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Abstract

In this dissertation we study identification of complex dynamic systems as well as hybrid
system estimation. For the identification part, we propose a scheme to identify an autonom-
ous complex stochastic dynamic system based on a black-box model, that is, the system is
modeled based on output data only. The system under study is a system whose underlying
space is the union of strong attraction domains. The system exhibits a behavior such that
it spends a long time in one strong attraction domain before transitioning to another one.
Systems showing this behavior can be found in many applications ranging from biology
to power systems to chemical processes. Considering the nature of this type of a system,
we model it as a hybrid system. In particular, it is a strong attraction domain featured
hybrid system (SAFHS). Two principal features of this type of a hybrid system are that
the boundaries between the modes (strong attraction domains) are nonlinear and the dy-
namic behavior within each mode can be highly nonlinear, e.g. limit cycle. Identification
algorithms for this kind of hybrid system are not well developed. In this dissertation we
propose our first result for identification of this type of system. The resulting model is hy-
brid in nature. We detect the multi-modal dynamics as well as local dynamics within each
mode, thus providing a complete unified approach of identification of the system dynam-
ics. The approach developed in this dissertation is based on finite dimensional approxima-
tions of compact operators, spectral theory for non-reversible Markov chains, identification
techniques for hidden Markov models (HMM), and identification techniques for linear and
non-linear dynamics. Examples are carried out to verify our analysis and to illustrate the
effectiveness of the proposed algorithms. In the estimation part, we present a high accuracy,
low computational load method for a nonlinear/non-Gaussian hybrid system, motivated by

the need to get a better trade-off between efficiency and accuracy which is a crucial issue

iX



in real time estimation problems. The efficiency and accuracy of the proposed algorithm
are illustrated by examples. Moreover, its good performance makes it practical and robust
for tracking a target in a complex situation, as we demonstrate by a simulated maneuvering

target tracking example.



CHAPTER 1

Introduction

1.1 Background

System identification and state estimation are important branches in modern control theory.
In order to develop efficient and accurate control strategies, it is necessary to know "what
the system is" and "what the system is doing", i.e. to identify the system and to estimate
the state of the system.

Techniques that construct models from observed data are known as system identifica-
tion in the control area. System identification bridges real applications and abstract math-
ematical models.

According to the degree of availability of the prior knowledge, system identification

falls into three types of models [36]:

* White box models: In this case the model structure is usually completely derived
from first principles, i.e., physical, chemical, biological, economical, etc. laws, while

the parameters are either known or estimated from data.

» Black box models: No or very little prior knowledge is available. Both model struc-

ture and parameters are determined from experimental and mathematical modeling.

* Gray box models: These represent a compromise or combination between white and
black box models. Typically, the determination of as much as possible the model
structure relies on prior knowledge while the model parameters are mainly determ-

ined by measurement data.



As for real applications, most system identification algorithms are of the black box
or dark gray box type. There are a lot of well developed linear black-box models, while
identification of nonlinear black-box models is a challenge because nonlinear processes can
have very many distinct dynamic properties. It is difficult to work out simple, accurate, and
general models for nonlinear systems, especially in black-box cases.

Large scale real engineered systems that are subject to performance and operational
constraints often exhibit complex behavior that was not anticipated at design time. This
type of systems can be found in numerous applications [48], ranging from power [2], [60]
and communication networks to biological and chemical processes [12], [21], where the
system dynamic model is nonlinear and needs to be identified on the basis of experimental
data since it is hard to develop models from first principles. System identification for these
systems is thus a nonlinear black-box problem. Moreover, it is frequently too complicated
for conventional identification techniques to work out a global model that covers many
cases or branches for these systems. We denote these systems as complex dynamic systems.
An alternative modeling way for complex dynamic system is to utilize the system structure
or attributes for partitioning it into simpler components where conventional techniques
are easier to be employed and are accurate within each component. In this context, the
description of complicated dynamic systems is equivalent to a hybrid system model. Hybrid
systems are heterogeneous dynamic systems whose behavior is determined by interacting
continuous and discrete dynamics [37]. Moreover, it has to be stressed here that in real
applications, the system usually suffers from both process noise and observation noise,
which makes the system a stochastic system. Note that in many cases, the process and the
observation noise are originated from system parameter variations as well as sensor noise.
Frequently noise processes of this type are small and in such instances the stochastic system
can be treated as a deterministic system disturbed by small noise. Note here by small noise
we mean the relative value of the noise to the typical values of the system state and output

1s small.



In this dissertation we are going to identify complex stochastic dynamic system based
on a black-box model, that is, the system is modeled based only on output data. Thus the
problem considered here is a data driven identification approach.

As mentioned above, when a system is too complex to develop a global model, an
alternative choice is to develop local models and treat the global model as a composition
of the local models. That is, to model the complex system in hybrid system framework.
In order to develop a hybrid system model that represents the original system of interest,
it is necessary to specify the discrete states (modes), the number of the discrete states, the
modal dynamics and the continuous dynamics (the local dynamics) of the hybrid model.

The theory and identification approaches for stochastic complex dynamic system in
hybrid system modeling framework are not fully developed, but there is a lot of current
research, some of which will be described in Section 1.2.1.

Given "what the system is" and the observations, it is also of interest to find out “what
the system is doing”. This is an estimation problem or, equivalently, a filtering problem.

Bayesian estimation is a powerful approach for state estimation given stochastic system
state-space models. The central idea of Bayesian estimation is to construct the posterior
probability density function (pdf) of the state conditioned on all the available measure-
ments. In principle, an optimal (with respect to any criterion) estimate of the state may be
obtained from the pdf. [3]

In real applications, it is expected for an efficient method to be capable of on-line,
real-time estimation of the stochastic dynamic systems. In this case a recursive Bayesian
filtering is a convenient solution. A recursive filtering approach means that the measure-
ments can be processed sequentially rather than as a batch so that it is not necessary to
store the complete data set nor to reprocess existing data if a new measurement becomes
available.[3]

There exist many well developed recursive Bayesian filters for general (non hybrid)

system state estimation, e.g. Kalman filter for linear stochastic systems with Gaussian



process and measurement noises, extended Kalman filter, multigrid based filter, particle
filter, etc. for nonlinear systems with Gaussian or non-Gaussian noises. Moreover, the
existing recursive Bayesian filters have been successfully extended to hybrid system cases.
For the estimation problem in this dissertation, we concentrate on the hybrid system
estimation for the following reasons: first, the hybrid system framework matches the model
we will develop for stochastic complex dynamic system through our identification scheme;
second, hybrid models have been considered as an effective way of modeling a large class
of systems that exhibit complex system behavior [47], e.g. systems in fields of signal
processing including seismic signal processing [34], digital communications [30] and target
tracking [32], where state estimation and mode detection are of considerable interests.
Some of the current hybrid system estimation algorithms based on recursive Bayesian

filters will be described in Section 1.2.2.

1.2 Related Work

1.2.1 Identification

In the last decade hybrid systems have been developed actively for the description of many
complex dynamic systems. In hybrid model description for complex dynamic system, a
considerable effort has been devoted to develop piecewise affine (PWA) models, see e.g.
[56], [57], [4], [19]. It has been shown that PWA models are equivalent to several classes
of linear hybrid system formulations.

Several different data driven techniques developed for PWA model identification were
compared in [25] and a good overview was presented. One of the existing representative
PWA identification approaches is based on algebraic techniques and generalized principal
component analysis (GPCA) [56], [57]. In this approach the identification problem of the
multiple models is formulated as an identification of a single "lifted" model in a bigger

space and then the parameters of the submodels identified from the lifted model. In this ap-



proach the order of the models is not required apriori and the number of submodels is estim-
ated as well. Another approach is based on a Bayesian procedure, where prior knowledge
about the modes and parameters of the model are assumed and then the data is classified
through a data classification procedure with the maximal probability [24]. The procedure
is carried out by sequentially processing the data and iteratively updating the parameter
vectors. The regions are subsequently estimated using a modification of a standard multic-
ategory robust linear programming procedure (MRLP) [24]. In the Bayesian procedure the
model order and number of submodels are fixed. The third procedure, so-called bounded-
error procedure, is based on set membership identification ideas where model parameters
are selected based on a bounded error criteria between the data and model output [4]. An-
other class of methods are so-called clustering procedures that utilize the assumption that
the PWA system is locally linear (i.e. in each mode) and consequently data points belonging
to the same submodel (and region) are spatially close. The method consists of constructing
"feature vectors" from the data and partitioning the feature vectors into g groups by apply-
ing a so-called K-means clustering algorithm. The clustering procedure assumes that the
model order and the number of submodels are fixed.

In general, the discrete state in PWA models is determined by a polyhedral partition of
the state-input domain, where on each partition a linear affine system model is considered.

Finally, the identification of hybrid systems with nonlinear domain boundaries and non-

linear local dynamics has only been studied in a limited manner in the literature, e.g. [17].

1.2.2 Estimation

In the estimation of hybrid systems a multiple model (MM) approach is generally em-
ployed. It is assumed that the system obeys one of a finite number of models at each time,
and switches between models are based on a finite state Markov chain. Usually filters are
matched to different models and the state estimation is then a weighted sum of the estim-

ate from each filter. The method is decision free since the weights are determined as the



probability of each model being correct given the current measurement.

A variety of algorithms has been proposed in the literature for the solution of MM
problems, e.g. the Interacting multiple model (IMM) [7] and the generalized pseudo-Bayes
(GPB) algorithms [11]. Both the IMM and GPB algorithms are based on deterministic
finite Gaussian mixture approximations and have the assumption that the hybrid system
under study is Jump Markov Linear System. Basically, these two algorithms can both be
treated as the variants of a Kalman filter in multiple modal application.

Since in reality, the system models always have nonlinear characteristics, extended Kal-
man filters (EKF) are usually used as model matching filters. However, because of its
first-order linearization of the nonlinear models, EKF can introduce large estimated er-
rors. Another possible strategy is to compute a fixed grid approximation to the filtered
state density. This involves approximating the continuous-valued process by a finite state
process with fixed states. The filtered state density and filtered state estimates can then be
computed easily at these grid points according to Bayes’ rule. Unfortunately, such a fixed
grid approximation suffers from the curse of dimensionality [3].

Recently particle filtering (PF) has been recognized as a superior alternative to tra-
ditional estimation methods as it is suitable for both linear/non-linear and Gaussian/non-
Gaussian systems. Particle filter is a Monte Carlo based method that deduces the represent-
ation of the state distribution iteratively using large number of weighted samples (particles).
Estimators based on particle filters have been successfully applied to stochastic hybrid sys-
tems [33] [9] [14].

In [33], a standard bootstrap PF has been extended to hybrid system estimation. A ma-
jor drawback of standard bootstrap PF in hybrid system estimation is that the number of
particles in a specific mode is proportional to the mode probability and, consequently, if
the mode probability is very low, only few particles can reside in that mode. To alleviate
this problem, several PF algorithms with fixed number of particles in each mode, e.g. the

interacting multiple model particle filtering IMMPF), the observation and transition-based



most likely modes tracking particle filtering (OTPF), etc. have been proposed [10], [5],
[49]. These methods have been shown to improve the estimation accuracy to a consider-
able extent. In [49], the algorithm OTPF is proposed and compared with KMPF, which is
a standard particle filter that has complete knowledge of the real mode at all times (KMPF
can be considered the benchmark that all hybrid system particle algorithms should be com-
pared to). It turns out that for some problems OTPF performs not much worse than KMPF
but in other problems the performance is considerably worse. Another algorithm that has
been proposed is the so-called IMMPF [10], [5]. This algorithm has shown very promising
performance for a large class of problems but at the expense of heavy computational cost.
It can be seen that compared to IMMPF algorithms the merit of OTPF is its lower computa-
tional load but at the expense of accuracy since OTPF is biased and sensitive to observation
outliers.

As mentioned above, particle filter is a sample (particle) based filtering algorithm. At
each time step, all the particles take part in the calculation, which introduces relatively high
computational burden. Therefore, when a particle filter is applied to a hybrid system, the

trade off between estimation accuracy and calculation efficiency is of major concern.

1.3 Problem Description and Approach

1.3.1 Identification

In our research we propose a hybrid model description for a complex dynamic system based
on the system’s inherent structure or attributes. The resulting hybrid model has discrete
states (modes) represented by nonlinear partition of the underlying space of the system as
well as nonlinear dynamics within each mode. The approach presented here is completely
different from the ones presented in [17] and provides further insight into the intricacies of
identification of complex dynamic systems.

When analyzing large scale complex dynamic system, which is complex enough so that



it contains many attractors, we are frequently interested in partitioning the underlying space
into a union of strong attraction domains. In particular, we are interested in partitioning the
space into regions where the system exhibits a behavior such that it spends a long time in
one region before transitioning to another one. We call such regions strong attraction do-
mains. The dynamics within each strong attraction domain can be quite complex and highly
nonlinear and, in fact, can contain more than one dynamic attractor of the system. There
are two principal reasons for analyzing the complex system in terms of strong attraction
domains. The first is for the identification and estimation benefit. In particular, realizing
that complex dynamic systems are frequently too complicated for conventional estimation
and identification techniques we seek alternative methods that utilizes the system structure
for partitioning it into simpler components where conventional techniques are easier to be
employed. The second is for the control aim. Combining the knowledge of system behavior
corresponding to the strong attraction domains, one can design a control law for the system
and make it switch from the attraction domains that represent suboptimal or even failed
operations to the ones that represent desired or optimal behavior. We remark that if we
associate with each strong attraction domain a discrete valued modal variable and consider
the corresponding dynamics within each domain, the resulting model is hybrid in nature.
In order to differentiate the hybrid system described above from general hybrid systems
we call this specific hybrid system a Strong Attraction domain Featured Hybrid System,
denoted as SAFHS. In the above description the complex dynamic system of interest is a
SAFHS with two features: first, the system switches between unknown nonlinear dynamics
and second, the boundaries between the strong attraction domains are nonlinear.

Our research aims at detecting modal clusters, i.e. the strong attraction domains (modes)
of the SAFHS, and the modal dynamic behavior of SAFHS. Then the data can be clas-
sified into modal clusters where the local dynamics within each mode can be identified
based on the classified data series. As a result this allows for identification of nonlinear

local dynamic behavior such as limit cycles. Moreover, since there is no assumption for



the structure of the underlying space partition, the partitioned regions can have nonlinear
boundaries.

The methodology to be developed in this dissertation applies to discrete time system
whose state behavior is governed by a Markov process and whose output is a noise corrup-
ted function of the state. In particular, we consider an autonomous discrete time dynamic

system given by a state space model of the form

Xir1 = f(oxvi) (1.1)

e = g)+wk

where x; € R™ is the state, y;, € R™ is the output, v; and wy, are process and output noises.
We assume that the process noise is i.i.d. (independent and identically distributed). In this
case xy is a Markov process and y; can be treated as a hidden Markov process. For x € R
and a Borel set 4 € B(R"™) we let p(x,4) = Pr (x4 € 4 |xx = x) be the transition function
for the process. Moreover, we denote by .# (R") the space of all probability measures on

R,

Example 1 A4 simple example of a dynamical system that has strong attraction domains
is the case when system (1.1) is deterministic system perturbed by additive noise which
has q asymptotically stable equilibrium points with domains of attraction Ay, ...,A, that
form a partition of the underlying space. If the process noise v; is assumed to be small
(with variance of order €2) it can be shown using large deviations theory that the transition

1
probabilities between domains of attraction are of the order O(e ¢*) (see [18]).

As we mentioned earlier, we are going to model a complex system as SAFHS and
develop an identification procedure based on output data. The basic identification problem
is to identify the regions where the dynamics are concentrated, the transition dynamics
between the regions, and the dynamics within each region. We note that for a given division

of the state space into regions there is a corresponding division of the output space. As a



result, when we discuss identification of multi-modal behavior in this dissertation we are
either discussing identification in the output or state space and the space of interest should
be clear from the context at each time.

To make the objectives more precise assume that the state space can be treated as the
union of strong attraction domains A4, ..., A4, of R"™ for which the system dynamics are
concentrated on and switch between. Given a sequence of output data y;,y», ... the problem

we consider is the identification of the following quantities.

* Identification of the number ¢ of state partition components and the partition 4y, ...,

A, of the state space.

* Identification of the dynamics that govern the transition dynamics between the parti-

tion components.

* Identification of the dynamic laws that govern the system dynamics within each par-

tition component.

The approach developed in this dissertation is based on finite dimensional approxima-
tions of compact operators, spectral theory for non-reversible Markov chains, identification
techniques for hidden Markov models (HMM), and identification techniques for linear and

non-linear dynamics. It has the following main steps.

1. For the identification of the number of partition components as well as the partition
itself we utilize spectral theory for non-reversible Markov chains and Hidden Markov
Models (HMM). In particular, we discretize the state and output spaces and approx-
imate the underlying Markov process and corresponding output process by finite state
processes. Then utilizing HMM techniques we identify the state and transition laws
for the Markov chain. Finally, spectral theory for non-reversible Markov chains is
used to identify the number of partition components as well as the partition itself,

and the transition law between those components. We remark that the coarseness of

10



the discretization of the underlying state and output spaces affects the accuracy of
the description of the (boundary of) the partition components but no restriction is put

on the "shape" of the partition.

