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Abstract

In this dissertation, the discovery potential of neutral Higgs bosons has been

discussed respectively in the Standard Model (SM), minimal supersymmetric

standard model (MSSM), and unified supersymmetric models. In the SM, we

consider the Higgs boson being produced together with one jet, i.e., pp→ jh0+X

where j = g, q or q̄ (q = u, d, c, s); in supersymmetric theories, we focused on such

channel as bg → bφ (φ = h0, H0 or A0). The interesting decay mode is Higgs

to tau pair followed with one tau decaying to e± or µ± and the other to mesons

(π, a1 or ρ). By comparing with the relevant background processes, we found that

the discovery of the SM Higgs boson is pessimistic at
√
s = 8 TeV, but it is very

promising to search for neutral Higgs bosons in supersymmetric models owing to a

large tan β. In addition, we considered the experimental constraints from Br(b→

sγ), Br(B0
s → µ+µ−), ∆aµ and mh0 = 125 GeV. In the MSSM, the constraint

from light Higgs mass favors the parameter space which has an intermediate tan β

and is explorable at the next run of LHC. The minimal supergravity unified model

(mSUGRA) has large space allowed by mh0 ≈ 125 GeV, but it seems difficult

to reconcile the flavor problems. In the model with minimal gauge mediated

supersymmetry breaking (mGMSB), the situation is totally opposite.
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Chapter 1

Introduction

Following the great successes of Quantum Electrodynamics (QED), physicists’ en-

deavor to unify the electromagnetic interaction with the weak interation spread

through 1960’s and the first half of 1970’s, and finally led to the establishment

of the Standard Model. This nice model got a unified picture of the eletromag-

netic interaction, the weak interaction and even the strong interaction under the

concept of gauge invariance. Since then it has been experimentally proven to

be correct over and over again. For example, the consecutive discoveries of W±

and Z0 bosons in 1983 were the direct proof of this renormalizable description

about the weak interaction. Since this model put all fermions in doublets of weak

isospin, the discovery of tau lepton in 1974 implied the existence to tau neutrino.

Therefore the discvoery of tau neutrino in 2000 was another proof. The discovery

of top quark in 1995 not only gave the SM more positive support, but also proved

the Cabbibo-Kobayash-Maskawa (CKM) theory which predicted the third gen-

eration of quarks and proposed the unique origin of CP violation in the SM. In

2012, both ATLAS and CMS independently claimed the discovery of a new boson

with mass about 125 GeV . If this signal is truly the trace of the Higgs boson, it
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would be the most important discovery in this century, because, as the building

block of the SM, Higgs boson is the last particle to be detected, and because the

Higgs boson is related to the most elementary problem of physics, i.e., mass. In

the next chapter, I will give a brief explanation of the Higgs mechanism and its

simplest extension, i.e., the Two-Higgs-Doublet Model (THDM).

However the SM seems incomplete. Nowadays many experiments favored the

existence of massive neutrinos but they are massless in the SM. And dark matter

and dark energy both are puzzles to the SM. Cosmological observations have

shown that there is a large fraction of the uninverse which is non-observable

through optical methods, but can be detected through gravitational effects, i.e.,

dark matter. It’s commonly believed that this fraction is composed of weakly

interacting massive particles (WIMPs). As the only candidate for dark matter in

the SM, neutrinos are too light to account for all the dark matter in the universe.

In supersymmetric models, there are some other candidates. For example, the

Minimal Supersymmetric Standard Model predicts that the lightest neutralino

is stable, massive and weakly interacting with other matters if we assume the

conservation of the R-parity. Moreover baryogenesis requires that CP be violated.

Otherwise we couldn’t have our current universe which is made up dominantly

of matters. As mentioned in last paragraph, the SM has one and only one source

of CP violation, the CKM phase. But experimental measurements put many

constraints on the phase, so it’s not enough to explain baryogenesis under the

framework of the SM. The general THDM has two terms responsible for CP

violation to be discussed in Chapter 2. In supersymmetric theories, the soft

supersymmetry breaking (SSB) terms could introduce large CP-violating phases.

We will discuss supersymmetry in Chaper 3, especially the MSSM. Since our goal

of this thesis is the analysis of Higgs phenomenology, we will focus on the Higgs
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sector of the MSSM. After the spontaneous breaking of eletroweak symmetry,

five Higgs bosons survive among the eight degrees of freedom of the THDM, i.e.,

two CP-even neutral Higgs bosons (H0 and h0), one CP-odd neutral pseudoscalar

(A0) and two charged Higgs bosons (H±). In addition to the SM parameters, the

Higgs sector of MSSM has only two free parameters which are often chosen as the

mass of the psudeo scalar (mA0) and the ratio of the vacuum expection values

(tan β =
v2

v1

). Therefore the masses of other Higgs bosons and their couplings to

the SM particles can be expressed in term of mA0 and tan β together with other

SM parameters.

In the SM with mh0 ≈ 125 GeV, Higgs boson dominantly decays to bb̄ with

Br(h0 → bb̄) ∼ 60%, to WW ∗ with Br(h0 → WW ∗) ∼ 22%, to τ+τ− with

Br(h0 → τ+τ−) ∼ 6% and to gg with Br(h0 → gg) ∼ 6%. In the decoupling

limit of MSSM, the light Higgs boson behaves like the SM Higgs boson while the

pseudoscalar and the heavy Higgs dominantly decay to bb̄ and τ+τ−. Compared

with other decay modes, Higgs to tau pairs has a much cleaner background and

tau tagging can help us remove a lot of background events. That is the reason

we are interested in the decay channel of Higgs to tau pair. To simulate the

production of Higgs bosons and the decay to tau pairs, we use Madgraph to

generate the transition matrices, and then do the full calculation, or just apply

the narrow width approximation (NWA). Since the masses of Higgs bosons are

much heavier than the mass of the tau lepton, the two tau leptons are very

energetic. So the final particles from tau decay are almost along the diretions

of their parent particles. This is the so-called “collinear approximation”. In

our calculation, we consider the decays of the two tau leptons respectively to

lighter leptons (e± or µ±) and to mesons (π/a1/ρ). By measuring the momenta

of detectable particles, we can reconstruct the mass of the original Higgs bosons.
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Chapter 4 will be dedicated to the details of the mathematical methods and two

important selection cuts, i.e., the cuts on the energy fractions (xl and xh) and

the reconstructed mass (mττ ).

In Chapter 5, the production of the SM Higgs associated with one jet will

be discussed, especially the selection cuts. After a complete analysis of the basic

cuts, we found that the cuts on the energy fractions and the reconstructed mass

are so stringent that there is not much space left for other selection cuts to

significantly enhance the discovery potential. And we found that this channel

is pessimistic to search the SM Higgs boson in the near future, but could be

promising for
√
s = 14 TeV.

According to the methods given in Chapter 4 and based on the information

in Chapter 5, we discuss the discovery potential of MSSM Higgs bosons through

the fusion of b quark and gluon in Chapter 6. It’s found that this channel is

very promising to search for the MSSM Higgs bosons because the couplings of

Higgs bosons to down flavors can be greatly enhanced by tan β. It’s even possible

to find MSSM Higgs bosons with the mass of pseudoscalar up to 1000 GeV and

tan β around 50 at LHC with
√
s = 14 TeV. And, to compare the mass of

light Higgs with the SM Higgs (∼ 125 GeV), we scan through the parameter

space 100 GeV ≤ mA0 ≤ 1000 GeV and 1 ≤ tan β ≤ 50, and then find that the

experimental constraint of mh0 ≈ 125 GeV favors the region with an intermediate

value of tan β (3 ≤ tan β ≤ 10). This region of tan β together with 100 GeV ≤

mA0 ≤ 400 GeV will be reachable to the next run of LHC.

In MSSM, soft terms are introduced to break supersymmetry. Meanwhile

huge free parameters are brought in. These parameters are very difficult to deal

with for a general discuss in MSSM. To reduce the number of free parameters,

we investigate two popular SUSY grand unified theories, i.e., mSUGRA and
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mGMSB, in Chapter 7. It’s commonly believed that MSSM is just an effective

theory at EW scale of some supersymmetric theories which have higher symmetry

at high energy scale. Under these theories, the supersymmetry is broken in

the hidden sector, and then the effect of SUSY breaking is mediated to the

visible sector through certain interactions. Due to the higher symmetry, many

parameters are correlated. Therefore we have fewer free parameters. In both

mSUGRA and mGMSB, we consider the production of Higgs bosons through

the fusion of b quark and gluon. Scanning through the parameter spaces of these

two models, we plot the 5-σ discovery contours and four experimental constraints

which are the branching ratio of b to sγ, the branching ratio of B0
s to µ+µ−, the

anomalous magnetic moment of muon (∆aµ) and the mass of light Higgs.

The conclusions are given in Chapter 8.
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Chapter 2

Higgs Mechanism and Standard

Model

2.1 Local Gauge Invariance

The idea of gauge invariance originated from classical Maxwell equations [1].

Looking at the following equations


~B = ∇× ~A,

~E = −∇φ− ∂ ~A

∂t

. (2.1)

It’s easy to see that the electric and magnetic fields stay the same if the vector

potential ( ~A) and scalar potential (φ) simultaneously take a local transformation

as ~A→ ~A+∇Λ and φ→ φ− ∂Λ

∂t
. Here Λ is a scalar function of x = (x0, ~x). In

what follows, all vectors are 4-vectors unless explicitly stated.

Moving to the quantum theory of Electrodynamics (QED), such invariance is
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also true, as shown in the following Lagrangian.

LQED = −1

4
F µνFµν + ψ̄(iγµDµ −m)ψ. (2.2)

Here, the field strength tensor of the photon is F µν = ∂µAν − ∂νAµ; and its

covariant derivative has the form of Dµ = ∂µ+ ieQAµ. In this thesis, e stands for

the positive electron charge with
e2

4π
=

1

128.8
at weak scale. Under an infinitesi-

mal local transformation as ψ(x)→ (1− ieQΛ(x))ψ(x) and Aµ → Aµ + ∂µΛ(x),

the Lagrangian is gauge invariant.

In 1954, this gauge symmetry was extended first by Yang and Mills in the

context of the strong interaction [2], and then was applied to describe the weak

interaction. Finally all the fundamental interactions but gravity are unified in

the so called SU(2)L⊗U(1)Y ⊗ SU(3)C theory. Not losing generality, SU(2)L of

leptons would be good enough for the elucidation of such extension. In this case,

the fermionic field is generalized to be a doublet ΨL
l =

ψνl
ψl


L

, and the wave-

function of the photon is replaced by three gauge bosons, e.g. ~W = (W1,W2,W3).

