

















CHAPTER I
INTRODUCTION

The purpose of this report is to discuss the methods offered by
writers of textbooks and other individuals or agencies for the success—
ful introduction of some basic concepts confronting students moving from
arithmetic into algebra. It attempts to offer these suggestions along
with some of the implications for the consideration of the new teacher of
first year algebra and those teachers of first year algebra who have lack-
ed the time or inclination to give lengthy consideration to the hurdles
facing the student making the transition from arithmetic to algebra.

In methods of procedure the report is an outgrowth of certain find-
ings by the writer from a careful scrutiny of a sizable sampling of text-
books and other pertinent literature as they relate to the problems ex-
perienced by the student in the transition from Arithmetic to Algebra.
The paper is not intended as a summary of the majority reflections of
these writers but a careful study of these reflections in the light of
eight years of actual teaching experience., Certainly, no claim is made
that the opinions and conclusions to be set forth belong exclusively to
the writer but it is felt there is yet a vast amount of gainful exploita=-
tion possible in connection with these views., Then, this report is con-
celived and developed to deal with the following assertions:

1. The field of Mathematics has grown more rapidly than is

generally known by highschool Mathematics instructors.
Consequently, more Mathematics must be learned faster

by today's student to attain the merest competency than
perhaps any generation before. Thus, the earliest concepts
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should be meaningfully instilled at all costs,

2. Very nearly all normal children like Mathematics as
long as they understand it and this inclination per-
sists unto and through adulthood,

3. Many would-be Mathematics students are lost at various
levels of abstractions (concepts that fail to lend
themselves easily to palpable demonstration). Many
concepts treated as abstractions can be meaningfully
demonstrated otherwise with careful thought and in-
genuity on the part of the instructor.

L, The Mathematics of a university student should be no

more difficult for a University student than a first
grader's mathematics is to a first grader, a student
with basic concepts properly instilled along the way
will find this true under an instructor as capable of
demonstration of his material as most first grade
teachers are of theirs,

5. It is extremely difficult for the gifted to understand
or sympathize with the less fortunate., Thus, many text-
book writers inadvertantly or intentionally write text-
books that preclude the average student's unassisted
progress,

It is not intended to convey the idea that higher mathematics is
possible for all individuals, This definitely is not the case, nor would
it be desirable if possible, However, whether one accepts it or not the
technological world has become and is becoming ever more mathematical,
This implies that he who would be an intelligent citizen in todayt's world
must of necessity be better informed in the subject than is the average
citizen of today. This is possible for coming generations if teachers
can check the loss of the many students who are discouraged from mathemat-
ics at an early phase of their pursuit of it by difficulties that may be
eliminated.

The report involves general ideas that are fortunately receiving
consideration from some outstanding mathematicians. In a recent work
Professor Fehr of Columbia University says:

"The learning process of going from experience with things,
to thinking about things to abstraction and concept forma-
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tion, and finally to reorganizing the newly learned concept
into whole structure is, in the field of mathematics, the
one that has the most promise of permanence of learning to
the solution of quantitative problems. The building of con-
cents is so necessary if we are to develop mathematics as

a way of_ thinking that will serve us in our various life
careers"

No attempt is made in the report to deal with all the concepts the
student will have to master for a successful first year in algebra. How-
ever, it is felt that the more basic notions are considered. An attemnt
is made to consider the idea that mathematically intelligent citizens are
gained or lost in this eorly formative stage of pupil development. There-
fore, numerous and appealing experiences should be provided even at the
expense of failing to cover an arbitrarily chosen topic somewhere near the
back of the book. On this particular notion Breslich said:

"Not enough experiences are nrovided to develop real understand-

ing of the concent of Algebra. Literal numbers, signed numbers,

syxbols of oweration, exponents, equations follow one another in
rapid succession, although each alone offers serious difficulty

to the learner, ost textbooks introduce all these concepts

within a very few pages, hence no re:l1 understanding is attain-

ed by the nupil. The result is confusion and dislike of the
subject which is in reality simple if the fundamentals are thor-
oughly mastered. 12

Textbooks remain in print and in use that fail to escape this crit-

icism. However, there is much satisfaction in finding numerous modern

writers who either anticipsted or heeded }r. Breslich's admonitions in

their works.,

lHoward F. Fehr, "Reorinentation in Mathematics Education®
Teachers College Record, Vol. LIV (May, 1953), p. 435.

2farnest R. Breslich, The Administration of Mathem:atics in
Secondary Schools (Chicago, 1933), p. 267.
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12 things. Thus instead of a generalized rule for finding the cost for
ény numbcr of dozens of eggs the student has a fallacious idea that will
practically eliminate his chances entirely for getting a correct solution
to probiems_of this nature., Considerable time must be devoted to getting
the student started correctly as it is much easier to teach than unteach
though both might be difficult,

A formula definitely describes a relationship, a case of determinate
corresponce, If this point of view is perceived by one teaching it, there
is an opportunity to give the student the nscessayy background for the
function concept. This concept will laler determine the extent of his
progress in more abstract mathematics, alas it will even determine how far
he goes with the formulas. Iven the latest textbooks go along with this
‘incidental teaching of a function concept and most suggest the four-fold
method of expressing the relationship: the table, the arithmetic rule,
the formula, and the graph.

According to Taylor, "a function is the determinate correspondence
between two classes of objects,"h Richard E. Johnson in his lecture notes
at Oklahoma State University, Fall semester, 1957 says "a function is a
correspondence that associates with each number of given collection a
-unique number> or in essence, a refinement of the same thing as Taylor.
Or. James. H. Zant, Professor of Mathematics at Oklahoma State University
defines a function as follows:

"Given any two sets or collections X and Y, by a function of

¥ to Y we mean all rnssible pairs made up of an element of

X and an element of M which corresponds to it according to
some rule or formulu. It is understood that an element of

aﬁngus E. Taylor, Advanced Calculus (New York, 1955) p. 297.

“Lichard E. Johnson, Lecture Notes of "Calculus for Highschool
Teachers", Oklahoma State University, Falli Semester, 1957. p. I11-29,

¥



7.

