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PART 1

A STUDY OF INDIRECT COUPLING EFFECTS
ON THE ELECTRON EXCITATION
CROSS SECTIONS OF HELIUM



CHAPTER 1
INTRODUCTION

Shortly after the introduction of modern quantum
mechanics, Born formulated a rather simple approximate
scheme to compute the excitation cross sections. This
method, known as the Born approximation, has been quite
extensively used since then for theoretical investigations

of collision processes.l'8

From the beginning it is well
understood that the Born approximation is a high energy
approximatiorn, that is, it is valid only if the incident
electron passes by the target atom with great speed. However,
the fact that the Born approximation is also a '"two-state
approximation'" was not as widely recognized. As in other areas
of atomic physics, the excitation process is not dictated
only by those states of atom between which electronic tran-
sition takes place. Rather, all eigenstates of the atom play
roles for an electronic transition(excitation) between any
pair of states. It is the object of this part of the thesis
to investigate to whai extent an excitation process is in-
fluenced by the presence of other(intermediate) states, and

to single out the important intermediate states, given an

initial and a final states of excitation. To this end, the

2
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formalism of the close-coupling methodg’10

is adopted, which
permits one to systematically examine the effects of inter-
mediate states(indirect coupling effects).

To be sure, there are other difficulties associated

10,22 Since it is a

with the use of the Born approximation.
first order perturbation type of method, the use of the Born
approximation requires that the coupling potential (pertur-
bation) be small. Although the close-coupling formalism

removes such difficulty,10

this aspect will not be discussed
in detail. Rather, the major effort is directed toward the
case where the direct coupling is too small to account for
the observed cross sections.

In the literature there are abundant experimental data
reportsd by several laboratories on the electron excitation

cross sections cf He atom.l’lz'15

Helium being an inert gas
of light atom, many experimental difficulties are alleviated,
and experimental data of the excitation cross sections are
more reliable than those for any other atoms. For these
reasons He atom was chosen as the subject of the investigation.
Regardless of the formalisms adopted to compute exci-
tation cross sections, the outcome depends ultimately on the

wave functions used, which in themselves are approximations

except the special case of hydrogen atom. Therefore, in order
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to test the variations in excitation cross sections due to
the choice of approximate wave functions used, wave functions
of varying degree of accuracy are used, ranging from the semi-
empirical hydrogenic functions to the highly accurate cor-
related wave functions with more than 50 terms. At 100 eV
the plane wave approximation portion of the Born approximation
is expected to be valid; therefore, the effect of the indirect
coupling may be examined by comparing the results of the Born
approximation and those of the close-coupling method.

Although the attention will be feocused ¢n the indirect
coupling effects on the nlD cross sections of He, it should
be pointed out that the indirect coupling becoies even more
important in numerous cases3 where the direct coupling alone

gives vanishing cross sections.



CHAPTER II
FORMULATION

When a beam of electrons is passed through a chamber
containing He atoms, the electrons collide elastically or in-
elastically with the atoms, and are scattered to a certain
direction (84). The coordinate system along with collision

process is shown in Fig. 1. The number of scattered elec-

Before Collision. After Collision.
Figure 1. The Collision Process and Coordinate system.

trons per unit time in the (6¢4) direction within a solid-angle
element dQ, after having suffered a particular kind of collision,
is proportional to the number of atoms in a unit volume, and

to the flux of the incident electron beam. The proportional-
ity constant I(p'+p|6¢)dQ2 has a dimension of an area, and is
referred to as the differential cross section for scattering

16

into a solid angle d@, the notation p'+p describing the

5
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internal excitation process of the atom. The total exci-
tation cross section Q(p'+p) is obtained by integrating over

the entire solid angle.

Expansion and Cross Section Formulae

The colliding electron is labeled by subscript 1 and
two atomic electrons by subscripts 2 and 3. In the time-
independent formalism, the Hamiltonian H of the entire collid-

ing system in atomic units is

T _ 2 . "1 '1
E = Ha Vl /2 Z/r1 F Ty YTy, (2.1)
where
H. = -v.2/2 - 2/t, - V.2/2 - Z/ro + 1,2} (2.2)
a 2 2 3 3 23 :
and Ty =|?i~?j| and Z is the nuclear charge.

The wave function EF describing the entire collision

system must satisfy the Schroedinger equation, i.e.,

He' (F),7,,7,) = BY (F,7,.5,) . (2.3)
The solution QT of Eq.(2.3), which satisfies the appropriate
boundary conditions, would contain all the information rele-
vant to the collision process. However, due to the inter-
actions of twvpe rigl in the Hamiltonian the exact solutions

are not attainable. Herein lies the problem, and one is

forced to search various approximate schemes which will
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adequately reflect the physical processes under consideration.
One may expand WT in terms of the basis functions
which are the products of the atomic eigenfunctions and the

partial waves (angular momentum &) of the colliding electron as

T > > _ 1 ~ > >
b4 (Y'Irlyrzyrs) = zp!l,m 1 p!Lm(Y ,rl)Y (rl)wp(rzyr:r,)

(2.4)
The notation y' in WT specifies the initial condition before

collision; and (r, ), Y and wp are respectively the un-

1 pzm
known coefficient function to be solved, the spherical har-
monic,17 and the atomic wave function; and p represents a
collection of quantum numbers necessary to specify the atomic
state. The set (p,%,m) is said to define a channel and re-
presented by y for short. In principle WT(?l,?z,?s) must be
properly anti-symmetrized. However, the resulting effect
of electron exchange between the incident and the atomic
electrons is expected to be unimportant at the energy of
interest (100 eV). Therefore, such electron exchange will
noet be considered.

Since the cross section is determined by the asymp-
totic behavior of GY(y'Irl), this behavior is examined before
proceeding to the solutions. As T, the scattered electrcn

becomes a free particle, the target atom being a neutral one,

so that the general asymptotic solution of GY(Y"rl) is a
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superposition of the incoming and outgoing free waves, i.e.,

6,6 179) £ 15 PIAG ) expl- teroan/2))

T 1+oo p
- B(y',Y)exp{i(kpr-zn/Z)}], (2.5)
2 2
2 +E =k 2 + E 2.6
kp / p p'/ D! (2.6)
where k_ and kp' are the magnitudes of wave vectors in the
P

channels y and y'. The factor kél/z

is inserted in the RHS
of Eq. (2.5) to make A and B amplitudes of flux. The ccef-
ficient matrices A and B are not independent of each other;
rather, B is related to A through a certain transformation,
since once the incoming flux is known, the outgoing flux is
uniquely determined by the property of the collision system.
This transformation matrix is called the scattering matrix18
and defined through

B=SA. (2.7)
In order to determine A and B matrices, attention is given to
a particular initial condition of the incident electron im-

h eigenstate. For con-

pinging upon a target atom in the p't
venience, the direction of the incident electron is chosen
as z direction. As the interest lies in the asymptotic be-

-1/2

havior (r1+m), the product function of [(kp.) exp(ikp.zl)

X wp.(?z,?s)] adequately describes this condition. Next the

plane wave is expanded as
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(k) T Zexp ik, 200y (g Fg) = G/, 0

»

Zg'iz'(2£'+1)1/2j2ikpgr1)Y£0(;1)¢p|(?2:?3)

1/2

R

(4n/kp,)1/z(Zikp,rl)'liz,il'(22'+l)

X [exp{i(kp,rl-z'ﬂ/Z)} - exp{-i(kp.rl-l'n/Z)}]

x Yoo dvy (075 (2.8)
where the spherical Bessel function jz.is approximated by the

asymptotic form as
Jgr (kpir) = (kp,r)'lsin(kp,r-z'n/Z) . (2.9)

By comparing Eqs. (2.4) and (2.8) with the aid of Eq. (2.5),
it is easy to see that

1 - LA'+1 1/2
Aly',y) 5m06pp,5£2,1 ™

(22'+1)1/2kp. . (2.10)
In the case of an inelastic scattering (y#y'), the off-diagonal
elements of B are the partial amplitudes of the flux scattered
through an angle (84¢). However, in the case of an elastic
scattering (y=y'), a diagonal element of B matrix contains an
amplitude equal in magnitude to the corresponding element of

A. This portion is due to the incident wave as seen in Eq.
(2.8) and must be excluded. Thus, the transition matrix,

which represents amplitudes solely due to scattering, is de-
fined as19

T=1-S58, (2.11)
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The differential cross. section for exciting an atom

from p' to p state is then given by
- A o 2
1(p'+plog)da = w(k,) 2L, 14 et

x JT('2'03pamY,  (0¢) | %dn (2.12)

The spherical harmonics Yzm being an orthonormal set, the

corresponding total cross section is easily obtained,

Qep'+p) = ki 2Lyl T, 22+ )Y 2rpratospamy 12, (2.13)

Differential Equations

Thus, the cross sections are easily obtained through
the S matrix, once the latter is known. In the preceding
section the uncoupled representation is used in order to bring
out more clearly the physical processes involved; for the
computation purposes, however, it is more convenient to ex-
pand WT in the coupled representation characteristic of the
total angular momentum of the system L and the z component

thereof M as
‘l’T i R 4 ‘I'LM + > >
(F'I 1°°2° 3) ZLM (r'l 1°°2 3)

-1 LM

= It Eo @ e E E) L (218

where (rilF)and x are the unknown coefficient functions ‘to be

solved and the basis functions of expansion respectively.
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The explicit expression of the latter is given in Eq. (2.15).
u represents a collection of quantum numbers n, j, and 2,
where n and j are the principal and azimuthal quantum numbers
of atom respectively, and & is the angular momentum of the
partial wave of the colliding electron. The set (L,M,u) de-
fines a channel and is written as I' for short. The basis
function in the coupled representation is related to that in

the uncoupled representation by a unitary transformation as

M0 3 % 3 j - T
)("l (r'lrl’rzsrs) = zmg‘mjc(szlmj;QJLM)Ylmz(rl)

x wnjmj(?z,?s) , (2.15)

17 Confining to

where C is the Clebsch-Gordan coefficient.
the configurations of type (1s)(nj) of the He atom, the anti-
symmetrized singlet wave functions y's are

VpynF2oT3) = 2_1/2[5‘15("2)%'(”3”00(;’z)‘{jm(’?z.)

+ 8y (rg)bys (1) Yo (F) Y (T))]
(2.16)
where a and b are radial parts of one eleciron wave functions.
The coupled representation offers an advantage over the un-

coupled representation in that L and M are conserved through-

out the collision process, which permits one to examine each

QFM

separately.
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In practice only a finite number of atomic states
can be included in the expansion in Eq. (2.14). The method
based on such a truncated expansion is known as the close-
coupling method. When the variational principle is applied
to Eq. (2.3), the following set of differential equations

results.9

2
d 2 2 1M
[5;7 - (2+1)/x7 + K STF (U |T)

= Zunuuun(r)Fﬁw(u'lr), (2.17)

where the subscript in ry is now dropped without confusion.
The coupling potential Uuu"(r) in Eq. (2.17) is

P 1, -1, -1
Uuu"(rl) = fou(u'lrl,?z,?s)[-Zrl S FPRES ]

N P PG -1
X xun(u'lrl,rz,rs)drldrzdr3 = -2Ir, Guu"

+ zzkfx(zjz”j";h)yk(¢nj,¢n”j"lr1) , (2.18)
where ¢ is used symbolically for radial parts in Eq. (2.16), and

- -A-1,r A
YA(¢nj’®n'j'|r) 2(r !0®nj(t1’t2)t1 ¢nojn(t1’t2)

2 2 A foo A-1
X tyTdt ey Tdty ¢t 0 ()t T 0 (8, t))
x tildt t,2dt,] (2.19)
1 4t tyde,l, °
and
f)\(zjﬂ,'J ' ;L) = Izmzmjml'mj 'C(Qjmzmj ;LM)
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x Y:mz (;1)Y;mj (;Z)Y;o(;s) [4n/ (2a+1) 1%/ 2

)\ * A A ’
Y Y c(e'j' m.,;LM)Y T
X gZ—A rg (F1) ¥y g (T)C(RT 'my 4ms 45 1M) zlmz'( 1)

X ijjv(r23yoo(r3)dr1drzdr3 : (2.20)

Using the results of Racah's work on the theory of complex
spectra,20 Eq. (2.20) may be reduced to a more compact ex-

pression, i.e.,

£,(32'3%51) = (DM R e e

X C(z'j'OO;AO)[(22+1)(2j+1)(22'+1)(2j'+1)]1/2

X W(RjR'j';LA) (2.21)

20 The coefficient

where W is the Racah coefficient.
fx(sz'j';L) vanishes unless each of the sets (&jL), (&'j'L),
(22'2), and (jj'Ar) satisfies the '"triangular rule" and the
"parity rule", i.e., for (abc)

a+b>c, c+a>b, b+c>a
and (2.22)

at+b+c = even.

For the solutions F of Eq. (2.17) to represent the
physical problem of collision process, F must be finite every-

where (the origin included), and must have the asymptotic form

similar to Eq. (2.5), i.e.,
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LM -1/2
FU (utlr) ?ﬁw (knljl)

[Guu,exp{-i(knjr - m/2)}
- exp{i(knjr - lw/Z)}Suu.] . (2.23)
As the basis functions in the coupled and the uncoupled

representations are related by the unitary transformation as

shown in Eq. (2.15), the corresponding scattering matrices

are related as18
L
S(njem.m '3'¢'m.,0) = C(jem.m, ;LM
( J j zin J i ) LZO MZ-L (J mJ ) )
X S(nszM,n'j'R'LM)C(j'z'mj,O;LM) . (2.24)

The total cross section is then given as (See Appendix I for

detailed derivation.)

Q"(n'j'»nj) = §,Q"(n'jronj) . (2.25)

QM (n'tang) = (n/ky (50 (LD ],, (25041 M TCng e, a1 |

(2.26)

21

The conservation theorem”" of particle imposes the

condition that the scattering matrix be a unitary matrix.
The consequence of this theorem is to put an upper limit to

the total inelastic cross section as

L,. . L . .
Q" (inelastic) = anQ (n'j'+nj)

< (/ks 0 @ e (2.27)

The scattering matrix is also symmetric, which relates the
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cross sections of excitation with de-excitation between the
two given states (detailed balancing). As will be discussed
shortly, the conservation theorem is well satisfied in the
close-coupling formalism. However, it is noted in passing
that the conservation theorem is violated in using the Born
approximation, when the direct coupling potential is too
strong.22

For computational purposes, it is advantageous to

put the asymptotic form in Eq. (2.23) in another fbrm, i.e.,

LM N -1/2, )
B0 0 v (ko) VA sinGk e - an/2)s

+ cos(knjr - zw/Z)Rpu,] R (2.28)

where the 'reactance' matrix R is related to the scattering
matrix as

S = (I +iR)(L - iR)"L. (2.29)
The fact that the Hamiltonian is real and symmetric assures
that the coupling potentials U's in Eq. (2.18) are real and
symmetric; the latter in turn assures that R is real and
symmetric. Finally it is evident from Eq. (2.29) that S

matrix is unitary.



CHAPTER III

METHOD OF COMPUTATION

Lane and co-workers10

give the numerical procedure
for solution of differential equations of Eq. (2.17) and
determination of R and S matrices. Although, in principle,
the determination of R matrix (and hence S matrix) should be
done at infinite separation of the scattered electron from
the target atom, the range of integration is limited in
practice to 100 or 200 atomic units. In this limited range
of r, R matrix shows a variance with respect to the value of
r where R matrix is determined, especially when the number
of channels are large. For this reason, it is desirable to
have a corrective scheme to obtain a "converged" R matrix.

Earlier, Burke and Schey11

used a scheme based on an asymp-
totic expansion in terms of the inverse power series in r.
However, the asymptotic series do not converge, when the
atomic eigenstates have near-degeneracy like the case of He
atom where the energy levels of the same n are rather close

31

together. Thus, a new scheme is devised which is applicable

regardless of the degeneracy.

16
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Solution of Differential Equations

For computational purposes Eq. (2.17) is written as

géfFin = Zm[éim{-kiz+2i(£i+1)/r2} + Uim(r)]an(r) .
(3.1)
or in matrix notation (denoting the second derivative by
"double prime"),
E'=GE, (3.2)

where

G, = 6 (k2o (2,41} /T%) + U, . (3.3)
To facilitate the numerical solution of Eq. (3.1), the method
of Numrov23 is used which is based on the relationship be-
tween the second derivative of a function f and its second
differences,

82f = nlen+sem/12] + o)t (3.4)
where the second difference 62f is

2

8 fn = fn+1-2fn+fn_1 , (3.5)
and
h = rn+1-rn ,
(3.6)
fn = f(rn)

From Eqs. (3.4) and (3.5) the following recurrence formula

is obtained.
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_ .2 -1 2. .
F ., = [L-h%_,,/12]7"{[2L + 5h°G_/6]F

-n+l
2

- [I-h gn_1/12]§n_1} . (3.7)

For optimum computing efficiency, it is desirable to put the

recurrence formula in another form as

Pas1 = ¥oBn - Py s (3.8)
where
_ _ 12
P = [L- % /12]E, ,
(3.9)
W= [(1/12)L - h’G_/144]171 - 101 .

Once the solutions En are known at two adjacent points (n=1,2,
for example), the recurrence formula may be used tec generate
solutions at all succeeding points. It is simple to show

[See Eq. (2.19).] that all the coupling potentials Unm ap-
proach at most constant values near the origin except the
diagonal ones which behave as -2Z/r. Thus, at sufficiently
small values of r (m10‘3a0), Eq. (3.1) is de-coupled. The

two starting solutions are thus provided by means of the

Frobenius method as (discarding the ill-behaved ones),

e I - ozr/eel) ¢ .. L1,

me(r) mm

an(r)

(3.10)

0, m#n,

with r=r for one and r=r°+h for the other solutions. The
arbitrary constant Com MaY be chosen as unity, and one or two

terms in Eq. (3.10) is all that is necessary. The boundary
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condition imposes that the solutions must behave for large

T as

R SR S I (3.11)
where the diagonal matrices J and Y are defined as

J

-1.
o = ()i, (kT
n (3.12)

-1
Y o = -(kT) ylm(kmr)

’

where j and y are the spherical Bessel functions of the first
and the second kinds respectively. Because of the arbitrari-
ness ¢ in the starting solutions, the Numrov-integrated

solutions will have the form

F' = [JA+YB], (3.13)

where A and B are the '"constant" matrices (See the following

section). By a linear transformation

Fal=g1+ypal, (3.14)
the R matrix is identified as
- -1
R=3BA . (3.15)

N
The matrices A and B may be determined by solving the simul-

taneous matrix equations.

N (a)

il
[}
r~
job]
—
p-3
+
4
—~
¢]
~—
-]

(3.16)
FN (b)

il
o
~
o’
—
>

+
-~
~
o
s
==}

where a and b indicate the matching values r=a and r=b (=a+h,
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usually).
The starting solutions [Eq. (3.10)] may be initiated

safely from r=10°3ao. A test calculation with the starting

value of r=10'6ao showed completely identical results. In
the region of small r, the accuracy of the numerical inte-
gration depends largely on how close to a unit matrix the
matrix [l-hzgllz] is. Noting that the largest contribution
to G comes from the term 2(2+1)/r2 (except when 2=0), it is
easy to see that the numerical accuracy would increase as

the ratio [h22(2+1)/r2] is decreased. 1In practice the values
of h have been chosen so as to keep the ratio (h/r) less than
(1/20), which proved to be quite satisfactory in all cases of
interest. In the outer region (r>1.0a°) the step-size h is
dictated by the "frequency" of F. Since for large r the
solutions F become linear superposition of sin(kir) and
cos(kir) [See Eq. (3.11)], the value of h has been chosen so

as not to exceed one tenth of (w/k being the magni-

max)’ kmax
tude of the largest wave vector. The matching, that is, the

determination of R matrix, may start as soon as all the coupling
potentials take the asymptotic forms

r-A-l

U () =d , A> 1., (3.17)
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Correction to R Matrix

It is tacitly assumed in Eq. (3.16) that A and B are
constant; however, due to the limited range of integration
and due to the case of A=1, A and B, and hence R vary slowly
with r.

A first order corrective scheme is developed to avoid
this variance. The functions J(r) and Y(r) defined in Eq.
(3.12) are in reality the two independent homogeneous so-

lutions of Eq. (3.1), and they satisfy the condition,
J'(r)Y(r) - J(x)Y'(r) =1, f£for allr, (3.18)

where "prime" indicates the derivative with respect to r.

Therefore, the general solution is24

F(r) = J(r)[drY(r)U(r)E(r) - Y(r)[fdrd(r)U(r)E(r) .
(3.19)
The arbitrary constants a and b may be chosen so that F satisfy
the boundary conditions, i.e.,
drY UF - Y[iarJUE=J L+ YR. (3.20)
Substitution of Eq. (3.20) in Eq. (3.19) gives
F(r) = J[I - [{drY UE] + Y[R + [JarJ UF] . (3.21)

The subscript o will be used to distinguish the approximate R
matrix obtained by Eqs. (3.15) and (3.16) from the "true'" R.

As before, the Numrov-integrated solutions will differ from
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those in Eq. (3.21) by a linear transformation. For convenience,
this transformation matrix may be taken as (5'1Q), where C
matrix (as yet unknown) is to be determined. Then from Egs.

(3.13) and (3.21) one arrives at
[+ Y RIC = J[I - [7drY U E] + Y[R + [7drJ U E]

(3.22)
To obtain the corrective matrices, the approximate F is in-

serted on the RHS of Eq. (3.22) with
F=J+YR. (3.23)

By equating the coefficient matrices of J the matrix C is

determined as

C=I[L-f7YUJgdr - 7Y U YdrR®] . (3.24)

Finally the corrected R is

_ 0 - 0, _ 0, 0 _ =]
R=R°[L - [Y U Jdr - [7Y U YdrR®] - [73 U Jdr

- [23 U YarR® . (3.25)

The use of the corrective scheme gives substantially improve-
ment in that the matrix elements matched at 80ao and 200a0
agree typically to five significant figures. 1In a practical
way, this scheme allows one to obtain more accurate cross
sections without having to integrate to a large value of r,

thus leading to a considerable saving in computer usage.



