UNIVERSITY OF OKLAHOMA

GRADUATE COLLEGE

OPTIMIZING THERMAL CONDUCTIVITY IN FUNCTIONALIZED

MACROMOLECULES

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the

Degree of

DOCTOR OF PHILOSOPHY

By

ABDELLAH AIT MOUSSA
Norman, Oklahoma
2012



OPTIMIZING THERMAL CONDUCTIVITY IN FUNCTIONALIZED
MACROMOLECULES

A DISSERTATION APPROVED FOR THE
HOMER L.DODGE DEPARTMENT OF PHYSICS AND ASTRONOMY

BY

Dr. Kieran Mullen, Chair

Dr. John Furneaux

Dr. Dimitrios Papavassiliou

Dr. Greg Parker

Dr. Michael Santos



(© Copyright by ABDELLAH AIT MOUSSA 2012
All rights reserved.



To My Wife and Kids

Mikieala. J and Eryka. K Ait Moussa



Acknowledgments

First, I wish to express my gratitude to my research advisor, Professor Kieran
Mullen, for teaching me a great deal of Physics, for his guidance and unconditional
support during all these years of graduate school, and for being an excellent
mentor. [ am grateful for having had the opportunity to work with him.

I also wish to thank Professor Alberto Storiolo and his research group in the
chemical engineering department at the University of Oklahoma for the numerous
discussions, and general advice, in particular I would like to acknowledge the help
of Deepthi Konathan for her support and guidance. I wish to also thank Jason
Glass and Professor Evan Lemley from the University of Central Oklahoma for
their help and support in running the multiple simulations used in this work.

Finally, I am forever indebted to my wife for her understanding, endless pa-

tience and encouragement when it was most required.

v



Table of Contents

Acknowledgments iv
Abstract XV
Introduction 1

1 Langevin Equations 8
1.1 Imntroduction . . . . . . . . ... ... 8
1.2 Development . . . . . . . .. ... 9
1.2.1 Classical interpretation of the noise . . . . . . .. ... .. 14

1.2.2  Quantum mechanical interpretation of the noise . . . . . . 20

1.3 Conclusion . . . . . . . . . . 26

2 Using Normal Modes to Calculate and Optimize Thermal Con-

ductivity in Functionalized Macromolecules 28
2.1 Imtroduction . . . . . . ... 28
2.2 The Analytical Technique . . . . ... ... ... ... ... ... 28
2.2.1 Site Displacement . . . . . .. ..o 28
2.2.2  Thermal Heat Flux . . . ... .. ... ... ... .... 33
2.2.3 Participation Ratio . . . . ... ... ... ..., .. 37
2.3 Application . . . . ... 37
2.3.1  One Dimensional Chain . . . . .. ... ... ... ... .. 37
2.3.2  Two Dimensional Sheet of Graphene . . . . . .. ... .. 40

2.3.2.1 Numerical results of thermal heat flux in func-
tionalized graphene . . . . . . .. .. ... ... 41
2.3.2.2  Effect of changing the length of the chains on the

thermal conduction . . . .. .. ... ... ... 42



2.4 Conclusion . . . . . . . . 43

Normal Mode Analysis with Thermal Colored Noise 47
3.1 Imtroduction . . . . .. ... 47
3.2 Analytical Technique . . . . . . .. ... ... ... . 47
3.2.1 Classical noise . . . .. ... ... ... . 48
3.2.2 Quantum noise . . . . . ... 54

3.3 Application . . . ... 58
3.3.1 One dimensional linear chain . . . . .. .. .. ... ... 58
3.3.1.1 Heat flux: Classical noise . . .. ... ... ... 58

3.3.1.2 Heat flux: Quantum noise . . . . . .. ... ... 59

3.3.1.3 Heat capacity of the chain . . . ... ... ... 60

3.3.2 Two dimensional Sheet of Graphene . . . . . . . . . . ... 60
3321 Heatflux .. ... ... ... ... ... 61

3.3.3 Improving the thermal conductivity of functionalized graphene 62
3.3.3.1 Effect of changing the length of the chains on the
thermal conduction . . . . . . ... .. ... ... 63
3.3.3.2  Effect of branching the chains on the thermal con-
duction . . . ... ... 64
3.3.3.3  Effect of changing the chains site masses and strength
of their interactions . . . . . ... .. ... ... 65

3.4 Conclusion . . . . . . . . 68

Classical Langevin Equations with Thermal Colored Noise, Nu-

merical Solution 76
4.1 Introduction . . . . . . ... 76
4.2 Development . . . . . ... .o 76
4.3 Program structure diagram . . . . . . ... ... 87

vi



4.4 Application . . . . ... 88

4.4.1 One dimensional linear chain; Classical approximation . . 88
4.4.2 Two Dimensional Sheet of Pristine Graphene . . . . . .. 89
4.4.3 Two Dimensional Sheet of functionalized graphene . . . . 90
4.5 Conclusion . . . . . . ... 92

5 Classical Langevin Equations with Time and Space Correlated

Noise 96
5.1 Imtroduction . . . . . .. ..o 96

5.2 Development . . . . . . ... L 96
5.2.1 Solving Langevin equations with spatial correlated noise . 108

5.3 Application . . . . ... 112
5.3.1 One dimensional linear chain . . . . . ... ... ... .. 112

5.3.2 Two dimensional Sheet of functionalized Graphene . . . . 114

54 Conclusion . . . . . . . .. 115

6 Conclusion 117
References 119
A Thermal Properties 123
A1 Flux: White Noise . . . .. .. ... . . . 123
A.2 Flux: Colored Noise . . . . . . . .. . .. ... ... .. ..... 124
A.3 Flux: Space/Time Correlated Noise . . . . . ... .. ... ... 125
A4 Heat Capacity . . . . . . . . . . ... 127

B Force Field 128
B.1 The Tersoff-Brenner potential . . . . . . ... ... ... .. ... 128
B.2 The NERD potential . . . . . ... .. .. ... ... .. ..... 129
B.3 Force Field for perfluoralkanes molecules . . . . . ... ... .. 132

Vil



C Estimating the noise parameters 134

Viil



List of Tables

3.1

3.2

3.3

3.4

4.1

Physical properties . . . . . .. ... Lo

Ratio of the temperature drop across the chain graphene interface
kp(Ty — T-) as a function of chain length (N). kp is the Boltzmann
constant, T and T_ are respectively the temperatures of the hot and
cold heat bath. . . . . . . . . . .00
Configuration (b): Ratio of thermal conductance of branched A,
and unbranched functional groups, A,,. Br@(branched at), Brsize
(branched size), #SPC (number of sites per chain). The subscripts
54 and 96 refer to the size of the graphene sheet . . . . . . . . . . ..
Configuration (c): Ratio of thermal conductance of branched and
Ap and unbranched functional groups A,,. Br@(branched at), Brsize
(branched size), #SPC (number of sites per chain). The subscripts 54
and 96 refer to the size of the graphene sheet . . . . . . . . . . . ..
Ratio of the thermal conductances of functionalized graphene with flu-
orinated alkanes (Af) and that of functionalized graphene with alkanes

with the same chain length (As). . . . . . . . . . .. .. ... ..

Ratio of the average kinetic energy (m v?) and kgT as a function of
chain length (N), kp is the Boltzmann constant, Ty is the temperatures

of the hot bath. . . . . . . . . . . . . .

B.1 TB parameters for Carbon . . . . . . . ... .. ... .. .....

B.2 Intramolecular potential energy parameters . . . . . . . . . . . ..

B.3 Intramolecular potential energy parameters . . . . . . . . . . . ..

1X



List of Figures

0.1

0.2

1.1

2.1

2.2

2.3

Conceptual diagram of single-walled carbon nanotube (SWCNT) (A)
and multiwalled carbon nanotube (MWCNT) (B) delivery systems show-
ing typical dimensions of length, width, and separation distance be-
tween graphene layers in MWCNTs [28]. . . . . . . ... ... . ...
Representative simulation snapshots for GS of 54 carbon atoms in n-
octane at 300 K. Red and yellow spheres represent CHs and CHg groups
of n-octane, respectively. Visual inspection suggests that pristine GS
(left) aggregate yielding pancake stacks. When the GS are functional-

ized they remain well dispersed in n-octane after 120 ns of simulation

Pictorial representation of a system described by the Hamiltonian H

interacting with two heat bath described by the Hamiltonian H; and

A pictorial representation of a linear chain of N = 4 mutually cou-
pled oscillators in interaction with two thermal reservoirs working at
different temperatures. Here 71 =T, and Ty =71—. . . . . . . . . ..
(Dh =& > ng), and (Dc =& > i Sij> as a function of time (¢) for
a chain of 4 atoms. As expected these factors converge to the same

value, This means that in the steady state regime the total heat flux j

is proportional to the temperature difference of the hot and cold baths.

A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 36, The alkane chains are
n-pentane. The end of the chains interact with two thermal reservoirs

working at different temperatures. . . . . . .. . ... .. L.

38

39



24

2.5

2.6

2.7

3.1

3.2

3.3

3.4

3.5

(a) Time evolution of (Dp/Ag) and (D./As) eq.2.42. As expected
(Dn/Ag) and (D./Ag) converge to the same value, This means that
in the steady state regime the total heat flux is proportional to the
temperature difference of the hot and cold baths. . . . . . . . . . ..
The ratio of the Thermal conductance of functionalized graphene A; to
the thermal conductance of graphene )\, as a function of chain length.
Pictorial representation of a high participation ratio mode (P = 0.86)
(a), and a low participation ratio mode (P =0.13). . . . . . . . . ..
Number of modes with increasing participation ratios for functionalized

graphene configurations with five, six and eight chain sites. . . . . . .

e /7 as a function of ¢ for different values of the parameter 7. The
solid line (7 = 0.04), the dashed line (r=0.1) . . .. ... ... ..
A pictorial representation of a linear chain of N = 6 mutually cou-
pled oscillators in interaction with two thermal reservoirs working at
different temperatures. Here Ty =714 and Tc =T-. . . . . . . . ..
(Dp), and (D,) as a function of time (¢) for a chain of 6 atoms with the
correlation time 7 = 0.5 (m) As expected these factors converge
to the same but opposite values. . . . . . . . . . . ... .. .. ...
Thermal conductance versus temperature for a chain of 6 atoms with
the correlation time 7 = 0.5 (y/k/m). As expected increases with
temperature to final reach its classical limit. . . . . . . . . . . . . ..
Heat capacity (C)) as a function of temperature of the linear 1D chain
of coupled harmonic oscillators of size N=6, where k is the Boltzmann

constant, and A is Planck constant. . . . . . . . . .. .. ... ...

x1

43



3.6

3.7

3.8

3.9

3.10

3.11

3.12

3.13

A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are
n-pentane. The end of the chains interact with two thermal reservoirs
working at temperatures T and T—. . . . . . . . . . . .. ... ... 62
Ratio of the thermal conductance of the functionalized graphene con-
figuration and that of pristine graphene as a function of temperature,
where k is the Boltzmann constant, and & is Planck constant. . . . . . 63
The ratio of the Thermal conductances of functionalized graphene A

and graphene \; as a function of chain length N. (solid disk): heating

one site, (solid triagle): heating two sites, (empty square): heating
three sites, (solid square): heating four sites. . . . . . . . . . . . . .. 65
Ratio of the average temperature profile (T =< m v? >) between the

hot and cold baths and kT for the graphene configuration in fig.3.8, k

is the Boltzmann constant, Ty is the temperature of the heat bath. . . 66
Number of normal modes versus participation ratio (PR). (solid tri-
angle): functionalized graphene with chains of length (N=6), (empty
square): functionalized graphene with chains of length (N=5).. . . . . 67
Pictorial representation of a branched and unbranched sheets of graphene.

The number of atoms in the graphene sheet is 54. The end of the chains
interact with two thermal reservoirs working at different temperatures. 73
Number of normal modes versus participation ratio (PR). (solid trian-

gle): non branched N=5 (fig.3.11(a)), (empty square): double branched

N=5 (fig.3.11(b)). . . . . . . 74
Number of normal modes versus participation ratio (PR). (solid trian-

gle): not branched N=5 (fig.3.11(a)), (empty square): triple branched

N=5 (BE.3.11(C))e + « v v v oo e 74

xii



3.14 Pictorial representation of a graphene sheet of 54 carbon atoms func-

3.15

4.1

4.2

4.3

4.4

4.5

tionalized with two organic chains of size N =6. . . . . . . . . . ..
Quantum optimized structure of perfluorohexane. The dark spheres
represent the carbon atoms, the green sphere are the fluorine atoms.
The helical C-C-C-C twist angle of 16.8° corresponds to a dihedral angle

of 163.2° and to a projected 1-527° [30]. . . . . . . . . ... ... ..

A pictorial representation of a linear chain of N = 6 mutually cou-
pled oscillators in interaction with two thermal reservoirs working at
different temperatures. Here Ty =T, and Ty =71—. . . . . . . . . ..
Numerical results of heat Flux J; = (1/2)k(x;y1 — x;)(&i41 + @4;) for
a linear chain of N = 6 mutually coupled oscillators in interaction
with two thermal reservoirs working at different temperatures (kg7T- =
1 (Ka?) and T} = 2 (Ka?)), (t = 0.1 /K/m). The curves represent
the heat flux across the different sections of the chain . . . . . . . ..
Analytical results of heat Flux J; = (1/2)k(zit1 — i) (i1 + @4;) for a
linear chain of N = 6 mutually coupled oscillators in interaction with
two thermal reservoirs working at different temperatures ((kp7- =
1 (Ka?) and Ty =2 (Ka?)), (1 =01 VK/m). . .. ... ......
A pictorial representation pristine graphene. The number of atoms in
the graphene sheet is 54. . . . . . . . . . ..o
Time variation of the ratio of the numerical average heat flux (Jpum)
throughout the graphene configuration shown in fig.4.4 and the heat
flux of pristine graphene from the normal mode analysis (Jpm). (kT =

0.008 (eV) and kpT— = 0.007 (eV)), (1 =0.50) and (y=1). . . ...

Xlil

89



4.6

4.7

4.8

5.1

5.2

5.3

5.4

5.9

A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are
n-pentane. The end of the chains interact with two thermal reservoirs
working at different temperatures 74 and 7. . . . . . . . . . . . ..
Time variation of the ratio of the numerical average heat flux (Jyum)
throughout the graphene configuration shown in fig.4.6 and the heat
flux of the same configuration calculated from the normal mode analysis

(Jum). (kT = 0.008 (eV) and kpT. = 0.007 (eV)), (7 = 0.50) and

Ratio of the time variation of the average temperature 7' = (m v?)

across the alkanes/graphene interface and kg Tp,. . . . . . . . . . ..

Pictorial representation of the system described by the Hamiltonian H
where p sites on each side interact with two heat bath described by the
Hamiltonian Hy and Hg. . . . . . . . . . . . . . . .. ....
A pictorial representation of a linear chain of six (N = 6) mutually
coupled oscillators interacting with two thermal reservoirs working at
different temperatures. Here T =T+ and T, =T_. . . . . . . . . ..
ratio of the thermal conductance of the chain with spatial noise (Ag)
and the thermal conductance of the same chain with colored noise (\;)
as a function of the number sites in contact with each heat bath (p).

A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are
n-pentane. The end of the chains interact with two thermal reservoirs
working at different temperatures 74 and 7. . . . . . . . . . . . ..
Ratio of the thermal conductance of functionalized graphene with space
correlated noise Ag and colored noise A; for size chains from N = 5 to

N = 7. The last two sites of each chain are in contact with heat baths.

X1v

113

113

116



5.6 The ratio of the Thermal conductances of functionalized graphene A
and that of graphene A4 as a function of chain length N. (solid square):

heating one site, (solid triagle): heating two sites . . . . . . . . . ..

XV



Abstract

The quest for high thermal conductivity materials has lead to nano-composites
incorporating macromolecular materials with excellent thermal conductivity, such
as carbon nanotubes and graphene nano-ribbons, in a matrix of poorer thermal
conductivity. To minimize the interface thermal resistance the stiff, incorporated
materials can be chemically functionalized with various side chains, this however
may disrupt the overall thermal conductivity of the fillers. We report here an
efficient theoretical method using normal modes to calculate the thermal conduc-
tivity of such systems and show how the participation ratio of these modes can
be used to evaluate different choices for functionalization. We use this method
to examine how effective different organic chains improve the heat flux through a
graphene nano-sheet, also to identify the configuration of the functional groups
that best conduct heat to the macromolecule. To confirm the efficiency of our
model, we compare results from simulations including non-linear corrections to
results from the normal mode analysis conducted on identical systems. Finally,
we investigate the effect of space correlated noise on the overall results of opti-

mization.
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Introduction

Structured composites attract enormous attention for several reasons, includ-
ing the promise to enhance the properties of the parent polymers (mechanical
properties, permeability, thermal and electrical conductivity, etc), while main-
taining the typical polymer light weight. Carbon-based nanocomposites (material
with fillers with at least one dimension less than 100 nm) promise multi-functional
properties, e.g., electrical and thermal conductivities in addition to enhanced me-
chanical strength. Increased effectiveness is expected for high-aspect ratio fillers,
such as carbon nanotubes, graphene sheets/ribbons.

The thermal conductivity of single wall carbon nanotubes (SWCNTSs), fig.0.1,
at room temperature is about 6000 W/mK and that of multi-wall carbon nan-
otubes (MWCNTS) is about 3000 W/mK [7, 13, 4]. Graphene also displays a
number of remarkable properties including extremely high electron mobility (up
to ~ 2 x 10° em?/V's [24, 6]), and extremely high thermal conductivity (ranging
from (4.8440.44) x 103 to (5.3040.48) x 10® Wm 'K ~')[2]. The thermal conduc-
tivity of single and few-layer graphene depends strongly on the size and thickness
of the flakes. A-side-by side comparison of some of the physical properties of
graphene and other materials is shown in tab.1.

