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PREFACE 

The mathematics curriculum is in the midst of a revolution in 

which many changes are being made. These changes are concerned, in 

most instances, with new approaches to traditional subject matter 

although some new material is being introduced. The purpose of this 

report is to compare some of the more significant changes from what 

has been traditionally taught in first year algebra. This compari

son involves the Ball State, the School Mathematics Study Group, and 

the University of Illinois Committee on School Mathematics programs 

and the traditional approach of Mallory, 11/feserve, and Skeen' s text, 

First Course in Algebra. 

A special thanks is extended to Dr. James H. Zant for his assis

tance and counsel in the preparation of this report and to the National 

Science Foundation, w.i. thout which, this year of study would not have 

been possible. 
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CHAP'IE:R I 

INTRODUCTION 

At the present time, the high school mathematics curriculum is 

in a state of upheaval. The mathematics taught in the past is under 

heavy fire .from many critics. The current trend of thought is that 

high school mathematics has not kept pace with twentieth century 

scientific and industrial applications of the subject. 

There appear to be two d.efini te camps to 'Which those involved 

tend to congregate. One group believes changes are desirable but 

any new approaches shoulg, be centered around 'What has been taught 

traditionally. The other group, which has gained much support for 

its program, proclaims that the mathematics curriculum needs a complete 

''overhaul. 11 

The philosophy of the latter group, frequently called the 1'modem 11 

school, is concerned with- radical changes from what has been taught 

traditionally. Objectives must be reviewed and, where necessary, be 

re-oriented. Some mathematics in the traditional program has no 

present day application and should be replaced by new material more 

appropriate to present day needs. Mod.em approaches to presenting 

much of the "old" mathematics must be developed. There is also a 

d.efini te trend toward being more concerned with the development of 

the potential of the college capable students, the group from which 

the largest percentage of t.11.e future leaders of this country will 

come. 

1 
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Several projects involving this "modern" approach to the teaching 

of high school mat~ematics have been developed. These programs, although 

differing in many respects, have as a prime objective the teaching of 

mathematics for understanding; manipulative skill is a secondary 

factor. 

The purpose of this report is to compare first year algebra 

texts of several of the major modern programs and a revised edition 

ef a traditional algebra text. In this way one can determine the 

main points of difference bet'Ween the indi v.idual modern day approaches 

and a traditional method of ·teaching the same algebra. One modern 

text used was Algebra !. by Brumfiel, Eicholz, and Shanks (1), pub

lished by Addison-Wesley. This text was developed as the result of 

a study centered at Ball State Teachers College, Muncie, Indiana. 

This report will frequently refer to the material included in the 

above text as the Ball State program. 

Another set of texts being considered is probably the most pop

ular of the modern day approaches. This is the School Mathematics 

Study Group (SMSG) text, First Course !!!. Algebra (2). 

'fye University of Illinois Committee on School Mathematics has 

produced a di,fferent type· of text which is rev.le-wed in this report. 

The UICSM First Course (3) will be referred to as the Illinois program. 

The _traditional text chosen is a 1961 revision of Mallory, Meserve, 

and Skeen's First Course in Algebra (4), published by the L.w. Singer 

Company. ''Mallory" will be the term most frequently utilized in dis

cussing th.is text. 

In a report of this type, it is obviously not possible to compare 

all phases of algebra. Accordingly, only some of the more basic 



3 

concepts and related material w.i.11 be discussed. This involves appro::id.

mately ten different major areas, a coverage which should acquaint the 

reader w.i.th basic similarities and differences 0£ the texts under con

sideration. Ball State w.i.11 generally be the first program to be 

reviewed in each area. SMSG, Illinois, and Mallory follow in that 

order. 



CHAPTS:R II 

INDIVIDUAL PREFACES 

Although what is included in the preface of a text is usually 

not regarded as of major importance, what is said can have a large 

influence on how the student is to react toward material subsequently 

presented. For that reason, a review of the preface of each text is 

provided in this report. 

Ball State takes an optimistic but strictly factual approach. 

The pupil is told that the purpose of the text is to present algebra 

in such a way that the reasons f<>r algebraic processes become evident. 

The teacher is reminded that for best results, students must be treated 

as young adulta. 

In a foreword to students, algebra is described as more than a 

special technique that simplifies problem-solving. It is principally 

a study of number systems and the arithmetic operations possible in 

these systems. Skill is important but understanding the rules of my 

algebra works is the main objective. The discussion is closed by 

telling the pupil that a deeper understanding of numbers is enjeyable. 

The approach used by SMSG is similar to that of Ball State. The 

teacher's manual suggests that the objective of the SMSG text is to 

help the student develop an understanding and appreciation of alge

braic structure exhibited by the real number system and use these 

structures as a basis for techniques of algebra. In the preface of 

4 



the student text, the pupil is told that he will be given "an oppor

tuni ty which few high school students have had up to this time • • • 

Study of algebra in this course will be based upon an exploration of 

the behavior of numbers. "(2, p. vii) It is added that excitement and 

fun can accompany study of the foundations of algebra. Manipulation 

w.i. th symbols will be made more clear and understandable. 

There is no preface to the Illinois text. Ho"Wever, the teacher's 
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commentary states that the objectives, or principles of the course are: 

1. The learning of mathematics should be a delightful experience for 
youngsters. 

2. Mathematics can be interesting without being "Watered down. 

3. The teacher is an extremely important element in the classroom. 
(3, p. Int. A.) 

To best describe the Mallory preface, the follow.i.ng is quoted 

directly from the text. 

The authors of First _9ourse in Algebra have taught high school 
algebra for many years. They have fully considered the Report of the 
Commission on Mathematics (5), the work of the School Mathematics 
Study Group, and the literature of the many current experimental 
programs. • • A natural transition from arithmetic to algebra. has 
been provided ••• This book contains all the features which made 
earlier books in the series popular. It is modem in content and 
presentation ••• The review and maintenance program is a strong 
feature ••• Careful attention has been given to readability. (4, p. iv) 



CHAPTER III 

THE CONCEPT OF NUM!ER 

What is a number? This is a question that has never been answered 

clearly in the minds of many students of mathematics. Traditionally, 

little effort has been made toward clari.t'ying this concept at the hi~ 

school level. HoEver, the modern texts -were written with the philo&-

ophy that pupils must understand numbers, numerals, and symbols. 

The second chapter of the Ball State text consists of a discu&-

, sien of symbols in arithmetic and algebra. From this, a student should 

be able to understand the difference bet116en symbols and numbers. 

"A symbol is anything which represents, or stands for something 

else. "(l, p. 17) Diplomas, report cards, letter Sll8aters, and 'WOrds 

are mentioned as examples of symbols. "A symbol used to represent a 

number is called a numeral. "(l, p. 6) A cl.ear distinction is made 

betl\een numerals and numbers. The marks tt()tt, "1", "2'', etc. are only 

numerals. 11Numbers are ideas that are represented by these numerals." 

(1, P• 18) 

Statements such as the following are used as illustrations. 

Anyone can see that there are t,vo "9"' s in "99," but of course 
there are eleven 9'.s in 99, not t110. "When you said there are no 
112u 1 s in "10", you -were right. But ean•t you see there are five 
21 s in 10? 11(1, p. 19) 

It is interesting to note that the above quotation appears to be 

lifted directly from the Illinois text. (3, p. 1-3) 

6 



SMSG evidently feels that this concept is very important and the 

earlier it is introduced, the easier it will be to understand the 

principle involved. Accordingly, discussion of the topic begins on 

the first page of the text. 

Mention is made of the fact that whole numbers like 3 may have 

other names such as n3/1n, n6/2", "9/3", etc. It is added that, tech

nically speaking, "3" is not a number; it is only a symbol for some

thing involving three objects. The idea of "threeness•• is described 

by the symbol "3"~ The number itself is ari idea whose name is "3"· 
The name given a number is called a numeral. After it is felt that 

7 

the concept has been explained ~quately, the statement is made that 

symbols such as 3 will be used to mean either the number or the numeral 

representing it. 

In the Illinois text, the concept of number is introduced by a 

play on "WOrds. The procedure is concerned with a hypothetical situ

ation in which a boy is trying to teach his friend arithmetic by 

mail. The fact is illustrated that symbolism must be precise if con

fusion is to be avoided in mathematics. The previously mentioned 

paragraph .from the Ball State text is an example used by UICSM to 

illustrate the confusion that results if the difference bet,veen numbers 

and symbols is not clear. 

