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Abstract

In the thesis we consider the damped Klein-Gordon equation with a variable

diffusion coeflicient:

u(t, ) + au(t, x) — V(B(x)Vu(t,x)) + og(u(t,z)) = f(t,x)
u(t,x)|ger =0, te(0,7T)

w(0,2) = yo(x), w(0,2)=w1(z), x €L,

where the nonlinear term is g(u) = |u|"u with the constant v satisfying

(

0<y<oo if n=1,2,

0<~y<2 if n=23,

v=0 if n>4.

\

The goal is to derive necessary conditions for the optimal set of parameters
¢* = (a, 5,7v) € P minimizing the objective function J(q) = ||u(q) — Zd”%%o,T;H)-
First, we study the nonlinear term g(u) for the different cases of ~, and derive
its properties which are crucial to the entire research. Then we show that the
solution maps ¢ — u(q): P — L*(0,T;V) and ¢ — 4/(q): P — L*(0,T;H)
are continuous. Furthermore, the solution map is shown to be weakly Gateaux
differentiable on the admissible set P, implying the Gateaux differentiability of
the objective function. Finally we study the Fréchet differentiability of J and

optimal parameters for these problems. Unlike the sine-Gordon equation, which

viii



has a bounded nonlinear term, Klein-Gordon equation requires stronger assump-
tions on the initial data. The further difficulties in mathematical analysis of the
equation arise from the unbounded nonlinear term g(u) = |u|"u and the variable

diffusion coefficient 5(z).
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Chapter 1

Introduction

In the thesis, we study a damped Klein-Gordon equation with a variable diffusion
coefficient. The goal is to derive necessary conditions for the optimal set of
parameters minimizing the objective function J.

Klein-Gordon equation has many different forms. Its original form is

m2c?

% u=0.

6—12utt — Au +
The equation was named after the physicists Oskar Klein and Walter Gordon,
who in 1926 proposed that it describes relativistic electrons. The Klein-Gordon
equation is considered a relativistic version of the Schrédinger equation (see [36],
[37], and [38]). It is the equation of motion of a quantum scalar or pseudoscalar
field, a field whose quanta are spinless particles (see [10], [44]).

Klein-Gordon equation is also used to model the propagation of dislocations
in crystals, the behavior of elementary particles, Josephson junctions (see [12],
Chapter 8.2 for details), and others. It has been studied extensively. More details
of the field are reviewed in the next chapter.

The Klein-Gordon equation studied here is the following.

Let €2 be an open bounded set in R® with a sufficiently regular boundary

I'. The damped Klein-Gordon equation with a damping coefficient «, a variable



diffusion coefficient (), and a magnitude of the nonlinear term § > 0 is

u(t, ) + au(t, x) — V(B(x)Vu(t,x)) + og(ul(t,z)) = f(t,x) (1.1)
u(t,x)|ger =0, te(0,7T)

U(O’ 1’) = yo(l'), Ut<0a ZE) = y1<$)7 S Qa

where T' > 0, (t,z) € Q@ = (0,7) x . The nonlinear term is assumed to be of

the form g(u) = |u|"u with the constant 7 satisfying

¢

0<y<oo if n=1,2,

0<~y<2 if n=3, (1.2)

v=0 if n>4.

\

The precise statement of the problem will be given in Chapter 3. The Lipschitz

continuous diffusion coefficient 3(x) is assumed to be in B C C(2) where

B={f(x): 0<v<p(x)<p |Bx)- LWl <Clz—yl, z,yeQ} (13)

for some positive constants v, p and C. The identification problem for (1.1) is
to find the parameters a, f(x), and ¢ such that the solution of (1.1) exhibits the

desired behavior. More precisely, let

P = {q = (Oé?Bv(s) S [amimamam] X B X [5mm; 6maa:]}. (14)



Define the cost functional J(q) by

J(q) = /Q[u(q;t,x) — 24(t,2)]?dxdt, q € P, (1.5)

where z4 is a given function in L?(Q). The data z;4 can be thought of as the
targeted behavior of (1.1). The parameter identification problem for (1.1) with
the objective function (1.5) is to find ¢* = (a*, 8*,0*) € P satisfying

J(q") = inf J(q). (1.6)

qeP

One of the main results of this thesis is that we prove the existence and

uniqueness of the weak solution u of the Klein-Gordon equation,

u"+ou' + Agu+og(u) = f, inV' ae. on [0,7T],

uw0)=yo €V, u(0)=y € H.

Because [(z) is not a constant and the operator Ag relies on 3, we study the
eigenvalues and eigenfunctions of the operator Ag, and prove that the mapping
B — Apv from B into V' is continuous. Then we establish the continuity of the
solution maps ¢ — u(q): P — C([0,T];V) and ¢ — u/(¢q): P — C([0,T]; H).
Based on the continuity, we prove the Gateaux differentiability of the solution
map in P. Hence we obtain that the objective function J(g) = ||u(q) — 24|32 (0.T:H)
is also Gateaux differentiable. Furthermore, we prove the Fréchet differentiability
of the functional J with respect to the parameters ¢ € P, and give a variational
characterization for the minimizers, expressed through the solutions of the state
and adjoint systems.

The thesis is organized as follows.



In Chapter 2 we review the research has been done in studying Klein-Gordon
equations. We start with how the original Klein-Gordon equation was introduced
and its significance in physics. Then we review the research on different forms
of nonliear Klein-Gordon equations with and without a damping term. Also
we review the research on optimization problems of nonlinear hyperbolic wave
equations. In the end we introduce the research that this thesis is mainly based
on.

In Chapter 3 we introduce appropriate function spaces with their respective
inner products and norms. Because, in general, the Klein-Gordon equation (1.1)
does not have a classical solution, we define the weak solution of the equation in
an appropriate function space.

In Chapter 4 we study the nonlinear term g(u) = |u|”u. Unlike the bounded
nonlinear terms sinu in sine-Gordon equations, the nonlinear term |u|"u in the
Klein-Gordon equaiton is unbouded. This brings a lot difficulty to the prob-
lem. Therefore, we investigate properties of the term which are crucial to the
whole problem. The properties of g(u) we derive in Chapter 4 are important for
later chapters when we discuss the solution of the Klein-Gordon equation, the
continuity and differentiability of the solution map.

In Chapter 5 we derive the energy estimates of the solution of the Klein-
Gordon equation (1.1) and hence prove the uniqueness of the solution. The
existence of the solution is established by standard Galerkin method.

In Chapter 6 we study the eigenvalues and eigenfunctions of the operator Ag,
and the mapping 5 — Agv from B into V’. Then, we derive the weak solution
for more regular initial conditions of equation (1.1).

In Chapter 7 we prove that the solution maps ¢ — u(q): P — C([0,T]; V)

and ¢ — u/(q): P — C([0,T]; H) are continuous.

4



In Chapter 8 we define the weak Gateaux derivative of the solution map
g — u(q) at ¢* in the direction ¢ — ¢*. Because the diffusion coefficient (x)
is not a constant, the standard variational method cannot be used to show the
Gateaux differentiability of the solution map. Instead we show that the weak
Gateaux derivative 2 = Du(q*;q — ¢*) € L*(0,T; H) exists and it is the unique

weak solution of the problem

2(t) + a2 (1) + Age2(t) + 079 (ult; ¢7))2(t) = fo(t),

2(0) =0, 2(0) =0, t € (0,T),

where fy(t) = (" — )/ (:q") + (Ag — As)u(tig) + (6" — d)glult: q")).

In Chapter 9 we show that the objective function J(q) = ||u(q) _ZdH%?(O,T;H) is
also Gateaux and Fréchet differentiable on P. In the end, we derive the equations
to optimize parameters.

In Chapter 10 we summarize the main results of the thesis and propose our

future work for the topic.



Chapter 2

Review of the field

In the early 20th century, Max Planck, Albert Einstein, De Broglie, Niels Bohr,
Erwin Schroedinger, Heisenberg and others achieved a highly successful break-
through in the world of physics. At that time many physical phenomena, such
as photoeletric effect, blackbody radiation, the Zeeman effect, Stark effect, could
not be explained by the laws of classical physics. The breakthrough came with
the invention of Quantum Mechanics.

Quantum mechanics is very successful in explaining these phenomena, so the
theory can model the atom by matching the experimental results. In addition,
with the help of Einstein’s Special Relativity, quantum mechanics can also ex-
plain the phenomenon of nuclear physics, elementary particles, and other physical
phenomena which exhibit the small size of the object relative to the displacement.
Quantum mechanics with special relativity is known as relativistic quantum me-
chanics.

Equation of relativistic quantum mechanics called the Klein-Gordon equation
is named after Oskar Klein and Walter Gordon, who in 1926 tried to explain
properties of electrons using the special relativity theory. Unfortunately, because
the electron has spin 1/2, the results were not satisfactory to explain properties
of the electron. Nevertheless, the Klein-Gordon equation describes the electron

particles without spin or other particles that have integer spins.



Its original form is
2.2

2 u =0,

— Uy — Au +
c2

which is a linear wave equation.

Klein-Gordon equation has many different forms, such as:
uy — Au+m*u + g(u) = 0, (2.1)

where ¢ is some nonlinear real-valued equation. It is called nonlinear Klein-

Gordon equation. And the equation
g + up — Au+ mPu + g(u) =0, (2.2)

which has the term w,, is called nonlinear damped Klein-Gordon equation.
Klein-Gordon equation is used to model many natural phenomena, such as
the propagation of dislocations in crystals, the behavior of elementary particles,
Josephson junctions (see [12], Chapter 8.2 for details), and others. Mathemati-
cally, to study local and long term behavior of a hyperbolic wave equation could
be very interesting and challenging. The equation has been studied extensively.
The local existence of nonlinear Klein-Gordon equation has been studied in
Nakanishi [41], Huang and Zhang [29], Grundland and Infeld [20], Guan [16],
Shatah [46], Duncan [13], and Park and Jeong [42]. The global existence existence
and blowing up of the solutions has been studied in Ha and Park [28], Ginibre
and Velo [18], [19], Brenner [6], and Gan, Guo and Zhang [15]. The existence of
the soliton solutions has been studied in Benci and Fortunato [5], and Bellazzini,
Benci and Bonanno [4]. A large amount of work has been devoted to the study of

the Cauchy problem for the nonlinear Klein-Gordon equation (see [39], [42], [3],



[30], [31], [45], [26] and [27]). In numerical aspect, a lot of work also have been
done (see [7], [8], [11], [33], [43], [47], [49]).