The outstanding thermal performance of these composites suggests their use
in thermal management applications in electronics and optoelectronics [21, 39,
5, 11]. However, the incorporation of CNTs and graphene into polymers has
not produced high thermal conductivity composites because of the constituents’
interface thermal resistance. This “Kapitza resistance” occurs at the boundary
of two dissimilar materials [17, 18] and produces a temperature drop across the
interface that is proportional to the heat flux. The effect is large when the

two materials have a large difference in elasticity so that there is only a weak



Table 1: Physical properties

Mechanical properties

Young modulus

Tensile strength

(TPa) (GPa)
SWCNT 1-5 13- 53
MWCNT 0.2-0.95 11 - 150
Graphene 1 80
Stainless steel  0.186 - 0.214 0.38 - 1.55

Thermal properties

Thermal conductivity

Phonon mean

Speed of

(W/(m K)) free path (um) sound (m/s)
SWCNT 6000 0.5-1.5 2 x 104
MWCNT 3000 0.22 -
Graphene 4.84 x 10 - 5.30 x 103 0.775 1.5 x 10%
Stainless steel 401 - -
Electrical properties
Resistivity ~ Mobility
Qcem em? Vsl

CNT 0.34 1074 10°
Graphene 1076 2 x 10°
Stainless steel 7.2 x 1075 -



Figure 0.1: Conceptual diagram of single-walled carbon nanotube (SWCNT) (A) and
multiwalled carbon nanotube (MWCNT) (B) delivery systems showing typical dimen-
sions of length, width, and separation distance between graphene layers in MWCNTs
[28].

coupling of phonon modes at the interface. If this resistance could be minimized
then polymer composites could be used in radiators and other heat exchangers
replacing heavier, costlier metallic components.

To this end, in the graphene system, two strategies have been proposed. The
first is based on the fabrication of graphene strips with reduced lateral size,
(known as graphene nanoribbons (GNRs)[35]). GNRs with width(s) from several
tens of nanometers down to 2 nm have been fabricated either by plasma etching
[19] or by means of chemical treatment of graphite [20]. Alternatively, chemical
functionalization of graphene-based materials [38] is a promising strategy and
does not require aggressive ribbon width reduction. It may even enhance the me-
chanical strength of the composites because of the potential of these side groups to
bond to the matrix. In addition, functionalized graphene tends to aggregate less
than do nonfunctionalized graphene when dispersed in aqueous or organic solu-
tions fig.0.2. In spite of all these advantages, functionalization may induce severe
disruption of the otherwise good conducting properties of graphene. Optimizing
the thermal conduction to the graphene appears then to be a major challenge,

and constructing models to simulate the heat conduction to the graphene tend



to be helpful.

Figure 0.2: Representative simulation snapshots for GS of 54 carbon atoms in n-octane
at 300 K. Red and yellow spheres represent CHs and CHj3 groups of n-octane, respec-
tively. Visual inspection suggests that pristine GS (left) aggregate yielding pancake
stacks. When the GS are functionalized they remain well dispersed in n-octane after
120 ns of simulation (right) [9]

The interactions between a system of fewer degrees of freedom, such as a small
sheet of graphene, and a heat bath with many degrees of freedom such a bath
of polymers, can be simulated through molecular dynamics (MD). Alternatively,
the effect of the solvent can be approximated by the inclusion of a set of drag
and random terms in the particles equations of motion, the resulting dynamics is
known as Langevin dynamics, and their principal advantage over MD simulation
is the reduction in the time required for computation which eventually allows
one to perform longer simulations. Langevin dynamics will be used throughout
this thesis to analyze heat transport in carbon based materials and graphene in
particular. The origin of the drag force comes from the impulse produced by the
multiple collisions of the particle and the rest of the molecules in the fluid, in this
scenario some of the particle’s momentum is transferred to the fluid causing it to
slow down, also the extend to how the particle’s history affects its future motion.
The noise is a stochastic or random force, the properties of which are given only
in the average. This force is supposed to come from occasional impacts of the

particle and the molecules of the surrounding medium. It is then not surprising to



find that there is a fundamental relation between friction and noise. If the system
approaches equilibrium at long times, the fluctuation-dissipation theorem is used
to relate these forces to each other. Particularly, if the friction at any time ¢ is
proportional to the velocity at the same time, the noise in the classical limit, is
delta-function correlated or ”white”. (”White” means that the Fourier transform
of the correlation function of the noise, or its spectral density, is independent of
frequency). The Langevin equations in this case are called ”Markovian”. This
is usually the case when the forces of impact between the particle and the rest
of the molecules of the fluid are varying extremely rapidly over the time of any
observation. Real problems however are often not Markovian, the friction at time
t can depend on the history of the velocity v(t') for times ¢’ that are earlier than
t. That is, the friction may have a 'memory’. In this case, the friction coefficient
is replaced by a memory function K (t), sometimes called an aftereffect function.
Problems of this kind are called non-Markovian.

(Classical molecular dynamics simulation and classical Langevin dynamics can
only produce classical results, the validity of which are justified at high tempera-
tures but doubtful in the low temperature limit. Recall that the Debye tempera-
ture for carbon based material such as graphene is high and temperatures of 300 K
are considered low. Because of this, the heat capacity, thermal conductivity and
other properties are much less than their classical values. In situations such as
these, one can in fact restore, the classical Langevin dynamics by using quantum
heat baths derived from Bose-Einstein statistics, such treatment is known as a
classical approximation to the quantum Langevin equations. its advantage, over
its classical counterpart is that it predicts the expected behavior of the system at
low temperatures and produces the classical results at high temperatures. This

thesis is structured as follow

e Chapter 1: Langevin Equations



In this chapter, we derive the generalized Langevin equations for a system
interacting with two langevin heat baths. The heat baths are modeled
in this approach as infinite numbers of coupled harmonic oscillators. In
the first half of the analysis, we treat the oscillators in the heat baths as
classical particles that are canonically distributed according to Boltzmann
statistics. In the second half of the analysis the oscillators in the baths are
treated as quantum particles canonically distributed with respect to the

free oscillators Hamiltonian according to Bose-Einstein statistics.

e Chapter 2: Using Normal Modes to Calculate and Optimize Ther-

mal Conductivity in Functionalized Macromolecules

In this chapter we introduce a new technique to calculating thermal con-
ductivity of functionalized molecules in general and use graphene nano-
sheets as a case study. We show by linearizing the interatomic interactions,
and by numerically calculating the normal modes, that the total heat flux,
throughout the functionalized macromolecule is a function of the tempera-
ture difference of the hot and cold baths. Even more interestingly, we show
that we can control the heat transport throughout the system by varying

the functionalized chains.

e Chapter 3: Langevin Equations with Thermal Colored Noise

This chapter is an extension the analysis developed in chapter 2, where
now we include means to suppress high frequency modes through an expo-
nentially correlated noise. We incorporate quantum driving forces that are
temperature dependent to mimic the effect of Bose-Einstein suppression
of high energy modes. We also investigate ways to improve the thermal

conductivity to the graphene

e Chapter 4: Langevin Equations with Thermal Colored Noise, Nu-



merical Solution

In this chapter we solve the classical Langevin equations numerically for a
system in contact with Langevin heat baths. The results of these technique
are used to foresee the extent to which the normal mode approach devel-
oped in chapters 2 and 3 is capable of predicting the best configurations to

optimizing heat throughout the the functionalized graphene.

e Chapter 5: Classical Langevin Equations with Time and Space

Correlated Noise

In this chapter we consider the dynamics of interacting particles which are
driven by correlated (not-independent) noise sources. We investigate the
effect of spatial correlations in the noise on the dynamical correlations in

the relative motion of the system particles.

e Chapter 6: Conclusions



Chapter 1

Langevin Equations

1.1 Introduction

The interactions between a system of fewer degrees of freedom and a heat bath
with many degrees of freedom can be approximated in the system’s equations of
motion by the inclusion of apparently random and drag terms [40, 23, 8]. In this
chapter, we shall derive the generalized Langevin equations for a system described
by the Hamiltonian H, interacting with two Langevin heat baths described by
the Hamiltonians Hg and Hj, respectively as shown in fig.1.1. The heat baths
are modeled in this approach as infinite numbers of coupled harmonic oscillators.
The randomness in the interactions between the heat bath and system originates
from the unknown initial conditions of the oscillators in the bath. In the first half
of the derivation, we treat the oscillators in the heat baths as classical particles
that are canonically distributed according to Boltzmann statistics. In the second
half, the oscillators in the baths are treated as quantum particles canonically
distributed with respect to the free oscillators Hamiltonian according to Bose-

Einstein statistics.

Ty,

Figure 1.1: Pictorial representation of a system described by the Hamiltonian Hg
interacting with two heat bath described by the Hamiltonian H; and Hg.



1.2 Development

Consider a system made of N particles the first and last of which interact with
two harmonic oscillator baths fig.1.1. The interactions among the particles in
the system are described by the potential U(qgs,, ....., ¢sy ) Where g, refer to the
position of the i particle in the system. If p,, is the momentum the " particle

in the system, the Hamiltonian of the system is of the form

Ps,
Hy= 20 4 UlGsys oo Gy ) (1.1)
. |

In the independent oscillator model of the heat bath, the particle is surrounded
by a large (eventually infinite) number of heat bath particles, each attached to

it by a spring. The Hamiltonian of the left and right oscillator baths are of the

form
Nr 9 2
Pr. 1 2 )\R'
HR - — + _mRin- (qu - —qu
; 2mR¢ 2 ' mRiWIZ%v ' (1.2)
Ny, 2 2
Pr. 1 9 )\L'
Hp=)» ——+4-mpuwi, (QLi — —— s
21: 2myp, 2 mywi (1.3)
where the pg,,..... s PRy s PLis s PLy, > QRys s QRyys QLys -5 Ly, AT€ T€SPec-

baths, wg,, ..... JWRy s WEys ooy WEiy, 5 TVRyy ooy MRy, MLy 5 ooy MLy T€ TESPEC-

are respectively the coupling constants with the right and left heat baths.

The Hamiltonian of the entire system and baths is

H=H,+Hrp+ Hp, (1.4)



Let us now focus on the heat baths. The equations of motion are

. PR;
qr, = ——

mp%,
. 2 /\Ri
PR, = —MR,Wg, (qr, — —2q31>

MEYR, (1.5)

: PrL, ’
dr, = ——

mr,
pLi = _mLiwii(qLi - ig qu)

Introducing the vectors

SbR(t) = <QR17 "‘aQRNR>pR17 -'-apRNR>
SbL(t) = (qL17 "'7QLNL7pL17 “'7pLNL> (1 6)

Ss(t) = (qS17 "'7qu7p817 "'7psN)

Eq.1.5 becomes of the form

N 0 M}gl - 0 0 -
SbR (t) = — — SbR (t> + —t o~ Ss(t)
—Kr 0 Ar O
L o (1.7)
- 0 Mt . 0 0 -
Sp, () = L Sp,(O)+ | ., _ Ss(t)
—-K;, O A O

where M~ is a diagonal matrix with elements 1/m;. K is also diagonal with
elements K;; = 5ijmiwi2, XRij = 0i1A;, and XLZ.J. = 0;nAj, 0;; is the Kronecker
delta function

If we define
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then the solution to eq.1.7 for each bath is of the form eq.1.9

= ~ o t ~ 0 0 -
Sy(t) = exp(t A) - 5,(0) + /0 dt' exp((t—t') A) - . St

DN
—~

=

©
SN—

(1.10)

/t dt’ exp((t —t') A)- A1 00 - (—» (t,)>

Now we turn our attention to the system. The equations of motion for the

system are
. Ps;
QSi -
ms,

J

NR Nr,
oU )\R. )\L'
's- = - 52 AR, P . s 52 E AL i - Sq
p i aqsz 1 ; Rj (qR] mR w%] q z) _|_ N L] <qLJ 2 q 7,>

11



which can also be expressed in the form

where

and

0 —M!
0i1 J 3 0
= mj wj
0 —M1
Ny — Ny 2
nL = A= ~
Oin Z m.sz 0
j=1 9 77

Substituting S, with its expression from eq.1.10 leads to

12

)]

: SbL (t) - ﬁL : Ss(t)

(1.12)

(1.13)

(1.14)



Sty =FSen— || — _ |4 -, _ | +ir| S0
Ap O Ar O
0 0 -
+ _ . exp(t AR) . SbR(0)+
Ar O
S T N A
/dt’ | exp((t—t) Ar)- AR |, S,(t)
0 Ar O 0 Ar
L L (1.15)
0 O ~ 0 O " 5
— L AZ . + 1L Ss(t)
AL O A O
0 0 -
+| | -exp(t Ap) - Sy, (0)+
AL O
! / 0 Y A.Y. A1 0 0 o (o)
dt ety Ay A7 | S
0 A, O 0 Ag

The matrix elements of the second and fifth terms in eq.1.15 are all equal to zero,

accordingly the previous equation simplifies to
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0
t 0 0 SO 0 0 .
| I R TR A TR il R A ()
0 M 0 0 An
o (1.16)
0 0 L
+1 _ exp(t Ar) - Sy, (0)+
2 O

)\LO 0)\L

This is the equation of motion for gs(t), it is expressed in terms of its own

history from 0 to ¢ and the bath variables enter only through their initial values.

1.2.1 Classical interpretation of the noise

If we assume that the bath particles act as classical particles, we can identify the
terms that acts as a noise source for each heat bath. We introduce the driving

forces for each bath as

14



Fr(t)=1| _ | -exp(t Ag) - S,,,(0)

Ay 0

o (1.17)
., 0 0 ~ =
FL(t) = . _ . exp(t AL) . SbL (O)

A0

The forces defined in eq.1.17 depend explicitly on the initial positions and
momenta of the oscillators in the baths, interpreted here as classical particles.
These are not known, moreover, their number could be very large so that ex-
plicit specification of the initial conditions in the bath becomes impossible. One
solution would be to treat F' (t) as a stochastic process. The properties of this
process can be obtained from the explicit expression for the random force since
the stochastic nature of the force originates from the unknown initial positions
and momenta of the particles in the bath. To this end, we consider an ensemble
of initial bath variables S,(0) drawn at random from the Boltzmann distribution
eq.1.18:

eiﬁHbo

P(S(0) = (118)

1
where 3 = T T is the temperature of the bath, kg is the Botltzmann constant,
B

and Hp, is the free Hamiltonian of the bath.

N 2 1
Hy, = L + smwlq;
2m; 2 (1.19)

The partition function Z is

15



7 = / <Hd5bi> e PHvo (1.20)

In this ensemble the mean of S,(0) is

= /(Hdsbi> Sp(0) e PHeo

(S5(0)) = =0

/(HdSm) o—BHuo (1.21)

The dispersion of S,(0) can be found in a similar way (S,(0) - 5,(0)"), where
the superscript ¢ stands for transpose. The component of S,(0) - S,(0)* are of the

form S,(0) Sy, (0) The average of which turns out to be of the form

kgT

(S,(0)S,(0)) = b;—— = kpTK;'

miw; (1.22)

which can also be written in a compact form as

—

(Spr(0) - Sy (0)) = kpTRER"

- B N (1.23)
(Sp,(0) - Sp, (0)") = kpTL K}

From the above relations we derive the statistics of the noise

16



A 2 NP
A( N >.(Sb(0>~sb<0>t)
—1 0 (1.25)

07 . (1.26)
exp (t (Of g) - (84(0) - Si(0)") )-(§b<0>-§b<0>t) -

Substituting this in eq.1.24 bring the noise correlation to

17



il

. ~ R - 0 0
(FOFE)) =ksTun | _ | -explt =) A)- (50 - S(0)1))

— kpTr/L(t — 1)

(1.27)
where
L{t—t) = 00 cexp((t —t') A).<(§<0) §(0)t)> )
5§ Ao (2w
_ 00 I 0 0
Lit—t)=—| _ | -exp(t—t)A) -A"- [
X 0 0 M (1.29)

Eq.1.29 is known as the memory function, it describes the effect of the history
of the particle on its future. Using this result, the equations of motion Eq.1.16

become the final Langevin equations for the system particles and expressed as

18



S0 = S0+ [ e Tute— )86

¢ (1.30)
+/ dt' Lp(t—1t") - Ss(t — ')+ Fr(t) + FL(¢)
0
Now by writing
. tngn th;{Z” t2n+1g2n+1
exp((t) A) =3 == 2n) T2 @nt 1) (1.31)

The elements of A2"*1 are all off diagonal and do not contribute to the ex-
pression of z(t —t'). The elements of A2 are along the diagonal and contribute

to the expression of L(t — ') as

2

L(t — t,) = 51'7]‘61‘7]\[-5-1 Z leWR COS(u)R t)
j ‘ (1.32)
+51]5z 2N Z COSs wL t)
Which reduces for each bath to the from
>
K(t) = “— cos(wjt)
T~ mawi? (1.33)

If we treat the frequency distribution as continuous, then we can replace the
sum in eq.1.33 by an integral as in eq.1.34, and the memory function eq.1.33

becomes eq.1.35, where the oscillators are assumed to have unit mass.

Z — N/:Oog(w) dw (1.34)
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o0 N )\2
K(t) = / ¥ g(w) cos(wt) dw
0 w (1.35)

If now N \(w) g(w) o< w? for all frequencies then eq.1.35 becomes the Dirac
delta function eq.1.36 and the noise is white. This is usually the case when the

forces of impact between the particle and the rest of the molecules of the fluid

are varying extremely rapidly over the time of any observation.

