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PREFACE

This thesis empirically studies .the average rtunning
time characteristics of the Shellscrt algerithm, ard then
determines what the optimum initiél increment should be for
tWo 0f the more widely used secuences of 1rcrementse. A
Shellsort algorithm due to Pratt, with an average running
time of O(N*1g(N)**2) is also investigated briefly. A proof
0f the “worst case" permutation usirg the original Shellsort
algorithm is givene. Programs were written in FCRTRAN,
compiled using FORTRAN H, and rur on ar IBM 370/168 and on
an IBM 1130.
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Hedrick and Dr. De. W. Grace, and all of the faculty for
their help and encouragement thrcughout my graduate studye.
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CHAPTER I

INTRODUCTION

Shellsort -~ The Algorithm

In the late 1950¢s, 1large high-speed random access
memories were developeds Theilr size and speed demand an "in
Place* internal sorting technique that is both efficient and
portaple. The straight insertior sort is often used, but
the algorithm has a running time c¢f O(N**2), «where N is the
number of elements to be sorteds In the insertion sort, for
each J between 2 and N, the Jth elesent, R(J), 1is inserted
into the already sorted segment ¢f the 1list, R(1), R(2).,
eseeys R(J-1), by comparing R(J) with these elements (from
right to left) and moving the lérger elements to the left
until tne proper position for R(J) is founds The reason for
the low speed of the insertion scrt is that each comgarison
removes at most one inversion frcm the fiie. The twco-way
merge sort is faster, but 1t Trequilres twWwice &s much memory
as an "in place" sort. In order to overcome these
difficulties, Shell (10) proposec¢ zn algorithm in which the
list is divided into groupse R(J) 1s the Jth element in the
list, and H is known as the incresert size. The first group

is formed from the R(1), R(1+H), F(142H), +eees elements in



the list. The second group isﬁiOtmed frcm the R(2) ,R(2+4),
R(2+2H), <ese, elements 1in the list. This continues until
every element is in some groupe. This croup is then sorted
using a straight insertion sort. A smzller value «¢f H is
cnosen,v and the process 1s repezted. At the ena of the
sort, H has a value of 1, which places 3all of the elements
into one group. The 1last pass 1s .therefore simply an
insertion sort on the entire list, which ensures that the
list is sorted.

An example of Shellsort is given in Knuth (7). CEuppose
a list of sixteen elements is to be sorted. fFor the tirst
pass, H will have a value of 8. Eight groups of two are
formed, namely (R(1),R(9)), (R(2),R(10C)), (R(3),R(12)),
evee, (R(8),R(16€6)). Each member ¢f the group is segarated
by the value of H.

First pass BE=8
50 08 51 0€ 90 17 89 27 65 42 15 SC 61 67 76 70

An insertion sort is performed oI .these groups. Nate that
some of the elements may travel & great distance wittin the
list, which is the reason for tlke efficiency of Shellsorte.
On the second pass, H will be ¢iven a value of 4. Four
groups of four will be formed, namely
(R(1),R(5),R(9),R(13)), ey (R(4),R(8) ,R(12),K(16€)).
Again, each group is sorted using straight insertione.

Second pass H=4

50 08 15 0€ 61 17 76 27 65 42 51 5¢(C 92 61 8? 70



On the third pass, H @will have a value of 2.
Third pass H=2
50 08 15 06 61 17 51 27 65 42 76 S5C 90 6'7 89 70

On the fourth pass, H will have a vzlue c¢f 1.
Fourth pass H=1
15 06 50 08 51 17 61 27 65 42 76 50 89 67 90 70

The result is a sorted list.
Final sorted list
06 08 15 17 27 42 50 50 51 ¢1 65 67 70 76 89 90

On the final pass (H=1), a straight insertion sort is
Performed to ensure that the entire list is sorted. The
sequence of H values 8, 4, 2, 1 is rot méndatory, so long as
the final H value is 1. Some sequerces ¢f H values are more
efficient than otheriss, and they will be c¢iscussed later,

The original Shellsort was tformalized by Boothreya (2)
in Program A (Figure 1). Boothroyd calculates the inital
increment by repeated integer multiplication as shown in the
first executable statement. This avoics the roundoif that
can occur if logarithms are usedes Note that the sort within
the groups 1s asccomplished by intetchancing adjacent pairs
within each group as 1long as ar elemert 1is out-of-order.
This was done in order to simplity the zlgorithm, with the
realization that it decreases tie efficiency of the  sort

compared to an insertion methac to rLe discussed below



(personal communication from J. Bocthroyd tc .Je Pe

Chandler)e.

procedure Shellsort (a,n); vailue r; real array a; integer n;
comment atCll through afnl of aCl:nl] are rearranged ir

ascending order. The metnod is that of D A. Shell,
(A high-speed sorting procedure, Comme ACM 2 (195¢),
30-32) with subsequences chosen as suggested Dy Te Neo
Hibbard (An empirical study minimel stcrage sorting,
SDC report SP-982). Supbpsequences deperd on m(l)
the first operative value of me Here m(l) = 2%*%*k-1l
for 2**k <= n <= 2**(k+l). To .implemert Shell*s original
choice of m(l) = floor(n/2) charge the first statement to
m = n;
begin integer i,3,k,m; real w;
for i 2= 1 step 1 until n dom =2 x 1 - 1;
for m 3= m / 2 while m «a= 0 do
begin k ¢= n - m;
for j ¢=1 step 1 until k dc¢;
begin for i := j step -m until 1 do
begin if ati+md => afi) then g¢ to 1;
w t= afil; afil := afti+ml; afiem] = w;
end i,
liend 3
end m
end Shellsort

Figure 1. Program A, ty Je Bcothroyd

Hipbard (5) recoded the algcrithm 1in order to imprave
the efficiency (see Program B, Figure 2). Instead of
performing pairwise interchanges, Hibbarc¢ stores the cut-of-
order element 1in a temporary location, then compares the
temporary value with the preceding elemerts within the group

in order to find the correct ppositior of the te&porary



value.

position in order to make

0f the temporary value into the groupe.

procedure C(x,n); array x(1l:r);
comment Shell®s method using Hibbar¢*'s increments
begin integer d,i,Jj’;

d ¢= 2 ** entier log(2)n - 1

Cl: if d <= 0 the go to exit; i ::=1;
C2: J s=1; y = x£isd];
C3: 1f y < xC3] then go to:C4;
CS¢ xL3¢dl 2=y; 1 =1+ 1;

if 1 + d <= n then go tc¢ C2;

t=(d-1) / 2, go tc Cl;

Ca: xL£3+d1 := x£L33; 3j2= 3 - é;

if J > 0 the go to €C3; go to C5;
exitiend

Figure 2. Program B, ty Te N. Hibpbard

The elements uithin_tne group are shifted by one

room fcr the eventuzl reinsertion

The following definitions describe .the basic operatiagns

in Hibbard*s version of Shellsort:

Comparison - Any examination .thzt 1is

Save

element in the

made between 2any

list and eitker another

list or a saved value is a "comparison®.

element in the

If a comparison is made tetween two elements in the

1ist and they are determinec¢ to be

the

location.

proper position is founde.

appropriate element {is stored

out-of-order then

in

a

teaporary

The saved value 1s later reinserted when its

1he operation of storing an



Move

out-of-order element and sutsequently reinsertirg into
the 1list constitutes one "save® or "save/inserticn®,

- Once an out-of-order elesent has been found é&nd its
value has been stored in a .temporary 1location, it is
necessary"to move elements within .the 1ist in order to
provide a place to reinsert the szved element 1in its
correct position. Each . element that 1is cshifted

constitutes a "move'.

Stepping through the following exazple &ill illustats these

definitions:

Suppose that in the followirg group of elements,
#5" 1s to be inserted into its proper positione.
Comparisons=0 Saves=0 Mcves=0
3eee2e00000e8aseSeneS
A comparison is made between “S"™ anc¢ “s5%,
Comparisons=1 Saves=0 Mcves=0

3.‘.2.. .6...8. oo 9.. .5

| {
I 21

loe od

The comparison determines .that "9®" and "5* are
Out-of-ordet, SO0 a save 1s mede. "E" is stored in
a temporary location, TEMPVAL.
Comparisons=1 Saves=1 Mcves=0
Jeeo20006e008e0e9eceS TEMPVAL=S

i ™
{ {

‘----- - es @ @ @ @ o ‘



#g¢* 1is moved to make rcore for 2 possible

reinsertione. “gn s destroyec, tut it has been

saved in TEMPVAL.

Comparisons=1 Saves=1 Mcves=1
300.2.0060..80009..09 TE MPVAL=5
(I
{ {
‘.--‘

A comparison is made between "“g® ané TEMPVAL.

Compariscns=2 Saves=1 Mcves=1

3es020ceCeceBecsPeced TE MPVAL=5S
t |
{ ? |

h-- L X 4 X ¥ r ¥ T T X T J -‘----J
The comparison determines thet “8% znd TEMPVAL are
out-of~order, so another move is mace to make rocm

for possible insertion.

Comparisons=2 Saves=1 Mcves=2

Jeee200ebese8cceBese? TEMPYVAL=S
S
| {
teacnd
“6" and TEMPVAL are compared.
Comparisons=3 Saves=1 Mcves=2
TEMPVAL=S

30.020 0.6..08. 0.8...9
A |
| L4 |

btovoacnvacococcnsccccccncaanand

g and TEMPVAL are out-of-crder, S0 another move

is made.

Comparisons=3 Saves=1 Mcves=3

30.020--60..60008.0.9 TE MPYAL=S

I
i1

[ Y |



#2# and TEMPVAL are comparede.
Comparisons=4 Saves=1 Mcves=3
30002.9.60..60..80..9 TEMPY AL=S

| {
{ ? l

e vovnevswescvccvcvcvcacon oo cosecwe 4

“2# and TEMPVAL are in-orcer, so TEMPVAL is
inserted into the groupe. Ncte that the number cf
saves does not change.

Comparisons=5 Saves=1 Mcves=4

300.20.050..6...8.009 TE MPVAL=5
e {
{ |

eececonscsvcoccc oo cesow cvcocean d

If Boothroyd*s algorithm is used, then M interchanges
require M+1 comparisons and 3*M replacement operations. In
order to accomplish the same Tresulte, true 1insertion
requires one save (two replacement operctions) and ¥ moves
(M+1 comparisons and M replacement cperations), for z total
of M+2 replacement operations ard M+l comparisons. This
decreases the number of replacemert ogperations by nearly
two~-thirds, Chandler and Harriscn (3) 1indiczted thet this
results in a 17% decrease 1in the average running time
relative to Boothroyd®*s algorithm fcr a Shellsort written in
Fortran on a CDC 6400 computer.

An important feature of Prcgam B 1s its use of an
"unconditional® save operation, .in whict Program B executes
the save operation before an initial comrparison is mace. If

the elements are determined to be in-orcer, then the saved



element is reinserted into its original fpositicne. The save
operation can be avoided wnen the elemerts are in-order if
the comparison is made before .the save, as 1is dc¢ne in
Program C (Figure 3).

Consider the types of operatiors required by Progrzms B
and Ce. In Program C, an in-order comparison (a comparison
in which the tuwo elements are determined .to be .in the
correct relative order) requires two subscript references
and one comparison, whereas Progrem B requires two subscript
references, one comparison, and .téc replacement operctionse.
In Program C., an out-of-order ccmpariscn (a comparison in
which the two elements are determined not to be .in the
correct relative order) requires .three subscript references,
one comparison, and one replacegent operation. P.rcgram B
uses uses two subscript references, one comparison, :znd one
replacement operatione It 1is obvious that an ir-order
comparison is faster in Program C than 1ir Program B, because
the save operation is not made. Or the other hand, Frogram
B may be slightly faster than Prc¢gram C for an out-otf-order
comparison, because the comparison in Program C requires
both operands to be subscripted, «whereas Program B hes only
one subscripted operand. In a streight insertion sort, 1it
seldom happens that an item to be inserted i1s already in the
proper position, so an “unconditional save" may well be
fester than making a comparsion before the save 1s made.

However in Shellsort, the groups in pzsses following the
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20

30
40

10

SUBROUTINE SHELL{JR,N)
DIMENSION JR(100)

SHELLSORT

INPUT PARAMETERS
JR INTEGER "ARRAY TC BE SORTED
N NUMBER OF ELEMENTS IN ARRAY JR

RETURNS ARRAY JR IN ASCENDING ORDERe.

SUBROUTINES CALLED
NEXTH RETURNS 1HE NEXT INCREMENT.

JCOMP, JMOVE, AND JSAVE ARE THE COUNTERS FOR
COMPARISONS, MOVES, AND INSERTIONS/SA\ES.
JCOMP=0

JMOV E=0

JSAVE=0

IF (N.LT.2) RETURN
JH=0
CALL NEXTH(JH)
NMJH=N=-JH
DO 40 K=1,NMJH
JHPK=JH+K
JCOMP=JCOMP*1
IF(JR(JHPK).GT<JR(K)) GO 10 40
JTEMP=JR(JHPK)
JMOVE=JMOVEs1l
JR(JHPK) =JR(K)
J=K-JH
IF(J.LE.0) GO TO 30
JCOMP=JCOMP+1
IF(JTEMP«GT«JR(J)) GO T0 :30
JMOVE=JMOVEe1l
JHPJ=JdH+J
JR(JHPJ) =JR(J)
J=J=-JH
IF(J.GT«0) GO TO 20
JSAVE=JSAVE+1
JHPJI=JH+J
JR(JHPJ) =JTEMP
CONTINUE
CALL NEXTH(JH)
IF(JH.GE.1) GO TO 10
RETURN
END

Figure 3. Prcgram C
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first pass are partially ordered, so it is not cleer that
the unconditional save will 1ircrease the speede. For
example, consider the final pass <¢f Shellsort. Sirce the
final pass 1s an insertion sort, ore might expect the order
to be O(N*;Z) for a random 1list. This cannot be the case
since the average running time ¢f Shelisort is much less
than O(N**2), indicating that trke 1ist must have been
partially ordered by the 1initial passecs. Table I 1is an
empirical comparison between Proc¢rems B and C for varicus
number of passes. The ‘table WéSs generated using an IBM
1130, 1in order to avoid the tisirg problems caused by a
multi-programmed system. Prograas B is slightly faster tnan
Program C in an insertion sort (H=1) due to the many cut-of-
order compariséns that are made. Program C is faster than
Program B in a multi-pass Shellsort, <cue to the ordering
that is done in the initial passes. Tatle I indicates that

Program C should be used on all militi-pass Shellsortse.