X, like x, appears exactly once as a member of a pair."6

Consideration of Professor Zant's helpful amendment to this most per-
vading but somewhat elusive concept facilitates meaningful consideration
of two other notions ‘everywhere associated with the formula. From the
beginning it will be helpful if the new algebra student is made conscious
of the idea of variables and domain., The collection of numbers over which
a function is defined is called the domain of a function. In the formula
above, C = np, if the nrice of a dozen eggs is fixed n may take on any one
of the set of the positive real numbers and zero., With each value given
n, the independent variable, there is associated some value for C, the
dependent variable, according to the rule of correspondence linking them.
Some effort should be made to include in the list of formulas a number
of those that 1illustrate clearly the limited domains of some functions,
For instance, the postage function offers a set of formulas demonstrative
of this idea:

Let C = cost in cents of sending a parcel of weight w ounces

by first class mail, then,
C =3 if w has value grester than 0 and equal or
less than 1,
€ = 6 for w more than 1, sjual or less than 2.

— o Em we s 8 s e mw e e mw @ e e e G e e we  we

C = 960 if w is more than 319 and equal to or
less than 320,

This function has as its domain the set of all positive numbers not ex—
ceeding 320 ounces,

Certainly, one could hardly expect rigor on the part of a student
at this stage of his progress in algebra. However, this idea of mapping
or picture relationships can be inculcated by graphing of relations in

formulas. Using an arithmetic rule to set up a table exhibiting relation-

6James H. Zant, Analytic Geometry and Calculus, Publication Pending,
1958, po l"'6
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ships will establish a concrete reference point for a student when he later
encounters cases of abstraction concerning these ideas., A difficulty in
mathematics lies in the fact that any success in it depends upon an un-
broken extension from the basic starting point. One might conceivably
be an /4merican citizen and learn of British history without any prior
knowledge of American history. A study of either might facilitate a more
rapid and broader grasp of the other but neither is a prerequisite for
the other. So systematic iIs the structure of mathematics that one seldom
finds an analagous situation. It would be unusual to find an individual
capable of successfully dealing with the calculus prior to a sound course
in algebrz to say the least, However, to a lesser extent this is the
situation faced by the student confronted with rigorous agcplications of
the function concept and no referrent point in some aspect of his con-
sciousness. One might safely say from all this that where the student is
going in mathematics depends to a great extent upon where his teacher has
been, The broader the view of the teacher the less likely will be the
teaching of concept or topic as an end within itself, neither lending it-
self as an enrichment of things past nor a link in the chain of things

to come.

A great deal of care and time is usually required to teach the student
to selve a simple fornula for any specified letter. Ferhaps here more than
any place else the arpuwent for introducing the formulas before the equa-
tion as a specified letter necessarily involves the teaching of an under-
standing of the axioms. Meaningless transposition and baseless numerical
operations can hardly occur when the entire problem consists of a re-
lationship of letters to letters.

‘'he work in formulas should provide a generous amount of work in sub-

stitution., DNot only is this procedure most necessary in the gaining of
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masterful emnloyment of the formula but it is highly desirable as a found-
ation upon which one anticinates another most basic idea in mathematics.
The corcept of equivalence relationships is basic in the study of modern
mathematics and that particular sysiém of logic given to the domain of
mathematics, When we can apply the same lmbel io every element of a class
or set, each element is substitutable for every other. OSuch a set of

7 The pupil should also émplpy whole

things is called an ejuivalence class,
nunmbers, comnon fractions, limited to those used in computation that the
world nceds to do, and decimals. Dealing with these nunbers gives the
student an assurance of being in familiar territory plus the fact it pro-
vides much needed practice with guantities he should really have consunmate
skill in using. It is indeed a rarity when a student beginning algebra
needs no further practice in common fractions and decimals. IHoreover, such
a practice is desirable because it is a way of developing the meaning of
the formulas,
Finally, Thorndike makes a rabther penetrating statement that reads:
"The puril builds up or integralies his habits into rules, as well
as derives new habits from rules. Learning to compute algebra-
ically is not only, or chiefly, learning rul=2s and how to 2:ply
them; it is also building up a hierachy of habits or connection
bonds which clarify, reinforce and, in part, create the under-
standing of what the rules mean and when to apply them, "8
Though this statement was made some thirty years ago there would probably

be very few mathematics instructors who would not agree with it.

TRobert L. Swain, Lecture Notes of "Modern Mathematics for iHigh
School Science and Mathematics Teachers" Spring Semester, Oklahoma
State University, 1958, pp. 1-28.

8Edward L. Thorndike, The Psychology of Algebra. (New York, 1924),
p. 21&60
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crop last year? This is hardly possible from this inform:tion, However,
if one is supplied the information as to whether the farmer lives north or
south of Dogpatch, whether it is east of south or west of north notwith-
standing, the answer is immediately available.

From the brief suggestions mentioned in textbooks the resourceful
teacher is able to place the student in various imaginative positions that
might arpeal to him and has direct bearing on the notion of positive and
negative numbers, The following is an example:

While relaxing in a comfortable American type "igloo" in Northern
Alaska the voice of a glib American reporter comes in over the radio announc-
ing the outside temperature as 30°, What coat does a G. I. wear to dinner
which will be served in Barracks #10, a quarter of a mile away? A top-
coat is worn in weather not severely cold and a specially insulated heavy
overcoat for the extremely cold weather. It must be determined whether the
reading of 30° was above or below the zero point, or -. Again, a corpora-
tion executive has an apartment on the 20th floor of a 42-story skyscraper.
Each morning he rides the express elevator ten stories to his office located
in the same building. What floor would one go to for an appointment with
the executive in his office?

Once the fact is well inculcated that distance from a point is not
sufficient to pinpoint the whereabouts of an object it is fairly easy to
illustrate the clumsiness encountered in modifying numbers with such terms
as up, down, above, below, clockwise, counterclockwise and such opposite
notions. Any two onposing systems may be designated as respectively posi-
tive and negative. Which shall be called positive and which shall be call-
ed negative is simply a matter of choice and convention.

