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CHAPTER I

METHOD OF RESEARCH

Statement of the Problem

This study investigated the effect of an experi-
mental learning strategy for use in the first undergraduate
course in analytic geometry and calculus. This strategy
employed several features designed to raise the level of
expectation of the student and to provide individualized
direction and opportunity for study. To accomplish this
investigation, two classes were taught by the same lecturc-
discussion method, with the learning strategy uscd for one

class and with the other class as a control group.

Scope of the Problem

The study was conducted at Indiana University of
Pennsylvania during the first eight weeks of the 1971
spring scmester. Fifty students from two sections of Mathe-
matics 157, Analytic Gecmetry and Calculus 1, were involved

in the study.

Proccedurces

The procedures developed for this lecarning strategy

are intended as a supplement to regular classroom methods,
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and not as replacement for existing methods, For this
reason, the researcher taught both the experimental group
and the control g;oup, using considerable care to employ
the same instructional methods for both groups. To
achieve this desired goal, the same daily lesson plan was
used for both classes. The same instructional procedures
were used in both classes for presentation of the same
topics on the same days. Even the same examples were used
for demonstrating concepts, and the same text problems
were selected for comnletion by the students as homework
assignments. The only way in which actual class instruc-
tion of the two groups differed was that ten to thirty
minutes of class time per week was used in the experimental
group for administering a formative test. The correspond-
ing time interval in thec control group was used for addi-
tional illustrative examples or for the discussion of home-

work problems.

Description of the Learning Strategpv

The lecarning sirategy consists of several fcatlures
dcsigncd.to raise the level of expectation of the members
of the experimental group and also to provide additional
opportunities for learning. The several wa&s in which this
was accomplished arc listed below.

1. A special effort was made to convince the mem-

bers of the experimental group that simply

receiving a passing grade was not an acceptable
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goal for this course. Rather, it was pointed
out that a high level of mastery of the con-
cepts of this first course in calculus is neces-
sary for success as a mathematics major.
Since all students in the two classes werc
mathematics majors, the particular course
under study is only one of many courses in
mathematics which each student must complete.
In particular, two subsequent courses in
analytic geometry and calculus are required
as well as at lcast one course in advanced
calculus. Thus all students of both groups
were aware that the concepts of i1his course
are prerequisite for several courses which follow.
Each siudent in the experimental group received
a clear and complete list of objectives to be
mastered in the eighl-week experimental period.
These objectives for the experimental period
were scparated into cight units of approximately
one weeck each. The objectives for each unit
were disiributed when instruction on the prior
unit was complete.
Each of the two groups had four fifty-minutc
class sessions on the same four days of each week.
In the class for_the experimental groub, ten to

thirty minutes of one class period of cach week wa:
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used for formative testing. These formative
tests were brief diagnostic-progress tests,
closely correlated with the list of course
objectives. They were designed to determine
both those objectives which had been mastered
by the individual student and those which de-
manded additional attention. The results
obtained from these formative tests were not
used in the determination of coursc grades,
and students were fully aware of this feature.
The results of the formative tests were used to
provide each student of the experimental group
with a diagnosis of his progress in achieving
mastery of the stated objectives, Not only was
the formative test rcturned to the student, but
also a supplementary diagnostic sheet which
offered specific suggestions for appropriate
methods and materials for further study. Aids
which were offercd included refercnce to appro-
priate sections of the text, dealing with the
developnicnt of concepts or with illustrative
examples, reference to problem lists from the
text which are similar to the stated objectives,
attendance at group sessions directed by a
graduate assistant, or short conferences wilh

the course instructor. Individual hein £rom
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the classroom instructor for members of both
the experimental group and the control group
was available outside of scheduled class tlime
on an equal basis. An additional source of
aid for members of both groups was a gcneral
weekly help session directed by students of
the mathematics honorary fraternity, which is
offered for students of all mathematics classes.
For each of the formative tests, the researcher
determined a particular score as the acceptable
level of mastery for the objectives of that
unit. This score was sct at that level which
the rescarcher estimated as representative of
grade levels of A or B, based on past experi-
ence wilh similar classes in these same units.
A rccommendation was given to each student
whose score was below this established level
of mastery to complete a retest over thesec
samc objectives, after firsit completing the
additional work suggested on the diagnostic
sheet. Each student who completed this second
attempt to achieve mastery was invited to a
brief conference with the coursc instructor for
the purpose of cvaluating progress,
Students were not required to complete the

additional work suggestced on the diagnostic
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sheet nor were they required to complete a
second formative test on those units where
mastery was not indicated by the initial test.
Rather, all additional aids were available to

the student who wished to participate.

Collection of Data

The data for this research was collected from a
pre-test and a post-test which were given to both groups.
The pre-test was given to both groups during the initial
class session. The post-test was given in two parts.

The first part of the post-test dealt with the first
four units, and was given during the fourth week of the
experimental period. The test was given to both groups
on the same day, but the groups were not combined. The
second part of the post-test was given at the end of the
cight-weck experimental period to both groups in a com-
bined session.

An additional source of data to evaluate this
experimental strategy are the records which were main-
Lained by the rescarcher and by the graduate assistant.
These records included the number of students who attended
cach of the special help sessions offercd by the graduate
assistant for the members of the experimcntal group.

Also the resecarcher maintained a log which indicated the
amount of time used outside of the classroom in helping

individual students from cither of the (Lwo groups.
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A final source of data was an evaluation of the
experimental learning strategy by the members of the experi-

mental class.

Treatment of Data

The comparison of the achievement of the two groups
was based on the data from the two-part post-test and the
pre-test. Analysis of covariance was the statistical
method used, employing the results of the pre~test scores
as covariant. This method, referred to as the '"monequiva-
lent control group design," is recommended by Campbell and
Stanley,l when the control group and the experimental group
do not have pre-experimental sampling equivalence.

The records maintained by the rescarcher and by the
graduate assistant were used to determine the time used by
students of ihe experimental group in diivrected probleimm ses-
sions, The additional records maintained by the rescarcher
werc used to comparc the amount of 1ime used in helping

individual students of the two groups, outside of scheduled

class sessions.

Questionsg to be Answered

This study provides answers or partial answers {1o

ithe questions:

1. Was the achievement of the experimental group,

lDonnld T. Campbell and Julian C. Stanley, Expervi-
mental and Quasi-Experimental Designs for Rescarch (Chicago:
Rand McNolly & Company, 1903), p. 47.
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in which the learning strategy was used, sig-
nificantly better than that of the control
group, as mecasured by an achievement test
given to both groups?

2. Did the individual members of the expecrimental
group take advantage of the additional learning
opportunities provided?

3. Did the students of the experimental group seck
more individual help from the course instruc-
tor than the students of the control group?

4, Did the students of the experimental group
evaluate this learning strategy as a desirable
feature to be used in this course or in other

courses?

Assumptions and Limitations

One assumption which must be made is that the instru-
ment used for evaluation in this study was reasonably valid.
Although an attempt was made to evaluate test items in
terms of validity it is still necessary to assume the valid-
ity of this instrument,

A serious limitation of this study is that it was
conducted at a single university and invcelved only two
classes, a Lotal of fifty students. No attempt will be
made to extend the results of this study to a more gencral
population. For the purpose of providing the recader with

more information aboul this study, a brief description of

this university is included in a later chapter.



CHAPTER 11X

BACKGROUND AND RELATED LITERATURE

Background of the Problem

The instructor of a typical undergraduate course
begins with a preconceived notion of the expected grade
distribution for that class., The most common grade in
this distribution will be that of "C," indicating an
acceptable grasp of concepts but not complete mastery.
This expectation may lead to loss of motivation both on the
part of the instiructor and the student, as wecll as damage
to the self-concepi of the student. As stated by Bloom:

Each teacher begins a new term (or course) with
the expectation that about a third of his students
will adequately learn what he has to teach. He
expecls about a third of his students to fail or to
just "get by." Finally, he expects another third to
learn a good decal of what he has to teach, but not
enough to be regarded as '"good students." This sect
of expectations, supported by school policies and prac-
tices on grading, becomes transmitited to the students
through the grading procedures and through the methods
and materials of instruction. The system crcates a
self-fulfilling prophecy such that the final sorting
of studentis through the grading process beccomes approx-
imately equivalent to the original expectations.

]'Bcnjamin S. Bloom, "Learning for Mastery," UCLA
CSETP Evaluation Comment, I, No. 2 (1968), 1.
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Carroll™ has attempted to develop a conceptual
model of factors effecting success in school learning and
of the way in which these factors interact. He suggests
that such a model should use a small number of simplifying
concepts, and should suggest new and interesting research
questions as well as aid the solution of some practical
educational problems.

The learner's task of going from ignorance of some
specified task or concept to knowledge or understanding of
that concept is defined to be a learning task. Carroll's
completed model then specified that the learner will suc-
ceed in learning a given task to the extent that he spends
the amount of time that he needs to learn the task.

To explain the terms of this statement, the follow-
ing definitions are given by Carroll.

First, il should be understood that "spending time"
means actuallyv spendine time on the act of lcarning.
"Time" is therefore not "elapsed time™ but the time
during which the person is oriented to the learning
task and actlively engaged in lcarning. In common
parlance, it is the time during which he is "paving
attention" and "trying to learn." Second, there are
certain factors which determine how much time the
learner spends actively engaged in learning, Third,
there are certain factors which determine how much
time a person nceds to spend in order to learn the

task. These factors may or may not be the same as, or

associated with, those which influence how much time he
spends in learning.

The model which is prescnted is not descriptive of

")'John B, Carroll, "A Model of School Learning,"
Teachers College Record, LXIV (May, 1963), 723-33.

3

Ibid., p. 725.
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a "learning theory," but rather is a description of the
variables involved in the school Learning process. The
study describes this completie inodel as a combination of
five elements. Three of these elements are learning vari-
ables since they are internal to the individual. The
other two elements are external to the learner and hence

are instructional variables.

)

The three learner variables are: (1) aptitude--tithe

amount of time needed to learn the task under optimal instruc-

tional conditions, (2) ability to understand instructions--

assuming that the quality of instruction is anything less
than optimal then the learner will need more time to accom-
plish the learning task, but some learners will be more
handicapped than others. The extent of this handicap is
conceived to be determined by the learner's ability to under-

stand instructions, (3) perseverance--the amount of time that

the learner is willing to actively engage in the learning task
The instructional variables in this model, which are

external to the individual, are: (4) opportunitv--the time

allowed for study. This factor includes hoth the time used
during formal class sessions as well as directed and informal

study time, and (5) the qualitv of instruction--presenta-

tion of the learning task in such a way that the learner
can accomplish the task as rapidly and as efficiently as
possible. This includes presentaltion, in words the learner

can understand, of what is to be learnced and how he is to
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learn it.

As the instructor enters the classroom for a new
term he finds the first two internal factors already fixed,
but the third, perseverance, will be influenced by the
attitudes developed in the classroom. If the expectations
of the instructor are low then this may be reflected in
this third factor. Also, the two external factors are
directly affected by the instructor and are to a large
exteﬁt under his control.

Under ideal circumstances it could be assumed
that each instructor would use those classroom methods
which he feels will provide the highest quality of instruc-
tion for the group. Even with this assumption, however,
few instructors make special efforts to give each students
the individual opportunities needed for learning.

