a = a e 0 

As shown in Chapter VII the equation for the electric potential is 

2 av ~ q. o{r) o(z - z.) 
V V + a - = i ...:. -· 1 = az i=l &0 2~r 

Where .. p is the number of point charges, and q. is located at the point 
l. 

• 
r. = (r.~ ~. 11 Z.) = (O, o, Z.) 

1 l. l. 1 l 

'1 

From symmetry it is·seen that the potential is independent of the 
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azimuthal angleo Vis also subject to the boundary conditionso 

0 (Co2) 

In Equation Col• impulse functions are used to denote the charge lo= 

cation in cylindrical coordinates• so that integrating the charge density 

over the volume of a small cylinder centered at the ith charge should 

dV = 
2'1f Zi+&: 

.'d<1> I 
cj>=O Z=Z.-&: 

l. 

£ 

f 
r11:10 

t'l(rh'i(Z - Z. )rdrdZ 
l. 

q. --------- = q. 1. 2'1fr i 

where the kno\oln integral properties of the impulse function, 

·have been usedo 

C+e: 
J o(x M C)dx = l 

c-e: 

The solution will be obtained for only one charge and then superpo• 

sition will allow extensi.on to any number of charges on the axiso Super• 

position will again be used to solve the problem if one end of the cylin• 

der is at a potential V0o Finally, to form the thunderstorm model, the 

radius b will be allowed to increase to give the potential at large dis-

tances from the thunderstorrno This solution will then be generalized to 

include the case where the charges are not on the axiso The_ method of 

solution will be to construct a Greenvs function from the eigenvalues of 

the differential operator of Equation Col subject to the boundary condi 0 

tions of Equation Co2o 

Co2 Solution. for one Charge on the Axiso For orie charge, Equation 

Col becomes 

L(V) 
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Where Lis the operator 

"2 + a .L = 1.L c· r L>· + a2 + a 
V av :t" ar ar ,. a az O az 

In order to find the eigenvalues and eigenfunctions of L subject to 

Co2t consider the homogeneous equation 

2 
l:. .L (r !!.) + !...Y. + 
r ar ar az2 

av 
aaz=O 0 

Assume a product solution of the form 

V(r,Z) = R(r) Q(Z) • 

and using the standard separation of variables technique• Equation Co4 

gives 

2 
l:_ .2,.S + !, .29. = 1 d dR) = • m2 
Q dZ2 Q dZ • rR dr ( r dr • 

where mis a separation constanto Then 

which has the 

Q(Z) 

general solution 

aZ 
- 2 2 = e [A cos(m 

l l 
22 22 

- ~) Z + V sin (m2 - : ) Z] 

For the radial dependence, 

2 
-!. ( .2:...!. + ~) .. m2 = O 
rR r dr2 dr , 

or 

This is the modified Bessel equation with the. solution in terms of 



modified Bessel functions of zero order~ 

The product solution is 

l l 
aZ 2 2 

V(r.z) = e .. 2 [A cos(m2 - !ir> Z + B sin 
2 a2 2 

(m .. -) Z] 
4 

From Equation c.2 1 

which implies A= O, Also 

ah 

V(.r •h) = e - 2 [sin(m2 

Then 
l 

2 2 2 
• ( _a ) h sin m ... 4 ::: 

From this relation the eigenvalues~ mt are found to be 
n 

so that the solution becomes 

aZ 

2 2 2 2 n ,r a ·· 
m =-+-

n h2 4 

V (r~Z) = e- 2 sin nhirZ [C I 0(m r) + D K0(m n)] 
n n n n n 

= 0 
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(Co7) 

