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Abstract: Let {f;} be a sequence of orthonormal polynomials where the orthogonal-
ity relation is satisfied on either the real line (OPRL) or on the unit circle (OPUC).
We study zero distribution of random linear combinations of the form

Pu(z) = Z’fb'fj(z),

where {n;} are random variables. We give quantitative estimates on the zeros accu-
mulating on the unit circle for a wide class of random polynomials P,. When the
coefficients {n;} are independent identically distributed (i.i.d. ) real-valued standard
Gaussian, we give asymptotics for the expected number of zeros of various classes
of random sums P, spanned by OPUC. For the case when the coefficients {n,} are
i.i.d. complex-valued standard Gaussian coefficients, we derive a formula for the ex-
pected number of zeros of P,. The formula is then applied to give asymptotics of the
expected number of zeros of P, when {f;} are from the Nevai class. We also compute
the limiting value as n — oo of the variance of the number of zeros of P, in annuli
that do not contain the unit circle for the case when {7;} are i.i.d. complex-valued
standard Gaussian random variables, and {f;} are OPUC from the Nevai class. In
the case of annuli that contain the unit circle, for a wide class of random variables
{n;} and {f;} that are OPUC, we give quantitative results that show the variance
of the number of zeros of P, scaled by n? tends to zero as n tends to infinity. The
work is concluded by providing formulas for the variance of the number of zeros of
a random orthogonal power series, specifically when > 7% n; f;(2), with {n;} being
i.i.d. complex-valued standard Gaussian, and {f;} are OPUC from the Szegé class.
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CHAPTER I

INTRODUCTION

1.1 Plan of this dissertation

In this dissertation zeros of random polynomials are studied. Chapter I covers a brief
history of the subject and discusses the main results of the dissertation.

The second chapter contains results from a joint work with Pritsker [92]. The main
results of the chapter give quantitative estimates on the zeros accumulating in various
sets for a wide class of random polynomials. This wide class includes polynomials
with random coefficients that may not have identical distributions, and such that the
coefficients are dependent. The results are applied to random polynomials spanned
by various deterministic polynomial bases.

Chapter III covers results and further extensions of two works; one that is joint
work with Yattselev [122], and another that is solely by the author [124]. In the
first section of the chapter, we give asymptotics for the expected number of zeros of
various classes of random sums spanned by orthogonal polynomials on the unit circle
(OPUC) with independent identically distributed (i.i.d.) real-valued standard Gaus-
sian coefficients. The second section of the chapter considers the expected number
of zeros of a random sum with i.i.d. complex-valued standard Gaussian coefficients
spanned by a polynomial basis. Applications are directed to random sums spanned
by OPRL or OPUC, and then asymptotics for the intensity function are derived.

In the fourth and final chapter, the variance of the number of zeros of a random
sum is considered. We compute the limiting value as n — oo of the variance of

the number of zeros of a random sum with i.i.d. complex-valued standard Gaussian



random variables spanned by OPUC that are from the Nevai class in annuli that
do not contain the unit circle. In the case of annuli that contain the unit circle,
asymptotics are provided for the variance of the number of zeros of a random sum
under the assumption that the distribution for each of the random coefficients satisfies
certain uniform bounds for the fractional and logarithmic moments, and the spanning
functions are OPUC that either possess recurrence coefficients that are absolutely
summable, or are such that they are regular in the sense of Ullman-Stahl-Totik. The
chapter is concluded by giving a formula for the variance of the number of zeros of
a random series with i.i.d. complex-valued standard Gaussian coefficients that are

spanned by OPUC from the Szegé class.

1.2 A brief history of the study of random polynomials

The systematic study of the expected number of real zeros of polynomials
Po(2) = 0n2" + 0no12" Pz + g (1.2.1)

with random coeflicients {n;}, called random algebraic polynomials (or Kac polyno-
mials), dates back to the 1930’s. Let EE denote the mathematical expectation, P be
the probability of an event, and let N, (S) denote the number of zeros of P, in a
set S. In 1932, Bloch and Pélya [11] showed that when {7,} are independent and
identically distributed (i.i.d.) random variables such that 7y = 1 almost surely (a.s.)
(i.e. P(ng = 1) = 1) and all other random variables that take values from the set

{—1,0,1} with equal probabilities, then
E[N,(R)] = O(v/n), as n — oo.

Starting in 1938 and spanning through 1948, Littlewood and Offord ([69], [70],
[71], [72], [73]) produced upper and lower bounds for N, (R) of the random algebraic

polynomial (1.2.1). Specifically, they showed that

1
98"« N(R) < log?n,
log log log n



with probability 1 — o(1) as n — oo, when the random variables {n;} are i.i.d. with
common distribution that is either real-valued standard Gaussian, Bernoulli, or uni-
form on [—1,1].

In 1943, Kac [61] produced an integral equation for E[N,(Q)], with Q@ C R a
measurable set, for the random algebraic polynomial P, when the random variables

{n;} are i.i.d. standard Gaussian. The formula Kac gave is

/Vl_h2 N i ki (1.2.2)

|1 — 22| 1 — a2
We note that independently in 1945, while studying random noise Rice [94] derived
a similar formula for E[N, (R)] in the Gaussian setting. After Kac established the

above formula, he proceeded with the asymptotic

2+0(1)

E[N,(R)] = logn as n — oo. (1.2.3)

The error term in the above asymptotic was later sharpened by Hammersley [47],
Jamrom ([57], [58]), Wang [117], Edelman and Kostlan [27], and finally Wilkins [118]
who showed that

2 o0
E[N,(R)] ~ = > At
[N.(R)] - logn+ Y Agn
k=0
for some explicit constants {Ay}.

In [61] Kac conjectured that a similar formula as (1.2.2) should hold when the
random variables are i.i.d. uniform on [—1, 1] and the asymptotic (1.2.3) would follow
from his original proof. Realizing that the same proof would not go through, in a
follow up paper [62] Kac was able to produce the asymptotic (1.2.3) in this uniform
distribution case by a different method.

Due to the work of Kac and Rice, formulas for the density function for the expected
number of zeros of a random polynomial, called the intensity function (or the first
correlation function), are known as Kac-Rice formulas.

When the random variables have a discrete distribution, one can formulate an

explicit formula for the intensity function. However the formula takes a complicated



shape and is not amenable to computations as done in the Gaussian case. Using
a different approach of studying the number of sign changes on a fixed sequence of
points to approximate the number of roots of P,, Erdds and Offord [28] were able
to show that when the random variables are i.i.d. from the Bernoulli distribution it
follows that

2
N,(R) = - logn + o ((logn)*?*) loglogn)

with probability 1 — o (1 /+/1og log n) By refining the method given by Erdés and
Offord, Ibragimov and Maslova ([51], [52]) proved that when the random variables
{n;} are i.i.d. with mean zero and are from the domain of attraction of the normal

law, for the random polynomial P, defined by (1.2.1) we have
2
E[N,,(R)] = —logn + o(logn).
T

When the random variables from the domain of attraction of the normal law do not
have mean zero, Ibragimov and Maslova [53] proved the above asymptotic holds with
exactly half the expected number of zeros. In this case, the error term of o(logn) was
recently sharpened to O(1) by Nguyen, Nguyen, and Vu [87].

In 1995, considering the case when {n;} are i.i.d. real-valued standard Gaussian,
Shepp and Vanderbei [97] gave a formula for the expected number of zeros of P, in

(1.2.1) off the real line. In their work they were also able to obtain the limits

1 1— 22|
lim pS(2) = ————=1 /1 — 1.2.4
Jim p, () m(l— \z|2)2\/ ‘ 1— 22 (1.2.4)
and
11
. R _ -
lim p, () = Ty (1.2.5)

where pC(z) is the intensity function for the number of purely complex zeros of the
random polynomial, and p%(z) is the intensity function for the number of real zeros
of the random polynomial. Within the proof of computing the above limits, Shepp

and Vanderbei showed that as n — oo, uniformly about n — (2/7)logn of zeros



of P, accumulate on the unit circle, and about (2/7)logn of real roots concentrate
at £1. Ibragimov and Zeitouni [54] were able to generalize the work of Shepp and
Vanderbei by giving the limit of the expected value of a scaled version of the expected
number of zeros of the random algebraic polynomial P, in a disk of radius » when
the random variables {n;} are i.i.d. with common distribution that belongs to the
domain of attraction of an a-stable law.

The formulas provided by Shepp and Vanderbei for the intensity functions for the
number of real and complex zeros of the random algebraic polynomial has since forth
been generalized Feldheim [39] and independently Vanderbei [115]. These general

formulas give the intensity functions for random sums of the form

k=0

where {n;} are i.i.d. real-valued standard Gaussian random variables, and {fi} are
entire functions that are real-valued on the real line. In Chapter III Section 2 these
formulas are stated in shape given by Vanderbei and applied to random orthogonal

polynomials.

1.3 Equidistribution

We now give an overview of the results presented in Chapter I1. For {7, Zs,..., Z,}
the set of complex zeros of the random polynomial P, defined by (1.2.1) of degree n,

these zeros give rise to the (normalized) zero counting measure

1 n
™= g 07,5 (1.3.1)
k=1

which is a random unit Borel measure in C. Using a classical result by Erdds and
Turan [29] as a starting point, under mild conditions on the random variables {n;}

Shparo and Shur [103] were able to show that as n — oo, for any r < 1
Vn<r) P

50, and Tn(Ar(a,/a))ﬂﬁ_o‘

n o

(1.3.2)



where v,(r) = N,({z : |2| < r}), with % denoting convergence in probability, and
Ao, 8) = {2 € C:r < |z| < 1/r, a < arg z < B}. The results of Shparo
and Shur in (1.3.2) (we note that similarly also by Arnold [4] ) show that with a
high probability, almost all of the roots of the random algebraic polynomial P, are
uniformly concentrated near the unit circle and that the arguments of the roots are
asymptotically equidistributed.

The fact of equidistribution for the zeros of random polynomials can now be ex-
pressed via the convergence of 7, in the weak™ topology to the normalized arclength
measure pgp on the unit circumference, where duy(e) := dt/(2m). Recent papers on
the global limiting distribution of zeros of random polynomials includes the works of
Ibragimov and Zeitouni [54], Ibragimov and Zaporozhets [55], Hughes and Nikegh-
bali [50], and Kabluchko and Zaporozhets ([59], [60]). In particular, Ibragimov and
Zaporozhets [55] arrived at the conclusion that if the coefficients of the random alge-
braic polynomial P, are i.i.d. random variables, then the condition E[log™ |no|] < oo
is necessary and sufficient for the convergence 7, = pr to hold almost surely.

Under the assumption that the coefficients {7} of a random polynomial are i.i.d.
complex random variables with absolutely continuous distribution with E[|no|*] = p <
oo for some t > 0, estimates for the rate at which 7,, = pr were provided by Pritsker
and Sola [89] using the largest order statistic Y,, = maxg_q ., |7/ In their work
they also gave an equidistribution result that allows the condition that the random
variables {n;} be i.i.d. can be dropped.

The main results of Chapter II are a joint work with Pritsker [92] which show
how to remove many unnecessary restrictions and generalize the results of [89] in
several directions. We first develop essentially the same theory as in [89] (but using
a different approach) for the case of coefficients that are neither independent nor
identically distributed, and whose distributions only satisfy certain uniform bounds

for the fractional and logarithmic moments. We also generalized the results of [89]



by considering random polynomials spanned by general bases. That is, we consider

random sums of the form

Pa(2) = Y mBi(2),

where By(z) = Z?:o bjxz’, with b;;, € C for all j and k, and by # 0 for all £, is a
polynomial basis, i.e. a linearly independent set of polynomials. We apply the main
theorem of Chapter II to obtain a quantitative result on the zero distribution of a cer-
tain class of random orthogonal polynomials, specifically when { By} are polynomials
that satisfy

limsup ||B||"* <1,  lim |b.]"* = 1.
k—oc0 k=00

Note that such conditions hold for various standard bases used for representing an-
alytic functions in the disk. We also show how one can handle the discrete random
coefficients by methods involving the highest order statistic Y,,, augmenting the ideas
of [89]. Furthermore, since any real random variable is the limit of an increasing se-
quence of discrete random variables, we are able to extend the arguments to arbitrary
random variables. Under the assumption that the coefficients satisfy uniform bounds
on the first two moments, we further develop the highest order statistic approach to
the case of dependent coefficients. This allows us to generalize Theorem 3.7 of [89].
It should be noted that the results of Chapter II have since been generalized by
using potential theoretic techniques by Pritsker [90]. Among the results of [90] are the
generalization of our result to orthogonal polynomials supported on general curves

and supported on various sets in the plane.

1.4 The expected number of zeros

The next four subsections provide an outline for results contained in Chapter III and

the surrounding history of the topics.



1.4.1 Random orthogonal polynomials

In 1971, Das [18] considered random polynomials of the form >}, nepi(z), where
{pr} are Legendre polynomials, i.e. polynomials {py} orthogonal with respect to an
absolutely continuous measure p that is supported on [—1,1] with du(x) = dz, and
the random variables {7} are real-valued i.i.d. standard Gaussian. Das was able
to show that the expected number of zeros of the random orthogonal polynomial in
(—1, 1) is asymptotic to n/v/3. Generalizing these results, Farahmand ([32], [33], [34])
examined level crossings of random Legendre polynomials with coefficients that are
allowed to have different distributions.

Das and Bhatt [19] extended the work in [18] to include the class of orthogonal
polynomials on the real line (OPRL) to be the classical orthogonal polynomials,
Jacobi (polynomials orthogonal with respect to p on [—1, 1] with du(z) = (1—2)*(1+
x)?dzx for o, 8 > —1), Laguerre (polynomials orthogonal with respect to u on [0, 00)
with du(z) = e "z* for a > —1), and Hermite (polynomials orthogonal with respect
to g on (—o0,00) with du(x) = exp(—z?)dz). They showed the same asymptotic
held true for the zeros of the random orthogonal polynomial in (—1, 1), however the
results concerning the Hermite and Laguerre cases had some gaps.

The gaps [19] were fixed in 2015 by Lubinsky, Pritsker, and Xie [77] by considering
a larger class of OPRL that had only mild assumptions on the measure and weight
function. Using potential theory for their results, they showed that the same asymp-
totic holds for random sums spanned by the larger class of OPRL. These results were
further generalized by Lubinsky, Pritsker, and Xie [78] to allow the OPRL to have
support on the whole real line and arrived at the same asymptotic in this case.

Many examples and properties of OPRL and orthogonal polynomials on the unit
circle (OPUC) are explored in the books by Szeg6 [111] and Simon [104]. One example

of an OPUC that we have already mentioned are the monomials, that is z™ for n €



N U {0}. To see that this is indeed so, we note the orthogonality following relation

T = df
/ MmO ¢ind o = Omm, myn € NU{0}.

—

In Subsection 1.4.3 we will discuss the case when the coefficients of the ran-
dom polynomial are i.i.d. complex-valued standard Gaussian. We remark that in the
i.i.d. complex-valued standard Gaussian case, the paper of Shiffman and Zelditch [100]
mentions a heuristic argument that provides the intensity function and its asymptotic
for random polynomials spanned by OPUC associated to analytic weights in terms of
the distributional Laplacian.

Other authors have studied the asymptotic zero distribution for random polyno-
mials spanned by orthogonal polynomials with respect to various measures. There
has also been work done in the higher dimensional analogs of these settings, see Shiff-

man and Zelditch ([99]-[102]), Bloom ([12], [13]), Bloom and Shiffman [15], Bloom
and Levenberg [14], Bayraktar [6], and Pritsker ([90], [91]).

1.4.2 Random sums with real-valued i.i.d. standard Gaussian coeflicients

spanned by OPUC

The third chapter begins by considering random polynomials of the form

Po(2) = ) mepr(2), (1.4.1)

where {7} are real-valued i.i.d. standard Gaussian random variables, and {p,} are
OPUC. This part of the chapter contains results from a joint work with Yattselev
[122]. Note that taking the functions of (1.4.1) to be OPUC that are real-valued on the
real line complements the case considered by Lubinsky, Pritsker, and Xie ([77], [78])
where these spanning functions are OPRL. We use a version of Christoffel-Darboux
formula suited for OPUC to simplify the intensity functions for the expected number
of real and complex zeros of P,. From these expressions, under the assumption

that the spanning OPUC are from the Nevai class, we deduce the limiting value of



these density functions away from the unit circle, hence generalizing the limits (1.2.4)
and (1.2.5) provided by Shepp and Vanderbei. Under the mere assumption that the
measure j associated to the OPUC is doubling on subarcs of T centered at 1 and —1,

we show that the expected number of real zeros of P, is at most
(2/m)logn + O(1),

and that the asymptotic equality holds when the corresponding recurrence coefficients
associated to the OPUC decay no slower than n=3t9/2 ¢ > 0, thus extending the
original work by Kac [61]. As with the complex Gaussian random variables case, our
results show that the zeros are accumulating on the unit circle. Hence we conclude
with providing results that estimate the expected number of complex zeros of P, in

shrinking neighborhoods of compact subsets of the unit circle.

1.4.3 Random polynomials with i.i.d. complex-valued standard Gaussian

coefficients

We now consider the complex Kac polynomial Y _,_, nx2*, where {n;} are i.i.d. complex-
valued standard Gaussian random variables. That is, when 7; = «; + i3;, where «;
and f; are ii.d. real-valued standard Gaussian for all j € {0,1,...,n}. The clas-
sic result of Hammersley [47] (given later in different shapes by Arnold [4], Ledoan
et. al. [41], Shiffman and Zelditch [100], and Farahmand ([31],[33])) says that the first

intensity function for a complex Kac polynomial is given by

(1 —]2P)(n+1)2"
1 — |z]2(n+D)

11 ()P
S S O

where  h,41(2) = (1.4.2)

We remark that in contrast to real-valued Gaussian case in which there is an intensity
function for the purely complex zeros and a separate intensity function for the real
zeros, in the setting of the random coefficients being complex-valued Gaussian, there

is only an intensity function for purely complex zeros. This follows from the fact that

10



when {n;} are i.i.d. complex-valued standard Gaussian, the common probability dis-
tribution for the random variables is absolutely continuous with respect to Lebesgue
area measure (with density e~ /7). Thus, since the Lebesgue area measure of a line
segment is zero, the probability that the complex Kac polynomial has any real roots
is zero. We refer the reader to pp. 142-143 of [32] for a complete discussion of this
phenomenon.

As noted by Arnold [4], Farahmand ([31],[33])), Farahmand and Jahangiri [37],
Ledoan et. al. [41], and Shiffman and Zelditch [100], one has

. 1
Tim p,(2) = AP |2 # 1.
Furthermore, in [4] and [41] it was shown that
2
E[N,(D(0,7))] = 0<r<l.

1—r2’

Ledoan et. al. [41] also proved the following scaling limit

. E[N, (D(0,e5/?"))] _1-e(+5)
n—o0 n s(1—e9)

, s>0.

Taking the analysis of random polynomials with complex coefficients in a different
direction, Farahmand [35] considered the spanning functions of the random polyno-
mial to be {Cosjé’}?zo, which give what are called random trigonometric polynomi-
als. For further results concerning random trigonometric polynomials with complex-
valued Gaussian coefficients we refer the reader to the work of Farahmand and Grig-
orash [36], and for those with real-valued Gaussian coefficients the works of Dunnage
[26], Das [20], Wilkins [119], Qualls [93], Sambandham [96], and Sambandham and
Maruthachalam [82].

Others have derived formulas for the intensity function of Gaussian Analytic Func-
tions (GAF) of the form P(z) = > 77 n;fj(2), where the f;’s are square summable
analytic functions on a domain, and the n;’s are i.i.d. Gaussian random variables, in

terms of the distributional Laplacian. For the case when the random variables are

11



complex-valued i.i.d. Gaussian, in 2000 Hough, Krishnapur, Peres, and Virag (Section
2.4.2, pp. 24-29 of [49]) and Feldheim (Theorem 2, p. 6 of [39]) derived the intensity
function of zeros. Feldheim also obtained the intensity function of zeros for a GAF
in the same paper (Theorem 3, p. 7 of [39]) when the f;’s are real-valued on the real

line and the 7;’s are real-valued i.i.d. standard Gaussian random variables.

1.4.4 Random sums with i.i.d. complex-valued standard Gaussian coeffi-

cients spanned by orthogonal polynomials from the Nevai class

In the second section of Chapter III, we apply an extension of the intensity function

(1.4.2) for the expected number of zeros of random sums of the form

Pa(z) = Zﬁkfk(z)a (1.4.3)

where {n;} are i.i.d. complex-valued standard Gaussian, and f;(z) are polynomials
of degree k, where k € {0,1,...,n}. The proof of the of the formula that we apply is
given in the Appendix. We note the formula we present was given independently by
Ledoan [65] in the case of taking the spanning functions { fi} to be entire functions
that are real-valued on the real line. However within the proof in [65], there are some
justifications which are not fully clarified. Remaining with case of a polynomial basis,
all these justifications can be made sound. Our main application of the formula for
the expected number of zeros of P, is to random orthogonal polynomials spanned by
OPRL or OPUC.

Using the Christoffel-Darboux formula for OPRL and its analogue for OPUC,
the intensity function for the expected number of zeros of P, in these cases takes
a very simple shape. From these expressions, under the mere assumption that the
orthogonal polynomials are from the Nevai class, we give the limiting value of the
intensity function away from their respective sets where the orthogonality holds. The

limiting value of the intensity function concerning random orthogonal polynomials

12



spanned by OPRL extends the work of Farahmand and Grigorash (Section 4 of [36])
in which the spanning functions of their random trigonometric polynomial can be
modified to be the Chebyshev polynomials. Furthermore, our limiting value of the
intensity function for random orthogonal polynomials spanned by OPUC generalizes
the result given by Peres and Virag [88] (i.e. taking n = 1 of their Theorem 1) when
the spanning functions were the monomials to that of a very general basis of OPUC.
Our result further extends their work in that this limiting value also holds for the
exterior of the unit circle.

In the case when {f;} are OPUC, the intensity function we arrive at shows that
the zeros of P, are clustering near the unit circle. To quantify this phenomenon, we
give a result that estimates the expected number of complex zeros of P, in shrinking

neighborhoods of compact subsets of the unit circle.

1.5 The variance of the number of zeros of random polynomials

We now give an overview of the main results from Chapter IV. Before discussing these
results, we mention some classical results on the variance of the number of zeros of
random polynomials.

Let Var[N,,(92)] denote the variance of the number of zeros of a random sum in
a measurable set {2 C C. The first result concerning the variance of the number of
real zeros of a random algebraic polynomial with i.i.d. real-valued standard Gaussian
coefficients was an upper bound provided by Stevens [109] in 1965. Specifically, in

this case he gave the upper bound
Var[N,(R)] < 32E[N,,(R)] + 2.5 + (logn)?/v/n, for n > 32.

Soon after, in 1968 Fairly [38] computed the exact variances in this case and in the
case with the coefficients of the random algebraic polynomial take the values +1 with

equal probabilities for polynomials of degree up to 11.
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In 1974 Maslova [79] considered the case when the random algebraic polyno-
mial has i.i.d. real-valued coefficients {n;} such that P[n, = 0] = 0, E[n] = 0, and

E[|nk]|*>T#| < oo for some s > 0. For this case she established the asymptotic

4 2
Var[N,(R)] ~ — <1 - —) logn, as n — 0.

™ ™

Note that if a random algebraic polynomial has coefficients {7} that are i.i.d. real-
valued standard Gaussian, then they satisfy the hypothesis needed for Maslova’s
asymptotic on the variance.