Shellsort - 1Incremerts and Runnirg

Times

The optimum set of increments (H(T), H(T-1), H(T=2),
eesy H(1)) for a given value of N is rot kncwn, but many
sequences have been suggested. Representative sequences are
given in Table IT, Shell (10) 1introduced the algorithm in
1959, but his version can result 1n a very poor worst case
running time (4) of O(N**2)., The wcerst case running .time of

Shell*s version 1is investigated in Chacgter I V. Wren the
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TABLE 1
AVERAGE RUNNING TIMES FOR P:ROGRAMS
B AND C
No. of Ave. Running Time(Sec) Percent Gain

Increments Passes Program B Procram C Program C
(3*xK=-1) /2 1 234.20 234.51 -0.13
(3"!("1)/2 2 70.43 90040 *0.04
(3*=xK=1)/2 3 27.80 27.60 +0.71
(3%%xK-1) /2 4 16.57 16.21 +24.17
(3**K=1)/2 5 13.90 13.37 +3.81
(3*’«‘1)/2 6 13061 12092 f5001

2%*K=-1 1 234.19 234.51 -0.14

2"!("1 2 370 91 270 89 *0‘02

2% *K=1 3 41,83 41.60 +0455

2% %XK=] 4 24, 61 24.19 +1 ~71

2% *K=~1 5 17.66 17.01 +3 .34

2*2K=]1 6 15.14 14.36 +5.15

2**&-1 7 14025 13026 +6¢95

2%*K=1 8 14.12 12.93 +8.43

2r%K~] 9 14.43 i3.12 +9.,08

This table was generated on en IBM 1130. All ccunters

Wwere removed from the programs. 1000 random elements were
sorted.
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binary representation of N contains lon¢ strirngs of zeros,
then there is little interaction betWweer the groups, which
results in many sorted but distinct groups. This forces the
final pass to dc much of the sorting, thus degrading the
sort time. For example,.if H equals 8, 4, 2, 1, each pass
combines pairs of groups that hav¢ not interacted at all in
previous passese. Frank and Lazanis (4) lrave shown thzt this
can be eliminated if the increments are relatively prinmee.
Piapernov and Stasevich (8) prcved that the WdoOrst case
running time using Hibbardes incremerts 1s bounced by
O(N**1.5). This was generalize¢ by Prett (9) to include
most “fuzzy" geometric series oteying certain coprimeness
propertiese. Yao (1l1) derived the asymptotic form of a
three-pass Shellsort using fixed incremerts. Pratt (S) alsc
suggested a Shellsort algorithm .thet hes a worst czse and
average case running time of O(N*(1lg(N)**2)) ("ig®
symboclizes logarithm base 2), wtich will be discussed in
Chapter III.

Knuth (7) estimated the total runnirg time of Prcgram B
using a MIX program (MIX 1s an assembler 1language for a
hypothetical machine)s He shows .thzt theé execution time can
be expressed in terms of five parzmeters, namely: the size
of the file, N; the number of r[asses, T; the sum of the
increments, SJ the number of left-to-right minima
encountered in the intermediate scrting cperations, A} and
the number of moves, B. Using ttris tersinoclogdy, the numper

of comparisons 1is B + NT - S - A. The total runnirg time
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for the MIX program 1is (98B + 10NT + 13T - 10S - 3A + 1)

cycles.
TABLE 1I1I
AVERAGE NQ. OF COMPARISOKNS FOR VARICUS
FAMILIES OF INCREMENTS
Stated Number of

Author(s) Comparisors Incremerts

Shell (10) floor(N/ <«*%K))

Frank and add 1 to Shell*s

Lazarus (4) even increments
Papernov and 1.,09* N*x*1,27 2% *K+ 1
Stasevich (8)

Hibbard (5’ 1.22'"**1.;6 2**K =1

Knuth (7) l.12%N*x*1,28 (2% *K=(=1%*K)) /3

Knuth (7) le66*N**1, 25 (3**K=-1)/2
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The Optimum Initial Increnment
Previous Wc¢rk

Once a sequence of increments has teen chosen, how is
the initial increment, H(T), <choser for a given value of N?
Hibbard (5) suggested using the largest increment less than
Ne This seems rather high, due .to the tact that an cut-of-
order element in the first pass mcves alnost N places, which
is greater than the expected average total displaceaent of
N/3 for a random input list. Shell (10) required the first
increment to be floor(N/2), while Knuth (7) suggested that
the initial increment be no great¢r than N/3.

Table 1II1I contains some typical .total running tiames
using the MIX assembler lanquage as measured by Knuth (7).
Several 1Zfamilies of increments zre shcwn, using various
numbers of passes. Exauination ¢f Table III indicates that
as the nmumber of passes decreases for a given family of
increments, the total average runrirg tise decreases, pésses
through a minimum, then increases. This minimum represents
the number of passes, T, that gives the fastest sorting time
for that particular family of incremertse. For example,

Table 111 gives the MIX times when Hibbard®s 1increments

15
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(2**K-1) are used. The MIX times for nire, eight, anc seven
passes are 142238, 139435, and 140072, respectively. This
indicates that if Hibbard*s incresents are used to sort 1000
random elements, eight passes shaitlc be .Lsed rather than the
nine pasées that Hibbard®*s algorithm ac.tually usese. There
is no intuitive way to know in advarce tre optimum nuzber of
passes to use, but this can be determine¢d empiricallye. 1f
Table II1I could be expanded to include all values of N, tnen
it wWould easy to determine the cptimum initial increment.
It is 1mpossible to include all vzlues ¢f N in Table III,
but it is possible to estimate the value of N at which each
pass becomes Justifiéd. These values will be cczlled
“crossover values". The first crossover value is the value
of N at which a tWwo-pass Shellsort is mcre efficient than a
orne-pass Shellsort. The second crossover value is the value
of N at which a three-pass Shellsort is more efficiert tnan

a two-pass Shellsort, and so on.
Method of Investigatior

In order to investigate Shellscrt, cne must estatlish a
criterion to measure its efficiency. Ary measurement using
real or relative time on a given coamputat is not very useful
in drawing generzl conclusions, due to the differerces in
instruction execution time Daetween cifrerent machinese.
Fortunately, the number of comparison, move, and save
operations is machine independent. Pregram C (Chapter I,

Figure 3) indicates houw these <¢peraticns can be ccunted.
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TABLE I1II
SHELLSORT MIX TIME FCR 1000 RANDOWM
EL EMENTS
| MIX
Time
Increments A B T S (Cycles)
1 6 2497540 1 1 2257734
17 1 65 41 667 2 is8 364652
60 6 1 158 26361 3 617 266141
140 20 4 1 262 21913 4 165 234829
256 04 16 4 1 362 2045¢ 5 341 2291700
576 192 48 16 4 1 419 2008¢ 6 8317 231240
729 243 81 217 9 3 378 185323 7 1093 224826
1
512 246 128 64 32 16 493 1643 10 1023 23€336
g 4 2 1
500 250 125 63 31 15 525 76090 9 994 147003
7 3 1
501 251 125 63 31 15 575 720¢ 9 997 143223
7 3 1
511 255 127 63 31 15 550 710¢ 9 1012 142238
7 3 1
255 127 63 31 1S5 7 450 730¢C 8 502 139435
3 1
129 63 31 15 7 3 300 815¢C 7 241 140072
1
63 31 15 1 3 1 200 970 ¢ 6 120 145579
31 15 7 3 1 125 1360¢C 5 517 171521
513 257 129 65 33 17 575 660C 10 1032 147486
9 5 3
257 129 6% 33 117 9 450 680C 9 519 144778

5 3
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Table III (Continued)

129 65 33 17 9 5 300 7606 8 262 144985
3 1
€65 33 17 9 5 3 200 940C 7 133 152762
1
33 17 9 5 3 1 125 13000 6 68 176024
683 241 171 85 43 21 500  705C 10 1364 148441
11 5 3 1
341 171 85 43 21 11 500 7300 9 681 147508
5 3 1
255 63 15 7 3 1 400 8600 6 344 132839
257 65 17 5 3 1 400 87006 6 348 133699
341 85 21 5 3 1 425 9300 6 456 137944
610 377 233 144 89 S5 550 7400 14 1595 189183
34 21 13 8 5 3
2 1
377 144 55 21 8 3 475  880¢ 7 609 141777
1
365 122 41 14 5 2 450 830C 7 550 137942
1
364 121 40 13 4 1 450 9200 6 543 136099

121 40 13 4 1 275 990 ¢ 5 179 136551
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Comparisons predominate as N becomes . large, because the

number of comparisons consists <¢f the number of ir-order

comparisons Plus the number ¢cf mcves (out-ot-grder
comparisons). Thus, the number of gaoves can never be
greater than the number of comparisons. Likedise, the
comparisons predominate 1in an ir-crder 1list, because the
number of comparisons is NT - S, while the nﬁmber of moves
and saves is zero.

The following outline can bte used tc¢ 1investigate

Shellsort:

1. Choose one family of increserts to study, such as
Hipbbard's family, Knuth®s fasily, etce.

2, Sort random 1lists wWwith various values of N using
Program C (Figure 3). Adjust subrcutine NEXTH so that
one pass i1s used. Repeat .the sort @ith ditferent
random 1lists in order to <cbtain a good statistical
averagde of the number of comparisons, moves, and saves
required for a given value ot N.

3. Repeat step 2 with NEXTH adjusted fc¢r tuwo passes, three
passes, etce.

4, Fit the number of comparisons to a curve as a function
of N for each pass.

Se Determine the crossover points as .the intersections of
the fitted curves of adjacent rumbers of passes.

6. Fit the crossover values fourd in step S5 to a curve as

a function of N.
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In order to generate the ¢rcossover values, several
design parameters need to be considered:

1. Many families of increments tave be¢n suggested, and it
would be impractical to study all c¢f them. Hibbard*s
increments (2**K-1) and Knutt®s increments ((3**K-1)/2)
were studied because of their efficiency and
popul aritye.

2. Only random lists containing up to 20000 elements were
considered. Larger lists wculd require & large amount
of computing timee.

3. Fifty random lists were sorted for each value ¢f N in
order to determine the averége numter of comparisons,
moves, and saves. This nuaber of repetitions yielded
an acceptable standard deviaticne.

4, The values of N were chosen to cive & fairly even
distribution of data points ¢cn a 1log scalee. More
closely spaced values of N were usec in the vicirity of
the crossover values.

Results of the sorting are .tound in Appendix A and
Appendix Be. Since the number of comparisons predominates,
it can be used as one 1indication of the relative efficiency
of various Shellsorts. Examining¢ the éeppendices shcw that
for a given value of N, .the,tse of Knuth®s increaents
results in approximately two tc thiee percent feder
comparisons than the use of Hibbard®s increments.

In order to determine how weéll the various fits agree

Wwith the data, two methods were used to measure the
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“gocdness of fit“: the value «¢f chi-square and the runs
test. Chi-square is the sum over all of the data poirts of
((YW)=-FIT(J)/YSIG(J))=**2
where ¥(J) is tne ordinate of the Jth data point, FIT(J) 1is
the fitted value, and YSIG(J) 1is .the expected standard error
of Y(J). If the model FIT(J) 1is 1linear in all paraseters,
then the expected minimum value of chi-square is equal to
the number of degrees of freedom, NLDF, <¢f the system. The
number of degrees of freedom of a system is equal to the
number of data points minus the ruxber c¢f paremeters in the
fit. The expected standard error of chi-square 1s the
square root of 2=*NDF. If the mcdel 1is nonlinear these
expected values are only épproxlmzte, but the test is still

widely used for nonlinear models.

The runs test examines the rumber ¢f rIumns of pc¢sitive
and negative values 1in the residials (Y(J)=-FI1(J)) of the
fit. For example, if the signs ¢f successive residuéls are
++-t-=+=, then there are six rurs of successive residuals
having the same signe For a large numter of data points,
the expected number of runs for ¢ good <fit approaches hzalf
the number of data pointse Benrett anc¢ Franklin (1) give

details on the use of the runs test.
Fitting the Results of Eact Pass

Initially, an attempt was sade tC fit the number of
comparisons to a power function ot N for each pass:

number o0f comparisons = C * (N **x P)
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This system is linearized by usinc¢ the 1lcg function:
lg(number of comparisons) = 1g(C) + P * 1g(N)

so that a straight line on a log=-1¢g plct corresponés te a

poWer function in the raw data. (nless ctherwise specified,

the log-log system is used, and the term "raw data® refers

to the original datae.

The one-pass Shellsort is sizply an insertion sort, so
the data were compared to the .esymptotic behavior of the
insertion sort, 0.25%*N*=2, The cne-pass Shellsort deviates
sharply from 0.,25*N**2 for small valuves of N, tut it
approaches 0.25*N**2 for large velues of N. Figure 8
(Appendix D) shows the deviation ¢f the one-pass Shellsort
from its asymptotic behavior of (.25%N=*2, The <first few
raWw data points were checked by scrting all ¢f the
permutations of a list for a giver N, then averaging the
operations, as shown in Table 1IV. Examination ¢f the
apperdices shows that the data agree well with Table 1IV.

For each number of passes greater thtan one, a straight
line was fitted to the log-log plot of 1lg(comparisons)
verses 1g(N). The results are stown in Table V. On small
and intermediate numbers of passes, tkte fit 1s pocr, as
Judged py the number of runse. The errcr 1s great at large
values of N. On large number of pésses, the fit is better,
but this is due to the smaller r&nge of N. The results in
Table V are comparable to those fcurd by Knuth (7) 1ir Table

I1I (Chapter I).
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TABLE IV

AVERAGE BEHAVIOR COF INSERTION SORT FOR
ALL PERMUTATIONS OF N

S EEEIEN HED D D TP O D ED B ED CHED EP D ED GHED EHED @) ED WD YD ED @ €D @ WED WU G WED G W WD DED W W W G W G W © B

N Comparisons Mov ¢s Saves

2 2/2 172 172

3 16/6 97¢ 176

4 118724 72724 46 /24

5 9267120 6007120 32671240

€ 79567720 5400/ %20 255671720

17 75132/5040 5292075040 : 2221275040

8 777456740320 564480740320 212976740320
9 8771184/362880 6531840/ 262880 2239344/362880

After examining the operaticn of the Shellsort as N
becomes large, the asymptotic behéevior of the Shellsort with
a fixed set of increments can be éstaplishede.