. For the identification of the local dynamics within each partition component we util-
ize conventional system identification ideas. In particular, once we have identified the
partition 4y, ..., A, of the state space and the association between state and output
sequences we identify a corresponding partition of the output space. We then map
the output sequence onto the partition components of the output space. Based on a
preliminary analysis of the output sequences within each output partition component
we choose a identification procedure for the dynamics for that component. We em-
phasize that for the identification of the local dynamics we use the original data (i.e.
not discretized). Furthermore, based on the local behavior, the type of model used

within each partition component can different.

Once we complete the above identification procedure we obtained a finite collection of

local dynamic models as well as a Markov transition law that governs the switching among

the local models. The resulting model is therefore of hybrid nature, i.e. associated with

each local model is a modal variable taking value in a finite set, the dynamics of the modal

variable is governed by a finite state Markov process. Furthermore, each local model is

associated with a particular partition component of the output space.

The identification procedure described above is developed for a class of systems de-

scribed by system equation (1.1). Furthermore, we remark that the procedure assumes or

requires the following.

» The stochastic complex dynamic system of interest is subjected to small process
and observation noise so that the stochastic system can be treated as a deterministic
system disturbed by small noise. Note, as before, here by small noise we mean the

relative value of the noise to the typical values of the system state and output is small.

11



* The system dynamic model is autonomous. Therefore, external measurable inputs

are not included or have been incorporated through a closed loop control policy.

» The state space can be partitioned into a finite number of strong attraction domains,
1.e. sets that the system spends a long time in before transitioning to another such do-
main. This requires in particular that the local dynamics are stable in an appropriate

sense.

1.3.2 Estimation

In hybrid system estimation, the system is usually described by a stochastic state-space

model,

Xt = Jr(—1,v) (1.2)

Ve = &, (XK, wk)

where 7y, is a discrete-time M-state Markov chain with transition probabilities 7 ; = Pr{ry
=t|ry_1 =s} forany s, t € M, where M = {1,2,--- M}, x; € R" is the system state and
Vi € R™ is observation at time k. The variables v; € R™ and w; € R" are process and
measurement noise vectors at time £ and are assumed to be of known statistics, which can
be Gaussian or non-Gaussian. The functions f,, and g,, are the state function and observa-
tion function respectively in mode 7 at time k. It is assumed that the initial distribution of
state xq 1s known.

The estimation problem we consider is to detect the mode 7, and estimate the state x;
based on the measurements y; and the system model formulated above.

As described in Section 1.2.2, particle filtering is a superior candidate for linear/non-
linear and Gaussian/non-Gaussian system estimation and has been successfully applied
to stochastic hybrid systems. However, it suffers from the relatively high computational

burden. In particular, when particle filtering is applied to a hybrid system, the trade off

12



between estimation accuracy and calculation efficiency is of principal concern.

In this dissertation we are going to propose a new high accuracy and reduced compu-
tational load algorithm for stochastic hybrid system state estimation and mode detection.
The proposed algorithm combines two existing particle filtering based algorithms: OTPF
and IMMPF. The basic idea of the new algorithm comes from observing the estimation
performance of the IMMPF algorithm. It can be seen that in the IMMPF algorithm most
of the time the particles in the real mode (i.e. correct mode) dominate the estimation, i.e.
the particles of the real mode have dominant weights compared to the particles of other
modes. Furthermore, we observe that in this situation (i.e. when the real mode dominates
the estimation) the OTPF algorithm is an accurate algorithm for estimating the mode and
state. On the other hand, when mode switching takes place or when there are observation
outliers, the dominance of one mode is not obvious. In this case, it is not suitable to just
retain particles in the mode corresponding to the largest weight and evolve based on them
like what is done in OTPF. In fact in this case the IMMPF is a better choice to get high ac-
curacy estimation. Inspired by this, we present here an algorithm that combines OTPF and
IMMPF by introducing a threshold value to select which estimation algorithm should be
used at each time step. This new technique aims at improving the computation efficiency

without losing much estimation accuracy.

1.4 OQOutline

The dissertation is organized as follows. In Chapter 2, some of the basic mathematical
preliminaries and concepts, including concepts relevant to Markov processes, attributes of
process with small noise, finite dimensional approximations of Markov processes, meta-
stability and multi-modal behavior, hidden Markov models, non-negative matrix factoriza-
tion, kernel principal component analysis (KPCA) as well as IMM estimation structure and
particle filtering, are introduced. In Chapter 3, the identification of complex dynamic sys-

tem in SAFHS framework is proposed. In particular, the partitioning of underlying space

13



of the complex dynamic system will be specified. That partition corresponds to the discrete
state (mode) of SAFHS. Moreover, the modal transition probability and the local dynamics
will be identified. Chapter 3 is the main contribution in this dissertation. Chapter 4 tackles
the hybrid system estimation problem. A new particle filtering based algorithm is proposed
to get a better trade off between calculation efficiency and estimation accuracy. In Chapter

5 conclusions and future work are discussed.

14



CHAPTER 2

Preliminaries

In this Chapter, we give an overview of some of the mathematical techniques that will be
employed in the solution of the complex dynamic system identification problem. A brief
introduction to IMM estimation structure and particle filtering is also included, upon which

the main results of system estimation rely.

2.1 Concepts for Markov Process
We begin by introducing a couple concepts of Markov Chains that are used frequently in
the remainder of the dissertation.

Definition 1 4 Markov chain on N ={1,--- [N} is called reversible if it’s transition matrix
P € RN*N gatisfies

Tipij=T;pji, | <i,j <N
A Markov chain that is not reversible is said to be non-reversible.

Definition 2 A Markov chain on N is called ergodic if it is irreducible, positive recurrent
and aperiodic. Equivalently, it can also be defined as a process whose statistical properties
(such as its mean and variance) can be deduced from a single, sufficiently long sample

(realization) of the process.

2.2 Process with Small Noise

Here we discuss properties of a stochastic system with small noise. Consider the stochastic

system (1.1), and suppose the process noise and observation noise are small. We consider
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the special case of (1.1):

Xppp = b(xp)+eo (xf)vi, x5 =x (2.1)

Vi = g(xf)+ew

Assume that vy is a sequence of i.i.d. random variables with distribution with density ¢ (v)
with mean zero and finite second moments and wy, is a standard white noise process (mean
zero and unit variance) independent of v. The processes x{ and y; can be viewed as being

the results of a small additive random perturbation of the deterministic system

xiﬂ = b (xZ) X8 =x (2.2)

W= g(x)

In the stochastic system (2.1) we assume for simplicity that £ vkv,{ = [ . Furthermore we
assume that b : R — R™ and o : R™*"r — R"~ satisfy a Lipschitz condition and grow no

faster than linearly, i.e. there exists C > 0 so that

[b(x)=bO)II < Cllx—yll, \/Zi,j(Gij(X)—Gij(V))zSCIIx—yH (2.3)

IBIP < (14 1x2) s 5y (03 (6))* < (1+ 1x/?)

Moreover, assume g : R — R is Lipschitz, i.e. for some C > 0,

lg (x) =g W)l < Cllx—yll 24

For a sequence ry let r;,; = (ri, Fidlye-osl j) and for two sequences 7 and s; define the

distance between the strings 7;.; and s;.; as

. ' 2
dist (l’i:j,Si:j) = Zf:i lrr— 8115
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where ||-||, is the standard Euclidean norm.

The following theorem is a discrete time adoption of results from [18].

Theorem 1 For any L' >0and & > 0 we have

2
E ||x; —x,{H < e%a® (k)

for a monotonically increasing function a® (k) that depends on x and C. Furthermore,

lim Pr ( sup

€= 0<k<L’'

x,i—xZH > 5) =0

Proof. We note that since vy is a sequence of i.i.d. random variables it follows from (2.1)

that x{ and vy are independent. Now,

E Hx,‘fH —x¢ Hz = E Hb(x,f) —b (xZ) +eo (x,f)ka2 (2.5)
= FE Hb(x,‘i) —b (xi) H2 +2¢E <b (xf)—b (x}f) ,G(x,‘i)vk>

2
+€%E ||o (x) vl

For the second term on the right hand side of (2.5) we have using the independence of xj,

and Vi

E(baf)—b(d),00v) = E®Gf),005) v —E(b(x) 06 n)
= EZibi(xli)ZjGij(xI&c‘)Vi_EZibi(xz)ZjGij(xli)V]];
= ziszbi(xi)Gij(xi)Evlé—ziszb,‘(xz)G,‘j(Xi)EV]](.

=0
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Thus we have (again using the independence of x} and vy)

EHxS —x4 H2 = FE b(xs)—b<xd> 2—|—£2E||G(x8) H2
k+1 X1 = k k k) Vk

= E[peh b ()| + £ (0 () o ()

2 .

= E|o0f)—b ()| +e 55,5 B0y () ou () Eviph
2

= E b(xi)—b<xz) +e2 3, E (03 (xf))*

C’E

IN

Then by Lemma 2 below we have (assuming for simplicity that C # 1) and noting that
d|? _
E x5 —xg" =0

£ d 2 22 £112 1—-C*
E xk—ka < e <1+E||ka ) 1 2.6)

—C?

Thus if we show that 1 + F Hx,f”z is bounded above we have the first statement of the

Theorem. For this note that (using a similar argument as before)

THE x| = 1+E(b(E) +e0 () vell*
= 1+E[b(xf)|+2¢E (b(xf) 0 () vi) + €2 || o (x) ve|®
= 1+E[b)|* +€%E |0 (xF) el
= 1+E[6G)|P+€ Y, E (04 (:f))
< 1+ (1+E|E)1P) +62C (1+E|5)1°)

= 1+C (1462 (1+E||x,§||2)

Thus, by Lemma 2

_ (2 2\\F
LI < (1) @)+ T EREED

= (0
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Therefore, (2.6) becomes

ak)y=¢e%a® (k) (2.7

2 1_C2k 1_C2k
Xy —sz < e’C? (1 +E ||x,§]|2> <eCP——

d
l—C2 1-C?

Turning now to the second statement of the Theorem. Define

£ d : £ d
Hxl.ﬂ—leH, if max xj—xjH<6
£ = 1<j<i
i+l =
z£, otherwise

Then

o ]| > 5> =pr(e > 0) < o []

Pr|{ max ‘
1<k<l’

by Chebyshev’s inequality. By definition of zf, if max )
1<j<t'—1

e .d £ _
x5 xjH<8thenzL,—

e .d
xj xjH<

xj—x]‘>5and max ‘
1<j<1' 2

Hxi, - le, and else ZE, :zi, - Similarly, if ~max

1<]<L -1 ‘

%, —x4 . H Continue in this manner until we reach a k so that

O then z¢, = Z¢ :’
r r'—1 '-1 7L

x€ —x4||. Furthermore, we note that z¢ = £, =

£ = e =

max ’
1<J<k 1

Pr{ max ‘
1<k<l’

xjg—x H < 0 and thus z&€ =

x¢ XL ” and thus

x,i—sz>6> = P(£>9) géE[(Zi,ﬂ :éE‘

< éezae (%)

2
e_ 4
x5 -

Lemma 2 Consider a sequence fj that satisfies

Jer1 <afi+b
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for some positive constants a and b. Then

for bl a1
fo+nb a=1

k<

Proof. Trivial by iteration. W
Let x{ and xk be the solutions of (2.1) and (2.2) and letx = (x§,... ,xi,) and similarly

for x? 0L Define as before

dist (et ) ) = /3 E g~

The following follows immediately from Theorem 1.

Proposition 3 Forany L' >0 and 8§ > 0

;iil’(l)PI‘(dlst( X1/ OL) > 5)

Proof. Define ¢ = ka — X, H k=0,. L/ and view e = [el, e ,eL/] T as a random vector

! /
in RY . Then by equivalence of norms on RY we have
lelle < llelly < V' [l

Therefore, if ||e||, > O then ||e||,, > % and thus

PMMb>&§h(Mk>j%>

d —
Noting that ||e||, = dlst( Xo.1%0.p ) and |||, = 01<1}(a<XL/ ||x€ —x|| completes the proof. m

Now define dist <yf:L, , y‘li:L,> in a similar way as dist (xS:L, ,xg:L,> .
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Proposition 4 For any L' > 0 and & > 0,

lim Pr (dist <y“13_L,,yi‘],L/> > 5) =0

£—0

Proof. It follows using a similar argument as in the proof of Theorem 1 that for any

ke[o,...,L’],

£ d 2 £ d 2 € d 2 2 2
E|pf o] = £ |l —g (<) +eme| = £ ||g ) —g () |+ 2wl

< CE‘

2
5§ = |+ €2 wil® < Ca(e) + 2 wil* = 4 (e)

1
52

(

Thus, Pr (H Vi — yz H2 >0 ) — 0 as € — 0. The rest of the proof now follows from a similar

d 2
it >5) < e

£ d 2 1
yk_ka §§A(8)

argument as before. W
Note that the above proofs for a discrete time stochastic system can be extended easily

to a discrete time discrete state stochastic system case.

2.3 Finite Dimensional Approximations of Markov Processes

In this section we present a finite dimensional approximate model for a class of general
Markov processes such as the one in (1.1).

When the process noise sequence in the first equation in (1.1) is a sequence of i.i.d.
random variables the state process x; is a Markov process. Let p (x,4),x € R™, 4 € B(R"™~)
be the transition function for the process. Then if the initial state x¢ has distribution v €
A (R™), where . (R"~) denotes the set of probability measures on R™, the distribution
of x1 1s

PV (4) = /p(x,A)v(dx)
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where 7 is the so-called Perron-Frobenius operator. By iteration the distribution of xj is
2%V (A) . Furthermore, if the process is ergodic it is well known that 22%v (4) — u (4) as
k — oo where u € . (R™) is the invariant measure for the process. The invariant measure
can be shown to be a fixed point of the operator &.

Let m be the Lebesgue measure on R™ and assume that p (x,-) has a transition density
t (x,y) with respect to m. Obviously ¢ (x,-) € Ly (m) and # (x,y) > 0. Note that we denote by

Lg (m) the LX on R"™. In this case we can consider & as an operator on L (m),

Pa(y) = /R t(op)g () m(dv) forall g € Ly (m)

Obviously, if g is the density for v then &g is the density for &?v. If the transition density

t (x,y) satisfies

//t(x,y)m(dx)m(dy) < o

then &2 : Ly (m) — L, (m) can be shown to be compact. In this case if V7, / > 1 is a
sequence of subspaces of L, and Q; : L, — V; is a sequence of projections such that O,
converge to the identity on L, as /[ — oo, then the approximate operator P, = 0;< has
the property || — Pj|| — 0 as [ — oo. If we let By,...,B; be a partition of R™ and let
Vi=span{@,,...,@,;} where @, are the characteristic functions of B; and we choose Q; to
be the Galerkin projection of L, onto V; then the approximate P has a (stochastic) matrix
representation with entries p;; = <32 ?; q)l-> where (-, -) is the inner product on Lj;.

In the following analysis it is assumed that the approximate finite dimensional Markov
Chain for the dynamic system is P,. Indeed, if a finite dimensional transition matrix P is
constructed from a data sequence using a counting process as that will be described later
and the process satisfies some appropriate technical conditions then for sufficiently large

data records the data constructed transition matrix converges to the matrix F.

22



2.4 Metastability and Multi-modal Behavior

In this section, we introduce the notion of metastability and its relationship to multi-modal
behavior.
Let A and B be measurable sets on R, assume that the distribution of the initial state

is the invariant measure ( and define the transition probability from B into 4 as

Pr(§,€4,50€B) _ [pp(5,4)1u(dS)

P(AIB) =Pr(S) €460 €B) = =5 T p u(B)

if u(B) > 0, and p(4|B) = 0 otherwise. Note that p(4|B) characterizes the dynamic
fluctuations of the distribution of the Markov chain within the invariant distribution p. The

following definition is from [22].

Definition 3 A4 Borel set A is said to be invariant if p (A|A) = 1 and metastable if p (A]|4) ~

1. Therefore, a metastable set is almost invariant.

If a set 4 is invariant then a trajectory that starts in 4 stays in there forever. On the other
hand if the initial state belongs to a metastable set then the system state will stay there for a
long time but will eventually exit the set with positive probability, which matches the multi-
modal behavior of the system of interest in this dissertation where the system is represented
by SAFHS. Consider all possible partitions A1,...,4, of the state space R", with U7 4; =
R" and 4;NA; =0 unless i = j. Finding a partition such that 37 | p(4;|4;) ~ ¢, i.e. a
metastable partition, is of interest. Note that the partition sets obtained in this manner
are in fact the partition regions of interest of the underlying space of the SAFHS system
under consideration. For such a partition, if it exists, the transitions between the metastable
components can be approximated by an appropriately defined g dimensional Markov chain.
This Markov chain describes the system’s modal dynamics.

We remark that the partition region estimation of the underlying space of the system of

interest is closely related to the characterization of a metastable partition in the same space.
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The characterization of a metastable partition is in general a difficult problem. This
problem has been considered in detail in [22], [42] for a reversible Markov chain. As
most real engineered systems are represented by a non-reversible Markov process, in our
research an approach for identifying a metastable partition for the general non-reversible
case for finite dimensional Markov chains [38] will be utilized.