If appropriate opportunitics for assistance could
be provided by the instructor, and if the individual stu-
dents could be encouraged to take advantage of these oppor-
tunities, and if further, the students were convinced that
the objectives of the instructor were within their ability
to attain, then perhaps the expectations of both student
and instructor could be increased. The opinion of Bloom
is that at the top of the aptitude scale therc are one to
five per cent who have a special taleant for a subject, and
at the bottom there is another group, probably less than

five per cent, with special disabilities for a particular
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learning. HHe then states:

In between are approximately 90 percent of the indi-

viduals where we believe that aptitudes are predictive

of rate of learning rather than level (or complexity)

of learning that is possible. Thus, we arc expressing

the view that, given sufficient time (and appropriate

tvpes of help), 95 percent of students (the top 5

percent + the next 90 percent) can learn a subject

up to a high level of mastery. We are convinced that

the grade of A as an index of mastery of a subject

can, under appropriate conditions, be ach;eved by up

to 95 percent of the students in a class.t

Bloom and a group of associates at the University

of Chicago have been doing research on the variables in
the learning situation. Efforts have been made to develop
strategies which will make it possible for this group of
95 per cent of the students to reach a level approaching
mastery in the particular subject arca. Experiments have
been conducted in reading at the sixth grade level, in
mathematics at the eighth grade level, and in psychology
and test theory at the college level. Results have indi-
cated a dismal failure in some cases and encouraging suc-
cesses in others. In one experimeni in test theory classes
he reports that before the expecrimental strategy was used,
20 per cent of the students received the grade A, which
was fixed as the level of mastery. In the following year,
when the experimental strategies were cmployed, 80 per
cent of the students rcached this same level of mastery as

measured by parallel achievement tests. In the scecond year

of the cxperimental strategies this percentage was incrcascd

]
’B]oom, "Learning for Mastery," p. 3.
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to 90. In developing the strategies for the experimental
methods, efforts have been made to supplement the regular
teaching methods of the instructor but not to have the
individual teacher change his method in the classroom.
This was done to avoid the necessity of extensive training
of tecachers and thus to develop a strategy which would
receive widespread use.

The operating procedures developed by this group
were designed to provide feedback to both teachers and
students and thereby to suggesi supplementary instructional
methods as nceded. The material for the course was broken
down into small units, and thesc units were analyzed in
terms of specific objectives. Brief diagnostic-progress
tests, referred to as formative tests, were then prepared
for cach unit. These tests were used to determine whether
or not an individual student had mastered the objectives
of a unit, and if not, the results were used to determine
which tasks the student still had to master,

For students who achieved mastery on these forma-
tive tests, the results assured the stiudent that his present
study methods were appropriate, and thus reduced anxiety
about achicvement. When the formative test indicated that
the student had not mastered all necessary objectives then
he was given a specific prescription of what he should do

to improve mastery in these arcas.
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Justification of the Fichlem

5

The model developed by Carroll” suggests several
ways in which an individual instructor can strive t{o
improve the learning in a particular course area. The
resalts achieved by Bloom and his associates suggest that
control of some of the variables of learning is in the
hands of the instructor, both while planning for a par-
ticular course and while the course is in progress.

Since perseverance is one internal factor which
can be affected by the classroom instructor then a course
should be considered in which the instiructor has a good
chance to use this factor to advantage. To accomplish
this, a course which is a prerecquisite to several other
required courses in the students' major area would be
appropriate.

A second factor of the model which does not always
receive the attention of the classroom instructor is the
provision for individual opportunities for learning. Few
instructors provide these individualized ilcvarning experi-
ences which can be designed to supplement regular class-
room work.

1t would appecar appropriate to use Carroll's
model and the suggestions made by Bloom to conduct a
study dealing with the firstl course in calculus which

is requirecd for every mathematics major. The study would

.
)Carro]l, "A Model of School Learning," pp. 723-33.
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be designed to ascertain whether an instructor could, by
making his objectives clear and reasonable to the student,
and by providing appropriate opportiunities for learning,
expect mastery of these objectives by the majority of that

95 per cent referred to by Bloom.

Related Literature

The conceptual model of school learning developed
by Carroll6 was instrumental in the development of interest
in new approaches to improvement in activities used to pro-~
mote lcarning. The paper by Bloom7 then provided guides
Tfor experimental strategies for implementiing this concep-
tual model. Both of these men have presented lcarning
concepts which have led to valuable research. Those strate-
gies for learning which have utilized the working model
developed by Bloom have become known as strategies for
mastery learning.

Block8 has summarized much of the basic rescarch
in the arca of mastery learning and in arcas related to
Carroll's conceptual model for school lcarning. This book

by Block, entitled Mastery lLearnine: Theorv and Practice,

consists of two major parts. Part Onc is a collection of

six articles which focus on the theory behind mastery

6]1)1'(1. s Ppe 723-33.
7B100m, "Learning for Mastery," pp. 1-11.

James H. Block, Masterv Learnine: Theory and
Practice (New York: Holt, Rinchart and Winston, Inc., 1971).
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learning and some possible methods of implementing
strategies. Part Two presents an annotated bibliography
of rescarch which has been accomplished in mastery learn-
ing and related areas. This book is an invaluable source
since summaries are given for many studies which are not
readily available in published form. The information for
many of the studies discussed in this section has been
obtained from these summaries presented by Block.

The attempt in this study of related literature is
to analyze the results of studies which pertain to elements
of the working model of school learning as developed by
Carroll and by Bloom. The specific elements to be studied
are: (1) the effect of the use of objective lists which
are made available to the students, (2) the effect of
expeclation on achievement, (3) the relationship between
student self-concept and achievement, (&) the use of
tutorial help or special small group sessions, and

(5) some mastery strategies which have been used.

Ob jectives
A study by Doty9 investigated ilhe rclative effec-
tiveness of two i1ecaching strategies used in a unit
concerning industrial arts for seventh-grade male stu-

dents. The study included a comparison of two randomly

»

9Charlcs R. Doty, "The Effect of Praclice and Prior
Knowledge of Educatioral Objectives on Performance'" (Doc-
toral dissertation, The Ohio State University, 1968), Dis-
sertation Abstracts, 1968, XNIX, 3035-A,
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assigned groups, one group which had been given a list
of objectives prior to instruction and the other group
which did not receive this list of objectives. Both
groups received the same classroom instruction. The
results were that students who had prior knowledge of edu-
cational objectives scored significantly higher on the post-
test which measured achievement.

Boardmanlo conducted a study which also measured
the value of providing studenrnts with a list of specific
behavioral objectltives prior to instruction. This study
was conducted with a course in remedial chemistry. The
analysis of results showed no significant difference in
the achievement of the two groups.

In 1969, a study was conducted by Collins,ll
on the effects of two strategies used in the tcaching
of freshman college mathematics courses in modern alge-
bra and calculus. Students of the experimental groups
were given a list of objectives as well as a daily
problem based on the objectives for the previous ses-
sion. The control groups rcceived the same classroom
instruction with the exception of the lists of objecc-

tives and the special problems. The result was that 75

1Ol)orris E. Boardman, "The Effect of Studants'

Advanced Knowledge of Behavioral Objectives on Their
Achievement in Remedial Chemistry® (Doctoral dissertation,
University of California, Los Angeles, 1970), Disscrta-
tion Absiractis, 1970, XXXI, 3286-A,

1]1510(:}(, Mastery Learning, pp. 110-11.
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per cent of the algebra students in the experimental group
achieved a grade level of A or B as compared to 30 per
cent for the control group. In the calculus groups, the
achievement at this level was 65 per cent for the experi-
mental group and 40 per cent for the control group.

These three studies indicate some conflicting
results concerning the value of a list of speccific
objectives made available for student use prior to instruc-
tion., The study by Collins includes the use of daily
problems and thus the results do not apply exclusively

to the use of objectives.

Ixpectation

A factor which affecis the learncey in a giveu
situation is the perseverance of the learner. This is an
internal factor for the student but is affected by condi-
tions which exist within the classroom and includes the
instructional method. One element which can be considered
as a possible source of change in the perseverance of an
individual student is expectation, both of the tcacher
and 1he student. Several studies will be discussed which
attempt to relate expectation and achievement.

An investigation by I"cather]2 concernced the rela-

tionship between an individual's orientation toward a

2 . .
1 Ne T. Feather, "Effects of Prior Success and

Failure on Expectation of Success and Subscquent Perform-
ance," Journal of Personality and Social Psvchology, 1171
(March, 1966), 287-98.
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task (seeking success or avoiding failure), his expecta-
tion of the tasks at hand, and his initial experience with
the task. The sample consisted of 96 female undergraduate
students of an introductory course in psychology at the
University of Michigan. Four situations were investigated
by changing the motivation given before experimental ses-
sions and by changing the level of difficulty of the tasks
to be performed. These four situations were designated as:
(1) high expectation-initial failure, (2) low expectation-
initial failure, (3) high expectation-initial success, and
(4) low expeciation-initial success. Results indicated
the importance of prior success on the individual's
expectation of later success and on actual performance.
Thus this study shows that initial experiences have a sig-
nificant effect on subsequent performance.

13

A siudy by Rosenthal and Jacobson involved all
children of a six grade elementary school. The practice
in this school was to group all children of each grade

level into three classrooms. Onc classroom was usced for
children performing above average, one for children of

average performance, and one for those with below average
levels of s=cholastic achievement. Twenty per cent of the

children were randomly chosen from the school population.

Each {ecacher was given the names of Lhese selcected children

lBRohcrl Rosenthal and Lenore Jacobson, "Teacher
Expcectancies: Determinants of Pupils' IQ Gains," Psv-
chologrical Reports, NIX (August, 1966), 115-8,
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and the information that each student had been identified
by a "test for intellectual blooming" as one who would show
unusual intellectual gains during the academic year. The
experimental treatment of this randomly seleccted sample
consisted entirely of this identification. Those students
from whom the teachers had been led to expect greater intcl-
lectual gains did show significantly more improvcment than
did the children of the control group.

A study of the effect of teacher ecxpectation was
investigated by Maxwell.lh The purpose of this study was
to investigate further the self-fulfilling prophecy phenome-
non which has been found in several earlier studies. The
intelligence test scores for one-half of the sample of 64
second and fourth grade students were falsely incrcased
by 16 points (one standard deviation) before results were
given to teachers. Two measures were usced to compare
the results of this group with another group in which
true intelligence test scores were reported. Results
indicated that members of the group with altered intelli-
gence scores gained significantly more in intelligence
during the scven months experimental period than members
of the control group. The results did not indicate a sig-

nificant difference in achievement measures.

!
]"n\lc:rlc L. Maxwell, "A Study of the Effcctls of

Teacher Expectation on the 1Q and Acadewmic Performance of
Children" (boctoral dissertation, Case Western Reserve Uni-
versity, 1970), Dissertation \bstracts, 1970, XXXT, 3345-A.
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Self-Concept
One of the important consequences of mastery
learning as discussed by Bloom is the effect of such a
strategy on the student's self-concept. Bloom states:

At a deeper level is the student's self-concept.
Each person searches for positive rccognition of his
worth and he comes to view himself as adequate in those
areas where he receives assurance of his compctence
or success., For a student to view himself in a posi-
tive way, he must be given many opportunities io be
rewarded, Mastery and its public recognition provide
the necessary reassurance and reinforcement to help
the student view himself as adequatle. It is the opin-
ion of this writer that one of the more positive aids
to mental health is frequent and objective indications
of self-development. Mastery learning can be one of
the more powerful sources of mental healih., We are
convinced that many of the ncurotic symptoms displayed
by high school and college studenis are exacerbated
by painful and frustrating experiences in school learn-
ing. I 90 percent of the students are given positive
indications of adequacy in learning, one might expect
such students to nced less and less in the way of
emotional therapy and psychological help. Contrari-
wise, frequent indications of faijurc and learning
inadequacy must be accomplished by increased self-
doubt on the part of the student and the scarch for
reassurance and adcequacy outside the school.1>

A stiudy by DBrookover, Thomas and I’aterson]'G sup-
poris these statements concerning self-concepl, as nmade
by Bloom. This study investigales the interaction between
sclf-concepl of students and academic achicevement. Sub-
jects were 1050 seventh grade students in the four subject

malter arcas of arithmetic, English, social studies, and

-
)Bloom, "Learning for Mastery," p. 11.
]'()w:ilbur B. Brookover, Thomis Shailer, and Ann
Yaterson, "Self-Concept of Ability and School Achievement,”
Socioloey of LEducation, NXXVI]J (b'pring;, 1964), 271-9.
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science. General self-concept and academic performance
were found to be positively and significantly related. It
was also found that there are specific self-concepts of
ability which are related to specific subject matter areas.
In some cases a specific self-concept of ability was a
significantly better predictor of achievement than the
general self-concept of ability.