K(t) /0 h cos(wt) dw o §(t) (1.36)

If N X (w) g(w) oc w?/(1+ 72 w?) for all frequencies then eq.1.35 becomes an

exponentially decaying function of time eq.1.37 and the noise is colored.

too 1 1
K(t) « / ——— cos(wt) dw oc — e7'/7
-0 1+ 2w T (137)

1.2.2 Quantum mechanical interpretation of the noise

Due to a very high Debye temperature for carbon based materials [37], 300K
is considered a low temperature. Accordingly, the classical Langevin equations
developed in the previous section may not be suitable. It is however still possi-
ble to account for some of these effects if one decides to adopt a quasi-classical
approximation where the system is still treated classically, the noise however is
interpreted quantum mechanically. In this section we develop the quantum cor-
relation relation that will be used later in this quasi-classical approximation. To
this end, we introduce the noise sources for each bath as in eq.1.17.

In the quantum mechanical interpretation of the noise (eq.1.17) we assume

that the oscillators in the thermal heat bath are canonically distributed with

20



respect to the free oscillator Hamiltonian according to Bose-Einstein statistics

[10]. The operators p,, and ¢, satisfy the commutation relations eq.1.38.

(o, Bo,] = ihSi5 [y o] = [Boss B, ] = 0 (1.38)

The expectation value of any operator F' with respect to the canonical en-

semble at temperature T is defined by

< F>=T{Fe ™} /T {e "} (1.39)

where the trace operation (7)) is in the space of the eigenfunctions of the free

oscillator Hamiltonian operator H,

=2y LS g
o~ 5 — Y i 1b;
25 mi 29 (1.40)

We introduce the operators

Db, — WsGp,

g =
2hwg
Do, iwsGy, (1.41)
al = = —22
2hwg

The commutation relation between these two operators follows from eq.1.38

as

[as,ai] = Jg, las, a,| = [aT aT] =0

s T

(1.42)

We can solve for ¢, and p,, from the definitions in eq.1.41 as
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— (1.43)
Do, = 1/ 78(% +al)

Inserting these expressions in the Hamiltonian eq.1.40 and using the relations

eq.1.42 we get

1
H, =Y hw,(ala, + 3)
p (1.44)

The operator ala, is the number operator for the s mode; its eigenvalues
are the nonnegative integers. The operator a, is the step down (annihilation)
operator, and the operator a] is the step-up (creation) operator; they have matrix
elements only between eigen-states of the number operator which differ by unity.

The expectation value of ala, is of the form [10]

<a£ar> = 5srTr{alaT€_5Ho}/Tr{e_ﬂHo}

ZHGXP[—k—T(”+ 5)]
:5 n=0
sr hws 1
expl—(n+ 3) (1.45)
5o R Fus
) ex [_%(H—F 1)] 1 e )
P\ e

similarly
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1 hw
ala,) = =g Jcoth(—=) + 1
(afa) = 2o lcoth(222) 11 -

From these results we obtain the following pair correlations

A L 1
(Gb; Pv;) = —(DviGv;) = -1hdy;

2
h hw;
) = ——5;: coth(—
<quqbz> 2(‘(}Z ]CO (2kT) (147)

2kT

(Do, Pb,) = 75@- coth(

Finally the noise correlation

Lo 0 0 ~ 0 0 ~ =
(FOF@)) = ([ _ _ | -exp(t A)-[5(0)] - ~exp(t’ A) - [5,(0)]
A0 A0
0 0 ~ - - ~ 00
= - _ | -ep@A) - ([Se(0)] [Sp(0)]) - exp(t” A)F- | _
A0 A0

(1.48)

The product F(¢)F(#)! is not a Hermitian operator, consequently the noise
correlation cannot be interpreted properly in a classical dynamics. If we use the
symmetrized correlation obtained by interchanging ¢ and ¢’ in eq.1.45 and then
take the transpose [36], the previous correlation becomes a Hermitian operator

of the form

23



L 1{00 .
(FOEW) ) sym = 5 ( 55 ) ~exp(t A) - ([Sy(0)] [Sy(0)]
t (1.49)
. . - 00
+(55(0)] [S5(0)])") - exp(t" A)" - ( o )
A0

The elements of ([S,(0)] [S,(0)]* + (S5(0)] [S,(0)]")?) are diagonal and real. As
a matter of fact, each element is of the form (S, (0) S, (0) + Sy, (0) Sp,(0)), and
according to eq.1.47 all the off diagonal terms are zero.

Similarly using the identity

B B . . (1.50)
= exp(—t A) - ([Sp(0)] [S(0)]" + (Su(0)] [Se(0))")")
eq.1.46 becomes
L 00 _
(FOFX) ) sym = 5 ( X 6) ~exp((t —t') A) - ([S5(0)] [Sp(0)]"
t (1.51)
_ _ 00
+(56(0)] [Sp(0)])") - ( - ~)
A0

or
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— — 1 h hws
(E)E#)) sym = 6“-57;7]\;“5 Z Ai; coth {2]{?1} cos w(t —t')
1.52)
| h o, (
+5ij6i,2N§ ; )\gw—s coth |:2]€T2:| COS ws(t — t’)
If we let A — 0 then
lim ficoth | 70 | = 2FT
h—0 2kT W (1‘53)
and
L A2
S !
<F(t>F<t’)t>sym = 5ij5i,N+1kTL Z w—%s COSs W (t —t )—|—
(1.54)

)\2
5ij5i,2NkTR E w—gs COS WP, (t — t,)
s R

which is identical to the relations we obtained using the classical approach eq.1.32
where here we assume that the oscillators have unit mass.

If we treat the frequency distribution as continuous, then we can replace the
sum in eq.1.52 by an integral as in eq.1.34, and the correlation reduces to eq.1.55,

where we assume that the oscillators have unit mass.
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hAZ (wr)

Lo I hw
(F(O)F (') sym = 51-3-5@-71\;“—/ dwrg(wr) coth L coswp(t — 1)+
2 0 2kTT,

wr,
1 [ R (w hw
6ij6i’2N§/O dng(wR)% coth |:2kﬂ};:| COS(,()R(t — t’)

(1.55)

1.3 Conclusion

In this chapter we derived the generalized Langevin equations (GLE) for a general
classical system in contact with two heat baths. At first we interpreted the noise
classically then quantum mechanically and we showed that the quantum noise
correlations reduce to their classical counterpart in the high temperature limit.
These equations will be used in later chapters to solve for the displacements and
momenta of the different particles in a variety of macromolecules and calculate
different system properties.

One may object that by only interpreting the noise quantum mechanically may
not produce the low temperature behavior of the system properties. However,
there is very little difference between a quantum and a linear classical system.
The dynamics are such that it smoothly crosses over to the classical regime [16].
This would be the case at low temperatures, where nonlinearity can be neglected,
and the system interactions can be linearized. The other advantage of this quasi-
classical approximation is that it converges to its classical counterpart in the
high temperature limit, where both the noise and the system can be analyzed
classically.

It is worth mention that most carbon based materials such as graphene and
carbon nanotubes have considerably high Debye temperature, even 300 K is con-

sidered low and the system stays linear even at these temperatures. Accordingly,
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the proposed dynamics can still reproduce the quantum results.
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Chapter 2

Using Normal Modes to Calculate and Optimize Thermal

Conductivity in Functionalized Macromolecules

2.1 Introduction

In this chapter we introduce a new technique to calculating thermal conductivity
of functionalized molecules in general and use graphene nano-sheets as a case
study. We show by linearizing the interatomic interactions, and by numerically
calculating the normal modes, that the total heat flux, throughout the functional-
ized macromolecule is a function of the temperature difference of the hot and cold
baths. Even more interestingly, we show that we can control the heat transport
throughout the system by varying the functionalized chains.

It may be objected that linearizing interactions dramatically changes the dy-
namics of the system. However, we are interested in determining the major
bottlenecks to thermal conductivity at the interface and these are present even
in the linear approximation. Non-linear corrections may alter the magnitude of
our results, but not the essential principles for optimization. This will be demon-

strated in chapter 4.

2.2 The Analytical Technique
2.2.1 Site Displacement

In this section, we shall develop the general Langevin formalism that we apply to
a specific system in section 2.3. We shall present this general case first and then
indicate briefly how the results will simplify for our special cases.

Consider a system made of N particles connected by springs. We will apply

a driving random force to the first and last particles. Each particle obeys the
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equation of motion:

J

where m;, X, respectively are the mass and displacement of particle ¢, K;; is the
spring constant between particles ¢ and 7, 7; the damping force given by Stokes’s
law, F;(t) is the Langevin force on particle i, the overhead dot refers to time
derivative, and 9;; is the Kronecker delta function restricting the driving and
damping to the first and last particles.

We can write the set of N coupled differential equations as

MX+TX+KX=Fa1 (2.2)

where M , f, K are respectively the mass, damping and spring constants matrices
and F(t) is the random Langevin force vector.

The statistics of the Langevin sources are defined by:
< Fi(t)>=0 (2.3)

where T} is the temperature of the source ¢, kg is the Boltzman constant, and
<> stands for temporal average.

Consider the homogeneous form of equation eq.2.2

<l
I
o

MX+TX+K (2.5)

We search for a solution to eq.2.5 of the form X=a e, where @ is independent
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of the time ¢. Plugging this solution in eq.2.5 gives.

MMNag+ATlad+Ka=0 (2.6)

This is a quadratic eigenvalue problem for A. To solve this eigenvalue problem

we introduce a second set of coeflicients

b=Xa (2.7)
and eq.2.6 becomes
AMb+Tb+Kada=0 (2.8)
producing an eigenvalue equation of the form
0 1 d 1 0 d
o =1 . . (2.9)
K T b 0 —M b

where 1 is the unity matrix. Thus we see that even in the presence of dissipation,
we can find normal, uncoupled modes for the system.

In general we generate complex eigenvalues A\, and complex eigenvectors dy.
However, if Ay and a,, are solutions to the eigenvalue problem then their complex

conjugates A; and @ are solutions as well. Let

e = =1k + Wy (2.10)

and
Ty, = Uy + iU (2.11)

then
ay, M = (i, + i),) e TRt (2.12)
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is a solution to the homogenous equation of motion eq.2.5 and so is
areht = (i — ivy) e Wt (2.13)

Thus we can define the real solutions X( )( t) and X,(f)(t) where

YW () = e ™ (if), cos (wit) — Ty sin (wit)) (2.14)
X2 (1) = e (il sin (wit) + T cos (wyt)) (2.15)

and from that the general solution to the homogenous problem is

hom ZB 1) B(Q) (2 )( ) (2.16)

where B ) and B are constants that depend on the boundary conditions.

The solution to the driven problem of eq.2.2 is
¢ ~ —
X(t) = x(t)tem +/ G(t,t) F(t)dt (2.17)
0

where G(t,t') is the Green function solution to the differential equation

—_— 2 ~
M%GJrF%—GJrKG_lé(t—t’) (2.18)

Normally we need to specify the boundary conditions at ¢ = 0. However we are
interested in the steady state solution to the problem so the initial conditions are
irrelevant. We can choose any initial condition that is convenient. In particular

we can choose X(0) = 0 and x(0) = 0. With these conditions, the homogeneous
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term is zero, and our steady state solution is:
t ~ —
L) = / G(t. ) F(t)dt (2.19)
0
We look for for a solution to the Green function of the form
G(t,t) = (5(1) XVt =)+ CP Yt — t’)) n(t —t') (2.20)

where CW and C'® are matrices to be determined, 7(t — ') is the Heaviside step

function. and
=) and X2 = (), (2.21)

(a)

particularly, (XEQ)) ; is the j™ component of the i solution x;

to the homoge-
neous equation of motion eq.2.5, and « € {1, 2}.

We introduce the operator Q) such that

SR VA A (2.22)
ot ot '

Eq.2.18 reduces to

QG =10(t—1t) (2.23)
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inserting eq.2.20 in eq.2.23 produces:

QGtt) =

(it —t') Q [(J(l) FO(t —t) + C@ 3 (t — t’)]

+M [5(” KO —t) +CO xD(t — t’)] 5t —t)

(2.24)

At (t —t' = 0) We want this to equal the identity matrix 1. This will happen

if
o %(1)(0) + c® %(2)(0) -0

~y ~(@) ~e2) () 1o~
(030 + 62 3P0) = 56,01

%]

(2.25)

This is a set of 2 N? variables 53 where « € {1,2} and 2 N? separate equations.

This problem is solvable and the solution can be found numerically. Once these

coefficients are found the displacement of particles as a function of time can be

constructed out of the solution in eq.2.19.

2.2.2 Thermal Heat Flux

In this section we develop an expression of the thermal heat flux as a function

of the hot and cold bath temperatures using the steady state solution to the
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displacements found in section 2.2.1; eq.2.19. We will use the result derived in

appendix A.1; eq. (A7) as an expression of the heat flux j;; between particles i

and j.
. oVi; . OV . 0V,
a]m‘I%ﬂ?Hr 9u; Yi + 5a C
(2.26)
a‘/;j . 3Vij . aVz‘j .
8l’j / 3yj Ui 8zj /
where
Vi =
Ks3i03j—2 Kzi—a3j—1 K3zi—23j T (2‘27)
(xi,yiazz‘) K3i71,3j72 K3i71,3j71 KSifl,Sj Yj
Ks; 352 K3 351 Ks; 35 Zj

and (x;,v;, z;) and (z;, y;, z;) are the components of the displacements of particles
1 and j respectively. The K’s are the elements of the K matrix involving the

displacements of particles ¢ and j.

aji; = Ksi—agj_o(v;%; — 2:25) + Ksi—13j-1(Y;¥ — vi¥j)

+K33i(2j2 — 2i%5) + Ksi—a35-1(y;2 — z,9;)

+K3i—1,3j—2(xjyi - yzwj) + K3i_2,3j(ZjZL.’i — J?lZJ) (228)

+ K31 3j-2(Tj2i — 2i%5) + Kaio1,3j (259 — yiZj)

+K3i3i-1(y;% — ;)

Now that we have a working expression of the thermal heat flux j;;, the next
step is to replace the site displacement and velocities, by the steady state solution

eq.2.19 and its time derivative. In fact all the terms in parentheses in eq.2.28 are
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of the form I;; = (X)si—1(X)3j—s — (X)3j—s(X)si_1, where (s, 1) are integers between

1 and 3. Which is also expressed as.

I3i 13— = E

mn

t t A ~
/ dt, / dty Giym(t — 1) Gajsn(t — to) Fo(t) Fy(ts) (2.29)
0 0

¢ ¢ B .
— / dty / dty Gsiim(t — 11)G3j_sn(t — t2) Frn(t1) Fru(t2)
0 0

using eq.2.4, and noting that we are only applying a driving force to the first and

last particles. Eq.2.29 reduces to

Isi13j—s =

3 t .
2ynkTN Z/ dt1Gsimisn—n(t — 11)G3j—s 3n—n(t — 11) (2.30)
n=1"0 ‘

3 t " .
—2v1 kT Z / dt1Gaimm(t —t1)Gsj_sm(t — t1)
m=1 0

and eq.2.28 becomes
LK
, 3i—1,3j—s
Jij = Z Z T] I3i 135 (2.31)

=1 s=1

Let S;; and Slfj be the coefficients of T} and Ty in eq.2.30

3 t _
Sz{j = 2’)/]\]/{3 Z/ dthigN_n(t — tl)GjBN—n(t — tl)
n=1 0

(2.32)

3 _
Sij = 2k Z / dt)Gim(t — 1) G (t — 11)
m=1"0
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Eq.2.31 reduces to

Ksi13i—s
Jij = TN Z Z : Zlﬂz—l 3j—s
=1 s=1
(2.33)
3 3
K, i—1,37—s

T Z Z % S3i—1,3j—s

=1 s=1

The coefficients of 77 and Ty in eq.2.33 can be calculated numerically using
the expression of the Green functions found in section 2.2.1; eq.2.20. In principle
we can apply the Langevin driving force to any of the atoms in the system. In
order to estimate the thermal conductivity we choose to couple to atoms at the
furthest extremes of the chain. The rationale is that they are furthest from the
stiffer incorporated molecule and thus best connected to the fluctuating heat
bath.

The localized heat flux j; is the sum of all the individual contributions from

the sites j nearest to i:

Ji=ji (2.34)
J
The total heat flux is the sum of the localized contribution
J= ij' = Z.jij =Dy Ty —D. Th (2.35)
i ij

where

3
D, — K3ifl,3jfs g’
h — E E :—a 3i—1,3j—s

wosl=1 (2.36)

3
K3i 1,37
—,9]—S8
Dc = E E a S3i—l,3j—s

i sl=1

We will numerically show in section 2.3 that the total heat flux j in eq.2.35
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is proportional to the temperature difference of the hot and cold baths (i.e.,

Dy = D,).

2.2.3 Participation Ratio

In order to better understand how to optimize structures we find it useful to
calculate the participation ratio (P) [25]. This quantity is commonly used in
electronic problems to describe the degree to which an electron is localized in

space [1]. The participation ratio is defined as

n=N 2
n=1
P=—-"—r (2.37)
L) '
n=1
where N is the total number of modes, | 1 > is the eigenvector describing the
normal mode, L the system linear size and d is the Euclidean dimension of the
system, giving the total number of atoms L¢ = N.
The participation ratio is in the order of 1 for extended modes and ~ 1/N

for localized modes. The intuition is that systems with more low energy, high

participation ratio modes will be better at conducting heat.
2.3 Application

In this section we shall present the application of the results of section 2.2 for
two special cases, a one dimensional linear chain and a small two dimensional

functionalized sheet of graphene.