As the topics in the dissertation do not cover trigonometric random polynomials,
we only note that asymptotics for the variance of the number of real zeros in [0, 27| has
been well studied (cf. Boomolny, Bohigas, Leboeuf [17], Farahmand [35], Grandville
and Wigman [46], and Su and Shao [110]). Similarly we only mention the works
of Forrester and Honner [42], Hannay [48], Shiffman and Zeldtich [101], Bleher and
Di [9], that concern asymptotics for variance of the number of zeros for weighted

random polynomials, i.e. random polynomials of the form 3 ,_, nwcrz® where either

cp = (Z)l/2 or ¢, = 1/kL
1.5.1 The variance of the number of zeros of a random orthogonal poly-
nomial

In 2016 Xie [121] examined the variance for the number of real zeros of random

orthogonal polynomials spanned by OPRL. Specifically, she considered

Po(x) = anpk(x)a

where {7} are i.i.d. real-valued standard Gaussian random variables, and {p;} are
orthogonal polynomials with respect to a finite positive Borel measure p supported
on [—1,1] such that du(z) = w(z)dr with w > 0 a.e. on [—1,1]. Under the further as-

sumption that w(cos@)|sin 8|, with 0 € [—m, 7], satisfies the Lipschitz-Dini condition,

14



ie.
lw(cos(f + 6))|sin(f + 6)| — w(cos B)|sin || < L|logd| ™+,

where L, A > 0 are fixed numbers, Xie proved

lim YRIN(R)]
n—o0 n2
Complementing the work of Xie, in the first section of Chapter 4 we study the

variance of the number of zeros for

Pa(z) = anSDk(Z)v

where {7} are complex-valued random variables, and {¢;} are OPUC. When {7, } are
i.i.d. complex-valued standard Gaussian, assuming that {y} are from the Nevai class,
we prove a formula for the limiting value of variance of the number of zeros in annuli
that do not contain the unit circle. Under the assumption that the the distribution for
each 7 satisfies certain uniform bounds for the fractional and logarithmic moments,
for OPUC such that their associated recurrence coefficients are absolutely summable,
or are regular in the sense of Ullman-Stahl-Totik, we give quantitative estimates that
show that the variance of the number of zeros of P, scaled by n? in annuli that contain

the unit circle is o(1) as n — oo.

1.5.2 The variance of the number of zeros of random orthogonal power

series

Consider the GAF
f(Z) = Z 77ka7
k=0
where {n;} are i.i.d. complex valued standard Gaussian random variables. Let N, be
the number of zeros of f in a disk of radius » < 1 centered at the origin. Peres and
Virdag (Corollary 3. (iii) of [88]) have shown that for the random power series f(z)

we have

o = Var[N,] = —— (1.5.1)



and (N, — p,.)/o, converges in distribution to the standard normal as r T 1. For
similar results as above concerning weighted GAF’s, we refer the reader to Sodin and
Tsirelson [105], Nazarov and Sodin [86], and Bleher, Shiffman, and Zelditch [10].

In Section 2 of Chapter 4, we generalize the basis of the random power series f(z)
to be OPUC from the Szego6 class, meaning that the measure p associated to the
OPUC posses the property that du(f) = w(6)df with

/ | log w(8)|df
exists, and prove the analogs of (1.5.1) for this extension in annuli (further general-
izing from disks) in the unit circle. As we will see, proving the analog of the central

limit theorem given by Peres and Virag in this setting is still out of reach.

1.6 A remark on applications

The theory of random polynomials has many applications. For instance, they occur
in approximation theory when the coefficients of a polynomial are computed from
experimental data, and in which case, these coefficients are subject to random error.
Random polynomials also arise in the study of difference and differential equations. In
this application it is possible to obtain information about the needed solution of a dif-
ferential equation by introducing random coefficients to the characteristic polynomial,
then studying the zeros of this random characteristic polynomial. The characteristic
polynomial of a random matrix can also viewed as a random polynomial, and finding
or estimating the expected zeros of the random characteristic polynomial can give
information about the eigenvalues of a random matrix. Other applications of random
polynomials occur in the study of approximate solution of operator equations, poly-
nomial regression equations estimated by the method of least squares, mathematical
economics, statistical communication theory, ect. Recently in quantum chaos theory,

studying the zeros of random polynomials that are spanned by other basis functions
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other than the monomials, i.e. replacing 2™ with an entire function f,,(z), have been
very useful. In this setting, linear combinations of functions with random coefficients
serve as a basic model for eigenfunctions of chaotic quantum systems (cf. P. Leboeuf
and P. Shukla [64], P. Leboeuf [63]).

For a nice history of the early progress and applications in the subject of random
polynomials, we refer the reader to the books by Bharucha-Reid and Sambandham

[16] and by Farahmand [32].
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CHAPTER I1
EQUIDISTRIBUTION

Let 19,1, ..., N, be complex valued random variables that are not necessarily inde-
pendent nor identically distributed. Consider random polynomial P,(z) = > _, nx2".
Let Z(P,) = {Z1, Zs, ..., Z,} be the set of complex zeros of P,. The set of zeros Z(P,)

gives rise to the normalized zero counting measure

1 n
Tnzggéz}c.

Observe that with the normalization of 1/n, the measure 7, is a random unit Borel
measure in C.

In this chapter, which contains results from the joint work with Pritsker [92], our
goal is to provide estimates on the expected rate of convergence of 7, in the weak”
topology to the normalized arclength measure pr on the unit circumference T defined
by dur := dt/(27). A standard way to study the deviation of 7, from pr is to consider

the discrepancy of these measures in the annular sectors of the form
Ao, p)={z€C:r<lz| <1l/r, a<argz< f}, 0<r<Ll
We will give quantitative estimates on the rates of convergence for the expected

and for the expected number of roots of P,, denoted as E[n7,(FE)], in various sets

discrepancy
g —«

(A (v, B)) — o

E c C. We also study random polynomials spanned by various deterministic bases.
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2.1 Expected number of zeros of random polynomials

For P,(z) = > p_,mk2", our first result generalizes Theorem 3.3 of [89] to allow that
the random variables {7} be neither independent nor identically distributed, but
require only that their distributions satisfy certain uniform bounds for the fractional

and logarithmic moments.

Theorem 2.1.1 Suppose that the coefficients of Pn(z) = > _,nkz" are complex

random variables that satisfy:
1. E[|n]f] < o0, k=0,...,n, for a fized t € (0, 1]
2. Ellog |no|] > —oc and Ellog |n,|] > —oo.

Then we have for all large n € N that

2
B |[na(am) - 220 <a [% (%logiE[lnk\t] ~ 5Ellog |"7077n|]>] B
N (2.1.1)
where
SR T

k=0
being Catalan’s constant.

Introducing uniform bounds, we obtain the rates of convergence for the expected

discrepancy as n — o0o.

Corollary 2.1.1 Let P,(2) = > 1 mknz®, n € N, be a sequence of random polyno-
mials. If

M = sup{E[|m.|] | k=0,...,n, n € N} < 00

and

L := inf{E[log |nk.|] | k=0&n, n € N} > —o0,

19



then

?|

as n — oQ.

b —«
21

T (Ar(a, B)) —

] <c {n <log(n+1t)+logM L>]1/2:O( loin>

Observe that for £ C C, the quantity n7,(E) gives the number of zeros of P, in
E. Appealing to the arguments of [89], we now give quantitative results about the
expected number of zeros of random polynomials in various sets £ C C. We first
consider sets separated from T, and in doing so we thus generalize Proposition 3.4 of
[89].
Proposition 2.1.1 Let E C C be a compact set such that ENT = (), and set
d := dist(E,T). If P, is as in Theorem 2.1.1, then the expected number of its zeros

in E satisfies

Elnm.(E)] < d+ ! ( log (ZE i |* ) —E[loglnonnl]> :

Our next proposition gives a bound on the expected number of zeros in sets that
have non-tangential contact with T, and consequently generalizes Proposition 3.5 of
[89].

Proposition 2.1.2 If E is a polygon inscribed in T, and the sequence { P}, is as

in Corollary 2.1.1, then the expected number of zeros of P, in E satisfies

E[nr.(E)] = O (W) as mn — oo.

Finally, if an open set E intersects T, then it must carry a positive fraction of
zeros according to the normalized arclength measure on T. This is illustrated below
for the disks D, (w) = {z € C: |z —w| < r}, with w € T, and gives the generalization

of Proposition 3.6 of [89].

Proposition 2.1.3 Ifw € T and r < 2, and the sequence {P,}>, is as in Corollary

2.1.1, then the expected number of zeros of P, in D,.(w) satisfies

E[nr(D,(w))] = Zarcsin(r/2) n+ O <\/nlogn> as m — oo.

™
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2.2 Random polynomials spanned by general bases

We now analyze the behavior of random polynomials spanned by general bases.
Throughout this section, let By(z) = Z?:o bjxz’, where b;;, € C for all j and k,
and by, # 0 for all k, be a polynomial basis, i.e. a linearly independent set of poly-
nomials. Observe that deg By, = k for all £ € NU{0}. We study the zero distribution

of random polynomials
Po(z) = mBi(2).
k=0

Throughout this section, we assume that

limsup || Be||/* <1 and klg]go b * =1, (2.2.1)

k—o00

where || Bg||oo := supy | Bg|. Observe that
sl = ’%/ By () e—ikede‘ <o [ 1B o < 1Bl
) . 2 ),

Hence (2.2.1) in fact implies limy_,~ ||Bk|]é</>k = 1. Conditions (2.2.1) hold for many
standard bases used for representing analytic functions in the unit disk, e.g., for
various sequences of orthogonal polynomials (cf. Stahl and Totik [98]). In the lat-
ter case, random polynomials spanned by such bases are called random orthogonal
polynomials.

Our main result of this section is the following;:

Theorem 2.2.1 For P,(z) =Y ;_mBi(2), let {nx}}_, be random variables satisfy-
ing El|ng|'] < oo, k=0,...,n, fora firedt € (0,1], and set Dy, := 1bnn > o Mo k-

If E[log | D,|] > —oc then we have for all large n € N that

E||n (4o 0) - 22 (222)
1 1 n 1 1/2
<G| <;1og (kzzo E[IM]) +10gorg]3§xn | B loo — §E[10g \Dn!]>] :
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where

27 2
Cr = Vf—i_l—r‘

In particular, if Ellog |n,|] > —oo and Ellog |no + 2|] > L > —oo for all z € C, then
Ellog | D,|] > log |bo.obnn| + E[log |1,|] + L > —o0, (2.2.3)
and (2.2.2) holds.

An example of a typical basis satisfying (2.2.1) is given below by orthonormal
polynomials on the unit circle (OPUC). Setting By (2) = ¢i(2), k = 0,1,...,n, here
the basis {pr}}_, is said to be OPUC if they are defined by a probability Borel

measure 4 on T such that

/gpk(ew)tpm(ew) dp(e®) = pm,  for all k,m € NU {0}.
T

We apply Theorem 2.2.1 to obtain a quantitative result on the zero distribution of

random orthogonal polynomials.

Corollary 2.2.1 Let P,(z) = >} _oMenr(2), n € N, be a sequence of random or-
thogonal polynomials. Suppose that the following uniform estimates for the coefficients

hold true:
sup{E[|nr.|'] | k=0,...,n; n€ N} <oo, te(0,1], (2.2.4)

and

min <1111€1£IE[10g [N l] G%NI}ZfGCE[log 1M0.n + ZH) > —00. (2.2.5)

If the basis polynomials ¢y are orthonormal with respect to a positive Borel measure

p supported on T = {e¥ : 0 < 0 < 27}, such that the Radon-Nikodym derivative

du/df > 0 for almost every 6 € [0,27), then (2.2.1) is satisfied and

b — «
2w

limE[

n—o0

(A (o, B)) —

] = 0. (2.2.6)
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If du(0) = w(0) db, where w(f) > ¢ >0, 6 € [0,27), then

E { 1 ~0 ( 105") n — oo. (2.2.7)

Furthermore, if the measure of orthogonality p associated to {@x} is reqular in the

b —«
21

(A (o, B)) —

sense of Ullman-Stahl-Totik, that is,
1
en = —log |k, =0, as n— oo,
n
where Kk, s the leading coefficient of @, it follows that

E { } =0 (max {@ g}/”‘}) n — 0o. (2.2.8)

It is clear that if the coefficients have identical distributions, then all uniform

b — «

T (A (v, B)) — o

bounds in (2.2.4) and (2.2.5) reduce to those on the single coefficient 79. One can
relax conditions on the orthogonality measure p while preserving the results, e.g.,
one can show that (2.2.7) also holds for the generalized Jacobi weights of the form
w(f) = v(0) H}]:1 |6 —0;]%, where v(§) > ¢ > 0, 6 € [0,27). Note that the analogs of

Propositions 2.1.2-2.1.3 for the random orthogonal polynomials follow from (2.2.7).

2.3 Discrete random coefficients

Let no,m1,... be ii.d. complex discrete random variables. We show that one can
extend the ideas of [89] and prove essentially the same results in the discrete case.
Furthermore, since any real random variable is the limit of an increasing sequence of
discrete random variables, we are able to extend the arguments to arbitrary random

variables. We assume as before that E[|n]"] = 1 < oo for a fixed real ¢ > 0.

Proposition 2.3.1 Let ng,ny,... be i.i.d. complex random variables, and let Y, =

. t
Jnax || If p:= E[|no|"] < 0o, where t > 0, then

log(n + 1) + log p

EflogVy] < -
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This result provides an immediate extension of Theorem 3.3 of [89] to arbitrary ran-

dom variables (satisfying the moment assumption) by following the same proof. In-
deed, we have that
> et
z€T k—0

(s
(i)

<E |log ((n—i— 1) max \nk|)}

E[log HPnHoo] =E |log (Sup

0<k<

= log(n + 1) + E[log Y,,].

Thus referring to the proof of Theorem 3.3 of [89] and using our bound of E[log V]

gives the result.

2.4 Dependent coefficients

We generalize Theorem 3.7 of [89] in this section, replacing the requirement that the
first and the second moments of the absolute values of all coefficients be equal with

the requirement they be uniformly bounded. More precisely, we assume that
snganH =M < oo and s%pVaankH =: 5% < 0. (2.4.1)
Following the ideas of Arnold and Groeneveld [5] (see also [21]), we show that
Proposition 2.4.1 If (2.4.1) is satisfied, then we have for Y, = maxo<k<n |7x| that
E[Y,] = O(v/n) asn — .
An analog of Theorem 3.7 from [89] is obtained along the same lines as before.

Theorem 2.4.1 If the (possibly dependent) coefficients of P, satisfy (2.4.1) as well

as Ellog |no|] > —oo and E[log |n,|] > —oo, then

e el < \/ 3log(n + 1) — JE[log ] — JElog 1, ]] + O(1)

2 n
as n — 0.

(A (o, B)) —
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Clearly, this result has more restrictive assumptions than Theorem 2.1.1.

2.5 Proofs

2.5.1 Proofs for Section 2.1

Define the logarithmic Mahler measure (logarithm of geometric mean) of P, by

1 2 )
P)=— [ log|P,(e")do.
m(P) = 5 [ toglPe”)

It is immediate to see that m(P,) < log || P ||oo-
The majority of our results are obtained with help of the following modified version

of the discrepancy theorem due to Erdés and Turdn (cf. Proposition 2.1 of [89]):

Lemma 2.5.1 Let P,(z) = >, cw®, e € C, and assume coc, # 0. For any

\/>\/ |]|D o (2.5.1)

+ —m L
n(l — 7’) A /|COCn| ’

where k = >"12 ((=1)%/(2k + 1)? is Catalan’s constant.

€(0,1) and 0 < a < 8 < 27, we have

7o (Ar(a, B)) —

This estimate shows how close the zero counting measure 7, is to pr.

We will use the following lemma several times below.

Lemma 2.5.2 Ifn,, k=0,...,n, are complex random variables satisfying E[|n.|"] <

00, k=0,...,n, for a fivzed t € (0,1], then

1ogZ|77k\] ~log (ZE [k ) (25.2)

Proof. We first observe an elementary inequality. If x; > 0, ¢ = 0,...,n, and

Y or; =1, then for any ¢ € (0,1) we have that
S St
=0
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Applying this inequality with z; = |n;|/ > ;_, |17x], we obtain that

n t n
(z mr) <3 It
k=0 k=0
and

E <-E

~ | =

log » [kl log (Z |77k|t>] : (25.3)

Jensen’s inequality and linearity of expectation now give that

IOgZ |le|] < glogE Z |77k|t] = ;bg (ZE[WV]) :
k=0 k=0 5—0

E

Proof of Theorem 2.1.1. Note that m(Q,,) < log||Qn||~ for all polynomials @,,. Hence

(2.5.1) and Jensen’s inequality imply that

2r |1
E <4/—,|—E
[ }_ k\|n

0 —«
2T

[Pl oo

V |n077n|

[Pl

V |7]07]n|

where the last inequality holds for all sufficiently large n € N. Since [|P,|e <

o (Ar(, B)) —

log

R T P 11
n(l - T‘) V ’7707771|

1
< Cy | —E |log
n

Y

> r—o Ink], we use the linearity of expectation and (2.5.2) to estimate

Polloo & 1
E |log Ll <E|log ) |ml| - 5 Ellog 07|
V107 k=0
1 & . 1
< ;log ZE[|77k| ) - §E[log |70m]]-
k=0
The latter upper bound is finite by our assumptions. |

Proof of Corollary 2.1.1. The result follows immediately upon using the uniform bounds

M and L in estimate (2.1.1). |

Proof of Proposition 2.1.1. In was shown in [89] (see (5.3) in that paper) that

2 P,
To(C\ A,(0,27)) < n(l _T)m (\/W) )
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Since m(Q,) < log ||@n|| for all polynomials @, it follows that

2 (1B
T,(C\ A,(0,2m)) < n(l —r)l g (W) :

Note that for r = 1/(dist(E,T) 4+ 1), we have £ C C\ A,(0,27). Estimating || P, ||

as in the proof of Theorem 2.1.1, we obtain that
2
E[nr,(E) < —E

tog [ 1Bl
L—r V ’7707771’

<1 < log (ZE i ) - —E[log!nonnl])

d+ ! ( log (ZE |7k’ ) loglnonnl]> :

Proof of Proposition 2.1.2. The proof of this proposition proceeds in the same man-
ner as the proof of Proposition 3.5 in [89] by using our Corollary 2.1.1 along with

Proposition 2.1.1 . |

Proof of Proposition 2.1.3. As in the previous proof, this result follows in direct par-
allel to the proof of Proposition 3.6 of [89] while taking into account our bound in

Proposition 2.1.2. [ ]

2.5.2 Proofs for Section 2.2

Proof of Theorem 2.2.1. We proceed with an argument similar to the proof of The-
orem 2.1.1. Note that the leading coefficient of P, is ,b,,, and its constant term
is Y 1o Mbok. Using the fact m(Q,) < log||@nlle for all polynomials @, we apply

(2.5.1) and Jensen’s inequality to obtain

ol . fom |1 1P, 2 [Pl

E ||7, (Ar(a, B)) — <= —E|l E |log ——

|ty - 2 e\ E o | B
1 [ 1Pl

g
VIDn|
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for all sufficiently large n € N. It is clear that

[Palloe < max IIBk||ooZ|nk|-

0<k<n

Hence (2.5.1) yields

E

o 1Pl | _

1
+ log max ||Bk||C>Q — éE[log | D]

log Z 7|

k=0

1 1
; (ZE |7k’ ) +10g01213§‘|3k”oo - §E[10g|DnH‘

| D]

Thus (2.2.2) follows as a combination of the above estimates.
We now proceed to the lower bound for the expectation of log |D,| in (2.2.3) by
estimating that

nnbn,n Z nkzbo,k

k=0

Ellog | D] = E |log

Z Mibo,k

= E[log [n,|] + log |by.n| + E |log

|

k=0
N
= Elog [11a]] + 108 [by| + log [boo| +E [log 1m0 + Y mey>* ]
k=1 00
> log [bo,0bn,n| + E[log [n,]] + L,
where we used that by # 0 and E[log |y + z|] > L for all z € C. |

Proof of Corollary 2.2.1. We apply (2.2.2) with (2.2.3). Writing
@k(/z)—/fkkz + ap_ 1k2 +ak kak 2+"'+6L07k, ke {0,1,...,%}, (2.5.4)
the uniform bounds on the expectations for the coefficients immediately give that

1 . . logn 1 1 1
- — _ > = i
= log (gzo E[|7g x| ]) @) < - ) and 2n]E[log |D,|] > - log |knn| + O (n)

The assumption du/df > 0 for a.e. 6 implies (2.2.1), see Corollary 4.1.2 of [98], which

in turn gives that

1 1
lim —log|kpy,| = lim —log Jnax HgokHoo =0.
n—oo 1N n—oo 11
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Hence (2.2.6) follows from (2.2.2). Recall that the leading coefficient k,,, of the

orthonormal polynomial ,, gives the solution of the following extremal problem [98]:

|Kpn| ™% = inf {/ |Qn>dp : Q, is a monic polynomial of degree n} .

Using @, (z) = 2™, we obtain that

unl < [ 1 Pau(0) = [ du(6) = ).
Consequently
onnl = (u(T)) ™ and = 10g [sinn| > ——— log u(T)
n,n| — ILL n n,n| — 271 ,LL .

We now show that log [|¢n]l = O(logn) as n — oo, provided du(f) = w(#)dd with
w(@) > c >0, 0 € [0,2r). Indeed, the Cauchy-Schwarz inequality gives for the

orthonormal polynomial (2.5.4) that

||90n||oo S |/{n,n| + |an—1,n| + |an—2,n| + -+ |a0,n|

<vn+1 (|’fn,n|2 + ’an—l,n|2 + |an—2,n|2 +oot |a07”|2)1/2

1 2 . 1/2
— 1(— i
nT (%/O pale®) de)
n+1 o IPND
([ e uoan)
B n-+1
V 21e

This estimate completes the proof of (2.2.7).

1/2

Under the assumption the measure of orthogonality p associated to {py} is regular

in the sense of Ullman-Stahl-Totik, to establish (2.2.7) it suffices to show

1
~log max [lonll = O(VED), (2.5.5)

0<k<n
where €, = log |kpn|/n.

Writing kg x = Kk, equation 1.5.22 of [104] gives

k—1

re = [ J(1 = loy*)712, (2.5.6)

J=0
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where {a;} C D are recurrence coefficients coming from the three term recurrence
relation (c.f. Theorem 1.5.4 [104]):

zpj(z) — a5 (2)

. z) = ,
903-&-1( ) m

with ¢%(z) = 27¢;(1/Z). For the normalized OPUC, denoted as ®j(z), we have

J=0,1,...,

vr(z) = kpPi(2), so that appealing to (2.5.6) and (1.5.17) of Theorem 1.5.3 of [104]
yields
log max |l = log max |k P(2)]oc

< 1ol g [9402)]- )

k—1
< log (I%nl DA exp (Z Iaj|>)

Jj=0

n—1
< log <‘/€n’ exp (Z \0@\))
=0

n—1
= log |kn| + Z |a|
=0

n—1 1/2
< log ] + (nDam) |

=0
where we have relied on the Cauchy-Schwarz inequality in the last inequality. To

estimate the second term above, notice that since each o; € D, we have

1 > ;|2
log ——— = L > oyl
T
Thus
n—1 1/2
~log i oulle < o { log al + (03 log
—log max o < — [ log |kn n 0g ——
n 08 nax Ik o g < g1—|ozj]2
1
=~ (log || + (2nlog |xa])?)
< O (Ven),
which completes the desired estimate to give (2.2.8). |
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2.5.3 Proofs for Section 2.3

Proof of Proposition 2.3.1. Assume that the discrete random variable |ng| takes val-
ues {xy}72, that are arranged in the increasing order, and note that the range of
values for Y,, is the same. Let a = P(Y,, < x) and by = P(|no| < 2y), where k € N.
It is clear that P(Y,, = zx) = ar — ax_; and P(|Ag| = zx) = by — bx_1, k € N. Since

the n;’s are independent and identically distributed, we have that

= P(Ino| < op, m| < @y oo 10| < 1)
= P(no| < zp)P(Im| < wp) - P(|0n] < 1)

= [P(|no] < &))"

_1n+l1
= bk

holds for all £ € N. Thus

=} fax — ar]
k=1

S
k=1

= (b = b )b+ 0p o+ + 0]
k=1

<Y g bk = bea)(n+ 1B}

k=1

wy, P(|no| = )

NE

<(n+1)

i

1

= (n+1) Eflnol'].
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By Jensen’s inequality and the previous estimate, we have
1 t
EllogY,| = E i log Y
1 t
—(log((n +1) EJnol'])

VAN
~+ | =

—_

= —(log(n+1) + log p).

~

We now show that this argument can be extended to arbitrary random variables
{I7|}r—o- Consider the increasing sequences of simple (discrete) random variables
{Inki|}52; such that lim; o k| = ||, £ =0,...,n. For Y, ; = maxo<k<p |ki| and

Z, = maXo<g<n ||, one can see that

lim V!, =2 and  lim |no,|" = |70l
i—oo =00

where ¢ > 0. Moreover, the sequence of simple random variables Y, is increasing to

Z! so that the Monotone Convergence Theorem gives

lim E[Y, ;] = E[Z]].