A study by Torshen17

investigates the relationship
between students' self-concept and classroom evaluation.
The samplc consisted of 400 fifth grade students from
six school districts. Measures of students' self-concepts
were obtained from a questionnaire which provided twelve
distinct aspectis of self-concept. Resulils indicated a
highly significant and positive correlation beiween "aca-
demic" self-concept and teacher evaluations. A signifi-
cant positive relationship was found between mental health
and both tecachers' ecvaluation and achievement. An addi-
tional result was that the relationships of achievement to
students' self-concept and the students' mental health was
not significant when the influence of tecachers' evaluations
was removed.

These studies suggest (hat a positive correlation
does exist between self-concept and achievement and also
between sclf-concept and tcacher evaluation., This indi-

cates that a proper application of a mastery learning

]71310(;](, Mastery Learning, pp. 139-41.
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strategy could result in desirable affective consequences.

Tutorial or Small Group Help

Although the use of individual tuto;s for each stu-
dent has often been suggested as an ideal learning situa-
tion, there has been little research in recent years to
measure the value of tutorial help.

A study conducted by Taylorl8 evaluated the use
of a tutorial program for f{reshman engineering students.
A sample of thirty-one students were selected and offered
tutorial help in the areas of physics, mathematics, and
English. A matched control group was used for comparison
of academic achievement. Results show that tutored stu-
dents did achieve significantly beiter than non-tutored
students. The results also showed that the studentl who
used the program more extensively was more likely Lo bene-
fit from this tutorial help. The study indicated that cven
students with a college grade point average of less than
2.00 could make effective use of a tutorial program.

19

Schwerin studied the effectiveness of small
structured study groups in improving the academic achieve-

ment of one hundred college freshmen emrolled in a course

8
1 Ronald G. Taylor, "Tutorial Scrvices and Aca-

demic Success," The Journal of Educational Research, LXTT
(January, 1969), 195-7.

19Ursuln C. Schwerin, "The Effect of Group Study
on Individual Academic Achievement and Individual Study
Orientation in Two-Year Higher Technical Education" (Doc-
toral dissertation, New York University, 1970), Disserta-
tion Abstracts, 1970, XXXI, 1970, 3303-A,
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in dental hygiene, Four sections were randomly chosen,
two as experimental and two as control. Within the two
experimental groups, ten study groups of five students
each were formed. Each group was made up of onec high,
three average, and one low "prior performance level" stu-
dent. Control groups received a traditional individual
study approach while the experimental groups cngaged in
group study for all activities. Resulils showed that stu-
dents who had participated in the study groups achieved
significantly better on a test of academic achicvement.

These two studies indicated that both tutorial help
and small study groups can be effective elements of a learn-
ing strategy. Quite possibly these two methods can be usecd
to increase the amount of time that the student is willing
to spend in lcarning a given task and perbhaps also can
serve Lo reduce the total time rcquired for a particular

learning task.

Mastery Stirategies

Strategies which include some of the elements sug-
gesled by Bloom have been studied in several different sub-
jecl matter arcas and at different levels of education,
Analysis of some of these studices which have been completed
can suggest the proper choice of subject areca for such a
strategy as well as proper choice of clements of the
strategy Lo increase student cexpectation and to maximize

the opportunities given for lcarning.



26

Collins2o compared several alternate strategies
for mastery lecarning. The investigation involved six
classes of twenty-five eighth-graders each, in a modern
mathematics course. Five of the seciions were used as
experimental, and the sixth group was used as a control.
Brief descriptions of the types of mastery strategics used
for the experimental groups arc: (1) lists of objectives
only, (2) 1lists of objectives, daily problem on the objecc-
tives of the previous session, and specific study pre-
scriptions based on the results obtained from student
altempts at the daily problems, (3) lists of objectives,
the daily problems and prescripitions, plus alternate lecarn-
ing resources such as other text books, workbooks, games,
and SRA instructional kits, (4) problems and prescriptions
only, and (5) only the problems. Results were obtained
by averaging the student scores from each group on unit
tests. Results showed that 80 per cent of groups 2 and 3
attained the mastery level of A or B. Treatment %, 1,
and 5 achieved mastery at levels of 70 per cent, 60 per
cent, and 50 per cent respectively. These results sug-
gest the importance the use of the list of objeciives, the
problems, and the prescriptions. The usc of alternate
learning resources did not contribute to the strategies

cmploying the above mentioned elements.

aOBJock, Mastery lLearning, pp. 111-12,
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Biehler21 investigated the use of a mastery learn-
ing strategy in the teaching of undergraduate educational
psychology. Students were given a choice of {wo sections,
one with a traditional letter grading system and the other
in which a mastery grading system was used. After each
of the three unit tests, students of the mastery section
who failed to achieve the level of A or B were given the
opportunity to review and then take an alternate test over
that unit. Term papers and other papers were used in
addition to the unit tests in determining course g¢grades,
Although only anecdotal records were reported, the strategy
scemed effective in both the cognitive and affective domains.
When given the choice of the two instructional methods for
the next course., over 90 per cent chose to learn under tlhe
mastery strategy.

Although few of the possible clements of a mastery
learning strategy were employed in this study by Biehler,
the resulis do indicate that studenis often appreciate

additional opportunities for lecarning.

2

. L. 22 .
A study by Gentile in 1970 at the State Univer-
sity of New York at Buffalo employed a mastery lcarning
stratcegy in the teaching of introductory cducational psy-

chology. This experimental method employed student

Robert F. Bichler, "A First Attempt at a 'Learn-

ing for Mastevy' Approach,”" Educational Psvehologist, VI,
No. 3 (1970), 7-9.
22

Block, Mastery Learninge, pp. 117-18.
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self-pacing over small instructional units. Students were
given study questions over each unit, interviews with
classmates, and unit mastery testis, Students who did not
achieve mastery on a final unit mastery test were asked to
review and return for retesting. Proctors and instructor
were available for help in reviewing. Results were
obtained by comparing the experimental group with a con-
trol group taught by a large lecture section and small
discussion groups. Student evaluation of this strategy
indicated that this method was rated as one of the best
the studenits had ever used.

This stratcgy emploved many of the clements recom-
mended by Bloom, and had the advantage of almost unlimited
opportunitly for learning since students were sclf-paced.

A major disadvantage would seem to be that individual stu-
dents completed a different number of units during the
standard time period for a course. This would scem to be
an important disadvantage for a sequential coursc.

Another study which allowed student sclf-pacing
: . 23 . .
was conducted by Keller in a course in general psychology
at Arizona State University. The fifteen week course was
broken down into thirty instructional uniis. Each student
was given assignments from a textbook or a program text,

a list of "study questions,” and the usc¢ of a supervised

djl"rc(l 5. Keller, "Good-Bye Teacher . . .," Jour-

nol of Applicd Behavioral Analvsis, 1 (Spring, 1968), 79-
89.
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study hall for completing each unit. A mastery test
over each unit had to be successfully completed by each
student. A student who failed to achieve mastery over
each unit on his initial attempt was required to review
and then take a similar test. Proctors were used for
grading mastery tests and for providing specific sugges-
tions for review. Proctors and graduate assistants were
also available during the supervised study periods. A
standard final examinaiion was given to all studcnts
regardless of the number of units completed. Approximately
65 per cent of the students achicved coursc grades of A or
B. Student reaction to this mecthod was reported as quite
favorable.

A study by Kim et _1_3__3_.211 investigated the cffec-
tiveness of a mastery lcarning strategy for a seventh
grade mathemalics class, in Scoul, Koreca. This strategy
emploved the use of formative testing, remedial programmed
instruction for students who scored below 80 per cent on
cach formative test, and review questions for ecach student
of thc experimental group. Results indicated that 74 per
cent of the cxperimental, compared to 40 per cent of the
control group, achieved mastery at the 80 per cent level
as measured by an achicvement test. This sludy also
investigated the relationship between mastery and 1.Q.

Although the «trategy was effcective with both above-average

2k .
Block, Mastery learning, pp. 123-4,
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and below-average students, the results show that this
experimental method was most effective for the below-
average 1.Q. group.

This summary of related literature indicates that
many different stratcgies have been attempted at many
levels of cducation and in many subject areas. The results
have in general indicated considerable success for strate-

gics of mastery learning.



CHAPTER I11I

DESIGN OF THE STUDY

Selection of the Experimcntal Strategy

The review of the literature in Chapter II1 indi-
cates that a variety of elements could be included in a
strategy for mastery learning and also that such a strategy
could be applied in many different levels of a subject
matter area.

Since aptitude is one of the elements of the model
of school lcarning which is internal to the stiudent and
therefore not under any control by the classroom instructor,
a coursc level was chosen where the effects of this vari-
able would be minimal. Another of the clements of this
model is perseverance, the amount of timce that the lcarner
is actually willing to actively engage in the learning
task. This element is to some exient under the control of
the classroom instructor, since it is affected by the stu-
dent's opinion of the need for mastery in the concepts
presented.  For this reason, the first course in calculus
was chosen for this cxperiment. This course is a prercqui-
sile for two subsequent courses in the calculus and

also the (wo-semester coursce in advanced calculus, the

31
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first of which is required of all mathematics majors.

This selection of the fir-: course in calculus
for the area of experimentation then gave the rescarcher
the opportunity to attempt to increase the perseverance
of each student of the experimental group. The next step
was to select activities to supplement classroom methods
so that the element of the model called opportunity, could
be maximized for students in the experimental group.

The use of lists of specific objectives for the
experimental period was chosen as the first supplementary
aid for members of the experimental group. These objec-
tives for the cight-week period were written in the form
of eight units, and cach student was given a list of objcc-
tives for a uniti whenever instruction on the prior unit
was complete.

Formative testing, the use of short diagnostic-
progress tests closely correlated with the objectives of
each unit was sclected as another important feature for
the lcarning strategy. Every member of the experimenial
group completed a formative test over that unit when
instruction was complete. The grades from these formative
lests were not used to determine course grades. After
evaluation by-~4{ihe course instructor, ecach corrccted forma-
tive test was rcturned to the student along with a personal

diagnosis which indicated those objectives which had not

been mastered and also listed specific suggestions for
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improvement. Thesc suggestions included references to
appropriate sections of the student's text, attendance at
small student study groups, attendance at study groups
directed by a graduate assistant, or the completion of
specified problems related to the objectives yet to be
mastered.