Theorem:¢ The average and &Oorst czse asymptotic
benavior of Shellsort wusirzg a fixed set cf
increments is proportional tc N**2,

Proof¢: Let the increment for the first pass be a
fixed value, H(T). Let N be . the number cf
elements in the 1list., On the first pass, the 1list
is divided into H(T) groups, ezch group containinrg
H(T)/N elementse. An insertjor sort is performed
on each group, thus the bcurd fcr the average
running time in sorting each group is proportionczl
to (N/H(T))**2, Since there are H(1) groups, then
the average running time fc¢r the first pass 1is
proportional to H(T)*((N/H(T1))%*=2), H(T) is a
constant, so the bound for the &cverage runhnirg
time for the first pass 1s O(N**2), which becomes
the bound for the entire Shellsort. This is also
an upper bound because the maxisum number cf
inversions 1in a 1list is (N*(N-1))/2, which .is
O(N**2), and it is not possible fcr Shellsort to
increase the number of invemsicnse.
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TABLE ¥

LEAST SQUARES FIT OF P(WER FUNCTION TO
NUMBER OF COMP ARISONS

- D ED G ED D EDE D D DN EDED D ED D ED DD EDED EDED EED W ED WD W B D B Bup @ DD DD D ED D WD @ @ DD B

Increments Passes Fit Rurs Runs(Expected)
2**K=1 1 0.25=N*=2, (0 2 18
2*2K=1 2 0.41%Nxx1,%7 '3 18
2**K~-1 3 0.50*N**1,65 3 20
2%%xK<] 4 0e52%N=*]1,59 3 45
22*K=1 € 0e6T7*N%2*]1.51 2 25
2%*K=] 6 1.03*N**]1,41 3 24
2%k~ 9 1.49*N**1,34 3 22
2*’!(-1 8 204xN%x%x]1, 77 '3 20
2**K=1 9 2.02%N**], 25 3 18
2‘.K"1 10 3.06'""1.22 6 14
2**&-1 11 3.43'“**10 :1 9 10
2%*K=-1 12 3.43*N**]1,21 ) 6
2**K-1 13 3.60%N=*]1,21 3 2

(3*‘“‘1)/2 1 0025*"**2060 ; 21
(3**K=1)/2 2 0.,39%*Nx*1,75 3 21
(3%*K=1)/2 3 0.49%=N==*]1, ¢3 3 23
(3%x%K=1)/2 4 0e67%*N**1,49 K] 23
(3**K=-1)/2 5 1.17=N**1,37 3 23
(3x*K=1)/2 6 1.93*N**1,29 3 18
(3x%K=-1)/2 1 2.62%xN=x*], 24 Y| 12
(3**K-1)/2 8 314%N%x*]1,22 1 7
(32*K=1)/2 9 " 3.06%N%x%®],22 4 2

The theorem makes it apparent that the fitted curve for

each fixed number of passes contains an N*2 term, plus some
other term that diminishes as N beccmes large. The error in
the fit of the one-pass Shellsort (see Figure VII, Appendix
D) suggests that the other term 1s a functior resemtling a
gamma density function, which are of the forms

F(X) = A*(T**B) * EXP(C*T)
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If the log of the data is corsiderec¢ instead of .the raw
data, then the 1log of the data asust be multiplied by some
appropriate weight in order to give the correct statistical
distribution of the error in 1g(¥Y). The calculation ot the
weights is done in the following marner:

Let:

LGG - natural logarithm furction

y(J) - Jth raw data c¢rcinate

Y(J) - 1lg(y@J))

SD{J) - standard deviétion of the Jth raw data
ordinate

REP. - number of repetitions used to generate
a raw data point

SIGMA -~ the expected stendar¢ error of a c¢ata
ordinate

SQRT - square root function
W(J) - uWeight of the Jdth data point
The following relations are .true by definition:

SIGMA(Y(J)) = SD(J) / SCRI(REPR)
W(J) is proportional to 1/SIGMA(Y)**2

The following relation is apgrcximately true from a
linear expansion:

SIGMA(Y(J)) = SIGMA(y(J)) * d¥/dy
Differentiating d¥/dy and sutstituting yields:
SIGMA(Y(J)) = SIGMA(y(d)) / (y*log(2))
Substituting again yields:
W(J) = Cy(J)*LOG(2)*SQRI(KEPL) /s SD(J )] ** 2
Since all of the linear fits tc the lg(comparisors) are
unsatifactory, the data were weichted &nd then fitted ta a
gamma density function plus a line c¢f slcpe 20, (A 1line of
slope 2.0 in the 1linearized systems corresponds to the
function N**2 in the raw data.) The ¢rigin of the gamma

density function is held to zero, because the line fits the
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first point exactly. This yielc¢s an excellent fit; chi-
square has a value of 30 (expected 32), and the nusber of
runs 1s 19 (expected 18). Table VI shcws the data éend the
fit.

when the number of compariscns for multiple passes is
fitted to a gamma density functior plus & line of slope 2.0,
the origin of the gamma density function is allowed tc¢ move,
since there 1is nothing to sugcest whkere it should be
positioned. This yields a good fit for a Shellsort using
two to four passes, as shown in Tzble VI. In these fpasses,
the origin of the gamma  .cersity function tecomes
increasingly more negative. In tte five-pass Shellsort, the
origin of the gamma density function moves to0 negative
infinitye. When this happens tre gJgamma density function
approaches a Gaussian functione. A Gaussian functior 1is a
function of the form:

F(X) = A * EXP( =((T=B)%*%*2) / (2*(C*=*2)) )

In view of this, the data for five to thirteen passes Were
fitted using a Gaussian function plus a line of slope 2.0,
Table VI shows that some of these fits are good while others
are mediocCree. None of the fits zre really poor compzered to
the fits 1in Table V. The Shellscrt with thirteen passes
dces not have enough data points .in order to f£it 2all of the
parameters, so some of the parcmsters dere estimated znd
held constant, as indicated by .th values =14.5 and 7.0 in
Subroutine HBCOM (Figure 4).
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TABLE VI

GQODNESS OF FIT FOR SEELLSORT USING
HIBBARD*S INCREMENTS

Chi
Chi Squate Runs
Pass Type of Fit Square (Expected) Funs (Expected)

1 GAMMA+LINE 30.0 32 = 8.0 19 18
2 GAMMA+LINE 32.1 31 £ T.E 20 16
3 GAMMA+LINE 2602 35 t &.4 20 20
4 GAMMA+LINE 56 .3 40 = 8.9 20 23
5 GAUSS+LINE 86.8 46 £ S.¢ 17 25
6 GAUSS+LINE 151.0 43 2 S.3 13 24
7 GAUSS+LINE 114.6 40 = 8.9 23 22
8 GAUSS+LINE 50.0 36 = €.4 15 20
9 GAUSS+LINE 24.8 31 £ 9.5 18 18
10 GAUSS+LINE 23 .6 24 £ 6.8 22 14
11 GAUSS+LINE 15.1 15 = €.¢€ 12 10
12 GAUSS+LINE 13.8 8 t 4.C 8 6
13 GAUSS+LINE 3.2 2 = 2.0 3 2

Subroutine HBCOM, Figure 4, ccnsolidates the f£its into
a subroutine that facilitates plotting the data. HBCOM
contains all of the information found in these curve fits
for a Shellsort using Hibbard*s ircrements.

Figure 5 through Figure 17 C(Apfpendix D) illustrzte the
importance of the gamma density <functicn and the Geussian
function. In these figures, the linear part of the fitted
curve (FLIN in HBCOM) is subtracted frcm the curve cr data
point, 1leaving the gamma density function or the Geussian
function. The vertical bars indiczte ore standard error in

the data points. The curves are the values returned by
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SUBROUTINE HBCOM (NPASS,AL2K,AL2CM,FLIN)

COMPUTES FITTED VALUES FOR PLOTITING L C(COMP:ARISONS) VS.

LG(N) FOR SHELLSORT USING HIBBARL=-S I NCREMENTS.

NPASS IS THE NUMBER OF PASSES
AL2CM IS LG(COMPARISONS)..

DIMENSION JTYPF(13),APAR(5,13)

DATA

JTYPF 74*0 ,9*1/, APAR/

'2. V4
'305610[
-4,7741,
'508657[
’6090261
-7 .9730 V4
'9.1144,
-10.392,
-11.800,
-13.018,
-13.399,
-14.027,

- «28704,

1.9265,
3.0804,
3. 9366,
447756,
5.4376,
6.26317,
7.3219,
8.4507,
%3787,
8.81791,
8.8873,

2.2983,
2.047¢,
2.3694,
2. 7514,
2091641
3.5495,
3.9031,
4.,0119%,
4.1543,
4,350¢,
5. 684C,
6.4344,

1.3135,
1.97¢8,
2.6064,
3.3492,
4.16:17,
4.4890,
S.0108,
S« 7516,
6.55178,
7.20¢5,

67422,

6.78 61,

AL2N IS LG(N).
FLIN IS THE ASYMPTOTE.

1. ’
‘0276681
'306736’
=17 22 6'
0.,
00’
0.,
O0e s
0.,
0.,
0.,
0oy

*Xr Rz Nz Xz RL

WHEmMOO DT, bWy

‘14.5 Vi 9.1628[ 6.609(, 700 ? 0.
QEXP(ARG)=EXP(ARG)

QLOG (ARG)=ALOG (ARG)
QMAX1(A,B)=AMAX1(A,B)

QMIN1(A,B)=AMIN1(A,B)

IF(NPASS.LT.1
EXPLM=100.
UNITR=1
RTWO=2

«ORe NPASS<GT.13) STCP

COMPUTE THE LINEAR PART OF THE FIT.
FLIN=APAR(1,NPASS)+RTWO*AL2A
IF(JTYPF(NPASS).GT.0) GO TO 30

USE A LINE PLUS A GAMNMA DENSITY.
THE GAMMA DENSITY HAS BEEN
REPARAMETERIZED IN ORDER TO
DECREASE THE CCRRELATION
BETWEEN THE COEFFICIENTS.
THAT=APAR(3,NPASS)=-APAR(5,NPASS)
CGAM=-THAT/APAR(4,NPASS) *=2
BGAM=-CGAM*THAT
AL AGM=QLOG(APAR(2,NPiASS))
TT=AL2N-APAR(5,NPASS)
FEXP=0.
IF(TT.LE.0.) GO TO 20
POWLN=ALAGM+BGAM*(UNITR+QLOC(IT/THAT))+CCAM=TT
POWLN=QMAX1(-E XPLM,QMIN1(EXELNM,POWLN))
FEXP=QEXP{POWLN)
20 AL2CM=FLIN+FEXP

190

Figure 4., Subroutire HBCOM
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RETU RN -

USE A LINE PLUS A GAUSSIAN.

30 ARG==(AL2N-APAR(3,NPASS))**;/(RTWO *APAR( 4, NPASS)**2)
AR G=(QMAXL (~EXRLH,QMINL (EXPL ¥, ARG))
AL2CM=FLIN+APAR(2,NPASS) *QEXP (ARG)

RETURN
END

Figure 4. (Cortinued)

29
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HBCOM, minus the 1linear Terms (FLIN). The curves are
asyaptotic to z2ero, indicatlng.tnat the raWw data are
asymptoticaily proportional to N**2,

Figure 18 tnrough 20 ¢Appendix D) present’another view
of the datae. Figure 18 is a plat ¢f the output from HBCOM.
The family of similiar curves represents a ore-pass
Shellsort, two-pass Shellsort, etc, from left to right.

Figure 19 (Appendix D) 1is simply Figure 18 with
1.25*(1g(N)~-1.0) subtracted fros ite. Tnis roughly
corresponds to dividing the raw détz by FN**1,2S, Nate that
there is a lower *"envelope® which consists of segments of
the passes that give the smallest numker of comparisonse.
One would want to adjust the numter of Hibbard*s increments
to follow the envelope in order tc use tte minimum nusber of
comparisonse. It is important to note tfrat the envelcpe has
a negative slope for large values ot N, which indicate¢s that
the envelope does not increase as féest as N**1.25, as N goes
to infinity. The lower curve is & plot <f N*1a(N), which is
the order of the average running .tixe of quicksort anc merge
sort. The upper curve is the «315*N*(1c(N)**2) behavior of
Shellsort using Pratt's increments, which are discussed in
Chapter IIlI. The envelope is similiar in shape to Frattes
curve, but there is no evidence that they are the same
functione. The only thing certair from .the plots is that if
the behavior of Shellsort 1is ‘asymptotically a poser

function, then the power 1s less then 1. 25.
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Figure 20 (Appendix D) 1is ar enlacrgement of Figure 19.
It clearly shods some of the eftects of the gamma density
function or Gaussian function. 'As the npumber of passes
becomes large, the left end of ezch curve should just touch
the curve of the previous numb¢r of passes because the
introauction of the next pass cén contribute at mcst gne
more comparison, since the .left erd of each curve
corresponds to the point at which H(T) is equal to N-1l. The
curves 1n Figure 20 do not exactly touct with the previgus
curves, and presumably this 1s <cue to statistical seémpling
error in the data or to the numb¢r of pesses not yet being

large enoughe.

Determination of Crosscver %Values

Examination of Table VI shows that some of the fits are
not very ggod. A six-pass Shellsort rtas a chi-square of
151.0 (expected 43.0) with only 13 runs (expected 24). In
order to improve the accuracy ot the crossover values, a
cubic polynomial was fitted to tre log-1log plot of the raw
data only 1in the vicinity of tte crossover points. The
results are summarized in Table VII. A1l of these fits are
very good; the:number of runs is &s large as axpected.

The ratios in Table VII are¢ .the iritial incresent of
the sequence, H(T), divideﬁ by .the corresponding crossover
value. This indicates at hnat frection ¢£ N another pass 1s
jJustifiede The ratios using Knuth®s increments are sc¢ rough

that there is no really smooth pztterr 1in the crc¢ssover
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TABLE VII

CROSSOVER VALUES USINC HIBBARD®*S AND
KNUTH*S INCREMENTS

Ccmparisons MIX Time
Passes Crossover Crossover Range of N
(A=-B) Value Ratio Value Ratic Pass A P.ass B
Hibbard*s Increzents
1-2 7 «46 11 «29 3-20 4-20
2=3 16 «45 23 «32 4-25 8-28
3=-4 44 «34 63 24 8-100 16-100
4-5 89 «35 123 25 16-2000 33-2000
5=6 207 «31 271 23 33-5000 70-5000
6-=7 431 29 566 «22 70-10000 130-10000
1-8 852 «30 1112 «23. 130-20000 280+20000
8=9 1667 «31 2164 24 280-20000 §50-20000
9-10 3197 32 4283 «24 550-20000 1100-20000
10-11 5663 36 7653 «27 1100-20000 2200-20000
11-12 14713 28 18471 0«22 2200-20000 4192-20000
12-13 19868 «41 220000 <.41 4192-20000 2000-20000
Knuth®*s Increments
1-2 6 «15 10 «40 3=-20 5=-20
2-3 14 1.0 16 « 81 5-28 14-2¢
3-4 51 «79 11 e52 26-200 44-200
4-5 198 H1 26 4 . 46 44-660 122-660
5-6 510 o711 762 «48 122-1200 365-1200
6=1 1342 «81 1782 «61 365-7000 1094-7000
1-8 3561 092 3281 1.0 1093-20000 3281-20000
8-9 19992 «49 520000 <«0.5 3281420000 9042-20000
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values as a function of N. It seems rezsonable to estimate
the crossover values to be approximately 0.75*N. The ratios
using Hibbard*s increments are #uch smcother, and it 1is
these points that will be fitted 1ir the next section. One
might estimate that these crossover values are approximately
equal to 0.32*N, for N betwsen 45 ard 15000,

The 1og of the total running¢ time as calculatec¢ using
Knuth*s MIX program (98 + 10NT - 13T - 10S - 3A + 1) das
also fitted to a cubic polynomial. This is dore in order to
compare the wuse of comparisons verses .total MIX execution
time as a means of Jjudging the efficiency of Shellsort.
Again, data when Knuth's incremeénts ar¢ used are scmewfhat
ragged, but the crossover value can te estimated to be
approximately 0.50*N, for N betweer S50 and 1%00. Fesults
from Hibbard*s increments show .the crossover value to be

about 0e24*N,
Fitting the Crossover %Yalues Verses N

The number of comparisons is rot a smooth function N,
since it is composed of segments of the curves for various
numbers of passes (see Figure 20). The crossover values
themselves, houevér, ﬁay conceivebly lie on a smooth curvee.
Knowledge of this curve might facilitate calculation of the
optimum initial increment in a procducticn prcgrame Since
Knuth®s <crossover values are few and are rather ragged,

Hibbard*s crossover values are used, as shouwn in Table VIII.
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TABLE VIII
CROSSOVER POINTS USING HIBEARD®*S
INCREMENTS
Y or

P.asses Lg(N) Lg(Ccmparisons) YSIG
1-2 2. 689 3652 « 040
4-5 6477 9.35¢ «008
7-8 9.733 13.537% «006
8-9 10.703 14.738 « 006
9-10 11.642 15.88 «006
10-11 12.467 16.88¢€ «006
11-12 13.845 18.558 «006

The crossover point from 12 tc¢ 13 passes is nc¢t used
since it 1is ill-determined due tc¢ the lack of data with N
greater than 20000, The estimated stancard error, YSIG, in
the 1g(comparisons) is taken to te the larger of the errors
in the 1g(comparisons) of the data for the two curves near
the crossover value. This prcbebly overestimates YSIG
somewhat, as it 1ignores the smoctrting e¢ffect of the cubnic
fits. The errors in successive lg(compzerisons) values are
probably correlated to some extert, because they hzve one
cubic fit in common. The first few pcints have a larger
value of YSIG than do the other pcintse. The wWeights in the
fits are YSIG*%x{(-2), so the tirst pcints are weighted

considerably less than the rest of the pcintse For example,
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the first point was weighted (0.00¢67/0.040)**2 = 0,022 times
as much as the last point, etc.