2.3.1 One Dimensional Chain

Consider a linear chain of N coupled atoms, the first and the last of which interact
with heat baths. The schematic diagram of this set up is drawn in Fig.2.1 for

N = 4. For simplicity Only nearest neighbor interactions will be considered and
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it is assumed that adjacent atoms are coupled with springs of spring constant K.

Let z; be the displacement of the {**

I\/V\A/T‘-\/WAA‘W\:VW\I

Figure 2.1: A pictorial representation of a linear chain of N = 4 mutually coupled

particle. The hamiltonian of this system is

oscillators in interaction with two thermal reservoirs working at different temperatures.
Here Th =T+ and Ty =T-.

p® 1 2
_om + §K(xi+1 — ;) (2.38)

1

H =

where m is the mass of the particles. We set m = a = 1, where a is the lattice
constant, and K = 1.
In this one dimensional case eq.2.26 and eq.2.30 reduce to:

o= () s - (51 o

a

where t
[ij = 2'VNkTN/ dtléiN<t—t1)éjN<t—tl)
0

(2.40)

t
—2’}/1/€T1 / dthil (t - t1)G]‘1(t - tl)
0

The total heat flux is

. . K
J= E Jij = (—a) E Lij = DyTN — D4 (2.41)
ij

ij

where
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K b “
Dh = nyNk‘ (;) Z/ dthzN(t - tl)GjN(t - tl)
ij Y0
(2.42)

K b .
De =27k (E) Z/ dt1Gir(t — t1)Gj(t — 1)
ij 0

Fig.2.2 is a plot of the coefficients of Ty and 77 in eq.2.41 as a function of time
for a chain of 4 atoms. As illustrated these coefficients converge to the same value.
This means that in the steady state regime the total heat flux j is proportional to
the temperature difference of the hot and cold baths, the proportionality constant
is the thermal conductance of the chain A\, and .

J=A(Ty —T) (2.43)
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Figure 2.2: (Dh =& > i Sl{j), and (Dc =& > i Sij> as a function of time (¢) for a
chain of 4 atoms. As expected these factors converge to the same value, This means
that in the steady state regime the total heat flux j is proportional to the temperature

difference of the hot and cold baths.
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2.3.2 Two Dimensional Sheet of Graphene

In this application we consider a hexagonal sheet of graphene made of 36 carbon
atoms bonded together in a honeycomb structure. We attach two alkane chains
to opposite boundaries of the graphene sheet and to the heat baths as shown
in fig.2.3. The alkane chains are n-pentane. The Tersoff-Berner (TB) force field
[33, 34] is used to describe the interactions among the atoms in the graphene
sheet. The Nath, Escobedo, and Pablo revised (NERD) [157 | potential is used
to describe the interactions in the chains and the bond between the chains and
the graphene.

We relax the system by minimizing the site potential in the functionalized
graphene sheet, this is done by using a multiobjective optimization technique[32].
Additional information about the (TB) and (NERD) force fields are found in
Appendix B.

T+
7+ |

X
|- |
Figure 2.3: A pictorial representation of a functionalized sheet of graphene. The

number of atoms in the graphene sheet is 36, The alkane chains are n-pentane. The
end of the chains interact with two thermal reservoirs working at different temperatures.
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The next step to solving the problem of heat conduction in the functionalized
graphene is to find the normal modes of the structure. At this point we assume
that the site displacements are very small and approximate the potential (E) by

a second order Taylor expansion around the sites equilibrium positions.

1 0*V

the second derivatives of the potential energy are the elements of the K matrix

that was introduced in section 2.2

~ 0*V
K. —
Y9G 0

(2.45)

We then proceed as described in section 2.2 and solve for the Green function
and the particles displacement in the stationary regime. We numerically calculate
the heat flux from eqs.2.26, 2.30, 2.34, 2.35 as a function of the hot and cold bath

temperatures.

2.3.2.1 Numerical results of thermal heat flux in functionalized graphene

The total heat flux in the functionalized graphene sheet was numerically cal-
culated. Fig.2.4 represents the time evolution of the ratio of the hot and cold
temperature coefficients (D) and (D.) in eq.2.35 and the thermal conductance
of the graphene (\;) calculated using the same technique by taking the chains
off the graphene and attaching two opposite sites to hot and cold baths. As ex-
pected, in the steady state regime these factors converge to the same value. This
confirms as in the previous case of linear chains that the heat flux is proportional
to the temperature difference of the hot and cold baths. The proportionality

constant is the thermal conductance of the functionalized grapehene.

41



0.3 5

0.2 b

h

T

, 0-1 - ¢

A< — =
0.0
-0.1

0 5000 10000 15000 20000

t (ns)

Figure 2.4: (a) Time evolution of (Dj/)y) and (D./\g) eq.2.42. As expected (Dp/\g)
and (D./\g) converge to the same value, This means that in the steady state regime

the total heat flux is proportional to the temperature difference of the hot and cold
baths.

2.3.2.2 Effect of changing the length of the chains on the thermal

conduction

In this section we shall use the technique just developed to investigate the effect of
changing the length of the chains on the thermal conduction of heat throughout
the functionalized graphene. Fig.2.5 summarizes the results of thermal conduc-
tance for chain lengths between N = 3 and N = 11. In each case we connect two
identical chains on opposite sides of the boundaries to the graphene sheet. The
opposite ends of each chain are connected to two heat baths at temperatures T+
and T—. Based on these results functionalized graphene with odd alkane chains
performs better in terms of thermal conductance than with even alkane chains.
For each type of chains, the thermal conductance increases with the chain length
for smaller alkane chains but then decreases with longer chains.

To understand the underlying causes of this results, we calculated the par-
ticipation ratio (P) for each normal mode in each configuration. The extended
modes, the main contributor to the heat transport can be identified by their

higher participation ratios. In contrary low participation ratio modes contribute
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Figure 2.5: The ratio of the Thermal conductance of functionalized graphene A to
the thermal conductance of graphene )\, as a function of chain length.

less to the heat transport. Fig.2.6 is a pictorial representation of the site dis-
placements of a high and low participation ratio mode for the structure in fig.2.3,
note the larger magnitude of the site displacement, and the extent of the mode
with larger participation ratio. Fig.2.7 represents the total number of modes
with increasing participation ratio for configurations similar to the structure in
fig.2.3 with five, six, and eight chain sites (N = 5,6, 8), note that the number of
extended modes with high participation ratios decreases with the increase in the
size of the chains. This is fairly noticeable for longer chains, and in fact explains
the longer chains smaller thermal conductance. Particularly for even and odd
chains as shown in fig.2.7(a) this pattern also include some of the low participa-
tion ratio modes. Odd chains perform better than even chains in conducting heat
because of their larger number of moderate and high participation ratio modes

contributing to the heat transport.

2.4 Conclusion

Improving heat transport in functionalized graphene is important to a large num-
ber of systems. In this chapter we have demonstrated an efficient and straightfor-

ward method for calculating the thermal heat flux. The results of this simulation
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(b)

Figure 2.6: Pictorial representation of a high participation ratio mode (P = 0.86) (a),
and a low participation ratio mode (P = 0.13).
can be used to design and test different configurations and to find the one that
conveys the largest amount of heat. As an application of this method We in-
vestigated the effect of changing the length of the chains on the overall thermal
conduction. The numerical results showed that odd alkane chains perform better
than even alkane chains. In addition, very long alkane chains deteriorate the
overall heat transport. This can be seen as the limit of simply embedding the
stiff material in a very soft, infinite matrix.

There are many ways this approach can be expanded. For ease of application

we chose to only drive the outermost ends of the functionalized chains. This can
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Figure 2.7: Number of modes with increasing participation ratios for functionalized
graphene configurations with five, six and eight chain sites.
easily be expanded to include driving many or all of the atoms in the system.
However, the Langevin approach assumes complete incoherence between all the
driving forces. This will not be true on an atomic level since the local phonon
environment will have some non-zero coherence length. The physical details of
the local environment and its coherence are interesting in their own right, but
should not profoundly change results found in this approach: systems in which
the external chains are well-coupled to the main structure will still have superior
thermal conductivity to those that do not.

A more critical problem in this approach is that is entirely classical. This in
part by design, since we produce systems of equations that are rapidly, and easily
soluble. However, the Langevin equation is well known to produce equipartition.|[14]

This means that all modes, even those with extremely high frequency, will have
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a non-zero occupation. This probably results in an overestimate of the thermal
conductivity since some high participation modes may have too high an energy
to have any occupation at room temperature. Mathematically, this arises from
the assumption of a delta-function correlation in time for the driving forces, since
all frequencies must be included to have zero correlation time. Possible solutions
include using a more complicated set of driving forces that are explicitly quantum
mechanical,[31] and inserting a fictitious correlation time into the driving force
(Ornstein-Uhlenbeck noise) that is itself chosen to be temperature dependent to

mimic the effect of a Bose-Einstein suppression of high energy modes.
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Chapter 3

Normal Mode Analysis with Thermal Colored Noise

3.1 Introduction

In nature, white noise does not occur. It is an idealization used in our imperfect
description of real phenomena. A more adequate description would be based on
correlated noise[22, 8]. In this chapter we study the heat transport in carbon
based macromolecules using the generalized Langevin equations with memory
kernel and Gaussian colored noise. Traditionally the term ’colored noise’ is used
for noise source with a frequency-dependent power spectrum in analogy to the
spectrum of light. The interactions within the system are linearized and the
memory kernel is assumed exponentially decaying over time. This is in fact an
extension of the previous analysis developed in chapter.2, where now we include
means to suppress high frequency modes through the noise correlation time. In
addition, we can incorporate quantum driving forces that are temperature de-
pendent to mimic the effect of Bose-Einstein suppression of high energy modes.
We show that by branching the functional groups, and by optimizing the partic-
ipation ratios of the different modes, one can in fact identify the configuration of

the functional groups that best drive the heat to the macromolecule.

3.2 Analytical Technique

In this section, we shall develop the general Langevin formalism that we apply to
a specific system in section 3.3. We shall present this general case first and then
indicate briefly how the results will simplify for our special cases.

Consider a system made of N particles connected by springs. We will apply

a driving random Gaussian force to the first and last particles (thermal colored
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noise). Each particle obeys the equation of motion:

m; @;(t) = — Z Kij z;(t)+ (— /Ot dt' K(t —t') ;(t') + E(t)) (0i1+0in) (3.1)

where m;, x;,respectively are the mass and displacement of particle i, K;; is the
spring constant between particles i and j, Fj(t) is the Langevin force on particle i,
the overhead dot refers to time derivative, and d;; is the Kronecker delta function
restricting the driving and damping to the first and last particles.

In solving the equations of motion eq.3.1 we consider two special cases. The
classical approximation, where the noise is determined classically from the un-
known initial positions and momenta of the particles in the bath according to
Botzmann statistics. The quantum mechanical approximation, where the noise
is interpreted quantum mechanically from the unknown initial positions and mo-
menta of the different quantum oscillators in the bath according to Bose-Einstein

statistics.

3.2.1 Classical noise

In this section, we shall solve the generalized equations of motion in the classical
approximation. From the results developed in chapter 1, the noise term (F'(t)) is

related to the memory kernel by the fluctuation-dissipation theorem eq.3.2

(F()Fy(t))) = S5kpTE (L — ) (3.2)

Particularly, for exponentially correlated noise, also known as Ornstein Uh-
lenbeck (O-U) noise, the random Gaussian force F(t) has a finite correlation time

T.

48



(Fi(t)) =0

. , (3.3)
T

Notice from fig.3.1 that as 7 — 0 e *=*I/7 approximates a delta function
and the correlation function in eq.3.3 reduces to 2v; ,jkgTé(t — t') and thus
we recover the white-noise of eq.2.4. In practice approximate values of () and
(1) appropriate for each medium can be determined from molecular dynamics

simulations on a single particle Appendix.C.

. — — " :
-10 -05 05 10 X

Figure 3.1: e /™ as a function of ¢ for different values of the parameter 7. The solid
line (7 = 0.04), the dashed line (7 = 0.1)

Starting with the equation of motion and including the exponentially decaying

kernel

T

t ) ,
m; &(t) = — ZKij z(t) + <—/ dt' el (') + Fi@)) (0i1 + 0iN)
4 0
J
(3.4)
We can easily extend the space of variables to a four dimensional space. The

fourth variable y;(t) is the damping force such that
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. t /
%@:ﬁ/ﬁwmew (3.5)

T Jo

our equations of motion eq.3.4 become:

(3.6)

1 N4 V' 27:kpT;
-

T

L;(t)

where the last equation describes O-U noise with the correlation function eq.3.3,

and I';() is a Gaussian white noise, with

(Li()T5(t) = 6156 (t — ) (3.7)

This four equations can be reduced to a set of three equations if we introduce

the variable Y;(t) = Fi(t) — vi(t)

pi(t)

pi(t) = — Z Kij x;(t) + Yi(t) (051 + 0in)

1 i V27ikpT;
: Vi pi(t) + VENRET

T m;T T

[i(t)
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This problem however, can be simplified even further if we introduce a new

vector S such as

S = (P TN, P1y PN, Y1,0.00.,0, Yy) (3.9)

S=A.§4T (3.10)
where [ = 0,.....,0,0, ....... ,0, —WFl,O, ..... , —VQWTkBT '), ;L A and R are
defined as:

0 M! 0
A=| _F 0 7 (3.11)
0 —A-M'/r —R/r
where

w0 0 10 0

A=1| o o 0 R=10 0 0
(3.12)

0 0 - 0 0 1

The differential equation eq.3.10 can be transformed into a simple eigenvalue
problem where the general solution can be formulated using an adequate Green
function. The following are the steps to getting this solution.

If 6 is the matrix of right (column) eigenvectors of the matrix A, we first
transform S with the rotation matrix 6 such that § = 6.X. Replacing S with its

new expression in eq.3.10 gives
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IR

X =A0 X +T (3.13)
which can be transformed to
X =(0'49) X + T (3.14)

If (5*1 A 5) is diagonal the previous problem reduces to a first order differential

equation for the components of X of the form

where a; is the i eigenvalue of the matrix A. The solution to this equation is

known and is of the form:

t ~ —
Xz(t) = Gait (/ dTlle_aiTl (6_1F)z + Xw) (316)
0

If we take g(t =0) = 0 then X;, = 0 and eq.3.16 reduces to

X,(t) = e < /0 gy oo (§1f>i<ﬁ)) (3.17)

We can return to the original variables S from S = 6X. This results in

Si(t) = Zk:gikxk(t) = Zk:@-ke“kt (/Ot dry e”*™ (51ﬁ)k(71)) (3.18)
where

~ - ~

(07'T)% = O pysaTaves + 5,;§NF3N (3.19)

and
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t
Zelkek avt1 € / dry e Tonya(m1)+
0

(3.20)

t
Z@Z;ﬁk 3N ek / dTl €7akT1F3N(7'1)
0

The actual motion however is the real part of this complex solution S”;(t) =

(Si(t) + S*;(t))/2. The momentum and displacement are of the form

3N

(Si(t1)S;(t2)) = >

k,n=1

t1 to
Oir. Ojn Oy, ;N+1 Hn 2N+1 glaxtitantz) (/0 drmy /0 dry e~larmitan) 5 _ 7'2)>

2 k
< 721:1 BTL>
3N N 4 t
+ Z Oik Ojn Or3n O, 5 glartrtantz) (/ drm / dry e~ (@xmitan2) §(r 7-2)>
k,n=1 0 0
2 k
( 731\; BTR>
T
(3.21)
or
3N
(Si(t1)S(t2)) = Y
kn=1
— - . min (t1,t2) 2 k
Gik (gjn ek_éN-&-l er:éNJrl e(akt1+ant2) (/ d7'1 e(ak+an)71) ( 72]:;—1 BTL)
0
3N o~ - min (¢1,t2) 2 k
+ Z Oir O;n 91;:1))]\[ 9;}31\7 elaktitants) (/ dr e ak—i-an)'r) ( ’Y:J,TN BTR>
kn=1 0
(3.22)
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The above result can be extended to include additional driven sites as

(Si(t1)S;(t2)) =

3N ~ o~ o~ - min (¢1,t2) Iy
Z (Z sz an 0,;(11 9;;) e(aktl+a7Lt2) (/ d7_1 e—(ak—i-an)n) ( 7042 BTL)
b K 0 7_

k,n=1 a

3N o " min (¢1,t2) Ivak
_ — an —(a n )T ’y
+ E ( E Oir Ojn 91@,/16 0n15> elaxti+antz) (/0 dry e~ (axtan) 1) ( fg BTR)
B

kn=1
(3.23)

where « runs over the sites in contact with the hot bath and ( runs over the sites

in contact with the cold bath.