In evaluating cach formative test, the course
instructor used a particular score as an indication of
mastery of that test at the level of A or B. This score
was determined by the instructor from his experience with
similar groups who had completed the work on these same
concepils during priorv semesters. FEach formative test was
scored as mastery or non-mastery. A recommendation was
given to each student whose score was below the level of
A or B to complete the review suggested by the diagnostic
sheet and then to complete a retest over this same unit.

These elements which are described above make up
the learning strategy which was cmployed for the experi-
mental group. The class instruction for both groups was
nearly identical, so that thal variable of the model for
learning called "quality of instruction" would be fixed in
this study. An exception to the control of this variablce
was that prior knowledge of the objectives, which Carroll
considers Lo be a necessary part of this variable, was nol
specifically provided for members of the conirol group.

A daily lesson plan wvas preparced and usced in both the
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experimental section and the control group. This plan
was followed in both classes so that the development of
concepts in both seclions was as nearly identical as pos-
sible. The same examples were used in both sections for
illustrating the concepts discussed. The text Calculus

with Analvtic Geometry, by Richard E. Johnson and Fred

L. Kiokemeisterl was used for both classes and ecach class
was given the same daily assignment from this text. Since
the formative test for cach unii was given to the experi-
mental group during one class of each week, this resulted
in a difference of ten to thirty minutes in instruction
time for the two groups for each unit. This corresponding
unit of time was used in the control group for presentation
of additional illustrative examples or for further discus-

sion of assigned work from the text.

Preparation of Objectives

An important feature of the expcerimental strategy
used in this resecarch is the use of a list of specific
course objectives to be given to cach student of the
experimental group. The process of preparing such a list
of objectltives is an important part in the planning of any
coursc. When completed, this Jist of objectives repre-

sents a model of desired outcomes of instruction which can

]'R,ich;n*d E. Johnson and Fred .. Kiokemeister, Cal-
culus with Analytic Geometry (th ecd.; Boston: Allyn and
Bacon, 1969).




35
be valuable to both the instructor and the students.

The prepairation of this list of objecctives for the
experimental period involved two major decisions. The
first decision was the selection of appropriate objectives
for this particular course and the second was to select
the most appropriate method of stating these objectives.

The selection of objectives which were appropri-
ate for the cxperimental period was accomplished by refer-
ring to the departmental outline for this particular
coursc. This outline specified the concepts to be included
during this time period.

Several mcthods of staling cducational objectives
have received recent attention in educational literaturec.
As slated by Bloom, Hastings, and Madaus, "Much attention
has been given Lo the statement of objectives in American
educalion. There is probably no aspect of instruction
about which more has been writton."z

Many different approaches are used to define edu-
cational objectives. Some differcnces are due to purpose.
National curriculum groups statec broad objectives which
could be labeled as goals while objectives for the class-~
room must be more specific. Even for the statement of

short-range goals there are a variety of methods in use.

2Benjnmin S. Bloom, J. Thomas Hastings, and George
F. Madaus, Handhook on Formative and Sunmative Fvaluation
of Student Learning (New York: McGraw-Hill Book Company,
1971), p. 20,
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Some statements emphasize the content of the objectives
and some concentrate on the behavioral aspects. A general
description of the desired method of stating objectives
is as follows:

How does one go about stating an educational
objective? . . . Tt should be expressed in terms of
desired studeni behavior and content area. More
importantly, it must succeed in communicating the
teachers' intent. Communicating is successful when
any knowledgeable person in the same area can look
at a student's behavior or producis and decide whether

- . - - 2
or not the objective has becen reached. -

In addition to a discussion of the use of behavioral

objectives Bloom, Hastings, and Madaus state:

Another wav of giving clarity to the specifications
of outcomes is to represent them in the form of the
problems, questions, tasks, and the like which the
student should be able to do or the kinds of reac-
tions he should give to specific uuestions or situa-
tions.”

Since cach =student of the experimental section

was to rececive a copy of the list of objectives il was
extremely important that these objectives be writien in
that form which would be of grecatest value to the indi-
vidual students. To accomplish this, cach statement was
written in the form of a task to be completed by cach
student. In this wayv, cach =tudent became actively
involved with the list of specific objactlives.

The complete list of these objectives is included

in Appendix A of this report.

31hid., p. 32.

ho . ,
1bid., p. 15.
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Preparation of Test

In an attempt to produce a comprehensive examina-
tion to assess the outcome of the eight-week experimental
period scveral facets of mathematical achievement had to
be considered. The examination was designed with a strategy
to test objectives from all units and to select items which
would evaluate a variety of lecvels of student behavior.
Since the eight-wecek experimental period was the first
one-half semester of work in this introductory course,
approximately four weecks of this period dealt with topics
which were essentially "precalculus" in nature. On this
basis, and also because many students had complected somec
work in calculus in their sccondary school course, the
same insitrument was used for both pre-test and the post-
test.

The method used to sclect these items for the
examination was first to prepare a list of items designed
to assess mastery of the stated objectives. A panel of
five professors who are familiar with the material of this
course was then asked to evaluate cach of these items.

Each pancl member rated cach item as "good," "fair," or

"I)O‘)l‘. . 1"

with respceet to measuring concepts which were
included in the list of stalted objectives. A total score
for cach proposed test item was computed by a system of

two points for a rating of "good," one point for a rating

of "fair," and zc¢ro points for a rating of "poor." Only
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those items with a total score of eight or more points
were used in the final form of the examination.

The purpose of this panel was to establish the con-
tent validity of the items for the achievement test. The
use of these qualified professors insured that each test
item reflected specified course objectives and that the
student behavior required by each item was consistent with
the behavior specified in the list of stated objectives,

To further insure that the type of student behavior
demanded by the achievement testi was consistent with the
types of behavior specified by the list of objectives, it
was necessary to analyze the objectives. As stated by
Popham and Husceck:

The chief rule which guides the item writer for a
criterion-referenced test is to be sure that the item
is an accurate reflection of the criterion behavior.
Difficult or easy, discriminating or indiscriminate,
the important thing is to make the item represent the
class of behaviors delimited by the criterion.?

Begle and WilsonG discuss a model for analyzing levels of
behavior which are both hierarchical and ordered. The

model considers order in that four categories are decveloped,

each successive level being at a more cognitively complex

-

’W. James Popham and T. R. Husek, "Implications of
Criterion-Referenced Measurement," Journal of Educational
Mcasurcment, V1 (Spring, 1969), 4.

Edward G, Beglce and oomes W, Wilson, "Evaluation
of Malhematics Programs," Mathematics Fducation, Sixty-
Ninth Yecarbook of the National Society for the Study of
Education, Part I (Chicago: University of Chicago Press,
1970), pp. 371-5.
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level than the former, and hierarchical in that behavior
at a given level may require competence at all lower levels
for mastery. This particular model was used by the National

7

Longitudinal Studies of Mathematics Achievement and is a
modification of the cognitive-level; dimension developed
by Bloom.8 This modification provides a model with cate-
gories which are particularly appropriate to mathematics
achievement.

The four levels of behavior which are specified by

this model are described as follows:

1. Computation--Items designed to require
straight-forward manipulation of problem cle-
ments according to rules the students presum-
ably have learned. Emphasis is upon perform-
ing operations and not upon deciding which
operations are appropriate.

2. Comprechension--Tiems designed to require either
recall of concepts and generalizations, or
transformation of problem elemenis from one
mode to another. Emphasis is upon demonsirat-

ing understanding of concepts and their

7T. A. Romberg and James W. Wilson, "The Develop-
ment of Tests for the National Longitudinal Study of Matihe-
matical Abilities," The Mathematics Teacher, LXT (May,

1968), 489-9s5,

Benjamin S. Bloom, ed., Taxonomv of FEducational
Ob jectives: Classification of Fducational Goals, Cogenitive
Domain, Handbook 1 (New York: Mchay, 19506).
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relationships, and not upon using concepts to
produce a solution.

3. Application--Items designed to require (a) recall
of relevant knowledge, (b) selecction of appro-
priate operations, and (¢) performance of the
operations. Items arc of a routine naturec.
They reéujrc the student to use concepts in a
specific context and in a way he has presumably
practiced.

4, Analysis--Ttems designed to require a non-
routine application of concepis. The items
may require the detection of relationships,
the finding of patterns, and the organization
and use of concepts and operations in a non-
practiced context,

An analysis of the ecight units of ‘bjectlives
specificd for the experimental period of this rescarch is
presentled in Table 1. Many items in this list of objec-
tives were wrilten with several parts, for the convenicnce
of the students. For the purpose of this analysis, each

partl of cach item was treated as an individual objective.
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TABLE 1

ANALYSIS OF OBJECTIVES BY LEVELS OF BEHAVIOR

Uni t 1 I IItT 1V V VI VI1 VIII Total
Computation 0 8 9 9 3 0 L 0] 33
Comprehension 10 2 13 2 8 4 4 1 L
Application 4 9 19 6 4 4 3 8 57
Analysis 8 12 0 1 16 14 4 2 57

The assignment of particular items from the list
of objectives to correct levels of behavior is casily
accomplished in somec instances but more difficult in
olhers. Those items requiring the student to write a
proof for some generalization can usually be assigned to
the highest level, namely analysis. The sccond category,
comprehension, is appropriate for those items which require
definitions, descriptions or statements of theorems. The
distinction between computation and application is less
evident. For the purpose of the categorization made here,
items for which a thcorem is available which definitely
prescribes the appropriate computation are considered as
level one, computation. However, quite similar items which
require the combination of several thcecorems and the sclec-
tion of appropriate methods are classified in level threce,
application. As an cxample, to write the cquation of a
Jine through two given points is considered as computa-

tional, since onc thcorem provides the method of solution.
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A somewhat similar problem is to write the equation of
the perpendicular bisector of a segment. This requires
the student to compute the midpoint of the segment and the
slope of the segment, and then to apply another thcorem to
determine the slope of the perpendicular bisector. Finally,
with the slope and midpoint found, the student is expected
to write the required equation. Since the behavior required
for completion of this objective demands that the student
sclectl appropriate operations and perform several steps in
reaching the desired conclusion, this level of behavior
would be classified as applicalion.

After all items from the list of objectives have
been analyzed as shown in Table 1, items for the achicve-
ment test were sclected from the list of ilems judged
appropriate by the pancl of prolessors. Table 2 lists the
twenly test items which were sclected, by referring cach

test item to the appropriate units and level of behavior.
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TABLE 2

ANALYSIS OF TEST ITEMS BY LEVEL OF BEHAVIOR

Units Computation Comprchension Application Analvsis
I 1,9 10
11 l 3
11T 2,5
v 7,8 1* 6
1 a2 3*,10*
VI 4+ 5*,6*
Vi1 7 8~
VIII 9*
Total 4 Ut 6 6
Notle: The items appear as numbered in the two-part achieve-
ment test which is included in Appendix B. The ilems from

ithe s
item
firsti
first

by it
by th
able
cach
same
selcc
priat

Unit

ccond pari of this examination are identified with the
number and the asterisk. Thus the first item of the
part of the examination is denoted by "1" while the
item from the second part is denoted by "1°",

The analysis of the levels of behavior required
ems from the list of objeclives and the levels required
¢ questions on the achicvement test indicates a rcason-
amount of correspondence. The percentage of items at
level on the list of objectives is approximately the
as in the achievement test. The number of items
ted for the test from cach unit doces not scem appro-

¢ 1n all cases in terms of number. TPor examplce,

VI and VIIT required only four class sessions, while
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Units IV and V required six sessions each. Table 3 shows
the correspondence in percentages of the levels of behavior
as specificd by both the list of objectives and by the

items of the achievement test.