One of the most widely recommended visual aids in teaching the idea

of opposites is the number line diagram. Each student should be allowed to
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make for himself a portable representation of the number line, It will

serve well in the teaching of operations with signed numbers,

A

%
q-
'

Inasmuch as this is a somewhat new idea for the student careful at-
tention should be given to using the terms plus, positive, minus, and neg-
ative, Many textbooks are careless with these terms, making it quite easy
for the teacher to be likewise. The transition from arithmetic to algebra
is perhaps easier here if the student is allowed to retain his idea of plus
meaning that two or more quantities are to be joined to obtain a sum. There
is confusion inreferring to the point five units to the right of zero on
the number line as a plus 5 in one instance and positive 5 in the next. A
like confusion is encountered when a “hinus" 5 and "negative™ 5 designate
the same point on the number line., This might be eliminated by letting
"nositive" and "negative' identify opposing natures of a system. For in-
stance, if the direction upward is termed negative the direction downward
should be called positive. Thus, one could ever avoid the sound of such
sentences as "Take eighty plus a plus ninety," in referring to two like
distances to be joined,

The writer has long felt that the symbols designating the nature of
the opposing systems should either be different from the conventional addi-
tion and subtraction signs or at least placed in different positions. It
has been rewarding to finally find a highly regarded mathematician, Dr,
Robert L. Swain, who proposes the idea in one of his books. A pupil of
one weeks experience in signed numbers is not necessarily a mental case
because he writes 5+ t+5 in response to the command "find the sum five plus

a positive five." Surely, the last 5 of the expression is to be enclosed
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in parenthesis but why fix the mind on this use of the grouping symbol and
invite undue difficulty in teachin. grouring? 1f the use of 4 and - must
be retained to designate nositive =nd negative systems why not place them,
say above and slightly to the left of the nuuber they quantify? For in-
stance,*B +'% and 3*’% could indicate the sum of a positive five plus a
rositive five and a negative five plus a positive five, This notation
should not interfere with the common practice of writing pi as 3.14 and
similar cases. The writer has seen the expression 5+ +5 carried to its
ultimate more than once: 5r+5 =15,

Consider the problem of operating with signed numbers. In most text-
books there is a nice set of rules for these operations in heavy type. An
instructor may recquire his students to "parrot" them to him until pupil
knows them by heart and maybe applies them, or he may lead the pupil in de-
monstrations whereby the puril arrives at the rules for himself., Certain-
ly, when a puril derives these laws of operations for himself they have more
meaning for him and he is most likely to apply them correctly and retain
them longer.,

It is customary to begin with addition. ach child with his number
line diagram on cardboard can visualize the conventions to be taught here.
First, numbers to the right of zero are designated as being of a positive
nature. Secondly, establish the direction of motion to the right from ANY
point on the number line, irregardless of its relation to zero, as of a
positive nature. Thirdly, get accross the idea that an operation begins
AT the operation symbol whether word or symbol. In board drills the in-
structor mizht best avoid such commands as "Johnny, find the sum of pos-
itive five and a positive six" for a while as this often leads to confusion.
A positive five and a pesitive six have locations on the number line one

unit apart. However, a number line without numerals will quite often



facilitate a correct resnonse to such a command,

The operation could cuite easily be separated from the number nature.
The idea sh»uld be established that the word "plus" characterizes action
taldne place, and act of union. The word '"positive" is of descriptive
essence, characterizing a oosition right of zero when it is a ruantity
nointed out or designated. FPresently the same word indic:tes the direction
of an overation from anosition. It is the opinion of the writer that clear-
ness of concept could be achieved if the students could find the word used
in textbooks as an adjective for designating a nosition and in adverbal
form for indicsting direction. For instince, the symbolic command 5*‘(+§)
should be written "add rositively three to a positive five.," If the nota-
tion sugrested above were adopted the symbolic case would read % +'5. Then
a nositive sign (above the first number) before a plus sign (the operation
symbol) refers to position and the positive sign after the operation symbol
refers to the direction the operation indicated is to occure., This would
hold for a series of sums if position is taken after each operation. For
instance +5 + B + +h+48 :+2O is easy to follow if one takes position at +5
and adds positively three units, takes position at *8 adds positively *L,
and on through‘é. Numbers written without any accompanying sign should be
understood to be of a nositive nature.

The gzeneral idea holds equally well in the teaching of operations
of signed number in the case of negatives. Positions left of zero would be
of a negative nature and motion directed left of any point is negatively
directed. As an exarle, tzke the case of 5+73: In conformity with principle
already agreed uvon the starting position is 5 units left of zero on the
number line, Recall that the sign above the number after the operation
sign tells how or in what direction you rust proceed from the starting

nosition, that is, 3 is to be added negatively. It says in this case that
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you are to move to the left. love 3 units left and give the numeral of
your position. It is 8 units left of zero and is called 8. Take the
case of 8 + +5: This time the starting position is & units left of zero
and motion is 5 units to the right of this point. Read the numeral of the
position, It is 3.

7r¥33 means the starting postion is 4 units left of zero and 13 is
to be added vnositively. The final position in this case would be 9 units
right of zerc and this *b.

+3 + 3 indic tes a starting position 3 units right of zero and the
direction of motion is to be toward the left and 3 units. This would give
a stopping position (the sum) of O.

The above cases of addition serve to illustrite the application of
the idea to all the cases of addition with signed numbers:

'*5 ++5 corresnonds to * -l-*’::n;

% + 3 corresronds to T+ b

11'1]..3 corresronds to & -l-+b; and

"3 + —3 corresponds to +a +“b.

Subtraction should he defined as a special case of addition: a-b
means that b added to some number c gives a. In arithmetic, 12-4 means
that to /4 some nuwber can be added to get 12. Making this concept clear
enables a teacher to use the number line and rapidly teach subtraction,

In the experiences in addition above the last position attained was the
sum. In subtraction this last position, the sum, is a given quaintity.
(3iven a position somewhere to the right or left of it you merely note what
direction and how many units moved to reach the sum. Take the example
*12 ii, cited above: The number BEFORE the minus sign is the sum and the
number AFTER this operation sign the starting position. Thus,'l'*c :122.

+ +
Beginning the count of units a 4 and moving to the 12 you find you've
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moved in the direction right of T and that you have moved 8 units. In
agreement with the above decisions name this directed motion 8. Then,
clearly 112 -+h =8. This example should serve to demonstrate that all
the cases of subtraction could be taken care of since they simply revert
to cases of the several combin tions of addition already demonstrated.

