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PREFACE

In the balanced incomplets block design, we are frequently intep-
ested in testing the null hypothesis that all the treatment effects are
equal. In the conventional amalysis, assuming Eisenhart's Model I, this
bypothesis 1s tested using Snededor’s ®F" statistic, that is forming the .
ratio of the mean square for treatments (eliminating blocks) and the mean
squary for the intra=block srror.

This thesis shows that when we assume the block effects random vari-
ables, i.e,, assume Eisenhart’s Model IIL, and the number of blocks is
greater than the pumber of treatments, then there exist two independent
tests of the null hypothesis, 4 method for combining the twe tests is
also given,

The anthor ig deeply indebted to Dy, Franklin A, Graybill for his
assistance in the preparation of this thesis and also for suggesting the

problem,



TABLE OF CONTENTS

Chapter

INTRODUCTIONG o 6 o o o o o o6 ¢ 0 6 0 o 0 o 0 6 6 0 ¢ 0 6 0 o 0 0o o o +
I. THE GENERAL TWO-WAY CLASSIFICATION o o o o s o o o o o o o oo 3

IT, THE BALANGED INCOMPLETE BLOCK DESIGN o o o o o o o o o 0 0 o o 6

III, COMBINING INDEFENIENT TEST OF SIGNIFICANCE o o o o o o o o » o 22
IV,  APELICATION CF TECHNIQUES o o o o o o o o o o o s o o o oo . .25

GONCLUSIONS o 's o o o o o o o o o o o o o 0 s o o0 oacecsaaso28

BIBLIOGRAPI‘IY 9 o o o [ o o < o o -] 0 o 0 < o o o A o 1] ] l . L] 2 a9 2 e 2{9

iv



LIST OF TABLES
Table Page
I; Analysis of Variance Under Model III 4 o o 0 o s 0 6 o o 6 o o &
11, Subwanalysis of Variance Under Model IIL 6 o o o o 6 0 o o o o &0
IIT, Statistical Layoubt ¢ o o o o o 0 6 0 6 0 0 6 0 0 0o 0 0 0 o 0 o &5

IV, Analysis of Variance for Statistical Layout in Table ILL . . » 27

LIST OF FIGURES

Figure
i, Graphof’Funétionuluzgc.(a) 5 06 6090000 o0o0ocooe s o kb



INTRODUCTION

Consider a balanced incomplete block design having the mathematical

model ( Eisenhart's Model I )

+

= i 1
Tijm = M ¥ By toey ey

i = 1,2 00 0y b

i

Ry
J 2 1,2 00 05 %
1,

m 0, o o oy nij

where 1 treatments are applied to b blocks with k plots per block and
r replicates per treatment, The following conditions hold.
bk = tr

nij 2 1 if the j=th treatment occurs in block i

£ 0 if the j-th treatment does not occur in block i

Z n, = N, = for all j
Y 4 0T !
Zn,, = N = k for all i
PO N | i.
]
z By 4y 50 = A for all pairg (jj°) where j # j°.

i
The errors are normally distributed with

E (ei = 0

:1m>

E (e ) = o ifi=p, j=qandm=sg

ijmepqs

#

0 otherwise,
We will consider in this paper from the outset the reparameterized
model

’ = + + +
Tism = H P B vosrea

1



where

b= BE o4 gl
[
=] 1 i}
aj a5 =@
This gives
E‘aj = Q,
3

We will also be interested in the model ( Eisenhart's Model IIT )

where the Bi“s are assumed to be normally distributed with

E.(Bi) = 0
E(B,8) = of if&=p
i*p b :
= 0 ifi#p
E(B,e_ ) = 0 forall i, p, q and s,