CHAPTER IV
RESULTS AND CONCLUSION

Essential to any theoretical calculations of exci-
tation cross sections is the quality of the wave functions
employed in computation. Therefore, the dependence of the
cross sections on the accuracy of the wave functions is first
examined by using the Born approximation and the close-
coupling method. Next, given the final state (the initial
state being the ground state), a detailed examination of the
effects of the intermediate states is made. This is done by
including various combinations of the states in the scatter-
ing equation. The results of a comprehensive study in this
regard are presented. The atomic states examined include
(1s)(nj) for n=1-4, j=0-3; (1s)(np) for n=2-8; and the doubly
excited states (2s)(2p), (2s)(3p), (3s)(2p), and (3s)(3p).
The close-coupling results are then compared with those of

the Born approximation and the experimental cross sections.

Wave Functions

The He wave functions have been calculated by numerous

workers.25 They may be classified as (i) hydrogenic functions

23
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with empirical effective charge;26

25,27

(ii) Hartree-Fock or

Hartree-Fock-Slater type; (iii) wave functions contain-

28-30 The functions

ing inter-electronic distance explicitly.
of class (i) are satisfactory for highly excited states (n>4),
but distinctly poor for the ground state both from the energy
criterion and as reflected in the computed cross sections.

The wave functions of class (ii) assumes product type as

those of class (i), the distinction being that the former

are obtained by ab initio calculations whereas the latter

are empirical in nature. The Hartree-Fock equation may be
solved either in tabular form or by linear variations for the
coefficients of pre-chosen exponential basis functions, both
leading to a virtually identical energy value. The major
limitation of these functions arises from the assumzsd product
form, by which the electron correlation cannot be properly
accounted for. This correlation effect is particularly im-
portant for the ground state where two electrons share the
same shell, but not too critical for the excited states where
two electrons stay apart from each other (in classical sense).
By virtue of including the inter-electronic distance explicit-
ly, far superior wave functions are obtained, which, for ex-
ample, predict the ground state energy within the limits of

the spectroscopic measurements. Some of these functions are
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v(1ls) = 1.38189exp(-1.82s)[1 - 0.100828s
+ 0.353808u + 0.033124s% + 0.128521t>
- 0.031799u’] , by Hylleraas,Z®
¥(11S) = exp(-1.755s)[1.38084 + 0.46552u
- 0.051189u® - 0.202095s + 0.187694v
- 0.245212w] , by Stewart and Webb,30
where s=r +r,, t=r,-r,, u=|?1-?2|, v=r12+r22, and W=t T,.
Weiss29 gives the correlated wave functions of 115, 213, 315,
21p, 31p, and 31D as
ynly) = § .0 om
patCpatépat
where C;gt are the weight coefficients, and
0B = &P 278 1010, 0 Sexp -0y -x0 ) Vi ()

+ pzpplq+jplgexp(-pz-xpl)ij(;l)] ,

where p=¢r, and z and x are the parameters. The numerical
values are reproduced as communicated by Weiss in Table I.

The variance of the cross sections with the use of
the first two classes of wave functions are summarized in
Table II. The effective nuclear charges for hydrogenic
functions are chosen as 1.65 for the ground (1s) orbital, and
2.0 and 1.0 respectively for (1s) and (nj) orbitals of the

excited states. The Hartree-Fock wave functions are those of
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TABLE I

NUMERICAL PARAMETERS

1°S: 53 terms 1£=2.19239116 x=1.000

P g t C P q t C

0 0 0 -141542299 ( 0)(3) 0 1 0 =243132474 ( =1)
0 0 1 =2.,3829439 ( -1} 0 2 0 ~=1,7489135 ( =1)
1 1 0 544438241 ( -2) 0 1 1 -14139%662 ( -1)
0 0 2 609675030 ( -2) 0 3 0 =262772606 ( -2)
1 2 0 3.,7845311 ( -2) 0 2 1 646986175 ( =2)
1 1 1 =442225240 ( ~2) 0 1 2 =442207900 ( =3)
0 0 3 =1,9209468 ( =2) 0 4 0 —=142402138 ( -3)
1 3 0 =402380360 ( -3) 2 2 0 =~5,4466292 ( -4)
0 3 1 2,2705319 ( -3} 1 2 1 -146319744 ( =2)
0 2 2 =149213872 ( =2) 1 1 2 13097475 ( =2)
0 1 3 641758107 ( =3) 0 0 4 3,1036666 ( -3)
0 5 0 349754628 ( =4) 1 4 0 =1.0839978 ( =3)
2 3 0 141439479 ( =3} 0 4 1 =161371931 ( -4)
1 3 1 3,4880588 ( -3) 2 2 1 =746751013 ( =4)
0 3 2 -2,6724531 ( -3) 1 2 2 164147480 ( =3)
0 2 3 549103197 ( -3) 1 1 3 -145934956 ( =-3)
0 1 &4 =3,1852010 ( =3) 0 0 5 842626579 | -5)
0 5 1 =2¢3503277 ( =4} 1 4 1 505213657 ( -5)
2 3 1 =247275591 ( ~-4) 0 5 2 741466333 | -6)
1 4 2 =2,16%52129 ( ~5) 2 3 2 =1¢5210611 ( =5)
0 & 2 5,06792%9 ( -4) 1 3 2 9.6494887 ( -6)
2 2 2 447969623 ( =4) 0 3 3 =-2.8193889 ( -4)
1 2 3 -1.2838034 ( =-3) 0 4 3 -1.5680515 ( =5)
1 3 3 5,2815999 { =5) 2 2 3 143704848 ( =5)
0 2 & =5,0137824 ( =-5) 1 1 &4 741629358 ( -4)
0 1 5 241204731 ( =-5) 0 2 5 844148947 ( -6)
1 1 5 =2,0971917 ( =5)

(a)Numbers inside the parentheses indicate the

power of 10.
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2°S: 54 terms =2.12285706 x=0.370

p q t C P q t C

0 0 0 -3,8987008 ( =1) 0 1 0 11627869 ( =1)
1 0 0 5,2892227 ( =2) 0 2 0 =-847853457 ( =3)
1 1 0 -1,1654868 ( =2) 2 0 0 <«1,4032278 ( -3)
0 3 0 2.7600543 ( =3) 1 2 0 -745035481 ( -5)
2 1 0 9.2686527 ( -4) 3 0 O 166282962 ( =4)
0 & 0 =5,4097288 ( -5) 1 3 0 109936886 ( =4)
2 2 0 =2,7686468 ( -4) 3 1 0 =-141280909 ( -5)
0 0 1 =-6.8764753 ( =2) 0 1 1 3.0632952 ( -2)
1 0 1 =146459900 ( =2) 0 2 1 =1.2985706 ( -3)
1 1 1 5.8402414 ( =3) 2 0 1 348134982 ( -4)
0 3 1 =1.5572461 ( =-4) 1 2 1 -4.8250331 ( -4)
2 1 1 1.2151425 ( =4) 3 0 1 ~1.2946421 ( -4)
0 4 1 1,.0509838 ( =~5) 1 3 1 =2.7842899 ( -6)
2 2 1 3,1472710 ( =5) 3 1 1 844160227 ( =6)
0 0 2 9,6424816 ( =3) 0 1 2 =4,6781916 ( -3)
1 0 2  4.6440650 ( ~4) 0 2 2 346735055 | =4)
1 1 2 =1.4736136 ( =4) 2 0 2 -5.8952714 ( =7)
0 3 2 =-841991005 ( =-6) 1 2 2 241771491 ( -5)
2 1 2 =3,0343312 ( =5) 3 0 2 349161410 ( -6)
0 0 3 =5,7193667 ( =4} 0 1 3 3,0117459 ( -4)
1 0 3 4,8011348 ¢ -6) 0 2 3 -145116722 ( =5)
1 1 3 15624648 ( -6) 2 0 3 642707273 ( -6)
0 0 &4 5.,6653478 ( -6) 0 1 & =1,1214881 ( -5)
1 0 4 -1,3686807 { -6} 0 2 & 543020272 ( =7)
1 1 & =3,4576873 ( =-7) 0 0 5 563152916 ( =T7)
6 1 5 13935763 ( -7} 1 0 5 845035149 ( -8)
0 2 5 =6¢5028816 ( =9) 1 1 5 244479303 ( -9)
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TABLE I-Continued

31s: 54 terms ©=2.04999998 x=0.231

p q t C P q t C

0 0 0 2.3161238 ( -1) 0 1 0 -1.0135069 ( -1}
1 0 0 -3,5784863 ( -2} 0 2 0 8.0920891 ( -3)
1 1 0 1.5748018 ( -2) 0 0 1 3.4167829 ( -2)
0 1 1 =9.6344882 ( =3) 1 0 1 ~1.2643723 ( -4,
0 2 1 1.1114862 ( -4) 1 1 1 -2.2616512 ( -4)
2 0 0 242156101 ( =5} 0 3 0 1.6421958 ( -5)
1 2 0 -2.6195787 ( =3) 2 1 0 6.7284803 ( ~4)
3 0 0 -3.2716730 ( —4) 0 4 0 1,6669396 ( =5)
1 3 0 3.6i90568 ( =5} 2 2 0 8.6691500 ( =5)
3 1 0 -$.2063970 ( =6} 2 0 1 =-5.3334209 ( -4)
0 3 1 =3,2331918 ( -5) 1 2 1 26441083654 ( =4)
2 1 1 =243336803 ( =4) 3 0 1 7.1243588 ( -5)
0 & 1 1.0225509 ( =6) 1 3 1 ~7.6796440 ( -6)
2 2 1 =143794617 ( -5) 3 1 1 1.8389411 ( -6)
0 0 2 -4.4122216 ( =-3) 0 1 2 749430197 ( =4)
1 0 2 9.6180399 ( =6} 0 2 2 -3.7640578 ( =5)
] 1 2 12490334 ( =5) 2 0 2 141753584 ( -4)
0 3 2 9.1585648 ( -g8f -~ 1 2 2 1.7549426 ( -5)
2 1 2 2.87T10175 ( =5) 3 0 2 -4.1471503 ( -6)
0 0 3 5.5434534 ( -4) 6 1 3 2.6611162 ( =5)
1 0 3 -5,6608170 ( =5) 0 2 3 -846655241 ( ~B)
1 1 3 -3,7931935 ( =5) 2 0 3 =-1.2827207 ( -5)
0 0 & -646781765 ( =5) 0 1 & 242516934 ( -b)
1 0 4 1.8958775 ( =5) 0 2 4 -4.2415668 ( -83
1 1 4 4.6198350 ( =71 0 0 5 742509766 ( =7
0 1 5 -2.8375798 ( -8) 1 0 5 =-2.8313491 ( -7)
0 2 5 545532594 (-10) 1 1 5 -1.1682415 ( -9)
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2°P: 52 terms =2.05535704 x=0.370

p q t C p a t C

0 0 0O 5.7757176 ( =2) 0 1 0 8.9511880 ( -4)
1 0 0 665153669 ( -4) 0 0 1 9,0727367 ( -3)
0 2 0 245673028 ( =-3) 1 1 0 =245398049 ( -3)
2 0 0 =7.747%159 ( -4) 0 1 1 =2,0518903 ( -3)
1 0 1 33689650 ( -3) 0 0 2 =3.8664079 ( -4)
0 3 0 =-1.8299131 ( =4) 1 2 0 242302753 ( -4)
2 1 0 2¢1944635 ( ~4) 3 0 0 9.0896587 ( -6)
0 2 1 13744678 ( -4) 1 1 1 1.1814862 ( =5)
2 0 1 =-6.0268080 ( =5) 0 1 2 143163275 ( ~4)
1 0 2 =3,3484844 ( -4) 0 0 3 =3,3533606 ( -6)
0 4 0 544908784 ( =6) 1 3 0 78935150 ( -6)
2 2 0 =246200092 ( =5) 3 1 0 345758271 ( -6)
4 0 0 =T7.0818027 ( =6) 0 3 1 266797637 ( =6)
1 2 1 =3.6302950 ( =5} 2 1 1 505667837 ( -6)
3 0 1 -=5.5%35395 ( =6) 0 2 2 =641583089 ( -6)
1 1 2 247412209 ( =5) 2 0 2 1643699313 ( -5)
0 1 3 =8,9876792 ( =-6) 1 0 3 1.0610272 ( =5)
0 0 4 3,0769860 ( =6) 0 4 1 2¢5733936 | =7)
1 3 1 =7.4624494 ( =7) 2 2 1 18249069 ( -6)
3 1 1 361143417 ( =-7) 4 0 1 663508019 ( =7)
0 3 2 =-9,4811165 ( =-7) 1 2 2 243304944 ( =6)
2 1 2 -1.8138947 ( -6) 3 0 2 =2.8215363 ( -7)
0 2 3 12031440 ( =-6) 1 1 3 =2,0072711 ( =6)
2 0 3 —=2.1464172 ( =T} 0 1 & =3,3408787 ( -7}
1 0 & 164239658 ( =7) 0 2 & =1.2327863 ( -9}
1 1 4 441862207 ( =9) 2 0 & 144338893 ( -8)
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TABLE I-Continued

P: 52 terms

£=2.13749999 x=0.225

P q t c p q t C

0 0 0 248832695 ( -2) 0 1 0 -249139890 ( -3)
1 0 0 149335333 ( -3) 0 0 1 440233635 ( =3)
0 2 0 5.6962431 ( -4) 1 1 0 =743616040 ( -4&)
2 0 0 =-2.2883047 ( =4) 0 1 1 -5,3054188 ( =-4)
1 0 1 746296777 ( ~4) 0 0 2 =3:.5700996 ( =4)
0 3 0 =442983190 ( =5) 1 2 0 =541526141 ( =5)
2 1 0 343876037 ( =5) 3 0 0 409816931 ( =5)
0 2 1 2.,2983028 ( =5} 1 1 1 148050748 ( =4)
2 0 1 144196966 ( =5} 0 1 2 =94%172691 ( -6)
1 0 2 -143591963 ( -4) 0 0 3 445545117 ( =5)
0 &4 0 =2,7484112 ( =T) 1 3 0 241003824 ( -6)
2 2 0  2.4B40079 ( =5) 3 1 0 =-6+4013286 ( =6)
4 0 0 «7,6597586 ( -6) 0 3 1 244551485 ( -6)
1 2 1 ~846356310 ( -6) 2 1 1 =-5,0823996 ( -5)
3 0 1 303726545 ( —6) 0 2 2 ~-144197064 ( -6)
1 1 2 746623895 ( =6) 2 0 2 242653711 ( =5)
0 1 3 =8.3527685 ( ~7) 1 0 3 -1,8187429 ( ~6)
0 0 &4 =1,0447704 ( -6) 0 4 1 =4.9051268 ( -8)
1 3 1 1.8465673 ( -8) 2 2 1 ~146301357 ( =6)
3 1 1 2,1876119 ( ~7) 4 0 1 545277005 ( -7)
0 3 2 743719674 ( -8) 1 2 2 146919395 ( -7)
2 1 2 341745091 ( ~6) 3 0 2 =246969389 ( ~-7)
0 2 3 =642937052 ( =8) 1 1 3 =442518952 ( -7}
2 0 3 =144327777 ( =-6) 0 1 4 641665321 ( -8)
1 0 & 246055099 ( =-7) 0 2 4 =3,0252369 (-10)
1 1 4 =7.7468169 (-10) 2 0 4 =243237604 ( =9)
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3°D: 52 terms =2.09343511 x=0.220

p q t C P q t C

0 0 0 12308399 ( =-3) 0 1 0 22176628 ( ~5)
1 0 0 540207283 ( =5) 0 0 1 77588469 ( ~5)
0 2 0 669143526 ( =6) 1 1 0 =-2e2707990 ( -5)
2 0 0 =-9.4589205 ( -6) 0 1 1 =2.5448978 ( -6)
1 0 1 2.9823628 ( =5) 0 0 2 -5.6054122 ( =6)
0 3 0 =447717836 ( -8) 1 2 0 64466658102 ( =6)
2 1 0 4,0737996 ( -8) 3 0 0 ~1e0774665 ( =6)
0 2 1 =145339749 ( =7) 1 1 1 =549975017 ( -6)
2 0 1 242364004 ( -6) 0 1 2 342216093 ( =7)
1 0 2 9.2003002 ( =7) 0 0 3 148074514 ( =7)
0 4 0 941226091 ( =9) 1 3 0 ~1.8829744 ( -7)
2 2 0 =242626727 ( =7) 3 1 0 16787811 ( =7)
4 0 0 3,5250599 ( ~8) 0 3 1 =-1.5544549 ( -8)
1 2 1 20575796 ( =7) 2 1 1 346172834 ( -T)
3 0 1 =7.1175312 ( -8) 0 2 2 145306883 ( -9)
1 1 2 3.8228153 ( -8) 2 0 2 =-2.8385965 ( =7)
0 1 3 140362075 ( =8} 1 0 3 =-2,1911020 ( -8)
0 0 &4 =1,3713227 ( -8) 0 4 1  7.7694550 (-11)
1 3 1 640000573 ( -9) 2 2 1 10501379 ( -8)
3 1 1 -5,8356372 ( =9) 4 0 1 =1¢5995372 ( -9)
0 3 2 742198473 (-12) 1 2 2 ~1.0403868 ( -8)
2 1 2 =1.7252987 ( -8) 3 0 2 348552659 ( -9)
0 2 3 =1.8855092 (~10) 1 1 3 441812060 ( =9)
2 0 3 1.,0857037 ( =-8) 0 1 &4 245960215 (<10}
1 0 & =-5,4855133 (=10} 0 2 & =744394541 (-13)
1 1 4 7.8120025 (~12) 2 0 4 =344908282 (-11)
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TABLE II

SENSITIVITY OF CROSS SECTIONS
TO WAVE FUNCTIONS

Ground Hyd(a) Hyd H-F H-F

Excited Hyd H-F (P) Hyd H-F
3lp .287(+3) (€) 300(+3)  .343(+3)  .359(+3)
41p J115(+3)  .121(+3)  .136(+3)  .143(+3)
3lp JA84(+1)  .496(+1) .864 (+1)
41p L271(+1)  .270(+1)  .458(+1)  .459(+1)
alF .141(-1) .140(-1) .337(-1) .337(-1)

(a)Hydrogenic function ground state (15)2 with
Z=1.65. Excited states (1s)(nj) with le=2.0

and an=1.0.

(b)Hartree-Fock tabular function of this work.

(C)All cross sections in units of lo'zocm2 at

100 eV. Numbers in parentheses indicate

power of 10.
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this work computed in tabular forms. It is seen that the
agreements between columns two and three, and between four
and five are within 5% at most, leading to the conclusion
that the cross sections do not depend sensitively on the
accuracy of the excited state wave functions. However, the
discrepancy between the two groups of columns is quite severe

especially for 31 1 1

D, 4D, and 4°F cross sections, which indi-
cates the desirability of an accurate ground state wave
functions for computing cross sections. The variance of the
cross sections with the use of the second and the third
classes of the wave functions are summarized in Table III.
When the correlated wave functions are used for the ground
state, the cross sections vary little (less than 10%) with
the choice of excited state functions. Somewhat greater
(about 20%) variance is noted when the Hartree-Fock wave
function is employed for the ground state.

The results of the similar test calculations by the
close-coupling method also show typically about 35% change in
cross sections going from the hydrogenic to the Hartree-Fock

wave functions, but less than 10% difference between the

latter and the correlated wave functions.
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TABLE III

SENSITIVITY OF CROSS SECTIONS
TO WAVE FUNCTIONS

Ground H-F(a) SW(b) SW(C) Weiss(d)
Excited H-F H-F H-F Weiss
21p 129 (+4) (©) 123¢44)  .131(+4)
P .359(+3) .311(#3)  .312(+3)  .322(+3)
alp . 143(+3)  .119(+3)  .128(+3)  .130(+3)
31D .864(+1)  .881(+1)  .882(+1)  .907(+1)
4D .459(+1)  .470(+1)  .468(+1)

(a)This work with Hartree-Fock wave functions.
(b)This work with Stewart and Webb function for
ground state.
(C)Ref. 4 with Stewart and Webb ground state function.
(d)Ref. 2 with Weiss functions.
20 2

(e)cross sections at 100 eV in units of 10 ““cm®.

Numbers inside the parentheses indicate power of 10.
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Preliminary Results

In comparing the Born excitation cross sections of

12

He atom with those by experiment, it is immediately notice-

able that the agreement between theory and experiment is

1

satisfactory for the dipole-allowed n P cross sections. How-

1 1

ever, for the dipole-forbidden n~S, n"D and an states, the
Born approximation seems to underestimate the cross sections
compared with experiments. It is felt that the discrepancy
is possibly due to the omission of the other atomic states,
the Born approximation being a two-state approximation.
Thus, it is of theoretical interest to see the influence on
the cross sections exerted by intermediate states which were
previously left out in the formalism of the Born approximation.
For the purpose of studying the indirect coupling |
effects per se the analyses do not depend critically on the
choice of wave functions, sufficed that the quality of the
wave functions should remain the same for all computations to
be compared. Thus, in the initial stage of this research the
wave functions were approximated by the hydrogenic type for
simplicity. Guided by the energy criterion of the pertur-
bation theory, the important intermediate states were con-

jectured (later verified) to be those states of the same

principal quantum number. Therefore, the preliminary close-
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coupling calculations were made for the incident electron

energy of 100 eV, including 1's, 3ls, 3!

1g, 4ls, alp, 4!

P, and 31D states,
and including 1 D, and 4'F states in the
scattering equations.

The results of these calculations are tabulated in
Table IV and V along with the cross sections by the Born
approximation for comparison. It is seen that the excitation
cross sections for an states are little influenced by in-
clusion of other atomic states. On the other hand, by in-

1D and 41F

clusion of an state as an intermediary, the n
cross sections are enhanced by factors of four and forty
respectively. These results demonstrate the significant
roles of the intermediate states, and it is desired to con-

duct more systematic studies on the indirect coupling effects.

Detailed Analyses

As noted previously there are considerable uncertain-
ties in the computed cross sections associated with using the

empirical hydrogenic wave functions. To eliminate this extra

variable the correlated wave functions given by Weiss29 are

lg ols, 3ls, 2lp, 3l

adopted for 1 P, and 31D states. For
other states, the Hartree-Fock type wave functions are com-
puted in tabular form to replace the hydrogenic functions.