1—00
Using the already proven result for discrete random variables and passing to the limit

as ¢ — 00, we obtain that

E[Z,] < (n+ DE[|7l’]-
Hence Jensen’s inequality yields
1 t
Ellog Z,] < £ (log(n + 1) + log E|7[]),

as before. [ |

2.5.4 Proofs for Section 2.4

The following lemma is due to Arnold and Groeneveld [5], and is also found in [21,

p. 110]. We prove it in our setting for completeness.
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Lemma 2.5.3 Let X;, © = 0,1,...,n, be possibly dependent random variables with
E[X;] = w; and Var{X;] = o2. Then for any real constants c;, the ordered random

7

variables Xo., < X1., < -+ < X, satisfy

Z Ci(Xi:n - ,U)] < <Z(Cl - 6)2 [ >
E[X

E

=0 i=0 =0

.

e -1 -1 _
where € =n"'Y"" g, =010 0 i =0T Y 0o fhiy and i, =

Proof. We use the Cauchy-Schwartz inequality in the following estimate:

n

Z CZ(XM - ﬁ)

1=0

n

Z(Ci - E)(in - ﬂ)

=0

n n 1/2
[Z(Cz - 6)2 (in - :U“)Ql :

=0 1=0

IN

Observe that |E(Y)| < E(]Y]) for any random variable Y, and that E(Z'/2) <
[E(Z)]"/? for Z > 0 by Jensen’s inequality. Applying these facts while taking the
expectation of the previous inequality gives

n n 1/2
Zcz(in - ﬂ)] | < [Z(Cz - 0)2]

=0

E

n 1/2
Z(in - M)QII

=0

. Ve 1/2

_ [Z(Ci — 0)2] Z E[X7,] — 2B X — uQ)]
Z:: 1/ Z_: 1/2

_ [Z(ci - 5)2] [Z of + (i = W] -

Proof of Proposition 2.4.1. To obtain bounds for E[Y,] = ., = E[nn.n], we apply
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the previous lemma while choosing ¢ =¢; =--- =¢,_1 = 0 and ¢, = 1. This yields

n

1/2
B[] — 1 < | (0@ + (1= 0)*) ) (4} — 2mifi + 1* + o?))
i=0

" 1/2
n 1\’ o
= <m+ (1—n+1) )Z(M?—Qmﬂﬂ-#gﬂLUf))

1=0

n 1/2
< (Do 4 2M? 4+ M2+ 52)>

=0

_ (4M2 + 52)1/2(n+ 1)1/2.
It follows that

E[Y,] = E[fnn] < fi + (AM? + S%)V2(n 4 1)1/2
< M+(4M2+S2)1/2(n+1)1/2.
|

Proof of Theorem 2.4.1. As in the proof of Theorem 2.1.1, we apply (2.5.1) and

Jensen’s inequality to obtain for all sufficiently large n € N the following

ﬁ—Oé 1 Pn o9
E |: Tn (Ar(a7ﬁ)) - o :| < CT EE log%
0//n

. Jmog | Paloc) = $Eflog o] — $E[log ]

s n °

Observe that

< < =
< kz_% [l < (n+1) max | = (0 + 1)Y,.

n
k
E Nz
k=0

”PnHoo = sup
T
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Taking the logarithm and then the expectation of the above yields

Ellog || Palleo] < Eflog(n + 1) + log Y]
=log(n+ 1) + Ellog Y]

<log(n+ 1) + log E[Y,],

where the last inequality follows from Jensen’s inequality. As n — oo, applying

Proposition 2.4.1 gives

log(n + 1) +log E[Y,] < log(n + 1) +log O(v/n)
1
=log(n+1) + 3 logn + O(1)

< log(n +1) + 0(1).

Combining these bounds gives the result of Theorem 2.4.1. [ |
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CHAPTER II1
THE EXPECTED NUMBER OF ZEROS

Let {f; }?:0 be a sequence of orthonormal polynomials where the orthogonality rela-
tion is satisfied on either the real line (OPRL) or on the unit circle (OPUC). In this

chapter we study zero distribution of random linear combinations of the form
Pu(z) = nifi(2),
5=0

where 17, ...,n, are i.i.d. real-valued or complex-valued standard Gaussian random
variables.

We first consider the case when {7,} are i.i.d. real-valued standard Gaussian ran-
dom variables and { f;} are OPUC. These results are a joint work with Yattselev [122].
We use an analogue of the Christoffel-Darboux formula for OPRL suited for OPUC
to simplify the density functions provided by Vanderbei for the expected number of
real and complex of zeros P,. From these expressions, under the assumption that the
measure g associated to the OPUC is from the Nevai class, we deduce the limiting
value of the density functions away from the unit circle. Under the mere assumption
that p is doubling on subarcs of T centered at 1 and —1, we show that the expected

number of real zeros of P, is at most
(2/m)logn + O(1),

and that the asymptotic equality holds when the corresponding recurrence coefficients
decay no slower than n~t9/2 ¢ > 0. The section is concluded by providing results
that estimate the expected number of complex zeros of P, in shrinking neighborhoods

of compact subsets of T.

36



For the case when {n;} are i.i.d. complex-valued standard Gaussian and {f;} are
OPRL or OPUC, we apply a general formula by Peres and Virag [88] for the ex-
pected number of zeros of P,. In the setting that our applications are in, e.g. {f;}
is a polynomial basis, in the appendix following the method of Vanderbei [115] we
give an alternate proof the formula for the expected number of zeros of P,. Using the
Christoffel-Darboux formula for OPRL and its analogue for OPUC, the density func-
tion for the expected number of zeros of P, in these cases takes a very simple shape.
When the orthogonal polynomials are from the Nevai class, we give the limiting value
of the density function away from their respective sets where the orthogonality holds.
In the case when {f;} are OPUC, the density function shows that the expected num-
ber of zeros of P, are clustering near the unit circle. To quantify this phenomenon, we
give a result that estimates the expected number of complex zeros of P, in shrinking

neighborhoods of compact subsets of the unit circle.

3.1 Expected number of zeros of random orthogonal polynomials with

real-valued Gaussian coefficients

As previously mentioned, the results of this section were obtained as joint work with
Yattselev [122]. This work generalizes the asymptotic (1.2.3) given by Kac for the
expected number of real zeros and the limits (1.2.4) and (1.2.5) of these intensity

functions by Shepp and Vanderbei for random orthogonal polynomials of the form

Po(z) = nowo(z) + mpi(z) + -+ + n1pn-1(2), (3.1.1)

where {n,} are real-valued i.i.d. standard Gaussian variables, and {y,} are OPUC
that are real-valued on the real line. We note that the key formulas in this section
we arrive at are the result by using the analogue of the Christoffel-Darboux formula
suited for OPUC. Hence, to simplify formulas the random orthogonal polynomial P,

is taken to have n — 1 summands.
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Taking the random variables {7} to be real-valued i.i.d. standard Gaussian vari-
ables, the density function for the expected number of zeros of P,, which is known as
the intensity function, will have support on the real line and in the complex plane.

To distinguish these two intensity functions of the random orthogonal polynomial P,,

we write
E[N, ()] = / A0 (a) dr + / 2O (2) da dy, (3.1.2)
QNR Q
(1,0)

where 2 C C is measurable, with p,, "’ (z) being the intensity function for the expected
number of real zeros, and ,0%0’1)(2) is intensity function for the expected number of
zeros in C \ R.

We will rely on the generalizations of Kac’s formula (1.2.2) for the intensity func-
tion on the real line, and of the formula given by Shepp and Vanderbei [97] for the
intensity function off the real line. For these generalizations, we will replace the basis
{27} from the previous works with an arbitrary set of polynomials {f;(z)} that are
real on the real line with deg f; = j, for j € {0,1,...}. That is, we will be considering

random functions of the form

Po(2) = nofo(z) + mfi(z) + - + o1 fuma(2), (3.1.3)

where {n;} are i.i.d. real-valued standard Gaussian variables. In this case it is well
known (cf. Edelman and Kostlan [27], Das [18], Lubinsky, Pritsker, and Xie [77], and
Vanderbei [115]) that

1K) K ) - K@,

pu(x) = — R (o.0) , (3.1.4)
and due to Vanderbei [115] we have
POV () = 1 K (z,2) :
T (K72 = Ko, 2)1)
G T S e

T (Kn('zv Z)Z - |Kn(272)|2)
2 Re(Ka(2,2) Ki ™ (2, 2) K3 (7, 2))
T (Ka(z,2)2 = |[Ka(2,2) )"
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where

Ka(zyw) = 070 fi(2) f(w),
KO (z,w) = 2070 i) f(w), (3.1.6)
KV (zw) = S0 fi2) fiw).

In this section we will consider the case when f; = ¢;, where {¢;} are OPUC.
We remind the reader that the OPUC are orthogonal polynomials {¢,} defined by a

probability Borel measure o on T such that
/gpn(ew)gom(ew) dp(e®) = 6,  for all n,m € NU{0}. (3.1.7)
T

Observe that when we restrict p to be symmetric with respect to conjugation, the
sequence {p;} of OPUC will have real coefficients and consequently be real-valued
on the real line.

The Three Term Recurrence Relation (Theorem 1.5.4 [104]) for a sequence {¢,}

of OPUC says
- Z¢n<z) - O_‘n%t,(z)

n+1{Z) = )
90+1() m

where the sequence of recurrence coefficients {a,} C D, and ¢! (z) = 2"p,(1/2).

n=0,1,..., (3.1.8)

Writing ¢,,(2) = k,®,(2), where ®,, is monic, the above equivalence relation in this

case for polynomials ®,, can be written as

D,11(2) = 29,(2) — @, P (2), n=0,1,..., (3.1.9)

where @} (z) := 2", (1/2).

We remark that under the assumption {y,} are real-valued on the real-line, it
follows that {a;} C (—1,1). Recall also that given {a;} C (—1,1), there exists a
unique conjugate-symmetric probability measure p whose monic orthogonal polyno-

mials satisfy (3.1.9), see [104, Theorem 1.7.11]. Moreover, in this case it holds that
ko= ] (1 a2, (3.1.10)
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see [104, Equation (1.5.22)].
Taking the functions f; = ¢;, for j = 0,1,...,n — 1, to be OPUC that are real-

valued on the real line complements the case considered by Lubinsky, Pritsker, and

Xie ([77], [78]) where f;, j =0,1,...,n— 1, were OPRL.

Theorem 3.1.1 Let {¢;} be a sequence of polynomials satisfying (3.1.7). Further,
let P, be a real random polynomial (3.1.1) with {n;} being i.i.d. real-valued standard

Gaussian random variables. Then the intensity function pS’O) from (3.1.4) can be

written as

Clearly, when the recurrence coefficients are all zero, ¢, (x) = ™ and respectively
b, (z) = 2™. That is, we recover the intensity function from the Kac formula (1.2.2).
Since the Blaschke products b, necessarily satisfy |b,(z)] < 1 in D, they form a

normal family there. Moreover, as

Col/D) ell/D)  eiz) 1
W = G T o) end) ()

where we have used that {¢;} are real-valued on the real line in the second to last

equality, we see that
PO (1/a) = 2O (). (3.1.12)
The following corollary is immediate.

Corollary 3.1.1 In the setting of Theorem 3.1.1, let N C N be such that b,(z) —

b(z) Z1 as N 3 n — oo for some analytic function b(z) in D. Then

(1L0) (1) — Ly1- h*(x) V() 1—a?

h(x) = —_—
locally uniformly on (—1,1) as N' 3 n — oo. In particular, if o — 0 as k — oo,
then
1 1
(1,0) - -
or, (x)_>7r|1—x2] as m— oo

uniformly on closed subsets of (—oo, —1) U (—1,1) U (1,00) as n — oo.
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The ratio asymptotics ([104], Theorem 1.7.4) for OPUC state that

n—oo o, (2)

uniformly on compact subsets of C \ D. Theorem 1.7.4 of [104] also shows that the

above is equivalent to

lim o, =0« lim 223 _ g (3.1.13)

n—00 n—00 gp;(z)

where the convergence holds locally uniformly for z € D. When (3.1.13) holds for a
sequence {¢,} of OPUC, we say that the sequence is from the Nevai Class. Thus
the second claim of the corollary is a straightforward consequence of the fact that
bn(2) = @n(2)/¢i(2z) — 0 locally uniformly in D.

To prove an asymptotic result for the expected number of real zeros of the random
orthogonal polynomial P, defined in (3.1.1) similar to (1.2.3) done by Kac, we first
need to relate the measure u to the kernels K,(z, 2), KT(LLO)(Z, z), KT(LLU(Z, z). For the
upper bound of E[N,,(R)], we will assume that the measure p is doubling on subarcs
of T centered at 1 and —1. Recall that a measure p is called doubling on a subarc

T C T if there exists a constant L > 0 such that
w(2l) < Lu(I), 2ICT,

for any subarc I, where 21 is a subarc of T" with the same center as I and twice the

arclength.

Theorem 3.1.2 Let P,(2) = S_p—y mpr(2), where {m} are i.i.d. real-valued stan-
dard Gaussian, and {¢r} are OPUC defined by a measure that is symmetric with
respect to conjugation. Assume that there exist two subarcs of T, centered at 1 and

—1, on which p is doubling. Then it holds that

E[N, (R)] < %logn +00). (3.1.14)
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Moreover, if the quantities |kPay| are uniformly bounded above for some p > 3/2, then

_ 2+ 0(1)

E[N,(R)] log n. (3.1.15)

The assumption on a4’s in (3.1.15) implies for an absolute constant C', we have

Sl < €Y g < oo,
k=0 k=0

that is the ay’s are absolutely summable. This condition not only allows one to prove
a lower bound of E[N,(R)], but by Baxter’s theorem [104, Theorem 5.2.1] this is
known to be equivalent to p being absolutely continuous with respect to the arclenth
distribution on T and the Radon-Nikodym derivative is continuous and positive there.

In particular, p is doubling on T.
Proposition 3.1.1 In the setting of Theorem 3.1.1, assume that
p=tv+(1—1t)o, te(0,1),

where v is a conjugate-symmetric probability measure on the unit circle such that
\kPoy, (V)| are uniformly bounded above for some p > 3/2. Then (3.1.15) holds while

1 —Jan (V)P
1—t)'+ K,(1,1L;v)’

-1 = A1 (V) + @n-1(1;v)@a(l; V>t( (3.1.16)

where the quantities o, (v), o, (z;v), K, (2, w; V) are defined as before only with respect

to the measure v.

Formula (3.1.16) was derived in [120] and shows that «,, ~ 1/n as n — oo, that is,
the recurrence coefficients do not obey the conditions of Theorem 3.1.2. Indeed, the
coefficients ay(v) are absolutely summable. Thus, there exists a constant ¢ > 1 such
that ¢! < |pr(1;v)] < ¢ for all k, see [104, Equation (1.5.16)] and (3.1.10). Hence,

n/c®* < K,(1,1;v) < nc?, which yields the claim.

Theorem 3.1.3 In the setting of Theorem 3.1.1, assume that oy, — 0 as k — oo.

Then we have




locally uniformly in C\ (TUR) as n — oo.

It follows from Theorem 3.1.3 that the unit circle is attracting the zeros of P,. To
quantify this phenomena we will rely on a universality result by Levin and Lubinsky
[68] which concerns OPUC that are regular in the sense of Ullman-Stahl-Totik. OPUC

{p;} are said to be regular in the sense of Ullman-Stahl-Totik if

1m =
n—o00 n

0, (3.1.17)

where &, is the leading coefficient of ¢,(z). Observe that if one assumes that the
recurrence coefficients associated to {y;} satisfy a; — 0 as j — oo, appealing to

(3.1.10) we see that

—L15™ log|l — a2
lim = lim 2 20108 | =0 (3.1.18)

n—oo n n—00 n

log |k |

so that the measure p is regular in the sense of Ullman-Stahl-Totik. Hence this class

of OPUC contains the Nevai class.

Theorem 3.1.4 In the setting of Theorem 3.1.1, assume that oy — 0 as k — o0.
Let S be a compact subset of T \ {£1}. Assume, in addition, that u is absolutely
continuous with respect to the arclength measure on an open set containing S and
its Radon-Nikodym derivative is positive and continuous at each point of S. Given

—00 < T < Ty <00, it follows that

L S| (H'(m) _ H'(1)
n]E[Nn(Q(S, m,72))] = o ( () ) as n — oo, (3.1.19)
where Q(S, 71, 72) = {rz:z€ S, re(1+ 2,1+ 2)} and H(7) := o1
-

It can be readily verified that H'/H is increasing on the real line with

HG) o HG) | H(=7)
A we =0 we T T HC

Thus, the zeros of P, approaching S are expected to be contained in an annular band

around S of width n=*¢ for any ¢ > 0.
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3.2 Expected number of zeros for random orthogonal polynomials with

complex Gaussian coefficients
Let us first start with a motivating example. Consider the complex Kac polynomial
pu(2) =Y mz", (3.2.1)
k=0

with n; = a; +i8;, j = 0,1,...,n, where {a;}7_, and {8;}}_, are sequences of

i.i.d. standard normal random variables. Define
A(s,t) :={2€C:0<s<|z] <t}

Using a classical result by Hammersely [47] that gives a formula for the expected

number of zeros of p,, we have the following:

Proposition 3.2.1 For the complex Kac polynomial p,(z) we have

BN (A0 = 12 - T~ (1o~ o) (322

T 12 1 _ ez — g2nt2
provided the annulus A(s,t) does not contain the unit circle.

Corollary 3.2.1 The complex Kac polynomial p,(z) possess the properties that the

density function for the expected number of zeros is equal to

n(n + 2)

o for |z| =1, (3.2.3)

and

E[N,(D)] = (3.2.4)

n
5
We are interested in examining asymptotic analogues of the above results for random
sums spanned a polynomial basis instead of remaining with the monomials as the
basis. Before going further, we need an extension of Hammersely’s formula for such

random sums.

44



Let {f;} be a sequence of polynomials such that deg f; = j, for j € {0,1,...,n}.

Set

P,(z) = anfj(z), zeC, (3.2.5)

where n is a fixed integer, and n; = a; +if;, j = 0,1,...,n, with {a;}}_, and
{Bj}j—o being sequences of i.i.d. real-valued standard Gaussian random variables.
For a Jordan region 2 C C, applying a general result of Peres and Virdg [88] (c.f.
Shiffman and Zeldith [100] and Ledoan [66] for alternate versions of the result), the

formula for the expected number of zeros of P, is given by

EN,(©)] = / oD (e, y) du dy,

with )
) (1) K (2 2) (2, 2) = ’K’SOJ)(Z’ Z>‘

pr (@) = py (2) = K )P ) (3:2.6)

where
Kn(z7w) = Zf](z)ma Kr(LOJ)(Z’w) = Zf]('z)fg/(w)? (327>

J=0 j=0
and
KMV (z,w) =) fi(2) fj(w). (3.2.8)
§=0

Following the method of proof given by Vanderbei [115], in the Appendix we give an
alternate proof of (3.2.6) for the setting in which our applications are in, that is when

{f;} is a polynomial basis with deg f; = j, for j € {0,1,...,n} .

We note that since all the functions that make up ,0,(11) are real valued, the function

p,g) is real valued. We also remark that since {f;} is a polynomial basis, we have
K.(z,2) > |fo(2)]? > 0. Since Cauchy Schwarz gives

Kfll’l)(z, 2K (z,2) — ‘Kﬁo’l)(z,z)f

>0

)

the function pg) is also in fact nonnegative. Furthermore, for (a,b) C R, it is also

known the E[N,(a,b)] = 0, so that i does not have mass on the real line.
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In the following results we will be considering the case when the spanning functions
{f;} of (3.2.5) are OPRL or OPUC (cf. definition (3.1.7)). We say that a collection of
polynomials {p;};>o are orthogonal on the real line (OPRL) with respect to u, with

supp ¢ C R, if

/pn(a:)pm(:c)du(x) = Opm, forall n,m € NU{0}. (3.2.9)

We note that when polynomials are orthogonal on the real line, they have real coef-
ficients, and thus are real-valued on the real line.

For analogues of our results concerning random linear combinations of OPRL or
OPUC with the random coefficients {n,} of P, being real-valued standard i.i.d. Gaus-
sian, we refer the reader to works of Das [18], Das and Bhatt [19], Lubinsky, Pritsker,
and Xie ([77], [78] Theorems 2.2 and 2.3), and the previous section taken from the
work of Yattselev and the author [122].

Using the Christoffel-Darboux formula we show that the intensity function from

(3.2.6) greatly simplifies when the spanning functions are OPRL or OPUC.

Theorem 3.2.1 Let P,(2) = Y 7_n;fi(2), where {n;} are complez-valued i.i.d. stan-
dard Gaussian random variables, and {f;} are orthogonal polynomials. Let p,(zl) be

defined as in (3.2.6).

1. When f; = pj, 7 =0,...,n, where the p;’s are OPRL, the intensity function

simplifies as

1)y — L= (z)’ Ly m(2)|e(2)]
W e T e

for z € C.

colz) = %’ (3.2.10)

2. Let f; = ¢;, 7 =0,...,n, where the p;’s are OPUC. When |z| # 1, the intensity
function reduces to

Wy = L= Fa(2)P = = 12P)b(2) = P ()
Py (2) T PR a(2) TGE by (2) ) (3.2.11)
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Regarding (3.2.10), we note that

Im(c,(2)) =0 <= cn(2) = cu(2) = cu(2) <= z€R.

Thus as written in the shape above (which is written as such for purposes of com-
puting the limit as n — 00), the intensity function pg) in (3.2.10) appears to have
singularities on the real axis due to the Im(z) and Im(c,(2)) in the denominators.
However these singularises exist only due to the way the intensity function is written.

The restriction |z| # 1 in (3.2.11) of Theorem 3.2.1 is present due to the use and
hence assumptions of the Christoffel-Darboux formula for OPUC. This restriction is
from the fact that only when |z| =1 do we have |¢} ,(2)| = |pnt1(2)| (ie. |by(2)| =
1). Furthermore, it is known that all the zeros of ¢, 11(2) lie in D, and all the zeros of
@r1(2) are outside of D. Thus these two polynomials cannot vanish simultaneously.

Our limiting results of pg) will be phrased in terms of assumptions on the recur-
rence coefficients of the orthogonal polynomials. When {p,} are OPUC, we remind
the reader of the recurrence relation (3.1.8), and the definition of the Nevai class

(3.1.13). For a sequence {p,} of OPRL, the Three Term Recurrence Relation (Theo-

rem 3.2.1 [111]) states
Tpn(2) = anPpi1(2) + bupn(2) + apn_1pn-1(2), n=1,2,..., (3.2.12)

where the recurrence coefficient sequences {a,} and {b,} can be given explicitly in
terms of the leading coefficient of p,, and p,_;. Due to Nevai (Theorem 13 p. 33 [85],
see also Totik p. 99 [113]), the condition that a, — a and b, — b as n — oo, with

a >0 and b € R, is equivalent to

Popi(2) _ 20+ \/(2—17)—2—4‘12, (3.2.13)

li =
nl—go pn(z) 2

with the convergence being valid locally uniformly for z ¢ supp pu. When (3.2.13)
holds for a sequence {p,} of OPRL, we say that the sequence is in the Nevai Class.

We note that this class is sometimes denoted as M (a, b).
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Corollary 3.2.2 Let P,(z) = Y_"_,n;[;(2), where {n;} are complez-valued i.i.d. stan-

dard Gaussian random variables, and {f;} are orthogonal polynomials.

1. When {p;} are OPRL from the Nevai class, the intensity function p,(ll) from

(3.2.10) for the random orthogonal polynomial satisfies

lim p(l)(z): 1 _ |z —b+ \/(2_())—2_W|2
n—oo 4 (Im(2>)2 A7r|(z — b)? — 4a?|(Im(z + /(2 — b)? — 4a? ))27
(3.2.14)

locally uniformly for all z ¢ supp .

2. Let {p;} be OPUC from the Nevai class. Then the intensity function pg) mn
(3.2.11) for the random orthogonal polynomial possesses the property that

1
lim pM(2) = — 3.2.15
Mmoo (2) = T e (3.2.15)

locally uniformly for all z € C\ T.

When a = 1/2 and b = 0 in the definition of the Nevai class for the OPRL (3.2.13),
it is known that this class contains contains the Chebyshev polynomials. The result
of (3.2.14) extends the limiting value given by Farahmand and Grigorash (Section
4 of [36]) in which the spanning functions of their random trigonometric polynomial
can be modified to be the Chebyshev polynomials.

We note that the result of (3.2.15) extends the limiting value of the first correlation
function given by Peres and Virdg [88] (i.e. taking n = 1 of their Theorem 1) when
the spanning functions were the monomials to that of a very general basis of OPUC.
The result further extends their work in that this limiting value also holds for the
exterior of the unit circle.

