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SECTION I

INTRODUCTION

1.1 Introductory Remarks

The continuing demand for increased structural efficiency in many
advanced aerospace vehicles has resulted in development of laminated
structures made of advanced fiber-reinforced composite materials, such as
boron-epoxy, graphite-epoxy and boron-aluminum (reference 1), One of the
most common structural elements for such vehicles is the rectangular plate
or panel, for which numerous stable static, buckling, and free-vibrational
analyses have been performed (refereince 2). These advanced vehicles must
maintain their structural integrity not only during high staticly applied
mechanical and thermal loadings, but also in a variety of dynamic environ-
ments. In order to predict the dynamic stresses to which a structure will
be subjected, it is necessary to perform a dynamic response analysis in-
cluding the effects of damping properties as well as the various stiffnesses.
An example of this type of requirement is found ih the Space Shuttle now
under NASA preliminary development (reference 3)

A composite material is defined as two or more materials joined to-

gether to form a nonhomogeneous material, which is used in constructing
structures. Although such a material is nonhomogeneous on a micro scale, it
behaves macroscopically as if it were a homogeneous, anisotropic material.

An anisotropic material is one which exhibits different properties when



tested at different directional orientations within the body. For example,

a single layer of composite material containing unidirectionally coriented

ably greafer stiffness and strength in the direction of the fibers than it
does in g direction transverse to the fibers (see figure 1). This aniso-
tropic aspect is one of several which makes structural analyses for composite-
material structures more compiirated (reference 4) than those for ordinary
isotropic materials, such as gluminum alloys or many unfilled plastics.

A single layer of unidirectional composite has certain orthogonal
axes of material symmetry and thus is said to be orthotropic, and behaves
in considerably simpler fashion than a general anisotropic material. 1If

the material is thin it is called plane orthotropic. However, for purposes of

obtaining a more efficient design, it is often advantageous to place dif-
ferent layers or plies at different orientations. For the case of a thin
plate, this means that we must consider it as a plane anisotropic material.
This treatment is intermediate between the complicated general anisotropic
case and the much simpler plane orthotropic case.

A leminate consists of two or more layers integrally joined together.

It is said to be laminated symmetrically if all of the layers above and be-

low the midplane of the laminate have the same dimensions, properties, and
brientation[(if the layers are orthotropic); see figure 2. A laminate is
said to be balanced if all of the layecvs oriented at +0 are balanced by an
equal number of identical layers zc¢ an orientation of -0; see figure 3.

If a laminate is not symmetrically laminated, coupling occurs between in-
plane (either normal or shear) stress on one hand and either bending or

twisting deformation on the other hand. 1In such a case as a laminate



consisting of a metallic substrate and a few layers of overlaying filamentary
composite material, considerable bending-stretching coupling can occur and
thus, it i8 necessary to consider not only the in-plane and bending stiff-
nesses but also the coupling stiffnesses which couple together the other

two effects (reference 4). Obviously, this is considerably more complicated
to analyze than a simple single layer.

Unfortunately, it appears that no one has yet succeeded in devising
a lamination scheme that is both symmetrical and balanced. However, in the
special, yet practical, case of multiple identical layers oriented alter-
nately at +8 and -8, as the number of layers is increased, the bending-
coupling effect diminishes (reference 5). For more than ten such layers,
the bending-stretching coupling may be neglected for most engineering pur-
poses and, thus, the laminate may be treated macroscopically as if it were
a single-layer plate,.

It has long been recognized that, due to fhe relatively low shear
stiffnesses of composite materials in planes normal to the laminating plane,
the thickness-shear® deformations must be incicded in the analysis, even
when the plate is relatively thin (references 6-8), in order to achieve
reasonably good predictions of laminate flexural behavior. Although
several existing laminated plate theories include thickness-shear flexibility,
all of them require an ad hoc assumption of the required shear correction

factor. In this report, two different, relatively simple procedures are

Sometimes referred to as 'transverse shear', especjally in the case
of beams. The terminology used here follows that established by Yu for sand-
wich plates (reference 9). Here the term, transverse, is reserved for the

in-plane direction which is normal to the lengitudinal direction.



presented to enable rational prediction of the appropriate composite shear
correction factor (K). The frequencies calculated using these values for
K in shear-£flexible laminated plate vibrational analysis give good agree-
ment with the exact three-dimensional elasticity solution, which is com-
putationally much more complicated.

The use of high-damping polymeric materials in the form of a thin
layer or tape has come into widespread use as a structural damper to reduce
the vibrational response of aircraft panels, especially in high-noise regions
such as in the vicinity of jet engines. When the polymeric material is

added on either one side or both sides, it is known as an unconstrained

damping layer; when the polymeric material is placed between two or more
layers, it is called a constrained damping layer (or layers). Appropriate
analyses and design procedures have been developed for including either type
of damping layer, assuming all layers (metal and polymer) are isotropic
(references 10-12)., However, so far as known, no detailed solutions have

been published on vibration of laminated composite-material plates which in-

cluded material dampiné. Such an analysis is presented in this report and
the results are compared with experimental data reported recently by Clary

(reference 13),

1.2 A Brief Survey of Selected Vibrational

Analyses of Laminated Plates

Apparently the first vibrational analysis was carried out by Pister
(reference 14) for a thin plate arbitrarily 1aminéted of isotropic layers.
In this case, the net effect of the bending-stretching coupling resulted in

a reduced flexural stiffness.



Stavsky (reference 15) formulated a coupled bending-stretching
dynamic theory for thin plates laminated of composite-material layers,
but he did not present any numerical results., Apparently the first pub-
lished results of the vibrational analysis of such plates is due to Ashton
and Waddoups (reference 16), who used the Rayleigh-Ritz method to analyze
rectangular plates. These results compared reasonably well with experi-
mental results for the completely free and cantilever cases. A similar
analytical and experimental study, but involving simply supported and free
boundary conditions, was carried out by Hikami (reference 17). Additional
analysis of the free-edge case was carried out by Ashton (reference 18).

For simply supported plates, Kkitney and Leissa (references 19,20)
presented closed-form solutions for the natural frequencies in the case
of cross-ply and angle-ply lamination schemes. As would be expected, their
results showed a strong effect of bending-stretching coupling in lowering
the natural frequencies.

The case of clamped boundary conditions is more complicated analyti-
cally, but more representative of practical aerospace structures. Rayleigh-
Ritz and experimental investigations of such structures were carried out
independently by Ashton and Anderson (reference 21) and by Bert and May-
berry (reference 22),.

The first more accurate vibrational analysis of laminated plates in-
cluding thickness-shear flexibility was made by Ambartsumyan; see reference
23, He assumed an arbitrary distribution of thickness~shear stresses through
the thickness. However, in carrying out his actual calculations, Ambart-
sumyan assumed a simple parabolic distribution. It can be shown by a

simple mechanics-of-materials analysis (Jouraswski shear theory; see Section
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I111) that the thickness-shear stress distribution must be discontinuous
from layer to layer; thus, the simple parabolic distribution does not hold.
Ambartsumyan did not give any numerical results for vibration of laminated
plates; however, Whitney (reference 24) did so, using Ambartsumyan's basic
theory.

Using another approach, Yang et al (reference 25) entended the Mindiin
homogeneous, isotropic, dynamic plate analysis (reference 26) to the laminated
anisotropic case., They assumed a thickness-shear angle which is independent
of the thickness coordinate (2) and then integrated the stress equations of
motion to obtain the governing partial differential equations. After
integration, they introduced a thickness-shear coefficient in an ad hoc
fashion to correlate the predicted frequencies with known results,

Also Yang et al introduced the coupling inertial effect (present
only in the case of plates laminated unsymmetrically with respect to mass
distribution), as well as the familiar translational and rotatory inertia
effects present in homogeneous (or mass-symmetrically laminated) plates.

The inclusion of these higher-order inertial effects is consistent with the
inclusion of thickness-shear flexibility.

The analysis presented in this report is an improvement over both
the Ambartsumyan and Yang et al analyses, in that it presents simple rational
means for calculating the shear coefficient, rather than assuming it a priori.

An alternative to considering shear deformation per se is to make a
microlaminar analysis, such as considered by Biot (reference 27) and
Bolotin (reference 28). However, this approach has not been used very ex-
tensively so far.

Another approximate approach is to use the Voigt and Reuss models to
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determine the properties of an equivalent homogeneous, anisotropic, shear-
flexible plate. This method was originated independently by Postma (refer-
ence 29), White and Angona (reference 30), and Rytov (reference 31) to
investigate wave propagation in a continuum consisting of alternating layers
of stiff and flexible isotropic materials. This concept was applied re-
cently to plates with experimental verification for the special case of a
beam, by Achenbach and Zerbe (reference 32).

All of the analyses mentioned above are approximate formulations in
this sense: interlaminar compatibility is impossible unless both of the
in-plane Poisson's ratios are identical in all of the layers. The reason
for this is that, in a plate, one can have discontinuities in the strain
component in a given direction in the plane, due to the Poisson contraction
caused by a stress resultant or a stress couple acting in the perpendicular
direction in the plane. This deficiency can be removed by using the ap-
proach introduced recently by Hsu and Wang (reference 33) and Wang (refer-
ence 34) for laminated shells. Another technique is to apply the nonhomo-
geneous three-dimensional elasticity approach, such as used recently by
Srinivas et al (reference 35-37) for a special case of simply supported
edges. Still another method is to use finite elements in the thickness
direction, as introduced recently by Tso et al (reference 38). Unfortunately,
all of the more accurate analyses mentioned in this paragraph are quite
complicated computationally and thus are not amendable to engineering
analyses of practical structural elements. Furthermore, the work of refer-
ence 37 showed that for structurally reasonable values of the following
modal parameter, the Mindlin-type theory (such as extended here) is
sufficiently accurate for determination of natural frequencies, but not for

determination of the associated stress distribution.
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There are numerous analyses in the literature on vibration of damped
plates with isotropic layers; also there are a few vibrational analyses
of single-layer, anisotropic plates and a few quasi-static (creep) analyses
of laminated, anisotropic plates. However, vibrational analyses of laminated,
anisotropic plates are quite limited. Dong (reference 39) indicated the
solution for the dynamic response of a simply-supported rectangular plate
arbitrarily laminated of orthotropic, visoelastic plies modeled as a

standard linear solid.



SECTION II

FORMULATION OF THE THEORY OF LAMINATED, SHEAR~FLEXIBLE PLATES

In this section is presented a theoretical analysis of sinusoidally
forced vibration of laminated, anisotropic plates including bending-
stretching coupling, thickness-shear, all three types of inertia effects,
and material damping. First the assumptions, on which the analysis is
based, are stated explicitly. The general analysis is applicable to plates
with any combination of natural boundary conditions at their edges. The
analysis begins with the anisotropic stress-strain relations for a single
layer and proceeds through the stiffness and damping constitutive relations,
formulation of the various types of energy and work terms, and culminates

in the formulation of an eigenvalue problem by application of the extended

Rayleigh-Ritz method.

2.1 Hypotheses

The following assumptions are made in the analysis presented here:

H1. All displacements are assumed to be sufficiently small so that
the linear strain-displacement relations are sufficiently accurate.

H2. The layers which make up the plate are linearly elastic and
may be isotropic or orthotropic with any arbitrary orientation in the

plane of the plate,

H3. The layers are sufficiently thin that thickness-normal-stress
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effects may be neglected, i.e. the layers are assumed to have finite
stiffnesses which resist membrane, bending, and thickness shearing
stresses.

H4. The layers are assumed to be bonded together perfectly,

H5. The plate is assumed to have all components of translational,
translational-rotatory coupling, and rotatory inertia.

H6., All material damping effects are assumed to be small. They
are incorporated by using stiffnesses which are complex rather than real
(App. B,ref. 40); the complex-stiffness array is assumed to be symmetric
(App. I,ref. 40). All other thermal effects are neglected.

H7. All initial-stress effects are neglected.

H8. All interactions with a surrounding fluid can be either
neglected or considered to be included in the values used for the material-
damping coefficients.

H9. The excitation consists of a uniformly distributed normal

pressure loading, sinusoidal with respect to time,

2.2 Kinematics
The displacement field is assumed to be (hypothesis H3):
u (x,y,2,8) =u_ (x,y,t) + 2y (x,y,t)

v (x,y,z,t) = vy (x,y,8) + zwy(x,y,t) (1)

w (x,y,z,t) = v (x,y,t)

where u,v,w are the displacement components in the x,y,z directions (see

figure 4); uV,W are the displacement components at the middle surface
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of the multi-layer plate; wx and wy are the weighted middle-surface rotations
in the respective xz and yz planes; znd t is time.
Within the framework of hypothesis Hl, the total eugineering strains

are given by the following in-plane strain-displacement relations:

o (no sum)
= = 2
€55 = €3 + ZHy 5 (13 = xx,yy,xy) 2)
where
o o o
= . = . = +
XX uo,x ’ €yy Vo,y v Sy vo,x uo,y 3
® = % = : = + 4
XX wx,x ! vy wy,y Xy Wy’x ¢X’Y )

Also the following thickness-shear strain-displacement relations

hold:
e._=w_ +U 3 e._=w +4 (5)

where a subscript comma denotes partial differentiation with respect to
the variable following the comma, i.e. Uy« Buo/ax.
3

2.3 Stiffness Constitutive Relations

In line with hypothesis H2, the following stress-strain relations
are assumed to hold for each individual layer of which the plate is com-

prised:
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4 cgz) L = | o 0 QZZ) Qég) 0 { e;:) > (6)
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o ) L% % o ° % | e
where oii), cis) are the in-plane normal stresses; oiz), oii) are the

thickness-shear stresses; oik) is the in-plane shear stress; the Q

ij

are the reduced stiffness coefficients which are applicable to a thin
layer (see Appendix A); superscript (k) denotes a typical iayer k, where
k=1,2,3,..,n ; and n is the total number of layers of which the plate
is comprised.

It is noted that it is more consistent mathematically to write

the stress-strain relations in either matrix form as

{ ng)} = [Qfﬁ)] {egk)} (i,3=1,2,4,5,6) (7

or in tensor notation as

(ky_ (K (k)
cij Qijk{, ek{, (i,3=x,y,2) (8)
However, here a mixed notation is used for engineering convenience:
double lettered subscripts (xx,yy,yz,xz,xy) following classical
elasticity theory notation for stresses and strains, and double numbered
subscripts (i,j=1,2,4,5,6) to reduce the number of subscripts used on

the stiffness coefficients.
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As is conventional in plate and shell theory, it is convenient to
introduce generalized forces which are applicable to the whole laminate,

rather than only a specific distance from the plate middle surface.

(k)
ij

ing them through the thickness yields the following generalized forces,

The stress components, 0,.”, are functions of x,y,z; therefore, integrat-

which are functions of x,y only:

h/2

J

(k) (k) (k) (k) (k)
ZJ. ,o O ,o }d €))

L}

{68 609 50 09 6

-h/2 © XX Yyy ’Uxy 952 ’oyz oz

{Nxx yy xy x’Q }

xy’ %xz
k=l k-1
{u m m)- J‘“’Z{ao ® W},
xx’ yy’ xy -h/2" X% y z dz
= i f (m,(w,é;}zdz (10)

where h = total plate thickness, the quantity (zk-zk_l) is the thickness

of an individual layer (see figure 5), N j = membrane stress resultants

i
(force per unit length), Qi = thickness-shear stress resultants (force
per unit length), and Mij are the stress couples (moment per unit le:gth).

Inserting the stress-strain relations, given by equations (6) in-

to equations (9) and (10), one obtains the following constitutive re-

lations for the composite:
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|
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' 5. B, 5 Lo b p.to o ||w.
Mex 11 B2 16 : 11 P12 Pie XX
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yy Bia By By : Dia Dyp Dy 0 O Loy
|
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where the respective stretching, bending-stretching coupling, and

bending stiffnesses of the plate are defined as follows:

/2
(k) {l,z,zz} dz  (1,3=1,2,6) (12)

{Aij’Bij’Dij} = _h/Zij

and the thickness-shear stiffnesses of the plate are as follows:

h/2

F.. =K Q(k)

i3 11 -h/zij dz (1,3=4,5) (13)

where Kij 2 composite shear coefficient, introduced to account for the
thickness-shear strain variation through the thickness. Section III

presents several approximate analyses to predict Ki analytically.

3

The Aij’ Bij’ and Dij submatrices appearing in equation (11) are
present in the classical Kirchhoff-type theory of laminated plates (see
refs, 4,5,15-22). 1In the case of an orthotropic plate all of the terms

with subscripts 16 and 26, called the cross-elasticity or shear-coupling

terms, vanish., Furthermore, when the layers are all isotropic materials,
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only two of each set of the terms with subscripts 11,12,22, and 66 are

independent.

If the plate is either homogeneous (i.e. single layer) or laminated
symmetrically about the plate middle surface, the bending-stretching cou-
pling stiffness submatrix Bij vanishes, Then the only remaining terms are
the Aij and Dij submatrices, which are present in classical, homogeneous
thin-plate theory.

The thickness-shear stiffness coefficients Fij account for the pre-
sence of thickness-shear strains, in a manner which can be considered to
be a generalization of that used by Mindlin (ref. 26) for homogeneous,
isotropic plates. To reduce the present theory to the classical Kirchhoff-
type plate theory, the thickness-shear strains would be omitted; thus,

from equations (5), one would obtain:
;= - W 7y U= -y 14
¥ y _ (14)

Furthermore, one would delete the thickness-shear strains, €xz and eyz’
from equations (11) and the thickness-shear stress resultants, Qx and Qy’

would be computed from equilibrium considerations only,

2.4 Strain Energy

The differential of the strain-energy density (strain energy per

unit volume) 1is giveun by:

®_ (k) . (k) k) , (k) (k) , (k)
de oxx dexx + Uyy deyy + Oxy dexy
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450 4o (R o() (k) (15)

X2z Sxz ye yz

Integration of equation '(15) yields:

(k) (k) (k) (k) (k) (k) (k)
u, =(1/2) [oxx € T Ooy € yy + Oy Cxy

€

(k) (k) k) (k)
oyz €v2 * O gz ] (16)

The strain energy per unit of plate area (UA) is the integral of

Usaover the total thickness of tha plate:

h/2 n 2
(k) (k)
Uy = Ut "dz= ] dz (17
A j-h/z v 2 I v

Substituting equations (16), (6), and (2) into equation (17), per-
forming the integration, and using equations (12) and (13), one obtains

the following expression for the strain energy per unit area:

(o]

0 O O
12 Sxx €5y *Agplepy

) + 24 16 Sxx xy

U, = (1/2) [A ) + 2A

11(6

) + 2B eou

o o
2 11 "xx xx

A26 €yy exy 66 (e

+2B(e +6¢2 x Y428 ° u
xxyy * Cyy M 22 Syy "yy

o o (o] o
+ +
2 B16(exx ny exy Kxx) + 2326( eyy nxy + exy xyy)

o) 2 +2 2

+ 2
B66 exy xxy t Dll *xx D12 Kxxnyy + D22 nyy

2 2
+
2 D16 Kxx xxy +2 D26 uyy xxy + D66 uyy + F44 eyz

2
+2 F45 eyz €xz + F55 €2 ] (18)
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2.5 Damping Coefficients and Dissipative Energy

For a material with Kimball-Lovell structural damping (Appen. B, ref.
40), the stress-strain rate relation for sinusoidal motion at a circulaer

frequency w can be expressed as follows:

G = (b/uw) & (19)

where b is a material constant and ¢ is the strain rate.

The strain is given by

¢ = |¢] It (20)

where 1 = /-1,

Thus,
¢ = iwe (21)
Substituting equation (21) into equation (19), one obtains:
8= Qe | (22)

where

Q = ib (23)

Generalizing equation (23) to the entire array of stresses and

strains in layer "k", in contracted notation analogous to equation (7), we

)

obtain the following expression, where Qij is symmetric (hypothesis H6):

{60} - [di‘j‘)] { egk)} (24)



18

Equation (24) is the same as equation (7), except that here the
presence of the hat symbols (") denotes damping quantities rather
than elastic quantities.

The energy dissipated per unit of plate area, due to damping,
is denoted by the symbol D The expression for it in terms of the

midplane strains (e ) and the curvatures (n ) is the same as

i) i)

equation (18), except for the presence of the hat symbols over ail

of the Aij’ Bij’ Dij’ and Fij quantities, where
N (A) c (B) : (D)
Ay =l8g5Ayy » By =gy Biy s Dy =g Dy,
. ®, @
Fig = 1815 Fij

where ggj) are loss tangents (see Appendix B, ref. 40)

2.6 Kinetic Energy

The differential kinetic energy of an elemental volume (dx by dy

by dz) is given by:

™2y @+ + o) ax dy dz
where p(k) is the density at the point (x,y,z) and G,v,% are the velocity

components in the x,y,z directions respectively.
Now the kinetic energy per unit of plate arca is obtained from the
differential quantity given above by dividing by dx dy and integrating

over the entire thickness of the plate, as follows:
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/2
T, = J'h @2yt + ¥ + o) dz (26)
-h/2
Substituting the kinematic relations, equations (1), into equation
(26) and performing the integration, assuming that the density is uni-
form through the thickness of each individual layer, one arrives at the

following expression:

2 . 2 - , ) I
+ wo) + m, (qux + v, vy)

= (m°/2)(bi +3

TA
+ @y/2) (i + ¥ @)

where m Ty and m, are respectively the mass per unit of plate area,
first moment of mass per unit area (coupling inertia), and second

moment of mass per unit area (mass moment of inertia), defined as

follows:
LI 2
{mo,ml,mz} = J o {l,z,z} dz (28)
k=1 k-1

Only the coefficient m _ appears in classical Kirchhoff theory for
the dynamics of thin, homogeneous plates. The Mindlin dynamic plate
theory of homogeneous plates (ref. 26) contains both m and @y, while the

dynamic theory originated by Yang et al (ref. 25) for laminated plates

contains m , m and m,,
S Mor Mo 2

2.7 Work Done by External Forces
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The only external force considered here is a uniformly distributed
normal pressure which has a sinusoidal wave form in time. Thus, it can
be written in complex variable notation as follows:
fwt

q(x,y,t) =q e (29)

where q = amplitude of the normal pressure.
The following expression for the total work done may be derived

easily from the principle of virtual work:

b |
W =r J q (x,y,t) w_ (x,y) dx dy (30)
o] (o]

2.8 Application of the Extended Rayleigh-Ritz Method

Since the present problem is one of steady-state harmonic ex-
citation denoted in complex-variable exponential forms, the displacements

and rotations are proportional to eiwt

also. It is noted that the phase
angle between the response and the excitation is taken care of by the
imaginary components of these quantities, Thus, the time dependence
cancels out in all of the energy terms which appear in Lagrange's equation.
Therefore, it is necessary to consider only the amplitudes of the re-
spective energy and work terms. Then, as shown in detail in Appendix

B, the amplitude of the Legrangian energy difference can be expressed

as follows:

L= T+W) - T+D (31)
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~

where B;T,ﬁ;ﬁ are the amplitudes of the dissipative, kinetic, and strain
energies and of the work done by the external forces, respectively.