Take a look at this scheme and see how it lends itself to mmltiplica-
tion and division with signed numbers. You may start with multiplication
since it is but a means of addition. To insure an agreement and under-
standing on the part of the student that multiplication is a type of add-
ition define and illustrate it: "The multiplication of a first number by
a second number means to do to the second what was done to unity to obtain
the first, n? Take the problem of+3 x+7: To obtain the first (the number
*3) take unity as an addend three times, Thus 1+1+1 = '3, Then, by
definition the number 7 must be taken as an addend three times: 7+ 7 +7.
The sum is, of course, 21,

To include all cases extend the definition of multiplication further
within the limits of its implications to fit the number line idea, Numbers
to the right or left of zero may be designated as "zero-differences" of
unity., Thus a 3 = (0-3) = (0-1)+ (0-1) + (0-1) =1+ 1 +1 =3. Let
numbers to the right of zero be the sum of addends (1-0) # (1-0) ... ='n.
To multiply 3 x"'S make the following observations: The zero-difference
of 3 is (0-3). According to the above notion this means there is some
number which when added to 3 gives the position O on the number line. Be-
ginning at 3 note you move three units left to get O. Therefore, give the
value 3 to the number added to 3 to get O. Then do to 5 what was done

- +
to wnity to get 3: (0-5) + (0-5) + (0-5) = 15. Try applying this idea to

9B. R. Buckingham, Elementary Arithmetic (New York, Boston, Chicago,
Atlanta, 1947), p. 6k.
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3 x 5: again (0-1) + (0-1) +(0-1) = 3. Then, (0~3)+ (0-5) + (0~5)
=15,

Define division of a first number by a second number as the product
of the first number and the recinrocal of the second. As an example,

- o - - +
10#2 =10 x 1/2 u 5. In short, the definition of division eliminates the
need for a different set of rules in division with signed numbers,

After sufficient work has been accomplished by the student with these
sensory techniques he will be ready to derive for himself the conventional
rules for the basic operations with signed numbers, It is the suggestion
of most textbook writers that this is the stage the student might memorize
the following rules:

1. If the two numbers to be added have the same sign,

find their absolute sum (the arithmetical total),
and prefix the same sign befoie the result.

2, If the two numbers to be added have opposite signs,
find their absolute 43 fference (the smaller sub-
tracted from the larger as done in arithmetic), and
prefix the sign of the larger number to the result.

3. When two numbers with like signs are multiplied,
their product is positive; if their signs are un-
like, the product is negative.

Having defined subtraction as a case in which the sum is given and
a suitable addend must be found to make this sum correct, no new rule for
subtraction is needed., A similar argument applies in case of multiplica-

tion and division,



CHAPTER IV
THE COORDINATE SYSTEM

One of the most important concepts needed by any student in first
year algebra is that of the coordinate system., It lends itself to pic-
tures of the mapping of a function. Hardly any idea is more fundamental
or more widely used than that of the function concept. It pervades the
study of mathematics from its most elementary through its most complex
structures. So, introducing the coordinate system should command the
teacher'!s fullest attention and maximum resources.

Most students have studied some elementary geography before they
reach the point of beginning algebra in theif schooling. As a result
they have some knowledge of longitude and latitude. For those students
so equipped this is a good point of reference for beginning the study of
the coordinate system. The two systems incorporate precisely the same
idea in that distances east and west of a line extending from north pole
to south pole over an arbitrary point are designated as longitudinal dis-
tances. Those distance north and south of the equator are designated as
latitudinal distances or parallels of latitude. Latitudinal and longitu-
dinal lines are perpendicular to each other and thus intersect each other
in specific points. For instance, the intersection of the 36° N paralled
of latitude and the 97° W, meridian of longitude locates the town of Still-
water, Oklahoma,

In the event some of the students are unfamiliar with latitude and

longitude it is possible that the system of the streets of his town or

18,
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some town he has visited will furnish an analogy. The actual cases are

not numerous but the well planned town might have streets running in one

of the cardinal directions and avenues at right angles to them, Suppose
yourself in such a town where the streets run in the direection east ¢o
west, the avenues extend north and south. There is some street which runs
approximately through the center of town dividing it into northern and south-
ern halves, There is some avenue running through the center of town divid-
ing it into an eastern and western half, Where this particular avenue in-
tersects the dividing street a point is neither north, west, south, nor
east in the town. A house located on this point should logically have the
street and number address "O"., The first house in the 10th block north

of this point might have the avenue address 10-1 (usuzally 1001) north Math
Avenmue, A house located 37 blocks east of the "O" address and second from
the corner along the street could logically be referred to as 37-2, E,
(1ikely 3702 in actual cases) Algebra Street. It is easy to see that if
one were located at the "O" address he could locate a friend who gave a
street address including the number and whether it was east or west. Some-
where along the avénue that ran through the center of town the stree is
sure to cross., However, one could lose valuable time if he went all the
way to the south city limits without crossing the particular street. As-
suming he is walking, he would have to walk all the way back to "O" and
proceed North. Surely, scmewhere along the way he would find the street
sought. This difficulty could easily be avoided if the streets north of
"0" had some special number or name code and those south of "O" a different
scheme, Then you could directly locate any particular address by using
knowledge of two directions simultaneously. You would proceed north or
south from "O", whichever the code scheme called for, and upon intersect-

ing the desired street turn off east or west as the number address of the
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street indicated., A similar idea could be applied to all avenues and it
would be equally as easy to locate any given house situated on a named
avenue, Unfortunately few towns are so well planned and one usually has
to resort to questioning policemen or others for directions, one of the
better means of getting one's self completely lost.

Unlike the street systems in most towns the coordinate system is a
precisely defined idea with all points given as an address incorporating
the notion of two distance form "0O", A point is some distance or no dise
tance right or left of "0" corresponding to an address on a street east
to west, or on the avenue that runs through the center of town. Further,
the point may lie up or down from "O" corresponding to avenue addresses
north or south of the street running through "0" dividing the town into
northern and southern halves. To help the pupil understand this idea fully
you may wish to make use of an imaginary town with the idealized street
system., Better yet let him be apart of the Planning Commission that sets
about constructigg such a town, After sufficiently careful surveying he
builds a system of streets running east and wesi, each parallel to the
other. Perpendicular to these streets is laid off a system of avenues
running north and south. The street running through what will be the cen-
ter of town is named "O" Street and the avenue dividing the town into east-
ern and western halves named "O" Avenue, All the avenues east of "0
Avenue are numbered consecutively 1, 2, 3, . . . N. Those avenues west of
"0" are lettered a, b, ¢, . . .2, 33, ab, and on through the last avenue,
Code the streets similarly. Pretend the employment of two giant sized
Construction Companies to pave the avenues and streets. Give company A
a contract for paving the streets and company B will pave the avenues with
each paving the same number of intersections. Lach will receive the same

basic sum of money for completion of its project but in typical American



haste offer a bonus to the company satisfactorily completing its job first,
Further, the Commission divides the town into four separate zones, Nt, NW,
Si, and SE. Request that both companies begin work in the NE zone for
this will be the zone of the biggest tax payers, the rich., So Company A
and Company B work furiously in the NE zone and streets and avenues are
paved in record time, However, because of the competition for the bonus
anticipated friction develops between the two companies. In order to pre-
vent possible conflict the commission agrees to let the companies work in
separate zones during the remainder of the project. Company A, the street
paving company, chooses to work in the SE zone and Company B, the company
paving the avenues chooses the NW zone,