Recently many works are devoted to study the control and parameter esti-
mation problems for hyperbolic equations (see Ahmed [1],[2], and Lions [34]).
However there are not many results on the optimal control theory for the non-
linear damped hyperbolic equations. In Ha and Nakagiri [25],[23],[27], [40] and
Ha and Gutman [24], the authors study the optimal control problems and the
numerical analysis for the nonlinear control systems described by damped sec-
ond order equations in a Hilbert space H. For all the equations studied, their
nonlinear terms siny and e~* are bounded and the associated energy estimates
of solutions are rather easily obtained compared with the unbounded nonlinear
terms such as polynomials. Since the estimates and differentiations of solutions
with respect to control variables are essential in deriving the existence of opti-
mal controls and the necessary optimality conditions, the control problems for
unbounded nonlinearities become more difficult than those for bounded nonlin-
earities.

The thesis is mainly based on the work of J.L. Lions (see [34], [35]), Roger
Temam (see [48]), Semion Gutman (see [24],[21]), and Junhong Ha and Shin-
ichi Nakagiri (see [26], [41]). Lions studied linear and nonlinear boundary value
problems by using the theory of distributions, and then find ways to numerically
approximate their solutions. He developed standard ways to study existence
and uniqueness of solutions of partial differential equations with initial/boundary
conditions. In [48] (Chapter 4, Section 3), Temam studied the nonlinear wave

equation of relativistic quantum mechanics of the form:

uy +ouy — Au+g(u) = f in Qx Ry,



where ¢ is a C? function from R to R satisfying some assumptions. Ha and Nak-
agiri [26] studied identification problem for the damped Klein-Gordon equation
with constant parameters. Gutman [24],[21] studied the optimization problem
for the damped sine-Gordon equation with a variable diffusion coefficient. In the
thesis, we follow the similar approach to the Klein-Gordon equation as in Gut-
man [24],[21] for sine-Gordon equation. The further difficulties in mathematical
analysis arise from the unbounded nonlinear term g(u) = |u|"u and the variable

diffusion coefficient 5(z).



Chapter 3

Problem Setup

Let the Hilbert space H = L*(2) have the norm |u| and the inner product (u,v).
Let the Hilbert space V = HJ(2) have the norm ||u|| and the inner product
(Vu, Vv). The dual H' is identified with H leading to V' C H C V' with compact,
continuous and dense injections. Hence, there exists a constant K; = K;(£2) such
that

lw| < Kiljw||, forany w € V. (3.1)

Let (u,v) denote the duality pairing between V = H}(Q2) and V' = H~1(Q).
Given 8 € B, we define the bilinear, continuous and coercive form ag on

V x V, and the associated linear operator Ag from V to V' by

a5, v) = /Q B(2)Vu(z)Vo(z)dz = (Agu, v). (3.2)

Then ag(u,u) > v||ul|? for any v € V. The bilinear form ag(u,v) is an equivalent
inner product on V. Let V3 denote V' with the inner product ((u,v))s = ag(u,v)
and the norm [[v[|3 = ag(v,v). The domain of Agis D(Ag) ={v eV : Azv e
H}. Now we prove that D(Ag) = H?(Q) NV for any 8 € B. We need a result

from [17] on the regularity of solutions of linear second order equations.

Theorem 3.1. Let Q be an open bounded set in R™ with C? boundary 0X). Let

Lu = D;(a™ (x)Dju) + b'(x)u) + ¢ (z) Diu + d(z)u,

10



where the coefficients a™, b, 1,5 = 1,....n are uniformly Lipschitz continuous
in Q, and Y a"(x)&E > MEP, for any v € Q, £ € R™. Suppose that the
coefficients c',d,i = 1,...n are essentially bounded in Q, and f € L*(Q). Then
the weak solution u € Wy () of the equation Lu = f in Q satisfies u € W>*(Q)
and

[ullw22@) < Clllullz2@) + [1fllz2@), (3-3)
where C' = C(n, \, K,0Q), and K = maz {||a"7, | cor(, |, d|| Lo @) }-

Proof. Operator L is strictly elliptic since > a™/(2)&&; > N¢[* forany z € Q, £ €

R™. The result follows from [17], Theorem 8.12. O
Theorem 3.2. Let § € B, then D(Ag) = H*(Q)NV.

Proof. Let uw € D(Ag). This means that Agu = — > (B(2)uy,)s, € H. Let
Lu = —Agu, and f = > (B(2)uy,)s. Thus Lu = f. For the coeflicients of
L we have a"'(z) = B(x), a(x) = 0 for i # j, 0 < v < B(x) < p, and B(x)
is uniformly Lipschitz continuous in €. Then by Theorem 3.1, u € W?2%(Q) =
H?(Q). Therefore D(Ag) C H*(Q)NV.

For the other direction notice that §(z) is Lipschitz continuous. Then by
Theorem 5.8.4 in [14], f(x) € Wh>(Q) c W2(Q). If u € H*(Q) NV, then

Agu = — i(ﬁ(w)uzl)wl =Vp(z)  Vu+ f(z)Au € H.
i=1

This implies H(Q) NV C D(Ag). Therefore, D(Ag) = H*(Q)NV. O

By Theorem 3.2 the domain D(Ag) = H?(2) NV does not depend on B(z).

Accordingly, we use the notation D(A) instead of D(Ap) for any 5 € B.

11



Let
W(0,T)={u : ue L*0,T;V), v € L*(0,T; H), " € L*(0,T;V")}, (3.4)

and f € L*(0,T; H). Function v € L>(0,T; V)NW (0, T) is called a weak solution

of the damped Klein-Gordon equation (1.1) if

u" +ou' + Agu+0g(u) = f, inV' ae. on [0,7T], (3.5)

U(O) =% € V7 u/(O) = S Hu

In the sequel, the solution of the Klein-Gordon equation means the weak solution.
In this problem the derivatives are understood in the sense of distributions with
the values in V', see [35], [9]. A weak solution u of (3.5) is called simply a solution
in what follows.

We use the following Lemmas established in [48].

Lemma 3.3. Let § € B, w € L*(0,T;V), w' € L*(0,T; H) and w" + Agw €
L?(0,T; H). Then, after a modification on a set of measure zero, w € C([0,T]; V),

w' € C([0,T); H) and, in the sense of distributions on (0,T") one has

1d
(" + Agw, w) = 5P+ w3} (36)

Lemma 3.4. Let 8 € B, w € L*0,T;D(A)), w' € L*(0,T;V) and w" +
Agw € L*(0,T;V). Then, after a modification on a set of measure zero, w €
C([0,T); D(A)), w" € C([0,T); V) and, in the sense of distributions on (0,T) one

has
1d

(" + Agw, w)g = S=Alwll5 + [Asw]*} (3.7)

12



Proof. Use Lemma 3.3 with the triple V.C H = H' C V' replaced by D(Ag) C

Vg =V C H, see [48], Section 2.4.2.

Lemma 3.5. Let w € W,.(0,T') , where
W,(0,T) ={u : we L*0,T;V), v € L*(0,T;V), " € L*(0,T;V")}. (3.8)

Then, after a modification on a set of measure zero, w € C([0,T);V), w' €

C([0,T]; H) and, in the sense of distributions on (0,T) one has
d 2 / / d /12 " !
£HU}H5226L5(U},M) = 2(Agw,w’), and £|w 1* =2(w", w'). (3.9)

Proof. According to ([48], Lemma 2.3.2), if u € L?(0,T;V) and its derivative
o € L*0,T;V"), then uw € C([0,T); H) after a modification on a set of measure
zero, and it satisfies d/dt|ul* = 2(v/,u). Let w € W,(0,T), and u = w'. Then
w e L*0,T;V) and w’ € L*(0,T; V). Therefore we have w' = u € C([0,T]; H),
and the second equality in (3.9). For the first equality in (3.9) we can use ([48],

Lemma 2.3.2) with V' = H = V’, since ||w||s is an equivalent norm in V. O

13



Chapter 4

Properties of the Nonlinear Mapping ¢g(u)

Let g(t) = |t|"t, where t € R and v > 0. Notice that ¢'(t) = (v + 1)|¢]". We will

use the following elementary inequality
l9(t) = g(s) = [[t]"t = [s]"s] < (v + 1)([t] + [s])7]t — 5. (4.1)
Indeed, by the Mean Value Theorem,
[t = |s|"s| < (v + )]0 + (1 = 0)s["[t — s],

and |0t + (1 —0)s| < |t| +|s], 0<6<1.

Lemma 4.1. If u € V, then |g(u)| < c||u||"™. Mapping g : V — H is locally

Lipschitz on V.

Proof. We recall the Sobolev embedding: V' C L7(Q), for any 1 < g < oo if
n=12V C LIQ), for 1 < q <6if n =3 (see [48], II (1.15) and [14], 5.6
Theorem 2). Hence, for u € V, [g(u)|* = [, [u|*"dz = ||u||?2jf2(m < c|lul?0*D,
For the case n > 4, |g(u)| = |u| < c||ul.