The strain and damping energy terms can be combined by introducing
complex stiffnessses, as discussedin Ap.B,ref.40. Making this sub-

stitution and integrating over the plate area, we obtain the following:

~ o~ - ~2 - ~ ~ - ~2
WD = % J; Jo {All Y%,x + 2A12uo,xvo,y + A22vo,y + 2(Al6u y)(v

A G 4 D P+E T T +28.E ¥ W Y B T

66" 0,x o,y 11 0,x"x,x 12 "0,x"y,y 0,y 'x%,X 22°0,y'Y,y
. 'v N .~ + e o ~
.'-2316{u y,x wx,y (vo X 0,y W ‘526L 0,y wy,x+wx,y)
- o~ ~ ~ - a2
* ( 0,X o,y)Wy y] * 2866(v9ux+uosy)(‘Ly’x-*:wxny) * Dll“yxsx

¥ =S - B
+2D12¢x xw§,y 22¢ + 2D16Vx x(W;,x+vx,y) +2D26¢y,y(vy,x+¢x,y)

~ ~ 2 - ~ ~ 2 - ~ ~
+D66(Wy’x+wx,y) + Faa(ghy+¢y) + 2F45(w,y+3;)(%%x+ﬂ;)
+p55(%#+1’5()’} dx dy (32)

where the superscript (~) denotes that the quantity is an amplitude, and

= (A, +A ), (B,

i s s
Byjr D 1513

13° "1ij ), (D +D ); i,j=1,2,6

i) 15 J iy i3

(33)
By = Fyg#Fyy 5 1,3=6,5

The sum of the amplitudes of the kinetic energy and the work done

by external forces can be expressed as follows:
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b
~ o~ 2 a J‘ 2 A2 A2 ~~ o~
TH = (w /2) fo o[mo (uo + v, + wo) + zml(UOW + v, y)
+m, (W + D] éx d +rjb”'€5 dx d (34)
m2 X y y 9 o y

o o

To apply the extended Rayleigh-Ritz method, the assumed functions
for the amplitudes of the displacements and rotations are given the

following general form:

=2
n

o z z Umnéum(a) § (B)

M N
vom ) ) Vg @ (®
m=1 n
%’o = i iwmnﬁm(a)fbm(s) (35)
m=] n=1
i, - ) zyymn BRCTIRG
m=] n=]
N M N
e ™ L 2 %antn® B ®
m~1 n=1

The modal coefficients Umn’vmn’wmn’yymn’yxmn are the undetermined
parameters, the §'s are assumed modal functions, @ = x/a, B = y/b.
Substituting equations {32), (34), and (35) into equation (31)

for the Lagrangian energy-difference amplitude (E), one obtains the

result presented in Appendix Cl.

Hamilton's principle can be stated mathematically as follows:
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ts
5f Ldt =0 (36)
t

To achieve as close of an approximation as possible to equation
(36) , the Lagrangian function L is minimized by setting its partial

derivatives with respect to the modal coeffizients respectively equal

to zero, i.e.

BL/bUkL =03 BL/BVkL =0 aL/aka =0, bL/BYka =0
. 37
BL/BYykL =0 ; k=1,2,..., M ; ¢t =1,2,,,., N

Bquations (37) represent a set of M x N nonhomogencous, linear algebraic

equations.
2.9 Reduction to Matrix Form

For computational convenience, it is desirable to express the set

of equations (37) in matrix form as follows:

1 e - 0 (e} - 13

where [S] = complex stiffness matrix, [M] = mass watrix, and {gmn} and
{f} are column matrices representing the gener:lized displacements and

gencralized forces, respectively, 1i.e.
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u ) (o)
v 0

{gm} ={w L {f} = 45 (39)
- 0
. Lo |

Equation (38) can be written in explicit complex form as follows:
1@ 15D (£®4 16D} - w®7 {£®4 1D} = (P} o)

where superscripts (R) and (I) denote the real and imaginary parts of
the complex quantities appearing in equation (38).
Equation (40) can be solved for the response matrix, partitioned

into real and imaginary parts, as follows:

\ -1
g(R) s(R) _ uFM<R): _s(D ¢ (R
R TN D S e (41)
(1) (m ' ® 2[R
Can S : T | 0

The modal coefficients are placed in the inverse matrix in equation
(41). For the specific numerical case treated M=N=2, i.e. m,n=1,2, Thus,
the complete matrix is of order 40 x 40 with cach submatrix bzing of
order 2 x 2. Thus, the problem has been reduced to a standard algebraic
cigenvalue problem which can be solved by an available computer suboutline
for the IBM 360 Series 50 digital computer, Complete computer program

documentation is presented in Appendix F.



SECTION III

DERIVATION OF THICKNESS-SHEAR FACTORS FOR LAMINATES

In this section are presented two entirely different approaches
for calculating the thickness-shear factors for a laminate. The first
approach is to extend the Jourawski static theory of shear-flexible
beams (reference 4l), as presented in elementary mechanics-of-materials
textbooks, to a laminated beam. The other approach is to extend, to
the laminate case, Mindlin's method (ref. 26) of matching the pure
thickness-shear-mode frequencies predicted by two-dimensional dynamic
elasticity and by Timoshenko one-dimensional, shear-flexible beam theory
(references 42, 43),

In the case of isotropic plates, there is only one independent
thickness-shear factor (K), since K45=0 and KSS-K44=K' The static
approach mentioned above yields a value of K = 0,833 (reference 44),
while Mindlin's dynamic approach results in a value of 0.822 for K.
Srinivas et al. (ref. 35) showed that use of either of these values for
R in Mindlin's plate theory results in a very close approximation to
the lower natural frequencies computed by exact, dynamic, three-dimensional
theory of elasticity for rather thick, homogeneous isotropic rectangular
plates simply supported on all edges.

In the case of orthotropic plates, there are two independent thick-

45=0 and KSS#KAA‘ In the case

of a plane anisotropic plate, such as one consisting of a unidirectional

ness~shear factors (K44 and KSS), since K

25
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composite material with its major material-symmetry axis oriented at an
acute angle (8) with its edges, there are three independent, non-zero

Kij' However, for this case, Appendix A presents transformations from

which the three Fij’ proportional to Kij ard defined in equation (13),

can be calculated from the following data: F[‘4 and F55 for the orthotropic

case (9=O°) and the value of 8 in the anisotropic case. Thus, the general

and K

problem of determining Ki K44 55

is reduced to one of calculating

3

for the orthotropic case.

To calculate K_. for an orthotropic laminate by either of the two

55
approaches mentioned above, one considers a beam oriented in the x
™ (K
direction and laminated of layers having properties E11 and C55 . To

(k) (k) (k)
Eyy's and Coo’= Cpp’

To provide a check for the results, the fundamental eigenvalues

k
calculate Kpgr X ¥ E§1)~

for free vibration calculated by laminated, shear-flexible plate theory
(Section II), using these values of Kij’ are compared with the exact

laminated elasticity theory values given by Srinivas et al. (ref. 35).
3.1 Static Approach

To calculate the horizontal shear force per unit width, AF, acting
on 8 cross section, figures 6 and 7 are used. For consistency plate notation
is used, even though the theory is only one dimensionzl.

The bending stress in typical layer "k", at a distance z from the

midplanc of the laminate, is calculated as follows:

RO ON

XX 11 "xx ? (42)

*For thin plates as treated in this dissertation, E{ik) - ngk), where
k (k) - v (& (k)
ng. ) = Ell / (1 \’12 Va1 )
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(k)

where Reg = longitudinal bending curvature and Ell

modulus of layer "k".
The longitudinal stress couple (bending moment per unit width) is

defined as follows:

n z
k
Mxx = 2] 0)((:)2 dz (43)

k=1 Z 1

The longitudinal curvature can be expressed in terms of MXx as

follows:

XX xx' 11 (44)

where D11 = longitudinal flexural rigidity.

From equations (42) and (44), the bending stresses acting on the

left (x=x1) and right (x = x1+ﬁX) sides of the elements are:

(k) = (w(K) .
0xx (xl)._ (Ell z/Dll) Mxx ’
(45)
°§:)(x1+A“) = (Eiﬁ)Z/Dll)(Mxx+AMxx)

Since both of these bending stress distributions act on identical

cross-sectional areas, the horizontal shear force per unit width, which

acts on the element, is given by:

AF = I [oii)(x1+Ax)-oi§)(xl)] dA (46)

A
o

where Ao = area shown in figure 8.

= longitudinal Young's
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Combining equations (45) and (46), one obtains:
AF = (aM,_ /D) ¥(2) )

where

Y(z) = I Eiﬁ)z da .
A

(o]

The force per unit width, AF, must equilibrate the horizontal

shear stress, ci:), acting on the bottom face of the element shown in

figure 7. Thus, we have:

aF = 0% ax (48)

Xz

Hooke's law in shear for layer "k" is

K _ ()
oxz C55 exz (49)
where ng) and eit) are the modulus and strain corresponding to longi-

tudinal thickness-sihear action in layer "k".
Substituting equation (49) into equation (48), one obtains the
following result:

AF = Cg?ei‘z‘)“ (50)

The following expression for the longitudinal shear strain at

a distance z is obtained by equating the right-hand sides of equation

(47) and (50):
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e (x,2) = (¥ /6 D] Q) (51)

where(%{is the thickness-shear stress resultant (force per unit width),

which is related to M (bystatic equilibrium as follows:

Q - AMxx/Ax (52)

The shear strain energy for a laminated, rectangular-cross-section

beam, shown in figure 9, is:
!sj el 4 (53)

The shear strain energy associated with an equivalent uniform,
longitudinal thickness-shear strain in a laminated, rectangular-cross=-
section beam of cross-sectional area A is:

0 = & 2 [ el an (56)
A 55
where K55 is the longitudinal thickness-shear factor and e;z is weighted

according to:

‘[ZJ o (k) az] 2f o) g7t (55)
%k-1 kel 2

Fquating the right-hand sides of equations (53) and (54) yields an
equation; then substituting equations (49) and (51) into that equation,

one arrives at the following explicit expression for the longitudinal
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thickness-shear factor
n Zk )
[ z I Y(z) dz]
k=1 zk_

K = 1 (56)

55 nooz 0 2 ;
5 e e $ 1 o o
k=1 k-l k=1 k-1

Equation (56) is a general expression for the static, longitudinal
thickness~shear factor for an arbitrarily laminated beam. It is a
relatively simple algebraic expression which depends upon only the

longitudinal Young's and thickness-shear moduli of the individual layers

(k) (k)
11 and C55

presented in later examples.

(E ) and the lamination geometry. Numerical results are

3.2 Dynamic Approach

Due to the inherent mathematical form of the equations of dynamic
elasticity theory for a multi-material (multi-layer) medium, it is not
feasible to present a general solution for the thickness-shear factor
obtained by using the dynamic approach. Even in the case of a specific
acc cf laminate, such as the three-layer, symmetrically laminated one,
it is not possible to obtain an explicit expression for the thickness-
shear factor. In fact, the complexity of the dynamic case, which in-
volves the dynamic elasticity-theory analysis of a shear-flexible
laminated beam, approaches that of the shear-flexible laminated plate and

thus negates much of the advantage of using the thickness-shear factor
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approach to laminated, shear-flexible plate dynamics. However, in order
to illustrate the dynamic approach and to provide a numerical comparison
with the static approach aud with the exact results of Srinivas et al
(ref. 35), an analysis for the symmetrical three-layer case is presented

in Appendix D.



SECTION IV
MODAL FUNCTIONS USED FOR VARIOUS

PLATE BOUNDARY CONDITIONS

In applying the extended Rayleigh~Ritz method, the approximate
modal shapes assumed must satisfy the kinematic boundary conditions.
However, to improve convergence, it is desirable to satisfy the force-
type boundary conditions also. For a rectangular plate, the three cases
of boundary conditions most commonly encountered in practice are discussed
in Sections 4,1-4.,3,

It should be noted tha Cm’ Cn’ Zm’ Zn are characteristic parameters
tabulated in reference 45. Also, five boundary conditions per edge need

to be prescribed rather than four as in classical theory.

4.1 Simply Supported on All Edges

The boundary conditions considered here are simply-supported edges

in the sense that

N =M =YV =% =7 =0 at x

0,a (=0,1)

(57)

= =~=~=A‘J= = =
Nyy Myy uo=woo= 0 at y = 0,b (g=0,1)

As was pointed out by Wang (reference 46), it is impossible for a
scparable-form deflection function to satisfy the above boundary conditions
for the case of a plate of anisotropic material (Q16 and Q26 # 0). However,

the following modal functions permit eqs. (35) to satisfy eq. (57) exactly

32
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in the orthotropic case, but only approximately in the anisotropic case:

‘I>um = @Wm =cosmmy ; & =& = %ym = sin mmy
(58)
évn - wan = cos anf ; éun = an = van = sin nrd

For the simply supported case, we substitute equations (58) into
equations (C~l through C-6). The evaluations of the integral forms are

presented in Appendix E.
4,2 Fully Clemped on All Edges

The boundary conditions for & fully clamped laminated plate are as

follows:

U =V =0 atx=0,a and y = 0,b

~

w =
o 0,X

£
i

Ey =0 at x =0,a (59)

LR
]

o .wo,y = W; =0 aty=20,b

The assumed modal functions selected to permit equations (35) to

satisfy equations (59) are as follows:

éum = évm = éwxm = wam = sin 2mmy
on = Qvn = wan = @wyn = sin 2nnB
(60)
éwm = cosh Z & - cos Zma - Cm (sinh Zma - sin Zmu)
an = cosh ZnB - cos ZnB - Cn (sinh an - sin ZnB)
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For the fully clamped case, we substitute equations (60) into

equations (Cl through Cc6). The evaluations of the integral forms are

presented in Appendix | .

The boundary

4,3 Free on All Edges

conditions appropriate for a laminated plate free on

all edges can be expressed mathematically as follows:

=M =290 at x =0,a and y = 0,b

Xy
= Qx = Mxx = (0 at x = 0,a (61)
=Q =M =0 aty=0,b

The assumed modal functions selected to permit equations (35) to

satisfy equations

um

un

wm

For the free

(C1 through C6).

(61) are as follows:

1}
L]
n
O
!
©Ot
]

1 - cos 2mny

1 - cos 2nmy (62)

L
=]
]
]
=]
]

i
(2}
O
w
=]
d

= COSs nu
an B

edge case, we substitute equations (62) into equations

The evaluation of the resulting integral forms are

presented in Appendix E,



SECTION V

NUMERICAL RESULTS AND COMPARISON WITH

RESULTS OF OTHER INVESTIGATORS

In this section a comparicson is made between the numerical results ob-

tained in this investigation and those obtained by other investigators.

5.1 Thickness~Shear Factors for Laminates

Two example problems are unalyzed and, where possible, results of
Example 1 are compared with solutions obtained from other sources. The

results of Example 2 are presented for use in design.

Example 1: Three-layer, symmetric, isotropic laminate - The coordinate

system is shown in figure 10. All geometrical and material property ratios
correspond to the data of ref. 35 given as follows:

2,/2, = W PPy - 0.8, E&)/Eﬁ) = 15,

ng)/0§§)= 15, p(l)/p(2)=1 , and v(l) = v(z) =0.3

Assuming only the x~direction is considered in the static and dynamic
approaches which were developed in SectionIII,then the following results
are obtained: (1) static case - the result obtained from equation (56)
can be expressed as K55=0.651, (I1) dynamic case - the result obtained by

equating egs. (D-13) and (D-27) is K55=0.350.
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When the three-layer, laminate thickness parameter is chosen to be

22/21 =1, the analysis given in Section III can be reduced to a single-

layer homogeneous, isotropic material. Thus, using the data E{i)/E§§)=

Cgé}cgg) = p(l)/p(2)=1 and v(l) = v(z) = 0.3, the static case gives
K55 = 0.833 and dynamic case results in K55 = 0.822. These results are

identical with the values of the static and the dynamic shear factors

obtained for single-layer plates by previous investigators (refs. 44 and

16) .

Example 2: Multiple alternating layers of two materials, - The

geometrical and material property ratios are given as
(2) , (1) _ (1) ,.(2) _ (1),.(2)_
h*""/h =1, E11 /E11 = C55 /C55 = from 0,01 to 100

The laminates vary from two layers to nine layers. Since the static
case is a relatively simple algebraic expression which considers only
longitudinal Young's and thickness-shear moduli of the individual layers

(k) (k) . i
(E11 and C55 )Jand the laminate geometry, for design purposes, eq. (56)

will be used. The results are shown in table 1 and figure 11.

5.2 Plate Simply Supported on All Edges

Here we consider only free vibration of plates made of composite
material having material-symmetry axes coinciding with the geometric
coordinates (plate edges) as shown in figure 12, Neglecting energy
dissipatfon, the time integral of the difference between the potential and

kinetic energies attains a stationary value. The displacement and rotations
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iwt . . . . -
are proportional to e W . The time dependence in the strain and kinetic

energies cancel each other, i.e. only the amplitudes of the strain energy
and kinetic energy need be considered., Thus, we use only the real part
of homogeneous eqs. (C1-C6) with proper boundary conditions, see eq.

(57), to apply Example 3.

Example 3: Three-layer, symmetric, isotropic plates - The elastic

coefficients are those of isotropic material:

Qﬁ‘) = o) - E(k),{1 . [v‘k)]"},qf;) - v(k)E(k)l{l-[v(k)]z}

(k) _ ) _ (k) | (k) (k) (k) 2o (k=
Q" = Qg = Qg =E 7/ {2[1+v ] } » Q5 =0 (k=1,2)

Geometrical and material property ratios correspond to the data
of ref. 35, given as follows

z2,/2, = h(z)/[h(2)+2h(1)]= 0.8, Egi)/Eii)= cgé)/c§§)=15

3

o(l)/o(z) =1, v = @ L3

and the following dimensionless geometric parameter defined in ref. 35:

2
0.0002" for k=1
gi {[mnh(k)/a]2 + Ennh(k)/b]2 }% = {

2

i}

0.0128n" for k=2

When the thickness of three-ply laminates is chossen to be 22/21=1’
it can be reduced to a single-layer material as a special case. Then the

material properties are as follows:
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(1) _ 9@ i,j=1,2,4,5, 6

Uy T Ny

), (2 _ (1) ,.(2) 1, @ 4., (D
Ey;/ E;;” = 55 /C55 = 5" /p ;v v 0.3

g = 0, 8 ™ 12,

A FORTRAN IV program is employed to compute the lowest eigenvalues
of plates with simply supported edges. The two cases considered are:
(1) single-layer homogeneous, isotropic, and (2) three-ply symmetrical
construction. The results are shown as a solid line in figureg 13 and
14. The static and dynamic shear factors calculated in examples 1 and
2 are also shown for comparison,

The static Jourawski shear theory and dynamic Timoskenko type
theory appear to give good results for K as evaluated by inserting in

laminated, shear flexible plate theory and comparing the lowest eigen~

values with those given in refs. 35 and 14.
5.3 Plate Free on All Edges

The problem considered here is forced vibration of a rectangulsr
plate made of an arbitrary number of composite-material layers each
having its major material-symmetry axis oriented at an arbitrary angle
with geometrical coordinates as shown in figure A-2.

Since the present problem is one of steady-state harmonic excitation
including material damping effects, the complete set of eqs. (C1-C6) with

proper boundary conditions, eqs. (61), must be used.
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Example 4: Boron/epoxy plate with twenty-four parallel plies

oriented at an arbitrary angle. -~ The input-data material properties are

Young's and shear moduli (Ell’ EZZ’ 044, CSS’ C66)’ major Poisson's ratio
(V12)’ bending and twisting stiffnesses (Dll’ 022' D12' D66)' and their
corresponding 1oss tangents, as generated in ref. 47 from constituent-
material experimental properties. It is noticed that all of the above input
data are functions of frequency. Geometrical and material properties

correspond to the data of ref. 13, as follows:

length, a = 18,19 in ; width, b =2,75 in.
thickness, h = 0,034 in. ; density, p = 0,000194 1b-sec2/in4

angle of orientaticn, 8 = 0°, 10°, 30°, 450, 60°, 90°

A FORTRAN IV program is employed to compute the eigenvectors of
a8 plate with all edges free. To cbtain the resonant frequencies of the
first five modes, two different resonance criteria are applied. In the
peak-amplitude method, the system is8 excited harmonically and the amplitude
at a particular point (¢ = 0, B = 1) is measured over a range of fre-
quency. The amplitude of the response depends not only on the dynamic
characteristics of the system, but also on the amplitude of the force
applied to it. For a linear system the peak amplitude is taken as
maximum displacement per unit amplitude of force. Throughout this re-
port, this ratio is referred to as the response., A typical result of
response with varying frequency is shown in figure 15 for an angle of
orientation, 6 = 10°. The complete results are as tabulated in Table II.

In the modified Kennedy-Pancu method, the modal shapes, phase

relations between motions at various points, and coupling between the
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various degrees of freedom are assumed to be unaffected by the presence
of a small amount of damping. Vectors are used for the analysis of the
results of forced vibration by making a polar plot (called the Argand
plane) of the displacement vector (amplitude and phase angle). In the
vicinity of resonance, the resulting curve would be an approximately
circular arc. Each point on the circle locus corresponds to a value of
frequency.

In the modified Kennedy-Pancu method, the resonant frequency is de-
fined to correspond to the point of the Argand=-plot curve having maximum
changé in arc length (As) per fixed change in frequency (Aw). The
change in arc length As can be determined approximately in analytical
fashion as the response amplitude (W/as multiplied by the difference in
the phase angles corresponding to the two distinct frequencies (separated

by Aw), i.e.

as = (W/Q) A®

The parameter As/Aw is plotted versus excitation frequency in figure
16 for a specific angle of orientation, 6 = 10°.
As can be seen in the figure, the curves exhibits sharp spikgs and
thus the Kennedy-Pancu resonant frequencies, i.e. the frequencies cor-
responding to the maximum points, can readily be found. The results obtained
in this fashion for all of the plates used by Clary are tabulated in Table II,
A discussion of experimental methods used to determine material
damping in composite materials is presented in Ap.H, ref. 40. Here the damping
ratios are calculated by using the modified Kennedy-Pancu method as expressed

in eq, (B-69), Ap. B, ref., 40. It is noted that the damping ratio is the
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ratio of material damping coefficient to critical material damping coef-
ficient. The results associated with each mode are tabulated completely
in Table II,

The nodal patterns of the first five modes are calculated from the
response at selected points on the surface of the plate. Twenty-five
points in the x direction and five points in the y direccion are used,
The nodal patterns are shown in figures 17-22. The results appear to

be in good agreement with the data of ref. 13.



VI. CONCLUSIONS

The analyses in Sections II and IV were developed for the vibra-
ticnal problem of composite-material plates with thickness-shear flexibility
and materlal damping. The theory used in the analyses is that of Yang,
Norris, and Stavsky (ref. 25), which can be considered to be the laminated,
anisotropic version of Mindlin's dynamic plate theory.

To account for the effects of thickness-shear deformation, a shear
correction factor K was introduced. A variety of methods to arrive at
an appropriaste shear factor have been proposed for homogeneous plates;
the most popular ones resulted in K = 0.833 for a static distribution
(ref. 44) and 0.822 for the dynamic case (ref. 26). Srinivas et al.

(ref. 35) showed that use of either of these values for K in Mindlin's
plate theory gives a very close approximation to the lower uatuial ifre-
quencies computed by exact, dynamic, three-dimensional elasticity theory
for rather thick, homogeneous, isotropic rectangular plates simply sup-
ported on all edges.