Due to the simplicity and local uniform convergence in (3.2.15), we have the

following;:

Corollary 3.2.3 Provided the annuli A(s,t) does not contain the unit circle, for the

random orthogonal polynomial spanned by {¢;} that are OPUC from the Nevai class,
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we have

i D00~

Observe that taking s = 0 and ¢ < 1 in the above result we achieve

lim E[N,(D(0,1))] = —-

n—00 1 —¢2’

where D(0,t) = {z € C: |z| < t}.

From (3.2.11) of Theorem 3.2.1 and (3.2.15) of Corollary 3.2.2 we see that the in-
tensity function and its limiting value for the random orthogonal polynomial spanned
by OPUC is singular on the unit circle. Assuming a little more on the measure pu

associated to the OPUC we can quantify how the zeros approach the unit circle.

Theorem 3.2.2 Let P,(2) =Y "_,n;¢j(2), where {n;} are complez-valued i.i.d. stan-
dard Gaussian random variables, and {p;} are OPUC that are regular in the sense
of Ullman-Stahl-Totik (cf. definition (3.1.17)). Let S be a compact subset of T. As-
sume, in addition, that the measure p associated to the sequence {p;} is absolutely
continuous with respect to the arclength measure on an open set containing S and
its Radon-Nikodym derivative is positive and continuous at each point of S. Given

—00 < T < Ty <00, it follows that

1 _ S| (H'(r2)  H'(m)
71113010 EE[N,Z(Q(S, m,72))] = o (H(Tg) Hin) ) (3.2.16)
where (S, 7,7) = {rz:2€ S, r e (14+ 2,1+ 2)} and H(r) = .
-

Remarkably, both the cases of random orthogonal polynomials with real-valued or
complex-valued coefficients yield the same asymptotic in (3.2.16). Due to the sim-
plicity of the intensity function p%l)(z) in the complex-valued i.i.d. standard Gaussian

case, we note that the result of Theorem 3.2.2 holds valid for a larger class of OPUC,

namely OPUC that are Ullman-Stahl-Totik regular.
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3.3 Proofs for Chapter 3

3.3.1 Proofs for Section 3.1

Proof of Theorem 3.1.1. According to the Christoffel-Darboux formula [104, Theo-
rem 2.2.7], since our random sum has n — 1 terms and the polynomials ¢,, have real

coefficients, it holds that

Hence,
KO0 (5, ) = - (2o (w) = (902)/(2)%(1@2 ;;;(Z)son(w) +wfin£z;;) (33.2)
k=0
and
KO(s0) = 3 ol () )
_ () (@) @) = en(2)en(@) | (03)'(2)n (@) = ¢,(2)on(®)
1—zw (1 —zw)?
_ 05 (2)(#3)' (@) — pa(2) (@) | (1 + 20) K (2, w)
W (1= zw) e 839
Thus,

Koz, 2) KO (2, 2) — KOO ()2 — (flfn_(wx%l B <902($)90;(1‘)1—_ sir;(rv)(w?;)’(w)) .

Therefore, the claim of the theorem now follows from (3.1.4) since

1,1 1,0
(1,0)(1,)2 _ iKn(va)Ky(z )(I,I) — KT(L )(*Twr)z

72 K,(x,x)?
YR ACIRY
‘ﬂ[u—ﬁﬁ G—%@Q]

11-R)

2 (1 —22)%’

where

20



Proof of Theorem 3.1.2. In what follows, to avoid complicated schemes of labeling

constants, we shall write
f(2) Sagn(z), z€K, neN < f,(2)<Cguz), z€K, neN,

where the constant C' depends possibly on K but not on z. Furthermore, we write

n(2) =gn(2) = fal2) S 9n(2) S ful2).

An Auxiliary Estimate: Recall that the n-th Christoffel function of u is given by

A(z;p) = inf Ip(2)|_2/|p|2du=K;1(272)7 (3.3.4)

deg(p)<n—1

where the last equality is extremely well known, see for example [104, Equation (1.2.39)].
We will prove the following claim: if the measure p is doubling on a subarc T C T,

then it holds that

A (26775 1) < pan(2) 12/ dp, ze€T, la| <2, (3.3.5)
T(=2)

uniformly with respect to z,a,n, where 7" C T is a subarc with endpoints different
from those of T" and T'(z,d) stands for the subarc of T centered at z of arclength
25. When p is doubling on the whole circle T and a = 0, this claim is simply [81,
Theorem 4.3]. The proof of the localized version (3.3.5) is quite similar to the one of
[81, Theorem 4.3]. However, to improve readability, we adduce the full proof of this

fact below.
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Given an integer m that we shall fix later, put
n—1 5 E\N™ /n—1 n B\ ™
U k=0 \7
1 - 2/77 1—(n/2)"
1—z/n 1—n/z

< 1) 2
i (=)
-
(&

ib

¢t 2m
_ ia/n __ _ib/n
eilat+b)(n—1)/ 2n) (eza/n _ ezb/n)) » #=E€ o N=E¢€

eila—=b)/2 _ ,—i(a—b)/2 2m
ciab/En) _ i)/ ))

. (sm( ))
" sin(%2)

where the normalizing constant -, is chosen so that [}, S,(z,1)|dn| = 1. It is known

|w|
c~

that v, < n™?""1. The last representation of S, (z,7n) shows that
Re (S, (€™, e®™)) 2 n. (3.3.6)

locally uniformly for |a — b| < 27. Similarly, we can easily see from the third repre-
sentation that

n, |Z - T]| S %7
1Sn(z, ) S (3.3.7)
nT =gz =l 2

) ’ =
for |n(|z| = 1), |n(|n| — 1)| < A, where the constant is uniform in A > 0.
We start with an upper bound. Let z € 7" and |a| < 2. Since S, (ze', ze) =
Y,n*™ =< n, it is immediate from (3.3.4) that
M (26 1) < [8(03my (26 26) 7 [ S0 (1) Pl
T
1 ia 1 ia
< —/ 1S j2m) (2€",0) | 1 (0) ] dn| + —2/ S 2m) (26", 0) [Pdp(n), (3.3.8)
nJr n= Jmr

where the inequality on T follows from [2, Equation (4.25)]. It is known, see for

example [81, Lemma 2.1(ix)], that the doubling property is equivalent to

pn(n) S (L+nfz = n))*pa(2), (3.3.9)
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uniformly z,n7 € T, where the parameter s depends only on the constant L in the
doubling inequality ((27) < Lu(I). Choose m > (s + 1)/2. Then (3.3.7) and (3.3.9)

yield that the first integral in (3.3.8) can be estimates above by a constant times

IU’TL<Z> a s
B Sy (e, ) AL+l = )

pon (2 dn
S njia(2) / |+ m2) / ). 33.10)
T(Z,%) n T\T(Z,

— Am—s ~
%)|Z nlm=s

To estimate the second integral in (3.3.8), let us point out that (3.3.9) is a conse-

quence of the inequality

1 ist([ B
/dM,S(’ ]—l—]J\—i—dlst(,J)) /d,u, rIcT
i /] J

where the constant is independent of I, J, see [81, Lemma 2.1(viii)]. Therefore,
pn(z) Z2n°, zeT. (3.3.11)

Thus, our choice of m, (3.3.7), and (3.3.11) imply that

1

1 L[ duly) 1 1
n2
T\T

S n/2m Za d,u < < Mn Z).
| \_ / ( 77)| (T}) ~ n4m /\T |Z - /’7|4m ~ n4m ~ n23+2 ~ ( )

The upper bound in (3.3.5) follows now by plugging estimates (3.3.10) and (3.3.12)
into (3.3.8).
It only remains to prove the lower bound in (3.3.5). Let z € T" and |a| < 2.

Define

Qn(w) :=w (ln/2m] 1)/TSLn/2mJ(w777)(”Mn(77)) / |dn],

which is a polynomial of degree at most n —2m. We get from (3.3.6) and (3.3.9) that

[Qu(ze )] 2

/T R (St (") (ngra(n)) " |dn]

n

1
= ‘/1 %Re (SLn/2mj (em/n,eit/")) (npiy, (ze“/”))l/zdt'

2 / (npin (zeit/"))lmdt 2 (nﬂn(z))l/Q. (3.3.13)

1
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As S, (w,n) is positive for w,n € T, it follows from the normalization of S, and

Jensen’s inequality that

QP < ([ + [ ) Stpamictimmian.
T JT\T
Similarly to (3.3.10), the first integral above can be estimated as follows:
/ Stns2m) (2 mnpin ()| S 1241 (2) /(1 +nlz = 1)Sinjam) (2, 0)ldn| S np(2),
T T

where the first estimate follows from (3.3.9) and the second one from (3.3.7). More-

over, we also have that

1 n
/ S\ns2m) (2, Mnpn(n)|dn| S n/ Sinpzm) (z0)ldnl S ——5 < — S nn(2),
T\T T\T n n
where we again used (3.3.7) as well as (3.3.11). Altogether, we get that
Qn(2)]> S npn(z), 2T (3.3.14)

Let T, be a polynomial of degree at most n — 1 normalized to have value 1 at

ze/™ Tt follows from (3.3.13) and (3.3.14) that

Jmpanz [ gPaz [ mFnmlalz [ 10Q) @
(L@ (L.Q) )P

7 |Qn(ze™/m)[? 7 |Qn(ze™/)]?

= @ (ze/)|" dn] 2 npin(2) dn],

where we also used [2, Equation (4.25)] for the second inequality. Since the polynomial
in the last integral above is normalized to have value 1 at ze’™ and is of degree at

most 2n, (3.3.4) yields that

An (zei“/"; u) 2 npin(2) Aap, (zei“/"; 0), (3.3.15)

~Y

where o is the arclength measure on 7. Now, we know from [116, Theorem 2.4] that

ndon(2;0) = nKy (2, 2,0) 21, z€T, (3.3.16)
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with the constant independent of z and n, where Ks,(z,w;0) is defined exactly as
n (3.1.6) with f;(2) = pi(z;0) and ¢;(z;0) being i-th orthonormal polynomial with

respect to . Then since

’KZn(za w; U)l S \/K2n<27 Z;5 U) \/KZn(wa w; 0)7

which is simply an application of the Cauchy-Schwarz inequality, and by applying
Bernstein-Walsh inequality to each variable of Ky, (z,w;0) as it was done in [68,

Lemma 6.2], we get from (3.3.16) that
|K2n(ueib/",veic/”;a)‘ <n, w,veT, b, <2

The lower bound in (3.3.5) now follows by restricting the above inequality to the
diagonal and plugging it in (3.3.15).
Upper Estimate: 1t follows from (3.1.2), (3.1.11), and (3.1.12) that

1

E[N,(R)] =2 / PO ()

-1

9 —1+1/n 1
< =logn+ O(1)+2 / +/ P10 (2)d.
™ -1 1-1/n

We would like to show that the last two integrals are bounded above by an absolute
constant. We shall show this only for the integral on [1 — %, 1], the case of the other

one being completely identical. It holds that

1 1 K(l 1) d K(l 1) d
/ pS}’O)(x)dx S/ (z,x) dx / y) ?J
1-1/n 1-1/n - ) (7T |
3.3.17

which is an easy consequence of (3.1.4). As u is doubling in some neighborhood of 1,
it follows from the Cauchy-Schwarz inequality, (3.3.4), and the lower bound in (3.3.5)

that

‘KH(HE,HE)‘SK}/2<1+9,1+3)K3/2<1+E,1+—>5#51(1)
n n n n n
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for |u|, |v] < 3/2. Consequently, the Cauchy integral formula for derivatives of holo-
morphic functions gives us

‘K(“)<1+— 1+ (—‘—/
|

n

/ n(1+214 2 )dndf_ n?
a2 Jig=syz (2 — 2)2(£ — 2)2m m un(l)

for |ul,|v| < 1. The desired claim now follows from the above inequality combined
with the upper estimate in (3.3.5).

Lower Estimate: Under the current assumptions the measure p is doubling on the
whole circle (see the explanation after the statement of the theorem) and therefore

we only need to prove the lower estimate. To this end, observe that

E[M(R)bz/lbi" N ]

e _1+loin 1

where M, is the maximum of |h,(x)| on the interval of integration above. Thus, to
prove (3.1.15) it is enough to show that M, = o(1) as n — oo.
By the conditions of the theorem the sequence of the recurrence coefficients is

absolutely summable. Hence, it follows from [104, Theorem 1.5.3] that

IS MBS (3.3.18)
uniformly on D. As |®,| = |®*| on T, it also follows from the Bernstein-Walsh
inequality that

@, (2)] S 12" J2] > 1. (3.3.19)

We now claim that
z)=1—=z2 Z ap®r(2). (3.3.20)
Observe that (3.1.9) gives
0 11(2) = @ (2) — anz®(2),
As Og(z) = 1 = ®§(2), we have

Di(2) = 1 — apzPo(2),
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and
D3(2) = DJ(2) — a12®@1(2) = 1 — 2(apPp(2) + a1 P1(2)).
Hence we have a basis for induction. Assume that
n—2
O i (2)=1—2 Z aPr(2)
k=0
holds true. Then
n—1
O (2) = @ 4(2) — 1 @i (2) =1— 2> ap®y(2),
k=0

so that (3.3.20) is valid by Math Induction.

From (3.3.20), (3.3.19), and the absolute summability of ay’s that

n—1 m—1 n—1
D5 (2)] S Jall2]t = (Z i+ ) o |27 S 2™ + Awlz® (3.3.21)
k=0  k=m

for |z| > 1, where A, == 7 |ag|. That is, it holds that

|D,(2)| = [2"05(1/2)] S A+ 12777, |2l < 1. (3.3.22)

Combining the above inequality with the lower bound in (3.3.18), we see that

©n(2) ®,(2) -
|b,(2)] = ‘ = ‘ SAn+ 2P, |2 < L (3.3.23)
on(2)] | Ph(2)
It further follows from the Cauchy integral formula for the derivatives that
bn-1(Q)| |dC] Ap + 1
b1 (2))| < [Cbn s < 2 <. 3.3.24
{(Z 1(Z>) | —/|;:T |C—Z|2 o >T 7‘2—|Z|2 ) |Z| r ( )

On the other hand, the Bernstein inequality for polynomials on the disk of radius r,

(3.3.18), and (3.3.22) yield that

max | (zbn,l(z))/‘ Sn (A +r"" ) (3.3.25)

|z|<r
Now, take m to be the integer part of n/logn and recall that A,, < m!™? according
to the condition placed on the recurrence coefficients. Thus, inequalities (3.3.24) and
(3.3.25), both applied with r = 1 — logn/n, give

, 1 n3/2*p, |Z| S 1- nil/za
|(2ba(2)) ] S (logn)”~ (3.3.26)
n?P, 1-nTV2 <z <1 e
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It also follows from (3.3.23) that for x € (—1,1) we have that

1 — 22 - 1, lz| <1—-n"12

1 — (xby_1(x))% ™~

nV2 1TV < <1 - k’%.

Now observe that from the recurrence relation (3.1.9) it follows that

) = (1= ) et (3.5

Therefore, we deduce from (3.3.27) that M, < (logn)P~'n%2P = o(1) as desired.

Proof of Proposition 3.1.1. Notice that the upper bound (3.1.14) remains valid in
this case. We prove the lower bound as in the previous section by showing that the
maximum of |h,1(x)| on [-1 4 logn/n,1 —logn/n| behaves like o(1) as n — oo.

It was discovered by Geronimus [44], see also [120], that

O, (1;v)K,(z,1;v)

On(2) = ®ulzV) = S T A 1)

(3.3.28)

As @,(1;v) = Kk, ou(L;v) and @, (1;v)ek(1;v) = ¢2(1;v), using the Christoffel-

Darboux formula (3.3.1) yields

D, (L) Ky(z, L;v) = K, on(L;v) (SOZ(Z; V)enll; yi — fn<z; V)nll, V))

atn (Bl =),

Thus (3.3.28) can be written as

P} (z3v) — Pulz;v)

(I)n(Z):CI)n(Z,V)—Bn 1—

where we have set

o2 (1;v)

b = tl—t)1+ K,(1,1;v)

Consequently
O (z;v) — D, (2;v)

CI):;(Z) = (I);(Z, V) - zﬂn 1— 2
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Put s,(2) := 2b,(z;v). Then it holds that
(L= 2)sn(2) = Bulz —su(2)) _ (1 —=2)(1 = sa(2))

ba(z) = = 21+ Bu) + Busu(z) 1= 2(1+ Ba) + Busa(z)’
Therefore,
- 21— o (s 14 sn(2) + 2(sp(2) — 2) 2
— ()" = (=2 (=) T T 3 1 s
and
(b)) = (1= 2)%(1+ Bu)sp(2) = Bul(1 + sn(2)(5n(2) — 2))

(1 = 2(1+4 Bn) + Busn(2))?

Thus, we get from (3.3.27) that

(1= 2*)(1+ Bn)sp(2) = Ba 22 (1 + su(2)(5n(2) — 2))
(1= sa(2)) (1 + 5a(2) + {22 (s0(2) = 2)) '

It follows from the explanation given after the statement of the proposition that

ha1(2) = (3.3.20)

Bn =< 1/n and therefore

1+ Bn 1 logn
1 n n -2)| 5 S ) 1< <1- )
T (@) 2| S 7 S o, Lo 1o

Bn

where we used the fact that |s,(z)| <1 in D. It also follows from (3.3.26) that

1
(1= 22)(1 + Bo)|s, ()| < (lognyP~n¥2?,  |a| <1- 21

Hence, the numerator of (3.3.29) is of order o(1) as n — oo on the interval of interest.
Similarly, we see from (3.3.23) that the denominator behaves like 1+0(1) there, which

finishes the proof of the proposition. [ |

Proof of Theorem 3.1.3. Let us modify expression (3.1.5) for pn D to make it more

amenable to the asymptotic analysis. Write
7 (Ko(2,2)% = [Ka(2,2)]7) " p0D(2) = S1(2) + Sa(2) + Sa(2), (3.3.30)
where from (3.1.5) we have
S1(2) i= KU (2, 2) (oul22)? — [Kalz2)P)
So(2) 1= — K (2, 2) (|K,§L°>(z,z)|2 + KOz, z)|2) ,

S3(z) := 2Re (K, (=, ) K0 (2, ) K1 (z, z)) .

n
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For brevity, put
Su(z,w0) := (£3,) (2)n (W) — ¢}, (2)pn ().

Then it follows from (3.3.1)—(3.3.3) that Si(z) is equal to

%Kdz, 2) (Ku(z.2)? = [Ku(2,2)) (3.3.31)
2'R?£Zﬁ§5;—>) (Kn(2:2)* = [Ka(2,2) ) (3.3.32)
Y CAIC; |—Z||2s0%<2>| (Ku(z,2)” = [Ka(22)P). (3.3.33)

Sa(2) is equal to

i (S )
Lz, jfiaijig(z, 2) _ Kl Z)Re|(12f_(7;(2fz‘;z>m> (3.3.35)
B Kn%z_nin'g)z; 2l K"(Z{fﬂi’?ﬁf’z)'a (3.3.36)

and S3(z) is equal to
Kn(z,lzﬂlf;g&?w (’11 = |§2||42 _ 1) (3.3.37)
¢ o ()l (I T Yoy
v _2|z|2Re (Kn(z,E)Slniz;)m> 7 (3.3.39)

where we used the identity 2Re(2?) = 1 + |z|* — [1 — 2%|? in (3.3.37). Then we can

rewrite (3.3.30) as
7 (B2 2 — [ (5,2) ) 600 (2) = S (2) + Sa() + Sug(z), (3.3.40)

where ¥, ; is the sum of (3.3.31), (3.3.34), and (3.3.37), X,, 2 is the sum of (3.3.32),
(3.3.35), and (3.3.38), and ¥,, 3 is the sum of (3.3.33), (3.3.36), and (3.3.39). One can
readily verify that

2 1

—Kn(Z’Z) — Kn(z,z)|Kn(sz)|2 ((1 — |2]?)2 o 11— 22‘2> ‘ (3.341)

=) = (a2
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Furthermore, one can check that the sum of (3.3.32) and the first summands of

(3.3.35) and (3.3.38) is equal to

L Re((Z = 2) (2 2) (93 (2)° — on(2)*) (2, 2)
(1= [2[2)?]1 = 222 ’

while the sum of the last summands of (3.3.35) and (3.3.38) is equal to

G Re((z = 2) (2 2) (e (Z)I° — [pn(2)*)Sn (2, %))
(1= [2[2)?]1 = 222 '

By adding up the last two expressions and simplifying, we get that

2Re (2 = 2)Kn(2 2) () (2)ea() — 2202 (0a(2)03(2) — wa(2)n(2)))

Y =
2(?) (SFDETREE

(3.3.42)
To compute ¥, 3, notice that the sum of the first summands of (3.3.33) and (3.3.36)

is equal to
Ka(2,2)|(3) (2)pn(2) — ¢l (2)¢n (2)]°
(1—z[?)? '

The remaining summand of (3.3.33) is equal to

LR — oy [P G 1L G — 2Re (@ (2)0n(2)°)
(2, = @) ) e ,

while the remaining summand of (3.3.36) is equal to

| ( )|2’<pn< )| ‘Son( ) *(2>’2 _ |( )( )|2‘90n( )‘ ’@TL(Z)QO;(Z)P

(1= [zt = 222 (1= [2[%)]1 = 222

Re((on) (2)en(2)n(2)en(2))

+2K,(z,2) 1= 222
Moreover, (3.3.39) can be rewritten as
s op2Re(@n @) en(2)?) = 2en(N" L e 2Re(@n(2)%en(2)?) — 2L ()]
| (2)] (1— |21 — 222 ()" (2)] (1—|z]2)|1 = 222
Re((¢})'(2)0n(2)on(2)n(2) + (03)'(2)on(2)0h (2) o1 (2 ))'

_2Kn(za ) ’1_22|2

By adding the last four expressions together we get that

En3(2) = Kn(2,2)|(2}) (2)0n(2) = 00(2) 5 (2) (u —122|2 o —112\2>2

> . (3.3.43)
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Notice that

=v.(2), |2/ <1,

(03) (2)en(2) — 0n(2)pn(2) "
25 = (3.3.44)
" 1) (2), |2 > 1,
where
on(z), 12l <1,
Pn(2) =
on(2), 2] >1.
Finally, the assumption a — 0 as k — oo implies that
bn(z) — 0, locally uniformly in |z| < 1,
(3.3.45)

b,'(z) = 0, locally uniformly in |z| > 1,

as n — oo according to [104, Theorem 1.7.4], and since ¢, (z) are real-valued on the
real line so that b,'(z) = b,(1/2). By recalling (3.3.1) and pugging (3.3.44) into
(3.3.42), (3.3.43) and using (3.3.45), we get that

(Enﬂ + En,?))(z)
|9 (2)[°

as n — oo locally uniformly in C \ T. Similarly, we get that

Zn,l(z) 1 1 B 1 2
|¢n(z)|6 — |1 — |Z|2| ((1 _ |Z|2)2 |1 N 22|2) (3347)

—0 (3.3.46)

as n — oo locally uniformly in C \ T. Finally, since

Kn(z,zéi’!)[‘in(z,zw_)( 1 )

=]z 1 =222
as n — oo locally uniformly in C \ T, the claim of the theorem follows from (3.3.47),

(3.3.46), and (3.3.40). m

The final proof of this section will rely on a universality result by Levin and

Lubinsky [68]. For convenience of the reader, the result we will use is the following:

Theorem 3.3.1 (Theorem 6.3 Levin and Lubinsky [68]) Let y be a finite pos-

itive Borel measure on [—m, ) that is Ullman-Stahl-Totik regular. Let J C (—m,m) be
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compact, and such that p is absolutely continuous in an open interval containing J.
Assume moreover, that w = ' is positive and continuous at each point of J. Then

uniformly for a,b in compact subsets of the plane and z = €, € J and we have

127a @ .
lim B (Z (1+ " ),Z(l—l— n >> :eiﬂ-(afb)w,

R0 K,(z, 2) m(a —b)

Changing the variables by a = u/(27i) and b = ©/(27i), the conclusion of the above

result can be restated as

u v ut+v _
thn(z(l—i-n),z(l—i—n))_e 1:

= =H .
n—oo Kn(Z,Z) u+v (u+’l})

Proof of Theorem 3.1.4. It follows from (3.1.2) that

n

1 1432
:—// pglo’l)(zr)rdr|dz|
nJsJiyzk
T T
L o) drldz].
2712//T1 2n)>< +2n Tld

|S|
3 [l =5

and as n — oo we have 1+ 7/(2n) — 1 uniformly for 7 on compact subsets of the

l]E[Nn(Q(S, T, m))] = l// PO (2)dA
n Q(S,T1,T2)

Since

real line, to complete the the proof it suffices to show

it (- (0 52)) = £ () 3348

uniformly for z € S and 7 on compact subsets of the real line.