The data in Table VIII were fitted to a straight line.
This corresponds to a power function in K

comparisons = C * (N ** P)
or
1g{comparisons) = 1g(¢C) + P * 1g(N)
The fit iS unacceptable; chi-square is 1745 (expected 9).
The <fitted value of P is 1.26 plus .cr minus 0.01 (one
standard error).

Peterson and Russell (7) chose to eliminate¢ from
consideration data points with N l¢ss ttan 100. However,
Figure 22 (Appendix D) shows that the ervelope is norlinear
throughout the entire range, so .&ll of the data were fitted
to the sum 0f a straight 1line plus an exponential in 1g(N).
This gives an excellent fit: chi-square is 1.4 for 7 cegrees
of freedom, and there are 7 rurs through 11 data pointse.
The slope (P) of the straight line i1s 1.196 plus or minus
0.005 (one standard error). This is the asymptotic velue of
the power (P) in the power functicne.

For comparison, another furction was fitted  that is
asymptotically linear in 1g(N), némely tlke sum of a straight
;ine and a decreasing power functior in 1g(N). This gives a
slightly better fit: a chi-squaze of 0.9 for 6 degrees of
freedom, and 8 runs through 11 data points. The asymptotic
poser is 1.178 plus or minus 0.03 (cne standard error). in

view of these two fits, the value of P. cculd be estimzted to
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be 1.195 plus or minus 0.005 (one standard error)e. This is
less than previous estimates by Skell (1(C), and by Peterson
and Russell (7), but agrees with Figuire 22 (Apperdix D)
which shoWs that P must be less ttar 1.2¢. |

A complexity curve of the form:

1g(C * N*=A * 1c(N)**B)

was also fitted to the data in Tatle VIII. This gives only
a mediocre fit: chi-square has a value ¢f 14 for 8 cdegrees
of freedom, and 4 runs among 11 .cata pointse. (Recall that
the YSIG are somewhat overestimateé, sc¢ the chi-square is
underestimateds) A has a value ot 1.062 plus or minus 0.006
(one standard error)., while B hés a value of 1.25 plus or
minus 0.04 (one standard error)e.

An attempt was made to fit the data in Table VIII to
the form:

1g(C = N=*=A = Jg(N)**E + D * N**E),
but the fit is so ill-conditioned that &ll of the errors in
the parameters exceed one hundred percert, so¢ this tit uas
discarded.

It can be <concluded that if the average «czse of
Shellsort has a time complexity that .is asymptoticelly a
power of N, then the power must be less than ;reviously
estimated, probably not exceeding 1.20. A complexity of the
form O(C * N*=*pA * ]g(N)**B) cannat ke ruled out, but .the fit
is not very good.

One must be <careful in isplementing some type of

function that calculates a bound arn the 1initial incremente.
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If a complicated function is used, the time to calculécte the
bound may become comparable to the time needed to sort a
short 1ist. Since the running .times fcr the Shellscrt are
net highly sensitive to the 1initial .increment, orly an
approximate figure is needede. Ir view c¢f this, =2 function
of the form C * N is probably best used as a bounhd tor the
initial increment, as suggested by Knuth. It seems
reasonable that the initial increment should not exceed
0.24*N wusing Hibbard*s increments, nor should it exceed
0.50*N using Knuth®s increments. Program D (Figure S) takes
advantage of the calculation of this approximately cptimum
initial increment. This subroutine avcids wasting time on
the unconditional saves in Prcgram B. It wuses save
operations instead of pairwise intercnancese Thus 1t is the
most efficienct version of Shellsort of which we are

pfesently aware, for reasonable vzlues of N.
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SUBROUTINE SHELL(JR,N)
DIMENSION JR(100)

SHELLSORT

INPUT PARAMETERS
JR INTEGER ARRAY TC BE SORTED
N NUMBER OF ELEMEXNTS IN ARRAY JR

RETURNS ARRAY JR IN ASCEKDING ORDERe.

HIBBARD=S INCREMENTS ARE IMPLEMENTED BUT MAY
MODIFIED TO USE KAUTH-S INCREMENTS

IF(N.LT+2) RETURN
JH=1
REPLACE .24 BY .SC IF KNUTH=-S
INCREMENTS ARE USED
JHMAX=.24*FLOAT(N)
IF(JH.GE.JHMAX) GO TO 20

REPLACE 2=*JH BY (3*JH)-1 IF KNUTH=-S
INCREMENTS ARE USED
JH=2*JH
GO TO 10
REPLACE (JH=-1)/72 EY (JH=1)/3 IF KNUTH-S
INCREMENTS ARE USED
JH=(JH=1)/2
NMJH=N-JH
DO 60 K=1,NMJdd
JHPK=JH+K
IF (JR(JHEK). GT.JR(K)) GO 10 60
JTEMP=JR (JHPK)
JR(JHPK) =JR(K)
J=X-JHi
IF(J.LE,Q) GO TO 50
IF(JTEMP.GT«JR(J)) GO TO .50
JHPJ=Jdli+dJ
JR(JHPJI) =JR(J)
J=J=JH
IF(J.GT«0) GO TO 40
JHPJ=JH+J
JR(JHPJ) =JTEMP
CONTINUE
REPLACE JH/2 BY JH/3 IF KNUTH=-S
INCREMENTS ARE USED
JH=JH/2
IF(JH.GE.1) GO TO 30
RETURN ’
END

Figure 5. Prcgram D



CHAPTER 111

PRATT*S VERSION OF SHELL SORT

Pratt®s Algorithm

Pratt (9) has improved .the rurning time <¢f the
Shellsort to O(N*(lg(N)**2)) by fecuirirg the increments to

be all of the integers of the form (2%*p) * (3*xQ) that are

less than N. Program E (Figire 6) illustrates this
algorithme
for 1 ¢= 2 ** floor(lg(n-1)), 1/2 while i => 1 do
for j 2= i, (3%*3)/2 while j m¢cd 3 = C and j < n dc
for k ¢=1 step 1 until 3 do
for 1 ¢= k step j until n-j dc
if AL1] > AL1+3] then begin swap (AL11,AC1l+j1);

= 1¢)
end

Figure 6. Prcgram E

Program E was implemented in Fc¢rtrar; results are given
in Appendix C. The upper curve ir Figure 19 (Appendix D) is
for Pratt¢s algorithm.

The increments have been choser by Pratt in such a way

that an out-of-order comparison results in exactly one¢ move,
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so the interchange method is efficient in moving an cut-of-

order element to its correct positicne
Running Time of Prattes Algorithm

Pratt reported that the best, worst, and average number
of comparisons of Program E is 0.315*N*ng(n)**2), which is
asymptotically better than any pc¢wWer finctior of Ne. The
major drawback in using Pratt?s sequence is that N has to be
extremely large before Pratt®s Strellsort is wmore efficient
than other sequencese. If 1.0*N**1,2 is taken to be the
average mulber of comparisons of Shellsort, then N has to be
greater than about 10**18 in order for Pratt's sequence to
be faster than using other sequierces. Although Fratt’s
sequnce 1is interesting from a thecretical standpoint, it is
not very useful in actual implesertaticne. The algorithm
simply executes too many comparisors ( see Appendix C) 1in
relation to other sequences to be ¢f practiczl use. This
Wwas previously indicated by Pratt, but it is presenteéd here
to estimate the point at which Prétt's sequence would become

more efricient than the conventioral Shellsortse.



CHAPITER IV

WORST CASE PERMUTATION Of THE OCRIGIMAL
SHELLSOR1T

Introductior

It is useful to know the worst case¢ execution time of
an algorithm. Papernov and Stasévich (8) have shoun that
the the Wworst execution time for Shellsc¢rt wusing Hibberd*s
increments is O(N**1.5), but the permitation of the list
that produces this worst case execution time apparertly is
nct knoswne Frank and Lazaraus (4) have indicated that the
Worst execution time for Shellsort usinc¢ Shelli*s increments
is O(N**2), This occurs when N is some power c¢f two tecause
in that case there is little inteércctior bpetuween grcups in

the intermediate passese.
Proof of Worst Czse Perautation

In order to find the permutation ot the list that gives the
maximum number of comparisons, .the prcblem is 1limited to
using Shell®*s original increments, and N must be a pcwer of
twWo. Knuth (7) provided some tackground information that
Wwill be useful in this proof. (Ir 'particular, see pages
86-88 and the answer to Exercise 1¢, Section S.2.1). He

demonstrated an analogy between the "lattice diagrzm* in
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Figure 7 and a two-ordered list. A tWc-ordered 1list is a
1ist in which R(J) 1is not greater then R(J+2). A tdo-
ordered list can be represented as a t¢ath from the upper
left corner point (0,0) to the 1lower right corner point
(ceil(N/2),floor(N/2)). Each Ktt step goes downwarcés if K
is in an o0dd position in the list and goes to the rigkt if K
is in an even positione Ffor example, the list:
2134657108 119 12 14 13 15
is represented by the line made of the symbols (=1i¢) 1in
Fiqure 7. The 1ine of circles (o) corresponds to a
completely sorted list. Figure 7 shows & natural conrection
betsween paths and inversions, nazely ttat the area betuween
the dotted path and the given patf is egqual to the nugber of
inversions in the given permutatior. Thus the above list
has six inversions.
In order to find the Worst «case persutation of z list,
all of the permutations Were sortec¢ #itt N equal to 2, 4,

ang 8. The following lists sere found .to be the worst case

pernutationss
Sequence CoRperisors Interchangses
21 1 1
4 231 1 &
8 4627351 390 20

Careful examination of these pernsutations reveals a
pattern which <can be provea by inductione. The first
permutation is obviously the worst case for N equal to 2,
since the only other permutation is in-order. Nou, let the

elements of a worst case permutation of length N be k(1l),
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R(2)s eeey R(NI. The worst cas¢ permutation of length 2*N
is tound by intercalating each element, F(J), with R(J)+N on
the left, fesulting in:
R(1)+N, R(1), R(2)+N, R(2), R(3)+N, R(3), eoee, R(N)+K, R(N)
As an example suppose the worst c:cse for N equal toc 4 is:
4 231
The worst case permutation for .the next value of N has a
length of 8 (2*N). This can be found by first addirg N to
each element:
4+4=8 2¢4=6 3+4=7 1+4=5
Intercalating the above list yielc¢s:
8462173°9§1
The worst case permutation cén also be generated by
another method. If a 1list of length N is kncdn to be the
worst case permutation, then the worst case permutation of
length 2*N can be generated by miltiplying ezch elezent by
2, then concatenating this list c¢n the right «ith itself
minus 1. Thus the new list is
2*R {| 2*R-1
where "jj" symbolizes <concat¢nztione. This mzy be
illustrated using the worst case permutation of length 4:
4231
Multiply each element by 2:
\ 8 46 2
COncatehate this list with 1tself minus 13

84627351
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This method lends 1itself to imglementing a program that
generates the worst case permutatior, but it probably does
not have any theoretical implicatiorse.

It must now be proved that this i1s the worst csse for
2*N elements. When the list 1s sorted wusing Shellts
increments, a two-ordered list results Jjust before the last
pass is begun. In other Words, &ll of the cdd-positioned
elements have been sorted and all of the even-positioned
elements have been sorted. It i1s knosn that this 1is the
Worst case except possibly on the¢ last rass because all of
the even-positioned elements were¢ from the previous worst
case permutation, and all of tte odd-positioned elements
have the same Trelative order &s .the even-positioned
elementse.

Note that on the last pass, ithe odd-positioned elements
consist of the values 1 to N/2, shile the even-positioned
elements consist of the valves (N/2)+1 tc N (by
construction)e. A path can now be trzced in the lattice
diagram (Figure 7), since this is z two-cordered list on the
last pass. The first N/2 values é&re ir odd positiors, so
N/2 steps are taken to the right (upper tight corner). The
last N/2 values are in even positions, so0 N/2 steps are
taken down (lower right corner). Cbvicusly thnis maximizes
the distance between the steps «¢f the permutiation é&nd the
staircase 1line of circles (ar 1n-§tder list), which
indicates that the last pass has tc sort the maximum number

of inversionse. Thus the entire permut:iztion must have been
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the worst case for 2*N elements. This completes the proof
of the worst case in the original Shellscrt.

when Shell¢s increments are .Lsed on 2**K elements, the
following numbers of operations occur in the worst case:

compariscons = (1/4)*N*=*2 + (5/4)*N*1g(N) = (9/4)*N + 2
moves Or interchanges = (1/4)*N**g + (1/4)*N¥19(N) - (1/74)*N
save/insertions = (1/2)*N*1g(N)

It is fortunate that tne worst case of Shellsort is so
complicated that it seidomly cccurse The worst case
permutation for a "bubble" sort or an irsertion sort is the
reverse order list, which is protably mcre likely to happen
than the worst case permutation tor Shellsort. The worst
case for the bubble sort or insertion sort 1is (1/z)*N**2
comparisons, while the leading term ir the Shellscrt |{is
(1/4)*N**2 comparisonse. Thus .the original Shellsort 1is
still better than the bubble sort or insertion sort in the
Worst case, and its worst case 1is much less likely to occur.
And of course the average case for the original Shellsort is
very much better than the averagé case for the bubble sort

or insertion sorte.