In order to see how an indirect coupling potential



37

TABLE IV

CROSS SECTIONS AT 100 eV IN UNITS OF ao2

1o -1 1 1

BY 1°S-37S-3"P-3"D CLOSE-COUPLING

L Q'@3's) “is'm . Q'i'D
0 0.797¢-3) @) 1.286(-3) 0.305(-4)
1 2.624 0.062 1.320
2 1.931 4.780 1.017
3 1.089 11.054 1.975
4 0.576 14.044 4.832
5 0.312 14.051 7.498
6  0.182 12.458 9.003
7 0.172 10.860 9.268
8§  0.081 8.177 8.752
9 0.060 6.342 7.635
10 0.046 4.862 6.470
11 0.036 3.705 5,325
12 0.028 2.810 4.332
13 0.023 2.129 3.475
14 0.018 1.608 2.783
15 0.014 1.216 2.211
16 0.011 0.917 1.758
Q' 8.000(-3) 1.004(-1) 7.796(-3)
QBOT™ 5. 770(-3) 1.024(-1) 1.770(-3)

(a)Numbers inside the parentheses indicate
power of 10.
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TABLE V

CROSS SECTIONS AT 100 eV IN UNITS OF a 2

0
BY 11s-41s-41p-41p-41F cLOSE-COUPLING

L Q4a's) Qb atp) Q" (4') ket
0 0.447¢-8)(@) 0.395(-3) 0.113(-4) 0.429(-5)
1 2.270 0.0€3 1.058 0.353
2 3.429 1.733 0.598 0.340
3 3.269 4.256 0.582 0.939
4 2.327 5.603 2.283 1.569
5  1.512 5.746 3.662 1.983
6  1.013 5.169 4.434 2.122
7 0.718 4.311 4.557 2.065
8  0.537 3.446 4.240 1.895
9  0.412 2.687 3.693 1.664
10 0.319 2.068 3.086 1.418
11 0.246 1.580 2.506 1.178
12 0.189 1.202 2.000 0.964
13 0.144 0.913 1.578 0.777
14 0.109 0.692 1.235 0.622
15 0.083 0.525 0.961 0.494
Qf  1.702(-3) 4.041(-2) 3.659(-3) 1.881(-4)
gBorn 4.114(-2) 0.968 (-3) 0.050(-4)

(a)Numbers inside the parentheses indicate power of 10.
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affects the cross section, a portion of the scattering equation

[Eq. (2.17)] is explicitly written out with 118+31

D excitation
as a specific example.

X F(3D+)

U(3D+,1S)F(1S) + U(3D+,2P+)F(2P+)

+

U(3D+,2P-)F(2P-) + U(3D+,3P+)F(3P+)

+

U(3D+,3P-)F(3P-) + . . . , (4.1)
where the initial (ground) state index is dropped and the other
index (subscript) is written inside the parentheses. '+'" and
"-" signs following nP indicate &=L+l and &=]|L-1| respectively,
and {,is used for the operator in the LHS of Eq. (2.17). It

is tacitly assumed in the Born approximation that the direct
coupling term [the first term on the RHS of Eq. (4.1)] domi-
nates over all others. Such a reasoning relies heavily on the
fact that, the initial state being the 118 state, F(1S) is much
larger than other F(nj) for nj#1S. Though this observation is
quite correct, it is noted that the products U(3D+,nj)F(nj)

are more meaningful quantities to compare. Indeed, an analy-
sis by '"successive approximation'" scheme (See Appendix III)
shows that the direct coupling term is rather small compared
with other (indirect coupling) terms in Eq. (4.1). This is
graphically illustrated in Figure 2. One can see the possi-
bility of the indirect coupling term becoming important when
the direct coupling term is small such as shown in Figure 2.

Although this illustration is helpful for qualitative
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Figure 2, Relative Contributions of Coupling Potentials
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understanding of the significant consequence of the inter-
mediate states, the quantitative measure of such effects due
to various atomic states can only be measured by repeated
calculations of cross sections with different combinations of
atomic states included in the scattering equation. For this
testing purpose it is adequate to compute some typical partial
cross sections corresponding to the total angular momentum L
of the system. From the effects exhibited in the partial
cross sections, the dependence of cross sections with respect
to inclusion of different atomic states can be satisfactorily
predicted. Among the numerous calculations, the partial
cross sections corresponding to L=3 and L=8 with inclusion of
the following atomic states are presented in Table VI. (1)

1ts, 2ls; (2y 1ls, 3ls; (3) 1ls, 2'p; (4) 1ls, 3lp; (5) 1ls,

slp; (6) 1ls, 2's, 2p; (7) 1ls, 2lp, 3lp; (8) 1ls, 3ls, 3lp;

o) 1%s, 2'p, 3lp; 10y 1ls, 3lp, 3lp; (1) 1ls, 3! 1

1p sls, 3lp, 3lp; (13) n=1,2,3; (14) n=1,2,3,4;

(15) n=1,2,3,4, and 5ip, 61p, 71

s, 3lp, 3lp;
12) 1ls, 2
P, 81P; and (16) n=1,2,3, and
(2s) 2p)'P, (2s) (3p)tP, (3s)(2p)YP, (3s)(3p)lP. For brevity
the notations of n=1,2,3, etc. are used to denote the inclusion
of all atomic states consistent with the principal quantum
numbers indicated. Except those specified in calculation (16),

all other states have the singly excited configurations.

These calculations are done for the case of incident electron



TABLE VI

EFFECTS OF INTERMEDIATE STATES ON CROSS SECTIONS

AT 100 eV IN UNITS OF aoz
Calculation 21ls 3lg 21p 3lp 31p
(1) L=3 .120(-1)%®)
L=8  .651(-4)
(2) L=3 .266(-2)
L=8 .456(-5)
(3) L=3 .375(-1)
L=8 .378(-1)
(4) L=3 .103(-1)
L=8 .105(-1)
(5) L=3 .154(-3)
L=8 .313(-3)
(6) L=3 .762(-2) .441(-1)
L=8  .986(-3) .375(-1)
(7) L=3 .378(-1) .109(-1)
L=8 .364(-1) .926(-2)
(8) L=3 .131(-2) .118(-1)
L=8 .251(-3) .103(-1)
(9) L=3 .363(-1) .130(-2)
L=8 .370(-1) .798(-3)
(10) L=3 .103(-1) L171(-3)
L=8 .966(-2) 123(-2

Ay



TABLE VI-Continued

Calculation 21g 3lg 21p 3lp 31p
(11) L=3 .120(-2) .141(-1) .283(-3)
L=8 1276(-3) 2105(-1) S128(-2)
(12) L=3 127(-2) L411(-1) 156 (-1) .274(-3)
L=8 1249(-3) 1375(-1) 2103(-1) .326(-3)
(13) L=3 .728(-2) .115(-2) .428(-1) .139(-1) .359(-3)
L=8  .102(-2) "210(-3) 1356 (-1) 1962(-2) ©333(-3)
(14) L=3 .782(-2) .125(-2) .485(-1) 156 (-1) .277(-3)
L=8  .107(-2) 1242(-3) ©369(-1) "987(-2) ©341(-3)
(15) L=3  .742(-2) .129(-2) .432(-1) 141 (-1) .369(-3)
L=8  .115(-2) 1266(-3) 1431(-1) S118(-1) .360(-3)
(16) L=3 .779(-2) .139(-2) .427(-1) .139(-1) .395 (-3)
L=8  .116(-2) 1190(-3) L434(-1) 122(-1) -347(-3)

(a)Numbers inside the parentheses indicate power of 10.

144
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energy of 100 eV. The elastic cross sections do not vary
much (less than 15%), and are not included in Table VI. The
calculations (1) through (5) are two-state close-coupling
calculations, and as such the effects of the intermediate
states are not included. Other calculations include one or
more intermediate states, however.

The comparisons of the 21S partial cross sections,
computed by calculations (1), (6), and the rest in Table VI,
show that the 2tp state is by far the most important inter-

1S cross sections. Similarly, the 31P state

mediary for the 2
is seen to be most important for the 318 cross sections by
comparing calculations (2), (8), and the rest. Although the
partial cross sections of the n's states do change, the total
cross sections are not much affected by inclusion of inter-
mediate states as will be seen later. Thus, the significance

1S and

of the intermediate states (21P and 31P states for 2
31S cross sections respectively) is to redistribute the partial
cross sections, the consequence of which lies in the angular
distribution (the differential cross sections).

Although no great change (20%) in an cross sections is
observed by including various intermediate states, it is noted
that the 218 state affects the 21P cross sections more than

other states; similarly the 318 affects 31P cross sections.

Furthermore, these changes in an cross sections due to nls
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states occur for partial cross sections of small angular mo-

mentum (L=3), indicating the short-range nature of the potential

between the 118 and n'S states. It had been expected to sce

1

only a small change in the n P cross sections, since the direct

coupling potentials (lls-nlp) are indeed much larger than the
indirect coupling potentials via other atomic states.
Somewhat more complex pattern of the interplay among
the intermediate states is seen for the 31D cross sections.
Compared with the results of calculation (5) (direct coupling

1 1

alone), the inclusion of the 2°P or 3P states separately

[calculations (9) and (10) respectively] enhances the cross

sections by an order of magnitude; however, when both the 21P

and 31

P states are included simultaneously [calculation (12)1],
the 31D cross sections become much smaller again. Further in-
clusion of higher states beyond those already included in calcu-
lation (12) or (13) does not contribute significantly toward

the 31D cross sections as evidenced by calculations (12) through
(16). The nls states do not affect the nlD cross sections as

1P states. Furthermore, by comparing calcu-

severely as the n
lations (10) and (11), and (12) and (13), the effect of nls
states is evidenced only for the partial cross section of small

angular momentum (L=3). This is due to the fact that in the

1 1 1 1

indirect coupling scheme of 1°S-n"S-3"D, the 1 S-nls potentials

are short range (decaying exponentially for large r), compared
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1 1.1 1

with the 1 S-n1P potentials in 1°S-n"P-3"D scheme, which behaves

as % for large .

1 1

The destructive interference effect of 2°P and 3°P states

on the cross sections of the 31D state is further analyzed by
means of the successive approximation (Appendix III). The severe
destructive interference is graphically illustrated in Figure 2.
It is expected that the interference should be generally de-
structive in nature. However, what is surprising is the almost
"completeness'" of the destructive interference. To understand
this phenomenon, it is necessary to examine the "periods'" of

1 1

the channel waves associated with the 2°P and 3°P states, and

the relative magnitudes and the signs of the coupling potentials

connecting 21P and 31 1

D, and 3P and 31D states. At high inci-
dent electron energy the magnitudes of the wave vectors of all
channels become quite close to one another. Therefore, under
this circumstance all channel waves would remain approximately
in phase in the range of r where the coupling potentials are
expected to be effective. It is true not only for the He
problem of this research, but also probably for most other cases
of electron-atom collision problems. In view of this the rela-
tive signs and magnitudes of coupling potentials would dictate
whether the interference be constructive or destructive. To

see this, the theorem of completeness is helpful, by which the

quardrupole matrix element is expanded by the products of dipole
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matrix elements as (omitting multiplicative constant),
alsr?|sto = | <ls|rinles<alp|r|sios (4.2)

with the numerical values

n <118|r|n1P> <n1P|r|31D> Product
2 0.728439 4.827257 3.516363
3 0.360300 -10.014785 -3.608332
4 0.230588 1.275664 0.294153
5 0.162309 0.502958 0.081634
6 0.122379 0.279039 .0.034148
7 0.096596 0.185336 0.017903
8 0.078788 0.135956 0.010712
<11s)r?| 3> = 0.504494 Total 0.346581

Had the summation in Eq. (4.2) covered over the entire complete
set, the total would have been exactly equal to 0.504494 as
shown. Further, it is noted that the various matrix elements
in Eq. (4.2) are in reality the coefficients of the coupling
potentials in the asymptotic region. It is immediately obvious
from the numerical values in the first two rows why such a
severe cancellation occurs between the effects of the 21P and
31P states. Such a severe cancellation (+3.516 vs. -3.608)
found in this work on He may possibly he an exception rather
than a rule. Certainly, there appear to be no a priori reasons

to suggest the extension of present findings to other collision

problems, since the coupling potentials are determined by the
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characteristics of atomic states of particular atom under
consideration. Moreover, the small increase in 31D CTOSS
sections with the inclusions of high nlP states [calculation
(15)] is understood by the numerical coefficients for the asymp-
totic potentials listed above.

In summary it may be stated that the cross sections
of the dipole-allowed states are not influenced by the presence
of other atomic states, whereas those of the dipole-forbidden
states are affected to a significant degree by the indirect

1 1

coupling routes of 1°S-n P-nls(D) type, particularly by those

an states which lie between the ground and the upper states.

Comparison with Born Approximation

and with Experiments

The total cross sections are computed by the close-
coupling method including 115, 218, 31S, 21P, 31P, and 31D
states at 100 eV of incident electron energy. The partial
and the total cross sections are tabulated in Table VII. As
mentioned before, the wave functions employed for this calcu-
lation are those due to Weiss.29 In Table VIII the comparison
is made between the present results and those by the Born ap-
proximation, and the experimental data. The Born approximation

cross sections are those computed by Bell et gl4 (also inde-

pendently by Kim and Inokutiz) using the same wave functions



TOTAL CROSS SECTIONS AT 100 eV IN UNITS OF a,

TABLE

VII

2

BY 1's-21s-31s-21p-31p-31p cLosE-coupLIng (3)
L Qta's) " (2's) Q" (3's) Q" 2'p) Q" (3P Q" (3'd)
0 1.0900x10%*% 0.8334x107% 1.9571x107° 0.0768x10°1 0.0267x10°!  0.0382x1073
1 0.3353 2.8335 6.9687 0.0371 0.0134 0.1492
2 0.0577 1.7103 3.6894 0.2137 0.0727 0.3980
3 0.0107 0.7278 1.1517 0.4280 0.1393 0.3305
4  0.0026 0.2899 0.2794 0.5437 0.1687 0.2907
5 0.0010 0.1591 0.1603 0.5591 0.1681 0.3116
6 0.0005 0.1307 0.2041 0.5111 0.1480 0.3438
7 0.0003 0.1194 0.2273 0.4353 0.1220 0.3571
8  0.0002 0.1038 0.2096 0.3560 0.0962 0.3417
9  0.0002 0.0846 0.1734 0.2834 0.0757 0.3082
10  0.0001 0.0649 0.1308 0.2202 0.0591 0.2623
11 0.0001 0.0491 0.1019 0.1745 0.0451 0.2143
12 0.0001 0.0362 0.0752 0.1328 0.0347 0.1687
13 0.0001 0.0260 0.0573 0.1064 0.0266 0.1321
14 0.0189 0.0430 0.0823 0.0206 0.1030
15 0.0133 0.0328 0.0651 0.0157 0.0769
of  1.4890 7.2009 15.4620 4.2255 1.2326 3.8263
29

(a)Wave functions due to Weiss.

6V



TABLE VIII

COMPARISON WITH BORN CROSS SECTIONS AND WITH EXPERIMENTS

1 1

11s 21s 3lg 21p 3lp 31p
present (3)  4196(P)  201.6 43.29 1183 345.1 10.71
Born (¢) 3626 195.6 43.95 1306 322.4 9.07
Expt. (4) 28 320 21
Expt. (€) 26 870 260 16.6

1 1 1 1 1 1

(@)ciose-coupling including 11s-21s-31s-21p-31p-31p witn

Weiss functions.29

(b)All cross sections are in units of 10 2%cm2.
(C)Ref. 4,
(DRef. 12.

(e)pef. 15.

0§
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as those of this work. The results of Van den Bos,5 employ-
ing somewhat inferior wave functions to those cited above, are
not included, the sensitivity of cross sections on the accuracy
of wave functions having been discussed earlier.

As expected, the close-coupling results for 21p and
31P cross sections are quite close to the corresponding Born
cross sections. Somewhat unexpectedly, the difference for

1 1

2°S and 3°S cross sections between the two formalisms is very

small, which suggests a possibility that the short-range po-

tentials may be more important than the long-range ones for

excitation to nls states. This is further borne out by the fact

that the most of the contributions to nls cross sections come
from partial waves of small angular momenta as seen in Table

VII. The Born 31D cross section at 100 eV seems well established
20 .2

to be 9x10 ““cm“ with very minute differences due to wave
functions.2’4’5 Fox6a reported the 31P and 31D cross sections
by Born approximation at 100 eV to be 313 and 8.37x10'20cm2

6b

respectively. The subsequent correction to this paper states

that these cross sections are to be multiplied by two. This

correction would make his computed 31

than 16x10'20cm2, but this correction appears to be somewhat

D cross section greater

unrealistic, since it would also make the 31P cross section

twice as large.

The measured cross sections of 310 by several groupslz'15
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are greater than theoretical values by a factor of two or more.

12

By an optical method St. John, Miller, and Lin™ " obtained 31D

cross section of 21x10'20cm2 at 100 eV. The recent results

of time-resolved spectroscopy by Anderson, Hughes, and Norton14

20002 which is in good agreement with

20

show the value of 23+3x10
12 The 3lp cross section of 16.6x10°
15

(by

optical means) is considerably smaller than other experimental

that by St. John et al.

cm2 obtained by Moustafa Moussa, De Heer, and Schutten

values cited above. It is noted that the experimental cross
sections of other states by the latter group are also uniformly
smaller than the ones by the former group. However, the ratio
Q(31D)/Q(31P) is seen to agree much better (0.0665 vs. 0.064)
between the two groups. Regardless which experimental data

one chooses to compare the theoretical values with, the dis-
crepancy 1is very serious. By including 215, 315, 21P, and 31P
states in the scattering equation, some improvement (16%) is
made. However, the present results by no means remove the
serious discrepancy between theory and experiment. The fact

ip. and 31P-indirect coupl-

that the mutual cancellation of the 2
ing effects are severe is responsible for the small increase

in the 31D cross section. Although further inclusion of higher
an states or doubly excited 1P states shows a tendency of in-
creasing 31D cross section (Table VI), the increase in cross

section with each addition of a higher state is too small to
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pursue further at this time.

In conclusion the indirect coupling effects have been
examined by means of the close-coupling method and found to
be significant. Due to the slow rate of convergence in the
31D cross section, only a small improvement is made toward

removing the discrepancy between theory and experiment.



PART II

APPLICATION OF GAUSSIAN-TYPE ORBITALS TO
COLLISION PROBLEM: ELECTRON EXCITATION
CROSS SECTIONS OF NITROGEN MOLECULE
BY BORN APPROXIMATION



CHAPTER V
INTRODUCTION

Although a great deal of efforts have been directed
toward characterizing the electron excitation functions of
atoms and comparing the experimental excitation cross sections

1-10 gspitar

with the theoretical values in recent years,
studies for molecules are rather sparse in the literature.
Even with the simplification of using the Born approximation,
computation of the cross sections of electron excitation of
the electronic states of diatomic molecules is complicated by
the necessity of evaluating multicenter integrals. Indeed
calculations of cross sections for diatomic molecules using
accurate molecular wave functions have been reported for only

33-35

a few cases. The introduction of the Gaussian-type

orbitals (GTO), which has been used extensively in the calcu-

36,37 and more

lations of electronic structure of molecules
“recently of crystalline solids,38 has circumvented the diffi-
culty of multicenter integration to the point that the compu-
tational procedure for electron excitation cross sections of
molecules is no more complex than the corresponding atomic

cases.35’39

55
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A large part of the experimental efforts of measuring
electron excitation cross sections of the electronic states
of molecules has been devoted to the N, molecule. Experi-

mental studies of a number of triplet states have been re-

40-45

ported from several laboratories. Recently the excitation

functions of the Lyman-Birge-Hopfield band (alﬂg) and of the

kgt d.%0749 The availability of

a state have been measure

these experimental data makes it possible to conduct a compre-
hensive comparison between theoretical calculations with
experiments.

In this thesis are presented the calculations with the

Born-type approximations of the electron excitation cross

. 1 1.+ 1.+ 1 1.+ 1 3a*
sections of the a Hg, c' Ly a" Zg, w Au, b' 2y b T, A“L

3

Bon 3 3.+ 3

c’n , D°z , W'A , and ESZE states of N, by means of the

g, u’ u, u’

technique of GTO. The cross sections are computed by using

different sets of wave functions to test how sensitively the

former depend on the accuracy of the latter. Theoretical Born-

type cross sections of the alng and blnu states have been

reported by Rozsnyai,50

34

and those of the six triplet states
by Cartwright. In b th Refs. 50 and 34, the molecular wave
functions were expressed as linear combinations of the Slater-
type orbitals (STO), thus certain approximations were made

in order to evaluate the Born integrals. Indeed, in several

cases, quite substantial differences are found between the
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present results and those of Refs. 50 and 34. Moreover, in
comparing the algebraic expressions of cross sections given
in Cartwright's paper to those of this thesis, it is noted
that Eq. (17) of Ref. 34 gives cross sections which are twice
larger than the ones computed according to the present formu-
lation, as noted in the paper.39 'This discrepancy is due to
an error in the integration over spin variables in Cartwright's
work, and the correction for this error has been given.51

The experimental data of the alng state furnish a
test of the accuracy of the Born approximation (without ex-
change) as applied to electronic excitation of diatomic
molecules since the measurements are extended to energies
as high as 2000 eV. For the sake of completion the calculated
cross sections (Born approximation) are given for incident
energies down to the threshold; however, the interests lie
mainly in the high-energy region, since the plane-wave ap-
proximation is no longer valid in the near-threshold region.
It may be mentioned that while systematic comparisons of
theoretical excitation cross sections calculated by the Born
approximation with the experimental values have been made for
atoms, similar studies for electronic excitation of molecules
are very sparse in the literature.

For calculations of singlet-triplet excitation cross

sections, modifications of the Born-Oppenheimer approximation
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52 and by Rudge.53 Although

have been introduced by Ochkur
the use of the plane-wave approximation is expected to be
valid only at high energies, these modifications could
possibly provide sufficient degree of improvement over the
Born-Oppenheimer scheme so that their applicability may
extend to much lower energies than does the Born-Oppenheimer
approximation. The singlet-triplet excitation functions fall
off with energy much more rapidly than the singlet-singlet
counterpart; indeed in most of the experimental work, the
energy range of interest lies between threshold and about

50 eV rather than the high-energy region where the triplet
cross sections become very small. Accordingly, the dis-
cussions of calculated triplet cross sections (by Ochkur's
and Rudge's modifications) and their comparison with the

experimental data will be confined to incident energies

below 40 eV.



CHAPTER VI
FORMULATION

The process of prime interest is the excitation of N,
from the ground electronic and ground vibrational state to a
particular vibrational level of a certain excited electronic
state. The rotational structure of the molecule will be
neglected; instead, the excitation cross sections are averaged
over the orientation of the molecular axis with respect to
the direction of incident electron. This is essentially
equivalent to summing over the rotational levels of the

final state and averaging over those of the initial state.