Therefore the Lagrangian becomes

L = −1

4
WaµνW

µν
a + iΨ̄lγ

µDµΨl, a = 1, 2, 3 (2.3)

with  W a
µν = ∂µW

a
ν − ∂νW a

µ − g( ~Wµ × ~Wν)
a,

Dµ = ∂µ + igW a
µ t
a, a = 1, 2, 3.

(2.4)
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Eq. 2.3 is invariant under transformation such as

 ΨL → exp(−igtaαa)ΨL,

W a
µ → W a

µ + ∂µα
a + g(~α× ~W )a,

(2.5)

where α = (α1(x), α2(x), α3(x)), and t = (t1, t2, t3) =
1

2
(σ1, σ2, σ3). The σ’s are

the Pauli matrices, i.e.,

σ1 =

 0 1

1 0

 , σ2 =

 0 −i

i 0

 and σ3 =

 1 0

0 −1

 . (2.6)

2.2 Higgs Mechanism and Spontaneous Symme-

try Breaking

In Eq. 2.3, the fermionic particle and gauge bosons are all set to be massless

because the mass terms violate the SU(2)L symmetry, even the U(1)Y symmetry.

In order to construct a realistic and renormalizable model, it’s necessary to intro-

duce one mass generation mechanism, the Higgs Mechanism. The revolutionary

works about Higgs mechanism can be found in such papers [3, 4, 5, 6]. In this

thesis, only one simple description and its application to SU(2)L ⊗ U(1)Y will

be given. Since the SU(3)C symmetry of strong interaction isn’t broken by this

mechanism, it won’t be discussed in this section.

The Higgs potential is given as

V (Φ) = −µ2Φ†Φ + λ(Φ†Φ)2, (2.7)
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where Φ =

 φ+

φ0

, and µ2 and λ are positive real numbers. Fig. 2.1 shows that

the origin is an unstable extremum, so the system tends to prefer one point in

the valley, i.e. Spontaneous Symmetry Breaking.

−2
−1

0
1

2

−2

−1

0

1

2
−2

−1.5

−1

−0.5

0

0.5

1

Re(Φ)
Im(Φ)

V
(Φ

)

Figure 2.1: Higgs Potential. Here φ is a complex nuber with one axis be the
real part and the other be the imaginary part. The red dotted curve denotes the
minimal value of Higgs potential.

In the Standard Model, the Lagrangian of the Higgs sector can be written as

 L
H = (DνΦ)† (DνΦ) + µ2 − λ

(
Φ†Φ

)2
,

Dν = ∂ν + igtjW
ν
j + ig′Y Bν

, (2.8)

where Y denotes the weak hyper-charge +1, or in the form of a matrix such as

Y = 1
2

 1 0

0 1

, and B(x) is the gauge boson corresponding to U(1)Y group.

As discussed in the previous section, this Lagrangian is invariant under SU(2)L⊗
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U(1)Y gauge transformation. Once the symmetry is broken, for example,

Φ =

 Φa

Φb

 =
1√
2

 0

v +H(x)

 with v =

√
µ2

λ
, (2.9)

the Lagrangian changes to

LH =
1

2
∂µH∂

µH +
g2v2

4
W+
µ W

−µ +
g2

4
W+
µ W

−µH2 +
g2v

2
W−
µ W

+µH

+
g2v2

8 cos2 θw
ZµZ

µ +
g2

8 cos2 θw
ZµZ

µH2 +
g2v

4 cos2 θw
ZµZ

µH

+
λ

4
v4 − λv2H2 − λvH3 − λ

4
H4. (2.10)

In Eq. 2.9, only the real part of Φb survives while three other degrees of Φ are

rotated away. Put in another way, these three degrees are eaten by W± and Z,

therefore the gauge bosons get masses, MW =
gv

2
and MZ =

gv

2 cos θw
. Here v is

the Vacuum Expectation Value (VEV), v ≈ 246 GeV. The mass of Higgs boson

is MH =
√

2λv2, which is a free parameter in the SM.

The fermions get their masses through the same mechanism with Yukawa

coupling,

LfH = −λl(Ψ̄L
l ΦψRl + ψ̄Rl Φ†ΨL

l )

−λνl(Ψ̄L
l Φ̃ψRνl + ψ̄RνlΦ̃

†ΨL
l ). (2.11)

Here Φ̃ is the charge conjugate, Φ̃ = iσ2Φ∗. In the SM, neutrinos are usually

treated as massless, so λνl is set to be “0”. After symmetry breaking, down flavor

leptons get a mass ml =
λlv√

2
.

In conclusion, the free parameter space of SM can be constructed as {λil, λiu, λid,
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λ, v, g, cos θw}. If we include strong interaction, one more parameter should be

considered for the the strong coupling gs; if we include quark mass mixing, there

are four more parameters {c12, c13, c23, δ} [7].

2.3 Two-Higgs-Doublet Model without CP Vi-

olation

The simplest extension of the scalar sector is a Two-Higgs-Doublet Model (2HDM).

The reason to do so is multifold. First, in theories with supersymmetry between

bosons and fermions we need one more doublet of left chiral superfields to give

mass to the upper type fermions, and this doublet must carry weak hyper-charge

−1 [8, 9, 10, 11]. The charge conjugate Φ̃ cannot build such a doublet from

the existing doublet. Moreover this new doublet is also required to restore the

cancellation of chiral anomaly. When promoting the Higgs doublet to doublet

of superfields, we have introduced one new fermion, i.e., higgsino. Secondly, the

extended scalar sector has more interesting properties related to CP violation

[12, 13, 14], where C is charge conjugation and P is parity. Sakharov conditions

show that CP symmetry must be violated to explain baryongenesis [15]. How-

ever, in the SM there is only one parameter responsible for CP violation, i.e., the

CKM phase, which cannot account for the current experimental results [16].

Now there are two Higgs doublets such as

H1 =

H+
1

H0
1

 =

 φ+
1

v1 + φ0
1√

2

 , H2 =

H−2
H0

2

 =

 φ−2
v2 + φ0

2√
2

 , (2.12)

where, H1 carries weak hyper-charge Y = 1 and transforms as a doublet 2 under
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SU(2)L, while H2 transforms as a doublet 2∗ with Y = −1. And the general

Higgs potential can be written as

V =m2
11Φ†1Φ1 +m2

22Φ†2Φ2 − (m2
12Φ†1Φ2 + h.c.)

+
1

2
λ1(Φ†1Φ1)2 +

1

2
λ2(Φ†2Φ2)2 + λ3(Φ†1Φ1)(Φ†2Φ2) + λ4(Φ†1Φ2)(Φ†2Φ1)

+ {1

2
λ5(Φ†1Φ2)2 + [λ6(Φ†1Φ1) + λ7(Φ†2Φ2)]Φ†1Φ2 + h.c.} (2.13)

In Eq. 2.13, m2
12, λ5, λ6 and λ7 are complex while other factors are real. Including

the two vacuum expectation values, v1 and v2, there are 16 free parameters.

In this article, CP conservation is assumed, so all factors are real. There-

fore the number of free parameters reduces to 12. Sin,ce flavor-changing neutral

currents (FCNC) are highly suppressed by experimental measurements, we can

apply one discrete symmetry (Φ1 → −Φ1). This symmetry requires λ6 = λ7 = 0,

and then exclude all tree-level Higgs-mediated FCNC’s. In fact m2
12 should be

zero too under this symmetry, but we can relax this constraint because this cross

term only mediates FCNC’s at one loop. Therefore we have 10 free parameters,

i.e., {m2
11,m

2
22,m

2
12, λ1, λ2, λ3, λ4, λ5, v1, v2}.

Applying the extreme condition, i.e.,

∂V

∂Φ1

=
∂V

∂Φ2

= 0, (2.14)

we have two more conditions such as
m2

11 = m2
12 tan β − v2λ1 cos2 β + (λ3 + λ4 + λ5) sin2 β

2

m2
22 = m2

12 tan β − v2λ2 sin2 β + (λ3 + λ4 + λ5) cos2 β

2

, (2.15)
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where tan β =
v2

v1

and v =
√
v2

1 + v2
2. Now the free parameter space becomes

{m2
12, λ1, λ2, λ3, λ4, λ5, v1, v2}.

Diagonalizing the mass matrix leads to 3 Goldstone bosons (G±, G0), 2 CP-

even scalars (H0, h0), one CP-odd scalar (A0) and 2 charged bosons (H±). After

electroweak symmetry breaking, 3 degrees of freedom of Goldstons bosons are

eaten by W± and Z bosons, therefore the gauge bosons get masses. All these

scalars are the so-called mass eigenstates, and are related to the weak eigenstates

as follows.
H±1 = G± cos β −H± sin β H±2 = G± sin β +H± cos β

=(H0
1 ) = G0 cos β − A0 sin β =(H0

2 ) = G0 sin β + A0 cos β

<(H0
1 ) = H0 cosα− h0 sinα + v1 <(H0

2 ) = H0 sinα + h0 cosα + v2

(2.16)

In the above equation, α is the Higgs mixing angle between Higgs scalars which

equals to

tan 2α =
−2m2

12 + 2(λ3 + λ4 + λ5)v2 sin β cos β

(λ1 cos2 β − λ2 sin2 β)v2 +m2
12(tan β − cot β)

(2.17)

And the eigenvalues, i.e. masses, have such solutions as



m2
A =

m2
12 − λ5v

2 sin β cos β

sin β cos β
,

m2
H± =

2m2
12 − (λ4 + λ5)v2 sin β cos β

2 sin β cos β
,

m2
H,h =

Tr±
√

Tr2 − 4Det

2
,

(2.18)

where, Tr and Det respectively represent the trace and determinant of the mass
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matrix.


Tr = m2

12(cot β + tan β) + v2(λ1 cos2 β + λ2 sin2 β)

Det = m2
12v

2(λ1
cos3 β

sin β
+ λ2

sin3 β

cos β
+ 2(λ3 + λ4 + λ5) sin β cos β)

+v4 sin2 β cos2 β(λ1λ2 − (λ3 + λ4 + λ5)2)

(2.19)

For the discussion of Higgs phenomena, it’s more convenient to express our for-

mula in terms of physical parameters, so the free parameter space can be reset

as {m2
12,mh0 ,mH0 , mA0 ,mH± , α, v, tan β}. In such space the trilinear couplings

between neutral Higgs bosons are as follows.

