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Abstract

We study the existence, uniqueness and stability of solutions to the initial-
value problem for the periodic dispersion-managed nonlinear Schrod-inger
(DMNLS) equation, an equation that models the propagation of periodic, non-
linear, quasi-monochromatic electromagnetic pulses in a dispersion-managed
fiber. The periodic DMNLS equation we derive is the same as the non-
periodic DMNLS equation (1.2), except with a subtle difference in the op-
erator Ty = Tp(s) = e~ D)% The periodic function D(s) still controls the
dispersive properties of the optical fiber.

With respect to the Cauchy problem for the periodic DMNLS equation,
under certain assumptions on the variable dispersion, we use a Strichartz
estimate (Theorem 3.16) on the family of operators Ty to prove global well-
posedness for initial data in H" for non negative integer values of 7.

Lastly, we prove results on the existence and stability of ground state
solutions by considering the convergence of minimizing sequences for certain
variational problems. In the case a > 0, the convergence follows from the
Rellich-Kondrachov Theorem; in the case o = 0, we use a concentration-

compactness argument due to Kunze [15], but with significant modifications.
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Chapter 1

Introduction

1.1 About the Dispersion-Managed Schrodinger Equa-

tion

The one-dimensional nonlinear Schrodinger equation (NLS) with periodi-

cally varying dispersion coefficient
i, + d(2) U, + |ulPu =0 (1.1)

is an important model equation for pulses in long distance fiber optics com-
munication systems [1]. This equation describes the amplitude of a signal
transmitted through an optical fiber cable where the dispersion is varied pe-
riodically along the fiber. Here z represents the distance along the fiber, 7
represents the time, and d(z) determines the dispersive properties along the
fiber which is usually taken to be piecewise constant. The NLS equation and
its modified forms also often appear as models for other types of waves, includ-
ing plasma waves and water waves. In this thesis, we will be focusing on an
averaged version of (1.1) called the dispersion-managed nonlinear Schrodinger
(DMNLS) equation.

With optic fiber cables that use localized pulses to transmit information,



there could be unwanted interaction between individual pulses and thus un-
wanted spreading of signals. This is due to the effects of dispersion within
the fiber. To remedy this situation, in the 1990’s, researchers considered con-
structing a fiber by fusing together fibers with sections of large anomalous
dispersion (sections where d(z) is positive) alternating with sections of large
normal dispersion (sections where d(z) is negative), in such way that the dis-
persion has average value near zero [21] and the intensity and clarity of the
signals are not compromised. This technique is referred to as dispersion man-
agement. It proved to be a success in alleviating the unwanted interactions,
and today is a standard technique used in long distance fiber optic transmis-
sions.

Gabitov and Turitsyn [7] put forward a model equation for nonlinear op-

tical waves in a dispersion-managed fiber. To derive it, one assumes that

that is, d(z) is periodic with small period ¢ << 1, large in absolute value, of
size O (1/€), and has mean value (d) which is of O(1). Also, A(z) is a function

of period 1 with mean value zero; i.e.,

/01A<z) dz = 0.

Under these assumptions and taking the limit as € goes to 0, it was shown that

one can approximate solutions of (1.1) by solutions of the averaged equation
1
iy + oty + / T71s)[|T(s)u|*T(s)u] ds = 0, (1.2)
0

where a = (d). This equation is what we refer to as the dispersion managed

nonlinear Schrédinger (DMNLS) equation. As a matter of fact, when € is very



small, solutions of (1.2) approximate those of (1.1) well (see [22]).
In the above equation, the invertible operator T'(s) is defined as follows.

For s € R, define

Note that D(s) is also periodic with period 1, and controls the dispersive

properties of the optical fiber. For 0 < s < 1, define T'(s) : L? — L* by
T(s) = e~iD(s)07

In other words, if we take the Fourier transform of T'(s), we have that

Note that T'(s) is a unitary operator on L?(R), with inverse given by T 1(s) =
eiD(s)az_
In the special case where D(s) = as, T'(s) becomes the solution operator

for the initial-value problem for the linear Schrodinger equation ius+ aug, =

0, and will be denoted by S(«as). That is, we define
S(as) = e,

Note that here we do not enforce the condition that D(s) be periodic.

For a detailed description of the process of the derivation of (1.2), see [1, 2.

1.2 Previous Results

One of the first questions that is commonly asked about an initial-value
problem for a partial differential equation is whether it is well-posed. We

say an initial-value problem is well-posed in a function space X if given an



arbitrary choice of initial data in X, the problem has a unique solution in X
which depends continuously on the initial data. If the unique solution exists
for all time, then we say that the initial-value problem is globally well-posed,
otherwise, we say that the initial-value problem is locally well-posed.

Another commonly studied question, especially when dealing with nonlin-
ear equations, is whether there exist important special solutions. For equa-
tions that model physical phenomena, it is also important to check the stability
of such solutions because stable solutions are likely to be observed in reality
and some have been shown to play an important role in the development of
general solutions to many wave equations. In fact, to prove stability of solu-
tions often requires having a well-posedness result so as to assure existence
of nearby solutions for all time. Examples of important solutions to (1.2)
are standing wave solutions. These are solitary-wave solutions of the form
u(z,7) = €% ¢(7) where 6 is a constant.

Recently, results on the well-posedness of the initial-value problem and
the existence and stability of standing wave solutions have been established
for (1.2) in spaces of non-periodic functions. Zharnitsky et al. [23] proved
global well-posedness in the standard L? based Sobolev space H'(R), in the
case o # 0, under the assumption that the dispersion profile A(s) is piecewise
constant on [0, 1]. Albert and Kahlil [3] proved a global well-posedness result
for the DMNLS equation also in the L? based Sobolev space H"(R) for all
r > 0 when a # 0, and in L?(R) when o = 0, under the assumption that
D(s) is absolutely continuous with a derivative that is piecewise constant
and bounded away from zero. We should also note that Hundertmark et al.
[10, 12], already showed that the DMNLS equation is globally well-posed in
L*(R) when a = 0.

A standard procedure for proving the existence of stable standing wave so-

lutions is to solve a constrained variational problem for a conserved functional



for the equation. This method usually involves showing that a maximizing or
minimizing sequence for the variational problem has a subsequence that con-
verges (up to symmetries) to a maximizer or respectively a minimizer, which
represents the profile of a stable standing wave. If a profile standing wave is a
constrained minimizer for a functional which can be interpreted as an energy
functional for the equation, then we call the standing wave a ground state.

For the DMNLS equation, Zharnitsky et al. [23] gave a result on the
existence of ground state solutions and their stability in H!(R) in the case o >
0. Here stability is interpreted as follows: if we call S the set of all minimizers
(or the set consisting of all the ground state profiles) of the functional E(v)
defined by

00 1 1 [e's)
E(v) = / olv,|?dr — 5/ / | Tpsyv|* dr ds,
—00 0 —00

subject to the constraint

Pv) = / lv[?’dr = A for each \ < oo,

o0

and we know that an H' function, ug(7), is close in norm to a fixed element
¢ in S, then the unique solution u(z,7) of (1.2) whose initial condition is ug
will remain close in norm to some element in S for all values of z. Kunze
[15], by applying an enhanced version of Lions’ concentration compactness
method [17], showed that for & = 0 and A(s) piecewise constant, minimizers of
E(v) and thus ground states do exist in L*(R). Further, arbitrary minimizing
sequences have subsequences which, up to symmetries, converge to ground
states. This result, along with the well-posedness in L?(R), implies that
ground states are stable.

There are proofs of the existence of minimizers in H'(R) for « > 0 and in



L?*(R) for @ = 0, under very mild conditions on the dispersion profile. The
approach in these proofs avoid the use of Lions’ concentration compactness
argument or Ekeland’s variational principle, and can be extended to show
the existence of minimizers for a family of nonlocal and nonlinear variational
problems. For more on these proofs, see [5, 10, 12, 13, 16]. Finally, there have
been discoveries about the smoothness and exponential decay estimates for
solutions of the DMNLS equation both when the average dispersion is zero

(see for example [6, 9, 11, 19]), and when the average dispersion is non-negative

9].

1.3 Statement of Main Results

In this thesis, we will establish some results on the well-posedness of the
initial value problem and existence and stability of ground state solutions
for the periodic DMNLS equation, an averaged version of (1.1) in spaces of
periodic functions. Our main results are as follows:

In Chapter 2, in a similar manner as [1], we derive the periodic DMNLS
equation from (1.1) under the assumption that d(z) is periodic with period
eB, and A(z) is periodic of period B. It turns out that the periodic DMNLS

equation is given by
: | 2
Wy + QU + B ; TD(S)[|TD(5)U| TD(S)U] ds = 0.

We note that this equation is very similar to (1.2), but has a different operator
Tp(s)-

In Chapter 3, we use a slightly altered version of the L* Strichartz estimate
[4] on the operator Tp(sy (Theorem 3.16), and a Banach contraction mapping
argument to prove that the periodic DMNLS equation is globally well-posed

in H"(T) for all non negative integer values of r and for all « > 0 (Theorem



3.20), given the assumption below.

Assumption 1: The function A(s) is piecewise constant. That is, there
exist some numbers sg, s1, ..., 5, with 0 = 59 < 51 < ... < 5,1 < 8,, = B, such

that for all j €0,....,n —1, A(s) =¢; for s € [s;, Sj11].

An L* Strichartz estimate for the operator S(t) was proved by Bourgain [4].
An interesting fact concerning the well-posedness in L*(T) is that in the case
a > 0, solutions u(z, 7) with initial data u(0,7) in L*(T) are actually in L*(T)
for almost all z > 0 (Theorem 3.24). To prove this, a Banach contraction map-
ping argument is also applied. The difference is that Bourgain X*? estimates
are required along with the same Strichartz estimate on the operator T'py).
These Bourgain estimates are similar to those explained in Ginibre [8], Kenig
et al. [14], Tao [20], and Bourgain [4].

In Chapter 4, we consider the existence and stability of ground state so-
lutions to (1.2). The periodic DMNLS equation has the following conserved

functionals: the energy functional

27 1 B 27
E(v) = / alvy)?dr — —/ / I Tpesyv|* dr ds,
0 2B Jo Jo

and

2
P(v) = / (o|2dr.
0

For a > 0, we consider the problem of minimizing F(v) under the constraint
that P(v) be held constant, and show that minimizers exist in H'(T). Hence,
ground states exist in H!(T) and are stable. The proof involves utilizing the
Strichartz estimate on Tp(s) to show that any minimizing sequence is bounded
in H'(T). Then by the Rellich-Kondrachov theorem for compact manifolds,

there exists a subsequence which will converge strongly in L?(T). Finally, we



apply the weak lower semicontinuity of the norm in a Hilbert space to show
that a subsequence converges strongly in H'(T) to a minimizer. A simple
proof by contradiction is then used to prove stability.

For a = 0 and D(s) = s, we provide a sufficient condition for existence and
stability of ground states by considering the problem of maximizing W (v) =
—F(v) under the constraint that P(v) be held constant. The condition for

existence is expressed in terms of the following function. For w € L?*(T) define

A(h) = 2 ; ; l; %p [e72P — 1] 4ib(n) ib(n — 1) i(n — p)i(n — p — 1),
Theorem 1.1. Let A > 0. Suppose there exists a function w € L* with P(w) =
A, such that A(w) — 2w B||w||}y > 0. Then there exists at least one mazimizer
for W(v) in L*(T). Moreover, given the above condition, every mazimizing
sequence for Jy (see Section 4.2) has a subsequence which, after being suitably

translated in Fourier space, converges strongly in L? to some maximizer.

The proof of the above theorem is a concentration compactness argument,
and it requires a significant modification of the argument used by Kunze
[15] in his proof of existence of non-periodic ground states. In essence, the
proof shows that if we can find a function w that satisfies the above require-
ments, then for every maximizing sequence {u;}, the sequence of its Fourier
transforms F(u;)[n] is tight in 2. This then enables us to use the Rellich-
Kondrachov theorem and the weak lower semicontinuity of the norm in a
Hilbert space to show that a subsequence, after translations, will converge
strongly in L? to a maximizer.

Lastly, in Chapter 5, we identify some values of B for which a function w
exists that satisfies the requirements in Theorem 1.1, and other values of B

for which no such w exists.



1.4 Preliminaries

Notation and Standard Results
The set of all real numbers and the set of all integers will be denoted by
R and Z, respectively. The torus will be denoted by T := R/27Z.

For any measurable function f on I C R and any p € [1,00), we define

Hmmm=<zuuwm0;

so that LP(I) denotes the space of all functions f such that || f||z»(s) is finite.
Likewise, if f is defined for n € Z, we denote [ as the space of functions f

such that

D=

1= (st

neL

is finite.
If f(t,z) is a measurable function depending on the variables ¢ and z, and f

is defined for (t,2) € I x J CR x T, for p € [1,00) and ¢ € [1,00), we define

P 1
I fllzeracxsy = W fleanllray = (/1 (/J!f(t,xﬂq dx> dt) ,

and Ly LI(I x J) denotes the space of all f for which || f[|p 1« is finite. If
p = q, we will express LYL?(I x J) as L} (I x J). In case I and J are all of
R and T respectively, we exclude the reference to I and J.

We will also use ¢ to denote any positive constant. However, if ¢ is dependent
on variable parameters such as ¢, we record the dependence using the notation
Ce.

If f(x) is integrable on T, we define the Fourier transform of f in = by

il = 5= [ e f) de



for n € Z, and the inversion formula is given by

flx) = Fulf)nle™.

neL

If g(t) is integrable on R, we define the Fourier transform of ¢ in ¢ by

Fi(g)lw] = = / e (1) dt,

T o
for k € R, and its inverse is given by
FoUR)H] = / e F (1) d.
R

Likewise, if h(t,z) is an integrable function on R x T, we define the Fourier

transform of A in ¢ and = jointly by

Fhlk.n] = ¢ 2;)2 /R eim( /T M h(t, ) d:z:) dt

1 .
= W / / e_l(nx—i_t’i)h(t, .CE) dx dt,
)" JrJT

and its inverse is given by

FUH) ] =Y /R ¢04n3) [ (1 ) s

nez

One can also define the Fourier transform and inverse Fourier transform of any
tempered distribution in such a way that it agrees with the above definition.
At times, we will express F(g)[s], Fa(f)[n], and F(h)[x,n] as §(k), f(n),
and iL(I{, n) respectively.

The convolution of two functions f and g on R is defined by

frglw) = /Rf(w — 2)g(2)dz.

10



The discrete convolution of two functions f and g on Z is defined by
frgn) =Y f(n—m)g(m).

For s > 0, the inhomogeneous Sobolev space on the torus, H*(T), is

defined to be the space of all measurable functions u on T for which

|

ms(n) = [[{m)*a(n)l]2 = <Z<n>25|ﬂ(n)l2> :

nez
is finite. Here, (n)® = (1 + |n|)®. Similarly, we define H*(R) to be the space

of all measurable functions v on R whose norm

lulli ey = 7)) 2 = ( [ dT)

is finite. It is also useful to note that when s is an integer, ||u||gs®) can be

defined as

[l

w@ = Y w2
i=0

For I C R, we define C2(I) as the space of measurable functions f(t) on I

such that

1fllcory = sup [ f(2)]
tel

is finite.
We define CPL2(I x T) as the space of measurable functions f(¢,z) on I x T

such that

HfHC?Lg(IxT) = sup HfHL_?;
tel

is finite. We can also define CY H:(I x T) in the same manner.

11



For s, b € R, the Sobolev space H**(R x T) is defined as the closure of the

set of all Schwartz functions u(t,x) on R x T with respect to the norm

lall e 1= 11(n)* (6)° F ()5, ) | 22 rczy-

Let h:Z — R be a continuous function, and s,b € R. The Bourgain type
space X;ﬁh(n) (R x T) is defined to be the closure of the set of all Schwartz

functions wu(t,x) on R x T with respect to the norm

[l Xs’bh(n)(RxT) = |[(n)*(k — h(n»b}—(u)[’f’ n]Hngg(RxZ)-

K=

We will also denote the space X;ih(n) (R x T) as Xfiﬁh(n)'

Theorem 1.2. (Banach algebra property). If s > %, then there exists a cs > 0,

such that for every u,v € H*(T)

luollze < collulla ol o

thus uwv € H*(T) .

Proof. For s > %,

[wol[s = [[{(n)*wo(n)]],2




= ¢ Z(n — m)*a(n —m)o(m) + Z(mfu(n —m)o(m)
< ¢ Z(n —m)*u(n —m)o(m)|| + Z(mfﬂ(n —m)o(m) )

= o (| ((n)*a) * D]l + [1((n)°0) * @l »)

< ¢ (Jlul

PR (VR o 1 PAY O PR

< ¢, (lul

s+ ||ul

s ||v| ms vl as),

where we used Young’s Convolution Inequality in the last few estimates. [

13



Chapter 2

Derivation of Periodic DMNLS Equation

Consider the following nondimensionalized NLS equation
iu, + d(2)ur,r + [ulPu =0, (2.1)

where the dispersion coefficient function,d(z), is periodic of period eB, has

a large absolute value of size O(1/e) with € << 1, and has mean value (d)

which is O(1). Hence, d(z) = (d) + % where A(z) is a periodic function

of period B and mean value zero. That is,

/OB A() dz = 0.