3.2.2 Quantum noise

In this section we shall solve the modified Langevin equations in the quasi-classical
approximation. Starting with the equations of motion eq.3.1 with the quantum

noise correlation derived in chapter 1 eq.3.24

SO —s [ g Y . _y
(Fl(t)F](tMSym—éwﬂ/o oy heoth {%T} cosw(t—1)  (3.24)

+ 7w

We introduce a new vector S’ such as

S = (21, TNy D1y DNy Y15 0, 0, Y) (3.25)

The equations of motion can be transformed into
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or

where

and

J (3.26)
(1) = —2yr(t) + L pit)
Y; = Y; ma Di
§_ .5 i (3.27)
0 M1 0
A= _g 0 R (3.28)

I =(0,...,0,F,0,...0,Fy,0,....0,) (3.29)

The solution to the equations of motion eq.3.27 follow the same steps of

sec.3.2.1 and are of the form

where

Si(t) = ;@ike“klf < /0 dry e”m (971ﬁ)k(ﬁ)) (3.30)

~—1

. ~_1 ~ 1
(0" Ik = 0" yallnver + 0 onIlon (3.31)
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and @' is is the matrix of right (column) eigenvectors of the matrix A’, and a; its

h eigenvalue.

t
E szek N+1 ek / d’Tl e Tt HN+1(7'1)—|—
0

(3.32)

t
Zﬁlkﬁk IN etk / d7'1 67“’“”1_[21\](7'1)
0

The momentum and position correlations can be obtained as

(Si(ta) 5 (¢ Z O ean Qk }V+1 en N+1 elaxtitantz)
kn=1

t1 to
(/ dTl / dTQ 6_(ak71+a"72) < HN+1(T1)HN+1(T2) >)
0 0

3N
+ Z Oir Ojn Qk ;N Qn N elartitant2)

kn=1
11 to
</ dTl / dTg 67(akﬁ+an72) < HQN(Tl)HQN(7'2> >>
0 0

(3.33)

or
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(Si(t1)S;(t2)) =

N v o w hw
E 0. 0. -1 p-1 (arti+antz) TN+ _C
k=1 Vi Bin ek’NH emNH e s /o dwl + 72w2h00th |:2k?TL:|

t1 to
(/ dry / dry e~ (amHanT) cog (7 — 7'2)>
0 0

3N

TG Gl Gl latitant 2N [T W i
+knzlem Ojn O g Oy €700 2 /0 dwo 5 hcoth [%TR]

t1 to
(/ dry / dry e~ (@mHan™) o5 (7 — 7'2)>
0 0

(3.34)

The above result can be extended to include additional driven sites as

(Si(t1)S;(t2)) =

3N 5 & w hw
oy p-1 -1 (arxti+ant2) =
E ( E - Ok ‘9]71 ek,a 971704) et /0 dwl + T2w2hCOth |:2kTL}

kn=1 «

t1 to
(/ dr / dry e~ (@nHan™) cog (1 — 7'2))
0 0

3N 00
P)/ﬂ N n-1 p-1 apti+ant W hw
+ Y (Z — Oix Oy Oy Qnﬁ) elexn 2)/0 dw =5 5 heoth {%TR}

T2W
t1 to
(/ dm / dry e~ (@T1HanT) (g w(mn — 7'2))
0 0

where « runs over the sites in contact with the hot bath and 3 runs over the sites

(3.35)
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in contact with the cold bath.

3.3 Application

In this section we shall present the application of the results of section 3.2 for a

one dimensional linear chain and a small sheet of functionalized graphene.

3.3.1 One dimensional linear chain

Consider a linear chain of N coupled atoms, the first and the last of which interact
with thermal heat baths. A schematic diagram of this set up is drawn in fig.3.2
for N = 6. For simplicity only nearest neighbor interactions will be considered
and it is assumed that adjacent atoms are coupled with springs of spring constant
K. Let x; be the displacement of the [*" particle. The Hamiltonian of this system
is eq.3.36.

H = ‘ Zp;; + %K(%H — x;)° (3.36)

1

where m; is the mass of particle . We set m; = a = 1, where a is the lattice

constant, and K = 1.

‘ T- T+ \

Figure 3.2: A pictorial representation of a linear chain of N = 6 mutually coupled
oscillators in interaction with two thermal reservoirs working at different temperatures.
Here Ty =714 and T =T

3.3.1.1 Heat flux: Classical noise

Using the result of eq.3.23 and the definition in appendix A.2 we numerically

calculate the coefficients of the hot and cold heat bath temperatures, namely Dy,
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and D, respectively according to eq.3.37. Fig.3.3 is a plot of these coefficients as a
function of time for a chain of 6 atoms. As illustrated these coefficients converge
to identical but opposite values. This means that in the steady state regime the
total heat flux j is proportional to the temperature difference of the hot (Ty)
and cold (T¢) baths, the proportionality constant is the thermal conductance of
the chain A,

j=DpTr+ D, T, = X\(Tyg — Tt) (3.37)
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Figure 3.3: (D), and (D.) as a function of time (¢) for a chain of 6 atoms with the
correlation time 7 = 0.5 (y/k/m). As expected these factors converge to the same but
opposite values.

3.3.1.2 Heat flux: Quantum noise

Using the result of egs.3.35 and the definition in appendix A.2, we numerically
calculate the thermal conductance according to eq.3.38. Fig.3.4 is a plot of this
property as a function of the temperature for the chain in fig.3.2. As expected, the
thermal conductance increases with temperature to ultimately meet its classical

value at T' > 0p ~ 2\/h/(kT), where k and h are respectively the Boltzmann and
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Figure 3.4: Thermal conductance versus temperature for a chain of 6 atoms with the
correlation time 7 = 0.5 (\/k/m). As expected increases with temperature to final
reach its classical limit.

3.3.1.3 Heat capacity of the chain

To check the reliability of this analysis we calculated the heat capacity as a
function of temperature according to the definition in appendix .A.4. As shown
in fig.3.5 the heat capacity of the linear chain in fig.3.2 increases with temperature

to finally meet its expected classical counterpart for T > 0p ~ 2\/h/(kT).

3.3.2 Two dimensional Sheet of Graphene

In this application we consider a hexagonal sheet of graphene made of 54 carbon
atoms bonded together in a honeycomb structure. We attach six alkane chains

to opposite boundaries of the graphene sheet and to the heat baths as shown in
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Figure 3.5: Heat capacity (C),) as a function of temperature of the linear 1D chain of
coupled harmonic oscillators of size N=6, where k is the Boltzmann constant, and # is
Planck constant.

fig.3.6. The alkane chains are n-pentane. The Tersoff-Berner (TB) force field is
used to describe the interactions among the atoms in the graphene sheet. The
Nath, Escobedo, and Pablo revised (NERD) potential is used to describe the

interactions in the chains and the bond between the chains and the graphene.

3.3.2.1 Heat flux

Following the steps of sec.3.3.1.2 we numerically calculated the ratio of thermal
conductance of the functionalized graphene configuration shown in fig.3.6 and
that of graphene without side chains, as a function of temperature. Fig.3.12 is
a representation of this characteristic. As indicated the thermal conductance

increases with temperature, and converges to its maximum classical values for

T > 0p ~ 2/h/ (k7).
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Figure 3.6: A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are n-pentane. The
end of the chains interact with two thermal reservoirs working at temperatures T and
T_.

3.3.3 Improving the thermal conductivity of functionalized graphene

In the quest to improving the thermal conductivity to the graphene, we suggest

the following:

e Modifying the length of the chains, since this can improve the stiffness of
the functional groups, possibly increasing the number of sites in contact

with the source of heat which may lead to larger thermal conductivities.

e Branching the chains which may increase the number of sites in contact
with the heat baths, eventually the stiffness of the functional groups, and

possibly the heat flux.

e Modifying the chains, by identifying a chain configuration that better couple

to the graphene.
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Figure 3.7: Ratio of the thermal conductance of the functionalized graphene config-
uration and that of pristine graphene as a function of temperature, where k is the
Boltzmann constant, and A is Planck constant.

Our main goal in this section is to identify the best configuration of the
functional groups that will ultimately convey the largest amount of heat to the

graphene. We proceed this quest in the classical approximation since improving

the thermal conductivity in this regime will also be reflected at low temperatures.

3.3.3.1 Effect of changing the length of the chains on the thermal

conduction

In this section we shall use the technique developed in this chapter to investigate
the effect of changing the length of the chains on the thermal conduction of heat
throughout the functionalized graphene. Fig.3.8 summarizes the classical results
of thermal conductance for configurations similar to the one in fig.3.6 with five,
six, seven and eight sites (N = 5, 6, 7, 8). Based on these results, an increase
in the number of sites in contact with the source of heat for any chain length
will improve the thermal conductance throughout the macromolecule. This can
be seen as the limit of simply linking several current of heat to a single junction.

In addition, odd chains overall perform better than even chains when the same
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conditions are applied. To understand the underlying causes of these results we
calculated the average temperature profile (T =< 3/2m v* >) between the hot
and cold baths. Fig.3.9 represents the steady state temperature of each site of the
graphene configuration shown in fig.3.8, the vertical lines represent the normalized
values of the site temperatures. Notice the large temperature gap from the hot
chains (left) to the colder graphene (middle). The interfacial thermal resistance
(Kapitza resistance) between the soft chains and the stiff graphene is responsible
for this finite temperature discontinuity. The vibrational modes of the chains
can only weakly couple to the one of the graphene which makes it harder for the
heat to flow through and eventually explain the smaller conductance compared
to the graphene. In addition, The average temperature gap was calculated for
configurations similar to the one in fig.3.6 with five, six, seven and eight sites (N
=5, 6, 7, 8), the results are reported in table.3.1, the temperature gap confirms
the patten seen in fig.3.8 the larger the temperature gap the smaller the thermal
conductance. We also calculated the participation ratios of the different modes
for chain lengths N=5, and N=6. Fig.3.10 displays the total number of normal
modes with increasing participation ratio. The graphene configuration with N=5
has more moderate to high participation ratio modes (extended modes) than the
one with N=6, which reinforces the close connection between participation ratio

and coupling of phonon modes between graphene and chains.

3.3.3.2 Effect of branching the chains on the thermal conduction

In this section we investigate the effect of branching the chains on the thermal
conduction of heat to the graphene. We consider the functionalized graphene
configurations shown in fig.3.4, we then change the length and the branching
sites, and calculate the thermal conductance of each configuration in the clas-
sical regime. Tables.3.2 and 3.3 represent the ratio of the thermal conductance

of the double and triple branched chains configurations 3.11(b) and 3.11(c) with
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Figure 3.8: The ratio of the Thermal conductances of functionalized graphene A¢ and
graphene )\, as a function of chain length N. (solid disk): heating one site, (solid
triagle): heating two sites, (empty square): heating three sites, (solid square): heating
four sites.

respect to the non-branched configuration 3.11(a) for a graphene sheets of 54 and
96 atoms respectively. According to these results, increasing the number of sites
in contact with the source of heat by branching the functional groups, does im-
prove the overall thermal conduction throughout the macromolecule. Branching
the functional groups however, does not improve the coupling to the graphene,
as illustrated in figs.3.12 and 3.13, the number of extended modes (modes with
moderate to larger participation ratios) decreases with the branching of the func-
tional groups. The larger thermal conductance is attributed to the additional

heated sites which can be seen as the limit of simply linking several current of

heat to a single junction.

3.3.3.3 Effect of changing the chains site masses and strength of their

interactions

In several occasions throughout this thesis, we confirmed the close connection
between the extended modes (modes with moderate to high participation ratios)

and the conduction of heat, we arrived at the persisting conclusion that improving
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Figure 3.9: Ratio of the average temperature profile (' =< m v? >) between the hot
and cold baths and kT for the graphene configuration in fig.3.8, k is the Boltzmann
constant, T is the temperature of the heat bath.

the participation ratios of the different modes will in fact enhance the thermal
properties of the macromolecule. In the rest of this section, we allow the site
masses and strength of the interactions in the chains to vary and we seek the
chain configuration that maximizes the participation ratios of the different nor-
mal modes. Since all the different modes and their participation ratios depend
on the same variables, namely the site masses and strength of the interactions,
maximizing the participation ratio of one mode often does not simultaneously
maximize the participation ratios of the other modes, and there is usually no
unique optimal solution. Our goal however is to extract a trend or trends that
lead to maximizing the heat flux to the graphene. We proceed in our quest with
a goal programming strategy where we seek to minimize the weighted sum of the
deviation of the participation ratios from the goal value of 1 for the graphene
configuration shown in fig.3.14. Specifically, the constrained minimization prob-
lem in eq.3.39 is to be solved. We assume the chains are identical. To simplify
the analysis, we start with the parameters of the alkanes and we seek to adjust

the site masses and strength of their interactions. The weights are taken to be
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Figure 3.10: Number of normal modes versus participation ratio (PR). (solid triangle):
functionalized graphene with chains of length (N=6), (empty square): functionalized
graphene with chains of length (N=5).

the participation ratios of the different modes in the alkane configuration.

Miny " w;(1 - PR;)* (3.39)

the (4) stands for the positive part of the real number. The weights reflect the
relative importance, and normalize the deviation to take into account the relative
scales and units.

The optimization was done over wide range of intervals, and for chain lengths
N=5 and N=7. In each interval we record the characteristics of the different
variations and compare it to the same characteristics from other intervals. Over-
all the pattern seemed to hold among all the different intervals. According to
these results, one can improve the coupling to the graphene and therefore the
overall conduction of heat by using stiffer but not heavy chains. Heavier chains
do not couple as well as lighter chains. As an application to these results, we
consider perfluorinated alkanes[29]. While the molecular groups are heavier than
the alkanes, these chains are known for their larger stiffness, particularly their

torsional strength fig.3.15. This example is taken to show that, even though, the
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AT
N a8
kp(Ty —T-)
) 0.608
6 0.714
7 0.627
8 0.701

Table 3.1: Ratio of the temperature drop across the chain graphene interface kp(T —
T_) as a function of chain length (N). kp is the Boltzmann constant, 7 and 7_ are
respectively the temperatures of the hot and cold heat bath.

chains are stiff, which makes them a good candidate for improving the thermal
conduction throughout the functionalized graphene, they are heavy which makes
it harder for these functional groups to thermally couple to the graphene. To
confirm this conclusion, we calculated the thermal conductance of functionalized
graphene configurations similar to the one in fig.3.14 with side chains of lengths
N =5 and N = 6, then compare it to identical configurations with alkanes.

These results confirm the results of optimization.

3.4 Conclusion

In this chapter we investigated heat transport in macromolecules and graphene
in particular using Langevin dynamics with colored and quantum mechanical
noise. The results of this analysis where used to identify the configuration of
the functional groups that best conduct heat to the graphene. It was shown that
stiffer but lighter chains couple better to the graphene and produce higher thermal
conductivities. In addition, branching the functional groups overall improves the
thermal conduction, this however is attributed to the additional heating sites due

to branching and not to the better coupling of phonon modes between the chains
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Chain size Br@ Brsize #SPC & ﬂ

)\nb54 )\nb%

3 2 3 1 .11 1.11

- - - 2 1.04 1.10

- - - 3 1.03  1.06

6 2 4 1 1.14  1.03

- - - 2 1.07  0.96

- - - 3 1.07  0.96

6 3 3 1 1.25 1.44

- - - 2 1.27  1.26

- - - 3 1.24  1.24

7 2 ) 1 1.04 1.13

- - - 2 1.03  0.92

- - - 3 094 0.87

7 3 ) 1 1.02  1.17

- - - 2 1.10  1.08

- - - 3 1.01  0.99

Table 3.2: Configuration (b): Ratio of thermal conductance of branched )\, and
unbranched functional groups, \,;. Br@(branched at), Brsize (branched size), #SPC
(number of sites per chain). The subscripts 54 and 96 refer to the size of the graphene
sheet
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Chain size Br@ Brsize #SPC & ﬂ
)\nb54 )\nb%

D 2 3 1 141 1.17

- - - 2 1.34  1.23

- - - 3 1.29  1.06

6 2 4 1 1.71  1.38

- - - 2 1.59 1.16

- - - 3 1.58 1.15

6 3 3 1 1.94 1.31

- - - 2 1.92  1.26

- - - 3 174 1.19

7 2 ) 1 1.33  1.09

- - - 2 1.40  0.97

- - - 3 1.31  0.92

7 3 ) 1 1.49 1.37

- - 2 1.54 1.15

- - 3 1.46  1.07

Table 3.3: Configuration (c): Ratio of thermal conductance of branched and A, and
unbranched functional groups A,;. Br@(branched at), Brsize (branched size), #SPC
(number of sites per chain). The subscripts 54 and 96 refer to the size of the graphene
sheet
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N | Ap/A

) 0.294

6 0.290

Table 3.4: Ratio of the thermal conductances of functionalized graphene with fluo-
rinated alkanes (Ay) and that of functionalized graphene with alkanes with the same
chain length ().

and graphene.

In this approach however, we considered linear interactions only, we assumed,
since the Debye temperature of most carbon based materials including graphene
is high that the effect of the non linear corrections is low and will not have
major impact on the general results of optimization. Possible ways to extend this
approach is to include the non linear corrections and check the consistency of these
results. This requires solving the generalized Langevin equation numerically and
will be discussed in chapter 4.

We used time correlated noises with no spatial dependence in the entire analy-
sis. This is not quite realistic since the local phonon environment may have some
non-zero coherence length of the same order as the mean phonon wavelemgth, a
more realistic description should be based on random noises that are correlated
in space and time. This will be discussed in chapter 5.

Finally, it was recently reported [9] that by functionalizing graphene, it is
possible to prevent the agglomeration of these flakes in polymer solutions, and
guarantee stable dispersion of graphene fillers. These oils are frequently used in
the industry and analyzing the thermal properties of the functionalized graphene-
oil system may lead to the design of enhanced lubricants for extreme applications
such as heat conductive lubricants. The Langevin equations can be modified

to account for the effect of the surrounding medium. This is can be accom-
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plished by modeling the particle medium interactions by an average dissipative
field that manifest through additional damping coefficients which in average can

be extracted from Stokes law for the medium.