Now we prove the Lipschitz continuity of g. Assume u,v € V. For n > 4, the

14



case is trivial. Let n < 3. By (4.1),

|mm—g@W=1éww»wmm%xsw+¢fﬁﬁm+hm”m—m%x

sc(/g(yu\+\u\)37dx)§([21u—v|6dx :

2

sc(lym+wm%mjwu—MR

If 0 <3v <1, then

/(|u| o) Pde < /(1 lul + Jo])2dz < 0/(1 +[ul? + [v]?)da
Q Q Q

<O+ [uf + o) < O+ [lul® + [[ol*) < CA + [lull + [Jol)*.
If 3v > 1, then

[l + 10D < € [ (a7 + o) = Clul g + ol o)

< C(llul™ + lll) < C(lfull + vl

Combining these results, we get
2
l9(u) = g(0)* < C((follul+ o)) flu— o] < CO+ [+ [l u— o]

]

Lemma 4.2. If f(z) € B and v € D(A), then ||g(u)|| < C|lul/}|lul|, where C

depends only on €2 .

Proof. By the Sobolev embeddings Theorem (see [48], 1T (1.12)), H*(Q) C C(Q)

continuously for n < 3 . Therefore, for any v € H?*(Q) N Hy(Q), |lullc@) <

15



C|u|| g2, for some constant C' that depends only on €. Hence,

IMOOH==KNV@00Vdm=i[Jd&0VUF¢v=(v*—DQLJuFWVuV¢r

< Cllullg: /Q Vul?dz = Cllulfz|ul.

The case of n > 4 is evident. O]

Theorem 4.3. If u, — u pointwise a.e. on Q, and ||u,||,||u|]| < C, for some

constant C, then g(u,) — g(u) weakly in H, as n — oo.

Proof. Since wu,, — u pointwise a.e. on 2, then g(u,) — g(u) pointwise a.e. on
). By Egoroft’s theorem, for any € > 0 there exists a measurable set £ C () such
that m(E) < e and the convergence g(u,)(x) — g(u)(x) is uniform for x € Q\ E.

Therefore, for large n

Am%%mwmzé+éwgémmmm5émww+a

By Lemma 4.1, [g(v)| < c||v||"™. Hence, if v € V, and ||v]] < C, then

/E|9(U)($)|d$ < |g(v)|“/de < c||y||7+1 m(E) < CCH'l\/E.

Therefore,

/ lg(u,) — g(u)|dz < 2cC7 /e +e.
Q

Thus,

19(un) — g(u)||L1@) — 0O, n — oo.

By Lemma 4.4, it is enough to check the convergence (g(u,),p) — (g(u),p) for

16



any bounded p € H. For such a p € H we have

[(g(un), p) = (9(u), p)] S/ng(un)(x)—9(%)($)|Ip(ﬂf)ldﬂf

< ol / 9(un) — g(u)ldz — 0

as n — oo. O

Lemma 4.4. If |f.|,|f] < C and (f.,p) — (f,p) for any bounded function

p € H, then f, — f weakly in H.

Proof. Let h € H. For each N € N define function hy € H by hy(z) = h(z)
for € Q such that |h(z)| < N, and hy(z) = 0 otherwise. Functions hy are
bounded on (2, and converge to h in H by Lebesgue’s Dominated Convergence
theorem. This shows that bounded functions are dense in H.

Let e > 0. Given h € H choose a bounded function p € H such that |h—p| < €.

Then, for large n

(s h) = (L) = |(fo = £ ] < U = [ 0) [+ [(fn = f, 2 = D)

<e+|fn— fllh—p| < e+ 2Ce.
O

Theorem 4.5. If u, — u in H and ||u,||, |[u|| < C for some constant C, then

g(uy) — g(u) weakly in H.

Proof. Suppose that g(u,) # g(u) weakly in H. Then there exist ¢ > 0, a
subsequence uy, of u,, and an h € H such that |(g(ux), h)—(g(u), h)| > € for any k.

On the other hand, since u,, — u in H, then the same is true for the subsequence
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ug. The convergence in H implies the convergence in measure u; — u on €. This,
in turn, implies that there is a subsequence of wuy, (call it uy again) that converges
to u pointwise a.e. on . By Theorem 4.3 we have g(uy) — g(u) weakly in H

contradicting the assumption. O]

Theorem 4.6. If u, — w in L*(0,T;H) and ||u, ()|, |lu(®)] < C for some

constant C and any t € [0,T], then g(u,) — g(u) weakly in L*(0,T; H).

Proof. Suppose that g(u,) # g(u) weakly in L?*(0,T; H). This means that there
exist € > 0, a subsequence uy, of u,, and an h € L*(0,T; H) such that |(g(uz) —
g(w), h)r20,7;m)| > € for any k.

On the other hand, u,, — w in L*(0,T; H), as n — oo. The same is true for
the subsequence uy, i.e. f]uk(t) — u(t)|?dt — 0. This implies that u; converges
to u in measure on [0, T]0 in the space H = L?(Q2). This, in turn, implies that
there is a subsequence u,, such that |u,,(t) — u(t)| — 0 pointwise a.e. on [0, 7.
In other words, u,,(t) — u(t) in H, a.e on [0,7]. By Theorem 4.5 we have
g(um)(t) = g(u)(t) weakly in H for any ¢t € [0,7]. This implies that (g(u.,)(t) —
g(u)(t), h(t)) — 0 pointwise a.e. on [0, 7.

Let Fo(t) = (g(um)(t) = g(u)(t), h(t)), then
[En (O] < [g(um)(8) = g(u) (O[] < (lg(um) (O] + lg()(O)][R(H)] < ClAE)].

Here we used the fact that |g(um,)(#)] + [g(w) ()| < c(||um @) + |Ju(t)]) <

2cC7*1. Function |h| is integrable on [0, T], since |h| € L?(0,T). Hence

(9(um) = g(u), 1) -0,

L2(0,T;H)

by the Lebesgue’s Dominated Convergence Theorem. This contradicts the as-
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sumption. O
For convenience we summarize the results of this chapter.

Theorem 4.7. Let g(u) = |u|"u and ~y is assumed to satisfy

(

0<y<x if n=12,
0<~y<2 if n=3, (4.2)

v=0 if n>4.

\

Then, we have ¢'(u) = (v + 1)|u|?, and

(i) If n = 1,2, then we have the Sobolev embedding V' C L%(S2), where 1 <
q < oo. Ifn = 3, then we have the Sobolev embedding V' C L(Q2), where
1 < q < 2v+ 2. Therefore, we have, forn = 1,2,3 and u € V, the Sobolev

inequality
[l Loqey < Cllull, (4.3)
where 1 < q < 2y + 2.
(11) If u € V, then |g(u)| < C||lul"™ and g : V — H s locally Lipschitz with

l9(u) = g()| < CQA+ Jlull + [Jo])" u — o], (4.4)

where u,v € V.

(iii) 1f B(z) € B and u € D(A), then |lg(w)| < Cllull}sgyllull, where C
depends only on 2.

(w) If u, — w in L*(0,T; H) and ||u,(t)]],||u(t)|] < C for some constant C
and any t € [0,T), then g(u,) — g(u) weakly in L*(0,T; H).
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Chapter 5

Solutions of the Klein-Gordon Problem

The existence and the uniqueness of the solutions for (3.5) is established using
standard Galerkin method. Our goal here is to establish the convergence estimate
(5.14). We also ascertain the uniformity of the estimates with respect to the
parameters ¢ € P. Everywhere in the sequel ¢ > 0 denotes various constants

that depend only on the bounds of the admissible set P.

Lemma 5.1. Let u € W(0,7) N L>(0,7;V) be a solution of the damped Klein-

Gordon problem

u’ + au' + Agu+dg(u) = f, f € L*0,T;H) (5.1)

w0) =y eV, u(0)=y €H.

Then
/() + [Ju(®)|* < el (5.2)

for any t € [0,T], where

I=Jy* + [lyoll* + ol + I 120,70 (5-3)

Proof. By the definition of the weak solution we have u € L*>(0,7"; V'). Therefore,

20



g(u) € L>(0,T; H) C L*(0,T; H) by Theorem 4.1. Then
u' + Agu= f —au —dg(u) € L*(0,T; H).
Multiply both sides by u to get
(u" + Agu, o) + 6(|u"u, o) = (f, ) — a(u, ).

By Lemma 3.3 and [, |u|"uw/dz = o [u]"™2dz | we have

"/+2 dt
3P Nl + =2 [l = (£ = alu'P,

Integrating both sides from 0 to t we get

t
20
SOl + 20 [ ()P

0

W (O + u®)]I5 +

t

26
= ll? + ol + =5 o0l +;/uwxw@»w.
0

It follows readily from the inequality

t

2/(f(s),u’(s))ds</ 2ds%—/|u )|*ds

0

that

t

W OF + O < C(ln + Il + ool + 17 B + [ ()P ds).
0

By the Sobolev inequality (4.3), we have ||yo||z++2(2) < ¢[|lyol|. Therefore, by
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Gronwall’s Lemma (see [14], section B.2)

W/ @OF + w1 < eyl + lyoll* + ol ™ + 1 220 z:m)) = €l

[
Lemma 5.2. (7). Let u;, i = 1,2 be two solutions of the damped Klein-Gordon

problem

i +auj + Agu; +0g(w;) = fi,  fi € L*(0,T; H) (5.4)

u;(0) =wo; €V, ui(0) =1, € H.

Then

[y (1) — uy (8)]* + [Jua(t) — i (8]

<O, B)(lwoz = voull* + lyr2 — vaal* + 1 fe = fullZ20.0.my)  (5:5)

for any t € 0,T], where I; = [yiil* + 1Yol + [lyo.i "™ + | F 11720 7)
and 1 =1,2.

(ii). The solution of the damped Klein-Gordon problem (5.1) is unique.

Proof. Let u be a solution of the equation (5.1). Then ||u(t)| < ev/T, where ¢v/T
is not dependent on ¢ by Lemma 5.1.