λhhh =
1

4v sin2(2β)
{8m2

12 cos(α + β) cos2(α− β)

−m2
h0 [3 cos(α + β) + cos(3α− β)] sin(2β)} (2.20)

λHHH =
1

4v sin2(2β)
{8m2

12 sin(α + β) sin2(α− β)

−m2
H0 [3 sin(α + β)− sin(3α− β)] sin(2β)} (2.21)

λHHh =
1

2v sin2(2β)
{sin(α− β)

[
2m2

12(sin(2β) + 3 sin(2α))

−(2m2
H0 +m2

h0) sin(2α) sin(2β)
]
} (2.22)

λhhH =
1

2v sin2(2β)
{− cos(α− β)

[
2m2

12(sin(2β)− 3 sin(2α))

+(m2
H0 + 2m2

h0) sin(2α) sin(2β)
]
} (2.23)

λhAA =
1

4v sin2(2β)
{4m2

A0 sin2(2β) sin(α− β)

−m2
h0 sin(2β) [cos(α− 3β) + 3 cos(α + β)] + 8m2

12 cos(α + β)} (2.24)

λHAA =
1

4v sin2(2β)
{−4m2

A0 sin2(2β) cos(α− β)

−m2
H0 sin(2β) [sin(α− 3β) + 3 sin(α + β)] + 8m2

12 sin(α + β)} (2.25)
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Similar to the SM, fermions get masses from Yukawa coupling, but the situa-

tion in THDM is much more complicated since there are two Higgs doublets and

both may give masses to up flavor and down flavor fermions. Based on the differ-

ent structures, 3 classes of Yukawa couplings are most popularly discussed. Type

I corresponds to one doublet coupling to both up- and down-type femions whereas

the other does not couple to any fermions [17], type II corresponds to one doublet

coupling to down flavor whereas the other couples to up flavor [18, 19], and type

III to two doublets both coupling to two flavors [20]. In minimal supersymmetric

standard model (MSSM), type-II is taken to be

LfH =
3∑

i,j=1

(
Gij
u ε

abΨ̄ia
LH

b
1u

j
R +Gij

d Ψ̄ia
LH

a
2d

j
R + h.c.

)
, (2.26)

where, ε is an anti-symmetric tensor, ε12 = 1. Once SU(2)L is spontaneously

broken, fermions get masses. The couplings between the Higgs and fermions are

proportional to the mass of corresponding fermions. And these couplings depends

on α and β as listed in 2.1.

gH0tt

sinα

sin β
gH0bb

cosα

cos β

gh0tt

cosα

sin β
gh0bb − sinα

cos β

gA0tt cot β gA0bb tan β

Table 2.1: Yukawa couplings between quarks and neutral Higgs bosons

The phenomenology of the Higgs also depends on the couplings of Higgs

bosons to gauge bosons. These couplings can be derived from the kinetic part of
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the Lagrangian as

LH = (DµH1)†(DµH1) + (1→ 2)− V. (2.27)

From Eq. 9.1 in the appendix, we have Table 2.2. If cos(β − α) → 0, then the

gH0WW cos(β − α) gH0ZZ cos(β − α)

gh0WW sin(β − α) gh0ZZ sin(β − α)

Table 2.2: couplings between Higgs and gauge bosons

couplings of heavy Higgs to W and Z both approaches to 0 while h0 becomes

SM-like. It is the so-called decoupling limit.
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Chapter 3

Minimal Supersymmetric

Standard Model (MSSM)

3.1 Motivations for Supersymmetry

The fine-tuning problem shows that the SM is not complete. In the high-order

correction, the physical mass is the bare mass plus the radiative corrections,

m2
H = (m0

H)2 + δm2
H . (3.1)

At the one-loop level, the possible corrections to the SM Higgs are listed in See

Fig. 3.1. For simplicity, let’s consider the first diagram, which comes from the

Figure 3.1: Radiative Correction to the Mass of Scalar Higgs. The first two loops
come from the contributions of Higgs boson resptively through the interaction of
four Higgs bosons and the interaction of three Higgs bosons. The third denotes
the contribution from fermion while the fourth is for the gauge bosons.
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coupling of four Higgs bosons, i.e,

LH = −g
2(m0

H)2

32M2
W

H4
SM . (3.2)

Therefore, the correction can be expressed as

δm2
H = 〈HSM

∣∣∣∣g2(m0
H)2

32M2
W

H4
SM

∣∣∣∣HSM〉

= 12
g2(m0

H)2

32M2
W

∫
d4k

(2π)4

i

k2 −m2
H

= 12
g2(m0

H)2

32M2
W

1

16π2

(
Λ2 −m2

H ln

(
Λ2

m2
H

)
+O(

1

Λ2
)

)
, (3.3)

where, Λ is the energy scale below which the SM is effective. From the above

calculation, we find that the correction is quadratically divergent. However, the-

oretical consideration of unitarity shows that the physical mass of the SM Higgs

should be at the weak scale, mH < (8π
√

2/3GF )1/2 [21], and other calculations

set both upper and lower limits [22, 23]. Moreover, the newest reports from CMS

and Atlas both claim a scalar boson with mass about 125 GeV [24, 25]. If Λ is

effective up to the GUT scale, Λ ∼ MGUT ∼ 1016GeV, then the squared bare

mass of Higgs boson, (m0
H)2, should be fine tuned to 1 part in 1026 to maintain

the physical mass at the predicted scale, so small and so weird. The SUSY model

not only provides a new dark matter candidate, but also can solve the fine-tuning

problem.

In the minimal supersymmetric standard model, we will introduce supermul-

tiplets, each of which is composed of one fermionic field, one bosonic field and

another to-be-canceled auxiliary field. The contributions to the loop correction

will be cancelled between the ferimion loop and boson loop, which just leaves

the logarithmically divergent term. For simplicity, let’s demonstrate this in the
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Wess-Zumino model,

Lint =− g√
2
Aψ̄ψ +

ig√
2
Bψ̄γ5ψ − gm

√
2AB2

− gm√
2
A(A2 −B2)− g2A2B2 − 1

4
g2(A2 −B2)2. (3.4)

Now we consider the propagator of A to one-loop level as shown in Fig. 3.2.

A A

B

A A A A

ψ

A A

A

Figure 3.2: One-Loop Corrections to the Propagator of Boson A. The three
loop diagrams respectively stand for the contributions of fermion, scalar and the
auxiliary field.

The propagator should be modified to be

i

p2 −m2
−→ i

p2 −m2
+

i

p2 −m2
(−iΠ(p))

i

p2 −m2
, (3.5)

and

iΠ(p) = g2

∫
d4q

(2π)4

[
4q2 − 4p.q + 4m2

(q2 −m2) ((q − p)2 −m2)
− 1

q2 −m2
− 3

1

q2 −m2

]
= g2

∫
d4q

(2π)4

4p.q − 4p2 + 8m2

(q2 −m2) ((q − p)2 −m2)
(3.6)

The loop correction from the boson has a different sign from the fermionic loops.

Therefore, the cancellation between them leaves the integration logarithmically

divergent.

Moreover, many experiments have proved that neutrinos are very light [26, 27,

28]. Experiments on tritium β decay set a upper limit for electron neutrino mass
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which is m(νe) < 2eV [29], while a neutrino oscillation experiment measured the

mass differences between 3 flavors of neutrinos: ∆m2
12 ≈ 10−4eV 2 and ∆m2

23 ≈

10−3eV 2 [30]. So, as a dark matter candidate, the relic density from neutrinos

could just account for a tiny fraction,

Ωνh
2 =

3∑
i=1

mi

93eV
< 0.07. (3.7)

However, MSSM with R-parity conservation has an ideal candidate, the lightest

neutralino, which is massive, neutral and stable.

And supersymmetry leads to a nice picture of gauge-coupling unification at

large scale. Fig. 3.3 shows that, in SM, the discrepancy among three couplings

is always there. However, in MSSM, the three couplings converge to one value

at some large scale, i.e, grand unified scale, as shown in Fig. 3.4. It is commonly

conjectured that there exists only one coupling beyond that scale. However,

the physical picture beyond that scale is out of the discription of MSSM, or

equivallently MSSM is just an effective theory at low energy scale. Maybe this

unification of MSSM is just a coincidence, but it implies that we are on the right

road.

3.2 Particle Spectrum of MSSM

In SUSY, each SM particle is extended to a supermultiplet, or superfields, which

has a bosonic field and a fermionic field. They change to each other under SUSY

transformation, so a SUSY theory should at least double the particle spectrum of

the SM. The Minimal SUSY Model contains the smallest number of new particle

states.
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Figure 3.3: The evolution of gauge couplings generated by Isajet 7.8.1 in MSSM.
The green curve stands for the evovtion of the gauge coupling of SU(2)L, the blue
one is for the gauge coupling of U(1)Y , and the red is for the strong interaction.
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Figure 3.4: The evolution of gauge couplings generated by Isajet 7.8.1 in SM.
The three curves have the same meanings as in Fig. 3.3
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(1) Gauge Superfields of SU(3)C ⊗ SU(2)L ⊗ U(1)Y
Bν → B̂ 3 (λ0, Bν , DB)

W ν
A → Ŵ 3 (λA,WAν , DWA), A = 1, 2, 3

gνA → ĝA 3 (g̃A, GAν , DgA, A = 1, · · · , 8

(3.8)

Where, λ’s stand for the gauginos, left-handed spinors, which are the correspond-

ing superpartners of gauge bosons; D’s are the auxiliary fields.

(2) Matter Superfields—Left Chiral Superfields

 νiL

eiL

→ L̂i ≡

 ν̂i

êi

 (3.9)

Where, êi 3 (ẽ, ψiL,Fi). The ẽi is the superpartner of the corresponding lepton;

Fi denotes the auxiliary field. And ν̂i has the same components as êi

(eiR)C → ÊC
i (3.10)

where, (eiR)C is the charge conjugate of right-handed electron since we need to

construct the left chiral superfield.

 uiL

diL

→ Q̂i ≡

 Ûi

D̂i

 (3.11)

 (uiR)C → ÛC
i

(diR)C → D̂C
i

(3.12)
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(3) Higgs Superfields



H1 =

 H+
1

H0
1

 → Ĥ1 =

 Ĥ+
1

Ĥ0
1


H2 =

 H−2

H0
2

 → Ĥ2 =

 Ĥ−2

Ĥ0
2


(3.13)

As explained in last chapter, two Higgs doublets are needed to generate masses

for all the elementary particles. Now there are two electrially charged fields,

φ+
1 and φ−2 , and two electrically neutral fields, φ0

1 and φ0
2. Similarly any Higgs

superfield is composed of one Higgs scalar, one left-handed spinor, i.e., higgsino,

and one auxiliary field. The superpartners of φ+
1 and φ−2 are charged higgsinos,

H̃±. While the superpartners of φ0
1 and φ0

2 are two Majorana fermions, ψ̃φ0
1

and

ψ̃φ0
2

respectively.