"The marks • write on paper are only symbols for numbers. The 

marks are not the numbers themselves. "(3, p. 1-5) After seven pages 

of preparatory material, it is added that "a symbol for a number is 

called a numeral. 11 (3, p. 1-7) This comprehensive discussion is follo11ed 

. by exercises which pave the way for treatment of letter symbols in Unit 

2. In explaining th,~ exercises, stress is laid on the fact that in 

. substitut:ion, one symbol is replaced by another •. 



Mallory's discussion of the. mmiber concept is quite limited. In 

fact, it is confined to only one page. If a student does not know 

1Vhat the difference between a symbol, a number, and a numeral is 

before reading this material, there is a question -whether the expla

nation will enlighten him any. 

The follow.tug quote is all that is devoted to discussing the 

concept of number. 

The symbols 1, 2, 3, and so on are correctly called numerals. 
We use them to represent numbers. We also use Roman numerals- I, II, 
III, and so on to represent numbers. In this book, -we follow common 
usage and speak of these symbols as numbers. (4, p. 3) 

Although there is some discussion related to different types of 

numbers, no exercises are concerned with the number concept. 

8 



CHAPTER IV 

THE NOTION OF Sffi,TS 

"So much of mathematics is permeated with set concepts and for 

that matter, can actually be made to rest upon set theory as a foun

dation • • • "( 6, p. 282) Sets play an important role in modern math

ematics. Therefore, it is appropriate that set theory be considered 

in this report. 

Throughout the Ball State text, liberal use is made of the notion 

of sets. Sets are first mentioned in Chapter 1 in an exercise con

cerned with counting in different bases. 

The next topic, ''Numbers and Sets," consists of a full scale 

introduction to the concept. The student is reminded that his first 

experiences with numbers involved counting sets of objects such as 

cookies, apples, and playmates. As one continues the study of math

ematics there is a tendency to think less about the sets of objects 

w.i.. th which numbers are associated and more about the numbers them

selves. This is called abstraction. As one becomes more skilled in 

mathematics, abstraction is used more and more. Ho-waver, the sets of 

objects must not be forgotten; obvious mistakes can be made if the 

sets are ignored. 

Deciding, w.1. thout counting, whether two sets have the same number 

of objects, is discussed. This involves pairing of the objects in 

each set. Since this is usually not convenient, counting is generally 

accomplished by comparing the objects in a set w.i.. th those of a 

9 
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pre-determined set containing a specified number of objects. This pre

determined set represents a certain number. 

Chapter 4, "Addition and Multiplication," offers an example of the 

frequent use of sets by Brumfiel. The chapter begins with further dis

cussion of the topic. Here, the subset is first introduced and defined. 

"A subset A of a given set B is a set of only certain elements of B. 11 

(1, p. 42) The null, or empty set is 11the set 'Which contains no 

objects ••. consider the set consisting of all wild elephants in 

your schoolroom. 11 (1, p. 43) Parentheses w.i. th nothing bet-ween them, 

( ) , are used to incl\cate the empty set. Further, it is added that 

every set is a subset of itself and the null set is a subset of every 

set. 

Other situations where sets are used include: "Variables are 

symbols we shall use in discussing numbers in a certain set. "(1, p. 44). 

The natural and counting numbers are defined in terms of sets. The 

definition of a function involves sets. "The graph of a polynomial 

is the set of all ordered pairs (x,p(x)). "(l, p. 201) 

These examples are only samplings of situations where sets are 

utilized but they tend to substantiate the earlier contention that 

liberal use is made of the notion of sets throughout the Ball State 

text. 

The concept of a set is one of the most important in the SMSG 

program. Early in the text, extensive treatment is given this area. 

Four uni ts of over fifteen pages are devoted to sets •. 

After illustrating sets in several ways, a set is defined infor

mally as a collection of elements. 11In this course these elements 

will usually be numbers. 11 (2, p. 9) Braces are used to enclose 



elements of a set. The symbol€ is a shorthand notation for "is an 

element of." ¢ is used to indicate that an element does not belong 

to a. set. The null, or empty set is described as ttthe set which con

tains no elements. tt(2, p. 11) The usual null set notation,¢ , is 

used by the text. 

"If the members of a set can be counted, with the counting 

coming to an end, the set is a finite set. Otherwise, it is an 

infinite set.:rt(2, p. 12) In the discussion of infinite sets, a 

proper subset is defined. ·· The text then adds that an infinite set 

has the surprising property that_ "all its members can be paired off, 

one-to-one, with a proper subset of itself'. 11(1, p. 17) 

11 

Several pages are devoted to an introduction to operations on 

members of sets and closure of a set under an operation. 

Analysis of the complete course will reveal that extensive use 

is made of this concept. In fact, one may say with.out fear of contra-

diction that one of the. main building blocks of the SMSG program is 

that of sets. 

Use of sets by UICSM is quite limited in comparison with SMSG 

and Ball State. The first observed use of the concept is in the · 

final unit of the text in an exercise 1Vh.ich involves selecting ordered 

pairs from a set of numbers. 

Intersection and union are defined, topics which nei th.er of the 

two previous programs cover. 

The intersection of two sets of points is the set of all points 
which belong to both of the two given sets • • • -The union of two sets 
of points is the set of all points which belong to ei th.er or both of 
the two given sets. "(3, p. 4-13) 



Some of the exercises involve the use of sets. Other than the 

instances just mentioned, little use is made of sets. H011ever, the 

teacher's commentary suggests that if an instructor desires more 

information he should consult a modem text on the subject. 

Mallory (4, p. 2) introduces sets as "a collection of objects 

or numbers. • • Each object or member of a set is called an element 

of the set. n During the brief introduction to the concept, -well

defined and not -well-defined sets are discussed. Sets of numbers are 

given one paragraph of coverage. Other than this, the notion of sets 

is utilized sparingly throughout the text. In some situations, such 

as inequl"Jities, sets are mentioned. Ho-never, such cases are limited 

in number. 

This appears to be a topic that was included in the text to sat

isfy the modem trend. Little effort seems to have been made to 

"capitalize" and use the set material that is introduced •. 

12 



CHAP'l2R V 

THE: VARIABIE 

The variable concept is one which a student must understand 

thoroughly if algebra is to be meaningful. Accordingly, it is desir

able that a textbook develop the idea carefully. The contrast bet~en 

the various developments considered in this report is rather interesting. 

Brumfiel, Eicholz, and Shanks evidently feel that the variable 

must be introduced fairly early in the study of algebra. Ho-wever, 

there are certain prerequisites which must be covered if the concept 

is to be understood thoroughly. Therefore, careful consideration is 

gi. ven to preparatory material. 

Chapter 1, "Sets and Counting, tr includes the development of 

various systems of marking used to represent numbers and a brief dis

cussion of the relation bet'\1\een numbers and sets. 

Chapter 2, nsymbols in Arithmetic and Algebra, 11 prepares the 

student for variables by discussing symbols and numerals. Emphasis 

is placed on the fact that in mathematics, symbols stand for precise, 

clear-cut ideas. The discussion hovers near, but doesn't touch the 

variable concept. 

Chapter 3 is concerned with logic. The Greek symbols a' , ,8 , 

and ¥ are introduced as abbreviations for statements involving log

ical principles. 



After forty four pages of preparatory material, the authors 

belie-ve that the necessary foundation has been laid for the intro

duction of variables. The concept is first presented in Chapter 4, 

"Addition and Multiplication." 

1.5 

The chapter begins with a discussion of sets. In the exercises 

following this introduction the student is asked to describe different 

sets. In the next subtopic, "Variables," the text suggests that it 

.would be helpful to in-vent a simpler way to construct sentences such 

ass "Select a subset of S so that fi -ve more than twice each number 

in the subset is in s. 11(1, p. 43), /J = (1, 2, 3, 4)] 

The student is then asked to select the subset that consists of 

the e-ven numbers in s. It is added that another way to refer to the 

numbers in a set is to use a variable. "Variables are symbols -we use 

in discussing numbers in a certain set. In algebra 1V9 usually use 

small letters of the alphabet to indicate variables. tt(l, p. L4) 

SMSG approaches the variable concept with practically the same 

amount of preparatory material as Ball State. Ho1V0-ver, the mater

ial preceeding the variable concept differs slightly in each case. 

Chapters l and 2 of SMSG are titled "The Real Number Line and 

Sets" and "Phrases and Sentences," respecti-vely. The variable is 

first encountered in the latter chapter. 