TABLE 3

COMPARISON OF OBJECTIVES AND TEST--
IN LEVELS OF BEIAVIOR

Levels Pergentégo in Pe?centage on
Ob jectives Achievementi Test
Computation 17.3 20
Comprchension 23.0 20
Application 29.8 30
Analysis 29.8 30

The use of the panel of cxperts in evaluating pro-
posed test items and the analysis given above provide some
cvidence of validity for the prepared achievemeni test.

As noted by Popham and lhisck:

Criterion - referenced measures arce validated primarily
in terms of Lhe adequacy with which they represent the
criterion. Therefore, content validity approaches are
more suitced to such test. A carcfully made judgment,
vased on the test's apparent relevance to the behaviors
legitimately inferable from thosce delimited by the
criterion, is the general procedure for validating
criterion- referenced measures.9

Another question to be considerced is the reliabil-

ity of the test instrument. The method used to determine

9
Popham and Husek, "Criterion-Referenced Mceasure-
ment," p. 6.
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the reliability for this test was a generalization of the
Kuder-Richardson formula 20.10 The generalization was
necessary since the possible scores on each test item
ranged from O to 8, while formula 20 is suitablc only for
a test of dichotomously scored items. The actual calcu-
lation of this reliability coefficient was accomplished by
using a library program: "Testat," which is available at
the University Computer Center of Indiana University of
Pennsylvania. The computed alpha coefficient of rc¢liabil-
ity was .84. Garreti states that "Tn order to differenti-
ate between means of the iwo school grades of relatively
narrow range, a reliability coefficient need be no higher
than .50 or .60.m? Thus, reliability of the test instru-
ment was shown to be in this acceptable range.

The complete two-part achievement test is includced

in Appendix B.

The Sample

Due to the type of scheduling used at Indiana
University of Pennsylvania, il was not possible Lo select
students by methods of random sampling. Students are per-
mitted to scelectl the particular section of cach class which
they schedule, with the only restriction being the avail-

ability of space in the desired section at the time of

Donald J. Veldman, Statistics in Psvcheoloovy and
Education (New York: Holt, Rinehart and Winston, ince.,
1967), pp. 170-81.

Henry E. Garrett, Statistics in P=svcholoev and

Education (New York: lLongmans, Green and Company, 1958),
p. 351.
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scheduling. The scheduling time is determined by collcege
class and also by an alphabetical system. With this
method, the student is usually free to make a choice of
class hour and also of instructor.

As described previously, the experimental method
employed required that both the experimental group and the
control group receive the same classroom instruction. For
this reason, the sample used for this study consisted of
the two sections of Mathematics 157, Analytic Geometry and
Calculus I, which were designated, prior to scheduling,
to be taught by this researcher, during the spring semester
of 1971.

The students of the two sections used in this
experiment were ncarly all second semester freshmen, and
all werce mathematics majors. The two sections originally
consisted of twenty-three and twenty-nine students. By a
toss of a coin, tlhe class of {wenty-three students was
selected as the control group. Before the rescarch was
completed, two students of the control group withdrew.
Thus, the cont:rol group consisted of twenty-onc students and
the experimental group was the other section of twenty-nine
students.,

Since this study was limited to this small group of
students from onc universily, a description of the univer-
sity and the student population is included so that the
reader is bettler able to make comparisons wilh other situa-

tions.
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Indiana University of Pennsylvania was originally
founded as a state normal school in 1857, at Indiana,
Pennsylvania. The role of the institution was changed in -
subsequent yecars as is reflected in the change of the name
to State Teachers College, State College, and finally to
University in 1965.

In the academic vear 1970-71, the undergraduate
enrollment was 92141 and the graduate school population
was 1133. Of the 1793 freshmen for this year, 650 were
emrolled in the School of Arts and Sciences and 598 in
the School of Education. The remaining freshmen students
were enrolled in the Schools of Business, Fine Aris, Home
Economics and Health Services. Some indication of the
academic ability of the students at this university is
given by College Board s=cores. This freshman class of 1970-
1971 had an average college board verbal of 543 and an
average mathematics score of 579, so the average total
college board scorce was 1122,

Survev of Studenli Opinion of ihe
lLearning Stravegew

An important feature of the experimental strategy
uscd in t‘his study was to incrcase the perseverance of the
individual members of the experimental group. This could
be accomplished bolh in the way thal the experimental

strategy was originally introduced to this group and in

the way the methods of the stralegy were utilized throughoul
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the course. The actual perseverance of the individual
students was nol assessed directly. One important factor
which reflects a student's perseverance is his own evalu-
ation of the methods which have been used. For this reason,
it was very important to have some measure of student
recaction to the experimental stirategy.

Hnrtman12 developed an instrument to reflect stu-
dent attitude toward several experimental teaching tech-
niques to be used in a course in the calculus. This instru-
ment was used to gather opinion concerning this learuning
strategy, with the permission of Dr. Hartman. This form
is shown in Appendix C,

A sccond form was also uscd, which was designed by
the rescarcher to specifically reflect student opinion of
the elements of the learning stirateey. This form is shown
in Appendix D,

The specific purpose of this second form was to
point out the five major clements {o the student for his
evaluation. Question one requests that thesce elements be
rated as to which was the most beneficial. The student is
then asked to consider which element of the strategy could
best be eliminated and also to decide whether he personally

would want this change. Finally, the studenl was requested

Marlin F. Hartman, "A Study of Scl(C-Supervision
in the Implenentation of Innovations in Teaching Strategy
in Peginnine Calculus™ (unpublished Ed.D, dissertation,
University of Pittsburg, 1969), p. 107.
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to make suggestions for improving the strategy.

The use of these two forms gave both a general
student opinion of the over-all experimental strategy as

well as an evaluation of the major elements of this strategy.

Method of Analvsis

The comparison of the achievement of the tiwo groups
was based on the data obiained from the pre-test and the
post-test., Analysis of covariance was the statistical
method used with the pre-test scores as covariant. This
method of analysis, referred to as the "Nonequivalent
Control Group Design," is recommended by Canpbell and
Stanley when the control group and the experimental group
do not have pre-cxperimental sampling 0(1-lj\'a].0n(:o.]3

Summaries of maintained logs were reported to indi-
cate the amount of timc used for special sessions for cor-
reclion of deficiencics determined by formative testing
of the experimental group. These records also indicate
ihe student attendance at these sessions.

An additional log was uscd to summarizce the time
used by members of botlh groups in obtaining individual
assistance from the course insitructor, outside of s=cheduled
class time.

Finally, thce resulis of the student evaluation
forms were usced (o summarize student rcaction to the exper-

imental strategy.

Campbell and Stanley, Experimental Design, pe. h7.




CHAPTER IV

PRESEXNTATION AND ANALYSIS OF DATA

The Achicevement Test

Pre-test scores werce collected from all members of
both groups during the initial class sessions. Achievement
test scores were obtained from both groups at the end of
four weeks and again at the end of the eight-week experi-
mental period. The first part of this achievement test
deall with concepis from the rfirvst four vnits of the objec-
tives and the sccond part was concerned with the remaining
four units, A post-test score for ithe entire period was
obtained for cach student by combining the two scores from

ilhe two parts of the achievement test.

TABLE 4

MEANS AXND STANDARD DEVIATIONS FOR SCORLES OF
BOTH GROUDPS ON PRE-TEST AXD POST-TLEST

. Mcecans Standard Deviations
Control Experimental Control Experimental
Pre-Test 26.86 24,00 10.92 12.11)
Posti-Test 99.81 126.28 25.00 24 .17

The two-part achicvement test is included in

50
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Appendix B of this report. The two parts were each graded
with a possible score of 80 points, for a total score of 160
points. Table 4 indicates that the mean score of the con-
irol group was higher on the pre-test than the experimental
group but that the mean score of the control group on the
post-test was lower than that of the experimental group.

The data from the pre-itest and post-test was
analyzed by the method of analysis of covariance, using
the pre-test scores as covariant. The computation of this
analysis was accomplished by using a library program avail-
able at the University Computer Center of Indiana Univer-
sity of Pennsylvania. This particular library program

was designed from the refercnce Lxperimental Design in

Psychological Hesaarch, by Edwards.]' The results of this

analysis are shown in Tables 5--7. Table 5 indicates a
summary of an analysis of variance of the pre-test scores;
Table 6 is a summary of an analysis of variance of the
post-test scores; and Table 7 is a summary of the final
analysis of covariance.

An assuamplion which is required for this analysis
of covariance is that the slopes of the regression lines
for the two groups not be significantly different. This

hypothesis was tested for the data used in this ana].ysjs.z

Allen L, Edwards, Expevimental Desigen in Pusvcho-
locical Resecarch (New York: Holt, Rinchart and Winston,
Inc., 1966), pp. 281-294,

2]l»i(|., pp. 290-2,
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TABLE 5

ANALYSIS OF VARIANCE--PRE-TEST

Source df Sum of Squares Mean Square F
Between 1 99,426 99.426 0.735
Within 48 6190.574 135.220
Total Lo 6590.000 134.490

TABLE 6

ANALYS1IS OF VARIANCE--POST-TEST

Source df Sum of Squares Mcan Square F
Between 1 8531.750 8531.750 14.175
Vithin 48 28891.063 601.897
Total Lo 37022,.813 763.731

TABLE 7

ANALYSTS OF COVARTANCE

Source dr Sum of Squarces Mean Square F
Between 1 10071.613 10071.613 19.817
Within h7 23886.332 508.220
Total 48 33957.945 707.457
This calculation yieclds an F-ratio of .307 with and 46

degreces of freedom, a nonsignificant value.

requirement

for an analysis of covariance

Table

this analysis

is 19.81 7

7 indicates that the F ratio computed

The critical value of the F

Thus t1his

1s satisflied.

from

ratio
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at the .01 level of significance with 1 and 47 degrees of
freedom is 7.20. It is thereforc concluded that the use of
the experimental strategy did affect achiecvement during the
experimental period.

To emphasize the difference in the resultis obtained
by the achicvement test given at the end of the experimental
period one can consider the somewhat arbitirary method often
used to assign grades according to the percentage of total
points received. Using the 10 per cent grade ranges of 90%
for grade A, 80% for grade B, 70% for grade C, 60% for grade
D, and below 60% for grade F, the results shown in Table 8

are obtained.

TABLE 8

GRADE DISTRIBUTION FOR THE ACHLEVEMENT 'l’liST3

Range Grade Control Experimental
160-144 A 0] 7
143-128 B 4 10
127-112 C 4 7
111-96 D 6 1
Below 906 F 7 4

Clearly ihe grade distribution shown in Table 8
is not realistic as secen by the results of the control
group which appearced to be a typical group for this course.

However, the purpose of the table is to show the way in

An analysis by chi square indicates that these
two distributions are independent at the .05 Jevel of sig-
nificance.



which the distribution of the experimental group has been
skewed by the application of the experimental strategy.

It is of interest to note that of the five members
of the experimental group who scored below 112 on the
achiecvement test, three were students who did not attempt
to take advantage of the strategy. Thesc students com-
pleted the formative tests which were given during class
time but did not attiend the special sessions for correc-
tion of deficiencies nor did they consult the instruc-

tor for individual help.

The Special Sessions

A summary of the special sessions offercd by the
graduate assistant, for correction of dcficiencics indi-
cated by the fermative tests, is shown in Table 9 . Each
of ihese sessions lasted a maximum of fifty minutes. The
eraduate assistanl was usually given two or threc major
points to discuss, as indicated by the results of the
formative testis., Students were frece to attend or not
attend as they wished, but the diagnostic shcel was used
to recommend attendance by those who needed further help
in these arcas. Quitle often, students were in the class-
room for the entire fifty minutes but used most of this
time for working quictly in small groups. Those who
needed further help in the concepts being discussed by the
graduate assistant gave their atiention to this discussion

while the remainder of the group worked on their own
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problems, either individually or with classmates.