1 pgs



CHAPTER I

THE GENERAL TWO=WAY CLASSIFICATION

Consider the general two-way classification model with unequal

numbers and no interaction, i.e., the Eisenhart Model I

= + +
Tigm = ¥ Bitosteis
i = 1,2, 060 o09b
J ® 1,2 o060, %
m = 0, 1, o o oy nij
where
B = general mean
Bi = effect of the i=th block
aj = effect of the j=th treatment
eijm = a random variable with the following characteristics
B (egyp) = 0
E (e;. e ) = & i=u j=v,m=0p
ijm uvp ? ?

i

0 otherwise.
The object here will be to show by the method of least squares the

estimate of (ai = a ) considering the Bi as fixed parameterso Proceeding

we have
®iim ~ Tigm - =By -c
and we wish to minimize
2 2
222 (e, )" = 222 (y., -8B, =a,)
i3m ijm idm ijm i !



with respect to each of the parameters in the model., If we let

2 = 2322 (e,, )2
ijim

ijm
we have
% ==2§§iwﬁm°“=%”@ﬁ
%%: 4§i(ﬁm=”“ﬁi“%>
%%j = -2 2z Fygm =¥ = 8 = 0oyl

Setting these partial derivatives equal to zero and solving for

the estimates of the parameters we obtain the normal equations, namely,

A ~ A
N B+ZTN, B, +ZN ,a, = ¥
0o P Wt § e o d s
i J
A A ' A
Nlop * Nioﬁi + ? nijaj = Yioo
~ A . A
N Mr+En B +N  a, = I,
P i iJ L oj@J oo

where the dot subscript denotes summation. over that subscript,

We must now solve the normal equations for the aj“so To accomplish

~ A .

this we will determine each W + §; in terms of the cbservations. The

equations for the Bi are

) N A
Ny B+ N, B+ ? 1% = Y.,
Then when
A A l J.»H'A“
A=l (+8y) = N, (Fy,, = Z Py gedyed
0 j :
R .
= - & -
1=h (e B) = § (=2 050040



The first o, equation is ( for oy )

J

» A A A

T, = W44° § DypBy * N g0y
Expandihg, we have

{\ ~ Vo A N FaY A
T, = op(B#B) #npy(B*B) ¢ o otm(B+f) N, o

ra) N
Substituting in this equation for (M + 8,) we obtain

: A 1 ~ T
nll [Nl (Ylo‘): m'?;ﬂnljuaju)] + nzl [NQ (XZOG - ijvnzcjﬁaju;s t s e o

fn (X -Zn.a.) +N.a
O BTN T R 171
Simplifyingg Qe obtain

1

Y .
olo i 1-1. N

i}
[ne]
[

(T, =-Zn,@ ﬂ){ ¢V .8
A TR B 1%

. —

1 ~ ~ .
= ¥ n = (Y o I DG, = D0, )| tN
ﬂ LNio ioo jn% l lJ J :.1, l ol

-2
i
N, &

]

o, | % (Y, - 2 meﬁﬁj+Nfﬂ%z
i}ﬁ[%olm qog g 137 &% -

equations., We may write the general aj

This is the first of ths aj

equation as

n, . nz" ng .0
( N Ly (3 1)
(1) Y, = T ek = N o F emmmae iy o= 7 b %y
ajo 1 Nio od 3 Nio J L] ; Nio d

| 31
. Imposing the conditions of the balanced incomplete block design
‘on equation (1) simplifies it greatly and thereby we are able to ob-
tain estimates of the treatment effects easily as we shall see later,
The quantity to the left of the equality in (1) is usually denoted

by Qj and henceforth will be referred to as such. |

Ut



CHAPTER II1
THE BALANCED INCOMPLETE BLOCK DESIGN

The balanced incomplete block design is defined as a design in which
there are t treatments applied to b blocks where there are k < % plots per
block and each treatment is replicated r times with any pair of different
treatments occuring in all blocks A times, The conditions enumerated in
the introduction now hold,