Let u = u(Z, 1, s;€) where s = f, Z =z, and 7 € T. Then
€

ou_ouds  udz _1ou ou
Dz 0Osdz 0Zdz €ds 0F°

Thus (2.1) can be written as

(10u Ou A(s)\ 0%u 2
Z(E%+a_z)+(<d>+ ; >w+|u|u_0

14



which implies that,

1 2 2
(.8u 0 u) ou 8_u+‘u|2u:0.

Z% + A(S)W + Zﬁ_Z + <d> 972

€
If we formally expand wu as a series in the small parameter €, writing it as

u:U0+CU1+€2UQ+..., (22)

we get that

1 i - :
Li(Qo g Jny @00 Y a2 20 Yy
€ 0s Js ds

2 2 2
@(auo NI ) + <al><(9 to | T 20 )+

0z 0z 0z

2
Ug + €U + €2U2 + ... (’LL() + euy + €2U2 + ) =0.

At leading order O(1/¢), we see that

;2o
ds

32u0

+ A(s) 572

— 0. (2.3)

We can solve the initial-value problem for (2.3) with initial data uy(Z, 7,0) =

U(Z,7) on T by means of the Fourier transform. Write uy = Z A (ug)e™
nez

1 .
where A, (uy) = 7 / e ""Tug dr represents the Fourier coefficients of wy.
™ JT

Taking the Fourier transform of (2.3) with respect to 7 and evaluating at

n, we find that
0Anluwo) in*A(s) A (ug) = 0
s (2.4)
An(UO(Z7 T, O)) - AR(U)

Since (2.4) is a linear ODE, we can solve it by using the integrating factor

15



I = elo in®AB) ds ¢ get

a(An (uo)em2D(s))
Js

= 0, where D(s) = / A(8) ds.
0

Integrating both sides gives:
An(up)e™ P = P(Z,n) for some function P.
Evaluating at s = 0 and applying the initial condition in (2.4), we get that
Ap(ug(Z,7,0)) = P(Z,n) = A,(U).

In other words,

An(ug) = A (U)e™ ™ P6), (2.5)

Thus,

= Aulue)e™ =Y Ay (U)e PO, (2.6)

nez ne”Z

For future purposes, we will view ug as

=TpU =Y _ A, (U)elrm Pl (2.7)

neL

where the Fourier multiplier operator Tt is defined as T, = €97 5o that the

Fourier transform of T¢ f with respect to 7 evaluated at n is given by

F(Tef)[n] = e ™ F(f)n].

Note that the inverse operator is also defined as T 4—1 = 6—1(827 so that

F(T )] = e™ F(f)n). (2.8)

16



Now at order O(1),

—_— — |’LL0|2’LL0, (29)

where u; = Z By (up)e™ with B, (uq) = Py / e "y dr.
T Jr
nez

Again, taking the Fourier transform of (2.9) with respect to 7 and evalu-

ating at n, we find that

B, A, ,
9Bn(w1) +in*A(s) By (u1) = _94n(uo) _ in*{d) A, (uo)+
Os 07 (2.10)
i F (|uo|*uo)[n)].
However, (2.7) implies that
Flluoluo)lnl = 5= | & fuofuo dr
21 Jp
L TpsU? TpU d
= o Te D(s) D(s) T.

Therefore, (2.10) becomes

8Bn(u1) . 9 aAn(UO) 2
S - A
55 " A(8)By,(u) Y in“{d) A, (uo)+
. 1 —inT
l% . (& |TD(S)U|2 TD(S)U dr.

This is also an ODE with the same integrating factor as before, so can be

17



solved to get that

—in?{d) A, (up)+

8(Bn(u1)em2D(S)) N 0A, (up)
O0s N o0z

1 . )
1— / e "7 |TD(3)U|2 Tps\U dT} ein*D(s)
2 Jr

Hence,

Bn(ul)eingD(s)

Z: /0 {— aAg(Zuo) — in2(d) A, (uo)+

1

ie— [ e | TpUP® TpU dT} e P s,
27 T

Since D(s) is periodic in s and A has zero mean, A, (uo) is also periodic in s.

To remove the secular term, we need

/0 ’ {— aAg(ZUO) — in(d) Ap(u) +

1

i—
2 Jr

e " Tpo Ul TowU dT:| e PE) g5 = 0.

Using (2.5) we have that

B —in2D(s) . -
/ |:_ 6(An<U;€Z ) i Zn2<d>An(U)6_m D(s):| ein?D(s) ds +
0

B
1 . )
/ [Z— / e_mT|TD(s)U|2 Tps)U dT:| e’ D) dg = 0,
0 2w Jr
which implies that

/ " OAOD a0y ds +

B
1 . 2
/ [Z— / e " |TD(8)U|2 TD(S)U dr|e™ D(s) ds = 0,
0 T Jr

or

18



0z
b 1 i 2 in2D
/ |: /e_mT |TD(S)U| TD(S)U dr e P ds = 0.
0 T

B {—w — m2<d)An(U)} +
"o

_iezn'r

Multiplying by , and summing over all n results in

LS A0 — () S n2 AU

ne’ nez

1 [ 1 : n?
= - —int |\ SU2T SUd i(n D(S)—‘,—’I’LT)d —0.
b LS o [ o T e

To conclude, we use (2.8) together with the fact that U = Z A (U)e™ and

nez
U., = — Z n?A,(U)e™ to obtain the averaged equation
nez
1 B
Wz +{d)Urr + & /0 TpigITo U TowU] ds = 0. (2.11)

Equation (2.11) is a periodic version of the DMNLS equation (1.2). The
above analysis shows that at least formally, it is necessary that U(Z, 7) satisfy
equation (2.11) in order for the expansion in (2.2) to be valid. One expects
that, in the limit as e — 0, solutions of (2.11) should be good approximations

to solutions of (2.1).
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Chapter 3

Well-posedness of the Initial-Value Problem

From now on, the variables Z and 7 in the previous section will be denoted
by t and x respectively. We begin with the following lemmas that are required

for the proof of the well-posedness results in Theorems 3.20 and 3.24.

Lemma 3.1. For every u € L*(T),

Proof. Tpsyu = Z a(n)eitnz—n?D(s)
nel

Zﬁ(k)ei(k”km(s)) with & = —n,
keZ

1 —
D(S)U.

Il
~

Lemma 3.2. For u,v € L*(T),
(u, TD_(ls)v> = (Tp(syu, v).

Therefore, Tp(s) is a unitary operator on L*(T).

20



Proof. By Parseval’s identity, we can show that

<u,T5(1$)U> = /Tu TB(ls)v dx

= <TD(5)U, 1)>. D

Lemma 3.3. Forr € R and for w e H(T),

| Toyu|| e = lull e
r ,—in?D(s) T2
Proof.  ||Togyull, = ||y e POatm)|| = I amlle = luly-
[l
Remark 3.4. A similar proof can be used to show that ||S(at)u|| yr = ||ull 4

foruwe H™(T).

Lemma 3.5. Suppose A(s) satisfies Assumption 1. Then for u € H" with
r>1,

Tpsu € CYHL([0, B] x T).

Proof. Observe that
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2
—in2D(s) —in2D(sp)

€ — €

e = > () a(n)

neL

| Tosyu = Tospyul

Since D'(s) is piecewise constant, D(s) is continuous. The function e* is

—in?D(s)

also continuous for all values of z, thus e is continuous. This implies

that lim e~ P — ¢="*P0) — 0 for s € [0, B]. In addition, since
S$—S0

2
<4

2 )
‘6 n?D(s) e~ D(s0)

for all s, then

2
o < 4Jul3 < oo.

| Tt = Togsoyul
So by the Lebesgue Dominated Convergence Theorem,

2

. 2 Tl A 2 9. —in?D(s —in2D(s
Slgglo | To(syw — Togsoyue|| 5y = Z<n>2 |i(n)| Slgglo =Pl min D)
neL
= 0’
concluding the proof of the theorem. O]

Let us rewrite the periodic DMNLS equation. We will write (2.11) as

with o € R, and
1 (5 )
F(“) = B TD(S)[|TD(S)U| TD(S)U] ds.
0

Definition 3.6. Suppose ug € L*(T). We say u(t,z) € CPL2(I x T) is a

strong solution of (3.1) with initial data ug if

22



(a) forallt e,
u(t, z) = S(at)ug + i/o Sla(t —t")F(u(t',x)) dt’

with S(at) as previously defined, and

(b) if we fix t € I and let u=wu(t,-), then
I Tpsyul* Tpyu € CoLA([0, B] x T),
making F(u) well-defined.

3.1 Time Independent Quantities

let P: L? >R and E : L? — R be defined as

P(u) = [ Iuf* do.

1 B
E(u) = /Oz|uw|2dx — —/ / |TD(S)u|4 dx ds.

Theorem 3.7. Suppose u(t,z) € CPH!(I x T) is a strong solution to (5.1)

and

for r large enough. Then P(u(t,z)) and E(u(t,x)) are independent of t.

Proof. Note that
= i, +i% [ Tply (1T ul*Toyu] ds.

For r > 1, applying the Banach Algebra property for H"(T) and Lemma 3.5,
we get that u; € CYHI2(I x T). Also, since u is periodic for fixed ¢, the value

of u and its derivatives with respect to x at the end points are the same. Now
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for u, a strong solution to (3.1), we see that

/u (tug + oy, + F(u)) de =0 (3.2)

and

/u (—iﬂt + Qg + F(u)) dz = 0. (3.3)
T
Subtract (3.3) from (3.2) to get
O:i/utu+utud:)s+oz/uuxx—uum dﬁ—l—/uF—uFd:r
T T T

d _
= i— ]u|2 dx—ka/aum — Ul dx+/ﬂF—uF dx.
dt T T

If we H(T) for r sufficiently large, then by applying integration by parts,

we can address the second integral as follows:
_ _ _ _ 2 _ _
/uum —ully dr = Tuy — ully |5 + /uxux — u,t, dv = 0.
T T

To calculate the third integral, note that, by Lemma 3.2,

/uFda:——/ / ]TD(Su] Tpsu) ds dx
:—/ / |TD u| TD(s ]dl’ ds

IR Ly —
= E/ /TD(S)U|TD(S)’LL|2 TD(S)U dx ds
0 T

1 (B .
= — Tpsyu|” dzx ds.
B/O /Tr ol

Then by taking the complex conjugate, we get that
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_ 1 [B
/uF dr = —/ / Tp(sul* dz ds.
T B Jo Jr

Thus,
/uF —uF dx =0,
T

and to conclude,

d 2
— dr = 0.
p” /Jr lu|” dx =0

Hence P(u) = [, |u|* dz is independent of .

To show that E(u) is independent of ¢, by the product rule, we can write

dE(u) d ) 1 /B/ .
=— o Pdr — — Tpul* dz d
dt dt [/TO"“’ "7 9B ), T' pul” de ds

1 B _
=« / UpUgr + Ugtlly AT — — / / Tps)u TD(S)ut(TD(s)u)2 ds dx
T B Jr Jo

that

1 B -
- (TD(S)U)Q TD(s)Ut TD(S)U ds dx
B T JO

Y =
= /Tut {—aum - E/o TD(ls)HTD(s)u\2 Tp(s)ul ds} dx + c.c.,

where we used integration by parts and Lemma 3.2 in the last step, and c.c.

represents the complex conjugate. However,

B
e /0 Tpio I Togsyul? Tpesyu] ds = —ia;.

Therefore,
dE(u)
dt

= / —iugtly + 1uptly doe = 0.
T
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3.2 Estimates for Linear and Nonlinear Terms

Lemma 3.8. Suppose « € R, r € R, and T > 0. For all ug(x) € H"(T), we

have

”S(at)UOHC‘?H;([O,T]XT) = ||Uo||H;- (3.4)

Proof. We have

||S(at)uo||CSH;([0,T]x1r) = sup ||S(at)uo||H;-
te(0,7)

Apply Remark 3.4 to get the desired result. O

Lemma 3.9. Suppose « € R, r € R, and T > 0. For all
F e CYH! ([0,T] x T), we have

< T\ Fllco pr(jo,r1xT)- (3.5)
CYHr([0,T]xT)

/t Sla(t —t)F(', x) dt

Proof. We have

/ t S(a(t —t)F(t, z) dt’ / t S(a(t — ) F(t, z) dt’

= sup
coHr  t€[0T]

Hg

t
< sup / IS(alt — ) F(E, 2 dt
1J0 ’

tel0,T

t
~ aup / IF@ )], dt
1J0 ‘

te[0,T

¢
< Sup/ sup |[|[F(t',z)| gy dt’
te[o, 7] Jo t'€[0,T) *

=T sup [|[F(t', )]l
t'€(0,T7]
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=T 1E N coypo,r1xm)-

Corollary 3.10. Suppose T > 0. For all F € C?L2([0,T] x T), we have

¢
/ F(t' x)d
0

Proof. The proof is similar to Lemma 3.9. O]

< T\ Fllcor2(jo,rxT)- (3.6)
COL2((0.1)xT)

In the next few lemmas, we let 7(t) € C§°(R) be a function that is sup-

ported on [—2,2] and equals 1 on [—1, 1], and set ny(t) =7 (£) for T > 0.
Lemma 3.11. Suppose T >0 and a € R. For all ug(z) € L*(T), we have
I (@) S(at)uollcprs < [luollz- (3.7)

Proof. We have

e (®)S(at)uollcpry = sup nr()S(at)usllzs

=27 sup | Fz(nr(8) S (at)uo) [n] |2

teR

= V2r sup () || Fu (S(at)uo) (]2

teR

— V27 sup nr(8)[|e 7 Fou(uo) 0] 12

teR

< V2| Fa(uo)llz

= HUOHLg-
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]

Definition 3.12. Let Y be the space of all functions f(t,x) whose derivatives
of all orders with respect to t and x exist, and such that for all m, n, k € N

there exists Cppn such that [t|F10mO" f(t,x)| < cmpm for all (t,z) € R x T.

Lemma 3.13. There exists ¢ > 0 such that for all T € (0,1] and all F € Y

o) S(alt— ) F(E.x) di

< T ||F |l yo-srs - (3.8)
2

C?LQ K=—an
x

Proof. Let w(z) € C§° be a bump function that is supported on [—3, 3] and

equals 1 on [—2,2]. If we define wy(t) = w (%), then

HT]T(t) fot S(Oé(t — t/))F(t’7 .T) dt’

CPL:

= @) Ji Statt = 1)) wr@) Pt 2) ar

CPL:

= sup
teR

() / S(alt =) wr(t)F(t, z) dt

LE

= V27 sup

teR

Y
2
ln

7, (nT(t) /0 " S(alt — ) H(E2) dt’)

where H (t,z) = wr(t)F(t,x). Let H(k,n) = F(H)[k,n|, and observe that

1

27 Jo

e—mﬂcH(t/’ {L‘) dr = / @it,”'}[(ﬁ, n) dr = -FtTI(H)[t,]'
R

1
Therefore, for any fixed b > g0 We have

inr(t) /0 S(a(t — ) F(t, z) dt’

cor2
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= V27 sup

teR

nr(t /}" a(t—t))H)[n] dt’

4

t
= /27 sup nT(t)/ e~ =) F (H)[n] dt’
0

teR

i

¢
= V27 sup nT(t)/O e =) L)1) at!

teR

5

¢
nr(t) // et =R (g n) dt di
R Jo 2

= sup
teR
t

= /27 sup nT(t)/e_ia"Qt/ e e (ke m) dt’ dr

teR R 0

t

= V27 sup nT(t)/em"2t(/ et (n+an? dt)?—[(/-i,n) dk

teR R 0 2

. /Rm + an®) M (k)| dr

i

=V2r

/(/@ + an?) Y (K, m) | di
R

i

< ¢ [[{k + an®)* " H (k)| L2z

= Cb“H”Xo,b—1 5

KR=—an

where in the last estimate, the Cauchy-Schwarz inequality was applied. Specif-

9
ically, if b = 6 then

inT(t)/O Sla(t =) F(', x) d

<clor@Fto)l oz o (39)

Cto L% N:*O{'/LQ

where ¢ is an absolute constant. Applying Lemma 2.11 from [20] results in

lor(FE D) o5z = [lw(F) Pt 2] oy

rk=—an?2 k=—an?
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1
S CTTGHFHXO,f% )

N=—Cl1’l2

where ¢ depends only on w. Combine this estimate with (3.9), to conclude

the proof of Lemma 3.13. O
The following estimates can also be found in [8] and [14].