Born and Born-Oppenheimer Approximations

Consider a system of an incident electron with a
diatomic molecule with N electrons (N being even) and denote
the spatial and spin coordinates of an electron r, and o4
respectively, and the interatomic distance of the molecule
by R. To derive a general expression for the excitation-
scattering amplitude, a procedure similar to that of Seaton54
is adopted for treating an (N+1l)-electron system corresponding

to an electron-molecule collision process. The first step is

-

59
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to expand the (N+1)-electron wave function Y in terms of the
coupled-representation basis functions y which are character-
ized by the total spin quantum numbers S, Mg of the entire
system, i.e.,
R ->
‘i’(SMSIrl,rz,...rN+1,01...0N+1,R)

N+1
= (N+1)-l/zzmv zl(-l)n-%oi n
n= ’

> > > >
X wm(SMS]rz,rS,...rN+1,ol...0N+1,R)xmv(R)Fmv(r1) ,
(6.1)
> . -+
where the operator'oﬁqn.exchanges Ty,0q with L and the
products wmxmv constitute the basis functions of expansion.
xmv's are the vibrational wave functions of the molecule, Fmv

is the unknown coefficient function to be solved, and the

explicit form of Y will be given later. The Hamiltonian of

the entire system is

O ey A
H= -) (V."/2+Z2/1. ,+2/1r.,) + T.-T.
j=1 1 iA iB i=1 j=§+l 17
2
1 d 2
- + 2°/R , 6.2)
W 4R?

where Z is the charge of each nucleus and # is the reduced
mass of the two nuclei in the molecule. Unless otherwise
specified all the equations are in Hartree's atomic units.

In the Born-type approximation only the terms
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appropriate to the initial and final states are retained in
Eq. (6.1). The initial (o) state is a spin-singlet state,
whereas the final state (n) may be a spin-singlet or -triplet
state. wm's in the basis function are constructed by coupling
the spin of the incident electron with that of the molecule

so as to formthe eigenfunctions of the total spin S=1/2, and

MS=1/2 as (denoting the spin of the scattered electron by &)
> > >
wn(SMser’rS""rN+1’°1’°2""°N+l’R)

= Zm n C(s&msmg;l/z 1/2)

s7¢
(sm [T, Fyyps ;R)L (Em.|oy) , (6.3)
X ¢ (sm|ry.. Ty 150,...0y,13R)C emgog) .
where C, z, and ¢n are respectively the Clebsch-Gordan coef-
ficient, the spin function, and the anti-symmetrized (de-
terminantal) wave function of N,. The application of the
variational principle to the Schroedinger equation
HY = EY (6.4)

leads to
LN G NEIE: T 0,0 Onv3R) % (R) [H-E]
o/ ¥m Mgl s 3500 TNy 73071502502 2 ON4 13N Xy

X ¥(SMg|T),T R)

>
g3e e+ TNp13075050 0y 15

> > 2 _
X drzdrs...drN+1R dR = 0 , (6.5)

where ZU indicates the summation over all spin variables.

When the permutation operation in Eq. (6.1) is effected
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Eq. (6.5) becomes

T1/2 > . > 2 ' .
(N+1) Xofdrzdrs...drN+1R dRst'mE'C(s'g ms'mg"SMS)
* > > -
X ¢m(s'ms'|r2’r3"“rN+1’62’0"""0N+1’R)

x c*(e'mg.lcl)x;v(k)[H-E]vaimSmEC(samsmg;SMS)

p'e {¢n(smsl?z,?3,...?N+1;02,03,...0N+1;R)c(£m€|cl)
pe anm?l) - ¢n(sms|?l,?3,...?N+l;cl,03,...0N+1;R)
x T(Emg|0,)F AT ,)

+ ¢n(sms|?2,?l,...?N+1;02,01,...0N+1;R)

X c(sm€|03)an,(}*3) -+ o I (R) =0 (6.6)

Since ?2’?3""?N+1’ and 015095-+-0pyp 8TE merely the inte-

gration coordinates in Eq. (6.6), the indexing of the coordi-
nates may be rearranged such that an}s are functions of ?2

in the second term through the (N+1)th term inside the curly
bracket in Eq. (6.6). When this is done, remembering that
¢n's are determinantal functions, all the terms inside the
curly bracket except the first term are shown to be equivalent

to the second term. For example, the third term is

> > > >
¢n(sms]r2,rl,...rN+1,02,ol,...0N+1,R)g(gmg|03)an(r3)
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+ > -+ >
¢n(smslr3,r1,...rN+1,03,01,...0N+1,R)c(£mE|02)FnV(r2)

> > -+ >
-d)n(sms,rl’rs""rN+1’01’03""ON+1’R)C(£m€'OZ)FnVl(rz) b
which is equivalent to the second term. Thus,; Egq. (6.6) may

be written as

2 * > > -+ .
Z fdr dr dr 1R dem(SMSIrz,r3,...rN+1;ol,02,...0N+1,R)
* > > >
X xmv(R)[H-E]vaiwn(SMslrz,rs,...rN+1;61,02,...cN+1;R)
X anx;l) - Ny, (SM |rl,r3, “rN+1’01’°2""0N+1;R)

anﬁz)}xnv,(a) =0 . (6.7)

Since the target molecule wave functions are known (or assumed)
to be exact, Eq. (6.7) becomes
2

2

> > >
+ka]Fmv(r1) - ZEnv'[va,nv'(rl)an'(rl)

(7

(6.8)

>
Wov oy ()1

where

-> -+ > -
va’nv,(rl) = zofdrzdr3...drN+1R dR

X w (SMg| T :R)

-
X 3""rN+1;°1’°2""°N+1’
N+1
X xmv(R)[ Z/Tqp" Z/r1B+ Z Ir -T. |

X wn(SMS[¥2,?3,...?N+1;ol,oz,...0N+1;R)xnv.(R) ,

(6.9)
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and
-> _ > > -> 2
Wmv,nv'(rl) = Nzojdrzdrs...drN+1R dR
% > > -> . ‘R * (R)

X wm(SMSIrZ’rS""rN+1’°l’62""°N+1’ Y Xy

xgtwn(SMS|?1,?3,...?N+1;01,02,...0N+1;R)xnv,(R)

X an'(?z) , (6.10)
where the operator #, may assume, according to either ''prior"
or ''post" formalism,54 as

N+1
= 2 . . 2 % > -1 .
H = -V2 /2-Z/r2A Z/rZB knv'/2+i;21r2 ri| , prior,
(6.11)
N+1
- _g 2/,_ ) 1 2 > > -1
o= -v,%/2-2/r - 2/1 4 kmv/2+i;1]r1 r.|"" , post.
(6.12)

In accordance with the Born approximation, Eq. (6.8) is ap-
proximated as

2+k 2

[Vl nv]FnV(?l) = v (¥1)Foo(;1)'wnv,oo(?l)} ’

(6.13)

nv,oo0

where the ground and the excited states are labeled by oo and
nv respectively. The potentials V and W are due to direct

(no electron exchange) and exchange of electrons respectively.
The former is interpreted as the incident electron being
scattered while causing an excitation of a molecular electron
to a higher orbital, whereas the latter is interpreted as the

incident electron being captured in an excited orbital while
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ejecting a molecular electron as a scattered electron. For
an excitation process of no spin multiplicity change, it is
customary to keep only V, the exchange term W making no sig-
nificant contribution at high energies. On the other hand,
for a process of spiﬁ multiplicity change, the direct po-
tential V vanishes due to spin orthogonality; hence, the ex-
change term W is the only contributor. In terms of physics,
this means that an electron of opposite spin must be substi-
tuted (exchange) in order to change the spin multiplicity
of a molecule.

Using the well-known technique,24 the scattered

amplitudes in (6¢) direction are

£ (66;0') = -(zn)'1jexp(-iinv-?l)vnv’oo(?l)

F o(?l)d?l , direct, (6.14)
t(8050") = (2m) Mfexp(-ik_ ¥, F)df,
Env ’ P nv nv oo "1 ’
exchange, (6.15)

where ©' designates the orizntation of the molecular axis with
respect to the direction of the incident electron, and "+"

and "-" signs refer to the spin non-exchange, and spin exchange
processes respectively. The averaged differential cross
sections for exciting the molecule from the ground to an

electronic-vibrational excited state nv are
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1°(oosnv|04) = (w k_/2k )fT|£ (64;0")

n nv
+ 2 .
+ gnv(e¢;e')| sin0'de!' , (6.16)
1T (0ornv|06) = (u k../2k_ )["lg- (66;0')|%sin0'de"
n nv oo’‘o0'®nv ? !
(6.17)
where IS and IT refer to a singlet and a triplet final state

respectively, the integration sin@'d®' results from averaging

over the orientation of the molecular axis with respect to the

direction of the incident electron, and W is the degeneracy
of the final electronic state. For a diatomic molecule,
electronic states are doubly degenerate with respect to

A = |+M| except the case M=0, where M is the component of the
angular momentum in the direction of the molecular axis.55
Thus all but I state (A=0) are doubly degenerate.

+
In order to evaluate fnv and gy the basis functions

are explicitly written as

> > -»>
Vo (1/2 1/2|T T4, 0 Tuq30750,, 00y, 15R)

ul(l) uz(l) . e uN_z(l) uN_l(l) uN(l)

12 u1(3) u2(3) e . uN_Z(S) uN_l(S) uN(S)
(N1) .

u; (N+1) . . . uy (N+1)

D™ fu) (1), (3). . uy_ g (Nuy (N+1)Ta(2) (6.18)

a(2)
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> > >
wn(1/2 1/2|r2,r3,...rN+1;ol,02,...cN+1;R)

- w2t

I

’

~

c1(2) c2(2) cen

c1(3) c2(3) .o

cl(N+1) “en

/T77{D(b)[b1(23 b, (3) ...

D& e (2) ¢, (3) ...

bl(Z) b,(2) ...

b, (3) b,(3) ...

bl(N+1) ce

CN_Z(Z) cN_l(Z) cN(Z)

cN-2(3) cy_1 (3) cy(3)

cN(N+1)

> > -+
wn(l/z l/zlrz’rsy"'rN+1’01’02""0N+1;R)

= (N!I)

1/2

(
5

al(Z) az(Z) co

a1(3) a2(3) ce

aj (N+1) ...

by (N) by (N+1)]

)

cy-1 (M) cy(N+1)Jla(l) ,

for singlet,

by (2) by_1(2) by(2)

by (3) by_;(3) by(3)

bN(N+1)

a(l)

(6.19)

aN-Z(Z) aN_l(Z) aN(Z)

aN_2(3) aN_l(S) aN(S)

aN(N+1)

B(1)
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{ b1(2) b2(2) cos bN-Z(Z) bN_l(Z) bN(Z)

by (3) b,y(3) ... by ,(3) by ;(3) by(3)

j%]%‘ : o (1)

bl(N+1) ces bN(N+1)

-

cl(Z) cz(Z) ce CN-Z(Z) cN_l(Z) cN(Z)

c1(3) c2(3) e cN_Z(S) cN_l(S) cN(S)

+ a(1)
él(N+1) ceo cN(N+1) |
= vI73 D@ e (2) a,(3) ... ay () a (N+1)]B (1)
- vI73 /77 0PV (b (2) b,(3) ... by (N) by (N+1)]
+ D[ (2) ¢, (3) v oy () (1) TTa(D)
for triplet, (6.20)

where u;, a bi’ c; are the orthonormal one electron spin-

i’
orbitals which depend on R as parameter, and o and B are the
spin functions. The electron coordinates ?1’?2""?N+1 are
simply denoted inside the parentheses by numerics 1,2,...N+1.
The factors vZ/3 and -v/1/3 are the appropriate Clebsch-Gordan
coefficients consistent with the spin assignments given in

Eq. (6.22), and the factor v/1I/Z is the normalization constant

for two determinantal functions. The short notation '"D" is
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used for convenience to denote the normalized determinants
with the principal diagonals written inside the brackets.

To the extent of dealing with single electron excitation
processes, all spin-orbitals except two in Eqs. (6.18), (6.19),
and (6.20) are identical, e.g.,

ui=ai=bi=ci , for i=1,...N-2. (6.21)

The remaining two spin-orbitals are

uy.1 (F,0) = p(Fla(o)
uy(F,0) = p(¥)B(0)

ay.1(T,0) = p(Pa(o)
ay(t,0) = p'(Pa(o)

> > (6.22)

by (F50) = p(Fa(o)
by (F,0) = p' (¥)B(0)

p(T)8(0)

>
cy-1 (F50)
cy(T,0) = p' (Fa(o) ,

where p and p' are respectively the ground and the excited

orbitals. With the substitution of Eqs. (6.18) and (6.19),

Eq. (6.9) is evaluated
-> - * ‘ 2 > > N
an,oo(rl) - anV(R)Xoo(R)R dRzofdrzdrS...drN+1

x vI7Z (0P [b (2) b,(3) ... by, () by(N+1)]
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-0 e (2) €,y (3) Lht oy () (H1)])

N+1

X d*(l)[‘z/rlA'z/r1B+_z T !-1]
1=

|¥1-r.
) i

x DM [u (2) uy(3) ...uy () uy(N+1)Ta(1) . (6.23)

In substituting Eq. (6.18), ?1 is replaced by ?2 as indicated
*
in Eq. (6.9). As far as two pairs of determinants [D(b) and

D(u), and D(c)* and D(u)] in Eq. (6.23) are concerned the

?.|-1 is a

. -»>
term (-Z/rlA-Z/rlB) is constant, whereas Zi[rl— i

one-electron operator. The two determinants in each pair
differing by a column, the former makes no contribution
(orthogonality), whereas the latter gives an identical result

for each pair, viz.,

> % 2 * 5 > > ,-1
an,oo(rl) - Z'IJZJ'XnV(R)Xoo(R)R drfp’ (rz)lrl-ril

x p(f,)dr, . (6.24)

The properties of determinantal functions are found in the

56

literature. The evaluation of the exchange integrals is

somewhat more complex because 2 and Yy in Eq. (6.10) are not
functions of the same electron coordinates. However, the ex-
change integrals for excitations to a singlet and a triplet

state may be constructed as
+ % 2
an,oo(;l) = fxnv(R)Xoo(R)R dR/T77[W(b)(?1)'W(C)(;1)]

for singlet, (6.25)
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an,oo(;l) = fX:v(R)Xoo(R)deR["Wg W(a)(;l)

-7 w® gy - vi7e W G )1, for triplet.
(6.26)
PO

WG - N]fdE,dE,. . .dEy,

x D [u) (1) uy (3) wov uy g () uy (N+1)Je (2)F (2)
i=a,b,c, (6.27)
where

ﬁ(a) - D(a) [al(z) 32(3) - aN_l(N) aN(N+1)]B(1)

9 (b)

Db (2) b,(3) ... by (N) by(N¥1)]a (1) (6.28)

 (c)

]

D[ (2) ¢, (3) vt oy (M) cy(+1)Ta (1)
and the prior form of # is grouped as

N+1
= H v ] |7, |7
m=3
(6.29)
- o 24, _ 1 2 > > -1
H' = -v,%/2 Z/rZA Z/rZB k00/2+|r1 rZI .

After substitution of Eq. (6.28) in Eq. (6.27), each of the
two determinants D(i) and D(u) are expanded by its first row

elements, e.g.,

N N 4
W@ @) = N]_[aFdE,. . .dfy,, & izl jzl(-1)1+38*(l)a:(2)

N+1
x A£a)*[ﬂv+m23|¥2-¥m|'1]uj(1)A§“)a(2)Foo(2) . (6.30)
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where Aga) and A§u) are respectively the normalized minor

determinants formed from the determinants D(a) and D(u) by

omitting the first row and the ith column. H' is a constant

as far as the minor determinants are concerned; thus, inte-
gration and summation over coordinates 3 through N+1 give

vanishing results, unless i=j=N in which case the result is
N+1

unity. Because | I?Z-?m
m=3

-1 .
is a one-electron operator,

there are more terms resulting from the integration. The
results, after integration and summation over coordinates 4

through N+1, are
w@ @y = ] fat,ats" We " (@e" (2)p" (3)e" (3)

x H'p(1)8(1)p(3)a(3)a(2)F  (2)

00

N-1 > > * * % * -1
* L LJaE,dEglE (Da; (20! (3o (3)rp57w; (DP(3)B(3)
1:

% * * % -1
+ 85 (Wp' " (20" (2] (3)7,3 (18 (Wu; (3) T (2)F, (2D}
(6.31)
WP 3y = ] faf,ate” @Wp " (238" (20" (30" (3)

X H'p(l)B(l)P(S)a(S)a(Z)FOO(Z)
N-1 > > * * * % -1
+ .Elzof‘h’zdrz{[“ (1)b, (2)p' (3)8 (3)T,5 u; (1)p(3)B(3)
1:
% % % % -1
+o (1)p' (2)8 (Z)bi(3)r23 P(l)B(l)ui(3)]a(2)FOO(2)} ;
(6.32)
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W€ F)) = -]_faF,dFe” W (2" (2)p (38" (3)
x H'p(1)a(1)p(3)8(3)a(2)F, (2)
N-1 > * * * * -1
+ .zlzofdrzdrs{[a (1)e; (2)p' (3o (3)r,.7us (1)p(3)a(3)
1=

+ o (et (2)a” (2)c; (3Ir,3 P (Wa(L)u; (3)]a (2)F, (2)}
(6.33)
where r,5 = |?2-?3[, and the minus sign in the first member
of Eq. (6.33) arises from interchange of two columns in the
minor determinant. It is also noted that the first member of

Eq. (6.32) vanishes due to the spin orthogonality.

Ochkur's and Rudge's Modifications

With the expressions of W' and W given in Eqs. (6.25)
and (6.26), and with replacement of FOO(?) by exp(ifoo-?),
the Born-Oppenheimer exchange amplitudes could be evaluated.
However, there is a serious discrepancy between the results
obtained using the prior and the post interaction formulations
in practice, although the two formulations would give an
identical result if the wave functions of the collision system
were exact.57 Moreover, the computed cross sections by the
Born-Oppenheimer approximation exceed the conservation limit

of incident electron flux, which is traceable to lack of

orthogonality between wave functions, exp(iioo-?l)wo(?z,?s,...)
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and exp(iinv-;z)wn(?l,?s,...),which describe the conditions
before and after the exchange collision process.1 Ochkur °2
and subsequently Rudge53 made modifications to the Born-
Oppenheimer approximation, both of which remove the major
shortcomings of the Born-Oppenheimer approximation.

In his work on e-He problenm, Ochkur°2 has shown by

partial differentiations that

-

I(rlél) = frlélexp{i(Foo-?z-inv-rl)}
* * o - T T S
x p"Gyp " F,)p G p(Fy)aF aF
= 4k fexplik k)T dptt (Fp(FdE,,  (6.34)

-1 -1 . >
I(r,z") = frz3 exp{l(ioo-?z-inv-rl)}
x p (Fp' (3, gdf ¢ i
: | (6.35)

a5

I(ry) = [r T,k 0T))
* o * > -+ -+ > > L
x p Gp " FpE e F et af at,
= O(k;()) , (6.36)

where k, is the greater of koo and knv' In evaluating the
exchange collision amplitudes, Ochkur discards the terms of

type as in Eqs. (6.35) and (6.36) since they are of higher
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order of smallness compared with the terms of type as in Eq.
(6.34). Within the framework of the Ochkur's modification, Egs.

(6.31), (6.32), and (6.33) become operationally equivalent to
W@ &) -k B T E G

w®lE ) >0, (6.37)

2 %
W@y > ank Sl EDeE)
where k, is replaced by koo (excitation). Now by means of

Egqs. (6.25) and (6.26), the exchange amplitudes in Eq. (6.15)

become
+ - . *
gl (06;0") = VT k P fexpli(k, -k )-F }p'" Fpp(Fp)dE
* (R RZdR 6.38
X Xy (R)Xgo (RIR“AR (6.38)
- -2 )
g, (86;0") = 2V377 k__ fexpli(K -k, )T}
* * 2
X p' (?l)p(?1)d¥lan(R)xoo(R)R dr . (6.39)
The Rudge's modification53 entails to the replacement of koo2
by (knv-iel/z)z, where € is the ionization potential of the

initial state in Rydberg units. The direct collision ampli-
tude is obtained by substitution of Eq. (6.24) in Eq. (6.14)

with Foo(?l) replaced by exp(iioo-?l) as
.0 - -1 s =q
£,(80;0') = -(2m) "VZ fexpli(k, -k )-T;}

-1 % * 2. .
X Ty5°p' (?2)p(¥2)xnv(R)xoo(R)R de%ld?z
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= -2/7 K_zfexp(ik-?)p'*(?)p(?)xzv(R)Xoo(R)deRd? ,

(6.40)
where X = ioo'inv’ Introducing the transition amplitude
& (K;0',R) = -/Z fexp(iX-P)p' " F)p(F)dT , (6.41)

the differential cross sections may be expressed as

15 (oosnv]0¢) = (w k_ /2k ) [0 f 2k 2-1" )& (K;0',R)

*
x %, (R)xyo (RIR“dR| %sin0'de" (6.42)

17 (oonv]80) = (3w k  /2k )[01[-T 24 (K;0',R)

*
X %y (R)xoo (RIRZAR| “sin0'de" (6.43)
where
kog s excitation,
T2 = Ochkur ,
kn3 , de-excitation,
(6.44)
T2 = (knv-iel/z)2 , Rudge.

Franck-Condon Factor Approximation

When the vibrational function Xo0 of the initial state
has a localized form, the overlap between Xo0 and Xnv is ap-
preciable only for a small range R. Within this limited range
of R,é}on(K;O',R) is found to be a slowly varying function of

33,35

R In such a case, a substantial simplification is made
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by suppressing the dependence of(ﬁbn(K;G',R) on R, and evalu-
ating¢90n(K;O',R) at Ro which is the equilibrium bond length
of the molecule. This is known as the Franck-Condon factor
approximation. With this approximation,

1% (oosnv|09) = (w k_q . "2

-2
/2%, ) ol (2K °-T79)

x §,_(K;0',R,)|*sin0'do" , (6.45)

T
I° (oo»nv|6¢) = (Bu k9.

-2 2
12k, ) )T 78, (K50 ,R )|
X sine'de' , (6.46)

where the Franck-Condon factor Ay is

* 2 2

The total cross sections for excitation to an electronic-
vibrational state are obtained by integration of the differ-
ential cross sections over all solid angle sin6d8d¢. Using

the momentum-change variable,

2 _ 2 2
K® = koo + knv - ZkooanCOSG , (6.48)
QS(oosnv) = (mw_q_ /k 2)meadexf“|(zK'2-T'2)
nqnv 00 Kmin 0

X ébn(K;O',Ro)|zsin®‘dO' ,
(6.49)

K
T 2 -2 2
Q" (oo+nv) = (Snwnqnv/koo)] madeKIng };on(K;O',Ro)l

Kmin

X sino'do' ,
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where
Knin = Xoo ¥nv ,
(6.50)
Kmax = Xoo*knv .