In the course of time it develops that the Commission decides that
the main street and main avenue, those respectively running through "4
should be paved. It is finally agreed that since engaging one of companies
already employed would give the other unfair adavantage and to enagage both
would probably bring them close enough for conflict a third company would
be engaged for this job and neither company A nor B would be entitled to
earn pay for paving the routes through "C",

When company A has finished with the SE zone Company B has just fin-
ished the NW zone and an unusually long rainy season sets in preventing
any further work. 3efore it has ceased a recession occurs and the Com=
mission will not be able to engage either company for further development
but will be able to pay them for work they have already finished. The
group of Commissioners assigned the task of checking the work before pay-
ment to the companies makes a diagram of the town and sets about devising
a system for indicating on it the areas of the town for which the com-

panies must be paids.
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Paved streets and avenues will be colored red and the letter "P" will
be placed on them for payment. Unpaved streets and avenues will be color-
ed green and the letter "N" placed on them to indicate non-payment. The
avenue and street running through "O" will not be colored at all for neither
A nor B will receive payment for them.

iWhen the job is completed on finds streets and avenues are red in
the NE zone and the entire zone is marked "P", 1In the 3& zone the streects
are colored red and each marked "P", The avenues in this zone are color-
ed green and marked "N", 1In the NW zone the avenues are red and marked "P"
and the streets are green and marked "N", 1In the 3W zone the streets and
avenues are green and the entire zone is marked "N", With the aid of this
diagram the Commission quite readily finds it must nay each company for
one-half the job each was originally hired to perform. DBoth companies are
paid for the NE zone, Company A is paid for finishing the oL zone and
Company B for finishing the NW zone. Neither company receives money for

the SW zone nor the routes through "O",
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With this diagram and such a fanciful flight of the imagin:tion, the
student's knowledge of what a town is like being quite broader than his
grasp of imaginary meridians and parallels, the x- and y- axes arec casily
introduced. The color schemes and the associations of P's and N's aid
him in remembering the quadrants in which x or y is positive or negative.
The streets and avenues are so numerous in the corrdinate system that
there is never more than a single house in a block, thus each one has a
corner address, Then, any house in the plan has a street and an avenue
rumning to it, The NE corner of town corresponds to quadrant I, the Nw
to cuadrant II, the SW to quadrant III, and the SE to quadrant IV, In
quadrant I both x and y are positive, X, the distance from the y-axis,
corresponds to streets in the NE zone of town. All those streets paved
are resignated "P" routes, The x—axis corresponds to the street through
"O" and the y-axis the avenue through "O"., Recall that neither company
receives consideration on these routes, or one may say each receives "OW
consideration, Yet you are readily able to identify where streets or
avenues cross these main routes. A house whose only address is 5th street
might be found on the corner of 5th street and "O" avenue or (0.5). A
number of exercises dealing with the location of addresses give the student
a clear approach to locating any designated points in the plane. Insist
that since the distance is the same whether he leaves "O" by way of "On
Street to the desired avenue and proceeds up or down to the nroper number
or vice versa it is required that he follows the procedure of street dis-
tance first and then avenue distance.

As an aid to seeing just how the suggestions above might be institut-

ed the following figure is offered:
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XX' is called the horizontal axis; YY' is called the vertical axis; to-
gether they are c:lled the axes; the point O is called the origin: P3,
perpendicular to the vertical axis, is called the abscissa of P; PR per-
pendicular to the horizontal axis, is called the ordinate of the point P;
PR and PS together are called the coordinates of P, Distances on 0X are
considered positive, on OX' negative, on OY positive, and on OY' nega-
tive., The part of the plane within the angle X0Y is called the first
quadrant ; the part within tha angle YOX' is called the second guadrant;
the part within the angle X'OY'! is called the third quadrant; the part
within the angle Y'OX is called the fourth quadrant. The abscissa of P,
according to the indicated scale, is 3, and the ordinate is 4, The point

P is called the point (3,4).



CHAPTER V
EQUATIONS

"The algebraic equation, based on the principle of balance and
equality, is one of the most important helps ever developed for solving
problems," says Smith, Totten, and Douglas in one of their algebra series.
These same authors offer a definition for an equstion which seems general-
ly in agreement with a variety of others: "An equation is a mathematical
statment that two quantities are equal,"l0

The equation concept lends itself to many varieties of introduction.
Some textbook authors merely state their definition and offer a group of
examples, O(thers use g definition and beautifully drawn geometrical ill-
ustrations. Perhaps one of the most frequent illustrations is that of a
pair of scales, The writer has found this one of the methods offering
wider appeal to the average student encountering the idea for the first
time,

To begin with, no matter what method of introduction is used an effort
must be made to assure no language barrier between student and instructor.
With this in mind one may discuss the very simple equation growing out of
the following problem: If three equal bars of metal have a total weight
of 24 ounces, how much does each bar weigh? Let w equal the weight of one
bar, then 3 w will represent the weight of three bars, and write the equa-

tion 3w = 24. With a pair of scales to illustrate the problem you are

103mith, Totten, and Douglas. Algebra One, (New York), p. 7i.

25,
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usually able to get desired answers to some questions asked about the sit-
uation., How is balance involved? What things are equal in the equation?

Is it possible to tell what w equals? This mode of arproach will lead to

a satisfactory condition for the unwary teacher at this stage of the game,
However, aitustions will shortly present themselves th:t leads one to wond-
er just what actually hanpened to the student during or since this easy dis-
cussion. Usually, when traced it is a case of what happened during the dis-
cussion, The prorer steps were not tsken to assure no lauguage barrier.