Then, there exists ¢ > 0 such that for all

N |+

Lemma 3.14. Suppose b >

T € [0,1],

< e lugllus- (3.10)

[l ()5 (at)uo]| o0

Proof. Note that
t inx—ion“t, ~
w05t = () S e i)

.t . . 2
— 67,70.) ﬁ(W) d(JJ eznac—wm, tdo(n)
/ )3

neL

= emigtn) [ ) )

e
neZ R

= Zemxu})(n) T/ e (T (k + an?)) dr
R

neL

=7 [ 37 e i) (T + an)) dr,
R

nez

where 7(w) represents the Fourier transform of 7(t) evaluated at w, and

= & — an?®. Therefore,

I ()S (et)uo [

N:*C!TLQ

—T2/RZ(1+W)28 (14 |5+ an?|) Jio(m)I* [ (T (5 +an®))|” dr

ne”
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=Sl o) (72 [ (14 o)

ne”

0 (T (k + an®)) ‘2 d/f)
=Y (L + [n))* [do(n)]* T

nez

Since b > %, we have that

Jngc[T2/ ‘ﬁ (T(/{+an2))‘2 dk
R

+T2/ ‘ﬁ+an2‘2b ’77 (T (/i—i-oan))‘Q dn}
R
e, [T J1a@P a7 [ o i dn}
R R
< o [T 112 + T n]%]

S Cyp Tlina

where w = T (k + an?), and ¢ only depends on b. Thus

[l (£)S (et o

s ST (L ) ().

meen nes

Taking the square root on both sides results in (3.10), and completes the proof
of Lemma 3.14. |

Lemma 3.15. Let —% <V <0 <b<1+b. There exists ¢ >0 such that

for all T €[0,1] and all F €,

S CTl+b,_b||F| Xs,b/

XS,b K=—an

(3.11)

nr(t) /0 Sla(t —t"))F(',x) dt’
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Proof. To establish (3.11), we need to first prove the following inequality

n(t) / 1t dv

< T £l o (3.12)
Hb

We write

nr(t) /Ot f(t) dt’ =nr(t) /Ot/Reit/’if(/i) dr dt’

= nr(t) /R f(x) /0 t et dt’ dr

— e (t) / F) L (e 1) a
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Therefore,

ne(t) / F(t') dr

< Ul + 1M e + 1K N e - (3.13)
HY

We work on the norms of each of the terms on the right hand side of
(3.13). Utilizing the triangle inequality, the fact that |x| < T~!, and the

Cauchy-Schwarz inequality respectively, we have that

~

w3 F [ e

11z =

Hb

1 R
<o [ et s
; n! |k|T<1 Hb
1 . \n—17¢ n
=y = (ik)" " £ () dis | [0 ()| g
w1 v sT<a
<Y Ol [ |0 dx
n>1 s || T<1
1 ’ / ~
< — |[t"nr(t / T (k)0 fli‘dfi
Z IOl | T | GR)
1 n —n i b
<> @l T W W) e
n>1 n: L|n\T§1 Ll.‘i‘TSl
1 . Y L
<Dl @l T 1 g ||(5)77) (3.14)
n>1 |k|T<1

Note also that since || < T~L, then (1+|x))™? < (1+ |77 <

/
Cy T2b . SO,

1

oo,y = (s )
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, 2
S Cy (/ T2b dlﬁl)
|k|T<1
T71
< ¢y ks (/ d/f)
_7-1

s 1

<y TV 2.

N|=

In addition,

),
S oxal
e

()] o = '

o <%> — /]R ()% Fy(g)w] dw = T / €% I (g [T] .

R

Therefore,

o (7)

<ot ( [17ma? as+ [ 1o 17T i)

o TQ/R(l + |6 | Filgn) [TK]|” dr

—a ([ 1RGP dot [ T2 17 )l do)

<ar 2 ([ IRl do+ [ 1617 o)

34
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< & T (IlgallZ2 + llgallze)

dgn

<o (Hgnniz + Il + | %

<o T2 (Jern(@) 132 + [lEn®lle + 187 Ol + lne0(e)]| )°)
<o 4 T2 (@3 + Dn(@) Lz + 10 @l 2 + 0 In@)]],2])

<ep A" T2 (K + [k(1 +n) + CT%)

S Cb 4n T1—2b(1 _l_/n/)Z’
where k£ and C' are fixed constants, and we used the fact that n and its deriva-

tive are in L?. Thus,

[T ()| o = T < 20 T2 (1 4 ). (3.16)

(7)

To conclude, substituting (3.15) and (3.16) into (3.14) results in

Hb

21+ 1) 1yl — L
T < e 3020 phcvonpiongy 4 7y

n!
n>1

2™(1 p
<o 2R gy

n!
n>1

< T Fllgw s (3.17)

where ¢ depends only on b and b'.

For the third term, we have

1Ko = \

() / (i) ) de

Hb
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(O] o

/m ‘TZI(m)*l f(k) dr

<( /| i) ) I 0

= ([ e 17 ) B0

< || @I, @l
k| T>1 |k|T>1
= [Jlimt )l T ) (319)
k| T>1

To obtain an estimate for the H® norm on the right hand side of (3.18),

note that

nr(t) = / e TYH(w) dw = T/ e")(Tk) dr.
R R
So,

()2 = T2 / (R (TR dr

72 / (W) (TR ds

<o T? (/Rm(TK)F d/<a> beT? </Rm2bm(m)\2 d/-@)
T (/Rm(mﬂ? dm) bt (/R 12 [ () 2 dm)

< T2 (3.19)

Also, if |k|T > 1, then || > T > 1. So,

1
. J— J— / 2
(e )
Liir>1 || T>1

114y
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[NIE

_ (/ (1+r)> dﬁ)
|| T>1 K2
9 —2b' %
S Cyr (/ ( K)2 d/‘i)
lk|T>1 K
=y (/ H*Qb’,Z dlﬁ)
|| T>1
o201 1k 2
= Cy lim |[————
k—o00 —Qb/ - 1 71

<cy T2, (3.20)

o=

Applying estimates (3.19) and (3.20) to (3.18), we have
1 g < ¢ T2 F L (3.21)

where again ¢ depends only on b and ¥'.

For the second term, we let h(t) = fMTZl(i/{)’le“”f(ff) dk. Then

1110 = || ) ]|

= ||y / (s — p)h(p) dp

L2

- / (5 (s — p)ho(p) dp

L2

_ / () +p — p)ir(x — p)h(p) dp

L2

IN

¢ / (1+ 1p| + [ — p) A (s — p)h(p) dp

L2

< +

¢ / 1w pl (s — () dpl|  + | / (B)?r (s — p)h(p) dp

L2 L2
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= (st ) <4

b A A~
<ap ||Inl" |, Illze + e el Nalg

where in the last three estimates, we used Minkowski’s inequality and Young’s

convolution inequality. The norms in (3.22) are estimated as follows:

e e (6rh)]

L2

il =T / 0(Tw)| dr = / ()] dw < c,
R R

ot
Ll

and

2
12

<

_7 / Wl [A(TR)| dr =T / ()] dw < T,
R R

2

(ir)"'e™ f(k) dr

—

K|T>1 Hb

2
Liwjr>1 (i/ﬁ)_leit"f(/f) dk

T

/ei“‘g(/ﬁ) dk
R Hb
() 9(s)]
b—b'+b . 17 2
[ g () )|

’ / N 2
</{>2b—2b +2b |/€|—2 ‘f(l{)‘ d/{

sup el 2 [
[k|T>1 |k|T>1
T | 7,
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for b,/ € R, b < 14b'. Taking the square root on both sides of the inequality,

we have

1l s < € T4 £l o - (3.25)

Specifically, if b = 0 then

[Bll e < e T fll o - (3.26)

Lastly, we apply (3.23), (3.24), (3.25), and (3.26) to (3.22), to get

111z < € T2 £ (3.27)

The estimation in (3.12) results from substituting (3.17), (3.21), and (3.27)

into (3.13). To get (3.11), note that

2

nr(t) /O S(alt—¢)) F(t,x) db

s,b
X 2

K=—an
2

— | S(=at) nr(t) /0 " S(alt — 1)) F(#.x) dt

HYH;

2

= nT(t)/O S(—at') F(t',z) dt’

HYH;

2

dk

-y /R () (m)* | F (nT(t) /0 ' S(=at)) F(t',) dt’) Ik, 1]

=St [0 |7 (w0 [t )

2

dk,
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where H(t,n) = F.(S(—at) F)[n]. For a fixed n, let H(t,n) = fu(t).

By applying the estimate in (3.12), it follows that

2

(1) /0 " S(alt — ) F(t'.z) dt

Xsb

r=—an2

o L
o [ty [ 1) H

<o S )T L2

neZ

T2+2b’ 2b E / 2b’

nez

dk

2

fn(/i) dk

T2+2b/ 2bz / 2b’ |-Ft( ( )) [KHQ dk

neL

e TH B3 () / (WY | F (Fo(S(—at) F)al) (] di

ne”L

_CT2+2b’ ZbZ/ 25 2b’ ’.F ( ) )[/i,ﬂ”z dr

neL

= cT*P 2 ||S(—at) F[ 3 g

—c T2+2b/ 2b ”F“XS y

K=—an

Taking the square root of both sides concludes the proof of Lemma 3.15. [

Theorem 3.16. (Strichartz Estimate). Suppose D'(s) = A(s) satisfies As-
sumption 1. Then for all w € S(T) and for all s € [0, B,

I Toyullzs, < cllullr: (3.28)
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Proof. The following proof is similar to that of Proposition 2.1 in [4]. First,

5 :

1, = (/0' ||TD(S)U||%,§ dS)
nolooesig . i
=075

n—1 Sj+1 4 i
KZ (/ ||TD(5)U||L;1C dS)

Jj=

L% . ((sj,854+1)xT)

n—1
<K Z HTD(S)
=0

with sg, $1, ..., 8, as in Assumption 1. Thus it is enough to prove Theorem
3.16 on an arbitrary finite interval [a,b] instead of on [0, B], and under the
assumption that D'(s) = k, a constant on [a, b].

With this in mind, we write

||TD(s U||L4 ((a,p)xT) = < ||TD(S ”HL%((nq)xT)

2M

for some p, ¢ such that for a given k , [a,b] C [p,q] and ¢ —p = % for
some M € Z.
Let g = Tp(syu, then by definition of Fourier transform,
g = Zﬁ(n)ei(m_"zms)) with 4(n) = F,(u)[n]. Thus,
nez
$2((@)xT) — =llg- gl L3 . ((p.a)xT)
Z Z 73 z( n—m)z—(n2—m?2)D(s))
neZ mez Lg,x((p)q) XT)
Z|u |2+Z Z EL z ((n—m)z—(n?—m?2)D(s))
nez nEZ m#n€Z L2 . ((p,g)xT)
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neZ L3 .z n€Z m#n€l Lg,z
< Z |,a(n>|2 Z Z YTJ/ 'Ll:pefil(anl)D(s) : (329)
nezZ n€Z I£0€Z LZ,

where [ =n —m.

The second term on the right hand side of (3.29) can be dealt with as
follows. Let b, = Zﬁ(n)ﬁ(n — 1)e~1en=0D() Then

nel

Z Z ’lj ezlxefil(anl)D(s)
le

n€eZ I£0€Z
/ /T I£0€Z

<c ( >l ds>

P |£0eZ

(l;Z / b - by ds)

( > (LSt it = i) [ een-zme d))

I£0€Z \ neZ reZ

Z by eilm

1£0€7Z

Lg,z L2

s,T

[SIE

ilx

dz ds

|=

1
2

M7r

Now we observe that since ¢ —p = 22T the integral

/q efil(2n72r)D(s) ds = /q efil(2n72r)(ks+d) ds
p p

is equal to ¢ — p when n = r; and is equal to 0 when n # r. So,

Z Z ITL zlwe—il(2n—l)D(s))

neZ I£0€Z

2
Ls,x
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< clullz,

Putting the estimate above into (3.29) results in

= ((0,0)xT) <

> la(m)lP| + IIUIIQLg)

nez
Finally, (3.28) can be obtained from the above estimate. ]

> Jitn

nel

2
2((a,0)xT) =

+ |IUH%g)
L2 . ((p,q)xT)

< ¢ flull7.

3.3 Well-posedness in H"

Lemma 3.17. Fix B € R and M > 0, and suppose r 1is a non-negative

integer. Suppose uy,us,us € H,, and define
R(s) == Ty [Tpsyws - Tpsyuz - Tos)us]
for s € [0, B]. If we let
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1 B
Pluusug)i= 5 [ Bo) ds.
0

then we have that

HF(UbU27U3)Hch;([o,M]x1r) <c HulHC,?H;([O,M]x'JT) ) Hu2||C?Hg([O,M}><T) (3.30)

'||U3HC,?H§([O,M]><'JT)7
where ¢ is independent of uq,us, us.

Proof. For r € Z and r > 0,

HFHC’?H;([O,M]XT) = 4 Sup

B
B / TB(IS) [TD(s)ul : TD(S)UQ . TD(S)Ug] ds
t€[0,M] 0

H

1 B B -
< — SUP}/ HTDé)[TD(s)ul'TD<5>“2'TD<S>“3]HH7» s
0 x

telo,M

1 B —
— g o / | Togsyur - Togsyus - Tpsyus|
telo,M] Jo

A ds

B

C S —

—p o / 1 Tp(syur || s | Ty el oy | Toes) s my ds
tel0,M] J 0

=c HulHC?H;([O,M]XT)HuQHCEH;([O,M}xT)Hu?)HC?H;([O,M]xT)

For r =0,

B
/ T Tpesyws - Tpeyus - Tpsyus] ds
0

||F||C$Lg([o,M]x1r) = & Sup

B te[0,M] L2

1 B A
< — sup }/0 HTD(ls) [Tp(syur - To(syus - Tpesyus) L2 ds

te[0,M

T

ds

1 B _ — _
= — sup / sup /TD(ls) [To(syur - Tpesyus - Tpsyus] - v dx
B tepo,m Jo T

o]l L2 <1

ds

1 b — ——
-5 sup / sup /TD(S)Ul Tp(syuz - Tp(syus - Tps)v dx
telo,M] Jo  [jvl[L2<1 |JT

44



1 B S S
< B sup / sup / Tp(syur - To(syus - Toesyus - Tpesyv| da ds.
te[0,M] JO vl 2<1JT

It follows from Holder’s inequality and the Strichartz estimate found in The-

orem 3.16 that

1
1Elloprzqommmy < 5 sup - sup | Toeyullne, [ Toeuelles, 1T usl

te[0,M] |jv]| 2 <1

4
Ls,z

1 Tpesvlles,

C
< — sup sup HulﬂLg HUZHLg HUSHLg HUHLg
t€[0,M] |[v]| L2 <1

C
B sup HU1||L3 HU2HL§ HusHLg
te[0,M)]

IA

=cC ||u1||C?L§([O,M}><’]I‘) ||U2||C’?L§([O,M}><’I[‘) ||U3||C$Lg([o,M}xT) O

Lemma 3.18. Suppose s € [0,B] and M > 0, and suppose r is a non-
negative integer. Let F(uy,us,u3) be as defined in Lemma 3.17. For u € Y
define
| 2
F(u(t,z)) = F(u) := F(u,u,u) = 5/ Tl Tosyul” Tpesyu] ds.

Then for all u,v € Y, we have that

HF(U)HC?H;([O,M]X’[[‘) <c ||U||%QH;([0,M}XT) (3.31)

and
[ F(u) — F('U)HC?H;([O,M]XT) <c|lu~— U||C§H;(||U||C$H; + ||U||CSH;)2: (3.32)

where ¢ is independent of v and v.
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Proof. The estimate (3.31) follows immediately from (3.30). Observe that
F(u) — F(v) = F(u—v,u,u) + F(u —v,v,v) + F(v,u — v, u). (3.33)

Thus,

1 (w) = F(0)llcprzoanxmy < IF(w—v,w,w)lcpn; + 1 F(u—v,0,0)llcpm;

HIF (v, u =, u)llcpmy
< ¢ (lu = vlieomlullén, + v = viicon lvlio s, + 1w = vllopm; lullopr 10l opmy )

<cllu- U||C?H;;(||UHCEH; + ||UHCEH;;)2- [
Remark 3.19. It follows from Lemma 3.18 that for a = 0, E(u) is a contin-
uous functional on L*(T). Indeed, we have

|E(u) = E@)] = [ (F(u),u) = (F(v),v) |

< o[ (F(u) = F(v),uw) [+ [ {F(v),u = v)])
< c([[F(u) = Fo)llzzllullz + 1 F () llallu —vllzz)
< c(llu = vllze(fullzz + lll2)*llwllzz + ol Zzllu = vllzz),
< cllu = vllzz(lullzz + llvizz).

Theorem 3.20. The periodic DMNLS equation is globally well-posed in H" (T)
for non-negative integer values of r. That is, suppose o € R. Let D(s) satisfy
Assumption 1. If ug € H", then for every M > 0, equation (3.1) has a unique
strong solution v € COH? ([0, M] x T) with initial data ug. The map uy — u
is locally Lipschitz from H! to CPH! ([0, M] x T). With M as defined above,

P(u) is independent of t, for t € [0, M]. Finally, the number M can be taken
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arbitrarily large.

Proof. Let r be an integer. We start by obtaining a local solution via a Banach
contraction mapping argument.
We denote the closed ball of radius a centered at the origin in

CYH; ([0, M] x T) by
Aprog ={u € CPHL ([0, M] x T) : [|ullgop, < a}.

Here we will show that if K > 0, then for every a € [2K,00) there exists

M > 0 such that if vy € H" satisfies ||u|

g < K, and M’ € (0, M], then
there is a unique strong solution to (3.1) in Ay, with initial data ug.