Under the assumption that ap — 0 as £k — oo, the measure p is regular in
the sense of Ullman-Stahl-Totik, see (3.1.10) and (3.1.17). Therefore, Theorem 3.3.1

(taken from [68, Theorem 6.3]) is applicable on S and hence

im K, (2pu; 20p) K, (2, 2) = H(u +v) (3.3.49)

n
n—0o0
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uniformly for z € S and u,v on compact subsets of C, where z,, = 2(1 + a/n).

Moreover, we have that

giti =] .
; Kn Rnus Angp) = (i.7)
outovI (zn v)

K
pition

(Zn,ua Zn,ﬂ)

for any non-negative integers ¢, j. Thus Cauchy’s integral formula and the uniform
convergence of (3.3.49) give

Zi_j K7(Li7j) (2n,ua Zn,ﬁ)

_ = H+) 3.3.50
n—yo0 it Ka(z, 2) (u+v) ( )

uniformly for z € S and u,v on compact subsets of C.

In another connection, since a; — 0 as i — oo, [83, Theorem 4] states that

lim max |, (2)|*K;, ' (2,2) = 0.

n—oo z€T
By compactness, the set S can be covered by finitely many closed subarcs I; C
T\ {£1} such that 4 is continuous and positive on each I;. Since U,I; is separated

from £1, the Christoffel-Darboux formula (3.3.1) and the above limit yield that

lim max K,(z,2)K,(z,2) = 0.

n—00 z€U; 1
Since K,(z,%) is a polynomial of degree 2n — 2, it follows from Lemma 6.1 in [6§]

applied on each I; separately, that

|Kn(zn,aazn,a)| 5 zrél&}lcj |Kn(2’,§)|

uniformly in n and a on compact subsets of C. Thus, it holds that
im | K (2.0, Zna) | K, H(2,2) =0 (3.3.51)
n—oo

uniformly for z € S and a on compact subsets of C. Moreover, since

n 0

K,r(Ll’O) (Zn,aa En,d) = Q_a_Kn(Zn,aﬂ En,a))
z oa

it follows from (3.3.51) and Cauchy’s integral formula that

lim 7 K8 (2,0, Zna) | K (2,2) = 0 (3.3.52)

n—oo
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uniformly for z € S and a on compact subsets of C.
The desired claim (3.3.48) now is an immediate consequence of (3.1.5) and (3.3.49)—

(3.3.52). m

3.3.2 Proofs for Section 3.2

Proof of Proposition 3.2.1. The classic result of Hammersley [47] says that the first
intensity function for a complex Kac polynomial » ;_, 2k is

_ 11—l (7)) (1—]zP)(n+1)2"
o (=P 1 — |22 +D

Thus for A(s,t) not containing the unit circle it follows that

where  h,,1(2) =

E[Nn(A(s, 1))] = W (2)dA(2)

R

$,t)

AGs) ( 1 —|z[?)? (i”jzl'zlﬂf;;) dA(2)
T (- ) e

B 1 n+1 1 n+1
T 12 ]tz 1 _ g2 ] _ g2mt2 )"

\

N 3| e

c\

Proof of Corollary 3.2.1. The conclusion of (3.2.3) first follows from writing the first

intensity function in the form

" Koz, 2) K8 (2, 2) — [ KD (2, 2) 2
ﬂ-pn ( ) Kn(Z,Z)Q Y

(3.3.53)

where

= Z 2|2, KOV(z,2) Zk;z 7 K(WD(2,2) = Zk:2|z]2k_2.
k=0 k=0

(3.3.54)
When |z| = 1, using standard summation formulas the kernels take the shape

n(n+1)

n(n+1)(2n + 1)
5 :

K7§1171) (27 Z) = 6

1
(3.3.55)
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Inserting the above evaluations of the kernels in first intensity function (3.3.53) and
simplifying then gives (3.2.3).

For the result in (3.2.4), with setting s =0 and 0 <t < 1 in (3.2.2) we have

(1= (1+n(1 —1t?)))
(1 —#2)(1 — ¢2nt2)

E[N.(D(0,1))] =

Appealing to L’Hopital’s rule twice we see that

" 21 —t*"(1+n(l—1?))) n
im = —
t—=1 (1 —=12)(1 —2+2) 2’
which yields the desired result. |

We will now specify { f;} to be either OPRL or OPUC, and then use the Christoffel-
Darboux formula and its analogue for OPUC (3.3.1) to simplify the kernels K,(z, z),
Kﬁo’l)(z,z), and Kﬁl’l)(z,z) which make up the intensity function p, from (3.2.6).
For convenience of the reader, we state the Christoffel-Darboux formula for OPRL
(Theorem 3.2.2, p. 43 of [111]): for z,w € C and {p,};>0 OPRL, with k; being the

leading coefficient of p;, we have

kpni1 zZ—w

> pi(2)ps(w) = b Punn(@pa() ZPa@Dpuna(©) (3.3.56)

Furthermore, on the diagonal z = w it takes the form

> ()" = o * (Pry1(2)pn(2) = P (2)pnsa (2)). (3.3.57)

knJrl

§=0

Before obtaining our representations of the kernels, let us note that since the
polynomials {p;} are orthogonal on the real line, and since we are assuming that the
recurrence coefficients {«;} associated to {y,} satisfy {a;} C (—1,1), both classes of
orthogonal polynomials have real coefficients. Thus when using conjugation we have

that p;(z) = p;(2) and ¢;(2) = ¢;(2) forall j =0,1,..., and all z € C.
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Proof of (3.2.10) in Theorem 3.2.1. For z # w, taking derivatives of (3.3.56) yields

> pi()p(w) =

and

kn+1 Z—w

i (an(z)p;(w) — pu(2)P 41 (w)

+

(2 —w)?

Pri1 (2)pa(w) — pn<z>pn+1<w>)

> i—oPi(2)pj(w)

k, ) Pnt1 (Z>p/n(w) - pn<2)p%+1(w>

= — + R . (3.3.58)
~ ke (P (D) (w) = L (2)ph s (w)
jzopj(z>pj<w) . ( =
B pn+1(2)p%(w) - pn(z)p;ﬁl(w)
(2 —w)?
+ p;1+1 (Z)pn (Z)__j;(z)anrl(w)
2 (P (2)pa(w) pn<z>pn+1<w>>>
(z —w)?
_ ke Pan ()P (w) = P (2)Pha (W)
kni1 zZ—w
- Z?ofj_(zlipé(w . Z?of}_(zpj(w)‘ (33.50)

Setting w = Z in (3.3.56), (3.3.58), and (3.3.59), since the coefficients of {p;} are

real it follows that

Kafe,2) = Yoy () = o - et En ) = ol (2) (3.3.60)

ki1 2iIm(z) ’

ki1 2iIm(z) 2iIm(z)’

K (2.2) = ) pi(2)pf(2) = Fn_ Prer(2)P0(2) = Pa(2)Phin () | Ka(2,2)

(3.3.61)

ko Tm(pl (2)ph(2)  KOV(z,2)  K™V(z,2)

KiD(z,2) =) pj(a)p(2) = .= -
=0

el Im(2) 2iIm(z) 2iIm(z)

(3.3.62)

For our representation of K,(z,2) we simply use (3.3.57) and again that the

67



coefficients of {p;} are real to achieve

ij p] ij p] = il (p;H_l(Z)pn(Z) - p;z(z)pn—i-l(z)) :

knJrl
(3.3.63)

Using our derived expressions (3.3.60), (3.3.61), (3.3.62), and (3.3.63), the numer-
ator of the intensity function p,, from (3.2.6) simplifies as

(Ku(2,2)" = |Ku(2,2)"

KD z,2)K,(z,2) — KO 2, 2)|? =
(502K (22) = K (2, 2) TE:

n

Therefore, using the expression for the numerator above and recalling the relations
(3.3.60) and (3.3.63), we see that the intensity function given by (3.2.6) is

Kz 2) Kz, 2) — KDY (2, 2) 2

o
b (2) 7 (K2 2))”
IR S S e €2 >|2>
47 (Im(2))* (Ku(z,2))*
_ 1 IR () — (e >pn+1<z>!2>
4m (Im(z))* (Pas+1(2)pa(z ) ( )ns1(2))°
) X N (2iIm(z))> <pn+1(z)>
47 (Im(2)) (pn+1 z) p;:l;f )
_1- h,(2)?
47 (Im(2))?’
where
CmOEE] el
S T ) R S
which gives the result of (3.2.10) in Theorem 3.2.1. |

Proof of (3.2.11) in Theorem 3.2.1. Applying the analogue of the Christoffel-Darboux
formula (3.3.1), and making derivations analogously as done for the kernels for OPRL,

our representations of K,(z, z), K,(lo’l)(z, z), and K,(ll’l)(z, z) are as follows:

= Z i(2)p;(z) = |¢Z+1<Z)1} __‘J?H(z)' : (3.3.64)
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KOV (% 2) = Z‘P'(Z)SOI'(Z) _ Onl1(2)051(2) — o1 (2)enia(2)  2Kn(z, 2)

e NE
(3.3.65)
and
KUY (z 2) Z|g0j
_ |902+1(Z)|2 — I 2K (2 2) + 2K (5, 2) + K2, 2)
Es Es |

(3.3.66)

Using (3.3.64), (3.3.65), and (3.3.66), the numerator of the intensity function p,
from (3.2.6) reduces to
(Kn(za Z))2
(1= |=?)*
. 2
|90n+1 90n+1( ) - ()On+/1 (Z>90n+1(z)|
(1= =?)*

From the above numerator and (3.3.64), the intensity function becomes

KV(LLI)(Z? Z)Kn(zv Z) - |K1S,0’1)(27 Z)|2 -

2
K- 1)(2 2)K, (Z z) — ‘K(O’l)(z z)

_ (1 }sonﬂ sonH()—so;;l(z)sonH(z)F)
1—|zr

(Ku(2,2))°
_ (1 a2 |hs () (2) — <P;Z+'1(Z)30n+1(2>|2>
(1— |z| (Ipns1(2)2 = | (2)2)°
(3.3.67)

[ aErr|(asB)
T r (-2 SRS

(| -1)
1 k(o)
(1= [2[2)7’
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where

1—|z|?)b,
l{?n(Z) — ( |Z| ) n(QZ)’ bn(z) — ¢:+1(Z>7
1 —[bn(2)| Phi1(2)
and hence completes the proof of (3.2.11) in Theorem 3.2.1. |
Proof of (3.2.14) in Corollary 3.2.2. Since the convergence of (3.2.13) is uniform on

compact subsets away from the support of p, for z ¢ supp p we can differentiate to

yield
/
lim ¢,(z) = lim (pn+—1(2))
_d [(z2=b+ /(2 —b)*—4a?
dz 2

_z—b+ \/(z—b)2—4a2. (3.3.68)

2/ b)? — 4a?
Also from (3.2.13) we see that

Pn+1(Z) _ pn+1(2)

. _ . pn(z) pn(i)
g Te(enle)) = Jie =
z24+4/(z—=0)?2—4a®> — (Z+ /(2= b)? — 4a?)

_ 3.3.69
1 ( )

Combining (3.3.68) and (3.3.69) gives
% e (2)]? 2|y~ b+ /(2 =0 — 42|
lim hy(2)? = tim SE AP (m() e —b+ V(= - ) — de?]

s e (men(2)F |z - b2 —da|(Im(z + /G — 0 — da? )

Therefore, using the representation of the intensity function in (3.2.10) of Theorem
3.2.1, from the above limit we see that
lim pM(2) = lim

1—h2(z2)
n—oo' n—00 4qr (Im(z))2

1 |z — b+ /(2 — b)? — 4a?|?

T 4n (Im(z))* - Ar|(z — b)2 — 4a?|(Im(z + /(z — b)2 — 4a? ))?’

locally uniformly for z ¢ supp pu, and thus completes the proof. |

Proof of (3.2.15) in Corollary 3.2.2. Under the assumption that {¢;} are OPUC in

the Nevai class, (3.1.13) gives

lim by (z) = lim 222 ¢ (3.3.70)

n—00 n—00 QO:‘LJrl(z)
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uniformly on compact subsets of ID. Since the convergence is locally uniform in D,

within D we can differentiate to achieve

lim 8 (2) = lim - (“0”“(2)) ~ 0. (3.3.71)

n—00 n—oo dz QO:LJrl(z)

Thus combining (3.3.70) and (3.3.71) we see that

lim k,(z) = lim (1= [2[)b(2)

n—00 n—oo 1 — ‘bn(z)P

= 0. (3.3.72)
This gives that the intensity function in Theorem 3.2.1 represented by (3.2.11) satisfies

. 1= [ka(2)] 1
1 = 1 —
JNim pa(z) = B (l— 222 w(l—|2]2)?

locally uniformly on D.
To see that the same limit holds in the exterior of the disk, as noted by Igor

Pritsker, observe that for w =zt € D

oy (2) _ 2"pn(1/2) _ w"p(w) _ (Qpn(w)>
en(2) en(2) p(1/w) en(w) /)

Thus, under the assumption that {¢,} are from the Nevai class, for z € C\D we have

n—00 o (2)

= 0. (3.3.73)

Notice that from (3.3.67) we can factor in a different manor to achieve

(D () — 1 B (1- |Z|2)2|90:L+1(Z)90;L+1(2> - ¢;+’1(z)¢n+1(2)|2
) = SRR (1 (oGP — [P ) P2 )

MENGE
2\2 San 1 z
1 (- e |(2223)
a 7T(1 - |Z|2)2 ony1(2) 2 1 2
‘Pn+1(2)

1 ()P
w1 2P

where

_O-EPE gl
R T S P O}
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Using (3.3.73) and continuing analogously as done for the case in the unit disk, it

follows that I,,(z) — 0 locally uniformly for z € C \ D as n — oo. Therefore

: . 1= l(2)]? 1
lim pM(z) = 1 - = 3.3.74
R (EEDE S O (33.14)
uniformly on compact subsets of C \ D, and hence gives our desired result. [ |

Proof of Corollary 3.2.3. Since the convergence of (3.2.15) in Corollary 3.2.2 is locally
uniform on annuli that do not contain the unit circle, we can pass the limit through

the integral over

A(s,t) ={z € C\T:0<s < |z] <t}

We remark that formally we need to consider a closed annulus the does not contain
the unit circle. However, since the measure associated to the integral is Lebesgue area
measure which is absolutely continuous, and the limiting values above are continuous
functions away from the unit circle, we have that the boundary of the closed annulus

has measure zero. Hence we just consider the open annulus A(s,t). Thus we have

lim PV (2) dz = / lim p\V(z2) dz
A(s,t) A(s

n—oo ,t) n—oo
1 / 1
. LR
T Jay (1 —12%)?

1 27 t r
w/o /s<1—r2>2 '
1

1
1—#2 1-— g2
t? — s?
=21~ )
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Proof of Theorem 3.2.2. 1t follows from definition of the intensity function that

n n

1 1+32
— _// PV (zr)rdr|dz|
nJsJit+gL

1 = T T
= g o), W (e g)) (e 57) drieel
2n? /S/T1 P \FLT 2n + 2n 7l

1
—/|d2|:|£|,
2 Jg 2

and as n — oo we have 1+ 7/(2n) — 1 uniformly for 7 on compact subsets of the

LeN, (S, m, )] = / / D (z) dA
Q(S,11,72)

Since

real line, to complete the the proof it suffices to show

et (- (5)) =1 (77) 5379

uniformly for z € S and 7 on compact subsets of the real line.

To this end, using the representation (3.2.6) of pY and the two limits (3.3.49)

and (3.3.50), we see that

1 T
(= (1 5,))
n2p" N +2n
11

_ 1 KTZ(Z’ILT/27 Zn,?/Q)KSL 7 )(Zn,T/Qa Zn,i'/Z) - |K7(1071) (ZTL,T/27 Zn,‘?/2>|2
n2mw Kn<zn,7/27 Z'n,7_'/2)2

1,1 0,1
K”(zn,f/szn,'T'/Q)K’EL )(Zn,'r/szn,?/2) _ |K’£L >(ZTL,T/27ZH,77/2)‘2
n2Ky(z,2)2 n2Kn(z2,2)2
T Kn(zn,r/2vzn,7'—/2)2
Kn(2,2)?

H(T)H"(t) — H'(1)?
H(r)?

1
-+ ()

and thus completes the proof. |

(n — o)
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CHAPTER IV
VARIANCE OF THE NUMBER OF ZEROS OF RANDOM SUMS

In this chapter we study the variance of the number of zeros for

Pu(z) = Zﬁkwk(z) and  P(z) = an%(z),
k=0 k=0

where {7} are complex-valued random variables, and {¢} are OPUC. For measurable

2 C C, the variance of the number of zeros of P, in 2 will be denoted as
Var[N,,(Q)] := E[N,(Q)?] — E[N,.(Q)]?, (4.0.1)
and respectively for P as
Var[N(Q)] := E[N(Q2)?] — E[N(Q)]%. (4.0.2)

When {7} are complex-valued random variables whose distributions only satisfy
certain uniform bounds for the fractional and logarithmic moments, and the recur-
rence coefficients {ay} associated to {¢,} are absolutely summable, or such that the
measure of orthogonality u associated to {y} is regular in the sense of Ullman-Stahl-
Totik (UST), we give quantitative estimates that show the variance of the number
of zeros scaled by n? of P, in annuli that intersect the unit circle is o(1) as n — oo.
When {7} are i.i.d. complex-valued standard Gaussian, and {¢;} are OPUC asso-
ciated to a conjugate symmetric measure p from the Nevai class, we give the limit
of the variance of the number of zeros of P, in annuli that do not contain the unit
circle.

Setting {m} to be i.i.d. complex-valued standard Gaussian, we take {yx} to be

from the Szego class to ensure the almost sure convergence of the random series P
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within the unit disk. In this case we compute the variance of the number of zeros of
P in annuli contained in the unit disk.
We note the hierarchy of the classes of OPUC we are considering as spanning

functions:

{{exr} : the associated recurrence coefficients {«ay} are absolutely summable}
C {{pr} from the Szegd class}
C {{pr} from the Nevai class}

C {{¢r} : the associated measure u of orthogonality is regular in the sense of UST}.

In the case that {7} are i.i.d. complex-valued standard Gaussian, we will study

the variance of the number of zeros via examining the second correlation function.

We denote the second correlation function for P,(z) as pg)(z, w), and p?(z,w) for

P(z). To see the connection between the variance of the number of zeros and the

second correlation function, observe that for a measurable set (2 C C it follows that

Var[N,(Q)] = E[(Na(2)*] - (E[N.()])°
= E[Na(©)] = E[Na(Q)] + E[(Na())*] = (B[N, ()"

= E[N,(Q)] + E[N,(Q)(Na(Q) — 1)] — (E[N,()])”

/<1> //pnzwdA)dA()

/ / pW(2)pW(w) dA(z) dA(w), (4.0.3)

where the equality

E[N,(Q)(N,(Q) — 1)] = / / o) (2, w) dA(z) dA(w)

is a known result. Replacing NV,,(2) by N () in the above, similarly we have a relation

for p@(z,w).
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4.1 The variance of the number of zeros for random orthogonal

polynomials

Let us first consider the simplest type of OPUC, {z*}, as a spanning basis. In this
case we have the complex Kac polynomial P,(z) = > p_, k2", where {n,} are

complex-valued random variables. Let
Ao, f)={z€eC:a<argz< <2, 1/r<|zl]<r, 0<r<1}.
Set
M := sup{E|[|nr.|'] | k=0,1,...,n, n € N} < oo, te(0,1] (4.1.1)

and

L = inf{E[log |nk,|] | k=0& n, n € N} > —cc. (4.1.2)

As an application of Corollary 2.1.1 we obtain the following result concerning the

scaled variance of the number of zeros of the complex Kac polynomial.

Theorem 4.1.1 For P,(z) = Y ;_,mkn2" where {ny,} are complex valued random

variables satisfying conditions (4.1.1) and (4.1.2), we have

VarlVa (4. (0. 8)] ( 10%”) s no (113)

n? n
Consider now the random orthogonal polynomial P,(z) = > 7 _, Mknk(z) where

{¢r} are OPUC, and {n,} are complex valued random variables such that

sup{E[|m..'] | k=0,1,...,n, n€ N} < oo, te€(0,1] (4.1.4)
and
min (}LrellgE[log Mnnl], neg}feclﬁl[log 10,0 + z|]) > —00. (4.1.5)

Applying the results of (2.2.7) and (2.2.8) of Corollary 2.2.1 we are able achieve

the following:
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Theorem 4.1.2 Let P, (2) =Y 1_o Mnr(2) where {ny,} are complex valued random

variables satisfying conditions (4.1.4) and (4.1.5).

1. When the recurrence coefficients {ay } associated to {¢r} are absolutely summable,

we have

n? n

Var{N (4, (0 8], ( log”> Cas mooo. (416)

2. Assume the measure of orthogonality v associated to {py} is reqular in the sense

of Ullman-Stahl-Totik, that is,
1
en = —log |k, — 0, as n — oo, (4.1.7)
n
where Kk, is the leading coefficient of p,. Then

Var[Nn(;tr(a,ﬁ))] _ 0 (max {, /10%,53/4» as n— 00, (4.18)

where €, is given by (4.1.7).

We remark that the result of (2.2.7) of Corollary 2.2.1 was stated for {¢,} that
are orthonormal with respect to a positive Borel measure i supported on the unit
circle, such that du(0) = w(#)dd, where w(f) > ¢ > 0, 6 € [0,27). Due to Baxter’s
Theorem (see [104], Theorem 5.2.1) this assumption is equivalent to Y - |ax| < co.
We also note that since

o0 oo 2
D ol < <Z |04k|> < 00,

k=0 k=0

relying on Theorem 2.7.15 of [104] which states that the condition "y ax|* < oo
is equivalent to {¢x} being in the Szegd class, we see that the result of (4.1.6) holds
for a subset of OPUC from the Szeg6 class, and consequently a subset of OPUC from
the Nevai class.

For the random sum f,(z) = > ;_,mp;(2), where {n;} are complex valued
iid. Gaussian random variables and {p;(z)} are a polynomial basis with the de-

gree of p;(z) equal to j, Corollary 3.4.2 of [49] gives the following formulas for the
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correlation functions:

_ Perm(C — B*A™'B)

(m) —
(21, 2m) 7 Det(A)

Pn

(4.1.9)

where Perm(-) denotes the permanent of a matrix, B* is the conjugate transpose of

the matrix B, and

A= B |pazipalz)|| = > pe(z)pr(z)) = (2 2)osigsm,
L L - URLIS Lk=0 - 0S7'7.7§m

B=[E[pri)]] = > pe(z)pi () = K (21, 2))|oij<m,
il Hogijem |7 Jo<ij<m

C = |E |p,(2:)p, (%) veiiem > 0P (%) = [KM (21, 2))]o<ij<ms
L L - Usnysm L k=0 4 0<i,j<m

with the second equality in each row above following from the property that the
random variables {r;} have mean zero and variance one. We remark that for the
second correlation function with m = 2 in the above and z; = z and 2z, = w, in this

case we have
det A = K, (z,2)K,(w,w) — K, (z,w)K,(w, z)
=D P py(w)l? —

=0 =0

= Ipo(2)pr(w) = po(w)pr(2)* + > 1 (2)pe(w) — pr(w)pe(2)[

2

ij(z)pj (w)

+o b > pas(2)pe(w) = pas(W)pr(2)* + [pn(2)pa—1(w) — pu(w)pa1(2)]?
k=n—2

> |po(2)p1(w) — po(w)p1(2)]*.

As {p;} is a polynomial basis with degp; = j for all j € NU {0}, we have py(z) = ¢

and p;(z) = az + b, for some constants a, b, ¢, with a, ¢ # 0. Thus

[po(2)p1(w) = po(w)p1(2)* = le(aw + b) — c(az + b)[* = |ca(w — 2)[*.
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Hence we see that det A > 0 for all z # w. As pg)(z, z) = 0, we see that the

representation
oDz, w) = Perm(C' — B*A™'B)
" m™Det(A)

is valid everywhere for all random polynomials spanned by a polynomial basis.