To show (i), notice that the difference w = uy — wu; satisfies

w" + Agw = —aw' — 6(g(ua) — g(ur)) + fo — f1 € L*(0,T; H).
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Multiplying both sides by w’ and using Lemma 3.3, we get

1d

5@{|w'l2 +lwllF} = —alw'? = d(g(uz) — glur),w') + (fo = fr,w).  (5.6)

Integrating over [0,t], 0 <t < T and using estimate (3.1) gives

W' (O + lw®)[ = [w' (0)]* + [[w(0)]I5 — 2@/ [w'(s)|*ds

t

2 / (9(us(5)) — glun(s)), w'(s))ds + 2 / (fals) — fals)ow'(s))ds.

0

The Lipschitz continuity of g(u) and (4.4) imply

W' (O + [Jw(®)][5 < [w'(0)]* + [[w(0)[[5 + Cy / [w'(s)|ds

t t

+ o /(1 + |+ flual)*7 2 Juy — wal*ds + / |fo = fil*ds.
0

0

By Lemma 5.1
t
W' ()] + [Jw®)|[5 < [0/ (0)]* + [[w(0)][5 + C: / [w'(s)|ds
0
¢ ¢
+ Cé(]_ + ]1 + 12>7+1 / ||U1 - U,2||2d8 + / |f2 — f1|2d8.
0 0
Gronwall’s Lemma ([14], Section B.2) implies (5.5).

Part (ii) follows from (5.5), since in this case the initial conditions are the

same, and f; = fs. O
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Now we establish the existence of a weak solution for Klein-Gordon equation
(3.5). Let {\x}32, and {wy}2, be the eigenvalues and the eigenfunctions of the
operator Ag in V, such that {wy}32, form an orthonormal basis in H. Then
{wy /v Ak}, form an orthonormal basis in Vj, see [14], Chap. 6.

Fix m € N and let V,,, = span{wy, ..., w,, }. Define
Puh=> (h,wy)w, heH. (5.7)
k=1

Then P,, : H — V,, is an orthogonal projection in H with |P,h| < |h| for any
h € H. It is also an orthogonal projection in Vi with || P,v|ls < |[v]lg, v € V.
Note that P,, is dependent on (.

The approximate solution of (3.5) is defined to be a function u,, € W(0,7)N

L>(0,T; V) that satisfies

ur + aul, + Agty, + 0P, g(uy) = Py f, V', (5.8)

Lemma 5.3. Fquation (5.8) has a unique solution u,, satisfying um(t) € Vi,

Ut € C(0,T]; V), and

max (llum (02 + i, (OF) + (Vo S T+ %), (59)

where I is defined as in (5.3).

Proof. The uniqueness is established as in Lemma 5.2. Let z,,,(¢) = >0 | G () wy,
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satisfy

(2> wi) + (2, wi) 4+ ag(2m, wi) + 6(9(2m), wi) = (f, w), (5.10)

Zm(O) - Pmy07 Z,:n(O) = Pmyl

for 1 < k < m. For each m € N this is a Cauchy problem for the system of

ordinary differential equations that has a unique solution z,,(t) with z,,, 2/ €

C([0,T); V) and 2/ € L*([0,T]; V). To see that the solution z,,(t) also satisfies

(5.8) it is enough to establish that
(2! +azl, + Agzm + 0Png(zm), wg) = (Pnf, wy) (5.11)

for any £ € N. But for 1 < k < m, equations (5.11) are the same as (5.10), and for
k > m equations (5.11) are reduced to 0 = 0, because wy are the eigenfunctions
of the operator Ag. The uniqueness of u,, implies u,, = z,,.

To obtain estimate (5.9) multiply both sides in (5.8) by u/, to get
(s ) + (Agtim, ur,) + 0 (Prng (), upy) = =, ) + (P, ).

Notice that (Png(um),ul,) = (9(um), Pnul,) = (g(um),u,,). Similarly to the

m

proof of Lemma 5.1, we have
[ (0)? + s, () < e,

where I, = [Py |* + (| Puyoll* + [ Puyoll "2 + 1| P f 720 1) Notice that I, < 1
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for any m. Hence, we obtain

max ( (DI + g, (D) < e, (5.12)

0<t<T

for any m. Let v € V with |[v]| < 1. Then

(U, v) = —a(tip,, v) = (Agtim, V) = 0(Prng(um), v) + (Pnf,v).

Using |v| < Ki||v]| = Ky we get

[ty )| < Kymaz{|eminl, [mas |} + sl + Kibmao |||} 22 + K1l f]

< Kymaz{|min|, [Qmaz |}y, | + pllwm]| + CKl(smawHume_l + Ki| f].
Therefore
a5 < e(| 17 4 g |* + Nl 4l [[7F2),
and the energy estimate (5.9) follows from (5.12). O

Theorem 5.4. Let q€ P, yo €V, yy € H, f € L*(0,T; H), and I is defined as
in (5.3). Then
(i). There exists a unique solution u(t) = u(t;q) of (3.5). This solution
satisfies u € C([0, T|; V)NW(0,T), ' € C([0,T]; H), and
max (Il + [ (OF) + 1o () Fa0ran < ol + 7). (5.13)

0<t<T

(ii). The solution u(t) = u(t;q) and its approximations wu,(t) = w,,(t;q) satisfy
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the following convergence estimate

[/ (8) = wp (O + lu(t) — un()]* < e(1) <|y1 = Puyi|* + llyo — Puyoll®

1 = P o + [ lalulsia) = Paglu(ss)Ps). (514

(#ii). Furthermore, u, — w in C([0,T);V), and u,, — u' in C([0,T]; H) as

m — Q.

Proof. The uniqueness of the solutions for (3.5) is already established in Lemma
5.2. The existence is proved using standard methods, see [48], Section 4.4.4. That
is, the energy estimate (5.9) shows that the approximate solutions u,,, m € N
remain within a bounded ball of the Hilbert space W (0,7"). Therefore we can
choose a subsequence u,,, such that
U, — 2 in L2(0,T;V), uy, — 7 in L*(0,T; H), uy, — 2" in L*(0,T; V"),
(5.15)
as my — 00, where — denotes the weak convergence. Furthermore, estimate
(5.9) shows that we can also assume that w,,, — z weak-star in L>°(0,7;V)
and u,, — 2’ weak-star in L>(0,T; H). Since V is compactly embedded in H,
U, — 2z 1in L*(0,T; H). By Theorem (4.6), g(u,,,) — g(z) weakly in L*(0,T; H).
Therefore, for any h € L?(0,T; V), we have

<u;’,nk7

h) + afuy,, , h) + (Agtim,, h) + 6{g(tm, ), h)

— (2" h) + a(z,h) + (Agz, h) + 6{g(2), h),

as my — 00.

That is 2” + a2’ + Agz + dg(z) = f in L*(0,T;V’). Furthermore, we have
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2(0) = yo and 2’(0) = y;. For the details of the proof see [14, 48].
Thus z is a solution of (3.5). Since the solution of (3.5) is unique, we have
um — z for the entire sequence wu,, and not just for its subsequence uy,, .
Rewrite (3.5) as u” + Agu = f — au’ — §g(u). Hence v” + Agu € L*(0,T; H).
Rewrite (5.8) as ul, + Aguy, = P f — aul, — 6P,9(uy,). Hence u), + Agu,, €

L*(0,T; H). For the difference u — u,, we have

(u—upm)" + Ag(u — up)

=f— Punf —alu—un) —6(g(u) — Png(un)) € L*(0,T; H). (5.16)

By Lemma 3.3,
1d
§£{|u’ —ul|? + ag(u — U, u — Uup) }

= (f = Puf. (0= un)) = al(u = )2 = 6 (g(w) = Puglum). v’ — ).

Integration on [0, t] gives

|/ (£) — up, ()7 + ag(u(t) — um(t), u(t) — um(t)) < C(lyl — Puy|?
t
+ ag(Yo — Py Yo — Puto) + || f — meH%Q(O,T;H) + / ' — u,[*ds
0

¢ ¢
+ [ ot = Pag@Pds + [ |Pa(g(u) = glun)Pds)
0 0
Furthermore, using |v| < K;||v|| and

l9(u) = g(um)[* < O+ [lull + )2 — w1,
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we get

[/ (t) = up, (O + [[ut) — um(®)|* < (I )(\yl Poyr|?

+ 1yo = Putioll* + If = P I720.7:0) +/ g(u) — Png(u)|?ds

/|u ! 2ds+/||u ) — wls)|ds).

Now the Gronwall’s Lemma gives the convergence estimate (5.14).

By the Lebesgue Dominated Convergence Theorem, the right side of (5.14)
approaches zero as m — oo. This implies that u,, — w in L*>(0,7; V') and v, —
o' in L>*(0,T; H). Since uy,, u,, € C([0,T]; V) we conclude that w € C([0,T]; V),

and u' € C([0,T]; H) after a modification on a set of measure zero in [0,7]. O
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Chapter 6

Estimates for Eigenvalues and Eigenfunctions

Definition 6.1. Let g € B, and \¢(5) and wg(B), k € N be the eigenvalues and
the normalized in H eigenfunctions of the operator Az defined in (3.2).

Denote by Ag, k € N the eigenvalues of the negative Dirichlet Laplacian
—A = Ap with = 1.

The following four lemmas are from [22].

Lemma 6.2. Let § € B. Then
VA < Ak(B) < pdhi (6.1)

for any k € N.