Now from Green°$ function theory1 the Green vs function for the given 

1A detailed treatment of Green 9s function expansions is given in 
Chapter III of 11Classical Electrodynamics" by Jo Do Jackson 9 John Wiley 
& Sons 9 New York 9 19620 
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differential equation and boundary conditions can be expressed as an ex= 

pans ion using the above eigenfunctions o Since by definition 9 the Green's 

function is the potential due to a unit point charge, then finding the 

Green's function and multiplying by q. will give the desired potentialo 
i 

Consequently, solutions of the form 

00 

l 
n=l 

aZ 
·2 

e R (r) 
n 

, mrZ 
sin - h 

are to be determined, where 

R (r) = A I 0(m r) + B K0(m r) n n n n n 

From the boundary condition 

R (b) = A Io(m b) + B Ko(m .b) = 0, n n n. n n 

so that 

Inserting CoB: into the nonhomogeneous :Equation Co3 gives 

00 

l 
n=l 

aZ 
--2 l d dR • nirz ( n) + e sin --- r-h r dr dr 

00 
aZ 

d2 .. -2 nirZ 
R ( ) ' r - 2 e sin -h 
n dZ 

l 
n=l 

• n'TfZ +.a sin - = = h 

q1 &(r) &(Z ~ z1 ) 

2ire:0r 

(CoB) 

Performing the differentiation and collecting terms using Equation Co7 

gives 
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00 

\ [l d ( dR) • nnZ R m2 • nnZJ 
L r dr r dr sin h ... n n sin h 

n=l 
0 

(C.10) 

M l ' l ' b h • d f E • C 10 b 2 • pnZ d ' · u tip ying ot si es o quation • y h sin h an integrating 

from Oto h gives 

l d . dRn r dr (r er;-) 

aZ 
2 -q1 o(r)e 1 • nnz1 

m · R = ---"l"r-- sin -r--
n n 71':t:'COn n 

(Coll) 

This result follows from the orthonormal properties of the sine function 

and the sifting property of the delta function• i.e., 

• 
and 

2 h/ • n'lfZ • ~ dZ ~ h O sin h sin h = unp = 
l, n = p 

o, n ¢ p 

z1+e 
f f(Z) o(Z • z1 ) dZ = f (Z1 ) 

z1-e 

Now multiplying Equation c.11 by r and integrating r from O to £ gives 

az1 
e d dR e 2 -q1e nnz1 e 
I -d c~d n) dr ... J m r R dr = --"I"- sin -h J o(r)dr 
O r r O n n ne0h O 

The limit as e approaches zero then gives 

dR e 
Hm r n I 
e-+O dr o 

The second term vanishes since rR is a continuous function, so that 
n az1 

dR e =q1e 
lim r d n I = ----....--
e-+O r o 'lfeoh 



or 

Using the known Bessel function identities 

and 

Equation Col2 (m = 0 11 x = m r•) becomes 
n 

or 

For small arguments, 

and 

so that 

(m e>2 r 0(irib) me 
lim A [ n + . n · ......!!,_,] 

n 2 K0(m b) me e-+O n n 

Then from Equation Cal3 9 

A = .. 
n 
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{Col2) 

t 

t 

(Col3) 

0 

0 
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Using this result for An in Equation Co9 and.then putting Ca9 into Co8 

gives as the desired potential: 

. J 
sin n~Z dn n:zlj (C.14) 

For q.1 a unit charge• C.14 is the Green's function for the operator in 

Equation Co3 subject to the given boundary equationso In the limit as 

b +~,Equation C.14 pecomes 

a 
• ·fZ·Zl) 

~ . n1rZ qle 
V(r,Z) t l< ( ) • n1rZ , 1 

1., 0 .. m r sin -h·· s.1.n "b 
n=l n 

because 

lim K0(x) = o o 

x-+co 

• (C.15) 

Co3 Solution for an Arbitrary Number of Charges on the Axis. For 

more than one charge on the axis 9 the potential function is a superposi-

tion of solutions of the fbrm given in Equation CalS, i.e. 9 

V(r 9Z) = 
p 

I 
i=l 

m z n1rZ. 
, K ( ) • n1T , 1 
I.. 0 m r sin h sin ~ 

n=l n 
(Co 16) 

Now consider this cylinder of large radius with no charges present. 

