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Abstract

Using the Piatetski-Shapiro theory of zeta integrals via Bessel models in [9], we ex-
plicitly calculate L-factors of irreducible admissible representations of GSp(4, F'),

where F' is a non-archimedean local field of characteristic zero.
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Chapter 1

Introduction

An irreducible, admissible representation of an algebraic reductive group over
a local field is called generic if it has a Whittaker model. Whittaker models
are one of the main tools to define local and global L-functions and e-factors of
representations. The theory was developed by Jacquet and Langlands for GL(2)
following ideas of Tate’s thesis for GL(1). The general case of GL(n) was developed
in a series of works by Jacquet, Piatetski-Shapiro and Shalika. It is well-known
that any infinite dimensional irreducible, admissible representation of GL(2) is
generic.

Let F' be a non-archimedean local field of characteristic zero. In [14], Takloo-
Bighash computed L-functions for all generic representations of the group GSp(4, F').
It is similar to the theory of GL(n) in that the approach is based on the existence
of Whittaker models and zeta integrals. The method was first introduced by
Novodvorsky in the Corvallis conference [8]. However, it turns out that there are
many irreducible, admissible representations of GSp(4, F') which are not generic.

In the 1970’s, Novodvorsky and Piatetski-Shapiro introduced the concept of



Bessel models. In contrast to Whittaker models, every irreducible, admissible,
infinite-dimensional representation of GSp(4, F') admits a Bessel model of some
kind; see Theorem 6.1.4 of [11]. Piatetski-Shapiro in [9] defined a new type of
zeta integral with respect to Bessel models which led to a parallel method to the
GL(2) case of defining local factors. However, some of the results of [9] were only
sketched, and not many factors were calculated explicitly.

Danisman calculated many Piatetski-Shapiro L-factors explicitly in the case
of non-split Bessel models. In [5], representations were treated whose Jacquet
module with respect to the Siegel parabolic has at most length 2. In [7], this was
extended to length at most 3. Non-generic supercuspidals were the topic of [6].

In this work we revisit both Piatetski-Shapiro’s original theory and Danisman’s
explicit calculations. We generalize the theory of [9] in that we do not restrict
ourselves to unitary representations. We also fill in some of the missing proofs
of [9], for example in the argument that generic representations do not admit
“exceptional poles”.

Generalizing Danisman’s approach, we give a unified treatment of the asymp-
totics of Bessel functions in the non-split case which works for all representations.
The key here is to consider a new type of finite-dimensional module Vy 7 as-
sociated to an irreducible, admissible representation (m, V') of GSp(4, F). These
Jacquet-Waldspurger modules control the asymptotics of Bessel functions. Table
3.3 contains the semisimplifications of all Jacquet-Waldspurger modules, and Ta-
ble 4.1 contains their precise algebraic structure as F*-modules. A key lemma in
the non-split case is due to Danisman; see Proposition 4.1.6.

Regarding the split Bessel models, our first step is to determine the algebraic

structure of the Jacquet-Waldspurger modules. In contrast to the non-split case,



the Waldspurger functor, in general, is not exact in the split case. We introduce
the category C, see (3.2.32), which is a subcategory of smooth representations of
GL(2, F'). The category C is the key tool to calculate the Jacquet-Waldspurger
modules of generic representations. We also make use of our calculations of Wald-
spurger modules of reducible principal series and Lemma 3.2.4 to obtain the
Jacquet-Waldspurger modules of non-generic representaions. To determine the
asymptotic behavior of Bessel functions, we separate our method into two differ-
ent cases which are non-generic and generic representations. More specifically,
we consider the dimension of twisted Jacquet module Vy ,, that is, dim Vi is
either 0,1, 2, or +oo. If dim Vy, = 0, Bessel models do not exist. We are in
the non-generic case if dim Vi, € {1,2}. Otherwise, (m, V) is generic. In the
non-generic case, we prove the similar result to Proposition 4.1.6 of the non-split
case which characterizes the connection between the Jacquet Waldspurger mod-
ules and the asymptotic behavior of Bessel functions. On the other hand, the
generic representations require our deep understanding of the algebraic structure
of the HN'-module Vi, 7.a. More explicitly, Vi, ra can be written as a sum of an
irreducible H N’-module V; and @©[v*%y,](n;) of the Jacquet Waldspurger module.
It turns out that Vg + [1*/2x;](n;) is not a direct sum if and only if L(s, 7)™ is a
factor of LI (s, m, u). However, our method in the split case needs the restriction
to the condition of the character A = (A, Ag) in such a way that A; is not special
as described in Table 4.3.

Once the asymptotics are known, it is easy to calculate the regular part
LS (s,m,p) of the Piatetski-Shapiro L-factor; see Table 4.5 and 4.6. Our re-

reg

sults show that in all generic cases LS (s, 7, i) coincides with the usual spin Euler

reg

factor defined via the local Langlands correspondence, but for non-generic rep-



resentations these factors generally disagree. The results of Table 4.5 also imply

that LFS (s, m, p) is independent of the choice of Bessel model in the non-split case.

reg



Chapter 2

Bessel models

2.1 Notations

Let F' be a non-archimedean local field of characteristic zero. Let o be its ring of
integers, p the maximal ideal of 0, and w a generator of p. Let ¢ be the cardinality
of o/p. We fix a non-trivial character ¢ of F'. Let v be the normalized valuation
on F', and let v or |-| be the normalized absolute value on F. Hence v(z) = ¢~*@
for x € F*.

Let GSp(4, F) := {g € GL(4,F) : 'gJg = AJ, for some A = A\(g) € F*} be

defined with respect to the symplectic form
J=1[_,"] (2.1.1)

Let P = MN be the Levi decomposition of the Siegel parabolic subgroup P,



where

* %

P:GSp(4,F)ﬂ[I ] N:{rl?ﬂ:x,y,zem (2.1.2)

1

* % ¥ ¥
* % ¥ %

and M = {[**,..]: A€ GL(2,F), z € F*}. We let

H:={["",_ ] zce F*}=F~ (2.1.3)
Let
8= [b% bf], a,bc€F (2.1.4)

be a symmetric matrix. Then § determines a character ¢g of N by

vp([MF]) = w(tr(BX)), X =[y2]. (2.1.5)

Every character of N is of this form for a uniquely determined 3. We say that 15
is non-degenerate if 5 € GL(2, F).

Attached to a non-degenerate 15 is a quadratic extension L/F. If —det(5) ¢
F*% we set L = F(y/—det(3)); this is the non-split case. If —det(8) € F*%, we

set L = F @ F'; this is the split case. Let

Ag ={g € My(F) : 'gBg = det(g)B}

= {[az+yb/2 ye ] s x,y € F} (2.1.6)

—ya x—yb/2

Then Ap is an F-algebra isomorphic to L via the map

z+yb/2 c
[ f;a szbm] — x4+ yA, (2.1.7)



where A = \/—det(3) in the non-split case, and A = (—4§,0) if —det(8) = 6% in
the split case.
Let T" be the connected component of the stabilizer of 53 in M. It is easy to

check that T'= A7 = L*. We always consider T a subgroup of GSp(4, F) via
T3g— [ qergg)ig - (2.1.8)

Explicitly, T" consists of all elements

:Eerg yc

b
TYe s , v,y € F, 2% —y?A* #£0. (2.1.9)

:c—y% ya
—yc z-l—yg

Let R := TN be the Bessel subgroup of GSp(4, F). If A is a character of T,
then we can define a character A ® g of R by tn — A(t)ys(n) for t € T and
neN.

2.2 Bessel models

Let (m, V) be an irreducible, admissible representation of GSp(4, F'). Non-zero
elements of Hompg(V,Crgy,) are called (A, 3)-Bessel functionals. It is known
that if such a Bessel functional £ exists, then Hompg(V, Cpgy,) is one-dimensional.

In this case the space of functions
B(m,A, ) :={B,: g l(n(v)g) :v eV}, (2.2.1)

endowed with the action of GSp(4, F') given by right translations, is called the
(A, B)-Bessel model of .



Chapter 3

Jacquet-Waldspurger modules

3.1 Jacquet modules

Let (7, V') be an irreducible, admissible representation of GSp(4, F),
V(N)={(r(n)v—v|veV, neN) and  Vy =V/V(N)

be the usual Jacquet module with respect to the Siegel parabolic subgroup. We
identify M with GL(2, F)) x GL(1, F') via the map

(A, 2) — [* gegyiat ], AEGL(2,F), z € F*. (3.1.1)

so Vy carries an action of M, and thus an action of GL(2, F') x GL(1, F) via this
isomorphism. We have tabulated the semisimplifications of these Jacquet modules

in Table 3.1. Note that this table differs from Table A.3 of [10] in three ways:

e In [10] a different version of GSp(4, F') was used. Switching the last two

rows and columns provides an isomorphism.

8



e The Jacquet modules listed in Table A.3 of [10] are normalized, while the
Jacquet modules listed in Table 3.1 are not. The normalized Jacquet module

is obtained from the unnormalized one by twisting by 5;1/ 2, where
Op([* piar]) = a7 det(A)P.

Hence, we replace each component 7 ® ¢ in Table A.3 of [10] by (v%/%7) ®

(v=3/20) in order to obtain the unnormalized Jacquet modules.

e In [10] the isomorphism
(Ayz) — [ 4], AeGL(2,F), z € F*, (3.1.2)

was used. Calculations show that we have to replace each component

(V*21)® (v~3/2¢) of the unnormalized Jacquet module by (07) ® (v3/%w,0).

3.2 Waldspurger functionals for GL(2)

Recall the algebra Ag C My(F) defined in (2.1.6), and its unit group 7' C
GL(2,F). Let A be a character of T. Let (7,V) be a smooth representation
of GL(2, F) admitting a central character w,. A A-Waldspurger functional on T

is a non-zero linear map ¢ : V — C such that
d(r(t)v) = A(t)d(v) forallv e Vand t € T.

Since T' contains the center Z of GL(2, F'), a necessary condition for such a ¢ to

exist is that A|px = w,. Asin the case of Bessel functionals, we call a Waldspurger

9



Table 3.1: Jacquet modules with respect to P, using the isomorphism (3.1.1).

representation semisimplification

I X1 X X2 X o (irreducible) o(x1 X x2) ® V3% x1x20
+o(x2 X x1) ® v¥%0
+o(xixe X 1px) @ v¥%x10
+o(xixz X 1px) @ V¥ x50

II a XStaLe) X o oxStaLez) @ V3220
+UXStGL(2) & 1/3/20‘
+(x%0 X 0) ® V3o

b Xlane) X o oxlare) ® V3/2X2(7

+oxlaLe) ® V30
+(x%0 x 0) @ vxOo

Il a X X 0Stasp() o(xv™? x v'/?) @ x12o
+o(xv'? x vV @ 1?0
b X X 0lasp(2) o(xv'? x v71?) @ xvo
+o(xyv V2 x v @ vo
IV a O'StGSp(4) O'StGL(Q) ® 1/30'
b L(VZ, l/flo'st(;sp(g)) UlGL(2) ® Vo
+o(V¥r x v3?) @ vo
¢ L(v32StgLe), v3/?0) oStare) ® o
+o(1¥? x v73?) @ V20
d olaspa) olgre) ® o
V a 5([¢, ve], v 20) o&Stare) ® Vo + oStare) ® %0
b LY Stare), v %0)  0&Stere) ® vo + olane) ® (Vo
¢ L(Y%€Stare), Ev%0)  oStare) ® vo + oélarpe) ® Vo
d L(v¢, € x v120) olane) ® Evo + o€lare) ® vo

10



representation semisimplification

VI a 7(S,v™1%0) 2 (0Stare) ® Vo) + olgre) @ Vo
b (T, v="?0) olaLe) ® Vo
¢ L(v'Stera), v %0) oStare) @ vo
d Ly, 1px x v 1%0) 2 (0lgre) ® vo) + oStare) ® vo
VII X X T 0
VIII a T(S, ) 0
b (T, 7) 0
IX a 0w v V2m(p) 0
b L& vV r(p)) 0
X TXNCo o @ V32w o + o @ 1330
XI a S(2m v %g) or @ vio
b L'Y?r, v %0) o Q Vo

supercuspidal 0

functional split if —det(3) € F*2, otherwise non-split.
The (A, 5)-Waldspurger functionals are the non-zero elements of the space

Homy(7,Cy). If we put
V(T,A)=(r(t)v—=Alt)v : veV, teT) and Vra =V/V(T,A), (3.2.1)

then Homy(7,Cy) = Hom(Vra,C). Note that if L is a field, so that 7/Z is

compact, then the space V (7T, A) can also be characterized as follows,

VTa) = {vev / At r(tpvdt = 0}, (3.2.2)

T/Z

The map V' +— Vp, defines a functor, called the Waldspurger functor, from the

11



category of smooth representations of GL(2, F') to the category of F'*-modules.
This can be seen just as the analogous statement in the case of Jacquet modules.
In particular, if L is a field, then the Waldspurger functor is exact; this follows
from (3.2.2) with similar arguments as in Proposition 2.35 of [2].

Now assume that (7, V) is irreducible and admissible. Then it is known by [16],
[12] and Lemma 8 of [17] that the space Homr (7, Cy) is at most one-dimensional.
It follows that

dim Vi p < 1. (3.2.3)

The following facts are known for any character A of T such that A|px = w,:

e For principal series representations, we have

dim(Homp(x1 X x2,Cp)) =1 for all A; (3.2.4)

see Proposition 1.6 and Theorem 2.3 of [16].

e For twists of the Steinberg representation, we have

. 0 if L is a field and A = 0 o Ny /p,
dim(Homy(0Star2), Ca)) =

1 otherwise;
(3.2.5)
see Proposition 1.7 and Theorem 2.4 of [16].
e If 7 is infinite-dimensional and L = F x F', then
dim(Homyp(7,Cy)) =1 for all A; (3.2.6)

see Lemme 8 of [17].

12



e For one-dimensional representations, we have

. 1 ifA=oco NL/Fa
dim(Homy(01gr(2), Ca)) = (3.2.7)

0 otherwise;

this is obvious.

3.2.1 Finite-dimensional F'*-modules

Recall that F* = (w) x 0*. We consider representations of F* on finite-
dimensional complex vector spaces. All such are assumed to be continuous.
Let n be a positive integer and U be an n-dimensional complex vector space

with basis ey, ..., e,. We define an action of F'* on U as follows:
e 0* acts trivially on all of U.

e w acts by sending e; to e;+e¢;_1 for all j € {1,...,n}, where we understand

eo = 0. In other words, the matrix of w with respect to the basis eq, ..., e,

[ R 1] . (3.2.8)

We denote the equivalence class of the F*-module thus defined by [n]. Note that

is a Jordan block

[n] is canonically defined, even though w is not. Clearly, [n] is an indecomposable

F*-module. If ¢ is a character of F'*, then o[n| := o ® [n] is also indecomposable.

Lemma 3.2.1. FEvery finite-dimensional indecomposable F*-module is of the

form o[n] for some character o of F* and positive integer n.

Proof. Let (p,U) be an indecomposable F*-module. We may decompose U over

13



i=1

where o; are pairwise distinct characters of F*, and
U(o;)) ={u e U : p(x)u=oc;(x)u for all x € 0™ }. (3.2.10)

Let f = ¢(w). Since each U(o;) is f-invariant and U is indecomposable, it follows
that r =1, i.e., U = U(o) for some character o of 0*. Indecomposability implies

that the Jordan normal form of f consists of only one Jordan block

Al
[ T
A

of size n. Extend ¢ to a character of F'* by setting o(w) = A. Then it is easy to

. e, (3.2.11)

see that ¢ = o[n). O

Lemma 3.2.2. Let U be a finite-dimensional F*-module. Then

with characters o; of F* and positive integers n;. A decomposition as in (3.2.12)

15 unique up to permutation of the summands.

Proof. A decomposition as in (3.2.12) exists by Lemma 3.2.1. To prove unique-

ness, assume that
T S

B oiln = P nj). (3.2.13)

i=1 j=1

By considering isotypical components with respect to characters of 0™, we may

14



assume that all o; and 7; agree when restricted to 0*. After appropriate tensoring
we may assume this restriction is trivial. The uniqueness statement then follows

from the uniqueness of Jordan normal forms. ]

Lemma 3.2.3. Let 0 be a character of F*, and n a positive integer. Let m &€

{0,...,n}.

i) There exists exactly one F*-invariant submodule Uy, of o[n] of dimension

m. We have U, C U, for k <m.
ii) The representation of F* on Uy, is isomorphic to o[m].
iii) The representation of F* on o[n|/U,, is isomorphic to o[n — m)].

Proof. 1) Since the invariant subspaces of [n| and o[n] coincide, we may assume
that ¢ = 1, so that o[n] = [n]. Let ey,...,e, be a basis of [n] with respect to
which w acts via the matrix (3.2.8). Let U,,, = (e, ..., €m,). Then U, is invariant
and isomorphic to [m] as an F*-module.

Conversely, let U C [n] be any non-zero invariant subspace. Then U is also

invariant under the endomorphism f with matrix

[ R 1] . (3.2.14)

The effect of f on a column vector w is to shift its entries “up” and fill in a 0 at
the bottom. Let m be maximal with the property that there exists a u € U of
the form

w="uy,..., Un,0,...,0] with u,, # 0.
The vector f™ !u is a non-zero multiple of e, showing that e; € U. Considering

15



fm=2u, we see that ey € U as well. Continuing, we see that e;,..., e, € U. The
maximality of m implies that U = U,,.

ii) We already saw that the subspace U, of [n] is isomorphic to [m]. Hence
the subspace o ® U, of o[n] is isomorphic to o[m].

iii) Clearly [n]/U,, is isomorphic to [n —m]. Hence o[n]/(c ®U,,) is isomorphic

to aln —m]. O

Let U be a finite-dimensional F*-module. For a character ¢ of F'*, let U,
be the sum of all submodules of U isomorphic to o[n] for some n. We call U,
the o-component of U. By (3.2.12), U is the direct sum of its o-components. A
homomorphism U — V of finite-dimensional F'*-modules induces a map U, — V,

for all o; this follows from Lemma 3.2.3.

3.2.2 Split Waldspurger functors

In this section, we consider the case of split Waldspurger models with g = [ 12 1/ 2]

and of split Waldspurger functionals as
T=[",]NnGL(2,F) = F* x F*". (3.2.15)

Let A be a character of T. In fact, A can be written as a product of characters

A; and As of F* as follows:

A([*4]) = Ai(a)A2(D). (3.2.16)

16



We denote A = (A1, Ag). It is straightforward to show that

V(T,A) = (r([* v — Ai(a)v|v €V, a e FX). (3.2.17)

We will give an alternative description of this space. Write a € F'* as a = w"u

with n € Z and v € 0*. Then

([ 1w = A(a)v =7([®" | Dor — M(@")vr + 7([* 1 ])v2 — Ar(u)va,  (3.2.18)

where

vy =m([" 1)), vg = Ay (w)" .