~CHAPTER V

SUMMARY, COMCLUSIONS, AND SUGCESTIONS
FOR FUTURE RESEARCH

Summary and Conclusions

Program D (Figure 5) 1s one cf the Detter methods of
coding Shellsort. It roughly estimates the cptimum number
of increments <for a given value of N for the families of
increments 2*=*K-1 and (3**K-1)/2, and takes advantage of the
natural partial order already in the list during the final
passes by avoiding *unconditioral save* operetionse.
Empirically, it appears that the initizl increment should
not exceed about 0.24*N when Hibtard*s increments are used
and should not exceed about 0.50*N when Knuth®*s increments
are used. The 1increase 1in spéed by wusing the cptimum
initial increment 1s not very great, but the small
improvement and its ease of calculation Justify its use.

Though the exact forn of the asymptotic é&verage
behavior of Shellsort is not knowr, evicence indicates that
the asymptotic average behavior ¢rows more slowWly than
N**1.,2. In fact, the asymptotic :zverage benavior may nct be
a poser function at all, but .this cuestion canrot be
resolved from our resultse. The results were obtainec using

sound numerical and statistical . techniques, which 1lends
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credence to the new results, anc¢ may serve a a besis in
future worke.
Unconditional saves should be avoided when <coding
Shellsort. This can save as much as 9% in éxecution.time.
The worst case list for the criginal Shellsort hés been
derived. It is quite complicated, sc¢ the chances of it

occuring are quite small.,
Suggestions for Future Wcrk

There are many suggestions for future research on the

Shellsort:

1. what is the ofder of the asymptoptic average behavior
of the Shellsort?

2. what are the optimum incremerts for Shellsort? Ferhaps
the optimum increments coulc¢ be fcund for some very
small values of N, then bhe¢ generzlized for 1lerge N.
gach value of N may have 1its cun optimum set of
increments, but some pattern might te discerned.

3. Can Pratt*s increments be mocified to make his version
of the Shellsort useful?

4, What 1s the gens¢ralized worst case list for Shellsort,

for other sets of increments ard any value of N?
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HIBBARD®*S INCFEMENTS
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repetitions

Hibbard*s incrementse.

N Pass

[l il
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Saves

0.4199994E+00
0.4985690E+00

0.1199990E+01.

0.6700571E+00
0.1759990E+01
0.7969308E+00
0.2739988E+01
0.9216196E+00

0.3479988E+01.

0.9310931E+00
0.4399987E+01

0.1142856E+01.

0.5359990E+01
0.1064450E+01

0.6299990E+01

0.1073806E+01
0.6759991E+01
0.1318004E+01
0.9199990E+01
0.1178029E+01
0.1065999E+02
0.1117757E+01
0.1259999E+02
0.,1160573E+01
0.1429999E+02
0.1488047E+01
0.1633986E+02
0.1437255E+01
0.1989983E+02
0.1343920E+01
0.23 95981E+02
0.1470232E+01
0.2879980E+02
0.1784298E+01
0.3361983E+02

0.1839349E+01.

0.3951982E+02
0.1656636E+01
0.4555984E+02
0.1692237E+01
0.553598€E+02
0.1711392E+01
0.6513983E+02
0.1628961E+01
0.7539981E+402

were

C ompariscns

0.1000000E+01
0.00000C0E+00
0.2639987E+01
0.4848724E+00
0. 48399¢€8E+01
0.84176S0E+00
0. 75199¢€9E+01
0.1554976E+01
0.1105999E+02
0.21703¢3E+01
0. 15059¢9E+02
0.2965163E+01
0.19659¢€2E+02
0.3611819E+01
0.2351982E+02
0.4011436E+01

0.28059¢€1E+02"

0.5467562E+01
0.43459¢5E+02
0.8172123E+01
0.5641982E+02
0.93330.18E+401

0o 72519€4E+02 -

0.9474418E+01
0.87639¢5E+02
0.10630€2E+02
0.1108399E+03
0.17763C0E+02
0.15701¢8E+403
0.1807292E+02
0.21695¢S8E+03
0.19224€9E+02
0.,2959568E+03
0.3240022E+02
0.38745%3E+03
0.3424690E+02
0.5237391E+03
0. 4507510E+02
0.6589568E+03
0.5538014E+02
0.93165¢7E+03
0.7681360E+02
0.12783¢<8E+04
0.90920¢9E+02
0.1661177E+04

mace usirg Program C

Moves

C.4199594E+00
C.4985€90E+00
0.1479988E+01
€.9089102E+00
C.2759989E+01
0.1333401E+01
C.4839988E+01
(2279990E+01
0.7399987E+01
C.2595122E+401

"Ce1085999E+02

0.3625353E+01
0.1443 999E+02
0.4329102E+01
0.1737985E+02
C.4421150E+01
€.2085980E+02
0.6114579E+01
C.3449982E+02
C.8795261E+01
0.4521982E+02
0.9621984E+01
C.5959982E+02
0.9893289E+01
C.7287982E402
0«1114400E+02
0.9447980E+02
0.1817177E+02
C.1370398E+03
0.1835359E+402
0.1927198£+03
C.1964€96E+02
0.2670574E+03
0.3302872E+02
€.3538374E+03
0.3467635E+02
C.4840S76E+03

0e4496933E+02

0.6133374E+03
€.5564510E+02
C.8762170E+03
0.7731062E+02
0.1213198E+04
C.9147310E+02
0.1586117E+04
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AVE
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0.1840561E+01
0.8523982E+02
0.1954165E+01
0.9447978E+02
0.2251874E+01
0.1147598E+03
0.1732765E+01
0.1243198E+03
0.,2094087E+01.
0.1345798E+03
0.1917612E+01
0.1544798E+03
0.2296773E+01
0.1743398E+03
0.1813867E+01
0.1945798E+03
0.2259582E+01
0.2936172E+03
0.2263550E+01
0.4930574E+03
0.2368553E+01
0.9923174E+03
0.279525SE+01
0.1991817E+04
0.241351€E+01
0.1859989E+01
0.8083711E+00
0.3039989E+01
0.1105826E+01
0.4239989E+01
0.1238166E+01
0.5139989E+01
0.1277909E+01
0.6339987E+01
0.143725€E+01
0.7799989E+01
0.1603566E+01
0.9099988E+01
0.1693322E+01
0.1167999E+02
0.1659109E+01
0.,1393999E+02
0.19€3706E+01
0.1711980E+02
0.,1923407E+01
0.1957980E+02
0.2268587E+01
0.2281984E+02
0.1996820E+01
0.2827982E+02
0.2303843E+01
0.3465981E+02
0.2715115E+01"
0.4213983E+02

0.12289¢5E+03
0.21196:7E+04
0.1343805E+03
0.25552976+04
0.17511C8E+03
0,3719997E+04
0.2113506E+03
0.4293379E+04
0.2836257E+03
0.50122¢6E+04
0.28414¢9E+03
0.6642398E+04
0.30636174E+03
0.8179414E+04
0.4150212E+03
0.10226¢9E+05
0.4721€23E+03
0.2276500E+05
0. 68903 49E+03
0. 62847:6E+05
0.2124254E+04
0. 25040€6E+06
0.50535¢0E+04
0.1001660E£+07
0.15829¢9E+0S
0.51999¢0E+01
0.8571416E+00
0. 78799¢1E+01
0.91784¢€7E+00
0.1133999E+02
0.15985¢4£+01
0.14439¢9£+02
0.1579974E+01
0.18399¢3E+02
0. 2089802E+01
0.2221983E+02
0.29712C4E+01
0. 26639E0E+02
0.2833892E+01
0.36179¢E2E+02
0.3690525E+01
0.4567982E+02
0.5441477E+01
0.56839€3E+02
0.56653S50E+01
0.69079¢€2E+02
0.80984¢4E+01
0.8259984E+02
0.8312736E+01

0.11189¢8E+03 "

0.1191504E£+02
0.14459¢9E+03
0.1543779E+02
0.1904998E+03

0e1233560E+403

0.2035357E+04
0.1348322E+403
(.2460298E+04
Ce1752604E+03
0.3605537E+04
0.2116170E+403
(.4168754E+04
0.2836260£E+03
C.4878234E+04

' (e2840139E+03

0.6488453E+04
0.3630604E+03
C.8005141E+04
0.4148611E+03

0.1003261E+05

0.4728093E+03
0.2247103E+05
C. 6893 486E+03
(.6235398E+05
0.2124976£E+04
0.2494132E+06
0.5054285E+04
0.9996677E+06
0.1583023E+05
C.2299989E+01
0.1073804£+01
C.3719990E+01
C.1385€37E+01
0.5699988E+01
0.2296E45E+01
C.7079988E+01
0.1893487E+01
(. 9259991E+01
0.2663€01E+01
01153999E+02
0.3465326E+01
€+.1419999E+02
0.3428556E+01
C.2031984E+02

(e4259142E+01

0.2575980£+02
C.5694E10E+01
C.33655984E+02
0.6133226E+01
C.4239960E+02
C.8043231E+01
0.5197983E+02
0.9175114E+01
Ce7373984E+02
0.1256618E+02
€C.9859982E+02
C.1528268E+02
0.1354598E+03
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38
38
44
44
50
50
€0
60
70
70
80
80
90

100
100
120
120
130
130
140
140
160
160
180
180
200
200
240
240

280
300

WWWWWwWee W W W NN NN NN OOV OO NN O PO PO PO O OO N

0.2814003E+01
0.5011980E+02
0.2745261E+01_
0.5901981E+02
0.2691546E+01
0.6815981E+02
0.2675370E+01
0.8375983E+02
0.3684276E+01
0.9943982E+02
0.340564SE+01
0.1142998E+03
0.4828697E+01
0.1322198E+03
0.4102206E+01
0.1478998E+03
0.4141627E+01
0.1793798E+03
0.4948258E+01
0.1958798E+03
0.5445981E+01
0.2101798E+03
0.519295SE+01
0.2431798E+03
0.51€1156E+01
0.2768372E+03
0.5429821E+401
0.3088572E+03
0.5287369E+01
0.3740371E+03
0.5844847E+01
0.4397981E+03
0.5979604E+01
0.4711768E+03
0.644787SE+01
0.8001973E+03
0.8668248E+01
0.1627077E+04
0.1083401E+02
0327963 71E+04
0.1300047E+02
0.8254055E+04
0.2445987E+02
0.6299988E+01
0.1555107E+01
0.7359989E+01
0.1735110E+01
0.8699986E+01
0.1775684E+01
0.1247999E+02
0.1809720E+01.
0.1531999E+02
0.2590714E+01
0.1823981E+402

0.2268343E+02

0.2564377E+02
0.3046777E+03

0.29184:4E+02"

0.3799773E+03
0.31589C2E+02
0.5202971E+03
0.4486119E+02
0.6670391E+03
0.57877C6E+02
0.8382974E+03
0. 6800133E+02
0.1041358E+04
0.8476134E+02
0.1278857E+04
0.8658658E+02
0.1694877E+04
0,11371¢8E+03

0.19785¢7E+04"

0.1335385E+03
0.2302397E+04
0.14659C6E+03
0.2905197E+04
0.1779044E+03
0.36217:7E+04
0.2536463E+03
0.4424219E+04
0.2472846E+03
0.6246215E+04
0.38010.18£+03
0.8177113E+04
0.4331826E+03
0.92814¢1E+04
0.5000127E+03
0.2457464E+05
0.1164571E+04
0.93905¢9E+05
0.2851168E+04
0.3598443E+0 6

0.8400449E+04 "

0.2183616E+07
0.3068503E+05S
0.18559¢0E+02

0.1842358E+01.

0.22979€4E+02
0.2015127E+01
0.2729980E+02
0.2082476E+01
036899 £4E+0 2
0.3271681E+01
0. 46939 €2E+02
0.36444¢8E+01
0.56379 81E+02

:0.2328452E+02
0. 23321 ¢8E+03

0.1685998E+03
0.2657141£+02
C.2280398E+03
0.2964821E+02
0.2924170£+03
0.3211038E+02
.4126367E+403
0.4553294E+02
0.5399375E+03
C.5803494E+02
0.6916174E+03
C.6849€61E+02
C.8744778E+03
C.8558119E+02
0.1093037E+04
C.8744€11E+02
0.1469177E+04
0.1138994E+03
0.1733178E+04
0.1336878E+03
0.2037717E+04
0.1462437E+03
0.2600556E+04
0.1775095£+403
Ce3276717E+0 4
0.2551374E+03
C.4040€17E+04
C.2473683E+03
0.5783012E+04
C.3809¢€22E+03
(.7634180E+04
0.4328247E+03
(.8698574E+04
C.5008972E+03
023593996405
0.1164098£+04
0.9192650E+05
0.2852372E+04
C.3558€68BE+0 6
(.8400€02E+04
0.2173644E+017
(.3068€00E+0S
0.8499988E+01
0.2349551£+01
C.9979989E+01
€.2630195E+01
01177999E+02
0.2443503E+01
C.1715981E+02
0.3627301E+01
C.2257983E+02
C.4338210E+01
0.2635983E+02
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440
500
500
550
550
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0.2395218E+01
0.2143982E+02
0.,2900773E+01.
0.25€1984E+02
0.2633271E+01
0.3183984E+02
0.3781560E+01
0.4011981E+02
0.3360244E+01
0.4901982E+02
0.3656069E+01
0.5803979E+02
0.4772173E+01
0.7003979E+02
0.4948548E+01
0.8279980E+02
0.5742766E+01
0.1021799E+03
0.5822858E+01
0.1241398E+03
0.7171404E+01
0.1435398E+03
0.5682802E+01
0.1646198E+03
0.7526491E+01
0.1870998E+03
0.618837SE+01
0.2299198E+03
0.8002132E+01
0.2517798E+03
0.,8671505E+01
0.2735769E+03
0.8194287E+01
0.3164968E+03
0.1057958E+02
0.3609370E+03
0.1010248E+02
0.4046973E+03
0.108466 6E+02
0.4933567E+03
0.1005425E+02
0.5840972E+03
0.1156787E+02
0.6927971E+03
0.13€68260E+02
0.83043169E+03
0.1783891E+02
0.9425369E+03
0.1415240E+02
0.1076257E+04
0.1837997E+02
0.1195357E+04
0.1818217E+02
0.1304617E+04

0.38166¢2E+01
0.67399¢€3E+02
0.4894796E+01
0o 79699 €4E+02
0.5059816E+01
0.1036998E+03
0. 69758€2E+01
0. 12995<8E+03
0.,7811427E+01
0.16521¢8E£+03
0.8999513E+01
0.1999398E+03
0.1269479E+402
0. 24615S8E+03
0.1178780E+02
0.3019773E+03
0.14494<8E+02
0.3948777E+03
0.18729¢E6E+02
0.4961995E+03
0.28332C2E+02
0.6039172E+03
0.23097¢7E+02
0. 72549¢8E+03
0.3496999E+02
0. 8570574E+03
00 34480:8E+02
0.1123217E+04
0.5368874E+02
0.1284757E+04
0.5746851E+02
0.1443577E+04
0.64821C9E+02
0.1795437E+04
0. 7277132E+02
0.21759¢8E+04
0.9446922E+02
0.2566818E+04
0.1017076E+03
0.35309£7E+04
0.12617C8E+03