In Table 3.1 we list all the particles of MSSM.

Now we can define the charged winos as λ± in Eq. 3.14.

λ± =
λ1 ∓ iλ2√

2
(3.14)

λ± mixes with H̃±. By diagonalizing their mass matrix, we can get two fermionic

mass eigenstates, χ±1 and χ±2 , which are called charginos. Similarly the other four

Majorana, λ0, λ3, ψ̃φ0
1

and ψ̃φ0
2
, will mix with each other and lead to neutralinos,

χ1, χ2, χ3 and χ4.
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Boson Fields Fermionic Partners SU(3)C SU(2)L U(1)Y

GAµ g̃A 8 0 0

WAµ λA 1 3 0

Bµ λ0 1 1 0

(ν̃iL, ẽiL) (νiL, eiL) 1 2 −1

ẽCiR eCiR 1 1 2

(ũiL, d̃iL) (uiL, diL) 3 2 1/3

ũCiR uCiR 3∗ 1 −4/3

d̃CiR dCiR 3∗ 1 2/3

H i
1 (H̃0

1 , H̃
−
1 )L 1 2 1

H i
2 (H̃†2, H̃

0
2 )L 1 2∗ −1

Table 3.1: Particle Spectrum of MSSM. The symbols with ˜ over them are SUSY
partners of the SM particles. And the star symbols stand for the conjugate
transformation.

3.3 Higgs Bosons in the MSSM

Satisfying supersymmetry and gauge symmetry of SU(3)C ⊗ SU(2)L ⊗ U(1)Y ,

the master Lagrangian can be written as

L =
∑
i

(DµSi)
†(DµSi) +

i

2

∑
i

Ψ̄i D/Ψi +
∑
α,A

(
i

2
λ̄αA D/λαA −

1

4
FµναAF

µν
αA

)
−
√

2
∑
i,α,A

(S†gαtαAλ̄αA
1− γ5

2
Ψi + h.c.)− 1

2

∑
α,A

(
∑
i

S†i gαtαASi + ξαA)2

−
∑
i

∣∣∣∣∣ ∂f̂∂Ŝi
∣∣∣∣∣
2

Ŝ=S

− 1

2

∑
i,j

Ψ̄i

[(
∂2f̂

∂Ŝi∂Ŝj

)
Ŝ=S

1− γ5

2

+

(
∂2f̂

∂Ŝi∂Ŝj

)†
Ŝ=S

1 + γ5

2

Ψj (3.15)
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where, f̂ is the superpotential. Constrained by the conservation of matter parity,

R = (−1)3B+L+2s, (3.16)

the general superpotential of MSSM is given by

f̂ = µĤa
1 Ĥ2a +

∑
i,j=1,2,3

[
(fu)ijεabQ̂

a
i Ĥ

b
1û

C
j + (fd)ijQ̂

a
i Ĥ2aD̂

C
j + (fe)ijL̂

a
i Ĥ2aÊ

C
j

]
.

(3.17)

R-parity conservation is the natural result of baryon number conservation and

lepton number conservation. Otherwise the proton would decay rapidly, which

conflicts with our observation. Moreover, R-parity conservation assures the sta-

bility of the lightest supersymmetric particle (LSP). The weakly interacting LSP

is considered as an ideal candidate for dark matter.

Since superpartners have different masses from SM particles, SUSY must be

broken by some mechanism. Therefore, we have to introduce SUSY breaking

terms. If this symmetry is softly broken, the most general gauge invariant soft

SUSY breaking terms are specified by

Lsf = −
[
Q̃†im

2
QijQ̃j + d̃†Rim

2
Dij d̃Rj + ũ†Rim

2
UijũRj

+L̃†im
2
LijL̃j + ẽ†Rim

2
Eij ẽRj +m2

H1
|H1|2 +m2

H2
|H2|2

]
− 1

2

[
M1λ̄0λ0 +M2λ̄AλA +M3

¯̃gB g̃B
]

− i

2

[
M ′

1λ̄0γ5λ0 +M ′
2λ̄Aγ5λA +M ′

3
¯̃gBγ5g̃B

]
+
[
(au)ijεabQ̃

a
iH

b
1ũ
†
Rj + (ad)ijQ̃

a
iH2ad̃

†
Rj + (ae)ijL̃

a
iH2aẽ

†
Rj + h.c.

]
+
[
(cu)ijεabQ̃

a
iH
∗b
2 ũ
†
Rj + (cd)ijQ̃

a
iH
∗
1ad̃
†
Rj + (ce)ijL̃

a
iH
∗
1aẽ
†
Rj + h.c.

]
+ [BµHa

1H2a + h.c.] .

(3.18)
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Therefore the tree level scalar potential is

VMSSM =
1

2

∑
α,A

[∑
i

S†i gαtαASi

]2

+
∑
i

∣∣∣∣∣∂2f̂

∂Ŝi

∣∣∣∣∣
2

Ŝ=S

−m2
H1
|H1|2 −m2

H2
|H2|2 − (bHa

1H2a + h.c.) (3.19)

In Eq. 3.19, we only sum the scalars over Higgs doublets, so i = 1, 2, α = 1, 2

and tA runs over the generators of SU(2)L ⊗ U(1)Y . Therefore we have

VMSSM =(−m2
1 + µ2)H†1H1 + (−m2

2 + µ2)H†2H2 −Bµ(H†1H2 +H†2H1)

+
g2 + g′2

8
[(H†1H1)2 + (H†2H2)2] +

g2 − g′2

4
[H†1H1H2†H2]

− g2

2
(H†1H2H

†
2H1) (3.20)

Compared with Eq. 2.13, the following results are straitforward.



m2
11 = −m2

1 + µ2

m2
22 = −m2

2 + µ2

m2
12 = Bµ

λ1 =
g2 + g′2

4

λ2 =
g2 + g′2

4

λ3 =
g2 − g′2

4

λ4 = −g
2

2

λ5 = 0

(3.21)
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And the minimal condition, Eq. 2.15 changes to


m2

11 = Bµ tan β − g2 + g′2

8
v2 cos 2β

m2
22 = Bµ tan β +

g2 + g′2

8
v2 cos 2β

(3.22)

With these condition, we can further reduce the number of free parameters to 2.

Conventionally mA0 and tan β are chosen as the two free parameters. Therefore

the masses of Higgs bosons can be rewritten as


m2
H± = m2

A0 +m2
W

m2
h0,H0 =

1

2

[
(m2

A0 +m2
Z)∓

√
(m2

A0 +m2
Z)2 − 4m2

A0m2
Z cos2 β

] (3.23)

Eq. 3.23 yields such inequality as mh0 ≤ mZ which contrasts with experimental

results and pushes us to consider the higher order correction. At the one loop,

the shift of the Higgs mass gets a large contribution from the quark and squark

loop, therefore the light Higgs becomes heavier as shown in Eq.3.24[31],

∆mh0 ≈ 3g2m4
t

16π2m2
W sin2 β

log
m2
t̃1
m2
t̃2

m4
t

. (3.24)

And the heavy Higgs becomes nearly degenerate with pseudoscalar[32, 33, 34]. In

Fig. 3.5, we plot the one loop effect with a common mass scale, MSUSY = mg̃ =

mf̃ = µ = −Af = 5 TeV.
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Figure 3.5: Mass of Higgs Bosons at One-Loop. The left frame refers to the one-
loop correction to the mass of light Higgs where the different colors correspond
to different tan β. The right frame is for the one-loop correction to the mass of
heavy Higgs.
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Chapter 4

Higgs Decays to τ+τ− and Mass

Reconstruction

At a high energy hadron collider, Higgs bosons can be produced through many

channels, e.g., gluon fusion, vector boson fusion, b-associated production and so

on. Gluon fusion is the dominant process in the SM and even in the MSSM with

moderate values of tan β [35] due to the high population of gluon and the high

masses of intermediate fermions along the loop, while the production cross sec-

tions from other channels are much smaller because of kinetic reasons or because

the Yukawa couplings are suppressed by the ratio of quark mass to the mass of

the W boson, Y SM
hqq̄ ∝

mq

mW

. However, in the decoupling limit of SUSY models,

Yukawa couplings are enhanced by a large value of tan β, especially the couplings

of H0 and A0 with bottom flavor fermions. Therefore, b associated production

would make important contributions to the concerned signal [36]. We will first

consider the production of SM Higgs through such process as pp→ gh+X, and

then the production of H0 and A0 via bremsstrahlung from b quarks.

Once Higgs bosons are produced, they would immediately decay to light par-
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ticles. Fig 4.1 shows the dependence of branching ratios of SM Higgs on the mass

of Higgs boson. In the range about mh0 = 125 GeV, SM Higgs dominantly decays

to bb̄ pair with Br(h0 → bb̄ ' 63%) while Br(h0 → τ+τ−) =
m2
τ

3m2
b

× Br(h0 →

bb̄) ∼ 6%, where mb is the running mass of b quark at energy scale of Higgs mass.

However, h0 → bb̄ is usually overwelmed by QCD background if without other

handles. So h0 → τ+τ− channel is more promising in search for Higgs decaying

to fermions.
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Figure 4.1: Branching Ratio of SM Higgs.

Actually τ is not the final particle either. They usually decay to lighter leptons

(e/µ) or hadronic jets (π/a1/ρ) and missing energy with certain branching ratios
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which are Br(τ → eνeντ ) = 17.84%, Br(τ → µνµντ ) = 17.36%, Br(τ → πντ ) =

11.06%, Br(τ → ρντ ) = 25.42% and Br(τ → a1ντ ) = 18.29%. According to the

final particles, the decay modes fall into three categories: 2 leptons, 1 lepton with

1 hadronic jet and 2 jets. The first case has a cleaner background; the second

case happens with highest probability; the last one is the worst case because of

the huge QCD background. In this thesis, we just discuss the first two cases.