The concept is introduced by describing a class game with arith

metic. The instructions given the class are to "cho·ose a number from 

set s, L-s-= 1, 2, 3, ••. , JJ"'J add 3, multiply by 2, and subtract 

tw.i.ce the number chosen. 11 (2, p • .39) One person did the calculations 

mentally 'While John worked the problem completely out with numerals. 



Rudy wanted to follow John's calculations but didn't hear what number 

he had chosen. Rudy then just used the SJllllbol ttJohn' s number" and 

calculated with it. Don watched Rudy and caught the drift of his 

proeedure but decided "John 1 s number" was too complicated a phrase to 

write over and over, so he decided to abbreviate and use "n". 

The calculations of each individual are compared in an illu

stration. Since each person had· a final answer of 6, each method 

is correct. Ho'WBver, the one utilizing ttn" involved less work and 

took less time to complete. The pupil is then asked to notice that 

the letter ''n" has been used to represent a particular number, but 

this number may be any one of the set s. Don could just as -well have 

used "t, tt tta," or "k" to represent the number he was calculating with. 

The main points of the discussion are concluded by saying that 
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tta letter such as 'n', when used as Don used it, is called a variable. 

The numbers that n may be are called its values." (2, p. lt>) 

The development of the variable concept is probably one of the 

most distinctive feature·s of the UICSM program. The careful intro

duction of this concept is preceeded by a unit composed of seventy 

five pages of preparatory material. 

Proponents of the UICSM program feel that directed numbers should 

be the first topic to be covered in a first course in algebra. The 

four arithmetic operations, the commutative, associative, and distri

butive laws, and the principles of O and 1 are included in Unit 1. 

These areas are follo-wed by inequalities, development of the number 

line, and absolute value. 

The teacher's commentary pinpoints several important ideas of 

Unit 2. The commentary suggests that the variable has always been a 
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rather controversial idea in algebra. The name implies that it is 

something that changes. Because of the confusion arising from the 

1VOrd "variable", UICSM has invented the -word ttpronumeral" to precisely 

describe the concept. · 

The approach utilized in the student's text involves a mythical 

classroom situation. Miss Adams gives her class a different type of 

true-false test. She mimeographs the examination then punches holes 

in some of the numerals. Students are given this test and a second 

sheet which they slide under the first. They are then told to put 

numbers in the holes so it can be said precisely whether the mathe

matical statement is true or not. 

After this introduction, the concept is further developed by 

using sentences with blanks. Another mythical situation is used to 

introduce symbols. Sammy's big brother told him that algebra was a 

lot different than arithmetic because 11in algebra you add letters 

instead of numbers. "( 3, p. 2-7) As a class project, Sammy made out 

a true-false· mathematics test and put letters instead of numbers in 

the blanks. This presented a problem to all, including Fred, the 

"brain" of the class. For the first time, Fred couldn I t answer a 

mathematics problem presented him. 

It is at this point that the student is introduced· to the pro

numeral. Here, instead of using letters, 0 , Cl , and O are 

employed. Working w.i. th pronumerals is illustrated by such acti vi

ties as [J + D + D ::: 3 X O . 

The concept is developed further by giving the student e2rcises 

such as the follow.i.ng, and telling them to put the name of the same 

student in both blanks of a statement. 
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1. O is a boy and sits in the front row. 

2. <::::) is a girl and c:> has a brother in this school. (3, p. 2-18) 

It is then carefully explained to the student that there are pro-

nouns in mathematics as -well as in English. In English, a pronoun 

stands in place of a name (or noun). "The pronouns in mathematics 

stand in place of names of numbers. "{3, p. 2~ro) An example or this 

would be 3 + Cl =- 8. A noun is compared to a numeral and a pronoun 

with a pronumeral. "Since pronouns in mathematics stand in place of 

numerals, •.• , -we shall call the symbols which act as pronouns, 

pronumerals. "(3, p. 2-21) 

Finally, on page 43 of Unit 2, one hundred eighteen pages from 

the beginning of the text, it is felt that sufficient background has 

been presented so that the student is ready to begin using letter 

symbols to replace numerals. · One should note the difference bet-..een . 

this and the preparatory material in traditional texts. 

After pupils can see that D , 0 , and0 serve only as frames 

and it doesn't matter whether these frames are kept after numerals are 

placed inside them, it is suggested. that the task at hand will be eas

ier if letter symbols are used as pronumerals. Exercises involving 

the use of letters follow immediately. Throughout the remaining por-

tions of the text, letters are used exclusively. 

Mallory's First Course !!! Algebra seemingly plunges 11headfirst11 

into discussion involving the variable concept. The first chapter, 

"Numbers and Formulas," begins with a discussion of addition and multi-

plication in arithmetic. The arithmetic laws are introduced by numeri

cal illustration. This is follo-wed by subtraction and division in· 

arithmetic and the properties of O and 1. 



After fifteen pages of introductory material, the subtopic, "Use 

of Literal Numbers," is encountered. Here, the foi,nula for the area 

of a rectangle is used to introduce literal numbers, the term used to 

describe variables in this text. Numbers, then letters are used to 

illustrate the use of the variable in this very short explanation. 

The equations-A=- bh and P = 2b + 2h are ea.lied general expressions. 

If number values are assigned to these formulas, they are than called 

particular rectangles. 11Ietters used to stand for numbers are called 

literal numbers. tt(4, p. 16) 

How to add, subtract, multiply, and divide literal numbers is 

illustrated. More emphasis seems to be placed on defining various 

terms than in explaining the operations. After a comparison between 

arithmetic and algebraic computation, the student meets formulas 

some'What abruptly. Such an approach .and development may tend to 

leave many pupils with the question, "This is how we do it, but 'What 

are we doing? 11 

19 

Finally, in the summary at the end .of the chapter, some concrete 

procedures are presented. Among these are the commutative, associa

tive, and distributive laws, expressed for the· first time algebraically. 

In Chapter 2, "Equations and Inequalities," an unkn011Jl is defined. 

wtThe X in the equation cax~ 48 J is called the unknown; it stands for 

an unknown number. Since X stands for any set of values, X is called 

a variable. "(4, p • .5o) This appears to be the conclusion of a rather 

cloudy explanation of the concept under consideration. 



CHAPTER VI 

NU:MJER SYSTEMS 

The current trend of thought in matherr.atics is that a clear cut 

and mathematically sound picture of the structure of aigebra gives 

the student a thorough introduction to some of the more important 

fundamentals of algebra. Since the various number systems are vital 

elements of algebraic structure, a review of the coverage given each 

system by the texts under consideration is warranted. 

Before any operations can be performed there must be something 

with which to work. Therefore, in Chapter 4, "Addition and Multi-

plication, n Ball State begins development of the number system. 

First, the natural numbers are defined as "the set of numbers 

obtained by starting with one and successively adding one. tt(l, p. 46) 

Immediately thereafter, the counting numbers are introduced as the 

number zero and the set of natural numbers. 

Brumfiel works exclusively with the counting numbers through the 

next two chapters, which deal with addition, multiplication, and sub-

traction. Hoi.,ever, in subtraction equations such as x+ 4::: 0 are 

encountered; equations of this type can 1 t be solved until a new sys-

tem of numbers is developed. These new numbers are created for the 

sole purpose of permitting solutions for such equations. 

Important postulates and definitions include: 

Postulate: For each natural number a there exists a new number 
called the negative of a, designated by the symbol '-a.' These new 
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numbers, together w.i. th the counting numbers, form a set for which sums 
and products are defined. In particular ·a+ (-a) == o. 

Definition: 'We call the set of numbers consisting of all these new 
numbers, and the counting numbers, the integers. The new numbers are 
called negative integers, and the natural numbers are called positive 
integers. "(1, p. 79-80) 

A postulate then follows which, in general, says that the integers 

obey the same laws for addition and multiplication as do the counting 

numbers for these two operations. 

Throughout Chapter 8, only the integers are discussed. However, 

in the latter unit, "Division," it is clearly seen that since division 

of integers is not always possible, more numbers are needed. Hence, 

throughout the chapter, some of the properties that these new numbers 

must have ~re studied. 
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Just as the number -4 -was invented in order to say that the equa

tion x + 4 = 0 has a solution, a rational number 1/3 is created so that 

the equation ,3x = 1 may have a solution. The follow.i..ng postulates and 

definitions are important in the development of this new system. 

Postulate: For each pair of integers a and b w.i..th b~ O, there exists 
a new munber, called "a over b," designated by the symbol "a/b." These 
new numbers together w.i.th the integers form a set of numbers for 'Which 
sums and products are defined. In particular b • a/b = a. 