The total cross sections for excitation to an electronic

state are
Q> (o+n) = J,Q%(00+nv)
(6.51)
Q" (o+n) = ] Q' (0o+nv)

Although in principle the values of K oax and K in depend on v,
except near the threshold one can ignore their variations due
to the vertical excitation energies to different vibrational

levels of the upper electronic state and simply use some mean

value Kﬁa and Kﬁ

X in for all vibrational components, i.e.,

X
Q% (o»m) = (,ap,) (muy /K %) [ ¥KAK
min
x [T1eK 2175 & (k;0',R )| %sin0"do"
= (mw_/k z)fKﬁadeKf“l(ZK‘Z-T'Z)éZ (x;0',R )|?
n’ “oo Kﬁin 0 ont"?’" "o

X sin0'doe’' . (6.52)
The error in the total cross section due to this approximation
is about 2% at 40 eV, and at energies greater than 100 eV the

error is completely negligible. However, the use of Eq. (6.51)
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requires reliable Franck-Condon factors whereas the use of

Eg. (6.52) does not. In this work the cross sections of the

1

all triplet states and the a"lI_ state are computed by Eq.

g
(6.51). The Franck-Condon factors used in this work are due

1 3 3
n_, B0, C
g g’

3
Ay E3z;,

1 T

singlet states (blnu, b'lz;, w Au, a" Zg, c u), the cross

to Benesch et 2l58 for a Hu, and A3£;; and due to

3

Cartwright33 for W and D E; states. For other

sections are computed by using Eq. (6.52).

It is convenient to introduce the quantity

G, (K) = (wn/Kz)fglé%n(K;O',Ro)lzsine'de' . (6.53)
from which one can easily obtain both the singlet and the
triplet excitation cross sections. The function Gon(K) de-
pends only on the wave functions of the initial and the final
states; therefore, it is especially suitable for testing the
sensitivity of cross sections on the accuracy of the wave

functions used. The generalized oscillator strength ‘%n(K)

is related to Gon(K) as

g, = (AE)G_(K) , (6.54)

where AE is the vertical excitation energy.



CHAPTER VII
METHODS OF COMPUTATION

The wave function of a molecule is customarily ex-
pressed as a linear combination of atomic orbitals (LCAO) of
the constituent atoms. Further, the atomic orbitals have
been traditionally expressed by the Slater-type orbitals
(STO), which are the products of exponential and polynormial
functions. Indeed, an examination of atomic Hartree-Fock
equation shows that the solutions (i.e., atomic orbitals)
would have the form of STO; therefore, STO is the natural
choice as far as atomic problems are concerned. However, in
applications of quantum mechanics beyond atoms to molecules
and solids, the progress is impeded to a large extent by the
extreme computational difficulty of evaluating multicenter
integrals associated with the use of STO's. On the other
hand, the Gaussian-type orbitals (GTO), admittedly inferior
to STO in representing an atomic orbital, do not lead to such
a computational difficulty. Thus, even if several GTO's are
needed to represent an atomic orbital to the same fidelity as
one STO would, such a disadvantage is far outweighed by the

advantage gained in computational ease. In fact the advantage

80
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of using GTO functions is amply demonstrated in the molecular

36

structure calculations, in the electronic band structure

calculations of solids,38 and in the studies of electron-

35.39

molecule collision problems. ~"~~ Therefore, the technique

of GTO is adopted in this work.

Transition Amplitudes

To avoid a duplication of notations, the ground and
the excited molecular orbitals in Eq. (6.41) are denoted by
¢A and ¢A’ respectively. With these notations transition

amplitude is

& (K;0") = /T [, (F)exp (ik-Pg, (F)aF , (7.1)

where the subscript in ?1 is dropped, and the R-dependence is
suppressed by using the Franck-Condon factor approximation.
Thus, it is understood that the molecular orbitals ¢A and ¢A'
are those corresponding to the equilibrium internuclear sepa-
ration R0 of the ground state. Each molecular orbital is

given in LCAO form as

by = Lgcpluy (F) + MOWIu, (Fp)1 (7.2)
where uz(?A) and uz(?B) are atomic orbitals centered at nuclei
A and B respectively. Here, & represents a collection of
quantum numbers for an atomic orbital and c,'s are the coef-

L
ficients of LCAO expansion determined by self-consistent
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field (SCF) calculation, and M(A,%) takes +1 or -1. With ¢'s

given as in Eq. (7.2),

&bn = -/7222'C£C2’|J(A,2;A',2') , (7.3)
where

TOLEAT,LY) = [Lu,, (Fy) + MO ,e)u,, (1
x exp(iK-T) [u, (F)) + M(x,2)u, (Fp) 1dF . (7.4)

If the atomic orbital u's in Eq. (7.4) are expressed by STO,

J would contain series of multicenter integrals of type
t! ' ® &S
I= frA exp (-a rA)szmv(eA(b)exp(l °T)

X rEexp(-arB)ng(eB¢)d? . (7.5)

The evaluation of integrals of type Eq. (7.5) is rather diffi-
cult, and one must resort to an approximation such as z-function
expansion technique which was adopted by Cartwright.“'34
Even with such an approximation, the computational complexity
increases rapidly with inclusion of higher atomic orbitals,

4 the atomic

so that, for example, in the Cartwright's work,3
orbitals other than 1s, 2s, 2p had to be excluded from compu-
tation. However, if u's are expressed as GTO's, such an inte-
gral can be evaluated in a closed form by the following pro-
cedure. For convenience the notations of Gaussian functions

will be adopted as denoting a ls-type Gaussian (function) of

exponent a centered at a point A by s(a,A), the similar 2p-types
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by px(a,A), etc., and 3d-types by dxy(a’A)’ etc., i.e.,
s(a,A) = exp{-a[ (x-A) 2+ (y-A) 2+ (z-2 ) "1},
pi(a,A) = (i-Ai)s(a,A) , | (7.6)
dy;(a,8) = (i-4;) (5-A;)s(a,4)

where i and j represent x, y, z, and Ax’ A_, Az are the

Y
Cartesian coordinates of the point A. It is well known that

a product of two Gaussians centered at two different points

A and B may be expressed by another Gaussian centered at a

third point C as37

s(a,A)s(b,B) = exp[-ab(KB)%/(atb)]s(a+h,C) ,
(B = (B35 a,-B)7 (7.7)
C; = (aAi+bBi)/(a+b) , i=x,y,z .

Thus, using the Cartesian coordinates with the origin at the

midpoint of N, molecule, the integral

<s(a,A)|exp(if-?)|s(b,B)>1=ff:s*(a,A)

X exp[i(Kxx+Kyy+Kzz)]s(b,B)dxdydz (7.8)

can easily be evaluated by substitution of

x-(aA,+bB )/ (a+b) ,

»
n

-
[}

y-(aA +bB )/ (a+b) , (7.9)

N
1]

z-(aAz+sz)/(a+b) s
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with the result
.3 > : _ 3/2
<s(a,A)|exp(1f-r)|s(b,B)> = [n/(a+b)]

x exp[-K?(a+b) 1/4]exp[-ab (&B)?/ (a+b)]

x exp{i(a+b)'1[(an+be)Kx+(aAy+bBy)Ky+(aAz+sz)KZ]} .

(7.10)

Integrals involving p- and d-type orbitals may be obtained by

successive partial differentiation with respect to Ax’ Bx’ etc.

and manipulations of Eq. (7.10). They are listed in Appendix

IV. For an electron-diatomic molecule collision problem, it

is convenient to choose the coordinate axes such that K lies

on the y-z plane without loss of gemerality. This gives

Kx=0, Ky=KsinO, K, =Kcos0, where O is the angle between ¥ and

the molecular axis as shown in Figure 3. The nuclei A and B

are placed at (O,O,RO/Z) and (0,0,-R°/2) respectively as shown

in Figure 3. When the symmetries of the molecular orbitals

-2 and ¢A' are specified, Eq. (7.4) may be expressed in ana-

lytical form, e.g.,

J(04,1550,,15) = <s(a,A)+s(a,B)|exp(iK-T)|s(b,A)~s(b,B)>

= ZiW[sintl-esintz] R (7.11)
where ‘
W= [n/(a+b) 13/ Zexp[-K? (a+b) 1747 ,
e = exp[-abROZ/(a+b)] s (7.12)
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(o
I

KRocosO/z ,

t KRo(a-b)(a+b)'1cose/2 .

2
Substitution of Eq. (7.11) in Eq. (7.3) gives ebn as a function
of X and ©. It should be pointed out that 0 differs from ©O'
which was defined in Chapter VI as the angle between the
direction of the incident electron and the molecular axis.
However, for the purpose of averaging I@bnlz over all orien-

tations, ©' may be replaced by © without any change in substance.

Figure 3. Momentum Change Vector [

Relative to the Molecular Axis
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Generalized Oscillator Strengths

To compute G(K), which is related to the generalized
oscillator strength by a multiplicative constant of AE as
shown in Eq. (6.54), the averaging process is carried out
numerically. For the electron-homonuclear diatomic molecule

collision problem, Eq. (6.53) can be reduced to
-2¢m/2 2_.
G(K) = 2w K Io/ |&°n(1<;e)| sinedo . (7.13)

The integrand is computed for values of 0 from 0=0° to 0=90°
with A0=1° for a total of 91 quadrature points. The numeri-
cal integration is performed by means of the Newton-Cotes'
six-term interpolation scheme. In order to test the accuracy
of this procedure a provision is made in the computer program
so as to pick out the values of integrand at every other
quardrature points (A0=2° and 46 quadrature points), and the
integration is carried out similarly. The difference in the
results between the two cases (91 and 46 quadrature points)
occurs in the fourth significant figure at worst, indicating
that the accuracy of this procedure is good at least for four
significant figures. Using this scheme, G(K) is computed for
as many as 65 values of K. Next, the tabular values of G(K)
are curve-fitted to a quotient of two polynormials according
to the known behavior of the generalized oscillator strengths

of the optically-allowed and -forbidden transitions as
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G(K) = [by+b,x+b.x21/[1+ ] a.x*] , allowed, (7.14)
172773 is1 1
2., .3 T 4
G(K) = [b,x+b,x“+b,x"]/[1+ ] a.x"] , forbidden,(7.15)
1772 3 151 1
where x=K2. In certain cases where G(K)'s show ''structures",
it becomes necessary to improvise the curve-fitting schemes
by making separate fits which are valid in different regions
of X values.
Finally, for excitations to triplet states, Eq. (6.49)
is integrated by the Simpson's rule from K=0 to certain upper
limit of K with AK=10'3 throughout. For excitations to singlet

Z with the

states, the integration is carried out from K=10"
starting AK=10-4, doubling AK after each 100 quadrature

points of K. The small starting AK used for the singlet
excitation cross sections is necessitated to accurately evalu-
ate the diverging integrand in Eq. (6.49) in the case of exci-

tation to an optically-allowed states.

Conversion of STO to GTO

To carry out the computational procedures described
in the preceding section, the wave functions must be expressed
in GTO. One may obtain such a wave function of N, by perform-
ing the SCF calculation using the GTO basis functions as is

done in this work. However, all N2 wave functions in the
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60-64 .re in STO form, in which case STO's are

literature
.2nverted to GTO by the following procedure. For a given
molecular orbital, the constituent atomic orbitals are grouped
by symmetry (i.e., by ns, np, nd types), and each group is
curve-fitted to seven Gaussian functions. The non-linear

least square curve-fitting technique of Marquardt59 is adopted,
by which the linear (multiplier of Gaussian) and the non-linear
(exponent of Gaussian ) are allowed to vary simultaneously.
Typically, in the region where the value of the function is
greater than 1072 of its peak value, the fit is good within

a few tenths of a percent. In the region where the value is

order of 107

of the peak the fit is about 1%. The fit be-
comes poorer (>10%) as the value of the function becomes less
than 10_5 of the peak value. In order to see how sensitively
the computed cross section depends on the ''goodness' of GTO
expansion of a STO, a test calculation was made, using 1s—+2p
excitation of hydrogen atom.>? It was found that the six-
term GTO expansions for both 1s and 2p atomic wave functions
of hydrogen atom give cross sections within 1% of the exact
values over the incident electron energies 60-1000 eV.

Judging from the quality of curve-fitting, the present

work should be of comparable accuracy as in the test case

cited above.



CHAPTER VIII

RESULTS AND DISCUSSION

Generalized Oscillator Strengths

Before making an extensive comparison between the
theoretical and the experimental excitation cross sections
of the N2 molecule, it is important to ascertain how sensi-
tively the theoretical values vary with the choice of the

electronic wave functions. To this end several sets of the
60

wave functions are used, which are given by Nesbet, Richard-
son,61 Ransil,62 Sahni and De Lorenzo,63 and Lefebvre-Brion
and Moser.64 The wave functions of Ransil and those of Sahni

and De Lorenzo contain in the basis functions n=1 and n=2
atomic orbitals, with the distinction that the exponents of
atomic orbitals were optimized in the former set, whereas

they were not in the latter. The wave functions of Richardsen
differ from those above in that the number of n=2 atomic orbit-
als were doubled. The 3d atomic orbitals were included in
Nesbet's wave functions which give better energies. For com-
parison a SCF calculation has been performed on the electronic
structure of N2 using 13 s-type and seven p-type GTO's as the

basis functions. The exponents and the 'contractions'" of the

89
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Gaussians were taken from the work of Huzinaga and Sakai;65

however, the 'contractions' on the 2p GTO's were relaxed to
gain more variational freedom. To show the relative accuracy
of these wave functions, the total and the orbital energies
of the ground xlz; state of various SCF calculations are
tabulated in Table IX. The numerical parameters of the active
orbitals of the present GTO wave function and the typical
curve-fit results are shown in Appendix V.

For convenience Nesbet's wave functions for both the
ground and the excited orbitals will be designated by set (i),
Richardson's wave functions by set (ii), and the present GTO
functions by set (iii). 1In the cases of excitation to the

Rydberg excited states (c'l, D3

Z; and a"l, 5322), the wave
functions of the excited orbitals given by Lefebvre-Brion and
Moser were used in combination with Nesbet's, with Richardson's,
and with the GTO ground state functions. However, the same
designations will be used without confusion, since those wave
functions by Lefebvre-Brion and Moser are the only ones avail-
able for the Rydberg excited orbitals of (35)0g and (3p)cu.

Set (iv) will refer to the combinations of the Ransil's ground
state and the excited state functions of Sahni and De Lorenzo's
"restricted treatment'.

Since both the singlet and the triplet excitation cross

sections are proportional to the generalized oscillator strengths,
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TABLE IX

COMPARISON OF DIFFERENT WAVE FUNCTIONS

OF N2 GROUND STATE

6ro(®) NEsB (P) rIcu(¢) rans (4

E -108.8894(e) -108.9730 -108.7853 -108.6336
1og -15.71564 -15.69623 -15.70512 -15.46705
lo, -15.71203 -15.69262 -15,70192 -15.64423
Zog -1.53154 -1.48569 -1.49301 -1.42106
20, -0.77741 -0.78581 -0.76287 -0.71370
30 -0.63005 -0.64278 -0.62225 -0.55548
1n -0.63082 -0.62261 -0.61378 -0.54540

(a)Present calculation.

(b)Nesbet (Reference 60).

(C)Richardson (Reference 61).

(d)Ransil (Reference 62).

(e)All energies are expressed in atomic units.
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a detailed examination is made on the various versions of the
functions Gon(K) computed by different sets of wave functions.66
The singlet cross sections are particularly sensitive to the
behavior of Gon(K) for small values of K(s1.0), whereas the
triplet cross sections are governed mainly by Gon(K) for larger
values of K [See Eq. (6.49)]. When the eletronic states of

the molecule are represented by those of a single electron
configuration, as in Eqs. (6.18), (6.19), and (6.20), each
excitation can be characterized as a one-electron transition
from one molecular orbital to another. Each of the 30g+1n ,

g

20u+1n , lnu+1ng, 30g+(35)og, and SUg-r(Sp)ou transitions is

g
discussed, which are the underlying one-electron transitions
of all the excitation processes considered in this thesis.
The generalized oscillator strengths, computed by using the

Nesbet's functions, are tabulated in Tables X and XI.

30 > 1
g g

This transition corresponds to the alﬂg and Bsng of
67

2 2 2 2 4 . .
the (log) (lou) (Zog) (Zou) (lnu) (302)(1ng) configuration.
Different versions of Gon(K) have been calculated by using all
four sets of wave functions. Fig. 4 shows the curves of Gon(K)
calculated by sets (i), (iii), and (iv) along with the experi-

68

mental values of Lassettre and Krasnow. The results of set

(ii) lie between sets (i) and (iii) and are left out for clarity.
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TABLE X

Gon(K) FOR OPTICALLY-ALLOWED

TRANSITIONS IN a.u.

(a) (b)
30g+(3p)ou 1nd*lng 20d+1ﬁg
0.01  1.277¢-1) ) 2.042(+0) 1.397 (+0)
0.02 1.276 2.941 1.397
0.05 1,262 2,935 1.394
0.10 1.210 2.915 1.382
0.15 1.134 2.881 1.364
0.20 1,027 2.835 1.339
0.30 .775 2.708 1.269
0.40 .573 2.540 1.178
0.50 .288 . 2.341 1.073
0.60 .130 2.120 .959
0.70 .408(-2) 1.888 .841
0.80 .776(-3) 1.655 .727
0.84 .567
0.90 .101(-2) 1.428 .618
1.00 .280 1,213 .520
1.20 .597 .839 .357
1.40 .606 .550 . 241
1.60 .424 .343 .162
1.80 .234 .204 .112
2.40 .399(-3) .316(-1) .403(-1)
2.80 .328 .657(-2) .202
3.20 .225 .962(-3) .916(-2)
3.60 .950(-4) .291
4.00 .306 . 360 .133
5.00 .115(-5) .822(-4) .103
(a)Appropriate for 1’385 states.

(b)Computed by using GTO wave functions.

(C)Numbers inside the parentheses indicate the

power of 10.
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TABLE XI

TRANSITIONS IN a.u.

2 - > (a) +(3
K | ng.lﬂg lnu,l“g. ' 30g ( s)og
0.05  .252¢-1) ) .110(-3) .165(-1)
0.1 1477 1421 .284
0.2 1856 1154 (-2) -436
0.3 L115(+0) 1318 1508
0.4 1138 1518 1528
0.5 1156 .744 .519
0.6 1168 1984 1492
0.7 1176 1123 (-1) 1456
0.8 1182 1148 1417
0.9 1184 1173 1378
1.0 1185 1197 .341
1.2 1181 1242 1276
1.4 1173 1281 1225
1.6 1162 .315 1186
1.8 "150 1344 1158
2.0 1138 1366 1136
2.4 1113 1396 1108
2.8 .916(-1) 1408 1907 (-2)
3.2 1733 1408 1777
3.6 1585 1399 1668
4.0 1467 1383 1570
5.0 273 .331 .368
6.0 172 1274 1225
7.0 119 1222 1133
8.0 1900(-2) 1179 .787(-3)
9.0 1729 1143 1481
10.0 614 1115 1315

(a)Appropriate for A state.

(b)Numbers inside the parentheses indicate the

power of 10.
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The theoretical values calculated using sets (i), (ii), and
(iii) agree very well with one another (within 10%) and also
show a reasonable agreement with the experimental data for
small values of K. The theoretical generalized oscillator
strengths have been reported by Rozsnyai (based on the Ransil's

functions with unoptimized exponents for both the ground and

the excited states).50 His values are lower than all four sets
of theoretical values mentioned above (Fig. 4). The Rozsnyai's
approximate scheme of evaluating multicenter integrals may be
subject to some errors. The discrepancy of a factor greater
than two is difficult to reconcile, however. As will be seen
in the next subsection, his values for Zdu+11rg transition

agree much better (20%) with the present results. Rozsnyai

was able to increase the value of the oscillator strengths by
dropping the 1s and 2s constituents from the 30g molecular
orbital, but there appears to be no theoretical justification
for this step. The close agreement between the theoretical
values calculated from the wave functions of Nesbet, of Richard-
son, and the present GTO wave functions is especially encourag-
ing.

Zou > lﬂg

The electronic configuration (20u)(30g)2(1nu)4(1wg)

gives rise to the Csnu state69 and to one 1Hu state; the
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latter (blnu), however, is believed to be mixed with the

2 3 2 . .
(Zou) (SUg)(lnu) (lng) configuration. The graphs of Gon(K)

calculated by sets (i) and (iv) along with Rozsnyai's values®?

68

and Lassettre and Krasnow's experiemntal values = are displayed

in Fig. 5. The results of sets (ii) and (iii), which are not
shown in Fig. 5, differ from those of set (i) by no more than
8.5% and 2.6% respectively. All four calculated Gon(K) curves
show a maximum at K=0, characteristic of the generalized
oscillator strengths of a diple-allowed transition. Moreover,
they are not very sensitive to the choice of wave functions

for this transition. From electron-impact energy loss experi-
ment, Lassettre and Krasnow obtained the generalized oscillator

68

strengths for the energy loss AE=12.85 eV. It was suggested

that the spectrum of this energy loss probably includes con-

1.+ 1

tributions from vibrational levels of c' Zu, c Hu as well as

71

blnu. Because of these uncertainties no comparison between

theory and experiment will be made for this transition.

1nu > 1ﬂg

When an electron in the degenerate Im, is promoted to
another degenerate lng orbital, four different assignments may

be made, which are responsible for E;, Z; and doubly degenerate

72 1.+

Au states. The Zu state (designated as b'lz;) is an optically-
3

allowed one, and its triplet counterpart is the A Z; state.
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1

The other states (a' Z&, B35, wl

Ty W Au, WsAu) are all dipole-
forbidden. The shape of the Gon(K) curves indeed properly
reflect the optical nature of the transitions as may be seen
in Figs. 6 and 7 [Gon(K) is identically zero for symmetry-
forbidden transition to Z&]. Fig. 6 shows the G__(K) ap-

propriate to 1,3

Z; computed by sets (i) and (iv), and the
results by set (ii) are represented simply by dots for clarity.
Set (iii) gives values which are between sets (i) and (ii)
except near K=0 where they are about 5% larger than those of
set (ii). Sets (i) and (iv) differ most, but the difference
is within 25% for K<3.0. An interesting feature of the
secondary extrema (not shown in Fig. 6) has been observed
beyond K=3.5 (by all sets of wave functions). However, these
extrema occur at too large values of K and the magnitude is

too small (less than 1073

of the value at K=0) to affect the
total cross sections in any appreciable way.