Unfortunately to date no one has proposed a means of rational
calculation of the shear factor for a laminated plate, Srinivas et al.
made an exact, dynamic three-dimensional elasticity analysis of simply
supported laminated plates. However, their analysis is quite tedious
computationally and thus they have presented numerical results for only a

very limited number of cases.
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In the present imvestigation, both .tatic (Jourauski shear theory)
and dynamic (Mindlin type analysis for pure thickness-shear motion)
approaches were used to derive a shear factor K for laminates.

An assessment of the accuracy of these theories was made by com-
paring the lowest eigenvalues calculated by the laminated, shear-flexible
plate theory with the laminated, three-dimensional exact values given
by Srivinvas et al. (ref. 35).

It has been found that the shear factor K for a laminate is not
the same value as that for a homogeneous, isotropic member. The numberical
examples indlcated that the value of K depends on the layer properties
and the stacking sequence of the laminate,

Using peak-amplitude and modified Kennedy-Pancu methods, the first
five resonant frequencies were calculated for various laminated boron/
epoxy plates with all edges free. The resonant frequencies obtained by
the two techniques differed by only a very small amount, and were in good
agreement with the results obtained both experimentally and analytically
by Clary (ref. 13). Furthermore, the nodal patterns have been found to be
satisfactory or as good as the data given by Clary. Finally, the damping-
ratio results were in good agreement with the experimental ones obtained
by Clary. No comparison with analyticel results for lmainated-plate

damping could be made, since they have not been available previously.



APPENDIX A

NOTATION AND TRANSFORMATION FOR ELASTIC COEFFICIENTS

The generalized Hooke's law (Cauchy equations) for a general

anisotropic material in terms of rectangular coordinates x,y,z are as

follows:
4 \ r ay f 3\
Ox Ci1 %2 G3 % Gs Gy €xx
Oy €1 G2 C3 Gy G5 Gy €y
0%z Co1 C3p C33 G C35 Oy €22
¢ - { \ (a-1)
Oz C1 S22 %3 S S%s Cue €yz
Oz Cs1 Cs2 Cs3 G54 G55 Csg €xz
 %xy | %1 %2 %3 % s % | Cxy)

where oij and eij are stress and strain components, and Ck& are the
Cauchy stiffness coefficients for a three-dimensional body. It can
be shown that the matrix of Cauchy coefficients is symmetric, provided

that the material is conservative (elastic), so that

Cox = Cet (a-2)

Usually a single layer of fiber-reinforced composite material has

the fibers oriented more or less parallel to the top and bottom surfaces
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of the layer, i.e. material-symmetry plane XY coincides with surface

plane xy. Thus, it is orthotropic in the yz and xz planes, and the

shear-normal or cross-elasticity coefficients with subscripts i4 and

i5 (i=1,2,3,6) vanish:

o)
XX
yy

22

]
yz

C.
Xz

\xy

11

12

13

16

12

22

23

C26

c,; O
G,y O
G,y O
0 Gy
0 Cys
C,e O

45

55

16

26

36

Co6

XX

Yy

22

eyz

eXZ

\exYJ

The only exception to the above, i.e. the only case when the general

form (A-1), rather than (A-3), must be used is the case of a shingle-

laminated composite, as shown in figure A-1 (reference 48).

> (A-3)

1f, in addition to being parallel to the top and bottom faces of

the layer, the fibers are also oriented in a direction parallel to one

of the coordinate directions in the plane of the layer, the material-

symmetry plates XY,YZ,ZX all coincide with the coordinate planes xy,

yz,2x and the material is said to be completely orthotropic.

case the Cauchy relztions are:

Ouy ¢

tUZZJ

€22

&

( x
L3

*

Cot €vz
¢ ”* Cos €xz

| %66 €xv |

In this

\

(A-4)
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where the asterisks denote the orthotropic case.

In the case of a thin layer of fiber-reinforced composite
material in which the thickness-normal stress (ozz)can be neglected
(see Hypothesis H3, Section 2.1), the third equation in set (A-4) can

be solved for €77 in terms of xx and ¢ Then equations (A-4) can be

YY‘
simplified as follcus:

* * *
Ogx Q1 Qo | exx %z s Cyz
*
= A, V% [ 15 exe 4-5)
(o} €
Yv 12 % Yy oy Qg eyy

*
where the reduced orthotropic stiffness coefficients (ch) are related

to the Cauchy three-dimensional orthotropic stiffness coefficients

(CQL) as follows:

* C* C* 2/ * ok * % %
Q1 =€ - €13 /G35 5 Qp = Cpp = (Cy5 Cpy/Cay) 5
. (A-6)
* * * 2 % * *
Qa = Cpp = (C3) /€33 5 Qpy = Cyy (15 = 44,55,66)
Equation (A-5) can be written in the form of a single matrix
equation as follows:
*
{°IJ } = (g, ] {CIJ} (A-7)

where



47

( %xx ) [ exx )
{OIJ} = Q4 Op > , {GIJ‘} = 4 Yeys ’ (A-8)
%z Yeyy
L %y J L ¥exy )
Q; Q@ 0 0 0
* *
| 2 Q, 0 0 0
* -
(q,,] o 0 2, O 0 (A-9)

0 0 0 2q’;5 0

0 0 0 0

*
26 g

where the presence of the factor 1/2 in the €13 matrix is used to make
it a second-rank tensor and this necessitates the presence of the factor
2 appearing in equation (A-9).

In structural-panel applications of composite materials, usually there
are design requirements for multiple orientations of fiber-reinforced com-
posite-material layers. Therefore, it is essential that a set of trans-
formation relations be used to calculate the stiffness coefficients for
any desired orientation from that associated with the major material-
symmetry direction (fiber direction) as shown in figure A-2. Such

relations are developed in the ensuing paragraphs.
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Arbitrary orthogonal axes in the plane of the laminate and making
an angle O with the material-symmetry axes (X,Y) are designated as
the X,y axes. Then the components of stress and strain can be trans-

formed from the x,y axes to the X,Y axes as follows:

{°IJ}

{GIJ}

[Tr] { %3 } (A-10)

(T,] { & 5 } (A-11)

3
where {OiJ} and {gIJ} are as defined in gquat1ons (A-8) ; {Gijf and
{eij} are similar except that the subscripts X,Y,Z are replaced by

the subscripts x,y,z; and LTr] is the transformation, defined as

follows:
— —
m2 n2 0 0 -2mn
n2 m2 0 0 2mn
[Tr] = 0 0 m -n 0 (A-12)
0 0 n m 0
mn -mn 0 0 m2-n2
where
m=cos® , n=sinb. (A-13)
For the case when 0 # 0, we have
{"13} = [Q,] {eijJ (A-14)

In view of equations (A-7,A-10,A-11,A-14),
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(9] = [7,17'TQ (T, ] (a-15)

By substituting equations (A-9) and (A-12) and then performing
the matrix operations indicated in equation (A-15) the elements of

*
the [QkL] matrix are related to those of the [QkL] matrix as follows:

2 4

i

* 4 * * 2 *
m + 2 (le + 2Q66) mn + thn

;=

x4 ko2, ok
Qg = Q@ + (@) +Qyy - 4QImn” +.q;,0

i

4

* 4 * * 0 22 * 4
Qg = Qym *+2(Q), +2Q Jmn” + Qpyn
x4 * * * x_ 22 % 4
Qpe = Qg™ + (Q) +Qyy - 2Qp, - 2QgImn + Qg
* * * 3 * * * 3
Ue = (P + Qp - QPN - Qe * Q- Gp)mn (A-16)

* * * 3 * * * 3
Qe = =(2Qgq + Q) - Qypdu'n + (2Qg, + Q, - Q;;)mn

* 2 * 2
Qg = Qg + Qgsn

Q" *
55T 7 Qypmn

2

* * 2
Qs = Qggm + Q0



APPENDIX B

DERIVATION OF ENERGY DIFFERENCE

It is assumed that the generalized coordinate £ and generalized

force f have the following forms:

~ iwt
E=Ee
(B-1)
~ fwt
f=qe
where E is a complex form representing U,V ,w_,Y and 'If .
P o’ 0’0’ x y
The strain energy can be expressed as
n n )
~ 2iyt
= 2 = B-2
U=/2)) ) Qg5 = Te (8-2)

i=1 j=1

where Qij are stiffness coefficients and U is the amplitude of the strain

energy given by:

n n
T=a/m ) ) 9y % (5-3)
=1 j=1

For the damping energy, a dissipation function suitable for material
damping (reference 49) is developed. Hence, we introduce a dissipation

energy function for material damping as follows:

[} i n o
D=} z Z (by 47w £, 4 =(iw/2)z zaij Eigjehwt=(iw)5 2lut
§=1 j=1 (=1 §=1

50 (B-4)
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where bij are structural damping coefficients, 6ij = ibij and D is the

amplitude of dissipation energy given by:
n
z (B-5)

1 .

ll M'.:l
I
uny
-

The kinetic energy of the system is

n n
= z z i3 léJ = -*/2) z Zmij'g~ g e HiWE_ g Q2iut
=1 j=1 i=1 j=1
(B-6)

where mij are inertia coefficients and T ig the amplitude of kinetic

energy given by

o n
= @ ) Zmﬁ g e, ®-7)
i=1 j=1

The work done by the uniformly distributed normal force is

n n
W= f Z gi - ?1' eiwt: z gi = ez:.wt (B-8)
i=1

where H is the amplitude of the normal pressure and W is the amplitude of

the work done

W=q ) g (8-9)

The Lagrangian equation takes the following form (reference 50)



4 AL, B L B _ ]
dt (ag) + Bi + o f (B-10)

Each term of equation (B-10) can be expressed in terms of its

amplitude as follows:

of 3E
(B-11)
3U _ 3 iwt P A T
~ ’
o 3¢ o€  3f
With equations (B-11) introduced, one £an rewrite equation
(B-10) as follows:
FaA+T-T-5 -0 (3-12)
or
L @T+W-T-9) =0 (B-13)
of

Equation (B-13) is analogous to one presented by Volterra (reference 51 ).
Thus, the amplitude of the Lagrangian energy difference can be

expressed as follows

~.

T=(@+W - @+D (B-14)

when used in conjunction with Hamilton's principle, expressed in equation

(36).



APPENDIX C

COMPLETE ENERGY EXPRESSIONS

Cl. The Energy Difference

f=gz Z_H {~(§u/a>(u 8 & )2+(2h ,/ab) (U_&' 3 (V& &' )

mn um un mn vm vn
m=l n=1 0 O

" -1 ' -1 [ -1 '
+2A16(a Umnq)uméun)(a thn(§ @ +b Umnéuméun)

-1
+28, (b v 3 8! )(a” v RIR3 +b1U 8, 8 VA (a” Iy 30 3 #b" U @

3t )7

mn um un mn vm vn mn Um un

o -1 ' 1
+2811(a Umn@um% JCh xmnél;xm ‘;xn) 28 2[(a Umntz’uméun)( ymnéwmé tyn

-1 t ] ' '
b anévmévn) (a” wxmnéa;xm 1an ) 1+28 "(b V @vmévn)( ymné‘.?'ym%yn)

= -1 -1
6 t 1
+2B16[(a Umn‘§ m§un)( Q‘L’yma’s Jyn +b Yxmn‘&'xmé‘l!xn)-{'a mnévmévn

1 ] ]
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42K, A, (a7 8 s v & 5 )b
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45°45 mowm wn o CXmnoyxmy xn mn wm wn Cymnogymy yn
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4, (¥ % )23} ab do a3

xmn \‘fxm yxn’ ymn wm yyn

+(Y
M N
'zz J\Iqmnwmw ab da dp b
m= =

where
| = T =
bp = 3% /3,8 = 2% /3p
C2. Equations for Minimizing the Energy Difference

1
aL/aUM (b/a)Ani Z mnj é' uk dor fogun ") dB
1

m=1 n=1
M
M N 1

1
+(b/a)A16 Z vanJ Q' q)'kdol J.o §vnQULdB

m=1 n=1

1
l ]
16 Z Z Umn f éu kda c,(::l.méuﬂ(,dB

m=1 p=1

16 Z i mn J‘ Quméukda‘[ éLm uL

A=

1 1
] L
an Io vaéu kda jo §vn§u(,dB

1 1
+(a/b)A26 Z zvmn J vaQdea é\'m ul dp

m=1 n=1
M
e Z

m:

anjé 5 do,_[é 8,48

66

N
n=1
M N
2 z mn j éum ukda‘[él é'
m=1 p=1
llzzwxmnjéwmk J.énL

m=] n=1
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3
12 z zyymn j Q'.blyméukdcy j é,yn L
m=1 n=1

+(b/a)By 2 Z“’ymn J QJYm' ukda«[ Sy fue

M N

1
16 z Z Yxmnjéyxmuk Iéxn u{,B

m=1 n=1

M N 1
- . .
+B16 2 z Yxmn Ioé‘ méukdcr '[o vxXn ul d8

‘V
m=1 n=1

+(a/b)326 z 2 men \f me%kd:ej §*yn UL

m=1 n=1
M N 1
n 1 t
+B66zz ‘[@ 8,0 | 3 dp
m=1 n=1
M N
1
+(a/b)36f~ Z z\yxmnj\q’pcm k J\@ nq\u,dB
m=1 n=1

M N
2 1 f‘l
-ab W z z moumn J\oéuméukda Joéunqjulds

m=1 n=1

There is another equation, for aL/av =0, which is analogous to eq. (C-2)
ke

with the following substitutions:

uer v , UerV, xepy, lew2, $usd', aisb, (c-3)
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af/aka = (b/a)Rgg Age Z 2 W j 8! 3! da f 3, 8,8

n=1 n=1

1
r ] 6
+bK55A55 Z i‘ixmn J‘dem%kda J-oz:"bxn@mm‘w!,dB
m=] n=1

M N 1
+K A z Zw @'Qdafé 3! ,d8
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+K45A45 z zw Jéwm 'kdaf §’\;"m wi dp

m=1 n=1
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1
+b K45Al+5 Z ZmenJ. éuym%kda J‘OQ";ynédeB

m=1 n=1
M
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1
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M 1 1
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Z 7 I $ do/ J ¢ dB =0 (C-4)

m=1 i:-§

- i
- &t .
BL/B‘&’ (b/'l) Bll Z Z mn j ¢um \Xk d J‘o‘bun'}"vx&da

m=]1 n=1
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12 i Z mn oévmélxk J.é. WXL

m=1 n=1
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+(b/a)D16 /_. zyymn .[ %ym ~,xk J.oq’\‘,!ynQWXLds

m=1 n=1
X N 1 1
D v ' x l
D16 z }.. *xmn I <¥";'xm"\;ud(da'.[ <§",f>'n yxL d8
) )
m=1 n=1

1
! 1 6
16 Z i xmn ,xméuxkda .[oéﬂ;xn”;rxl,da

m=1 n=1
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*(a/b)Dy Z Z ymn.[ yym D3 J %yn ixt 38

m=1 n=1

e Z Zvymn aym? e J Gy n?yxt 98

m=1 n=1

+(a/b)D66 z zyxmn.[ \yxm uxkda f @\;xn \:xt B

m=1 n=1

1
+bK55ASS Z zwmnj @wm vxk J\o@wné\}rx{,da
m=1 n=1

*ab KSSASS }: i xmn .[ va kadaf Yxn ux{, dB

m=1 n=1

1
+a K45A45 2 zwmn J q)wm ka J\oéwn%xtde

m=1 n=1

1
d
tab K45A45 fz ymnf pym Pyt J wné\‘x’ P

m=1 n=1

, 1 1
-ab w z z lmn .[oéum%xkda Qun% £ 48

m-lnl

-ab w z z My * xmn v \bxm ka .[%xn ix2 g =0 (C-,S)

m=1 n=1

There is an analogous expression for ai‘/a‘?ykfo, using the trans-

formations (C-3), plus the following additional one:

454 55 (c-6)



APPENDIX D

DERIVATION OF THICKNESS-SHEAR FACTOR FOR THE THREE-LAYER,

SYMETRICALLY LAMINATED CASE USING THE DYNAMIC APPROACH

D1, Dynamic Elasticity Analysis of an Individual Layer

Undergoing Pure Thickness-Shear Motion

For an individual layer undergoing pure thickness-shear motion
in the xz plane, the only non-zero strain component is G Now it
is assumed that the layer is orthotropic, so that the only non-zero
stress component is Oy given by equation (49). Then the general
stress equations of motion for three-dimensional, dynamic elastic

theory reduce to the following two equations:

c = pu,, = pw, (p-1)

XZ,2 t i 0;(z,x tt

The longitudinal thickness-shear strain can o calculated from
the displacements (u,w) in the x,z directions, respectively, as follows:

e =u, +w, (D-2)

The following displacement cquations of motion are obtained by
substituting equations (49) and (E-2) into equations (E-1):

Xuy, W ) U, 5 ci(u, b, ) = (-3)

zz Xz tt s 'xz XX tt
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where Cq is the shear wave-propagation velocity defined by:

2
cg = CSS/p (0-4)

However, for pure longitudinal thickness-shear motion, the dis-
placements are independent of axial position x. Thus, all derivatives
of displacements with respect to x vanish and equations (p-3) reduce
to the following single expression:

c2 u =y (D-5)
s ’zz ‘tt

Equation (D-5) is the familiar, one-dimensional wave equation,

which is solved easily by the separation-of-variables method, with the

following solution for simple harmonic motion:
u(z,t) = (A cos Qsz+B sin Qsz)(C1 cos ut + 02 sin wt) (D-6)

where OSE w/cs, A and B are constants depending upon the boundary
conditions, and C1 and C2 are constants which depend upon the initial

conditions,

D2, Dynamic Elasticity Analysis for Three-Layer,

Symmetrically Laminated Case

Herc we consjder the special case of a three-layer, symmetrically

laminated member, in which the two identical outer layers are designated

by superscript 1 and the middle layer is denoted by superscript 2, as
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shown in figure 10, The proper boundary conditions for the anti-

symmetric modes in pure thickness-shear mofion are

W Gye = 0?20 5 0, P 0 =0
(0-7)
5,0 0 = 0, P (25,0 5 0P 0,0 =0

where z, and z, are dimensions shown in figure 9,
Substituting equation (D-6) into equations (D-7) yields the follow-

ing set of expressions:

A1 cos Qél)zz + B1 sin,Qél) 2y = A1 cos Qéz) z,
+ B2 sin 08(2) z, M Qél)Al sin Qél)z2 + Qs(l) B1 cos Q:l) 22 =
- 022) A2 sin ng) z2 + QEZ)B2 cos O§2)22 ; -Qél)Al sin nél) z1
+ Qél) B1 cos nil) z; = 0 ; AZ =0 (P-8)
or
{ cos le)zz sin le)zz - sin Q§2)22 i (Alw '01
-le) sin Qél)zz Oél)cos Qél)z2 -Qéz)cos Qéz)zz{ By r=< 0 »(P-9
_-Qil) sin Qél)z1 Qél)cos Qél)zl 0 ] ~BZJ \OJ

The homogeneous system of linear algebraic equations @ -9) has a

nontrivial solution if, and only if, the determinant of its coefficient
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matrix is equal to zero. The resulting determinantal equation has as

its solutions the roots of the following transcendental equation:

(1) (2) - (2) (N PNeY _
Qs tan Qs z, = - QS cot (Qs z, QS zl) ®-10)
From the definitions of Q(k) and'cék), we have

ol 1n@ - ciz)/cél) = (cgg) /c_%));";(p(l)/p(z))}é - ®R/BE (0-1D)

where

B = Cé;)/cgg) ; R= p(l)/p(z) (D-12)

Then equation (D-10) can be expressed as follows:

®IB) ¥ tan [0 2 BM 5= cot [1-2p0P2) (19
where
¢, = ::.2/21 (D-14)

D3, Dynamic Analysis of a Symmetrically Laminated Timoshenko

Beam Undergoing Pure Thickness-Shear Motion

*
Here we consider a symmetrically laminated Timoshenko beam . The

%
A beam exhibiting both thickness-shear flexibility and rotatory

inertia is generally referred to as a Timoshenko beam( refs, 42,43).,
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axial and thickness (o; depth) directions are designated as the x and 2z

axes, respectively. Such a beam could be analyzed as a special case of

the laminated plate theory presented in Section II by merely deleting

all derivatives with respect to y. However, the beam case is so much

simpler and pure thickness-shear motion is such a simple type of motion;

therefore, it was decided to make an exact analysis for the present case.
The following kinematic relations hold throughout the entire

thickness of the laminate:

w . =V s e._=w + 1 (D-15)

The following stress-strain relations are applicable to a typical

layer "k':

® W (k) SR ()
okx = E11 xx Ell Myx %3 oxz CSS €x2 ©-16)

The bending moment and shear force, expressed on the basis of a unit

width as in plate theory (Section 2.3) are:

S L
= . --1 k
Mo 2 J. O 292 3 Q i j 0., dz (D-17)
k=1 2k-1 kel k-1
Substituting equations (D-15) and (D-16) into equation (D-17) and

introducing the shear factor KSS as a correction factor to be determined

later, one obtains:

= i . = " -
Mxx D11 \'x,x ; Qx KSSASS (wo,x+ wx) (0-18)
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where
n zk
{Du ’ A55} = z .[ {Eﬁ)"z ’ Cél;)} dz (0-19)
k=l Zk-1

The equations of motion for a symmetrically laminated Timoshenko

beam are identical in form to those governing a homogeneous Timoshenko

beam (refs. 41,42), namely:

Qx,x "M Yo,et Mxx,x - Q= My¥x,tt (0-20)

where m and m, are defined in equations (28).

Inserting equations (D-18) into equation (D-20), one obtains the

following set of two coupled equations of motion in terms of the generalized

displacementsvk)and wx:

K55 ASS (Wo,xx'+ *x,x) = M wb,tt (p-21)
D11 ¥y,xx ™ Kss Bss (Vo T =Wy by ke (D-22)

For pure thickness-shear moti.on,wo and wx are independent of axial

position x, so that equations (D-21) and (D-22) uncouple and become:

w = ()

orte (0-23)

\ = -
) wx,tt + KSS A55 Ifx 0 (D-24)

Since equation (D-23) does not contain KSS and since v, is not
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in equation (D-24), we have no further need for equation (D-23).
For steady-state harmonic motion, the solution of equation (D-24)

can be expressed as follows:

@=We““ (D-25)

X

where @;is a constant,
Substituting equation (D-25) into equation (P-24), we are led to

the following relationship:

2

w = KSS ASS/mZ (D-26)
This equation is applicable to any symmetrical laminate. For the special
case of a three-layer one, using the notation depicted in figure 10 and

the definitions of ASS and m, from equations (D-19) and (28), one obtains:

o = 35 27 @D e, /B +1-¢,)

(D-27)

CUgm +1- g1t

where B,R, and gz are as defined previously.

D4. Determinations of the Thickness-Shear Factor

The longitudinal thickness-shear factor, KSS’ is determined implicitly
2
by equating w associated with the lowest non-trivial solution of equationm

(D-13) to that given by equation (-27).