Expanding the permanent and the determinant in the definition of second corre-

lation function, one sees that p( )(z, w) can be written as

720 (z,w) = fulz,w) fu(w, 2) + gulz,w)gn(w, 2), (4.1.10)

where
Kr(zl’l)(z, 2)
(K, (z,2)K,(w, w)—|—K(Z’ w) )12
e T )
(K (2, 2) Kn(w, w) — | K, (2, w)[2)3/2

Ko (w,w)[ K (2, 2) 2 4 Kz, 2) [ (w, 2)
(K (2, 2) Kn(w,w) — [y (z,w) )32

fn(va) =

+

and
Ky(Lll (z,w)
7 = R G E, (.0) = I e P
| Kz w)Ka KO (2 ) KO (w, w) + Ko (z,0) KD (w, 2) KOV (2, w)
(K (2, 2) K (w, w) — [Kn(2,w)[?)3/2
K, (w,w)K, 01)(z,z)K(0 Yz, w) + Ku(z, 2) K (w, z)K( 1)(w w)
(K (2, 2) Ky (w, w) — | K (2, w)[2)3/2 '

As an observation, we note that
K" 1)(2 z)
(Kn(za'Z)Kn( 2 ) - ‘Kn(Z,E)P)l/Q
9Re (Kn(z, KM (2, z)KSm(z,z))
(Ku(2, 2) Kn(2, 2) = [ Kn(2,7)[?)%?
 Ka(z K (2, 2) P+ Koz, 2) K (2,2)
(Ka(2, 2)Kn(2, 2) — [ Kn(2,7))%/

= mp(z),

fn(z>z) =

_|_
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where p%o’l)(z) was given by Vanderbei [115] as the first intensity function for the

expected number of purely complex zeros for a random sum g,(z) = Y ,_, &pr(2)
with {&} being i.i.d. real-valued standard Gaussian random variables.
For our remaining results of this section we consider random orthogonal polyno-

mials of the form
P.(z) = an%(z), z € C, (4.1.11)
§=0

where {n;} are i.i.d. complex-valued standard Gaussian random variables, and {¢;}
are orthogonal polynomials from the Nevai class that are real valued on the real line.

While the formula for the second correlation function associated to the random
orthogonal polynomial (4.1.11) is rather complicated, its limit as n tends to infinity

has a striking simplicity.

Theorem 4.1.3 When z and w are both in the unit disk or both in the the exterior
of the unit disk, the second correlation function for the random orthogonal polynomial

(4.1.11) satisfies

im p(z,w) = L ! — !
lim pp”(2,w) = — ((1_|Z|2)2(1_|w|2)2 ) (4.1.12)

n—00 |1 — Zw|4
where the above convergence takes place locally uniformly.

Our next theorem gives the limiting value of the variance of the number of zeros

of the random orthogonal polynomial (4.1.11) in an annulus
A(s,t) ={z€C:0<s < |z] <t}
that does not contain the unit disk.

Theorem 4.1.4 The random orthogonal polynomial (4.1.11) possesses the property

that

(12— 1)1 — (2 + %) — 2)]
L= t)(1— (1= (sD?)

A(s,t) € D,

=

Tim Var[N,,(A(s, 1))] =

(2 — s?)[1 — (s (2 + 12) — 2)]
(=1 =sH)(1 = (st)?)

A(s,t) € C\D.
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We note that taking s = 0 and ¢ < 1 in the above theorem, we achieve that the

random orthogonal polynomial (4.1.11) gives

lim Var[N(D(0,1))] = —-

n—00 _1—t4’

where D(0,t) = {z € C: |z| < t}.
Given our results concerning random orthogonal polynomials P, (z) = > 7 _, k¢,
where {n;} are complex-valued random variables, and {¢;} are OPUC, we end this

section on some conjectures that the author intends to work on in the future.

Conjecture (Due to Igor Pritsker): For suitable assumptions on {n;} and {y,}, and

and c a positive constant, we have

i YN
n—o0 n

Congjecture: For suitable assumptions on {n;} and {y}, it follows that

NR(D) B E[NRGD))]
Var[N,(D)]

iN(O,l), as n — oo.

4.2 The variance of the number of zeros for a random power series

Let
f(Z) = anzk7
k=0

D(0,r) := {2z € C: |z] < r < 1}, and N(D(0,7)) be the number of zeros of f in
D(0,7). The goal of this section is to extend the results given by Peres and Virdg
(Corollary 3. (iii) of [88]) which state that for the random power series f(z), it follows
that

2 2

i =E[N(D(0,7)] = ——, and o2 = Var[N(D(0,7))] = —

1—r2’ 1 —r4

(4.2.1)
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We note that Peres and Virdg also showed that (N, —pu,)/o, converges in distribution
to the standard normal as r 1 1.

We will generalize the basis of the random power series f(z) to be OPUC from
the Szegd class and prove the analogs of (4.2.1) for this extension in annuli (further
generalizing from disks) in the unit circle. Before defining the Szegé class, recall
that the OPUC associated to non-negative 2m-periodic weight W (0) that is Lebesgue
integrable on [—m, 7] such that

/ W(0) db > 0,
are polynomials {py} that satisfy

€ On (D)o (YW () df = 6y, n,m € NU{0}.

2 J_,
We will assume that the weight function W () is an even function to ensure that that
coefficients of {¢x} are real. We say that a collection of OPUC {} are from the

Szegé class if their associated weight function W (6) possesses the property that

/ |log W (0)| df
is finite. Note that in case considered by Peres and Virag, the weight function for the

monomials is W(#) = 1 which is clearly in the Szeg6 class.

Our object of study in this section is the random orthogonal series

P(z) = mepn(2), (4.2.2)

where {¢x} are OPUC associated to an even weight function from the Szeg6 class.
When z € D, due to Szegé (see equation (12.3.17) p. 303 in [111]) we know that
S oreoler(2)]? < oo, where the convergence takes place locally uniform. Hence by
the random variables {n;} being i.i.d. mean zero with variance one, by Lemma 2.2.3
of [49], the random power series (4.2.2) converges almost surely locally uniformly on

the unit disk and thus defines a holomorphic function. This gives that the random
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orthogonal series (4.2.2) is of the class of functions known as Gaussian Analytic
Functions (GAF).

To prove the next two theorems, we rely on a formula for the n-point correlation
function provided by Hough, Krishnapur, Peres, and B. Virag ([49],Corollary 3.4.2.)
which we state at (4.3.65). In the cases when n = 1 and n = 2, their formula gives
a representation for the first intensity function and second intensity function. We
denote the number of zeros of P(z) in a measurable region @ C D by N(2), and the

first and second correlation functions by p(*)(2) and p® (2, w) respectively.

Theorem 4.2.1 When z € D, the first correlation function for the random orthogonal

series (4.2.2) is given by
1

D) = ——0.
o) = e

(4.2.3)

Theorem 4.2.2 The second correlation function for the random orthogonal series

(4.2.2) satisfies

@ (5 ) = L 1 o
Ao = (o o) 48

Remark: For K(z,w) := 377, »;j(2)pj(w), to appeal to Corollary 3.4.2 of [49], it is

required that when z # w, we have

To see that this is indeed so, since equation (12.3.17) of page 303 in [111], gives

o

K(z,w) =) on(@)pp(w) = ————=r""r (4.2.5)

k=0

where

T e—i@
D(§) = D(W;§) = exp {%/ log W (6) # d&} : (4.2.6)

—T
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it follows that

1 1
[D(2)[2(1 = |2[?) [D(w)[*(1 = |w]?)
1
D) D(w)P]L - zwf?

K(z,2)K(w,w) — |K(z,w)|* =

B 122 + Jwf* —zw — 2w
[D(2)D(w) (1 = [2*)(1 = |w[*)[1 — zw]?

B |z — w|?
|D(2)D(w) (1 = [2*)(1 = [w[?)|1 — zw|*’

which is zero precisely when z = w.
As a further remark, when z = w in the formula for the second correlation function
given in Corollary 3.4.2. of [49], in the case when the spanning functions of the random

orthogonal series are OPUC from the Szegé class, it follows that lim,,_,, p® (z,w) = 0.

Corollary 4.2.1 For the random orthogonal series (4.2.2), when Q C D is a mea-

surable set we have

Var[N(Q)] = %/Qm dz — %/g/gﬂ—;zﬂ)l‘l dz dw. (4.2.7)

Since the integrals on the right hand side of (4.2.7) were computed in Theorem 4.1.4,

we immediately obtain our next result.

Corollary 4.2.2 The random orthogonal series (4.2.2) possesses the property that
when t < 1 we have

t2 _ 82
(1—12)(1—s%)’

E[N(A(s, 1))] = (4.2.8)

and
(12 — s)[1 — s2(t4(2 + s?) — 2)]
(L=t (1 —sH)(1—(st)?)

As a consequence of the above corollary, taking s = 0 in the above we achieve

Var[N(A(s,t))] = (4.2.9)

2 t2
T and Var[N(D(0,t))] = Tt (4.2.10)

E[N(D(0,1))] =
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thus giving the extension of the formulas for the expectation and variance provided
in Corollary 3 (iii) of [88] to hold for random orthogonal series spanned OPUC from
the Szegd class.

Given our explicit formulas for the first and second correlation functions in Corol-

lary 4.2.2, we make the following

Conjecture : For the random orthogonal series (4.2.2) we have
v/ Var[N(A(s, 1))]

where the convergence takes place in a distributional sense.

— N(0,1), astt1, (4.2.11)

We now give some insights for making such a conjecture. From Theorems 4.2.1
and 4.2.2, for the correlation functions for the random orthogonal series (4.2.2) we
know that

1
2 = K(Zl7 Zl)

W)=+
S A )

and

§D (1, 20) = : B
L2 B \ U= PP =[PP 1 —zml

et K(z1,21) K(z1,22) |

K(ZQ, Zl) K(Zg, ZQ)

where K(z,w) = (m)7' Y 77 (k + 1)2*w" is the Bergman kernel. Note that the
Bergman kernel satisfies the Hermitian symmetry property K(z,w) = K(w, z). If

one could conclude that
p(n) (217 e Zn) = det[K(zi, Zj)]OSi,jSTw (4212)

we would know that we have a determinantal random process. Furthermore by each

of the annuli A(s,t) having compact closure in the disk, and as ¢ — 1 it follows that

lim Var[N(A(s, t))] = lim (2 = s")[1 = s*(t'(2 + 5%) — 2)]

1 R G Y vy B (4.2.13)
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appealing to a result of Soshnikov (c.f. Theorem on page 497 of [106], which is specified
to our needed situation above in [107] p. 174), the result of the conjecture would follow.

Thus the conjecture actually rest on the conjecture that (4.2.12) holds true.

4.3 Proofs for Chapter 4

4.3.1 Proofs for Section 4.1

Proof of Theorem /.1.1. Under the assumptions of the theorem, by Corollary 2.1.1

o B [Tnmr(a,ﬁ)) - } = O( bin) | e
Then
E ||m(A(a, 8)) — (52_;)2]
:E[ (Tnmr(a,ﬁ)) - Bz;a) (Tnmr(“’m* Bz_wa)u
< 9F {Tn(Ar(a, ) = 2;& }
i ( loin) | (4.3.2)
Thus
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Therefore

VarlNalAr (s DL L gy 4,0, )Y = - (B[N (As(as B))) (4.3.3)

1 _ _
<0 (1/50) 1 & | natas) - 20 (201
n 2m 2m
logn logn
=0 +0
n n
_ 0 logn 7
n
which gives the result of the theorem. |

Proof of Theorem 4.1.2. The hypothesis of the theorem allows us to apply (2.2.7) of
Corollary 2.2.1

]E[ }:0( 105”), n - 0o, (4.3.4)

when the recurrence coefficients are absolutely summable, and (2.2.8) of Corollary

| |-o @{@/})

when the measure of orthogonality p is regular in the sense of Ullman-Stahl-Totik.

0 —«

(A (a, B)) — o

2.2.1
b —«a

T (A, B)) — o

Given the above bounds, repeating the calculations (4.3.2) and (4.3.3) one obtains

the desired result. [ |

Proof of Theorem 4.1.3. For a collection of OPUC {y,},>0, the Christoffel-Darboux

formula (c.f. Theorem 2.2.7, p. 124 of [104]) states that for z,w € C with wz # 1, we
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have

Ko(z,w) = Z 0;(2) ;) = ¢2+1<w)902+1(i)__win+1(w)90n+1(2)7 (4.3.5)

where ¢ (2) = 2", (1).
Before obtaining our representations of the kernels, let us note that since we are
assuming that the OPUC are real valued on the real line, when using conjugation we

have that ¢;(z) = ¢;(2) forall j =0,1,..., and all z € C.

Taking the derivative of (4.3.5) with respect to w yields

KOV (e w) = Y gty = o) 2B ) g
with
Sulz010) = G V@1 (2) — s @ (). (127)

Differentiating (4.3.6) with respect to z gives

KM (z,w) =) ¢(2)9)(w)
j=0

R, (z,w)(1 — 2w0) + 2S5, (w, 2) + WS, (2, w) + (1 + 2w0) K, (2, w)

(1 —zw)? ’
(4.3.8)
with
By (z,w) = (@511) (0)(2r11) (2) = @hpr (W) (2). (4.3.9)
Let us rewrite (4.1.10) as
200 (5 ) — falz,0) fu(w, 2) + Gn(z, w)n(w, 2)

) = (o ) K ) — (2, )PP 310

where
ful(z,w) = KD (2, 2) (K, (2, 2) Kn(w, w) — | K, (z,w)[%) (4.3.11)
+ 2Re (Kn(z, w) KW (2, 2) KO (), z)) (4.3.12)
— K (w, w)| KOV (2, 2)? + K, (2, 2)|[K"Y (w, 2)|?, (4.3.13)
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and

Gn(z,w) = K(l’l)(z,w)(Kn(z,z)Kn(w,w) — | K, (2, w)]?) (4.3.14)

n

+ K, (z, w)K,(LO’l)(Z, 2) KOV (w, w) + K,(z, w)K,(LO’l)(w, 2)KOY (2 w)

(4.3.15)
— K (w,w) K (2, 2) KO (2, 0) + Ko (2, 2) K (w, 2) K (w, w).
(4.3.16)

We now introduce the notation that b,(2) := ¢, (2)/¢%(z). Observe that since the
OPUC {p,} have real coefficients, we have b,'(z) = b,(1/z). Thus the condition of

the OPUC being from the Nevai class can be restated as

bn(z) — 0, locally uniformly in |z| < 1,

(4.3.17)
b, (z) = 0, locally uniformly in |z| > 1.
Consequently
O (2)0%(2) — on(2)(02) (2) b.(2) — 0, locally uniformly in |z| < 1,
¢5(2) - 1y . .
—(b,")(2) — 0, locally uniformly in |z| > 1,
(4.3.18)
where

en(2), |z <1,
On(2) =

on(2), o] >1.

Hence appealing to the above and (4.3.5), we see that as n — oo the denominator of

o (2, w) is

(Kn('z? Z)Kn(w7 w) - |Kn(z7 w)|2>3

= b ()na(w)]® [( 1 1 ) +o(1)

(L= P~ |wP) |1 —zwf?

(4.3.19)
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We now find the asymptotic for f,(z,w). Set
Si(z,w) = (4.3.11), Sy(z,w) = (4.3.12), Ss(z,w) = (4.3.13).

Using (4.3.6) and (4.3.8) we see that

(14 |2[*) Kn(2, 2)

Si(z,w) = 1= 2 (Kn(z, 2) Ky (w,w) — | K, (2, w)[?) (4.3.20)
QR(el(fﬁ’;('j)’j» (Kn(2, 2) K (w, w) — | Koz, w)]?) (4.3.21)
+ Jf’ﬁz? (Ko(z, 2) K (w,w) — | Ko (2,0) ), (4.3.22)
Safaw) = LRI R TR G2 Dol ) (4329

2K, (2, 2)Re (WSp(w, 2) Kn(z,w))  2K,(2, 2) Ky (w, w)Re (25,(z, 2))

11— zwl? (1—|2?)?
(4.3.24)
Ko (z,2)|Sn(w, 2)|>  Ku(w,w)|Sa(z, 2)?

S — e (4.3.25)
Sa(z,w) = Kn“f)_”";l(jvw)' <|11_—|E;I2 - 1) (4.3.26)
+ 2”?57’;"2” Re (mlsi('z @Z)) (4.3.27)
2l e (ln i) (13.29)
+ _2|Z|2Re (K”(Z’w)f"_(zz’;)S”(w’z)> , (4.3.29)

where we have made use of the identity 2Re(2w) = 1 + |zw|? — |1 — 2w]? to get the
expression in parentheses of (4.3.26) in the shape it is in.

We now define

Yoz, w) = (4.3.20) + (4.3.23) + (4.3.26)
Yooz, w) = (4.3.21) 4+ (4.3.24) + (4.3.27) + (4.3.28)

Yoz, w) == (4.3.22) + (4.3.25) + (4.3.29).
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Simplifying and then appealing to (4.3.5), (4.3.17), and (4.3.18), we see that

) — Kn(z,2)* Kp(w,w) — Ka(z,2)|[Kn(z,w)[? 2 lw]? — 1
Enale ) = T Ty S ()
= ‘¢n+1(3)‘4|¢n+1<w)‘2 [(1 — |z|2)41(1 — |w]?)
B 1 2 lw|? — 1 )
T )
= osr () o (0P (Tt == Fol) - @330

Turning now to the asymptotic for %, 2(z,w), observe the first summand of
(4.3.21) and second summand of (4.3.24) cancel algebraically, and that the sum of

the second summand in (4.3.21) and the first summand of (4.3.27) simplify to

| K (2, w)|? (W —2)Su(z, 2)
2 R ( e ) . (4.3.31)

The sum of the first summand of (4.3.24) and (4.3.28) collect to give

2K, (z,2)
(1= [z[»)[1 - zw?

Re ((z — w) K, (z,w)Sp(w, 2)) . (4.3.32)

Combining (4.3.31) with (4.3.32) then appealing to (4.3.5), (4.3.6), (4.3.8) to simplify

the expressions, and finally using the asymptotics of (4.3.17) and (4.3.18) on sees

1
(1= [22)?]1 = 2w[?

- 2Re (W — 2) Kn(2,0) ($rn1 ()@ 1) (2) = o1 (2)601 ()

Yno(z,w) =

(1 (2)eni (W) = @r 11 (2) P (w)

= 0(|¢n+1(2)[*brs1 (w) ). (4.3.33)

For the sum %, 5(z, w), first notice using (4.3.5) the first summand of (4.3.22) and

the second summand of (4.3.25) sum to

R (Donaa(s) = (W (43.34)
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Appealing to (4.3.5), the remaining summand of (4.3.22) simplifies as

(171 (2)° = (e ) (2))
@1 ()81 () + Pns1(2)pns1(0) = 2Re (501 ()P (@)2m 1 ()1 (w)
| (1= [2P)[1 - zwP |

(4.3.35)

the remaining summand of (4.3.25) reduces to

262, 2)Re (G (P2 ()P 1 (2) P () )

11— zw|?

e |z|2>1u — o [ OF (£0(G)0ha @) = o ()oha ()

+1on1 () (1651 ()01 (W) = [ons1(2)pna () ]
(4.3.36)

and (4.3.29) can be written as

2| (i)' (2))? \ . ) S )
(1— |2]2+)\1 — ) (|90n+1(2)90n+1(w)’ — Re (cpnﬂ(z)gonﬂ(z)gpnﬂ(w)spnﬂ(w)))

- oot (I @pnasw)? = Re (B on ()¢t (wipna(w)
2 (|5 (W) = s (w)2) Re (£ V)i ()6 (2) e ()

) (= :P)1 — zap?
2K(2 2)Re (971 ()21 () (2)Pmin (0) ) -

11— 2w

Simplifying the sum of expressions (4.3.35), (4.3.36), and (4.3.37), then combining

with (4.3.34) we achieve

Ko (w, w)| (@) 11) (2)pns1(2) — (10:’(1,+1(Z>(p’,n+1(2)|2 1 — Jw|? _ 1
1—|z|? 1 —zw|> 1—|z]2

Yas(z,w) =

= 0| pn+1(2) || Gns1 (W) ). (4.3.38)

Thus the sum of (4.3.30), (4.3.33), and (4.3.38), combine to give

|2 — wl*
(1= [z[)*1 = Jw*)[1 - zw]*

Fa(z,0) = |bs1(2)[*| b (w) |2 ( + 0(1)> . (4.3.39)
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The calculations for §,(z, w) are done in a similar fashion as for f(z, w). Due the
complication nature of the computations, we see fit to include the complete derivation

of gn(z,w). Let
Si(z,w) = (4.3.14), Ss(z,w) = (4.3.15), Se(z,w) = (4.3.16).

From (4.3.6) and (4.3.8) it follows that

(1+ 2w0)K,(z,w)

Sy(z,w) = 1= ) (Kn(z, 2) Kn(w, w) — | K, (2,w)]?) (4.3.40)
ZS"(“”(?_*E;"(Z’ O (Ko (2, 2) K (1, 0) — |z 0)?) (4.3.41)
+ ?E;;;)(Kn(z, 2) Ky (w, w) — | K (z,w)[?), (4.3.42)
8o, w) = _|z|2Kn(z,Z)Kn(w,w)Kn(z,w) B \w|? K, (2, 2) Ky (w, w) K, (2, w)
’ (1—1[z[*) (1 - zw) (1= w*)(1 - zw)
(4.3.43)
B linfz;;) (an(zf,_wﬁjZ(z, z) N wKn(lz,_z)|in|2(w,w)> (4.3.44)
_ Kn(zalz)_figw,w) (5151:(7;5) N wlsi(r:;)) (4.3.45)
~ Ky(w, w) S, (2, 2)Sn(z, w) _ Ki(z,2) S0 (w, w)Sh(w, 2)
(- =P)(1 - =m) AP 43
 ZwKy (2, 2) Ky (w, w) Ky (2,w) | 20K (2,w)| K (z,w)[?
S e P T T B (e 347
s w wK, (w,w)S,(z, 2) + ZK,(2, 2) Sp(w, w)
+ K(z,w) ( 0= 2P = [wP) ) (4.3.48)
+ K(z,w) (WKn(Z= WSAZ;;UZE;?(Z, w) S (w, Z>> (4.3.49)
Ko(z,w)Sn(z,2)Sp(w,w) — Kp(z,w)Sy(w, 2)S,(z,w)
(1= P)(1 ~ [uP) im0
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We now set

Spa(z,w) = (4.3.40) + (4.3.43) + (4.3.47)
Sps(z,w) = (4.3.41) + (4.3.44) + (4.3.45) + (4.3.48) + (4.3.49)

Yn6(z,w) = (4.3.42) + (4.3.46) + (4.3.50).

Simplifying then using the relations (4.3.5), (4.3.17), and (4.3.18) yields

Yoalz,w) = Ky(z, 2) Ky (w, w) K, (2, w) (

14+ 2Z(w—22) +wW(z — 2w+ w|z|2)>
(1= [z (1 = [w])(1 — 2w)

K, (z,w)| K, (z,w)|?

(1 —zw)?
(s ()Pl () P (2 B a(0)
(142w —22) +W(z - 2w wlz’) 1 )
( 0 PR PP —zwp (=)l —zw) <1>)

= ‘(anrl(2)|2|¢n+1(w)|2¢n+1<z)¢n+1(w>

— |z — w|*
. <(1 — [22)2(1 — |w]2)?2(1 — zw)*(1 — Zw) + 0(1)) : (4.3.51)

To begin calculating ¥, 5, first we combine (4.3.41), (4.3.45), and (4.3.49), to give

foe, ) ((z SR _1w_>f2|(5’w)) | (1352)
Now combing (4.3.44) with (4.3.48) yields
Kl oSG (v c )
1—|z)? l—|wp? 1-zw
K"(Z’w)i{i(i’jgs”(w’w) (1 —Z|Z|2 1 —wzw> (4:3.53)

Summing (4.3.52) with (4.3.53) then using (4.3.5), (4.3.6), (4.3.8) to simplify the
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expressions, and finally appealing the asymptotics of (4.3.17) and (4.3.18) on sees

1
(1= [z (1 = [w]?)(1 = 2w)?