Definition: 'We call the. set of numbers created by our postulate the 
set of rational numbers. 1M! call the symbol "a/b" a fraction. The 
integer a is called the numerator of the fraction, and the integer b 
the denominator of the fraction. 

Postulates The same laws hold for the addition and multiplication of 
rational numbers as for the addition and multiplication of intege:rs. 
(1, p. 128) . 

It is appropriate to mention here that these new numbers are very 

similar to the numbers studied in arithmetic called fractions. How-

ever, a distinction is made between the two terms. The text calls the 

new numbers rational numbers, not fractions. The -word "fraction" will 

be used only as a symbol or name for rational numbers. 



The student who has come to believe that he has become acquainted 

with the complete number system is -shown differently in Chapter l.4. 

"There is no rational number whose square root is two, "(l, p. 253) is 

presented as a theorem and proved by reductio ad absurd.um. 

The following postulate expands the rationals. 

We assume that there is a set consisting of 

(i) the rational numbers, 

(ii) a number, not necessarily rational, whose square root is 
two, which is denoted by "2, and 

(iii) all numbers which arise by addition and multiplication 
involving the numbers of (i) and (ii). 

Furthermore, 1!19 assume that all our old basic postulates hold 
for this new set of numbers. (1, p. 256) 

Follow.i.ng this postulate is the definition: 

The new number v'"'2' shall be called the square root of two. We 
also say that "2 is an irrational number. The set consisting of all 
the numbers a+b -./2, w.i.th a and b rational, will be designated by 
"Q(J2)" -which we read as "Q of the square root of 2. (1, p. 2.58) 

This system is not expanded beyond the rationals combined with 2 

until the next chapter, "Real Numbers." Theorems are used to present 

the fact that the decimal representation of a rational number repeats. 

An informed observer w.i.11 note that the transition from rationals 

to reals is accomplished with the use of the Dedekind cut. The text 

does not mention the concept by name but the properties described are 

typical of the Dedeldnd cut. 

A definition states: 
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Each infinite decimal, positive, negative, or zero, repeating or 
not, represents a real number. Those real numbers which are represented 
by non-repeating decimals are called i~~i.onal numbers. (1, p. 277) 



Since the rationals are embedded in the reals, it is mentioned 

that the basic laws for reals are practically the same as for the 

rationals. Tl"le, basic postulates for real numbers' are then given. 

This completes the main points of the Ball State development of the 

various number systems. 

The first chapter of the SMSG text is titled "The Real Number 

Line and Sets." Accordingly, one must expect a quite different 

approach to the development of the number systems than that of Ball 

State. A student who compares both texts will readily see that Ball 

State's development is the more thorough of the two. It is possible 

that some authorities may consider Brumfiel to be rather meticulous 

in this particular area. 

SMSG does not define the various number systems as explicitly. 

After an informal discussion and definition, one can see that the 

counting numbers and zero make up the set of whole numbers. Counting 

numbers are said to be sometimes called natural numbers. 

It is appropriate to mention that Ball State defines counting 

numbers as those numbers consisting of zero and the natural numbers. 

Note the divergent definitions. If Bru.mfiel ever mentions "whole 

numbers, tt it is only in an insignificant position. 

During discussion of the number line, fractions are mentioned 

and informally defined as zero and quotients of the counting numbers. 

The positive integers are introduced during development of the number 

line. The method used w.:lll be covered in a subsequent chapter~ 

Fractions are introduced by di vi.ding intervals between positive 

integers. There are an infinite number of points bet-ween any two 
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whole numbers since it is possible to find the midpoint of an interval,, 



then find the midpoint of this half interval. If kept up endlessly, 

it would always be possible to find a point bet1V0en any two points. 

Still in the first subtopic on the number line, the student is 

asked, "Do you think we can label every point on the number line w.i th 

a fraction?"(2, p. 6) The answer is no; a proof is given later in 

the text. 

This is all the coverage given number system development until 
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one hundred pages later in Chapter 5, "The Real Numbers." Here the 

student is reminded that lathough a line extends Yd thout end from left 

to right, so far, only all points to the right of zero have been 

labeled. These points and the numbers associated 'With them are devel

oped in much the· same way as those on the right. Ho'W0ver, these points 

to the left are labeled ·1, -2, etc. and are called negative one, neg

ative two, and so on. 

The text then states that 11the complete set of points on this 

extended number line are called real numbers, those to the right being 

positive real numbers and those to the left, negative real numbers." 

(2, p. UP) It is mentioned that the integers, the set consisting of 

all the whole numbers and their negatives, are of particular importance. 

In Chapter 8, ttFactors, Exponents, a.Tld Radicals," the words 

"rational" and "irrational" are first mentioned. A theorem, '12 is 

irrational, is proved by reductio ad absurd.um. The fact that all 

whole numbers are rationals completes discussion of number systems. 

The UICSM First Course does very little with number systems. In 

fact, the words "integer," "rational, 11 "irrational," and "real number" 

are mentioned sparingly, if at· all. The teacher's cmn.rnentary implies 

that work in this area w.ill come in a later course. 
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Unit 1 of First Course is titled -"Directed Numbers. 11 The integers 

are introduced in this unit but are called positive and negative directed 

numbers. The positive and negative rationals are developed in much the 

same way. Positive rationals are mentioned two or three times in the 

text but neither they nor their negative counterparts are identified 

frequently as such. The irrational concept receives little consider

ation. Natural number and whole number concepts are included in the 

reading material but have different names. 

An attempt is made to present the material in such a way that 

the student will see that an isomorphism exists bet-ween the positive 

directed numbers and the numbers of a.rl thmetic under the operations of 

addition and multiplication. 

Most critical observers will probably agree that Illallory' s text 

has very little system in its approach to any of the number systems. 

About the only organization to this area is that almost all the defi

nitions of' number systems used in the text are included under the same 

heading, "Sets of Numbers in Arithmetic." Here, the natural numbers, 

(sometimes called the counting numbers) are defined as "the set of 

numbers you used most in arithmetic. This includes the whole numbers, 

starting w.i. th 1. Zero is not a natural number. 11 (4, p. 3) 

An attempt is made to describe the natural numbers by modifying 

several of Peano' s postulates. This is certainly a step in the right 

direction and is something few modern texts attempt at this level. 

Most authors apparently feel that unless a creditable job can be done 

with Peano' s postulates, they just as well be left alone. Mallory 

apparently doesn't adhere to this philosophy. The material in question 

is as follows: 



From your study of arithmetic, you may observe many facts about 
the set of natural numbers. Some of these are: 

1. It has a first element, 1, but no last element. 

2. Each element is a whole number; that is, an integer. 

3. It does not contain O. 

4- Each number after 1 is greater by one th~ the number before 
it. (4, P• 3) 

The above mentioned quotation is one of the three places in the 

text 'Where the -word "integer" can be found. In one of the last chapters, 

there is a three paragraph discussion of rational numbers. The defi-

ni tion of rational numbers is precise, a statement which cannot be said 

of the irrationals. The latter topic is well done for the time alloted 

but it w.i.11 probably be difficult for mo st students to see a clear 

relationship between the various number systems, especially since the 

real numbers are not mentioned. The fact that there are definitions 

of nine different types of numbers in the short topic that introduces 

natural numbers w.i.11 undoubtedly tend to cloud the issue for many 

students. 



CHAPTER VII 

BASIC OPERATIONS AND LAWS 

The development of the basic operations, addition, subtraction, 

multiplication, and di vision, w.i..ll be reviewed in this chapter. Gov-

erage w.i.11 also be given to the commutative, associative, and distrib-

utive laws plus the properties of zero and one. 

The Ball State development of basic operations is rather lengthy. 

In a report such as this, a resmne of the topic must be brief. Accord-

ingly, this analysis w.i.11 begin with the end product of the. development 

and review how the same was attained. 

Over three-fourths of the Brumfiel text is untilized in developing 

this topic. The result is a very thorough foundation for algebra, 

based on the follow.i..ng basic postulates for the real numbers. 