Fix ug € H" such that [Jug||gr < K. For each M > 0, we define @Q :
CYH? ([0, M] x T) — CYHE ([0, M] x T) by setting, for ¢t € [0, M] and u €
COH ([0, M] X T),

Q(u)(t) = S(at)ug + i /0 S(a(t — ) F(ult,z)) dt', (3.34)

with F'(u) as defined in Lemma 3.18. We have shown in Lemmas 3.8, 3.9, and

3.18 that

||Q(u)||C?H;([0,M]xT) < ||U0HH; + MHFHc?H;
< [luolly + M [[ullZpp, (3.35)

Furthermore, if u,v € CP?L2 ([0, M] x T), then Lemma 3.9 and (3.32) imply

that

Qu) — Q(v) = @/0 S(a(t =) [F(u(t’,x)) = F(u(t', x))] dt
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satisfies

1Q(w) = QU)llepmzonxm < M llu = vl (lullopr; + lvllcpn;)*

(3.36)
Now suppose a > 2K, choose M = - and suppose 0 < M’ < M. For

(8ca?)’

all u,v € Ay, we have that

a
Q) lco mr o, xmy < 5 +

and

1
|Q(u) — Q(U)“C?Hg([o,M/]xT) < 5”“ - UHC’?H;([O,M/]X’JI‘)-

Therefore ()(u) defines a contraction from the closed ball Ay, to itself,
and so by the Banach Contraction Mapping Theorem, Q(u) has a unique fixed
point u € Ay ,. This fixed point is a strong solution to (3.1) with initial data
ug. Note also that every strong solution with initial data wug is also a fixed
point of (), so there exists a unique strong solution in u € Ay, with initial
data ug.

We next prove continuity of the fixed point with respect to the initial data.
Let K > 0, ug,vg € H" with ||ug|lgr < K, and ||vg||gr < K. For a = 2K,
and M defined as above, let v and v be unique solutions in A, with initial

data ug and vy respectively. Then we will show that

v = vllcomro,nxm) < clluog — vol|mr- (3.37)

Suppose Q is defined on CP?H? ([0, M] x T) as in (3.34). Then we know that

1
1Q(u) — Q(U>HC?H;([O,M]><’JI‘) < 5”“ - UHC?H;([O,M]XT)- (3.38)
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Define W : CYH? ([0, M] x T) x L2 — CY?H' ([0, M] x T) by
¢
U(u,w) = S(at)w + z/ Sla(t —t')F(u) dt’.
0
Then V(u,uy) = w and ¥(v,v) = v. So for every t € [0, M],
[ = wlleom; = 1¥(u, u0) = ¥(v,u0) + (v, u0) = ¥(v,v0)l[comy

< W (u, uo) = W(v,uo)lloory + 1V (v, uo) — ¥ (v, vo)llopr;
= [1Q(w) = Q()llcpa; + lluo — vollar

< Sllu = vllepmy + lluo — vollar-

N | —

This gives the desired continuity with respect to the initial data.

Next, we will show that if ug € L? and M > 0, then there can not be two
different strong solutions of (3.1) with initial data wuo.

Suppose u and v are two strong solutions in CPL? ([0, M] x T) with the

same initial data ug, and let

T = sup{t € [0, M] : u(t') = v(t') for all ¢’ € [0,¢]}.

Continuity in ¢t implies that «(7) = v(T'). Suppose T' < M; then for every
€ € (0,M —T), there exists t € [T,T + €] such that u(t) # v(t). Define u; =
w(T) = v(T). If ay = 2|Juq||z2, then there exists M; > 0 such that for every
e € (0, M], (3.1) has a unique solution in A.,, with initial data u;. Choose
€ such that € < min(M;, M —T') and a; > max(||v(t) — u1|| 2, ||u(t) — u1||12)
for all ¢ € [T',T + €. Then the functions u(t) := u(t — T") and () := v(t —
T) are two distinct strong solutions in A.,, with initial data w;, which is a

contradiction. This implies that we must have T'= M, and therefore u = v
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in COL2 ([0, M] x T).

For a given ug € H", let
M (ug,r) = sup{M > 0 : 3 a strong solution of (3.1) in CYH’

with initial data wug}.

Note that by the Banach contraction mapping theorem, M (ug,r) > 0; and
since every strong solution in CYH? ([0, M] x T) is also a strong solution in
CPL2 ([0, M] x T), we have that if two solutions with the same initial data
are defined on different time intervals, then they must agree on the smaller
of the two intervals. Therefore, there is a well-defined function wu(t,z) for
t € [0, M(ug,r)) such that for every M € [0, M(ugp,7)), u is the unique
strong solution of (3.1 ) in CYH’ ([0, M] x T) with initial data ug. Moreover, if
M (ug,r) < oo, then limy_, ¢y ||u(t)||ar = 0o. Otherwise, we obtain a con-
tradiction by choosing u(M) as the initial data with M sufficiently close to
M (ug, ), and then use the fixed point argument above to extend the solution
u to an interval [0, M + ¢), with M + € > M (uq, ).

We next establish persistence of regularity: if a solution u(t,z) € L? has
initial data that is in H" for some positive integer r, then u will remain in
H" for as long as it is in L?.

Suppose to begin with that uy € H'. Then M (ug, 1) = M (ug,0). We will
show that if 0 < M < M (ug,0) and u is a strong solution in CY H} ([0, M] x T)
with initial data wug, then |lu(t)||g1 remains bounded for z € [0, M]. To see

this, first observe that

(Ol < 1 (at)uollmy + / 8@t — ) F(ule)lm ot

20



t
— lall + [ IF )y
0

t
< [Juol[ +C/ IEE) |2z + 1Fe()]]22 dt’.
0

From (3.31), we have that ||F(t)|2 < ¢ Hu(t)“%g <c Hu(t)H%%Hu(t)HH% Also,

12

VI[P Td S
=51 Tob %<TD(S)u(t)-TD(S)u(t)~TD(S)u(t)) ds

L3

1 B _
< E TD(s) [TD( yu (t) . TD(S)UI@) . TD(s)u(t)] ds +
L3

H/ 912 Tota(t) - Togyu(t) - Tou(t)] ds

L3

< e lulzz w2 < e Jul®)lZ2]lu(®)]lm:

where we have used the product rule and Minkowski’s inequality and

(3.30). Therefore,
t
Ju®llmy < ol + |l ey
0

t
<l + e [ (e a
0

where R = < 00. Then from Gronwall’s inequality it follows

2
leliep 2z o.anxmy

that, for all ¢ € [0, M],

cRM

lu(®)llzz < lluollm e < ol ™ < co.

Next, suppose vy € H?. Then M(ug,2) = M(ug,0). Again, for all ¢ €
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[u(®) |z < [[S(at)uol|mz +/0 15 (et =) F(u(t))l nz di

t
— luall + [ 1)
0
t
< ol +¢ [ 1Pz + 1Pz + [ Fanl€)z 05
0

t
< [uollm= + C/o @Iz )y + @ w4+ 1 Faa(t) 22 d2'.

[Few(t)l22 = 5 H / =5 T[T u(t) - Toeyu(t) - Togu(t)] ds
12
<1 ‘ /B T {—d (T (1) - Togwua(l) - T (t))} ds| +
>~ 5 s D(s)U * L D(s)Usx A Dps)U S
! ‘/BT‘ [2 4 <T (t) - Tou(t) - T. (t))} d
- s)Ug ' s)U ' s)U S
B 0 D(s) dx D(s) D(s) D(s) 12

< c [lu®) ez llua(®)IZz + ¢ lu(®)IZz ltaa(t)]l 2
¢ (lu(®)llze lu(®)lzy + lu)lZz ()] #2)
< ¢ llu@®)Zzllu)l a2,

where we have used the product rule and Minkowski’s inequality, (3.30) and

the fact that ||u(t)||: is bounded for ¢ € [0, M]. Therefore,
t
[u(®)][ > < lluoll +C/ lu(®)Z2 lw(t) |z dt
0

t
< lalle -+ cR [ flt) i .
0

Then from Gronwall’s inequality it follows that, for all ¢t € [0, M],

RM

lu@®)llmz < lluollm €™ < [uol| = ™ < oo.
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By using the same strategy as above, we can show that if ug € H", then
M (ug,r) = M(ugp,0) for every positive integer value of r.

We will next show that if ug € H", then M (up,0) = oo, and P(u(t)) and
E(u(t)) are independent of ¢ for ¢ > 0. For this proof, we let M < M ((uy,0),
so that a strong solution u with initial value uy exists in
CPYL2 ([0, M] x T). Note that since M (ug,r) = M(ug,0), u is also a strong
solution in CPH? ([0, M] x T). We can then conclude the independence of
P(u(t)) and E(u(t)) by applying Theorem 3.7. We showed that P(u(t)) and
E(u(t)) are constant for ¢ € [0, M], for all M < M (ug,0). Therefore, |lu(t)]|.2

is constant for 0 <t < M (up,0) and we can conclude that M (ug,0) = co.

Next, we show that if uy € L? then M (ug,0) = oo, and P(u(t)) is inde-
pendent of ¢ for ¢ > 0. Moreover, if o = 0, then F(u(t)) is also independent
of t for t > 0.

To prove this, first choose K > 0 such that ||ug||z2 < K. As we have shown
above, there exists My > 0 so that whenever ug, vy € L* with ||u| 2 <
K and ||vgllzz < K, there exist corresponding strong solutions u and v in

CPL2 ([0, Mk] x T) satisfying

|w = vllcorao,ngxm) < clluo — vollze- (3.39)

Since H? is dense in L?, we can let ¢,, be a sequence of functions in H? such
that ||@,||r2 < K for all n, and ¢, — ug in L?. As shown above, for each n
there exists a strong solution v,, in C? L2 ([0, Mk] x T) with P(v,(t)) = P(¢n)
and F(v,(t)) = E(¢,) for all t € [0, Mk]. From (3.39), we have that v, — u
in CPL2 ([0, Mk] x T). Hence for all ¢t € [0, Mg] we have that P(u(t)) =
limy, 00 P(v,(t)) = limy, 0o P(én) = P(up); and if @ = 0, since F(u) is contin-

uous (see Remark 3.19), then E(u(t)) = lim, 00 E(v,(t)) = lim, o0 E(Pn) =
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E(uyp).

Now, since we have that [[u(Mg)||zz = |luwo|lrz < K, we can repeat
the argument with u(Mkg) as initial data, to obtain a strong solution u €
CPL2 ([0,2Mg] x T) with P(u(t)) constant for ¢t € [0,2My]. Iterating this
argument gives that M (ug,0) = oo and P(u(t)) is constant for all z > 0;
moreover, E(u(t)) is constant for ¢t > 0, if & = 0.

We now show that the map from initial data to strong solutions in H" is
locally Lipschitz: for every K > 0 and M > 0, there exists C' > 0 such that
if up,v9 € H" with |Jup||gr < K and |Jvg||gr < K, and u and v are strong

solutions in CPH? ([0, M] x T) with initial data ug and vy, then

lw = vllcomro,nnxm) < o — vollmr-

Suppose ||ug||gr < K and |jvg|lgr < K, let M be given, and let u and
v be the corresponding strong solutions in CyH? ([0, M] x T). From above
we have that [u(?)[zz < K and |v(t)||;z < K for all t. Define R =

maX(HuHC?H;([QM]Xm, HUHC?H;([O,M}XT)>' Then for all ¢ € [0, M], we have that

[u(t) = v(8)]

Hr —

HS(at)(uo — ) + i/o S(a(t—t)[F(u)) — F(u())] dt’

Hr

t
< Jluo — voll - +/ I[F () = Fu)]|lay dt’
0
t
S ||U,0 — UOHHT —|— CKR/ Hu(t') — U(t/)HH; dt/
0
So from Gronwall’s inequality it follows that
() = v(®)llm; < " lug —vollr < XM [Jug — wo| e
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for all ¢ € [0, M].

3.4 Well-posedness in L? N L*

In this section we prove a result that shows that the periodic DMNLS
equation is locally well-posed in L? N L*([0, M] x T). This result can also be
interpreted as establishing a smoothing property for DMNLS: for every choice
of initial data in L*(T), although this data may not be in L*(T), the unique
solution u(t,z) found in Theorem 3.20 is in L} ([0, M] x T), and therefore
u(-,x) isin L*(T) for almost every t € [0, M].

The proof of this result requires the following lemmas.
Lemma 3.21. Suppose o > 0. Then there exists C' > 0 such that for all

up(z) € L*(T), T € (0,1], and G € Y, the function Q(t,x) defined by

t
Qlt.2) = m(OS(@tu +ine(t) [ Slatt )G ) ar
0
satisfies
I@llcgsz +1QlLg, <€ (llalls +THIG 3 )

Proof. From the triangle inequality, Lemma 3.11 and Lemma 3.13, we have

that

1@l oz < llm(8)S(at)uollcors + WT(t)/O S(a(t —t)G(t,x) dt’

oLz

< (Il + THIGH 0y ). (3.40)
2

K=—an
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Also, applying another periodic Strichartz estimate (see [4, 20]) results in

(3.41)

r=—an?2 K=—an

Qs < el <cllQlog -

Hence by the triangle inequality, Lemma 3.14 and Lemma 3.15 with

b = —g, we have that
t
1R o.g < Im()S(at)uoll o5 + UT(t)/ Sla(t = )Gt @) dt'|
Xn:—anz Xn:—an2 0 Xo;ﬁ
1
<c(lhull + 75160 g ). (3.42)
Note also that by duality and the Bourgain estimate in (3.41),
|G| o3 = sup Gv dx dt
> SR 0,2
=t uex™S L eli<t
< sup [vlle Gl 4
0 3 ’ Lt,ac
vex"E o l<1
<
< s el 6l
vGXﬂ’jﬁaanngl R=—an ’
< HGHLtgz (3.43)
Now Lemma 3.21 follows if we apply (3.43) to the sum of (3.40) and (3.42). O
Lemma 3.22. There exists ¢ > 0 such that for uy,us,u3 € C* we have
(3.44)

||F(U17U2’U3)||Lg <c ||U1||L§||U2||L§||U3||Lga
x

where F(uy,ug,us) is as defined in Lemma 3.17.

Proof. The proof is similar to that of Lemma 3.17.
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[ F'(ur, ug, uz)|| 4 = sup /F(ul,ug,ug)f) dx
La ol a<tlJT
1 B .
=3 sup / (/ TB(S) [Tp(syur - Tp(syus - Tpesyus) ds> v dx
ol <11 Jr \ Jo

1 B _ )
=5 Sup / /Tg(ls) [Tp(syur - Tpsyuz - Tpesyus) - v de ds
loll 4<1 0 T

1
=3 sup / /TD TD s)Uz * Tp(sus - TV (s)V dx ds
l[voll 4 <1

§ sup / /|TD Thsyus (s U2 - Tpsyus - Tos) Tps | dz ds.
lloll 4 <1

|~

It follows from Holder’s inequality and the Strichartz estimate found in The-

orem 3.16 that

IFll s <c sup |

<
loll .4 <1

yusllzs N To vl

<c sup ||luil|zz2|luallzz||usl 2 |[v]| 2
loll .4 <1

<c sup |ul[zalluallzal[us|lzallvllze
loll .4 <1

< c [Jualpa Jual|za |lus| s - L

Lemma 3.23. Let F(uy,us,u3) be as defined in Lemma 3.17, and u € C*°.
Define

Fu(t, z)) = F(u) = F(u,u,u)—é/o 1 [ Togsyul*Togsyul] ds.

Then for all u,v € C*™, we have

IE@) g <elully (3.45)
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and

1F(u) = F@)l| 4 <ellu—vlg, (lully, +Ivlzg,)* (3.46)

Shoas

L

T

Proof. The estimate (3.45) follows immediately from (3.44) and integrating
with respect to ¢. Again utilizing (3.33), we have

|F(u) = POl 4 <[[Flu—vuu)ll ¢ +[F(u—0v,00)

%
Lt Lt,w

S

L

T

,T
+||F(U7u - Uvu)HL%
t,x

3 3
4 4 4 4
<e ( [ vl dt) e ( [ lesholizy)? dt)
R R
3
4 4
o ( = vlzslolzgloles)? dt) .
R

Apply Holder’s inequality to each of the sums to get

3 3
4 1 8 1
[1F(u) = F(u)]| 4 <c|lllu—uvl} Jullzs | o
Fa e e
3 3
4 |4 s ||
e (lu—ollg | (ol
L} L{
3 3 3
4 |4 4 |4 4 ||2
e l(lu=ollf| (i) (ol
L} L} L}

=c (lu—vllps lullZy +lu—vlls l0lg; +lu—vllz, - lulls, lolls,)

<cllu—vlgs, (lulles, +lvllzs,)* =

Theorem 3.24. Suppose a € R\{0} and D(s) satisfies Assumption 1. If uy €
L2, then for every M > 0, the unique strong solution u € CYL2([0, M] x T)

found in Theorem 8.20 with initial data uo, exists in Ly ([0, M] x T).

Proof. We denote the closed ball of radius a centered at the origin in CYL2 N
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Li ([0, M] x T) by
Arra ={u € CYLI N Ly, ([0, M] x T): [Jul| < a},

where [[ulll = [[ullcorz + |lullrs . Fix ug € L? such that |lu[|> < K. For each
M >0, we define Q : CYL2 N Ly ([0, M] x T) — CPL2 N L} ([0, M] x T) by
setting, for ¢ € [0, M] and u € CP L N L{ ([0, M] x T),

Qu)(t) := m(t)S(at)ug + inas(t) /0 S(a(t —t")F(u(t',x)) dt’,

with 7 as previously defined, and F' defined in Lemma 3.17. Then by Lemmas

3.21 and 3.23, we have that
1
Qi < (Nuloe +de51F1 Ly )

< (Nuollzz + M |july ).
In addition, if u,v € CYL2NL{,([0, M]xT), then Lemma 3.21 and Lemma

3.23 imply that

1
1Q(w) — QI < ¢ M flu— vl (ullys + oz (3.47)

Now suppose a > K, and choose M = (ﬁ)16 so that for all u,v € Aprq,

a

7~ @

leGll < 5 +

and

1
() — QI < 5llu = vllzy..