This shows that V(T,A) = V(T,A) + V(T,A)", where

V(T,N) = (x([®" )v— A (=w")v: veEV, neZ) (3.2.19)

and

V(T,N) = (x(["“1])v — Ai(u)v|v €V, u € 0™). (3.2.20)

Since 0* is compact, the space V (T, A)” can be characterized as

vTAY = {veV| / Aa() ([ Do du = 0}, (3.2.21)

Since
(= oA = 3 (<7 Do A ), = A= Do
= (3.2.22)

17



we have

V(T,A) = (=([7 1)) = M(@)v|v e V)

(w([w ) - Al(w)idv>V. (3.2.23)

We summarize the discussion: If v € V(T A), then there exist v,v2 € V such

that

v=n([71])v1 — Ar1(@)vy + 02, where /Al(u)_lﬁ([“ 1])vadu = 0. (3.2.24)
UX

Recall that every irreducible, admissible, infinite-dimensional representation (m, 1)

of GL(2, F) admits a split (T, A)-Waldspurger functional, unique up to scalars,

for any A. Such a functional can be constructed by means of zeta integrals, as

follows. First, choose any unitary character o of F* such that o|,x = A '[yx. For

W in a ¥-Whittaker model of 7, let

Zo(s, W) = /W([“l])|a|5_l/2a(a) d*a. (3.2.25)
Fx
These integrals are convergent for Re(s) > 0 and have meromorphic continua-

tion to all of C. In fact, these are the standard zeta integrals for the twisted

representation om. Clearly, they satisfy

Zy(s,m([* 1 )W) = |a| >0 (a) 1 Z, (s, W) for a € F* (3.2.26)

18



for all s where Z,(s, W) does not have a pole (for any W). Choose sy such that

|- |790*1/26=1 = A, and assume that s is not a pole of Z,(s, W). Then

Zy(s0, m([* 1 )W) = A1(a)Zy (80, W) for a € F*, (3.2.27)

and hence the map W — Z,(so, W) is a (T, A)-Waldspurger functional.
Assume however that sq is a pole of Z, (s, W) (for some W). This is equivalent

to saying that sq is a pole of L(s,om). By definition of the L-factor, the quotient

Zy(s, W)

L(s,om)

has analytic continuation to an entire function. In fact, this quotient lies in

Clg®, ¢~ *]. We can therefore consider the functional

LU<SO7 W)

W L(sg,om) "

(3.2.28)

This functional again is a (7', A)-Waldspurger functional.

Now assume that m = x; X Y2 is an irreducible principal series representation.
Recall from above that the Jacquet module is Vy = xi| - |[V2 + x2| - [Y? as a
representation of [* ;] = F*. As above, choose s such that | - [750+1/2571 = A,.

It is easy to see that the following are equivalent:
i) Z,(s,W) has no pole at s = s, for any W.
ii) L(s,om) has no pole at s = s.
iii) Ay # xa| - [/? and Ay # xof - V2.
iv) A is not a subquotient of Vy.
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If these conditions are satisfied, then the map W +— Z,(so, W) is a (T, A)-
Waldspurger functional. In any case, the map (3.2.28) is a (T, A)-Waldspurger
functional.

Assume that A; = x1|-|'/2, so that the above conditions are not satisfied. Then
we can alternatively construct a (7, A)-Waldspurger functional in the following

ways:

e As the composition
V— Vy — vN/<[a v — Xl(a)]a|1/2v> s C. (3.2.29)

(This works analogously for A; = xo| - [V/2.)

e As the map f — f(1) in the standard induced model. (For A; = yo| - |1/2
and x2 # X1, we can take the map f — (M f)(1), where M is the standard

intertwining operator.)

Exactness properties of the functor V — Vy

The functor V' +— Vp, from smooth GL(2, F')-modules to vector spaces is not

exact, but still has the following exactness properties:

e If0— V' —V = V"= 0is exact, then
Viy — Vi — Vi — 0 (32.50)

is exact; see Proposition 2.35 of [2].
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e If V =V'"&V"is a direct sum, then

Vi = Vi @ Vi (3.2.31)

this is easy to see.

In this subsection we will prove additional exactness properties on a subcategory
of the category of all smooth GL(2, F')-modules. This subcategory, which we call

C, consists of all smooth GL(2, F')-modules V' that admit a filtration

o=Vycvyc...cV,=V (3.2.32)

such that each V;/V;_; is irreducible, admissible and infinite-dimensional. We will

use the fact that the objects (7, V') in C have the following property:

If v € V satisfies 7([* 1])v = A(a)v for all a € F*, then v = 0. (3.2.33)

Here, )\ is any character of F'*. To see why (3.2.33) is true, note that v induces a
vector ¢ with the analogous property in some irreducible subquotient of V. Con-
sidering ¢ in the Kirillov model of this irreducible subquotient, we can evaluate
at x € F* to obtain p(ax) = A a)p(x) for all a,x € F*. Since p(x) = 0 for
v(x) < 0 (which is a property shared by all functions in the Kirillov model), it

follows that p(z) = 0 for all x € F*.

Lemma 3.2.4. Let (m, V) be a smooth representation of GL(2, F'). Let 0 C V} C

V' be a filtration of GL(2, F')-modules such that the representation T on V/Vi has
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the following property:

If W e V/Vi satisfies T([* 1))W = A1(a)W for all a € F*, then W = 0.
(3.2.34)
(In particular, this is satisfied if V/V} is in C.) Let U be the subspace of Vi of

vectors vy satisfying
7([*1])v1 = Aq(u)vy for all u € 0. (3.2.35)

Then U NV (T, A) = UNVi(T,A).

Proof. Assume that v; € UNV(T,A). By (3.2.24), we can write

v =7([F 1])ve — Ay (w)va + v3, where /Al(u)_lw([“ 1])vsdu = 0.

oX

Applying

1 -1 U
)/Al(u) w([* D)(...) du

vol(o*
UX

to both sides and observing (3.2.35), we get

v =7([F 1])vy — A1 (m)vh, where vy = /Al(u)_lw([“ vedu.  (3.2.36)

oX

Clearly, the vector v} satisfies
7([* 1 ])vy = Ay (u)vy for all u € 0™. (3.2.37)

Let 7 be the representation of GL(2, F') on V/Vi. Applying the projection V' —
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V/Vi to both sides of the equation (3.2.36), we obtain

([T )W = Ay (=)W, (3.2.38)

where W is the image of v} in V/V;. By (3.2.37),

T([“1 )W = A (w)W for all v € o*. (3.2.39)

Combining (3.2.38) and (3.2.39), we see that

T([* 1 )W = Ay (a)W for all @ € F'*. (3.2.40)

By hypothesis (3.2.34), it follows that W = 0. Hence v}, € V;. Then v; € Vi(T, A)
by (3.2.36), concluding the proof. O
Lemma 3.2.5. Let (m,V) be an irreducible, admissible, infinite-dimensional rep-
resentation of GL(2, F'). Let U be the subspace of vectors v € V' satisfying

m(["1])v = A (u)v for all u € 0*. (3.2.41)

Then U/(UNV(T,A) is one-dimensional.

Proof. Since U/(UNV (T, A) injects into V/V (T, A), and since V/V (T, A) is one-
dimensional by the existence and uniqueness of split Waldspurger functionals, we
only need to show that U is not contained in V (7', A).

We may assume that V' is the Kirillov model of m. Recall that the action of T’
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on V is determined by

(r([“1 D)) = play),  ay€F™.

Recall also that V' contains S(F*) as a subspace of codimension 0, 1 or 2. We
have S(F*) = V if and only if 7 is supercuspidal. We are in the codimension
1 case if and only if m = XxStgr2); in this case the asymptotic behavior of the

functions ¢ € V' is given by

p(a) = Cla|x(a) for |a] < e. (3.2.42)

We are in the codimension 2 case if and only if 7 = y; X x2 is a principal series
representation; in this case the asymptotic behavior of the functions ¢ € V is

given by

p(a) = C’l\allﬂxl(a) + C’gla\l/g)@(a) for |a| < e (3.2.43)

if x1 # X2, and by

o(a) = (Cy + Cyv(a))|a*x1(a) for |a] < ¢ (3.2.44)

if X1 = X2
We now distinguish two cases. Assume first that A; is not equal to | - [x in

1/2

case (3.2.42), not equal to | - |2y, or | - [V/2x, in case (3.2.43), and not equal to

|- |'/2x1 in case (3.2.44) (in other words, A, is not one of the characters occurring
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in the Jacquet module V). Consider the function ¢y € V' given by

A1 (U,) if u e UX,
wo(u) = (3.2.45)

0 if u ¢ 0.

Clearly, ¢y € U. Assume that ¢y € V (T, A); we will obtain a contradiction. By

(3.2.24), we can write

oo =n([" 1 ))¢r — Mi(@)pr + 92, where / Ay () ([ ) du = 0.

(3.2.46)

Applying

to both sides, we get

o =n(["1])¢) - Mi(@)g),  where ¢ = / As(w) ([ 1 oy du. - (3.2.47)

oX

Evaluating at uw™ with u € 0* and n > 0, we get
O (@ ") = A (@) (™)  forn > 0. (3.2.48)

Since ¢}(a) = 0 for v(a) < 0, it follows that ¢}(u) = 0 for u € 0*. Further

evaluating (3.2.47) at uw™ with u € 0* and n > 0, we conclude

o (a) = Ay(w) " As(a)  for v(a) > 1. (3.2.49)
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Hence ¢, has an asymptotic behavior which is not permitted by our assumption
on A;. This contradiction proves U ¢ V (T, A) under our ssumption.

Now assume that A; is one of the characters appearing in (3.2.42), (3.2.43) or

3.2.44). Assume first that we are in case (3.2.43) and that A; = |- |*/?y;. Define
( X
%2y eV by
Ai(a) ifw(a) >0,
wola) = (3.2.50)
0 if v(a) < 0.

Clearly, ¢o € U. Assume that ¢y € V(T,A); we will obtain a contradiction. As

above we see that

o =7m([71])p1 — Ai(@)pr (3.2.51)

for some ¢; € V. Let C,Cy be such that

©1(a) = Cylal”?x1(a) + Cola)*x2(a) for |a|] < e. (3.2.52)

Evaluating (3.2.51) at a € I’ with |a| < e, we see that

Ai(a) = Co(|w]?xa(w) — Ay(w))|a]?x2(a) for |a| < e. (3.2.53)

Since Ay = | - |'/?x; and x; # Yo, this is a contradiction.

1/2

Assume next that we are in case (3.2.44) and that Ay = |- |'"/?x;. In this case

we define ¢y € V' by

v(a)Ai(a) if v(a) >0,
wola) = (@) (a) (@ (3.2.54)
0 if v(a) < 0.
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Then again ¢y € U, and as above we see that ¢g & V (T, A).

The remaining cases are treated similarly, concluding the proof. O]

Lemma 3.2.6. Let

0—V—V —V—0 (3.2.55)

be an exact sequence such that Vi is simple (i.e., V} is an irreducible, admissible,
infinite-dimensional representation of GL(2,F)), and 0 C Vi C V satisfies the

condition (3.2.34). Then the sequence

0 — (Vi)ra — Vea — (Va)ra — 0 (3.2.56)

18 exact.

Proof. We only have to show that (Vi)ra — Vr, is injective. Let U be the
subspace of V] of vectors vy satisfying (3.2.35). By Lemma 3.2.5, we have U N
Vi(T,A) =UnNV(T,A). Hence the composition

U/(UNVA(T,A)) — Vi/Vi(T, \) — V/V(T, A) (3.2.57)

is injective. By Lemma 3.2.5, the space U/(U N Vi(T,A)) is one-dimensional.
The space Vi /Vi(T, A) is also one-dimensional by the existence and uniqueness
of split Waldspurger functionals. It follows that the first map in (3.2.57) is an

isomorphism, and that the second map is injective. O

Proposition 3.2.7. The functor V +— Vp from C to the category of C-vector

spaces s exact.
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Proof. Let

0—Vi—V—5V,—0 (3.2.58)

be an exact sequence in C. We will prove by induction on the length of V; that
0 — (Vi)ra — Vea — (Va)ra — 0 (3.2.59)

is also exact. By (3.2.33) and Lemma 3.2.6, the statement is true if V; has length
1. Assume that the length of V] is greater than 1. Let V{ be a simple submodule

of V. Then we have an exact sequence
0—Vi/Vo — V/Vy — V/V; — 0. (3.2.60)

Since the length of V; /Vj is less than the length of V}, we may assume by induction

that the sequence
0 — (Vi/Vo)rn — (V/Vo)ra — (V/Vi)pa — 0 (3.2.61)

is exact. Furthermore, by Lemma 3.2.6, we have a commutative diagram with

exact rows

0 — (Vo)ra —— Vi)ra —— (Vi/Vo)ra —— 0

al Bl vl (3.2.62)

0 — (Vo)ra —— Voo —— (V/Vo)ra —— 0

The exact sequence ker(a) — ker(f) — ker(vy) reads 0 — ker() — 0 by the
exactness of (3.2.61). It follows that the map (Vi)ra — Vra in (3.2.59) is injec-

tive. The other parts of the sequence are exact by (3.2.30). This concludes the
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proof. O]

3.2.3 Split Waldspurger modules of reducible principal se-
ries

Reducible principal series of GL(2, F') do not belong to the category C. These
cases require some special arguments. Let us choose § = [1 /2 1/ 2] . It follows that

A=(-1/2,1/2)and L=F & F.

Lemma 3.2.8.

2 if A =00Np/p,
dim(ov =% x gv'/?)pp = / b (3.2.63)

1 otherwise.

Proof. Let us consider the short sequence
00— olpx — ov VP x o'? — oStare) — 0

But 0 C olpx C ov™'/2 x ov'/? satisfies the condition (3.2.34). Let U C olpx be

as in Lemma 3.2.4. By Lemma 3.2.4,
UN(olp)(T,A) = U N (ov™2 x av?)(T, A).

If o = AoNp/p, then U = olpx and (01px )(T,A) = 0. Otherwise, if o # AoNy/p,

then (01px)(7T,A) = o0lpx is one dimensional. In either case, we have

0— (O'lFx)TJ\ — (UV71/2 X UV1/2>T,A7
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SO

0— (Ulpx )T,A — (UVﬁl/Q X UVI/Z)TJ\ — (O’StGL(g))T’A — 0.

~1/2

Hence, dim(ov x ov/?)rn = dim(olpx)7s + dim(oStere))ra- But

1 if A=00oNp/p,
dim(o1p<)pa = e (3.2.64)

0 otherwise.

This proves the lemma. O

1/2

Lemma 3.2.9. dim(ov'/? x ov=1/2)p\ = 1, for every character A.

Proof. We choose a character ¢ of F', which has conductor o. Let us consider the

short exact sequence
0— aStGL(g) s o' 2 x o2 oclpx — 0.

We have two cases:
Case 1: A # 0o Ny p. Similarly, 0 C 0Stare C ov'/? x ov/2 satisfies the

condition (3.2.34). By Lemma 3.2.6, we have the short exact sequence

0 — (0Stare))rn — (01/1/2 X 01/_1/2)1/\ — (0lpx)rpa — 0.

1/2

Y

But (1px)ra = 0, so (ovY? x ov™1/2)p s = (0Stare))ra is one dimensional.
Since oStgy(2) is infinitely dimensional, irreducible, admissible representation of
GL(2,F), U C oStgrg) is not zero by Lemma 3.2.5.

Case 2: A =0 0oNy p. Our first step is to calculate (V2 x Vﬁl/z)T,lFon. By
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Proposition 2.1.2 of [13], v*/2 x v~/2 has a spherical vector
folg) = lad™], if g € [* §]GL(2, 0). (3.2.65)

Since Stgr,(2) has no spherical vectors, fo € Star(2)-

Let us define a Whittaker functional [ : Stg2) — C by

[ lim F([ M $De(=a)da, (3.2.66)

N—+oo p_N

for any f € Stgre). We define Wy : GL(2, F) — C such that g — [(7(g)f),

[ € Starz). Let us define an explicit Waldspurger functional of Stgr,(e) as follows

L(f):= We([*1])d™z, (3.2.67)

FX

for any f € Stare). It is known that for any f € Stgr), Wr([* 1]) has a bounded
support and W,([*]) = C|z|, for |z| < e(f) and some constant C = C(f) € C.
It follows L(f) < +o0, i.e, L is well-defined.

We claim that L(f;) # 0, where fi :==7([¥1])fo — fo € Stavre)-

L(f) = Wﬁ(mm—Z/ Wa (" e = 3 I,

Fx mez Y @ 0px meZ

where

= [ Walhd

= [ Gl [ A eI e e
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Let us consider N > 0 such that —N < v(z) = m, then

LA da—/ Alls <190
:/p (= Do — fo) (o 2] (~a)da

= 3 [ Gl D ll )

=3 [l e D 2L D

Since
-2 if v(y) <0,
1 if v(y) > 0;
then
- A DY (—a)da

2n—m—1

pent 1)) = " fo([pa1 1 )W (—a)da

n N/w"ﬂX (q
L o

fo([
Znme lfO([ww}fl 1}) " fo ([mfl 1}))¢(—a)da—{—

Ms

—-N ngX

m+1 xw}z ! 1]) B m+2f0([:ca 1}))¢(_a)da+

+
£

m+10

+ Z (L) = 2 o[ ) b(—a)da

n=m+2 7 @"0

- Z 2nom=l_ g2n m)/wm a)da + (¢"*" — ™) /wmﬂa ¥(~a)da

gt = / (=
n= m+2
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=) (- qQ”m)/n Y(—a)da+ > (gt qm)/n _¥(~a)da.

n=—N n=m-+1

. )
/ Y(—a)da = ¢ —1 ifn=-1, (3.2.69)
0 ifn<—1.

Now we consider the following cases:

e m < —1. We have

S (nmt - gem / b(—a)da =0,

n=—N

n=0 v @"0%
“+o0
1 1
—(qm+1 qm)(_1+ (_n_ n 1))
—~qn g
=0.

Hence, I, =0 if m < —1.
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e m = —1. In this case,

-1

> (g7 - q‘l)/ d(—a)da=q* —q7",

n=—N @~ lox
and
+oo +o0 1 1
S-a) [ wada= (g )Y (- o) =1
n=0 wro n=0

Hence, I, = (1 —¢ ) (1+¢7?) if m = —1.

m > 0. We have

— ngx
x / p(—a)da+ 3 (@ =) [ y(-a)da
w—loX n=0 wnoX
—m— —m— & n—m— n—m 1
=0+ (=g " P+ g+ (T - )= )
n=0

and
+oo +oo 1 1
> (@t —qm) Y(=a)da= " (" = q¢") (= — =)
n=m+1 "o n=m-+1 q q
_(qm-i—l_qm)q m—l_l_q—l.



if m > 0.

It follows

=S =1 -q (1 +q +Z el %‘%:H%;&o.

mMEZ

By the uniqueness of Waldspurger models, fi € Star2) (7, 1« o N). Hence,
(Star@)11,408 = C - fi. (3.2.70)

But fi = 7([%1])fo — fo, then fi € (/2 x v™Y2)(T,1px o N). Hence, the
embedding Star2) — v'/? x v~1/2 induces the zero map (Star(2)) 1,1 ,xon — {0} C
(V2 x V71/2)T,1Fon~ Now the exact sequence

1/2

(Stan@) 11 pon — (¥ V_l/Q)T,1FXoN — (Ipx )11 ,008 — 0

1/2 o

implies that (v vl Q)T,lFon is a one dimensional vector space.

1/2

The next step is to show that (o2 x ov=12)1,0x is also one dimensional.

In order to see that, we need the following fact:

e Let (m, V) be a representation of GL(2, F), A be a character of T" and o be
a character of F*. Then (oV)ra, = Vr as vector spaces, where (o, oV)
is a twisted representation of (m, V') and A, is the twisted character of A by

g.