With the concept of metastability, part of the objectives of the proposed identification
approach for SAFHS can be restated as identifying from noisy output data the metastable

partition of the state space and the dynamics of the metastable components.

2.5 Hidden Markov Models

When only output data is available from measurements, system (1.1) can be viewed as a
HMM process. Next we briefly introduce the concept of HMM.

HMM is a statistical model in which the system being modeled is assumed to be a
Markov process with unknown parameters and this Markov process is observed by out-
comes generated according to the associated state-output probability distribution. A finite
dimensional HMM is characterized by the following: N, the number of states in the model;
M, the discrete alphabet size of observations; P = {p;;}, the state transition probability dis-
tribution; B = {b;(/)}, the state to observation probability distribution; 7° = {9}, the ini-
tial state distribution [31]. By denoting the individual states and the individual observation
symbols as X = {x!,... . x"} and Y = {y',... )M}, express p;j = P(X411 =¥/ | X = x'),
b;i(l) = P{jx =)' | % =x'} and n¥ = P{%y = x'} where ¥} and J are the state and output
of the Markov chain at time &, respectively, and i, j € {1,..N}, [ € {1,...M}. If the under-
lying state process is ergodic then there exists an unique stationary distribution & = {7;},
i € {1,...N} such that

hmpf’] = 7'L'j

n—oo

where pf; is the (7, /) entry of P".
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The basic identification problem for the HMM is the following: given an output ob-
servation series, estimate the corresponding state sequence and estimate model parameters
A = (P,B,m). Since the complex dynamic system (1.1) can be approximated by a HMM,
solutions to above problems for the HMM are suitable for characterizing the dynamic sys-
tem. Estimation of the state sequence from the observation sequence is one of the principal
tasks in HMM modelling. In [16] and [53] several algorithms for this purpose are dis-
cussed. The newly developed algorithm in [53] has been shown to have better performance
than the classic Baum-Welch algorithm. Finally, for the complex hybrid system the identi-
fication of one additional parameter, i.e. the transition probability between modes, is also
treated as a modelling problem in order to describe the system behavior between modes as
well as within each mode. In fact, the identification of the modal transition matrix depends

on the properties of the transition matrix P.

2.6 Non-negative Matrix Factorization (NMF)

NMF is a recently proposed method for generating a low rank approximation for a matrix V’
with non-negative entries (in the remainder of the dissertation we refer to such matrix as be-
ing non-negative), see e.g. [28], [29]. In particular, given a non-negative matrix V € R"*",
NMF finds an approximate factorization V' =~ WH into smaller size non-negative matrix
factors W € R"™" and H € R™™, where r < min(n,m). NMF can capture the intrinsic
structure underlying the object being described by the matrix V and has been successfully
applied to a variety of data sets, e.g. in image processing, document classification, acous-
tics, and so on. In [53], NMF has been utilized for state estimation for a hidden Markov
process.

Given a non-negative matrix V' € R"*” there are no closed form solutions for finding
non-negative factors W and H which satisfy ' = WH. Lee, et al. proposed an iterative
numerical algorithm to minimize the error between V' and the calculated W H. The iterative

algorithm for NMF developed in [28] is as follows,
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* Initialize W and H to random non-negative matrices

* repeat until convergence

W. - Vs.j
ZS SA,I(WH)SJ

= Hiy— Hi1— -

We remark that it is shown in [28] that the W and H matrices calculated in this way
minimize the Kullback-Leibler divergence, which is a matrix distance measure, between V'
and WH.

When NMF is utilized in seeking only a W, H pair which satisfies WH =V, then the
uniqueness of the solution of the NMF is not necessarily important. However, when W and
H have physical meanings and are calculated by applying NMF to the corresponding matrix
V', then the existence of unique solution to NMF is of primary importance. Unfortunately,
getting a unique solution is not guaranteed in the NMF algorithm.

Denote real true model matrices as W' and H'" which satisfy V' = W'"H'"". We note
that for any invertible matrix 7 we have V = W H"" = W TT~'H'"" and therefore, if we
define W = W"T and H = T~'H"" we see that there exist a large number of matrices W
and H, that lead to a positive factorization of V, i.e. any 7 that results in positive factors
will suffice. Recall that W, W' € R"*" and H,H" € R"™" where r < min(n,m). It is easy
to show that in the » = 2 case NMF always results in /' and H matrices such that V' = WH
and W = W T, H = T~'H'", where T is a permutation matrix. That is, when » = 2, NMF
has a unique solution up to a permutation matrix. However, such uniqueness of NMF is not
guaranteed for » > 2.

In many applications the data matrix J" is generated as the product of real true model
matrices W' and H'". In such cases when NMF is utilized to recover the (true) system
matrices the issue of the uniqueness becomes of paramount importance. The uniqueness of

NMEF solution has been discussed in few papers for specific situations, see [50], [13], [27].
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2.7 Kernel Principal Component Analysis

In this section we introduce so-called kernel principal component analysis (KPCA). For
completeness, we state background on principal component analysis (PCA) and kernel
methods first.

PCA is a classical method that is commonly used to find relationship between points in
a data set with high dimensionality and in turn to reduce the dimensionality of a data set
consisting of a large number of interrelated variables, while retaining as much as possible
of the variation present in the data set [23]. In particular, PCA provides a sequence of best
linear approximations to a given high-dimensional observation. The basic procedure for
PCA is to execute an eigenvalue decomposition of the covariance matrix of the data, the
highest eigenvalues correspond to the eigenvectors that represent the principal components.
Once the principal components (major contributing components) have been found, the data
can be compressed from the higher dimension space into a lower dimension space charac-
terized by the principal components without much loss of information. PCA is a popular
model reduction or data compression algorithm. However, its effectiveness is limited by its
global linearity. Good tutorials on PCA can be found in [45], [44].

Kernel methods [55], [41] map an input vector x; € R to a high dimensional feature
space of vectors ®(x;), where @ : RX — R, [ < H, through a nonlinear mapping. When
a kernel function k(u,v) satisfies the so-called Mercer’s condition [55], the inner product
in the high dimensional feature space can be calculated using a positive definite kernel
function without making direct reference to the vectors ®(x;), i.e. using the relationship

k(xi,x;) = (®P(x;),P(x;)). This is known as the “kernel trick”. The most commonly used

i

557 ) and the polynomial

kernels include the Gaussian kernel where k(x;,x;) = exp(—
kernel where k(x;,x;) = (1 —|—xl-T X j)p . The Gaussian kernel gives a feature space of infinite
dimension, while the polynomial kernel gives a feature space of finite dimension.

The idea of kernel methods can help solving the nonlinear problem in the input space
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through just performing conventional linear algorithms in the high-dimensional feature

space, e.g. the kernel recursive least square (KRLS) algorithm [51], [15]. Kernel prin-

cipal component analysis (KPCA) [39], [40] is also such a algorithm. As a nonlinear

method, KPCA is nothing but the PCA in the feature space associated with a kernel func-

tion [61]. KPCA finds principal components that are nonlinearly related to the input space

by performing PCA in the high dimensional feature space, where the discovery of low-

dimensional latent structure is expected to be easier.

271

KPCA

Here we give the brief procedure of the KPCA, the reader is referred to [39], [40] for

detailed information.

Select N data points x1 - - -xy in a L dimensional space as a training set.
Choose an appropriate kernel function k(.,.) and calculate k(x;,x;), i,j € {1,--- ,N}

Center in order to remove the mean from data ®(x) in feature space, i.e.

k(xi,x;) = k(xivxj> —Ey [k(xhxj)] _Ex‘,‘ [k(xiaxj)] +Ey, [EX_,' [k(xiaxj)“

Let K = {k(x;,x;)} and note that K = K. Let K have eigenvalues 1" and eigen-
vectors o”. (We note that due to symmetry the eigenvalues and eigenvectors are
real.) Then, for samples in the feature space, the most representative m dimensional

features are the following vectors:

N N N
> Ot}k(xj,x) > O‘ik(x/ﬁx) > a’}’k(xj,x)
/=1 /=1 Lo (2.8)

\/F ) \/P ) ) \/l_m

where a}-, -~ o} are the m eigenvectors associated with the first m largest eigenval-

ues A1+ A™ of K. Based on the essence of the PCA methodology, the feature
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extraction procedure based on (2.8) produces the minimum reconstruction error.

2.8 IMM Estimation Structure

IMM estimation was first proposed by Blom in [8] and has triggered a large variety of
related approaches to hybrid system state estimation and mode detection. The IMM estim-
ator requires the same number of filters as the number of system modes. With the filters
operating in parallel at all times, all modes are processed in parallel and the mode prob-
ability is used to detect the correct mode. Moreover, a combination (weighted sum) of the
state estimates of all filters yields the state estimate [32]. The IMM estimator has shown
excellent estimation performance but is of relatively high computational cost. Here we give
an introduction to the IMM estimation structure.

Consider a filter circle from one measurement update up to and including the next
measurement update. In the IMM estimation scheme, this circle is decomposed into a

sequence of transitions [7]:

Prisilvier 7 Pridye
Pxi il 7 P lreyi—
Pxialreyi—r 7 Pxilreyi
Prilyier = Prdwe
Pxlreyir 7 Pxilrei

This can be generalized into three steps [43]: 1) mixing/interaction of the mode-conditioned
estimates at the beginning of the estimation cycle; 2) mode-conditioned state estimation
(prediction and update of the state), done independently for each mode by appropriate
(mode-matched) filter modules; 3) mode probability update and estimation, done using the

outputs of all the mode-conditioned filters.
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The IMM estimator proposed by Blom and Shalom originally made use of Gaussian
mixtures as an approximate information state. Since then several algorithms that fall under
this estimation structure have been presented. Of special interest are recent algorithms that

combine IMM and particle filtering, readers can resort to [5] [10] [6] for more information.

2.9 Particle Filtering

A Particle filter is a fairly recently developed estimation method which can be used in both
linear and nonlinear system with Gaussian or non-Gaussian noise processes. A particle
filter is a sequential Monte Carlo based method that allows for a complete representation
of the state distribution using weighted samples (particles). The particles evolve randomly
in time according to a simulation-based rule. The weights of the particles are updated
according to Bayes’ rule.

Next we will introduce the basic idea of particle filtering for the system model (1.1).
The key idea of particle filtering is to represent the required posterior distribution p(xx|yg, . . .,

1) = p(xk[y1.x) by a set of random samples {x};, i=1,--- Ny} with associated weights ®::

Ny .
pxk\ylzk g 121 w;ca(xk _x;(f)

and to compute estimates based on these samples and weights [3]. It can be shown that the

weights satisfy the iterative equation,

i pOrl)p(glx )
O = O 1 — 717
Q(xk|xo;k_1>J’1:k)

where ¢(+) is called the importance density [3]. Samples xf{ are generated from ¢(-).
There are several ways for choosing ¢(-). In the bootstrap particle filter [20] (also
called condensation algorithm) ¢(-) is chosen to be p(xi|x. ). This seems to be the most

common choice of importance density since it is intuitive and simple to implement. With
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this choice of ¢(-), the weight evolution becomes

wi = w}.c—lp(yk|x;c>

The above bootstrap algorithm can be extended to hybrid system estimation easily as in

[33] where the details can be found.
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CHAPTER 3

Identification of Multi-Modal Complex Dynamic System

In Section 1.3.1 we introduced the identification problem that we study in the dissertation
and how we can treat the system of interest as a SAFHS system and identify it through
the modeling of SAFHS. In this Chapter, we develop the scheme of the identification of
SAFHS based on output data. The basic identification procedure includes two parts, first
is to identify the multi-modal behavior of the SAFHS system, which includes identifying
the regions where the dynamics are concentrated and the transition dynamics between the
regions. The second part of the identification procedure is to detect the dynamics within
each region, i.e. to detect the local dynamics. These two identification tasks are presented

in detail below.

3.1 Identification of Multi-Modal Behavior

In this section we formulate the identification of the system’s multi-modal behavior. We
consider the discrete time dynamic system given by (1.1), where the state process x; is a
Markov process and yy is the output of the corresponding hidden Markov process. Suppose
that the output space is discretized resulting in the discretized output process y; on ¥ =
{ YoM } Moreover, with discretization, the underlying Markov process x; on R is
represented by the finite dimensional Markov Chain x; on X, where X = {xl, oy } In
order to simplify notation, in the following we use {1,..., M} to denote the output space of
the chain. The corresponding finite dimensional Markov chain (to be identified) has state
space X = {xl yeen ,xN} £ {1,...,N}. Note that process j; is the output of a hidden Markov

process since the discretized process Xy is still Markov.
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Given the output sequence yy, after discretization we have sequence yy, the objectives
for identification of the multi-modal behavior are 1) calculate the transition matrix of the
hidden Markov state x; 2) characterize the state-output transition probability; 3) determine
the dimension of the modal dynamics, i.e. the number of clusters (modes) of the system,;
4) determine the partition regions in discretized state space corresponding to the clusters
(modes); 5) find the modal transition probability matrix. With these objectives, our system

identification approach includes the following three steps:

* In the first step, the underlying state sequence is estimated directly from the output
series. We adopt the newly developed algorithm [53] for this purpose. Moreover, we

analyze the system attributes of (1.1) needed for the application of this algorithm.

* Given the state sequence estimated from Step 1, we estimate state Markovian trans-

ition matrix and the state-output transition matrix by a counting type algorithm.

» Given the state transition matrix estimated in Step 2, we determine the number of
modes, determine the corresponding modal regions of the state space and calculate
the mode transition matrix that describes the modal behavior. This step is based on

the previous work on model reduction of non-reversible Markov processes [38].

The proposed algorithm is illustrated in Figure 1.

OutputiBeries l

StepFlBtatestimation

State®equence l

StatelPoutput

Step 2 MatrixTalculation o .
transition@natrix

State@ransition | p Stateransition

matrix l matrix
—pModes
Step 3 Modeetection —» Partition@egions

—» Modelransition matrix

Figure 1 Proposed system identification approach
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The three parts of the algorithm will be described in detail next and examples will be

given to illustrate the proposed approach.

3.1.1 Estimation of State Process from Output Process

Consider the discretized system corresponding to (1.1), we can treat the discretized ob-
servation sequence yy as the output of a finite state hidden Markov chain with x; being the
underlying finite state Markov process. Estimation of the state process from the observation
sequence yp.;, is one of the principal tasks in HMM modelling. In [16] several algorithms
for this purpose are discussed.

In this dissertation, we adopt the newly developed non-negative matrix factorization
(NMF) based algorithm presented in [53] for this estimation purpose. This novel algorithm
has been shown, in a 2-dimensional (denoted as N = 2) state space case, to lead to much
better estimation accuracy compared to that of the classical Baum-Welch HMM identific-
ation algorithm. However, as we will see later, unlike the 2-dimensional state space case,
when N > 2 the uniqueness of NMF is not guaranteed, which in turn results in non-unique
state estimation. We begin in this subsection by introducing the NMF based hidden state
process identification algorithm proposed in [53]. Moreover, we will extend the algorithm
to high dimensional state space case as well as explore the system attributes that lead to a

unique NMF based state estimation solution.

Non-negative Matrix Factorization based HMM identification in [S3]

In this subsection we describe the NMF based HMM identification algorithm proposed in
[53]. We begin by stating two assumptions made in [53] and discuss how these assumptions
are satisfied in our system identification context. The first assumptions is that the HMM
is ergodic. We note that, in our system identification context, if the underlying system
can be decomposed into strong attraction domains then ergodicity of the Markov process

(1.1) in an appropriate sense is a natural consequence. Furthermore, if (1.1) is ergodic then
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the discretized process is ergodic as well. The second assumption is that the underlying
states have initial distribution that is equal to a stationary distribution 7 of the HMM. This
assumption can be justified as follows. For an ergodic process the distribution converges
to the invariant distribution at a rate |[A;|" where n denotes time and A, is the eigenvalue
of the transition matrix with the second largest magnitude, |A;| < 1. Consequently, in our
system identification context, by choosing n sufficiently large the distribution can be made
arbitrarily close to 7. If data records are long and we dismiss the first » data points the
remaining record looks like a data record from a system with initial distribution close to 7.

Since the NMF based HMM estimation algorithm in [53] considers a Mealy HMM
model, we will differentiate the Mealy HMM model and the alternatively defined HMM
model, i.e. the Moore HMM, in order to facilitate the following discussion. The following

definition of these two types of HMM models are taken from [54]:

Definition 4 4 Mealy HMM is defined as a quadruple (X,Y,N, 1), where X and Y are the
finite state and output alphabet, respectively,; Tl is a mapping from Y to R‘f‘xlX‘ with the
matrix Ny ==Y ey N(y) such that Nye = e, N;;(y) = P{%1 =X/, jy =y | % =x'}; ®is

the initial state distribution. Note here |X| denotes the size of state alphabet.

Definition 5 4 Moore HMM is specified by (X,Y,MNx,B,n), where X , Y and & have the
same meanings as in Mealy HMM; while My with MNye = e is the state transition matrix,
defined as (My);j = P{X11 =x/ | X, =x'}; B is a mapping from Y to R‘f' with B;(y) =

Py =y| % =x"}.