Therefore ()(u) defines a contraction from the closed ball Ay, to itself, and
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so by the Banach Contraction Mapping Theorem, ((u) has a unique fixed
point u € Aps,. This fixed point is also a strong solution of (3.1) with initial
data ug, and is in L} ([0, M] x T).

Let K > 0, ug,vg € L? with |Jugl|ze < K, and |lvg||z2 < K. For a = 2K,
and M defined as above, let v and v be the unique solutions in Ay, with

initial data ug and vy respectively. Then we will show that
v =l < elluo — voll L2- (3.48)
Define W : CPL2 N L;, ([0, M] x T) x L2 — CPL2N L}, ([0, M] x T) by
t
U(u,w) =m(t)S(at)ug + inn(t) / S(a(t —t")F(u(t',x)) dt’.
0
Then ¥(u,ug) = u and ¥(v,v9) = v. So for every t € [0, M],
e = vl = 19w, uo) = W (v, uo) + ¥ (v, uo) — W(v, vo)|

< 1 (u, uo) = ¥ (v, uo)lll + ¥ (v, uo) — (v, vo)l
= 1Q(w) = Q) + [[uo — vol 2

< Sllu—=ollza, + [[uo — vol|r2

<

llw = il + lluo — voll 2,

which in turn implies (3.48).
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Chapter 4

Existence and Stability of Ground State

Solutions

Solitary wave solutions of (3.1) are solutions of the form
u(t, z) = e ¢(x)

where § € R and ¢ € L?(T). Note that if we substitute u = e?¢(x) into (3.1),
we see that wu(t,z) is a standing wave solution if and only if E'(v) = 0P'(v).
Here E'(v) and P’(v) denote the Frechet derivatives of the already introduced
functionals F(v) and P(v) respectively. Therefore, we have (see [18]) that
¢ is a critical point of the variational problem of minimizing F(v) subject
to P(v) = A. Hence, u(t,z) is a standing wave solution if and only if ¢ is
a critical point of F(v) subject to the constraint P(v) = A, and u(t,x) is a
ground state solution if and only if ¢ is a global minimizer for F(v) subject
to this constraint. The aim of this chapter is to show that stable ground states

exist by finding global minimizers of this constrained variational problem.
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4.1 Existence of Minimizers in H!

In this section, for a £ 0, we find a solution to the problem of minimizing

the functional

B 1 (B
E(v) = %/o /T\vx]Z dx ds — ﬁ/o /11:|TD(S)U’4 dx ds (4.1)

under the constraints v € H'(T) and P(v) = [} [v|* dz = X. Let I be defined
as follows:

I, =inf{E(v) :v € H" and P(v) = \}.

Theorem 4.1. Suppose that o > 0 and that A'(s) satisfies Assumption 1.
Then for every A\ > 0, there exists at least one minimizer for I in H'(T).
Moreover, every minimizing sequence for Iy has a subsequence which converges

strongly in H' to some minimizer u.

Proof. We will prove Theorem 4.1 for B = 1. The proof for general values
of B follows similar steps as the one below. Fix A > 0. Let {u,},en be a
minimizing sequence of E(v) subject to P(v) = A. That is, we have that
u, € HY(T) and P(u,) =X\ for alln € N, and F(u,) = I, as n — oo.

Since {F(u,)} is a convergent sequence, then it is bounded. Therefore,

lunllf = lallZz + lle, 172

T
1
:)\—|-/ /|unm|2dxds
o Jr
1 1 1
:/\+/ /Iuande ds——/ /lTD<s)Un|4 dz ds
o Jr 2a Jo Jr
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1 /1
— Tpsyun]* dz d
+204/0 /T’ D()u| T ds
1 1! .
=—|aX+ E(u,) + = |Tp(sytn|” dx ds
o 2 )y Jr

4
LS

1 1
< — A E n _Ts n
S (Ial +1E(un)| + S Tpeyu

1

<
e

(lafA + | E(un)| + Cllunllz2)

by the Strichartz estimate in (3.28). Also, because [|u,|[f. = P(u,) = X
for all n, it follows that {u,} is bounded in H*(T). This in turn implies that
{u,} has a weakly convergent subsequence in H'(T), which we continue to
denote by {u,}. We will also define u € H'(T) to be the weak limit of this
subsequence. By the Rellich-Kondrachov Theorem for compact manifolds,
H'(T) is compactly embedded in L?*(T). Hence we can conclude that {u,}

has a subsequence, still denoted by {uw,}, that converges strongly to u in

L2(T).

As a result of the weak convergence of {u,} to u in H'(T), by the
weak lower semicontinuity of the norm in a Hilbert space, we have that
Jull rery < liminf, o ||tnl|giery. Again, by the LY, Strichartz estimate in

(3.28), we know that ||Tp(s)(un —u)||zs . < cf|tn —ul|z2. So, Tpsyun = Tp(syu

s, x

in L, and || Tps)un

S,z

s, = [ Tpesyullrs, - Thus,

. 1 1
nh_)rrolo ||un||§{1(1r) == (b\ +a\+ §|]TD(S)U|

Lfé,;c> :

Convergence of {u,} to u in L? implies that lim P(u,) = P(u), which in

n—oo

turn means that P(u) = A. Hence, by the definition of I, E(u) > I,. Note
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also that

I = lim E(u,)

n—oo

1 1
1
= lim a/ /|u21\2 dx ds——// Tpsyun|* ds d
oo Jo o Jr 2 JrJo

1 1
= lim (a/|u2x|2 dx — —// Tp(syun|* ds du
n—00 T 2 JrJo
+a/|un]2 dx—oz/|un|2 dx)
T T

1 1
n—00 TJo T
1 1
= lim Oz||un||§{1(T) - 5 // ’TD(S)U|4 ds dxr — al.
n—00 TJo

By the lower semicontinuity of the norm it follows that

1 1
Bz allulfps =5 [ [ Towult ds de - )

1 1
= oz||u]|%{1(11-) — 5/11‘/ Tpsyul|* ds do — a/T lu|? dx
0

= E(u).
So, E(u) = I. Since {u,} is a minimizing sequence, then
lm ||un |20y = U ! A E( )+1 1 T |* dx d
Jim |5y = lim — | a Un) + 5 N D(s)Un|" dz ds

1
<I>\ +al+ §HTD(5)UHL§¢)

Q|+

Q|+

1
<E(u) + a + §||TD(5)U||L§,Z> R
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= [[ull& (r).

Again, as a result of the weak convergence of {u,} to w in H'(T) and
. [t |7 py = [[ul|71(r), We have that {u, } converges strongly to uin H'(T).
n—oo

Therefore {u,} and {u,,} converge in L?(T) to u and u, respectively. Equa-

tion (3.28) implies that || T (un — u)]

L. < CHun - u||L2' 807 {TD(s)un}

converges strongly to T'p(s)u in L}

s,z

which in turn implies that ||Tps)un||zs,

converges to ||Tp(syulr+,. With this in mind, we find that the limit of E(u,,)

is
1
lim E(u,) = lim af|u,, |5 — = lim [|Ths)un 74
n—00 n—00 2 n—oo s,z
o 2 1 T 4
= alluel — 5 Toeyullty,
= E(u).
This shows that u is a constrained minimizer of E(v). O
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4.2 Existence of Minimizers (Sufficient Condition)

In the case a = 0, we cannot apply the argument of the preceding sub-
section to minimize E(u). This is because, if we take a minimizing sequence
{u;} € H', there is no H! bound on {u;} that enables us to apply the Rellich-
Kondrachov Theorem to show that a subsequence converges strongly in L?
to a minimizer. However, it is still possible to establish strong convergence
in L2, if we can decompose the minimizing sequence into two parts; a reg-
ular low-frequency part which is bounded in H!, to which we can apply the
Rellich-Kondrachov Theorem, and a small high-frequency part in L?, to which
we can apply weak lower semicontinuity of the norm in a Hilbert space. Kunze
[15] explained that in the non-periodic case, the minimizing sequence can be
separated into the two parts if the corresponding sequence of the Fourier trans-
forms has a subsequence that is tight in the sense of measures. A variant of
the method of concentration compactness was then applied to show that a

subsequence of the Fourier transforms is indeed tight.

It turns out that this idea is useful in the periodic case as well, but requires
significant modifications. In this section, we explain how to adopt Kunze’s
method in the periodic case to provide a proof of the existence of minimizers
in L2

We note that the problem of minimizing E(v) subject to P(v) = X is the

same as maximizing W (v) subject to P(v) = A, where

W(v)=—-E(v) = /0 /T\T(s)v]4 deds B>0 (4.2)

under the constraint v € L*(T), P(v) = [;|u|* dz = X, and the operator
T(s) is the Fourier multiplier operator T, = P2 with D(s) = s. In this

section and onward, the variable B here represents half the period of A(s).
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Note that if we define D(s) to be

s 0<s<B
D(s) =
2B — s B<s<2B B>0,

then we have that

4
L3,.([0,B]xT)"

1Ty vllLs , o.2mpxm = 21T (s)]

Therefore, it is sufficient to consider maximizing ||7'(s)v]

It,.(0,5)xm) Subject

to P(v) = A. Define
Jy =sup {W(u) : u € L? and P(u) = A}. (4.3)

We will repeat the statement provided in Theorem 1.1.

Theorem 4.2. Let A\ > 0. Suppose there exists a function w € L? with
P(w) = A, such that A(w) — 2nB||@||}s > 0. Then there exists at least one
mazximizer for Jy, in L?(T). Moreover, given the above condition, every mazi-
mizing sequence for Jy has a subsequence which, after being suitably translated

in Fourier space, converges strongly in L? to some mazimizer. Here, we define

A(w) = 2#2 Z Z %p [e72®P — 1] w(n)w(n — ) w(n —p—1)d(n — p).

n p#£0 1£0

To construct the proof of the above theorem, it is necessary to introduce

some supplementary results and estimates.
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4.2.1 The Concentration Compactness Method

The concentration compactness method is commonly used to prove stabil-
ity of wave solutions of a differential equation by ensuring the compactness of
minimizing or maximizing sequences. The concentration compactness princi-
ple says that for any L? bounded sequence of functions, there is a subsequence
that satisfies exactly one of the three possibilities: the sequence is tight, or it
is vanishing (tends to zero uniformly on balls of fixed radius), or it splits into
two other functions with separated supports and fixed masses. We will state

a specific case of the principle below along with a proof.

Lemma 4.3. Suppose p > 0, and let {a;} C [* be a sequence of sequences
such that ||aj||% = p for j € N. Then, there is a subsequence of {a;}, still

denoted by {a;}, for which one of the following three statements is true.

1) Concentration / Tightness:
There exists a sequence of integers my, ma, ms, ... such that for every
e > 0, there exists v = r(€) with the property that

mj+r

Z]a] dr>p—c¢€, forall j €N.

mgi—r

2) Vanishing:

For every r > 0,

m—4r

lim sup Z laj(n)|* =

J—oo mGZ

3) Dichotomy / Splitting:
There is a number « € (0,p) and sequences {b;} and {c;} in I* such

that d(supp(b;), supp(c;)) — 0o, lla;—b;—¢;llp = 0, [l = v, and
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leillf. = p —a
Specifically, for every ¢ € (0, ), there exists jo = jo(0) and two integers
rt =1ri(6), 5 = r3(8) such that

*
m+ry

a —§ < sup Z la;(n))> <a+d  forall j> jo

meZ «
m—r2

Also, for each j € N, we may select m; € Z satisfying
mj+r]

a—0< Z la;(n)? <a+d  forall j > jo.

m;—ry
Moreover, lims_o r3(0) — r7(5) = oc.

Proof. Tt is sufficient to prove the lemma for a sequence {a;} C [? such that

|a;| =1 for all j € N. Define, for each j € N and r € N,

m-+r

M;(r) = sup > |a;(n)|*.

mez

Then, M; is such that 0 < M; < 1, and M,(r) as a function of r is non-
decreasing. An elementary argument shows that any uniformly bounded se-
quence of non-decreasing functions has a subsequence converging pointwise
to a non-negative and non-decreasing limit function. Hence, {M;} has such
a subsequence which will be denoted again by {A;}. We also continue to
denote by {a;} the subsequence of {a;} corresponding to this subsequence

of {M,}. Let M be the non-decreasing function to which M; converges. If

a := lim, ,,, M(r), then there are three possibilities: o = 1, @ = 0, and
0<a<l
Case 1: a=0.

Let € > 0. For each r € N,
|Mj(r)| = [M;(r) = M(r) + M(r)| < |M;(r) = M(r)| + [M(r)].

Since M (r) is non-negative and non-decreasing with limit 0, then |M(r)] =0
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for all » € N. Note that by the definition of pointwise limit, there exists N
such that for j > N, |M;(r) — M(r)| < e. Therefore, |M;(r)| < e for j > N,
which implies that {a;} is vanishing

Case 2: a=1.

In this case, there exists 7o such that for all » > ry, |M(r)—1| < 3. Specif-
ically, [M(ro) — 1| < 3, and M(ry) > 3. For any j € Z, choose m; € Z such

that

m;—+ro

< Y lag(n) !2+— (4.4)

mj—ro

Now, for 0 < ¢ < &

5, there exists 7. such that [M(r.) — 1| < e. That is,

M(ro) >1—€> % Again, for any j € Z, choose m§ € Z such that
m; Ctre

E:I% |2+— (4.5)

m —Te

Equations (4.4) and (4.5) imply that

m C4re m]+r0
Z |a;(n Z |a;(n )P > M j(re) + Mj(ro) —
m§—re mj—ro

Therefore, for sufficiently large j, we have

m§~+7’e m;—+ro 1 9 9
Dl + D las () 2 M)+ Mylro) > 545 == > 1 = oyl
ms—re m;—T0

Thus, for large j, we have that

{nemf—re,mi+rdtn{ne [m; —ro, mj+ 1]} # 0.
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That is,

[m§ —7re, m§+rd C[my — (2re + 7o), my + (2rc +10)].

Therefore,
mj~+(2re+ro)

Y lymP=1-e

m;—(2re+ro)
Now if we choose > (2r. 4 ry), we get that the inequality in 1) is satisfied
for sufficiently large j. This proves that {a;} is tight.
Case 3: 0 <a <1
Let § € (0,a). We know that for 6 > 0, there exists 7* such that a — 6 <
M(r) < a for r > r*. Choose r, r3 > r* with r5—rf > 66~*. Since M;(r}) —
M(ry) and M;(r;) — M(r}), there exists jo such that for j > jo, a — 9 <
M;(r3) <a+6 and oo — 9 < M;(r}) < a+ 6. Hence, for j > j,

m+r;

a— 0 < sup Z la;(n)|* < a+ 4,

meZ «
m—7‘2

and for each j > jy, we can choose m; such that

mj+ry
a—=0< Y laj(n) <a+é
mj—ry
For m; chosen, define b; satisfying b;(n) = a;(n) for |n —m;| < rf and

bj(n) =0 for |n—m;| > r;+20~". Also define ¢; satisfying ¢;(n) = a;(n)

for |n —m;| > r; and ¢j(n) =0 for |n—m;| <rj —25"'. Now,

mj—+rs mj—ry
la; = (b + el < D la;(m)P+ > la;(n)]?
mj+ry mj—ry
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m+r3 m+r]

= > )PP = Y lay(n)f

¥ . mp*
mj—Ty m;—Ty

<a+d0—(a—9)
= 20.

Therefore,

la; —bj — ¢l — 0.

Similarly,
mj+ry 4261

Iojll —al< | > o)’ —a

e _os5—1
mj—ry—24

m;+r1

< D P —of+ | D @)
m;—r1 ri<|n—my|<rj

<5+ 26 = 36,

which in turn implies that [|b;]|% — «. Lastly,

[lleslliz = (1= )] = [llelliz = (llas [z — o)

= |lejllz = NlasllZ + 1Bl + o = 1165113 |

< el = NlasllZ + o1l | + o = 116113 |

Z |@j(")\2—2|aj(n)|2+ Z |a;(n)]* +

[n—mj|>r3 neZ |[n—mj|<r}

IN

+ > |b;(n)[* + > e (n)[?| + 30

ri<|n—m;|<rj426—1 r3—20"1<|n—m;|<r}

= > b = > e+

ri<|n—my|<rj+26—1 i <[n—mj|<rj
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+ Z lc;(n)|*| + 30

r5—20"1<|n—m;|<r}

<l D lamP+ > [b;(n)*] +

ri<|n—my|<r} ri<|n—m;|<rj+26—1

+ > lc;(n)|?| + 30

r3—26"1<|n—m;|<r}

<3| ) a(n)]P|+38

ri<ln—mj|<ry

< 60 + 35 = 96.