The isomorphism is induced by the identical map V' — oV such that v — v. In
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fact, 7(t)v — A(t)v = (o) (t)w — Ay (t)w, where w = (o o det) ™ (t)v. Tt follows
V(T,A) = (cV)(T,Ay).

Applying to our case with V = v¥/2 x v™/2 and A = 1p« o N, we see that

(ov'/? x av=Y2)p 4o is one dimensional. L

3.3 Jacquet-Waldspurger modules

Recall the groups N, T defined in (2.1.2) resp. (2.1.9), and the algebra Az C
M (F) defined in (2.1.6). Let (7, V') be an admissible representation of GSp(4, F').

We now consider

V(N,T,A) = (n(tn)v—A(t)v :veV,teT,ne N)and Vyra = V/V(N,T,A).
(3.3.1)

Evidently, there is a surjective map Vx — Vi 74 which induces an isomorphism

(VN)ra = Vra. (3.3.2)

Here, on the left we use the notation (3.2.1) for the GL(2, F')-module V. Note

that, in view of (2.1.8), we have to embed GL(2, F') into GSp(4, F’) via the map
GL(2,F) 3 g [? qettg)ta-1 | (3.3.3)

and consider Vy a GL(2, F)-module via this embedding. We call Vyra the

Jacquet-Waldspurger module of w. This module retains an action of F*, com-
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ing from the action of the group {diag(x,z,1,1) : * € F*} on V. The map
V = Vi defines a functor, called Jacquet-Waldspurger functor, from the cate-

gory of admissible GSp(4, F')-representations to the category of F*-modules.
Lemma 3.3.1. Let V, V' V" be admissible representations of GSp(4, F').

i) If V=V'® V" is a direct sum, then

VN1 = V](/,TA &) V]QT,A. (3.3.4)

it) The Jacquet-Waldspurger functor is right exact, i.e, if 0 — V' — V —

V" — 0 is exact, then
Vira — Vnra — Vs — 0 (3.3.5)
1s exact. Moreover, if we are in the non-split case, then the Jacquet -

Waldspurger functor is exact.

Proof. These are general properties of Jacquet-type functors. See Proposition

2.35 of [2]. O

Lemma 3.3.2. Let (7, V) be an admissible representation of GSp(4, F') of finite
length. Then the F*-module Viy 1 s s finite-dimensional. More precisely, if n is

the length of the GL(2, F')-module Vi, then dim Vyra < n.

Proof. The proof is by induction on n. If n = 1, then Vy is an irreducible,
admissible representation of GL(2, F'). In this case the assertion follows from

(3.2.3).
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Assume that n > 1. Let V' be a submodule of Vy of length n — 1. Then

V"= Vy/V" is irreducible. By (3.3.5), we have an exact sequence
Via — Vra — Vg — 0. (3.3.6)
By induction and (3.2.3), it follows that
dim Vy rp = dimim(a) + dim V7, <n—1+1=n. (3.3.7)

This concludes the proof. O

Theorem 3.3.3. Let (7, V) be an admissible, irreducible representation of GSp(4, F).
Assume that we are in the non-split case. Then the semisimplications of Vnra

are as given in Table 3.3.

Proof. Since we are in the non-split case, the quadratic extension L is a field.
Then the semisimplifications of the Vy 1 a can easily be calculated from Vi using
(3.3.2). By Lemma 3.3.1 (ii), in the non-split case the Waldspurger functor is
exact. Therefore, to calculate the Vi 14, we can simply take (7 ® o)1 for each
constituent 7 ® o occurring in Table 3.1. If 77, is one-dimensional, then (7 ®
o)ra = olpx as an F*-module, and if 775, = 0, then (7 ® o)rp = 0. We
have listed the semisimplifications of the V7 a for all irreducible, admissible

representations in Table 3.3. O

We denote



Hence, S = S1N is the unipotent radical of the Borel parabolic subgroup. We fix

a non-trivial character 1y of F. Let us define a character v, ., of S by

1 ;f *
k
w61,02<{ 1

—x

ﬂ) = Yo(c12 + c2y), (3.3.8)

where ¢1, c; € F. We let ¢y = 1. Similarly, we define the twisted Jacquet

module of (7, V') associated to 1, as follows
V(S,11) = (n(s)v —i(s)v : v eV, s€S) and Ve, = V/V(S,41).

In fact, Vg, admits an action of H.

Lemma 3.3.4. Let (m, V) be a generic representation of GSp(4, F), S and 1 be

as above. Then the algebraic structure of Vg, can be obtained in the Table 3.2.

p

V32 x1x20 ® V¥ x10 @ V300 @ V320 if Xixz. X1, X, 1 are
pairwise different,

20 @ (V32%x0)[2] ® v/ %0 ifx=x1=x27#1 x> #1,
Vs =

(32x0) 2] @ (V¥/?0)[2] ifx=xi=x2#%1, =1,

(*x0)[2] ® (v*/?0)[2] if {x1,xo} ={x # 1,1}

\(VS/QU)M if x1 =x2 =1
(3.3.9)

Proof. 1t is a consequence of Theorem 5.4 and Table 3 in [15]. ]

We have the following easy-to-prove lemma to determine the algebraic struc-

ture of the split Jacquet-Waldspurger modules in Theorem 3.3.6.
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Table 3.2: The algebraic structure of Vg,

representation Vs .y,
I X1 X X2 X O see (3.3.9)
IT a XStare) X o Y2 # 1 vixo @ v %20 @ v¥ 20
X>=1 v’xo® (*0)[2]
III a X X 0Stasp(2) xvio @ V3o
IV a oStaspa) V3o
Vo oa (¢ vE], v ?%0) vio @ Evio
VI a 7(S,v1%0) (v20)[2]
VII X X 0
VIIT a 7(S, ) 0
IX a  §(w&E v %x(pn)) 0
X TXO wy # 1 320 o @ 13 %0
Wy = (v320)[2]
XI a 0(v'%m, v 20) vio
generic supercuspidal 0
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Lemma 3.3.5. Let 7 =Y | 7;,®0; be a decomposition of GL(2, ') x H-modules,
where T; are irreducible, admissible representations of GL(2,F), o;, and o be
characters of H. Then Ty, = Zle 7i; as GL(2, F')-modules, for some k <n and

{’il,iQ, ,Zk} - {1, 2, ,n}

Theorem 3.3.6. We have Table 3.4 of the algebraic decompositions of split
Jacquet-Waldspurger modules for all non-supercuspidal, irreducible, admissible
representations of GSp(4, F'). For type I, we have to distinguish various cases,

depending on the reqularity of the inducing character:

(V3/2X1X2(7 @ V2x10 VP x00 © V%0 if Xixa, X1, X, 1 are
pairuise different,

Vi = 4 V2 0 & (V3/2XU)[2] ® v fx =x1=x2#1, X*#1,
(*x0)[2] ® (V*/20)[2] fx=xi=x2#1 x*=1,
(*2x0)[2 ® (v*0)[2] if {x1,x2t = {x# 1,1}

k(’/3/20)[4] if x1=x2=1.
(3.3.10)

Proof. Recall that we choose [ = [1 /2 1 2] in the split case. We will treat two
cases of the theorem, namely non-generic and generic representations, in different

ways. Notice that the Bessel models do not exist for types IVd, Vd, VIb and IXb.

i) Non-generic cases: In this case, we consider the Jacquet module of (7, V)

of types IIb, IIIb, IVb, IVc, Vb, Ve, Vie, VId, VIIIb and XIb as given in

41



Table 3.3: The semisimplifications of Jacquet-Waldspurger modules. It is assumed
that L is a field, and that the representation of GSp(4, F') admits a (A, 3)-Bessel
functional. An entry “—” indicates that no such Bessel functional exists.

representation

semisimplification of Viy 1 s

I X1 X X2 X o (irreducible) V3231 x20 1 px + 13201 px
+ 132 x101 px + V32001
II a XStaLe) X o V3/2X20'1F>< + 13201 px + v2xolpx
b Xlare) X o V323201 px 4+ 13201 px + vxolpx
III a X X 0Stasp(2) xV20lpx + V201 px
b X X 0lasp(2) —
IV a oStasp4) 301 px
b L(v?, v 'oStasp2)) V30l px + volpx
¢ L(3?Stare), v /%0) —
d olaspa) —
V a 5, v€],v120) V20lpx + V201 px
b L(vY*Star ), v %0) volpx + V201 px
c L(V1/2§StGL(2), v12¢0) Evolpx + V20l px
d L(vé, & xv=120) Evolpx +volpx
VI a (S, v1%0) 2. (V2olpx)
b (T, v%0) V2ol px
¢ L(l/l/QStGL(Q), v 12¢0) —
d L(v,1px x v™1/%0) —
VII X X 0
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representation  semisimplification of Vi 7

VIII a 7(S, ) 0
b (T, ) 0
IX a §(w&v%x(pn)) 0
b L v 2rm(p)) 0
X X 0o V320w 0l px + 13201 px
XI a 6(w'/%m,v12%0) V2ol px
b Lw'?m,v7120) volpx
supercuspidal 0

Table 3.1, is > 7; ® x; with the y; pairwise different. Then

Vn = é Vi (xi), (3.3.11)

where

Vn(xi) = {v € Vi | a.v = x4(a)v for all a € F*}.

Since the action of F* commutes with the action of GL(2, F'), the Vi (x;)
are GL(2, F')-invariant. Hence, (3.3.11) is a direct sum of GL(2, F') x F*-
modules (not only of F*-modules). Since the only GL(2, F') x F*-subquotients
of Vi are the 7; ® x;, it follows that Viy(x;) = 7 ® x;. Therefore Vy =

P 7 @ x; is a direct sum. We can then use Lemma 3.3.1 ii) and obtain

Vnra = &((7i)ra @ Xi)- (3.3.12)

Of course, dim(7;)7r o = 1 if 7; is infinite-dimensional, and dim(7;)r A € {0,1}

if 7; is one-dimensional.
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Table 3.4: The algebraic structure of Jacquet-Waldspurger modules in the split
case. It is assumed that L = F' x F', and that the representation of GSp(4, F')

admits a (A, )-Bessel functional. An entry

functional exists.

7

indicates that no such Bessel

representation VA
| X1 X X2 X O see (3.3.10)
II a XStaLe) X o Y2#1 120 @220 @ v¥ %0
x> =1 V2o @ (1V¥/2%0)[2)
b Xlare) X o Y241 vyxo @30 @ 130
> =1 vxo @ (v¥%0)[2]
III a X X 0Stasp(2) xvio @ vio
b X X olgsp(2) Xvo @ vo
IV a oStasp(a) V3o
b L(v?, v 'oStasp(2)) V3o @ vo
c L(V3/2StGL(2), v=32g) oc®vio
d olasp(a) T
V a 5([¢, ve], v20) vio ® &vio
b L(Y*¢Star ), v %0) vo & &vio
¢ L(vY%¢Stgre), v %¢0) Evo @ Vo
d L(v¢, € xv1/2%0) —
VI a 7(S,v1%0) (120)[2]
b (T, v=1%0) —
¢ L('*Stgre), v 1?0) vo
d L(v,1p« x v~120) (vo)[2]
VII X X T 0
VIII a 7(S, ) 0
b (T, ) 0
IX a S(we&, v2m () 0
b Lt () -
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representation Vnra

X TN O we 1 V3200 @13 %0
wy =1 (1320)[2]
XI a §(Y2x, 071 20) vio
b L'?r, v20) vo
supercuspidal 0

Using these facts, we can calculate, starting from the Table 3.1 of Jacquet
modules, the Jacquet-Waldspurger modules in the split case for most of
the irreducible, admissible, non-generic, non-supercuspidal representations
of GSp(4, F'). The results are listed in Table 3.4. In this table we assume
that the representation of GSp(4, F') admits a split (A, §)-Bessel functional;

7

an entry “—” indicates that no such Bessel functional exists. The following

cases require special arguments:

Type IIb: Assume that (m,V) is a representation of type IIb, ie., 7 =

xlaLe) x o with x? # v and y # v*3/2. By Table 3.1,

Vv =oxlane) ® V3/2X20 +oxlare) ® V3 Pa + (XQU X 0) ® vxo.

Assume first that x? # 1. In this case Vy is a direct sum, and we can
calculate Vy 7 according to (3.3.12). Note that a split Bessel model exists
only for A = (ox) o Ny/r. Hence each of the three summands contributes a

one-dimensional component to Vi 7.

Now assume that x? = 1, so that Vy is given by
Vy = (oxlcre) @ V320 + oxlare ® V3/2O') ® (x’0 x o) @ vxo. (3.3.13)
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We will show that the term in parantheses is a direct sum of GL(2, F')-
modules by contradiction. Assume that the term in parantheses in (3.3.13)

is not a direct sum as a GL(2, F')-module, then it is isomorphic to

A (xo)(det(A))[* v ], (3.3.14)

1

It follows there exists vy, ¥ € Viy such that 2 (oxlare) ® v*/%0) = (01, 0y)

such that

m(A)vy =(ox o det)(A) - 12, and

7(A)5; =(oy o det)(A) - 5, + v(det(A)) - (ox o det)(A) - 7.

For any x € F*,
([ ]t = o?x*(2)0y1. (3.3.15)

The action (3.3.15) is a consequence of the fact [* ,] € GL(2, F)) embedded
in GSp(4) as a center element, so [* ,] acts on v; by the central character.

On the other hand,

m([“ Do =7([(“1][' 2 Do = 7 ([T 1 D(ox) (@) o1 + v(z)(ox) (2)02)
= (o) (@) ([* 1 ))or + v(@)(ox) (@) ([ 1])s
= (ox)(@)(ox)(@)v1 + v(z)(0X)(2)02) + V(@) (0x)*(2) s

= (ox)*(2)01 + 2 - v(x)(ox)?*(7)0y,

for every x € F*. Comparing with (3.3.15), 2-v(z)(ox)?(x)vs = 0, for every

x € F* which is a contradiction. Hence, as a GL(2, F')-module, the term in
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parantheses in (3.3.13) is a direct sum.

Next, we need to prove the term in parantheses of (3.3.13) is not a direct
sum of GL(2, F') x F*-modules. Indeed, we switch to the normalized Jacquet

module Vi, as given in Table A.3 of [10]:
Vi = (XlaLe) ® 0+ XlaLe) ® o) ® (xv Y2 x xv ™) @ xv %0, (3.3.16)
We have

Homgr 2, 7y rx (Vw, xlare) ® o) = Homp(V, 6113/2(X1GL(2) ®0))

& Homgsp(4,F)(Va xlerz) 0).

By Schur’s lemma, this last space is one-dimensional. It follows that the
term in parantheses in (3.3.16) cannot be a direct sum of GL(2, F)) x F*-
modules. The same is then true for the term in parantheses in (3.3.13).

Hence, as a GL(2, F') x F*-module, it is necessarily isomorphic to
(A u) — (XU)(th(A))(V3/2O')(u)[1 v ], (3.3.17)

Applying the functor (...)r to (3.3.17) gives a two-dimensional represen-

tation. Hence, we get

Vo =2- V20l px @ vxolpx, (3.3.18)
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3/2

where 2 - v°/“g1px is isomorphic to

u—s (¥%0)(u) [1ol]. (3.3.19)

Hence,

Vra = (V32010:)[2] ® vxolpx (3.3.20)

Type VId: Let (7, V) be a representation of type VId, i.e, 7 = L(v, 1px X
v~1/2¢). In this case, Bessel models exist for A = o o N r. The Jacquet

module Vi of V admits a filtration as follows
0CVoC Vi CVy, (3.3.21)

where Vo & Vy/Vi ¥ olane ® vo, Vi/Va & (ovY? x ov™Y?) @ vo and

Vi/ Vo = oStar2) ® vo. We consider the short exact sequence

00— Vo — VN — Vy/Vo—0

1/2

It is clear that the reducible principal series (7, W) = ov'/2 x ov=1/2 does

not contain any element v such that

T([“1])v = a(a)v,

for every a € F*. Hence, 0 C V5, C Vi satisfies the condition (3.2.34). As

above, one can prove

0— (Va)ra — Vvra — (Vn/Va)ra — 0
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But dim(Va)ra = dim(Vx/Va)ra = 1, so Vara is 2 dimensional. By argu-
ments as in Type IIb, 2 (1gr2) ® vo) is not direct sum as an GL(2) x F'*-

module. It follows Vy 1o = (vo)[2].

ii) Generic cases:

e Assume that (m, V) is of types I, Ila, IIIa, IVa, Va, VII, VllIa, IXa,
X or Xla. It is easy to obtain the algebraic decompositions of types
VII, VIIla, IXa whose Jacquet modules are trivial, or the algebraic
decompositions of types IVa, XIa whose Jacquet modules are of length

one. Otherwise,

Vv = Z Ti @ Xi (3.3.22)

i=1
where n > 2 and the 7;’s are infinite dimensional, irreducible represen-

tations of GL(2, F'). By Lemma 3.3.1,

n

VT = Z((Ti)T,A ® Xi)- (3.3.23)

i=1

To understand the algebraic decomposition of (3.3.23), we have to de-
termine whether the sum in (3.3.22) is a direct sum as a F*-module.
If the characters y; in (3.3.22) are pairwise different, i.e, the sum in
(3.3.22) is direct, we simply apply Lemma 3.3.1 to obtain (3.3.23); this
argument applies to a direct sum as types Illa and Va. Regarding
types I, ITa, and X, there may be a chance that some of the x; are not
distinct. We make use of the algebraic decompositions of the twisted
Jacquet modules Vs, of these types appearing in Table 3.2. Let us de-
fine V/(S, H, 11 x x) = (m(hs)v—x(h)Y1(s)v:h € Hs€ Sand v e V)
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and Vs gy« = V/V(S, H,91 X x), where x is a character of H. Since

the actions of S; and H = GL(1, F') commute,

Vo wixx = (Vs ) mx = (Vi) S0 (3.3.24)

where (=) my, (—)s,4 and (—)n m, are defined similarly. By the al-
gebraic decompositions of the twisted Jacquet modules Vg, in Table

3.2 and the first equality in (3.3.24),
dim Vi 1.5,y < 1. (3.3.25)

The equality holds if y = y;, for some 7. By Lemma 3.3.5, we assume

that
k
VNay = Z Tijs
j=1

where £ > 1 and 1 < i; < n. Since 7;; is generic, each (7;;)s, 4, I8
one-dimensional. On the other hand, the functor (—)g, 4, is exact, so
Ve mxx = (VN )siu 18 of length k& > 1, which is a contradiction
with (3.3.25). Hence, Vv i is of length at most one. It follows the
sum (3.3.22) is not a direct sum for non-pairwise distinct y;. On the

other hand, we also have the following equation for the split T’

Vnraaxy = Vura)mx = (Vv aa)ra, (3.3.26)

where V(N, T, H, Axx) = {n(tnh)v—A(t)x(h)v : t € T,n € N, and h €
HY, and Vyrgaxy = V/V(N, T, H,Axx). Using this equation (3.3.26)
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and the exactness of split Jacquet modules of the category C, we ob-
tain the algebraic structure of split Jacquet-Waldspurger modules as in
Table 3.4 in the case that the characters x; of H appearing in (3.3.22)

are not pairwise distinct.

Let (7, V) be a representation of type Vla, i.e, 7 = 7(S,v"/%0¢). In
this case, Bessel models exist for all A. The Jacquet module Vy of V/

admits a filtration as follows

0CcVoCViCVy, (3.3.27)

where Vs & 0Stgr@ @20, Vi/Va = olpx @10, Vi = (ov'?xov 1)

vio and Vi /] & oStar () ®@v?0. We consider the short exact sequence

0— Vo — Vy — Vy/Vo — 0.