Due to the absence of tau leptons in the final state, we have to reconstruct

them from the kinematics of observed particles. In the case of one lepton with one

jet, the observed quantities are the transverse momentum of charged lepton (plT ),

the transverse momentum of tau jets (phT ) and the missing transverse momentum

(6pT ). Since Higgs bosons are much heavier than tau lepton, the two intermediate

τ ’s are very energetic. Then the final particles from tau decay are almost along the

direction of their parent tau lepton, which is the so-called collinear approximation

[37]. Under this approximation, we have two equations such as

(
1

xl
− 1

)
P l
T +

(
1

xh
− 1

)
P h
T = 6PT , (4.1)

where xl and xh are the energy fraction carried away from the parent τ ’s respec-

tively by final charged lepton and jτ . With two unknowns in two equations, we

can find xl and xh, and then reconstruct the momenta of two tau leptons i.e.,

pτ1andpτ2 . In the plane of xl xh, the distribution of the signal is totally different

from background. Take the production of double SM Higgs via gluon fusion for

example, the distribution of signal events and the major background events such

as pp→ tt̄→ bb̄lj+ E/T +X are shown in Fig. 4.2. So if we properly set the cuts

over xl and xh, we can remove most of background events.

Based on the reconstructed momenta, the mass of Higgs boson is the invariant
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Figure 4.2: Distribution of signal and background events in the plane of xl xh.
The red dots represent the events from gluon fusion to double pseudoscalars in
MSSM while the cyan dots are for the production of tt̄.
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mass of τ+τ− paris, mττ = (pτ1 + pτ2)
2. The distribution of signal events usually

peaks at the mass of expected Higgs, but the distribution of background is totally

different. Fig. 4.3 shows the mass distribution of mττ in the processes of gg →

hh → bb̄τ+τ− and pp → tt̄ → bb̄τ+τ− + E/T + X. Events far away from the

peak come from background processes very probably. By setting cuts on mττ , we

can remove most background events and then enhance the discovery potential.

Actually the cuts on xl, xh and mττ are the most helpful and almost leave no

space for other selection cuts to work. The details of this point will be discussed

in next chapter.

Figure 4.3: Distribution of invariant mass of reconstructed τ Pairs. The red curve
stands for the mass distribution of gluon fusion with an expected pseudoscalar,
e.g., mA0 = 200 GeV. And the green curve plots the major background process,
i.e., the production of top pairs.

In the computer simulation of tau decay, e±, µ± and π± are treated as mass-

34



less, so the energy fractions of these three final particles span a range from 0 to 1.

However, a1 and ρ have masses comparable to the tau mass: mτ = 1.7771 GeV,

ma1 = 0.1829 GeV and mρ = 0.2542 GeV , so the energy fractions of a1 and ρ

should be greater than the ratios of their masses to tau mass and less than 1, i.e.,

0.1 < xa1 < 1 and 0.14 < xρ < 1. Moreover the branching ratio of τ to a1 and ρ

is much greater than the branching ratio of τ to π. Therefore it’s reasonable to

set xh greater than 0.1 as shown in Fig. 4.2.

The distributions of tau decay with respect to xl or xh are described by

different probability distribution functions in the paper [37]. For purely leptonic

tau decay, the distribution function is

1

Γl

dΓl
dxl

=
1

3
(1− xl)[(5 + 5xl − 4x2

l ) + Pτ (1 + xl − 8x2
l )], (4.2)

where, Γl stands for the decay width of τ → e or µ; Pτ denotes the polarization.

For the decay τ → π + ντ , we have

1

Γπ

dΓπ
dxh
' 1∓ Pτ (2xh − 1). (4.3)

For other decay modes τ → a1 or ρ, since these mesons are massive, the polar-

ization states could be longitudinal or transverse. Different polarization states of

final mesons corresponds to different probability distribution functions.

1

Γh

dΓTh
dxh

=
m2
τm

2
h

(m2
τ −m2

h)(m
2
τ + 2m2

h)
×
[
m2
τ

m2
h

sin2 ω + 1 + cos2 ω

+Pτ cos θ ×
(
m2
τ

m2
h

sin2 ω − mτ

mh

sin 2ω tan θ − 1− cos2 ω

)]
(4.4)
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and

1

Γh

dΓLh
dxh

=
m2
τm

2
h

(m2
τ −m2

h)(m
2
τ + 2m2

h)
×
[
m2
τ

m2
h

cos2 ω + sin2 ω

+Pτ cos θ ×
(
m2
τ

m2
h

cos2 ω +
mτ

mh

sin 2ω tan θ − sin2 ω

)]
, (4.5)

where, ΓTh and ΓLh respectively represent the decay width of longitudinal and

transverse mesons, and θ and ω are defined as follows.


cosω =

(m2
τ −m2

h) + (m2
τ +m2

h) cos θ

(m2
τ +m2

h) + (m2
τ −m2

h) cos θ

cos θ =
2xh − 1−m2

h/m
2
τ

1−m2
h/m

2
τ

(4.6)

In the above equations, Pτ stands for the chirality of tau leptons. In the decay

channel, h0 → τ+τ−, the polarization states of two leptons are anti-correlated

due to coupling ψ̄ψφ. So if we set the chirality of one τ to be +1, the other

should be −1, and vice versa. And the two combinations of chirality states have

equal probability. In the case of vector-to-fermion decay, the situation is totally

different due to the different form of interaction Lagrangian, ψ̄γµψ. Now the

chirality states of two fermions are in common.
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Chapter 5

Higgs Bosons with Large pT in

the Standard Model

5.1 Introduction

Since the estatablishment of the SM in the 1960’s, there has not been any ex-

perimental observation that decisively contradict this theory. And the reports

from CMS and ATLAS separately claimed the discovery of a new scalar which

seems to be the SM Higgs. So, our next major mission should be extending our

research to the deeper properties of this new scalar. For example, we should take

a closer look at its decay results, spin, interactions with other particles, and so

on. The SM Higgs is not the only possible candidate for this scalar. It could

be a compound state of other elementary particles or a scalar predicted in other

models. Theoretically we have the radion, predicted in the Randall-Sundrum

(RS) model [38, 39, 40, 41], and the dilaton in the lower dimensional effective

theory of Kaluza-Klein theories [42, 43, 44, 45]. In this chapter we will discuss the

production of the SM Higgs in such process as pp→ jφ +X at hadron colliders
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and its decay in the channel of φ→ τ+τ− → l±j∓τ + E/T .

5.2 Calculation Tools

When calculating the production of one SM Higgs associated with one light jet at

LHC with
√
s = 14 TeV, we have to consider the one-loop diagrams as shown in

Fig. 9.1 in the appendix. About the production of signal, there are three processes

which are worthy of our concerns such as gg → gh0, gq → qh0 and qq̄ → gh0

with q = u, d, c, s. The first one is the major process of signal production and

involes three box and three triangle loops at the order of α3
s. The other two just

go through triangle loops at the same order. Along the loop , the intermediate

fermions are massive quarks of third generation. The masses of these quarks in

Yukawa couplings have been calculated up to the one-loop QCD correction with

the pole masses set to be Mt = 173.1 GeV and Mb = 4.7 GeV which are the

masses of fermi propagators in the loop diagrams. As for the strong coupling,

the two-loop QCD correction has been considered. The renormalization scale is

set to be µR =
√
p2
T (j) +m2

h0 . First the transition matrices of gg → gh0, gq →

qh0 and qq → gh0 are derived by hand. And then, based on Passarino and

Veltman’s work [46], all tensor integrals are reduced to scalar integrals, D0, C0,

B0 and A0, with the aid of FORM [47]. The decay of the Higgs boson is simulated

by applying the narrow width approximation (NWA). This approximation works

very well in Higgs decay because the parent particle (mh0 = 125 GeV ) is much

heavier than the daughter particles (mτ = 1.7771 GeV ). The succeeding tau

decay is simulated according to the collinear approximation as explained in the

last chapter.

All the background events are tackled at tree level and the transition matrix
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elements are generated by Madgraph Standalone [48]. In order to include the high

order correction, we just multiply our tree level resutls with K factors. The K

factor is a process dependent multiplicative factor. For background calculation,

the renormalization scale is the parton center of mass energy µR =
√
ŝ.

Finally we simulate the pp collisions by using the parton distribution func-

tion CTEQ6L1 [49]. Here we choose different factorization scales for signal and

background calculations, i.e., µF =
√
p2
T (j) +m2

h0 for signal but µF =
√
ŝ for

background.

Throughout this thesis other SM parameters ever used are:

MZ = 91.187 GeV, sin2 θW = 0.23113, α =
1

128.877
.

We assume that the experimental measurements satisfy the normal distribu-

tion around the theoretical values. Therefore we simulate this performance by

smearing the measured momenta with Gaussian distributions as follows.


∆E

E
=

0.5√
E
⊕ 0.03 Hadronic Jet,

∆E

E
=

0.25√
E
⊕ 0.01 Charged Lepton.

(5.1)
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5.3 Analysis of Selection Cuts

To detect the final states at LHC with luminosity L = 30−1 fb and
√
s = 14 TeV,

the basic acceptance cuts are:



PT (j) > 15 GeV, PT (l) > 20 GeV, PT (jτ ) > 40 GeV

η(j) < 2.5, η(l) < 2.5, η(jτ ) < 2.5

∆R(jjτ ) > 0.4, ∆R(ljτ ) > 0.4 ∆R(lj) > 0.4

E/T > 40 GeV, m(l, E/T ) < 30 GeV Φ(l, jτ ) < 170◦

. (5.2)

Those particles with central high PT are required by the ATLAS and CMS triggers

with high tagging effeciency. In Fig. 5.1, the pT distributions of light jet, lepton

and tau jet are plotted in red, blue and green respectively. The left frame is for

the major signal process, gg → gh0. And the right frame is for the dominating

background process, pp→ jτ±τ∓ → jl±j∓τ .

For light particles, the pseudorapidity η is defined as

η ≡ − ln[tan(
θ

2
)] (5.3)

≈ −sgn(pz) ln

(
|~p|+ |pz|

pT

)
(5.4)

which describes the angle of the outgoing particle with respect to the collision

beam. Fig. 5.2 shows the η distribution of three final observable particles. The

solid lines are for the signal of gluon fusion while the dot-dashed lines corresponds

to the most important background process.

In order to tell particle from particle, we also need to put cuts on the angle
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Figure 5.1: Distribution of transverse momentum. The left frame plots the dis-
tribution curves of gg → gh0 while the right frame is for the background process,
i.e., pp → jτ+τ− + X. The red, blue and cyan respectively for the transverse
momenta of lepton, gluon and tau jet.
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Figure 5.2: Distribution of pseudorapidity of gluon, lepton and tau jet. The solid
curves are for the signal process, i.e., gg → gh0, while the dash-dotted lines are
for the major background process, i.e., pp→ jτ+τ− +X.

seperation of final particles, ∆R which is defined as

∆R =
√

(∆Φ)2 + (∆η)2, (5.5)

where Φ is the angle between two particles in the transverse plane. Fig. 5.3 shows

the seperations of light jet and tau jet (red), of light jet and lepton (blue), and of

tau jet and lepton. From this figure it’s clear that all three particles are largely

seperated not only in signal events, but also in background events.