APPENDIX E

IDENTIFICATION OF INTEGRAL FORMS

El., Trigonometric Integrals

The integral forms for three boundary conditions are tabulated in

the following form, where m,k,n,L = 1 to 2:

Integral Evaluation for Boundary Condition Listed
Form Simply Supported Clamped Edges .Free Edges
1
- % ; w=k#0 % ; w=k#0 3/2 ; m=kf0
K = @ kda
o UMY 0 ; m#k 0 ; wék 1 ; mék
_ ¥ ; n=L#0 % ; n=L$0 3/2 ; n=l¥0
L - q>un u’dB
0 ; n#L 0 ; n#l 1 ; n#&
1 % ; m=k#0 I 1
1 = I $ ¢ do i 1mk 1mk
2mk v~ vk 0 ; mik
. ¥ ; n=L#0 1 1
I, , =% & 4B » n 1nl 1nd
2n4, J,ovn vi 0 ; nil
21
1 = | & % do 0
3mk J, um vk Ilmk Ilmk
1 = [ $ & dB 0
30t = J un®vs It Sy
I _ f ” kn/2; m=k#0 0 ; m=k#0 0 ; m=k#0
=19
4mk um uk
0 ; m#k 0 ; mék 0 ; m#ék
J‘Q nn/2 ; a=L#0 0 ; n=L#0 0 ; n=l#0
un L -
0 ; n¥ 0 ; nfd 0 ; nfL
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Integral
Form
1
]
Tomk = .°°vm°ukd“
1
= '
ISnL - ~°§vn§uLdB
= [ !
I6mk T Quméukda
Al
= 1
I6nL - Qunéu{,dB
o
1
= '
I7mk T vaévkda
o
N
- '
I7nL - ‘oévnédeB
1
= (Y
18mk B joéuméukdd
ol
= t '
I8n{, - ~o§un§u‘tdB
1
I = [ §' da
9mk Jo vm vk
A1
= Y]
I9nL - .oq’vnév{,dB
al
= oz
IlOmk— .oéumévkda
1
- Y]
IlOnL" .oéunQVLdB
rl
- 1
Iy 1K™ uOQWXm§wkdd
1
I1nt® Io°¢xn§wcd3
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Evaluation for Boundary Condition Listed

Simply Supported

kn/2 ; m=k#0
0 ; m#k

nn/2 ; n=L$0
0 ; nfL

0

0

0

0

mkr?/2; mek#0
0 ; mfk

nLﬂz/Z ; n=L#0
0 ; nfeL

mkn2/2 ; m=k#0
0 ; m#k
nin2/2 ; n=L#0

O;n#’.'

¥ ; n=440
; n#l

o

Clamped Edges

L mk

Lint

4mk
4nd

4mk

IAnL

2mkn2;m=k#0

0 ; m#ék

Znan;n=L#0
0 ; ni

T gmk

Ignt

IBmk

IBnL

See G2 for
clamped case

See G2

Free Edges

I4mk

Lint

4mk

4nd

Ljak

IdnL

kanz; m=k#0

0 ; m#k

Znan ; n=L#0
0 ; n#l

Tamk
IBnL

8mk

8n{



Integral
Form
ol
L) omk = J yym Sk
W1
I12nL = uoéwyanLde
al
= '
1) 3mk = .oéwxméwkdd
nl
- 1
I13n{, - ~O%xn§w{,d6
ol
= 1
I14mk - ~o§¢xm§wkdd
W1
= '
Ilén& T wanédes
- '
L) smk * ~o§¢ 2ok
rl '
I15n{, - Iy \hynédeB
r.1
- [
I16mk : .oéwyméwkda
Pl
- '
I16nL - .OQWynédeB
W1
T 70k = éwméwkéa
1
Il7nL T éwnédeB
Hl
. '
Mgmk T ) fumuice
[ [}
I18nl, - goéwnéwl,dB

68

. Evaluation for Boundary Condition Listed

Simply Supported

¥ ; m=k#0

0 ; m#ék

kn/2 ; w=k#0

0 ; m#k

kn/2 ; m=k#0

0 ; m#k

nn/2 ; n={#0

0 ; n#&t

nn/2 ; n=L#0
0 ; n#l
% ; m=k#0

0 ; m#k
% ; n=L#0

0 ; n#l

Clamped Edges

14 1mk

L 1nt

See G2

See G2

13mk

I13nL

13mk

Ii3nt

I13mk

13nl

-

Free Edges

Illmk

I11nL

I13mk

Ii3nt

Ilek

I13nL

I13mk

I13nL

% ; m=k#0

0 ; mfk
¥ ; n=1#0



Integral
Form
‘1
- ]
Ligmk = J fomPurd®
W1
= '
Il9n£ T anéwbds
al
, = LI
L0k .oéwméwkdd
=[5 &
IZOnL T anéwtds
)
Limk = .o§¢xm°¢xkd“
1
IZlnL = JoéwxnéﬂdeB
o1
Loomk = .0@¢ym§¢ykda
o1
f2200 = J_Pyyntyye?®
N |
I23mk = ~o§¢xm§$ykda
I23n{, = .Oéwxnéﬁyéds
I = $ $' d
24mk o Uxm yyk @
pl
- L
IZ&nL - .OQWXnéwyLdB
1
L Smk ~ Ioéwymévxkdd
1 '
IZSnL = I é¢yn§¢deB

o
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EBvaluation for Boundary Condition Listed

Simply Supported

0

0

wkn? /2 ; m=k#0

0 ; m#k
ndnl /2 ;n=t#0

0 ; n#L

; m=k#0
; m#k

(=Y of

: n=L#0
; n#l
3 m=k#0

e O W

o
-

; mik
¥ ; n=L#0

0 ; n#l

kn/2 ; m=k#0

0 ; m#k
nn/2 ; n=L#0

0 ; n#l
kn/2 ; m=k#0

0 ; m#k
ant/2 ; n=L#0

0 ; n¥L

Clamped Edges

L 8mk

I18nL

CmZm(CmZm-Z)

CnZn(CnZn-Z)

lmk
ind
1mk
Ind
1mk
1nd
4mk
4nl,
4mk

4nl

Free Edges

L 8mk

IlSnL

2
mk~" /2; m=k#0
0 ; mék
nl=2/2 ; n=1#0
0 ; n#

1mk

Imk

Int
1mk
In/.
4uk
4nl
4mk

4nd



Integral
Form

Lo emk

Iyent

I27mk

T27n{,

28mk

Trgnt

L omk

Toont

L3omk

L3ont

I3 mk

I3nt,

I3omk

"

m

m

]

m

m

m

hll

Bl

e
o]

o

[

,1

(4

[J

ol

[J

pl

ol

e

J

e

ol

[d

ol

[

o1

W

1

-]
(o)

1

o§¢xm§uk

1
[
0

1
meékada

oéwxn§¢deB

wym wykda

3 8! d
o pyn? st %P

At 1
ogwmeWXkdd

wxn wa dB

§' ¥ do
o Uym Yyk

Wyn'wyé dp

é'

o' 3! do
o Wxm yyk

Fixntyyt P
da
¢xn@u{,dﬁ

umékada

I3ong = IoéunévdeB
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Evaluation for Boundary Condition Listed

Simply Supported

mkn?/2; m=k#0

0 ; m#k
aln2/2 ; n=L#0

0 ; n#l
mkﬂ2/2; m=k#0

0 ; m#k
ndn2/2; n=L#0

0 ; n#l

% ; m=k#0
0 ; mék
¥ ;. n=L#0

i n#L
; m=k#0

; m#k
; n=L#£0

W O w O

0 ; n#l

Clamped Edges

4nd

I5mk

4nd

8mk

8nl

8mk

8nl

8mk

8nd

1mk

ind

1mk

ind

Free Edges

4mk

4nd

4mk

4nd

8mk

8nl

8mk

8nl

8mk

8n{

1mk

1nd

Imk

1nt



Integral
Form
N
- '
133mk © qoéwxm@ukdd
.1
= [
I33n£ - .o@wanuLdB
~1
= '
I34mk T vaméukda
1
= '
L34nt = joéwxnéuéds
ol
I3smic = .o%ym@ukd“
"1
I = trepen Fos ,dB
35n{, Jo ¥ym uv
o1
- 1
D3gmk = q"ym@ukdaf
1
= '
I36nt © .°§¢yn§utd8
"1
= '
I37mk = do%ym%kd&
1
- '
IB?nL - ~o§wyn§uLdB
ol
I38mk = ~O¢¢xm¢vkdd
o1
I38n£ = ¢¢xn¢deB
1
- '
I3%m-ﬂL¢%m%ka
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Evaluation for Boundary Condition Listed

Simply Supported

kn/2; m=k#0

0 ; mék
nn/2 ; n=L{#0

0 ; n#l
krn/2 ; m=k#0

0 ; mfk
nn/2 ; n=L#0

0 ; nél

kn/2 ; m=k#0

0 ; m#k

Clamped Edges

4mk

4l

1mk

1nl

4mk

4nl

4mk

4nt,

lok

ind

4mk

Free Edges

4mk

4nd

4mk

4nl

1mk

Inl

4mk

4nl

4mk

4nd

1mk

1nl

4mk



Integral
Form

= '
Iygng = j0§¢xn°vtd8

40mk I Q\l}xm vk

Lhont

Ltk

Taint

L omk

Liont

L 3mk

Lr3nt

L timk

Litnt,

Tsomk

ISSn{.

Lsomk = I
(o]

i

m

1]

1
f wanévﬁds
)

e
=
<
=
o
<
P
o
™

1
v Oé \lImeV kda
1

T

[ d

(¢]

o1
¢

l ]
J d;xm k

"1
)
J wan uL d8

.[ @Qlymé'k
1
jo¢$ynéﬁ{d8

&' %' d

yxm vk
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Evaluation for Boundary Condition Listed

Simply Supported

nn/2 ; n=L#0

0 ; n&

kr/2 ; m=k#0

0 ; m#k
n/2 ;

n#l
; m=k#0

93

5

0 ; m#k
¥ ;5 n=L#0
0

: n#l

mkﬂ2/2; m=k#0

0 ; m#k

ndn2 /2 ; n=L#0

0 ; n#L

Q)

n={#0

Clamped Edges

IQnL

4mk

4nl

Lk

Inl

4mk

4nl

4mk

4nd

-t

8mk

8nl

8mk

8nl

8mk

Free Edges

IAnL

4mk

4nd

1mk

1nd

4mk

tad

4mk

4nd,

8mk

8nl

8mk

8n{

8mk
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Integral Evaluation for Boundary Condition Listed
Form

Simply Supported Clamped Edges Free Edges

1

IS6nL = Jo¢¢xn§;£ds ¢ IBnL ISnL
1 mkn2/2 ; m=k#0

Is7mk © Jo§$ym°$kd“ N Tgmi Lgmk
1 ntn2/2 3 n=L#0

Isont = jo@$yn@;£d8 0 5 n#t Bgnt Tent

E2. Combination Trigonometric-Beam Type Integrals

These integrals are related to Illmk’IllnL’IIBmk’ and IanL for

clamped and free edges of the plate mentioned in Appendix El. Therefore,
these integrals were evaluated and are listed below:

All Edges Clamped.

1

T = ,
') mk Io§¢xm§wkda

3
= 21 {Zk sinh Zk sin2mi-2m cosh Zk cos 2mm + 2mj}
(Zk) + (2mm)
+_{cos[Zmn + 2K7-1 N cos{2mm - Zy]-1
2[2mm + zk] 2[2mm - 2 ]
k
Ck
- 3 {Zk cosh Zk sin 2mn - 2mn sinh Zk cos ZmH}
(Zk) +(2mm)
. . . B B
sin{2mr Ak] sinl 2mm + 2,3

+ ¢ {—F— .
C 12T 2mm - z] 22mm + 2, J

IllnL is analogous to Illmk with the following substitutions:
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mesn , karl , qe>rfp

1 z
¢, %' dy = k { .
j° ™ (Zk)2 + (2mm)? & cosh Z, sin 2um

L 3k

sin[2mm ~ 2;] sin[2mm + 2, ]
J

2[2mm - 2, ] 2[2an + 2

2mm sinh Zk cos 2mn’} + Zk {

)

k

Zk Ck o
- 2 {Zk sinh Zk sin 2mn - 2mn cosh Z, cos 2m— + Zm%}

(zk)2 + (2mm) k

cos{2mm + 2, ]-1 cos{2mm - 2 1]-1
z, ¢ k— o+ k }
k 'k 2[2mm + Z;] 2[2mm - Zk]

is analogous to 1 with the following substitutions:

Li3ne 13mk

Me»n , kH—L’ QQ—-’B



APPENDIX F

COMPUTER PROGRAM DOCUMENTATION AND LISTING

The program described in this appendix was programmed to ac-
complish the following three computations:

1. Calculate the shear factor K for laminates, using Jourawski

static shear theory.

2., Calculate the lowest eigenvalue for a simply shpported laminated
plate without demping.

3. Calculate the amplitude frequency response and modified
Kennedy-Pancu frequency response and damping data for a free-
edge anisotropic plate with material damping.

Computation 1 was accomplished by using an explicit algebraic expression.
Computation 2 was performed by using IBM System/360 Scientific Subroutine
Packages NROOT and EIGEN, Computation 3 was performed by Package SMIQ.

A complete description of the variables, operations, etc, may be found in
IBM Manual 360A-CM-03X, version III, for the subroutines NROOT, EIGEN and
SMIQ.

The program was written in FORTRAN IV language as prescribed in IBM
System Reference Library Form C-28-6274-3.

The input-data deck was set up as follows:

Computation 1 =
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(a) Thickness of each layer (lower and upper limit)

(b) Elastic and shear moduli

Computation 2 -

(a) Plate geometry

(b) Lamination geometry (specially orthotropic)

(¢) Moduli and Poisson's ratio data for each ply

(d) Density for each ply

(e) Shear factor (as calculated in Computation 1)

Computation 3 -

(a) Young's and shear moduli for each layer

(b) Poisson's ratios for each layer

(c) Bending and twisting stiffnesses for each layer

(d) Loss tangents corresponding to moduli, Poisson's ratios, and
stiffnesses for each layer

(e) Plate geometry

(f) Lamination geometry, including angle of orientation for each
layer

(g) Density of each layer

(h) Shear factor (as calculated in Computation 1)

(1) Mode numbers of the assumed modes,

A complete listing of the computer program is presented at the end

of this dissertation.
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TABLE I.

SHEAR FACTOR FOR LAMINATES WITH MULTIPLE ALTERNATING

LAYERS OF TWO MATERIALS

Modulus ratio,

Number of Layers, n

Efi)/ s§§)= cgé)/céi) 2 3 4 5 6 7 8 9
1 0.833 0.833 0.833 0.833 0.833 0.833 0.833 0.833
10 0.173 0.190 0.203 0.201 0.195 0.193 0.188 0.186
20 0.091 0.087 0.087 0.082 0.072 0.069 0.063 0.062
30 0.062 0.056 0.050 0.047 0.037 0.036 0.032 0.031
40 0.047 0.041 0.033 0.031 0.023 0.022 0.019 0.018
50 0.038 0.032 0.022 0.016 0.015 0.011 0.013 0.012
60 0.032 0.027 0.017 0.016 0.011 0.011 0.009 0.009
70 0.027 0.023 0.014 0.013 0.009 0.008 0.007 0.006
80 0.024 0.020 0.011 0.010 0.008 0.007 0.005 0.005
90 0.021 0.018 0.009 0.008 0.005 0.005 0.004 0.004
100 0.020 0.016 0.007 0.007 0.004 0.004 0.003 0.003
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Table II.

Frequencies and Damping for a Laminated, Composgsite-Material Plates

Reference 13 Present Results

Angle,] Mode Exp. freq., Anal. freq., Exp. damping Peak-ampl. Kennedy- Calc.
deg. No. Hz. Hz. ratio, % freq., Hz. Pancu damping
freq., Hz. ratio, %

1 141.8 138.2 0.1 138.9 140.0 0.22

2 182.2 164.0 1.9 170.0 170.4 1.83

o] 3 386.2 365.4 0.9 359.4 360.1 0.97

4 401.1 381.1 0.2 389.7 390.2 0.24

5 649.5 639.4 1.4 639.0 639.6 0.95

1 100.6 93.4 0.6 93.0 92.0 1.19

2 234.0 226.9 3.4 226.1 225.2 1.28

10 3 275.2 257.9 0.9 264.0 265.5 1.06

4 485.3 497.5 1.6 495.2 495.0 0.09

5 523.4 512.8 0.9 512.3 511.0 0.66

1 57.2 56.1 1.0 57.7 58.7 1.37

2 163.4 164.2 1.0 166.1 165.0 0.82

30 3 314.9 325.9 1.1 320.0 320.0 1.03

4 378.4 385.9 1.6 388.0 387.2 1.64

5 534.2 572.1 1.4 564.3 565.0 0.97
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TABLE II,

Continued

Reference 13

Present Results

Angle, Mode Exp. freq., Anal. freq., Exp. damping Peak-ampl. Kennedy- Calc.
deg. No. Hz. Hz. ratio, % freq., Hz,. Pancu damping
freq., Hz. ratio, %
1 46.2 42.4 0.9 45,2 45,1 0.98
2 131.4 122.0 1.2 124.0 124.0 1.25
45 3 257.6 250.0 1.1 249.6 251.0 0.95
4 278.4 291.5 2.2 293.0 293.4 1.59
5 433.3 432.0 1.5 429.9 430.0 1.18
1 44,1 42 .4 0.9 43.0 42.3 1.00
2 127.0 119.0 1.5 -121.5 122.0 1.60
60 3 260.8 226.3 3.9 228.0 228.1 2.05
4 239.9 239.3 1.1 237.0 237.6 1.06
5 405.1 404.0 1.5 402.3 401.5 1.17
1 48.0 49.3 0.8 48.1 48.0 0.87
2 137.6 136.0 1.2 136.0 136.1 1.23
90 3 188.9 161.6 5.3 165.6 164.4 3.31
4 250.6 267.1 1.0 259.8 259.0 1.10
5 331.7 331.7 2.1 332.3 331.0 1.98
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140

DIMENSION E(20)+G(20)+¢2(20)4A(20G,420)
READ(S.10)N

FORMAT(13)

IF(N) 13C+130,140

NN=N=-1

READ(S+20)(E(J)sG(I)sZ2Z(J)sJ=1,N)
FORMAT(3F10.5)

SUMGZ=G(1)*2(1)

DO 30 J=2.N

SUMGZ=SUMGZ+G(J)*(Z(J)-Z(u-1))

CONT INUE
GE2ZS=E(1)*%2/(4,%G(1))%(8+715.%¥Z(1)%%5)

DO 40 J=24N
GE2Z25=GER2ZS+E(J)**2/{4.%G(III*(Z2(J)**4x(Z(J)-2Z2(J4-1))~-
12e/73e%Z(J) %%x2
2¥(Z(J)*%3-2(J-1)%%3)40e2%(Z(J) *%5-2(J~-1)%%5))
E2Z4=E(1)RE(1)%Z(1)*%4

DO S0 J=2,N
E2Z24=E2ZA4+E(J)*E(JI)I*(Z(JV%%2~-2Z(J-1) *%2) ¥%x2
E2Z4=E2Z4~-E(1)*¥E(1)*Z2(1)%*%x4
GE2Z4=10/(4,0%G(1) )%E2Z4%Z(1)

DO 60 J=2sNN
E2Z4=E2Z4—-E{(J)*E(J)*(Z(J)&%2-2Z(J—1) *%2) %2
GE2ZA=GE2Z44+1.0/7(4.,0%G(J))*¥E2Z4*x(Z(J)-Z(J4~1))
All141)=E(1)%(2473)%Z(1)%%3

DO 70 K=2,AN
A{Ll+K)ZE(K)I®X{Z(K)*%2%( Z(K) ~Z(K=1))—1e/3e*(Z(K)*&F~Z(K=] )%%3)}
DO 71 J=2sN

A(JL1)=E(J)R(Z(J)%%2-2(J—-1)%%k2)

LL=1

DO 72 K=2sNN

DO 73 J=2«N

A(JesK)=A(J+LLK-LL)

CONTINUE

LL=LL+1

GEZ=)0.0
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75

74

80

90

100

130

II=N

KK =NN

DO 74 M=1],NN

AA=0.0

DO 75 1=1,KK

L=1+1

DO 75 J=L,11
B=A(I,M)*A(J,M)
AA=AA+B

CONTINUE
C=0eS*G{M)%AA
GEZ=GEZ+C

II=11-1

KK=KK=-1
SGEZ=GE224+GE2Z5+GEZ
E1Z3=(1e/3)%E(1)%Z(1)*%3
DO 80 J=24N

E1Z3=E1Z340S*E(JI*(Z(JI*u2%(Z(J)-Z(J-1D))—1e/3e*(Z(J)%x3-Z(J~1)

1¥%3))

CONTINUE

E1Z22Z=0+5*%E(1)*Z2(1)%%2

00 90 J=2wN
E1Z22Z=E1Z22Z+0.S*E(JI*¥(Z(J)*%2-Z(J-1)%%x2)
E1Z2Z=E1722-0.5%E(1}*Z2(1)*%2
AEL1Z3=E1222Z%2(1)

00 100 J=2+NN
E1722Z=6122Z-0.5%E(J)*(Z2(J)*¥2-7Z(J-1)%%2)
AE1Z3=AE1Z3+4E1222%(2(J)-2(J-1))

CONT INVE

SELZ3=(E1Z34AE1Z3)%*%2
SFK=SE1Z3/(SUMGZ*SGEZ)

WRITE(64+110)N,SFK

FORMAT(* =0 4 [2+5Xs* SHEAR FACTUR K =',FT7e4/7/)

GO T3 120
CALL EXIT
END

011
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PLATE VIERATION CAL. BY CeCe SIU

COMPOSITE SHAPE FACTOR K11X2,K22X2,K12X2

USING AN EXACT ANALYSIS BY Se SRINIVAS TO COMPARE

wlTH PLATE THEORY INCLUDING TRANSVERSE SHEAR DEFORMATION
STIFFNESS COEFFICENTS FOR 3 LAYER

1ST LAYER IS SAME AS 3RD LAYER

DOUBLE PRECISION HeH1sH2sR0O1 sRO2+1Gl 9G2+K11X2,K22X2,K12X2+sANUSsAN
DOUBLE PRECISION Cl1IsClHIITLC121,C12I1,C221,C2211,C441,C441]11,
1C45T1,CASIT+CSSI+C5511+,C661,C6611

DOUBLE PRECISION AS{5+5)+sA1(5,5)

DOUBLE PRECISION EVAL{S)+EVEC(5+5)

INTEGER RA+RBsRC+RDHIRE

INTEGER CA,CB,CC,CD,CE

READ PLATE PROPERTIES

o] 0 o0

(@]

8

JJd=1
READ(S5+s7) K11X2:K22X2+sK12X29+sANUs AN
FORMAT(3F10e492F10.2)

WRITE PLATFE PROPERTIES

WRITE(6+s8)K11X2+K22X2+:K12X2sANU, AN
FORMAT(3F10e4,2F10.2)

CAL+ COEFFICIENT

Cl11I=1.D0/(1.D00-ANU%X%2)
cCr1tiI=CtilI
Cl2I=ANU/ (1 .DO-ANU%%*2)
cl12l1=C12I

c221=Cl111

cz22I11=Ct1l
C441=1esD0/7(2.00%{ 1sD0+ANU))