Proof. Recall the Courant Minimax Principle

. ag(v,v)
A =
#(8) = minmax = s

where V}, varies over all k-dimensional subspaces of V', see [32], Chapter 6. Since
v < B < pfor any 5 € B, the Minimax Principle implies that Ag(v) < A\ (8) <

Ai(p). But v = const, so A\(v) = vAy. Similarly, A\p(u) = ply. O

Lemma 6.3. Let v € D(A), § € B, then

1 1
[Agv], and o] <

vllg <
lolls < ——= -

Agvl. 6.2
= 1 (62
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Proof. We have v =32 (v, wg(8))wg(f) in V. Therefore

lvll = ZM; (v, wi(B))[. (6.3)

By [48], Section 2.2.1,
| As(v) ZV (v, wi(B)) . (6.4)
Using Lemma 6.2, and A, 11(8) < A(B) for & > m + 1 we get
vA[Jv]3 < Mi(B ZM (v, we(B))* < |Agv)?, (6.5)

Since v[jv[|* < [|lv||3, we establish (6.2). O
Recall that B is equipped with the C'(Q) topology.

Lemma 6.4. Let v € V. Then the mapping B — Agv from B into V' is contin-

uous.

Proof. Suppose that 3, — [ in B asn — oo. We denote A = Ag and A,, = Ag,.
Our goal is to show that ||(A, —A)v||y» — 0asn — oco. Let w € V with ||w|| < 1.

Then

[{(An = Ao, w)]* < (/ | B (2 )|[Vo(z )IIVZU(SB)Ide)2 (6.6)

< 1Bal@) = B@)%]l0lI* =0, as n— oo

]

Lemma 6.5. Suppose that 8, — [ in B, and v, — v weakly in V, as n — oo.

Then A,v, — Av weakly in V.
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Proof. Let w € V, then

[{Ap v, w) — (Av, w)| = [(Apw,v,) — (Aw, V)| (6.7)

< [{(An = Ayw, )] + [{Aw, v, — v)].
Since a weakly convergent sequence is bounded, for the first term we have
[((An = Dw, v)| < [[Agw = Aw|lvf|on]| < ef|Apw — Awllyr — 0
as n — oo by Lemma 6.4. The second term |[(Aw,v, — v)| — 0 since v, — v

weakly in V', as n — oo. [

An additional regularity of the weak solution u of (3.5) is obtained under more

restrictive conditions on yg,y; and f.

Theorem 6.6. If f € L*(0,T;V), yo € D(A), and y, € V, then the solution u
of (3.5) satisfies u € C([0,T]; D(A)), v € C([0,T);V), and

max (A + 1) < O (1Asml + Il + [ 1FG)IEds). (63)

0<t<T

Furthermore, the solution u and its approximations u,, satisfy the following con-

vergence estimate

max (| Ag(u(t) — um(t)* + o' (t) — u,, (1)]*) < C(I) (!A,a(yo — Puyo)|®

0<t<T

t
= Pon+15 = P s+ [ No(ulsia)) = Pag(utsia)) 3ds).

(6.9)
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Proof. Equality

| =

" / 1 /
((u + Agtim, up,))s = 5= [[Agtim]* + [lur,|I3] (6.10)

<%

t

is verified by substituting w,,(t) = Y, grm(t)wy, into it, and recalling that the
eigenfunctions {wy/v/Ar}ie, form an orthonormal basis in Vs. It also follows
from Lemma 3.4.

Take the ((+,-))g inner product of both sides of (5.8) with u,

m?

use equality

(6.10), and integrate the result on interval [0,¢] to obtain

| Agtion|* + [l |15 = |4 Pngo* + | Pt 15

+ 2/0 [—allug, ()15 = 20((g(um(s)), i (5)))5 + ((f(5), tr(5)))slds. (6.11)

Since AgP,, = P Ap, || Pnvlls < ||v]| s, similarly to Lemma 4.2 we have ||g(un)||s <
C|ltm || 2 ||um|lg- By (3.3) and energy estimate (5.9), we have |un,|| g2 < C(I),

where C(I) does not depend on m. Hence,

|((Prng (), ) < N[ P g (i) [ ][t0,] 5

< llg(um)llsllurmlls < C)(uml |5 + lurl15)-

Therefore, we get

| Agtion|* + [, |I* < C(I) (!Aayo|2 + [l ?

[ )P + ) P+ [ 176 Ps). (6.2

t
0
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Use (6.2) to estimate ||uy,(s)||* < ¢|Agum|®>. Then Gronwall’s inequality gives

masx (st + [, (O1) < OO (1Al + ol + [ 1) as) (6.3

0<t<T

for any ¢ € [0,7]. Estimate (6.13) shows that {u,,,u,,}, m € N remains within
a bounded ball in L*(0,T; D(A)) x L*(0,T;V). Let {z, 2’} be a weak limit point
of this sequence in L*(0,T; D(A)) x L*(0,T;V). By Theorem 5.4, u,, — u in
C([0,T); V), and ul,, — ' in C([0,T]; H) as m — oo. Therefore {z,2'} = {u,u'}.
Thus u satisfies (6.8).

The difference u — u,,, satisfies

(u—up)" + Ag(u — up)

= f— Punf —alu—un) —6(g(u) — Png(un)) € L*(0,T;V). (6.14)

Multiplication of (6.14) by u' —u!, € L*(0,T;V), Lemma 3.4, and Gronwall’s

inequality give the convergence estimate (6.9). Now,

14540 = Pnyo)l = [(I = Pn)Ap(yo)],  and  Ag(yo) € H

Therefore this equality and (6.9) imply that u,, — « in C([0,T]; D(A)), and

u,, — v in C([0,T]; V) as m — oo. The Theorem follows. O
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Chapter 7

Continuity of the Solution Maps

The main goal of this chapter is to prove the continuity of the mapping g — u(q)

for ¢ € P. Recall that B is equipped with the C'(Q) topology.

Theorem 7.1. Let u(q), q € P be the solution of the Klein-Gordon problem
(3.5). Then the solution maps ¢ — u(q) : P — C([0,T]; V) and ¢ — u'(q) : P —

C([0,T); H) are continuous.

Proof. Let ¢ = (o, 8,6) € P, and ¢, = (an,Bn,0,) € P. Denote A, = Ag,.
Suppose that g, — ¢ in P, as n — oo. First, assume that f € L*(0,7;V),

yo € D(A) and y; € V. Consider Klein-Gordon problems

v"(q) + av'(q) + Agv(q) + dg(v(q)) = f (7.1)

v(0;9) =yo, V' (0;¢) = w1,

and

v//(qn) + anvl(Qn) + AnU(QH) + (sng(U(%L)) =f (7'2>

v(0;¢n) = vo, V'(0;¢,) = t1.
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Let w = v(g,) — v(q), then

w4+ Ayw = (Ap — Ap)v(q) — apw’ + (a0 — )0’ (q)

= 0n(9(v(an)) — 9(v(9))) + (6 = dn)g(v(a)), (73)

with w(0) = 0 and w’(0) = 0. By Theorem 5.8.4 in [14], we have (,(x) €
Whee(Q) c WhH2(Q). Also yo € D(A) C H*(Q2). Therefore, we get

Auol? = / VBu(x) - Vo + Bule) A ol < L (7.4)

for some constant L independent on /3, but dependent on y,. By estimate (6.8)

of Theorem 6.6 and estimate (7.4) we get

[l )1 = 1Vt q0) — o' (£ )I* < 2(] [0/ (ga)II* + [V (@)1 (7.5)

< O (| Aul + 1Awl + Il + [ 1765)1Pds)
T
<Cn L+l + [ 17 IPds).

By energy estimate (6.8) we have v(q),v(g,) € W,(0,7). Therefore w €

W,(0,T), and we can use Lemma 3.5 to derive

_Ld

, and (A,w,w') = 5%

w5

By (4.4) of Theorem 4.7 and energy estimate (5.13), we have

l9(v(gn)) — g(v(9))]?

< Cllv(a)ll + o) D* lu(gn) — v(@)|I* < C(D)lv(gn) — v(a)]*.
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Multiply (7.3) by w’ € L?(0,T;V), and integrate it on [0, ] to get

t t

/ (" wyds + / (A, w)ds

0 0
t

:/((A — A)(q), w’)ds+(04—04n)/<v (q),w')ds

0
t

+5/ (v(g)), w)ds + (5 — 5/ (7.6)

0

By Lemma 4.1 and estimate (7.6), we get

W OF + ol < ([ 1A= Aot vl s)lds

t t t t
Ha-anl [ W(sia)Pastio=a,] [ lotsolPss [ fuo)Pdss [ () Pds).
0 0 0 0

(7.7)

By energy estimate (6.8) and by (7.5)

W' (O + Jw®)]* < C(I / I(A = An)v(s; g)llveds + |a — au|

+\5—5n]+/0 \w’(s)|2ds+/0 Hw(s)Hst). (7.8)

Now the Gronwall’s inequality gives

V't gn) — V' (t:@)* + [lv(t; 40) — vt @)

<o (n [ 1= At alvds + la - an +15-5.1). (9
for any t € [0, T].
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By the assumption ¢, — ¢ in P, that is a,, — «, 6, — § and 5, — [ in
B as n — oo. The integral term in the right hand side of (7.9) approaches zero
by Lemma 6.4 and the Lebesgue’s Dominated Convergence Theorem. Therefore
the convergence u(g,) — u(q) in C([0,T]; V), and v'(¢g,,) — «'(q) in C([0,T]; H)
follows.

Now we prove the general case f € L?(0,T;H), yo € V, and y; € H.
Given 0 < € < 1, one can find h € L*(0,T;V), zy € D(A), and 2z; € V, such that
If = hllz2ommy <€ [lyo — 20l <€, and |y1 — 21| <

Let u(t; q,) and u(t; ¢) be solutions for equations with f € L*(0,T; H), yo €
V, and y; € H, and v(t;q,) and v(t;q) be solutions for equations with h €
L?(0,T;V), zo € D(A), and z; € V.

We have

W (t; qn) — W' (8 @) = [U' (8 qn) — V' (E5 ¢n) + V' (8 60) — V' (E5q) + ' (1) — /(25 9)]

< ' (t;q0) — V' (E;q0)| + [V (6 qn) — V' (859)| + |V (t; @) — ' (¢; ).