This shows that, [¢;||z — 1 — a. O

4.2.2 Other Estimates

Lemma 4.4. Suppose uy,us, us, and uy are in L*(T). Then

< cllul| e [Jual|p2 || us| 2 |ual 22

(4.6)

/OB /T T(s)ur T(s)us T(s)us T(s)uy da ds

Proof. /OB /TT(S)ul T(s)uy T(s)us T(s)uy dz ds

< /0 ’ /T ‘T(s)ulmT(s)u;),m‘ dz ds

i, 1T (s)ualles, IT(s)uslles, [T(s)ua

< C||U1HL2 HU2||L2 HU3||L2 ||U4||L2=

< 17 (s)us

4
Ls,z

where we applied Holder’s inequality and the Strichartz estimate in Theorem

3.16. —
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Lemma 4.5. For Jy defined as above in (4.3), we have Jy = N\*J;.

Proof. For u with P(u) = A, let v = A~zu. Then, ||[v]|2, = |\ zul%, =

A Hul]32 = 1. Also,

:/OB/T|T<S)uy4 d ds
:/OB/T|T(S>(A5U>|4 de ds
:ABAA3|T(S)U|4 dzr ds

— T (sl
= W (v).
Taking the supremum of this identity over all u € L? with P(u) = A con-
cludes the proof. O
1502

Lemma 4.6. For the Fourier multiplier operator T(s) = €"*% we have that

IT(s)ullLs 0.5y = An Bl — 27 Bllalls + A(a),

where (n) = Fr(u)[n], and
WZZZ [e2"P — 1] a(n) a(n — 1) a(n — p — 1) a(n — p).
n pA0 I£0

Proof. We will begin the proof in a similar fashion as Theorem 3.16. Let
g = T(s)u; then by the definition of T'(s), g = Z a(n)e™ ") Thus,

n

1T (s)ull;

112
3.2([0,B]xT)

L1 ([0, B]xT) — T(OB]XT

~ (n m)z—(n2-—m?2)s)

2
Ls,z
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2
~ e —il(2n—1)s

Ju(n —1) e e ,
L2,
where | = n — m. Let b = 5 a(n) u(n 6_11(2” Ds , then
5 2
' a zla:e—zl(Qn—l)s

2
Ls,z

dz ds

B 2
E bl 67le
Th

B
=or [ S as
0
B —
:27?2/ b - b ds
1 0
_ B B '
—2”222 n)aln — D a(r — 1) a(r )/0 J—ill2n=20)s g,

Now by direct integration,

i —2ilB(n—r) _
/B oilen=2r)s go ) 20n=r) [e 1] n#randl#0
‘ B n=rorl=0.

Therefore,

' Z Z a(n) a(n — 1) il o—il(2n—1)s

n l
_ Ty e 2iB(n=r) _ 1 n#randl#0
21> 3N a(n)a(n —1)... ;“ il ) o
l n T = = U.
(4.7)

2

2
Ls,ac

We split the sum in (4.7) into four parts.

First we sum over all values of [, n, r such that [ # 0 and n = r. This
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gives

QWBZZ’U, Ya(n — 1) a(n — 1) a(n)

I#0 n
=271B Z Z n) a(m) a(m) a(n)
n m#n

= 2B (Z > " a(n) @(m) d(m)a(n) — Y d(n)d(n) a(n) a(n>>
=21 B (||allj2 — [[alls) -

Next we sum over all values of [, n, r such that [ =0 and n # r. This

gives

Next we sum over all values of [, n, r such that [ =0 and n = r. This

gives

= 2ﬂB||ﬁ||;14

Finally, we sum over all values of [, n, r such that [ # 0 and n # r. This

gives

QWZZZ% T [e721B0=) 1] d(n) a(n — 1) a(r — 1) a(r)

I#0 n  r#n

. Z Z Z [e728 — 1] a(n) a(n — ) a(n — p — 1) @(n — p)

n  p#0 1#0

= A(4).
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Adding these four parts, we obtain from (4.7) that

1T (s)ullLs , (o.5yxm) = 4 B (Ilalliz — [[all}s) + 27 Bllal: + A(a)

(4.8)
= 47 B||a|: — 27 B|jal| + A(a).

L]
The next two lemmas are modeled on Lemmas 2.9 and 2.11 in Kunze [15].

Lemma 4.7. Assume u,v,w,h € L? are such that w = v + w + h. Then

1T (s)ullzs, = IT(s)vllzs, = IT()wlizs, | < (@ + [Jullzs + lJollz-+

lwlz2) IRllze + (A (v, w)] + .. + [Az (v, w)]),

where the remainder terms Ay through A; are given by

Ay (v, w) :4/OB/T|T(S)U|2 T(s)w]? da ds

Ag(o,) = 2 / ’ /T T(s)oP T T(s)w di ds
Yo do d
Aglw) =2 / ’ / (T(s)w)? T T de ds
vty =2 [ [ TR Tow e
(0, w) / / T do ds
Moo, ) = 2 /O ’ /T T(s)wl? T T(s)o de ds.

U’LU
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Proof. 1t is clear that

1T (s)ullzs, = 1T (s)v

1T ()l

:/0 /T\T(s)erT(s)quT(s)hﬁ_ IT(s)0]* — |T(s)w|* d ds.

Expand |T'(s)v + T(s)w + T(s)h|* and divide into a principal part whose
terms have at least one T'(s)h or T(s)h as a factor, and a remainder whose
terms are the expressions Aj(v,w), ..., A7(v,w) defined above. After taking
the absolute value on both sides of the equality, apply the Triangle Inequal-
ity to the right hand side. The terms in the principal part can be written
either in the form fOB [.T(s)fr T(s)f> T(s)fs T(s)h dzx ds, or in the form
fo fT s) fa ( ) fs T(s)h dx ds, with f1, fa, f3 € {u,v,w,h}. Apply

Lemma 4.4 and Young’s inequality to these terms to get the desired result. [

Lemma 4.8. Suppose u,v € L* are such that, for some ny € Z, § > 0, and
ri,ry € Z with r; —ry > 65", we have 9(n) =0 for |n —ng| > rf +2071,

and w(n) =0 for |n—mnol <1y —25"1. Then

< (27B + c02)|| 0|3 |02, (4.10)

/F(v,v,w)u_) dx
T

~ ~ 1
< clloll> Il o2, (4.11)

/ F(v,v,w)v dz
T

/TF(w,v,w)v dz| < ¢8| ||o]% 62, (4.12)

/F(w,w,w)@ dz| < clole |5 6%, (4.13)
T

/F(v,v,v)w dz| < clol% ]l 6%, (4.14)
T

/TF(v,w,v)w dz| < ¢l ||o]% 62, (4.15)

/F(v,w,w)u‘; dz| < clole |5 6%, (4.16)
T
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with F' as defined in Lemma 3.17, and ¢ > 0 independent of ng, 0, ri, and

*
Trs.

Proof. According to Parseval’s Theorem,

/F(Ul,UQ,Ug)U_4 de = QWZF\(Ul,Ug,Ug)[n] wy[n]
T

n

—

zzwzn: wn) /0 7 s (TTS)\UI* o) *TTS)\ug> ds

— S S @ / % PsYun(n — ny — ma) T(3)ta(nn) T(s)ts(ns) ds

n  ny n2

B
S ([ e s ) o s ) Tat) i) Tl
n ni no
DM / ) s ) () Tn) ) Tl + -+ ),

n3 ni N9

where n3 = n — n; — ny. Therefore,

@i (n)] [z2(m1)]

/F(ul,u2,u3 Uy dx
T

<2ry Ny Oy

n3 mni N2

/ —isa(ni,n2,n3) dS

|3 (n2) | [@1(na + nz + n3)),

(4.17)

where a(nq,n2,ng) = 2(ny + ng)(n1 + n2). We will be estimating each of the
integrals by splitting these sums into partial sums. With respect to equation

(4.10), let uy = uy = v and uz = uy = w. Then (4.17) can be written as,

my DD

n3 mni N2

/ —isa(ny,n2,n3) ds }ﬁ(n?’)‘ ‘%(nl)’ |’L/L7(712)‘ ‘E(nl + ng + 7’L3)|
(4.18)
<)+ )+ (I11)+ (IV),

where (I) is the sum over all nq, ng, ng such that |n; +ns| =0, (I1) is the
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sum over all ny, ng, ng such that |ny +ng| =0, ([II) is the sum over all
ni, ng, ng such that |ny +ng| > |ny +ng| > 1, and (IV) is the sum over all

ni, ng, ng such that |ny + n3| > |ny +no| > 1.

To estimate (I), we write

(1) =27B> ) [0(ns)| [0(—no)| |@(na)| |@(ns)|

n3 mn2

=27BY ) [0(ns)| [0(na)| |@(n2)] |@(ns)]

n3 na

=0, (4.19)

because the assumption on the supports of v and w implies that either v = 0

~

or w = 0.

To estimate (I7), we write

(I1) =2xB> ) " [0(ns)| [0(—ns)| |@(na)| |@(n2)|

n3 n2

=27BY Y [0(ns)| [0(ns)| |@(na)] |@(n)]

n3 n2

= 27 B[] ||®]|%. (4.20)

To obtain estimates for (I11) and (IV'), we note that by direct integration

we have

1 — eiBa(nl ,N2,M3)

‘@(”3){ |%(n1)| }@(nz)’

(418) =27B) > "

n3 nip n2

Ba(nla na, n3)
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|E\(TL1 + Mo + ng)’

1 SONINE= m
< QWCZZZ 1+ |n1 + n2||n1 + n3| |U(n3>‘ ‘U(nl)‘ |w<n2)} (421)

n3 ni N9

}E(nl =+ ng + ’I’L3){
In order that v(n3) %(nl) w(ng) E(nan + n3) be non-zero, we must have that

Ing —mno| > 15 — 2671, |ns —no| < i +2071 [ng +ngl <rf 207,

and |ny + ng +n3 —ng| > 15 — 2571

To estimate (III), we first observe that if |ny + ny| > |ng + nz| > 1, then
1+ |ny 4+ na||n1 + ng| > |01 + na| ng + ns|
> |ng + no|? [ng + ngl?
= |(n1 + n2 + 13 — ng) — (13 — 10)|2 |y + ny2
> (|na + nz + ng = nol = |ng = no) |y + |2
> (15 — 207" =} — 26712 |ny + ngl?
> (2071)2 g + a2,

Let K(n) = Xju>1 In|"2, K, = K(n)[(|Jw(—.)| * |@|)(n)]. Then by equation

(4.21), we have that

X|n14+nz|>|n14+n3|>1 ~ =~ ~
(I11) < 27rcn23 nz nz [1 - |n1++ n2||;13+ - 5(ns)| [o(n1)] |@(no)|
|E\(n1 + no + ng)’

< 2mche Z Z ZX|n1+n3\21 [n1 + n3’_% |0(ns))| |%<”1>‘ |@ ()]

ny ni n2 .
|7jl}(’l’l,1 -+ Mo + ng)‘
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— 2mc65 SO ST K(ny + my) {(\@(—.)\ x |E|) (ny + ng)] [0(ng) | [B(n1))|

n3 ni

— 27l Z Z K.(ny +ng) ‘6(713)‘ |%(”1)}

n3 mni

=216z Y [B(—n1)| (K * [5(=.)]) (m)

< omed? !5\! HK* * ‘@(_)‘Hz?

l2

< 2me8% [[Ble |5 |[]5(=)| |

1~ .

= 2mco? [0z [ K[l ([l
where the Cauchy-Schwarz inequality and Young’s inequality were applied to
the last few estimates. However,

1l = | K () (e (=) @)

11
< K|

(=) * |@]

[
< (Mo @]z (0] 2
< ¢l 1]z -

Note [|[Kjx =3, Xini>1 In|2 = 237, n~% < oo. Therefore,
(I11) < b2 [|8][3 [[]]7 - (4.22)

To estimate (IV'), we first observe that if [ny + ns| > |ny + ng| > 1, then
1+ |ng 4 na| [na + n3| > [ng + nol?
= |(ny + ng +n3 —ng) — (ng — n0)|% n4 +n2|%
> (13— 2070 — 17— 20712 |y + no?

> (20712 |ny + ngl?.

Then we obtain
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X|n14n3|>|n1+na|>1 ~ = ~
SRR B S s e I

nz ni  ng .
|@(n1 + N9 + ng)‘

< 87 |l 1ol (4.23)
by an argument similar to that used to obtain (4.22).
To summarize, (4.19), (4.20), (4.22), and (4.23) show that

< (2B + c62) |83 |- (4.24)

/F(v, v, w)w dz
T

Thus we have proved (4.10).

For (4.11), let uy = up = ug = v and uz = w. Then equation (4.17) can be

written as

md DD

n3 nip n2

B
/ emetmenaltn ) ds| [5(n)| [0(na)| [@(n2)] [0(n1+natns)]
0

(4.25)
<)+ II)+ (I1I)+ (IV),

where (I) to (IV) are as previously explained.
For (I), we have

(I)=27BY Y [8(ns)] [0(—na)| |@(n2)] [3(ns)|

n3 ng

=278 Y [i(ns)| [0(n)] |@(n2)| [3(ns))|

n3 mn2
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=0, (4.26)

based on the assumption on the supports of v and w.
Also, for (II), we have

(I1)=2xB> Y " [(ns)| [0(—ns)| |@(na)| [B(n2)]
ng no
— 0, (4.27)
applying the same reasoning as in ([).
Again, to obtain estimates (/1/) and (/V'), we note that by direct integra-

tion we have

1 _ eiBa(nl sN2,Nn3

[5(na)| [T(n1) | [@(no)]

(4.25) =27BY > )y

n3 ni1 n2

)
Ba(nb na, n?))

|5\<n1 + %) + 713)‘

1 e _
: ZWC%%:%: 1+ |n1 + nallng + ngl o) et} ) (4.28)

‘5\(711 =+ ng + TL3)|

In order for ©(ng) T(ny) @(ny) 0(ny + ny +n3) to be non-zero, we must have
[ng —mnol > 15 =207, |ng —mno| < +207, |ny +mo| <rj+2071,

and |ny +ng +n3 —ng| < rf+ 2571

To estimate (I11), we observe that if [ny + ng| > |ny + ng| > 1, then
L+ [ny + ngl| |ng + ns| > [ny + nof [0y + ns|
> |ng +no|? [ng + ngl?

= [(n2 —no) — (—n1 — n0)|% n1 +n3|%
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> (Ing — no| — |n1 + nol)2 [ng + ng|?

v

(ry — 207 =1} — 20712 [ng + |2

v

(2671)2 |ny + ngl2.
Let K(n) = Xjn>1 In|"2, K, = K(n)[(|&(=.)] * [8])(n)]. Then by equation
(4.28), we have that

X|n14+na|>|n1+n3|>1 ~ =~ ~
(I11) < ZWCZZZ {1 - |nj+ n2||;13+ - ‘v(n3)| |v(n1)‘ ‘w(nzﬂ

n3 mnip n2

|5(n1 + no + ?”Lg)‘

< 2med® Z Z ZX\n1+n3|zl [y +ng| 72 |0(n3)] [o(na)] [@(ns)]

n3 mnip n2

|5(n1 + Mo + ng)‘

= 2t 3037 K+ o) [([(=)] # [61) (1 + )] [o0)] 5]

ns3 ni

— 91cs? Z Z K.(ni + n3) ’i)\(ngﬂ |%<”1)}

n3 ni

=2mcd2 Y [B(—na)| (K. * [5(=2)]) (ma)

ni
S OE ’a g HK* * !5(—)\”12
< ored? EHP | Kl [[0(=)]],2

1, ~
= 2mch 2 ||'U||12 HK*Hll ||UHl2 )
< 6% [l 6% - (4.29)

To estimate (IV'), we observe that if |n; + ns| > |n; + na| > 1, then

1+ |ny + no||n1 + ng| > |n1 4 ns|2 |ny + nol?
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= |(no — na) — (no —n1 — ny —n3)|% 71 —|—n2|%

> (Ing — n2| — [no —ny — ng — ns’)% |ny +n2’%

v

(15 — 2671 — 15 —2071)7 |ny + ngl?

> (2671)2 |ny + ngl®.

Then we obtain

X|n14ns|>|n1+na|>1 ~ = —~
V) =27 DTN [t | fotn | i) (0|

n3 mi n2

|5\(n1 -+ T + ng)‘
1. 113
< 62 [|@]] [|2]];2 (4.30)
by an argument similar to that used in (4.29).