111
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Ca411=Ca4l%(1sD0/AN)
C451=0.00
C4511=0.D0
C55I=C441
CSS51LI=Ca41I
C661=C441
Coell=Ca411
PI=341415926536D0
G1=040001%%0,5%P1
G2=0.0064%%0,5*%P 1
H1=1.0D0

H2=84D0

H=104D0

RO1=1.D0

RO2=1.D0

RA=1

RrRB=2

RC=3

RD=4

RE=S

CA=1

cB=2

CcC=3
CD=4

CE=S

CALCULATE STIFFNESS MATRIX

AS{RAJCA)=25.DO*X(CLII/CE6TII+CHOEI/CHHI]IXGL%R%K2
+25.0D00/16D0%{(C11II/7CO61141.D0)%G2%%2
AS(RA,CB)E25,00%(C12I/CO66I1+C661/CO611)%G]1*%2
+25.00/716.D0%(C1211/7CO6I11+1.D0)%G2%%2

AS(RA CC)=0D0O

AS(RA,CD)=0.D0

AS(RALCE)=0.D0

AS(RB sCA)=25,D0%(C12I/7CHEOIT+CHET/CHO6I1T) %G %x%2

AN



o O

14250071 60D0%(C12I11/7C66T11+1D0)%G2%%2

AS(RB CB)=25,D0%(C221/CO6TTI+CH61/COO61T ) %G1 *%2

142502/ 16.00%(C2211/C661141eD0)%G2%%2

AS(R3,CC)=0D0

AS(RS,CD)=0.D0

AS(RB+CE)=0.00

AS(RC,CA)=0.D0

AS(RC,CB)=0.DO
AS(RC,CC)I=(200DOXK1 1 X2%¥{HLI/H2)*%(C441/C6E6I1)4200,D0%K22X2%
1(HI/H2) % (C551/7C6611)+400D0%¥K12X2%(HL1/H2)*(C4SI/7C6611)) %Gl %2
24(25.D00/16eD0%K11X2%(CA4I1/CEH611)+25eD0/7164D0%K22X2%(CHSII/CO661T1)
3425eD0/8.D0%K12X2%{CASII/CH6I1) ) %G2%%2
ASIRC+CD)I=20.D0%K11 X2k (HLI/H2)*(C441/C661I1)*G1
14{SeD0/78.D0)*K11X2%(C4411/7C6611)%G2

AS(RC,CE)=20.D0%K22X2*% (HL/H2)*(CSS1/C6611)*%*G1
14(SeD0/4.D0)*K22X2%(CSSIL/7C6611)*%*G2

AS(RDsCA)=0.D0

AS(RD,CB)=0.D0

AS(RDsCC)=20D0%K11X2%(H1/H2)%¥(C441/7C6611)%G1
14+(5.D00/4.D0)*K11X2%(C44I1I/7C66I11)*G2
AS(RD+CD)=61¢D0/12sD0%(CL11I/COHOIIH+COH6I/CO6IT)*¥G1*%%241.D0/12.D0%
1(CLIII/7CO61IT+41eD0)%G2%%2+4K 1 1X2%(2¢D0%(HLI/H2)%(C44I/7CO6LTI)+(C44]1
2/7C6611))
AS(RDSCE)=61¢D0/12,D0%¥(CL12I/CH6IT+CO6I/COH6I1)%G1%%241D0/12D0%
1(C12II/7COH6IT1+41.00)%G2%%2

AS(REsCA)=0.D0

AS(RE +CB)=0.D0

AS(RE+CC)=20 «DO*¥K22X2%(H1/H2)*({C551/C6611)%G1
1+(SeD0/74eD0)*K22X2%(CSSITI/CH61IT )%G2

ASIRE +CDI=61 6D0/12.D0%(C121/7COBII+CHO6I/CHO6ITI)*51*%2416D0/120D0%
1(C1211/7C6611+1 D0 )I*G2%*%2

AS(RE sCE)=61.DC/12.D0%{(C221/COH6I1I+CEHOI/CO6IT )R GL%k%2+1.00/12eD0%
1(C221I/7CH61 141 D0 I*G2%¥%2+K22X2%(2.D0*%(H1/H2)%(CSS1/CHE6IT1)+(CH511
2/C6611))

CALCULATE INERTIA MATRIX

€11
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(IJ)IVAS*I(EEH6CG)ILITHM O1T6
((I)TIYA3)Y1HDSA=(1)TIVAS
S*1=1 016 0Q

S3INTIVANIO I3 IL T UM

(D3A3*TIVAI* IV *SVY*SIL00UND T1TIVWD

100YNG T17IVO

(20H/108)%0Q°*832L/70G°19400°21/00°*1=(3D2*3Y) IV
00*0=(QD*3YH) 1V
0G°0=(D>D*3d) 1V
0a*o0=(82>*3d) 1v
0Q*0=(vD*3y) 1V
00*0=(3D0*a) IV

(20H/7108)%00°*892/00° 19400°21/00°*1=(AD*UH) IV
0Q°*0=(D2D*qH) 1V
0Q°0=(g>5*g3) 1v
0a*0=(vD*ay) 1v
0Q°0=(3D¢*DY) 1V
04d*0=(ad*D2u)1v

(0Q°T+208/10HX(CH/TH)*0Q*2)%2x%x(ZH/H)=(DD*DY) 1V
0C*0=(AD*DY) 1V
00°*0=(VvD*DY) 1V
00°0=(3D*8EH) 1V
0a*o0o=(qao*sy)Iv
0Q*0=(DD*EH) 1V

(0A°T4208/108%x(CH/TH ) *0A*2)* 2% % (ZH/H)=(AD4HH) 1V
04d°0=(vD*BY) 1V
0d°*0=(3D*vd) 1V
0Q*0=(Qad*vH) 1V
0Q°*0=(DD*vd})1lv
0Q*0=(ad*vy) v

(0 1+20H/T0Mx{ZH/TH)*¥00°*2)%Cx%x (SH/H)=(VD*VH) IV



951

100

FORMAT( *0® 40X+ 'EIGENVALUE(®* 412, )=%,D16.8)
JJIJd=JIJ+1
[IF(50-0UJ)Y951+5+5
STAP
END
SUSBROUTINE ONROOT (MyAs8eXbLeX)
SEE WRITE-UP IN IBM SSP, PAGE 31
DIMENSICON A{1)+8(1) XL(1)sX(1)
DOUBLE PRECISION AsBeXL o Xy SUMV
COMPUTE EIGENVALUES AND EIGENVECTOUORS OF B
K=1
DO 100 J=2.M
L=Mx(J=-1)
DO 100 I=1,J4
L=L+1
K=K+1
B(K)=8B(L)
THE MATRIX B IS A REAL SYMMETRIC MATRIX
MV=0
CALL DEIGEN (BesXsMysMV)
FORM RECIPROCALS OF SQUARE ROOT 0OF EIGENVALUESe. THE RESULTS
ARE PREMULTIPLIED BY THE ASSOCIATED EIGENVECTORS.

STt

L=0

DO 110 J=1.M

L=L+J
XL(J)=1.0/DSQRT(DABS(B(L)))
K=0

DO 115 J=1.M

DO 115 I=1,M

K=K+1

BIK)=X(K)*X1_{J)

FORM (B%%x(-1/2))PRIME * A % (B*x%x(-1/2))
DO 120 I=1.M

N2=0

D0 120 J=1.M

Nl=M%x(I-1)



120

130

140

150

L=ME(JU=-1)+1
X(L)=0.0

DO 120 K=l M

NI=N1+1

N2=N2+1
XCL)Y=X(L)+B(N1)%*xA(N2)
L=C

DO 130 J=1,M

DO 130 I=1,4J

Nl=]~M

N2=Mx(J-1)

L=L+1

A(L)=0.0

DO 130 K=1.M

NI=N]1+M

N2=N2+1
A(L)Y=A(L)I+X (N1 )*B(N2)
COMPUTE EIGENVALUES AND EIGENVECTORS OF A
CALL DEIGEN (A+XsMMV)
L=0

DO 140 [=1.+M

L=L+1

XL(I)=A(L)

COMPUTE THE NORMALIZED EIGENVECTORS
DO 150 I=1.M

N2=0

DO 150 J=1.M

N1=[-M

L=M%(J-1)+1

A(L)=0.0

DO 150 K=1M

N1=N1+M

N2=N2 +1
A(L)I=A(L)I+B (NI IEX(N2)
I=0

K=0

911
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NOOO0ONOONOON 00N

OO0 O0OON

OO0 O0ON0O00O0

RE MAKRKS ELGENC26
GRIGINAL MATRIX A MUST BE REAL SYMMETRIC (STORAGE MIDE=1) EIGENC27
MATRIX A CANNOT BE IN THE SAME LOCATIGON AS MATRIX K EIGENO28

EIGENO29

SUBROUT INES AND FUNCTION SUBPROGRAMS REQUIRED EIGENO 30

NONE EIGENO 31
EIGENO 32

ME THOD EIGENO33
DIAGONALIZATION METHOO ORIGINATED BY JACOBI AND ADAPTED E [GENQ 34
BY VON NEUMANN FOR LARGE COMPUTERS AS FOUND IN *MATHEMATI CALEIGENO3S
METHODS FOR DIGITAL COMPUTERS*s EDITED BY Aa. RALSTON AND EIGENO36
HeSe WILFs JOHN WILEY AND SONS, NEW YORK, 1962, UHAPTER 7 EIGENO37

EIGENO38
.C....'..............'.I...'...............‘.'............I.'I..O.EIGENO39
E IGENO4O

SUBROUTINE DEIGEN{(A+RsNsMV) EIGENO41
DIMENSION A(1).R(1) EIGENO42
EIGENO43
....C.....‘........................I....‘.........Q....'.......EIGENO44
EIGENOAS

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIRED, THE EIGENOA46

C IN COLUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION EIGENO0OA47

STATEMENT WHICH FOLLOWS, EIGENO4S8

EIGENOAO9

O0oUBLE PRECISION AsRANORMyANRMX s THRe X3 Y s SINX S INX2 4COSX s EIGENOSO
COSX24SINCS EILGENOS1

EIGENOS2

THE C MUST ALSG BE REMOVED FROM DOUBLE PRECISION STATEMENTS EIGENOS3

APPEARING IN OTHER ROUTINES USED IN CONJUNCT ION wITH THIS EIGENOS4

ROUTINE « EIGENOSS

EIGENOS6

THE DOUBLE PRECISION VERSION OF THIS SUBRUOUT INE MUST ALSO EIGENOS7

CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS, SQGRT IN STATEMENTSEIGENOSS
40, 68, 75, AND 78 MUST BE CHANGED TO DSQRT. ABS IN STATEMENT EIGENOS9
62 MUST BE CHANGED TO DAB3S. EIGENO60

EIGENOG1

811



O0no0

OO0

10

15
20

25

30

35

40

45
50
55

...............'.......Q.............C‘....................I...ElGEN062

GENERKATE [DENTITY MATRIX

IF(MV-1) 10+25,10
IQ=-N

DO 20 J=14N
IQ=1Q+N

DO 20 TI=1sN
IJ=1Q+I
R{1J)=0.D+400
IFCI-J) 2C+15,20
R{1J)=1.D+00
CONTINUE

COMPUTE INITIAL AND FINAL NORMS

ANORM=0.D+00

DO 35S I=1.N

DO 35 J=1sN

IF(I-J) 30,+35,30
IA=1+(J%xJ-J) /2
ANCRM=ANCRM+A(IA)*A(IA)
CONTINVUE

IF (ANORM) 165+165+40
ANORM=1¢41404002DSQRT{ ANORM)
ANRMX=ANORM*1,00-06/FLOAT(N)

INITIALIZE INDICATORS AND COMPUTE THRESHOLD.

IND=0

THR=ANUORM
THR=THR/FLOAT(N)
L=1

M=L_+1

(ANORM AND ANORMX)

EIGENOSK3
EIGENOG64
EIGENO6S
EIGENOOGS
EIGENOOG7?
EIGENOG68
EIGENO69
EIGENOT7OQ
EIGENO 71
EIGENO72
EIGENO73
EIGENO74
EIGENO7S5
EIGENO76
EIGENO77
EIGENOT78
EIGENO79
EIGENO8O
EIGENOS8I
EIGENO82
EIGENOS83
EIGENOS84
EIGENOS8S
EIGENOB6
EIGENO87
EIGENOSS
EIGENOS89
EIGENO9I0
EIGENQO91
EIGENOQ92
EIGENO93
EIGENO94
EIGENO9I9S
EIGENOCI96
EIGENO97

611
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€L IN3IOI3
C2EIN3OI3
IEIN3O13
OEIN39I3
62 1N3913
8C1IN3IOD13
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XSOD% {WI)IV+XNIS2( 1 IV=(WI)V
XNIS*(W1)V-XS0OD%(T11)v=X
O1+1=71

o111 01 ©9

O+1=11

SOT*GSO0T¢001 (N-1)4d1
DI+W=NWI

S6 01 09

OW+]1=WI

06°*ST1*S8 (W-1)3I
08*sl1lto8 (N-1)4d1
2/(1-1%x1)=0D1

N¢T1=1 G621 0OQ
(1-W)xN=DWI

(1-1)xN=0DT11

SNWNTI0D W ONv 11 34iviod

XSOJ%xXN1S= SDNIS
XS0O2¥XS0D2=Xs0D
(ZXNIS-004Q0°1)14D0SA=XSOD
XNIS¥XNIS=Z2XNIS

(C(LAXA-00+40°1 }1HDSO)I+00+40°1)%C04Q°2)1HOSA/A=XNIS
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S2%G2%02 (Xx)dl

XA (WIVE(RTIIV) LHOSA/ (W)Y —=A
((WW)IY—=(T1)V)200+40S*0=X

OW+HW=NNW

CO+1=11

IT=AN1

G9*S9¢0ET (uH1I~-((W)Vv)SBYVQ)d!
O+ =1
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165

170

175

180
185

SORT EIGENVALUES AND EIGENVECTORS

I1Q=-N

DO 185 I=1sN

[Q=T1Q+N
LL=I+(I%xI~T)/2
JA=NE(1-2)

00O 185 J=L.N

JA=JQ+N

MM=J+ (J%J—~-J) /2
IF(A(LL)-A(MM)) 170,185,185
X=A{LL)

A(LL) =A(MM)

A{MM) =X

IF(MV-1) 175,185,175
DO 180 K=1.N
ILR=TIQ+K

IMR=JQ+K

X=R({ILR)
R{ILR)=R(IMR)
R{IMR)=X

CONTINUE

RETURN

END

SUBROUTINE CHECK (1)
WRITE (3.,1) 1

FORMAT (* CHECK *,I13)
RETURN

END

EIGENL170
EIGEN171
EIGEN172
EIGEN173
EIGEN174
EIGENL17S
EIGEN176
EIGEN177
EIGEN178
EIGEN179
EIGEN180
EIGEN181
EIGEN182
EIGEN183
EIGEN184
EIGENL18S
EIGEN186
EIGEN187
EIGEN188
E1GEN189
EIGEN190
EIGEN191
EIGEN192
EIGEN193

44}



N0

[a &

000N

15
32
10
35
36
37

39

40

VIBRATION OF LAMINATED ANISOTROPIC PLATES
CONSIDERING THICKNESS SHEAR AND DAMPING EFFECTS

DIMENSION
DIMENSION
DIMENSICN
DIMENSION
OIMENSION
DIMENSION
DIMENSION
DIMENSION
DIMENSION
ODIMENSION

S(40440),T7T(40)

ANGLE(8),H(24) sRO(24)
ER11(24),ER22(24)+,GEL11(24),GE22(24)

VR12(24),VR21(24)

GR12(24)+GR13(24)+GR23(24)+6G12(24)+G6G13(24)+:G6G23(24)

CRT11(24)+CIT11(24),CRT12(24),CIT12(24)
CRT22(24) +CIT22(24)+CRTH6(26) +CITHE(24)
CRT16(24)+CIT16(24),CRT26(24) +CIT26{24)
CRT44(24)+CIT44(24),CRT45(24) .CIT45(24)

CRT55(24) +CIT55(24)

REAL K11,K22.K12
READ(S»15)Je NN INPUL » INPUZ2
FORMAT(415)
READ(S5+32)A+8sK11K22¢KI2
FORMAT(SF10.4)
READ(5435+END=3333)F
FORMAT(F10.4)

READ(S+3€) (ANGLE(I) oH(I) 4H(I+1) RO(1)yI=1,J)
FORMAT(4F10.0)
READ(S+37)(ER11(I)ER22(1)+GEL11(1)sGE22(I)s1=1,4J)
FORMAT(4E10.4)
READ(5,39)(VRI2(I)sVR21(I)sI=1,J)
FORMAT(2F10,.6)

READ(S5+40)(GRIZ2(I)eGR1I3(I) +GR23 (1D eGG12(1) +GG1I3(1)+GG23(1)sI=1,J)

FORMAT(6EL1O0.4)

CALCULATE

SMAR11=0.
SMAIL11=0.
SMAR12=C.
SMAIL12=0.

STIFFNESS +DAMPING,

AND DENSITY COEFFICIENTS

€zl



SMARL16=C .
SMAI16=0.
SMAR22=0.
SMATI22=0.
SMAR26=0.
SMA126=0.
SMAR66=0.
SMALI66=0.
SMAR44=0.,
SMAI44=0.
SMARGH=0.
SMAI45=0.
SMAR55=0.
SMAISS5=0.
SMBR11=0.
SMBI11=0.
SMBR12=0.
SMB112=0.
SMBR16=0.
SMBI16=0.
SMBR22=0.
SMBI22=0.
SMBR26=0.
SMBI26=0.
SMBR66=0.
SMBI66=0.
SMDR11=0.
SMDI11=0.
SMDR12=0e
SMDI12=0.
SMDR16=0.
SMDI16=0.
SMDR22=0.
SMDI22=0.
SMDR20=0.
SMDI25=0.

%7¢1
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SMDR&ESG=0 .

SMDI65=0.

SUMPO=0.,

SUMP1=0.

SUMP2=0.

PI=3.141592653589793

DO 150 I=1.,4

CRINI=ERIL1(I)/(1«=VRIZ2(1)%RVR21(1)}))
CITI=ER11(I)/(1e—-VR1Z2(I)&VR21(I))%GEI11(1)
CR22=ER22(I)/(1~-VR12(I1)%®VR21(1))
CIZ22=ER22(I1)/(1.-VR12(1)*VR21(1))*GE22(1)
CR12=VR12(I)*ER22(1)/(1.-VR12(I1)I*%VR21(1))
CR12=VRIZ2(I)I*ER22(I)/{1.-VR12{T1)*VR21(1))I*xGE22( 1)
CR44=GR13(1I)

CI44=GR13(1)*GG13{(1)

CRS55S=GR23(1I)

CISS=GR23(1)*GG23(1)

CR66=GR12(1)

Cl66=GR12(11*GG12(1)

THETA=ANGLE(I)*P1/180.,
C4=COS(THETA)*COS(THETA)*COS(THETA)*COS(THETA)
S4=SIN(THETA)*SIN(THETA)I*SIN(THETA) *SIN(THETA)
C3S1=COS(THETA)*COS(THETA)*CNOS(THETA)*SIN(THETA)
S3CI1=SIN(THETA)*SIN(THETA) *SIN(THETA)*COS(THETA)
C2S2=COS(THETA)*CCS(THETA)IXSIN(THETA) XS IN(THETA)
C2=COS(THETA)®COS(THETA)
S2=SIN{THETA)XSIN(THETA)
CS=COS(THETA)*SIN(THETA)
CRTIL1(I)=CR11%C4+2.%¥(CR1242.*CREE6)*C2S2+CR22%S4
CITLHI(I)=CI11*C4+42.%(CI1242.%CI66)%C252+CI122%S4

COEFFICIENT TRANSFORMATION
CRT12(I1)=CR12%C4+{CR11+CR22~4 . CRE6)*¥C252+CP12%¥S4

CIT12(I1)=CI12%C4+4{(CI114+CI122-4.%CI66)%C2S2+CT112%S4
CRY22(I1)=CR22%C4+2.*(CR12+2 +*CR66)I*C252+CR11%54

§¢1



CIT22(1)=CI22%¥C442.*%(CI1242.%C166)%C252+CI11%S4
CRTOO6(T1)=CR66*%CA4+(CRIT+CR22-2.%CR1I2-2+%CROB)I*CZS24+CRHBEX 4
ClToeo(1)=Cl66%C4+(CI11+CIR22-2.%CI12-2.%CI66)*C2S2+CI66%54
CRT1I6(I)=(2.%CROHICRI2-CR11)*C351-{2.*%CRHE6+CK12-CR22)*%S3C1
CIT16(1)=(2.%CIH6+4CI12~-CI11)%C3S1-(2.%CI166+C112-C122)%53C1
CRTZH(I1)=-(2.%CROE+CR1I2-CR22)%¥C3S1+(2.%CRE6E6+CR12~-CR11}%53C1
CIT26(1)==(2.%Cl66+C112-CI22)%C3S1+(2.%C166+C112-CI111)%S3C}
CRT44(1)=CR44%C2+CRS55%S2

CIT44(1)=Cl44%C2+CIS55%52

CRT4S5(I)=CR55%CS—~-CR44%*CS

CIT4S(I)=CI59%CS~-CI44%CS

CRTSS(I)=CKSO*C2+CR44 %52

CITSS5(1)=CI55%C2+CIa4%52

AARTE=CRTII(I)*(H(I+1)-H(I))

SMARI1=SMARI 1+AAR11

AATIYI=CITLIL(I)*(H(I+1)-H(T))

SMAI11=SMAT11+AATII1l

AARIZ2=CRTIZ2(I)*(H(I+1)-H(I))

SMAR12=SMAR12+AAR12

AAT1I2=CIT12(I)*{H(I+1)-H(I))

SMAT12=SMAIL12+AAT1L2

AARZ22=CRT22(I)*(H(I+1)-H(IL))

SMARZ22=SMAR22+AAR22

AAT22=CIT22(I)+(H(I+1)-H(I))

SMAI22=SMAI22+AA122

AARGH6=CRT66(TI)X*(H(1+1)-H{T1))

SMARBE=SMARG66+AARES

AAT6E6=CITO6(IVX(H(I+1)~H(I))

SMAIO6=SMAIG66+AALIGO

AARIOG=CRTIO(I) *{RH{I+1)-H{I))

SMAR]1 6=SMARI6+AAR1D

AAT10=CIT16(I)*{H{I+1)-H(I))

SMAll10=SMAIl16+AATILG

AARZ2O=CRT26 (1) *{HII+1)-H(I))