We remark that in the Mealy formulation for HMM the state and output probabilities are
combined in the map 1 whereas in the alternative Moore formulation these two quantities
are treated separately.

As in [53], define M(y) = {N;;(y)}, where N;;(y) = P{%11 =x/,5, =y | % = x'} and
let P(u) = P(V1.ju| =) = P(y1 = u1,2 = uy,...y|u| = U|y|) be an output string probability,

where u; € {1,...M} and u =u;...uy with |u| denoting the length of u. Denote P(%; = x')
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by 7; (recall that 7 is invariant distribution). Then it is easy to show that
P(u) =nM(u)e (3.1)

where e = [1,..., 1]7, M(u) = M (u) M (13) - - M(upy) and @ = [71,- - 7Ty].

Consider now a matrix V(i1,ip) with entries (V (i1,i2)) = P(ugv;), where u; denotes
the kth possible i1 length output string: w; = y1y7 - - -¥;,, v; denotes the /th possible 7, length
output String: v; = y;, 1 17i,+2 Vi, +i2> With k € {1,..M"}, I € {1,...M™}, where as noted
earlier M is the alphabet size for the output sequence; P(uyv;) denotes probability of the
i1 + ip length output string concatenated by uy and v;. Note that since the distribution of the
states is assumed to be stationary, the probability of one specific i; 4 i, length output string
is the same at all times. Thus, with the assumption of ergodicity, by observing L length

output series with L >> M1 P(u;v,) is estimated by:

Number of times uyv; is detected

P R~
(llkV]) I — (ll +12>_|_1

By running through all possible string combinations we obtain the matrix V. From (3.1) we
obtain,

P(ukvl) =zl (ukvl)e =7l (uk)l'l(vl)e

Define a M'! x N matrix W' and a N x M2 matrix H"" as

[ 2N |
Wtr _ 7'L'|_|(II2)
_nﬂ(uMil)_
H" = M(vi)e M(vz)e - M(vy)e
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It is easy to see that

v =w"H" (3.2)

Note that N, the size of state alphabet, which satisfies N < min(M", M), is assumed to
be known (the N is bounded below by the rank of /' and can be estimated by calculating
the so-called positive rank of V', see [52]). Moreover, a simple calculation shows that the
elements of W' are

t ) ) .
Wi = PV = U, Xy 41 = X')

while the elements of H'" are
[_Ilt; = P();il-‘rl:iz =V |)El'1+1 = xi)
Assuming W' is known, (e.g. obtained through the factorization of V), define

U = (diag(Wtre))—thr

Then

Uiy = P(Fi 11 =X | Iy, = wp)
Thus given y;.;, = uy, the estimated state can be chosen as the maximum likelihood estimate
%11 = x*em32Uea - With the ability to estimate £;, 4| based on each possible i; length

output string y1.;,, the state sequence X;,+1.p+1 can be estimated by sliding a window of
fixed length 7} through the D length output series.

Note a critical step in applying this algorithm is utilizing NMF to calculate W and
H'" based on the V' matrix. We emphasize that here W' and H'" are entities with specific
physical meanings. That is, the uniqueness of NMF factorization is of principal importance.
As we discussed in Section 2.6, when N = 2 (here we use N in place of the » in Section

2.6), NMF has a unique solution up to a permutation matrix. In this state estimation context,
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N =2 in Section 2.6 corresponds to that the state space being 2-dimensional. That is, when
the state space is 2-dimensional, the NMF based estimation algorithm has unique solution
up to a permutation matrix. Moreover, it has been shown in [53] that in the 2-dimensional
state space case, the above algorithm can lead to much better estimation accuracy compared
to that of the classical Baum-Welch HMM identification algorithm [53]. However, as we
mentioned in Section 2.6, the uniqueness of NMF is not guaranteed for N > 2, which in
turn results in non-unique state estimation.

In the next subsection we will extend the NMF based HMM identification algorithm to
high-dimensional state space, i.e. N > 2, case. Moreover, we will explore system attrib-
utes which result in a unique solution to the NMF based estimation problem in the general
N > 2 case. As we will see later, in the stochastic system state estimation context, utilizing
further structural constraints on W*" and H"" combined with other system attributes leads to
a unique NMF factorization of V' in the sense that any 7" matrix obtained in NMF algorithm
described in Section 2.6 is a permutation (or an approximate permutation) which, in turn,
results in a unique NMF based state estimation. Since the state dimension N in the estima-
tion context corresponds to » in NMF formulation in Section 2.6, in the following we will

use N instead of 7 in analyzing NMF algorithm.

Non-negative Matrix Factorization based HMM identification for High-dimensional

State Space

In [53], a HMM identification algorithm has been proposed based on NMF approach. How-
ever, as we mentioned before, unlike the 2-dimensional state space case, when N > 2, the
unique estimation based on NMF is not guaranteed. We note that this issue was not dis-
cussed in [53].

In this subsection, we will extend the algorithm in [53] to high dimensional state space
case and explore the system attributes that lead to unique NMF based state estimation

solution. The NMF based HMM estimation algorithm here is similar to that in [53]. Our
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effort here is concentrated on the discussion about system attributes that lead to unique
estimation in context similar to that in [53].

Here we consider small noise disturbed stochastic system because in many cases, the
process noise and the observation noise are originated from system parameter variations
and sensor noise, which frequently makes the noises small. In such instances the stochastic
system can be treated as a deterministic system disturbed by small noise. It has to be
stressed again that by small noise we mean that the relative value of the noise to typical
values of the system state and output is small.

We consider the small noise disturbed stochastic system (2.1) described in Section 2.2
and treat that as the deterministic system (2.2) disturbed by small noise. We remark that
if the same discretization is used in the state space of system (2.1) and system (2.2) and
the discretization is fine enough, then one can easily extend Propositions 3 and 4 to the
discretized systems. We omit the details of these extensions. In the remainder of this
section when we refer to the stochastic and deterministic systems we mean the discretized
versions of (2.1) and (2.2).

Now we extend the state estimation based on NMF to high dimensional (N > 2) state

Space case.

Uniqueness of State Estimation The discussion in this section is divided into three parts.
First, we will develop conditions on W' and H"" that make NMF have unique solution up
to a permutation matrix 7. Second, attributes of the stochastic system will be related to the
conditions on W' and H"". Finally, the uniqueness of NMF based state estimation for a
system with the given attributes will be proved.

Note, as before, in the following discussion by W' and H"” we mean the true matrices of
interest, by W and H we mean the matrices obtained by NMF from the given /' matrix, and
by T matrix we mean the matrix relating W and W' (or H and H'") through W = W''T (or

H = T~'H"™). Note as well that matrices W*", H"", W and H all contain only non-negative
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entries.

Matrix Constraints In this subsection we first explore the conditions on W' and H""
which make the 7" matrix a permutation matrix, i.e. make NMF have unique solution up
to a permutation matrix. Second, we will relax the conditions so that the 7 matrix is an
almost permutation matrix, i.e. 7 has the form 7" = Ty + €L where Tj is a permutation, L
is an arbitrary matrix and € is a small parameter. The relaxed conditions will be related to
attributes of the stochastic system in the next subsection. Moreover, as we will see later,
with 7" matrix being an almost permutation matrix, the NMF based state estimation is still

unique.

Proposition 5 If all rows of H" and H sum to 1, then the T and T~ matrices have rows

that sum to 1 as well.

Proof. Since H'" = TH, we have Hf; =54 T xHy; and

SH =

i, Tk Hi
> i,

~M
N =M

K %Hk,l

Tip=1,Vi

=M =M

Thatis, Y4 7; x = 1,Vi. In similar way, we also have Y lecl =1,Vi. &

Define a matrix U = (diag(W"e))~'W' and let U = (diag(We))~'W, then

U = (diagWe))”'W = (diag(W"Te)) 'wT

= (diag(W'"e))"'W"T =U"T

Here we see the T matrix relating U and U"" is the same as the one relating H and H"" as
well as W and W'". Furthermore, through the construction of U and U we see that these

two matrices contain only nonnegative entries.
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Proposition 6 If, after appropriate reordering of columns and rows, H" and U"" contain

a N x N identity submatrix respectively, then T and T~ contain only non-negative entries.

Proof. Denote the N x N identity submatrix contained in A" as H{". Then there is a
submatrix contained in H, denoted by H;, which satisfies T’ _IH{’ = H,. It is easy to see
that since /" and H; both contain positive entries and H{" is a identity matrix, 7 ~! contains
only non-negative entries.

Similarly, if U contain N x N identity submatrix, we can show that 7' contains only

non-negative entries. W

Proposition 7 If T and T~ both have nonnegative entries, and Y>Tij=1,Vi then T and
J

T~ are both permutation matrices.

Proof. Let ) )
Ihw T -+ Tin
Iy T -+ T
T —
| Ivi Tva - INN
and ) )
On Qi -+ Ow
Oy On - Ow
o=T""=
| Onvt Ow2 -+ Oww |
then

5100 = 6(i—1),30i,;T;,=06(i—1),
7 J

2Tj=1, Vi
7
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Since T; ; > 0 and Q;; > 0, we get

We know that rank(T') = N. Therefore for any i, there exists j s.t. 7;; #0 = Q;; =0,
[=1,2,---,i—1,i+1,---N, that means Q;; # 0 (otherwise rank(Q) # N), which in turn
means that 7;; = 0, VI # j. So we see that in the ith row of T there is only one non-zero
entry, which is 7; ;. This is true for any i. Accordingly, we see that T matrix has a general
permutation form. Moreover, since y iLy=1 and 7; ; > 0,Vi, j, we conclude that 7" is a
permutation matrix. With 7 being a permutation matrix, it is easy to show that 7~! is also
a permutation matrix. W

We conclude that under the above conditions where 7 is a permutation matrix, we know
the solution H and W of NMF is equivalent to the H"" and W' matrices up to a permutation
matrix 7. We next extend this result to the case where H'" and W' have an "almost" identity

submatrix. This corresponding to a system perturbed by small noise.

Proposition 8 Assume H'" and U" contain a submatrix of the form I — L, where I denotes
the N x N identity submatrix, € is a small parameter and L an arbitrary N X N matrix. Then
T and T~', denoted as Te and T; "' are almost permutation matrices, i.e. T has the form
T. = Ty + O(g)L, where Ty is a permutation and L is some N x N matrix (and similarily for

).

Proof. To emphasize the dependence on € we denote H" and U"" as HY and U We
assume that U} has a submatrix of the form 7 — €L. Recall that for any other Uy derived
from a factorization of 7 (again we emphasize the dependence on € by replacing ¥ by V)
we have the relationship Us = U T, and thus U} = (I — L) T, for some submatrix U, (the
almost identity submatrix) of U,. We note that the entries of U} take values in the interval
[0,1]. Tt follows that the limit of U, as € — 0 exists and we denote it as U(}. We also note

that for small enough & we have (I —€eL) ™' = 2o (eL) =I4¢e52 L' =1+ eF,. 1t
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follows that (I —eL) ™' — I as € — 0. For small enough & we have Ty = (I —eL) ' U} and
thus 7 — Ty = UO1 as € — 0. Note that similarly, from He = K.HY we can show that K
exists. We want to show that 7y and Ky are permutations.

Recall that Ve = W!"H!" and for any other factorization of V; we have Vy = WeH, =
Wi T, T, 'HY. Under the assumption that UY" and HY" have almost identity submatrices
and using the fact that their entries belong to [0, 1] we know that the limits gl_l’>l’(l) Wi =w§"
and ;Lr%Hé’ = H{/" exist and thus Vy = W}'H{/". Furthermore, since W}, H{", Ty and K
exist we have Vo = WyHy = W ToKoH])’, where Ky can be shown to be Ky = TO*I. Thus
Wo = W{'Tp and Hy = TO_IH(’)’ exists.

Finally, as Uj" and H{j’ both have an identity submatrix, from Proposition 3.1.1 we know
that any TO’1 that satisfies TO’IHZ)” = Hy with Hy being the limit as € — 0 of H; will be a
permutation. Similarly we see that 7j is a permutation.

With 7j being a permutation matrix, we conclude that 7; is an almost permutation
matrix, denoted as T, = Tp + O(S)Z, because Tz — Ty as € — 0. In similar way, we can

prove that T;~! is also an almost permutation matrix. M

System Attributes After working out the conditions on H” and U which lead to
uniqueness of the NMF, we will next specify system attributes that correspond to the matrix
conditions. Note that the W, H'” and U"" matrices defined in Section 3.1.1 in the stochastic
system context match the ones used in the following. For the discretized deterministic
system let y.p (X) denote the output string of length D originating at xo € X.

We begin with several assumptions about the system under study,

Al The discretized deterministic system corresponding to (2.2) is observable. That is,
there exists a K > 0 such that any initial state X, € X can be uniquely (with probability
1) determined by the corresponding y;.x (Xo). Note that since, in the discretized
deterministic system, each x( leads to a unique output string y;.x, we can say that the

initial state Xy and the output string y;.x are in a one to one correspondence for the
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observable system.
A2 The stochastic system of interest is given by (2.1) for some 0 < € < 1.
A3 The probability of any state at any time is bounded below.

Proposition 9 Define H', = Pr(3%.,, = v; | X5 =x) and assume A1 and A2. Then the matrix

L

H'" € MX x N contains an almost identity submatrix.

Proof. Referring to the discretized version of Proposition 4 we see that, originating from
a specific initial state xp, the stochastic system will have the same output string as the
corresponding deterministic system with probability close to 1; while output strings which
are not equal to that of the deterministic system will have probability close to 0. This is true
for every xo. Consequently, in each row of H'" there will be one element close 1, while all
the other elements are close to 0. As we mentioned before, for the observable deterministic
system, the initial states and possible output strings are in a one to one correspondence,
thus we will have in each column of the H"" matrix at most one element close to 1. That is,

H'" contains an almost identity submatrix of the form I — €L, where € is small. ®

Proposition 10 Define U, =Pr(x} | | = x! | V1.5, = W) and assume A1-A3. Then the matrix

U™ € N x M"' contains an almost identity submatrix.

Proof. Recall that

U/Zl = Pr(fﬁ—i—l :xl |-)7§:Zi1 — uk)
= S P = |5 = u B =) (3.3)

x Pr(xX§ = xor | 77, = ux)

Consider the Pr(xj .| = x| V14, = W, X5 = xq;) part in (3.3) first. For the deterministic

system, given x', there always exists a initial state xo; s.t.

Pr(filﬂ = xi |)E() ZX(),') =1
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Then for stochastic system, referring to the Proposition 3, we have
Pr(xf | =x'| x5 =x01) = 1

and since

Pr()E;‘?]Jrl =x |)7f:l.1 = Uy, X5 = Xo;)

> Pr(x; =x"| x§ = x01)

we get that

Pr(xf ) =x"| 7, = X6 = xor) — 1

Consider now the Pr(x§ = xo; | §,; = ux) part in (3.3). From the proof of Proposition
9 we know that Pr(y{,; =wy |x§=xo;) — 1 as € — 0 when uy is the same as the output

string resulting from initial state x(, in the deterministic system. Moreover,

Pr(7%, e |5 = )
Pr@f:il =y, X§=x0;)
Pr(x§=x0;)
Pr(f(%:inly"f;fl =uy) Pr@?:il =uy)
Pr(xG=x0;)
Pr(xg=xo; |7} ; | =)
Pr(x§=x0;)

X Yo PO, = g | X5 = xo1) Pr(xg = xo1)

(3.4)

Since we know that Pr()?f:l.l =wy | X =xp;) — 1 as € — 0, it is easy to show Pr(ﬁ:il =uy

XG5 = Xoj,j # i) — 0, assuming that i; > K. Thus we have

25, Pr();i::il = uy | X§ = xo7) Pr(x§ = xo1)
~ Pr@?:il = uy | )E(Fj = X07) Pr()ES = X0

= PI'()ES = X(),')
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Finally we can express (3.4) as

- _ e _
Pr(yy;, = w [ XG = xo1)
N Pr()ES:inbj?:il =uy)
Pr(xG=x0;)

Pr(x§ = xo;)

= Pr(x§ = xo; | Vi, = w)

That means we can treat {fg :xo,-} and {ﬁ:il = uk} as almost the same events, and
Pr(x§ = xo; | 7],;, = uk) — 1 as € — 0. Moreover, we get Pr(x§ =xo;,j # i | ],; =w) — 0.

Since in the deterministic system, for each xo;, there is exactly one x' that it reaches in
i+ 1 steps, then referring to the Proposition 3 we have Pr(x} | = x| X =x0;)) — 1, and
accordingly Pr(x} .| = x/,j #i| x5 =x0) — 0 as € — 0. Moreover, since we can treat
{35 =x0;} and {)7?:1.1 = uk} as almost the same events, we have Pr(xj | = X j i x5 =
X(),',);iil = llk) —0ase—0.

In summary we have the following: if xo; — x' in deterministic system in i + 1 steps,
with {)ES = xol-} ~ {)7?:1.1 = uk} , we have U,ﬁ’l ~ 1; on the other hand, if x’ and u; do not
match through any xg;, then U]?l ~ 0. That is, U"" matrix contains almost identity submatrix.