For completeness, we also draw the distribution of missing energy ( E/T ) in

Fig. 5.4 and transverse angle φ(l, jτ ) between lepton and tau jet in Fig. 5.5.

The quantity of m(l, E/T ) is the transverse mass of lepton and neutrino as

defined in Barger’s Collider Physics [50]. Transverse mass is very helpful to

analyze one-to-two decay, for instance, W± → e(µ) + ν, but not so efficient in
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Figure 5.3: Angular separations of the three final particles. The left frame is for
the signal process and the right frame is for Drell-Yan process.

Figure 5.4: Distribution of missing transverse energy. The red line refers to the
signal while the blue one to the major background.

43



Figure 5.5: Transver angle of lepton and tau jet. Red line referes to the signal
while the blue one to the major background.

this cascade decay.

In order to improve the discovery potential, we also have explored the dis-

tribution of momentum tensor. The normalized momentum tensor is defined

as

Mab =
∑
i

piapib/
∑
i

p2
i , (5.6)

where i stands for the ith particle while a and b refer to the three directions

of space. Since M is a symmetric real matrix and normalized, there exist three

eigenvalues, Q1, Q2 and Q3. These eigenvalues are positive definite and Q1+Q2+

Q3 = 1. Usually they are labeled in the ascending order, i.e., Q1 ≤ Q2 ≤ Q3.

From Fig. 5.6 we can see that Q3 is much larger than Q1 among most events as

expected in collinear approximation.

All the above discussion about different kinetic variables leads to one conclu-

sion: no selection cut on these variables can significantly improve the situation.

The reason is that the cuts over xl, xh and mττ are so stringent that all the
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Figure 5.6: Distribution of eigenvalues of mass tensor.

selected events of signal and background follow the same distribution. With all

basic cuts in Eq. 5.2 and cuts on the energy fractions, i.e., 0 ≤ xl ≤ 1 and

0 ≤ xh ≤ 1, the distribution of events over mττ is drawn in Fig. 5.7. And, the

total cross section of gg → gh0 is σs = 3.12 fb while the dominant background

in SM is σb = 368.7 fb. If we further cut on mττ , .e.g., |mττ −mh0 | ≤ 22.0 GeV,

the cross sections respectively drop down to σs = 2.88 fb and σb = 70.0 fb. So

about 92.3% of the signal passes the mass cut while more than 80% of the back-

ground events are removed. In fact this cut is more helpful when applied to other

background processes. After all, pp → jτ±τ∓ has a Z resonance which is close

to the mass of SM Higgs, 125 GeV, i.e., an irreducible process.

5.4 Analysis of Background Processes

Aimed at the production of SM Higgs associated with one light jet, we list all the

relevant background processes in the descending order as follows.

(1) pp→ jτ±τ∓ +X → jl±j∓τ + E/T +X
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Figure 5.7: Mass distribution of signal and major background.

(2) pp→ jW±W∓ +X → jl±j2j3 + E/T +X

(3) pp→ jW±W∓ +X → jτ±j2j3 + E/T +X → jl±j2j3 + E/T +X

(4) pp→ jW±W∓ +X → jl±τ∓ + E/T +X → jl±j∓τ + E/T +X

(5) pp→ jW±W∓ +X → jτ±τ∓ + E/T +X → jl±j∓τ + E/T +X

(6) pp→ jjW± +X → jjl± + E/ +X

(7) pp→ jjW± +X → jjτ± + E/ +X → jjl± + E/ +X

In the above expressions, l stands for e or µ and j = g, u, d, c, s, ū, d̄, c̄ or s̄.

However j2 and j3 come from W decay, so the possible combinations of j2 and j3

are ud̄, cs̄ and their charge conjugate states.

Among these processes, the first one is the irreducible background process

and the major one as discussed in last section. The second one has 3 light jets

in the final state, but we require only two pass our selection cuts and the faster
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jet mimic the tau jet with a tagging efficiency equal to 1/400. The third one is

almost the same as the second one except that there is one more intermediate

process, i.e., τ± → e± or µ±. So this process must be smaller than the last one

by a factor of 0.5 × BR(τ → e or µ) or so. The fourth one contributes one tau

jet which would be tagged with an efficiency equal to 0.26. The difference of the

fifth and the forth is the same as the difference of the third and the second. In

the processes of 6 and 7, there are two light jets with the faster one mistagged as

tau jet.

5.5 Results of Computer Simulation

With all the cuts and other parameters set properly, the integration over phase

space gave us the results as follows.

σ(gg → gh0 → gτ+τ− → gl±j∓τ + E/T ) = 2.88 fb (5.7)

σ(qq̄ → gh0 → gτ+τ− → gl±j∓τ + E/T ) = 4.91× 10−3 fb (5.8)

σ(qg → qh0 → qτ+τ− → ql±j∓τ + E/T ) = 3.71× 10−3 fb (5.9)
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and the calculation of background processes gave us

pp→ jτ±τ∓ +X → jl±j∓ + E/T +X = 74.1 fb (5.10)

pp→ jjW +X → jjl + E/T +X = 1.16 fb (5.11)

pp→ jW±W∓ +X → jl±τ∓ + E/ +X

→ jl±j∓τ + E/T +X = 1.45× 10−1 fb (5.12)

pp→ jW±W∓ +X → jτ±τ∓ + E/T +X

→ jl±j∓τ + E/T +X = 3.38× 10−2 fb (5.13)

pp→ jW±W∓ +X → jl±j2j3 + E/T +X = 2.91× 10−2 fb (5.14)

pp→ jW±W∓ +X → jτ±j2j3 + E/T +X

→ jl±j2j3 + E/T +X = 6.80× 10−3 fb (5.15)

Therefore, we have the significance of signal versus background, NSS = Ns√
Nb

, with

L = 30 fb−1 at
√
s = 14 GeV.

L(fb−1) 30 300 3000

NSS 1.80 5.75 14.4

Table 5.1: Significance of the production of SM Higgs associated with one light
jet.
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Chapter 6

Higgs Bosons of Minimal

Supersymmertry

6.1 Introduction

This section is focused on the search for the combined Higgs signal from the

process pp→ bφ0 +X → bτ+τ−+X → bjτ lτ + E/T +X at LHC, where b = b or b̄

and φ0 could be h0, H0 or A0. And the searched Higgs mass Mφ0 spans from

100 GeV to 1000 GeV. From now on b stands for b and b̄ in this chapter unless

explicit specification is necessary. Then we have one b jet in the final states

together with one neutral MSSM Higgs boson produced with one b. Furthermore,

the b tagging technique is helpful to handle the fake jets. The neutral Higgs

boson decays to τ+τ− with a branching ratio of about 10%. Although this ratio

is much smaller than Br(φ → bb̄), which is about 60%, the benefit is that the

charged lepton in the final state provides another method to reduce huge pure

QCD background. Here we consider the largest decay mode of τ+τ− pair, i.e.,

one to leptons and the other to τ jet with Br(τ → e/µ) = 35.2% and Br(τ →
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π/ρ/a1) = 54.8%, respectively.

6.2 Calculation Tools

Compared with the production of SM Higgs discussed in the last chapter, the

MSSM Higgs bosons can be copiously produced associated with one b at the tree

level if tan β is big enough. So the transition matrix of single Higgs production

and decay to τ pair is much simpler, and can be generated by Madgraph Stan-

dalone [51] as well as all the background processes. We then simulate the pp

collision by applying the parton distribution function CTEQ6L1 [49] as follows.

σs =

∫
dx1dx2 (fb(x1, µF )fg(x2, µF ) + fg(x1, µF )fb(x2, µF ))σ

(
bg → bφ0 → bτ+τ−

)
× 2Br(τ → l)Br(τ → jτ )× 2, (6.1)

where µF is the factorization scale set to be
mφ0

4
, and the last factor 2 represents

the contribution from b̄. Of course we can also use the narrow width approxima-

tion (NWA) when considering the decay of Higgs bosons. Then Eq. 6.1 changes

to

σs =

∫
dx1dx2 (fb(x1, µF )fg(x2, µF ) + fg(x1, µF )fb(x2, µF ))σ

(
bg → bφ0

)
×Br

(
φ0 → τ+τ−

)
× 2Br(τ → l)Br(τ → jτ )× 2, (6.2)

Fig. 6.1 shows the production of pseudoscalar, A0, associated with one b quark at

LHC with
√
s = 14 TeV. In this case, the explored Higgs mass is mA0 = 200 GeV

and the ratio of VEV is tan β = 10. From this figure, we can see that NWA is

consistent with the full calculation except the two far ends. In fact the two ends
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Figure 6.1: Distribution over the reconstructed mass of tau pairs. Red line stands
for NWA while green line is for the full calculation.

will be cut away once a proper selection rule is chosen.

Fig. 6.2 shows the mass distribution with mA0 = 200 GeV and tan β = 50.

Now the discrepancy between NWA and full calculation becomes bigger. It is

because the couplings of pseudoscalar to certain particles increases with a bigger

tan β. Therefore the decay width becomes bigger, and then the resonance be-

comes flatter. So the NWA works better for parent particles with narrow width

just as the name means.

This time we set the renormalization scale to be µR =
mφ0

4
for both sigal and

background.

One more difference is the basic cuts. The new set of cuts are listed in

Tab. 6.1. Fig. 6.3 shows the transverse momentum distribution of signal and

Drell-Yan processes, the major background. From the curves, we can find that
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Figure 6.2: Distribution over the reconstructed mass of tau pairs. Red line stands
for NWA while green line is for the full calculation.