SMARZ26=SMARZ2OG+AARZ6

AAT26=CIT26(1)*(H(I+1)}-H{I))
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SMAI26=SVAI26+AAI26
AARAG=CRT G4 (I)*(H(I+1)-H(I))
SMAR4G4=SMARG 4+ AARGS
AATG4=CITA4 (I *R(H(I+1)-H(L))
SMAIG4=SMATAG+AAL G4
AARGS=CRTAS(I)*(H(I¢+1)-H(I))
SMAR45=SMAR45+AARA4S
AAIAS=CITAS(I ) *{H(I+1)-H(I))
SMAI45=SNMAI454+AAT4S
AARSS=CRTSS(I)*(H(I+1)—-H(I))
SMARSS=SMARSS+AARS5
AALISS=CITSSCI)*(H(I+1)~-H(IL))
SMAISS5=SMAISS+AAIS5S
BARII=CRTII{I)*(H(I+1).xH(I+1)-HCI)xH(I))
SMBR11=SMBR11+8BR11
BBIITI=CITILC(I)*X(H(I+LDP*H(I+1)-H(I)XH(]I))
SMBItL1=SmMBI11+¢BBI11
BBRIZ2=CRT12CI)*(H{I+1) *¥H(I+1)-HC(I)*H(I))
SMBR12=SMBR12+BBR12
BB8I12=CIT12CI)*(H{(I+1)*xHC(I+1)-H(I)*H(I))
SMBI12=SMBI12+8BI112
BBR22=CRT22CI ) *(H(I+1)*H{I+1)-H(I)%xH{I))
SMBR22=SMBR22+BBR22
BBIZ22=CIT22( 1) *(H(I+1)*H(I+1)-H(I)*H{(I))
SMBI22=SMB122+8BBI22
BBRO66=CRTO6(I1)*(H{I+1)*H(I+1)-H(I)*H(1))
SMBR66=SMBR66+BBR66
BBI6G6=CITOO6(I)*(H(I+1)*H(I+1)-H(I)XxH(I))
SMBI166=SMBI66+BBI166
BBR16=CRTI16 (1) (H(I+1)*H{I4+1)-H(L)%XH(T))
SMBR16=SMBR16+BBR16
88I16=CIT16{I)*(H(I+1)*H(I+1)-HC(I)*H(]I))
sSMBI16=SMBI16¢8BBI16
BBR26=CRT26(I1)*{H{(I+1)*H(I+1)-H(I)*H(I1))
SMBR26=SMBR26+8BBR26
BBI26=CIT26( 1) *(H(I+1)*H(I+1)-H(I)I=xH(I))

LZ1



128

22uvns =22V

CIIVWS=2I11V

CIHVWS=2 1YV

TTIVAS=T11V

TTHVNS=T1yV

2dd+2dWNS=2dnns
(CIDHXCTIIHACIIH-(T14+1)dHE(T+I)Hx(1+1)H)*(]1)08=2dd
Idd+1dANS=TdNNS

(CIIHXCYIIH=CT+I)HxCI+I)IH)IX(I)0NH=1dd

O0dd+0dNNS=0dWNS

((IIH~(TI+1)HI%(]1)DY=0dd

92100432 1ANWS=9C1ANS
(CIHACIIHA(IIH=(T+TIDHE(TH+IIH*CT+1)H)I*(1)9211D=921Q0
S2HAaa+9cHANS=92HANS
CCIDHAC(IIHA(T)IH—CT+TIIHXCT+TI))HX(TI+IIH)X(I)9218D=92HAQ
Q110049 T IANS=9T110NWS
(CIDHZ(IIHACTIIH—CI4IDHS(T+IIHX(T+IIHI*(I)IT1LID=9110Q
STHOA+ THANS=G T HANS
CCIDIHA(IDIHX(I)H=(T+I)HX(T+I)HX(T+I)HI(I)91139D=9140QQ
991304991 0NS=99IANS

(CIDHXCTIIHEC(TIIH=C T+TIIHX(T+I)IHX(T+I)H)%(1)9911D=991QQd
99N AA+99HANS =9 9HANS
CCIDHA(IDHXCTIIH=CTI+IXHXx(T+IIHE(T+IIH)I*x(1)991H¥D=9940d
2210Q0+4221AAS=221ANS
(CIIHX(IDHXC(TIIH=CT+IDHA(T+IDHX(T+I)H)x(1)2211D=22100
22H0a+22HANS =2 2HANS
CCIDHR(TIIHR(IDH=(T+IDHXCT4+IIHx (T41)H)x (1) 221L8D=22¥84QAQ
2l11aC+21IANS=CTIAanS

(CIMHX(IIH* (I IH=CTI+TID)HX(TH+IDHx(T+1)H)x(T)2111D=211QQ
21HAA+2THANS=2 IHANS
COIDHAX(IIHEX(IIH=(T+TIIHX(TAIIHX(TI+TI)HI% (T )2 TLIHD=218QA
TTIQA+TTIAANS=TT1TIONS
(CIDIHEZ(TIIHAXCTIIH=CT+IIH*CTH+IIHX(TI+T)H)% (1) TTILID=1T1100
TIH8O0+1 THANS =1 THONWS
(CIDMHA(IIHA(TIH—C(T+IIHx(TH+IDMH=(TI+ I)H)x (T ) T TLHYD=T1T1HAA
9219d+9CIBNS=9214NS

oct



Al22=SMAT22
ARGO6E=SMARDBH6
AIB66=SMAL66
AR16=SMAR16
AIl16=SMAI1l6
AR26=SMAR26
AI26=SMAI26
AR44=SMAR44
Al44=SMAIL44
AR45=5MAR4S
AI45=SMA 145
ARS5S5=SMARSS
AISS=S5MAISS
BR11=0.5%SMBR1}
BI11=0.5%5SMBI11
BR12=0.5*%5SMBR12
B112=0,5%SMB112
BR22=0.5%SMBR22
BI22=0.5*SMB122
BR66=0.5%SMBR66
BI66=05*%*5MB166
BR16=0.5%SMBR16
BI16=0.5%SMBI16
BR26=0.5%SMBR26
BI26=0.5%SMBI26
DR11=SMDR11/3e.
ODI11=SMDI11/3.
OR12=5SMDR12/3.
DI12=SMDI12/3.
DR22=5MDR22/ 3.
DI22=SMDI122/3.
DRE6=SMDR66/3.
DI66=SMDIG6/3.
OR16=SMDR16/3.
DI16=SMD116/3.
DR26=SMDR26/ 3.
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[a e Ne!

DI26=5SMDI26/ 3.
PO=SUMPO
P1=0e5%SUMP1
P2=SUMP2/3.

WRITE MATERIAL PROPERTIES AND STIFFNESS COEFFICIENTS
CONSIDERING THICKNESS SHEAR AND DAMPING EFFECTS

VRITE (6+50) AR11,8BR11,DR11

SO0 FORMAT{*0',18X+'ARI 1= *4E12e5+5X,
1'DRILl= '",E1245)
WRITE(6+55)A111,BI111,D0111

55 FORMAT(20¢ ,18Xs"Al11= ?,E12¢6595X,
1°DI11= *,E12.5)
WRITE(6+460)AR12,8RI12,DR12

60 FORMAT(*0',13Xs'AR1I2= T ,E126595X,
1'DR12= ",E12.5)
WRITE(6+65)Al12.8B112,D112

65 FORMAT('0°',18Xs*Al12= *4E12¢5¢5Xs
1°DI12= *,E12.5)
WRITE(6+70)AR22,BR22,DR22

70 FORMAT(*0*,+18X32*AR22= " 4E12¢5+5X,
1*DR22= *,4,E12e5)
WRITE(6+75)A122,B122,D122

75 FORMAT(*0®'+18Xs*AI22= *4EL12e545X,
1°DI22= *4E12.5)
WRITE(6,80)AR66+BR66»DR66

B0 FORMAT(*0'",18X+s"AR66= ',EL12e5¢5X,
1°DR66= * 4,E1245)
WRITE(5+85)A166+B1664,D166

85 FORMAT('0',.18X+*Al66= ?*E12e6595X,
1'DI66= *,E12.5)
WRITE(64+490)AR16+BR16+DR16

G0 FORMAT{®*O0® 418X +*AR16= *43E12e59¢5Xy
1°DR1I6= ' 4E125)
WRITE(H6+35)A116.,8116,D116

95 FORMAT('0*' 418X 'AJ16= *3E12545X,

*BRI11=

'*Blll=

*BR12=

'*Bria2=

*BR22=

'*Bl22=

*BR66=

18I66=

*BR16=

'*Bll6=

*

vE12¢595X,

+E1265¢5X

'EIZOSCSXQ

2E12e¢59s5X,

2E1245+5X

'E12¢ 595X

vE12¢54+5X,

2E126 5¢5X

1E12e 545X,

2E1265,5X,

o¢l



DoOn 0

1'Dl16= *4E12.5)
WRITE(6,100)AR26,+,BR26,DR26

100 FORMAT(*'C?* 4 18Xs*AR26= *4E12e650¢5X,
1*DOR26= *,E125)
WRITE(6,105)A126.BR120+,0126

105 FORMAT('0',18X4s*Al26= ® 4E126595Xs
1'D126= *,E12.5)
WRITE(6,110)AR4G4+ARS554,AR4ES

110 FORMATI( 0% ,18X,'ARGA= ' E12¢65¢5X,
1*ARAS= ¢ 4,E1249)
WRITE(O.115)AI44AIS55,A145

11S FORMAT(*0' ,18XsAl44= *,E12,5+5X
1°A145= * ,E12.5)
WRITE(O64+116)P0.P1l P2

*BR26=

tBI26=

* ARSS=

tAISS=

2£12¢65+5X

2E12e5¢5X

2E12e¢5e5X

2E12¢S5+5X s

116 FORMATU( 0, 18X e *PO=?3E12e5e5Xs'P1l=",E12e5,5Xs?P2="?

1+E1245)

WRITE(6,120)
120 FORMAT(*1°)

W2=(2+.%PI%F ) %x%2

CALCULATE A MATRIX FOR FREE DBOUNDARY CONDITIONS

CALCULATE SUBMATRIX

URURyURVRs URWR I URXRSURYRJURUI sURVI yURWI yURXI4URYI

JJUR=0

DO 500 K1=14NN
K=K1+INPUL

DO 500 L 2=1,NN
L=L2+INPU2
JUR=0

JVR=1 &NN*%x2
JWR=2KNN*x%x2
JXR=3¥NN*%2
JYR=4 kNN* %2
JUI=9XNN**2
JVI=6xNN*x%2
CWIST7TENNEXZ

1€l



0

()

S06

508
S09

512

S14
515

518
519

JIXI=8NN%X2
JYI=9%RNN*Xx2
JIUR=JJUR+ ]

DO SO0 M1=1,NN
M=M1+ INPUL

DO 500 N2=1 4NN
N=N2+INPU2
JUR=JUR+1

INTEGRAL CI8B8MK,.CI8NL
IF(M=-K) 502504502
CIBMK=0,

GO TO 505
CIBMK=2 ¢ ¥MXK*P [ %%2
CONTINUE
IF(N-L)S06+:508+506
CIBNL=0.

GO TO S06
CIBNL=2+ *NXL *P [ *%2
CONTINUE

INTEGRAL CIIMK, CIINL

IF(M—-K)S12+514,4+512
CIiIMK=1.

GO TO 515
CIIMK=1.5

CONT INVE
IF(N-L)S16+518+516
CIINL=1.

GO TO 5t9
CIINL=1.5

CONTINUE

INTEGRAL CI6MKCIENL

el



a0

o000

522

524
525

526

528
529

IF(M=-K)522+524,+522
CI6MK=0.

GO 140 525

CI6MK=0.

CONT INUE
IF(N=-L)526+528,526
CIONL=0. ’
GO 7O 529

CI6NL=0.

CONTINUE

INTEGRAL CISMK,CISNL

CISMK=CI6MK
CISNL=CI6NL

INTEGRAL CI4MK.CI4NL

CI4MK=CI6MK
CI4NL=CI6NL

INTEGRAL CI1OMK,CI1ONL

CI10MK=CI8MK
CI1ONL=CISBNL

INTEGRAL CI3MK,CI3NL

CI3MK=CI IMK
CI3NL=CTINL

INTEGRAL CI44MK,Cl4a4NL

CI44MK=C[I8MK
ClaaNL=CIBNL

el



INTEGRAL CI3IMK.CI31INL

o
CI3tMK=CI1IMK
CI3INL=CIINL
C
c INTEGRAL CI34MK,CI34NL
C
CI34MK=CI4MK
CI34NL=CI4NL
C
C INTEGRAL C133MK, CI33NL
C
CI33MK=CIl4MK
CI33NL=CI4NL
C
C INTEGRAL CI37MK, CI37NL
C
CI37MK=CI4MK
CI37NL=CIAaNL
C

/77216 CIL7NL=1.
JYI=UYl+1
800 S({JUXReJYI)I==(DI12%¥CIZ2S5MKX¥CIZ24NL+(B/7A)%xDI16%CI3OMK*CI23NL+(A/B)
1*DJI26*CI23MK*¥CI3ONL+DIGO6XCI24MK*CI2SNL+AXB%*K12%A145%C123MK

2*CI23NL)
C CALCULATE SUBMATRIX
C YRURyYRVRs YRWR s YRXR s YRYReYRUI+YRVI»YRWI s YRXIsYRYI

JIYR=4XKNNKX2
DO 900 Kl=1sNN
K=K1+INPU1

CO 900 L2=1,4NN
L=L2+INPUZ
JUR=0
JVR=1&®NN&x2
JWR=2 kNN*%*x2
JIXR=3I&KNN%x*k2

el



O

O N

a0

q)

902

904
905

06

308
909

912

JYR=4 ®*NN*®¥x2
JUI=SENN®%x?2
JVI=6%NN*%X2
JWI=7xNN*%2
JXI=8kNN%x*2
JYI=9XNN**2
JIYR=JJIYR+1]

DO 900 M1=1,NN
M=M1+INFPUL

DO 900 NZ2=1,NN
N=N2+INFU2
JUR=JUR+ ]

INTEGRAL CI37MK, CI37NL

[F(M=K)3F02+904+902
CI37MK=0.

GO TO 905
CI37MK=0.

CONTINUE
IF(N-L)906,908,4906
CI37NL=0.

GO TO 909
CI37NL=0.

CONTINUE

INTEGRAL CiI36MKs CI36NL

CI36MK=CI37MK
CI3oNL=CI37NL

INTEGRAL CISSMKs CISSNL
IF(M=-K)GF12+914,912

CISEMK=C.
GO TO 915

Gel



O

O 00 (a2l eNe

a0

914
9195

I18
919

222

924
925

926

Q928
929

CISOMK=2 e kMERK %P k%2
CONT INUE
IF(N-L)S16,918,9106
CISSNL=0.

GO TO 916
CISSNL=2 ek N*{_ *PI k%2
CONTINUE

INTEGRAL CI35MK, CI3SNL

IF(M-K)922,924,922
CI35MK=1.

GO TO 92¢
CI3SMK=1 .5
CONTINUE
IF(N-L)926+,928,92¢
CI3SNL=1.0

GO YO 929
CI35NL=1.5
CONTINUE

INTEGRAL CI41IMK, CI4INL

CI41IMK=CI3SMK
CIlI41INL=CI3SNL

INTEGRAL CIS7MK, CIS7NL

CIS7TMK=CIS5MK
CIS7NL=CISSNL

INTEGRAL CI4a2MK, Cla2NL

CI42MK=C [37MK
Cla2NL=CI37NL

9¢1
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O n el el e

(g

[aN el A

INTEGRAL CI43MK,

Cl43MK=CTI37MK
CI43NL=CI37NL

INTEGRAL CI15MK,

CIISMK=0,
CI1SNL=0.

INTEGRAL CI12MK,

Cl12MK=CI35MK
CI12NL=CI3SNL

INTEGRAL CI24MK.,

CI24MK=CI37MK
CI24NL=CI37NL

INTEGRAL C125MK,

CI25MK=CI37MK
CI25NL=CI37NL

INTEGRAL CI23MK,

CI23MK=CI35MK
CI23NL=CI3SNL

INTEGRAL CI30MK,

CI 30MK=CI55MK
CI3ONL=CISSNL

INTEGRAL CI22MK,

Cla3NL

CI15NL

CI12NL

CI24NL

CIZ2SNL

CI23NL

CI30NL

CI22NL

LE€1
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CI22MK=C1I35MK
CI22NL=CI3SNL

INTEGRAL CI29MK, CIZ29NL

CI29MK=CISS5MK
CIZ29NL=CISSNL

INTEGRAL CI27MK., CI27NL

CI27MK=C137MK

CI27NL=CI37NL
S(JJIYRIJUR)=BR12*¥CI37TMK*CI36NL+(B/A)%*BRIG6¥CISSMK*CI3SNL+{A/B)}
1%BR26*CI3S5SMKACISSNL+BR66%CI36MKXCI37NL

JVR=JVR+1
S(JIYRJIVR)I=(A/B) *BR22*CI 4 IMK*¥CISTNL+BR26*C142MKXCI43NL+BR26
1*%CI43MKXCI42NL+(B/A) % BRE66*CISTMKXCIAINL -W2%A%B%P(1%xCI41MK
2*¥ClalNL

JAR=JWR+1
S(JJIYR,JWR)=B*K12%AR4S*CIISMK¥CI12NL+A¥K22%ARSS*CIL12MK*C1I1SNL
JXR=JXR+1
S{JIYRIIXR)=DR12*%CIZ2SMK*CI24NL+(B/A)*DR16%¥CI3OMK*CI23NL+(A/B)
1*DR26*%CI23MK*CI30ONL+DRO66%CIZ2A4MK*CI2SNL+A¥B*K12%¥AR4S5%C 12 3MK
2%CTI23N0L

JYR=JYR+1
S(IJJIYRIIYR)=(A/BIXDR22%CI22MK*¥CI29NL+2 « ¥*DR26¥CI 27MKXCI27N_+(3/7A)
1%¥0OR66%C [ 29MK*C [ 22NL+AXB *¥K22*x ARSS*CI22MKA(CI22NL-W2 ¥ A% B*P 2% C [ 22MK
2xC122N0L

JUi=Jul+1
S{JIYRIUIDI=—={BI12%CI37MK*CI36NL+{(B/7A)xXBI16%CI5SSMKXCI35NL+(A/B)
1%3[26%CI3SMK*CISSNL+BI66%CI36MK*CI 37NL)

JVI=JvIi+1
S(JIYRsIVTI)==((A/BI*HI22%«CI4IMK*¥CISTNL+BI26%CI42MK*xCI43NL+B12b
1%CI43MKXCIG2NL+(B/7A)*B166%CIS7TMK*CIA4INL)

Jwi=uwl+1l

8¢€1



S{JIYRL,IUWI )=—(B%K12*AI45%CI1I1SMK*CIIZ2NL+AZXK22%AISS*CI12MK*C 1 15NL )
JXI=JUXI+1
S(JIYReIXIDI==(DI12%¥CI2SMK*CI24NL+¥(B8/A)%D116%xCI3OMK*¥CIZ23NL+(A/H)
1%DI26*%CI23MK*CI3ONL+DI0O¥CI24MK*¥CI2SNL+AY3IRkK12%AT45%CI23IMK
2%CI23NL)
JYI=0YI+1
G000 S(JIYRWUYI)I=~=((A/E)*¥DI22%CI22MK*¥CI29NL+2.%D126%xCI27MKXCI27NL+(B/A)
125D 1 66%C [ 29MK*C I 22NL+A¥B¥K22%AISSkCI22MK¥*¥CI22NL)
CALCULATE SUBMATRIX
UIURSUIVRZUIWRJWUIXRIUIYRIUIUTUIVIUIWISUIXIWUIYI
JIUI=S5ENNx*2
DO 1000 K1=1,,NN
K=K1+INPU!
DO 1000 L2=1.NN
L=L2+INPU2
JUR=0
JVR=1 ANN*x2
JWR=2ENN®*%x2
JXR=IENNXX2
JYR=4 kNN*%x2
JUI=S ENN*%x2
JVI=6kNN**%2
JWI=T7 NN *x%x2
JXI=B8%NN*®%2
JYI=9%NN*%2 !
JIUTI=JJUT+1
DO 1000 M1=1 4NN
M=M1+INPUL
DO 1000 N2=1+NN
N=N2+ INPU2
JUR=JUR+ 1

INTEGRAL CI8MK,CISNL

IF(M-K)1002+1004,1002
1002 CI8MK=0.

GO YO 1005

6tl



1004
1005

1006

1008
1009

1012

1014
1015

1016

1018
1019

OO0

1022

1024
1025

1026

1028
1029

CIBMK=2 « *MXK %P ] *%2
CONTINUE
IF(N-L)1006,1008,1006
CI8NL=0.

GO 7O 1009
CIBNL=2 ¢« *N%®_ %P [ % %2
CONTINUE

INTEGRAL CI1IMK, CILINL

IF(M-K)1012,1014,1012
CIIMK=1.

GO T0O 1015

CIIMK=1.5

CONTINUE
IF(N-L)1016,1018,1016
CIINL=1.

GO TO 1019

CIINL=1.5

CONTINUE

INTEGRAL CI6MK,CI6NL

IF(M—-K)1022+1024,1022
CI6MK=0.

GO TO 1025

CI6MK=0.

CONTINUE
IF(N-L)1026,1028+1020
CI6ENL=0.

GO 7O 1029

CIO6NL=0.

CONT INUE

INTEGRAL CISMK»CISNL

oY1
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00

CISMK=CI 6MK
CISNL=CIG6NL

INTEGRAL CIaMKCI4NL

CI4aMK=CI6MK
CIaNL=CI6NL

INTEGRAL CI10MK,.CI1ONL

CI1OMK=CIB8MK
CI1ONL=CI8BNL

INTEGRAL CI3MK.CI3NL

CI3MK=CI 1 MK
CI3SNL=CIINL

INTEGRAL CI44MK,CI44NL

CI44MK=C I8MK
CI44NL=CIBNL

INTEGRAL CI3IMK,CI31INL

CI3IMK=CIIMK
CI3INL=CIINL

INTEGRAL CI34MK,CI34NL

CI34MK=CIaMK
CI34NL=CIanL

INTEGRAL CI33MK, CI33NL

CI33MK=CIa4aMK

%1
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(A/V)+INIII*ANII DRI THYH S+ INTIDFNNBIDxTTHVYR(V/H)=(INC*INIT)S

(TINZEIDANWIE 1D%G I8+ INGS I DX MANGE 1 D92 16x%1

t+1nr=inr

(8/VI+TINGEIDAANWSSIDAQTIBH(V/H)+INGEIDIMNNLEIDA2T11G)+=(HACCINC)S

(TINDDIDHANWIECIDA90 18 (B/V I+ INVEIDKRANREE T D% T

[+BAC=0Ar

SITA+ INECIDH MWV EIDXOTIO+INICIDAANYRIDHTITIBR(V/B))+=(UXI*INFr)S

(INSTORNWY IDAGIIVHTINOTIDAANRE I D921Vl

T+UXC=4XI
*o={(unr*1nrr)s
T+umMC=umMr

(B/V)+TINECIDENWOTIDRITIVA(VY/S8)+INVIDENNSIDAZTIVI+=(HAr*INTr)s

(TINBIDHMNNT IDx99 1V

T +HAC=dHAr

(B/7V)I+TINGIDXMNIIDXOTIvR 2+ INTIDXMNNBIDXTTIVA(V/8))+=(UNT*INCI)S

INSETD

ANGGS1D

INGE 1D

INZEDYD

ANTID=TINGEID
HANTID=HNGSEID

CANWSEID TIVEO3ILINI

AINBID=TINGS 1D
AWBI D=HWSSID

CHWGSSID TTva93lLNI

ANGID=TINGEID
AWHZEID=MWOE 1D

COINIETD TMVEODIUNI

TINHID=TINLE LD
NPT OD=XWLIETD

EXAWLETD VEOIUNI

ANVID=TINEEID

U
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1 ¥AR6H®C T IMKXCIBNL-w2*AxB%xPOXCIIMK:CIINL

JVI=JVI+1
S{JJUT+JUVI)I=ARIZ2H*CIOMK.CI4NL+({B/A)*AR16%CI1OMK*CI3NL+(A/E)
1 ¥AR26%CIIMKECI IONL+ARGORCI4MKXC ISNL

JWI=JUwWwIl+1

S(JJIUL,uwl)=0,

JXI=JUXI+1
S{JUIULWIXI)I=(B/A)*¥BR11*CI4aMK*CI3INL+BRIGEXCIZEMKECTI3INL
1+3R16*¥CI33MK*CI3ANL+{A/B)*BRE66KFXCISIMKXCI4L4ANL ~W2%A%B*xP1xCI31MK
2% C I 31NL

JYI=JUYI+1

1000 S{JJUILLJUYI)=8BR12%CI37MK%*CI36NL+(B/A)*BR16%CISSMK2CI3SNL+(A/B)

1%*8BRZ6*CI35MK*C ISSANL+BRO66XCI36MK*CI37NL

CALCULATE SUBMATRIX
VIURIWVIVRIWVIWRIWVIXRsVIYReVIUISVIVIVIWNIVIXIoVIYI
JIVI=6ENNEX2

DO 1100 K1=1,NN

K=K1+INPU1

DO 1100 L2=1.NN

L=L2+[INPU2

JUR=0

JVR=1%NN*x*%x2

JWR=2 ENN*%2

JXR=IFIRNN*x%x2

JYR=Q4 *NN%x*x2

JUI=5S%XNN*%2

JVI=6%NN*x%xZ

JWI=7 «*NN*%*2

JXI=8 &NN*x%2

JYI =9 xNN*®%x2

JIVI=JIVI+]

DO 1100 M1=1,.NN

M=M1+INPUI

DO 1100 N2=1.NN

N=N2+INPU2

JUR=JUR+ 1

£vl
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)

1102

1104
1105

1106

1108
1109

| 3 3 W=

1114
1115

1116

1118
1119

1122

INTCGRAL ClaMKs CIaNL

IF(M-K)1102:1104411C2
CI4aMK=0.