We denote I = Vi /Vo. We can write I = [} @ I, as vector spaces,
where I; = olpx @ v?0 and I, = I/} = 0Stgre) @ v?o admit the

following actions:

— Let Wy € I; such that I, = (W), then

m([*1])Wo = o(a)Wo.

— For any U € I, there exist ¢ € C and U, € I, such that

7([* 1)U = Uy + W,
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We claim that 0 — (Va)ra — V.
Case 1. A # 0 oNp/p. Assume that I = Vy/V; does not satisfy the

condition (3.2.34), i.e, there is a non-zero W € I such that

([ DW= Ay (a)W.

We write W = U + c¢W, for some U € I, and ¢ € C. Then

7([* 1 )W = A(a)W <= 7([*1])U + co(a)Wy = A1(a)U + cAq(a)Wy
<~ Ua + dWO + CO'(CL)WO = Al(a)U + CAl(CL)W()

— U, — M(a)U = (cA1(a) — co(a) — d)W,

for U, € I, d € C. Hence, U, — A1(a)U = 0, i.e, U, = A(a)U. We
have

m([*1])U = A1(a)U + cWy

SO

7([“1)U = Ai(a)U in I/ = 06Stgre) @ Vo

Hence, U = 0 in I/I;. By our choice of U, U = 0, i.e, W = cW, where
c is non-zero. But A # 0 o Ny p, then Ai(a) # o(a) for some a € F*.
Then

T([*1])W = co(a)Wy # A (a)Wy = Ay (a)W

which is a contradiction. It follows Vi /V; satisfies the condition (3.2.34).
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By Lemma 3.2.6, the sequence
0— (Va)ra — Vvra — (Va/Va)ra — 0
is exact. Now we need to calculate (Vv /Va2)ra. Let us consider
0—6L —1=Vy/Vo —I,—0

Since A # 0oNp g, (I1)ra = 0,50 (Vi /Va)ra = (I2)ra = v?0. Hence,
Vra=2- V2o,
Case 2. A = o oNy/p. First, we will consider the case when o is

unramified. We have the exact sequence
00—V, — Vy — Vy/Vi — 0,

where V; 2 (ov'/2 x ov™V2) @ 120, Vo & Vy/Vi & 0StaLe) ® V2o is
irreducible, so 0 C V; C Vi satisfies the condition (3.2.34). By Lemma
3.2.4,

UNVi(T,A)=UnVy(T,A) (3.3.28)

where U C V; consists of all v € V; such that
7([*1])u = o(a)u, for all a € 0.
Hence, the composition

U/(UNVA(T,A)) == Vi/VA(T, A) — ViV (T, A)
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is injective. We claim that ¢ is indeed an isomorphism. Let us denote
Uy = UNV,. Since V4 is irreducible, by Lemma 3.2.5, Us /(UsNVa(T, A))
is one dimensional. Let f, € Uy be such that {f,} is a basis of Uy /(U N
Vo(T,A)). On the other hand, ¢ is unramified, so V; has a spherical
vector fo which is not in V4 by Proposition 2.1.2 of [13], so fo & Us.

But fo € U, and U =< Us, fy > as a complex vector space.

Now we claim that V4(T, A) = Va. We have

Vo(T,A) C VanVi(T, A) C Va.

Since Vo /Va(T, A) = (V)1 is one dimensional, we have either V(T A) =
Vo N VA(T, A) or Vi(T,A) = V. Assume that Vo(T,A) = Vo N Vi(T, A).

It follows

0— (Va)ra — (Vi)ra = (Vi/Va)ra — 0,

i.e, (Vi)ra is two dimensional, which is a contradiction with Lemma
3.2.9. Hence, Vi (T, A) = V5, which implies UNV{ (T, A) = UNV, = Us.
It follows U/(U NVi(T,A)) = U/U, is a one dimensional vector space
which has a basis {fy}. Hence, dim U/U N V4 (T, A) = dim(V})z4, i.e,

¢ is an isomorphism which induces an exact sequence

00— Vi)ra — (Vn)ra — (Va/Vi)ra — 0.

Then dim(Vy)ra = dim(Vi)ra + dim(Vy/Vi)ra = 2 and Vygpa =

2. 1%0.
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Let us consider o to be arbitrary. Our argument relies on the following

fact: If (m,V) is a representation of GSp(4, F'), then
(c"V)nra, s = Vo (3.3.29)
The isomorphism is induced from o~V — V such that v — v, where
V(N,T,A) = (¢ 'V)(N,T,Ay—).

In fact, v = (o7!7)(tn) — Ay (H)w = (o7 o det)(t)(n(tn) — A(t)n) €
V(N,T,\), for any v € (67'V)(N, T, Ag-1).
In our case, (m,V) = 7(S,v""%0), (67 '7,07'V) = 7(S,v~"/?) and
A, = 1px o Np/p. Since 1px is unramified, (0*1V)N,T7A671 is a two
dimensional vector space as above arguments. Hence, dim V1 = 2,
ie, Vira =2 v20 by (3.3.29).

2

Now we claim that Vyra = (v*0)[2] in both cases. We consider the

short exact sequence
0— Vo — Vy — Vy/Vo — 0. (3.3.30)

We have the induced short exact sequence of (3.3.30) with respect to

the functor (—)g, 4,
0— (‘/2)31,101 — (VN)SMM = VSﬂ/Jl — (VN/‘/Q)SL% — 07
where (V2)g, 4, = V20, (Vi/Va)s,w = V20, and Vs, = (1?0)[2] as in
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Table 3.2. As above, we also have the following short exact sequence

of split Jacquet-Waldpurger modules

0 — (Va)ra — (Vy)ra — (Vi /Va)ra — 0.

Applying Lemma 3.3.5, similar to the proof of the split cases above,

one can show that

VN,T,A = (1/20') [2] .
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Chapter 4

Zeta integrals and L-factors

4.1 Asymptotic behavior

In 4.1.1 we clarify the notion of “asymptotic function”. Using our previous results
on Jacquet-Waldspurger modules, we can calculate the asymptotic behavior of all
Bessel functions of all representations; see Table 4.2. Simultaneously, we obtain
the precise structure as an F*-module of the Jacquet-Waldspurger modules in

the non-split case; see Table 4.1.

4.1.1 Asymptotic functions

Let £ be the vector space of functions f : F* — C with the following properties:

i) There exists an open-compact subgroup I' of F”* such that f(uy) = f(u)

for all w € F* and all v € T.
ii) f(u) =0 for v(u) < 0.
Such f arise if we restrict Bessel functions on GSp(4, F') to the subgroup H.
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Clearly £ contains the Schwartz space S(F*), i.e., the space of locally con-
stant, compactly supported functions F’* — C. We may think of the quotient
L/S(F*) as a space of “asymptotic functions”, in the sense that the image of
some f € L in this quotient is determined by the values f(u) for v(u) > 0.

There is an action 7 of F* on L given by translation: (7(z)f)(u) = f(ux) for
x,u € F*. This is a smooth action by the properties of the elements of £. The
action preserves the subspace S(F'*), so that we get an action on the quotient
L/S(F*).

For the proof of the following lemma, we will use the formula
Z (n) (=1)*P(k) =0, P e C[X], deg(P) < n. (4.1.1)
This formula follows by differentiating the identity (1+z)" = >"p_ (})2" repeat-

edly and setting z = —1.

Lemma 4.1.1. Let € C*. For a positive integer n, let F,(B) be the space of

functions f: Z>o — C satisfying

n

Z (Z) (=3)"Ff(m+k)=0 for all m > 0. (4.1.2)

Then dim F,,(8) = n, and a basis of F, () is given by the functions

fitm) =m/p™,  m >0, (4.1.3)

for7=0,...,n—1.

Proof. 1t is clear from (4.1.2) that any f € F,(0) is determined by the values
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f(0),..., f(n —1). Hence dim F,(5) < n, and we only need to show that the
functions f; lie in F, () and are linearly independent. The fact that the functions
f; lie in F,(5) follows from (4.1.1). It is easy to prove that they are linearly

independent. O

Proposition 4.1.2. Let K be an F*-invariant subspace of L which contains
S(F*) with finite codimension n. Assume that, as an F*-module, the quotient
K/S(F*) is isomorphic to o[n]; see Section 3.2.1, for some character o of F*.

Then there exist fo, ..., fa—1 € K with the following properties:
i) The images of fo,..., fa_1 in K/S(F*) are a basis of the quotient space.

ii) f; has asymptotic behavior

fi(z) = v(z)o(z) for all x € F* with v(z) > 0, (4.1.4)

for all j €{0,...,n —1}.

Proof. 1t suffices to show that every f € K has the asymptotic form

f@) =Y cpv(x)fo(r) for all x € F* with v(z) >0 (4.1.5)

for some constants ¢,. We have o[n|(u) = o(u)id for u € 0* on all of o[n]. Hence,

for a fixed unit u € 0%,

T(u)f —o(u)f € S(F™). (4.1.6)

It follows that there exists a jo > 0 such that

fluw™ ) = o(u) f(a™t) for all m > 0. (4.1.7)
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Since 0™ is compact and both sides of (4.1.7) are locally constant, we may choose
Jo large enough so that (4.1.7) holds for all u € o*.
Every vector in o[n] is annihilated by (o[n](w) — Aid)", where we abbreviate

A =o(w). Hence

(7(w) — Aid)"f € S(F¥) (4.1.8)
for all f € KC, or
> (Z) (—=\)"F7 (k) f € S(FX). (4.1.9)

It follows that there exists a jo > 0 such that

i <n) (=" Ff(@™ o)y =0 for all m > 0. (4.1.10)

k
k=0

We may assume that the same j, works for both (4.1.7) and (4.1.10). Setting

h(m) := f(@™"0), equation (4.1.10) reads
> (“) (=" *h(m+k)=0  for all m > 0. (4.1.11)

k
k=0

By Lemma 4.1.1, there exist constants dy, ..., d,_; such that

n—1
h(m) = Z dpmFA™ for all m > 0. (4.1.12)
k=0
We can then also find constants cy, ..., c,_1 such that
n—1
h(m) = ch(m + jo)EAm e for all m > 0. (4.1.13)
k=0

(To get the ¢;’s from the dy’s, expand m* = ((m + jo) — jo)* in (4.1.12).) For
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r € F* with v(z) > jo, write * = uw’ with u € 0* and j > j,. Then

(4.1.7)

fl@) =" o(u)f(=)

n—I1
LY o (u) 3 et
k=0

This concludes the proof. O]

Corollary 4.1.3. Let U be a finite-dimensional submodule of L/S(F*). Then

each o-component of U is indecomposable.

Proof. Let K be the pre-image of U under the projection £L — L/S(F*). Assume
that there exists a o for which U, is decomposable. Then U, contains a direct

sum o[n] @ o[n'] with n,n’ > 0. By Proposition 4.1.2, there exist two functions
f, f" € K such that the image of f in U = K/S(F*) lies in o[n], the image of f’

lies in o[n’], and such that
f(z) =o(x), f(x) =o(x) for all z € F* with v(z) > 0.  (4.1.14)

It follows from (4.1.14) that f and f’ have the same image in K/S(F*), a con-

tradiction. O

4.1.2 Asymptotic behavior of Bessel functions in the non-

split case

Let (7, V) be an irreducible, admissible representation of GSp(4, F'). Assume

that V is the (A, 5)-Bessel model of © with respect to a character A of T. We
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associate with each Bessel function B € V' the function pp : F'* — C defined by

vp(u) = B(diag(u,u,1,1)). Let K be the space spanned by all functions ¢p.
Lemma 4.1.4. K contains S(F™).
Proof. This follows by the same arguments as in Lemma 4.1 of [5]. O

An easy argument as in Proposition 4.7.2 of [3], or as in Proposition 3.1 of
[5], shows that if B € V(N), then pp has compact support. It is also true, and

equally easy to see, that

BeV(N,T,A) — g has compact support in F'*.

It follows that the linear map B + ¢p induces a surjection

Vs — K/S(F”). (4.1.15)

Lemma 4.1.5. Assume that the map (4.1.15) is an isomorphism. Then every

o-component of Vi is indecomposable as an F*-module.

Proof. The map (4.1.15) induces an isomorphism of the respective o-components.

Hence the assertion follows from Corollary 4.1.3. O]

Proposition 4.1.6. Suppose we are in the non-split case. Then the map (4.1.15)

18 an isomorphism.

Proof. See Theorem 4.9 of [5]. O

Recall that in Table 3.3 we determined the semisimplifications of the Jacquet-
Waldspurger modules for all irreducible, admissible representations. In the non-

split case, we can now determine the precise algebraic structure of these modules.

62



Corollary 4.1.7. The algebraic structure of the Jacquet-Waldspurger modules
V. for all irreducible, admissible representations of GSp(4, F') is given in Table
4.1, under the assumption that the representation (w, V') admits a non-split (A, 5)-

Bessel functional. An entry “—7” indicates that no such Bessel functional exists.

Proof. By Proposition 4.1.6 and Lemma 4.1.5, every o-component of Vi is
indecomposable. This information, together with the semisimplifications from

Table 3.3, gives the precise structure. O

For type I, we have to distinguish various cases, depending on the regularity

of the inducing character:

/

V321 x20 @ 132x10 @ V32 x90 ® V320 if x1X2, X1, Xo, | are
pairwise different,
V220 @ (V3/2XU)[2] @ 1320 ifyi=xi=x2#1, x*#1,
VN1 =
(V3/2X0')[2] ® (y3/20)[2] ify=xi=x2#1 x*=1,
(v*2x0)[2] & (V¥%0)[2] if {x1,x2} ={x#11}
(13%0)[4] if xi=x2=1

(4.1.16)

Corollary 4.1.8. Table 4.2 shows the asymptotic behavior of the Bessel func-
tions B(diag(u,u,1,1)) for all irreducible, admissible representations (mw,V') of
GSp(4, F), where B runs through a non-split (A, B)-Bessel model of w. An entry

“—7 qindicates that no such Bessel model exists.

Proof. By Proposition 4.1.6, the map (4.1.15) is an isomorphism. We can thus

use Proposition 4.1.2, which translates the algebraic structure of Vy ra given in
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Table 4.1: Jacquet-Waldspurger modules Viyra. It is assumed that L is a field,
and that the representation of GSp(4, F') admits a (A, ¢g)-Bessel functional. An

entry “—” indicates that no non-split Bessel functional exists.
representation V1A
| X1 X X2 X O see (4.1.16)
II a XStare) X o 2#1 12x0 @220 @ V30
> =1 v2xo ® (1V¥2%0)[2)
b Xlar) %o Y241 vyxo @ V3?0 @ 130
> =1 vxo @ (v¥%0)[2]
I a X X 0Stasp() xvio @ vio
b X X 0lasp(2) —
IV a oStasp(a) V3o
b L(v?, v 'oStasp(2)) V3o @ vo
¢ L(v¥?Stgre), v3/?0) —
d olasp(a) T
V a 5([¢, ve], v 20) vio ® &vio
b L(Y*¢Star ), v %0) vo & &vio
¢ L('Y%¢Stare), v %¢0) Evo @ Vo
d L(v€, € x v1/2%0) Evo Do
VI a (S, v1%0) (120)[2]
b (T, v%0) Vio
¢ L("*Stgre), v ?0) —
d L(v, 1px x v~1/%g) —
VII X X T 0
VIII a 7(S, ) 0
b (T, ) 0
IX a S(w&, v=2m () 0
b L&, v 2m(p)) 0
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representation Vnra

X TN O we 1 V3200 @13 %0
wy =1 (1320)[2]
XI a §(Y2x, 071 20) vio
b L'?r, v20) vo
supercuspidal 0
Table 4.1 into the asymptotic behavior of Bessel functions. O

Remark: This result is to be understood in the sense that all the constants
given in Table 4.2 are necessary, i.e., for any choice of C, (5, ... there exists a
Bessel function B such that B(diag(u,u,1,1)) has the asymptotic behavior given

by this choice of constants.

Again, for type I we have to distinguish various cases:

lu| =32 B(diag(u,u,1,1)) (4.1.17)
’CI(X1X2U)(U) + Ca(x10)(u) + Cs(x20)(u) + Cao(u) if X1x2, X1, X2, 1 are
pairwise different,
C1(x?0)(u) + (C2 + C3v(u))(xo) (u) + Cio(u) if x == x1 = X2 # 1,
X*# 1,
=\ (€1 + Cov(w))(x0) (u) + (Cs + Cav(u))o(u) if x == x1 = X2 # 1,
X =1
(C1 + Cov(w))(xo)(u) + (Cs + Cyo(u))o(u) if {x1,Xx2} =
={x#1,1},
(Cy + Cyv(u) + C3v*(u) + Cyv3(u))o(u) if y1 =x2=1.
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Table 4.2: Asymptotic behavior of B(diag(u,u,1,1)) in the non-split case. An

entry “—” indicates that no non-split Bessel functional exists.
representation lu|~%/? B(diag(u,u, 1, 1))
I X1 X X2 X O see (4.1.17)
II a XSteree) X o x> # 1 Ci(v'Pxo)(u) + Co(x*0) (u) + Cso(u)
X =1 Cl( 2xo) (1) +(Cz + Cyv(u))o(u)
b XlaLe) @ o X2 #1 Ci(v™12x0)(u) + Ca(x°0) (u) + Cso(u)
X2 =1 Ci(v"2x0)(u) + (Co + Csv(u))o(u)
I a X X 0Stasp(2) C1(v?x0) (u) + Cy(v'/?0) (u)
b X X olasp(2) —
IV a oStasp(a) C(v3%0)(u)
b L(v? v 'oStasp) C1(v*%0)(u) + Cy(v=1%0)(u)
c L(V?’/QStGL(g), v=320) —
d olaspa) —
Vo oa ([ ve], v2%0) C1(v'%¢0) (u) + Co(v'?0) (u)
b L(v'/2¢Star ), v~ %0) CL(V2¢0) (u) + Cy(v™120) (u)
¢ L(v'/?¢Star), v~ '/*¢0) Ci(v™"%¢0) (u) + Co(v'?0) (u)
d L& € xv20) C1(v=12¢0) (u) + Cy(v="20) (u)
VI a (S, v=20) (Cy + Cov(u))(v?0) (u
b (T, v="20) C(v'%0)(u)
c L(Vl/QStGL(g), v120) —
d Ly, 1px xv~20) —
VII X X T 0
VIII a T(S, ) 0
b (T, ) 0
IX a S(v&, v 2 (p)) 0
L(vg, v ?n(p)) 0
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representation lu|~3/? B(diag(u,u, 1,1))

X T X o wr 1 Cy(wro)(u) + Coo(u)
we=1 (Cy+ Cyv(u))o(u)
XI a 6(v'?m,v1%0) C(w'%0)(u)
b L' ?r,v71%0) C(v="20)(u)
supercuspidal 0

Remark 4.1.9. The proof of Proposition 4.1.6 given in [5] is based on the exactness
of the Waldspurger functor, which is only true in the non-split case. Assume that
(m,V) is an irreducible, admissible representation of GSp(4, F') which admits a
split Bessel model B(w, A, 3). Then we still have the surjection (4.1.15), which
implies that the space of asymptotic functions K/S(F*), as an F*-module, is
a quotient of the Jacquet-Waldspurger module V7. Starting from the Vi ra
given in Table 3.1, the Viy 7 a can be calculated in many cases, but some of them
pose difficulties, again due to the fact that the Waldspurger functor in the split
case is not exact. Thus, complete results in the split case would follow from
controling the kernel of the map (4.1.15).