0.4522812E+04 "

0.1743988E+03
0. 6032273E+04
0.23484C0E+03
0.7754719E+04
0. 2588733 E+03
0.1004120E+05
0.3155356E+03
0.12534¢3E+05
0.4968315E+03
0.1480695E+05
0.4371228E+03
0.17372%9E+05

0.4374133E+01
€.3181984E+02
0.5366877E+01
C.3917S86E+02

"(e5564768E+01

0.5189980E+02
0.8051473E+401
C.672998SE+02
0.8403703E+01
0.8861981E+02
€.9400141E+01
0.1091398E+03
0.1398536E+02
C.1385998E+03
01254375E+02
0.1776998E+03
C.1594280E+02
0.2411398E+03
0.1933589E+402
Ce31456S74E+03
C.2954089E+02
0.3917371E+03
€.2486598E+02
C.4839570E+03
0.3593231E+402
C.5875371E+03
C.3600€10E+02
0.7948372E+03
C.5450841E+402
€.9260774E+03
0.5850824E+02
C.1056E17E+04
(.6594434E+02
0.1348057E+04
€. 7374550E+02

"Ce1669957E+04

0.9508049E+02
0.2000577E+04
0.1027434E+03
0.2847577E+04
Ce1269994E+03
C.3720817E+04
0.1752457E+03
€.5080570E+04
C«2362674E+03
0.6654055E£+04
€.2584771E+03
0.8761 E55E+04
0.3170049£+03
€.1107€08E+05
C.4972%73E+03
0.1319923E+05
C.4375781E+03
C.1561593E+405
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600
700

200
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0173778 4E+02
0.1535837E+04
0.2111794E+02
0.1761317E+904
0.2419299E+02
0.1993137E+04
0.,2685744E+02
0.2218757E+04
0.2527945E+02
0.4532828E+04
0.3957210E+02
0.114722S5E+0S5
0.6066010E+02
0.2307388E+05
0.1046441E+03
0.1845985E+02
0.2082101E+01
0.2113982E+02
0.2762803E+01
0.2437984E+02
0.3076S08E+01
0.3241982E+02
0.4071248E+01
0.4053983E+02
0.5027303E+01
0.5083983E+02
0.4709352E+01
0.6187985E+02
0.51€9127E+01
0.7517981E+02
0.4671602E+01
0.8897983E+02
0.5596977E+01
0.1143798E+03
0.7202283E+01
0.1387998E+03
0.6452320E+01
0.1610798E+03
0.6291570E+01
0.1870998E+03
0.9187946E+01
0.2128198E+03
0.8407221E+01.
0.2607771E+03
0.1053117E+02
0.2907371E+03
0.9367195E+01
0.3127173E+03
0.1019425E+02
0.3658367E+03
0.1173060E+02
0.4194170E+03
0.126503 6E+02
0.4753167E+03

0.6756018E+03
0.2310455E405
0.71077CSE+03
0.2958884E+05
0. 7822507£+03
0036704 .3E+05
0.1210747E+04
0.4471726E+05
0.1244315E+04
0.1645739E+06
0.3916821E+04
0.96787¢3E+06
0.1312766E+0S
0.3778021E+07
0. 43111€2E+05
0.56699E0E+02
0.36098C7E+01

0. 6817979E+02"

0.4202514E+01
0. 80299¢€2E+02

0.50030:7E+01 -

0.1059798E+03
0. 60016¢0E+01
0.13095¢8E+03
0.8566570E+01
0.1670558E+03
0.82620£5E+01
0.2038398E+03
0.11148¢9E+02
0. 24661<8E+03
0.1032703E+02
0.29575%3E+03
0.12530C9E+02
0.3844771E+403
0.1523577E+02
004737175403
0.1850964E+02
0.5671970E+03
0.18735:8E+02
0,6641575E+03
0.2161844E+02
0.7662571E+03
0.,2728372E+02
0. 9851993E+03
0.36300:7E+02
0.1107797E+04
0.34964¢€E+02
0.12190:7E+04
0.4189432E+02
0,14841¢7E+04
0.56938:2E+02
0,1739237E+04
0.57377¢1E+02
0. 2039L€7E+0 4

C.6770154E+03
0.2104818E+05
Ce7124150E+03
0.2723432E8+65
C.7816497E+03
(.3405019E+0S
0.1211072E+04
C.4176193E+05
0.1244104E+04
0.1586244E+06
0.3918119£+04
0.9529346E+06
0.1312899E+05
C.3748082E+07
C.4311302E+405
0.2579982E+02
€C.4000008E+01
0.2997983E+02
0.4925955E+01
C.3487981E+02
C.6049569E+01
0.469198SE+02
C.7148114E+01
C.5865984E+02
0.9832469E+01
0. 7627S85E+02
€.9920141E+01
0.9529977£+02
C.1192020E+02
0.1166398E£+03
0.1185753E+02
0.1433398E+03
(.1354€98E+02
0.1951398E+03
€.1651463E+02

(e2457598E+03

0.1885226E+02
0.3010371E+03
C.1957909E+02
03597771£+03
C.2353137E+02
C.4237173E+03
0.2798474E£+02
0.5644373E+03
C.3802423E+02
0.6494377E+03
0.3657089E+402

'€e7209973E+03

0.4280656E£+02
C.9085374E+03
0.5828725E+02
0.1084657E+04
C.5940206E+02
C.1305€17E+04
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0.1485342E+02
0.5816377E+03
0.176919 4E+02
0.6952373E+03
0.1758659E+02
0.8321370E+03
0.1826096E+02
0.9774773E+03.
0.2601933E+02
0.1136297E+04
0.2024957E+02
0.1306397E+04
0.2624770E+02
0.1448277E+04
0.2744995E+02
0.1587177E+04
0.3028607E+02
0.1875497E+04
0.2842804E+02
0.2167717E+04
0.2999835E+02
0.2446837E+04
0.3219133E+02
0.2736817E+04
0,4203735E+02
0.3025237E+04
0.452778SE+02
0.3311877E+04
0.4366058E+02
0.3884277E+04
0.5164406E+02
0.4462484E+04
0.5117778E+02
0.5053820E+04
0.4993384E+02
0.5628328E+04
0.6470706E+02
0.6239176E+04
0.5633151E+02
0.6797172E+04
0.6451218E+02
0.7962578E+04
0.6767947E+02
0.1444505E+05
0.1154720E+03
0.291536 2E+05
0.1412474E+03
0.4402224E+05
0.1820346E+03
0.588313CE+05
0.2454973E+03
0.5065981E+02
0.4405987E+01
0.6099985E+02

0.6616791E+402
0.2651417E+04

0. 86726<9E+02
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SD
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SD
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SD
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SD
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SD
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AVE
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33¢
355
35¢
380
380
440
440
500
500
550
550
600
600
700
700
800
800
900
900
1000
1000
1100
1100
1200
1200
1400
1400
1600
1600
1800
1800
2000
2000
2200
2200
2400
2400
2800
2800
3300
3300
3800
3800
4200
4200
4400
4400
5000
5000
€000
6000
7000
7000
€000

PR PRPR N PRPREN PRPREN FEIPKER PRPE R PO R PEPRE  PERKE L PR PER  PUPCE PR PP PUPKE  PERPRE PP P PCR RRIPUR

0.2764413E+02
0.1114958E+04
0224244 4E+02
0.1225897E+04
0.262889 6E+02
0.1458077E+04
0.3743126E+02
0.1701358E+04
0.3405122E+02
0.1908437E+04
0.4667024E+02
0.2100057E+0 4
0.4019287E+02
0.252593 1E+04
0.4955791E+02
0.2949177E+04
0.4991054E+02
0.33889717E+04
0.5897031E+02
0.3810837E+04
0.6860721E+02
0.4258719E+04
0.8286168E+02
0.4691273E+04
0.7654926E+02
0.5585574E+04
0.8001160E+02
0.6489469E+04
0.8816029E+02
0.7412570E+014
0.1234083E+03
0.8328117E+04
0.1233522E+03
0.9262277E+04
0.1499173E+03
0.1014227E+05
0.1433111E+03
0.1198608E+05
0.180730SE+03
0.1440007E+05
0.1483635E+03
0.1675718E+05
0.1908210E+03
0.1858660E+05
0.1961116E+03
0.1954486E+05
0.2401112E+03
0.2241280E+05
0.2261209E+03
0.2727171E+405
0.2996919E+03
0.3204128E+05
0.3163108E+03
0.3695729E+05

0.1093315E+03
0.3956037E+04
0. 79598:4E+02
0.4341695E+04
0.98567¢3E+02
0.52139¢0E+04
0.1397584E+03
0.60783¢<1E+04

0.1241158E+03"

0.6920637E+04
0.2170017E+03
0.7643672E+04
0.18096S7E+03
0.9325316E+04
0.27012¢SE+03
0.1095754E+05
0.2319919E+03

0.1279S€0E+0S "

0.3570127£+403
0.14573 €T7E+0S
0. 40461 40E+03
0.1655804E+05
0.43714€4E+03
0. 1845847E+0S
0.5296848E+03
0.2244621E+05
0.54759¢7E+03
0.2689645E+05
0. 6512334E+03
0.3157816E+0S
0.9239980E+03
0.36321¢8E+0S
0.9875613E+03
0.4132057E+05
0.1228753E+04
0. 4621726E+0S
0.1177169E+04
0.5706216E£+05
0.15608(9E+04
0.7233712E+05
0.1519457E+04
0.88605€7E+05
0.2111268E+04
0.10145¢7E+06
0.1917918E+04
0.1086486E+06
0.26321¢4E+04

0.13101€4E+06 "

0.2518804E+04
0.17301¢2E+406

0.36650<6E+04 "

0.2176589E+06
0.41168¢0E+04
0. 2685372E+06

€.1104480E+03
C.1889577E+04
C.B8352910£E+02
0.2116557E+04
0.9857€49E+02
C.2581E37E+04
0.1443957E+03
0.3042297E+04
C.1284453E+03
0.3543078£+04
€.2187340E+03
0.3926557E+0 4
0.1826710£+03
0.4926527E£+04
0.2703430E+403
0.5879094E+04
C.2329169E+403
0.7029973E+04
0.3584031E+03
0.8117156E+04
C.4070847E+03
0.9411191E+04
C.4341 €53E+03
0.1062923E+05
0.530290SE+03
0.1323 452E+405
C.5481787E+03
0.1630222E405
€.6539587E+403

(e1560181E+405

0.9272429£+03
C.22955S08E+405
€.9882271E+03
0.2656462E+05
0.1228284E+04
0.3006€12E+05S
0.1172401E+04
0.3813492E+40S
C.1559738E+04
0.4993487E+405
C.1522111E+04
(.6272155E+05
0.2111979E+04
Ce7278S44E+05
0.1922781E+04
0.7858256E+05
0.2631502E+04
C.9676006E+05S
0.2518713£+04
0.1317€52E+06
C.3666299E+04
0.1694519£+06
0.4116059E+04
0.2133488E+06
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sSD
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SD
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SD
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SD
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8000
9000
9000
10000
10000
15000
15000
20000
20000
256
25¢€
260
260
2170
270
280
280
330
330
358
355
380
380
440
440
500
500
512
51z
520
520
53¢
535
550
5£0
575
575
600
600
700
700
800
800
900
900
1000
1000
1100
1100
1200
1200
1400
1400
1600

DD PDDRDD PO PO PP PP PO PP XOPOOPOXPIVINARANVNIQY

0.3653066E+03
0041 6971 4E+05
0.3882769E+03
0.,4657883E+05
0.43 84050E+03
0.7117356E+05
0.6537312E+03
0.9601150E+05
0677717371E+03
0.7564773E+03
002144141E+02
0.7662373E+03
0.2530801E+02
0.8000574E+03
0¢2144611E+02
0.8386772E+03
0.22982436E+02
0.1020077E+04
0.2359171E+02
0.11188117E+04
0.3143384E+02
0.1225377E+04
0.2775568E+02
0.1468757E+04
0.3278291E+02
0.1723977E+04
0.4013397E+02
0.1793577E+04
0.4404660E+02
0.1809197E+04
0.3509666E+02
0.1869797E+04
0.4290704E+02
0.1930137E+04
0.41€0204E+02
0.2038837E+04
0.4270972E+02
0.2140558E+04
0.4328607E+02
0.2598898E+04
0.453896SE+02
0.3044557E+04
0.5917740E+02
0.3496858E+04
07412129E+02
0.3955097E+04
0.6706699E+02
0.4417516E+04
0o 73 £8042E+02
0.4895277E+04
0.7730502E+02
0.58€1582E+04
0966289 4E+02
0.6854992E+04

0. 47048 (9E+04
0.32169¢5E+06
0.53632:8E+04
0.3805640E+406
0.58369¢6E+04
0.7386310E+06
0.1068071E£+405
0.1208141E+07
0.16562€8E+0S
0.2645777E+04
0. 64675C0E+02
0.26850¢7E+0 4
0.8196266£+02
0.2824278E+04
0e 76817%9E+02
0.2968097E+04
0. 7009254E+02
0. 36592¢7E+04
0.7907846E+02
0.40213¢7E+04
0.1090787E+403
0. 4401223E+04
0.1124050E+03
0.52831S6E+04
0.12028%48E+03
0.61251€2E+04
0.1345735E+03
0. 64015S5E+04
0.17671¢BE+03
0.6464859E+04
0.16083€3E+03
0.6715895E+04
0.1910042E+03
0. 6929574E+0 4
0.1751524E+03
0.7322550E+04
0.1868514E+03

0.7725121E+04

0.1734923E+03
0. 9386039E+04
0. 24826 46E+03

0.1103846E+0S-

0.32135¢9E+03
01277071 E+05
0.3614189E+03
0.1451629E+05
0.35692¢8E+03
0.1618580E+05
0.3466628E+03
0.1811579E+05
0.40885S08E+03
0.21976E0E+05
0.6879Q:1E+03
0.2604602E+0S

C.4707004E+04
C.2595121E+06
C.5363180E+04
0.3113984E+06
C.5836141E+04
C.6345217E+06
0.1068155E+05
C.1069061E+07
C.1656355E+0S
0.1241717E+04
C.6671011E+02
C.1251337E+04
0.8390591E+02
0.1310197E+04
Ce7796143E+02
0.1378117E+04
0.7377426E+02
C.1688337E+04
0.7987943E+02
C.1862E57E+04
0.1119503E+03
C.2058258E+04
0.1125026E+03
0.2497737E+04
01213 675E+03
C.2906057E+0 4
0.1366273E+03
0.3094337E+04
(.1784123E+03
030955976+04
C.1606891E+03
(.3225937E+04
0.1918035E+03
0.3324477E+04
(.1732876E+03
0.3523657E+04
0.1911901E+03
0.3731S58E+04
0.1757670E+03
C.4632980E+04
0.2520320E+03
0.5521980E+04
C.3224172E+03