Each pair of real numbers, x and y, may be added to give a 
unique sum, x + y, and multiplied to give a tmique product, xy. 
Addition and multiplication satisfy the follow.i.ng: 

l. X + y = y + X. 
(commutative laws) 

2. xy :: 'YX 

3. x -t- {y -r z) == (x + y) + z 
(associative laws) 

4. X (yz) ~ {xy) Z 

5. X {y + z) '= xy-f- XZ (distributive law) 

6. Given x and y, there ;ls a unique z such that x:: y + z. 
le designate z by "x - y." (The subtraction postulate) 

7. Given x and y#,;. O, there is a unique z such that x = yz. 
We designate z by "x f Y" or "x/y. 11 

(The division postulate)· · 
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9. xy= 0 implies either x =- O or y = o. 

10. The number one has the property that x.1::;::. x for all x. 
(1, p. 279) 
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Previous to this final climax, the integers are expanded to the 

rationals in order that division w.i..11 be possible. (Excluding division 

by zero) 

Important topics include_d in the discussion of rationals not 

introduced previously include the following theorems: 

a/b;. c/d ~ ad= be 

a/b • c/d = ac/bd 

a/b + c/d = ad+ bc/bd (1, p. 144) 

· Because numbers such as {2 are not rational, the rational system 

is expanded to include such numbers. All the basic postulates hold 

for this new system, the set ·of real numbers. 

The predeqessors of the rationals, the integers, result from 

expansion of the natural nuniJrs. The latter are expanded because 

not all equations have solutions under the operation of subtraction. 

Topics introduced for the first time include: 

Postulate. For each natural number a there exists a new number 
called the negative of a, designated by the symbol 11-a." These 
new numbers, together w.i.. th the counting numbers, form a set for which 
sums and products are defined. In particular a+ (-a) = o. 

Theorem. For every integer x it is true that - x ::.= O - x. 

Theorem. For every integer x it is true that -(-x) :: x. 

Theorem. The difference, x - y, of any tllO integers x and y 
· is the integer x + (-y). 

Theorem. For every pair of integers a and b it is true that 
-(a+ b) ::: (-a)+ (-b). (1, p. 87-89) · 

The multiplication of integers with different signs is introduced 

by illustrations. "For e~le, to compute 4(-J), let us consider 

that 4(3 + (-.3)) == o. Ho~ver, 4(3 + (-3)) :::: 12,t- 4(-3) ::=- o!'(l, p. 91) 



The product of two negative numbers is illustrated by a similar 

method. The ideas developed by the examples axe summarized by saying: 

ttThe product of two negative integers is positive, and the product of 

a positive and negative integer is negative. 11 (1, p. 92) The fol-

lowing theorems are then introduced: 

If x.y:::: O then either x:::: O, or y = O, or both are o. 

For every integer x, (-l)x = -x. 

For every pair of integers a and b, (-a). (-b) = (ab). 

For any three integers a, b, and c, a(b-c) = ab - ac. 
(1, P• 92) 

Important theorems included in the introduction to di vision are: 

If x can be divided by a, then the quotient is unique. That is 
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a division problem involving integers has either no solution or exactly 
one solution. 

If (x ~ a)-== {y7 a), then x = y.{1, p. 115) 

Since the integers evolved from the natural numbers, the latter 

system must necessarily be developed first. While the natural numbers 

are being developed, the operations of addition and multiplication, 

along with the fundamental postulates, are introduced. 

Important material presented at this point includes: 

Theorems: If x is any counting number, then x + x = 2x. 

For every counting number x, x.O -;: 0. 

Definition: If x + b = a (orb+ x =a), then the number xis 
called the difference of a and b, or a minus b. W'e 
write x as tra - b." 

Theorems: If x - a :. b - a then x ::. b. If r - x: r - s then 
x -= s. ( Cancellation law for subtraction) 

For all counting numbers a, b, and c, a - (b -.c)= 
(a - b) + c. · 

For all counting numbers a, b, and c, a - (b + c) == 
(a - b) - c. 



For all counting numbers a, b, and c, a + (b - c) = 
(a +b) - c.(1, P• 65-75) 

Summarizing the Ball State approach to basic operations and 

· laws, first the · natural numbers are developed and the basic laws 

postulated. The naturals are expanded to the integers, the integers 

to the rationals, and finally, the rationals to the reals. Generally, 

after the basic operations are postulated, they are re-introduced in 

next system as theorems. Only those properties not applicable to a 

preceeding system are defined or postulated. The fundamental proper-

ties are used throughout the text and are mentioned by name frequently. 

The SMSG introduction to properties of operations on numbers 

somewhat resembles that of Ball State. However, SMSG' s explanation 

may be described as being "more compact. tt 

SMSG devotes one chapter of over thirty pages to properties of 

operations on numbers. Here, the various laws receive a more lengthy 

introduction than in Ball State. However, the two end products, the 

laws themselves, are stated almost word-for-word. 

The laws and properties are first applied only to the numbers of 

arithmetic. These are the commutative, associative, and distributive 

laws, the additive and multiplicative properties of ze:ro,· arid the 

multiplicative property of one. Later, properties are postulated for 

the real numbers. There is one additional inclusion, the addition 

property of opposites. ''For every real number a, a+ (-a)= o." 

{2, · p. 155) Opposites are discussed earlier. 

Multiplication receives practically the same treatment in SMSG 

as in Ball State. The approaches to signed numbers under this opera-

tion are similar. However, SMSG defines the product of two real 

numbers a and b as follows: 



If a and b are both negative or both non-negative, then 
ab =. lal Jij. 

If one of the numbers a and b is positive or zero and t.he 
other negative, then ab= - ( Jal !bl). (2, p. 165) 

Some of the more important theorems and definitions from the 

SMSG text which differ from those of Ball State includes: 

Definition. To subtract a real number b from the real number 
a, add the opposite of b to a. 

Definition. If c and d are real numbers such that cd ::::. l, 
then d is the multiplicative inverse of c. 
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Theorem. For any non-zero real numbers a and b, 1/a.l/b = 1/ab. 
( 2, P• 196-223) 

Important definitions and theorems related to division include: 

Definition. For all real numbers a and b (b i: O) , a divided 
by b means a multiplied by the reciprocal of b. 

Theorem. If b :/:: O, then a = cb if and only if a/b -. c. 

Theorem. For any non-zero real number a, a/a= 1. 
( 2, P• 223-2.38) 

As is frequently the case with UICSM, basic operations are intro-

duced with the motivating philosophy that if students "discovertt a 

principle, their understanding will be more thorough. Accordingly, 

this development is somewhat concealed and cannot be followed with 

the ease possible in Ball State and SMSG. 

The discussion of operations begins with the assumption that no 

authority such as a postulate or definition is needed to perform an 

operation. Since students have always added, subtracted, multiplied, 

and divided, the only question asked is whether these operations are 

possible with directed numbers. 

Addition is first introduced by illustrating the operation ,d th 

directed numbers. A short time later it is shown that an isomorphism 



exists between the numbers of arithmetic and directed numbers under 

addition. Scattered throughout the text are various principles 

related to this operation. After assuming students know they can 

add numbers of arl thmetic, the same is assumed of directed numbers 

and later pronnrrierals. Concrete principles such as the following 

are then stated: 

For any x, - x is the opposite of x. 

For any x, +x; x. 

For, any x, x + (-x) = o. 

For any x and y, 
(a) if x - y is a positive number, then x>y; 
(b) if x - y is a negative number, then X<.y; 
( c) if x - y is O, then x = y. 

For any x and y, if x<O and y>O, then x +Y= - (Jxl+IYI). 

For any x and y, if x<O and y>O, 
(a) and if lxl<IYI, then x + y:: IYI - (xi; 
(b) but if f xf )IYf, then x + y:: - ( /xJ - fyl). 
(J, P• 2-48 - 2-.54) 

Multiplication receives a similar treatment. The student's know-

ledge of addition w.i. th arithmetic numbers is extended to directed 

numbers by illustration. It is then sho-wn that an isomorphism exists 

between these two systems under multiplication. 

The introduction to the laws of multiplication for signed numbers 

involves a novel exercise from which a student again "discovers rules" 

for this particular operation. The pupil is told that a motion pie-

ture, which can 1::ie run backward or forward, shows a pump filling a 

tank. Directed numbers correspond to the vari.ous changes as follows: 

gal. increases in volume of water - positive numl:::lers. 
gal. decreases in volume of water - negative numbers. 
gal. per minute, filling the tank - positive numbers. 
gal. per minute, emptying the tank - negative numbers. 

(3, P• 1-26) 
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To introduce multiplication of a negative number by a positive 

number the situation is presented where the pump is filling the tank 

four gallons per minute. The motion picture is running backward so 

the volllllle of water in the tank will appear to be decreased by eight 

gallons. This corresponds to 4 X (-2) = 8. 