The current methods still allow for some preliminary results on the asymptotic
behavior of the functions B(diag(u,u,1,1)) in the split case. More precisely, it
is not difficult to create a table similar to Table 4.2, but it is unclear if all the
constants C; in such a table are really necessary. What is clear is that every

B(diag(u,u,1,1)) is of the general form
B(diag(u,u, 1,1)) ZCU for v(u) >0 (4.1.18)

with k; non-negative integers, o; characters of F'*, and C; € C.
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4.1.3 Asymptotic behavior of non-generic Bessel functions

in the split case

Let (7, V') be an irreducible, admissible representation of GSp(4, F). Assume that
V is the split (A, 5)-Bessel model of 7 with respect to a character A of T'. Recall

that we choose

p= [1/2 1/2} :
We associate with each Bessel function B € V' the function ¢p : F* — C defined
by ¢p(u) = B(diag(u,u,1,1)). Let IC(7) be the space spanned by all functions
¥B-

Lemma 4.1.10. {¢p : u — B(diag(u,u,1,1)) : B€ V(N,T,A)} = S(F*).

Proof. Let K’ be the space of functions ¢ : F* — C of the form
pp(r) = B([ " }), x e F*, (4.1.19)
1

where B runs through V(N,T,A). An easy argument as in Proposition 4.7.2 of
[3] shows that X' C S(F™).

We choose B € V with B(1) # 0, and choose a symmetric 2 X 2-matrix X
such that ¢(tr(8X)) # 1. Then

B :=x([*X])B- B € V(N)CV(N,T,A),

and
pp(1) = B'(1) = B([' {]) — B(1) = (¢(tx(8X)) — 1) B(1) #0.
This proves K" # 0.
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A straightforward calculation shows that the following holds for any y € F'*
and any symmetric 2 x 2-matrix X:

If B =m( {y vy })B, then g (u) = pp(uy). (4.1.20)

1

If B'=mn(['¥])B, then pp (u) = Y(utr(8X))pp(u). (4.1.21)
Note that if B € V(N,T,A), then the functions B’ defined in (4.1.20) and (4.1.21)
are also in V(N, T, A). By Proposition 4.7.3 of [3], K' = S(F*). O

In this section, we determine the dimension and an explicit basis of K(7)/S(F™).

By Lemma 4.1.10, we have a surjection

V/V(N, T,\) — K(m)/S(F*). (4.1.22)
From (4.1.22) it follows that

dim Vy o > dim () /S(F™). (4.1.23)

We can get precise results for the asymptotic behavior in the split case for those
representations for which the Jacquet-Waldspurger module is known by Table
3.4, and for which there is equality in (4.1.23). In fact, this holds in the non-split
case. In the split case, we will show that the equality in (4.1.23) is also true for
all non-generic representations of GSp(4, F') and generic representations except

finitely many choices of the characters A of T. We denote

T

Noz{[lllﬂzx,yeF}, N’z{{llfj:zeF}, (4.1.24)
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1 =z 1 z
No(m):{[ 113”1 cx,y € pT}, and N’(m):{[ Lz } czep™t. (4.1.25)
1 1
Let N(m) = No(m)N'(m). It is obvious that N = NyN’.

Lemma 4.1.11. Let (7, V) be an irreducible, admissible infinite-dimensional rep-

resentation of GSp(4, F), then VN = {0}.

Proof. Let v € VN'. Since 7 is smooth, there exists a g = [24] € SL(2, F) — B,

such that

w([aggb])v — . (4.1.26)

where By is the standard Borel of SL(2, F'). But SL(2) is generated by the unipo-
tent radical and an element of SL(2, F') — By and N’ is isomorphic to the canonical

unipotent radical of By. Hence,

a b
7?({ ‘éfzd})v =, for any [25] € SL(2, F).

For any x,y € F', we choose a large enough n such that v is fixed by

It follows v is fixed by Ny, so v is fixed by N = NyN’. Similar to the proof of

Proposition 4.6 of [5], one can prove that v = 0. O
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We consider the exact sequence
0 — V(T,AN)/(V(T,A) N V(N,¢)) — VNyp — Vnrage — 0. (4.1.27)

The exactness holds by the fact that V(N,T,A ® ¢) = V(T,A) + V(N,v) and
V(N,T,A @ ¢)/V(N,y) = V(T,N)/(V(T,A) N V(N,v)). Let us consider the

twisted Jacquet modules Vi 4, for which there are four possibilities
dim Vv, € {0,1,2, +0o0}. (4.1.28)

If dimVy, = 0, i.e, the Bessel models do not exist, V = V(N,v), then
V(N,¢)=V(N,T,A Q).

If dim Vi, = 1, then V(T,A)/(V(T,A) N V(N,v)) = 0 by the exactness of
(4.1.27) and the fact that dim V/V (N, T, A ® ¢) = 1 which is the consequence of

Hompg(V, Crgy) = Home(Vy ragy, C).

Hence, V(T,A) C V(N,v), i.e, V(N,¢) = V(N,T,A R ).

Lemma 4.1.12. If Vy, is one dimensional, then ¢, = 0 if and only if v €
V(No, T, A).

Proof. Assuming that v € V(Ny, T, A), it is easy to check that ¢, = 0 by straight-
forward calculations. Conversely, let v € V' be such that ¢, = 0, i.e, p,(x) =0

for every x € F'*. Hence, as we are in the case that dim Vy 4 =1,
(| 1 Jrevivnaew) = vN,e)
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— / Y(—n)m(n)[x( [w T })v] dn = 0, for large enough m.
N(=m)

1

Similar to the calculations in Lemma 5.3 in [15], there exists a large enough M (z)

which depends on x such that

/pm w([l”‘f xj)ﬂ([l1?:})[/JVO(_W)W(nO)van}dz:0,

for every m > M(x). By Lemma 5.2 of [15],

/ m(no)vdng € VN
No(—m)

By Lemma 4.1.11,

/ m(ng)vdng = 0.
No(—m)

It follows v € V/(Ny) C V(Ny, T, A). O

Theorem 4.1.13. If Vv, is one dimensional, then ¢, € S(F*) if and only if
v e V(N,T,A).

Proof. This is a consequence of Lemma 4.1.10 and Lemma 4.1.12 O]

Theorem 4.1.14. If Vy, is two dimensional, then ¢, = 0 if and only if v €
V(No, T, A).

Proof. (<). It is obvious.
(=). If dim(Vy ) = 2, we are in the case of types IIIb and IVc. By Lemma
5.3.4(1) of [11],

V = Cw1 + CU)Q + V(N, Qﬂ), VN:’/’ = (le)l D ng, (4129)
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("

where w;, W, are projections of w;, wy, respectively in Vi, X1, X2 are some

})wl — i(@)xa(D)mr, and w( [ 'y })a@ — (D) xa(a)@s,  (4.1.30)

a

characters of F* and x; # X2. In particular, Bessel models exist if A = (x1, x2)
or A = (2, x1). Without loss of generality, we may assume A = (x1, x2). Let us
denote A" := (x2,x1), 50 VN ragy = Cwy and Vi rargy = Cws, where wq, W, are
projections of wy, we in Varagy, VN1 A @y
We observe that V = V(T,A)+V (T, A"). Hence, we may assume wy € V(T A)
and w; € V(T, A’) such that (4.1.29) holds. Notice that w; and wy may not satisfy
the equations (4.1.30) by our assumption. But we still have
S| i =x@na®a, md a0 a =@, @)

a

We claim that
V(N,¥) =V (N, )N V(T,A) +V(N, )NV (T,A\). (4.1.32)

It is clear that ” 2" holds. On the other hand, for any v € V(N, ), v = v; + vg,
where v; € V(T,A), vy € V(T,A). By (4.1.29), v; = cyw; + cows + 21, for some
constants c1,co € C and z; € V(N, ). Hence, cywy + 21 = v1 — cowe € V(T A).
It follows

Cﬂf)l = 0111:)1 + 51 =Ccw; + z1 = 0 in VN,T7A®Q/,,

so ¢ =0, 1€, v3 = cQwa + 21 Or 21 = V3 — cqwe € V(T,A), ie, 21 € V(N,9¥) N

V(T,A). Similarly, one can prove vy = dyw; + 22, where zo € V(N,¢) NV (T, \).

73



But v = vy + vy = cowy + 21 + dywy + 29 € V(N, ). Tt follows

CoWs + d1Wy = CoWy + Z1 + d1Wy + 22 = cowo + 21 + diwy + 22 = 0 = 0 in Vi .

Since {wy,wy} is a basis of Viyy, c2 = di = 0, i.e, v = v; + vy € (V(NV,9) N
V(T,N))+ (V(N, )N V(T,N)). Hence, (4.1.32) holds.

Next, we will show that
V(T,N') =Cuw; + V(T,N)NV(N, ). (4.1.33)

It is clear ”D” holds. On the other hand, let v € V(T, A') , v = ayw; + agws + z,
where z € V(N,) and ay,ay € C. Hence, aswy + 2 = v — aqqwy; € V(T,N). Tt
follows

a2u:]2 = G'QZT)Q + zZ= oWy + 2 = 0 in VN,T,A’(XMZJ'

Hence, ay = 0, i.e, v = ajwy + z. Hence, z = v — aqqw; € V(T, ), ie, z €
V(T,AN")NV(N,v). It follows the equality (4.1.33) holds.

Let uw € V such that
Bu([wxl 1 }) =0, for every x € F™*.
In particular, if x =1, u € V(N, T, A ® ¢). By (4.1.32), u can be written as
U = U + Ug,

where u; € V(T,A) and up € V(T,AN') N V(N,v). In fact, u € V(N,T,A @ ¢),

so u = uj + uh, where v} € V(T,A), uy, € V(N, ). By (4.1.32), uy = u"1 + u”9,
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where v’ € V(N, ) N V(T,A) C V(T,A), w9 € V(N,¥) NV (T,A"). Hence, we
pick uy = u} +u’1,up = u”s.

Besides, for any = € F'*,

Since up € V(T '), 7r<[ z ])UQ € V(T,A'). By (4.1.33),
1
7T(|: z, 1 :|)U2 = cwy + w,,
for some w, € V(T,N')NV(N,). But
0=Bu(| *1 |)=B [ (1) = By, (1) + By, (1) = By, (1).
1 T z u
[ )m
Since Vi ragy = Cr, By, (1) # 0. Hence, ¢ =0, i.e,

w(f v })UQ — w, € V(T,N)NV(N, ) C V(N,),

1

for every x € F*. Similar to the technique of integration as shown in the proof of
Lemma 4.1.12, one can prove uy € V(Np). It follows u = uy + us € V(Ny, T, A).
O

By Lemma 4.1.10 and Theorem 4.1.14, we obtain the following consequences

Corollary 4.1.15. If Vv, is two dimensional, then ¢, € S(F*) if and only if
veV(N,T,A).

We have the following results for the isomorphism (4.1.22) in the split case.
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Notice that Bessel models do not exist for types IVd, Vd, VIb, VIIIb and IXb in

the split case.

Corollary 4.1.16. Let (m, V') be a non-generic representation of GSp(4, F'). As-
sume that we are in the split case, and m has a (A, ()-Bessel model. Then

Vra = K(m)/S(EF*) as vector spaces.

Proof. If Viy = 0, ie, m is of types VIIIb, IXb, it is obvious that Vyra =
K(m)/S(F*) = 0 using inequality (4.1.23).

If (7, V) is of types IIb, IVb, Vb, V¢, Ve, VId, XIb, Vy gy is one dimen-
sional which is a consequence of the Table A.6 of [10]. Hence, the isomorphism
VNragy = K(m)/S(F*) is an easy implication of Theorem 4.1.13.

On the other hand, if (7, V') is of types IIIb and IVc, Vy 7 agy is two dimen-

sional. By Corollary 4.1.15, V. ra = K(7)/S(F*). O

4.1.4 Asymptotic behavior of generic Bessel functions in

the split case

We treat the generic case by determining the algebraic decomposition of the mod-

ule Vi, ra - In fact, Viy, 74 is a H N'-module, where

1 z
N’:{{ Lz ] 1z € FY,
1
and HN' is isomorphic to the mirabolic group

My = [*%] N GL(2, F). (4.1.34)
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By Theorem 8.3 of [4],
VNO,T,A(N,) = C—Indg/N/(VNoyTA)N/’w = C-Ind%,N,VN,T,A(@Qp. (4135)

By the uniqueness of Bessel models, Vi 7 agy is one-dimensional. As a N'-module,

VN razy = 1. By Corollary 8.2 of [4],

Vivora(N') 2 c-Ind ' (4.1.36)
is irreducible as H N'-modules. We have the filtration

0 C Vigra(N') C Vivgra- (4.1.37)

On the other hand, Vivra = Va,1a/Vig,ra(N') gives us a composition series of

ViNo,T.A

ocWwcWVic---CV,=Vnr1a, (4.1.38)

where Vo = Vi, ra(N'), Vi/Viy = x4, for 1 < i <n, and

n
VN1 = E Xi
=1

is the decomposition of Vi 7 in Table 3.4. It follows the semiplification of Vi, 7.a

Vnora = Vo + Z Xi- (4.1.39)

i=1
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Let n; be the multiplicity of x;,. By the algebraic decomposition of Vy 1A, V1A

can be rewritten as

k
Viora = Vo + P xi, Ing]. (4.1.40)
j=1
We denote
VO =V, + Xi; [14], (4.1.41)

which is a submodule of Vi, r» and admits the filtration
oV cvi? e oy =vo), (4.1.42)

where Vi) = Vo, V9 = Vy + i, [k], and 1 < k < n;.

Lemma 4.1.17. Let (m, V') be an irreducible, admissible representation of GSp(4, F),
the decomposition of Vi, r.a be as in (4.1.40). Suppose that Vi, r.a does not con-

tain a one-dimensional submodule W on which H acts via x;;. Then x;,[n;] C

K(m)/S(F>).

Proof. First, we will prove the lemma for the case n; = 1. We denote x = x;,.

Let v € V be such that
[ o VR = VT

Assume that C - x ¢ K(7)/S(F*). Via the homomorphism (4.1.22), ¢, = 0
in (m)/S(F*). By Lemma 4.1.10, there exists an vy € V(N,T,A) such that
Do = Py, 1€, Py_y, = 0. Hence,

W([ 1 ])(U—UO)EV(N,T,A@)w), for every x € F*.

1
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It follows

v—1v9 € V(N,T,A @ %), for every z € F*, (4.1.43)

where ¢*(a) = ¢(za), for every a € F. We denote w = v — vg. Let w, v, vy be

the images of w,v, vp in Viy, ra. For any x € F'*, there exist v, € Vj such that
X
(| 71 [o=x@o+ o
1

On the other hand,

By (4.1.43),

we [ Viorad, 4%, (4.1.44)

zeFX

which is invariant under the action of H. Hence,
b= (| “1 o= x(@m) € () Vigra (V. 00).
xeFX

But vy € V(N,T,A), tg € Vo = Vyra(IN'). Hence,

@m—(w(rwl

])770 — x(2)vo) € ﬂ VoA (N, 9).

1
zeF
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By Corollary 2 on page 58 of [4], v, — (7T(|: 7 ])@0 — x(z)vg) =0, i.e,
1

Since w € Vo, Vo + Cwo =V @ Cw = Vo @ C - x C Vi, ra as H-modules, which is
a contradiction.

For the case n; = 2, we denote x = x;;. It is similar to prove that C -y C
K(m)/S(F*). Assume that x[2] ¢ K(7)/S(F*). Now we consider the submodule
V2(j )= Vo + X[2] of Vn,ra as in (4.1.42). By the algebraic structure of Vy ra,

there exist vy, and vy such that

7T(|:x T ])211 + V(N, T,A) = x(x)vy + V(N,T,A),

1

( [ “1 D VN T, A) = x(@)os + x(@)u@)oy + VN, T,A),

1

Yy, & S(EF™), and ¢,, € S(F*). We denote wy = 7T(|: 7 ])Ug. Hence, there

1
exists vg € V/(V, T, A) such that wy = x(x)ve + x(x)v(x)vy + vo. It follows

Puwy = X(T)Pu, + X(2)0(2) 00, + Puy

Since ., € S(F*), @u, € S(F*). Also, by Lemma 4.1.10, ¢,, € S(F*). Hence,
if we choose = such that v(z) # 0, ¢,, € S(F*), which is a contradiction. It
follows x[2] C K(7)/S(F*).

Similarly, by induction, one can prove x;,[n;] C K(7)/S(F™). O

Let (p, W) be a smooth representation of GL(2, F'), o be a character of F* and

I = p x o be a Siegel parabolic induced representation of GSp(4, F'). By Section

80



5.2 of [11], it is straightforward to obtain the filtration of HT NyN’-modules of I

by restricting the action of P to HT NqN’

0OchhclhchLcly=1, (4.1.45)

where
o I3 = S(F3 W) the space of Schwartz-Bruhat functions which admits the
following actions of N, T and H
1 abd]
" D = et anoz o
1]

("0 | i) = o2 Datan)siaba, .z

o0 ] H@w.2) =la 2ot fla w0 g0 )

for every f € S(F3,W).

o /I3 = S(F* x F,W) the space of compactly supported functions with

values in W. It admits the following actions of N, T" and H

({1 v | F)m) = ol ) f,y + ax® + 2ba + o),
1

("0 | D) = atabrey oo s an),

("0 ] Ny = o@D w0 y),

where f € S(F* x F,W) and w, is the central character of p.
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e [1/I, admits the filtration
0C 5 C ]1/]2

such that I1o = S(F,W) and ([;/1)/I12 = S(F,W), where S(F, W) is the
space of compactly supported functions. We have [, admits the following

actions of N, T and H

(|1 e = ol st o

(|0, | i) = otabhay(alaft® oz

for every f € S(F,W). Besides, (I1/15)/I2 admits the following actions of
N, T and H

1 ab]
("8 9w = o hate + )

("0, |90 = otabay 0/ g 0,

("1 J9)@) = ot@p(* Dta ),

for every g € S(F,W).

o [y/I; = W which admits the trivial action of N and the following actions
of T"and H

r } w =a(ab)p([* o)),
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for every w € W.