√
S(TeV) 8 14
L(fb−1) 1 10 30 300
PT (GeV) PT (b, l, jτ ) > 15, 20, 40 PT (b, l, jτ ) > 30, 20, 40

η η(b) < 2.5, η(l) < 2.5, η(jτ ) < 2.5
∆R ∆R(ljτ ) > 0.3

E/T (GeV) E/T > 20 E/T > 40
m(l, E/T )(GeV) m(l, E/T ) < 30

Table 6.1: Basic cuts for the production of MSSM Higgs bosons.
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the cut over pT (j) is efficient. Although the cuts over pT (b) and pT (l) removed

almost 50% of the signal, we have to pay it because the existence of a large

number of fake jets makes tagging performance more important. In this paper,

the tagging efficiency of a b jet is set as

 εb = 60% (L = 1 fb−1, 20 fb−1 or 30 fb−1),

εb = 50% (L = 300 fb−1).
(6.3)

At high luminosity the tagging efficiency is lower than at low luminosity due to

the pile-up effect. Meanwhile the efficiency of tau jet triggering is εjτ = 26%. As

to the tagging of charged leptons, we assume 100% can be correctly identified.

Corresponding to these choices, the mistagging probability of fake jets as b jet or

jτ is

pg,u,d,s→b = 1%, Pc→b = 10%, Pu,d,c,s→jτ = 1/400, Pb→jτ = 1/700.

The method of mass reconstruction is the same as in the case of SM Higgs

production, but we require different mass cuts as follows.

 |Mττ −Mφ0| ≤ 0.15×Mφ0 (L = 1., 20., 30. fb−1)

|Mττ −Mφ0| ≤ 0.20×Mφ0 (L = 300. fb−1)
(6.4)

The efficiency of such cuts are limited by the performance of LHC when mea-

suring the final state particles. The performance of detectors decreases when the

luminosity increases. And it’s also limited by the decay width of Higgs bosons.

The larger the value of decay width is, the flatter the distribution curve spreads

at the resonance of expected Higgs boson.
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Figure 6.3: Transverse momentum distribution. j stands for the hadronic jet
from τ decay.

Besides the differences discussed above, all other parameters and methods are

the same as in the last chapter.

6.3 Analysis of Background Processes

The relevant background events come from Drell-Yan processes, tt̄, tW and Wqq

productions. These processes would result in both irreducible and reducible back-

grounds as listed below in decreasing order of importance.

(1) Drell-Yan:

(a) pp→ b(b̄)A∗(Z∗)→ b(b̄)τ+τ− → b(b̄)ljτ

(b) pp→ q(q̄)A∗(Z∗)→ q(q̄)τ+τ− → q(q̄)ljτ (q = u, d, c, s)

(c) pp→ gA∗(Z∗)→ gτ+τ− → gljτ

(2) tt̄:
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(a) pp→ tt̄→ bW+b̄W− → bb̄l±τ∓ → bb̄ljτ

(b) pp→ tt̄→ bW+b̄W− → bb̄τ+τ− → bb̄ljτ

(c) pp→ tt̄→ bW+b̄W− → bb̄lj1j2

(d) pp→ tt̄→ bW+b̄W− → bb̄τ±j1j2 → bb̄lj1j2

(e) pp→ tt̄→ bW+b̄W− → bb̄ll

(3) tW :

(a) pp→ t(t̄)W∓ → b(b̄)W±W∓ → b(b̄)l±τ∓ → b(b̄)ljτ

(b) pp→ t(t̄)W∓ → b(b̄)W±W∓ → b(b̄)τ±τ∓ → b(b̄)ljτ

(c) pp→ t(t̄)W∓ → b(b̄)W±W∓ → b(b̄)lj1j2

(d) pp→ t(t̄)W∓ → b(b̄)W±W∓ → b(b̄)τ±j1j2 → b(b̄)lj1j2

(4) Wq1q2

(a) pp→ Wb(b̄)q → blj

(b) pp→ Wq1q2 → lq1q2

In the above list, for simplicity, we have omitted the charge signs of final particles,

the missing energy, and irrelevant hadronic states X.

Among Drell-Yan processes, the light flavor quark and gluon are mistagged

as b quarks. In the first 4 cases of tt̄ production, the events with extra b jets are

vetoed if both b jets pass the selection cuts. Since Case 2.c and Case 2.d have

two light flavor jets in the final state, we further require that only one pass the

cuts and then be mistagged as jτ . One b quark of Case 2.e is correctly identified

while the other is mistagged as jτ . Similarly, we require that only one of the

two leptons in Case 2.e pass the corresponding selection cuts. In tW production,

the extra light flavor jet in Case 3.c and Case 3.d is dealt with in the same way

as in Case 2.c and Case 2.d. In Wq1q2, the two final jets could be any possible

combination of gluon, quark and anti-quark, except top. Here Case 4.a is listed

separately due to the b jet in final states. Although Wq1q2 production involves
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more than 100 Feynman diagrams, its contribution is the slightest as shown in

Fig. 6.4.

To consider high level corrections, a multiplicative factor K = 1.3 has been

included for Drell-Yan processes [52], K = 2 for tt̄ [53, 54], K = 1.5 for tW [55],

K = 2 for Case 4.a [56], and K = 0.9 for Wq1q2 [57].

After multiplying K factors and considering the tagging or mistagging effi-

ciencies, we draw the mass distribution of the production of single pseudoscalar

A0, σ ∼ MA, in Fig. 6.4. This Figure shows that, although we have increased

the size of mass window in the case of high luminosity L = 300 fb−1, the signal

curves of this case are still lower than in the case of low luminosity L = 30 fb−1.

This is because of the cut over PT (b) as discussed in the last section. The curve

of Drell-Yan peaks in low mass (∼ 100 GeV) due to the resonance around MZ .

tt̄, tW and Wqq dominates in the intermediate mass range, but the first two de-

crease with MA faster than Wqq. So tt̄ and tW become more important than

Wqq in high mass range when we work with L = 300 fb−1.

6.4 Discovery Potential of MSSM Higgs at LHC

Since we are looking for the combined Higgs signal from φ0 = h0, H0 and A0, we

need put the contributions from h0 andH0 together withA0 if |Mh0(MH0)−MA0| ≤

0.1×MA0 . With the assumption MSUSY = mg̃ = mf̃ = µ = −Af = 1 TeV, Mh0

approaches its maximum value (∼ 125. GeV) very fast as tan β increases; mean-

while, MH0 and MA0 are almost degenerate as shown if Fig. 3.5. So in most of

parameter space (MA0 , tan β), we just need to consider the contributions from

H0 and A0 except the domain with low mass and low tan β.

If MSUSY ≤ 1 TeV, the situation becomes too complex. Firstly, the rela-
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Figure 6.4: σ ∼MA in the production of pseudoscalar associated with b.

tionships of Mh0 ,MH0 and MA0 would change because we have to consider the

loop diagram of SUSY particle, especially stop, when we calculate the high level

correction to these masses. Secondly, there are too many free parameters as dis-

cussed in the second chapter. Lastly, even if we choose to work with a set of

specific parameters, A0 and H0 would decay to SUSY particles.

With all parameters set correctly, we have Table 6.2, 6.3, 6.4 and 6.5. These

tables show us how the significance changes with respect to mA0 , tan β,
√
s and

L.

According to the papers [58, 59], the observability of a signal could be affirmed

if the cross sections of the signal and background satisfy

L(σs + σb)−N
√
L(σs + σb) > Lσb +N

√
Lσb, (6.5)
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Table 6.2: MSSM Higgs Production at
√
s = 14 TeV and L = 30 fb−1

MA(GeV) 100 200 400 800
σs(tanβ = 10) 4.38 7.28 7.14× 10−1 2.09× 10−2

σs(tanβ = 50) 9.75× 101 1.61× 102 1.81× 101 6.02× 10−1

σs(Drell-Yan) 1.59× 101 4.66× 10−1 4.60× 10−2 2.07× 10−3

σs(bb̄W
+W−) 2.95× 10−1 9.76× 10−1 5.40× 10−1 7.47× 10−2

σs(bW
+W−) 1.89× 10−1 5.87× 10−1 3.31× 10−1 4.38× 10−2

σs(Wjj) 1.07× 10−1 4.83× 10−1 4.40× 10−1 1.21× 10−1

Nss(tanβ = 10) 6.24 24.1 3.12 0.217
Nss(tanβ = 50) 139 533 79.1 6.25

Table 6.3: MSSM Higgs Production at
√
s = 14 TeV and L = 300 fb−1

MA(GeV) 100 200 400 800
σs(tanβ = 10) 1.34 2.83 5.21× 10−1 1.74× 10−2

σs(tanβ = 50) 3.08× 101 6.40× 101 1.37× 101 5.19× 10−1

σs(Drell-Yan) 6.99 2.64× 10−1 4.98× 10−2 2.84× 10−3

σs(bb̄W
+W−) 2.64× 10−1 1.32 1.24 2.20× 10−1

σs(bW
+W−) 7.34× 10−2 3.76× 10−1 3.43× 10−1 5.68× 10−2

σs(Wjj) 2.31× 10−2 2.06× 10−1 3.13× 10−1 1.04× 10−1

Nss(tanβ = 10) 8.55 32.6 6.27 0.465
Nss(tanβ = 50) 197 737 165 13.9

Table 6.4: MSSM Higgs Production at
√
s = 8 TeV and L = 1 fb−1

MA(GeV) 100 200 400 800
σs(tanβ = 10) 1.12 1.62 1.01× 10−1 1.38× 10−3

σs(tanβ = 50) 2.49× 101 3.60× 101 2.57 4.01× 10−2

σs(Drell-Yan) 4.50 1.46× 10−1 1.29× 10−2 3.39× 10−4

σs(bb̄W
+W−) 4.51× 10−2 1.50× 10−1 8.52× 10−2 1.11× 10−2

σs(bW
+W−) 3.95× 10−2 1.21× 10−1 5.94× 10−2 6.02× 10−3

σs(Wjj) 3.10× 10−2 1.38× 10−1 1.10× 10−1 2.27× 10−2

Nss(tanβ = 10) 3.30 12.3 1.08 0.0377
Nss(tanβ = 50) 73.3 273 27.4 1.10
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Table 6.5: MSSM Higgs Production at
√
s = 8 TeV and L = 20 fb−1

MA(GeV) 100 200 400 800
σs(tanβ = 10) 2.69× 10−1 5.90× 10−1 7.25× 10−2 1.14× 10−3

σs(tanβ = 50) 6.17 1.34× 101 1.91 3.45× 10−2

σs(Drell-Yan) 1.38 6.20× 10−2 1.05× 10−2 4.64× 10−4

σs(bb̄W
+W−) 4.42× 10−2 2.17× 10−1 2.00× 10−1 3.30× 10−2

σs(bW
+W−) 1.30× 10−2 6.59× 10−2 5.19× 10−2 6.73× 10−3

σs(Wjj) 5.94× 10−3 5.80× 10−2 7.92× 10−2 2.04× 10−2

Nss(tanβ = 10) 3.88 16.1 2.15 0.0802
Nss(tanβ = 50) 89.0 366 56.6 2.43

or

σs >
N2

L
[1 + 2

√
Lσb/N ], (6.6)

where N = 2.5 corresponds to a 5σ signal, where σs is the total cross section of

signal from 3 possible Higgs bosons after we require all the cuts and multiplicative

factors; and σb is the total cross section from 4 major background processes.