Fig. 7 shows Gon(K) appropriate for 1’3Au computed by
sets (i), (iv) and (iii)[by dots]. The results by set (ii)
are smaller by 10% at K=0.1 and larger by 10% at K=6.0 compared
with those of set (i). A much broader peak in this curve is
noted, compared with other optically-forbidden transitions.
As will be seen later, this broad peak is responsible for a
1

broad peak in the excitation functions of the w Au and W3Au

states.
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30g > (3p)ou and 30g -+ (SS)og

The 30g+(3p)ou transition corresponds to excitation
to the Rydberg c'12; and Dsz; states. In Fig. 6 is presented
the Gon(K) curves for the 30g+(3p)cu transition. As desig-
nated before, for this and the 30g+(35)cg transitions, sets
(i), (ii), and (iii) refer to the 3og orbitals of Nesbet,
Richardson, and GTO in order in combination with (3p)ou and
(SS)og orbitals of Lefebvre-Brion and Moser. The generalized
oscillator strengths depend much more sensitively on the
initial 30g as seen in Fig. 6. The discrepancy is particularly
severe (as much as a factor of two) below K=1.2. This will
be reflected much more strongly in the singlet cross sections
than in the triplet cross sections.

From the measurements of absorption spectrum, Lawrence,
Mickey, and Dressler’ > obtained the absolute optical oscillator

strength to be 0.14%0.04 for the p'1

1

Z: band which is the first
vibrational member of c' Z; state. By comparing the transition
probability deduced from their oscillator strength and the one
from the life-time measurement, they conclude that the Franck-
Condon factor for the p' level to be very close to unity. As-
suming the Franck-Condon factor of the p' level to be unity,

the present computed Gon(K=0) leads to an optical oscillator

strength of 0.0607 which is about 2.3 times smaller than the
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measured value. Unlike other transitions studied in this

+
lzu shows an unusual be-

thesis, the Gon(K) function for c'
havior of decreasing very rapidly from K=0 to K=0.84 by a
factor greater than 200 and then rising again to a broad
maximum around K=1.3 (Fig. 6). This sharp decrease in Gon(K)
indicates a strong angular dependence of the differential
cross section. The relative intensities measurements of
electron-impact energy loss spectra also show the strong
angular dependence. This point is discussed in fuller detail
later.

The generalized oscillator strengths of the 3og+(3$)og
74 12+ and E38+ states, are seen

g g
to have the qualitative behavior of those of a dipole-forbidden

transition, which yields the a"
state (Fig. 7). Compared with the values obtained by set (i),
set (ii) results are about 7% larger for K»1.0. On the other
hand, set (iii) gives values which are about 20% smaller for

K<0.5, but practically identical for Kx2.0.

Excitation Cross Sections for Singlet States

The alﬂg State (Lyman-Birge-Hopfield Bands)

The alng state is the only singlet state for which a
considerable amount of experimental work on the measurements

of the absolute excitation cross sections has been reported
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in the literature; therefore, it is a particularly good case
for testing the Born cross sections. In applying the Born

approximation to the singlet-singlet excitation problems, it
has been customary to ignore the exchange effect. By means

>3 modifications, the exchange ef-

of the Ochkur52 and Rudge
fect can be taken into account more satisfactorily than by

the Born-Oppenheimer approximation. Accordingly, the singlet
excitation cross sections have been computed by these two
versions of exchange treatment and by neglecting exchange,

using wave functions set (i), and the results are compared in
Fig. 8. It is seen that the Ochkur exchange tends to decrease
the computed cross sections in the low energy region, whereas

the use of the Rudge formula reduces only slightly the cross
sections above 40 eV but gives a substantial increase over

the non-exchange values as the incident electron energy is
decreased. In fact, it is easy to see from Eqs. (6.42) and
(6.44) that for incident electron energy less than 5e/3 + AE

(in Ry) the Rudge exchange term tends to increase the cross
sections. A similar increase of cross sections (at low energics)
has been observed, associated with the use of the Rudge modifi-
cation for all the other singlet states studied in this thesis.
It may be pointed out in passing that the same kind of be-

1

haviors were also noted in the excitation functions of the ~P

75

and 1D states of le. From the available experimental data
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of N, it is difficult to decide which version of the exchange
approximation works better for singlet-singlet excitation.
Moreover, the difference between the non-exchange Born ap-
proximation and the two modifications is appreciable only at
relatively low energies where such effects as polarization
and distortion, which were not included in all the Born-type
theory, may play important roles in determining the cross
sections. Without a quantitative measure of these effects,
it is impractical to attempt a critical appraisal of the two
versions of exchange formula by comparing the theoretical
values with the experimental data. However, the steep rise
of cross sections with reducing energies below 30 eV accord-
ing to Rudge's modification could be somewhat unrealistic.
For this reason and the reason that the Rudge's modification
lacks the detailed balancing in the case of the singlet-to-
singlet excitation,76 the Ochkur modification will be adopted
to include exchange effect. Unless otherwise specified, all
singlet cross sections presented in this thesis are computed
with exchange by the Ochkur's modification.

The theoretical excitation cross sections calculated
by using the wave functions of set (i), (ii), and (iii) agree
very well with one another, of which the results of set (i)
are shown in Fig. 8. The excitation functions by the other

two sets are about 5% smaller than the one shown. The exci-
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taticn function computed with set (iv) is markedly smaller,
however (See Fig. 8). The sensitivity of cross sections on
the choice of wave functions for this and other singlet
states is summarized in Table XII.

These theoretical cross sections based on wave
functions (i), (ii), and (iii) are somewhat larger than the
experimental values reported by Holland,46 above 500 eV the
agreement is within 25%. This provides an experimental test
of the accuracy of the first Born approximation for electron-
molecule excitation since at energies above 500 eV the ex-
change effect is entirely negligible.

Experimental measurements of the excitation cross
sections have been reported also by Ajello47 for the energy
range of 10-200 eV. His cross sections are much larger than
those of Holland in the energy range where the two sets of
data overlap. Between 100 and 200 eV, Ajello's cross sections
are substantially larger than the theoretical values.

Aarts and De Heer48 have studied the electron-impact

1 1

emission of the a Hg+X E; transitions and by normalizing the

cross sections to the experimental data of Lassettre and

Krasnow68 at 500 eV, obtained the excitation cross sections

of the alng state. Their results are in very good agreement

49

with those of Holland.*® Brinkmann and Trajmar reported

electron excitation measurements for a number of states of NZ‘
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By normalizing to the absolute cross sections of other workers

and by extrapolation they gave an electron excitation function

of the alng state which agree well with Holland's values.

Other cross-section measurements of the aln state include

g
the work of Borst45 and of Freund77 in the region of 0-40 eV.

It should be mentioned that the measured cross sections

of Holland and of Ajello were not corrected for cascade con-

47

tributions. Ajello " estimated the probable cascade to be

less than 10%. In Holland's work evidence has been cited to

46

indicate that the cascade contribution is not large. How-

ever, it was pointed out in Ref. 46 that if radiative life-

time of the alng state is as short as 40 psec, the cross

sections may include a cascade contribution of 25%-35%.

Recent measurements of Borst and Zipf give the lifetime of

the aln state of N2 as 11520 usec,78

g
small cascade contribution to the observed cross sections.

supporting the idea of

Included in Fig. 8 are the theoretical cross sections

50 The latter values are much lower than

reported by Rozsnyai.
the present theoretical cross sections calculated from all
four sets of wave functions as was noted previously. There
also exist other calculations of cross sections by semi-

empirical means,79

but the method employed was quite different
from the one used here, hence no comparison of the results

will be made.
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The a"lz; State
The a"lz; state arises from the (1wu)4(30g)(3sog)
configuration.74 In Fig. 9 are shown the theoretical exci-

tation functions of a”IX; computed using sets (i) and (iii).

The excitation cross sections do not seem to depend too
sensitively on the choice of wave functions, sets (i) and (iii)
differing about 20%. The theoretical cross sections show E'l
dependence beyond 250 eV. The experimental excitation’function

49

reported by Brinkmann and Trajmar is about 50% of the pre-

sent theoretical counterpart above 80 eV, although agreement

1 dependence

is considerably better at lower energy. The E’
of their excitation function starts at much lower energy than
250 eV found in this theoretical work. Brinkmann and Trajmar
studied electron impact energy-loss spectra at 15, 20, 30,

60, and 80 eV of incident electron energy. They have normal-
ized their data to different known experimental cross sections
according to the incident electron energy. At incident electron
energies greater than 80 eV, they extrapolated to obtain the
cross sections. Their procedures of reducing experimental

data may account for some of the discrepancy found between

- B - - .
Llre vliwray Cerile Lite Ranprun LhiddLl L.
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1

The c¢! Z: State

The c'1

Z: state which belongs to the (lﬂu)4(30g)(3pou)
configuration, is a dipole-allowed state; thus, it is of
special interest to study its excitation properties. The
excitation functions obtained using wave functions (i), (ii),
and (iii) are shown in Fig. 9. The broad peak of the exci-
tation function reminds one of the corresponding case of the
dipole-allowed excited states of atoms. For this state un-
usually large variations are noted of the cross sections due

to the choice of wave functions (as large as 50%), the shape

of the theoretical curves remaining nearly the same. Recently

11st

Zu state has been identified as the lowest vibrational

level of the c'12+ state.70 The optical excitation function

u
1

the p

of p'12++X 5t (v''=1) has been measured by Aarts and De Heer,48
u g

and the shape of their excitation function is in good agree-

ment with the present calculations. Since only one vibrational

component (v'=0-+> v''=1) of the c'1 1

1 1

Z;+X Z; transitions and one

component of c'’ Z:+a Hg were reported in the measurements of
Aarts and De Heer, it is not possible to compare the magnitude
of the present theoretical cross sections with experiments.
Instead, the optical cross sections of Aarts and De Heer 1is
normalized to the theoretical cross section [by set (i)] at

2000 eV in order to compare the shape of the excitation functions.
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The normalized cross sections of Aarts and De Heer are in-
cluded in Fig. 9. The agreement is seen to be quite good.
As the case of a dipole-allowed atomic excited state,

the differential excitation cross sections of c'12+ are

u
sharply peaked in the forward direction as illustrated in

Fig. 10 which shows the differential cross sections at various
incident electron energies as a function of scattering angle,
including that of alng at 15 eV for comparison. This 1is in
qualitative agreement with the experiment by Williams and |
Doering.80 Lassettre81 has pointed out the sharp decrease

in relative intensity at zero angle of the 12.93 eV transition
of the electron impact spectra of Heideman, Kuyatt and Chamber-
1ain,82 and identified this peak as p'lz; state. The present
calculations give a theoretical value of 8 for the ratio of
the differential cross section at 6=0 of the p'lz; state at
35 eV to that at 20 eV in qualitative agreement with the

observation cited above.

The wlau and b'12; States

The configuration (1wu)3(30g)2(lﬂg) gives rise to

three singlet states wlAu, b'lz;, and a‘lzu. The author is

not aware of any direct experimental measurements of electron
excitation of the wlAu state; however, Freund has pointed out

. . . . . 83
a possible experimental evidence of suchan excitation process.
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The excitation functions of wlAu state computed by using

wave function set (i) is displayed in Fig. 11. Compared
with the results shown, the cross sections by set (ii) are
about 5% smaller at low energy but 5% larger at high energy.
Set (iii) gives cross sections which are uniformly larger

by 10% than the ones shown. Below 40 eV, the cross seétions
by set (iv) are about 20% smaller than the ones by set (i),
but above 200 eV the agreement is within 5%. The broad shape
of Gon(K) for this transition is reflected in the broad peak

of the excitation function with E-1 dependence starting around

400 eV.

The b'lz; state is another dipole-allowed state.

However, theoretical calculations here are complicated by
the mixing with the (lﬂu)4(30g)(30u) configuration (35%) and
possible vibrational perturbation of the high vibrational

1evels.84’70

The latter will not be treated in this work,
but the former can be analyzed in some detail. In Fig. 11
are shown theoretical cross sections to the pure
(1ﬂu)3(30g)2(1ﬂg)1Z; state, to the pure (lnu)4(3°g)(3°u)lz;
state, and to the state of 65-35% weighted mixture of the
above two (using Richardson's functions). Although the pure
cross sections of lnu+1wg and 30g+30u excitations are quite

similar both in magnitude and shape, the severe destructive

interference in ebn(K) results in the "mixed" cross sections
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which are about one tenth of either of the pure cross sections.
The sensitivity of the '"mixed" cross sections indicétes that
in order to obtain reliable excitation cross sections of

b'lz; state, it would be necessary to conduct an accurate
analysis of the configuration mixing.

Under the first Born approximation (including Ochkur's
or Rudge's exchange term), the excitation cross sections of
the a'lz; state becomes zero. To analyze theoretically exci-
tation to this state, one must consider the indirect coupling

between Xl 1

Z; and a' E; through the various intermediate states.
Calculations of excitation cross sections involving indirect
coupling are beyond the scope of this research. Nevertheless,
it may be pointed out that a somewhat similar case is known

of excitation of neon atoms in which the Born cross sections
(exclusive of exchange terms) of a number of the excited

states of the 2p5np and 2p5nd configuration are zero.3

1

The b Hu State

The b1

Hu state may be described as deriving from the

4 . . . . 3 2
(Zou)(lnu) (1ng) configuration mixed with (lnu) (30g)(1ng) .
Since the wave function for the latter configuration is not
available, the discussions for this state are only qualitative

in nature. Nevertheless, the computations have been made for

the excitation cross sections for the pure (Zcu)(lwu)4(1ng)1nu.
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In Fig. 11 is shown the excitation function calculated by

using set (i). The sensitivity to the choice of wave function
is not too great (See Table XII). The excitation function
exhibits the broad maximum characteristic of the dipole-allowed
states. The shape of the excitation function and the magni-
tude of the cross sections are in fact rather similar to

those of the b'lzl state.

1,3

It is well known that for the singlet-singlet

excitations at high incident electron eneigies, the cross

sections depend on energy as E—llnE in the case of the dipole-

1

allowed transitions and as E = in the case of dipole-forbidden

transitions. The present theoretical calculations using
Nesbet's functions show that within 5% the cross sections of

1 y 1o+
Hu, and c Zu

the dipole-allowed b'lz: (pure lnu+1ng), b
states begin to have such asymptotic energy dependence at 500,
700, and 1400 eV respectively. The cross sections of the

1 ;, and wlAu states show within 5%

E-1 dependence from 300, 250, and 400 eV respectively.

dipole-forbidden a Hg, a"lz

Excitation Cross Sections for Triplet States

Compared with the singlet states, a considerably

larger amount of experimental data are available for excitation

cross sections of the triplet states. Particularly the B3IIg

3

(first positive system) and C Hu(second positive system) states
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TABLE XII

SENSITIVITY OF THE SINGLET CROSS SECTIONS(a)
ON THE CHOICE OF WAVE FUNCTIONS

states(®) set (i)() set (ii)  Set (iii) Set (iv)

1 0.980 0.945 0.931 0.551
all (18.5) (18.5) (18.5) (19.0)
& 0.0442 0.0427 0.0417 0.0276
1+ 0.253 0.255 0.210
a"z (26) (26) (26)
0.0134 0.0134 0.0110
1+ 0.148 0.104 0.101
'y (60) (60) (60)
0.0383 0.0272 0.0249
1 0.0674 0.0664 0.0773 0.0553
WA (30) (32) (30 ) ( 34)
0.00715 0.00751 0.00783 0.00708
L+ 8.287 9.392 9.409 9.324
b' Ly (40) (40) (40) (40)
1.214 1.391 1.411 1.347
1 4.875 5.275 4.950 4.442
bom, (34) (34) (34) (32)
: 0.620 0.670 0.625 0.542

(a)All cross sections are computed by Ochkurés
modification and expressed in units of a ”.

(b)For each state there are three rows which are
respectively the peak cross section, the position
of the peak in eV, and the cross section at 1000 cV.

(c)See the text for designations.
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TABLE XIII

SENSITIVITY OF THE TRIPLET CROSS SECTIONS(a)
ON THE CHOICE OF WAVE FUNCTIONS

states () set (i)(S) set (ii)  Set (iii) Set (iv)
3 1.609 1.676 1.615 1.613
c’n (14.5) (14.5) (14.5) (15.0)

u 0.367 0.365 0.364 0.403
34 4,354 5.035 4.197 5.263
ALY (11.0) (11.0) (11.0) (11.5)
0.491 0.569 0.536 0.619
3 0.997 0.968 0.928 0.706
B I (13.5) (13.5) (13.0) (14.5)
g 0.187 0.179 0.172 0.175
3 4 0.0334 0.0320 0.0322
D% (18) (18) (18)
0.00713 0.00701 0.00709
3 0.257 0.275 0.284 0.273
Wh, (21) (22) (21) (24)
0.148 0.169 0.163 0.183
3 4 0.133 0.142 0.123
E°E (15) (15) (15)
g 0.0257 0.0247

0.0272

st

(a)All cross sections are computed by Rudge's

modification and expressed in units of a 2.

(o)

(b)For each state there are three rows which are

respectively the peak cross section, the position
of the peak in eV, and the cross section at 60 eV.
(C)See the text for designations.
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have been investigated experimentally by several groups.40_44

Unlike the case of some of the singlet states, there is no
evidence of serious configuration mixing or of perturbation
of vibrationei levels in the triplet electronic states.
Since the electron exchange effect is entirely responsible
for exciting the triplet states, one expects a much larger
difference between the Ochkur-type and the Rudge-type calcu-
lations than in the singlet counterparts. From Eqs. (6.43)
and (6.44) it is seen that if the vertical excitation energy
AE is equal to the ionization potential e of the initial
state, the two approximations would give identical results.
Thus for the excitation to the triplet states of the helium
atom for which the excitation energy is more than 80% of the
ionization energy, one finds a close agreement between the

>3 However, for the B3ng state

results of two approximations.
of N2 which is about halfway between the ground state and the
ionization 1limit, the Ochkur approximation gives markedly
larger cross sections than does the Rudge modification.39
The Rudge formula was derived in a first-principle manner

based on the variational method, thus it will be adopted in

the present calculations of the triplet excitation cross
sections. Unless otherwise specified, all the calculated cross

sections of the triplet states are of the Rudge-type. Compu-

tations have been made using both the theoretical and the
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experimental values of the ionization energy e in Eq. (6.44),
of which the results using the latter are presented. The
replacement of the latter by the former may reduce the cross

sections by as much as 20% for B3Hg, Csnu, DSZS

and ESZ;,
and increase by as much as 20% for ASZ; and W3Au.
The sensitivity of the triplet cross sections to the

choice of wave functions employed is summarized in Table XIII.

The C3Hu State (Second Positive System)

The excitation function of the C3

I, state calculated
by using the Nesbet's wave functions (with Rudge's exchange)
is shown in rig. 12. For the purpose of comparison, also in-
cluded is the excitation function (scaled to one half) calcu-
lated by means of the Ochkur exchange. The results by using
wave function sets (i), (ii), and (iii) agree within 4%, and
the results of set (iv) differ no more than 10% from the above
group (See Table XIII). The theoretical excitation function
of Cartwright is uniformly twice as large as the present one
for the reason explained earlier.

Included in Fig. 12 are the experimental excitation

functions (apparent) reported by Jobe, Sharpton and St. John40

and by Burns, Simpson and McConkey.42

The C3Hu state receives
little cascade contribution, thus it is particularly suited

for making comparison between theory and experiment. The magni-
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tude and the position of the peak of the present theoretical

curve (1.61 ao2 at 14.5 eV) agree well with the experimental

values of 1.85 ao2 at 15 eV by Jobe et al and with 1.52 ao2

at 14.0 eV by Burns et al, but the shape of the theoretical
excitation function is broader than the experimental counter-
part. The recent optical measurements by Shemansky and Broad-

2 2t 14.7 eV.

77

foot85 show a peak cross section of 1.35 a,

The unnormalized optical excitation function of Freund ' has

a somewhat broader shape than those in Refs. 40 and 42. The
cross sections reported by Skubenich and Zapesochny,41 how-

ever, are much smaller than those of Refs. 40 and 42. The

good agreement between the present theoretical cross sections
and the experimental results of two different groups40’42
suggests the possibility that the Born-Rudge approximation may
be reasonably adequate in describing electron-impact excitation

of the triplet states of N The Born-Ochkur cross sections,

2.
however, are more than two times greater than the Born-Rudge

counterpart near the peak, and by 40% at 40 eV and by 27% at

60 eV.

3

The A Z; State (Vegard-Kaplan Bands)

3 1

The transitions vetween A Z; and X

86,87

Z; have been ob-

served by various methods.
3

The mechanism of population

of A Z; is of aeronomical interest. In their analysis of



2

Cross Sections in a,

124

ASZZ (Theory) -——---'—-ASZZ (Expt), Ref.
3 3.+
WAuXZO ————— Eng40

/ Tt m— e
| I l [ 1
10 20 30
Incident Electron Energy (eV)

Figure 13. Cross Sections of ASZ;, WSAu, and ESZ;

45



125

88 concluded that the

auroral spectrun, Broadfoot and Hunten
population of ASE; is almost entirely due to cascade. Very
recently Borst45 has reported direct experimental measurements

of the A3

Z:. In Fig. 13 are shown the present calculated
cross sections (Nesbet's wave functions) along with Borst's
experimental results. The excitation functions obtained by
using other sets of wave functions are somewhat (15-20%)
larger than the one shown in Fig. 13, but their shapes and

the positions of peak agree very well with one another.

While the peaks of both curves occur at about the same energy,
the theoretical cross sections are substantially larger than
the experimental ones lying beyond the limits of uncertainty
given by Borst. Cartwright's theoretical values are con-

sistent with the present results except for the difference

of a factor two mentioned previously.

3

The B Hg State (First Positive System)

The excitation function computed by using Nesbet's
wave functions is shown in Fig. 14. It agrees with the theo-
retical curves resulted from sets (ii) and (iii) to within
8%. When the wave functions of set (iv) were used, the peak
cross section is found to undergo a 30% reduction, while the
cross sections above 40 eV are not much affected (8%). Al-

though the present cross sections had been expected to be
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about one-half of those of Cartwright's‘?3

the latter are
found to be about three times larger than the present values
using similar wave functions. This discrepancy is difficult

to reconcile.