To summarize, (4.26), (4.27), (4.29), and (4.30) show that

~ ~ 1
< cllollz ]l o2 (4.31)

/ F(v,v,w)v dz
T

We note that the proof of the estimates in equations (4.12) to (4.16) follow
the same procedure as the proof of the estimate in equation (4.11). In fact, the
estimates for the sums analogous to (/) and (/I) in equations (4.12) to (4.16)
are the same as that of equation (4.11). Since the estimates for the sums anal-
ogous to (/1) and (IV) also follow the same strategy as that of (4.11), we
only need to check that the estimates 14|ny+no| [ni+ns| > (2671)2 |ny+ns|2
and 1+ |ny + no| [ny + ns| > (2071)2 |ny + no|? are satisfied, and to choose

the appropriate function K,.
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Concerning (4.12), let u; = uz3 = w and uy = uy = v. In order

@(ns) O(ny) @(ns) 0(ny + no + n3) to be non-zero, we must have that
Ing —ng| > 15 — 2671, |ng —no| > 75 — 2671, |ny 4+ no| < rf 257,

and |ny +ng +n3 —ng| < rf+ 257"

To estimate (I11), we observe that if [ny + ng| > |ny + ng| > 1, then
1+ [ng 4 ng| |y + ng| > [n1 + na|? [ng + ng2
= [(n2 — no) — (=n1 — no)|? [n1 + ny|?
> (|na — no| — n1 + nol)2 |ny + 2
> (ry =207 —r}f — 25*1)% Iny + n3|%
> (2671)2 |n1 + g2,
To estimate (IV'), we observe that if |ny + ng| > |[ny 4+ ns| > 1, then
1+ |ny + no| [n1 + ns| > |01 + na2 |ny + ngl2

= |(n3 —ng) — (—n1 — ”0)|% 1 +”2|%

> (Ins — no| — |1 + nol)2 [ng + no|?
> (ry — 207 = — 20712 [ng + o2
> (2671)2 |ny + nol2.

for

Let K, = K(n) [(Jw(—=.)|*|?|)(n)]. We then proceed as with the proof of (4.11)

to verify (4.12).

Regarding (4.13), let vy = uy = uz = w, and uy = v. The term,

@(ng) W(ny) @(ns) D(ny + ng + ng) is non-zero if

Ny —ng| > 15 — 2071, |ng —ngl > r; — 2671, |ny + ng| > 15 — 267,
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and |ny +ng +nsg —ng| < rf+ 2571

To estimate (/II), we observe that |n; 4+ ns| > |ny +mns| > 1 implies that
1+ |11 + na| |01 + ng| > |ny +ng7 [ng + ng|2
= |(no — ny) — (—ny — ny — ng + no)|2 |y + ns|?
> (Jng — na| = [no — (11 +na +n3)|)% ny + nal?
> (ry— 2671 —rF = 2671)2 |ny + ng|?

2 (25_1)% ‘nl -+ 713’%

To estimate (IV'), we observe that if |ny 4+ ng| > |n; + ne| > 1, then
1+ |[ng + no||n1 + nsg| > |ny 4 nal2 |ny + nol2
= |(no — ns) — (—ny — 1y — n3 +ng)|2 [ng + nal2
> (Ino — ns| — [no — (n1 +na +n3)[)% [y + nal?
> (rs — 2671 —rF — 26712 |ng + no|?
> (2671)7 |ny + nal 2.

Let K, = K(n) [(Jw(—.)|*[0|)(n)]. Again, we proceed as before to verify (4.13).

For (4.14), let u; = us = uz3 = v and uy = w. Again,

—~

0(n3) B(ny) B(ng) @(ny + ng + ng) is non-zero, if
[ng —nol <rf+207", [ng —nol <rf+207", [ny +no| <rj+2077,

and |ng + ng +n3 — ng| > 15 — 2671

For (I1I), we observe that |ny + ns| > |ny + n3| > 1 implies that
1+ |ny +no||n1 + ng| > |ny 4 nal2|ng + ng|?
= |(n1 + na + nz — ng) — (ng — no)|2 g + g2

> (|n1 + ng 4+ ng — ng| — |”3 - ”0|)% |n1 + ”3|%
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> (ry =207 —rf — 25*1)% |ny + n3|%

(2(5—1>% ‘Tll + n3|%

v

To estimate (IV'), we observe that if [ny + ng| > |ny + no| > 1, then
L+ [ng +ng| |ng + ng| > [ny + no|2 [ng + ng2

= |(n1 +nz +nz —ng) — (g — ”0)|% 1 +”2|%

> ((Jny + no + n3 — no| — |n2 — no|)? |1 + nal2
> (rs — 2671 —rF — 26712 |ny + no|?
> (2671)2 |ny + nal.

Let K, = K(n)[(|o(=.)| * |&])(n)], and proceed with the proof as before to

verify (4.14).

For (4.15), let uy = ug = v and uy = uy = w.

The term 0(n3) W(ny) 9(ng) @(ny 4 ny + ng) is non-zero if
Ing —mno| <7 4+207Y |ng —nol <rf 42671 Ing +nel > — 2571,

and |ny + 1y 4+ n3 — ng| > 15 — 2671

To estimate (/1I), we observe that |ny +mng| > |n; +ns| > 1 implies that
1+ [ng + na| [ng + ng| > |1 + no|2 |0y + ny2
= |(n1 +na +ng —ng) — (ng — no) 2 1 + sl
> (|n1 +na + ng — nol — Ing — no|)% ny + ns?
> (13— 267  — 17— 20712 |y + ng|?

2 (25_1)% ‘Tll + n3|%

To estimate (IV'), we observe that if |ny + ng| > |ny + no| > 1, then
L+ [n1 + naf [y + ng| > [na + nal? [ng + g2

= [(n1 +n2 +n3 —np) — (n2 — no)ﬁ n1 +n2|%
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(
> (rs — 2671 —rF — 26712 |ng + no|?
(2671)2 |ny + no|2.

(

Let K, = K(n) [(|]o(=.)| * |@|)(n)], and proceed as before to verify (4.15).

Finally, to prove (4.16), let u; = v and uy = uz = uy = w. In order for

0(n3) W(ny) @W(ng) @(ny 4 ny +ngz) to be non-zero, we must have that
Ing —mnol > 15— 207", |ng —mno| < +207, |ny 4ol > 15— 267,

and |ng + ng +n3 — ng| > 15 — 2671

Thus, to estimate (I1I), we observe that |n; + na| > |ny + n3| > 1 implies
that
L+ [y + nal [ng + na| > [y + n|? ny + nal

= |(n1 +10) — (—n3 +no)|2 [y + ns>

> (Jna + no| — [ng — no|)% [n1 + ng2

> (13— 26t —rr =202 |y + n3|%

> (26712 |ny + ngl2.

To estimate (IV'), we observe that if |ny + ng| > |[ny + na| > 1, then
L+ [y + no| [ny + ng| > [y + na|2 [0y + nol2
= |(n1 + na + nz — ng) — (ng — no)|2 [ng + o2

> (|n1 +ng +nz — n0| - |n3 - n0|)% |”1 + n2|%

v

15— 267 —rt — 20713 |ny + no|?

v

(
(2671)2 |ny + nal2.

Let K, = K(n) [(|@(—=.)|* |@])(n)], and proceed as before to verify (4.16). [

Lemma 4.9. If there exists a function w such that P(w) = X\ and A(w) —
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B\?
2rB||w|)}y > 0, then Jy, > —.
s

Proof. From Lemma 4.6,

1T (s)w

11, (0.5)xm) = 4Bl — 27 Bl + A(w)

B)\? B)?

Hence by the definition of J),

B)?
Iy = ||T(8)w||i§,z([0,3}><ﬂl‘) i

O
Lemma 4.10. If a sequence {u;} C L? is such that ||u;]|3. = X, and {u;}
vanishes in the sense defined in Lemma 4.3, then as j — oo,

;]2 — 0. (4.32)

Proof. Suppose {u;} vanishes. Then for each fixed » > 0 and for € > 0, there

exists an N = N(r,e) € N such that

—~ €
sup - |3 (n)f? < 5,

meZ

for j > N. Thus, we have that |@;(n)|> < § for j > N, which in turn implies
that ||a;||;= < € for j > N. So, ||@j][;.e — 0. To get (4.32), we observe that
by interpolation, [|;ly < [l (l7 15[}

]

Lemma 4.11. If a sequence {u;} C L* is such that ||u;j||7. = X and {@;}
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vanishes in the sense of Lemma 4.3, then

D(a@;) — 0. (4.33)

Proof. We have

|D u]’_

QWBZZZ ZZB n - r —21lB(n r) 1:| A(n>

I#£0 n r#n
iy (n = D) iy (r = 1) t(r)

<2mey YN @ (n)| i (n — D)@ (r — D] |d@(r)].  (4.34)
= r¢n1+|l||n 7|

Since [ # 0 and n # r, we have that [l|] > 1 and |n —r| > 1. Suppose

1<|l|<p and 1 <|n—r] < for some (3, then

X1<|i|<8, 1<|n—r|<B | ~ = ~ =
(30 =2mey 0% S G = Dl = D10
l n r

1+ l|n

n+p8

=2mey Y Xasuss 1@ (n)| 1@ (n = D) Zluy Dl f;(r)|
n l

n+pB

< 2me ||t (Z \@(T)F) Do1a )Y xu<s @ (n = 1)
n—p3 n l

n+

< 2me ||a; e (ZI@(T)F) D G| (s * 13 (n)]
n—p n

n+p %
< 2me || 12 x5, * |51 [12 (Z \?Tj(?")\2>

n—_8

n+p %
< 2me ||l x50/ (Z IUA]'(T)|2>

n—_8
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n+p %
= 2 ||y (Z@(T)F) : (4.35)

n—8
Now, suppose |l| > S and |[n —r| > |l|, then 1+ |{|[|n—7| > |l||n—1] >
= rlz = BEIE Let K(n) = X1 In] 72, and K, = K(n) (] +
[@;(=))(n)]. Thus,

(43) =21 30573 LGRS G016 (0 - DI~ DI 160

<2meBEY D> X 7 @ ()] [ (n = D] |5 (r — D] i (r)]
l n r

= 2meB72 Y (@) Y xsr 1172 [@(n = DI (165« @5 (=) (1)
:27Tcﬁ_%Z|uJ |ZK wj(n —1)|
= 2mcB72 Y |@5(n)] (K. *|d@;))(n)

< 271'65_%

|, I+l
_1 ., < —~
<2mef2 || e (1Ko (1]l

< 2mes 7} G (4.36)

by Cauchy Schwarz inequality, Young’s inequality, and using the estimate for
K, found in the proof of (4.10). Suppose |l| > |n —r|, then 1+ || |n —r| >

l|ln —r| > B2 |n —r|2. This means that
Xl>n r ~ =
(4.34) —mEZZ 2= T [ )| |@(n — )| @ (r — )] |@5(r)|

L+ |l|n —

<2meB2 Y Y Y Xmewzaln — |2 ()] |G (n — D)@ (r — 1|5 (r)]
l n r
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_1 _3 1~ = = ~
=2mef72 Y Y i P12 1@ ()] @5 (n = p)| Y |@5(n = D] |@5(n —p = 1)
n p l
1~ —~ _3 =
< 2meB 2 @17 Y @)Y Xz P12 |@(n — p)
n P

= 2meB72 |Gl D 1 (n)] (K * i) (n)]

< 2meB2 |l

K [

12
_1 ~ 113 —~
< omeBE |l |f Kl 11,
< 2meE |l (4.37)

where p = n—r. The cases where |n—r| > ( and either |I| > |[n—r| or |n—r| >
||, can be dealt with by applying the same strategies as those used to find
(4.36) and (4.37). To conclude, (4.35), (4.36), and (4.37) imply that,

n+p 2
ID(@)] < eB72 aylly + cB 1G5 (Z\@(T)F) : (4.38)
n—p

If {@;} vanishes, then for each fixed 8 and for € > 0, there exists N € N such

that for j > N,
n+p3

D lG(r)F < €.
n—p3

In particular, for § = €72, there exists N such that for j > N,
n+p3 %
~ _1 ~ 14 ~ =
1D(@;)] < B2 [lagll, + eBllalls <Z|uj(7“)!2>
n—_8

1 nte 2 %
—\N—5 (|~ 14 — ~ =
= o) 2 Ny + e 113 (Z Iuj(r)l2>

n—e=2
—~ 14 _ I~
< ce ||y + ce (€92 [|a 5.

< ce

94



This shows that lim D(@;) = 0, and concludes the proof of the lemma. [

Jj—00

4.2.3 Proof of Theorem 1.1

Fix A > 0. Let {u;},y be a maximizing sequence of W (u) subject to
P(u) = \. Suppose there exists w € L*(T) such that P(w) = X and D(@) —

27 B|| @[ > 0.

It is clear that {u;} is tight as it is defined on a compact space. What
is left is to determine which of the three cases in Lemma 4.3 the sequence of

Fourier transforms {4;} satisfies.

If {a;} vanishes, then Lemmas 4.10 and 4.11 imply that Hﬂ;‘”; — 0, and D (u)) —

0. Also, since w satisfies D(@) — 27 B||w||}y > 0, by Lemma 4.9, J, > B

™

Taking the limit as 7 — oo on both sides of Lemma 4.6 results in

4
[l _ BX

. 4 T -~ 4 —
jlggoHT(S)“J'”Lgch —jligloélﬂB [l = 47 B A2 .

However, since (uj)jeN is a maximizing sequence, we have that
lim [ T(s)ugllL, = tim W () = Ji.
j—r00 s,z Jj—00

This implies that J, = BT’\2, thus contradicting the fact that Jy > BT’\Q. Hence,

(4;) can not vanish.

If the sequence of Fourier transforms exhibits dichotomy, then as in case
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3) of Lemma 4.3,

A . ~ .
a € (O,%), a; = uj, b; =v;, and ¢; = w;.

Thus, for every 0 € (0, «), there exists a j such that for j > jo, the following
occur:

i) With m;, r{ and 7} chosen as in Lemma 4.3, v;(n) =0 for |n —m;| >
ri 4207, and w;(n) =0 for [n—m;| < rj—20"1. Also, ||lv;]|7. < A and

lw;llZ2 < A
i) [|i; — 3 — @5l < 20, [0 — allp < 36, and [|@; — (57 — o)l < 9.

7 ~ s 2
Let h; = @, — v; — @w;, so that h; = u; — v; — wj, and [|h;[|7. < ¢d for

J = Jo-

Thus, utilizing Lemma 4.7, we have that

W () = W (v;) = W (w;)] < e (L4 w2 + losllze + llwsllZ2) 117 e

+ (A1 (vj, wy)| + oo+ [Az vz, w5)])

< 87 + [A(vj,w)] + ..+ [Ar (v, w;)].

Due to Lemma 3.2, we have that

B

/F(ul, Ug, U3 ) Uy dr = // T71s)[T(s)uy T(s)uy T(s)us) iy ds dx
T T Jo
B —— ——
= / /T(s)ul T(s)ug T(s)us T'(s)uy dx ds.
o Jr
Thus, by Lemma 4.8,
W (1) = W (v;) = W (w;)] < ed2 +4(27B + c02)|[5[3> a2

~ ~ 1 ~ ~ 1
+2cl[Vl[iz 1@;lle= 02 + ... + 2cl[Vylle= [|5][> 0
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< c52 + 8aB|[T||% @3, for j > jo.
Hence, by Lemma 4.5,
1T(s)u;]

Lo < T,

b+ I T(s)wjll1e + 62 + 87 B [[5117 (135117
1 —~ —~
< iz, + gz, + €02 + 87 B ([T 1|17

= o421 + |Jwjl[%2 Jy + 07 + 87 B |55 |13 ||@;]|

~ ~ 1 —~ —~ . .
= 47*(|[o;]12 J1 + |w; |2 1) + c62 + 8aB|[0; || |@;2,  for j > jo.

Taking the limit as j — oo and 6 — 0 on both sides of the inequality

results in
A 2 , A
Jy<Ar* [P+ | = —«a J+cd2 +8rBa| — —«a ).
21 2T

On the other hand, by Lemma 4.5, we have that
A\’ A ?
J)\:)\2J1:47T2 (2—) J1:47T2 (CY+2——04) Jl.

s ™

Hence,
A 2 A 2 A

A7 o+ = —a ) Jy<4r’[a®+ [ = — « J1+C(S%+87TBCY — —a .
2 2 2

It follows that 872« (% — a) J1 < 87Ba ( — a) , which implies that J, <

A
2r
BT’\Q. This contradicts the fact that J, > BT’\2, and we conclude that {u;} can

not exhibit dichotomy.

The final case is that in which the sequence of Fourier transforms is tight.