Since Ny is exhausted by its compact subgroups, () n, is a compact functor. Hence,

by the filtration (4.1.45) of I, we obtain the filtration of Iy,

0C (Ig)NO C (Ig)NO - (Il)NO C (]O)No = INO, (4146)

where

o (I3)n, = S(F,W) which admits the following actions of N’, T" and H

(| % | Hw) = fly+b),

for every f € S(F,W).

o (I)n,/(I3)n, = (Ia)I3) N, = S(F*, J(W)), where J(W) is the Jacquet mod-
ule of W with respect to the unipotent radical of the Borel subgroup of
GL(2,F). S(F*, J(W)) admits actions of N', T"and H as follows

(| "o | )= alab)wy(@)a/b]'*T(p)([**,])f(az/b),

"0 1 D@ = lalo@I ()" ) @)
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for every f e S(F*,J(W)).
o (I1)n,/(I2)n, = (11/15) N, which admits the filtration
0C (Li2)ny C (11/12) o
where (112)n, = W admits the following actions of N’, T"and H

b wr = ([t Dw,

by | wn = alablu,(a)la/b] .

v wr = lalo(@)p(® 1w,

for every wy € W. Besides, (I1/I5)n,/(l12)n, = W admits the following
actions of N/, T and H

"y | wa = o(ab)w,(b)[b/alws,

1 | ws = lalo(@)p([® 1 ])ws,

for every wy € W.

o (In)n,/(I)ny = (In/11)ng = Io/I; = W which admits the trivial action of
N’ and the following actions of T" and H

r ] w =o(ab)p([" ],
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for every w € W.
Let p be infinitely dimensional and A = (A4, A2) be a character of T'. Then

o (I)nyra = ((I3)ny)ra = S(F) which admits the following actions of H
and N’

for every f € S(F).

o ((I2)n/(Is)ng)Ta = vx ® J(p) as H-modules and admit the trivial action

of N’. More explicitly,

") Ju=lalo@I)(" 1

for every u € (([2)No/([3)N0)T,A-
e ((I1)n,/(I2)n,)T.a depends on the A. There are three possibilities:

— Case 1. If A # (v'%0w,,v""%c) and A # (v™1/20,0"?0w),), then
((11)no/(L2) Ny )8 = 0.

— Case 2. If “A = (vY20w,,v™%0), A # (v12%0,0120w,)" or “A #

(1/1/20@,,, v 120), A = (v %0, u1/2awp)”, (1)) Ny /(I2) Ny ). = W which
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admits the following actions of H and N’

for every w € W.

— Case 3. If A = (v20w,,v™12%0) = (120,11 %0w,), then

(1) N/ (I2)Ng)Ta = W + W,

where W admits the same actions of H and N’ as in the previous case.

o ((Lo)no/(I1)ng)Ta = Wi the Waldspurger module of W which is one di-
mensional and admits the trivial action of N’ and the following action of
H

o o= laPPo(a)w (),
1
for every w € W.

Let us consider S(F') the space of Schwartz-Bruhat functions on F' with respect

to representations 77°, 75 of HN' as follows:

for every f € S(F*). We have the following proposition.
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Proposition 4.1.18. Let V, Vg, (7, S(F)) and (755, S(F)) as above. Then
Vo — 1 2 1 (4.1.47)

Furthermore, there is a filtration 0 C W C 735, where W = Vi and 75 /W = ¥y,

and there is no one-dimensional subspace of T on which H acts via x.

Proof. By (4.1.36), Vi, 7.a(N') 22 c-Ind¥N"4p which is isomorphic to S(F*) with

the actions:

| i) = ftaa), and (| "147] ) = w10,

Hence, Vy = S(F*) — 7 by f + x~!'f. On the other hand, 7 & 7¥ by the

following isomorphism

T — N

fos (@ /F F)y (@y)dy).

The last statement is easy to see from the definition of 73 O

Let (m, V) be a generic representation of GSp(4, F'). A character x is called

special with respect to 7 if x is described as in the Table 4.3.

Lemma 4.1.19. Let (m, V') be a generic representation of GSp(4, F), A = (A1, A2)
be such that Ay is not special as described in the Table 4.3, and V,ra = Vo +
@?:1 Xi, [n;] be the decompostion of Vi, v as described in (4.1.40). Then Vi, s
does not contain a one-dimensional submodule W on which H acts via X, for

1<j<k.
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Table 4.3: Special characters of generic representations of GSp(4). An entry “—"

indicates that no special character exists.

representation special characters
I X1 X X2 X O V20 x1x2, v o xixe, v Poxa, v oy,
20y 20y, v 20 1 2
II a XStaLe) X o V220 v 220, 1 2,
v 120, yo
III a X X 0Stasp(2) X0, 0
IV a oStasp4) vlo,vo
V oa (¢ v, v %0) fo,0
VI a (S, v1%0) o
VII X X T —
VIII a 7(S, ) —
IX a 6(& v n(p) —
X S(v€, v (p)) v 200, v 20, vV 200, 0 20
XI a  &(véEv=2m(p)) o

generic supercuspidal —
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Proof. We will prove the lemma case by case. The key fact is that we compare
((Li—1)no/ (L) vy )74 With the filtration (4.1.38) to explicitly describe Vi,r.a. Since

we consider Ay as a non-special character, ((11)n,/(L2)ny) 7.8 = (L1/12) Ny 70 = 0.

e Typel. p=x1 X xo, T=pxoand [ = V. Since A is not special, A #

(V1/2UX1X2>V_1/20) and A # (V_l/QUa V1/20X1X2)> (1) ny/(I2) Ny )Ta = 0.

We have

0cC <I3)N0 - (IQ)NO C (II)NO C (IO)NO — VNO-

Let us consider the short exact sequence
0— (Ig)NO — (IQ)NO — (IQ/Ig)NO — 0.
Applying the functor (—)ra, we get

(]3)N0,T,A % (IQ)NO,T,A — (12/]3)N0,T,A —0

We claim that « is injective. In fact, (I3)n,7ra = 7?7 By Proposition

4.1.18, (I3)n, A contains only Vg as a HN’-module. Hence, if ker(a) # 0,
i.e, Vo C ker(a), then (I3)n, 7 is finite-dimensional. It follows Vi, ra is
finite-dimensional, which is a contradiction. Hence, « is injective, which
implies

(Lo) Norn/ (I3) No.mn = (12/ I3) Ny 1,
and ()N, 1A = 72”3/2" + 1320y, + %20 x,. Next, we want to show that 3

is injective, where 3 is defined in the following short exact sequence

(12) No,T.A LN (1) ngrn — (I1/12) Ny A — 0.
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Assume that ker(8) # 0. Similarly, one can prove that 72°* ¢ ker(f).
For now, we do not know whether 1320y, v*%0x,, or v*20x1 + 1320y
is a HN'-submodule of (I3)n,ra. In fact, they are not H N’-submodules of
(I5) Ny 7.4, Which will be proven. Assume that ker(3) contains either 320y,

3/2

V320X, or 1320 x1 +13/20 x4 as a H N'-submodule. It follows (1), 7.4 does

3/2

not contain 3201, 320 xs, or V320 x14+1%%0Ys. Let us consider the short

exact sequence

(I nora = (I0)norn = Viera — (Io/I1) nyma — 0.

Hence, Vi, 7.4 does not contain v*20x1, v320x,, or v3/%20x; + v*20x,,

which is a contradiction. Hence, (3 is injective, which implies

(L) Ngrn/ (L) Norn = (1) 12) Ny A =0,

and (I1)ngra = (I2)Ng 1A = 7'2”3/2" + V3/2UX1 + y3/20x2. Similarly, one can
prove

(Lo)norn/ I Nora = (Lo/Th) Ngrp = V320 x1 X2,

3/2

and V,ra = (lo)nora = 753/20 + v320x1 + 320y, + V3201 x2. More

explicitly,

0C (Is)ngrn C (I2)Ngra = (L) Ngra € (Io) N1 = Vg T,

3/2

where (I3)nora = 75, (I)ngra/I3)ngrn = V¥ 20x1 + 320y, and

0)No, T, A/ \L1)No, T,A = V7' 7O X1X2-
(£o) /(1) = 302
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Assume that Vi, 74 contains a one-dimensional submodule W = (w) on
which H acts via v%?¢. We consider the projection w of w on (Io)ny.7.a/(11)Ne.7A-
By the algebraic structure of Vi 7 A, without loss of generality, we may as-
sume X1, X2, X1X2, ¢ and 1 are pairwise different. We choose x € F'* such

that (x1x2)(z) # 1. It follows
o @m=x( *1 o= o) @),

i.e, w is zero on (Io)ny1.a/(11)Ny .- Similarly, the projection of w is zero
on (I)ngra/(Is)nora. Hence, W C (I3)ngra = 75°°7, which is a con-
tradiction by Proposition 4.1.18. Hence, Vy, 7 does not contain a one-

3/2

dimensional submodule on which H acts via v*/“o

On the other hand, by the isomorphism 7 = y;' X x2 X 10 with the
conditions Ay # v/?y.0 and Ay # v~/?y,0, it is similar to show that
VoA = 72”3/2”1 + 1320 + 13205 + ¥ 20x1x2. Hence, Vio,r.a does not

contain a one-dimensional submodule W on which H acts via v*20;.

Similarly, we make use of the isomorphisms

Ty XX X X20 2 N7 X x5! X X1X20.

and the conditions A; # V20, Ay #+ v 12v00, Ay #+ 126 and A4 +
v~12x1x20 to prove that Vi, 7.4 does not contain one-dimensional submod-

3/2

ules Wy, and Ws on which H acts via 13209, and %201 2, respectively.

Type Ila. p = xStare) and ™ = p x 0. It is similar to Type I to show that

Vo ra does not contain a one-dimensional submodule W on which H acts
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via 13/%¢.. By the isomorphism

T = xStare) X o = X_lstGL(Q) X x20, (4.1.48)

Vo r,a does not contain a one-dimensional submodule W on which H acts
via v3/2x%0.. On the other hand, , 7 = xStgre) X o C 1.

—-1/2

Now we consider I = (xyv~ "2 x xv'/?) x o= (yv x x w2 x v 2x0

and A; # yo. We know
0= xlgLeyXo—1—=V —=0.
It follows In,7A — Vnyoa — 0. Similarly, Vy, 74 does not contain a

one-dimensional submodule W on which H acts via v?yo.

Type Illa. Let us consider p = x x v™', I = p x v'/?0 and A, & {xo,0}.
Hence,

0— x Xolgspe =1 —V —=0.

It follows In, A — VN, r,a — 0. Similarly, Vi, r.a does not contain a one-
dimensional submodule W on which H acts via v?0. On the other hand,
12 (x'x v xv/2y0. It is similar to show Vi, 74 does not contain a

one-dimensional submodule W on which H acts via v?yo.

Type IVa. Let us consider p = V*3/2StGL(2), I =px 1?20, Vis a quotient
of I and Ay & {v~'o,vo}. Since

0 — L(**Stary), v >?0) = T =V =0,
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it is similar to show that Vi, 1 does not contain a one-dimensional sub-

module W on which H acts via 130.

Type Va. Let us consider p = v=V2¢Stare), LT = p x &'%0, V =
§([¢,v€],v%0) and A, # €o0. Since

0 — L(?¢Starne), v %o) = I, =V =0,

it is similar to show that Vi, 7o does not contain a one-dimensional sub-
module W on which H acts via v*¢s.. On the other hand, V is also an
irreducible quotient of I = v=1/2¢Stgre) X /20 Since Ay # o, it is similar
to prove that Vi, 7 does not contain a one-dimensional submodule W on

which H acts via 0.

Type VIa. Let us consider p = v~ 2Stgr ), I} = pxv'/?0, V = 7(5,771/%0)

and A; # 0. We have the short exact sequence
0 — L(v"*Star), v %0) = T =V =0,

By the algebraic decomposition of Vy ra as in Table 3.4, the filtration of
Ing 7.a with Vi, 74, and Lemma 4.1.17, one can similarly show that Vi, 7.

does not contain a two-dimensional submodule W on which H acts via

(vo)[2].
Types VII, VIIIa and IXa: Since the Jacquet modules Vy = 0 , it is trivial.

Type X. It is similar to types above to consider V =1 =7 X0 = 7 X w,0,

1/2

where 7 is supercuspidal and A, & {v"%w,0, v %0, v 2w 0,020}
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1/2

e Type Xla. Let us consider I = v~/21 x v'/2¢, where 7 has the trivial

central character and Ay # 0. We have the following short exact sequence

0— L ?m v Y2%0) - 1=V =0,

It is similar to show thatVy, 4 does not contain a one-dimensional sub-

module W on which H acts via v20.
Il

Corollary 4.1.20. Table 4.4 shows the asymptotic behavior of the functions
B(diag(u, u, 1,1)) for all irreducible, admissible representations (w, V') of GSp(4, F),
where B runs through a split (A, 8)-Bessel model of m such that Ay is not special
as in Table 4.53. An entry “—7 indicates that no such Bessel model exists.

Again, for type I we have to distinguish various cases:

lu| =32 B(diag(u,u,1,1)) (4.1.49)
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Ci(xix20)(uw) + C2(x10) () + C3(x20)(u) + Cao(u) if X1X2, X1, X2, 1 are
pairwise different,

C1(x?0)(u) + (C2 + C3v(u))(xo) (u) + Cio(u) fx=x1=x2#1
X2 # 1,

=\ (C1 + Co(u))(xo) (u) + (C5 + Cyv(u))o(u) fx=x1=x2#1

X’ =1

(C1 + Cov(w))(xo)(u) + (Cs + Cav(u))o(u) if {x1,x2} =
= {x# 11},

\(Cl + Cov(u) + C3v?(u) + Cyv®(u))o(u) if x1=x2 =1
Proof. Tt is a consequence of Lemma 4.1.17 and Lemma 4.1.19. 0O

4.2 Local zeta integrals and L-factors

Given an irreducible, admissible, unitary representation 7w of GSp(4, F') and a
character p of F*, a certain type of zeta integral was introduced in Sect. 3 of
[9] and used to define an L-factor L"®(s,m, ). These zeta integrals depend on
a choice of Bessel model for 7, and hence the L-factor may also depend on this
choice. In many cases though one can prove that L™ (s, 7, u) is independent of
the choice of Bessel data.

In Sect. 4.2.1 we introduce a simplified type of zeta integral and use it to define

the reqular part LF5 (s, 7, ) of the Piatetski-Shapiro L-factor. The simplified zeta

reg
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Table 4.4: Asymptotic behavior of B(diag(u,u,1,1)) in the split case. An entry
“—” indicates that no split Bessel functional exists.

representation lu| %2 B(diag(u,u, 1, 1))
| X1 X X2 X O see (4.1.49)
II a XStar) X o X2 #1 CL(vY?x0)(u) + Cy(x%0) (u) + Cso(u)
X =1 ( 2 0)( ) + (Co + Csv(u))o(u)
b Xlare) x o X2 #1 Ci(v™12x0)(u) + Ca(x*0) (u) + Cso(u)
X =1 Ci(v™x0)(u) + (Cs + Cv(u))o(u)
I a X X 0Stasp(2) Ci(v?x0)(u) + Co(v0) (u)
b X X olasp() Ci(v™'?x0)(u) + Co(v™"20) (u)
IV a oStasp(a) C(v*?0)(u)
b L(v?, v 'oStaspe) C1(v*%0)(u) + Co(v="%0)(u)
¢ L(*?Stgre), v 3?0) C1(v=320)(u) + Co(v/20)(u)
d olaspa) —
Voa ([ ve], v 20) C1(v'%¢0) (u) + Co(vY20) (u)
b L(v'/2¢Star ), v~ %0) Cy(v%¢0) (u) + Co(v™1%0) (u)
¢ L(v'%¢Star ), v 2%¢0) Ci(v™12¢0) (u) + Cy(v/?0) (u)
d L& Exv10) —
VI a (S, v™20) (C1 + Cov(u)) (v 20) (u)
b (T, v="20) —
¢ L(v'?Stgre), v ?0) C(v=20)(u)
d Ly, 1px x v~ 20) Cy + Cyo(w))(v~20) ()
VII X X T 0
VIII a T(S,7) 0
b (T, ) 0
IX a S(vé&, v 21 (p)) 0

L(v&,v—'"m(u)) —
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representation lu|~3/? B(diag(u,u, 1,1))

X T X o wr 1 Cy(wro)(u) + Coo(u)
we=1 (Cy+ Cyv(u))o(u)
XI a 6(v'?m,v1%0) C(w'%0)(u)
b L' ?r,v71%0) C(v="20)(u)
supercuspidal 0

integrals also depend on the choice of a Bessel model for w. Using the asymptotic
behavior given in Table 4.2, we explicitly calculate L}>(s,m, ) in the non-split
case for all representations. It turns out that L[> (s, 7, u) is independent of the
choice of Bessel model, and coincides with the usual degree-4 (spin) Euler factor
if 7 is generic. For non-generic representations, however, the two factors do not
agree in general.

We then investigate the Piatetski-Shapiro zeta integrals (4.2.27). Their defini-
tion involves a certain subgroup G of GSp(4, F'), to which we dedicate Sect. 4.2.2.
The resulting L-factor L"™(s, 7, ut) is either equal to L} (s, 7, 1), or has an addi-
tional factor L(s+1/2,A,), where A, = A- (o Ny, r) depends on the Bessel data.
In Sect. 4.2.5 we will identify several cases where L™(s,m, ) = L> (s, 7, j1).

Overall in this section we closely follow [9]. However, we treat all represen-

tations, not only unitary ones. Our notion of exceptional pole is slightly more

general than the one given in [9]. Also, we fill in some of the missing proofs of [9].

4.2.1 The simplified zeta integrals

Let 7 be an irreducible, admissible representation of GSp(4, F'). Let B(w, A, 5) be

a (A, §)-Bessel model for m. Let pu be a character of F*. For B € B(w, A, ) and
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s € C, we define the simplified zeta integrals

o Bop) = [ B Dalolal 7 da (12.1)
X
The same integrals appear in Proposition 18 of [6]. Using the general form (4.1.18)
of the functions B([* 1]), which holds both in the split and the non-split case, it is
easy to see that ((s, B, u) converges to an element C(g~*) for real part of s large
enough. Let I(m, 1) be the C-vector subspace of C(¢~*) spanned by all ((s, B, 1)
as B runs through B(w, A, ).

Proposition 4.2.1. Let 7 be an irreducible, admissible representation of GSp(4, F)
admitting a (A, 5)-Bessel model with  as in (2.1.4). Then I(m, 1) is a non-
zero Clq™*,q°] module containing C, and there exists R(X) € C[X] such that
R(qg*)I(m, ) C Clg*,q¢°], so that I(m,pn) is a fractional ideal of the principal
ideal domain Clq~*, ¢°] whose quotient field is C(q~*). The fractional ideal I(m, )
admits a generator of the form 1/Q(q*) with Q(0) = 1, where Q(X) € C[X].

Proof. One can argue as in the proof of Proposition 2.6.4 of [10]. One step in the

proof is to show that I(m, u) contains C. This follows from Lemma 4.1.4. [

Using the notation of this proposition, we set

L¥S (s, p1) = 1/Q(q ) (4.2.2)

and call this the reqular part of the Piatetski-Shapiro L-factor; see [9]. As the
notation indicates, LF° (s, 7, 1) does not depend on the Bessel data § and A. This

reg

is implied by the following result.

98



Theorem 4.2.2. Table 4.5 shows the factors L%S (s, w, ) for all irreducible, ad-

missible representations (w, V') of GSp(4, F) in the non-split case. An entry “—’

indicates that no non-split Bessel functional exists.

Proof. Up to an element of S(F*), the functions z — B(["]), where B €

B(m, A, 3), are listed in Table 4.2. Using the fact that

f: mi " = g(z)_;ﬁr1 (4.2.3)
(1-2)

m=myg

with a function g(z) which is holomorphic and non-vanishing at z = 1, the inte-

grals (4.2.1) are thus easily calculated up to elements of C[g*, ¢~*]. ]

Also indicated in Table 4.5 are the generic representations (i.e., those that
admit a Whittaker model); supercuspidals may or may not be generic. We see
that for all generic representations LF2 (s, m, u) = L(s, @) if p = 1px. Here L(s, ¢)

reg

is the L-factor of the Langlands parameter ¢ of 7, as listed in Table A.8 of [10].