By estimate (5.5), we conclude that |u/(t; q,) — v'(t; g,)| < C(I™ I"])e,

[/ (t;q) — u'(t; q)| < C(IM, I"Ne for ¢ € [0, T], where

I =y + wol® + lyo 172 + 11122 0.7

" = [z + [lzoll® + 207 4 1AllZ2(0 7o

For € < 1, we can find a constant ¢ such that C(I'*!, I”l) < ¢ and ¢ only depends
on f, Yo, y1, and the bounds of parameters in P.
Also, we have |v'(t;q,) — v'(t;q)| < € for a sufficiently large n, and for any

t € [0,T]. Therefore, we have |u'(t;q,) — u/(t;q)] < (2¢+ 1)e. Since € could be
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arbitrary small, we get |u(t; ¢,) — u(t; q)] — 0 as n — 0.

Similarly, we obtain ||u(t; ¢,) — u(t;q)|| — 0 as n — 0.
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Chapter 8

Gateaux Differentiability of the Solution Map in P

The goals of this chapter are to derive the existence of Gateaux derivatives and
to give a characterization of the weak right Gateaux derivative of the solution
map. To avoid confusion of notation, in this chapter, we use the notation |.|y for

the norm in H, and |.| simply for the absolute value.

Definition 8.1. Let ¢*,¢q € P. The solution map ¢ — u(q) of P into L*(0,T; H)
is said to be weakly (right) Gateaux differentiable at ¢* in the direction ¢ — ¢* if

there exists a function Du(q*;q — ¢*) € L*(0,T; H) such that

I (“@* PAa— ) - “(‘”,v) — (Dulg'iq—q')v)  (81)

for any v € L*(0,T; H).
For convenience the word "right” is omitted in the sequel. Also, since ¢*,q €
P, the above definition is applied to a possibly restricted set of directions in the

convex admissible set P.

Let ¢* = (a*, B*,0*). We will show that the weak Gateaux derivative of the
solution map at ¢* in the direction g — ¢*, z = Du(q*; ¢ — ¢*) exists and satisfies

the linear equation

2'(t) 4+ a* 2 (t) + Agz(t) + 6*h(t)2(t) = f(), te(0,T) (8.2)
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with some h € L2(0,T; H) and f € L*(0,T; H).

Now we proceed with the determination of the weak Gateaux derivative z =
Du(q*;q — q%). Fix ¢*,q € P. Let X € (0,1]. For simplicity we write
O=q +AMa—q").

Let u(gy) and u(q*) be the weak solutions of the equations

u'(qa) + o/ () + Agu(qr) + 0xg(u(qn)) = f € L*(0,T;V),  (8.3)

ux(05q2) =90 € D(A), uy(0;q0) =31 €V

and
u"(q) + o/ (¢F) + Ag-u(q*) + 0*g(u(q*)) = f € L*(0,T;V), (8.4)
u(0;¢%) = yo € D(A), v (0;¢") =y €V

correspondingly.

Lemma 8.2. Let

glult, 730)) = glult, 7:0")

B)\(tvx) = B(u(tvx; Q)\)7u(tvm; q*>> = U(t JT'Q,\) _ U(t T q*)

Then we have |Bx(t, )| < ¢ on [0, T| X for some constant ¢ that does not depend

on \. Also,

|BA(t) — ¢'(u(t; ) [m — O, (8.5)
for any fized t € [0,T], as A — 0+.
Proof. For n > 4, we have B)(t,z) = 1. The case is trivial.

Now we prove the case of n < 3.
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By Theorem 6.6, u(t; qy), u(t;q*) € D(A) for any ¢t € [0,7] . By the Sobolev
embeddings Theorem (see [48], 11(1.12)), H%(Q2) C C(£2) continuously for n < 3.

Hence,

[u(t; an)llew) < cllult; gn)llu2@) < ¢,

lut; ¢)low) < ellult; ¢)|m2@) < ¢

where ¢ depends only on the ||f||z207m, ||voll; [y1], and the bounds of three
parameters by inequalities (3.3), (5.13) and (6.8).
Therefore,

lu(t, z;qx)],  [ult,z;¢%)] < ¢, (8.6)

on [0,7] x Q. Hence,

|Ba(t,z)| = | B(u(t, 75 q5), u(t, z; %)) = |g'(Ou(t, z;9x) + (1 — O)u(t, 25 ¢7))|
= (v + 1)|0u(t, z;qn) + (1 — O)u(t, x; ¢*)|"

< (v + D(lut, 25 q0)| + lult, z;¢7)])" < (v +1)(20)” = ¢,

on [0,7] x Q, and ¢ does not depend on .

For any fixed (¢,x) € [0,T] x ©, we have

[BA(t, ) = g/ (u(t, ;.¢")] < |g"(T)l[ult, 5 qx) — ult, z;47))|

= (v + Dylr Hult, 2;00) — ult, z;¢%)| < clult, x595) — ult, z;47)],

where 7 is between wu(t, x; ¢y) and u(t, x; ¢*). Notice that ¢ does not depend on ¢

and z.
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Therefore, we have

|BA(t) — ¢’ (u(t; ¢")|a < clu(t; qn) — u(t; ¢7) g — 0,

as A — 04, since the solution map ¢ — u(q) : P — C(0,7;V) is continuous by
Theorem 7.1.
[l

Theorem 8.3. Let g = (o, 3,0), ¢* = (a*, *,0%) € P. Let function u(q*) be the

weak solution of the equation

u"(q") + @' (q") + Ageulq”) + 6" g(ulg)) = f € L*(0,T: V),
u(0;¢*) =yo € D(A), ' (0;¢") =y, € V.

Then the weak Gateaur derivative z = Du(q*;q — ¢*) € L*(0,T; H) at ¢* € P in

the direction q — q* exists and is the unique weak solution of the problem

2(t) + a2 (t) + Ag-2(t) + 679 (u(t; ¢))2(t) = fo(t), € (0,T) (8.7)

where fo(t) = (a* — a)u/(t; q") + (Ag- — Ap)ult;q*) + (8" = d)g(u(t; ¢*)).

Proof. First, we prove the case of n < 3. Case n > 4 is proved in Lemma 8.4.
Let gx = ¢" + Mg —¢*) = (e, By, d)). Functions u(gy) and u(g*) are the weak

solutions of the equations

u(g)) + ant! (gr) + Agu(qn) + Srg(u(gy)) = f € L*(0,T;V),  (8.8)

ux(0;)) = yo € D(A), u\(0;qn) =1h €V
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and

u"(q") + @' (q") + Agulq’) +6°g(ulg) = f € L*(0,T: V),  (8.9)

u(0;¢") =yo € D(A), u'(0;¢")=m eV

correspondingly.
Then, in the distribution sense, the quotient z) = (u(gy) — u(q*))/\ satisfies

(u(ar)) — g(ulg”))
A

= (" — a)u(gx) + (Ag- = Ag)ulgr) + (3" = d)g(ular)),
zx(0) =0, 24(0) =0.

2N+ a2+ Agezn + 5+J

Let

fat) = (@ — a)u/(t; qn) + (Age — Ag)ult; gr) + (0" — 8)g(u(t; gr))-

Let By(t) = B(u(t; ¢»), u(t; ¢*)) be defined as in Lemma 8.2.
Then

2N 4 a2y + Agezy 4+ 0*Bazy = fo, (8.10)

By Lemma 4.1 we have

lg(ult; o))l = Jut: )73 < Cllut: )|
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Therefore one can estimate
O] < o = af|u/ (8 q0)| + 20K |[u(t; g)) | + CKTTH6" = 8]lult; ga) 7).

Now the energy estimate (5.13) shows that there exists ¢ > 0 independent of

q € P such that

/3l 20,750 < € (8.11)

for all A € (0, 1].
Since u(t; qy), u(t; ¢*) € W(0,T), z, € W(0,T). Then

N+ Agzy = fr—a*z) — 8" Bazy € L*(0,T; H)
Multiply both sides by 2} to get
(X + Ag2x, 23) = (fa, 23) — @"(2), 23) — 6" (Baza, 23)-

By Lemma 3.3, we have

1d . .
SRR+ 223} = () — a”(h,24) = 8 (Baaa, 2)

Integrating both sides from 0 to t we get

QIR BN
t t

= 2/(f)\(8),23\(8))d$ — 20é*/(23\(8),23\(8))d8 — 20" /(B)\(S)Z)\(S),Zf\(s))ds.

0 0
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Therefore,

2305 + a3

t t t
< [1nGas+ [ ) s+ 207 [ 5)ds
0 0 0
t t

20 [ L ds + [ 1) )ds)

0 0

t t
< 1 fallszoasan + o / (3 Byds + / 22 (s)]1%ds).
0 0

Then,

t t
2515 + 2] SCIIfA||L2<o,T;H>+C(/IZ’A(S)I§1d8+/IIZA(S)IIQdS)-
0 0

Therefore, Gronwall’s inequality implies

[AOF + [l < cll fall 2.y,

where ¢ does not depend on A and ¢.

Hence, by (8.11), we get

/ 2 2
<
s (O + 150 < c

where ¢ does not depend on .

Let v € V with ||v|]| < 1. Then

(23, 0) = —a"(2),v) = (Ag-2r,0) — 6" (Baza, v) + (fa, v).
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Using |v| < Ki|jv]| = K1 we get

[(2X(1), )] < Kala™||23(0) e + pllaa@)] + cK10™ 2@l + Kl f2()]a-

Therefore,

2@ v < Kila® |23 @) + pllza @) + cKad"{|za (O] + Kl fa(0)] -

By (8.11) and (8.12), we get

123l 2(0,7v7) < €, (8.13)

where ¢ does not depend on .

Function z, € W(0,T) and it is bounded in W (0, T") by (8.12) and (8). There-
fore one can extract a subsequence z,,, Ay — 0+, and find z € W(0,T) such
that z), — z weakly in L*(0,T;V), z — 2’ weakly in L*(0,T; H),
and z§ — 2" weakly in L*(0,T;V").