"Ce647S090E+0 4

0.3636484E+03
C. 7452 €41E+04
C.3593171E+03
0.8339113E+04
(.3456MN38£+03
(.9488102E+04
0.4091572£+03
0117943 9E+05
C.6831274E+03
0.1429479E+05
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1600
1800
1800
2000
2000
2200
2200
2400
2400
2800
2800
3300

3300

3800
3800
4200
4200
4400
4400
5000
5000
6000
6000
7000
7000
8000
8000
9000
9000
10000
10000
15000
15000
20000
20000
512
512
520
520
535
53¢
550
550
575
575
600
600
700
700
800
800
900
900
1000

VCoouVVWououWWouwulouuowuOwouowuWWwououYonooP oo PP PDD PP PDOPODP PP P

0.1162398E+03
0.7875332E+04
0.1005374E+03
0.8820312E+04
0.1044445E+03
0.9839445E+04
0.1568894E+03
0.10€454SE+05
0.1681967E+03
0.1291257E+05
0.1638502E+03
0.1553213E+05
0.2054673E+03
0.1806684E+05
0.2345417E+03
0.2020176E+05
0.2348166E+03
0.2129886E+05
0.2706863E+03
0.2443957E+05
0.3409224E+03
0.297328 €E+05
0.3386902E+03
0.3522143E+05
0287775 €E+03
0.4058950E+05
0.4453208E+03
0.4601022E+05
0.4358198E+03
0.5154347E+05
0475243 4E+03
0.7897031E+05
0.7681238E+03
0.1071 65 9E+06
0.9008418E+03
0.1788197E+04
0.3625253E+02
0.1805057E+04
0.3916217E+02
0.1865438E+04
0.36€62196E+02
0.1923577E+04
0.3914474E+02
0.2044757E+04
0.3958876E+02
0.2134597E+04
0.5106926E+02
0.2583957E+04
0.451732€E+02
0.3048198E+04
0.6271953E+02
0.3544477E+04
0.6276364E+02
0.4033977E+04

0. 75012 %7E+03

0.7088286E+403
0.3430419E+05
0.8318345E+403
0.3882001E+05
0.1222854E+04
0. 43187C9E+05
0.1399385E+04
0.52691¢€7E+05

0.13047¢1E+04

0.6548103E+05
0.1749342E+04

0. 78190 €2E+0S

0.2151356E+04
0. 89567 ¢2E+05

0. 21364S9E+04

09527656 E+05
0.27014¢5E+04
0.1125754E+06
0.3267866E+04
0.1437924E+06
0. 3351874E+0 4
0.1788026E+06
0.3575770E+04
0.21494¢9E+06
0.5516832E+04
0.25424¢0E+06
0 65356¢E4E+04
002960251E+06
0. 69661 E4E+04
0.53508:8E+06
0.1215604E+405
0. 8382614E+06
0.1634617£+0S
0.6360554E+04
0. 13543 ¢7E+03

0.646795:5E+0 4"

0.1738363E+03
0. 6692145E+04
0.1480245E+03
0.6911898E+04
0.16301%1E+03
0. 7406012E+0 4
0,1961573E+03
0. 77503 ¢€3E+04
0.2008773E+03
0.9450250E+04
0.2372334E+03
0.11174C7E+0S
0.3084446E£+03
0.1292721E+05
0.30786:5E+03
0.1468679E+05

Ce 7532371E+403
0. 30258E7E+0S

C.1693737E+05
07111 760£+03
C.19540 €91E+05
C.8325728E+403
0.2234196E+05
0.1228€62E+04
0.2513493E+05
0.1397930£+04

0.3148211E+05

€.1305351£+04
0.4030€82E+05
C.1746746E£+04
€.4905436E+05
0.2154573E+04
C.5725951E+405
C.2138€18E+04
0.6138510E+05
€.2702204E+04
0.7391162E+05
0.3267777E+04

€.9717000E+05

C.3355€07E+04
0.1242219E+06
€.3574706E+0 4
C.1523996E+06
0.5520211E+04
0.1837242E+06
C.6535746E+04
0.2175385E+06
0.6971145E+04
(.4166943E+06
01215461E+05
. 6799362E+06
€.1635203£E+05
0.3053477£+04
C.1388559E+03
C.3086017E+0 4
0.1772671E+03
C.3181ES7E+04

"Ce1495787E+403

0.3270357E+04
C.1658220E+03
C.3548€57E+0 4
0.1964701E+03
C.3673238E+04
02010 24SE+03
0.4519773E+04
C.2354471E£+03

"Ce5403855E+0 4

0.31084428+03
0.6323277E+04
Ce3107324E+03
0.7263680E+04

63

SD
AVE

AVE
sD
AVE
SD
AVE
SD

"AVE

s
AVE
SD
AVE

AVE
SD
AYE
SD
AVE
SD
AVE
SD
AVE
SD
AVE
SD
AVE
sD
AVE
SD
AVE
SD
AVE
sh
AVE
SD
AVE
SD
AVE
SD
AVE
SD
AVE
SD
AVE
SD
AVE

AVE
SD

"AVE

AVE



1000
1024
1024
1040
1040
1070
1070
1100
1100
1150
1150
1200
1200
1400
1400
1600
1600
1800
1800
2000
2000
2200
2200
2400
2400
2800
2800
3300
3300
3800
3800
4200
4200
4400
4400
5000
5000
6000

6000

7000
7000
8000
8000
9000
9000
10000
10000
15000
15000
20000
20000
1024
1024
1040

=
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[V
o

0.6955074E+02
0.4142102E+04
0.7950705E+02
0,4212074E+04
0.7609087E+02
0.4354117E+04
0.8541011E+02
0.4496277E+04
0.,6573074E+02
0.4743898E+04
0.8906552E+02
0.,4974176E+04
0.8577553E+02
0.5985965E+04
0.9860612E+02
0.7029789E+04
0.9275093E+02
0.8066770E+04
0.1187144E+03
0.9127414E+04
0.1007097E+03
0.1015741E+05
0.1362587E+03
0.1128091E+05
0.1306396E+03
0.13S0481E+05S
0.1781823E+03
0,1622225E+05
0.2086917E+03
0.1904090E+05
0.23 68702E+03
0.2127615E+05
0.2482860E+03
0.2248854E+05
0.2815996E+03
0.2589941E+05
0.3138445E+03
0.3178931E+05
0.3367361E+03
0.3758962E+05
0.4617187E+03
0.4352191E+05
0.4454209E+03
0.4945517E+05
0.,4553245E+03
0.5551898E+05
0.5430916E+03
0.8589662E+05
0.7675505E+03
0.1165434E+06
0.1022370E+04
0.4155137E+04
0.7325050E+02
0.4206516E+04

0.3824319E+03 -

0.15028¢9E+0S5 "
0.3635623E+03
0.1531525E+405
0.3192627E+03 "
0.1585543E+05
0.4521606E+03
0.16483:0E+05
0.4036875E+03
0.17398C4E+0S
0. 4727476E+03
0.1827633E+05
0, 49073<7E+03
0. 2212847E+40S
0.6579868E+03
0.26049(C9E+05
0. 60883€2E+03
0.3003577E+0S
0. 74691 ¢5E+03
0. 3409271E+0S
0.8032908E+03
0.3816193E+05
0.9951641E+03
0.4264752£+05
0.1063128E+04
0.51782€¢7E+05
0.1493605E+04
0.6309275E+05
0.17383¢E3£+04
0.7516431E+05
0.2037215E+04
0.84834¢€4E+0S
0.2296059E+04
0. 90596E1E+0S
0.27378€0E+04
0.1056807E+06
0.2781122E+04
0.13359C6E+06
0.3112174E+04
0.1621539E+06
0. 43311 72E+04
0.1928473E+06
0.5621547E+404
0.22477:6E+06
0.5654738E+04
0.25879¢7E+06

0.59202¢2E+04"

0.4466856E+06
0.11470 €6E+0S
0e 66069 22E+0 6
0.1529253E+05
0.1507038E+05
0. 36901 S0E+03
0.1532444E+05

0.3797771E+03
C.7401E60E+04
0.3708562E+03
C. 7549793E+0 4
(e326448SE+03
0.7822742E+04
0.4556 €75E+03
(.8188109E+04
0.4062393E+03
C.8663156E+04

C.4750€E91E+403

0.9104914E+04
C.4939€85E+03
0.1123185E+05
0.6600466E+03
C.1342871E+0S5
0.6064915E+03
0.1565691E+0S
0.746293SE+03
0.1798448E+05
0.8048218£E+03
0.2027844E+405
C.9883018E+03
0.2301803E+05
€.1063391E+04
€.2862342E+05
0.1493466E+04
C.3550907£+05
C.1740946E+04
0.4316071E+05
0.2027040E+04
C.4928143E+0S
0.2300000E+0 4
0.5327494E+0S
C.2740363E+04
0.6301873E+05
0.2787220E+04
C.8201 0 6E+05
0.3107905E+04
0.1016531E+06
0.432719SE+04
0.1234286E+06
C.5629117E+04
€.1464006E+06
0.5653426E+04
C.1714€49E+06
C«5917€56E+04
0.3145570£+406
0.1147257E+05
C.4837119E+06
0.1528220£+05
. 7446328E+04

"Ce3724436E+03

0.7542164E+04
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1040
1070
1070
1100
1100
1150
1150
1200
1200
1400
1400
1600
1600
1800
1800
2000
2000
2048
2048
2050
2050
2200
2200
2400
2400
2600
2600
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3300
3300
3800
3800
4200
4200
4400
4400
5000
5000
6000
6000
7000
7000
8000
8000
9000
9000
10000
10000
15000
15000
20000
20000
2048

0.7413823E+02
0.4362191E+04
0.8045404E+02
0.4482734E+04
0.81179588E+02
0.4732816£E+04
0.6781062E+02
0.4953578E+04
0.7283908E+02
0.5953277E+04
0.9584406E+02
0.7010090E+04
0.9501302E+02
0.8110734E+04
0.1119856E+03
0.9231160E+04
0.1293459E+03
0.9514598E+04
0.13 68958E+03
0.9511234E+04
0.1251856E+03
0.1029948E+05
0.1376722E+03
0.1141227E+05
0.1630604E+03
0.12€1436E+05
0.1806104E+03
0.1368164E+405
0.1609832E+03
0.1659682E+05
0.2242840E+03
0.1951518E+0S
0.2762717E+03
0.2199730E+05
0.2116218E+03
0.2310304E+05
0.2179624E+403
0.2687327E+405
0.2638738E+03
0.3292360E+05
0.3499575E+03
0.3921587E+0S
0.4006790E+03
0.4556871E+05
0.4395242E+03
0.5203866E+05
0.4881292E+03
0.5851821E+05
0.51€6021E+03
0.9139669E+05
0.7908884E+03
0.1248684E+406
0.1040558E+04
0.9518125E+04

0.39031¢8E+03
0. 15971 ¢0E+05
0.4219524E+03
0.1639557E+05
0. 4200876E+03
0.1743352E+405
0,3878123E+03
0.18338329E+05
0.4326316E+03
0.2222973E+05
0.59718C7E+03
0.2606460E+05
0.5319978E+03
0.30252%52E+05
0.7885696E+03
0.34239(7E+05

0. 83955(C3E+03 "

0.35345(09E+05
0.93146S2E+03

0.3528448E+05 "

0.8541729E+403
0. 3853134E+05
0.11411€3E+04
0.4307160E+05
0.12055£7E+04
0.47031€0E+0S
0.1276276E+04
0.51592C2E+405
0.11591¢3E+04
0,6297105E+05
0.16718¢E6E+04
0. 7447350E+0S
0.2129678E+04
0.8464995E+05
0.1818953E+04
0.88846€9E+05
0.20126S1E+04
0.1051574E+06

0.2668323E+04

0.1297730E+06
0.31440¢0E+04
0.1567361E+06
0.39486¢0E+04

0.18472¢1E+06

0,4862832E+04
0.2150355E+06
0.54508¢5E+04
0.2457899E+406
0.55454¢8E+04
0. 41003C2E+06
0.1193018E+05
0.59315¢7E+0 6
0.1845821£+05
0.3548137E+05

-0.3882097E+03

C.7893€41E+04
C.42937182E+03
C.8026773E+04
(.4210969E+03
0.8577500£+04
(.3834111E+03
(.8996113E+04
0.4333101E+03
0.1098150E+05
.6033127E+03
0.1293642E+05
C.536S5€13E+03
0.1526 220E+05
0.7858931E+03
0.1739254E+05
C.8405781E+03
0.1806301E+05
€.9310708E+03
C.1798106E+05
0.8569761E+03
0.1975823E+05
0.1134636E+04
0.2234098E+05
(.1204385E+04
C.2436934E+05
0.1282166E+04
0.2702442E+05
C.1167750E+04
0.3355924£+05
C.1678302E+04
C.4019359E+405
0.2131941E+04
C.4649229E+05
0.1815935E+04
0.4871504E+05
C.2004401E+04
€.5916586E£+05
C.2667664E+04
C.7395719E+05
C.3146086E+04
0.9106587E+05
C.3952000E+04
0.1091866E+06
0.48752156+04
C.1296143E+406

"(«5448723E+04

0150466 0E+06
(.5540711E+04
(.2651287E+06
0.1192957£+05
C.3685282E+06

"(«1845€21E+405

0.1819405£+05
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SD
AVE
SD
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S
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S
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SD
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Sh
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SD
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sD
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AVE
SD
AVE
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20468
2050
2050
2200
2200
2400
2400
2€00
2600
2800
2800
3300
3300
3800
3800
41962
4192
4200
4200
4300
4300
4400
4400
5000
5000
6000
6000
7000
7000
8000
8000
9000
9000
10000
10000
15000
15000
20000
20000
4192
4192
4200
4200
4300
4300
4400
4400
5000
5000
6000
6000
7000
7000
8000

0.1315915E+03
0.952128SE+04
0.1354409E+03
0.1027528E+05
0.1286447E+03
0.1139713E+05
0.1730333E+403
0.1250362E+05
0.,1494489E+03
0.1367148E+05
0.2138323E+03
0.1665760E+05
0.2386032E+03
0.1963753E+05
0.2058395E+403
0.2219093E+05
0.2783110E+03
0.2223166E+405
0.2891040E+03
0227408 €E+05S
0.,2452686E+03
0.2340343E+05
0.2602573E+03
0.2706421E+405
0.3279648E+03

- 0.33€0289E+05

0.3744641E+03
0.4000121E+05
0.4292034E+03
0,46 73905E+05
0.5015825E+03
0.5340091E+05
0.4838665E+03
0.6014460E+05
0.5040457E+03
0.9501644E+05
0.6648535E+03
0.1307641E+06
0.1005222E+04
0.2203057E+05
0.2476042E+03
0.2213371E+405
0.2911455E+03
0.2272493E+05
0.2387243E+03
0.2337278E+05
0.2623669E+03
0.2705879E+05S
0.3271060E+03
0.3346104E+05
0.3382776E+03
0.4006215E+05
0.3878164E+03
0.4725418E+05