GO TO 1105

CIaMK=0.,

CONT INUE
IF{(N-L)1106+,1108+1106
CI4NL=0.

GO TO 1109

CIaNL=0.

CONTINUE

INTEGRAL CISMK, CISNL

CISMK=CI4MK
CISNL=CI4NL

INTEGRAL CI3MK, CI3NL

IF{(M=K)1112.,11144,1112
CI3MK=1.,

GO TO 1115

CI3MK=1,5

CONTINUE
IF(N-L)1116,1118,1116
CI3NL=1o.

GO 70 1119

CI3NL=1.5

CONTINUE

INTEGRAL CI1OMK, CII1ONL

[F(M=K)1122,1124,1122
CI1OMK=C

791



0O an0n
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an

0O

[aaNE!

0Onn

11243
1125

1126

1128
1129

GG TO 1125
CIIOMK=2 ¢ *ME¥K XP] X%
CONT [ NUE
IF(N~-L)1126,1128,1126
CIIONL=0.

GO TO 1129
CITONL=2 ¢ *N¥L %P [ % %2
CONTINUF

INTEGRAL CIZMK, CIZ2NL

CI2MK =CI 3MK
CIZ2NL=CI3NL

INTEGRAL CI9MK, CI9NL

CI9MK=CI10MK
CIONL=CI10NL

INTEGRAL CI7MK, CI7NL

CI7MK=C I aMK
CI7NL=CI4NL

INTEGRAL CI39MK, CI39NL

CI39MK=C14MK
CI39NL=CTl4anNL

INTEGRAL CI40MK, Cl40ONL

CI4O0OMK=CI14MK
CI4ONL=CI4NL

INTEGRAL CIS6MK, CISONL

Gl
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CISoMK=CI10MK
CIS6NL=CIIONL

INTEGRAL. CI38MK,CIL38NL

CI38MK=CI3MK
CI33aNL=CI3NL

INTEGRAL CI41MK, CI&4INL

CIa1MK=CI3MK
CIALINUL=CI3NL

INTEGRAL CIS7MK, CIS7NL

CIS7MK=CI110MK
CIS7NL=CI1ONL

INTEGRAL CI42MK, CI42NL

CI4a2MK=CT14MK
CIa2NL=CIaNL

INTEGRAL CI143MK,s CI43NL

Cl43MK=CI4MK

CI43NL=CIa4aNL
S(JIVILZJUR)I=4+{AT12%CISMK*CIANL+(B/7A)YXAL16*CI1OMK*CI3NL+(A/B)
1*%AT26%CI3MKXCILIONL+AIG6X%CIAMKEKCISNL )

JVR=JVR+1
S(IJIVILJUVR)I=+((A/B)xA22%CI2MK*CIINL+2+. ¥AI26%CI 7TMKXCI7NL+{(B/7A)
1 *ATOOXCIGMKRCI2NL )

JWR=JwWR+1

S(JJVI+JUWR)=0.

JXR=JIXR+1
S{JIVILIXR)=+(BI12%CI39MK*CI40NL+(B/A)*BI16*CIS6MK*CI3S5NL+(A/B)

91



1%¥3126%C 1 38MK*CISONL4BIO66XCTI40OMKECIT 39NL )
JYR=JYR+1
STVOIVILIYRIZ+((A/B)*¥BI22%*CISGIMKXCISTNL+BI26%xC142MK*CI43NL+BI 26
1*CI43MK%xCIa2NL+(B/7A)*BI66XCIS7TMK%XCI41INL)
JUI=JUI+1
S{JJIVIJUINI=ARI2Z2*CISMK*CI4NL#(B/A)*AR16%CI 1 OMKXCI3NL+(A/B)
1*AR26*C I IMK*CL 1ONL+AROG6XCI4MKXxCISNL
JVI=JVI+]
S(JIVIWIVI)I=(A/B) *AR22%CI2MK*kCIIONL+2+¥AR26::CI7MK*CI7NL+(B/A)
1*AROO6XCIGMKHCI 2NL-W2%AXBkPO* CI2MK%C I2NL
JWI=JwWl+1
S(JJViesJwl)=0,
JXI=JdXI+1
S(JIVIUXI)I=BRIZ2F%CIIIMKACI4ONL+(B/A)*BR16%C ISOHMK%CI 38N +(A/8)
1*BR26*C [ 38MK*CISHNL+BR66%CIQAOMK*CI39NL
JYI=JYI+1
1100 S(JJVILJIYI)I=(A/B)*BR22*¥CIA4IMK*CIS7TNL+BR26F¥CI42MK*CI43NL +8R26
1%CI4A3MK*CI42NL+(B/7A) *BROOB*¥CIS7TMK*CI41I NL-W2%A%B*P1*¥CI4IMK*-141NL
CALCULATE SUBMATRIX
WIURSWIVReWIWR WIXRoWIYRoWIUTI o WIVIWIWIWIXIoWIYI
JIWI=7TRNN*x%2
DO 1200 K1=1,NN
K=K1+INPU!
DO 1200 L2=1 NN
L=L2+INPU2
JUR=Q
JVR=1&NNx%2
JWR=2 ANN*%2
JXR=3(NNx*x2
JYR=4ENN*x%x2
JUI =S kNN*%2
JVI=6kNN¥x%k?2
JWI=7%KNN*%2
JX[=83NN*%2
JY I =I9NNx%k2
JIWI=Jddw i+l

L7971
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1202

1204
1205

1206

1208
1209

1212

1214
1215

DO 1200 M1=1,NN
M=MI1+INPUI

DO 1203 N2=1 NN
N=N2+ INPU2
JUR=JUR+1

INTEGRAL CI20MK, CI20NL

IF{(M-K)1202,1204,1202
CI20MK=0.

GO TO 1205
CI20MK=2 ¢ O %MK (P %% 2
CONT INUE
IFI(N-L)1206,1208, 1206
CI20NL=0.,

GO TO 1209
CIZONL=2 e« 0 &N¥L %P [ *%2
CONT I NUE

INTEGRAL CI17MK,CI17NL

IF(M-K)1212,1214,1212
CI17MK=1.

GO 70 1218

CI1I7MK=1.5

CONTINUE
IF(N-L)12164,1218,12106
INTEGRAL CI36MK, CI36NL

CI36MK=CI4MK
CI36NL=CIaNL

INTEGRAL CIS5SMK, CISOSNL

CISSMK=CI8MK
CISSNL=CIBNL

871
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INTEGRAL C135MK, CI3SNL

CI3SMK=Cl1MK

CI3ISNL=CII1ANL
S(JIURSJUR)I=(B/A) %ART 1 *CIBMK*%CI INL+2.%AR16%¥CIOMKEXCIONL+ (A/B)
1*ARG66*%CI IMKRCIBNL-w2*A¥B%PO*CIIMK*CIINL

JVR=JVR+1

S(JJURSJVR)I=ARIZ2*CISMK*XCIANL+(B/AIS®ARLIEXCI IOMKXCI3NL+(A/B)
1%AR26%CI 3MK*CI1ONL+ARGEXCI4MKXCISNL

JWR=JWR+1

S(JJURJIWR)I=0.

JXR=JIXR+ 1
S(JJURGJIXR)I=(B/A)*BRL11*CI44MK*CIBINL+BR16%xCI34MK*xCI33NL
1+BR16%CI33MK*CI34NL+(A/B)*BR66¥CI3IMK*CIGANL-WZ ®¥A%XB %P 1%xC131MK
2*«CI31NL

JYR=JYR+1]
S(JJIURLIYR)=BRI1Z2*CII7MKXCI3ONL+(B/A)*BR16*%CISSMK%CI 3ISN_+(A/B)
1*BR20*%C I 3SMK*CISSNL+BR66*CI36MK%XCI37NL

JUI=JUTI +1

S{(JJURS JUL )=—((B/7A) AT 11 *CIBMKXCIINL+2.*%AI16*xCI6MKECIOBNL+(A/B)
1%AT166%CTIMKACISBNL)

JVI=JVi+l
S(JIJURJIVIE)=—(AI12%CISMK*CI4NL+(B/7A)*AT16*CII1OMK*CI3NL+(A/3)
1*%A[26%C I 3IMKx2CI 1ONL+ALIG6%CI 4MKX*CISNL)

Jwl=Jwl+1

S(JJURIWIL ) =0

JXI=JUXT+1
S{IJURWIXII=={(B/A)*BI11*CI44MK*CI3INL+BI16%*XCI34MK*CI33NL+BI16
1%CI33IMK®CI34aNL+(A/3)*¥BI66%*CI31MKxCT44NL)

JYI=JYI[+1

SO0 S(JJURLIYI)I=—(BI112%CIF7MK*¥CI3ONL+(B/7A)*¥BI16*%CISSMK*CI33NL+(A/B)

1%8120%C I 35MK*C ISSNL+BI66*CI36MK*CI37NL)

CALCULATE SUBMATRIX
VRUR ¢ VRVR s VRWR 4 VRXR s VRYR s VRUT s VRVI s VRWI s VRX T« VRY I
JIVR=1ENNE %2

6%1
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602

604
605

606

608
609

DD 623 K1=1,.NN
K=K14+[INPUIL

DO €00 L2=1,NN
L=LZ+INPU2
JUR=0
JVR=1&NN**%x2
JWRT2EANN*®*%2
JXR=IENN*®%x2
JYR=ZGENNXX2
JUI=S%NN*%2
JVI=6&«NN%%2
JWI=7ENN®kX2
JXI=8%NN*x*x2

JY =9 &NN*%2
JIVR=JJIVR+1]

DO 600 M1=1,NN
M=M1 +INPU1

DO 600 N2=1,NN
N=NZ2+INPU2
JUR=JUR+1]

INTEGRAL CI4MK, CI4NL

IF(M-K)602.6048.,602
CIaMK=0.

GG TO 605

CI4aMK=0.

CONT INUE
IF(N-L)6CHE 608,606
CI4NL =0,

GO TO 609

ClaNL=0.

CONTINUE

INTEGRAL CISMK,s CISNL

0Ss1
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00

612

614
615

618
619

622

624
625

626

628
629

CIOMK=CT4MK
CISNL=CI4NL

INTEGRAL CI3MK, CI3NL

IF(M-K)b612+6144612
CI3MK=1,

GO TO 61¢
CI3MK=]1.£

CONT INUF
IF(N-L)Obl6+618,616¢€
CI3NL=1.

GO TO 619
CI3BNL=1.5

CONTINMNUE

INTEGRAL CI10MK, CI11ONL

IF(M=-K) 622,624,622
CI1OMK=0e

GO TO 625
CIIOMK=2 ¢ *M¥K*XP[ Xx*2
CONT INUE
IF(N-L)626.628,626
CI1ONL=0.

GO TO 629
CIIONL=2 e XNXL P %&2
CONTINUE

INTEGRAL CI2MK, CI2NL

CI2MK=CTI 3MK
CI2NL=CI3NL

INTEGRAL CI9MK, CI9NL

161
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CIIMK=CTI 10MK
CI9ONL=CI10NL

INTEGRAL CI7MKs CI7NL

CI7MK=CI1 4MK
CI7NL=CIANL

INTEGRAL CI39MKs CI39NL

CI39MK=C 14 MK
CI39NL=CTI4NL

INTEGRAL CI40MKs CI4ONL

CIAa0MK=CI4MK
CIaONL=CI4NL

INTEGRAL CIS6MKs CIS6NL

CIS6MK=CI10MK
CISONL=CI1O0ONL

INTEGRAL CI38MK.CI38NL

CI38MK=CTI3MK
CI38NL=CI3NL

INTEGRAL CIl41MKs CIL4INL

CI41IMK=CI3MK
ClaINL=CI3NL

INTEGRAL CIS7MK,s CIS7NL

CIS7TMK=CI10MK

A
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(g}

CIS7NL=CI10ONL
INTEGRAL CI42MKs CI42NL

Cl42MK=ClaMK
CI42NL=CI4NL

INTEGRAL ClI43MK,s CI43NL

CI43MK=CT14MK

CI4a3NL=CIanL
S(JIVRIJUR)=AR12%CISMK*CI4ANL+(B/7A)*ARI16*CI10OMKXCI3NL+(A/B)

1 *¥AR26*%CI3MK*¥CI 1ONL+AROG6*CTaMK*C [ SNL

JVR=JVR+1

S(JUVRIJIVR)I=T(A/B) *AR22*CIZ2MKR2CIGNL+ 2+ ¥AR26%CI7MK*CI7NL+(B/A)
1*AR66XCIIMKXCIZ2NL-—W2*A%BXxPO*CI2MK*C [2NL

JUWR=JwR+1

S(JIVReJWR)I=0.

JXR=JUXR+1
S{JIVR+IXR)=BR12*kCI3IMKACIAONL+(B/A)*BR16*¥CIS6MKXCI38BNL+{(A/B)
1*BR26*C I 38MK*C ISONL +BRO66*CI40MK*CI39ONL

JYR=JYR+ 1

S(JIVRIJIYR)=(A/B) ¥BR22*CIFIMKERCIS7NL+BR26*%CI42MK%XCI43NL+BR26
1*¥CI43MK*CI42NL+(B/A)*BRO66*¥CISTMK*CI4INL-—W2*A¥XBxP1%*CI41MK*CI41NL
JUI=JUIL +1

S{JIVRWIUTL )I=-(AT12%CISMK*CIANL+(B/7A)*AT116%xCI10MKXCL3NL+ (A/B)
1*%AI26*%CI3MK*CI1ONL+AIG66%CI4MK*C ISNL )

JVI=JUVI+1

S(JIVRs IUVI )==((A/7B)*¥ALI22%CI2MK&CIINL+2. A1 26%CI 7MK*xCI7ZNL#(B/A)
1*AI66%xCIIOMK*CI2NL)

JWI=Uwl+1

S{JIVR.JWI)=0.

JXTI=UXI+1
S(JIVRIXINI=—=(BT12%¥CIIIMKXCIAONL+(B/A)*BI16*CISOHMKECI3SNL+(A/B)
1%*8120%C [ 23BMK*C ISEOENL+BI66%CI40MK&CI3SGNL)

JYI=JYI+1

€61



6H00

702

7G4
705

7006

S(JIVRWIYI)I==((A/7B)%X3I22%CIAIMKACIS7NL+BIZ2O6*CI42MKX*CI43NL+BI 206
1%CI43MK*CI42NL+(B/A)*BI66*CIS7MK*CI41NL)
CALCULATE SUBSMATRIX

WRUR s WRVRy WRWR e WRXR sWRYR s WRUI s WRVI s WRWI s WRXTaWkYI
JIWR=2KNNE X2

DO 700 K1=14NN

K=Kl1+INPU1

DO 700 L2=1+NN

L=tL2+INPU2

JUR=0

JVR=1*NN**2

JWNR=2&kNN**%k2

JXR=3ENN*xx2

JYR=42NN*X¥2

JUI=5%NN*x*x2

JVI=6%NN*x2

JWI=7KNN*®*%X2

JXT=8%kNN®%X2

JYI=9%NN*x2

JIWR=JIWR+1

DO 700 MI1=1,,NN

M=M1+INPUIL

DO 700 NZ2=1sNN

N=N2+ INPU2

JUR=JUR+ 1

INTEGRAL CI20MK. CI20NL

IF(M=K) 702+704+702
CI20MK=0.

GO TO 7¢CS
CI20MK=2 0O *MXK %P [ *%2
CONTINUE

IF (N-L) 706+708+706
CI20NL=0.

GO TO 709

i
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708
709

712

714
715

716

718
719

CI2ONL=2 ¢C 2N*L P [ ®%x2
CUNTINUE

INTEGRAL CI17MK,CI17NL

IF(M=K)712,714,712
CI17MK=1,

GO YO 715
CI17MK=1.5
CONTINUE

IF(N=-L) 716,718,716
CI17NL=1.

GO TO 719
CI17NL=1.5
CONTINUE

INTEGRAL CI18MK sCI18NL

CIt8MK=0.
CI18NL=0.

INTEGRAL CI13MK, CI13NL

CI13MK=0.
CI13NL=0.

INTEGRAL CI11MK. CI1INL

CI1IMK=CI17MK
CINTINL=CI17NL

INTEGRAL CI1SMKs, CI1I5SNL

CI1ISMK=CTI13MK
CI1SNL=CI13NL

661
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INTEGRAL CI12MK, CI12NL

Cl12MK=CI11MK

CI12NL=CI11INL

S(JJIARsJUR)I =0

JVR=JVR+1

S(JIWRIJVYR) =0,

JWR=JWR+ 1
SUJIWRLIWR)I=(B/A)*¥K11*ARGAXCI20MK*CI17NL+2 %K 12 %AR45%C] 18MK

1*%CI1IBNL+(A/B)*K22%ARSS*CI1 7MK*CI20NL-W2 *A*B%POXCI17MK*CI17NL

JXR=JXR+1
S{JINRWIXR)=B%K]1 1 *AR44%CI13MK¥CI1INL+AXK12%ARA5*CI1 I1MK®CI13NL
JYR=JYR+ 1
S{JJIWRYyJIYR)=B*K12%ARAS*kCILISMK*CI 1 Z2NL+AXK22%ARSS*CI12MK*CI15NL
JUI=JUIL +1

S(JJIWRJUL )=0.

JVI=JUVI+]

S(JIUWRLJIVI)I=0.

Jwi=JwIl+1
SUJIIWNRLIWII==((B/A) * K1 1 ¥*A[44*¥CI20MK&CI1 7NL+2.%K 12%A[45«C[18MK

1*CI13NL+(A/B)%*K22%AIS55%CI17MK&CI20NL)

JXI=UXI+1

S(JIWRSIXT )==(B*K11*kAI44%CI13MKHCILINL+AXK1I12%AI4S5*C 1 IMK*CI13NL)
JYI=JYI+1
S{JIWRWJIYI)I=—(B*K12*%¥A14SkCI 1SMK*CI 1 2NL+AXK22*%AI SS*kCI12MK%#CI15NL)
CALCULATE SUBMATRIX

XRUR» XRVRp XRWR ¢ XRXR s XRYRe XRUT s XRVI 9 XRWI o XRX I, XKY1

JIXR=IENN®*2

DGO 800 K1=1,sNN

K=K1+INPU1

DO 800 L2=1,NN

L=L2+INPU2

JUR=C

JVR=1 kNN*x¥x2

JWR=2kNN&¥x2

JIXR=3IKNN*x%x2

9¢G1
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802

804
805

806

308
809

812

814
815

JYR=4 &NN*x%2
JUIT=5ENN*®%2
JVI=6ENN%%2
JWI=7&NN%x%x2

JX =8 %kNN*%2
JYTI=9KNN*E&X2
JIXR=JIXR+]

DO 800 M1l=1 NN
M=M1+INPUI]

D0 800 N2=1 NN
N=N2+INPU2
JUR=JUR+ ]

INTEGRAL Cl4a4aMK, CI4aanNL

IF{(M-K)802+804,802
CIagMK=0 .

GO TO 805%
CIAGMK=2 ¢ *MAK %P ] % %2
CONTINUE
IF(N-L)8B8C6+808,806
CI44NL=0.

GU TO 309
CI44NL=2 e *NXL %P *x%2
CONT INUE

INTEGRAL CI31MK, CI3I1INL

IF(M=-K)B12.,814,812
CI31MK=1.

GO TO 815
CI31IMK=1.5
CONTINUE
IFI{N-L)B16,818,816
CI31INL=1,

GO TO 819

LSl
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3143
819

822

824
825

826

828
829

CI3INL=1.5
CONT INUE

INTEGRAL CI33MK, CI33NL

IF(M-K)B822.824+,822
CI33MK=0,

GO TO 82¢
CI33MK=0.

CONTINUE
IF(N-L)826,828,826
CI33NL=0.

GO T0O 829
CI33NL=0.

COGNTINUE

INTEGRAL CI34MK, CI34NL

CI3a4MK=CI33MK
CI3aNL=CI33NL

INTEGRAL CI39MK, CI39NL

CI39MK=CI33MK
CI39NL=CI33NL

INTEGRAL CI40MK, CI40NL

CIAOMK=CI33MK
CIAGONL=CI33NL

INTEGRAL CIS6MK, CIS6NL

CI56MK=C144MK
CIS6NL=CI44NL
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INTEGRAL CI38MK,

CI38MK=CI31MK
CI38NL=CI3INL

INTEGRAL CI13MK,

CI13MK=0.
CI13NL=0.