TABLE 9

SUMMARY OIF SPECTAL SESSTONS IFOR MEMBERS
OF THE EXPERIMENTAL GRGUP

Number of Special Sessions lleld 12
Average number of students per session 7
Number of the 29 members of the experimental group 56

who attended one or more special sessions

Total hours usecd by graduate assistant in special

. 10
sessions

As shown in Table 9, the total {ime used by the
graduate assistant in directing the special sessions for
members of the experimental group was ten houis. The aver-
age number of siudents in those sessions was seven, but
the range was from three to fifteen.

As noted above, the graduate assistant was always
present at these sessions to offer help to small groups or
individuals, but a grcal deal of work was also accomplished
by small groups cooperating on common prohlems. A class-
room was also rceserved for one hour ecach week where stu-
dents could work together on difficult concepts without any
direction from the coursc instructor or the graduate
assistant. No records were maintained to indicate attend-
ance al these sessions, but informal observation indicatcoed
that atiendance was often from four to sceven and vas

over twenily on at leasl one occasion.
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The groups of students who worked together during
the special sessions also arranged to meet at other times
as well. It is felt by the researcher that study habits
of this type are an indication that the experimental stra-
tegy did have some effect in increasing the perseverance

of some members cf the experimental group.

Individual Help from the Instructor

Table 10 is a summary of the help given to indi-
vidual students of the experimental group by the class
instructor. No corresponding table is given for the con-
t1rol group since only thrce members of this group sought
this type of individual help. The total time used by the
instructor in giving individual help to these three mem-
bers of the control group was fifty minutes. 1Ii{ was men-
tioned repecatedly in class sessions for the control group
that this type of individual help was available. Unfor-
tunately, at least at the institution where this rescarch
was accomplished, it is not unusual for studenis to ignorec

this source of individual assistance.
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TABLE 10

SUMMARY OF INDIVIDUAL ASSISTANCE GIVEN TO
MEMBERS OF THE EXPERIMENTAL GROUP
BY THE CLASsS INSTRUCTOR

Total number of student visits 4s
Total amount of instructor time used 10 hours

Total number of the 29 members who sought 18
this type of individual help

Aver & : 21 - > .
Selago émgupt of time usecd for onc 13.5 minutes
student session

Average total time used by those students

1 .
seeking this type of individual help 34 minutes

The summary in Table 10 indicates that each indi-
vidual session held with members of the experimental group
by the instructor averaged 13,5 minute s. For those
18 members of the experimental group of 29 students who
sought 1his type of help the average total time used dur-
ing the cighi-week period was 34 minutes. The total time
used by the instiructor for Lhis purpose was ten hours,
This institution, like many others, rcquires that ecach
professor have five office hours scheduled cach week for
the purpose of assisting individual students., Thus, therc
were a ni.in.innuu of forty hours available for this purposc
during the experimental period. The combination of the
experimental and control group made up two-thirds of the
instructor's teaching load.

It is felt by the rescarcher that students received
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a great deal of help during those individual sessions. Not
only were course concepts discussed for the benefit of the
student's understanding but also the instructor was given
the opportunity to guide the student in his methods of
study. In this way, the student's opportunities for
learning were increased, which is an element of the model

of student learning as described in Chapter TII.

Student Evaluation of the Learning Strategyv

The data from the two forms used for a siudent
evaluation of the experimental strategy yielded information
about how the student viewed this model. The first form
was used 1o determine the attitude of the student to the
cxperimental method as compared to other methods to which
be had been exposed. The entirve form used for this purposece
is shown in Appendi x C. A summary of student respon-
ses lo the items on this instruoment is shown in Table 11.
Under the column entililed student responses, two rows of
data are given for cach of the fifleen items. The first
row indicates 1he number of students who chose that
response and the second row of data indicates ihe correspond-

ing percentage of students who chose that response.
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TABLE 11
ATTITUDE TOWARD THE EXPERIMENTAL STRATEGY
Responses :

SD D U A SA Statements

1116 1 0 O l. This method of instruction is very frus-

39 57 4 0 0 trating to me as a student.

O 1 316 8 2. I would recommend this method to mathe-

o 4 11 57 29 matics teachers for usc in their
classes.

O O 013 15 3. T would not object if this method of

0O 0 0 46 54 instruction were used in this class for
the entire scmester,

1216 0 0 O ., This method of instruclion is really not

k3 s7 0o O O very suitable for work at this grade
Jevel,

1015 3 O O 5. This method did not arouse my interest.

36 54 31 0 O

O 0 1 20 7 6. 1 would recommend this method of insiruc-

0O 0 4 71 25 1ion for use in classes al other col-
leges and universities,

ir17 0 O O 7. T do not carc for this method and 1

39 61 0 0O O doubt if it appeals to other students.

o1h 4 8§ 2 8. This method of instruction was extreme-

0 50 4 29 7 ly time-consuming.

6 20 2 0 O 9. 1L is difficult to give a favorable

21 71 7 O O recaction to 1his method of instruction.

0O 3 116 8 10. This is one of the bettier methods of

0 11 h 57 29 instruction to which 1 have been exposed.

0 2 816 2 11, This wethod proved to be quite stimu-

0O 7 29 57 7 lating and thought provoking

0O 1 516 6 12. 1 liked this method of instruction very

o 4 18 57 21 much.

9 13 5 ] O 13. I would never use this method of instruc-

32 46 18 4 O tion if 1 were teaching.
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TABLE 11 (Continued)

Responses ; )
SD D U A SA Statecmentis

a

0 1 4 16 7 14. This method of instruction should be
0 4 14 57 25 used in more mathematics classes.

18 10 0 0 0 15. I thoughti this method was a complete
64 36 0 0 O waste of time.

The second form used to evaluate student reaction
shown in Appendix D, was designed to evaluate the specific
elements of the experimental strategy. The first item
on this evaluation was a request for each student to
evaluate five of the major elements of the strategy. LEach
clement was to be ranked from one to five wiith one indi-
cating that clement which had been of most value, The
ratings received were quite varied but a summary was
achieved by adding the ranks assigned to cach element.
This summary is shown in Table 12,

TABLE 12

SUMMARY OF THE RANKING BY STUDENTS OF FIVE
ELEMENTS OIF THE EXPERIMENTAL STRATEGY

Rank EJlement
1 The progress-quiz (formative test) for cach unit.
2 The list of objectives for cach unit.
3 The help sessions which have been available
it The diagnosiic sheetl returned with cach quiz.
5 The second quiz for cach unit.
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The second item was a question of which of the
five elements of the strategy could be omitted with the
least effect on student mastery. Even with these instruc-
tions eight of the 28 respondenis listed "none." The sum-
mary of the remaining evaluations yielded results which
were consistent with those given for question 1.

The third item questioned whether that element
which had been chosen as the one whose elimination would
have the least effect on mastery should actually be dropped
from the strategy. Every student agrced that no item should
be eliminated. This was not a surprising responsc since
cach stuadent was encouraged to completc all steps in the
learning sirategy, but cach student was also fully aware
that the decision to complete =sleps past the first forma-
tive test was strictly voluniary. There were scveral
suggestions that the sccond formative lest over cach unit
could be eliminated if this was replaced by a conference
with the course instructor.

The final item on the cvaluation of the lecarning
strategy asked that cach student recommend additional
methods which would improve the strategy. Slightly more
than half of t(he students listed al least one suggestion
but many pertained to the pace of the course rather than
to the lcarning strategy. Those suggestions which did
pertain to the strategy were: 1) Use class time to discuss

the items of the list of course objectives, 2) Give
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formative tests at more frequent intervals, and 3) Make
the sccond formative test over each unit an oral test given
by the instructor.

A summary of the student evaluation of the experi-
mental method wonld indicate that with very few exceptltions,
the students found this method beneficial. In particular,
item 6 of the summary shown in Table 11 indicates that 96
per cent of the students in the experimental group would
recommend this method for use in classes at other colleges

and universities,



CHAPTER V
SUMMARY, IMPLICATIONS, AND RECOMMENDATIONS

Summary

This study was conducted at Indiana University of
Pennsylvania, and involved {wo classes of mathematics
ma jors enrolled in ihe course Mathematics 157, Analytic
Geometry and Calculus 1. The experimenial period in which
this study was conducted was the first cight weeks of the
spring scmaester, 1971, The study was designed to provide
answers to the following four questions:

1. Was the achievement of the experimental group,
in which the learning strategy was used, sig-
nificantly better than that of the control
group, as measurcd by test results from the
groups?

2. Did thce individual members of the experimential
group take advaniage of the additional lecarning
opportunities provided?

3. Did the studentis of the experimental group scck
more individual help from the course instructor
than the students of the control group?

. Did the students ol the cexperimental group

63
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evaluate this lecarning sirategy as a desirable
feature to be used in this course or in other
courses?

A list of speccific objectives for the ecighi-weck
period was prepared from the departmental syllabus for
this course. Members of the experimental group received
copies of these objectives, broken down into eight scparate
units. Formative testing was used {to indicaie the progress
of individuals in the experimental group in mastcering
stated objectives, The classroom instruction for the exper-
imental and control group was nearly identical, with the
exceplion of the formative tests, and special scessions
directed by the graduate assistant to correct deficiencics
indicated by the formative lests,

An achicvemenl test was prepared from the list of
specified course objectives and was uscd to compare the
achicvement of ihe two groups at ithe end of the experimenial

period,

Findings
Analysis of the resulils of the achicvement test
indicate that mcembers of the experimental group achieved
significanlly betler scores than the members of the control
group,
Noi every member of the experimental group par-
ticipated fully in all of those activilies designed for the

group to cncourage mastery of all concepts, 0OFf {he 29
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members of this group, three students did not take advan-
tage of the results of the formative tests and also did
not attend sessions with the graduate assistant or seck
individual help from the course instructor. Although no
cause-effect relation can be inferrcd, these three students
rececived the lowest three scores on the achievement test.
In general, the results indicate that nearly all students
did participate in the experimental strategy.

The members of the experimenial group did scek
much more help from the classroom instructor ouitside of
scheduled class sessions. The graduate assisiant was also
available at specificed hours to aid individual members of
the experimental group, but no student took advantage of
this source of assistance. The factl that students did
scek individual tutorial help secems Lo be in conflict with
the results obtained by Bloom. lie statm;: "We have
of fered tutorial help as students desired it but so far
students at the secondary or higher cducation level do not
secek this type of help frequcnl,]y."]'

Students of the experimental group indicatled a
strong apprceciation of the experimental method. Al the
end of the eight-wecek experimental period the students were
surveyed for suggestcd changes in method. DEvery member of
this experimental group recacted posiitively to the methods

which were used, and cach member requested ithat the

]B](mm, "ILLcarning for Mastery," p. 10.
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experimental strategy be extended to the remainder of
the semester.

Although no records were maintained, it was clear
to ithe instructor of these two sections that class attend-
ance by members of the experimental group was much higher
than by members of the control group. Class atlendance is
not required at the institution where this study was con-
ducted.

Students at Indiana University of Pennsylvania
have until approximately the middle of the gemester to
withdraw from any course without penalty. During this
study, this date for official withdrawal occurred during
the sceventh week of the study. By that date two members
of the control group had withdrawn. A check of the other
six seclions of this same course taughil during this same
semesier indicated that from one to three students had
withdrawn from cach. No member of the experimental group
even discussed this possibility with the classroom instruc-

tor.