Multiplication of a negative number by a negative number involves 

somewhat the same procedure. In this situation, the pump is emptying 

the tank at a rate of four gallons per minute and the film is running 

backward for two minutes. This corresponds to (-4) X (-2):::. +8. 

Pronwneral multiplication is introduced as follows: 

In Unit I, you learned how to multiply directed numbers. Prob
ab:cy you invented a rule which can be stated somewhat as follows: 
The absolute value of the product of two directed numbers is the 
product of their absolute values. If both numbers are negative, 

· their product is positive. If one number is positive and the other 
negative, their product is negative. (3, p. 2-.56) 

This is follo-wed by examples of multiplication 'With directed 

numbers. After each example a general rule is given. These rules 

include: 

For any x and y, if x <. 0 and y < O, then xy =/xi. JYI• 

For any x and y, if x > 0 and y <. O, then xy = -( lxl. 1yl). 

For any x, - x = (-l)x. (3, p. 2-57) 

To introduce subtraction, the student is asked to recall how he 

checked problems involving this operation in grade school; that was 

by adding the difference to the subtrahend. If the answer was the 

minuend, the problem was probably correct. It is tl'.en mentioned 

that solving a subtraction problem by stating it as one in addition 

illustrates a concept called the principle of inverse operations. 
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The statement, subtraction is the inverse of addition, is the:n ~llus

trated and amplified by numerous examples and exercises. 
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Before going into pronumeral subtraction, opposites are introduced 

' by illustrations involving directed numbers. The addition property of 

opposites and the subtraction property for pronumerals are introduced. 

Division of directed numbers is introduced in much the same way 

as in traditional texts. The student is asked to study such examples 

as "(+18) 7 ( -3)= - 6because (-6X (-3)).:+18. 0 (3, p. 1-53) 

In the chapter dealing with pronumerals, the statement is made that 

"the rules for dividing directed numbers are easily obtained b.Y' using 

the fact that di vision and multiplication are inverse operations. " 

(3, P• 2-62) 

The division rules for pronumerals, which follow the above state-

ment, include: 

For any x and y, if x< 0 and y< O, then x/y...::: txl / IYI. 

For any x and y, if x> 0 and y~O, then x/y: -lxf /IYI. 

For any x and y, if x~ 0 and y~O, then x/y -f xf / IYf. (3, P• 2-63) 

In the first chapter of the Illinois text, no specific rules are 

stated which relate to the connnutative, associative, and distributive 

laws. Ho"lft'ever, there are many illustrations which involve these con

cepts. These illustrations include the principles of zero· and one, 

the commutative law for addition and multiplication, the associative 

law for addition and multiplication, and the distributive laws. 

In the chapter on pronumerals, these principles. (commutative, 

associative, and distribute laws) are stated using bo:xes and cir,cles 

as pronumerals. When letters are introduced as pronumerals, the stu-

dent is asked to write these laws, using letters for pronumerals. 



The cancellation laws are not introduced until Unit 3 where they are 

called transformation principles. 

Mallory's coverage of basic operations and laws is one which 

could be reorganized to a good advantage. This would not only tend 

to make a more compact and readable text but would eliminate many 

needless pages. At times, an operation or principle is introduced 

in several different situations throughout the text. A comprehen

sive introduction, applicable in general situations, if presented 

early in the text, would enable pupils to apply these principles and 

eliminate the need for extensive amplification each time a new situ

ation -were encountered. 

The approach utilized in introducting operations may appear to 

be somewhat disorganized. As an example, consider addition. The 

text appears to use the philosophy that since the pupil has added 

since elementary school, why bore him with postulates giving one 

authority for such an operation in the natural numbers. Since lit

eral numbers are merely letters used in place of numbers, little 

explanation is given to addition of this form. The summary at the 

end of the first chapter states, "in addition, -we find the combined 

count of two or more sets. 11 (4, p. 40) 

The axioms of traditional algebra are used to solve equations. 

Axiom 4 is related to addition. 11Adding the same number to both 

sides of an equation produces an equation with the same solution 

as the first equation. "(4, p. 61) Although ad.di tion is the first 

operation discussed., Axiom 4 follows those for division, multiplica

tion, and subtraction in that order. 
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The rules for addition of signed numbers utilize the absolute 

value concept. 

Rule I: To add two numbers "¥.1.th like signs, add the absolute values 
of the addends. The sum has the sign of the addends. 

Rule II: To add two numbers with unlike signs, subtract their abso
lute values. The result has the sign of the addend with the greater 
absolute value. (4, p. 98) 

The follo'Wing statement introduces subtraction: 

Subtraction is the opposite (inverse) of addition. We may think 
of subtraction as separating a number into two parts. 

We can also think of subtraction this way: 5 + ? =- 9. So, we 
say that in subtraction we look for a missing addend. (4, p. 10) 

The student is evidently supposed to see that subtracting literal 

numbers is similar to subtracting arithmetic numbers since there is 

no explanation of the operation for literals. Two examples illus-

trate the operation for literal numbers. 

Axiom 3 permits subtraction in the solution of equations. 

"Subtracting the same number from both sides of an equation produces 

an equation w.ith the same solution as the first equation. 11(4, p. 58) 

The rule for subtracting signed numbers is especially disheart-

ening to those who advocate teaching mathematics for understanding 

and not manipulative sld..11 alone. 11To subtract signed numbers, 

change the sign of the subtrahend, then add. 11 (4, p. 103) Later, 

in an exercise, another suggestion is made. 

Another way of stating the subtraction rule is: To subtract a 
number, add its negative. The negative of a positive number is a 
negative number with the same absolute value. The negative of a 
negative number is a positive numl:er w.i.th the same absolute value. 
(4, P• 104) 

Multiplication is introduced by stating that this particular 

operation with natural numbers is a special fonn of addition. The 

operation is extended to literal numbers with the following statement: 
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"You have studied some important rules for multiplying in arithmetic. 

These rules must hold for algebra too, since algebra treats general 

facts as arithmetic treats particular facts. 11 (4, p. 22) 

Axiom 2 is concerned with solving equations by multiplication. 

nMultiplying both members of an equation by the same number, except 

zero, produces an equation w.t th the same solution as the first equa-

tion. 11 (4, p. 55) No mention is made of the fact that this is not 

true if the multiplier is a variable. 

Multiplication of signed numbers is presented in much the same 

way as in Ball State. After going through several examples, the 

follow.i.ng statements are emphasized: 

The product of two negative numbers is a positive number ••• 

Rules I. If two numbers have like signs, their product is positive. 

II. If two numbers have unlike signs, their product is negative. 
(4, P• 106) 

The following quote, which is used to introduce division, is an 

example of the sketchy explanation given this operation. 

Division is the opposite (inverse) of multiplication ••• In 
multiplication we know two numbers; we seek the product. In division 
we know one number and the product; we seek the other number ••• We 
can multiply natural numbers by repeated addition. We can divide by 
repeated subtraction. (4, p. 10) 

There is a very good illustration as to why division by zero is 

impossible. 

Only examples are used in making the transition from division 

of natural numbers to di vision of literal numbers. First, $18 is 

divided by 3; the $ is then replaced by t1d 11 and the corresponding 

operation is completed. 



Axiom 1 allows di vision of numbers in the solution of equations. 

t1Dividing both members of an equation by the same number, except zero., 

produces an equation with the same solution as the first equation." 

(4, P• 23) 

The introduction to division of signed numbers follows essenti-

ally the same procedure as used by Illinois. The examples lead to 

the rules for division: 

I. If the dividend and the divisor have like signs., the quo
tient is positive. 

II. If the dividend and divisor have unlike signs., the quotient 
is negative. (4., P• 110) 

It ts mentioned that division of fractions involves reciprocals. 

"When the product of two numbers is 1, either number is the recipro-

cal of the other, "(4, p. 327) defines a reciprocal. 

Although there is some discussion of the properties of the vari-

ous number systems., the coverage given this area is not as extensive 

as in Ball State, SMSG, and UICSM. 

There is some early discussion concerned w.i. th the commutative., 

associative., and distributive laws and the properties of zero and 

one. Aside from Chapter 1., little mention is made of the commuta-

tive, associative, and distributive properties. This is in contrast 

w.i.th the frequent inclusion of the multiplicative and additive prop-

erties of zero and one throughout the text. 
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CHAPTER VIII 

THE: NUMBER LINE 

The student 'Who has a well-rounded understanding of the real 

number line is on a solid foundation in an important area of mat.he-

matics. An interesting feature of the texts under consideration is 

the difference in coverage given the evolution of the number line. 