Unique Estimation Up to this point, we have shown that, if the deterministic system
is observable and the noise intensity in the stochastic system is small, then U and H"" both
contain an almost identity submatrix. Combining this with the proof of Proposition 10 we
know that the solution W = W' T, H = T~'H" to NMF algorithm in the stochastic system
state detection has the feature that 7' is an almost permutation matrix. Given such 7', we

will prove the uniqueness of the NMF algorithm based estimation.

Proposition 11 If'T is an almost permutation matrix, and the noises in the stochastic sys-

tem are small, then the optimal state estimates obtained from U and U'" are the same.
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Proof. As is shown in [53], for a given U the optimal maximum likelihood state estimate
for the observed output string i of length iy is X;, ;| = argmaxUj, ;. Let the corresponding
optimal estimate obtained from U"" be &', ;. We know that lU = U"T where T is a nonsin-
gular matrix. Furthermore, in the small noise case we have established that 7" has the form
T = Tp+ O(€) L where Tj is a permutation matrix and the small parameter € represents the
noise intensity. From this we see that U is just the U matrix with different column order
plus small additive noise of the order O (). That is, the entry of order one in the kth row
of U is in a one to one correspondence to the order one entry in corresponding row in Uy,
through the permutation 7. Therefore, the optimal state estimation obtained from U and
U is the same as long as the noise intensity is sufficiently small. H

We note that Proposition 11 is equivalent to the statement that the state estimation by

NMF for the stochastic system is unique, provided the noise intensity is small enough.

Example In this subsection we will apply the NMF based state estimation algorithm to a
discrete time discrete state stochastic system which is represented by an HMM. The system
is constructed from an observable deterministic system that is subject to small process and
output noises. We will experimentally verify the uniqueness estimation analysis presented

in above as well as show the effectiveness of the proposed NMF based estimation algorithm.

Example 2 The stochastic system under consideration has a four state alphabet {1,2,3,4}
corresponding to 4 real states, i.e. (x;(1),x(2)) € {(1,1),(1,2),(2,1),(2,2)}. The state
transition matrix is denoted by P. The unperturbed output is given by x;(1) +x4(2) and is
easily seen to take real values in {2,3,4}, which corresponds to a size 3 output alphabet

{1,2,3}. We assume that the output noise is such that the noise perturbed output process

Vi = X (1) +xx(2) + Vi (3.5)

takes values in {2,3,4} as well.
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State and output series were generated according to the state transition matrix P and the
state-output relationship. In the following, we will consider the alphabet of the state and
output rather than the real ones.

Consider a deterministic system represented by a Markov model with

o o O
—_ O

o o O
(e}

and a state-output equation

Vi = xk(1) +xx(2)

Then we can easily see that this system is observable in K = 2 steps, where the following

pairs have one to one relationship

X 1 2 3 4
Yir1i+2 172 273 272 371

Assume that by adding small noise to the system dynamics the Markov transition matrix P

becomes

0.95 * *

where * are small values. Then, with small output noise added as well, we have constructed
a stochastic system from the observable deterministic system. Based on the output series

generated by this stochastic system, we obtain from U generated by NMF and the true U
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the 7 matrix
0.00 0.89 0.14 —-0.02

0.96 0.00 0.09 —0.05
—0.09 0.00 0.18 0.91

0.00 —-0.07 1.06 0.00

Clearly, in this case, the NMF factorization yields a factorization that is equivalent to the
true matrices up to an almost permutation matrix. Furthermore, based on the calculated U
matrix we see that the state series are estimated with 5.29% error rate.

In summary, through the example system simulation, we see that when NMF is applied
to a system with the attributes specified earlier, the NMF based estimation is unique, and the
estimation error rate is low, which not only verifies our previous analysis but also illustrates

the effectiveness of NMF based estimation algorithm in this type of system.

Conclusion

In this section we introduced the novel NMF based HMM state estimation algorithm pro-
posed in [53]. As we treat the stochastic system of interest as equivalent to a HMM, we can
apply the same algorithm for the stochastic system state process estimation. Recognizing
that the uniqueness of NMF based hidden state estimation is only satisfied in 2-dimensional
state space case, we developed conditions under which NMF will have unique solution in
the stochastic system state estimation context. Moreover, we explored the system attributes
corresponding to those conditions. In this way, we extended the NMF based state estima-
tion algorithm to high-dimensional state space case. An example was presented to illustrate
the uniqueness of NMF based estimation under the stated conditions and to manifest the
effectiveness of the proposed NMF based state estimation algorithm in systems that satisfy
the constraints. The proposed algorithm estimates the state purely based on output series.
It can be treated as a data driven state estimation algorithm and the estimated state can be

used further to identify the system model, e.g. the state transition matrix, system modal
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dynamics, and so on.

3.1.2 Transition Matrix Calculation

So far we have the developed an approach for estimating a state sequence from the given
output series. Next we develop methods for calculating the state transition matrix and the
state-output matrix. Here a counting measure m,. is introduced to facilitate the description.

Given a L length time series evolving according to an ergodic Markov model, the num-
ber of times the process visits set 4; is denoted by (m.(4;))r, while the number of times it
visits set A; in one step from A4; is (m¢(A4;]4;))1. Let A; = {x'}, then the transition probab-
ility of the Markov chain is given by:

P(x/ | x) = lim P (x/ | x)

L—o

where

~ (me(A)L

The state-output matrix is calculated in similar fashion.

3.1.3 Identification of Multi-modal Behavior Based on State Process

Recall we are interested in a multi-modal dynamic system with states evolving accord-
ing to a non-reversible ergodic Markov chain on a finite dimensional state space X =
{xl, N } £ {1,...,N}. In the previous section we estimated the transition matrix P
of the non-reversible Markov chain. We discuss next how the system modal behavior can
be extracted from the state transition matrix P.

As mentioned in Section 2.4, the modal behavior analysis of SAFHS is closely related
to the characterization of metastable partition of the space. Thus the previously developed
technique in [38] which identifies the metastable partition for a general non-reversible finite

dimensional Markov chain is used here for this purpose. We briefly present the developed
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technique in two steps: 1) at given time n, construct a reduced order approximate operator
ry, for ) that is good for all initial distributions v such that &), captures the clustering
phenomena of original system. Here ) denotes the system distribution at time n with
initial distribution v. Note that in finite dimensional Markov system, we have ) = vP".
In particular, through spectral analysis of 7} we detect the number of modes (number of
clustering components); 2) based on ), we detect the modal dynamics of the original

system, and estimate the partition in the state space of the original system accordingly.

Find reduced order approximate operator

Consider the non-reversible ergodic Markov chain with transition matrix P and define the

multiplicative reversibilization M (P) of P by
M (P) = PP

where P=D~'PTD, D = diag(rmy,...,ny_1) and T = [7, ..., Ty_1] is the unique station-
ary distribution for P with ; > 0,i =0,...,N — 1. Then M (P) is a reversible transition
matrix which has eigenvalues {fB,...By_;} with 1 =8,> B, > ... > By_; > 0, where
B, =|Ai>,i=0,...,N—1, with A; denoting the eigenvalues of P. Moreover, M (P) has the
same stationary distribution 7 as P.

The following theorem has been proved in [38].

Theorem 12 Assume that P has a unique stationary distribution T with t; >0,i=0,...,N—
1. Then the weighted distance between the distributions vP" and vP,, with weights w; = %,

i=0,...,N—1 satisfies
[Aq|"

min 7;
0<i<N—1

where q is the number of dominant eigenvalues of M (P") (and P") and A, is the eigenvalue

[VP" = VPul,, <

of P such that MZ‘Z = B, where B is the g + 1 largest eigenvalue of M (P") .
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It can be seen from Theorem 12 that, for the original non-reversible system, the distance
between 7, and 7 is bounded from above by O((S, (M))"/ 2), for any initial distribution
v. If B, is small, the convergence of the distribution of the Markov chain at time # to the
stationary distribution 7 is fast and the stationary distribution 7 is a good low dimensional
approximate model. Thus we have 7}, = . On the other hand, if M (P) has several eigen-

an

values close to one then the convergence is not as fast. In this case we want to construct an
approximate operator ), to 7, with the distance between ) and &), converging to zero

considerably faster than (8, (M ))”/ 2.
()

i

and (p(”), i =0,...,N—1 denote the right and left eigenvectors of M (P")

i

Let v

respectively. Then it is shown in [38] that

N—1
(P =3 Bivion'

Assume that f3,...3,_, are of comparable size (close to one) and §, < 8 i.e., q is the

g—b
number of dominant eigenvalues of M (P"). Note here the number of dominant eigenvalues
of M (P") is the same as that of P", which is known equal to the number of the metastable

sets of the original system. If the approximate reversibilized model is chosen as
g-1 r
M, (P =S Bivi(0})
k=0

it is easy to see that || M (P") — M, (P")|| is bounded above by O(B;), which means that the
approximated reversibilized model at time n converges to the reversibilized model of the
original non-reversible P" system fast. Based on such an approximate model M, (P"), we

want to recover a good approximate operator ), = VP, to m) = vP", with P, satisfying

M, (P") = B,,D~'PI D. If we let

P, =D"'?y yTD!/2p"
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where J, = diag(1;,0), V = D? [l;lgn), ey ](\711], then P,, can be shown as a good approx-

imation to P” (see [38] for details).

Modal dynamics detection and partition estimation

Based on the approximate operator P,,, a new Markov chain on the lower g dimensional
space that characterizes the modal behavior of the system can be constructed.

Recall that the distribution of the system state at time » starting form the initial distri-
bution v is ) = vP" and the corresponding approximate operator is 7\, = VFP,,. For two
initial distributions v and u define the weighted L, distance (so-called diffusion distance
in the language of [35]) as

_ VA2
D2(u,v) = “”#‘”X”fv :NZ: ((ﬂﬁ)i—(nn)i)

Let v, be the initial distribution concentrated at state x’. Then if X partitions into g dis-
joint components 41,...,A4, that the system dynamics cluster on (i.c. metastable compon-
ents), two initial states x' and x/ will belong to the same cluster (metastable component)
if D2 (v;,v;) is small and will belong to different clusters if D2 (v;,v;) is large. We re-
mark that in terms of the approximate operator, D2 (i, V) ~ D2, (11, V) = ||Tan — nanfv

Furthermore, using 7, = vP" we have

) 2
Dn (V,’,Vj) = ‘

v; Vj
ﬁnl - 7[}1

w

(vi—v,) P'DH(PT)" (vi—v,)
= (vi—v))M(P")D" (vi—v;)
(

N—1
vi—v,) S Bivi(w)' (vi—v))
k=0

Note that v; = e! where e; is the i’” unit vector in RY. Therefore v,y = el y/ = y/(i) and
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with W, ( <\/_‘l/o /BN W (i)) ' we have
D2 (vi,vy) = ||Wa (vi) = Wa (v))
where ||o|| is the Euclidean norm on R". Furthermore,
Dy (vi,vj) & Dgy (1,V) = ||Wan (Vi) —Wan (v))]|

T
where W, (v (\/ oV () By Wy (i )) € RY. We select a threshold value
0 < 8 < 1 and classify two initial states to belong to the same cluster if D2, (v;,v;) < &
and different clusters if D2, (v,~, \ j) > O (we note that the value 6 may have to be adjusted
to identify g clustering components) This procedure results in the desired partition of X
into g disjoint metastable components A41,...,4, that characterize the modal behavior of
the system. Obviously, the transition matrix F; that describes the transition dynamics of

the system between these components is P, (i, j) = p (4,]4;).

Remark 1 We note that W, defines a nonlinear map of the original data and in terms of
the W,, the diffusion distance is a simple Euclidean distance. We remark the similarity with
the KPCA method in Section 2.7 with the noticeable difference that here the map W, is

defined by the system itself.

3.1.4 Example

In this section we present a complete identification procedure for a system that has two

strong attraction domains.

Example 3 Consider a nonlinear discrete time stochastic dynamic system on R? described
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by the equations

X1 = flo)+ew

Vel = X+ Ewy

T T T
where x = [ x! X2 } Ly = [yl 2 } , W= [ wl w? } is a sequence of i.i.d. standard

Gaussian random variables, and

x! 4+ 512

) = 2 2 1 1\3
X2+ 8t(—x* +a(Bx' — (x')7))

Here we choose oo = B =1, 6t = 0.2, €y = €, = 0.1. The system has three equilibrium
T
points, an unstable one at the origin and stable equilibria at [ j:\/ﬁ 0 } . These two

stable equilibria correspond to the two modes of the system.

A simulation of the stochastic system for a typical initial condition is shown in Figure
2. For simplicity the output space is divided into 6 pieces such that output space contains
6 alphabets. The same division is adopted for the state space, based on the assumption that
the output is the state perturbed by a small additive noise. Given the observation series, we
estimate the state transition matrix system using the identification approach presented in

Section 3.1 to be

0.74 0.26 0.00 0.00 0.00 0.00
0.17 0.78 0.05 0.00 0.00 0.00
0.00 0.18 0.75 0.07 0.00 0.00
0.00 0.00 0.07 0.69 0.24 0.00
0.00 0.00 0.00 0.08 0.74 0.18

0.00 0.00 0.00 0.00 0.25 0.75
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which is close to the transition matrix calculated from the true state sequence,

0.82 0.18 0.00 0.00 0.00 0.00
0.12 0.83 0.05 0.00 0.00 0.00
0.00 0.15 0.79 0.05 0.00 0.00
0.00 0.00 0.06 0.78 0.16 0.00
0.00 0.00 0.00 0.05 0.83 0.12

0.00 0.00 0.00 0.00 0.18 0.82

The x to y transition matrix is estimated to be:

0.74 0.26 0.00 0.00 0.00 0.00
0.17 0.72 0.10 0.00 0.00 0.00
0.00 0.18 0.68 0.14 0.00 0.00
0.00 0.00 0.07 0.68 0.25 0.00
0.00 0.00 0.00 0.08 0.74 0.18

0.00 0.00 0.00 0.00 0.25 0.75

Since y is equal to x with small additive Gaussian noise, the B matrix is expected be close
to identity. We note that for any i € {1,2,...,6}, Pr(y =i|x =) is dominant, as expec-
ted. It has been detected that the system dynamics have 2 modes and the identified modal

transition matrix is
0.9586 0.0413

F
I

0.0412 0.9587

Furthermore, the states in state space divide into two groups. These two groups are marked
in Figure 2 with different colors. The division of the state space into the two groups fits the

dynamic system’s two real attractors very well.
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Figure 2 Output Trajectories

3.1.5 Conclusion

In this section we proposed an approach for the modal behavior identification of SAFHS
equivalent complex dynamic system. It is demonstrated in an example that the state trans-
ition matrix, state-output matrix, system modes, state space partition regions as well as the
modal transition matrix are accurately estimated, which demonstrates the effectiveness of
the proposed method.

With the multi-modal behavior for the hybrid system being identified successfully, what
remains to complete the identification of a SAFHS model is to characterize local dynamics,
which corresponds to the identification of local dynamic model in each of the clustering

components. We discuss the local dynamics identification next.
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3.2 Identification of Local Dynamics

Assume we have completed the identification procedure in the previous section and have
the partition A4y,...,4, and the identified state sequence £1,X,,... . We can map the state
sequence onto the partition and through the association between the state and output strings
we classify the output symbols (and substrings) into ¢ partition components (clusters) as
well, say 11,...,Y,;. Note that some of the output partition components may be identical,
i.e. two or more components of the state partition could be mapped into the same out-
put components. This results in a redundancy that can be reduced after the identification
procedure is complete.

Now given a sufficiently long substring, say y;.;1x € ¥}, of the original measured output
string (not the discretized string), we can employ conventional identification techniques
for the identification of a submodel on component Y;. If a preliminary analysis of the data
string y;.;+4 indicates that the data clusters around a single point we may assume that Y;
contains a stable "equilibrium point" and use linear identification techniques. On the other
hand, if the preliminary analysis of the data indicates periodic motion or some other non-
linear type behavior we have to employ nonlinear identification techniques. Since linear
identification methods have been extensively studied during the last several decades we
refer to the system identification toolbox from Matlab for those techniques and concentrate

on the much less studied nonlinear case here.

3.2.1 Nonlinear Identification Techniques

Nonlinear local dynamic identification is difficult because of the variety of nonlinear be-
haviors that can be expected. In our current work, we have mainly concentrated on the
identification for a nonlinear periodic behavior, i.e. limit cycle. The development of the
identification techniques for the other nonlinear type behaviors will be considered in our

future work.
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Limit Cycle Behavior Identification

Identification of limit cycle behavior is considered to be a fundamental problem in many
real systems and applications. In the following we give a description of limit cycle behavior

models as well as propose an identification algorithm for that model.

System Models Many nonlinear systems, e.g. tunnel diodes, pendulums, biological
predator—prey systems and frequency synthesizers [26], that generate periodic signals can
be described by second-order nonlinear ordinary differential equations (ODEs) with poly-
nomial right hand side [59], [58], [46], [1].

In [59], it has been shown that the second order ODE

(1) = f(0).x(t), 6)

accurately represents a large class of periodic signals. We assume that y(¢) is our measured

signal and choose state variables as

aw | _ [0
x2(t) (1)
Then we have in state space form
a0 ) _ [ om0 o
X2 (1) J(x1(2),x2(2), 0)
xl(t)

ye) = (1 0)
xz(t)

Note that the states are deferent from those defined in Section 3.1. In particular, the states

defined here represent the local dynamics corresponding to the output data string y within
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Y;. As we mentioned earlier, it has been shown that the right-hand-side of the state space
function can be represented accurately by a multivariable polynomial which has an un-
known parameter 8 to be identified.