Experimental measurements of the apparent excitation

44 by

41

functions have been reported by Stanton and St. John,
McConkey and Simpson,43 and by Skubenich and Zapesochny.
The first two sets of data are quite close to each other,
whereas the Skubenich and Zapesochny cross sections differ
quite appreciably from those of Refs. 44 and 43 for incident
energies below 16 eV. These apparent excitation functions
contain, in addition to direct excitation, the cascade contri-
butions from higher states. Among the states which may

3 3

cascade to the BSHg state, the C Hu and C' Hu states are

probably the most important ones. By using the experimental

data of the optical excitation function of the C3HU+B3H

40

g

transition reported by St. John and co-workers, "correction"

was made to the experimental data of Ref. 44 for cascade from

the C3Hu state. This corrected excitation function along with

the uncorrected apparent excitation function of Stanton and

St. John are included in Fig. 14. There are no experimental

data of excitation cross sections of the C'3H

mate its cascade contribution. The C'SHu state [configuration

u state to esti-

(lnu)s(ch)(lng)z] involves two electrons in excited orbitals,
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and no accurate wave functions for this state have been

published to the author's knowledge. Of the other triplet

-states which may cascade to Bsng, the cross sections of the

3 3

W Au and D Z; states are much smaller than the direct exci-

tation cross sections of BSHg as will be seen in the next
two subsections. Under the Born-Rudge (or Born-Ochkur)
approximation, the collision amplitude of excitation of the
B'SZ& vanishes. Thus no further cascade subtraction will be
made to the '"corrected" excitation function in Fig. 14. It

is seen that the experimental excitation cross sections of

B3H are considerably larger than the present theoretically

g
calculated values. From their recent optical measurements,

Shemansky and Broadfoot®>

2

estimated the peak cross section as
4,28 a, which is about two times larger than the ones reported
in Refs. 41, 43 and 44.

Gilmore89 pointed out the interesting possibility of
cascade scheme of Aszz(high v) -+ BSHg(low v) - Aszs(low v).
The present calculations indeed indicate that the excitation
cross sections of ASZG is about five times larger than those
of BSHg and that the Franck-Condon factors of A3Z$ favor exci-
tation to the vibrational levels around v=10 which may cascade
to the lower vibrational levels of Bsng. Such a double cascade

mechanism may be responsible for at least part of the dis-

crepancy between the theoretical and the experimental curves.
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3

The D Z; State

The present theoretical excitation function of the

DBZ; state computed with set (i) is shown in Fig. 15 along

with the experimental data of Skubenich and Zapesochny.41
Wave functions set (ii) and set (iii) give results within
4% of the one shown. The shape of the excitation function
is markedly different between theory and experiment. The
broad secondary peak around 25 eV reported in Ref. 41 is in
distinct contrast with the present theoretical results. A
recent experimental optical excitation function by Freund77
also shows somewhat similar shape to the one in Ref. 41.
The theoretical cross sections of Cartwright33 are some six
to eight times larger than the present values. This dis-
crepancy may be partly due to the fact that in the Cart-
wright's calculations of the excitation function of the

DSZZ state, the multicenter terms in the transition ampli-
tude were neglected. To examine this point, separate calcu-
lations of the cross sections have been made omitting all the
three-center integrals and the results become rather close

to one-half of Cartwright's values (within typically 50%)

as would be expected.
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The W3Au and Esz; States

The theoretical excitation function of the W3Au

state shows a peak around 22 eV which is distinctly broader
than those of the other triplet states studied in this work
(Fig. 13). The excitation function shown in Fig. 13 is ob-
tained by using wave function set (i). The other three sets
of wave functions give cross sections which are somewhat
larger (about 15%) than the ones shown. There do not appear
to be any experimental measurements of the excitation cross
sections of the W3Au in the literature to compare with the
present theoretical values. Although discrepancy of a factor
of two had been expected between the present and the Cart-
wright's cross sections,33 his excitation function for WSAu
is virtually identical to the present one.

In Fig. 13 is also included the calculated excitation

function of the E3

z; by using set (i). Sets (ii) and (iii)
give the cross sections that are about 8% larger and smaller
respectively than the ones shown in Fig. 13. In his cross
section calculations for this state, Cartwright neglected the
multicenter terms in the transition amplitude (like the case

of D3

+ . . . .
Zu), and his cross sections are some four to nine times
larger than the present values. The separate calculations

without the multicenter terms show that again much of the dis-
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crepancy (beyond the factor of two) is due to the neglect of

90

multicenter terms in Ref. 33. Several investigators”™ have

3.+
z
g

state in their excitation experiments, the latest being the
45

found a sharp peak around 12.3 eV attributed to the E

experimental measurement by Borst ~ with the peak cross section

of 0.25 aoz. The present theoretical excitation function shows

a much broader shape with the peak cross section of 0.133 ao2
at 15 eV. Since the experimental evidence is suggestive of
a resonance-type mechanism, no further comparison will be made.
For the singlet-triplet excitations, the cross sections
depend on energy as E_S at high incident electron energy.
The present theoretical calculations using Nesbet's functions
show such energy dependence starting within 5% at 170 eV
(A°E)), 190 eV (BSHg), 160 eV (C1), 85 eV (D°I)), 100 eV
(E3z;), and 190 eV (W31 ).

Conclusion

By using the GTO as the basis functions of the mole-
cular orbitals, the Born-approximation cross sections of
electron-impact excitation of the electronic states of diatomic
molecules can be calculated by a very simple procedure which
is no more complicated than the corresponding case of exci-
tation of atoms. In this thesis are presented the theoretical

excitation functions for twelve states of the N2 molecule.
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When molecular wave functions of sufficiently high accuracy
(such as those of Nesbet and of Richardson) are used, the
computed cross sections do not appear to vary too sensitively
with the choice of the wave functions.

For the excitation of the singlet states one can use
the Born approximation for the direct-excitation scattering
amplitude neglecting the exchange term, or alternatively
include the exchange amplitude by the Ochkur or the Rudge
scheme. At energies well above the threshold all three
schemes (Ochkur, Rudge, and non-exchange) result in nearly
the same cross sections. Near the threshold region, the
Rudge-modification cross sections substantially exceed the
other two types; however, at the low-energy range the Born
approximation is not expected to be reliable for singlet-
singlet excitation. Thus the difference between the three
schemes is not of great interest. Comparison of the present
calculated singlet excitation cross sections with the avail-
able experimental data shows about 25% agreement for the

alng state at 500 eV but for the a”1

Z; state at 80 eV the

experimental cross section is 50% of the theoretical value.
.In the case of singlet-triplet excitation, the low-

energy range is of prime interest in most of the experimental

work. For the theoretical calculations of the cross sections,

the Rudge modification has been adopted. The present theo-
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. . . . 3 .
retical excitation cross sections of the C Hu state are in

good agreement with the experimental values, whereas for the
ASZE and Bsng states the discrepancy becomes considerably
larger.

In conclusion it may be stated that with the use of
the GTO, the Born approximation along with the Rudge modifi-
cation provides a simple, practical scheme to compute the
electronic excitation cross sections of NZ’ and the results

are in reasonable agreement with the available experimental

data.
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APPENDIX I
DERIVATION OF CROSS SECTION FORMULA

The algebra of derivation is considerably simplified
by using the results of the Racah's works on the theory of
complex spectra,20 which elucidate the coupling schemes of
more than two angula momenta. Also useful are the symmetry
relations of the Clebsch-Gordan coefficientsl7 (also known
as vector addition and Wigner coefficients). For this reason,
the properties of the Clebsch-Gordan, the Racah, and the
related coefficients are listed first.

The Clebsch-Gordan (C-G) coefficients have the follow-
ing symmetry relations with respect to interchange of the
parameters,

Clabag;ey) = (-1)2 %[ (2c+1)/(2b+1)]1Y/ 2c(cay -a3be)

(I-1a)
= (-DP*Br(2c+1)/ 2a+1) 1M 2C(be -Bysan) . (1-1b)
Racah gives the formula (Racah's sum rule)20 for the sum over
a magnetic quantum number of the product of three Clebsch-
Gordan coefficients as
ZB C(abaBje o+B)C(ed a*+B y-a-B;cy)C(bdB y-a-B;f y-a)
=[(2e+1) (2£+1) 11/ %C(afa y-a;cy)W(abed;ef), (I-2)

145



146

where W is the Racah's coefficient., The Racah coefficient

is defined as20
W(abcd;ef) = A(abe)A(cde)A(acf)a(bdf)w(abed;cf) |

S (I-3)

where the "triangula'" coefficient A(abc) is

A(abc) = [(a+b-c)(c+a-b)(b+c-a)/(a+b+c+l)!]1/2 R

(I-4)
and

w(abed;ef) = §_(-1)%*3" P+ (z01y 1/ (2-a-b-e) !
X (z-c-d-e)!(z-a-c-£)!(z-b-d-f)! (a+b+c+d-2z)!
x (a+d+e+f-z)! (b+c+e+f-2z)!] , (I-5)
where in Eq. (I-5) the summation over z runs as long as the
factorials are valid. Some of the symmetry relations20 of

the Racah coefficients are

W(abcd;ef) = W(badc;ef) (I-6a)
= W(cdab;ef) (I-6b)
= W(acbd;fe) (I-6¢)
= (-1%* 2y epes;ag) (I-64)
= (-1 P Cyaesd;be) . (I-6¢)

Finally a coefficient related to the Racah coefficient is de-
fined as
. _ .f-a+c 1/2
Z(abcd;ef) = 1 [(2a+1) (2b+1) (2c+1) (2d+1)]

x C(ac00;f0)W(abcd;ef) . (1-7)
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In particular the following reduction3? is usefui, i.e.,

Z(abcd; e0) = cacsbd(-l)b"e(2b+1)1/2 ; (1-8)

Blatt and Biedenharn32 give the general derivation of
the cross section formula. The purpose of this Appendix is
to specialize the derivation with fuller detail to the problcem
of electron-atom collision process.

The scattered amplitude B in (8¢) direction is from

Eqs. (2.7) and (2.10),
B(n'j'm, ,»njm,) = n1/2/x0 7 1% "L(2pre1)l/?
J J T
2'=0
O S . . s
X Z Z i S(n'J'z'mj,O;nJQmij) . (1-9)

2=0 m=2
Substitution of Eq. (2.24) followed by rearrangement of sum-
ming order yields
© L L+j L+j"' 2

B = nl/z/k'
L=0 m=-L g2=|L-j| &'=|L-j'| m=-2

X i£'~2'1(22'+1)1/2C(2'j‘Omj,;LM)C(zjmmj;LM)
X S(njeLM,n'j'e'LM) . (1-10)
The differential cross section is then
. . . . 2
I(n'J'mj, > nij|e¢)dQ = |B(n'3'mj, > nij)ng(6¢)l d@
(I-11)

Since the excitation from n'j' to nj state is of major
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interest, it is customary to average over the initial magne-
tic substates (mj.) and to sum aver the final magnetic
substates (mj). Then,
I(n''onjlee) = w(k') 220 M L
17171 727272

- ! | .
121 SRR ALY

X [

*
- - tat 1
S (njzlLlMl,n j'%q L1M1)][5nn'6jj'52222'
- S(njzszMz,n'j'QZ'LZMZ)]K(nglzl';Lzzzzz';jj'|e¢),
(I-12)
where subscripts '"1" and "2" are introduced to distinguish

the two sets of summing indices, and
C(2-'j'Om., ;L. M. )C(2,'j'Om,,;L M
leMZmlmzmjmj‘ ( 1 J J' 1 1) ( 2 J J' 2 2)
X C(zljmlmj;LlMl)C(lzjmzmj;LZMZ)

*®
xY (69)Y (8¢) . (I-13)
1™ ¢ LpsMy

Although sums over six magnetic quantum numbers are formally
written out, only two of them (ml and mj,, for example) arc

independent due to the restrictions on the C-G coefficients,

M1 = M2 = mj.
mj = Ml-m1 = mj,-ml (I-14)
m, = Mz-mj = mJ,-mj = my
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Substitution of

Y e)Y, o (89) = (~1) ~
2™ 2™y L=|21-%,]

X [(29,1+1)(2z2+1)/4n(2L+1)]1/2C(215L2 -mlml;LO)
x C(212,00;L0)Y; 5 (6¢) (I-15)

along with the symmetry relation (I-la) applied to the first

member of the C-G coefficient in Eq. (I-15), gives

2
= (-1) 1[(20+1) (20,1 41) (22,1 +1) /4m] L2

=~
I

»

' . s 1 .
szj,C(Rl J'Omjvslejl)C(zz'J OmjvyLzmjo)

e

C(21£200;L0)zm1C(21jm1 mj,—ml;lej,)
X C(Lzloml;zzml)YLo(e¢) . (I-16)
Eq. (I-16) is reduced by using Eq. (I-2) as

K = %1 \ , 1/2
= (-1) 1[(28+1) (22 '+1) (22,+1) (28, +1) (2L #1)/47]

. 3 . 1 5 .
x XLmj'C(21£200,L0)C(£1'J'0mj,,lej,)C(Rz jromg 3Lms )

X C(LLIOmj.;Lzmj,)W(Lzlej;zle)YLO(e¢) . (1-17)

Application of Eq. (I-1b) to each of the third and the fourth
C-G coefficients in Eq. (I-17) followed by application of
Eq. (I-2) gives

K = (-1) (2L+1) (2L,+1)
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x [(20,+1) (22, '+1) (28,+1) (28,"+1) 11/

x J1C(212,005L0)C (%1 "2,"00;LOIW(LE, Lyj5 e, L)

-1/2

X W(kq'§'LLysLy0,") [4m(2L+1)] Y, o(89) . (I-18)

Using the symmetry relation of W in Eqs. (I-6a) through
(I-6e), and the definition of Z coefficient in Eq. (I-7),
Eq. (I-18) is expressed as

Byth,+ -]
K= (-1) (2Ly+1) (2L,+1)

1/2

s

[(221+1)(221'+1)(222+1)(222'+1)]

~

. : L ¥
J1C(212,005L0)C(8,"%,"'00;L0) (-1) “W(R L 8,L,55L)

-1/2

X W(ll'lez'Lz;j'L)[4ﬂ(2L+1)] YL0(6¢)

Rttt -] By Rqthy'-Ry'-2L

X Z(%qLrfolnsFL)Z (% 'Ley'Lo3 L) [4m(2Le1)] 22
1~1%2%2°] 1 “1%2 ~20d

x Yy (80) . (I-19)

When Eq. (I-19) is substituted in Eq. (I-11) and integrated
over (6¢), one would obtain the expression for the total exci-
tation cross sectien

Q(n'j' nj) = [deI(n'j'+nj|e¢) . (1-20)
The angular dependence of Y;,(6¢) appears only in the ex-

pression of K; therefore, for the purpose of obtaining the
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total cross sections, the integration over (6¢) is performed
for K function. The spherical harmonics forming an ortho-

normal set, the integration simply leads to
. N = . 1S3t
R(Lq218q"3L0858,"333") = [AQK(Ly810," 51,850, 555" |66)

L. +L,+5" -] £o-R 42, "-2,"-2L
6L0('1) 172 (1) 2 7171 72

X Z(8qLq20,L,33002(Rg 'Ly2y ' Ly3510) (1-21)

By means of Eq. (I-8), Eq. (I-20) is further reduced as

8 . (I-22)
2'%,' L, L

K = (2L+1)8
172

62 S

LO 122

Finally substitution of Eqs. (I-22) and (I-12) in Eq. (I-20)

gives the well-known formula

s 20 .. -1 L+j L+j!
Q(n'j'+nj) = (w/k'%)(2j'+1) ZL(2L+1) )
2=|L-j| &'=]L-j"|
. . 2
S Iénn'djj'agg' - S(njelM;n'j'e'M)|” , (I-23)

where the subscripts are now dropped, the two sets of summing

indices having been reduced as seen in Eq. (I-22).
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COMPUTATION OF POTENTIAL USING
CORRELATED WAVE FUNCTIONS

The problem to be dealt with is the evaluation of
the integrals of type,
I IS -1 A
Vuu!(rl) = 4fxu(r1’r2:r3:r23)r12 Xu'(rl’rZ’TS’IZS)
S T
X drldrzdr3 . (I1-1)
With the Weiss functions yx's have the form
X, = chczj M-m m;LM)Y, M_m(l)[R(rz,r3,r23)ij(3)Y00(2)

+ R(rS’rZ’rZS)ij(Z)YOO(S)] . (I1-2)

Thus,

1

vuu.(rl) = 4 ,C(2j M-m m;LM)C(2'j"' M-m’ m';LM)rlé

mm'
* * *

* *
X Yj'm'(s)YOO(Z) + RB(rZ’rS’r23)Y2 M-m(l)ij(S)

”

*
YOO(Z)YQ' M-m'(l)Yj'm'(z)YOO(s)

+

& * *
Re(r2:T5:T53) Yy Mo (DY (20 Y0 ()Y g0y (D)

»

% *
Yo (33¥go(2) + Ry(ry,15,T55) Yy y (1Y, (2)

»

% P T S
Yoo (3) Y1y (Y5000 (2)Y0 () 1dr dF pdf

(II-3)
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where Ry s RB, RC, and Ry are the appropriate products of R's
which are shown in Eq. (II-2). Since the functions RA’ RB’
RC, and Rp contain cos6, - dependence through Ty3s it is
advantageous to change either set of the integration coordi-
nates (82¢2) and (63¢3) to (623¢23) and hence, to (r23¢23).
Accompanied by this rotation of coordinate system, it is

necessary to transform the spherical harmonics accordingly.

Rose17 gives the relation,
=y pJ ]
Yimr (853055) = 1nDane (8,8,00Y,,(8205) (I1-4)
where D%m' is the matrix representation of the rotations of

azimuthal angle ¢, followed by polar angle 6,. From Eq. (11-4)

it 1s easy to arrive at
- j* -
Yin(8303) = LoDpns (958,007, (855055) (1I-5)
In particular, the following formulas17 are useful, deriving

the expressions of V, viz.,

1/2

pJo(480) = [an/(23+1) 1 Py, (00 (11-6)
and j1+j2 o
Y, (80)Y L (80) = ] [(251+1)(25,#1)/4m(23+1)1Y
1M 12™2 J=131-3,

X C(jljzmlmz;J m1+m2)C(j1j200;J0)YJ m1+m2(6¢)
(11-7)

The expansion of Ty, is also well-known, i.e.,
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1R

-1
Ty, = Iy
£

(II-8)
where r_ and r_ are respectively the greater and the lesser
of ry and T,. Now Eq. (II-3) is re-written as

_ 2 2
Vuu'(rl) = 4Xifr1 dr 7, %dr,dr, (R (1,,T5,T,2) 15 (1,4)

i=A,B,C,D . (II-9)

The explicit form and evaluation of Ii's are now given, e.g.,

I

A zmm,C(zj M-m m;LM)C(&'j' M-m' m';LM)

*

Zng[4"/(2k+1)][r<k/r£k+l)]Ykg(l)Y;g(z)Yz M-m (1)

kel

~

* *
Yin (3000 ()Y g0y (1Y5 000 (30 (2)d0, deyday

(II-10)
Applications of Eq. (II-7) followed by Eq. (II-5) gives

*

ijm(s)Y.

J,m,(S)sin63d63d¢3

1/2

L}

(-1)"[;[(23+1) (25" +1) /4n (2J+1) ]

»

C(jj' -m m';Jm'-m)C(jj'00;J0)

»

J* .
[, D0t om, (92820075, (8,56,5)51in6,:d0, 1dé, 5

-1 1(25+1) (23 +1) /4n (23+1) 11/ 2

=

C(jj' -mm';Jm"'-m)C(jj'00,;J0)

X ZnYJm,_m(62¢2)PJ(cosezs)sinezsde23 , (I1I-11)

/e T e D1y (01000, (058,
K
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where in the last step, Eq. (II-6) and the following relations
among the Legendre, the associated Legendre functions and the
spherical harmonics are used, viz.,

ng(e¢) = v2m exp(im¢)PLml(cose) ,

(I11-12)

1/2

Pg(cose) = [(28+1)/2] Pz(cose)

Substitution of Eq. (II-11) in Eq. (II-10) yields

[
It

Lyt (F1TC(23 M-m m3IM)C(2'5" M-m' m';LM)

~

Ll o) Hor Fe 8D pamp2g+1) (250 +1) 4 (200 10) 2

*
x C(jj' -m m‘;Jm'-m)C(jj'OO;JO)fYkg(Z)Y (2)da,

Jm'-m

* .
X fY2 M-m(l)Ykgcl)Yz' M_m,(l)dﬂlPJ(c05623)51n623d623 .
(I1-13)
In Eq. (II-13), sz-integration restricts
J =k,
(I1-14)
g =m'-m .

Re-naming k by A and performing the dQl-integration,

Ih = %Zx[r<x/rgl+1)](2k+l)'l
x [(25+1)(2§'+1) (22" +1)/ (22+1)]11/2
x me,(—l)mC(zj M-m m;LM)C(&'j' M-m' m';LM)

x C(jj' -m m';Lm'-m)C(3j'00;A0)C(AL" m'-m M-m';% M-m)
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X C(ML'OO;ILO)P)\(coselz)sinelzdel2

- %‘zx [r<k/r>(}\+1) 1£,(2j2'j";L)P, (cos8,,)sinb,d6, 5 ,
(II-15)
where the identification is made in the last step of

fx(zjz'j';L). By the similar procedure, the other integrals

are obtained with the results

—
it

B IAPj(COSSZS)/PA(COSSZS) ,

—1
I

c IAPj'(COSBZS)/PA(COSBZS) R (II-16)

b
I

D= IAPO(COSGZS)/PA(COSGZS)

To evaluate the integral in Eq. (II-9), use is made of the

relation,
2 _ 2 2 ]
Trg = T, *+ Tg 2r,r;C086, . (11-17)
Thus, |
- R
Vuu'(r) - ZZAfACQJR'J'yL)Vuuv(r) ’
where
A -A-1 . A+1+p (i
Vi (1) = Ynn'SnCnr Ly LT fgexp{-a(l)rz}r2 p(l)drz
A i -A+p (i T2 . i)+1
x t" [ expl-a(i)r,lr, p(l)drzl[fo eXp{-B(l)r3}r§(1) dr,
T,+T .
2 "3_t . - .
X frz_r3r23(1)+1QN(1,rzs)dr23 + frzexp{-s(l)rs}
: +T1 .
q(i)+1,. (T3"T2_ t(i)+l, ..
TS dr3fr3_r2r23 Qli,Ty3)drysl,

i=A,B,C,D , (II-18)
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where <, and c 1 are the weight coefficients in the wave

functions of the initial and the final states, and the QN(i,rzs)

is the associated Legendre function PN(COSSZS) expressed in

terms of T,z by Eq. (II-17), and

t(i) =t +t

nl b

and the other parameters are

a(A)
p(A)
a(B)

p(B)

a(C)
p(C)
a(D)

p(D)

n

The parameters

SN S

Pn+Pn| >

Cn * Xn'Cn

PL*an*3]

B(B) ,
a(B) ,
B(A) ,
q(A) ,

i = A,B,C,D ,

B(A) = chn + Xn.Cn'

q(A) = qp*ay,+j+j' , and N = & ;

1 ’

’

B(C)
q(C)
B (D)

q(D)

B(B) = xp&, *
q(B) = ap*i+p,.
= o(B) ,
= p(C) , and N
= a(A) ,
= p(A) , and N

n'

’

and N = j ;
(I1-19)

0

Cn’ Xn’ pn, qn, tn, etc. are listed in Table 1I.