Now let us prove that B, z), — ¢'(u(g*))z weakly in V" as \y — 0+.

Let By = ¢'(u(¢*)). Then, by Lemma 8.2 and inequality (8.6), we have
| By, 2n, — Boz|lv: < ¢, where ¢ does not depend on Ay.

Suppose that D is a dense subset of V', then for any v € V, and any given
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€ > 0, one can find a vy € D such that [|[v — vg|| < e. Then

|<B>\kz>\k - BOZ’U>| = |<B)\k2)\k - BOZaU — Vo + U0>|
< [{(Bx,2n, — Boz,v — vo)| + [(Bx, 2z, — Boz, vo)]
< |IBx.2x, — Bozllv||v — wollv + [{Bx,2x, — Boz, vo)]

< ce + [(Bx,2n, — Boz, o).

Therefore, to prove the weak convergence, it is enough to show that
|(By,2x, — Boz,v0)| — 0 for any vy € D.

Since C§°(R2) is dense in V, for any vy € C§°(2), we have

\(B,\kZ,\k - 8027U0>’ = |<B)\k2)\k - BOZ/\,C + BOZ)\k — Byz, Uo)’
< [((Bx, = Bo)za, vo)| + [{(Bo(2x, — 2), v0)|

< [ 1Bs = Ballowluoldo + [ [Balls, - #luolds
Q Q
< ol [ |Bs, = BalloJdo + fenl [ [Bollon, = 2lda
Q Q

< |voloo| By, — Bolulzx, i + [volo| Bolm|2x, — 2lu

By Lemma 8.2, we have | By, — Bo|g — 0 for any fixed t € [0,7] as \y — 0+.
Also |zy, — z|lg — 0 for any fixed t € [0,7] as Ay — 0+. Hence, we have
(By,2zr, — Boz,v0) — 0 for any fixed t € [0,T] as A\, — 0+.

Now we have z,, — z weakly in L*(0,T;V), z, — 2’ weakly in L*(0,T; H),
zy — 2" weakly in L*(0,T; V'), and By, 2y, — ¢'(u(q*))z weakly in V' as A\, —

0+.
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Therefore, for any h € L?(0,T; V), we have

<ngk7 h> + o <Z;k’ h> + <A,3* V) h) + 6" <B/\kz>\ka h)

— <z”7 h> +a’ <Z> h> + <A5*Z, h) + 0" <g/(u(q*)z7 h>,

as A\ — 0+.

Let

fo(t) = (" —a)u'(t;¢") + (A — Ap)u(t;q) + (0" — §)g(u(t;¢7)).  (8.14)

From Theorem 7.1 we get u(qy) — wu(q*) in L*(0,T;V), and u'(qy) — u'(q*)
in L?(0,7;V), and g(u(t;qn)) — g(u(t;q*)) in L*(0,T; H), as A — 0+. And
(Age — Ap)u(t; ¢n) — (Ag- — Ag)u(t; ¢*) weakly in L*(0,7;V’) by Lemma 6.5.
Therefore fy — fo weakly in L?(0,T; H).

Now we can pass to the limit as Ay — 0+ in (8.10) and conclude that

2oty + Agez + 8¢ (u(t; ¢%))z = fo,

Since fy € L*(0,T; H), we can prove that the solution z is unique in W (0,7T')
by following the same approach as in Chapter 5. Hence the entire sequence z) is
convergent to z as A — 0+. This proves that z is the weak Gateaux derivative

Du(q*;q — q*) of the map ¢ — u(q) as claimed in the Theorem. O

Lemma 8.4. Letn >4, ¢ = (o, 3,9), ¢* = (a*, 5*,0%) € P. Let function u(q*)
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be the weak solution of the equation

u"(q*) 4+ a*u(q%) + Ag-u(q™) + 6*u(q*) = f € L*(0,T; V),
u(0;¢") = yo € D(A), u'(0;¢") =y €V.

Then the weak Gateaur derivative z = Du(q*;q — ¢*) € L*(0,T; H) at ¢* € P in

the direction q — q* exists and is the unique weak solution of the problem

2(E) + o (1) + Agez(t) + 6°2(t) = fo(t), t € (0,T)

where fo(t) = (a* — a)u/(t;q") + (Ag- — Ap)u(tiq") + (0" — d)ult; ¢*).

Proof. The proof of this lemma follows as the proof of Theorem 8.3 with g(u) = u

and B, = 1. In this case, we have

ZK + oz*zf\ + Alg*Z)\ + (5*2)\ = f)\, (815)

where f(t) = (o — a)u'(; qx) + (Ag- — Ap)u(t; gn) + (6" = d)u(t; gr).

Similar to the proof of Theorem 8.3, we can show that

| Al 2o,y < ¢

/ 2 2
<
0Sior <’z’\(t)‘H @ > =6

||ZK||L2(O,T;V’) S C,
for all A € (0, 1].
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Similarly, one can extract a subsequence z,, € W(0,7T") such that as A\, — 0+

we get

2oty + Agez + 85 (ul(t; ¢%)z = fo,

where fo(t) = (a" — a)u'(t;¢") + (Ag- — Ag)ult; ¢7) + (6" — 0)ul(t; ¢7),
and z € W(0,7).

Since fo € L*(0,T; H), we can prove that the solution z is unique in W (0,T')
by following the same approach as in Chapter 5. Hence z, is convergent to z as
A — 0+. This proves that z is the weak Gateaux derivative Du(q*; q — ¢*) of the

map ¢ — u(q) as claimed in the Theorem. ]
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Chapter 9

Gateaux and Fréchet Differentiability of the Objective Func-

tion

We can show that the objective function J(q) = ||u(q) _Zd”%?(O,T;H) has practically
the same differentiability properties as the ones established in [21] in the case of
the sine-Gordon equation. Here we follow the results from [21].

The objective function J(q) is Gateaux differentiable. Indeed, by Theorem 8.3
the map ¢ — u(q) is weakly Gateaux differentiable at any ¢* € P in any direction
of ¢ — ¢* for ¢ € P, and its weak Gateaux derivative z(t,x) = Du(q¢*;q — ¢*)(t, x)
can be described by the weak solution of equation (8.7). From the definition of

the functional J(q) = ||u(q) — de%?(O,T;H) we get

DJ(q%q—q") = 2(u(q") — 24, Du(q";q — q7)) (9.1)

=2 /Q[u(q*; t,x) — za(t,x))2(t, x)dxdt.

Let the adjoint state p(q*) is defined as the weak solution of the linear terminal

value problem

p'—a'p + Agp+07¢' (u(qg”)p = u(q”) — za,
p(T) =0, p'(T) =0.

Since u(q*) — zq4 € L*(0,T; H), one can show that the solution p(q*) exists and is

52



unique in W(0,T") by following the similar approach as in Chapter 5.

Therefore, expression (9.1) becomes

DJ(q*;q—q") = 2/0 (2(t),p" —a™p' + Ag-p + 8" g (u(q")p))dt
=2 [ (0 + 0" 045 + 579 (a2t
— 20" —a) / (' (t:q"). plt: ")) dt +2 / (Ag — Ag)ult; ), plt; ) dt

12(5% — 8) / (g(ult: ")), plt; ) dt.

Thus we obtain the following result

Theorem 9.1. Let q,q* € P. Then the Gateauz derivative D J(q*;q — q*) of the

objective function J(q) at ¢* in the direction g—q* has the following representation

DI a—0) = (" —a)alq”) + / (6*(2)— B(2))G ¢ )da + (5" —S)elq"), (9.2)

where
a(q’) = 2/ w(t, z; ¢")p(t, x; ¢%) dxdt. (9.3)
Q
c(q) = 2/ g(u(t,z;q"))p(t,x; ¢") dxdt. (9.4)
Q
and
T
G(z;q%) = 2/ Vu(t,z;¢")Vp(t, x;¢")dt, = € Q. (9.5)
0

Note that G € L'(Q).
Our main goal is to prove that the objective function J(q) is Fréchet differen-
tiable. For this purpose we will consider the interior int P of the admissible set

P defined in (1.4) as an open subset of the Banach space X =R x L>*(Q) x R.
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The norm of («, 5,9) € X is defined by

(e, 8,0)[[x = max{|al, [|B]lcw), [6]}-

Definition 9.2. Function J(q) is called Fréchet differentiable at ¢* € int P, if

there exists a bounded linear functional D.J(g*) : X — R such that

lim |J(q) = J(q") — DJ(q")(q — q")|

4—q* lg —q*llx

=0, geintP (9.6)

Theorem 9.3. Objective function J(q) is Fréchet differentiable at any q* € int P.
Let a(q*), c(q*) and G(q*) be defined by (9.3), (9.4) and (9.5). Then the Fréchet

derivative DJ(q*) € X' is the bounded linear functional defined on ¢ —q* € X by

DJ(q*)q—q") = (Oé*—a)a(q*)Jr/Q(@*(w)—ﬁ(x))G(fv; ¢ )dr+(6"=0)e(q"), (9.7)

where ¢ = (o, 5,6) € int P.

Proof. We follow the Calculus argument that for a function of several variables
the continuity of its partial derivatives implies the differentiability.

Fix q,q* € int P. Then u(q*), p(¢*) € L*(0,T;V) by the results of Chapter 5.
Therefore DJ(q*) defined in (9.7) is a bounded linear functional on X.

Define the real valued function
F@t)=J(q" +tq—q")), teR

Then F is defined on an open interval containing [0, 1]. It is continuous on it by
Theorem 7.1. Moreover F'(0+) = DJ(¢*;q — ¢*) and F'(0—) = —DJ(¢*; —(q —
q*)). According to (9.2), F'(0+) = F'(0—). Therefore F is differentiable at ¢t = 0.
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Clearly, the same argument can be applied at any ¢ € [0,1]. The conclusion is
that one can apply the Mean-Value Theorem to F' on [0, 1].