Yos(z,w) =

| (2 = w) K (w, w) (@n11(2)(n41)'(2) = 0n11(2)n i1 (2))

: (90:1+1(Z)90n+1(w) - 90n+1(2)902+1(w))

+ (2 = W) K (2, 2)(@n1(0) (#741) (W) = @1 (W) 41 (w0))
(eni1(2)ens1(w) = onpa(2)en 44 (W)
= 0(|¢n+1(2)*|Pns1 (W) [*Gns1 (2) P (W) (4.3.54)
Turning now to £, ¢(z, w), combining the first summands of (4.3.42) and (4.3.46)
and using (4.3.5), (4.3.6), (4.3.8) to further simplify gives

K,(w,w)
(1= [z = 2w

)((sOZH)’(Z)sonH(Z) — on 1 (2)@41(2))

(P (W) @741 (2) = nia(2)(@740) (w)). (4.3.55)
From the relations (4.3.5), (4.3.6), and (4.3.8), the sum of second summands of
(4.3.42) and (4.3.50) reduces to

%w"“ (2)(#r41)'(2) = @rsa(2) 11 (2))

(i) (@) enpa(w) = @71 (W)l 1 (w). (4.3.56)
Using (4.3.5), (4.3.6), and (4.3.8), second summand of (4.3.46) with first summand
of (4.3.50) combine to yield

(1 — zw) K, (2, w) e
T 1o = wp) (1 = zm) P ) (@) = (@) (2)

(a1 (W)@ (W) = Pnia(w)(wh4) (W), (4.3.57)

Combining (4.3.55), (4.3.56), and (4.3.57), then again appealing (4.3.5), (4.3.6),

(4.3.8) to simplify the expressions, and using the asymptotics of (4.3.17) and (4.3.18)
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it follows that

K, (z,w)

Enio(zw) = 1-zw

((r1) (2)en1(2) = er11(2)@nia (2))

(Ph (W)@ (W) = e (w) (@7 11) (w)

| ((1 - ‘21|2;5w_ [wf?) 1 —12@)

= 0(|pn+1(2) *|n+1 (W) [* Pt (2) i (w)). (4.3.58)

Summing (4.3.51), (4.3.54), and (4.3.58), we see that
Gn(2,0) = |Pns1(2)ns1 (W) dnr1(2) Pnsr (w)

—|z — w]*
| <<1 PRI~ PRI — 2w~ zw) 0<1>) - (4359)

Combining (4.3.10), (4.3.19), (4.3.39), and (4.3.59), we therefore achieve

T = <'¢"*1(Z)¢"*1(“’>’6 <(<1 A T —1Zm|2> ! 0“)))

4 2 [z —wl!
' [|¢n+1<z)| |¢n+1(w>| <(1 _ |Z‘2)4(1 — |w|2)|1 _ Zw|4 + 0(1))

|z —wl!

0wl oni (s — = + o)
+ |¢n+1(Z)¢n+1<w)|2¢n+l(z)¢n+l (w)

' —|z —wl|* )
((1 TR~ TwlPR( — ol —zw) (”)
' |¢n+1(w)¢n+1(z)|2¢n+1(w)¢n+l(z)

‘ —|z —wl|* ,
(=Pt s ) ]
1 1

pr— o 1 % |
(1—122)2(1 = [w]?)? |1 — zw|* +o(1), as n— o0

Proof of Theorem 4.1.4. Recall that for the random orthogonal polynomial (4.1.11)

we have
1

li 1) e 4.3.
Tim_p,(2) A (4.3.60)
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locally uniformly for all z € C\ T. Appealing to (4.0.3) gives

lim Var[N,,(A(s,t))] = ! /( N ! SdA(2)

e EEDE

*5 fo oo (TR oy ~ ) 4440
= /( TR A

_ / WCM(Z) (4.3.61)

/st /A(st 1—z2w (1 — Zw)? dA(Z)dA(W)? (4.3.62)

where we have used that the convergence of (4.3.60) and (4.1.12) are locally uniform

on annuli that do not contain the unit circle so that we can pass the limit over the
integration. We remark that formally we need to consider a closed annulus the does
not contain the unit circle in the above. However, since the measure associated to the
integrals is Lebesgue area measure which is absolutely continuous, and the limiting
values above are continuous functions away from the unit circle, we have that the
boundary of the closed annulus has measure zero. Hence we just consider the open
annulus A(s,1).

Recall that (4.3.61) simply integrates as

1 / 1 t2 — g2
— dz = . 4.3.63
e N RE i g TGy (4.3.63)

We will compute (4.3.62) separately depending on whether or not the annulus

is contained within the unit disk. We first consider the case when the annulus is

contained with in the unit disk. Since for z,y € D we have
1 - n
e ;(n + 1) (@y)",
switching to polar coordinates with z = 7 and w = ue’, the double integral (4.3.62)

becomes

2w t 2w t oo 00
) / / / <Z(’f + D) (ru)*e* =0y (n+ 1)(7’u)"ei"(¢9)> rudrdfdude.
0 s JO s k—0 e

(4.3.64)
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By the convergence of the above series being locally uniform in the unit disk, we can

interchange the infinite sums and integrals. After expanding the product of sums,

27
/ et=mdg =0,
0

and similarly for the terms with ¢. Thus only the terms n = k will survive the

any sum with n #£ k will give

integration. This yields (4.3.64) is now

t o0
/ / Z (k+ 1)2(ru)* ' drdu = 2/ Z (k 4+ D)u (22— 22y,
5 k= k=0

s

o0
Z (12K42 _ g2he2y2
k=0
td (st)? st

= -2
11—t 1—(st)2+1—s4

(12 — s%)2(1 + (st)?)
(L=t)(1—=s*)(1—(st)?)

Therefore, combining the above with (4.3.63) we see that for A(s,t) C D

Var[N, (A(s, £))] = / ﬁdz

— —/ / dz dw
A(st A(s,t) ]- —ZU) ]' —Z’(U)

_( (1? = s*)2(1 + (s1)?) )

(1—752)(1—32) (L=t (1 —s)(1—(st)?)

_ (12 — sH)[1 — $2(t1(2 + s?) — 2)]
(L—tH)(1—s")(1—(st)?)

When A(s,t) C C\ D, notice that for z,y € C\ D it follows that

1 1 -
(1 —xy)? - @21 — (zy) 12 (2p)? Z (n+1)(zy)™".

Thus setting v = z = re?? and y = w = ue’® we have

1 1 - oik(6—0) - —n in(6—¢)
I—w2(l—zu?  (ru 42’” ru) ; T
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As in the case in the unit disk, due to the orthogonality of the exponential func-
tion, within the integral of (4.3.62) only the terms when n = k will give a nonzero

integration to hence yield that (4.3.62) is

t
4//Zk+ (ru) —2k— 3drdu——2/2k+ w2k 3t 2k—2 872k72)du

it W2 _ 222
k=0
t (st)? st

T 1 1—(st)2+1—s4
—(t? — 8?)*(1 + (st)?)
(1 =)L = s")(1 = (st)?)

Combining the above with (4.3.63), we conclude that for A(s,#) C C\ D it follows

that

WMNMA@JDM:E/‘ (Tj%rrdz

——/ / — dz dw
A(st A(s,t) ]_—ZU) ]' )

( —(t* — )O+(ﬂ) )
ﬂ—ﬂﬂ—ﬁ) (1 =191 = sH)(1 = (st)?)
_ t? — §? (12 — s?)*(1 + (st)?)

(1 =) =) (L=tH)(1 =) (1 = (s1)?)
_ (=) -2+ 17) — 2)]
(1 =) (1 = st)(1 = (st)?)
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4.3.2 Proofs for Section 4.2

As in the case random sums with a finite index set, for GAF’s we have that for a

measurable set 2 C D,

Var[N(Q)] = E[(N(2))’] - (E[N(Q)])?
= E[N(Q)] - E[N(Q)] + E[(N(2))?] - (E[N(Q)])”

= E[N(Q)] + E[N(2)(N(Q) — 1)] - (E[N(Q)))°

:/p(l)(z) dz—l—//p(2)(z,w) dz dw—//p(l)(z)p(l)(w) dz dw,
Q aJo aJa

where the equality

E[N(Q)(N(Q) — 1)] = /Q /Q o (z,w) d dw

is a known result.
Due to Hough, Krishnapur, Peres, and Virag (c.f. Corollary 3.4.2. on page 40 of
[49], or Proposition 8 of [88]) there are general formulas for correlation functions of

GAF’s which state that

_ Perm(C — BA™'B*)
B 7 Det(A) 7

P (21, ..., zn) (4.3.65)

where

A= :]E[p(zi)p(zj)] 1= [K (21, 25)|1<ij<ns

] 1<i,j<n

B= BRG], = KOG s)hezn

] 1<i,j<n

= [K"Y (24, 2)) 1<t <n,

C = [Ep)p ()

} 1<i,j<n

with Perm(+) denoting the permanent of a matrix, and B* the conjugate transpose of
the matrix B.
In the case for the random power series (4.2.2), due to random variables being

i.i.d. of mean zero and variance one, and along with Equation (12.3.17) of page 303
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n [111], the kernels that arises in the matrix A are of the form

1
w) = p(2)op(w) = — , 4.3.66
)= u(alo) = (43,60

where
D() = D(W:€) = exp{ﬁ/_ﬂ log W (6) ]:—ge_e de} (4.3.67)

We note that under the assumption that the weight function W () is from the Szegé
class, the function D(§) is analytic and non-vanishing in D (see Theorem 2.4.1. (i)
p. 144 of [104]). The other kernels for the matrices B and C in correlation functions

are the following derivatives of (4.3.66):

10) w _ D/<Z) o w
Zwk 2)p(w) ( — D(z))K( ), (4.3.68)

1—zw
and
D'(w) K(z,w)
K(l 1 z _ K(LO) ) ]
Z w Z@Ok (1—2@ D(w) (Z7w)+ (1—2@)2
(4.3.69)

Proof of Theorem 4.2.1. In the case when n = 1, the matrices which make up the
formula (4.3.65) are A = K(z,2), B = K10(z,2), and C = K&V (z,2). Thus
(4.3.65) can be written as
p(l) (Z) — K(l,l) (Zu Z) B K(LO) (Za Z)(K(Z7 Z))ilK(LO) (Zu Z)

7K (z,2)

Kz, ) KOD(z,2) — KOO (s, )
B 7K(z,z2)? '

(4.3.70)

Evaluating (4.3.66), (4.3.68), and (4.3.69) on the diagonal, after simplifying it

follows that

B 1 !
CDEPFA =) (1= [z

K (2, 2) K0 (2, 2) — [KUO(z, 2)]2 K (2, 2)2,
(4.3.71)

Combining (4.3.70) with (4.3.71) we achieve the result of the theorem. |
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Proof of Theorem 4.2.2. To ease notation, we will write 2y = 2z and 2z, = w. The

matrices which make up the formula for the second correlation function given by

(4.3.65) are
N K(z,2z) K(z,w) B KU0(z,2) KOO (2 w)
K(w,z) K(w,w) KOO (w,z) KOO (w,w)
c KOD(z,2) KOY(z,w)
KOY(w, z) KOY(w,w)
Setting
~ Kw,w) —-K(z,w
o | K K|

equation (4.3.65) can be written as

_ Perm(Det(A)C — BAB*)

2) = 4.3.72
After the matrix multiplication, we see that
Perm(Det(A)C — BAB*) = f(z,w)f(w, 2) + g(z, w)g(w, z), (4.3.73)

where

f(va) = (K(Z7Z>K(w7w) - |K(Z7w)|2)K(L1)(Z’ Z) - |K(1’0)(27 Z)|2K(w7w)

+2Re | K (2, w) K (w, 2) KOO (2, 2) | — |[KYO (2, w)[PK (2, 2), (4.3.74)
and

92 0) = (K (2, 2)K (10,10) — [ K (2, w) KD (2, 10) — K (10, 0) K (5, 2) KO0, 2)
+ K(w, 2) KOO (2, w) KOO (w, 2) + K (2, w) KM (2, 2) K09 (w, w)

— K(2,2) KM (2, w) KOO (w, w). (4.3.75)
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Substituting the relations (4.3.66), (4.3.68), and (4.3.69), we see that the terms

which make up f(z,w) are

(K (2, 2) K (w, w) — |K(2,w) )K" (z, 2)
= K(z,2) (K(z,2)K (w,w) — |K(2,w)[?)

| 1427 2Re(2D'(2)/D(2))
(1—[z?)? 1— |z

—|K(1’0)(z,z)|2K(w,w) = —(K(z,2))*K(w,w)
| [( B2 2Re(:D'(:)/D(:)

1= [z[?)? 1= |27

2Re K(l’o)(z,w)K(w,z)K(l’O)(z,z)}

(1— (1 -2m) D)1 —2w) DE)(1 -2
D'(z)|’
D(z)

_ 2K(z,z)|K(2,w>|2Re ZW ED/—(Z> ZD’(Z) ]

+ 2K (z, 2)|K (2, w)|? (4.3.78)

and

—|K(1’0)(z,w)|2K(z, 2) = —K(z,2)|K(z,w)?

| (u e e )

(4.3.79)

Combining (4.3.76), (4.3.77), (4.3.78), (4.3.79), we see that from equation (4.3.74) we
have

| (E9)PE@w)
e =0 ey

L+ 22 2Re(zw/(1 — 2w)) N |w]|?
(1—[2?)? 1—z[? 11— zw]?
|z — wl*

B |D(2)[AD(w)]2(1 — [w]2)(1 — |22)4|1 — zw]* (4.3.80)

— K(2,2)|K(z,w)]?
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Using the relations (4.3.66), (4.3.68), and (4.3.69), the terms within g(z,w) are
(K(z,2)K(w,w) — |K(z, w)|2)K(1’1)(z, w)
= K(z,w) (K(z,z)K(w,w) — |K(z,w)]2)
1+ 2w 1 (sz(2) wmw)) . D’(z)D’(w)]

_|_

|Q-zw)? 1-2w\ D(2)  D(w) D(z)D(w)
(4.3.81)
— K (w,w) K0 (2, 2) K1) (w, 2)
= —K(z,2)K(w,w)K(z,w)
' |2]?  ZD'(w) D7) N D'(z)D'(w)
(=121 —zw) (1-|z?)D(w) (1 —zw)D(2) D(z)D(w) |’
(4.3.82)

K(w, 2) KO (2, 0) KOO (w, 2)
:K(z,w)|K(z,w)|2[ w1 <w0/<w>+2D’(Z)> +D’(z)M]

(1-zw)? 1-zw\ Dw) D(2) D(2)D(w) |’
(4.3.83)
K(z,w) KM (2, 2) K10 (w, w)
= K(z,2)K(w,w)K(z,w)
. Zw B 2D (w) B wD'(z) D'(z2)D'(w)
(=)A= [w?)  (1-|z2)Dw) (= wP)D(z) D(z)D(w)
(4.3.84)
and
— K(z,2) K% (2, w) KO (w, w)
= —K(z,2)K(w,w)K(z,w)
|w|? wD'(w) B wD'(z) D'(2)D'(w)
(I—|wP)(1—-zw) (1-2w)Dw) (—|w?)D(z) D(z)D(w)
(4.3.85)



Combining (4.3.81), (4.3.82), (4.3.83), (4.3.84), (4.3.85), we see that

K(z,w)|K(z,w)|?
(1 — zw)?

g(sz) ==

1+ zw |Z|2
+ K(z,2)K(w,w)K(z,w) - (=02 (=P =)

Zw B lw|?
TOERO - wP) (- ) - zw)

S —le—wl’ — —— (4.3.86)
D(z)D(w)|D(z)D(w)[*(1 = Jw[?)*(1 = |2[?)*(1 — 2w)*(1 — Zw)

Thus from (4.3.80) and (4.3.86) we achieve

Perm(Det(A)C — BAB*) = f(z,w)f(w, 2) 4+ g(z, w)g(w, 2)
B |z — wl|®
D(2)D(w)[5(1 = |2[2)>(1 — [w]?)?[1 — zw]*
|z —wl®
[D(2) D(w)[(1 = |2[)*(1 — |w[*)*[1 — zw|"

+

- ((1 ~ rz|2>21<1 — w2 1 —1@\4)

1
' (ID(Z)D(w)I2(1 — 2 = Jw]?)

DD —

1 1 \
((1 —[22)2(1 = [wf?)?  |1-— Z@|4> (Det(A))".

Therefore, combining the above with (4.3.72) we arrive at the desired expression for

the second correlation function. [ |
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APPENDICES

Derivation of the Intensity Function for a Random Polynomial with
I.I.D. Complex-Valued Standard Gaussian Random Variables Spanned

by a Polynomial Basis

In this Appendix we derive the intensity function for the expected number of
zeros of a random polynomial with complex-valued i.i.d. standard Gaussian random
variables spanned by a polynomial basis given in Chapter 3 (3.2.6). We note that
the formula was also derived by Shiffman and Zelditch [100], Ledoan [66] (assuming
the spanning functions are entire functions that are real-valued on the real line),
and Peres and Virda [88] (assuming the spanning functions were entire functions).
The proof we give follows the method given by Vanderbei [115] for the case when
the random variables are real-valued i.i.d. standard Gaussian, and the spanning
functions are entire functions that are real-valued on the real line. Assuming that
the spanning functions of random polynomial are a polynomial basis, we are able to
give an alternate proof than given in [100], [66], and [88] that fully justifies all steps
(some of which that were previously deemed "tedious, but doable” with no indication
on how one would proceed).

To be specific of the result, let {f;} be a sequence of polynomials such that

deg f; = j and f;, for 7 € {0,1,...,n}. Set
P.(z) = anfj(z), z € C, (A.1)
=0

where n is a fixed integer, and 7; = o +if;, j = 0,1,...,n, with {a;}7_y and {5;}}7_,

being sequences of i.i.d. real-valued standard Gaussian random variables.
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Theorem 0.0.1 Let P,(2) be the random sum (A.1) with complex-valued i.i.d. Gaus-

stan coefficients. For each Jordan region §2, the intensity function pg)(z) satisfies

E[N,(©)] = / oD (2, y) dr dy,

- D) ) — oD (e 2K (2 2) [0 ()|
el = o) = 7 (Kn(z,2)) : (A.2)
where
Kaeo) = Y T, KO - Y AT, (A3
and - 7=0
e w) = i} ) f(w). (A.4)

The proof of this theorem consists of two main lemmas that relate the expected
number of zeros of the random sum P, to the kernels given in (A.3) and (A.4). To fully
prove the first of these two lemmas, there are four additional lemmas required. Three
of these gives a known result that completely explains what the complex Jacobian is
in our situation. The other additional lemma shows the justification of the use of the
complex form of the Fubini-Tonelli Theorem. Once these lemmas are established, the
proof of Theorem 0.0.1 is presented.

As previously mentioned, to prove Theorem 0.0.1 we follow the method of proof
given by Vanderbei in [115]. We note that many of the parts of the proof of this
theorem are nearly identical to that given by Vanderbei in [115]. The one major
difference in our proof is that since the random variables in the random sum are
complex-valued, we will work with their real and imaginary parts, which in turn
will make the covariance matrix we compute different than the one in the result by
Vanderbei. The other major difference in our proof is that since we are restricting
to a polynomial basis {f;} with deg f; = j, 7 = 0,...,n, we are able to fully justify
some parts of Vanderbei’s method.

Our first needed lemma is the following:
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Lemma 0.0.1 For each Jordan region  C C, it follows that

E[N,(Q)] = % /a E {%} dz. (A.5)

Proof. Using the argument principle in [114] on page 79, we have an explicit formula

for the random variable N, () given by

1 [ B2
N,(Q) = Py /aﬂ P.(2) dz.

Taking the expectation and then interchanging the expectation and the contour in-
tegral via the complex form of the Fubini-Tonelli Theorem (Theorem 8.8, p. 164 of
[95]) we obtain the desired result. A full proof of the justification of the exchange of

the contour integral and the expectation is in the next two lemmas. |

To justify the use of the Fubini-Tonelli we will use a change of variables that
relates the zeros of the random sum P, to the random variables {n;}. In our setting,
this change of variables will require knowing the complex Jacobian. The next three
of these lemmas is to identify this Jacobian. The first lemma is given in [67]. For

convenience of the reader provide a detailed proof of this lemma.

Lemma 0.0.2 LetU C C" be an open set and f : U — C" be a holomorphic function.

Let Drf(a) denote the real Jacobian matriz of f and

Df(a) = [g—f<>

)
}1<mk<n

which is the holomorphic derivative (or complex Jacobian Matriz) of f. Then
|detD f(a)|” = detDg f(a) (A.6)

Proof. Observe that by U € C" and f : U — C", the matrix Df(a) will be an
n x n complex matrix. Since f is holomorphic each f;(z;) = wu(zy) + iv(2x), where
Zr = X + 1y, for j = 1,...,n satisfies the Cauchy Riemann Equations. Hence we

can write the entries in the matrix D f(a) as

8fj . aU,j .8vj
8zk &= 8$k CL) +285L‘k(a)

120



We can also write each entry ngi(a) of Df(a) as a 2 x 2 matrix of the form

Quy - Duy
%(a) _ | 9= Ouk
Dz v v
Orr  Oyx
Using the above expression for each j, k = 1,...,n, rewrite the matrix Df(a) as

2n x 2n real matrix Dgf(a). Let us now make a change of basis from (z + iy, x + iy)

to (x + iy, x — iy) and denote the matrix relative to this basis change as M. Note

that under this change of basis, the 2n x 2n matrix M will take the following form:

1 0 0
— 0 0
0 1 0
M=10 —i 0
0O O 1
0 O —1
with inverse
% % 0 0
0o o0 3 ¢
0O 0 0 0
M~ =
Eobo o
00 -
0O 0 0 0

10 0
i 0 - 0
01 0
0 ¢ 01,
o0 --- 1
00 - )
0 0
0 O
1 2
2 2
0 0
0 O
1 _ 3
2 T2

Furthermore, this change of basis matrix M gives us that

M~ Dy f(a)M =
0
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Therefore

det(Dg f(a)) = det(M)~* det(M) det(Dg f(a))
= det(M ") det(Dgf(a)) det(M)
= det(M Dy f(a)M)
= det(Df(a)Df(a))
= det(Df(a))det(D f(a))
= det(Df(a))det(D f(a))

= [det(D f(a))|”.

We now use the previous lemma to compute the determinant of the real Jacobian

matrix for a function that maps roots of a monic polynomial to it’s coefficients. For

this, let

p(2) = 2" + ap_1 2"t o+ a1z + ag,
where a,_1,a,_o,...,a9 are complex numbers, and z is a complex variable. Let
21,22, ..., 2, be the zeros of p(z). By Vieta’s formulas, we have the relationship

between the coefficients and zeros is given by the following:

—Qp—1 =21+ 22+ 2,

Ap—g = 21722+ 2123+ -+ 2923 + 2924 + -+ - + Zp—_12n

(=1)"ag = z129 - - - 2p.

Let T : C* — C™ be the map
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Lemma 0.0.3 Forp(z) and T as above, the determinant of the real Jacobian matriz

for T is

IT 15— =P (A7)

1<i<j<n

Proof. From Vieta’s Equations we see that the determinant of the complex Jacobian

matrix of T is

n n i
Z 2 Z Zi Z Z;
det DT = det :2 ; pa
u n n—1
1 | EIEIS | E |
=2 z;; =1
n n n—1
<i Z 2 %
C (et | T =1
n n n—:1
H Zi H 2 v H 2
1=2 i=1 i=1
i#£2

= (—1)""! det A.

If two zeros z; and z;, where i # j, of p(z) are such that z; = z;, then two columns in
the above matrix will be equal. When this happens, the determinant above will be
zero. Since z; and z; were two arbitrary zeros of p(z), we have that [[,;_;, (2 — 2))
is a factor of det DT

When one computes the determinant of the matrix A by expanding the determi-
nant along the first row, each term in the computed determinant we will have powers
of the product of z;’s, i = 1,...,n, such that the sum of these powers in each term
is Yp_1(k—1) = in(n — 1). That is, det A, and consequently det DT, will be a

homogenous polynomial in the product of the z;’s, i = 1,...,n, of degree %n(n —-1).
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If one expands the product ], j<n(zi — 2;) we see that each term in this ex-
panded product will also be a product of the z;’s, ¢ = 1,...,n, with powers that sum
to sn(n — 1). Hence [li<icj<n(zi — 2;) is also a homogenous polynomial of degree
sn(n —1).

Since both det A and [],,_;<,(2i — 2;) are homogenous polynomials of degree
sn(n—1), to show that det A = [1i<icj<n(zi—2;) we must show the each coefficient of
these polynomials are the same. Note that when expanding det A and [, <i< gn(zi —
zj), all terms that are of the form [[7_, 2; cancel out. Hence term in each of the
homogenous polynomials is only a product of n — 1 distinct z;’s.