Ball State I s introduction to the number line is contained in 

Chapter 7, 11Some Applications of the Integers." The approach util-

ized is systematic and precise. The student is asked to consider a 

straight line • 

Choose any point on this line and associate the number O with 
the point. Choose any other point and name this point 1. We have 
placed the point 1 on the right side of the point O but this is 
unimportant. Choose a third point just as far to the left of the 
point O as the point 1 is to the right. Call this point -1. (1, p. 102) 

A diagram illustrates how to continue. Later material suggests 

that a straight line may be thought of as endless and there is a point 

on the line for every integer. The integers are .called coordinates of 

the points and each point is a graph of an integer. Mention is made 

that there are many more points on this line than have been marked by 

integers in the illustration. Also, there are other numbers besides 

integers. It is implied that coordinates can be given to the points 

bet-ween integers. 

Later in the text, as each new system is encountered, the new 

numbers are incorporated into the number line. 
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After rationals a.re discussed, an illustration shows that there 

are certain numbers such as '-f2 for which no point can be found on the 

rational number line. In other words, the rational line has "holes" 

in it. 

This last statement is clarified by separating the numbers of the 

rational line into two sets, set (a), all those rationals x such that 

x2 ,c( 2 and set (b), all those rationals y such that i2- > 2. 

The t-wo sets have the following properties: (1) E:very number of 
the first set is less than every number of the second set. (2) The 
two sets together contain all rational numbers. (3) There is neither 
a greatest number in the first set nor a least number in the second 
set. In this sense the rational line has a hole in it where 2 should 
be. (1, P• 277) 

One familiar vd.th the contributions of Richard Dedekind to ma.the-

ma.tics will readily see· that the above properties describe the Dede-

kind cut. Ball State does not mention the name given the properties 

listed. 

The pupil is told that when the non-rational, or irrational 

numbers, are considered along with the rational numbers, the ''holes" 

in the rational line disappear. This, then, is the set of real 

numbers. 

There is some discussion of an additional property of real 

numbers which is related to the fact that the reals 11plug the hole s 11 

on the rational line. The end result of this property, that of com-

pleteness, is that there is a graph, called the real number line, 

which has no "holes" in it. The completeness postulate is stated 

as follows: 

Suppose S is any set of real numbers, which contains at least 
one number, and suppose there is a number A such that for every nu_mber 
x in S it is true that x~A. Then there is a smallest number B with 
this property. (1, p. 285) 
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Probably the only significant difference between the SMSG and 

Ball State approaches to the real number line is where the individual. 

developments commence. SMSG begins in Chapter 1 while Ball State 

waits until Chapter 7. 

To inaugurate the SMSG presentation, a line is drawn, two distinct 

points are chosen, the point to the left is labeled O, and the point to 

the right is labeled 1. The interval betvveen these two points is used 

as a unit of measure to locate points equally spaced along the line to 

the right. The points are then labeled, each point being labeled with 

the successor of the number to the left of it. 

Shortly thereafter, the intervals are divided and the points 

labeled with fractions. The student is sho'Wil, by finding midpoints 

of intervals, that there are infinitely many points between two 'Whole 

numbers, and hence on the number line. 

In Chapter 5, the points to the left of O are determined much 

the same as those to the right. These new points are labeled with 

negative numbers. The points corresponding to fractions are then 

determined and labeled accordingly. 

The pupil is told that there are many points on the real number 

line 'Whose coordinates do not correspond to fractions. One of these 

is ...f2; this w.i.11 be proved in a later chapter. 

The Illinois treatment of the number line is not as extensive as 

the two previous programs. Discussion of the concept begins with the 

following statement: 

You may be accustomed to thinking of the numbers of ar.i. thmetic 
as arranged along a line in order ••• The numbers themselves are 
not points on the line but we think of the numbers as corre spending 
to points on the line. (3, p. 1-62) 
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Graphs, coordinates, and the number line are defined and discussed. 

Near the middle of the text the number line is used extensively in 

describing situations such as the set of x such that x7 3. 

Mallory' s use of the number line concept is quite limited. The 

number line is introduced as the number scale, discussed, applied in 

material covering less than ten pages, then apparently discarded for 

the re st of the text. 

Introduction of the arithmetic scale involves comparison with a 

yardstick. The pupil is asked to note that on both a yardstick and 

the ar:i. thmetic scale only distance can be me.a.sured. The discussion 

is terminated after mentioning that if signed numbers are used, an 

algebraic scale can be constructed -which shows not only distance 

but direction. 



CHAPTER IX 

UNIQUE: TOPICS OF INDIVIDUAL PROGRAMS 

As the title suggests, this chapter w.i..11 discuss significant 

topics which have been given major emphasis in only one or two of 

the texts under consideration. 

A complete chapter devoted to logic is probably one of Ball 

State's most distinguishing features. In the fourteen pages of 

Chapter 3, "Logic, 11 a brief introduction to logical concepts which 

are important in mathematics is encountered. 

A statement is defined as 11A sentence which is either true or 

false, but not both. 11 (1, p. 27) The Greek letters o( and ,B are 

used as abbreviations for statements. Ways complicated sentences 

can be constructed from simpler ones by using the words "and11 and 

"or" are discussed. The student learns how to use truth tables in 

determining the truth or falsity of statements. 

Further work involves formation of rules for detennining the 

truth value of " o<. and,.i II and II o<. or j!l II statements. Nega

tive, if then, converse, equivalent, and contrapositive statements 

are introduced as 1Uell as the corresponding symbollism. 

Relations and sentences are topics emphasized much more by Ball 

State than any of the other programs w.i.. th the exception of SMSG. 

Relations are pairs of elements in a certain set such as a set of 

numbers or people. These relations can be described by using a sen

tence, sometimes a mathematical sentence. 
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The Dedekind cut, completeness postulate, unique factorization 

theorem, and Q(~) number system are topics included in Ball State 
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but not covered by SMSG, UICSM, or Mallory. These areas have already 

been revie-wed in this report so a repetition of such would be needless. 

The final chapter of the Brumfiel text is ttSimilar Triangles and 

Trigonometry." A few geometric facts are covered which will be stud

ied in detail in later courses. The main objective appears to be the 

introduction of trigometric functions. Previous to this properties 

of right and similar triangles are investigated. 

Following the final chapter of the text is Appendix I which 

consists of a collection of postulates for the various number systems 

considered during the course. Also included are important definitions, 

theorems, and brief remarks concerned with each system. .Appendix II 

is composed of supplementary exercises designed to improve manipu

lative skill and deepen insight. The exercises are grouped by chap

ters to facilitate use. 11The collection includes exercises for the 

first thirteen chapters, which constitutes a minimum course. 11 (1, p. 337) 

Chapter 2 of SMSG, titled "Phrases and Sentences," contains much 

material similar to that included in Ball State I s chapter on logic. 

However, the approach to the subject is not the same and some differ

ent areas are covered. 

SMSG explains that algebra is composed, to a great extent, of 

sentences about numbers such as 6 -t 2 = 7. This particular sentence 

is used as an example to illustrate the point that even if a statement 

is false, it is still a sentence. The symbol 11 ;;:: 11 represents the verb 

"is" and ":#-" represents the verb "is not." Another important fact 

presented is if a sentence involves numbers, it is true or false, but 

not both. 



Compound sentences are also introduced. An example of such a 

sentence is 4 + 1 = 5 and 6 + 2 = 7. 11And 11 is described as meaning 

"both" so if one clause is false, the sentence is false. Another 

type of compound sentence discussed involves the connective 11or. 11 

If one or more of the clauses is true, the compound sentence is true; 

otherwise it is false. 

Phrases are said to be incomplete sentences such as Jx + 12. A 

phrase containing a variable is said to be open since the decision has 

been left open as to ·what number to specify for the variable. It fol

lows from this that a sentence is open in the sense that it contains 

at least one variable and the question is left open as to th® truth or 

falsity of the statement unt,il it is kn01m what number the variable 

A truth set of an open sentenee containing one variable is 

defined as "the set of all those numbers 111hich make the sentence 

true. • • 11 ( 2. p. 49) An open sentence can be thought of as exp res

sing a condition on numbers; the truth set is then just the set of 

all those numbers which fulfill this condition. Graphs of open sen

tences and truth sets are given ample cov-erage. 