If the top is qt a potential v0 and the bottom at zero potential, then 

the potential within the cylinder is a function only of Z so that Equa-

tion C.3 is 

d2V dV - +·a ....... :: 0 .. 
dZ2 dZ 



The solution is 

-az vcz> = c1 + c2 e 

which after evaluating the integration constants becomes 

V(Z) = V 
0 
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(Col7) 

This result can be added to Equation c.16 to give the complete solution 

for the potential due to the charges in a thunderstorm and due to the 

ionospheric potential v0 • ioeo• 
I 

t11 8 -az] . •ah + 
• e 

! 
i=l 

n11Z • nirzi 
sin h sl.n ,r-

(C, 18) 

Co4 Solution Assuming the Ionosph~ric Height Approaches InfinitYo 

In the case of the limiting transition h ~~,Equation C.18 assumes a 

more simple form. Under this assumption, the contribution ·due to the 

ionospheric potential becomes 

Now consider the inner sum of Equation c.1a 

Then if 

q. ~ z nirZ. 
V, = --=-h l K0(m r) sin nh,r sin -h 1 

i eo,r l n n= 

l.l z. A l.l n 1 n 
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So that in the limit 9 

l 
I -

00 2 2 
J 2 a 

l<oC.(µ + 4) rJ 
0 

[cos µ(Z • Z.) • cos µ(Z + Z.)J dµ 
l. l. 

Using the known.Bessel function identity 

gives 

l 

• ~r2 + (Z·Zi)2)2 

cos µ( Z .. Z. )dµ = _,r_e--2-----..... -
J. 

,l 

- ~r2 + (Z-Z. /)2 
e 2 i 

l ... 
·<.,,.2 c-· z·- >2>2 .. - + z .. 'i 

:L 

l 

(,:,2 + (Z+Z. )2)2 
J. 

1 

cr2 + cz-z. >2>2 2 
(r + 

1 

(Z+Z. >2)2 
l. l. 

(C.19) 

for the potential in the atmosphere due to the ionospheric potential and 

charges o,n the thunderstorm ax.is. 

c.s Solution for Charges not on the Axiso 

the point 

r. = (r, 9 <I> .. Z.) 
J. J. l. 1 

Assume q. is located at 
l. 

then azimuthal symmetry no longer obtains and the operator L becomes 
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2 2 
L = l !... c r L) + .L L + L + a .Laz 

r ar ar r2 a~2 az2 

Then proceeding just as in Section Co2 gives• instead of Equation Col8t 
a . 

- fZ-Zi) 
qie ! e 

ik(<j>-<j>.) 
i 

i=l 

z nirZ.] 
Cmnr~) K (mnr) sin .!l'.!!... sin --l:. ... -~ h. . h (Co20) 

where it is required that 

r > r. for all i 
l 

C06 Electx:iic Field Deriva.ticnso The electric field will be deter• 

mined for the two cases described by Equations c.1a and c.19 using the 

fact that under static conditions 

In cylindrical coordinates, assuming azimuthal symmett')", 

where ar, and az are unit vectors in the rand z directions respectivelyo 

From Equation c.1s, where due to the nature of the functions in-

volved• it is assumed term-by-term differentiation is permitted, 

and 

E - = r ! 
i=l 

m z nvZ. 
' K ( ) • n,r • i L m 1 mnr sin h sin T-' 

n=l n 
(Co21) 



= z n~Z. 
a ( ~ K ( ) • n~ . i) J - 2 1., 0 mnr sin h sin ~ 

n=l 

As r'""'°", the field components become 

which follows because 

E ··-+ 0 
r 

lim 1\(x) = o 
,<:'+«> 
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Thus at large distances from thunderstorm activity• the electric field 

is vertical, negative• and decreases exponentially with height. 

From Equation C.19 9 

! - ;{z-z )[ - ~ 
E _ l . · 2 i r 2 11 a + 1) 

- ----- q e - e "_... -=--
r 4~£0 i=l i R2 2 R1 

'"'~' . ~ r 2 2 a . l 
- - e (- '+ -) (Co23) 

R2 2 R2 

and 

where 

. l 

l 

Rl = (r2 + (Z - Zi)2)~ 

2 

(Co24) 



and 

l 

R = ( r 2 + ( Z + Z. /) 2 
2 1 

Again letting r+oo• results in 

and 
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0 

with the same conclusion as before regarding the electric field far re-

moved from thunderstorm. activity. 
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