Then there exists a sequence of integers my, ms, ms, ... such that for each € > 0,
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there exists an integer = r(e) > 0 with the property that

m;+r )\
ul? > = — for j .
Z]u]\_QW € orjeN
mj*T‘
Let v; = e "%y ; then [jv;]|2 = vV, |lvjllze = |||z, and T;(n) = U;(n +
mj). Also, using Lemma 4.6, we have that | T'(s)v;||7« = [|T(s)u;]|74 . Hence,

v; is also a maximizing sequence. Note that

m;+r r T
SOla = [+ my)* = [0l
mj_'r b T

So, without loss of generality, we can assume m; = 0 for all 7 € N. This
implies that for each € > 0, there exists an integer r» > 0 with the property

that

Define p € C§° such that p(n) = 1 for [n| < 1, and p(n) = 0 for |n| > 2.
Define p1,(n) = p(2), where r > 0. For each k € N, let e = 1 and choose r(€) =

(1) = g Let puy, = g, and define vy := (py, @;)" and wjy := ((1 — pe) @;)

Then, u; = v +w;; and

losallF =D (1 + [n)? @y

n

<c (Z e @l* 4 Y nf? [ aj|2>
2ry
<c (H@szz + D Il [ %’\2)

—2r

< e (11115 + nl* [l 1t )

< e (1+4rg) [[a |7
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= c(1+4r3). (4.39)

In addition,

lwgallze =27 Y 11— )l

[n|>ry,

<om Y |wl

[n|>rg

_ T (4.40)

Now, |Jujllz2 = VA implies that there exists a subsequence, still denoted by
{u;}, that converges weakly to some function u € L?, with [Jul|z2 < V/\.
Fix k € N. Equation (4.39) implies that {v;};en is bounded in H'(T), and
(4.40) implies that {w;}jen is small in L*(T). Thus, there exists a subse-
quence (j') € N, and functions v; € H'(T) and wy € L*(T), such that,
{vji 1} converges weakly to vy in H*(T) and {w; } converges weakly to wy
in L*(T), with u = vj, + wy. By the weak lower semicontinuity of the norm in
a Hilbert space,
2w

HwkHLQ S hI/Il inf ij’,k||L2 S —_.
§' =00

k

By the Rellich-Kondrachov Theorem for compact manifolds, we can con-
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clude that there is a subsequence of {vj ;}, still denoted by {v; x}, that con-
verges strongly to vy € L*(T). Now,

lullzzery = [lvk + will L2

> ||kl 2ry — l|lwe ]| L2y

. 27
> lim gl zaery =4/ 5
. 2w
= lim_ e = wyellz2emy =4/ -

‘ 27
> l1msup lwjllL2ery — lwy kel 2ery — i
3'—00

: 2T
> lim sup llwjllz2emy — 24/ s
j'—00

= VA-2 2%

Taking the limit as & — oo, it follows that ||u||p2(r) > VA. To conclude,
since {u;} converges weakly to w, and ||ul|p2m = VA = jli_>1£10||uj||L2(T),
then {u;} converges strongly to w in L*(T). Finally, W(u) : L? — R is
continuous (see Remark 3.19), so we can conclude that u is a maximizer of

4.3 Stability

Let S, be the set of all maximizers for Jy; that is,
Sy ={pecL?: W(p)=.J, and P(¢) = \}.

Theorem 4.12. The set S, is nonempty and is a stable set for the initial
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value problem for (3.1) in L*(T). That is, for every € > 0, there exists § > 0

such that if ug € L*, and
inf — |2 <0
Jnf [uo — ¢z <4,
then the solution u(t,z) of (3.1) with u(0,z) = ug(x) satisfies
Jof Jlua(t, ) — ¢l <e

for all t > 0.

Proof. Suppose for contradiction that &) is not stable. Then there exists

€0 > 0 such that for all n € N, we can find ug, € L? such that

1
inf — < —
Jaf, Wion =6z < 7

and some t, > 0 such that the solution wu,(t,x), of (3.1) with initial data
U, Satisfies

¢i€n‘£A [tn(tn, ) — Bllze > o

Let € > 0 be given. We know that since infe s, ||uon — @22 < =, then for

each n there exists ¢, € Sy such that ||ug, — ¢n|r2 < %

Also, there exists N such that for n > N, % < 5. Thus for n > N, we
have

[l[wonllz2 = VAl = [lluonllz> — llénllz2|
S HuOn - (anLQ

<

S
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This shows that P(ug,) converges to A in LZ.

Moreover, let M be such that ||ug,||z2 < M. Then for all ¢ € S,

W (ton) = W(9)] < clluon — @llz2([[uonllz2 + [I6]]12)*.

Therefore, for € > 0, there exists N such that for n > N, % < m
So for n > N,

W (uon) — x| = [W (uon) — W(on)|
< cluon = Gallzz(luonllzz + [ énll2)’
< c%(M +V)?
< €.

This shows that W (ug,) converges to J,.

Now, define {«,} such that P(«a,ug,) = A for all n € N. Then «,, — 1.
Define v, = a, u,(+,t). Since P(u,) and W(u,) are independent of time,

then P(v,) = P(a,u,) = a2 P(u,) = a2 P(ug,) = P(an ugn) = A, and

lim W(v,) = lim W(a,u,) = lim o W(u,(t,-)) = lim o) W(u,,) = Jy.

n—oo n—oo n—o0 n—o0

This implies that {v,,} is a maximizing sequence. From Theorem 1.1, it follows
that there exists a maximizer 1) € S\ such that a subsequence of e~%y,

satisfies ||e™""* v, — 1|l < L. On the other hand,

€0 < |Jun(tn, ) — ™" 4] 2

1

Evn@na ) — e'mn® (0

L2
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1

_vn(tna ) - Un(tm ) + vn(tn7 ) - eimnx ¢
5n L2
1 My T
= _Un<tn7 ) - Un(tm ) + ||U7‘L(tm ) —e 1/)HL2
B 12

<

1 1My, T —imnT
B 1‘ [[on (s )Lz + [ le™™ vy (tn, ) — ] L2

Taking the limit as n — oo, we obtain that ¢, < %0, a contradiction.

O

Remark 4.13. We note that a similar approach can be used to prove stability

of the set of all minimizers in H'.
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Chapter 5

Intervals of Existence of Maximizers in L2

The goal of this section is to prove results on the existence or nonexistence
of functions w satisfying the sufficient condition for stability in Theorem 1.1,
for various values of B. We show in Section 5.1 that such functions w do not
exist for B = Nm, N € N, but do exist for B = T and for B € (0, B,)
where By is about 0.6958. We show in Section 5.2 that such functions exist
for B=7Z and for B € [By, B;] where By is about 1.39.

2

5.1 Functions w with Real-Valued Fourier Transform

Lemma 5.1. If B = N7 for N € N, then there does not exist any mazximizing

function for Jy in L*(T).

Proof. Let B = N7 for N € Z. If uw € L*(T) is such that P(u) = A, then

Lemma 4.6 implies that

17 (s)ul

11, (o.nwpx) = ANT|Jal[p — 2N ]l < NX%,

since A(4) = 0 when B = N7. According to the definition of Jy, we have that
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Jy < N)2. However, if we define uj € L? by

Ve Il <

0 otherwise,

then [|;]|2 = 2 and, as j — oo, ||Ullie — 0; hence ||@j[ln — 0 and
HT(S)ujHjé4 (O.NnxT) NM2 This implies that Jy, > NA? and therefore
that J)\ = N)\Q.

Now suppose u is a maximizer for Jy in L?(T). Then we have that

17 (s)u

ZE;{I([o,z\hr]x?r) = NN

Lemma 4.6 implies that |||/}, = 0; thus v = 0. This contradicts the fact that
P(u) = A > 0, and we conclude that there does not exist a maximizer for Jy

in L(T). 0

From now on, we will write A(4) as

A(u) = 2B Z Z byt Qpis (5.1)

p#0 1#0
where
o i —2ilpB _
bpyl = —QZPB [6 1]
= 3B [sin(2lpB) + i(cos(2ipB) — 1)] (5.2)
and

apy =Y _d(n) a(n—1) a(n —p—1) i(n—p). (5.3)

n

Lemma 5.2. For all p,l € Z, we have
Ap) = Q_p 1,
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a_pvl = ap7l = ap7_l’

and

a/p,l = alvp'

Proof. The equation a,; = a;, follows immediately from the definition of a,,;.

Also, we have

ap—1 =Y i(n)a(n+1)a(n+p+1) a(n+p)

= Zu(n —p—1) (i —p) a(n) a(n —1)
= Gp,,

where in the second sum we changed the index from n to n =n+p+1[.

Finally,

a_ps =Y _i(n) @(n—1)i(n+p—1) a(n+p)

n

A [~

=Y a(i—p)a(m—p—10) an—1) a(n)

= Qp,,

where we made the change of index from n to n =n+ p. A similar calcula-

tion works for a, _;.

]

For a function u with real-valued Fourier transform , we see that a,; is
even as a function of p and [, and b,; is the sum of an even function and an

odd function of p and [ ( but not both). Hence, if @ is real-valued, we can
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rewrite A(d) as

A(u) = 2B Z Z 2[1193 [sin(2lpB) + i(cos(2ipB) — 1)] a,,;

p#0 LI#0
sin(2(pB)
Copy Yy D),
p£0 1#0
= sin(2lpB)
= 4 : 5.4
R o

From equation (5.4), we have that

e sin(2(pB) .
A(@) — 2B il = 8eB8Y 0 S S0 o —2nB il (59
p=1 [=1

Fix B > 0, and let w be defined by

1 n=>0
w(n) = r n==+l1

0 otherwise,

where r € R. From (5.3) we see that if p > 1 and [ > 1, then for a,; # 0
to hold, we must have that p < 2, 1 <2, |[p—1] <2, and [p+1] < 2; and

therefore we must have p =1 = 1. Hence

sin 2B
2B

A() — 27 B |||, = 87B ( > ary — 27 B |J]|);

— 878 (SMB) 3" do(n) d(n — 1) d(n - 2) d(n — 1) — 20B |||}

If we consider all the possible values for n such that w(n) w(n — 1) w(n —

2) w(n—1) is non-zero, we see that this can only happen for n = 1. Therefore,

. ) sin2B\ . . .
A() — 21B |||y = 87 B ( o5 ) (1) w(0) w(—1) — 27 B ||]|}s
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sin 2B
2B

= 87 Br? ( ) — 27 B(1 + 2r?).

Note that A(w) — 2B |||} > 0 if

in2B
4 (SII;B ) > (1+2r),

that is, if

in2B 1+ 2rt
(sm > - +2rt (5.6)

2B 42

: . 4 . 1
Since the function f(r) = &%~ has a minimum value of ‘/75 at r =271,

then (5.6) will be satisfied at some r > 0, as long as

55 ) o (5.7)

(sm23> V2
2

We see that (5.7) is true for all values of B in the interval (0, By), where By
is about 0.6958.
To obtain a function w, satisfying satisfying the condition of Theorem 1.1,

we now set

) A i(n)
) =\ o Tl
so that
N\ )2
wy |22 = 27|y |2 = 27 — B ),
lw|2e = 27| ]| Vo e
and
A(iby) — 27 B ||y |} N (A@) — 20B ]l > 0
w — 4T w = w) — 4T w
' SR T "

for all B in the interval (0, By).
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More generally, we can define the function w by setting

1 n=~0

r n==1
w(n) =

S n =42

0 otherwise,

where r,s € R. From equation (5.3), we see that in order to have a,; # 0,
we must have that p <4, [ <4, |[p—1I| <4, and |[p+1{] <4. In this case,
the possibilities for (p,[) are (1,1), (1,2), (1,3), (2,1), (2,2), and (3,1). This

implies that

. ) sin 2B sin4dB sin6B
A(w) — 27 B ||w||?4 =8rB {( 5B ) a1+ ( 1B ) a2+ ( B ) a3

n sindB n sin6B n sin 8B 5 BHAH4
1B az1 6B as,1 3B az2 D ||W|)4 -

By Lemma 5.2, it suffices to calculate a,, for (p,l) =(1,1), (1,2), (1,3),

and (2,2). For a;;, the term (n) w(n — 1) w(n —2) w(n — 1) is non-zero
when n = 0,1 and 2. Evaluating at each of these values and taking the
sum results in a;; = 2512 4+ r2. For ay 2, the only values of n that make
w(n) w(n — 1) w(n — 3) w(n — 2) non-zero are n = 1 and 2. Evaluating at
each of these values and taking the sum results in a; 2 = 2sr2. For as,2,
the only value of n that makes w(n) w(n — 2) w(n — 4) w(n — 2) non-zero is
n = 2. Evaluating at this value results in as» = s*. Lastly, for a3, the only

value of n that makes w(n) w(n — 1) w(n — 4) w(n — 3) non-zero is n = 2.

Evaluating at this value results in a; 3 = s%r2.
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For B = 7, we have that

2 sin T i Sil’l3—7r
aga) = o = sm [ (F2E) s+ 1+ (BT 2ot (TE )

i sin 3¢ in 2 2
+ (SIZW) 2512 + (—6 2 ) $2r? 4+ (smS W) 32} — 7T?(234 +2rt + 1)

1 —1 2
=87 {5 r?(2s +1) + 5 327“2} - 7%(254 +2rt 4 1). (5.8)

Therefore, for B = 7, A(w) — %2 |@]|)s has a positive maximum when 7 =
1.16426, and s = 0.754222.
Again, to obtain a function w, satisfying the condition of Theorem 1.1,

one can set

X
2 Jolle

wy(n)

5.2 Functions w with Complex-Valued Fourier Trans-

form

Let B = 7, and define the function w by

1 n=>0
w(n) =< r n =41, +2
0 otherwise

where now, unlike in Section 5.1, we allow r to take a complex value. For this

value of B, equation (5.2) gives

1 . . .
bps = o [sin(lpm) + i cos(lpm) — ],
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0 if either [ or p is even

Z’—Zi otherwise.
pT
Thus
. . -2 .
A(d) = 2eB ||l =7 > 0 Y " —— apy — 7 [l - (5.9)
p-odd l-odd lpﬂ-

In order to have a,; # 0, we must have that |p| <4, |I| <4, |[p—1] <4
and |p+ | < 4. In this case, we see that the possibilities for (p,1) are (1,1),
(=11), (1,-1), (=1,-1), (1,3), (=1,3), (1,=3), (=1,-3), (3,1), (3,1),
(3,—1), and (—3,—1). Hence,

1 1

A(QZ)) —2nB ||ID||;14 = =20 @11 —Q-11 — Q1,—-1 + a_1,-1 + §a173 — gCL_Lg
1 1 1 1 1 1 211 ~1d
—§OJ1,_3 + §a_1,_3 + §a3,1 — ga_371 — 5&37_1 + §Q_37_1 — T ||IU||l4

In addition, Lemma 5.2 shows that we need only calculate a;; and a; 3. For
ay 1, the only values of n that make w(n) w(n—1) w(n—2) @w(n—1) non-zero
aren =0, 1, and 2. Hence, a;; = 2ri?+r% Apply a similar strategy to each

of the possibilities for a; 3 to get a;3 = r?7*. With this in mind, we get from

(5.9) that

A() — 27 B |||y = —2im [(2r7 + 1) — (27r? + 72) — (27r% + 72)+

1 1
P2r? 4 2@ 4 o2 — gfzrz—

3 3 3

1 1 1 1
(2r7* +1%) + §r2f2 — §f2r2 e e

1 1
§f2r2 + §r2f2 — (1 + 4|r|h)

= =2 [2(2r7 4+ r?) — 2027 + )] — 72 (1 + 4[r[")
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= =2 [22F|r[* 4+ r?) = 2(2r|r]* + 72)] — 72 (L + 4|r|")
= —dim [2|r’(F — r) +1° = 7] — (1 + 4r[*).

If we let r = x + 1y, then
A(w) — 27 B |3 = —4im [—4iy(a® + y*) + dizy] — 77 (1 + 4(2* + v*)?)

= m [-162°y + 16zy — 16y°] — 7(1 + 4(z” + y*)?). (5.10)

One sees that the right hand side of (5.10) has a positive maximum at z =
—0.527097, and y = —0.947191. Therefore, for B = 7, there exists a func-

tion w satisfying the conditions of Theorem 1.1.

Define the function w, by

1 n=>0
w(n) = T n==1

0 otherwise.

where again we allow r to take a complex value. For this value of B, equations

(5.1) and (5.2) give

A() =20B> ) by ay,

p#0 1#0
_ U1 ~2ipB
XY e 1)
p#0 1#0
For a,; # 0, we have that |p| <2, |I| <2, [p—1{| <2and [p+1| <2. In

this case, we see that the possibilities for (p,l) are (1,1), (—1,1), (1,—1),
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and (—1,—1). Hence,
Aw) =im [(e7*P = 1) (a1 +a1,1) — (€¥F = 1)(a_11 + a1,-1)] -

In addition, Lemma 5.2 shows that we need only calculate a;;. For a;,, the

~

only value of n that makes w(n) w(n — 1) w(n — 2) w(n — 1) non-zero is

n = 1. This results in a;; = r2. With this in mind,
A(w) = 2im [(e7*F — 1)r* — (P — 1)) . (5.11)
If we let r = x + iy, then
A(w) = 2im [cos(2B)(r* — ) — isin(2B)(r* + 7°) — (1 = 7%)]

= 207 [dayicos(2B) — 2i(x” — y°) sin(2B) — dayi] .

Therefore,

A(w) — 2rB||b||js = 27 [—4ay cos(2B) + 2(2* — y*) sin(2B) + day— (512

B(1+2(z" +y%)%)].

For z = 0.65 and y = 0.53, we have that A(w) — 27 B||wl]}; > 0 in the interval

(By, B1) where By = 0.67 and By = 1.39.

To summarize, by Theorem 1.1, we have shown that maximizers for J,,
and thus stable ground state solutions, exist for the values of B in the interval
(0,1.39), and for B = 7. However, maximizers do not exist for N7 when

N eN.
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5.3 Open questions

The known values of B for which maximizers exist in L? suggest that
there could be a possibility to extend the existence all the way to B = m, by
considering larger classes of functions w.

It is not yet known whether the periodic DMNLS equation is globally (or
locally) well posed in H® for small fractional values of s > 0, or for s < 0.
It would seem that the first hurdle is in finding a suitable Strichartz type
estimate that will help with the Banach contraction mapping argument.

Also, since ground state solutions correspond to optimizers of the energy
functional E(u), and we have only considered minimizers of F(u), it could be
possible to find ground state solutions that correspond to maximizers of the
energy functional.

Lastly, a more challenging question will be to identify precisely which
functions are in the set of minimizers S, and use this information to determine

whether ground states are orbitally stable.
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