Define the mappings ¢ — a(q), ¢ — ¢(q) and ¢ — G(q) from P into R, R,
and L'(Q), by (9.3), (9.4) and (9.5), respectively with ¢* € P being replaced
by ¢ = («,3,0) € P. These mappings are continuous by Theorem 7.1. Since
q* € int P, for a given € > 0 there exists a convex neighborhood U C int P of ¢*

such that

la(p) —a(g")| <€, e(p) —clg)| <€, [|G(p) = G(q")|lL1q) <€ forpel.

By the Mean-Value Theorem there exists 7 € (0,1) such that J(q) — J(¢*) =
DJ(q-;q—q), where ¢; = ¢*+71(q¢—q*). If ¢ € U, then ¢, € U by the convexity
of U. Thus

|J(q) — J(q¢*) — DJ(¢")(q—q")| = |DJ(gr;q0 — q") — DJI(¢")(q — q7)]
< (,a@) —alg")+ [ 1600 = Gl)) de+lelar) - c<q*>|) la - a'llx
Q

< 3ellg — ¢"||x

for ¢ € U, and the result follows. n
A corollary of Theorem 9.3 is

Theorem 9.4. Consider Klein-Gordon equation (1.1) with constant diffusion

coefficients 3. Let the admissible set be

P = [amin7amaw] X [ﬁmin7ﬁmax] X [5min75maa&]
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Let the objective function be defined by J(q) = ||y(q) — zallr20,r;m).  Then

the mapping ¢ — J(q) from int P C R?® into R is differentiable. Its gradient

VJ(q) = (a(q),b(q), c(q)), where b(q) = [, G(x;q)dx, and a(q), G(x;q),c(q) are
defined in (9.3), (9.5), and (9.4).

Now assume that ¢* € P is an optimal parameter for (1.5), that is

J(q*) = inf J(q). (9.8)

qeP

The necessary optimality condition for ¢* is D.J(¢*;q—¢*) > 0 for any q € P.

According to Theorem 9.1 it takes the form

(@ = )alg) + [ (@) = @Gl + (07 = D)ela) 20 (99)

Q

for any ¢ = («a, 3,0) € P.

Let us analyze condition (9.9) for the optimal parameter ¢* € P, where

P ={q=(a,8,0) € [tmin, ¥maz) X B X [Omin, Omaz]} (9.10)

and

B={eL>®Q) : 0<v<p(x)<p ae on Q} (9.11)

for some positive constants v and p.
Choose ¢ = (a, 5*,6*) € P. Then (9.9) becomes (o* — a)a(q*) > 0 for all
@ € [Qmin, Cmaz)- I o € (min, Omaz) then we must have a(¢*) = 0. If a(¢*) > 0

then o = .. If a(¢*) < 0 then a* = ,. The case a(q¢*) # 0 can be
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compactly written as

af = %{Sign(a(q*)) + 1} mas — %{sign(a(q*)) — 1} nin. (9.12)

Similarly to the previous case, if 6* € (min, Omaz) then we must have ¢(¢*) = 0.
If e(g*) > 0 then 6" = dpaq- If ¢(¢*) < 0 then 0% = d,,4,. The case ¢(¢*) # 0 can

be compactly written as

5= %{sign(c(q*)) + 1}man — %{sign(c(q*)) — 1}omin- (9.13)

Next we consider the implications for g* € B.

Suppose that 5* € int B, i.e. v < essinf *(x) < esssup f*(z) < p. Then for
a sufficiently small r > 0 we have 5* 4+~ € B for any v € L*°(Q2) with ||y[/o < 7.
Choose q = (a*, 8*(x) — v(x),*). Then (9.9) becomes

/Q’y(x)G(x;q*)dx > 0.

Choosing q = (a*, B*(z) + v(x), 6*) gives

/Q'y(a;)G(:v;q*)dac <0.
Thus
/Q'y(x)G(a:; q*)dx = 0. (9.14)

for any v € L>(€2). We conclude that 5* € int B implies G(z;¢*) = 0 a.e. in .
Let

Q. ={zxeQ : Gz;q") >0}
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defined up to a set of measure zero. Then we must have 3(z) = u for a.e. = € Q.
Let

Q. ={zxeQ : Gz;q") <0}

defined up to a set of measure zero. Then we must have (x) = v for a.e. z € 2_.
This analysis shows that the optimal coefficient ¢* satisfies a bang bang control

law. Its other consequence is summarized in the following Theorem.
Theorem 9.5. If the optimal coefficient ¢* is located in the interior int P of the
admissible set P, then

a(g')=0, ¢(¢")=0, and G(z;¢")=0 a.e. in (.

In the case of constant diffusion coefficients 8 in (1.1) the gradient V.J(q) =
(a(q),b(q),c(q)) of the objective function was obtained in Theorem 9.3. Combin-

ing this result with Theorem 9.5 gives

Theorem 9.6. Consider the Klein-Gordon equation (1.1) with constant diffusion

coefficients 5. Let the admissible set be

P = [amin7ama:p] X [ﬁminnﬁmaz] X [5min>5max]

with Bmin > 0. Let the objective function be defined by J(q) = ||y(q) — zall 20,711 -

If the parameter ¢* € int P is optimal, then V.J(q*) = 0.
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Chapter 10

Conclusions and Future Work

Because of its significance in physics, Klein-Gordon equation has been studied
extensively from different perspectives. In the thesis, we study the optimization
problem of a nonlinear damped Klein-Gordon equation with a variable diffusion
coefficient. Our work is mainly based on the work of J.L. Lions (see [34], [35]),
Roger Temam (see [48]), Semion Gutman (see [24],[21]), and Junhong Ha and
Shin-ichi Nakagiri (see [26], [41]. We follow as in Gutman [24],[21] for sine-Gordon
equation. Further difficulties in mathematical analysis arise from the unbounded
nonlinear term g(u) = |u|"u, and the variable diffusion coefficient 3(x).
The summary of the research is as follows.

We studied the weak solution of the damped Klein-Gordon equation

u" +ou' + Agu+0g(u) = f, inV' ae. on [0,7T],

U(O) =% € V7 u/(O) =y € H7

where the nonlinear term is g(u) = |u|"u with the constant v satisfying

;

0<v< if n=1,2,

0<y<2 if n=3,

v=20 if n>4.

\
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We carefully studied the nonlinear term g(u) for the different cases of 7, and
derived its desirable properties, which are crucial to the entire work, as following;:

(i) If n =1,2,3 and u € V, the we have the Sobolev inequality
lullzag) < Cllull;

where 1 < ¢ <27+ 2.

(ii) If w € V, then |g(u)| < Cl|u|"* and g : V — H is locally Lipschitz with
l9(u) = g()| < C+ [lull + [Jol)™*H u — o],

where u,v € V.

(iii) If B(z) € B and u € D(A), then ||g(u)]| < Cllul[}pzqgllull, where C
depends only on (2.

(iv) If w, — w in L*(0,T; H) and ||u,(t)]], |Ju(t)|| < C for some constant C'
and any ¢ € [0, 7], then g(u,) — g(u) weakly in L*(0,T; H).

We proved existence and uniqueness of the weak solution of the Klein-Gordon
equation by using energy estimates and standard Galerkin method. We obtained
that, for ¢ € P, yo € V, y1 € H, f € L*(0,T; H), the unique solution u(t) =
u(t; q) satisfies uw € C'([0, T]; V) NW(0,T), u' € C([0,T); H), and

max (ul® + [/ (0)F) + ()20 < eI+ 1),

0<t<T

where ¢ is only depends on the bounds of the admissible set P, and

I =1yl + ol + llyol ™2 + Hf”%?(O,T;H)'
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We showed that the solution maps ¢ — u(q): P — C([0,T]; V) and ¢ — /(q):
P — C([0,T]; H) are continuous. We established the weak Gateaux differ-
entiability of the solution map and showed that the weak Gateaux derivative
2z = Du(q*;q—q*) € L*(0,T; H) at ¢* € P in the direction ¢ — ¢* is the unique

weak solution of the problem

2(t) + a2 (1) + Ag-2(t) + 679 (u(t; ¢7))2(t) = fo(t) t € (0,T)

where fo(t) = (" — a)u'(t;q") + (Ag — Ag)u(t; ¢*) + (0" — 6)g(ult; ¢7)).
Then the Gateaux differentiability of the objective function J(q) = ||u(q) —
Zal|3 (o7 1 followed directly, and the Gateaux derivative DJ(q"; ¢ —¢*) of J(q)

at ¢* in the direction ¢ — ¢* has the following representation

D4 - ¢") = (o" — a)alg") + / (6*(x) — B(@))Cla; ") + (6% — B)elq”),

Q
where
alg) = 2 / wt, 5 q")plt, x: ¢°) dudt.
Q
e(q) = / gtz q*))plt, 2 ) dedt.
Q

and

T
G(x;q") = 2/ Vu(t,z;¢")Vp(t, z; ¢")dt, x € Q.
0

Finally, we showed that the objective function J(q) is Fréchet differentiable
on P, which allow us conclude that if the optimal coefficient ¢* is located in the

interior int P of the admissible set P, then necessary conditions for the optimal
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set of parameters ¢* = («, 3,7) € P minimizing the objective function J(q) are

a(¢®) =0, ¢(¢")=0, and G(z;¢")=0 ae. in .

I plan to continue my research on nonlinear wave equations such as sine-
Gordon equation and Klein-Gordon equation. These equations are examples of
infinite dimensional dynamical systems. The goal is to investigate their solutions
(trajectories). It is known that such trajectories can exhibit chaotic behaviors.
A chaotic behavior of a dissipative dynamical system can be explained by the
existence of a complicated attractor A to which the trajectories converge as t —
o0o. The plan is to study theoretical properties and computational methods for

the solutions of these nonlinear equations.
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