Recall that for a matrix B = (b;;)1<i j<n We have the formula

det B = Z Sign(0>bla(1)b20(2) “bpg(n)-

o a permutations
of {1,2,..., n}

Thus expanding out det A the coefficients of the homogenous polynomial are (—1),

k=0,...,n. Similarly expanding out [],,;<,(2 — 2;) the coefficients are (—1)*,
k=0,...,n. Consequently each term in det A and H1§i<j§n(zi — z;) have the same
coefficient. Hence
det A = H (zi — 2j),
1<i<j<n
and which gives us
det DT = (_1)n+1 det A = (—1)n+1 H (Zi — Zj).
1<i<j<n
Therefore, using Lemma 0.0.2 we obtain
2
det DpT = |det DT = |(-1)""" [ (zi—z) = [ l=—=l
1<i<j<n 1<i<j<n
|

We will now apply the previous lemmas to general polynomials in z. To this end,

let

q(2) = 2™ + p 12"z + o,
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where 1, 1,1, . .., Mo are complex numbers, 2 is a complex variable, and (y, (s, ..., (,
are the zeros of ¢(z). As before, using Vieta’s formulas we have the relationship
between the coefficients and zeros given by the following:

T/n—l

n

=G+ G+ -+ G

77:]—2 _ C1C2 + ClCS 4+ .4 CQC?» + C2C4 + -+ Cnflgn

n

<—1>"Z—° = GGG

n

Let ¢ : C* — C™ be the map

Tn—1 "o
¢(§1,...,Cn):(nn,...,n—n). (A.8)
Lemma 0.0.4 For q(z) and ¢ as above, the determinant of the real Jacobian matriz
of ¢ is
™ TT 16— G (A.9)
1<i<j<n

Proof. Using the Vieta’s Equations, the determinant of the complex Jacobian matrix
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for ¢ is

—in —Mn e — 1,
- n n—1
%ZQ nnzg nnZCi
det D¢ = det 1.22 i;; i=1

1 1 1
n n n—1
G D G DY G
:( )n—i—l "det i:2' Z;; =1
n n n—1
II¢ Il - II¢
1=2 i=1 i=1
i#£2

Observe that the determinant above is exactly the determinant that was calculated
in Lemma 0.0.3. Therefore using Lemma 0.0.2 and then Lemma 0.0.3 to compute the

determinant of the above matrix, we obtain

2

det DR¢ ( )n+1772 H (Cz - (]) - |nn|2n H |<Z - Cj|2‘

1<i<j<n 1<i<j<n

Justification of the use of Fubini-Tonelli. Since P, and P! both depend on the ran-

dom variables 1, n1, ..., n,, we write P,(z,7) and P.(z,7) where 7 := (0o, ..., 1)

We denote the joint density function for the random variables ng, ..., n, by
o P (= Do Imel®)
f(n077717777n):f(77> nilo
v
Bu(zm) | is measurable and that
P (2,1)
/ / 71 d=| F() dV < oc. (A.10)
R2(n+1) J 90 z,1)
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Observe that since E[N,,(2)] is a local property, it suffices to prove (A.10) when
Qisadisk D:={z€C:|z| < R}.

We will first prove (A.10) when P,(z) is just a random algebraic polynomial
with complex coefficients, and then generalize to random polynomials spanned by

polynomials f;(z) where deg f;(2) = j for j =0,1,...,n. To this end, let
Po(2) = 12" + 0u1 2" 4 40,

and let {¢c}r_; = {CG(7)}i_, be the zeros of P,(z). Then

n n

Po(2)| |2 =G|~ =Gl
From the above we see that if we can show that all the quotients ’ﬁ yk=1,...,n
satisfy
1
——| |dz| f(77) dV < o0, A1l
= (A1

appealing to the linearity of the integration and the triangle inequality we will have
(A.10).
For notational sake, we write dVj, to stand for the volume measure in C*. The

integration will be done as follows:
1

/c(nm /8D 2= Ce(Mos -+ Mn)
1

Z = Ck(lr](]a cee 77]n)
where by abuse of notation we mean that

’dz, f<770> s 77771) an+1

ldz| f(no, -y n—1) Vi f(n) dipn,

oxp (= X0 i) B
T T

and f(nn> eXP(_|77n| )

f(o, . n—1) =

Fixing the outer variable 7,, by Lemma 0.0.4 we have an almost everywhere
differentiable change of variables ¢ : C* — C™ given at (A.8) from the set of roots to

the set of coefficients with Jacobian determinant

™ T 16— Gl = T (9).

1<i<j<n
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Let us first consider the case when an arbitrary zero (i (77) of P,(z) lies on the
contour 0D. Define A := {coefficients of P, (2) : (x(77) € 0D}. We will show that
Vot1(A) = 0. Since

¢({roots of P,(z)}) = {coefficients of P,(2)},

we have

o({roots of P,(z) : (x(77) € OD}) = A.

Using the change of variables it follows that

/¢({roots of Pn(2):Cx(7)€0D})
J(¢) AV,

/{roots of Pp(z):(x(7)€OD}

< / J(@) dV,,
HZ:l 8D(07R)

=0,

where the last equality follows since [[,_, 0D(0, R) is direct product of n circles which
has C"~!-dimension and is a strictly less dimensional set than what is being integrated
over in the C"-dimensional volume V,,. Hence we have V,(A) = 0, and consequently
Vot1(A) = 0 as needed. Therefore the set A is negligible for (A.11) to hold, so that
|P/(2)/P,(z)| is measurable.

We now turn to the case when the zeros of P,(z) do not lie on the contour 0D
that is being integrated over. When |z — (x(77)| > 1 for z € 9D, trivially we have

—L | <1, so that

2—Ci(7)
A2(n+1) /8D

Consider the case when 0 < |z —(x(77)| < 1, and for now let us assume that ¢ € D.

1 —
a0 |dz| f(77) dV <27 R < o0.

1
2—Cr(77)

Let us further assume that (j, is on the line segment (0, R). Then ‘ ) the largest

128



when arg z € (=%, %), and for all z such that argz € [J, —F] we have |z — ()| > R.

Thus
1 3 1 —3 1
——| |dz :/ —| |dz —|—/ ‘—ﬁ dz
/8D z — G(7) i _z |2 = G(7) 2 = 2= G(7) 4
3 1
< — | |dz|+ 7
/g Z—Ck(n) | |
3 2
i dttm (A12)

~Jo /(Rcost — G(7)? + (Rsint)?
where have used that the integrand is an even function of ¢ to obtain the last equality.
Given that ¢ € (0, R) and |R — (| < 1, somewhere on the interval [0, 7] is R — (.

Hence for the integral above we split the integration as follows

3 2R foae s
/ i . dt:/ +/ SN
o +/(Rcost — (.(77))% + (Rsint)? 0 R—C

Since 0 < (Rcost — (x(7))* and 0 < 2¢ < sint when t € [0, %], for I, we have the

bound

1</g 2ft dt</g 2 gt =1 (5) +n1 ( ! )

—_— — dt=mlog (=) +nlo :
" h V(Rsint? T Jrg 2t 12 *\r=4
For I, using (cost)? + (sint)? = 1 and cost < 1, yields

R—(y, R—(g,
I = 20 dt < 21 dt = 2R.
0 V/R? — 2R(j, cost + (? 0 VR? —2R(;, + ¢}

Combining the estimates for I; and I and using (A.12) gives us
1

1
/aD z— (1) dz] < €+ log (R—Ck> ’

where C' = 2R + 7 log (%) + .

Hence to show (A.11) we need to show that

1 —
/Rz(n+1) log (R _ (k> f(n) dV < oo.

Before showing the above bound, we note that all the estimates were under the

assumption that ¢, € (0, R). Since that argument given is rotationally invariant, we
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can have (; anywhere in the disk D if we replace in our estimates the R — (; with
— |Ck|. Furthermore, since we have assumed that 0 < |z — (x| < 1 with z € 9D, it
is possible that (j is outside the disk D. Replacing in our argument |R — |(x|| where
— |Ck| is, we now have a bound that will work for all 0 < |z — (j| < 1. Taking this
into account and using the change of variables with the map ¢ from the set of zeros

to the set of coefficients yields

1 7) dV
Lo Og(m |<k||) 1)

= e 2n o ‘2
‘Azfﬂ{znlog(|3—|<k||) £ el [T 16 =Gl dvi £, avi.

1<i<j<n

We denote

f(¢(770>---ﬂ7n 1 ( %ZQ, %ZQC}, ) (_1)nnnHCi)
=1

n 2
- nnZCz - nnZCiCj
=1

1<j

= exp

= 9(0)-

To facilitate the computation, observe that since we have assumed that 0 < |z —

Ce| < 1 with z € 9D, we have || < R+ 1. Thus

H|<k—<zl2<H Gkl + 1¢i]) <H R+1+1G)%

wék: z;ék 17&k:
The integral which we need to bound has integration with respect to (5 and posses
a logarithmic singularity when |(x| = R. After moving the above mentioned product

outside the integration with respect to (i, the integral that we need to show is bounded

Los () o

We will use polar integration with r being the radial variable to work with the

is

above integral. When r > R+ 1 we have |z — (;| > 1 for z € 9D. Since this case has

130



already be handled, the limits of integration with respect to r that we need to take
care of will be from 0 to R+ 1. Taking this into account and using polar integration

we have

/ o8 (=i ) ) a1
{Ck: 0<|z—Ck|<1, z€0D} |Ck“
27 R+1
log ( ) g(r,0)r df dr
/ / R —r| )
2
/ / log(|R ) g(r,0)r do dr
R+1
+/ / log(—)gr,@rd@dr
0 R R —r| (r.0)

= I3+ Iy,

where g(r, 0) is the same as g(¢) except replacing ¢, by re® where it shows up in the
expression for ¢g(¢) and not altering the other zeros (;, i =1,...,n, 1 # k.

For the I3, observe that

R 1 R 1
| — | dr = | — | dr=R—-RI1 )
/0 Og<|R—r|) T /0 Og(R—r) r=R—RlogR < o0

Since the function g(r,0)r is a bounded function, it follows that

27 R 1
I:/ /log(—)grrd@dr
’ o Jo R — | )

R 1
<2 1 — | d
< 27R max g(()/o og (R—r) r

{¢reD}

=27 max g(¢)(R* — R*log R).
{¢keD}

In I, we have

R+1 1 R+1 1
1 = 1 - =1.
/R Og(m—r\) ar /R 8 (r—R) ar
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Again since the function g(r, 0)r is bounded function, we have

2w R+1 1
I:// log( )grrdedr
e R0

<2m(R+1) max 9(¢) /RH log( L > dr
R

{¢.€D(0,R+1)\D} r—R

=27 max g(O)(R+1).
{¢€D(0,R+1)\D}

Therefore we have that I3 and I, are convergent integrals. Taking into account

the bound on the Jacobian that was obtained, and setting
K, :=2m(R* - R’logR) and K,:=2n(R+1),

to complete this case of the proof we need that

k[ [ P T 6= GPTIR+ 14162 max o(Of(a) dVacs Vi
R2 JR2n—2 1<i<j<n i=1 {CveD}
1,52k ik

and
Ko [ [ T =GP TGN max Q) ) dVans Vi

R2 JR2n—2 1<ici<n i1 {¢x€D(0,R+1)\D}

Ti,j#k i#k

are finite.

Notice that both

max ¢(¢) and max
{¢veD} {¢,€D(0,R+1)\D}
decay at infinity exponentially with each |(;| — oo, i = 1,...,n. Hence the above

two integrals are convergent. Therefore when the zero (i is not on the contour, the
bound (A.11) and consequently the bound (A.10) holds true.

This completes the justification of the use of the Fubini-Tonelli Theorem when
the random sum is a random algebraic polynomial.

Now assume that
n

Pu(2) = vifi(2),

J=0
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where the v;’s are complex Gaussian random variables and the f;’s are polynomials

such that
fj (Z) = CLjJZj + aj,j_lzj_l + -+ CL]‘,O
with a;;, € Cfor¢=0,1,...,jand 7 =0,1...,n. Then

P, (2) = vpan 2"

n—1
+ (Vnan,n—l + Vn—lan—l,n—l)z

n—2
+ (Vnan,n—Q + Vn—lan—l,n—Q + Vn—2an—27n—2)z

+ UnQn.0 + Vp—1Gp—1,0 + -+ Voo 0-
Let us now make the following change of variables

Nn = UnGppn
Nh—1 = UnQpn-1 + Vn—1Gp—1n-1

Nn—2 = UnQpn—2 + Vn—10p—1n-2 + Vn—2Qp—2n—2

To = VpQn,0 + Vp—1Qn-1,0 + *** + VoQo,0,
and call the map which makes this change of variables ¢). That is for
V= (Vnan,rm UnQnpn—1 + Un—1n—-1n—1;---,Vnlno + Vp—1Qn—1,0 + VOGO,O)a

we have ’l/}<17) = (TITU s 7”0) = 77

The real Jacobian determinant for this change of variables is

2

G 0 0 cee 0
n
Apn—1 An—1n—1 0 T 0
| det Dy|? = |det =[] lajsl
=0
Q.0 ap—-1,0 QAp—20 - Qo0
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Since P,(z) depends on v,,...,vy, we write P,(z) as P,(z, 7). Using the change

of variables formula we have

P (z, V)

/ / 3| 1d:l 1) dv
(R2(n+1)) JaQ Z V
Pl (z w (7)) 9
o [ sl s Hw av

n
= H ’aJJ|2/ /
=0 R2(n+1) JHO)

. n 2 . .
since [ i—o lajj|* < oo, and by our previous calculations.

—] dz] £ dV < oo,

Also with a calculation analogously as done to show that |P/(z)/FP,(2)]| is measur-
able when P, (z) was assumed to be a random algebraic polynomial, using the change
of variable map v, we have that |P/(z,7)/P,(z, V)| is measurable.

Therefore by |P)(z,V)/P,(z,7V)| being measurable, and by the above bound, we
are justified in using the complex version of the Fubini-Tonelli theorem to exchange

the expectation and the contour integral when

z) = Z vip;(2)

To prove Theorem 0.0.1 we need one more lemma.
Lemma 0.0.5 The following holds:

*[7a] - s

Proof. Since Py (2) = Y71 fi(2) and P,(2) = 370 fi' (), with 1; = o + i3},
are both complex Gaussian random variables, we will work their real and imaginary

parts

Re P,(z) = Z(Ozjaj Bibj) =&, Im P,(z) = Z(ajbj + Bja;) = &,
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n n

Re P, (z) = Z(Ozjcj — Bd;) ==&, Im P.(z)= Z(ajdj + Bicj) = &,

J=0 J=0

where

a; =Re fi(2), b;=Im f;(2), ¢; =Re f;(z), d; = Im f]l(z)

Following Vanderbei’s method proof, we will now be forming the covariance matrix
of the vector ¢ = (&,&,&3,&)T. Before doing so, observe that since the random
variables {a;}7_, and {#;}7_, are independent identically distributed N(0,1), for
j = 0,1,...,n we have that E[o;] = E[3;] = 0 and E[of] = E[§}] = 1. Thus
by the expectation being linear, it follows that E[¢;] = E[&] = E[¢] = E[&] = 0.
Consequently each entry in the covariance matrix for ¢ is of the form E[(§; —E[&;]) (&, —
E[¢])] = E[&:&k], where i,k = 1,...,4. Using these observations, by definition of the

covariance matrix we see that

| El¢) Ela&) Elag] Elad)
Covle] = E [¢€7] Elé261] E[&]  Eléés] Eléd] | (A13)
E[6s&1] E[ésé] E[&3]  E[€s]

Elei6] Elae] Elag] El |

Observe that the matrix Cov[¢] is a symmetric matrix. If the matrix is positive
definite, by a known result in matrix theory (c.f. Theorem 5.2-3 p. 88 of [45]), the
matrix can be represented as LL”, where L is a lower triangular matrix. We will
first show that Cov[¢] is real-valued. To this end, recall that the random variables
{a;j}i and {B;}}_, are independent identically distributed N(0,1); consequently
Elwr] = E[w]E[v] for w and v being any two distinct elements among the «;’s and

the f3;’s. Using these properties and the definitions of the sums K, (z, 2), Kﬁo’l)(z, z),
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and Kfll’l)(z, z) yields
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E[€462] = E (Z(O‘de + 5JCJ'> (Z(%by + @%)]
j=0 J=0
= y (bjd; + ajc;)
§=0
= E[&4]
= Re(K{"V(z, 2))
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and

7=0
=Y )P
§=0
= K"V (z,2)
Thus
Cov[e] = E [¢¢7]
Kn(z,2) 0 Re(K\"V(z,2))  Im(KYV (2, 2))
0 K(z, 2) —Im(KV (2, 2)) Re(KYY (2, 2))
Re(K"V(z,2)) —Im(KY(z,2)  K{&Y(z,2) 0
Im(KY(2,2))  Re(K"V(z, 2)) 0 K (2, 2)

(A.14)

which is real-valued. Appealing to Theorem 12.4 of [56], we can conclude that this
matrix is positive semidefinite. Thus to complete the argument that Cov[¢] is positive

definite, it suffices to show for v = [v; vy v3v4]T, we have v Cov[¢]v = 0 implies that
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v = 0. To simplify this computation, observe the identity: v7 Cov[¢]v = Var(vT¢). As

v = viRe(P,(2)) + volm(P,(2)) + vsRe(P.(2)) + valm(P.(2))

= Z’Ul(a]’&j - 5jbj) + ZUQ(Cijj + 5]'&]')
§=0

=0
+ > vs(aje; — Bidy) + > valogd; + Bjcy)
=0 =0

n

(vlaj + ’Ugbj + Ugcj + ’U4dj)Oéj -+ Z(—Ulbj + UQG/]' — Ugd]’ + U4Cj)ﬂj,

j=0 Jj=0
we have
Var(v"€) = E[(v"€)?] - (E[v"¢])?
= (vlaj + Ugbj + Ugcj + U4dj)2 + Z(—Ulbj + 1)2(1,]‘ — Ugdj + 1)40]‘)2.
j=0 Jj=0

Hence v* Cov([¢]v = Var(vT€) = 0 if and only if for all j =0,...,n we have
(vlaj + Ugbj + V3Cj -+ U4dj)2 = O, and (—Ulbj -+ Vaty — Ugdj -+ U4Cj)2 =0. (A15)

Recall that the polynomial basis is such that {f;(z)} = {a;(2) +ib;(2)}, {fi(2)} =
{cj(2) +id;(2)}, and deg f; = j, for all j € {0,1,...,n}. Observe that since fy(z) =
ao(2) +1ibo(z) = ag + by is constant, it follows that fj(z) = co(2) +ido(z) = 0, so that

co = do = 0. Thus for term j = 0 in (A.15) we have
0 = (v1a0 + U2b0)2 -+ (—Ulbo + UQCLQ)Z = (U1a0)2 -+ (U2b0)2 =+ (U1b0)2 + (v2a0)2.

Since we have a polynomial basis both ay and by cannot both be zero. Thus we
achieve that v; = vy = 0. Using this result and looking at the term j = 1 in (A.15),

we similarly we see that
0= (U301 + ’U4d1)2 + (—Ugdl + U4Cl)2 = (U361)2 + (U4d1)2 + (U3d1)2 + (U4C1)2.

As deg fi; = 1, we have deg f{ = 0, so that ¢; and d; are constants, that cannot both

of which be zero. Hence from the above we see that v3 = vy = 0.
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Therefore we achieve that when vTCov[¢Jv = 0, it follows that v = 0. This
along with the mentioned result in [56] gives that Cov[{] is positive definite. Invoking
Theorem 5.2-3 p. 88 of [45], the matrix Cov[¢] can be represented as LLT, where L is
a lower triangular matrix. Given this fact, we now represent the correlated Gaussian
random variables &1, &5, €3, &4 in terms of four independent standard normals by finding
a lower triangular matrix L = [l,,], p,¢ = 1,2,3,4, with the property that fiLC,
where the notation < denotes equality in distribution, with ¢ = (¢, (s, (3,¢4)T being
a vector of four independent standard normal random variables. We note that ( is
ensured to be a vector of standard normal variables given that the matrix Cov[¢] is
non-vanishing, which coupled with the vector ¢ be a standard normal vector, gives
that ¢ as linear combination of standard normal vectors, hence yielding a standard

normal vector. Since
Cov[¢] =E [¢¢"] =E [L¢CTLT] = LLT, (A.16)

we see that L is the Cholesky factor for the covariance matrix.

By & < L(, and the fact that L is lower triangular, we have

P (2) _ &3+ 18 4 (I31 4 l41)C1 + (I3 + ily2) G + (133 + ily3) (3 + il4sCy
P.(z) & +i& (lin + ila1) Gy + ila2Cy .

So with o = I3y + tly, B = l3o + ilys,y = lig + tlyy, and & = ilyy, using the
independence of the (;’s, it follows that

el b

If we now split up the numerator of the above and use the property that {; and (,

are exchangeable, we can write the expectation as

Pi(z)
Pu(2)

| = Sr608)+ 2 106/

F(z):]E{

where f: C\R — C by f(w) =E [wcfﬂr@] . Using the definition of the expectation
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in our Gaussian setting, and appealing to polar integration we see that

=% |z

2 o]
_ 1 pcos 6 712 pdodd
2m Jo 0
1 2

wpcost + psind
B do
27 ), w+tand

1 .
-5 if Im(w) >0,

L if Im(w) < 0.

We need to evaluate f at /0 and ¢ /7. Since in general [;; and [y, are nonnegative, we
have that v/§ = la1 /las —il11 /lo2 has negative imaginary part while § /v = la1los/ (12, +

13,) + ily1laa/ (I3, + [3,) has positive imaginary part. Thus

F(2) = 510/9) + L 16/

a 1 6 1
— 5 e S

R
_ia+f

Y+ 0

_ lso — Ly +i(ls1 + ls2)
—lo1 + (I + lag)

(A.17)

From the above we see that we need explicit formulas for the elements of the Cholesky

factor L. Using (A.13) and (A.16) we obtain

E[éf] = l%la
E[6é1] = laln,  E[&] =15 +13,,
E[¢361] = 1511, E[&382] = l31lo1 + 32009,

E[£4&1] = lali, E[&4&s] = lualor + lasloo.

Using values in (A.14) and solving for the needed entries of the Cholesky factor
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L it follows that
lll =V Kn(Z,Z) 5
loy =0, log = Kn(Z»Z) )

Re(KV(z, 2))

la1 = , l30 = )
o K,(z,2) 2 K,u(z,2)
I Im(K,(LO’l)(z, z)) Lo — Re(KTSO’I)(Z, z))

" K,(z,2) e K,(z,2) .

Therefore substituting these expressions into (A.17) and simplifying gives

_ lso — Ly + i(ls1 + la2)

r
(2) “lor + (I, + I22)

—m(KV(z,2)  Im(EY (2,2)) ; Re(K"Y (2,2)) | Re(KV(z,2))
\/Kn(z,z) \/Kn(z,z) \/Kn(z,z) \/Kn(z,z)

041 <m+ K,(z, z)>

Re(KY"V (2, 2)) + idm(K" (2, 2))
K,(z,2)

K,(LO’I)(Z, z)
K, (z,2)

We are now ready to give the proof of Theorem 0.0.1.

Proof of Theorem 0.0.1. Let us first observe that since K,(z,z) is the sum of the
modulus squared of a polynomial basis f;(z), 7 =0,1,...,n, it follows that K, (z, z) #

0. For a Jordan region €2 C C, by Green’s Theorem we have

E[N,(Q)] = L/@Q F(z) dz= l/Q%alxdy,

271 T

where are writing F'(z, Z) to emphasize that F is a function of both z and Zz.
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Let the symbol 0 denote partial derivatives with respect to Z. Our goal is to

simplify L0F (2, Z) to h,(z), where by Lemma 0.0.5,

KT(LO’I)(Z, z)

F(z,z)= Ko(e2)

Using the Quotient Rule we see that

OF(2,2) =

(Kn(Za Z))2
We now will verify the following relations:

n

Indeed,

and

Since

OKY (2, 2)K (2, 2) — KT(LO’I)(Z, 2)0K,(2,2)

0K, (2, 2) = K"(z, 2) and 5K1(10,1)(272) = KM (z, 2).

(A.18)

(A.19)



substituting the relations (A.19) into (A.18) yields

— _ KT(LLI)(Z, 2K, (z,2) — |I(7(P’1)(z7 2)|?
(Ku(z,2))" '

Therefore
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