In Eq. (II-18), the integrations over Tyo and r, are done

analytically.

Although the last integration (over rl) may also

be done analytically, due to an exceedingly large number of

resulting terms, no computing savings are foreseen; therefore,

the last integration has been done numerically.



APPENDIX III
SUCCESSIVE APPROXIMATION

The following approximation to the close-coupling
equation is helpful for understanding how an indirect coupling
affects the cross sections of a state which is weakly coupled

to the ground state. Using the notation

2
- _de 2 2 i
anz -7 L(2+1)/r° + knj , (I1I-1)

the approximations of the differential equations of Eq. (2.17)

are written

L155F155 () = U1y 155 (WIF1g5(r) (I11-2)
ZapgFrpg () = Uppy 1550 (Fpg50 (1) (I11-3)
ZapaFapg () = Uppg 1551 (W)Fpg50 (1)

* LpgnUnpg,npgn (M Fppgn (1) (111-4)

where the initial state being the ground state, its channel
index has been omitted in Fan. For a given total angular
momentum of the system L, the angular momenta J's of the
partial scattered waves may take

J =1L for j = S

J

|L-1], L+1 for j = P (I11-5)

J |L-2|, L, L+2 for j =D .
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Eq. (ITI-2) is first solved for FlSJ which is substituted in
the RHS of Eq. (III-3), and Eq. (III-3) is solved for each
FnPJ’ Then these values are substituted on the RHS of Eq.
(II1-4) to obtain FnDJ'S'

Although the utility of this approximation lies
mainly in qualitative understanding of the indirect coupling
effects, the validity of such a scheme is illustrated in
Table A, where the partial cross sections (L=3) obtained by

this method are compared with those by close-coupling [Calcu-

lation (13) of Table VI].

TABLE A
Q=3 BY SUCCESSIVE APPROXIMATION
IN UNITS OF 10'3a02
1ls 21p 31p 31p
Succ. Approx. 9.197 51.03 14.85  0.3327

Close-Coupling @) 10.066 42.80 13.93  0.3305

(a)Calculation (13) in Table VI.



APPENDIX IV

MULTICENTER INTEGRALS
IN THE BORN COLLISION AMPLITUDE

For convenience the following notations are used

in this Appendix:

<00] = s(a,A),
<p0| = <0p| = (p-A,)s(a,A),
<pQI = (p-Ap) CQ'Aq)S(a’A) ’
|00> = s(b,B),
[r0> = |0r> = (r-B.)s(b,B),

[rt> = (r-Br)(t-Bt)s(b,B),

AB)_ = - .

( )p (Ap Bp) etc.,

0 = exp(ik+T) = exp{i(Kxx+Kyy+Kzz)},
s = 1, if p=q,

Pq 0, if p#q,

where p,q,r,t = X,y,z.

<p0]0]00> = (2a) "'53- <00{000>
p

= [-b(AB),/ (a+b) + iK /2(a+b)] <00]0]00>.

<00]0]r0> = (2b) 13- <00|0[00>
T

160
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= [a(RB)/(a+b) + iK_/2(a+b) J<00]0]00>.

Auo_m_uov = ﬁNuv-Huml Awo_m_ocv
T
- ﬁm+cv-wﬂﬁawaﬁm+¢v\N - ab(RB) | (RB),. - K K./4)

+ (1/2)1-bK (RB)  + wxwﬁwwuayquo_m_oov.
Aoo_m_oov + uw: Auo_m_oov_
q

= taany -2 Y ]
= (a+b) :avnﬁwib\w b ;.w.uvﬁgo. xvmp\i

<pq|0]00> = thU-HM@wn

- ﬁwc\Nvﬁxwhmwup + xnﬁmwuwquoo_o_oov.

<00]0|rt> = (2b) 1[s_.<00]0]00> + <&~ <00(0]r0>]
t

= ﬁm+cv-wﬁﬁ@aﬂﬁm+cv\N + mNﬁwwvaﬁwwvﬁ - K.K./4}

+ (ia/2){K_(KB), + K, (KB)_}1<00]|0|00>.

<pq|0|r0> = (2p) "2 <pq|0] 00>
T

(a+b) (6,03 (AB) /2 - (b/2){6, (KE)

q * aﬁ. @.vav

(1/4) (a+b) "M {bK_ (K, (RB), + K, (RB) )- aK K, (AB) }

+

+

ab? (RB) | (RB)  (RB) ./ (a+b)]<000] 00>

+

i (a+b) L(8p0K, * 8, Ky * 84,K)/4

PqQT PTq P
(b/2) (a+b) " {bK (RE) | (RB), - a(RB) (K, (FE),

+

+ X (AB) )} - K K K ./8(a+b)]<00|0]00>.

<p0]o|rt> = (2a) 12~ <00/0|rt>
p



162

(a+b) 2 [(a/2) (6, (RB) + o, (AB).} - (b/2)6, (RE),

(1/4)(a+b)'1{-aKp(Kr(K‘§)t + K (RB),) + bKK, (AB) )
azb(Kﬁ)P(xﬁ)rcxﬁ)t/(a+b)]<oo|6|00>

(arb) P[(8, K, + 8 K, + 8 K )/4

(a/2) (a+b) " {b (KB) | (X, (KB), + K, (AB),)

aKp(KE)r(KE)t - KPKth/8(a+b)]<00|O|00>.

A "'1’, Pa) a A
<pqlO|rt> = (2b) (6 . <pq|O]00> + 7B, <pq|0|r0>]

(a+b) "2 [ (6 )/4

pa’rt * Spriqt * Sptlqr
(1/2) (a+b) Ha’s, (AB) (RB), + b%s ., (RE) (AB),
ab (s, (KB) , (RB), + 8, (KE)  (RB), + 8. (RE)_ (AB),

- -1
Sqt (BB, (BB) )} - (1/8) (a+b)""{8, K K,

Gerth + GpthKr + quKpKt + (SthpKr + srthKq}

(1/4)(a+b)'2{a2Kqu(K§)r(K§)t + bZKth(Kﬁ)p(Kﬁ)q

ab(KpKr(K-E')q(AB)t + KpKt(

RB) , (KB, + K K, (RE) (KB),
KK (FB) (RB) )} + a’b” (KB) (KB, (RB) . (RB) / (a+D)°
KquKth/16(a+b)2]<00|6|00>

i (a+h) 2[(1/4) (a+b) (6 a (K (AB), + K (AB),)
bGrt(KP(Kﬁ)q + Kq(KF)p) + Gpr(aKq(KF)t

bKt(KF)q) + Gpt(aKq(KF)r - er(KF)q) + 6qr(aKp(KF)t



+

+
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bK, (AB) ) + 8o (@K, (AB) . - bK (AB) )

(ab/2) (a+b) "2 (b (RB)  (RE) (X, (RB)  + K, (AB))
a (RB) . (AB) . (K, (RB) , + K (AB) )}
(1/8)(a+b)‘2{erKt(Kp(K§)q + K (KB )

ak X, (K, (KB), + K, (KB)_)}1<00]0]00>.



APPENDIX V

RESULTS OF GTO SCF CALCULATION OF N2

AND RESULTS OF CURVE FITS

GTO Wave Function

The molecular orbital theory and the formulation of
the self-consistent field (SCF) equations are well described

in the literature;gl’36

therefore, these will not be repeated
here. The present GTO SCF calculation has been performed
with the fixed internuclear distance of 2.0675 a correspond-
ing to the equilibrium bond length of the N2 molecule. Al-
though the computation was performed explicitly for the ground
configuration (1og)2(1ou)2(20g)2(20u)2(30g)2(1nu)4X12;, certain
valence excited molecular orbitals may be obtained to a good
approximation.gl’72
The total wave function of N2 is expressed as the
anti-symmetrized product of one-electron molecular spin-

orbitals. The spatial part of each constituent molecular

spin-orbitals are in turn expressed as

®xn T Ln%miXai vV-1)
where A designates the symmetry of the molecular orbital

(og, 0, “g’ nu), and ¥ and c are respectively the symmetry

164
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basis functions of expansion and its weight coefficients.

The basis function x's are constructed as

X}\i = Nm[ui(ﬂ,l?A) + M(K,ﬂ,)ui(RI?B)] ’ (V-2)

where u's are the Gaussian functions of type z(ls,pr,Zpy,sz)

centered at points A and B as indicated by ?A and ?B; Nm is

to normalize Xyi and M(A,2) is 1 or -1. With the coordinate

system as shown in Fig. 3 of Chapter VII,
M=+1 for A=og, 2=1s; for A=0u, 2=2pz;
for AST s 2=2px,2py; and

(V-3)
N

=
L}
'

—

for k=0u, ¢=1s; for A=0g, 2=2pz;

f =t _, 2=2p_,2 .
or A ng 2 Py py

For numerical reasons,65’36

each u is expressed as a weighted
combination of several single Gaussians, i.e., for a given

symmetry ,
JV
u; (&]F) = 7 wivi(2]F) (V-4)
1 .=J J J
J
where w's are the weight coefficients, and

V(2=1s|?) = exp{-a(x2+y2+22)} ’
(V-5)

2

v(z=2pz|?) = zexp{~a(x2+y +zz)} , etc.

The Gaussian exponents o and weight coefficients are listed in

Table B. The original '"contracted" set of Gaussians is due to

Huzinaga and Sakai;65 the "contiractions'" have been relaxed,
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TABLE B

GAUSSTAN BASES

v, Exponents (a) Coefficients (w)

1s 1 .13383000(+5) .431550985(+1)
2 .17667800(+4) .797192370(+1)

3 .39633800(+3) .130898833(+2)

4 .11167000(+3) .199877984(+2)

5 .35971400 (+2) .252715196 (+1)

6 .12961000(+2) .211273502(+1)

7 .50561300(+1) .874282819(+0)

8 .19422900(+1) .762518033(-1)

9 .57643022(+1) .344240421(+0)

10 .94693704 (+0) .321038623(+0)

11 .48554083(+0) .252111769 (+0)

12 .24389741(+0) .198654923(+0)

13 .11196526 (+0) .296348196(-1)

sz 14 .58942500(+2) .274709690(+1)
2p, 15 .13450200(+2) .302032414(+1)
2p, 16 42517100 (+1) . 261956559 (+1)
17 15962300 (+1) .182463839(+1)

18 .64129900(+0) .408194187(+0)

19 .25757300(+0) .120232456(+0)

20 .10164000 (+0) .120120136(-1)
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however, as seen in Table B. The contractions of the Gaussian

are done as in Eq. (V-4) with indices

i J J'
1 1 4

2 5 8

3 9 11
4 12 13
5,9 14 15
6,10 16 17
7,11 18 19
8,12 20 20

Here, i=1 to 4 refer to 1ls type Gaussian, i=5 to 8 refer to

2p, type, and i=9 to 12 refer to 2px or 2p_ type. For a

Y
given u;, two different x's are formed depending on the in-
version symmetry ("g'" and '"u'"). The normalization constants
in Eq. (V-2) are listed in Table C. In Table D are listed

the expansion coefficients [c's in Eq. (V-1)].

Conversion of STO to GTO

The results of the curve-fit which converts the STO
atomic orbitals into GTO functions are given below. The un-

normalized GTO's are defined as

GTO(1ls) = exp('BrZ) ,

2 X

GTO(2p) = exp(-Br ){y
Z b

Xy (v-6)

- a2
GTO(Sdﬂ) exp(-8Br ){yz ,

GTO(SdO) = exp(—Brz)(3zz-r2)
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In Table E are tabulated the Gaussian exponents B's and the

expansion coefficients c's for all molecular orbitals used

in this work.

TABLE C

NORMALIZATION CONSTANTS

g u
1 0.707107 0.707107 7 0.695941 .911522
2 0.707038 0.707176 8 6.523571 .992016
3 0.624478 0.834574 9 7.934248 .934248
4 0.551858 1.181441 10 0.744365 .729126
5 7.934248 7.934248 11 1.032148 .655182
6 0.693530 0.788906 12 10.897734 .584532
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TABLE D

GTO SCF MOLECULAR ORBITALS

C1 1qg 2qg 30g

1 .978498383(-1)(a) .214437186(-1) .686887102(-2)
2 .950647523(+0) .251188750(+0) .861705348(-1)
3 .154416285(-2) .654236173(+0) .162913762(+0)
4 .151663781(-3) .222730212(+0) .580489097(+0)
5 .115102441(-2) .144156507 (-1) .305469586(-1)
6 .345039951(-2) .209365570(+0) .378369190(+0)
7 .740935408(-3) .252936147 (+0) .630129435(+0)
8 -.253703507 (-3) .470082854(-1) -.338389016(-2)
C. 1o 20

1 u u

1 .979072096(-1) -.198434132(-1)

2 .951067918(+0) -.233506779(+0)

3 -.221890391(-3) .487303521(+0)

4 -.130080084(-2) .361075736(+0)

5 -.113099927(-2) .144393616(-1)

6 -.230631984 (-2) .146035329 (+0)

7 .228878834(-2) .179110121(+0)

8 -.119101536(-4) .249503492(-1)

(b)

Ci 1wg 1ﬂu

9 .295829696(-1) .295529290(-1)

10 . 314175792 (+0) .313856756 (+0)

11 .746008411(+0) .745250862(+0)

12 .638981202(-1) .638332337(-1)

of 10.

(b)Unoccupied orbital.

(a)Numbers inside the parentheses indicate the power



TABLE

E

CURVE-FIT RESULTS

Nesbet 30
1s 2p 3d
B8 C B c R c
.80431(-1) .3670(-2) .9647(-1) -.2442(-2) .1194 (+0) .4151(-4)
.1634(+0) .3851(;1) .1989(+0) -.3971(-1) .2204 (+0) .1103(-2)
.3528 (+0) .9269(-1) .4467(+0) -.1694 (+0) .4223(+0) .6737(-2)
.7572(+0) .7896(-1) .1155(+1) -.4966(+0) .8869(+0) 1734 (-1)
.5319(+1) .1548 (+0) .3125(+1) -.9769(+0) .2150(+1) .2521(-1)
1701 (+2) .2395(+0) .9779(+1) -.1120(+1) .6514 (+1) .2506(-1)
.6158 (+2) .2311(+0) .4292(+2) -.9268(+0) .3008(+2) .1971(-1)

041



TABLE E-Continued

Nesbet 20,

1s 2p 3d
B c B c B c
.7953(-1) .3186 (-2) .9658(-1) .1209(-2) .1194 (+0) .5672(-5)
.1625(+0) .3960(-1) .1991(+0) .1958(-1) .2204(+0) .1507(-3)
.3529(+0) .1563(+0) .4467(+0) .8260(-1) .4222(+0) .9205(-3)
.7911 (+0) .2112(+0) L1154 (+1) L2344 (+0) .8869(+0) .2369(-2)
.5497 (+1) L4037 (+0) .3132(+1) .4516 (+0) .2150(+1) .3445(-2)
.1579(+2) .6685(+0) .9824 (+1) .5124(+0) L6514 (+1) .3425(-2)
.5687 (+2) .6816 (+0) L4309 (+2) L4221 (+0) .3008 (+2) .2694(-2)

TLT
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TABLE E-Continued

Nesbet 1w
8
2p 3d
B c B c

.9220(-1) .3174(-2) .1828(+0) .1228(-3)
.1846 (+0) .5444 (-1) . 3346 (+0) .3587(-2)
.3939(+0) .2330(+0) .6343(+0) .2345(-1)
.9652(+0) .5331(+0) L1312 (+1) .6352(-1)
.2666(+1) .8981(+0) .3111(+1) .9608(-1)
.8636(+1) .9958 (+0) .9092(+1) .9845(-1)
.3978(+2) .8018(+0) .3921(+2) .8015(-1)

Nesbet 1w

2p 3d
B o B c

.9598(-1) .2416(-2) .1836(+0) .2336(-3)
.1971(+0) .3949(-1) .3365(+0) .6758(-2)
L4393 (+0) .1668 (+0) .6390(+0) L4377(-1)
.1129(+1) .4617 (+0) L1324 (+1) .1176 (+0)
.3074(+1) .8846(+0) .3145(+1) .1768 (+0)
.9674 (+1) .1006(+1) .9199(+1) .1802(+0)
L4268 (+2) .8284(+0) .3961(+2) .1463(+0)




TABLE E-Continued

Richardson 30g

1s 2p
g c B c
.7768(-1) .3701(-2) .9427(-1) .1242(-2)
.1519 (+0) .3596 (-1) .2067(+0) .2285(-1)
.3076(+0) .7230(-1) 4794 (+0) .1708 (+0)
.6511(+0) .5801(-1) L1115(+1) .5436 (+0)
L4717 (+1) .1164(+0) .2880(+1) .8471(+0)
.1472(+2) .2385(+0) .9058(+1) .8313(+0)
.5572(+2) .2705(+0) .4093(+2) .6330(+0)
Richardson Z2¢
U
1s 2p
B c o) o
.7557(-1) .6912(-2) .9533(-1) .6914(-3)
.1470(+0) .7515(-1) .1939(+0) .6600(-2)
.3085(+0) .1936(+0) .5476(+0) .3975(-1)
.7216(+0) .2087 (+0) .1090(+1) .2016(+0)
.5473(+1) -.3666(+0) .2636(+1) .3878(+0)
L1606 (+2) -.6789(+0) .8140(+1) .4300(+0)
L5787 (+2) -.7707(+0) .3782(+2) .3395(+0)
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Richardson 1w _

5

Richardson lwu

2p 2p
B o 3 c
.8723(-1) .3287(-2) .9047(-1) .1842(-2)
.1771(+0) .5289(-1) .1899(+0) .3048(-1)
.3843(+0) .2341(+0) .4312(+0) .1691(+0)
.9198(+0) .5374(+0) .1028(+1) L4870 (+0)
.2478(+1) .7414 (+0) L2707 (+1) .7429 (+0)
.8130(+1) .6861(+0) .8658(+1) .7209(+0)
.3847(+2) .5004 (+0) .3986(+2) .5422(+0)

Ransil 1w

Sahni-De Lorenzo 1ng

2p Zp
B c B o
.1336(+0) .2142(-2) .1336(+0) .2863(-2)
.2567(+0) .4696(-1) .2567(+0) .6276(-1)
.5154(+0) .2368(+0) .5154(+0) .3165(+0)
.1142(+1) .5092(+0) .1142(+1) .6805(+0)
.2923(+1) .6335(+0) .2923(+1) .8467(+0)
.9206(+1) .5553(+0) .9206(+1) .7422(+0)
.4146(+1) .4041(+0) .4146(+2) .5400(+0)
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.5648(+2)

il 3
Ransil og
1s 2p
B c B c
.9541(-1) .5313(-3) .1400(+0) .4398(-3)
.1720(+0) .1573(-1) .2585(+0) .2111(-1)
.3281(+0) .7885(-1) .5025(+0) .1860(+0)
.7036 (+0) .1015(+0) .1088(+1) .5828(+0)
.5308(+1) .1439 (+0) L2756 (+1) .9026(+0)
.1575(+2) .2630(+0) .8698(+1) .8774(+0)
.5731(+2) .2980(+0) .3990(+2) .6588(+0)
Ransil 2¢
1s 2p
B c B c
.9333(-1) .1023(-2) .1400(+0) .1705(-3)
.1688(+0) .3375(-1) .2585(+0) .8182(-2)
.3232(+0) .1789(+0) .5025(+0) .7212(-1)
.6970(+0) .2363(+0) .1088(+1) .2259(+0)
.5214(+1) -.3603(+0) .2756(+1) .3499 (+0)
.1534(+2) -.7121(+0) .8698(+1) . 3401 (+0)
.-,8267(+0) .3990(+2)

.2554(+0)




TABLE E-Continued

Lefebvre-Brion and Moser (SS)og

1s 2p 3d
B c B c 8 c
.1094(-1)  -.4895(-2) .8064(-2) .4563(-2) .8253(-2) .1675(-4)
.3623(-1) -.2783(-1) .3508(-1) .4253(-3) .1593(-1) .3185(-4)
.1905(+0) .2665(-1) .1584(+0) .2284(-3) .3652(-1) .1294(-3)
.2824(+0) .3069(-1) .4322(+0) .3834(-3) .8441(-1) .6476(-3)
.6018(+0) .9064(-1) .4182(+0) .4232(-1) .2056 (+0) L1127(-2)
.8573(+1) -.1964 (+0) .1283(+1) .1354(+0) .6181(+0) .1268(-2)
.4382(+2) -.2624(+0) .6416(+1) .1539(+0) .2937(+1) .1061(-2)

9LT



TABLE E-Continued

Lefebvre-Brion and Moser (3p)0u

1s 2p 3d
B c B c B c
.5159(-2) .8864(-1) .9493(-2) .3113(-2) .8240(-2) .1944(-4)
.2118(-1) .5285(-1) .1625(-1) .5300(-3) .1541(-1) .3385(-4)
.3853(-1) .5442(-1) .5655(-1) .4372(-2) .3630(-1) .3179(-4)
.2331(+0) .4171(-1) .6024(-1) .2809(-3) . 8494 (-1) .2697(-3)
.5873(+0) .8277(-1) .6130(+0) .1783(-1) .2106(+0) .4539(-3)
.8536(+1) .1690(+0) .2089(+1) .3114(-1) .6275(+0) .5016(-3)
.4368(+2) .2238(+0) .1090(+2) .3114(-1) .2953(+1) .4227(-3)

LLT