In the simple instance cited above with a pair of scales before you and

the equation 3w = 24 have the student learn the following facts:

1. An equation is a mathematical statement that two quan-
tities are equal. Here 3w and 24 are equal quantities,

2. The symbol = is c:1led the equal sign. Think of it as
indicating a "balance point" between equal quantities.

3. In an equation, a letter whose value is not known at
first and is to be found is called an unknown number
or an unknow, In the quation 3w = 24, w is the un-
known quantity.

L. An equation has two distinct parts, called members,
one on each side of the equal sign., In the equation
3w = 24, 3w is the left member and 24, is the right
member.

5. The two members of an equation may be thought of as
balancing each other, and as corresponding to the
opposite sides of a pair of scales. Vhenever a change
is made in one member of an equation, an equal change
must be made in the other member to maintain the balance,

If one assures himself that he and student are thinking the same
things in this situation the pair of scales will facilitate the introduc-
tion of the axioms needed for the solution of some simple equations. How-
ever, an important term which involves a most functional idea is that of
"inverse," This idea of orposite processes is one that persists through

all mathematics and thus should receive ample siress that it may be well

learned. The balance or pair of scales lends itself readily to demonstra-
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tions of inverse operations. Moreover, the situation brings but the re-
lationship of addition and multiplication, of subtraction and division, and
other incidental learnings which will not be merely accidentals if taken
into full account by the instructor,

One may continue with the same equation as an illustration: 3w = 24.
What has been done to the unknown? Usually the student is able to see that
w was multiplied by 3. Then, if one performs the inverse operztion upon
w it is alone or isolated, As the instructor is speaking of this procedure
he is demonstrating on the scales and the student actually sees what happens
to the scales when w is isolated without bothering the other member of the
scales, Upon an average student this makes a lasting impression and he
will more often than not remember that you must do the same operation upon
both sides of an equation to keep it balanced. The four axioms in use more
often than others, addition axiom, subtraction axiom, multiplication axiom,
and division axiom are very easily demonstrated with these scales, The
transition from arithmetic into this particular aspect of algebra is thus
greatly facilitated beeause there is an arithmetical demonstration of an
algebraic concept. The arithmetic involves palpable symbols, scales and
weights, and this is good for a student on his first mile toward complex
instances of a concrete nature and finally pure abstractions. A search of
many of the vary latest textbooks reveals that by far the most widely used
idea employed in attempt to give the student sensory demonstration of the
properties of an equation is that of the scales. Whatever method is used
to introduce the equation the task has hardly begun. Certain maniplulation
though rapid and correct do not always serve to insure that the student
actually understands an equation. The bane of the indifferent algebra
student and indeed a high hurdle for the sincere and average student is

the formulating of equations. However, one cannot ascertain the degree of
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mastery of the concert on the part of the student by any cther methcd,

For students going from arithmetic to algebrs problems involving
equations and their solutions are usually typed. There are sets of pro-
blems under the labels of "mixture problems," "rate problems," "digit pro-
blems," Mage problems," "work problems," and such. A textbook which seems
highly conscious of the transition to be made by a student going from arith-
metic to algebra is that of Smith and Lankford in their Algebra One-1955.
Following is a group of problems proposed by these writers for students
going from arithmetic to algebra, each exercise preceded by a similar ex-
ercise in arithmetic:

le a. If the difference between two numbers is 12 and the
smaller number is 3, what is the larger?

b, If the difference between two numbers is 12 and the
smaller number is N, what is the larger in terms of N?

2., a. If the difference between two numbers is 12 and the
larger number is 16, what is the smaller?

b, If the difference between two numbers is 12 and the
larger number is N, what is the smaller in term of N?

3. a. If one part of 36 is 7, what is the other part?

b. If one part of 35 is N, what is the other part in
terms of N?

L, a. If the length of a rectangle is 8 in. and the width
is 5 in, what is the perimeter?

b., If the length of a rectangle is M inches and the width
is N inches, what is the perimeter?

5. a. How far will an airplane travel if it goes 300 miles and
hour for 5 hours?

b. How far will an airplane travel if it goes N miles and
hour for 5 hours? 2N miles an hour for 6 hours?

6. a. A girl is 4 years older than her brother, If the boy
is 12 years old, how old is the girl?

b. A girl is 4 years older than her brother. If the
boy is p years old, how old is the girl?
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7. a. Pat, Bill, and Ned received a legacy from their
grandfather, If Pat received $1000, Bill $100
less than that, and Ned $500 less than Pat and
Bill together, how much did Bill and Ned each
receive?

b, Pat, Bill and Ned received a legacy from their
grandfather. If Pat received n dollars, Bill
$100 less than that, and Ned $500 less than Pat
and Bill together, how much did Bill and Ned
each receive?

These authors have doubltblessly given considerable thought and study
to the problem of the average student making the transition from arith-
metic to algebra, However, it is of absolute certainty that no amount of
thought and work by those other than the student can assure him of success
in setting up equations.

As has been indicated, textbooks found in today's schools offer very
little that is actually new toward the introduction and development of the
concept of an equation, However, there are persons thinking and writing
on the problem. In contrast to what has been given, attention is called
to an article by Robert E. K. Rourke appearing in the 1958 February issue
of the Mathematics Teacher. Entitled "Some Implications of Twentieth
Century Mathematics for High Schools,™ the article has mach to say on the
transition from érithmetic to algebra of today's new algebra students.

Mr. Rourke expresses strong feelings on the need of new goals, new
curricula, new texts, and new methods of teacher training. He emphasizes
that these should be 'new" —- hot just a permuting of chapters in text-
books, not justva reprint of the old stuff in technicolor. Admitting that

he is not the only one to make such a clamor, Mr. Rourke calls to attention

that many of his shouting colleagues fail to spell out in detail what they

115mith and Lankford, Algebra One, 1955, p. 138.
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mean and are sorely misunderstood by builders and new curricula. In avoid-
ing this mistake he seeks to show by examples exactly what he has in mind
with reference to how sentences in one variable may be treated. The follow-

ing is taken directly from his artiele and offered verbatum in most in-

stances:l2

!'e commonly encounter sentences of two kinds in high school math-
ematics:

1. Sentences involving names of numbers, or numerals., These
sentences are either true or false., For example:

1+2=3, 523, 6+2=17.