INTEGRAL CI11MK,

CI1IMK=CI31MK
CITINL=CI31INL

INTEGRAL CI28MKy,

Ci28MK=CI44MK
CI28NL=CIAa4NL

INTEGRAL CI21MK,

CI21IMK=CI31MK
CIZ2INL=CI31NL

INTEGRAL CI26MK,

CI26MK=CI33MK
CI26NL=CI33NL

INTEGRAL CI25MK,

CI2SMK=CI33MK
CIZ2SNL=CI33NL

INTEGRAL CI24MK,

CI38NL

CI13NL

CIiiNL

CI28NL

CL21NL

CI26NL

CI2SNL

CIl24NL
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CI24MK=C133MK
CI24NL=CI33NL

INTEGRAL CI30MK, CI30NL

CI30MK=CI44MK
CI30ONL=CI44NL

INTEGRAL CI23MK, CI23NL

CI23MK=CI31MK

CI23NL=CI31INL
S{JIXRsJUR)=(B/7A)*BR11%2CI4AAMK*CI3INL+BR16*¥CI34MKXCI33NL+BR16
1*CI33MK*CI34NL+(A/B)*BR66%¥CI3IMK*CIGANL-W2*A*XB%xP1*CI3IMK®XCI31INL
JVR=JVR+1
S(JJIXRsIJVRI=BR12%CI3IIMK*CISGONL+(B/7A)*BR1IOEXCIS6MK*CI3BNL+(A/B)
1%*BR26*%C I 38MK*CISONL +BRE66%CI4OMK*CI3INL

JER=JWRH+ 1

S(JIXR+JWR)=B*¥K1 1%AR4GA*CI13MK*CI1INL+A*KI12%AR45%CI11IMKECI13NL
JXR=JXR+1
S(JIXR+IXR)=(B/A) *DR1 1 *CI28MK*CI21INL+2,*%DR16%CI26MK*CI26NL+(A/B)
1*¥DRO6O6G*¥CIZ2IMK*¥CI28NL+AXB %K1 1 *ARGAG*CI2I1 MK*CI21INL-W2XA®BXP2&kCI21MK
2%¥CI21NL

JYR=JYR+1

S{JUXRs JYR)=DR12%CI25MK*CI24NL+(B/A)*DR16%¥CI3OMK¥*CI23NL+(A/B)
1*DR26%CI23MK*CI30ONL +DR66*C I 24MK*CI2SNL+A%XB*K12% AR4AS*CI23MK
2*%CI23NL

JUI=JUI+1

S(JIXRsJUL )==((B/7A)*BI11%CIA4MKXCI3INL+BI16*%CI34MK*CI33NL
148116*%CI33MK®CI34NL+(A/B)*BI66%¥CI31 MK*XCI44NL )

JVI=JUvVI+l

S(JIXReIVINVN=—(BI12%CI3IMK*¥CI4ONL+(B/7A)*BI16*%CIS6MK*CI3BNL+(A/B)
1*%¥83126%C 1 38MK*CISHONL+BIG6¥CIAOMK*CI39NL)
IWI=JUWI+1

S(JIIXRsIWI )I=—(B*K11*¥AI44*%CI13MK¥CI1INL+A*K12%AT45%CI11MK
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1*CI13NL)
JXE=JUXT+1
SUJIXRy IXI)==((B/A)ARDT 11 %CI28MK*¥CI21INL+2:.¥DI16*¥CI26MKAXCI26NL
1+ (A/8)RDI66%CI2IMKRCI28NL+AXB*K 1 1%A144%xCI21MKAXC I21NL)
GO TO 1219
1218 CI17NL=1.5
1219 CONTINUE

C
C INTEGRAL CI18MK »CI18NL
Cc

CI1B8MK=0,
CI18NK=0.

C
C INTEGRAL CI13MK, CII3NL
C
CITI3MK=0.
CI13NL=0.
C
C INTEGRAL CI1iMK, CI1INL
C
CI1IMK=CI17MK
CITINL=CI17NL
Cc
C INTEGRAL CI15MK,s CI15NL
Cc
CILISMK=CI13MK
CIISNL=CI1}13NL
C
C INTEGRAL CI12MK, CI12NL
C

CI12MK=CI1]1MK
CII2NL=CIlINL
S(JIWI+sJUR)=0.
JVR=JVR+]
S{JJIWI«JVR)=0.
JWR=JUWR+1
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S(JINT L JWR)=4+((B/A) ¥K1 1 AT 44%CI20MK*CIL17NL +2 %K 12*%¥A[45%C113MK

I1%CI1IBNL+(A/B)%RK22*%AISS*CI17MK®CT2CNL)

IJXR=JIXR+1

S{JIW] s IUXR)=+(B*K11*xAJ44*%CII13MK*CILINL+A*K12%A145%CI11MK*C113NL)
JYR=JYR+1

S(JIN] 4 JYR)=+(BxK12AJ4S5S«CIISMK*CI12NL +AK22%A] 95%xC [ 12MK*CI 15NL )
JUI=JuUl+1

S(JIWI+JUI)=04

JVI=JVI+1

S(JIJIWI s JIVI)=0e.

JWI=JwWIl+1l

SIJIWI s IWI)=(B/7A) ¥K]1 1 ¥AR4G*CI20MK*CII7NL+2 +%K12*ARP45%CI 18MK

1%CI1BNL+/A/B)*K22%ARSS*CI 1 7MKACI20NL-W2*A¥B*PO*CI17MK*CI17NL

JXI=JXI+1

JYI=JYIL+1
S(JIWI»JIXI)=B*K1 1 *AR44 *¥CI13MK*CI1INL+A*K12%xAR4AS*CI11IMK*xCI13NL
S{(JJWILJYI)=B%.K12%AR4S*CIISMK*¥CI12NL+AXK22%ARSS *CI12MK*CI 15NL
CALCULATE SUBMATRIX

XIURSXIVR o X IWR ¢ XIXR e XIYRe XIUT s XIVI o XIWI o XIXIoXIVYI]
JIXI=8RNN*xkXx2

DO 1300 K1l1=1.NN

K=K +INPUI

DO 1300 L2=1+NN

L=L2+INPU2

JUR=0

JVR=1.kNN**2

JWR=2KNN*x*x2

JXR=3XNN*%2

JYR=4ENN&X2

JUI=5&NN*%2

JVI=6ENN*%2

JWI =7KNN*x*%x2

JXIT=8%KNN**x2

JY [ =9 hNN¥*®2

JIXI=JIXI+1

DO 1300 M1=1,NN
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000

0

oOn0n

1302

1304
1305

1306

1308
1309

1312

1314
1315

1316

1318
1319

1322

M=M1+[NPUL

DO 1300 N2=1,NN
N=NZ2+INPU2
JUR=JUR+

INTEGHAL Cl44MK, CI44NL

[IF(M-K)1302+1304,1302
CI44MK=0 .

GO T4a 1305
Cla4MK=2 o *MXK %P ] % %2
CONTINJUE
IF(N-L)1306,1308,13006
CI44NL=0.

GO YO 1309
ClAANL=2 ¢ ¥NXL AP *X %2
CONT I NUE

INTEGRAL CI31MK, CI31INL

[F(M-K)1312,1314,1312
CI3IMK=1].

GO TO 1315

CI3IMK=145

CONTINUE
IF(N=-L)1316,1318,1316
CI3INL=1.

GO TO 1319

CI3INL=1.5

CONTINUE

INTEGRAL CI33MK, CIJ33NL
IF(M-K)1322,1324,1322

CI33MK=0.
GO TO 1325
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noo (g

0O

000

1324
1325

1320

1328
1329

CI33MK=0.,
CONT I NUE

IFIN-L)132€¢+1328,1320

CIL33NL=0.

GO TI 1329
CI33NL=0.
CONTINUE
INTCGRAL CI134MK,

Cl 34MK=CI[33MK
CI34NL=CI33NL

INTEGRAL CI39MK,

CI39MK=CI33MK
CI39NL=CI33NL

INTEGRAL CI40MK,

CI40MK=CI33MK
CI4ONL=CI33NL

INTEGRAL CISOMK,

CISOMK=CI144MK
CISONL=CI44NL

INTEGRAL CI38MK,

Cl38MK=CTI31MK
CI33NL=CI31INL

INTE SRAL C1113MK,

Cl13MK=0,

CI34NL

CI39NL

CI4ONL

CIS6NL

C138NL

CI13NL

B

.

2

"
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CI13NL=0.

INTEGRAL CI11MK,

CI1IMK=CI3MK
CITINL=CI3INL

INTEGRAL ClI28MK.,

CI28MK=CI44MK
CI28NL=CI44aNL

INTEGRAL CI21MK,

CI21MK=CI31MK
CI2INL=CI31INL

INTEGRAL CI26MK,

CI26MK=CI33MK
CI26NL=CI33NL

INTEGRAL CI25MK,

CI25MK=C133MK
CI25NL=CI33NL

INTEGRAL CIZ24MK,

CI124MK=C133MK
CI24NL=CI33NL

INTEGRAL CI30MK,

Cl30MK=CI44MK
CI30NL=CIla4aNL

CI1iINL

Cl23NL

CI21NL

Cl26NL

CI25NL

Ci24NL

CI 30NL
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INTEGRAL CI23MK. CIZJINL

CI23MK=CI31MK

CIZ23NL=CI3INL
S(JUIXISJUR)=+((B/7A)*BI11*CI44MK*CISINL+BI116*CI34MK=CT33NL

1481 16%CI33MK*CI34NL+(A/B)*BI66%CI31MK*CI4aNL)

JVR=JVR+1
S{(JIXIT+JVRI=4+(BI12%xCI3IMKECIA40ONL+(B/7A)*BI1O*CISOMKRCI3BNL+{(A/B)
1%BI26%CI 38MK®CIS5HANL+Bl1o06%Cl140MK=xCI39NL)

JWR=JWR+1

S(JIXT s UWR)=+(BEKI1*AL[44%CII13MK*CI1INL+AXKI2%AT 45%CI1IMK
1%CI13NL)

JXR=JXR+]

S(JIIXT W IXR)=4+((B/A)*DI 1 1% CI2BMK*CI2INL+2 ¢%DI16%CI26MK*C I26NL

L+ (A/B)*DI66*CI2IMK*CI2BNL+AXB*K 1 1%AT144%CI21MKXCI21NL)

JYR=JYR+1
S(JIXTIH»JYR)=4+(DI12*%¥CI2SMKXCI24NL+{(B/7A)*DI16*CI30MK*CI23NL+(A/B)
1*¥DI26%CI23MK*CI30ONL4DI 66X CIZ24MKXCI25NL+AXB*K12%A145%CI23MK
2%« CI23NL)

Jul=JUl+1
S{JUUXT,JUIL)=(B/7A)*BR11*ClL44MK.XC ] 3IINL+BR16¥CI3AMK*CI 33NL+BR16
1%CI33MK*CI3ANL+(A/B)¥BRO66G*CIIIMKEYCI4ANL-W2*AXB%PIxCI3IMKxCIIIN_
JVI=JUVI+1
S(JIXI4JIVII=BRIZXCIIIMKF*CISGONL+{(B/A)*BR1ISkCISO6MKRXCI3IBNL+(A/B)
1¥BR26%C I 383MK*CISO6NL+BR66*¥CI40OMK*CI39NL

JWI=Jwl+1

S(JIIXTeIWI)=BxK11%AR44 *¥CI1IMK*¥CI1IINL+ARK]I2KXAR4S5S*CI]1 IMK:CI 13INL
JXTI=JXI+1
SCJIIXT+IXII=(B/A)FORLI1I*CI2BMK*CI2INL+2.%DR16%CI26MKXCIZ26NL+(A/D)
1*¥DRE6FCI2IMKXC [28BNL+AXB K1 1 ®AR44*CI21IMK *XCI 2INL-W2¥A%B%x2 2% [21MK
2xCl121NL

JYI=JYl+1

1300 S(CJUUXLeJYIL)=DRIZ2*¥CIZ2SMK*CIZ24NL+(B/A)*¥DR16*CI3OMK*CI23N_+(A/B)

1*¥DR26%¥CI23MK2C I 3ONL+0OR66%CI24MKXCI2SNL+AXB*K]I2% ARG5S *CI23MK

2*¥CI123NL
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00

1402

1404
1405

1406

1408
1409

CALCULATE SUBMATRIX
YIURYYIVRsYIWRWYIXRoYIYR sYIUIL o YIVIeVYIWI ,YIXIoaYIYI
JIYI=9%xNAN&k2

DO 1400 K1=14NN
K=K1+INPUL

DO 1400 L2=1,NN
L=L2+INPU2
JUR=0

JVR=1 FNNX¥x2
JWR=2%®NN*%2
JXR=3 *NN*x%x2
JYR=4 ENN¥x*2
JUI=S*NN*%2
JVI=6%®*NN*x*2
JWI=7KNN®%x2
JXI=8 kNN*x%x2
JYI=9NN*%xx%x2
JIYI=JUUYI+1

DO 1400 M1=1,NN
M=M1+INPUL

DO 1400 N2=1 NN
N=N2+ "NPU2
JUR=JUR+1

INTEGRAL CI37MK, CI37NL

IF(M=-K)1402+1404,41402
CI37MK=0.

GO TO 1405

CI37MK=0.

CONTINUE
IF(N-L)1406+1408y 1406
CI37NL.=0.

GO TO 1409

CI37NL=0.

CONTINUE
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N o

OO0

O0n

1412

1414
1415

1416

1418
1419

1422

1424
1425

1426

1423
1429

INTEGRAL CI36MKs Cl3oNL

CI36MK=CI37MK
CI36NL=CI37NL

INTEGRAL CISSMK,s CISSNL

IF(M-K)1412,1414+1412
CISSMK=0.

GO TO 1415
CISSMK=2 , ¥MxK%(P[ ®*%2
CONT INUE
IF{N=-L)1416+1418s14106
CISSNL=0.

GO TO 1419
CISSNL=2.*N&LXP[%%x2
CONT INUVUE

INTEGRAL CI3SMKs CI3S5SNL

IF(M-K)1422,1424,1422
CI3SMK=1.,

GO TO 1425

CI3SMK=1 .5

CONTINUE
IF(N=L)1426+1428+1426
CI3SNL=1.0

GO YO 1429

CI3SNL=1.5

CONTINUE

INTEGRAL CI4&41MK, CI41INL

CI4IMK=C[35MK
CI4INL=CI35SNL
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00

INTEGRAL CIS7MK,

CIS7TMK=C I55MK
CIS7TNL=CISSNL

INTEGRAL CI42MK,

Cl42MK=C]I37MK
CIG2NL=CI37NL

INTEGRAL CI43MK,

Cl43MK=CI37MK
CI43NL=CI37NL

INTEGRAL CI15MK,

CI15MK=0.
CI1SNL=0C.

INTEGRAL CI12MK,

CI12MK=CI35MK
ClL12NI_=CI35NL

INTEGRAL CI24MK,

CI24MK=CI37MK
CIZ24NL=CI37NL

INTEGRAL CI25SMK,

CIZ2SMK=CI37MK
CIZ2SNL=CI37NL

CIS7NL

CIa2NL

CI43NL

CI 15NL

CI12NL

CI24NL

Cl25NL
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INTEGRAL CI23MKs. CI2J3NL

CIl23MK=CI35MK
CI23NL=CI 35NL

INTEGRAL CI30MKs CI30NL

CI30MK=CI55MK
CI30ONL=CISSNL

INTEGRAL CI22MK., CIZ22NL

CI22MK=CI35SMK
CI22NL=CI3SNL

INTEGRAL CI129MK+ CI29NL

CI29MK=CISS5MK
CI29NL=CISSNL

INTEGRAL CI27MK,s CI27NL

CI2TMK=C I37MK

CI27TNL=CI37NL
S{IJIYIL2»JUR)Y=4+(BI12%CI37MK*CI3ONL+(B/7A)*BI16%CISSMK*CI3SNL+(A/B)
1tBI26%CI35MKRXC ISSNL+BI66%xCI36MKXCI37NL)

JVR=JIVR+1

SCIJYI G IVRI=4+((A/B)*xBI22%¥CI 4 IMKkCIS7TNL+BIZ26*%CI42MK%XCIA3NL+BI20
1CCI43MKECIG2NL+(B/7A)*BI66¥CIS7TMKXCI41INL )

JWR=JwW e}

S{JIY T2 JWR)I=4+(B.kKI2*AI45%C I 1SMKRCI12NL+ARXK22XAISS*CI12MK*CI15NL}
JXR=JIXR+1

S(JIYI L UXR)I=+(DI12%CI25MK*XCI24NL+(B/7A)*¥DI16%CI30OMKXCI23INL+(A/B)
1xDI2HXCI23MKXC I30ONL+DI66%CI24MK X CIZ2SNL+AXBRK12%A145%CI23MK
2xCI123NL)

JYR=JYR+ 1
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1+3Nnrli=vnri

SNAN]1 +2N=N

NN®*1=2N 0CS1l 0a
INANI+TW=W

NN*TI=1IN €0ST OQ
CHENNXE=T AT}
CHRNNXE=IXI]
ChxAENNXL=IM(]
CHRANNRO=1AC1
CEENNXS=INC]
ChRENNKUV=NAT]
CRENNEE=UXI ]
CHRNNxC=UM( 1
CEENNXT=HAC1]
o=unr1l

XTd4iVW 8 31VINDTIVD
AINZZ21D%2

PHCCIIN kO RVARZA=TINZS IDRMNNCCID*xSSHVYXZZHBnV+ INZ2I I MHN621D%9990=%1

(V/8)4INLZZCID*MWL2 1D%928A% *2+INGCT DANC IO Z2HOx(B/V)=(1AQ*IArr)sS oo0v1

14+41IArC=1ArP
INECIO%2
AWECIDRSOUY 2 IH GV +TINSZID*NWOZ I D299 8A+INOE I D NWEZ 1D%92HA% 1
(B/V)+4TINEZIDARAHNOEID*O THAR(V/8)Y+INVCIDENWGZ IDXZ21UHA=( IXT*1Arr)S
1+Ixr=1Xxr
TINSTIO*AWC TIDASSUV ZZHXVYHTINZTIDARNNS TIDASHYUVYRZ INKB=(IMI*TACr)S
T+IMC=IMC
INTHIO%S
ANTVIOD*Id*BAVRCM="INTIV IDRNHWLS I D998 x(V/8 )+ INCVIDXINEV]IODxI
Q2UG+ TNCH IDRUHWS LI DX HA+ TNLSI DWW I VIDRZZUBH (B/V)I=(IAT*TAFr)S
I+1Ar=1Ar
INLETIDIRNNWIGE IDRF9HA+ INSS IO AWSE 1 D% Q2HE* 1
(A/V)+TNSEIDXNNSSIDO*TUGR(V/8)+ INGETIDXNWLF ID%Z2TIHB=(INF*1Arr)sS
t+Inr=inr
(TINZCZIDHMWZCIDWGSIVAZSHEE AV A INZZIDENNEZ 1 D90 1 0% 1
(Y/7C)+TINLZ T D NWNLEID*9210%*Z+INGZIDAAN22ZIDH22I0% (3/V) )+=(HAr*IArr)s
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OG0

1500

2050

INTCGRAL CINMK, CINML

CIMK=1i.
CINL=1.
TCIJUUR)Y=0.
IJVR=TJUVR+1
T{(IJVR)=0.
TUwR=TJUWR+1
TOIJWR)=] « ¥A%3 kC IMK%CINL
TUXR=1JXR+1
T(1UXR)I=0.
[IJYR=TJYR+1
T(IJYR)=0,
IJUI=1T0UIl+1
T(IJUIL)=0.
TUVI=1UVI+]
T(IJV1)=0.
[J6]l=1JUwWl+1
T(IJUWI)=0,
[UXI=1UX1I+1
T(IJXI)=0e
IJUYI=1JYI+1
T(IJUY1)=0e

CALL SiIiM@G

NTI=10%NN**2

CALL SIMG(S,TyNIWKS)
WRITE(6+2050)KS

FORMAT (¢ KS=1',137/7)
KNTI=2NNx¥x2+ 1
KN2=3%NN%x%x2
KN3=7%NNxx2+1

KNG =8xNNxk2

WRITE(S6,2055) {T(J)eJ=KNLKN2)
WRITE(H4205%) (TCI)s[=KN3+KNG)
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20

30

40

S50

55

FOXMAT(E1245)

wRITe(b6s20n7)F

FORMAT( FQ='4F10e3)

GU TO 1¢

CALL EXIT

END

PEAK—-AMPLITUDE AND MODIFIED KENNEDY-PANCU METHODS
WR{J)=T(J) AND wWIlCI)=T(1)

REAL MIPIAJNINPICMZPIAJNCPIBsM3PIAN3PIBsMEAPIA,NAPIB
READ(95+20)FQ

FORMAT(F10e4)

IF(FQ)BO+80+25

READ(S5, 30)WR1,WR2swR3sWR4

FORMAT (4F1Ce4)

READ(Sy40 )l l1ewlI2,WI3,WIAa

FORMAT(4F10.4)

READ(5S+H50)IM1 s M2 M3y My o N1 oMN2 s N3 4y N4

FORMAT(81S)

READ(5+55)A:8

FORMAT(2F10.4)

PI=3e¢1416

MIPIA=M1 %P %A

M2PIA=M2%P ] &A

M3PITA=M3 %P ][ xA

MAaPLIA=Ma*xPI*xA

NIPIB=NI1*P I %8

N2PIB=N2*pP %8

N3P IHB=N3*P [ *x03

N4P Id=Na*P | Q)
WRT=WR1*%CCS(MIPIA)*COS(NIPIB)+WR2*COS(M2PIA)XCUSI(NZ2PLIA)

1+WR3XCOS(M3PIA)XCCS{NIPIB)+WR4*xCOS(MAPTA)®COGS(NAPIR)

WIT=WIl4CCS(MIPIA)XCOS(NIPIB)I+WIZ2*¥CAOS(M2PLAY*COS{(N2PIB)
L+wI3*%COS(MI3PIA)XCLSINIPIB)I+WIARCOS(M4PTA)IXCOS(NAUFIB)

WT=(WRT%X2+wiT%%2)¥%0e5

wWXOY1=A8S(WT)

RW=wlT/WRT

el
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80
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10
20

30

36

40
100

ot

PHA=ZATAN(RW)
DELS=wT%PHA
WRITE(0s60)PHAL,DELSFQ

FORMAT(* PHA=® sF 1 Qeb s DELS='3F 104, FU=1*,F1GCe4)
WRITE(H6.65) wxO0Yl

FORMAT (®* wWX0Y1',E12453)

GO T3 10

CALL &XI7T

END

NODAL PATTERNS FNOF ANG=0+10+30,45+:60+90

WRITE(6,435)

FORMAT(? X : ty? Y t, W '//)
READ(S+20,END=220)WMIN1 s WMINZ,wM2N1 4WM2N2
FORMAT(4F10.4)

READ(3+430)M1I eN1sM2,N2

FORMAT(415)

PI=3.1416€

DO 100 J=1,5

Y=(J-1)*0.4

B=Y/1 6

X==0e5

X=X+0e5

A=zX/12e

MIPIA=M1 %P %A

NIPIB=N1%P [ *B8

M2PTA=M2 %[ %A

N2PI3=N2*pP %8
WIEWMINDI®*COS(MIPTA)RCOS(NIRPIB)+WMINZXCOS (MIPTA)YXCOS({N2PI3)
+WM2NLI*COS(M2PIA)*COSINIPIB)+WM2N2%COS (M2P TA)*CAOSIN2PI3)
vil =ABS( W)

IF (W1l ol TaO0eCl)WRIT(5,40)A,B,wW1

IF(A.tLT«10)G0 TO 306

FURMAT(3F1Ce4)

CONTINUL

GO TO 10

220 CALL ©XIT
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