Tmplications

The general implication from this study is that
experimental strategics based on the model for school
learning discussed in Chapter T1 do seem to have a place
in instructional methods.

Although no specific evidence is available, the

rescarcher found the general attitude of the experimential
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group to be one which is quite desirable in any classroom.
The students rcalized that the instructional method was
designed not just to present relevant material, but rather
to give every student the opportunity to master the stated
objectives. The experimental strategy seemed to foster a
cooperative spirit among members of this group. Students
were quite eager to work with groups of fellow students in
mastering the course objectives.

The fact that students of the expcrimental group
were minch more concerned with seeking individual help from
the classroom instructor also shows thail these students
were cager to take advantage of additionas oppoertunities
for learning. Since this source of help is nearly alwvays
available, butl secldom uscd, this evidence alone suggesis
a distinct advantage of the experimental strategy.

An important feature of the particular lcarning
strategy cmployced in this study is that little or no change
is reanired in i1he classroom methods used by the individual
instruclior. 7The elements of the stirategy are designed to
function as supplemenis to regular classroom activities.
For this recason, the strategy coulrsl be adopted without
requirements of retraining of instructors.

The use of formative testing provides informatijion
which wvas not utilized in this study. This {ype of progress-
lesting yields valuable feedback information to both the

Ltcacher and the student. Since one important method of
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control in this investigation was the use of the same
daily tcaching methods in the classes for both groups,
little or no advantage could be achieved from this informa-
tion provided for the instructor. In subsequent usc of
this strategy, this information can be used Lo suggest
classroom activities which would be appropriate fur a
large portion of the class.

The experimental strategy used in this study could
readily be adapted for use with multiple secctions of the
same course. Providing appropriate learning opportunities
for students of several sections could be accomplished in
a more efficient manncr, both from the view of the student
and the instructor, than could be accomplishced with the
single experimental group, Increasing the number of instruc-
tors involved in this strategy should also provide addi-
tional suggestions for methods of offering cven more Jcarn-
ing opportunities to meet the nceds of individual students.

Since the subjects of Lhis study were at best
representative of mathematlics majors at Indiana University
of Pennsylvania then generalization of these resulis to
other subject arcas and to other institutions should be
considered only with some caution. However, the over-all
purpose of 1his stiudy was not to show that this partlicular
strategy can be mechanically applied {o other situations
to produce a particular result, Rather, the results of

this study would suggest the possibilily of other but
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perhaps similar strategies which should be considered to help

individual students accomplish specified learning tasks.

Recommendations for Further Studv

One recommendation for further study must be that
studies similar to this onc be conducted in institutions
which differ from this one in purpose and in student popu-
lation. The revicw of the literature cited in this siudy
suggests that investigations of the use of Llhis strategy
should not be restricted to a single subject areca novy to
higher ecducation. A related xrecommendation is that a larger
study of this type be conducted which would include insti-
tutions of several types so that a morce comprchensive view
of this meilhod could be obtaincd,

Immediale attention is nceded 1o determine the effect
of this type of lecarning strategy on student achievenment in
subsequent courses., An investigation could indicate whether
or not the increase in boih expeccitation and perseverance
developed by this strategy is carriced over into futurce
courses, A similar recommendation would be to investigate
the possible effect that ihis strategy could have on other
courses in which the student is enrolled during the same
semesticer,.

Finally, there is a grcat dcal of rescarch nceded
into the affective results of a strategy of mastery lecarning
as well as possible changes in the scelf-concepl of students

involved in such a program.
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APPENDIX A

Ob jectives for Mathematics 157

Weeks 1-8

The following is a list of specific objectives to
be accomplished in the first eight weeks of the course
Math 157. These objectives are separated into ecight units
and are generally of three types: definitions, thecorens,
and problems.

Every student is expected to be able to state each
definition preciscly and completely. A definition must be
a statement which indicates both necessary and sufficient
conditions.

All theorems which are encountered are of value in
both thecoretical work as well as in the solulion of morec
practical problems. The goal for most of these theorems
includes a complete and rigorous proof as well as general
understanding for purposes of applications. 1In many
instances a gecometric interpretation of the theorems will
aid in understanding.

The third catlegory of objectives are those which
involve application of the definitions and thceorems. The

specificd problems are intended to be representative of

7h
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possible problems from that unit. Clearly, only a sampling
can be included. Emphasis must be on general understanding

of problem types rather than on specific answers.,
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Unit T
1. Give a description of the sets of numbers called:
naturals, integers, rationals, rcal and complcex.
2, Define: field, ordercd field.
3. State those properties of a field which are properties
of the number system with ecach of the sets of numbers
: e
in 1.
4, Define: Interval (open, closed, half-open, and
infinite).
5. Define the abisoluie value function,
6. Define: XNeighborhood (including symmetiric neighborhood
and deleted neighborhood).
7. Define: TInterscction of sets, union of scis, subitrac-
tion of sets, and complement of secis.
8. DProve the following theorems on order vwhere a,b,c,d,
are real numbers,
i) If a>bL and b>c Llhen a»c.
ii) If as>b then a + ¢>b + c.
iii) If a>b and c>d then a + c>h 1 d.
iv) If a>b and ¢> 0 then ac>bc.
v) If a>b and ¢ <0 then ac € be.
vi) If O<cachb and O<c <d then ac< bd.
vii) If O<ca<b then 1/a >1/b.
viii) If O<ca<b and n eN then a"< b".
9. Find the solution set for cach of the following:

i) 2x + 3>4 and 3x<8 iii) 2x <7 or 2x>9 - X

ii) lx - 3' = 9 iv) 'x - ll >0
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Uniti 11

1.

Prove the following thentrems for all recal numbers a
and b:

a) |al = 0 if and only if a = O.
) fal = [-al.

¢) Va2 = |[a}.

a) Javl = lal]v]

e Hlal = Ioll <o ¢ vlelal « Ibl

Prove: Jf ¢>0 then lxl<c if and only if ~c«<x<c.
Also, If ¢>0 then |x]J<c if and only if ~cax=c,

Develop the formula for the distance between two points
in R x R. Use the formula for several speciiic examples.

State the gcomelric definition of a circle. Develop
the equation for a circle with center at (h,k) and with
radius r.

State the definition of the =lope of a line. Develop
the Fformula for finding the slope of a line on ihe
points (:{J sv. ), (x_,v,) where Xy 7 X,-

1
],- . i 2 ) ave ata y oo ~ < i b .
et line Il have equation y my X+ h] and line ]2
have equation y = m,x + 112. Prove that:
a) Ll i L2 if and only if my = m,.
b) Ll"'L 1,2 if and only if mym, = -1.
Let line L be determined by points P = (1,-3) and

Q = (-2,4).

a) Find the slope of line L.

b) Find the length of the segment PQ.
¢) Find the midpoint of the s=egment -l_’(—l.

d) Find _the equation of the perpendicular biscctor
of PQ.
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Find the solution set of each of the following:

a) lex - 7|<4 d) x° - 3x - 4>0
b) |3 - b4x|<7 e) V3x - 7>2
c) |5-2x|>9 f) Ix-—2l>3+ Ix—ll

Sketch the graph of each of the following in R x R.

a) 3x - 4>8 a) |y - 2l = |x + 3]

b) |x + 21<4 e)y—‘x—4|=|3-2x|
¢c) y<3x - & f) |4-3x'éy

TI1

Unit

For each of the following, find the equation of a
lince satisfying the given conditions:

a) Slope equal -4 and on the point (-4,2).

b) Through the point (2,-3) and parallel to x = 3y - 7.
¢) On the point (3,-7).

d) Through the points (3,-7) and (2,5).

e) Through the points (a,0) and (o,b).

f) Perpendicular to 7 - y = 3x.

g) The perpendicular bisector of the segment from

(-4,-2) to (3,9).
h) On the points (3,-7) and (3,29).

State the definition of a parabola. Include the
definition of the focus, the directrix, the vertex,
and the axis.

Find the cquation for a parabola satisfying each of
the following:

a) Vertex at the origin and focvs at (0,c).

b) Dircctrix y = -2 and focus at (4,4).

c) Focus at (2,3), distance from focus to directrix
cqual 3, and opening to the left.

d) Focus at (h+a,k) and direcctrix x = h - a.
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Find the focus, directrix, vertex, and axis of the
parabola defined by each of the following equations:

a) y = x - x c) y =4 - x

b)yz—’lzx+5 d) 5 - x

"
“

Define cach of the following:

a) A relation from A into B. Include the definition

domain and range.
b) A function from A into B.
c) A 1-1 function from A into B.

d) A function from A onto B.

¢) The converse of a funection from A into RB.

f) The inverse of a function from A into

Fach of the following equations determines
from R into R, 5State the domain and range

function. Petermine whether or not each
if the inverse cexists,.

a) f(x) = 5o x2 c) hi(x) = x2

b) g(x) = (x% - B)/(x -~ 2) @) k(x) =2+ |3 - x|

Define cach of i1he following types of special func-

tions:
a) Constant function.

b) Lincar function.

a function
of cach
function
1-1. Also, find the cquation forr the inverse

Ix + 1

of

function

c) A polynomial function. Tnclude a definition of the

degrec.
d) A rational function.
¢) An algebraic function.

) A transcendental function.,
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Unit IV

1. Sketch the graph of each of the following polynomial
functions:
x(x2-1) (xZ-4)

a) fx) = (x-1)3(x+2)2 ¢) H(x)

I
8}

b) glx) = x2(2-x) d) K(x) = (1-x)2(1+x)2

1}
[}

2. Let f(x) = 3x2 - b4, ¢(x) = 3 - 7x, and H(x) = +/x-1.
Complete:

a) (feg)(x) = i) {(fog)(x) =
b) (f+g)(x) = e) (HOf)(x) =
e) (Hog)(x) = £) (g tor)(x) =

3. Let f and g be functions from R into R. Define fog.
4, Sketch the graph of y = 3x + 1/(x-1).
5. State the neighborhood definition of the limit.

6. Prove that the neighborhood definition of the limit
and the (& , §) definition of the limit arc equivalent.

7. Determine the following limits:

a) limit (x3 - 3x + 4) c) limit 1/x
X -3 *x —w(
b) limit (x-3) d) limit (x2 - 4)/(x+2)
x—+2 X2
Unit V

1. Use the definition of limit to prove: limit (3x-1) = 5.
X—»2
2. Prove cach of the following thcorems:

a) If f(x) = mx + b then limit £(x) = ma + b
X

b) If N* is a deleted ncighborhood of a and f(x) =
g(x) for all x in N* then f has a limit at a if
and only if g has a limit at a. Moreover, when
these 1limits exist they are cqual.

c) limit 1/x = 4/a for a 7 O
X~
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d) lim:it-\/; = -\ﬂ'x- for a>0
Xepa

H

e) If 1imit f£(x)
X -

L= 0 then there is a deletced neigh-

borhood N* of such that f(x)>0 forall x in N*.

©

£f) If 1imit f(x) = L and g(x) = kf(x) then limit g(x)

X—a N O

= kl.

State the definition for continuity of a function at
a point.

State the thecorems for the sum, difference, product,
and quotient for limits of functions. Also state the
similar theorems for when onc funclion has a finite
limit and the other has an infinite limit.

Prove that a function which is continuous at a also
has a limit tlhere.

Prove that a polynomial funcition is continuous on all
of R.

Prove that a rational function is conitinuous on iis
domain.