In real applications, since the measurements are usually in discrete time, we study the
discretized form of (3.6). The discretization can be developed using any of a number of

well known procedures which we omit here. The resulting discretized system is

x1(k+1) _ x2(k)T +x1 (k) (3.7)
xi(k+2) f1(k),x1(k+1),8)
x1(k)

yk) = (1 0)
x2 (k)
where T denotes the sampling interval. As the states here correspond to the output data
string y within Y;, if we have the polynomial function f identified, we have equivalently

figured out the regression for y .

Remark 2 Obviously the above discussion assumes that the output y(t) is scalar valued.

The multivariable case will be considered in our future work.

Algorithm Development In the past decade, kernel methods have attracted much atten-
tion in regression. Moreover, using kernel functions, many linear methods can be extended
to the nonlinear case almost straightforwardly, e.g., the KPCA extended from PCA. When
KPCA is applied to extract features or applied to regression, all kernel functions are cal-
culated based on the current sample and the feature vectors which are calculated based on
all the training samples. Accordingly, as the size of the training sample set increases, the
computational complexity increases rapidly.

Here we develop a reduced KPCA algorithm where the feature vectors are calculated
from the considerably reduced number of training data, which will in turn reduce the com-

putational complexity.
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Suppose we want to identify the function f(x). A reduced KPCA is used as the first
step to detect the feature vectors {x,1,X42, - ,X4q} from the training set {x;,x2,---,xu},

where x; € RE, ¢ < M. The local dynamics of interest can then be expressed as

S ) = Tl Ork(x,xq) +b

Since for any x, k(x,x4), € {1,---,q} can be calculated based on the pre-chosen kernel
function £(-,-), the only unknown parameters are 6; and b. Note as we have noted before,
f(x) has polynomial form so we consider a polynomial kernel here. The second step is to
estimate the unknown parameters through minimum least square method. In the following
we focus on introducing the first identification step since the least square estimation in the

second step is a well developed algorithm.

Reduced Kernel PCA We have introduced the idea of KPCA in Section 2.7.1 and
mentioned that in KPCA, all the training data are used as the feature vectors. In the follow-
ing we introduce a reduced KPCA algorithm which reduces the number of feature vectors
which are chosen from the training data sets.

Given a training set {xj,x,--- ,xy} with size M, we regularize the training set by mul-
tiplying vector x; by a scalar so that Vi, |x;| < 1. Suppose M is large enough so that Vx € R”,
there exists {B1, B, -+, By} st. (x) = M, B,®(x;), where ® : RE — F is the function
that maps the data to the feature space with (®(x;), ®(x;)) = k(x;,x;) and F C R is the

range of ®. We remark that ® is injective and for a polynomial kernel H is finite.
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Construct the matrix

O (x))P(x1) T (x1)P(x2) 7 (x1 ) P(x1)
Cyuxm =
| T () P(x1) 7 (xar)P(xn) |
T
= [ ) CM
Since the C matrix is symmetric, it has M orthonormal eigenvectors {vi,va, - ,vp}, vi €

RM corresponding to M real eigenvalues assigned in decreasing order A1 > A, > --- > Ay

Then by executing PCA on the C matrix, we can get a set of orthonormal eigenvectors

{viva, v}, vi € RM corresponding to the dominant eigenvalues, A1,2,,- - Ag of C.

Construct a matrix C as

A
Ao

[Vl V2 vq]

Note that HC -C H = Ag41, Where A, is the g + 1" largest eigenvalue of C matrix. By

choice of g, A 441 is generally very small. Moreover, we have

évi = )u,-vl-,Vi = 1, ...q

thus
1 ~ M o
V= ICV[ =>=1n,CvVi=1,..q
l
that is, v; can be represented as a linear combination of {¢;,¢&,, -+, }. It can also be
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shown that R(C), the range of C, is spanned by v;, i = 1,...q. Accordingly, given ¢ linear

independent vectors {&;1,8p2, -+ ,Cqq}, Cqi € R(C), We can express v; as

R Y JPR v
v,—zjzlni7jcqj,Vz—1,...q

Here we give the algorithm to select ¢ linear independent vectors {¢y1,Cq2, -+ ,C4q} from

{517527"' 75M}

let [; = ||C~,'||2, i€ {1,...M}, L= {11,“- ,ZM}, Ctemp = {51,--- ,EM};
*n=1,¢, ={&: & =max{L}};
* remove &; from Crepmp;

* whenn<gq

— dountil Cgy is independent to Cq1, - - - Cy(n—1) the angle between Cqy and the space

spanned by Cq1, -+ - Cy(,—1) is bigger than a preset value .
Cqn = {¢i 1 [ =max{L}};

remove C; from Ciepp;

— end do

—n=n+1;
* end when
* end
Using this algorithm we get ¢ linear independent vectors {41, -+ ,qq} Which are close

to the vectors {cg1, -+ ,cqq} because ||C—C|| = A411. Note
T
Cgi = [ O () Px1) O (xg)Pla2) oo B () Plxnr) }

_ {k(qu_,xl) k(xgixy) - k(xqi’XM):|T
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where k(-,-) is the kernel function. Since cy; is close to &y and k(-,-) is continuous, we

approximate

T
Cqi ™ [k(xq,-,xl) k(xgi,x2) - k(xq,-,xM)} (3.8)

T
= [‘DT(xqi)q’(Xl) ST (xgi)P(x2) - cpT(xq,.)cp(xM)]

Proposition 13 f(x) can be approximated by the linear combination of k(x,x4;), i€ {1,--- ,q}
in the form f(x) ~ Y1_, 0k(x,x4;) + b, where the error bound can be shown to be less or

equal to O(Ag41), that is, x4, i € {1,--- ,q} can be treated as the feature vectors.

Proof. We start with the expression of f(x) based on the feature vectors that contain all

the training data, we have

flx) = ¥ aik(x,x;) +b (3.9)
= 3 " (x)®(x) + b
= sy B, (x)P(x;) + b

= 2%1%{51 B, - BM]
X[q’T(xi)‘D(ﬂ) O (x)P(x2) -+ P (x)P(xy) | +D

Q

Z%lai{ﬁl B, - BM}ZZN’LIWJFZ’

= Z?ilal{ﬁl B, - ﬁM]Z?zﬁ’i,lZ?—lﬁl,j&qﬁb
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Now, substituting (3.8) into (3.9) gives

Q

f(x) z%lai{ﬁl ﬁz ﬁM]Z?_l%,l

T
XZ§_1ﬁz,j[¢T(xqj)¢(x1) O (xg))P(x2) - BT (xg))Pxar) | +b

= Zﬁwlai({[ﬂ By, - 3M}Z?_1Vi,l

T
XZ?:lﬁl,j{CD(m) D(xp) - CD(XM)] P(xg;)) +b
= yrio(3r, Yii Z?:l ﬁz,j(ﬂil B,®T (x)P(xg)) +b
~ Z?il O‘i(z;]zl Yii Z;]':1 ﬁl,j(DT(x)cD(xqj)) +b

= 31, 0/07 (x)P(xy;)+b

Note that the following approximation has been made in (3.9)

Z%lai[ﬁl By, - ﬁM}
X{q’T(xi)q’(M) O (x)P(x2) - O (x)Plxyr) | +D

~ 2%1%{51 B, - 5M}Zlq=17’i,l"l+b
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We now calculate the error bound for this approximation. Note that

T
X [ O (x))D(x1) DT (x;)P(x2) o7 (x))D(xp) | P
= | B B B S aici+b
= | By B, By | Tt o3ty el vivi+b
= | By By -~ By | T 0 Zit Apivi+b
- g .
- B B B Z?il‘xi { Vi W VM } { /11""1 lzvfu ?Lvaw
ll V{ (04]
2,2 Vg (04)
= | Bi B /3MHV1 v VM]
AM VZ{/[ (0474
ap
(0%}
- [ B B> Bu } ¢
(0974
We remark that in the above A4 J'V; is the 7, ; in (3.9). Now using the {v1, v, -+, v, } basis is
equivalent to approximate the above equation by
),1 VIT (048]
va (0%
B B> Bu Vi V2o o VM
Aq
0 Vﬂ (0474
= o { B, B, By } Z?:lyi,lvl+b

Z%Ial{m By - Bu
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It is easy to show that the error bound of the approximation is less or equal to 4,1 || || || B|| =
Oy ).

In summary we have shown that f(x) ~ S, a;k(x,x4) + b, Vx € RE, which in turn
shows that xz;, i € {1,---,¢} can be treated as feature vectors. M

As we mentioned before, once we identify the feature vectors {qu,xqg, e ,xqq}, the
unknown parameters 0; and b can be easily found by the well known minimum least square

method, which completes the identification of limit cycle system.

3.2.2 Linear Identification Techniques

If based on some preliminary analysis of the data the attractor is detected to have an "equi-
librium point", then conventional linear identification techniques can be utilized to approx-
imate the local dynamics. As we mentioned previously, there exists a large body of well
developed linear identification techniques that have been developed into commercial codes.
In this dissertation, we use the system identification toolbox from Matlab for the identific-
ation of linear local dynamics. We will not describe the application of linear identification
methods in detail and refer the reader to the system identification toolbox in Matlab for

further details.

3.2.3 Example

Now we illustrate the performance of techniques discussed above through examples for the
identification of both linear and limit cycle local dynamics cases.

Strong Attraction Point Case (linear case)

Consider the example in Section 3.1.4, where the state space of the system has been de-
coupled into two clusters. We map the output data sequences into the two identified (out-
put) groups and analyze the output data within each group. It can be easily found that the

data clustered around a point in each group and therefore a linear type system model is
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appropriate.

Since the output is two dimensional we consider a state space model of the affine form

x(k+1) = A(r)x(k)+b(r)+K(r)w(k)

yk+1) = C(r)x(k+1)+w(k)

where b(r) is a bias vector, w(k) is a standard Gaussian noise and » denotes the state of
the modal transition dynamics taking value in {1,2}. The system identification toolbox in
Matlab is used in the identification of each of the two local affine models. It is found that
a system with state dimension » = 8 fits the data nicely. Figure 3 gives the comparison
between a realization of the identified system and the original output series. As is clearly

seen from Figure 3 the estimated system matches the original system very nicely.
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Figure 3. Comparison of original and simulated system dynamics.

Limit Cycle Case

In this example the identification of Van Der Pol system is considered. The Van Der Pol

system is a limit cycle system given by (in continuous form)

X1 X2

X 0.5x (1 —x%)xxz—xl

The Matlab routine ode45 was used to solve the equation. The sampling interval was
chosen as Tg = 0.1s and the initial state was selected as (x1(0) x2(0))" = (1.5 1)7. An

observation noise was added to the measured signal,

y(k) = x1(k) +w(k)

where w(k) is Gaussian noise with o = 0.002 (here y(k) = y(kTs)). We note that in practice
we could only observe the process at discrete times.

Next we model the discrete system corresponding to the original Van Der Pol system
based on the noisy observation y(k). The proposed reduced KPCA is used to identify the
system model. The kernel function is selected as a 3"¢ order polynomial kernel. Two
hundred data points have been used as training set in the kernel method and 18 feature
vectors chosen from the training set have been used for system identification. Figure 4
and Figure 5 show the true and estimated phase plane plots and time series for the system

considered. We can see, either from the phase plane plot or from the time series graph, that
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the periodic dynamics of the Van Der Pol system can be identified very accurately.

Real
Est. 1

Figure 4. Evaluation of the proposed local dynamics identification

algorithm—Phase plane
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Figure 5. Evaluation of the proposed local dynamics identification

algorithm—Time series
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3.2.4 Conclusion

In this subsection we assume that a sufficiently long substring, say y;.;,x € Y}, of the original
measured output string is given. We described how the local dynamics, both the nonlinear
case and the linear case can be identified. For the linear case, we adopt conventional linear
identification techniques and utilized the Matlab system identification toolbox for this pur-
pose and have shown through an example that the estimated system matches the original
system very nicely. For the nonlinear limit cycle case, we proposed a reduced KPCA based
identification algorithm, which has also been shown through a Van Der Pol system example

that it can identify the dynamic model accurately.

3.3 Conclusion

In this Chapter the identification of a complex dynamic system that exhibits multi-modal
behavior is proposed based on SAFHS modeling. The developed approach divides the un-
derlying space of the system of interest in terms of strong attraction domains which usually
have nonlinear boundary, and then detects the local dynamics on the corresponding divided
output space. It is demonstrated in an example that the state transition matrix, state-output
association, system modes, state space partition regions, output partition region as well as
the modal transition matrix are accurately estimated, which illustrates the effectiveness of
the proposed multi-modal behavior identification method. Furthermore, it is demonstrated
that, for some equilibrium attractor based systems, conventional identification techniques
can be successfully used for the identification of the local dynamic behavior within each
clustering component, while for the nonlinear local dynamics, e.g. the limit cycle case, the

reduced KPCA based identification algorithm shows good performance.
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CHAPTER 4

Estimation of Hybrid Systems

In this Chapter we present a new high accuracy and reduced computational load particle

filtering based algorithm for stochastic hybrid system state estimation and mode detection.

4.1 Algorithm Development

The estimation algorithm we present here combines IMMPF and OTPF filters (to be de-
scribed in detail below) to estimate linear/nonlinear hybrid system mode and state. The
proposed algorithm is called reduced multiple model particle filter (RMMPF). To facilitate
the development we organize this section into three parts: 1) IMMPF [5]; 2) OTPF [49]; 3)

RMMPF.

4.1.1 IMMPF

As discussed in Section 2.8 the IMM estimation scheme can be generalized into three
steps. We now describe the interacting multiple model particle filtering (IMMPF) algorithm
developed in [5] in terms of these three steps.

Consider again the hybrid system in (1.2). Suppose that at time k — 1 there are N
samples in total for the M modes and each mode m has sample set S, of size N/M (for
simplicity we assume that N is divisible by M). We denote the state and its associated
weight by {xZTl,a)Zi"l ,ie{1,2,...N/M}, m € {1,2,...M}. In addition, mode m has
posterior probability p(ry_1 = m|yo.x—1) at time k — 1. The Markov transition matrix for
the modal process 7y is denoted by M, with entries 7, s,¢ € {1,2,...M}. One cycle of the

IMMPF algorithm at time £ is described as follows:
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* Mixing/interaction step:

Mode switching:

* M N/M 1,8
prek=mlyor—1) = Q(re=m) =3 5 Ngno,

s=1 i=1

Interaction resampling:

If Q*(ry = m) = 0, then *x}", = x,", else:

* oM J N/M 7,8 ,m *
= 35 ol )2

wherei € {1,2,...N/M} me {1,2,... M}
* Mode-conditioned state estimation step:

Prediction:

= b (K

Correction:
a);c’m =" a)zmp(yk|x§;m,rk =m)
Then normalize wzm, ie{l,2,...N/M},me{1,2,...M}.

* Output step:
N/M i,m
pri=mlyo) = Q(ry =m) = 2 O
1=

if Q(ry =m) > 0:

N/M i,m i,m
PXkyosk, 7k =m) = .Zl ®,"8(x—x;.")/Q(ry = m)

1=

73



4.1.2 OTPF

The observation and transition-based most likely modes tracking particle filtering (OTPF)
algorithm is proposed in [49] as a method for both fault detection (discrete state) and state
estimation. In contrast to IMMPF, which takes all modes into account and assigns a fixed
number of particles to each mode at each time step with a fixed number of particles in each
mode evolving in time, OTPF chooses the most likely mode at each time step and only
particles in this mode evolve into the next time step.

Next we present more details on how the OTPF algorithm works. Consider again the
hybrid system in (1.2). Suppose at time k — 1 the most likely mode is chosen to be r;_| =m,
there are N/M samples for mode r;_; = m, denoted as {xﬁc’r_"l : (o;fl =1/(N/M)}, i€
{1,2,...N/M}, where M is the number of modes. As before the modal Markov transition

matrix is denoted as . One cycle of the OTPF algorithm at time & is described as follows:
* Interaction step:

For any mode ry = 5,5 € {1,2,... M} such that 7,, ; is not zero,
* 0,S i,m
Op 1 = s Oy
x 0, _ _im
Ne—1 = Xk—1
* Mode-conditioned state estimation step:

Prediction:

is 1,8 1,8
X = s ()

Correction:

a)ﬁf =* w;;ilp(yk|x2m,rk =)

wherei € {1,2,...N/M}.
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* Mode selection step:
Mode weight of ry = 5,5 € {1,2,...M} is:

N/M i,
Q(rp=s)= 'Zl o)
i=

Find the most likely mode:

re= argmax {Q(ry=s)}
se{l,2,..M}

Normalize the weights of particles within the most likely mode 7y.

Distribution in the most likely mode 7y, :

N/M I,k Ik
POcklyorsmx) = 3 &(x—x;")

1=

here w;;rk is the normalized weight of particles in 7y.