0. 8694941 E+03

0.9067622E+03
0.3841159E+05
0.83607¢€¢4E+03
0.4293384E+05
0.1305818E+04
0. 4743314E+0S
0.10244%1E+04
0.5195619£+05

0.1667253E+04

0.6358863E+05
0.19981£9E+04
0. 7458SE7E+0S
0.1787444E+04
0. 8490131E+05
0.2429733E+04
0.8516762E+05
0.2453St1E+04
0. 86856 E1E+0S
0.1902370£+04
O0e 89733 €2E+05
0.21129:9E+04
0.1044963E+06
0.2844594E+04
0.1294944E+406
0.3862441E+04
0.15614¢<1E£+06
0. 45530Q:1E+04
0.1843232E+06
0.5047859E+04
0.21204¢€9E+06
0.4844273E+04
0.24069¢9E+06

0.59840¢E2E+04 "

003956642E+06
0.9518043E+04

0.5655217E+06

0.1383978E+05
0. 83839¢4E+05

0. 2031499E+04"

0.8444350E£+05
0.25227C3E+04
0. 86988CO0E+0S
0.2133710E+04
0.8977319E+40S
0. 2081474E+04
0.1052349E+06
0.30258(7E+04
0.13043€6E+06
0.3105361E+04
0.1563272E+06
0.35370%7E£+04
0.1862502E+06

:048702029E+403
0. 35291 43E+0S5

C.1798859E+05S
0.9041621E+03
0.1948311E+05
C.8356€24E+03
0.2187909E+05
€.1301110E+04
€.2425773E+405
0.1027936E+04
C.2668413E+40S
C.1675812E+04
0.3311722E+05
0.2002€11E+04

€+3895778E+0S

01790009£+04
€.4521191E+405

Ce2436284E+0 4

0.4538871E+05
C.2457€26E+04

‘044599 €48E+05S

0.1905032£+04
C.4779003E+405
0.2114941E+04
0.5612484E+05
0.2851091E+04
C.7055350E+405

03861 770E+04

(.8644331E£+05
C.4545348E+0 4
0.1039227E+06
0.5053 166E+0 4
C.1208244E+06
0.4846457E+04
0.1387286E+06
C.5974023E+04
0.2394642E+06
€.9529000E+04
C.3548971E+06
0.1383297E+05
€.4405907E+05
0.2040848E+04
0.4456410E+05
0.2527667E+0 4
C.4593076E+0S
0.2140394E+04
C.4755479E+05
€.2088377E+04
0.5600765E+05
C.3030109E+04
Ce6974119E+0S
0.3102426E+04
0.8423 S25E+05
C.3538£77E+04
0.1029 245E+406
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€000
9000
9000
10000
10000
15000
15000
20000
20000

0.5423787E+03
0.5391121E+05
0.4274912E+03
0. 608886 6E+405S
0.5325059E+03
0.9687375E+05
0.7454990E+03
0.1343S51E+06
0.1048819E+04

0.5265504E+04 -
0.2130822E+06
0.5122664£+04
0.2425149E+06
0.6777320E+04
0.3947451E+06
0. 99776€2E+04
0.5609917E+06
0.1615142E+405

0.5275328E+04
0.1180767E+06
0.5119781E+04
C.1358084E+06
C.6764770E+04
0.2296061E+06
0.1000270E+05
C.3370528E+06
0.1615290£+405
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APPENDIX B

EMPIRICAL RESULTS OF .SHELLSORT USING
KNUTH*S INCREMENTS
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Fifty

repetitions

Knuth®*s incrementse.
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Pass

b 0 g e 0 p b B g e B e B g e e e B s e 1 e e B e B e et B e e b e e B e e e e B g

Saves

0.419999 4E+00
0.4985690E+00
0.1199950E+01
0.6700571E+00
0.1759990E+01
0.7969308E+00
0.2739988E+01
0.9216196E+00
0.3479988E+01
0.9310931E+00
0.4399987E+01.
0.1142856E+01
0.5359990E+01
0.1064450E+01
0.6299990E+01
0.1073806E+01
0.6759991E+01
0.1318004E+01
0.9199990E+01
0.1178029E+01
0.1065999E+02
0.1117757E+01
0.1259999E+02
0.1160573E+01
0.1429999E+02
0.1488047E+01
0.163398¢€E+02
0.143725SE+01
0.1989983E+02
0.1343920E+01
0.2395981E+02
0.1470232E+01
0.2879980E+02
0.1784298E+01
0.3361983E+02
0.1839349E+01
0.354998SE+02
0.1619366E+01
0.3951982E+02
0.16S663€E+01
0.4555984E+02
0.1692237E+01
0.553598€6E+02
0.1711392E+01
0.6513983E+02

were

mace

Companiscns

0.10000C0E+01
0.0000000£+00
0.26399€7E+01
0. 48487 24E+00
0.4839988E+01
0. 8417650E+00
0. 75199 €9E+01
001554976 E+01
0.11059S9E+02
0.21703$3E+01
0.1505999E+02
0.29651¢€3E+01
0.19659€2E+02
0.3611819E+01
0.23519£2E+02
0.4011436E+01
0.2805981E+02
0.54675 €2E+01

0.43459€E5E+02

0.8172123E+01
0.50419¢€2E+02
0.9333018E+01
0.7251984E+02
0.9474418E+401

0.87639¢SE+02"

0.1063062E+02
0.11083¢9E+03

0.17763C0E+0 2"

0.1570198E+03
0.18072¢2E+02
0.21695¢8E+03
0.1922469E+02
0.29595¢8E+03
0.3240022E+02
0.3874573E+03
0.34246S0E+02
0. 4317971E+03
0.4868425E+02
0.5237371E+03

0. 4507510E+02

0.6589568E+03
0.5538014E+02

0.9316S¢€¢7E+03 "

0.7681360E+02
0.12783¢8E+04

usirg

Prcgram

Moves

"Ce4199994E+00

0.4985690E+00
C.1479S88E+01
C.9089102E+00
02759989£+01
0.1333401E+01
C.4839988E+01
02279990E+01
C.7399987E+01

(e 2595122E+01

0.1085999E+02
0.3625353E+01

‘Ce14435999E+02

0.4329102E+01
0.1737985E+02
C.4421150E+01
0.2085980£+02
(.6114579E+01
(.3449982E+402
0.8795261E+01
0.4521982£+02
C.9621984E+01
0.5959982E+02
(.9893289E+01
C.7287982E+02
0.1114400£+02
€.9447980E+02
0.1817177E+02
0.1370398E£+03
0.1835359£+02

'(e1927198E+403

0.1964896E+02
C.2670574E+03
0.3302872E+02
0.3538374E+03
C.3467€35E+402
€.3960769E+03
0.4906624E+02
C.4840576£+03
(.4496933E+02
0.,6133374E+03
C.5564510E+02
C.8762170E+03
0.7731062£+02
0.1213198E+404
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AVE
SD
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SD
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SD
AVE

AVE
SD
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SD
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7¢
80
g0
90
90
100
100
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CC LV IATInan N (n

=
BN Ay

NN OO ONDNO NN PO RN PO g e b3 e et B s 12 2 s 0 e b B b b B s et B el b B e b e e B et e e et s

0.1628961E+01
0.753998 1E+02
0.1840561E+01
0.8523982E+02
0.,1954165E+01
0.9447978E+02
0.2251874E+01.
0.1147598E+03
0.1732765E+01
0.1173S98E+03
0.1723282E+01
0.1243198E+03
0.2094087E+01
0.1345798E+03
0.1917612E+01
0.1544798E+03
0.2296773E+01.
0.1743398E+03
0.1813867E+01
0.1945798E+03
0.2259582E+01
0.2936172E+03
0.2293550E+01
0.3583772E+03
0.1689413E+01
0.3932778E+03
0.,2339029E+01
0.4438569E+03
0.2148210E+01
0.1085997E+04
0.2240455SE+01
0.4930574E+03
0.23-68553E+01
0.9923174E+03
0.2795255E+01
0.1991817E+04
0.2413516E+01
0.3271397E+04
0.2799219E+01
0.2559987E+01
0.8843279E+00
0.3579988E+01
0.1011968E+01
0.4519989E+01
0.1147134E+01
0.6179989E+01
0.1438393E+01
0.7019989E+01
0.1584232E+01
0.8519990E+401
0.1619268E+01
0.1133999E+02
0.1636444E+01
0.1427999E+402

0. 90920¢9E+02
0.1661177E+04
0.12289¢E5E+03
0.21196:7E+0 4
0.1343805E+03
0.2555277E+04
0.17511C8E+03
0.3719997E+04
0.21135C6E+03
0.38130:7£+04
0.2230545E+03
0.4293379E+04
0. 28362£7E+03
0.5012266E+04
0.28414¢9E+03
0.66423¢8E+04
0.3636174E+03
0.8179414E+04
0.4150212E+03
0.1022669E+405
0.4721633E+03
0. 22765C0E+0S
0.6890349E+03
0.33601¢6E+405
0.10539¢1E+04
0.4038664E+05
0.14317¢6E+04
0.5136249E+05
0.1532523E+04
0.30194589E+06
0.5532348E+04
0.6284736E+05
0.2124294E+04

0.2504056E+06

0.5053590E+04
0.10016¢0E+07
0.15829¢9E+05
0.2691398E+07
0.33895¢9E+05
0.77199¢E9E+01
0.1278391E+01
0.10719¢9E+02
0.1629340E+01
0.1361999E+02
0.1883222E+01
0.17299€2E+402
0.23408S6E+01
0.21139¢€3E+02
0.2312448E+01
0.2559984E+02
0.29206¢3E+01
0.35279¢€3E+02
0.4333241E+01
0.44539¢1E+402

(.91473210E+02
0.1586117E+04
0,1233560E+03
C.2035357E+04
0.1348322E+03
C.2460298E+04
0.1752€04E+03
0.3605537E+04
0.2116170E+03
C.3696257E+04
0.2229359E+03
(.4168754E+04
C.2836260E+03
0.4878 234E+04
C.2840139E+03
C.6488453E+04
0.3636604E+03
0.8005141E+04
(.4148¢€11E+03
0.1003261E+05
C.4728093E+403
C.2247103E+05
0.6893486£+403
0.3324376E+05
C.1054202E+04
0.3999318E+05
C.1432243E+04
C.5091946E+05
0.1533091E+04
0.3008589£+06
C.5531840E+04
0.6235398E+05
0.2124676E+04
C.2494132E+06
0.5054285E+04
Ce9996€77E+06
C.1583023E+05
0.2688124E+07
C.3389539E+05

Ce3979990E+01

0.1392251E+01
€.5579989E+01
(.1738986E+01
0.6899988E+01
€.1982061E+01
(.9359590E+01
0.2981293E+01
C.1135999E+02
C.2797€62E+01
0.1423999£+02
0.3408022E+01
0.2053981E+02
0.4845383E+01
C.2671980E+02
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160
180

200
200
240
240
280
280
300
300
36¢
365
400

NN OO OO OOV ONUNNNNONDN OO DN DN DN DD D

0.1852080E+01
0.17 0598 0E+02
0.2179796E+01
041959979E+02
0.2213133E+01
0.2239983E+02
0.2329934E+01
0.2825984E+02
0.3141602E+01
0.3485983E+02
0.2934727E+01
0.4243985E+02
0.2483898E+01 .
0.5035979E+02
0.2746111E+01
0.5371982E+02
0.3356631E+401
0.5959979E+02
0.3522504E+01
0.6991982E+02
0.3463136E+01
0.8657985SE+02
063753016E+01
0.1023198E+03
0.39€1232E+01
0.1199998E+03
0.4342464E+01
0.1352598E+03
0.3379489E+01
0.1525198E+03
0.4713149E+01
0.1850598E+03
0.4913153E+01
0.1883998E+03
0.5379499E+01
0.2019398E+03
0.3824778E+01
0.2192198E+03
0.4348523E+01
0.2536198E+03
0.4910989E+01
0.2870972E+03
0.5932405E+01
0.3203970E+03
0.5106671E+01
0.3889963E+03
0.6037111E+01
0.4552773E+03
0.6987483E+01
0.4913970£+03
0.5142990E+01
0.6033572E+03
0.6438973E+401
0.6028765E+03

0. S470S325E+01
0,5609981E+02
0. 73241 48E+01

0.65499€2E+02 "

0.7882439E+01
0. 78479¢1E+02
0.88784:3E+01
0.1044998E+03
0.1078022E+02

0.13399¢8E+03"

01394447E+02
0.17321¢8E+03

0.15455:6E+02

0.2176398E+03
0.2000298E+02

0. 2428S<BE+03 "

0.2361682E+02
0.28081%1E£+03
0.28799:2E+402
0.3511770£+03
0.3592842E+02
0. 4739S70E+03
0.4896837£+02
0. 6059991E+03
0.5706126E+02
0.7770376E+03
0.85179¢6E+02
0¢ 91999¢0E+03
0.8285333E+02
0.11072¢7E+04
0. 84559€E4E+02
0.1534437E+04
0.11417¢6E+03
0.15638¢7E+04
001159173E+03
0.1746117E+04
0.13757:6E+403
0.20004597E+04
0.16522¢€1E+03
0.2570218E+04
0.1746526E+03
0.3145117E+04
0. 25100¢2E+03
0.3797177E+04
0.28665C4E+03
0.52390¢8E+04
0.3624751E+03
0. 6953055E+04

0. 43442¢5E+03

0.7902828E+04
0.5226350E+03
0.11221¢0E+0S
0.5371631E+03
0.13222¢2E+05

€.5989909E+01
0.3477983E+02
C. 7423 €90E+01
. 4017978E+02
0.8568 322E+01
0.4971 982E+02
€.9426512E+01
0.6837981E+02
0.1159320E+02
09031 979E+0 2
0.1462792E+02
€.1195198E+03
£.1641 S79E+02
0.1558 7198E+03
0.2051 €3 7E+02
0.1768398E+03
042450 848E+02
€.2067 198E+03
€<2963948E+02
0.2660974E+03
0.3617€609E+02
C.3689573E+03
0.4933247E£+02
0.4821372E+03
.5785437E+02
0.6340972E+03
C. 8485 €63E+02
C.7560 276E+03
€.8287778E+02
€.9252974£+03
.8586136E+02
0.1313077E+04
C.1145G624E+03
C.1338217E+0 4
041171 480E+03
€.1504517E+04
€.1378023E+03
0.1739497E+04
C.165592 7E+03
Ce2269€57E+04
0.1756514E+03
€.2805177E+04
042511 245E+03
0.3416938E+04
0.2873 696E+03
C.4780 168£+0 4
0.3628477£+03
0. 6414555E+04
(.4345769E+03
0.7325012E+04
0.5223 384E+03
0.1051396E+405
0.5382671£+03
C.1244504E+05
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APPENDIX C

EMPIRICAL RESULTS OF SHELLSOFT USING
PRATT*S INCREMENTS
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APPENDIX D

COMPUTER DATA PLOTS
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