Probably the major distinguishing feature of the Illinois pro

gram is that of presenting the material with the objective in mind 

of letting the student 11discover11 principles. This is in contrast 

with "showing," the method generally used. If the student is to 

"discover, 11 principles must be camouflaged to some extent. There

fore, at times it is difficult to determine precisely what termi

nology- is used to describe concepts under consideration. Often one 

has difficulty finding the exact location of specific material cov

ering certain concepts. 

45 



The pronumeral, another distinguishing feature of UICSM, has been 

reported earlier. 

An area of special interest included in this program is that of 

probability and statistics. This material is introduced when working 

with plane lattices (graphs) in order to add interest. The text does 

not contain a large amount of material related to the subject but the 
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teacher's section contains ample help if student interest is reasonably 

high and the teacher deems more thorough coverage feasible. If this is 

de sired, the manual suggests the teacher lead the way into the infoimal 

discovery of such topics as independent and mutually exclusive events. 

Mallory's 11revised 11 text contains several topics which are gener-

ally included in traditional programs. Hoviever, most contemporary math-

ematics educators feel that the mathematical value of these areas is not 

commensurable with the time spent on them. 

The topics in question include problems involving mixtures, money, 

age, levers, and pulleys and the previously mentioned axioms of tradi-

tional algebra. If the basic operations and the use of parenthesis 

are clearly understood, antiquated rules such as the following do not 

need to be mentioned. 

I. When a quantity in parenthesis is preceeded by a plus sign 
(+), the ()maybe removed without changing the sign of any term 
within the parenthesis~ 

II. When the quantity in ( ) is preceeded by a minus sign (-1), 
the parenthesis may be removed if the sign of every term within the ( ) 
is changed.(4, p. 121) 

Frequently, the attempts to utilize modem concepts and approaches 

in this text have resulted in undesirable situations. Material has 

been placed in an area containing little related information. . After 

the material is discussed, little use of it is made later in the text. 
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A specific example of a case. such as this involves the intro-

duction of statistics. The inclusion of statistics in the high school 

mathematics program is recommended by the CEEB Report. (5, p. 36) It 

appears that in endeavoring to follow this recommendation, a search 

was made to determine the best section to place the concept. Since 

graphs and statistics are some-what related they are placed together 

in a chapter titled, "Statistics and Graphs." 

Chapter 10, "Indirect Measurement With Trigonometry," gives a 

general introduction to trigonometry. Chapter 13 is 11An Introduction 

to Geometry. w One may question why trigonometry is covered before 

geometry when normally the opposite is true. 

If Mallory is to be commended for presenting some topic by a 

unique method it may be for introducing the limit concept. This idea 

is usually difficult even for college students so, to present it in 

such a way that first year algebra students may realize -what is involved 

requires much ingenuity. The following is how the limit is introduced: 

An old story is that of the ju.mping point frog, which is a frog 
the size of a point - that is, no size at all. The point frog starts 
from one end of a board and jumps toward the other end. The length 
of the board is x feet. The point frog jumps one-half of his distance 
from the end at each jump. Thus, in feet, he jumps distances of 1/2 x, 
1/4 x, 1/8 x, and so on. • • The sum of his ju.mps is (1/2 x + 1/4 x+-
1/8 x + 1/16 x + ... ) feet. You see that the frog may ju.mp forever 
and never make the distance x feet.(4, p. 489) 



CHAP'.rER X 

SUMMARY 

It is important to note that in the three modern texts considered, 

Ball State, SMSG, and Illinois, radical changes have not been made in 

content. ~he modern concept is concerned mainly with new approaches 

to traditional material and emphasizing areas that in the past have 

not been regarded as being so important. A careful observer may also 

note that more consideration is given to challenging and developing 

the potentialities of the more able student. 

In the -well organized Ball State text, a somewhat rigorous postu

late appmt1ch approach is used to introduce new concepts. It is a rare 

occassion if one cannot determine what the text is "driving at. 11 Ample 

exercises are provided to help the student understand this algebra based 

on the development of the real mllllber system. Brumfiel tends to use a 

minimum of words; what is said is short and to the point. 

Occassional full page pictures of important mathematicians and a 

few sentences describing their contributions are included in order to 

stimulate student interest. Generally, each chapter closes with a 

helpful summary of the more important topics just discussed. Page 

make-up and printing are conducive to easier reading than in many 

other texts. 

Any criticisms would P.robably be related to the fact that the 

text may be too rigorous for the average first year algebra student. 
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Examples have already been mentioned which j_llustrate this point. This 

includes such tonics as the Dedekind cut, completeness postulate, and 

the unique factorization theo~m. Students are asked to prove many 

theorems. Experienced teachers say that attaining proficiency in this 

area is difficult for students who are no older than those who normally 

take first year algebra. 

SMSG and Ball State are very much the same. However, as can be 

gathered from t..rie preceeding pages of this report, there are minor 

differences. 

One of the points of difference is that, in many instances, Ball 

State will cover a particular concept in a shorter time than will SMSG. 

The latter will tend to go into more detail in these areas. In general, 

the two programs include practically the same material. 

Because SMSG texts are mimeographed, they seem somewhat harder to 

read than might normally be expected. The paperback constr12ction may 

tend to make the texts less interesting to the student. No index is 

provided, which is a definite handicap. Summaries at the end of each 

ch~pter are usually not supplied. 

A criticism of SMSG is that it is also possibly too rigorous. In 

comparison with Ball State, it appears that SMSG would be the program 

that could be handled by a larger percentage of students. 

Of the three modern program.s, Ball State, SMSG., and Illinois, the 

latter frequently ta...l<:es the most "untraditional" approach. The method 

used to accent the difference betlVeen numbers and nmnerals, the intro

duction of pronumerals, and the development of plane lattices can be 

classified as being distinctly unique. 



Of the three programs, UICSM will probably be more interesting to 

students in many instances. This is because concepts are frequently 

developed by using hypothetical situations from the world of everyday 

living. 

The method of introduction used so much which involves "discovery 

of principles" by the student has definite advantages. However, one 

familiar with the situation often finds that many high school students 

are prone to be hesitant in approaching areas which require searching 

for facts. In the past this may be due to poor motivational proce

dures and corresponding approaches by the teacher and the text. 

When summarizing and review.i..ng, it is difficult to pinpoint 

important material in the UICSM text. This is due to the fact that 

principles must be "hidden" in order that students can '1discover11 them. 

The Illinois text used for reference in this report was mimeo

graphed. Accordingly, it has some of the disadvantages possessed by 

SMSG which are due to the same condition. 

UICSM takes more time to develop many concepts. This will lead 

to better pupil understanding of these areas but, to do this, t:i.11e is 

required that normally could be used in developing more advanced topics. 

For that reason, the Illinois First Course does not contain much of the 

material covered in the latter part of the Ball State, SMSG, and even 

the more traditional texts. 

The revised Mallory text appears to be inappropriate if one is 

looldng for a text that contains modem mathematical concepts. Anal'

ysis indicates that in an attempt to be modern, topics have been 

placed throughout the text w.i.. thout enough careful thought as to over

all effect. Much of the modem material appears to be isolated and 

is not closely rela·t;ed to that surrounding it. 



Probably the greatest criticism of the Mallory text is that it is 

disorganized. A coordinated attack on the central themes of algebra 

is lacking. In many instances, topics are introduced, as mentioned 

earlier, in isolated situations. This could be avoided in case after 

case if more general concepts were developed early in the text. Then, 

'When different applications of these concepts -were encountered, exten

sive explanation would not be necessary. 
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The complete text seems to be composed of much piecemeal informa

tion. The chapters are divided into many more subtopics than the chap

ters of the modern texts and headings are seemingly repeated w.i. thout 

sound reasons. An example of this is in Chapter 6, Topic 8, t1Products 

of Two Binomials in Equations." 

It is often difficult to determine which of the material is to 

be regarded as important although emphasized sentences are underlined 

in blue. At times there are so many blue lined sentences that one may 

overlook the significance of the more important points. less promis

cuous use of the blue lines would undoubtedly result in a better text. 

The printing on individual pages is often crowded so that the 

pupil will have more difficulty than necessary in reading. 

The language generally used cannot be classified as precise by 

mathematical standards. This handicaps both the student and the 

teacher. 

The text contains, as has been previously mentioned, many topics 

and problems of traditional algebra that modern mathematicians do not 

feel are important enough to take time to teach. The book is rather 

long and eliminating such material would be a definite advantage in a 

modern day curriculum. Swnmaries are included at the end of each chap

ter but contain much irrelevant information. 
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