There are two sources of information used to estimate the aj effects

using the estimation techniques for this design. The purpose here will

be to derive a method for obtaining an exact test of significance that the
treatment effectsvare equal. in designs where the number of blocks is greater
than the number of treatments, i.e., b > t, and wheré the block effects

are assumed to be a normally distributed random varia:bleo

We will first use the equation (1) to estimate aj in the balanced

incomplete block design. The incomplete block design imposes the follow-

ing conditions on the two-way classification,

Noj = r constant for all j
Ni° = k constant for all i
Wi, =

1J 1J
Zn,.n, = A for all j # j°,

. Ljijt
g A

Imposing the above conditions on equation (1), we obtain

hE 3
J#it

P A AL A =
(I“===i€==)0’,j = Eﬂ?ﬂ (s 28 Qo



oy
T AyA A~
(r = g * E)a” - = ? @J s Qj
The Qj becomes
Zn, Y.
3 13 e Eﬁ
Qg - YeJo N. Vj k
Lo
where

Vj = total yield of treatment j

Tj = total of all blocks containing treatment j.

The estimate 'of the j=th treatment effsct is then

~ - Q j ’v/
a

=

b r A
(r = gt E)
The additional source of treatment comparisons is given by the block

totalsrwhen Model III ‘is assumed; ‘j.e., considering the model

B, = kb +ZImn a ¢+ kB!
i 5 3 i

where the B{ are considered a random variable distributed normally with

{RI}' =
E (8) 0
2 2
IR = if 4 =
E (Biﬁp) g+ k@b ifi=sp
= 0 ififp

In order to find estimates of the treatment effects under this model

we minimize .
z n,.q.

with regspect to the + + 1 parameters in the model,
Taking the partial derivatives with respect to each of the parameters,

setting the result equal to zero and solving for ajp we obtain the least



squares estimates of the ajp namely,

T,
/(\ = a-uc:n-il—m
R T I )

We now have two independent estimates of the treatment effects; i.e.,
T 4

7 o
- N T,
(2) @, = e md  (3) G, = je—ik<
2 (rg%sﬂe%) i (r-n

The analysis of variance for the balanced incomplete hlock design
under the assumption of Model III is presented im TABLE I,
TABLE I

ANALYSIS COF VARIANCE UNDER MODEL ILI

Source de £o Sum of Squares
¥
2
- [Sugppene - NN I,
Total Bk - 1 253 (v, = )
ijm
1 B .2
Blocks { ignoring treatments ) b1 % 2 (Bi = T%>
Treatment component t =1 L (T, = -&)2
? k{r = A j Jj t
Remaindsr =% Subtraction
: . e on s . . 1 2
Treatments ( eliminating blocks ) t =1 & z Qj
k|
Intra=block error W Subtraction
where
o orlk =1 o bk =1 -
}L“’ (t'—*—'l9 Emk(tnl andw=’ bk‘='t=b+l

We wish now to investigate in detail the quantity termed Blocks

( ignoring treatments ). Let Bi denote the i-th block total, Then in

terms of the model,



B, = kW +kf3. +Z2n.,.a.+t+2 T e,,
i i j 173 im ijm

We will now prove the following Lemma,
Lemma I,

The gi are distributed no;mally and independently with mean

kit + T n, .a, and variance k(c:'2 + koz)o
- = ij73 ~b’

Proof,
Meen of B..
i
E (Bi) = B (kM + kBi + 3 nijaj + % b eijm )
J Jn
= kW + ? nijaj

Variance of Bi:

2

JX2e,. wki a3
J jm j

m
1J j

im ijm

k(c:'2 + koi)

Covariance of Bin (i #p)e

i?‘p ( B;B, - EB;EB ) = E (kd+ kBi.f ? By 505 * ? i eijm)
*In 0, +*22%e ) = (k4 2n 0 )(kh+32n 0,
5v PITIY 5y PI'R PR 50 P

= 0
and the Lemma is proved.'