* Resampling step:

Resample within the most likely mode 7 at time & to get N/M new particles {x;{’r"zs,

o} =1/(N/M)}.

4.1.3 RMMPF

In the previous Sections we described in detail the IMMPF and OTPF algorithms, respect-

ively. It has been shown in [5] [43] that the IMMPF algorithm developed in [5] has very

good estimation performance. On the other hand, the OTPF algorithm is biased and is

easily affected by observation outliers. Thus in the terms of estimation accuracy, IMMPF

outperforms OTPF, but OTPF is simpler and requires less computational effort.

It is well known that when particle filters are used in real time estimation their high com-

putational cost is of major concern. Therefore, the fact that OTPF outperforms IMMPF in
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terms of computational effort is of notable importance. To further illustrate this we analyze
the computational complexity for both IMMPF and OTPF following an approach similar to
the one in [62]. Suppose there are M modes and recall that in IMMPF each mode has N/M
samples. For one cycle in IMMPF the Mixing/interaction step for each mode requires about
O(N) operations to calculate the sample weights, additional O((N/M)logN) operations are
necessary if the basic systematic resampling method is used; in the Mode-conditioned state
estimation step O(k; N /M) operations are needed to perform the prediction and O(kyN/M)
operations for the correction, where & and &, are model dependent constants, independ-
ent of N and M. Finally, in the output step, estimation is achieved with about O(N) op-
erations for the whole system. Consequently, one cycle of the IMMPF algorithm re-
quires approximately (M + 1)O(N) + MO((N/M)logN) + M(O(kyN/M) + O(kyN/M))
operations. On the other hand, for one cycle in OTPF no computation is necessary in
the interaction step since a)jc’i"l =1/(N/M) and nm,swi”fl are previously known; in the
Mode-conditioned state estimation step, around O(k;N/M) + O(k;N /M) operations are
necessary to perform the prediction and correction in each mode; in the mode selection
and estimation step, about O(N) operations are needed for whole system; finally, the last
step, resampling, can be performed with about O((N/M)log(N/M)) operations. Thus ap-
proximately O(N) + O((N/M)log(N/M)) + M(O(kiN/M) + O(kyN/M)) operations are
required in the OTPF algorithm. For large N , the calculation load in resampling step
dominates in both OTPF and IMMPF. It is easy to see that the computational load of
the OTPF algorithm is much less than that of the IMMPF algorithm or on the order of
(M —1)O((N/M)log(N/M)), where M << N.

When applying IMMPF in hybrid system estimation, the weight of the true mode
Q(ry = m) is dominant most of the time, i.e. if the system is in mode r;, = m at time k
then Q(r; = m) = 1 while the weight of other modes is close to 0. In this case the differ-
ence between the performance of OTPF and IMMPF is small. In particular, in the IMMPF

method, if the particles of one mode have dominant weights (which makes the weight for
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this mode close to 1) then even if particles from the other modes are mixed with particles
from the almost dominant mode, during the resampling in the mixing/interaction step of
the IMMPF, most the particles from the non-dominant modes will be left out due to their
very small weights. Consequently we can use the OTPF algorithm in this case to save com-
putation without losing much accuracy. In other cases, which may happen after the system
switches modes, or when there are observation outliers, the dominance of one mode will
not be obvious. In order to avoid the evolution based on a wrong mode, which may occupy
similar mode weight to the correct one in this case, it is better to take all possible modes
into account rather than choose one mode based on a crude criteria as in OTPF. In this case
selecting the IMMPF algorithm is the better choice to improve estimation accuracy.

Based on the above observations a new estimator integrating IMMPF and OTPF is
proposed for the hybrid system (1.2). Initially a threshold 0 < 8 < 1 is selected (typically 6
is close to 1). This value is compared with max,c (5 an{Q (7% = s)} after the calculation
at time step k. Note that Q(r; = s) denotes the probability for mode s at time &, thus
> Qe =s) = 1. lif maxgeqy 2, 4 {Q(rk = s)} > 0 it implies that at time & one mode is
dominant, i.e. the mode with maximum mode weight is very likely the true mode. Thus the
index factor, denoted by 7, is set to 1, which means that in the next time step only particles
switched from the most likely mode at time k& are considered, i.e. OTPF is selected in the
next time step. If, on another hand, max,c(1 5 4 {Q(rx =)} < 0, it implies that at time
k, no mode is obviously dominant, i.e. more than one mode is competitive to be the true
mode, which happens when the system mode is switching or there are observation outliers.
At this time, an index factor 7y is set to 0, which means at the next time step particles
switched from the all modes should be considered, i.e. IMMPF algorithm is selected at the
next time step.

One cycle of the proposed RMMPF algorithm is described as follows:

if yis 1:

* the most likely mode ry_1 = m at k— 1, feed particles {x;ﬁl , (DZTI ,i€{1,2,...N/M},
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N/M
> ;" =1into OTPF;
i=1

* use the OTPF algorithm to calculate the mode weight Q(ry =s),s € {1,2,...M} and

to estimate state at time k;

o if maxeer1 o, my{Q(re =)} > 6 and 1 = argmaxe (15w {Q(rk =)} equal to

Tk—1 =m

Y = 1, keep only the particles in the most likely mode and normalize.
else

Y = 0, keep the particles in all modes

end

else if yis 0:
im

s feed particles {xk’fl,a);(’inl Je{1,2,...N/M},me {1,2,...M} into IMMPF;

* use the IMMPF algorithm to calculate the mode weight Q(ry =s),s € {1,2,...M}

and to estimate state at time k;

* if maxeer1 o,y {Q(re =)} > 6 and 1 = argmaxe (15 {Q(rk =)} equal to

Tk_1 =m

Y = 1, keep only the particles in the most likely mode and normalize.
else

Y = 0, keep the particles in all modes

end

end
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4.2 Performance Evaluation

In this section we will apply the RMMPF algorithm to the nonlinear hybrid system es-
timation example from [49] and compare it with KMPF/OTPF and IMMPF algorithm.
Moreover, based on the same example, we will show the sensitivity of RMMPF to the

value of parameters to address the performance of RMMPF better.

4.2.1 Problem description

Consider the following nonlinear hybrid system from [49]. The system has 3 modes. The

state equation of the system has form

xi = fi (k,Xg—1,vk) (4.1)
where i denotes the mode and
filkxp—1,v) = 0.5x1+25 sl
1 +xi_1

+8cos(1.2k) + v

Xk—1
k,xi—1,vi) = 0.5x,_1+25
o (ko xk—1,vi) -1 a2

+8cos(1.2k) +2+ v

X1

k,xi_1,vi) = 25
3 (kyxp—1,vie) T+

+8cos(1.2k) + vy

For all the three modes the output equation is

g
k= 3q T Wk
)
In the above equations v; and w; are zero mean Gaussian noises with variances ng and
2 . . . . 2 _ 2 _ 2
O, respectively. In the remainder of this section we set 0}, = 03, =0~

In simulation the system stays in mode 1 during 1 <¢ < 30, switches to mode 2 at time
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t = 30 and stays in that mode for the interval 30 < ¢ < 60, then during 60 <7 < 100 the
system is in mode 3.

The initial distribution of system is assumed to be known. For all filters the system
starts at same point. 100 runs have been performed for each of the filters. Furthermore,
in order to make the comparison more meaningful, the same random number streams were

used for all filters.

4.2.2 Comparison with KMPF/OTPF

In this part we compare the proposed algorithm with KMPF/OTPF. In order to make a
fair comparison with OTPF, we use the same performance measure, mean absolute er-
ror (MAE), the same particle size (N = 100), for KMPF (recall KMPF is the bench-
mark filter that has full knowledge of the real mode), and the same variance parameters
(62 =10.01,0.05,0.1,0.5, 1), as have been used in [49]. We also use the same mode trans-
ition matrix [T as in [49], such that for each mode the mode transition probability to itself
1s 0.95, while 0.025 to the other two modes. The threshold value 6 for RMMPF is set to be
0.99.

Table 1 MAE for KMPF and RMMPF
o2 0.01 005 0.1 05 1

KMPF 0.29 0.44 0.55 1.03 141

RMMPF(N=100) 0.32 049 0.71 137 1.78

Table 2 Average times IMMPF has been used

o2 0.01 005 0.1 0.5 1

N=100 29.7 44.0 50.1 69.3 78.73
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Figure 7 Mode estimation by RMMPF

Table 1 compares the performance for the estimation of the system state by KMPF and
RMMPF. The proposed RMMPF estimator was run with N/M = 100/3 ~ 33 particles in
each mode whereas KMPF was run with N = 100 particles. As is seen in Table 1 the
proposed method performs only about 10% worse than KMPF for noise 6 < 0.05, around
30% worse for noise 62 = 0.1 and 0.5, and around 25% worse for 62 = 1. On the other

hand, it has been reported in [49] that in a similar comparison with KMPF with N = 100
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particles, the OTPF algorithm with N/M = 300/3 = 100 particles in one mode performs
more than 50% worse for 62 < 0.05, more than 75% worse for 6% = 0.1, and more than
45% and 40% worse with 6 = 0.5 and 1, respectively. Moreover, in this example, it is
apparent that the RMMPF algorithm has less computational load than the OTPF algorithm
since the RMMPF uses only N/M = 100/3 ~ 33 particles in each mode, which is one-third
size of that used in OTPF. Note however, that the number of times the IMMPF algorithm is
used in the execution of the RMMPF will affect the computational load, i.e. the more times
IMMPF is used the higher the computation cost will be. In order to evaluate how often
IMMPF has been executed in the proposed RMMPF estimator, we display in Table 2 the
average time in which IMMPF algorithm is executed for one 100 time step long run. We
can tell from Table 2 that, with the same threshold value, as the variance o2 increases, the
rate of IMMPF being used in RMMPF increases as well. This is due to the fact that as the
noise level increases the mode weight gap between all possible modes decreases. Thus the
dominance of one mode does not happen frequently, which leads to high frequency of the
selection of IMMPF in the algorithm. Finally, in Figure 6 and Figure 7 we show the state
estimate and mode estimate performance of one typical run of the proposed algorithm for
N = 100 particles and variance 6> = 0.5. It can be seen that the estimated state matches
the real state very well. Furthermore, as is seen in Figure 7 the mode estimation is very

accurate as well, only 1 time step delay happens when the system switches.

4.2.3 Comparison with IMMPF

In this section some simulation results are presented for the IMMPF and the proposed

RMMPF estimator. Both algorithms run with N/M = 300/3 = 100 particles in each mode.
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The mode transition matrix 1 is given by

0.9 0.05 0.05
M=10.05 09 0.05
0.05 0.05 0.9

and threshold value 6 is set to be 0.9. The performance index is MAE, the same as before.

We present in Table 3 the performance of the IMMPF and RMMPF algorithms for
various noise variance values. These results show that the proposed RMMPF algorithm
can get similar estimation accuracy as IMMPF. Table 4 shows the average number of time
steps in which IMMPF algorithm is used in the RMMPF for one 100 time step run. Note
that when o2 < 0.1, IMMPF is used in less than 20 time steps in a 100 time step run.
When 62 = 0.5 or 1, the IMMPF is executed more often, but still less than 50% in one run.
The low frequency in which IMMPF is used in the RMMPF estimation contributes to its
computation efficiency, which is summarized in Table 5. Table 5 gives comparison between
the IMMPF and RMMPF in computational effort for various noise variance values. The
computation times are counted for 100 runs for each different variance case. We note that

the RMMPF saves 22.4% to 40.3% computational time compared to IMMPF algorithm.

Table 3 MAE for RMMF and IMMPF
o2 0.01 005 0.1 05 1

RMMPF 0.25 047 0.63 129 1.72

IMMPF 026 046 0.62 129 1.73

Table 4 Average times IMMPF has been used

o2 0.01 005 0.1 05 1

N=300 11.5 16.6 19.2 334 449
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Table 5 Calculation time for RMMPF and IMMPF
o? 0.0l 005 01 0.5 1

RMMPF 20.1s 21.0s 21.9s 24.6s 26.1s

IMMPF around 33.6s

4.2.4 Sensitivity to 0

In order to gain insight into the sensitivity of RMMPF to the threshold 6 we carried out
several simulations by varying the value of 0, while keeping all other parameters fixed, i.e.
02 = 0.1, N the same as in Section 4.2.2 and N = 300. The performance of RMMPF as
function of the threshold value 6 is compared with IMMPF both in terms of efficiency and
accuracy in Figure 8. We observe that as the threshold varies from a low to a high value,
the accuracy of RMMPF is improved, while the relative computational time of RMMPF
increases as the threshold increases. Note that when 6 has value around 0.93, RMMPF
has performance as good as that of IMMPF, while the relative computational time is only
about 62% compared to IMMPF. When 0 is increased further the performance of RM-
MPF remains the same while the relative calculation time (compared to IMMPF) increases
quickly and ends close to 1, corresponding to 0 = 1. In fact, when 8 = 1 RMMPF is the

same algorithm as IMMPF. We conclude that in this case, the value 8 = 0.93 is the optimal
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threshold value.

1 T T T T >

—e— MAE error of RMMPF
0.95 -

MAE error of IMMPF
0.9 —*— relative calculation time of RMMPF, compared to IMMPF

0.85}

0.8

0.75}

0.7}

0.65}

0.6}

0.55¢

0.5 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Threshold

Figure 8. Performance versus Threshold

4.2.5 Number of particles

Next we illustrate the performance of RMMPF with respect to different number of particles.
Here we have selected simulation parameters as: 6> = 0.05, 1 the same as in Section 4.2.2
and 6 = 0.95. Similar to Section 4.2.4, the performance of RMMPF has been compared

with IMMPF in two ways, i.e. efficiency and accuracy. Moreover, KMPF has also been
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realized to offer a performance reference for different number of particles.
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Figure 9. Performance comparison

In Figure 9 we see that RMMPF and IMMPF have similar estimation accuracy as a
function of the number of particles. Furthermore, as the number of particles increases the
performance of both two filters improves but remain inferior to the performance of KMPF.
We note at the same time that the relative calculation time of RMMPF to that of IMMPF
is decreasing. In particular, as the number of particles increases, RMMPF not only offers

more accurate estimation but also offers better efficiency relative to IMMPF.
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4.3 Application: Maneuvering Target Tracking

In this Section we intend to further validate the viability of the proposed RMMPF algorithm
through a simulated maneuvering target tracking example. We adopt the same maneuvering
target tracking example as the one addressed in [14]. Performance of RMMPF algorithm
is compared to that of IMMPEF to illustrate the algorithm’s efficiency.

The maneuver system of interest has the form (1.2), where now

S k=1, V) = Axp—1 + B +uy,

gr (X, W) = Cxg + Dwy,

and

1 T, 0 0

010 0

00 1T,

00 0 1
200 0 0
01 0 0

c - np-Y3
210 020 0
00 0 1

The state of the target at the kth time step is defined as x; £ [dx,k,sxyk,dy,k,s%k], where
dy i (or dy;) and sy x(or s,) denote the position and velocity of the target in the x (or y)
direction respectively. Noises v, and wy are both modeled as zero mean Gaussian sequences

with unit standard deviation. The sample time 7j is 2s. The switching relevant term is u,,,
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where 7y is a three-state Markov chain with transition matrix 1 given by

0.9 0.05 0.05
M=10.05 09 0.05
0.05 0.05 0.9

The following three modes correspond to three possible maneuver commands:
1. Straight, with u; = [0,0,0,0]”;
2. Left turn, with uy = [—1.225,—0.35,1.225,0.35]";

3. Right turn, with u3 = [1.225,0.35, —1.225,-0.35]".

A 100-time-step long target trajectory is generated as follows: 1) the target starts from
state [—500,0,—500, 5] at time k£ = 0 and goes straight for 25 time steps; 2) a right turn is
executed for 10 time steps; 3) the target goes straight for another 25 time steps; 4) the target
turns left for 20 time steps; 5) the target goes straight again for 20 time steps.

In order to make a fair comparison, as before, we have the system start at a fixed point
for all filters. One hundred simulation runs have been performed and the same random
number streams were used for all filters. For RMMPF algorithm, the threshold 6 is set to

be 0.85.
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Figure 10 Maneuvering target trajectory and tracking results

Figure 10 shows the simulated maneuvering target trajectory, the observations and the
estimated target trajectories resulting from the IMMPF and RMMPF algorithms for one

typical run. As displayed in Figure 10, both IMMPF and RMMPF can estimate the traject-
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ory from observations very well.

Table 6 Comparison of IMMPF and RMMPF

Algorithm Time(s) MAE Times IMMPF used

IMMPF 8389  7.25 /

RMMPF 651.3  7.43 56.9

In order to illustrate the viability and efficiency of RMMPF, we have compared in Table
6 the performance of RMMPF to IMMPF, based on 100 runs. The comparison of estimation
error in Table 6 shows the similar estimation accuracy of IMMPF and RMMPF. As for the
calculation efficiency, we see that RMMPF’s calculation time is 22.4% less than that of
IMMPF. It is also shown in Table 6 that for one 100 time step long run, the average number
of times the IMMPF algorithm was executed was 56.9. It is worth mentioning that in
this example, the system is quite noisy. As we discussed in Section 4.2.2, the high noise
level would reduce the mode weight gap among all possible modes. Thus here one mode
does not dominate often and the frequency of using IMMPF in RMMPF algorithm is high,
which in turn causes more relative calculation time (compared to IMMPF). Another factor
causing the increase in the computation time is the high mode switching rate. In general,
mode switching makes several modes have comparable weights before the algorithm gets
stabilized in one mode. Consequently, the more often the mode switches, the higher the
computational cost in RMMPF comes. Note that although the high mode switching rate
increases the computation time of RMMPF, the increase is not as obvious as that caused by
the high noise level. As we can see, for this example, although the system is suffering from
those two factors mentioned above, RMMPF can still offer good computation efficiency,

together with good estimation accuracy.