72



Figure 3.11: Pictorial representation of a branched and unbranched sheets of graphene.
The number of atoms in the graphene sheet is 54. The end of the chains interact with
two thermal reservoirs working at different temperatures.
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Figure 3.12: Number of normal modes versus participation ratio (PR). (solid triangle):
non branched N=5 (fig.3.11(a)), (empty square): double branched N=5 (fig.3.11(b)).
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Figure 3.13: Number of normal modes versus participation ratio (PR). (solid triangle):
not branched N=5 (fig.3.11(a)), (empty square): triple branched N=5 (fig.3.11(c)).
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Figure 3.14: Pictorial representation of a graphene sheet of 54 carbon atoms function-

alized with two organic chains of size N = 6.
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Figure 3.15: Quantum optimized structure of perfluorohexane. The dark spheres
represent the carbon atoms, the green sphere are the fluorine atoms. The helical C-C-
C-C twist angle of 16.8° corresponds to a dihedral angle of 163.2° and to a projected
1-5 27° [30].
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Chapter 4

Classical Langevin Equations with Thermal Colored Noise,

Numerical Solution

4.1 Introduction

The process of thermal energy transfer is a random process. The energy does
not simply enter one end of the specimen and proceed ballistically to the other
end, but diffuses through the specimen, suffering frequent collisions, geometrical
scattering and scattering by other phonons. In this chapter we shall develop the
background to numerically solving the generalized classical Langevin equations
for a system of interacting particles in contact with heat baths using a fourth
order Runge-Kutta Method[12, 27]. The results of this numerical technique will
be used to calculate some of the thermal properties of the system and to foresee
the extent to which the normal mode approach used in the previous analysis is
capable of predicting the best configurations to optimizing heat throughout the

system.

4.2 Development

In this section we shall develop the steps to numerically solving eq.4.1 with the
correlation eq.4.2 using a fourth order power expansion in time of the displace-
ment. We first present the steps to this numerical solution and then apply it in
sec.4.4 to a linear chain, small pristine graphene sheet and a small functionalized

graphene sheet.

m; @(t) = _ou + <— /t dt' K(t —t") @;(t') + E-(t)) (051 + 0in) (4.1)

Ox; 0
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(Fi() =0

) , (4-2)
<1 z(t) }j(t/» = Z'(SijkBj e It
T

where U is the interaction potential among all the different sites in the system,
m;, x;,respectively are the mass and displacement of particle 7, 7; is a damping
coefficient, F;(t) is the Langevin force on particle ¢, the overhead dot refers to
time derivative, and d;; is the Kronecker delta function restricting the driving
and damping to the first and last particles.

We follow the steps outlined in chapter.4 and introduce the variable in eq.3.5,

then eq.4.1 becomes of the form

i pi(t)
Blt) = — 50+ [ult) + B0 (i + 0i)

| (43)
(1) = =) + i)

: 1 V2ikeT;
E(t) ) + &

T T

Fz(t)

where the last equation describes O-U noise, and I';(t) is a Gaussian white noise,

with correlation

(Is(t)) =0
(L)L) = 6556(t — ')

(4.4)

These four equations can be reduced to a set of three equations eq.4.5 if we

introduce the variable Y;(t) = F;(t) — y;(t)

7



iy =
m;

oU

pi(t) = ) + Y;(t)((;m +0;n)
T (4.5)

1 i 2~k
Yi(t) = —=Yi(t) — —pi(t) + B ()

T miT T

Eq.4.5 can be put in a vector form eq.4.6, where f(g) is a function of the

component of S eqs.4.7, 4.8, and 4.9.

—,

S = f(5) + (1)

(4.6)
Z;
§= P (4.7)
Y; (61 + din)
SitN
my
- oU
f(S) = - + Sien (Gin41 + di2n) (4.8)
0Si—n

1 i
[—;Si(t) - 7'77%2]2\71\7 Sin(t)] (di2n+1 + i3n)
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=L
I
o

(4.9)

V2vikp T;

- Ly (0i2n+1 + dian)

The problem reduces to knowing how to solve a set of equations of the form
eq.4.6 which can be done through a basic expansion in time of fz(g ). We proceed
as follow:

We break eq.4.6 into its respective components then integrate between ¢ and

t 4+ At to solve S(t + At), where At is a short time step

Si(t) = £i(S(t) + Tu(t) i=1,..,3N (4.10)

/At Si(t 4 x)dx = Si(t + At) — Si(t) = - fi(S(t + z))dz+

0
V211kg T; /At
T

0

(0i2n+1 + Oian) [ (t+ x)dx i=1,...,3N (4.11)

The value of S;(t+ At) depends on S;(t), and the behavior of f; and I'; in the
neighborhood of S (t + At). That is, the behavior f; and I'; in the neighborhood
of S(t+At) can shed some light on the nature of the solution at S(¢t+At). This is
the fundamental basis for one of the successful and widely used one-step methods
known as the Runge-Kutta method. The Runge-Kutta method is also one of the

few methods in numerical analysis that does not rely directly on polynomial
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approximation. The basic method assumes that the solution S (t + At) can be
represented by a power series with reference to At. This can be achieved by

—

expanding each component of f (§ ) in a Taylor series around S (t + At).

£S5+ A = £(S(0) + %mﬁ(t» Sut + AF) — Su(t)]+

(4.12)

- (%ﬁ@(m) [Su(t + At) — SISt + A) — S(8)] + ..

To keep track of the order of each derivative, we introduce the following

notation

fi(S@)) = fi

o .
8—iji(5 () = fij

0? =
mfi(s(t)) = fijk

5 ) (4.13)
mﬁ(s(ﬂ) = fijkm

84
0S; 0Sk 0S,, 05

fZ(S_"(t)) - fi,jkml

If a sum over repeated indices is assumed
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At 1 1
Si(t+ At) — Si(t) = / i+ fik 08+ 5 fush 55k 85, + = figim 051 05, 05+
0

i Fishmt 05k 65 6 681+ ... da + (S:0n 11 + Gign) S P 2t 271]“3 / YL (4 o)
i=1,...,3N
(4.14)
To expand consistently and produce a Taylor approximation of fourth order
in At of S(t+At) one must keep in mind that /At I'(s)ds is O(At'Y?), that is the
lowest order in the expansion. As a matter of fzolct if we introduce the stochastic
Gaussian variable | Z;; | as in eq.4.15, with average and standard deviation as

calculated in eq.4.16, it is clear from that point that (Zy;) is of order O(At/?).

ZiA(At) = VQW“BT / B J(t+ 2)dw (4.15)

(Zi1(At) (= v2%I{;BT/N J(t+2))dz =0

2 T At At
(7% 1(At)) %kB / / J(t+2)0(t+ s))dx ds

At

Q%kBT Al At V27;kBT; At 27k pT;
oz —s)dr ds = ——— ds =
0

T T2

(4.16)
The lowest order in the expansion eq.4.19 is then of order O(At'/?) and defined

as
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At
5SIP(AL) = / Ti(t 4+ 2) de = (Sion41 + 0isn) Zia(At) + O(AL)  (4.17)
0

Next we insert this result in the previous expansion eq.4.10 to get the next

order eq.4.18

At
5S}H(AL) = fi dv = f; At + O(At3?) (4.18)

0

The next order in the expansion is eq.4.19

At
552 (AL) = / Fir 0812 (x) dx + O(A#?)
0

= fir (Ok2nt1 + Ok 3n) fOAt Z1(7) do + O(A?)

= (Okan+1 T Ok3n) fir Zro(At) + O(AL?)

1 1
= (0i N1 — - diaN+1) Zon+1,2(At) + (008 — - disn) Zana(At) + O(At?)

(4.19)
where
At
0
Similarly
057 (At) = % fir fr A+ O(AL?) (4.21)
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5SPP(AL) = (Bjan41 + 0558) fin frg Zis(AL) + O(AE)

= fir foont1 Zon+1,3(A) + fir fean Zsns(At) + O(A#?)

1
= (fins1 — - fion+1) Zani13(At)+

1
(fian — - fian) Zsns(At) + O(At?)
1 1

= (0i1 — —— Siont1 — = (Ginsr — = Gians1)) Zonirs(AL)+
m T T T

1
(0in — - dign — — (djon — - Sian)) Zans(At) + O(AF)
mT T mT

(4.22)
where
At
/ Zj72($) dxr = Zjﬂg(AZf) (423)
0
and
SSHAN = ¢ o fi f1+ e f7 fil AP+ O (4.22)
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5517/2(At) = (6mant1 + Oman) fik foj Fim Zma+ O(AY)
= fir frj fians1 Zonsra+ fir frj fian Zana + O(AtY)

= fir frj (Ojn1 — ;5j,2N+1) ZaNy1at

1
fir frj (Ojan — - ian) Zana + O(AtY)

1 1 1
= [fu - (5i,N+1 - = 51’,2N+1) - _(61',1 - diaN41 — — <5i,N+1_
mT T T mT T

1
- ioN+1))] Zani1a(AL)+

1 1
[fin — —— (Bian — = Osan) — = (655 — —— 6,5 —
m T T T m T

1 1
— (0ion — = 6i3N))| Zsna(Al)
T T

(4.25)
where
At
0
Finally
SSHAY) = o sk i Tt Fogton T3 Tt o Fism 5 Ft6 fus Fum fy f] AP

(4.27)

From this fourth order expansion one can write the solution to eq.4.5 as the
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sum of a deterministic term S;, , (¢t + At) and a random term S, (t + At), such

that

Si(t+ At) = Si(t) + i, (t+ At) + S, (t+ At) (4.28)

and

S (t+ At) = 3SH(AL) + SZ(AL) + 5S3 (At) + 55} (At) (4.29)

Si (t+ At) = 682 (AL) + 65 (AL) + 6572 (At) + 657 (At) (4.30)

All the Z;  up to the fourth order (k = 4) are Gaussian random variables,

with the covariant matrix eq.4.31

A A A A
t 2 t 3! t 4! !
1 1 3 4
A2 AP A AP
2 2 3 4! 5!
e Al (431)
3 4 5 6
1., 4 .. 10, 4, 20 .
IAt aAt aAt ﬁAt

for example
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h Yy h
< Zia(h) Zia(h) >=/ dy / dy / dr <Ti(t+7) T(t+z)>=
0 0 0

ZZk:T
1ils / /dv/ dx 0(y — ) /dy/d”y /ydy——h2

(4.32)

The rest of the elements of matrix eq.4.31 are calculated in a similar way.

Using the covariance matrix eq.4.31 one constructs the random variables Z; j,
as linear combinations of four independent Gaussian variables: z; ,y; ,u;, w;,

where each of these variable has zero average and variance v/ At. Using the Gram

Schmidt process

Ty = 451

At < Lo x; >

_yi:Zi2_#xi— 2 — Atxi

2v/3 ’ < wp >

At2 < Liz x; > < Z; > 2
—Ui:Zig— 3 r; — 73y Yi = Zg——AtQ \/_AtQ Yi
\/5 ’ < x; x> <Y Yi > 3!

AtS o <Zz',4 Ii>x <Zz',4 Y; > <ZZ',4 U; >

12007 h <wzix > <y > Yi <upup >

1
V3 g i — —— Aty

1
=Zi4— —A 1, — — ;
AT Ty 245

(4.33)

Which can also be expressed in the form of
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V2vikgT;
YEREPT

T

Zin =

i

V2vikgT;

T

Zip =

)

yil

1

1
2V/3

VIEST ol 23 (4.34)

Ziag == ATgm it g

V27iksT; AL V3 1 1

Tt = T AT T 5 T T

It is important to note that one does not have to use the Taylor expansion
for the deterministic part of the solution. Any fourth-order procedure will give
the needed accuracy. By using the fourth-order Runge-Kutta algorithm [26] for
the deterministic propagation and adding the random forces as given in eq.4.30,
one has a fourth-order algorithm which will depend only on the first derivatives

of the function (f(S)).

4.3 Program structure diagram

In this section we shall outline the program structure diagram used to implement

the technique developed in sec.4.2.

e Generating the random variables (z; ,vy; ,u;, w;). For each coordinate
(), in each run (r), for each random variable, populate as many random
numbers as the number of steps of the ongoing simulation (the numbers

must be extracted from a random distribution of average zero and standard

deviation (o = VAt)),

e Calculating the deterministic solution (S;, ,(t + At)). For each coordinate
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(i), in each step (t+ At), calculate the deterministic solution (.S;,,, (t+ At))

using a forth order RungeKutta algorithm.

e Calculating the random solution (S;,,, (t+ At)). For each coordinate (i), in

each step (t + At), calculate the random solution (S;,,, (t + At)) according

to eq.4.30

e Add the deterministic and random solution to find the solution to eq.4.10

at (t + At)
e Calculate heat flux and average kinetic energy
e Loop over the number of steps (At)

e Average over the total number of runs

4.4 Application

In this section we shall apply the technique developed in sec.4.2 to numerically
solve for the displacements and momenta as a function of time for a one dimen-
sional linear chain, a small pristine graphene sheet and different configurations of
functionalized sheets of graphene. The results of these simulations will be used

to calculate some of the thermal properties of the system.

4.4.1 One dimensional linear chain; Classical approximation

Consider a linear chain of N coupled atoms, the first and the last of which interact
with thermal heat baths, a schematic diagram of this set up is drawn in Fig.4.1
for N = 6. For simplicity only nearest neighbor interactions will be considered
and it is assumed that adjacent atoms are coupled with springs of spring constant
k. Let x; be the displacement of the [** particle. The Hamiltonian of this system

is
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2
. i 1 2
H= § o+ SF(Tin — i) (4.35)
where m is the mass of the particles. We set m = a = 1, where a is the lattice

constant, and k = 1.

‘ T- T+ \

Figure 4.1: A pictorial representation of a linear chain of N = 6 mutually coupled
oscillators in interaction with two thermal reservoirs working at different temperatures.
Here 7' =14 and Ty =T_.

The simulation was conducted over 200 runs at a time step of At = 0.01
in units of \/k/_m, the curves in fig.4.2 represent the average heat flux across
the different sections of the chain < J; >= (1/2) k < (x;41 — x;)(Ti401 + 245) >.
This result is compared to the analytical solution developed in a previous chapter
illustrated in fig.4.3. Both the numerical simulation and the analytical solution

produce identical results.

4.4.2 Two Dimensional Sheet of Pristine Graphene

In this application we consider a hexagonal sheet of pristine graphene made of 54
carbon atoms bonded together in a honeycomb structure, three sites on each side
of the graphene sheet are in contact with heat baths at respective temperatures
of kgT'y = 0.07 (eV') and kgT_ = 0.06 (eV'), a schematic diagram of this set up
is drawn in Fig4.4. We conducted our simulation over 800 runs at a time step of
(At =5 1073 ns) for a total number of steps equal to 20000. We calculated the
heat flux at every step according to the result in appendix.A.2 and then averaged
over the total number of runs. Fig.4.5 is a representation of the result of this

simulation. In the steady state regime, the heat flux throughout the graphene
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Figure 4.2: Numerical results of heat Flux J; = (1/2)k(x;y1 — ) (Ziy1 + 24;) for a
linear chain of N = 6 mutually coupled oscillators in interaction with two thermal
reservoirs working at different temperatures (kg7_ = 1 (Ka?) and T, = 2 (Ka?)),
(tr = 0.1 \/K/m). The curves represent the heat flux across the different sections of
the chain

converges to a value that is roughly 30% smaller than the one calculated using
the normal mode analysis outlined in chapter 3. The normal mode analysis which
assumes that heat flows ballistically from one site to another and by ignoring all
phonon scattering overestimates the amount of heat flowing through the system

Non-linear interaction are responsible for 30% reduction in heat flux.

4.4.3 Two Dimensional Sheet of functionalized graphene

In this application we consider a hexagonal sheet of pristine graphene made of 54
carbon atoms bonded together in a honeycomb structure. We attach six alkane
chains to opposite boundaries of the graphene sheet and to two different heat
baths as shown in fig.4.6 for n-pentene (N = 5). We change the length of the
chains from N =5 to N = 7, and then simulate the thermal heat flux and the
velocity autocorrelations throughout the macromolecule. Fig.4.6 represents the
time variation of the ratio of the average net heat flux throughout the function-

alized graphene configuration shown in fig.4.6 and that of the same configuration
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Figure 4.3: Analytical results of heat Flux J; = (1/2)k(xi11 — ;) (2541 + 24;) for a
linear chain of N = 6 mutually coupled oscillators in interaction with two thermal
reservoirs working at different temperatures ((kg7T_ = 1 (Ka?) and T, = 2 (Ka?)),
(r=0.1+/K/m).
calculated using normal mode analysis. The steady state flux is about 30% to
40% lower, this can be interpreted as the result of the difference in elasticity
between chains and graphene, and the extent to which phonons are scattered by
other phonons. As a matter of fact, the time variation of the average temper-
atures T = (m v?) on both side of the graphene/alkane interface is reported in
fig.4.7, notice the large temperature jump from the alkanes to the graphene. The
vibrational modes of the soft alkanes can hardly couple to the phonons of the
stiff graphene. A profile of the average temperature across the graphene is also
reported in fig to illustrate the temperature gradient across the macromolecule.
The steady state average temperature difference across the interface AT =
A({m v?) on the side in contact with the hot bath was calculated for configurations
identical to the one in fig.4.6, with side chains of length ranging from N =5 to
N =17, the results are reported in Tab.4.1. The temperature difference increases
with the chain length and is even larger for even chains compared to odd chains.

Odd chains by far couple better to the graphene, a result that conforms to the
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Figure 4.4: A pictorial representation pristine graphene. The number of atoms in the
graphene sheet is 54.

normal mode analysis.

2

N A(m v®)
kT
5 0.453
6 0.602
7 0.492

Table 4.1: Ratio of the average kinetic energy (m v?) and kT as a function of chain
length (N), kp is the Boltzmann constant, 7' is the temperatures of the hot bath.

4.5 Conclusion

In this chapter we developed the steps to solving the generalized classical Langevin
equations for a system of interacting particles in contact with heat baths using
a forth order Runge Kutta Method. The results of this technique were used
to simulate the heat flux through the system and the temperature drop across
the interface between two regions of the system of different degrees of elasticity.