Now, consider the following idemtity in the B

n, .a )2
1373

S 22 2
E(kﬁi'!-ZZe..) = EE{Bi+(§ieijm)]

kM +
( kBp
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‘ Bi B 1 EB B
N Y O S - o
4 (F-5) ‘(rw}n)i?nijnpj(k T )
B, B B B
1

a2 )

S S I“wjzznlv)p;j bk

i=192,ooogbo

Before proceeding we define the following matrices.

: 1
.Bl a'B
q
B2 alB
B o= |, B = | . wherea"=[lloo,l]o
bxl bl 1xb
o o
B a'B
B e

We will denote (4) in matrix form as

T = F + 8
bxl bxl  hxl -

Squafing both sides of (4) and summing on i, j and m we may write the

resulting expression in matrix form as

T* = F¥ + R
1x]1 Ixl 1x1

where T# = ¢,T'T, F* = c,F'F and R is a matrix composed of all re-

maining factors resulting from the summing and squaring,

Since T#* is a quadratic form inm the Bi“s, i.ee,

™ = § 533 ( Ei = E; )2 = k3 ( Ei - E& )2 = L 3 ( B, = E& R
- , = = 9
1x1 ijm k bk i k bk . k 5 i bk

we will denote T* in matrix form as

]-'4 X9 =
% B XoXoB T#,

-



i1

We must now find a matrix Xo such that

Z (B, -
g i

c"L =3]
VN

L(gixe = &

Consider the matrix

_ .

- L -k o o o -

1-% b b

L a_L.s s+ s _1

b 17% b
X. = -] o o

[&]

bxb o o o

1 .1 . o s ._1

b b 1-% .

Then using this Xo, the equation :(5) holds., The matrix Xo is symmetric

idempotent, i.e., XOXO = Xoo' Therefore
l‘-. 1YY - n]-'- R
i BYXIX.B - BIX B.

We wish now to find the distribution of this quadratic form., Before
proceeding we state the following theorem, proved in reference (5).
* THEOREM. I,

if a vector I Ais distributed as the p-variate normal, mean vector
pxl )

l—'llg variance covariance matrix cjzu;,, then YAY is distributed as the non-

central chi-square distribution with parameters f and My if and only if

4(c°1)' 15 idempotent, whers f is the ramk of A(c”I) and A = 3 Miak.

Applying this to the problem of finding the distribution of % B"XOB

we have..
B ov N [m + 7, K(c® + kc%)I]
bxd



where
ki % nljaj
J
kit 2 anag
k]
m = ° and, T o= °
bxl bxl
-} ()
ki 2 D, .0,
5 3 bi%5 |

Then B!'AB is distributed as the non-—central chi-square with parameters

f and A, where
) o

X _
, 0
A = £ =(b=-l)
k( o + kci ) °
A = (m? + w”)Xo(m + 1)
© 2 2
k(o™ + kcb)
for
2 x 2. .2
A{cTI) = *—“§=~2'”§“ k(c™ + k@b)l
k(o™ + kcb)
= XI = X
o )

which has been found %o be symmetric idempotent of rank (b = 1),

The non-centrality parameter ho must be evaluated in order to -

completely specify the distribution. Proceeding , we have

2k ( 02 + k‘cf2 YA = m'Am+miT e+ atXmt wiXom,
b 0 o) &) 0 ©

It may be readily verified that the first three terms to the right of the

equality are zero, The remaining term m“Xoﬁ then equals
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2 2
2(Zn,.a,)” = 232 B, ¢ 2In .0t 220, 000
g 3 3 3 g0 1AV 13 9 j 3 E e
J#3t
= r2a2+?\,22a3a9 s r2a§?=?\.20§ = (r = A) Za?..
- I LA j j i
33