2, Sentence involving a variable, These sentences are neither
true or false; they are "true of" or "false of" certain num-
eral replacements for x, For example:

x+3=8, x75, 2x+1=4

In sentences of the second type, the set of possible replace-
ments for x is the whole set of numbers under consideration
in a given context. This set -- the totality of numbers
under consideration--is sometimes called the universal set,
and denoted by U. In a given problem, it is important to
keep in mind the universal set., For example, supnose that
the universal set consists of zll positive integers less

less than 20,

v=£,2,2 ..., 20}

Then, in the sentence

x+ 1>12,

the possible replacements for x are the 20 integers in U,
Of these replacements, the set

{12, 13, u, « . ., 20}
makes the sentence
x+ 1712

true; and the set

1230bert E. K. Rourke, "Some Implications of Twentieth Century Math-
ematics for High Schools," The Mathematics Teacher, Vol. LI-Number 2,
Feb. 1958, p. 75.
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{,2,3 ...,y

makes this sentence false. The set of replacements for x
that make the sentence true is called the solution set of
the sentence. Hence the sentence,

b o W g [,

divides the universal set, U, into two subsets: One set
containing all replacements for x that make the sentence
true (the solution set); the other s¢t containing all re-
placements for x that make the sentence false,

In highschool azlgebra, the sentences are, for the most part, equa-
tions and inecualities, We use the variable as a placeholder for a num-
eral, which is the name of a numbcr, Now, is not this notion of vari-
able clear and simple? Do we need the additional impedimenta of such
exnressions as "literal number," "letter-number," "general number," "un-
known quantity?" No wonder that many of our students are confused about
the meaning of x4, I do not suggest that we get into the rarefied at-
mosphere of philosophical discussion of the meaning of '"variable": I do
say that here is clarification along with simplification.

Thus we have sentences with variables, and these sentences are
equations or inequalities, Usually our universal set is the set of real
numbers. Here is a fruitful noint of view for a high school teacher. Let
us think of our sentences (equations or inequalities in x) as selectors
of sets: they select from U just that set of numbers that make the sen-
tence true when used as replacements for x., This set of nurbers is the
solution set of the sentence. Then, if we assume the usual one-to-one
correspondence between the real numbers and the points on a line, we can
graph the solution set of the sentence. This graph is also called the
graph of sentence., Let us consider some examples: Example 1. From the
foregoing point of view, let us examine the sentence.

Yhat is the solution set?

The answer depends on U, the unvierse of numbers under consideration.
If U is the set of positive integers, then the sentence selects nothing:
the solution set is empty since there is no integer that can replace x
and yield a true sentence,

We have a convenient notation for denoting solution sets, using the
set-builder:
61

The braces "'[S" are read "set", the vertical "1" is read "such that."
We put the variable on the left-hand side of the vertical bar, and the
sentence on the right-hand side. This gives:

-(; |l 2x+ 2= é)-.

Read: '"the set of all x such that



3x 2 = 6.0

If, in Example 1, U is the set of r al numbers, then the sentence selects
L/3. Using the set-builder notation, we can denote the solution set thus:
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The graph of the sentence is made up of just one point. (See Figure 1,)
Example 2, Suppose that x2_‘:9 is our sentence. What is the solution set:
i}cf .x2£L93’?
Again note the importance of U, If U is the set of integers, then
‘(xlxzﬁﬂ = (—3, -2, =1, 0, 1, 2, 3},
and the graph is Figure 2.
If U is the set of rcal numbers, then
G549 ={x] -3%& x43),
and the gravh becomes an interval, (See Figure 3.)
Example 3. The sentence
x* <k = (x%2) (x=2)
selects everything in the universe:
&1 -u = (x+2) (x-z'_)} =1,

We call such a sentence an identity. The graph is the entire number scale,
if U is the set of real numbers.

The foregoing approach is new aud of such an explicit nature that there

is no doubt about just what lr. Rourke means when he suggest modifications in



the antiquated methods of most of today's textbooks and tcachers. Lme-
phasis is placed on ihe sclution sets oif equations and inequalities in
one variable,

These solution sets are within the ranges of the new student's guess-
ing, experimenting, or intuition. The approach offeres the following ad-
vantages:

1. It enables an arproach te eqgualities and inequalities
together,

2. The concept of the graph is broadened by the identification
of points corresponding to the sclution set of the sentence.

3. Insight is gained by the student befcre he begins mechanical
manipulations of the equations and inequalities.

L. Experience is gained in the language of sets,
These cited advantages render the suggested approach worthy of the

most sincere consideration of today's algebra teachers,



CHAPTER VI
;OML NOTIONS ON THE MIICHANICS OF ALGEBRA

Most writers on the subject suggest that algebra be shown as a
generalization of arithmetic, The student passes from arithmetical to
algebraic reasoning when he replaces numbers by letters, each one of which
represents any one of a group or set of numbers. Thus, algebra is more
general, or more catagoriczl, than arithmetic; that is, the conclusions
reached in algebra aprly to a much greater number of objects than the re-
sults ‘obtained in arithmetic, which apply to specific number of objects.
However, instead of merely informing the student of this wonderful truth
and letting this asrect of the subject be forgotton, continuous effort
should be exerted to gain understanding and a preciation for it. It might
be a good idea to give a bit of the history and evolution of most of the
problems in algebra., For obvious reasons this is not done at great lengths
in textbooks., However, presenting a notion in the precise and polished
form striven for by some writers may leave the student perplexed. This
seems to have been the thinking of Max A. Sobel of New Jersey Public Schools
when he performed an experiment. He chose six schools in Newark, New
Jersey, one in Paterson, New Jersey. LEach school offered the means for
two first year algebra classes of more or less egual ability, determined
by I. Q. and other tests. Every attempt was made to insure uniform teach-
ing ability, One group, designated the control group and consisting of a
class from each school, was taught from the textbook as written. The other

group, referred to as the experimental group and made up of one class from
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each of the seven schools, was taught from a manual of instructions which
presented a broad, overall view of the problem, discussed the several
methods of approach to be tested and provided numerious illustrative ex-—
amples, The results of this experiment might be summarized as follows:

"Students learn and retain certain concepts and skills better

through an inductive, concrete, unverbalized teaching approach

giegzggzzgogfuisdeductive, abstract, verbalized method of

Letters For Numbers

In the transition from arithmetic to algebra there are ideas and
concepts the student must master in order to accomplish any of the mechanics
of algebra. Perhaps the first and most feared by prospective students of
algebra is the idea of using letters for numbers. It has been the observa-
tion of the writer that many students somehow get the idea that the letters
represent a mystic number system which is most uncooperative in revealing
its nature. Thus, the teacher's first job is to dispel this fear without
minimizing the importance of the idea of letters representing numbers.