Theorem 4.2.3. Tuable 4.6 shows the factors L'®

reg

(s,m, ) for all irreducible, ad-

14 »

missible representations (w, V') of GSp(4, F') in the split case. An entry “—

indicates that no split Bessel functional exists.
Proof. Similar to the proof of Theorem 4.2.2, it is straightforward from Corollary

4.1.20. [l

4.2.2 The group G

We now recall the setup of [9]. Let L be the quadratic extension of F. Let

V = L2, which we consider as a space of row vectors. We endow V with the
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Table 4.5: Regular parts of Piatetski-Shapiro L-factors (non-split case).

representation L7 (s, m, ) generic
I X1 X X2 X o (irreducible) L(s, x1x201)L(s, o) o
L(s, x1op)L(s, x201)
II a XStarLe) X o L(s, v"?xou)L(s, x2ou) o
L(s,op)
b xlaLe) X o L(s, v 2xou)L(s, x?o 1)
L(s,on)
I a X X 0Stasp(2) L(s, v ?xou)L(s, v'?cp) °
b X X olgsp2) —
IV a oStasp(a) L(s,v3%0pu) o
b L v 'oStaspe) L(s,v*%0u)L(s, v 20 )
c L(V?’/QStGL(g), v=320) —
d olasp4) —
V a 5([¢, ve], v 20) L(s,v"2¢ou) L(s, v o) .
b L(vY%Stare), v ?0)  L(s,v"*¢ou)L(s,vopu)
¢ L(wY%€Star), v %¢0)  L(s,v™Y%¢op)L(s, v/ %op)
d L(vE, € x v 120) L(s,v=Y2¢opu)L(s,v=20p)
VI a 7(S,v1%0) L(s,v'%ou)? o
b (T, v="20) L(s, v 20 p)
c L(Vl/ZStGL(Q), v120) —
d L(v,1px x v~ 120) —
VII X X T 1 .
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representation LS (s,m, ) generic

reg

VIII a (S, 7) 1 .
b (T, ) 1
IX a 0w v 2m(u)) 1 o
b L& v 2m(p)) 1
X TXOo L(s,wzop)L(s, o) o
XI a 6(w'/%m,v1%0) L(s,v"20p) o
b Lw'/?m,v712%0) L(s,v='2ap)
supercuspidal 1 o

skew-symmetric F-linear form

p(x,y) = Trr p(x1y2 — 2291), = (x1,22), ¥y = (Y1, 2). (4.2.4)

Let

GSp, = {9 € GL(4, F) : p(zg,y9) = Ap(x,y),s0me X\ = A(g) € F for all z,y € V'}

be the symplectic similitude group of the form p. Let

G ={ge€GL(2,L): det(g) € F*}. (4.2.5)

The group G acts on V by matrix multiplication from the right. A calculation

shows that

p(zg,yg) = det(g)p(z,y) (4.2.6)
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Table 4.6: Regular parts of Piatetski-Shapiro L-factors (split case).

representation L7 (s, m, ) generic
I X1 X X2 X o (irreducible) L(s, xixa2op)L(s, o) o
L(s, x1op)L(s, x201)
II a XStare) X o L(s, v"?xou)L(s, x2ou) °
L(s, 01)
b Xlare) @ o L(s, v 2xou)L(s, x?o 1)
L(s,on)
I a X X 0Stasp(2) L(s,vY2xou)L(s, v 2o p) o
b X X olasp@) L(s,v=Y?xop)L(s, v o)
IV a oStasp(a) L(s,v3%0pu) .
b L v 'oStaspe) L(s,v*%0u)L(s, v 20 )
¢ L(3?Star), v3/%0) L(s,v=32ap)L(s, v o)
d olasp(a) —
V a 5[, v€], v 20) L(s,v"2¢ou) L(s, v o) .
b L(v'Y%¢Stare), v 20)  L(s,v"2*¢op)L(s, v 20 p)
¢ L(Y2€StaLy, v V%¢0)  L(s,vY2%¢ou)L(s, v ?op)
d L(v€, € xv™120) —
VI a (S, v1%0) L(s,v'%ou)? o
b (T, v2%0) —
¢ L(w'?Star), v ?0) L(s,v=20p)
d L(v,1px x v™2g) L(s, v %0p)?
VII X XT 1 °
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representation LS (s,m, ) generic

reg

VIII a (S, 7) 1 .
b (T, ) 1
IX a 0w v 2m(u)) 1 o
b Lt Pa() -
X TXOo L(s,wzop)L(s, o) o
XI a 6(w'/%m,v1%0) L(s,v"20p) o
b Lw'/?m,v712%0) L(s,v='2ap)
supercuspidal 1 o

for x,y € V and g € G. Hence, G C GSp,,. Since all 4-dimensional symplectic F-
spaces are isomorphic to the standard space F'* with the form (2.1.1), the groups
GSp, and GSp(4, F') are isomorphic; here, we think of GSp(4, F') as acting on
the right on the space of row vectors F'*. We wish to find one such isomorphism
under which the group G takes on a particularly simple shape inside GSp(4, F).

For this we assume that the matrix 4 in (2.1.4) is diagonal and non-degenerate,
i.e., b =0 and a,c # 0; after a suitable conjugation, every non-degenerate [ can

be brought into this form. Consider the following F-basis of V',

fi= (170>7 fa = (A/C, 0)? f3= (07 1/2)7 fa= (070/(2A)) (427)

Let e, ..., eq4 be the standard basis of F*. Then the map f; — e; establishes an
isomorphism V' = F preserving the symplectic form on both spaces (the form

pon V, and the form J defined in (2.1.1) on F*). The resulting isomorphism
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GSp, = GSp(4, F') has the following properties,

G3["]r— _lel], (4.2.8)
Gol',]— 1136 , (4.2.9)
S o e
Go[le— |7 ya} for t =z +yA e L*, (4.2.10)
rl 2z_yc—a;ay
Go [1"H [ | 12w ‘2‘“%} (4.2.11)
1

Here, t = x —yA is the Galois conjugate of t. Recall from (2.1.9) that the matrices
on the right hand side of (4.2.10) are precisely the elements of T. It is easy to
verify that the matrices on the right hand side of (4.2.11) are precisely those

elements of N that lie in
1 zy
No=A{['F]: tr(BX) =0} = {[ “{Z] : ar + by + cz = 0}. (4.2.12)
1
In particular, if we consider G' a subgroup of GSp(4, F'), then we see that

see Proposition 2.1 of [9]. We define the following subgroups of G,

A =an[*,]={[*;]€GL@2,L) : v € F*, t € L}, (4.2.13)
No=Gn[ 5] ={['?] € GL(2,L) : be L}, (4.2.14)
BY=Gn[*:]={["b] € GL(2,L) : ad € F*}, (4.2.15)
K%=GNGL(2,0;) = {[*}] € GL(2,01) : ad — bc € F*}. (4.2.16)
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By our remarks above, when embedded into GSp(4, F'), the group Ny coincides
with the group introduced in (4.2.12), so that the notation is consistent. The
Iwasawa decomposition for GL(2,L) implies that G = BYK“. The modular
factor for BY is §([*}]) = |a/d|, where | - |1 is the normalized absolute value
on L. Note that |t|, = |Np/r(t)|p for t € L*. Let dn be the Haar measure on
Np that gives Ny N K¢ volume 1. Let da be the Haar measure on A® that gives
A% N K¢ volume 1. Let dk be the Haar measure on K¢ with total volume 1.

There is a Haar measure on G given by

///f(nak)é(a)—ldkdadn. (4.2.17)

Nog AG KG
The measure (4.2.17) gives K¢ volume 1. We will also use the integration formula
/ f(g)dg = / f(wb)db = / / f(wna) dadn (4.2.18)
No\G BG No AG

for a function f on G that is left Np-invariant (the db in the middle integral is
a right Haar measure on BY). Here, w = [_; !] € G, which is embedded into

GSp(4, F) as
? —2qc¢1 1
w — [ e ] {_1 1]. (4.2.19)
—Leat -1

Principal series representations of G

Let A be a character of L* let u be a character of F'*, and s € C. We denote by

J(A, i, s) the induced representation ind%e (x) (unnormalized induction), where

X[ 5) = @) 2A () (4.2.20)
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It is easy to see that the contragredient of J (A, u,s) is J(A™!, u=1, 1 —s).
Let V = L?, considered as a space of row vectors. Let S(V') be the space of
Schwartz-Bruhat functions on V/, i.e., the space of locally constant functions with

compact support. For g € G, ® € §(V) and a complex number s, we define

fP(g A, s) = u(det(g))ldet(g)|5+1/2/@((07ﬂg)ltﬂs“ﬂu(tﬂf\(ﬂ d*t.

[x

(4.2.21)

This is the same definition as on p. 265 of [9], except we have (0, t) instead of (0, t),

in order to be compatible with our conventions about Bessel models. Assuming
convergence, a calculation shows that f® € J(A, u, s).

Let Sp(V') be the subspace of & € S(V) for which ®(0,0) = 0. If & € Sy(V)

and g € G, then ®((0,t)g) = 0 for ¢ outside a compact set of L*. It follows that

the integral (4.2.21) converges absolutely for ® € Sy(V), for any s € C.
Lemma 4.2.4. J (A, p,s) = {f®(-, 1, A, s) : & € Sy(V)}.
Proof. Given f € J(A,p,s), we need to find ® € Sy(V) such that f® = f. We

define @ by

pt(det(k)) f(k) if (x,y) = (0,1)k for some k € K¢,
O(z,y) = (4.2.22)

0 if (x,y) & (0,1)KY .

It is straightforward to verify that ® is well-defined, that ® € Sy(V'), and that f®

is a multiple of f. O]

Lemma 4.2.5. Let A, = A- (o Npp).
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i) The representation J (A, p, s) contains a one-dimensional G-invariant sub-

space if and only if
A =t forallt e L*. (4.2.23)
In this case the function

flg) = u(det(g))| det(g)|"*/%,  g€@, (4.2.24)

spans a one-dimensional G-invariant subspace of indGe (x).

ii) The representation J (A, u, s) contains a one-dimensional G-invariant quo-

tient if and only if

A =t forallt e L*. (4.2.25)

Proof. Part i) is an easy exercise. Part ii) follows from i), observing that the

contragredient of J (A, i, s) is J(A™1, =11 —s). O

We observe that condition (4.2.23) is equivalent to saying that s is a pole of
L(s+1/2,A,). Later we will define the notion of exceptional pole; see (4.2.41).
The exceptional poles will be among the poles of L(s +1/2,A,). Note that, by

(4.2.22), the function f in (4.2.24) is a multiple of f®, where

1 if (z,y) = (0,1)k for some k € K¢,
O(x,y) = (4.2.26)

0 if (z,y) & (0,1)KC.
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Hence, in the non-split case, ® is the characteristic function of (o, @oy)\ (pL®pyL).

4.2.3 The zeta integrals

Let A be a character of T'= L*, and let u be a character of F'*. Recall the defini-
tion of the functions f®(g, u, A, s) in (4.2.21). Let 7 be an irreducible, admissible
representation of GSp(4, F). Let B(m, A, 5) be a (A, 3)-Bessel model for 7. For
B e B(m,A,5) and s € C, let

2B, = [ BNy (12.27)
TNo\G

provided this integral converges. (In [9] this integral was denoted by L(W, ®, u, s).)

Substituting the definition of f®(g, u, A, s) and unfolding the integral shows that

ﬂwmwz/mmmMMwwmmwwg (4.2.28)
No\G

By (4.2.17), we have

Z(s,B,®, ) ://(5(a)1B(ak)<1>((0,1)ak)u(det(ak))]det(ak)\sﬂ/Qdkda.

AG KG

(4.2.29)
Recall that Sy(V) is the space of & € S(V') satisfying ®(0,0) = 0. Let &; € S(V)
be the characteristic function of o @ 0. Then every ® € S(V') can be written
in a unique way as ® = &g + ¢, with &g € So(V') and ¢ € C. We will first
investigate Z(s, B, ®, ) for ® € Sy(V).

Lemma 4.2.6. Let the notations and hypotheses be as above.
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i) For any B € B(m, A, B) and ® € Sy(V'), the function Z(s, B, ®, ) converges
for real part of s large enough to an element of C(q~*). This element lies

in the ideal I(m, 1) generated by all simplified zeta integrals; see Proposition

4.2.1.

ii) For any B € B(m, A, ), there exists ® € So(V') such that Z(s, B, ®,pn) =

((s,B,p).

Hence, the integrals Z(s, B, ®, 1), as B runs through B(w, A, B) and ® runs through

So(V'), generate the ideal I(m, ) already exhibited in Proposition 4.2.1.

Proof. i) Let ® € §y(V'). We have
O((0,1)ak) = ®(tks,thy) ifa=[";]€ A% k=[112] € KO  (4.2.30)

Since one of k3 or k4 is a unit and ®(0,0) = 0, it follows that ®((0,1)ak) =0 if ¢
is outside a compact set of L*. As a consequence, there exists a small subgroup I'
of K¢ such that ®((0,1)ak~y) = ®((0,1)ak) foralla € A, k € K“ andy € . By
making [ even smaller, we may assume that B and p o det are right I'-invariant.

It follows that Z(s, B, ®, u) as in (4.2.29) is a finite sum of integrals of the form

I(s,B,®,u) = / 5(a) " B(a)®((0, 1)a)u(det(a))| det(a)**'/? da, (4.2.31)
AG

with different B and ® € Sy(V). Using coordinates on A%, we have

I, B = [ [ atf B @0, Dot fotdl 2 2t "

Fx LX
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=//M%WWWﬂwwmmmmwwwwwx

F>x L*

= ([ B Duistaa) ([ aweo.auenianza).

Fx Lx

(4.2.32)

The first integral is precisely ((s, B, u); see (4.2.1). Since the integration in the
second integral is over a compact subset of L*, this integral is in C[¢®,¢~°]. It
follows that I(s, B, ®, u) lies in the ideal I(m, p).

ii) By (4.2.28) and (4.2.18), we have

Z(s,B,®, ) —//B(uma)<1)(((),1)wna),u(det(aa))|det(a)]sﬂ/2 dadn
No AG

://B(wna)@((—l,O)na)u(det(amdet(a)|5+1/2dadn

No AG

= [ [ [ Bl e oo )

L F* LX

p(tt) |t HY2 ¥t d* @ dn

:/ / / Blw[# &))@ (—at, ) p(xth)|al 2|t 4t d*a dn

— /F/L/ B(w[™ 2))®(—xt, —n)p(att)|z[* V2|t d*t d*x dn
- [ [ [Bwl et -n

pa) (B | P05 ¥t di

Now choose ® such that ®(—t, —n) is zero unless ¢ is close to 1 and n is close to 0.
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If the support of ® is chosen small enough, then, after appropriate normalization,

Z(s,B,®,u) = /B([“f_1 Jwp(z) PP d e

X
This is just ((s,wB, ). The assertion follows. O

We see from Lemma 4.2.6 that, instead of (4.2.2), we could have defined
LPS(s,m, ) as the ged of all Z(s, B, ®,u), as B runs through B(w, A, 5) and ®
runs through Sy(V'). The same observation was made in Proposition 18 i) of [6].

Next we investigate Z(s, B, ®q, ), where we recall ®; is the characteristic

function of o; @ or. In the split case, a character A of L* = F* x F* is a pair

(A1, Ag) of characters of F'*, and by L(s, A) we mean L(s, A1) L(s, As).
Lemma 4.2.7. Let A, = A- (o Npjp).
i) Assume that A, is ramified. Then Z(s, B, 1, p) = 0.

ii) Assume that A, is unramified. Then

Z(s,B, @1, 1) =((s, By, 1) L(s+1/2,A,), (4.2.33)
where
B,(g) = /B(gk‘)u(det(k’))dk, g € GSp(4, F). (4.2.34)

Proof. Evidently, ®((x,y)k) = ®(x,y) for all (x,5) € V and k € K. Therefore,
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from (4.2.29), we get

Z(s,B, 1,1 ) B(ak)®,((0,1)a)u(det(ak))| det(a)[* /2 dk da
-
:/5(@)_IBH(6L)<I>1((O,1)a),u(det(a))|det(a)|5+l/2da. (4.2.35)
AG

Clearly, B, is an element of B(m, A, ) satisfying B, (gk) = p*(det(k))B,(g) for

k € K¢. Using coordinates on A%, we have

Z(s,B,(IDqu)://]xtt1]LlBM(a)®1((O,ﬂ)u(mtfﬂxtt\sﬂ/zdXtha:

F>< LX
/ / ((0, ) p(atD)[tE]=H 2| ~3/2 d*t d*
Fx LXx
/ / ) (Zlftﬂ|tt|s+l/2|$|s 3/2 dtd*z
FX LXNog,
— (s, By 1) / AR+ dt. (4.2.36)

L*Noyp,

It is straightforward to calculate that

~ L(s+1/2,A,) if A, is unramified,
/ A p(tt) [t T2 a*t = (4.2.37)
L*XMoy, 0 if A, is ramified.
This concludes the proof. O

We see from Lemma 4.2.6 and Lemma 4.2.7 that Z(s, B, ®, 1) converges for
real part of s large enough to an element of C(¢*), for any B € B(m, A, §) and

® € S(V). Let Iyg(m, 1) be the C-vector subspace of C(¢~*) spanned by all
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((s, B, ) as B runs through B(m, A, §).

Proposition 4.2.8. Let 7 be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model with B as in (2.1.4). Then Iy g(m, 1) is a non-
zero Clq™*,¢°] module containing C, and there exists R(X) € C[X] such that
R(q=*)Iy p(m, 1) C Clg~*,¢%], so that Ing(m, i) is a fractional ideal of the prin-
cipal ideal domain Clq—*, ¢°] whose quotient field is C(q~*). The fractional ideal
Iy g(m, 1) admits a generator of the form 1/Q(q™*) with Q(0) = 1, where Q(X) €
C[X].

Proof. The proof is similar to that of Proposition 4.2.1. It follows easily from
(4.2.28) that Ip g(m, p) is a C[g®, ¢ *]-module. It follows from Lemma 4.2.6 and

Proposition 4.2.1 that I g(m, ) contains C. O

Using the notation of this proposition, we set

LP(s,mop) :=1/Q(q°). (4.2.38)

This is the Piatetski-Shapiro L-factor, as defined in [9]. Our notation indicates
that these factors may depend on A (and (3, which we suppress from the notation).

We now distinguish two cases:

(A) Assume that

Z(s,B, o, )
LPs (s, 7, 1)

reg

is entire for all B € B(w,A, ) and ® € S(V).  (4.2.39)

Being entire is equivalent to lying in C[¢®,¢~®]. Hence, in this case the

fractional ideal generated by all Z(s, B, ®, u) is generated by L. (s, 7, 1),
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and we have

LiS(s,m ) = LS (s, m, ). (4.2.40)

reg

In particular, the Piatetski-Shapiro L-factor does not depend on A in this

case.

Assume that

Z(s,B, P, )
Lrs (s, 7, 1)

reg

has a pole for some B € B(m, A, ) and & € S(V). (4.2.41)

Such poles are called exceptional poles. By (4.2.33), exceptional poles are

precisely the poles of

C(S, Bunu)
Lrs (s, )

reg

L(s+1/2,A,), (4.2.42)

as B runs through B(m, A, 5). Since the fraction in (4.2.42) is entire, excep-

tional poles are found among the poles of L(s+1/2,A,). If we write

1
L(s,\,) = , 4.2.43
) = = ) 424)
where one of the complex numbers v,y may be zero, then
L™ (s, p) = L (s, m u); (4.2.44)
9 J reg Y ) p<q7871/2>7 L.

where P € C[X] is either 1 — ;X or (1 — % X)(1 — 1X).