We tested this method on a linear chains of particles connected by springs and
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Figure 4.5: Time variation of the ratio of the numerical average heat flux (Jpum)
throughout the graphene configuration shown in fig.4.4 and the heat flux of pristine
graphene from the normal mode analysis (Jy,). (kT = 0.008 (eV) and kpT- =
0.007 (eV)), (7 = 0.50) and (y = 1).

the results were identical to the analytical solution. We then applied this tech-
nique to a small sheet of functionalized graphene, and compared its results to
the normal mode analysis described in chapter 3 for an identical system. It was
shown that the temperature difference and thus the interface resistance at the
alkane/graphene interface varied with the length of the side chains are qualita-
tively identical for the simulation and normal mode analysis, the numerical values
are however off by at least 30%. Non-linear corrections altered the magnitude of
our results, but not the general behavior of the system.

There are several ways this technique can be expanded, for ease of application
we chose classical noise with no space dependence. This can be expanded to
those systems where the random driving forces are quantum mechanical and
have characteristic correlation length comparable to the distance between system

particles.
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Figure 4.6: A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are n-pentane. The
end of the chains interact with two thermal reservoirs working at different temperatures
Ty and T-.
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Figure 4.7: Time variation of the ratio of the numerical average heat flux (Jpum)
throughout the graphene configuration shown in fig.4.6 and the heat flux of the same
configuration calculated from the normal mode analysis (Jym). (kpTp = 0.008 (eV)
and kT, = 0.007 (eV)), (1 = 0.50) and (y = 1).
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Figure 4.8: Ratio of the time variation of the average temperature T = (m v?) across
the alkanes/graphene interface and kp T}.
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Chapter 5

Classical Langevin Equations with Time and Space Corre-

lated Noise

5.1 Introduction

Colored noise, even though more realistic and adequate at mimicking the effect
of a heat bath on a single particle, may not be suitable for systems of two or more
interacting particles. This is because the origin of the drag and random stochastic
forces is the same for all particles involved. The fluctuation-dissipation theorem
relating these forces should also account for their spatial dependence, and the
extent to which the noise on one site may affected the noise on other sites. In
this chapter we consider the dynamics of interacting particles which are driven by
correlated (not-independent) noise sources. We investigate the effect of spatial
correlations in the noise on the dynamical correlations in the relative motion
of the particles. As an application we compare results of heat flux with space

correlated noises versus colored noises.

5.2 Development

Consider a system made of N particles, 2p of which interact with two identi-
cal heat baths of respective temperatures Tr and 17, as shown in fig.5.1 The
interactions among the particles in the system are described by the potential
U(qsy, - Gsy) Where g, refer to the position of the 7" particle in the system.
If p, is the momentum the " particle in the system, the corresponding system

Hamiltonian is of the form
=3 :—pSi F UGy oonns o) (5.1)
M,
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In this analysis we model each bath as a collection of an infinite number of non
interacting particles each attached to the system by a spring. The Hamiltonians

of the left (H) and right (Hpg) oscillator baths are

Ng Nr p A 2
Hp = W2 L —
! ;%R 2Ly <qu " wq> (5:2)

where the pr,, pr;, qr;, qr, are respectively the momenta and displacements of the

oscillators in the right and left heat baths. wg,;,wr,;, mg,, mr, are respectively

a5

the oscillator frequencies and masses. Ag,;, Ar,; are the coupling constants

Hy Wby d' H, (ﬁmm\ Hp
v, (QOOOOCOON0 ™ Ty,

Figure 5.1: Pictorial representation of the system described by the Hamiltonian H
where p sites on each side interact with two heat bath described by the Hamiltonian
H; and Hp.

The Hamiltonian of the entire system and baths is

H=H,+Hp+ Hp (5.4)

The equations of motion of the heat bath particles are
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q.Ri -
mp%.
p
_ 2 /\Rz‘j
pRz - mRini]' (QRZ - UJZ q j)
7j=1 R Rij; (5 5)
) PL; ’
mrp,;
p
. _ 2 . >\Lij
br, = mLiwLij(qLi 2 95]-)
. mLAUJL..
J=1 v Ji

Eqgs.5.5 can be transformed into a simplified vector equations eq.5.7 by intro-

ducing the following vectors

SbR(t) = (qR17 "'7qRNR7pR17 "'JpRNR)

SbL (t) = <QL17 SRE) qLNL7pL1a --->PLNL>

(5.6)
gs(t):(q817"”qu7p517"'7p8N)

o 0 Mgl . 0 0 o
S (1) = @O ]S

~Krp 0 Mg 0

L L (5.7)
- 0 Mt . 0 0 -
Se, ) =|{ SO+ —, _ |50

~-K;, 0 A 0

where and M~ is a diagonal matrix with elements ]\Z;l — 0;5/m;, K is also diag-
p
onal with elements K;; = d;;m; Z w2, and d;; is the Kronecker delta function

k
Take
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~K 0 (5.8)

The solution to eq.5.7 for each bath is of the form

- ~ o ¢ ~ 0 0 S
Sp(t) = exp(t A)-Sb(O)—i—/ dt’ exp((t—t)A)-| _ | S
0 A0 (5.9)
An integration by parts leads to the form:
_ 00\ . L - 00\ .
S ==t - ]S remt A-So) At [ D |- S+
A0 A0
! I 0 0 _
/ dt' exp((t —t) A)- A1 | i( s(t’))
0 X '6 dt
(5.10)
Assuming S,(0) = 0, eq.5.10 becomes
R - 00\ . -
Sp(t)=—A"1- | _ |- Ss(t)+exp(t A) - Sy(0)+
AL O
(5.11)
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Now we turn our attention to the system. The equations of motion of the

system particles are of the form

(5.12)
Eq.5.12 can be transformed into a more compact form as
3 - 0 0\ . o 0 0\ . .
Ss(t) = f(Ss@)+ | _ S =nr-Ss()+ | |- Se,(t) =7 - Ss(t)
Ar 0 Ar O
(5.13)
where
R ou ou
F(Ss(t)) = <O, ey 0, 0T >
Gs, Qs (5.14)
and
R v
n= N2 _
Sy Y —H— 0 5.15
J ; —) (5.15)

Substituting S, by its expression from eq.5.11 gives

100



Sty =FSen— || — _ |4 -, _ | +ir| S0
Ap O Ar O
0 0 -
+ _ . exp(t AR) . SbR(0)+
Ar O
S T N A
/dt’ | exp((t—t) Ar)- AR |, S,(t)
0 Ar O 0 Ar
o o (5.16)
0 O ~ 0 O " 5
— L 'AL . + 1L Ss(t)
AL O A O
0 0 -
+| | -exp(t Ap) - Sy, (0)+
AL O
! / 0 6 . Y A.Y. A1 6 6 o (o)
dt ety Ay A7 | S
0 A, O 0 Ag

This is the equation of motion for gs(t), expressed in terms of its own history
from 0 to ¢ and the bath variables enter only through their initial values.

We introduce the stochastic Gaussian force as

_ 0 0 ~ -
F(t)y=1 _ | -exp(t Ag) - Sp(0) (5.17)
Ar 0

We assume that at ¢ = 0, the bath particles initial positions and momenta
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are distributed according to the canonical distribution eq.5.19[10], where § =

(kgT)™%5, H, is the bath particles energy at ¢t = 0, and (det) stands for deter-

minant.
N

p2 N N p 1
Hy=>" o+ > (o) <Z §mz’%235z‘j) 4;(0)
7 s=1

i=1 i=1 j=1

P(5,(0)) = (%)N det(K) 12 ¢ 0t

The expectation value of any function F' is

(F) = / dg(0) dif0) F P(5,(0))

Accordingly we have the following relations

(Sh(0)) =0

(pi(0) p;(0)) = kpT M;; 0y
(pi(0) ¢;(0)) =

(0:(0) ¢;(0)) = kpT K3

which can be transformed into a simpler form as

K1t 0

0 M

(55(0) - Sy(0)") = kpT

From these relations we derive the statistics of the noise eq.5.17
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(5.19)
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(5.21)
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o ol o BEEAY
<F<t>F<t’>t><( N ~) exp(t A)- (S1(0) - Si(0)) - exp(t’ A ( N ~)>
Ar O Ar O
(5.23)

a0 (5(0)@(0)%)_1
o e (5.24)

and that

Consequently
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(5.26)
where
09 o A
Lt —t) = ( N ) exp((t —t') A) - ((S,(0) - S (0)") (~ ~)
>\R 0 )\R 0
(5.27)

<<§b(0) : gb(o)t>> = A" ( 0~ ! ) (5.28)

By writing

" AN £2n A2n £2n+1 A2n+1
exp((t) A) =" =y Y (5.30)

— Tl & (2m) A (20 11!
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on can check that the elements of A2"*! are all off diagonal, accordingly they do

not contribute to Z(t —t'), and eq.5.29 simplifies to .

0 0 0 —K-1.)\
L(t—1t) L exp((t —t') Ap) N
AL O 0 0 (5.31)
the elements of which are of the form
P
oS Z wi | (=1t
I=1
o
it —1t) ZM A (5:32)

p
2 : 2
mk; wkl
=1

Assuming all the m;, to be the identical among the bath particles, and wy; to

be the same for all I's and equal to wy, eq.5.32 becomes

T oy cos(y/p wy (t = 1))
Falt =10 ;/\lk Aok my(v/p wi)’ (5.33)

If we treat the frequency distribution as continuous, then we can replace the

sum in the previous equation by an integral eq.5.34 and eq.5.33 becomes

Z — N/O+Oog(w) dw (5.34)

Li(t) = g(w) cos(y/p wt) dw

~ /+°° N \i(w) A\j(w)
o pmw)w? (5.35)

If now N \;(w) \j(w) g(w)/m(w) o w? for all frequencies then eq.5.35 becomes
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the Dirac delta function eq.5.36 and the noise is white.

+o0o
L;;(t) /0 cos(y/p wt) dw o 0(t) (5.36)

If N \Nw) Nw) glw)/mw) o< w?/(1 4+ p 7 w?) for all frequencies then
eq.5.35 becomes an exponentially decaying function of time eq.5.37 and the noise

is colored.

dw X ———= e
l+pr2u®  p Tp3/? (5.37)

+oo
Ez’j(t) x / ! cos(y/p wt) L -
0

The second and fifth terms in eq.5.16 which can be taught of as additional
coupling between the system parameters due to the presence of the noise can be

simplified according to
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O e N _ . A}_zl . . _ _|._ ﬁR
)\R 0 >\R 0
_ =~ N N
0 M 0 0
0ij le 0 A-K71oAE 0
=1 Tk Wi
9 s (5.38)
_ N N Y t
0ij m - 2 Z p ’ 0
k=1 'k %ki Gy - ngs

0 —Mt
0 ’ 0
’ = k= i p Wiy w’%
If the number of oscillators in the bath is infinite then the previous equations
becomes
N 0 —M
C == 00 N )\2 [os] N /\2 . (539)
5ij/ m g(w) dw — Sij . mp o2 g(w) dw 0

where S;; = 1 if ¢ and j are in contact with the heat bath, otherwise S;; = 0.
If N \(w) g(w)/m(w) o< w?/(1+ p 72 w?) for all frequencies then eq.5.39

becomes

107



C = 0o 1 00 1 ~
(52'3'/ - i dw 0
o (1+p72w?) p Jo (I+p7*w?)
(5.40)
or
~ 0 —M
c=| (5.41)
E 0
where
~ s 5ij s Sij
U 612

5.2.1 Solving Langevin equations with spatial correlated noise

In this section, we shall solve the generalized Langevin equations with space and

time correlated noise

Mms; s, (t) = Z Kij qS] Z E%J qs; — Z SU/ dt’ Lz] ) (jsj (t/) + Fz@)
J (5.43)

where S‘; = 11if ¢ and 7 are in contact with the same heat bath and zero if not.
The noise term (Fj(t)) is related to the memory kernel by the fluctuation-

dissipation theorem

(Fi(t)F5(t")) = SijkpTLy(t —t') (5.44)

Particularly, for exponentially correlated noise, also known as Ornstein Uh-

lenbeck noise
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(Fi(1)) =0 -
(F(t) Fy(t')) = —9_ 5 kpTe 01" |

T P32

and the equations of motion eq.5.43 become

A Yij o
Mg, qs Z Kz] qu )—Z Eij qu—z 3/2 / dt' 2L —t—t'|/ (t,)—l—E(t)
J J

(5.46)
We introduce a new variable y;(t) such that
I :
ui() = 2 / at'e =0T g, (#) (5.47)
T Jo
our equations of motion eq.5.46 become:
: Psi(t
go, = 2l
my;
psi (t) = Z KU qs] Z Ez] qs; — Z,}/@J 3/2 yj + F( )
j (5.48)
1 1
() = ——yi(t 5 (t
(1) = ~200) + ——p. 1)

This set of equations can be put in a more compact form if one introduces a

new vector S such that

S = (77— Usns Dsys oee-Dsns YLy ooy YN) (5.49)

§—D.5+1i (5.50)
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where
D=| —-K—-E 0 —A (5.51)

0 =(0,....0,0, Fy(t), ..., Fx(t),0, .......,0) (5.52)

and R is a diagonal matrix with R;; = 1 only if site ¢ is in contact with the heat
bath, and Kij = ]% §ij

If 6 is the matrix of right (column) eigenvectors of the matrix D, we first
transform S with the rotation matrix § such that S = 6X. Replacing S with its

new expression in eq.5.50 gives
60X = A6X +1i (5.53)
which can be transformed to

X = (6'40)- X + ' (5.54)

If (5‘1115) is diagonal, the previous problem reduces to a first order differential

equation for the components of X of the form

where a; is the i’ eigenvalue of matrix (D) . The solution to this equation is of

the form

t ~ —
Xz(t) =% t (/ dT1 e ¥ (6711_[)@ —+ Xio) (556)
0

if we take S(t = 0) = 0 then X;, = 0 and eq.5.56 reduces to
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X;(t) = et < /O t dry e™% ™ (5-1ﬁ>i(ﬁ)> (5.57)

We can return to the original variables S from S = 6X. This results in

Zezkxk Zeme ( /tdﬁ e T (é’*ﬁ)k(n)) (5.58)

The position and momentum correlations can be deduced accordingly

~ o~ t1 to
<Si(t1)Sj(t2>> = Zezk ejseak t14as t2 / / dT1 d7_2 efa’“ TI—as T2
0 0

ks

(0~ T)(m) (07'TD)s(72)

(5.59)
_ Zgzk steak ti+as t2 / / dry dry e~ T10s T2 Z
lm
0 05k (Ty(71) () (2))
or
kBT n—-1 p—1 % t1+as t
(Si(t1)S;(t2)) ZZ@M 0,0 058 Ayt titas &2
t1 to
/ / dl‘l dl‘g e~k T1—as T2 ef\x17x2|/7'+
0 0
(5.60)

kyT, S

E § -1 -1 ti+as t

- 02]{3 stek,l gsm Almeak 1Ta 2
S m

t1 to
/ / del de e~k T1—as T2 e—\xl—x2|/'r
0 0
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In the steady state regime the above correlations converge to

kpT. ~ o~~~ o~
(Si S;) = BT Zzezk 9j59k11 987% A

ar + as —2/7
((ak T+ an)(ax — 1/7) (s — 1/T>) "

(5.61)

((ak + agl(ka:fJTQ)g -1/ T))

where T}, and T, are respectively the temperatures of the hot and cold baths.

5.3 Application

In this section we shall present the application of the results of section 5.2 for a

one dimensional linear chain and a small sheet of functionalized graphene.

5.3.1 One dimensional linear chain

Consider a linear chain of N coupled atoms, We allow some of the sites on both
ends to interact with two different heat baths. A schematic diagram of this set up
is drawn in Fig.5.2 for N = 6. For simplicity only nearest neighbor interactions
will be considered and it is assumed that adjacent atoms are coupled with springs
of spring constant K. The hamiltonian of this system is

A g;i + %K(xi-i—l — ;) (5.62)

(]

H =

where m is the mass of the particles. We set m = a = 1, where a is the lattice

constant, and K = 1.

112



| T- T+ |

Figure 5.2: A pictorial representation of a linear chain of six (N = 6) mutually coupled
oscillators interacting with two thermal reservoirs working at different temperatures.
Here Tp =T} and Ty, =T_.

Using the results developed in the previous section and the definition of heat
flux in Appendix.A.3, we calculated the ratio of the thermal conductance of
the chain with spatial noise (As) when the spatial correlation with the nearest
neighbor and that of the same chain with colored noise (\;), the number of sites
in contact with each heat bath was changed from p = 1 to p = 3 and was
chosen to be identical for each bath. As illustrated in fig.5.3, the overall thermal
conduction throughout the chain increased. The noise correlation manifest as
additional coupling (Elj) between the system particles independent from the
system’s internal interactions. This additional coupling is responsible for the

improved thermal conductance.

2.0
[ | [ |
1.5
~<| < 10} .
0.5¢
0.0 ‘ : :
0 1 2 3 4
p

Figure 5.3: ratio of the thermal conductance of the chain with spatial noise (\s) and
the thermal conductance of the same chain with colored noise (\;) as a function of the
number sites in contact with each heat bath (p).