Therefore the non-centrality ?‘o is

4 pems A 2
(5) \(I’z ) 5 2 a%

2k( o + koi ) J

We now consider the term
B
1 _Q 2
F = 233 7==¢ 3% Zn,.n .{ =

P s 7
and we will show that F* is equal to

—_— . 2
(7) mn}\,)“inf -8,
and also

1 1 2

(8) k(rmh)z(‘r L)

where Tj is the total of all blocks containing treatment j and T

i
e DM
=
°

B, B _
Denoting the qixanti’hy"('-.% =33 ) by By, we have

!
F zzz[r Mzz‘:nlnﬂzz—-—l—--z Zn(Zn 3 )| 2
ij'm j Heip (r-n®ilg M p PP

I

Ky Zn(2n3)+zzzznnn B B
S aNR |y 1, PP pq%qaapaqapq
i#it
= —E zfrrz(anji%’p )2+}\.22’2’npj(kanqj)§§
fr=N") § p 7 pgi o Pa
e ] - 2 = .2
= oot Z(ZnB) “’}\,ZQZHOB)
2T = |
(r =2) j p PP g p PP
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k = 2 k 1 : r 2
= (re=N)2(Zn B ) = 2 (%22n B -%B )
2 : -n oYk vk °,
(r - A) 5 p PIP (r ; kL TRIP
= 1 N 4 2 - 1 _1 2
"k(ra}\jg(?nijﬂﬁ. £5,) k(r-k5§(mj t T, )

which are the forms (7) and (8).

This is a quadratic form in the B, and we shall write it in matrix

notation as followss-

my mgng e e my| [ B B,
B2 Bpp Bz e oo o Ml | B B,
Z - ° ° L] . _ l(n °
tx1 o o ° ° k °
Py T2 g oo 0o Ppel | B 5, ]

Then, using the notation used previously and letting N denote.the coef-

ficient matrix of B, we have

(9) Z=NB-%B.*
where
Bt = (ﬁ B, e o e Bt]

1xt
Then thé form Ez;v%ﬁiy'zﬂz is equivalent to (7) and (8). Using (9) we have

Ll o = 1L oy o K _k
k(r - N yAYA ET;—:—Xy(lB!NI 5 B?u)( NB 2 Bf )e

Lettigg A be a txb matrix of ones, 'we may write B¥ = AB and

2
l R = _# R _I.S, IN ¢ _.ck.'-, JA® l{-—ﬂ
K -n 22 Kz = ( B'N'NB - 3 BINIAB tBAN"tzAA).

which may be written as a quadratic form in the Bi“s as
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| 1 R ST S
(10) | mBﬂ(NﬂN-ENﬂA~;A0N+;§AﬂA)B.,

Examlnlng the preduct of Aﬂ N we find that the result is a matrix of
bxttxb

order bxb with every element equal to k. Denote this matrix by K#, Similarly
the product of A'A is a bxb matrix of all t's. Denote A'A by T#, If we now

let a bxb matrix of all ohes be denoted by 6, we may write (10) as

k2

—'(-;—“TB(N“N——K*'*:ET*)E

or

2
1 i
i(r =3 B'( NN - %8 )B.

' We now desire to ascertain whether the form

» 2
L -
ey (NN=3-8)

ig idempotent, The p-p'th element of UU isf

(21) L3¢ ) K
11 I {In,.mn -)( Z n L.
k (r - AR a0 g PUETLT BT ii'p T8 72
and the p-p'th element of U is
| 1 -
w Hw-n) (2 Bpypey T4 )

We will now expand (11) and find the relationship to (12). Expanding (11)

we obtain .
. 2 2 4
1 k k k
(lB)’"m—-“(ZZZn n, "—-’Zz’.n === %Zn,,n_,+t3I =
k'z(r ‘,;,. }\) i34t p'i’ 1jﬁ T i3 p'jt % ij 1J7pi i""tz )