Remark: Our definition of exceptional pole is slightly more general than the

one given in [9]. According to [9], a complex number s, is called an exceptional
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pole if sy is a pole of L*(s,m, i) but not of LIS (s, m, p). It follows easily that
an exceptional pole according to [9] is also an exceptional pole according to our
definition. However, the two notions may not coincide if there is overlap between

the poles of L¥3(s, 7, i) and the poles of L(s 4 1/2,A,).

The regular poles are the poles of L7® (s, 7, jt). According to our definition, an
exceptional pole can also be regular, while in [9] the two notions are exclusive.
Our definition is designed in such a way that L5(s,m, u) # L5 (s, 7, 1) precisely

reg

if there exist exceptional poles.

4.2.4 Double coset decompositions

We first prove the following double coset decomposition for GL(2, F'). Let § be

as in (2.1.4), and let T be the group of all

[ v eqLep), ot yQ(b—2 ~ac) £0. (4.2.45)

—ya x—yb/2 4

Recall that we are in the split case if and only if b*> — 4ac € F*2. We can and will

make the assumption that

a,c#0. (4.2.46)

In the split case, let 71,7y € F* be the two roots of the equation
ar® +br +c = 0. (4.2.47)

Let By be the subgroup of GL(2, F') consisting of all elements of the form [! ],

and let By be the subgroup consisting of all elements of the form [!,].

Lemma 4.2.9. i) In the non-split case, GL(2, F) =TB; = T Bs.
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it) In the split case,

GL(Q,F) = TB1 (] T91331 L TgQSBl
=TBy U TgBy U TgyBs, where g; =1, s=[_1 1]

(4.2.48)

The set T By (resp. T'Bs) is open and dense in GL(2, F'), and consists of all
(a1 82] € GL(2, F) with aa? + bayas + ca3 # 0 (resp. aa3 + basay + ca’ # 0).
Fori =1 or2, the set Tg;sBy (resp. Tg; By) consists of all [a 62] € GL(2, F)

with ay = agr; (resp. ag = aqr;).

Proof. Calculations show that if aa? + bajas + caj # 0, then the equation

x+yb/2 c 21 _ [a1 a
T 1 = T
can be solved for z,y, z,d. Assume that aa? + bajaz + ca? = 0. Then a; = azr;

for i = 1 or ¢« = 2. Calculations show that the equation
z+yb/2 c 21 __ 161 @
[ fg/;a/ :vj:/yb/2}gis[l 5] = [as a;]

can be solved for z,y, z,d. This proves the statements for B;, and the proof for

B, is similar. O

Let P be the (F-points of the) Siegel parabolic subgroup of GSp(4, F'); see
(2.1.2). Let G be the group defined in (4.2.5). We assume that § = [¢.] with
ac # 0, and embed G into GSp(4, F) such that (4.2.8) — (4.2.11) holds. More

generally, if



then a calculation shows that, as an element of GSp(4, F),

a1 caz 281 —2aB2
—acg o1 —2aPy —22p;
9= i 57 01 —ab (4249)
572 —3zm o2 01

Here, o = oy + Aay ete, with A as defined after (2.1.7). The following result is a

more precise version of a remark made in the proof of Theorem 4.3 of [9].

Lemma 4.2.10. Assume the above notations and hypotheses. Let

Sy = {1 - 1] . (4.2.50)

Then

GSp(4, F) = GP L Gy P. (4.2.51)
The double coset GsaP is open and dense in GSp(4, F'), and

53 Gsa NP ={[" gy ] : A€ GL(2,F)}. (4.2.52)

We have GsoP = GsoHN, where H and N are defined in (2.1.3) and (2.1.2),

respectively. Furthermore,

GBy;N in the non-split case,
GP = (4.2.53)

GByN U Gg1BoN U GgaBoN  in the split case,

where

1 1r
32:{[”;,4::661’,1/6”}, gi:|: Ly ] (4.2.54)



with r1,m9 € F* being the two roots of the equation ar* + ¢ = 0.

Proof. Using the description (4.2.49) of the elements of G, it is easy to verify

(4.2.52). As a consequence, GsoP = GsoHN. Equation (4.2.53) follows from

(4.2.48); the disjointness in the split case is easy to verify.

By the Bruhat decomposition,

1 1 1 % %
GSp(4,F):PI_I{ b :|82P|_||:*11::|8182P|_||: 1*1‘*} 595159 P.
1 1 1

Calculations show that

1 x
GsyP N { Lx *] S28189P = {[! ¥ ]s28180p : p € P, tr(BX) # 0},

1

1 |
GsoP N [* ! 11] 5159 P = {{z 1 fx} s159p : p € P, 2® # —a/c},
1 1

1 % 1 x
GSQPﬂ[ll}SQP:{ll}SQP,
1

1

GSQPQP = (Z),

and

* ok

1
GPnN { 1T*1 595159 P = {[!1 Y |sgs150p : p € P, tr(BX) = 0},
1

1 1
GPn [ g } 515,P :{{x g _@} sisep : p € P, 2’ = —afc},
1 1

1 =
GPO[ 11 :|82P:®,

1

GPNP=P

(4.2.55)

(4.2.56)
(4.2.57)
(4.2.58)

(4.2.59)

(4.2.60)
(4.2.61)
(4.2.62)

(4.2.63)

It follows that GSp(4, F) = GP Ll GsaP. Since the big Bruhat cell is dense in

GSp(4, F'), equation (4.2.56) implies that G'sy P is also dense in GSp(4, F'). Since
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GP = K¢BYP = K9P is the product of a compact and a closed set, it is closed

in GSp(4, F). O

In the proof of the following lemma we will make use of the fact that a con-
tinuous bijection X — Y between p-adic spaces is a homeomorphism. This is
because we can cover X with open-compact subsets, and a continuous bijection
from a compact topological space to a Hausdorff space is a homeomorphism.

For a locally compact, totally disconnected space X, we denote by S(X) the
space of locally constant functions X — C with compact support. If X is a group,
h € X and ¢ € S(X), we denote by Rj,¢ the element of S(X) given by x +— ¢(zh),
and by Lj¢ the element of S(X) given by x — ¢(h~'z).

Let U be the unipotent radical of the Borel subgroup of GSp(4, F'). Then U

consists of all matrices of the form

1
* =
=
% %

=% %X %

—_

in GSp(4, F). For ¢1,cy € F, we define a character v, ., of U by

1y
x 1 %
1

Ve ea( { } ) = ¥(er1x + cy). (4.2.64)

|
=% %
8

The statement of the following result was mentioned in the proof of Theorem 4.3

of [9].

Lemma 4.2.11. Let D : S(GSp(4, F')) — C be a distribution on GSp(4, F) with

the following properties:
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i) There exist ¢1,co € F* such that

D(Ry@) = e, e, (1) D() forallu e U (4.2.65)

and all ¢ € S(GSp(4, F)).

ii) There exists a character 5 of G such that

D(Lyo) = B(R)D(¢)  for allh € G (4.2.66)

and all p € S(GSp(4, F)).
Then D = 0.

Proof. Since GSp(4, F') = GP U GsyP, it suffices to show that a distribution on
S(GsyP) with the properties (4.2.65) and (4.2.66) is zero, and a distribution on
S(GP) with the properties (4.2.65) and (4.2.66) is also zero.

1) First we prove that a distribution D on Gsy P with the properties (4.2.65)
and (4.2.66) must be zero. For x € F*, let h, = diag(z,z,1,1). By Lemma
4.2.10, GsaP = GsoHN. In fact, every element of GssP can be written in the
form gssh,n with ¢ € G and uniquely determined x € F* and n € N. Hence

(so P is homeomorphic to G x H x N. We consider the continuous map

p: GsoP — F*  defined by  gsoh,n — x.

The set Gso P is invariant under the left action of G and the right action of U. It
is easy to see that every fiber p~!(z) is G x U-invariant. By Corollary 2.1 of [1],

Bernstein’s Localization Principle, it is sufficient to prove that any distribution D
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on S(p~!(z)) with the properties (4.2.65) and (4.2.66) vanishes, for all z € F*.

We apply Proposition 4.3.2 of [3] with
G x N = Gsyh, N = p~!(z).
It shows that there exists a constant ¢; € C such that
D) =a [ [ 80l n) o(gsahun) dn dg
G N
for all ¢ € S(p~'(z)). We may choose some z € F such that

1
¢C1,C2(u2) #1 for u, = |:Z ! 1 —z:| .

By (4.2.11),

1
nz::32u2321:[ 1_12 } €Ny CG,
1

so that D(L,-1¢) = f(n;')D(¢) = D(¢) by (4.2.66). On the other hand, the

substitution g — n_'gn, shows that

D(L,6) =1 | | dngsshan)B(g)osL, (n)dndg
/]

—ci [ [ lgn.saham)Bo)s (n)dndy

D(gsaushan) Bg)s L, (n)dndg

D (gsshanu.)B(g)Y; ., (n)dndg
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= ey en (U2)C1 CD(QSthn)ﬁ(g)@Z)c_l}cQ (n)dndg.
/]

In the last step we used (4.2.65). Hence D(¢) = v, o, (u.)D(¢), which implies
D =0onS(p(x)).

2) Next, using the decomposition (4.2.53), we prove that a distribution D on
G P with the properties (4.2.65) and (4.2.66) must be zero.

2.1) We will first show that a distribution D on GByN with the properties
(4.2.65) and (4.2.66) must be zero. We define the groups

1 1
Hy = {k, = [ ¢ ] cx € F*Y, Uy = [*111} NGSp(4, F).  (4.2.67)
1 1
Then, with Ny as in (4.2.12),
GBQN - GUHl - GN()UlHl - GU1H1 - GHlUl. (4268)

In fact, it is not difficult to see that any element of GP can be written in the
form gk,u with uniquely determined g € G, x € F* and v € U;. Hence GByN is

homeomorphic to G x H; x U;. We consider the continuous map
p: GByN — F*  defined by  gk,u +— x.

The set GBy;N is invariant under the left action of G and the right action of
U. Tt is easy to see that every fiber p~!(z) is G x U-invariant. By Bernstein’s
Localization Principle, it is enough to show that a distribution D on p~!(z) with

the properties (4.2.65) and (4.2.66) vanishes.
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We apply Proposition 4.3.2 of [3] to
G x U, = Gk, Uy = p ().
It shows that there exists a constant ¢s € C such that

Do) =ax [ [ o0 vitutuola | | dundg (42,69

G U

for any ¢ € S(p~'(x)). Let t € F* be such that (c22tx) # 1,

1 2t 1 2tx
n = |: 1 L —2ac_1t:| c NO C G and U = [ 1 1 1:| . (4270)

1

Hence, ¢, o, (u) = ¥(co2tx) # 1. Similarly as above, we calculate

D(Ly-16) = ¢ / / B(g) ¥k, (w) Slgnksus) duy dg

G Uy

1 2tx
. / / @(gw;}Q(ulm(gkw[ v ]umu dg.

1

L

Hence,

D(Ly16) =

o, G/ F/ F/ 5<g)w—1<cly>¢<gkw[ e H } dy dz dg

[ [] ﬁ(gw—l(clng[ll }k{ H : 1""1]>dydzdg
I

o[ [ [oa| e e <c1y>¢<gkx{y Gl pavasas
I
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—ax [ [ Blo) v ) otk [ Y })dul g

1
G Up

= D(Ru9).

Hence, by (4.2.65) and (4.2.66), D(¢) = D(L,-1¢) = D(R,¢) = (c22tx)D(9).
It follows that D(¢) = 0.

2.2) Now assume we are in the split case. Let ¢ € {1,2}. We will show that a
distribution D on Gg¢;Bo N with the properties (4.2.65) and (4.2.66) must be zero.

Calculations in coordinates verify that

1
y—1
97\ GginBy ={| 7"’ i |y EFTL (4.2.71)

2r;

It follows that
1
-1
Gg;BoN = Gg; HiN U Gg;g; N, where g; = [ 2T L 1 ] , (4.2.72)

and H; is as in (4.2.67). We will proceed to show that a distribution D on Gg; Ba N

with the properties (4.2.66) and

Ty

D(R,¢) = ¥ (cox)D(¢) for all u = [1 Ly Z] €N, (4.2.73)

1

must be zero.
2.2.1) We will first show that a distribution D on Gg;H; N with the properties

(4.2.66) and (4.2.73) vanishes. We have

—2r;u u

1
gingiﬂHlN:{{ Lo U] cu,v € F} (4.2.74)
1
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Hence

1 *
GgZHlN = GgiHlUQ, where U2 = |: 1 1 1 . (4275)
1

In fact, every element of Gg; H; N can be written in the form gg;k,u with uniquely

determined z € F* and u € Uy. We consider the continuous map
p: Gg;HIN — F* defined by  gg;k,u — x.

It is easy to see that every fiber p~!(z) is G x N-invariant. By Bernstein’s Local-
ization Principle, it is enough to show that a distribution D on p~!(x) with the

properties (4.2.66) and (4.2.73) vanishes. We apply Proposition 4.3.2 of [3] to
G x U, = ngk'ng = p_l(l’).

It shows that there exists a constant c3 € C such that

z

D() = / / B(g) ¥ (e22) dlggike { N 1]>dz dg (1.2.76)

for all ¢ € S(p~*(z)). Now, for any y € F,
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z+2r;xy

o) e dlaaiks | 0 [)ddg

1 =z
-t | [0 st [} ] i

1

= Y(c22rizy) D(9).

It follows that D(¢) = 0.

2.2.2) Finally, we will show that a distribution D on Gg;g; N with the properties

(4.2.66) and (4.2.73) vanishes. We have
1 u
(9:9:) 'Gg:gi NN = {{ b ”] cu,v € F}
1

Hence

1 *
GgigiN = Ggig:Us, where U; = { L ] ‘

1

We apply Proposition 4.3.2 of [3] to
G x U3 GgngUg.

It shows that there exists a constant ¢4 € C such that

—04//5 ggzgz{ 1%1)dzdg
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for any ¢ € S(Gg;g;N). Then, for any = € F,

Y(ew)D(¢) = ca //ﬂ ¢(99:9i :115[ {11f1])dzdg

T 1 z
B(g) #(99:9: | 1 (gz@i)_lgz@i{ 171})6526@

=4 5 ggigi ! 1 ) dzdg

o
/

ﬁj\ﬁj\ﬁ

=D

—~

P)-

It follows that D(¢) = 0. This concludes the proof. O

4.2.5 Some cases with no exceptional poles

The following is Theorem 4.2 of [9], with a slightly modified proof to accommodate

our more general notion of exceptional pole.

Theorem 4.2.12. Let (m, V') be an irreducible, admissible representation of GSp(4, F)
admitting a (A, B)-Bessel model. Let p be a character of F*. Assume that sg is
an exceptional pole for the datum 7w, A\, 3,1, as defined in the previous section.

Then there exists a non-zero functional £ : V. — C with the property
U(m(g)v) = p~(det(g))| det(g)| 70~ Y2 £(v) forallv eV and g € G.
(4.2.80)

Proof. By definition, the function

Z(s,B,®,u) Z(s,B,®, )
LG mu) (e m L + 172 A,)

reg

(4.2.81)
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lies in C[¢®, ¢~*], for any choice of B € B(w, A, $) and ® € S(V). In particular,

we may evaluate at so. We note that

Z(s,B,®, )

TG =0 i eSV). (4.2.82)

s=s0

This follows from Lemma 4.2.6 1), and the fact that sq is a pole of L(s+1/2,A,).

We now define
Z<87 Ba q)la :u)

B = Tt mm)

: (4.2.83)

s=s0
where, as before, ®; is the characteristic function of oy @oy. Since Z(s, B, ®, u) =
Li3(s,m, p) for some choice of B and @, equation (4.2.82) implies that ¢ is a non-

zero functional. It follows from (4.2.28) that

Z(s,m(g)B, 9., 1) = Z(s, B, ®, m)u~"(det(g))| det(g)| >~/ forall g € G,
(4.2.84)

where (9.9)(z,y) = ®((z,y)g). Consequently,

Z(s,m(9)B, 9.®1, 1) Z(s, B, @1, ) 1 o1
) ) ) _ y Dy ) det det S0 /2.
LRS(S7 ﬂ_’ ILL) —so I/Rs(s7 7T7 /J/) —so /"L ( e (g))| e (g)l

(4.2.85)

Since g.® — ® € Sy(V'), property (4.2.82) allows us to replace ¢g.® on the left hand

side by ®. It follows that ¢ has the asserted property (4.2.80). O

Let ¢1,c0 € F*. Recall from (4.2.64) the definition of the character ., ., of
U. An irreducible, admissible representation (7, V') of GSp(4, F') is called generic

if it admits a non-zero functional L : V' — C satisfying

L(m(u)v) = ey ep(u) L(v) forallveV, ueUl. (4.2.86)
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Such an L is called a 1., .,-Whittaker functional.
The proof of ii) of the following result has been sketched in Theorem 4.3 of

[9]; here, we provide the details.

Corollary 4.2.13. There are no exceptional poles for w, A, B, if one of the

following conditions is satisfied.

i) The character A, = A - (1o Npp) is ramified.
i) T is generic.

Hence, in these cases we have Li(s,m, ) = LS (s, m, 1), and in particular the

reg

Piatetski-Shapiro L-factor is independent of the choice of Bessel model for m.

Proof. 1) is immediate from Lemma 4.2.7 i).

ii) Let (m, V) be an irreducible, admissible, generic representation of GSp(4, F').
Let (7¥,VV) be the contragredient representation. Then 7 is also generic. Let
L be a 1, ,-Whittaker functional on V.

Assume that 7 admits an exceptional pole; we will obtain a contradiction. By
Theorem 4.2.12, there exists a character § of G and a functional ¢ : V' — C such

tht

U(m(g)v) = B(g)v (4.2.87)

for all v € V and g € G. We define a linear map

A: S(GSp(4, F)) — VY (4.2.88)

M) = [ sloirlge)ds, (4.2:89
)

GSp(4,F
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where ¢ € S(GSp(4, F)), v € V, and £ is a functional as in (4.2.80). Since ¢ is

non-zero, it is easy to see that A is non-zero. One readily verifies that
A(Ry¢) =7V (h)A(¢)  for all h € GSp(4, F). (4.2.90)

In particular, the image of A is an invariant subspace of VV. Consequently, A is
surjective. This allows us to define a non-zero distribution D : S(GSp(4, F)) — C
by

D(¢) = L(A(9)), ¢ € S(GSp(4, F)). (4.2.91)

Since L is a v, .,-Whittaker functional on V'V, it follows from (4.2.90) that
D(R,@) = ey e (u)D() for all u € U. (4.2.92)

For h € GG, we have

A(Lud)(v) = / o(h™1g)(x(9)v) dg

GSp(4,F)

= [ swttrhgr)dg

GSp(4,F

)
— B(h) / 6(g)0(m(g)v) dg

GSp(4,F)

by (4.2.87). Hence A(Lp¢) = B(h)A(¢), and thus
D(Ln¢) = B(h)D(¢) for all h € G. (4.2.93)

By Lemma 4.2.11, properties (4.2.92) and (4.2.93) imply that D = 0, which is a
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contradiction.
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