Remark 3 [n order to be consistent with [49] we have made all performance comparisons

here using the MAE index. However, we have also made the comparisons using the root
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mean square (RMS) of the estimation error which has shown similar results.

4.4 Conclusion

In this Chapter we presented a high accuracy, low computation load particle filter algorithm
and compared its performance with OTPF and IMMPF algorithms. We demonstrated in
simulation that the proposed method outperforms OTPF not only in estimation accuracy
but also in terms of computational effort. Compared with IMMPF, the proposed method
has been shown to work almost as well as IMMPF in terms of estimation accuracy but with
considerably lower computational effort. The efficiency and good performance of the pro-
posed algorithm makes it practical and robust for tracking a target in a complex situation,
as we have demonstrated in Section 4.3 by the maneuvering target tracking example.

It is easy to see that the threshold value will affect both the estimation accuracy and
the computational time. Indeed, the closer the threshold value is to 1 the algorithm will
select the IMMPF at a higher rate at the expense of higher computational cost but with
increased accuracy in the estimation. As we demonstrated in Section 4.2.4, there exists an
optimal value for threshold value which offers the best combination of low computational
cost and high estimation accuracy for RMMPF algorithm. However, finding the optimal
value in practical applications may require some extra research efforts. Furthermore, when
the number of particles is large, say N = 104, it may not be necessary to use all the particles
at each time step to select the correct mode. Instead, a smaller number of particles in each
mode may be sufficient for this purpose. After the correct mode is estimated, full set of
particles in this mode can be used to estimate the state and to evolve into the next time step.

In this way, the computational efficiency is expected to get improved even further.
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CHAPTER 5

Conclusion and Future Work

5.1 Conclusion

In this dissertation we studied the identification of complex dynamic systems as well as
hybrid system estimation.

For the identification part, we proposed a scheme to identify a complex stochastic dy-
namic system based on a black-box model, that is, the system is modeled based only on
output data. The system under study is a system whose underlying space is the union of
strong attraction domains. The system exhibits a behavior such that it spends a long time
in one strong attraction domain before transitioning to another one. System showing this
behavior can be found in many applications. Considering the nature of this system, we
modeled it as a hybrid system, in particular, it is a strong attraction domain featured hy-
brid system (SAFHS). Two principal features for this type of a hybrid system are that the
boundaries between the strong attraction domains (modes) are nonlinear and the dynamic
behavior within each strong attraction domain (modes) can be highly nonlinear, e.g. limit
cycle.

The identification scheme developed in this dissertation was based on finite dimensional
approximations of compact operators, spectral theory for non-reversible Markov chains,
identification techniques for hidden Markov models (HMM), and identification techniques
for linear and non-linear dynamics.

First, after we discretized the state and output spaces and approximated the underlying
Markov process and corresponding output process by a finite state processes, we detected

the state sequence based on the output sequence through the identification of a HMM,
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where we have adopted a newly developed HMM identification algorithm and extended it
to high dimensional state space case. Moreover, we have discussed the system attributes
which lead to the unique estimation for the hidden state. Then, through examples, we have
experimentally verified the presented uniqueness estimation analysis as well as shown the
effectiveness of the proposed HMM identification algorithm.

After identifying the state sequence utilizing HMM modeling techniques we worked out
the transition laws for the Markov chain. Then spectral theory for non-reversible Markov
chains was used to identify the number of partition components (strong attraction domains,
modes) as well as the partition itself, and the transition law between those components. An
example for identifying a discrete time dynamics system that contains two strong attraction
domains (modes) was carried out. Through this example, it has been illustrated that the
proposed identification approach can accurately estimate the state transition matrix, state-
output matrix, system modes, state space partition regions as well as the modal transition
matrix.

With the state space partition regions being identified successfully, we next mapped
the state sequence onto the partition and through the association between the state and
output strings we classified the output symbols (and substrings) into partition components
(clusters) in the output space corresponding to that in the state space. It has to be stressed
that the dynamics that govern the modal behavior in state space are the same as the ones
that govern the modal behavior in the output space. Given the output strings in each com-
ponents in output space, we identified the local dynamics. For a partition component that
only contains an equilibrium point we adopted linear identification techniques, while for
a partition component that contains highly nonlinear behavior, we explored a kernel based
identification approach. So far we have identified a typical nonlinear behavior, i.e. limit
cycle behavior through a kernel principal component analysis algorithm. For the local
dynamics identification, examples were presented, both in linear identification and non-

linear identification cases, to demonstrate the performances of the techniques adopted or
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developed.

Once we complete the above identification procedure we obtained a finite collection
of local dynamic models as well as a Markov transition law that governs the dynamics
between the local models. The resulting model is therefore of hybrid nature, i.e. associated
with each local model is a modal variable taking value in a finite set, the dynamics of the
modal variable is governed by the finite state Markov process. Furthermore, each local
model is associated with a particular partition component of the output space. This fulfilled
our goals for the identification of a complex dynamic system.

In the estimation part, we presented a high accuracy, low computational load method
for nonlinear/non-Gaussian hybrid system. The efficiency and accuracy of the proposed
algorithm have been illustrated by examples. Moreover, its good performance makes it
practical and robust for tracking a target in a complex situation, as we have demonstrated

by a simulated maneuvering target tracking example.

5.2 Future Work

In this dissertation, the complex dynamic system under study is an autonomous system,
i.e., it is a system without input. We plan to extend our research to systems with inputs and
develop input dependent hybrid models for such systems.

Second, in the local dynamics identification part, we have only studied the behavior of
a limit cycle. The identification of local dynamics for other types of highly nonlinear strong
attraction domains that contain more than one attractors or contain one attractor with other
nonlinear behaviors, e.g. strange attractors, have not yet been attempted. These will be part

of our future research interests as well.

94



Bibliography

[1] E. Abd-Elrady and T. Soderstrom. Bias analysis in least-squares estimation of peri-
odic signals using nonlinear ODEs. Preprint, 2004.

[2] P.M. Anderson and A. A. Fouad. Power System Control and Stability. John Wiley
and Sons, New York, 2002.

[3] M.S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp. A tutorial on particle filters
for online nonlinear/non-gaussian bayesian tracking. [EEE Transactions on Signal
Processing, 50:174-188, 2002.

[4] A. Bemporad, A. Garulli, S. Paoletti, and A. Vicino. A bounded-error approach to
piecewise affine system identification. [EEE Trans Automat Contr, AC-50:1567—
1580, 2005.

[5] H. Blom and E. Bloem. Exact bayesian and particle filtering of stochastic hybrid
systems. /[EEE Transactions on Aerospace and Electronic Systems, 43:55-70, 2007.

[6] H. Blom and E.Bloem. Interacting multiple model joint probabilistic data association
avoiding track coalescence. In Proceedings of the 41st IEEE CDC, pages 3408-3415,
2002.

[7] H. Blom and Y. Shalom. The interacting multiple model algorithm for systems with
markovian switch coefficients. [EEE Transactions on Automatic Control, 33:780—
783, 1988.

[8] H.A.P. Blom. An efficient filter for abruptly changing systems. In Proceedings of the
23rd IEEE CDC, pages 656658, 1984.

[9] Y. Boers and H. Driessen. Hybrid state estimation: a target tracking application.
Automatica, 38:2153-2158, 2002.

[10] Y. Boers and J.N. Driessen. Interacting multiple model particle filter. /EE proc. Radar
Sonar Navig., 150:344-349, 2003.

[11] J.M. Bruckner, H.R.W. Scott, and G.R. Rea. Analysis of multimodal systems. /EEE
Transactions on Aerospace and Electronic Systems, AES-9:883-888, 1973.

[12] M. Dellnitz and R. Pries. Congestion and almost invariant sets in dynamical sys-
tems. In Proc. of the Symbolic and Numerical Scientific Computation(SNSC’01),
pages 183-209. Springer-Verlag Berlin Heigelberg, 2003.

[13] D. Donoho and V. Stodden. When does non-negative matrix factorization give a cor-

rect decomposition into parts. In Advances in Neural Information Processing Systems
16(Proc. NIPS*2003), pages 44—48. MIT Press, 2004.

95



[14] A. Doucet, N. Gordon, and V. Krishnamurthy. Particle filters for state estimation of
jump markov linear systems. IEEE Transactions on Signal Processing, 49:613—624,
2001.

[15] Y. Engel, S. Mannor, and R. Meir. The kernel recursive least squares algorithm. /EEE
Transactions on Signal Processing, 52(8):2275-2285, 2004.

[16] Y. Ephraim and N. Merhav. Hidden markov processes. /IEEE Transactions on Inform-
ation Theory, 48:1518-1569, 2002.

[17] F.Lauer and G. Bloch. Switched and piecewise nonlinear hybrid system identification.
In Proc. of the 11th Int. Conf. on Hybrid Systems: Computation and Control(HSCC),
pages 340-343. Springer, 2008.

[18] M.L. Freidlin and A.D. Wentzell. Random Perturbations of Dynamical Systems.
Springer, New York, 1998.

[19] Ferrari-Trecate G., Muselli M., Liberati D., and Morari M. A clustering technique for
the identification of piecewise affine systems. Automatica, 39(2):205-217, 2003.

[20] N.J. Gordon, D.J. Salmond, and A.F.M. Smith. Nover approach to nonlinear/non-
gaussian bayesian state estimation. /EE Proceedings-F, 140:107-113, 1993.

[21] W. Huisinga, S. Meyn, and C. Schutte. Phase transitions and metastability in
markovian and molecular systems. The Annals of Applied Probability, 14(1):419—
458, 2004.

[22] W. Huisinga and B. Schmidt. Metastability and dominant eigenvalues of transfer
operators. 'Advances in Algorithms for Macromolecular Simulation’, Lecture Notes
in Computational Science and Engineering, 2005.

[23] LT. Jolliffe. Principal component analysis, 2nd Edition. Springer, New York, 2002.

[24] A Juloski and W.P.M.H. Hemmels S. Wieland. A bayesian approach to the identific-
ation of hybrid systems. /EEE Trans Automat Contr, AC-50:1520-1533, 2005.

[25] A.L Juloski, W.P.M.H. Heemels, G. Ferrari-Trecate, R. Vidal, and J.H.G. Niessen.
Comparison of four procedures for the identification of hybrid systems. Hybrid Sys-
tems: Computation and Control, Volume 3414:354-369, 2005.

[26] H.K. Khalil. Nonlinear systems (2nd ed). Prentic-Hall, Upper Saddle River, NJ, 1996.

[27] H. Laurberg. Uniqueness of non-negative matrix factorization. In IEEE/SP 14th
Workshop on Statistical Signal Processing, pages 44—48, 2007.

[28] D.D. Lee and H.S. Seung. Learning the parts of objects by non-negative matrix fac-
torization. Nature, 401:788-791, 1999.

[29] D.D. Lee and H.S. Seung. Algorithms for non-negative matrix factorization. Ad-
vances in Neural Information Processing Systems, 13:556-562, 2001.

96



[30] A. Logothetis and V. Krishnamurthy. Expectation-maximization algorithms for map
estimation of jump markov linear systems. /EEE Transactions on Signal Processing,
47:2139-2156, 1999.

[31] L.R.Rabiner. A tutorial on hidden markov models and selected applications in speech
recognition. Proceedings of the IEEE, 77:257-286, 1989.

[32] E. Mazor, A. Averbuch, Y. shalom, and J. Dayan. Interacting multiple model methods
in target tracking: A survey. IEEE Transactions on Aerospace and Electronic Systems,
pages 103—-123, 1998.

[33] S. McGinnity and G. Irwin. Multiple model bootstrap filter for maneuvering target
tracking. [EEE Transactions on Aerospace and Electronic Systems, 36:1006—-1011,
2000.

[34] J.M. Mendel. Maximum-Likelihood Deconvolution: A Journey into Model-Based
Signal Processing. Springer, New York, 1990.

[35] B. Nadler, S. Lafon, R. R. Coifman, and 1. G. Kevrekidis. Diffusion maps, spectral
clustering and eigenfunctions of fokker-planck operators. In in Advances in Neural
Information Processing Systems 18, pages 955-962. MIT Press, 2005.

[36] O. Nelles. Nonlinear system identification. Springer, New York, 2001.

[37] S. Paoletti, A. L. Juloski, G. Ferrari-Trecate, and R. Vidal. Identification of hybrid
systems: A tutorial. European Journal of Control, 13:242-260, 2007.

[38] T. Runolfsson and Y. Ma. Model reduction of nonreversible markov chains. In Pro-
ceedings of the 46th IEEE CDC, pages 3739-3744, 2007.

[39] B. Scholkopf, A. Smola, and K.R. Muller. Kernel principal component analysis. In
Artificial Neural Networks-ICANN 97, pages 583—588. Berlin, 1997.

[40] B. Scholkopf, A. Smola, and K.R. Muller. Nonlinear component analysis as a kernel
eigenvalue problem. Neural Computation, 10(5):1299—-1319, 1998.

[41] B. Scholkopfand A.J. Smola. Learning with kernels. MIT Press, 2002.

[42] Ch. Schiitte, W. Huisinga, and P. Deuflhard. Transfer operator approach to conform-
ational dynamics in biomolecular systems. Ergodic Theory, Analysis, and Efficient
Simulation of Dynamical Systems, pages 191-223, 1999.

[43] Y. Shalom, S. Challa, and H.Blom. IMM estimator versus optimal estimator for hy-
brid systems. /EEE Transactions on Aerospace and Electronic Systems, 41:986-991,
2005.

[44] J. Shlens. A tutorial on principal components analysis. 2005.

[45] L.I. Smith. A tutorial on principal components analysis. February 26, 2002.

97



[46] T. Soderstrom, T. Wigren, and E. Abd-Elrady. Periodic signal analysis by maximum
likelihood modeling of orbits of nonlinear ODEs. Automatica, 41:793-805, 2005.

[47] E.D. Sontag. Nonlinear regulation: The piecewise linear approach. [EEE Transac-
tions Automatic Control, AC-26:326-356, 1981.

[48] S.H. Strogatz. Exploring complex networks. Nature, 410:268-276, 2001.

[49] S. Tafazoli and X. Sun. Hybrid system state tracking and fault detection using particle
filters. IEEE Transactions on Control Systems Technology, 14:1078-1087, 2006.

[50] F.J. Theis, K. Stadlthanner, and T. Tanaka. First results on uniqueness of sparse non-
negative matrix factorization. In European Signal Processing Conference, 2005.

[51] S.V. Vaerenbergh, J. Via, and 1. Santamaria. Nonlinear system identification using a
new sliding-window kernel RLS algorithm. Journal of Communications, 2:1-8, 2007.

[52] J.M. van den Hopf and J.H. van Schuppen. Positive matrix factorization via extremal
polyhedral cones. Linear Algebra and its Applications, 293:171-186, 1999.

[53] B. Vanluyten, J.C. Willems, and B. Moor. A new approach for the identification of
hidden markov models. Proceedings of the 2007 IEEE CDC, pages 49014905, 2007.

[54] B. Vanluyten, J.C. Willems, and B. Moor. Equivalence of state representations for
hidden markov models. Systems and Control Letters, 57:410—419, 2008.

[55] V. Vapnik. Statistical learning theory. Wiley-Interscience, New York, 1998.

[56] R. Vidal. Identification of PWARX hybrid models with unknown and possibly differ-
ent orders. In Proceedings of the 2004 American Control Conference, Boston, MA,
2004.

[57] R. Vidal, Y. Ma, and S. Sastry. Generalized principal component analysis (GPCA).
IEEE Transactions Pattern Anal and Machine Learn, 27:1945-1959, 2005.

[58] T. Wigren, E. Abd-Elrady, and T. Soderstrom. Least squares harmonic signal ana-
lysis using periodic orbits of ODEs. In Proc. of 13th IFAC Symposium on System
Identification, pages 1584—1589. Rotterdam, The Netherlands, August 2003.

[59] T. Wigren and T. Soderstrom. Second order ODEs are sufficient for modeling of
many periodic signals. Tech. Rep 2003-025 Department of Information Technology,
Uppsala University, Uppsala, Sweden, 2003.

[60] A.S. Willsky and B.C. Levy. Stochastic stability research for complex power systems.
Lab. Inf. Decision Systems, MIT, Report ET-76-C-01-2295, 1979.

[61] Y. Xu, D. Zhang, F. Song, J. Yang, Z. Jing, and M. Li. A method for speeding up
feature extraction based on KPCA. Neurocomputing, 70(4-6):1056-1061, 2007.

[62] Y. Zhai and M. Yeary. An intelligent video surveillance system based on next-
generation stochastic tracking. 2007. Preprint.

98