Evaluating (13) term by term we have

N _
a) =g (B 3L Nn_, o000 .
(o) kz(ra-?\.)z(iJJ“ '35 pg !
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= (Z2Zn S S 01 NN O )
K“(r = A) igpslapa l”.pa" 147 pd
b
= -k (rZn +2Ak Zn ., -AZ B s 5By )
k“(r - A) j pJpJ j P j
5 L | (r = l)‘zbn_ n_ Ak
(e =) FREz R
2
-1 K
(b) - > (& Y(ZZn .0 )
kz(r - 1)2 k i jt AN b
_11123 = "'rk
(e - A)° t(r = )
2
=1 K
(c) , (== )( )
O LA A R 2
- =rk
t(r = A)°
4 A
d _E—-l_-—-z-z'—z“ = n———bL——-o
¥ (r=-2)Y" 1 ¢ t°(r = A)

Combining the:results of (a), (b), (c) and (d) we have as the p-p'th element

of UU
2

1 A2k ., __ bk

e 0N, T >
Pl =2) 3 PP (poa)? tlren)® (-’

Simplifying the above result we obtain

2
1 _k
(14) e (3 1 =)
_ (e = A) pi'pty U
This result differs from the p-p'th elemenmt of U (12) by the factor 3’
Therefore since UU = % U, this implies that kU is idempotent, i.e.,
(kU(U) = KW = ¥ EU = kU,

k
Since F¥* is a quadratic form in the B,'s, then:F¥- = BIAB for same

matrix A. Letting U be denoted by Xi and applying Theorem I we have
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| 2
. l .—\,-l‘_
(15) BIAB = B ( )k )B 2 L (£ )
23 o ) R IRAR ] 1M
for if
A = RN AN then A(ciI) = N k( o+ kc% )
k( 0" + kol k( o + ko, ) '

i

]

which we have shown to be idempotent.,
We must now evaluate the two parameters of the non-central chi-
square distribﬁtion in (15)° We will evaluate the non~centrality par-
' 1

ameter 11 first. We know that hl = 5 MiAﬂ o Substituting for Pl ad

A we have

2k(r = A)( & + koﬁ P = (mt+ W)X (m + W),

Letting the coeffieﬁént of Al be S and substituting for kﬁi we obtain

2
ol = (mt s ) (NN - £ )(n+ W),

Expanding we obtain

¢ = piNiNm + 2NNt - g-ls-?mﬂﬁm + gwININY — .1_{3"?6"
l?\jn - ] 5 . : % o

Simplifying we fird that-ll,equals

(r_=2) z a%4

2k( o° + kol ) § 3

We may now apply the fact that the rank of an idempotent matrix is

equal to the trace.to find'f; in (15). Thus f; may be found to be t - 1,

and we have the‘distribution_in%(i5) dompletely spegified.
We now have

== g
B'X B B (le)B + R



and let us denote R by the quadratic form in the Bi's as B'X,B,

- then write

BIX B
]
BﬂXZB'

or

relation X2

Let us examine the product of the two matrices kK_L and X2. We have

yﬁdheri

(XO - kX.l) eInd we

pA

BY(kX,)B + BILB

— s s
B (x0 le)B and this implies the

it

may write X = kX + (Xb - kxl)o

(0)(X, - 15) = WOT, - KHE = WOE -G = (K - 1),

Now (X 0" I) is a matrix where every eélement is —

'bQ
klﬁi(xo - I) is
- 2 2 2| [
‘ _,k_ - 1—_ °o o
? Bty T = ? M3%23 - ? R T b
2 2 2
. - o - . . ‘-E— -'L o o
?nz,jnlj ;*:_ ?n_zjnag J%‘ oo s ?nz:l”b:l 2|7
‘ 2 2 2
b - - L - B ] [} L]
3 nbjnlj y %" ? nbdnzd %" e+ e ? nbjnbj g ?bJ
a.n—d the p-ptth element of the product is |
‘ L, | )
Er ALY R I o A ke TP

Using this result we have
(16)

X
°

In element form

X+ (5 - ).