In the arithmetical experience of the student it is usually learned
that a number multiplied by zero gives a product of zero: 0 x:1 =0, 0 x
2=20,0x3=0, .., 0xn=0, Itis also quite easy to get the student
to follow this line of development. One points out that n is no particular
number but is a place holder for any real number. If you replace n with
any one of the real numbers the product is still O. A similar case is
true if zero is employed propcrly with the three remaining operations:

0

X, ":Oc

Otk=k, s-0 p

L}

Another easy cnase of extending arithmetic into this idea is that of

buying and selling. One says an article costs {2 and the price of 5 such

14ax A. Sobel, The Mathematics Teacher, Vol. XLIX, Number 6, Oct.,
1956, p. 427.
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articles is $10. And article cost $3 and the price of 5 such articles is
$15, Finally, the price of 5 articles costing d dollars each is $5d. It
is possible at this stage to develop the general idea that n articles at

#d each cost $n x d. Numerous similar ideas may be employed, all within
the aritmetical experiences of the child. When this notion of letting
letters represent any number within the domain has been dealt with success-

fully the student is on his way to mastery of the fundamentals of algebra,

Order Of Operations

The student must be shown that as was true in arithmetic there are
certain ideas agreed upon by mathematicians without any particular atten-
tion to logical structure or intuitive appeal. In arithmetic its agreed
that the integer one gre:ter than ten will have the name "eleven" when
actually "twenty-one" is more logical. In algebra an expression involv-
ing addition, subtraction, multiplication, and division all at once is
evoluated according to the following agreement among mathematicians: the
multiplication of the factors comes first, division of resulting adjoined
factors next, and last the addition and subtraction of terms from left to
;ight. If there are parentheses present the part of the expression with-

in a parenthesis is evaluated first and the parenthesis is dropped.
Grouping

In even the most recent writings one fails to find an abundance of
suggestion concerning the idea of grouping. Yet this a most necessary
and troublesome idea to teach to students in beginning algebra. The one-
ness of a group of terms enclosed in a symbol of grouping does not lend it-
self easily to arithmeticsal illustration., Expecially is this true if con-

fronted with groups within groups. From reading Henry Thomas: Math-
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emetics Made Easy the notion is gained that some illustrations of the idea

may be expressed as follows:

1. Suppose on Monday you earned $20 on 2 certain Jjob, and on
Tuesday you worked on two jobs and earned §10 and §9 on
them. Your total earnings for the two days would be §20
and ($10+§9), or $20 +($10+ §9), or é39.

2. Suppose on Monday you earned $20, and on Tuesday you
bought a hat for $4 and a pair of shoes for $6. Your
balance would be $20 - ($4+$6), or $20 - 4 - 6, or 10,

3. Suppose on Monday you earned $20, and on Tuesday you gave
a $10 bill for a pair of shoes and received $4 in change.
Your balgnce would be $20 - ($10 - $4), or $20 - $10+ i4,
or $14.

The amounts of money earned and spent might be an experience yet to
be gained by beginning algebra students but may be modified to fit. This
could aid in leading him to discover the rules for removing parenthesis
or the idea of dezling with an expression needing many of the grouping

symbols to show its related parts,
Combining Similar Terms

When the student has mastered the idea that letters may represent
numbers he is soon involved in the mechanics of adding or subtracting these
literal numbers., He is told that these operation on numbers are pessible
only if the terms are similar., Draw upon the student's experiences in
arithmetic in this instance once he is taught all the aspects of similar
terms. He is used to aiding fractions with similar names (fractions of
like denominations), replying that one cannot subtract horses from jets
and such statements, However, very recent writers insist thzt students
not be told such unions are not possible but teach that it might be a bit

difficult to agree upon a name for these unions. Certainly, this would

14genry Thomas, Mathematics Made Easy, (New York, 1940), p. 8k.
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agree with the notion of a b being an indicated sum and save the student
the trouble of unlearning a rnotion if he pursued the study of mathematics

into Boolean Algebra,

Factoring

Some ide: of factoring anc primes should be a nart of the students
mathematical knowledge long before he is ready for beginning algebra,
Factoring is a much used process in the mechanics of algebra, Most writers
of textbooks are content to make this statement and proceed with the rules
for factoring expressions of a particular type. Perhaps a fuller apprecia-
tion by the student might be had if there werc several illustration using
arithmetic, .Refer to any expression to be factored as a product. Recall
that products are obtained by multiplication of certain numbers, In fact-
oring one seeks to find those numbers which might have been used in this
multiplication. The expression is prime where there can be found no numbers
which when multiplied give the original expression other than the number
itself and one. By the time factoring is introduced the student is famil-
iar with such expressions as a.2+ 2ab=+ b2, The arithmetical number 481,
may be broken down into its actural meaning to get a similar number: 48 =
LOO+ 8044 = 400% 2 x 20 x 2+4. The 400 is the square of 20. The 4 is
the square of 2. The product of 20 x 2 is 40 and 2 x 40 = 80. Thus, 484
may be expressed as (2042) (20+2) for 22 x 22 = 48,. Note that (20+2)
is merely the sum of the square roots of the first and last terms. Using
this same idea in the algebric expression gives (a+b) (a¥b) as the fact-
ors desired. By choosing a number squal to the difference of two squares
it is equally easy to give‘an arithuetical example of factoring a? - b2,

Knowing that 48 is such a number one writes it as being equal to 82 - L2,

From this equation, 82 - 42 = 48, show that (8 - 4) (8+4) =4 x 12 is the
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same number, A sufficient amount of like examples give the child confidence
and some intuitive appreciation of the fact that a® - b2 = (a b) (a - b).
The factoring of the sum or difference of two cubes lends itself to a simi-
lar treatment. By the time these simple processes in factoring are accomp-
lished the student should have acquired enough confidence and facility to
proceed into those cases of factoring that lend themselves less easily to

arithemtical illustrations.
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