113



5.3.2 Two dimensional Sheet of functionalized Graphene

In this application we consider the functionalized sheet of graphene shown in
fig.5.4. The hexagonal sheet is made of 54 carbon atoms bonded together in
a honeycomb structure. The chains are alkanes covalently bonded to opposite
boundaries of the graphene and to two heat baths at respective temperatures 7'y
and T_. The alkane chains are n-pentane. The Tersoff-Berner (TB) force field is
used to describe the interactions among the atoms in the graphene sheet. The
Nath, Escobedo, and Pablo revised (NERD) potential is used to describe the
interactions in the chains and the bond between the chains and the graphene.
We assume the characteristic length of the noise to be of the same order as the
distance between adjacent sites, so that there is correlation with the nearest site
in contact with the same heat bath. We use the method outlined in the previous
section and calculate the thermal conductance of the functionalized graphene
with (\;) and without ()\;) space correlation when the last two sites of each chain
are heated for size chains ranging from N =5 to N = 7. Fig.5.5 represents the
ratio of both conductances (As/);), as illustrated, the thermal conductance has
improved, in addition, the graphene configuration with n-hexane experienced by
far the largest increase among the selected configurations. We also investigated
the effect the space correlation in the noise have on the performance of odd and
even chains. As illustrated in fig.5.6, the additional coupling between the heated
sites due to this correlation compensated for the difference in stiffness between
these chains and the thermal conductance is decreasing with increasing length, a
result that can be interpreted as the limit of simply embedding the stiff material

in a very soft, long matrix.
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Figure 5.4: A pictorial representation of a functionalized sheet of graphene. The
number of atoms in the graphene sheet is 54, The alkane chains are n-pentane. The
end of the chains interact with two thermal reservoirs working at different temperatures
Ty and T-.

5.4 Conclusion

In this chapter we investigated the effect of spatial correlation in the noise on
the dynamical behavior of a system of interacting particles in contact with a heat
bath. The noise which represent the effect of many degrees of freedom may have a
characteristic length comparable to the distance between the system particles, as
a result the noise in one site may affect the noise in other sites. It was shown that
the additional correlations manifest as additional coupling and damping constants
between the system particles. As an application we investigated the effect this
correlation could possibly have on the heat flux throughout a linear chain and a
sheet of functionalized graphene. It was shown that the additional coupling due
to the noise spatial dependence improved the overall thermal conduction of heat
throughout the system. In addition to the energy from the random stochastic

force, some of the energy lost due to momentum exchange, is recovered because
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Figure 5.5: Ratio of the thermal conductance of functionalized graphene with space
correlated noise Ag and colored noise A for size chains from N =5 to N = 7. The last
two sites of each chain are in contact with heat baths.
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Figure 5.6: The ratio of the Thermal conductances of functionalized graphene A and
that of graphene )\, as a function of chain length N. (solid square): heating one site,
(solid triagle): heating two sites

of the additional coupling between system particles, this explains the improved
thermal conduction.

We are developing simple models to be used in optimizing thermal conductiv-
ity, models that do not attempt to simulate the full dynamics of a molecules in a
matrix. This method allows us to include correlation effects in the heat bath. It
is not clear how much correlation we must include to best optimize real physical

systems.

116



Chapter 6

Conclusion

Our first major result was the derivation of the generalized Langevin equations
for a system interacting with heat baths in both the classical and quasi-classical
approximations. We modeled the bath as an infinite ensemble of weakly inter-
acting particles, and assumed the coupling between each particle of the system
and the rest of the particles in the bath to be linear. We showed that the effect
of the bath particles can be summarized into a set of drag and random stochastic
forces that are related through the fluctuation-dissipation theorem.

Our second major result is the use of the system’s normal modes as a tool to
differentiate between the thermal efficiency of a variety of system configurations.
We assumed the bath noise to be white then calculated the thermal conductance
of the system and showed the close connection between the heat flux and the
participation ratios of the different normal modes. We applied this technique
to a graphene nanosheet functionalized with side chains of different sizes and
showed that alkanes with odd number of sites perform better than those with
even number of sites.

White noise assumes that the thermal fluctuations occur at a time scale that
is much shorter than that of the system particles. This however is never ex-
actly realized, and the time scales of both the system and fluctuations must be
taken into account. Our third major result was the use of colored noise to ana-
lyze the heat transport throughout functionalized macromolecules in general and
graphene nano-sheets as a case study. The close relation between the partic-
ipation ratios of the normal modes and the thermal conduction allowed us to
differentiate between several choices of functionalization and to identify the one

that best conduct heat to the graphene. It was shown that stiffer but lighter
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chains strongly couples to the graphene and produce higher thermal conductivi-
ties. Branching the functional groups may enhance the thermal conduction but
not the coupling to the graphene.

We ignored non-linear correction up to this point and assumed the lattice
interactions to be purely harmonic. We were interested in determining the major
bottlenecks to thermal conductivity at the interface, and of course these are
present even in the linear approximation. The question however was weather or
not these Non-linear corrections alter the principles of optimization. Our fourth
major result was to check the correspondence between the normal mode approach
and the actual behavior of the system. To this end we simulated the average net
heat flux and the temperature difference at the interface for several graphene
configurations. We concluded that Non-linear corrections do alter the magnitude
of the results, but not the essential principles for optimization.

Colored noise takes into account the time scales of both the system and bath,
but assumes spatial independence of thermal fluctuations. Our fifth major result
was to investigate the effects of spatial correlations in the noise on the dynam-
ical behavior of a system of interacting particles in general and a nano-sheet of
functionalized graphene as a case study. Because colored noises are completely
uncorrelated the thermal conduction is minimal. Including spatial dependence in
the noise reinforces the coupling between the system particles and enhances the
overall thermal conductivity.

We obviously have not addressed all the relevant aspects pertaining to heat
transport in functionalized macromolecules. We chose to develop simple models
to help optimize thermal conductivity, models that do not attempt to simulate
the full dynamics of a molecules in a matrix. There are many ways this approach
can be expanded. For ease of application we chose to only functionalize the

edges of a single graphene sheet. This can be expanded to include various forms
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of functionalization including multi-wall and multi-sheet systems. Moreover, to
improve our predictions we need to include more accurate spatial correlations that
pertain to a given medium. Finally, with improved predictions, we can go a step
further and design real molecule interfaces that improve coupling and minimize

interfacial resistance.
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Appendix A

Thermal Properties

A.1 Flux: White Noise

The goals of this section is to give a definition of the heat flux in terms of quan-
tities we can calculate. The heat flux 5(77, t) at time ¢ in the spatial position 7 is
nothing but the energy current, implicitly defined by the continuity equation.

dh(7,t ;
E;;’>+V-j:0 (A1)

Where h(7,t) is the energy density.

With reference to an ensemble of interacting particles, we can write the mi-
croscopic energy density as the sum of the isolated contributions located in the

instantaneous position of each particle.

h(F,t) = Z hi 6(F —7) (A.2)

Where §(7) is the Dirac distribution and

2
o b; 1
hi(T,t) = % + 5 g Vz‘j (AB)
! j#i

is the energy contribution of the i*" particle. The first term correspond to the
kinetic energy. The last term amounts to half of the potential energy of the
pairwise interactions with the neighboring particles to avoid double counting. In

a similar way we can write the heat flux as the sum of the localized contributions.
FGOESSFRIGEED (A4)
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the problem amounts therefore to give a definition of the local heat flux j;(7, ).
In the limit of small oscillations around the equilibrium position, density

fluctuation can be neglected and h;(7,t) is proportional to the energy density.
The time derivative of h;(7,t) is

dt 2 L=

dhi(Ft) I~ (Vi o OV OV L)
8@ ‘ 8yz Y 8ZZ' !

J#i

This equation can in turn be written as

dh; Jij

= — = A6
dt ; a (4.6)
where a is the distance to the nearest neighbor. The local heat flux j;; is such
that

LV Vo,
Jii = ox; ' Oy Yi 0z "

(A7)
oVy . OV, . OV |

6:16]— / @y] Yi 82]' /

The total heat flux j is the sum of all the isolated contributions located in the

instantaneous positions of each particle in the system
J=>Ji (A.8)
j

A.2 Flux: Colored Noise

The heat flux through a system of interacting particles in the steady state can be
computed in several equivalent ways one in fact is demonstrated in appendix.A.1.
In the next analysis however we use a simpler expression that we extract from
the time derivative of the system’s total energy. Starting with eq.3.1 we multiply

both sides by z;
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o
8ZEZ‘

T; + (—x /Ot dt' K;(t)a(t —t') + Fl-(t)x'Z) (01 +0in)  (A9)

Summing over all i’s we get

e_a (% S i+ U[x(t)]) = =3 Out) (6 + 0u)

N Z Fi(t)i(t) (81 + 0i.x) (A.10)

= Z(E(t) — i) #:(t) dix + Z(E(t) — i) 2:(t) din

We identify the first term in eq.A.10 as the heat flux from the hot bath (J},)
and the second term in the same equation as the one delivered to the cold heat

bath (J.).

Tn =D _(Fill) = wi(£)&:(t) bi

i

(A.11)
Jo =Y (Fi(t) = 4i(t)&:(t) din

i

A.3 Flux: Space/Time Correlated Noise

In this section we shall derive an expression for the heat flux for the space/time

correlated noise. Starting with eq.3.1 we multiply both sides by z;

. ou . ~ ) ~ ) .
Ms; gs, (t) = _(9(] ds; — Z Eij ds; 4s; — Z Sij Yij Y5 s, + Fl(t) qs; (A'12)
S; J -

J
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where S‘Zvj = 11if 72 and 7 are in contact with the same heat bath and zero if not.

Summing over all i’'s we get

dat d( Zmzqs + Ulgs(t ) ZE” Gs; dsi — ZSU Vij Y quJFZF ) s,

(A.13)
In average
dE Sy Vi
<= S <yipy >ty — <F()py >
dt —m, — m, (A.14)

We identify the sum in eq.A.14 where (7j) in contact with the hot bath as the
average heat flux from the hot bath (.J,). similarly for (ij) in contact with the
cold bath as the one delivered to the cold heat bath (.J.).

hot 7% hot

Sij i 1
Jh:Z# <yjpsi>+zm i(t) ps; >
i S; i S;
(A.15)
cold ' cold
JC_Z i i < Yj Ds,; >~|—Z < Fi(t) ps, >
’L] Si 3 S

In the steady state regime, the averages in the first two sum take an expression

similar to. The last term however can be expanded as follow

~ ~ t —
< Ssz(t) Fl(tl) >= Zezkz gk_ll e ! (/ dTl e < Hl(’ﬁ) E(tl) >>
0
(A.16)

Knowing that
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< Fy(t)F;(t'") >= Si;kpTLi;(t — t') (A.17)

eq.A.16 simplifies in the steady state regime to

1—17ay

<5;@)ﬁxu)>=kBT§:5¢5g1§i(——ﬂi—> (A.18)
kl

A.4 Heat Capacity

The heat capacity of the macromolecule can be calculated from the steady state
average total energy of the system. We assume that the heat baths are identical

and at the same temperature (7).

| 10 0,

= Jim 3 g (< PAOR0) ) + i 5 37 Ko< ) )

Cim S L2 s ») 4 im LS K, (< 5i0)8,(0) )
e N 2m; 0T o t=o0 2 ij=1 vor Y

(A.19)
The terms inside the sums are temperature dependent, consequently the cal-

culated specific heat will depend on temperature.
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Appendix B

Force Field

B.1 The Tersoff-Brenner potential

The Tersoff-brenner (TB)[33, 34] potential was employed to describe the interac-
tions among the atoms in the graphene sheet. In the TB force field, the potential
energy is modeled as a sum of pair like interactions, where the coefficient of
the attractive term in the pair like potential depends on the local environment,
yielding an effective many-body potential.

The interatomic potential is taken to have the form

1 .
E:;Ei:§ZV2]

(B.1)

Vig = fe(ris) [fr(rij) + bij fa(ri;)]

here F is the total energy of the system, which is decomposed into a site
energy I; and a bond energy V;;. The indices ¢ and j run over the atoms of the
system, and r;; is the distance from atom 7 to atom j.

The function fr represent a repulsive pair potential which includes the or-
thogonalization energy when atomic wave functions overlap, and f4 represents
an attractive pair potential associated with bonding. The extra term f. is merely
a smooth cutoff function, to limit the range of the potential, since for many appli-
cations like the one we are running short ranged functions permit a tremendous
reduction in computational effort.

The function b;; represents a measure of the bond order. All these functions

128



are taken to be of the following form:
fr(rij) = A exp(—A 1j)
fa(rij) = B exp(—p 1)
by = (14" ¢p) /> (B.2)
Gi = ) felrig) 90n) exp[A] (ryy —7a)”]

ki,

c? c?

9(0) =1+ — — [d? + (h — cos(0))?]

where 0,51, is the bond angle between bond 75 and k. The cutoff function is taken
to be a step down function so to include only the first and next nearest neighbors
to each site.

Parameters and more details necessary to implement the TB force field are

listed in Table B.1

B.2 The NERD potential

A united atom representation of the alkanes is adopted throughout this work.
The alkanes considered were n-pentane, n-heptane, and n-nonane. Within the
united atom description, an n-alkane molecule is described as a flexible linear
chain of methylene (C'Hs) pseudo atoms terminating at both ends with methyl
(C'Hs) pseudo atoms. The parameters were taken from the NERD force field [157
, 29]. In this simulation we ignore the potential due to interactions between sites,
which are separated by more than three bonds as well as interactions between sites
that belong to different molecules. A complete listing of all of the intermolecular

potential parameters for saturated alkanes in the NERD force field is given in
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Table B.1: TB parameters for Carbon

A(eV)

B(eV)

1.3936 x 10°
3.467 x 102
3.4879
2.2119
1.5724 x 1077
7.2751 x 10~
3.8049 x 10*
4.384 x 10°
—5.7058 x 107!
1.95

0.15
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Table.B.2.
The potential in the branched alkane chains is divided between bond stretch-

ing potential U,, bond bending potential Uy and a torsional potential Uy where

U-==k (r—r,)?

1
2
(B.3)
1
U9 - 5 k@ (9 - 90)2

and r, and 6, denote the equilibrium bond length and bond angle, respectively.

Up=Vo+ Vi (1+cos(¢)) + Vo (1 —cos(2 ¢)) + Vs (1 +cos(3 ¢)) (B.4)
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Table B.2: Intramolecular potential energy parameters

Bond stretching potential:
beg(A) ke /kp (K/ A7)
CH, - CH, 1.54 96500

Bond bending potential:
00(°)  ko/kp (K)

CH, — (CH) — CH, 114.0 62500

CH, - (CH)—-CH, 109.47 62500

CH, — (C)—CH, 109.47 62500

Torsional potential:

(K) Vo/kp Vi/kp Va/kp  V3/kp
CH, - CHy; -~ CHy — CH, 0 355.04 -68.19 791.32
CH,—-CHy,—-CH-CH, 1416.3 398.3 139.12 -901.2
CH,—-CH—-CH—-CH, 0 0 0 1635.7
CH,—-CH,—-C-CH, 0 0 0 1635.7

B.3 Force Field for perfluoralkanes molecules

A united atom representation of the perfluoralkanes is adopted throughout this
work. Within the united atom description, an n-perfluoralkanes molecule is de-
scribed as a flexible linear chain of (C'F3) pseudo atoms terminating at both ends
with (C'F3) pseudo atoms. The parameters were taken from Dreiding force field
(157 ]. In this simulation we ignore the potential due to interactions between
sites, which are separated by more than three bonds as well as interactions be-
tween sites that belong to different molecules. A complete listing of all of the
intermolecular potential parameters for saturated perfluoralkanes in is given in
Table. B.3.

The potential in the branched alkane chains is divided between bond stretch-

ing potential U,, bond bending potential Uy and a torsional potential Uy where
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U= =k, (r— r0)2

1
2
(B.5)
1
Uy =5 ko (6 = 60,)"

and 7, and 6, denote the equilibrium bond length and bond angle, respectively.

Up =Vo+ Vi (14cos(¢)) +Va (1—cos(2 ¢))+ Vs (14cos(3 ¢))+ Vi (1 —cos(4 ¢))

(B.6)
Table B.3: Intramolecular potential energy parameters

Bond stretching potential:

beg(A) ki (K/AT)
CF, — CF, 1.54 96500
Bond bending potential:

0o(°)  ko/kp (K)
CF, — (CF,) — CF, 114.0 62500
Torsional potential:
(K) Vo/kp Vi/kp Va/kp  V3/kp  Vi/kp
CF, — CFy, — CF, — CF, 0 1666.25 247.60 -349.26 -532.94
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Appendix C

Estimating the noise parameters

The eligibility of our normal mode analysis and the use of Langevin dynamics
to estimate the thermal conduction and by that identifying the graphene con-
figuration that best optimize the heat transport, rests on the evaluation of the
noise parameters that best describe the type of heat bath. There is however, a
simple method to identifying these parameters. In this section we outline the
major steps of this technique.

Start with one of the molecules of the chain isolated from the rest of the chain,
but held by a harmonic potential of spring constant k£ strong enough to hold the
molecule in place while surrounded by the molecules of the medium. We assume
the hot and cold bath to be identical but at different temperatures. We start
with the particle at a temperature AT above the heat bath temperature. The
heat will then expand from the particle to the rest of the molecules in the heat
bath. In the langevin dynamics, the trajectory of the particle obeys the equation

of motion:

m; @(t) = —k x(t)—/t dt' K(t—t') z(t')+F(t) = — /t dt' (Kt —t") + k) ©(t")+F(t)
’ ’ (C.1)
where m, xrespectively are the mass and displacement of the particle, F(t)
is the Langevin force on the particle, the overhead dot refers to time derivative.
In the classical limit, the noise term (F(¢)) is related to the memory kernel

by the fluctuation-dissipation theorem
< F)F(t') >=kgTK(t —t) (C.2)
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By multiplying both sides of the previous equation by p’(0), and taking an
ensemble average, the previous equation reduces to
oC(t) LKt —t)+k

TN _
ot 0 m

C(t") (C.3)
where C(t) =< p(t)p”(0) >, the momentum autocorrelation function.
The idea is to use data from molecular dynamics (MD) simulations to calculate
C'(t), then solve the previous equation for K (t). As a matter of fact the integral

equation eq.C.3 is known in the literature as Volterra Integral Equations of the

Second Kind and can be solved for the memory kernel K(t)[3].

135