We may

18

o'l

o'
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Squaring both sides we obtain

Xk, = WD A - 6) ¢ - 0)(E - 6)
or % = k:Xlr'* ¢ (Xo = le)(Xo = le)
or XO o= le = (Xo - le)(Xo - le).
Since Xé = (X0 - le) the above expression becomes X2 = XéXé and we
have shown that Xé is idempotent,
We now have X% = le + Xé and we have found the ranks of Xoland

X, to be (b = 1) end (t = 1) respectively, It is well known that the

sum of the ranks of two matrices is greater than or equal to the rank

of the sum, Applying this to (lé&,we have if we denote the unknown rank

of X2 as qy

BA

b-1l & t-l4g
or ‘ bt S q
or b=t = q-= 02
or , _ g = b=t + ezo
Then _ bel = t=1+b=2*%t=te* 02
or 2 ez = 0 = g

Therefore the rank of X, is (b = t).

- We have yet to find the digtribution of BFXZBo Applying Theorem I
we have
2
BB ~v X (b=t, %)

for if we let

X X

4= ot e A D) = e k(o 4 kef)
k(a+k%» k( o +mb)
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or A(cil) = X,, which we have shown to be idempotent of rank (b - 1)

_Az may be found from the relation
E, =
Multiplying on the right and left by (m ¢+ w) = L3N (say), we have

H { = [ %4 + t
,POXOHQ kﬂ@Xiu@ '“0X2u©°

If we divide this equation through by the quantity 2k( 02 * kc% ) we will

have an equation in the non~centralities of the quadratic forms T¥, F* and
R, The non-centralities of T*% and F* have been shown to be equal and
therefore the non-centrality of R is zereo. Then R is distributed as the
central chi-square with (b - t) degrees of freedom,

The non=centrality of F¥.ig a function of 3 a? = 7
‘ k| J

Then, under the null hypothesis He of =a} = o o o =al, the non~

( (C(.;% = @z )2'0

centrality of F¥ is zero and F* is distributed as the centralkchimsquare

with (t = 1) degrees of freedom, The foregoing results are summarized in

Table II,
TABLE II
SUB--ANALYSIS OF VARIANCE UNDER MODEL IIT
Source de £ Sum of Squares
Blocks { ignoring treatments ) b=1 % BIXB = Q
Treatment component t =1 B“XlB = Ql
‘Remainder b=t

L piy =
BEB = G

Then, under the null hypothesis, the ratio

Q(b=t)
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is distributed as Snedecor's "F® with (t - 1) and (b = t) degrees of
freedom,

We now have two independent tests of the null hypothesis for the
treatment effects assuming Eisenhart!s Model IIL., The next chapter
will be concerned with combining these two tests of significance into

a single test of significance,



CHAPTER III
COMBINING INDEPENDENT TESTS OF SIGNIFICANCE

We have shown that two independent tests of significance of H@Z
a{ = a% =5 e o F a% can be obtained in a balanced incomplete block

design when b is greater than t and when Eisenhart's Model III is assumed,
The purpose of this chapter will be to give a method of combining these
two independent tests,

There exist many criteria for combining independent tests and the one
which will be comsidered here is by R. 4., Fisher, His criteria consists

of rejecting Ho if and only if U U £ whefe oy and u, are the signif-

icance levels of the two independent tests and ¢ is a preddtermined con-
stant corresponding to the desired significancesleveio

It has been shown that =2 lcgeulu2 is distributed as the chi-gquare
variate with 4 degrees of freedom when Ho is true. Theén if x is such that

2
Probability Zmﬂf(é) €x /] =a, where 1 « g is the desired significance

level9 and seitiﬁéﬁ;Z losog = x, we find thai 1©gee = ~x/2 and ¢ may
be computed from chi-square and loge‘tableso

In the table which follows, ¢ has been computed for several values

of a and the funetion wyu, = c plotted on log paper so that the curve is

represented by a straight line, To find the‘significance level of the
combined independent tests, merely find the significance level of each

"F" and find the point in the U, Uy plane. A point faliing in the area

22



between say the ap and % levels of significance { o

nificant at the aq tut not at the ap level,

P

< oy } is sig-
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CHAPTER IV
APPLICATION OF TECHNIQUES

We will consgider here an example and work through the analysis
showing the techniques which may be used to best advantage when Model
III is assumed for this design,

Consider the following layout in a balanced incomplete block with
b=6, t =4, k=2, r=3anid =1, and artificial data.