Find the sc¢t on which cach of the following is contin-
uous :

a) rix) - (x2 - 4)/(x+2) c¢) H(x) = 3/.‘/,_\;2
b) elx) = x> - 4 a4) K(x) = (x=13/(x> - 1)

NDefine each of i1he following:

¢
a) limit r(x) = L b) limit g(x) = B
+ —

X—a X =
Prove that limit ((x) = L if and only if limit f(x) = L a
X X-’El*

limit £(x) = L.

X —>il
Prove that the following limits do not exist.

a) limit 1/(x-~-2) b)) Jimit (.\":-l)/x—]

X ~2 X1
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12. Definc cach of the following:

a) limit f(x) = e ¢) 1limit g(x) = -e
+ +
X—»a X-—+b

b) limit f(x) =w d) limit g(x) = -
X—o-i)._ x-—vb—

13. Determine the following:

a) limit 1/(x-2) c) limit (x7-1)

+ -—
X2 X —3

b) limit (x2 - x - 2)/(x-2

+
X 2

141, Use the (€, § ) definition for the limit to prove:

a) 1limit (2x - 7) = =1
X—-v}

b) limit (3 - 2x) = 7
X—r—-z

¢) Timit (xZ - 3x + 5) = 3
X+l
Unit VI
1. Define cach of the following:

a) limit r(x) = B b) 1imit g(x) = L

X = w X — o0

2. State the definition of horizontal and vertical
asymptoles.,

3. Find the cquations of the asyvmptotes and sketch the graph

a) r(x) = x=/(2 - x) c) hix) - 3x° - x
b) ¢(x) = 3x/(4 + %) d) k(x) - 2/(x2 - 9)

., Prove cach of the following limit thcorems:

a) It limit r(x) = A and limit g(x) - B then limit
X~—-Q X-—+a X-+a

(r+e)(x) = A+B
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b) If 1limit f(x) = A and limit g(x) = B then

X —w

X —a

limit (f-g)(x) = A-B

X-—=a

c) Limit f
X—a

X —-a

X -

(x) = L if and only if limit [f(x) - L}= 0.

X —-Qa
d) If 1limit f(x) = A and limit g(x) = O then
X -a
limit (feg)(x) = oO.
e) If limit f(x) = A and limit g(x) = B then

X --a

X—+a

limit (f-g)(x) = AB.

X--a

f) If 1limit f(x) = A, limit g(x) = B and g is nonzero

X-——-a

in some

X-+~a

deleted neighborhood of a then

limit (f/g)(x) = A/B.

X -+a

Prove: If

then limit
X —~a

f is continuous at b and limit g(x) = b
X —=aQa
(rog)(x) = £ [1limit g(x)] = £(b)

X —-a

Prove each of the following:

a) If f and g are continuous at a then f+g, g-f, and
feg are continuous at a.

b) If f and g are continuous at a and g is nonzero on

some de
at a.

c) If f is

leted neighborhood of a then f/g is continuous

continuous at a and g is continuous at f(a)

then gOf is continuous at a.

Find each
answer 1is
t heorems.

a) limit (
X-+2

b) limit (
X 2

of the following limits. Prove that each
correct by referring to the appropriate limit

x3 - 3x + 7)

X2 -~ h)/(x - 2)



&4

c) limit /3 . x2

b

d) limit +/x - 7/(x3 -9 + 1/x)
X2

VIT

State the definition of the derivative of a function.

State the definition of the derivative of a function
at x=a. What does i1 mean Lo say that  is differen-
tiable at x=a?

State the definition of a tangenit line to the graph
of a function,

Prove: If £ is differentiable at xza then f is con-
tinuous at x=a.

Use the definition to determine the derivative of
cach of the following ot the indicated point. Also
find the cquation of the tangent line and the normal
at this point.

2
3x° - 2 (1,1)

_ xS (1,2)

a) 1(x)

t

b) g(x) =

l
W

c¢) H(x) = x/(1-x) (2,-2)

Use the definition to determine the derivative of
each of the following:

a) £f1(x) = x - 4 c) g(x) = 3 - xZ
b) g(x) = 7 d) hi(x) = 1/(x-3)

Prove each of the following:
a) Ir rf(x) = k then Df(x) = O.
b) If rf(x) = x then Df(x) = 1.

c) If f and g are differentiable at a then D(r+g)(a)
= Dr(a) + Dgla) and D(f-gl)(a) = Dr(a) - bgla).
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Unit VIII
1. Prove each of the following:

a) If f and g arc differentiable at a then D(f-gl)(a) =
f(a)Dg(a) + gla)br(a).

b) If £ and g are differentiable at a and g is non-

zero on a deleted neighborhood of a then D(f/g)(a) =
gla)br(a)-r(a)dgla) /gla)=

2, State the chain rule for the derivative of 9 at a.

3. Use the differentiation formulas to find the deriva-
tive of cach of the following:

a) £(x) - x> - 7x2 + 6x + 7

2__])2

b) g(x) (x

1

c) M(x) = (2 - x2)(1-1/x)

d) k(x)

(3 - 4x)/(2x - 1)

¢) F(x) = _/ 3
(xz - 1)

£) G(x) = (x+1)(2x - 21)(3 + hx)

Vr(x-7)

h) K(x) = x2 Ixz—ﬂl

g) hix)



APPENDIX B

PART 1 OF THE ACHIEVEMENT TEST

FIRST ENAMINATION MATII 157

CALCULUS 1
Determine whether cach of the following is (rue or
falsc.

a) Every rcal number can be expressed in {he form p/q
where p and ¢ arc integers, .

b)) (3,7\{} is a deleted neighborhood of .
¢) (4,8) is a symmciric neighborhood of 6.
a) (3,5] n EJ,S) is a necighborhood of ‘.

Let P be the point with coordinates (~2,5) and O be
the point wiilh coordinates (3,-4).

a) Find the length of segment Q.
b) Find the coordinates of the midpoint of segment Q.
c) Find the slope of the linc (hrough P and Q.

d) Find the slope of a line perpendicular to the line
on P and Q.

Solve cach of the following. State yvour answer as a
sct and sketch the graph in R x R,

a) |3x - ?|<5 b) I’l - xl,>.3

a) Find the cqguation of a circle with center (2,1)
and radius 3.

b) Find the center and radius of a circle with equation
2 2 4
X 4+ 2x + y o+ 4y = 4

2
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5. Given a parabola with equation y - 3 = x2 - x, find
cach of the following:
a) The focus c) The equation of the directrix
b) The vertex d) The cquation of the axis

6. State the range and domain of cach of the following
functions:
a) £(x) = f, _ 2 b) elx) = 2 + |3 - ox|

7. Sketch the graph of f(x) = %% (x-1)(x+2)3

8. Let f_and g be deflined by f(x) = 3x - 7 and g(x) =
7 - x°. TFind the cquation which defines each of the
following:

a) fig b) 7t ¢) og a) /g

9. Let I' be an ordered field. Complete the definition:
IJf a and b are in I’ then a>b if and only if . . .

10. Prove: If a,b,c,d are rcal numbers with a=>b and
c>d then atex>»btid, Do not use any previous thecorems.
Prove this from the basic definitions of ordered
ficld and " >",

SECOND EXAMINATTON CALCULUS 1 MATH 157

1. Stale the (€ ,§ ) definition of limit g(x) = B

X—-eC

2. Complete the definition: The funclion g is continuous

at x=b i and only if . . .
3. a) Suppose that limit f(x) = - and limit glx) = =4,
X~ X-—b«'l+
What does this imply about limit f(x)g(x) 2
x—»a*
b) Supposc that limit DTx)g(x)] exisls, What docs
X~
this imply about limit (x) and limit g(x)?
X - X~—+a
. Find the cquations of all asymptoles ol the graph of

r(x) - x/(2x=3).
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Suppose that f and g arce both continuous at a. Prove
that the function f-g is also continuous at a. (You
may use the limit theorcms in this proof.)

(-~ 2 +X . N
Let t{x) = (xz ) V1 X Find limit r(x). Prove that

X - Ii X -2

your answer is corrcct by referring to the appropriate
1imit theorecms,

Find the derivative of the function f(x) = 1/(x-2)
by applying the definition of the derivative. Show
all steps.

Prove that the function f(x) = Ix-ll is not differen-
tiable at x=1.

Find the derivative of cach of ilhe following:
2 2
a) £(x) = (x7 - 1)

b) hi(x)

i

3-4x)/(2x-1)

c) ¥(x) = 2

a) Glx) = x=|x% - ’1‘

Use the definition of limit to prove that limit (4x-3)

X—2

N



APPENDIX C

ATTITUDE SCALE USED WITH EXPERIMENTAL GROUP

As part of a research study of innovations in
tecaching strategy, you are asked to cxpress your real
opinions about methods used in this class. Do not put
your name on this survey. No one will know which responscs
are yours. A summary of all responses will be used by the
teacher in planning future classes. Use pen or pencil to
compleie the following:

Date Teacher
Courscec No. Course Titlle
Altitudes toward the Method of Instruction

Circle current academic status
Freshman Sophomore Junior Senior

Dircctions: FEach of the following statements repre-
sents a student's attitude toward the
above method of instruction. Tf you
stronely disagree with the student
alttitude, circle s at the left of the
jtem. 131 you disagree, circle D, Tfr
you are undccided, cirecle U, 1f vou
stronelv avrece, ciitcle SA,

Consider cach item carefully. Do not lecave
any item blank. Choose the response closest to
your opinion.

Remember: SD means you strongly disagree; D means
you disagree; U means vou are undecided;
A mcans you agreej SA means yvou strongly
agrece,

SO DU A SA 1. This method of instruction is very frustrat-
ing for me as a student.

SO DU ASA 2. 1 would recommend this method to mathe-
matics teachers for uns=ce in their classes.

Sh DU A SA 3.1 would not object i this method of
instruction were used in this class for

the entirve semester.

SO D U A SA 4, This method of instruction is really not
very suitable for work at this grade level.
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APPEXNDIN € (Continued)

This method did not arouse my interest.

J would recommend this metithod of instruc-
tion for use in classes at other colleges
and universities.

I do not carc for this method and I doubt
if it appeals to other students.

This method of instruction was extremely
time consuming.

11 is difficult to give a favorablie rcac-
tion to this mcthod of instruction.

This is one of the beiter methods of
instruction to which 1 have been exposcd.

This method proved to be quite stimulating
and thought provoking.

1 liked this method of instruction very
much.

1 would never nse this method of instruc-
tion i 1 were teaching.

This method of instruction should be used
in more mathematics classces.

T thought this method of instruction was
a complele waslce of time.



APPENDIX D
EVALUATION SHEET FOR THE EXPERIMENTAL STRATEGY
The following questions relate to the special
strategy which we have been using for these first eight
weeks of this course, Math 157. For the purpose of evalu-

ation of this method T would appreciate your honest answers
to the following questions,

1. Consider the following five elements which we have been
using in this coursc. Rank thesce five elements 1,2,3,4,5
with "1" indicating the element which you feel has been
most beneficial and "5" indicating the element which has
been of lcast value,

a) Lisi or objectives for cach unit.

b) The progress-—-quiz for cach unit.

c) The diagnostic sheet returned with each quiz.
d) The seccond quiz for each unit.

e¢) The help-zessions which have been available.

2., Which of the above celements do yvou think could be
climinated with the lecast c¢ffect on mastery?

3. Do you reccommend the elimination of the item wmentioned
in #2 above? DBricfly comment on why or why not.

. What additional methods would you recommend to improve
the strategy?
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