TABLE III

STATISTICAL LAYOUT

Treatment 1 2 3 4 Block Totals

Block 1L | 6 | 8 14
2 13 | 7 | 2
3| 7 13 20
4 12 2 | 14
5 1 5 3 | 8
6 10 |13 2l
_Trestment Totals 18 30 37 12 97 Grand Total

Letting vj denote the j-th treatment lLotal and Tj denote the total

of all blocks containing ircatment J, form the following quantitieass

25
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v, T, T2 V, = T./2
j=1 18 42 21,0 - 3,0
= 2 30 49 2405 545
= 3 37 61 30.5 6.5
= 4 12 42 21,0 - 9,0
Totals 97 = GT 194 = 26T 97 = GT 0,0

and alsc find the quantities rf = 2 and kir - A) = 4,

We are now ready to compute the Analysis of Variance for this layout,

The sums of squares are obtained in the following manners

2

TO(t&alé 62 + 72 * 6 0 o F 32 = .%% = 1521-092

2 2 2 2 :
Blocks ( ignoring treatments )g Ly + 20 ¢ 5 gt 2 "%% = 64,42

Treatment components %( 4P+ 492 + 61° o 42° “';%é ) = 60,25
Remainder, By subtraction, 64.42 = 60,25 = 4,17

Treatments ( eliminating blocks ): %Zm( -3 )2 + 5052 + 6352 +

( u@u)E;? = 81925

Intra~block errors By subtraction, 154,92 = 64,42 = 81,25 = 09,295
The results of this particular layout are summarized in TABLE IV which
is shown on the next page.

Going to FIGURE I and looking on the Uy axig for U = 0,0975 and

on the U axis for U, = 0,0625 we find that the reéulting test is sig-

nificant between the 3% and 4% level, and therefore we would reject the

null hypothesis at the 4% level but not at the 3% level,



TABLE IV

ANALYSIS OF VARIANCE FOR STATISTICAL LAYOUT IN TABLE IIX

Source: o Lo
Total u 11

Blocks ( ignoring treatments )

Treatment component

5
3
Remainder 2
Treatments (eliminating blocks ) 3

3

Intra-block error
and we find that
Probability /F, . (3,2) ) 9.657 =
and

Probability [F, . (3,3) > 8.79.7 =

0.0975

0,0625

Sa8.

154092
64 4R
60,25

417
8L,25

9025

i

#

M.8.

20,08
2,08
27,08
3,08

27
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9065

g,79



CONCLUSIONS
The results of this thesis may be stated in the form of a theorem
namely,
THEOREM

When Eisenbart's Model III is assumed in a balanced incomplete block

design and the number g£ blocks is greaﬁer than the number of treat-

mentsg-thqg“ﬁhere exist two independent tests of the myll hypothesis

H@§ af = aj = a% o o o =al, icee, that all the treatment effects

are equal,
If atr exact method of combining independent tests is employed to

combine the two tests of H09 then the test of H@ under Model III is

exact,

These results give rise to problems which could be investigated
that are not solved here, A few of which are

(1) examining the power of the test of the null hypothesis under
Model I1I,-

(2) developing a criteria for combining independent confidence
intervals on the same parameter of a distribution.and

- (3) developing a criteria for cambining independent estimates

of the same parameter of a distribution,

28



(1)

(2)

(3)

(4)
(5)

(6)

(7)

(8)
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