Therefore, we can draw a 5σ discovery contour for single MSSM Higgs at LHC

as shown in Fig. 6.5.

Fig. 6.5 has two frames where the left one corresponds to the machine energy

equal to 8 TeV while the right frame to 14 TeV. In both frames, the dot-dashed

red curve is the result with low luminosity, i.e., 1 fb−1 for 8 TeV while 30 fb−1

for 14 TeV; the dot-dot-dashed red curve is the result with high luminosity, i.e.,

10 fb−1 for 8 TeV while 300 fb−1 for 14 TeV. Above the these curves is the

potential domain where the signal of MSSM Higgs bosons can be detected with

the corresponding maching energy and luminosity at LHC. There are two more

curves. The cyan shows the already explored region at CMS, and the green one

shows the result of ATLAS. It means that the parameter space above these two

cureves has been excluded. In this figure, there is a slashed blue region where

the light Higgs boson has a mass about 126 GeV calculated by FeynHiggs with
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Figure 6.5: 5σ discovery contour. The back dotted curve and the cyan dashed
curve respectively stand for the experimentalresults from Atlas and CMS. The
blue band refers to the allowed region by the mass of light Higgs boson, mh0 =
126±3 GeV. The red curves are the discovery contour of MSSM Higgs bosons at
LHC with one referring to the low luminosity and the other to the high luminosity.
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one-loop and two-loop corrections.

Even with a sizable excluded region, there still exists large space waiting for

us to explore, especially the region predicted with the mass of light Higgs boson.

In the near future the promising region could be {(tan β,mA0)|3 ≤ tan β ≤

10 and 120 GeV ≤ mA ≤ 400 GeV}
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Chapter 7

Supersymmetric Unified Models

7.1 Introduction

Supersymmetry (SUSY) provides an elegant solution to the fine-tunning problem

through cancellations among loop diagrams. However, any SUSY model has to

introduce at least one more Higgs doublet than the Standard Model (SM). In

minimal SUSY model, once electroweak symmetry is broken (EWSB), three of

the eight degrees of freedom in the Higgs sector are eaten and then generate the

mass terms of W± and Z, while five others survive as two CP-even Higgs bosons,

which are H0 and h0 (Mh0 < MH0), one CP-odd Higgs boson A0, and two charged

Higgs bosons H±. In most of parameter space, h0 is SM-like and expected to lie

in the mass range 114.4− 135 GeV [60, 61, 62, 63, 64], but MA0 and MH0 could

run through a much larger range.

Meanwhile, SUSY brings one SUSY partner for each SM particle. Owing to

the absence of SUSY particles from observations [65, 66, 67, 68, 69], SUSY must

be broken somehow. It was proposed that SUSY breaking could be attained

by introducing extra terms [70]. Of course, there are several basic requirements
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that these terms must meet, satisfying SU(3)C ×SU(2)L×U(1)Y before EWSB,

explicitly breaking SUSY and not causing a new quadratic divergence at loop

level, i.e., Soft SUSY Breaking Mechanism (SSB). Therefore, soft SSB adds the

mass terms of SUSY fermions and gauginos, the trilinear coupling terms between

Higgs scalars and SUSY fermions, and the bilinear Higgs coupling term. One

drawback of this brutal behavior is that there are 124 free parameters.

However, if heavy SUSY particles are assumed, these particles would decou-

ple from low-energy phenomena. Therefore, there are only two free parameters

involved, the mass of pseudoscalar (MA0) and the ratio of vacuum expectation

values (VEVs) (tan β =
v2

v1

), while other parameters are well-measured SM pa-

rameters. We will assumeMSUSY = 1 TeV in the general minimal SUSY standard

model (MSSM) [71].

Another way around this difficulty is to trace back to the origin of SSB. It’s

commonly believed that MSSM is just one low-energy (∼ 1 TeV) effective the-

ory of some SUSY theory, which is more symmetric at a scale up to MX = 2 ×

1016 GeV, even Planck scale, and SUSY is spontaneously broken once some fields

lying in hidden sectors develop VEVs at Λs (MSUSY < Λs < MX) and generate

soft SSB terms. And then SSB is communicated to visible sectors by certain mes-

sengers, which couple to MSSM particles. Due to higher symmetry, those soft SSB

terms should be related and have fewer free parameters. Based on the different

breaking mechanisms, there are three most popular SUSY grand unification theo-

ries (GUTs): minimal gravity mediated SUSY breaking[72, 73, 74, 75, 76, 77, 78],

minimal anomaly mediated SUSY breaking[76, 79] and minimal gauge mediated

SUSY breaking[80, 81, 82, 83, 84, 85]. Even after taking several simplifications

[8], MSSM still has 29 free parameters at low energy scales in addition to the

SM parameters: 3 from gaugino masses (M1,M2,M3), 15 from the masses of
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SUSY fermions f̃ ∈ (Q̃i, ũ
R
i , d̃

R
i , L̃i, ẽ

R
i ), 2 from Higgs bosons (mHu ,mHd), 3 from

Yukawa couplings (yt, yb, yτ ), 3 from trilinear scalar couplings (At, Ab, Aτ ), 2 from

b terms (B, µ) and 1 from tan β.

In the minimal models under consideration, gauge couplings are usually as-

sumed unified at the GUT scale,

α1(MGUT ) = α2(MGUT ) = α3(MGUT ) = y. (7.1)

Given the high scale parameters, the corresponding low scale values can be found

through renormalization group equations (RGEs) [86, 87, 88], and vice versa.

Moreover fixed point solutions to RGEs predict

yt(mt) =

√
2mt(mt)√

v2
u + v2

d sin β
, (7.2)

and analogous equations for yb and yτ . Therefore, we have two low scale input

parameters, mt and tan β. Throughout this article, we set mt = 173.1 GeV.

At large scale the Higgs mass squared matrix is positive definite. However,

running the RGEs downwards leads to a negative eigenvalue at some scale, then

electroweak symmetry is broken. The minimization condition of effective Higgs

potential requires that

B(Q)µ(Q) =

(
m2
H1

(Q) +m2
H2

(Q) + 2µ2(Q)
)

sin β

2
, (7.3)

µ2(Q) =
m2
H2

(Q)−m2
H1

(Q) tan2 β

tan2 β − 1
− M2

Z(Q)

2
. (7.4)

Q is the scale, where β is treated as an input parameter. Then B and µ can be

found except their relative sign. So we have another input parameter sgn(µ) at
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low scale.

7.2 Minimal Supergravity Unified Model

SUGRA is spontaneously broken by singlet superfields in the hidden sector once

they acquire VEVs. Although those fields in the hidden sector have the size of

electroweak scale, they couple to MSSM particles only through gravity, so they

disappear from collider phenomena with some footprints left behind, soft SSB

terms. In this case, some universal boundary conditions are assumed

M1(MGUT ) = M2(MGUT ) = M3(MGUT ) = m1/2, (Gauginos) (7.5)

mf̃ (MGUT ) = mHu(MGUT ) = mHd(MGUT ) = m0, (Scalars) (7.6)

At(MGUT ) = Ab(MGUT ) = Aτ (MGUT ) = A. (Trilinear Couplings) (7.7)

Then the parameter space can be constructed with three high scale inputs and

two low scale inputs plus one sign, i.e.,
{
m1/2,m0, A,mt, tan β, sgn(µ)

}
.

For simplicity without loosing generality, we will scan a limited parameter

space as follows. 

0. GeV ≤ m1/2 ≤ 2000. GeV

0. GeV ≤ m0 ≤ 2500. GeV

A = 0. GeV

20 ≤ tan β ≤ 50

sgn(µ) = +1

(7.8)
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7.3 Minimal Gauge Mediated Supersymmetry

Breaking

The gauge-invariant and renormalizable superpotential for messenger superfields

(Φa, Φ̄a) has the general form, Wmess =

N5∑
a=1

λaSΦaΦ̄a. Here N5 is the number of

messenger superfields; λa is the Yukawa couplings with absolute values less than

1; S is a gauge singlet under the SM gauge group. The auxiliary component and

the scalar component of S, respectively, acquire VEVs, 〈Fs〉 and 〈s〉. If 〈Fs〉 6= 0,

SUSY is broken. And 〈S〉 gives mass to messenger fields. Therefore, due to gauge

interaction with messengers, the gauginos get masses from the one-loop diagrams

of messengers, while scalars get their masses from two-loop diagrams [89],

Mi(Mmess) '
αi
4π
N5Ms (i = 1, 2, 3), (7.9)

mscalar =
2

N5

[
C3M

2
3 (Mmess) + C2M

2
2 (Mmess)

+
3

5

(
Y

2

)2

M2
1 (Mmess)

]
, (7.10)

where Ms =
∣∣∣ 〈Fs〉〈s〉 ∣∣∣ and Mmess =

∣∣λ̄〈s〉∣∣, which is the overall scale of the messenger

mass. The trilinear couplings, A’s, are much smaller than the mass terms of

scalars at Mmess , so they are set to be zero. The b term is introduced by hand

and then decided by the minimization conditions of Higgs potential. If the SSB

scale 〈Fs〉 doesn’t coincide with the underlying breaking scale F , a dimensionless

parameter Cgrav ≥ 1 is introduced, F = Cgrav〈Fs〉.

Therefore, the parameter space of mGMSB is delimited by these param-

eters: {Λ,Mmess, N5, tan β, sgn(µ), Cgrav}. Λ is the effective SSB scale, Here
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Λ =

∣∣∣∣ 〈Fs〉Mmess

∣∣∣∣. And the scanned range is



10. TeV ≤ Λ ≤ 200. TeV

104. GeV ≤Mmess ≤ 1013 GeV

20 ≤ tan β ∈≤ 50

N5 = 1, sgn(µ) = +1, Cgrav = 1

(7.11)

We are interested in the points, which satisfy a set of theoretical requirements

and 4 major experimental constraints. The searching for SUSY particles at LEP2

with
√
s = 208 GeV led to a lower boundary over chargino mass, mx̃±1

& 104 GeV

[90]. The branching ratio of B0
s decay to muon pair is set as Br(B0

s → µ+µ−) <

1.08 × 10−8 at 95% confidence level. [91]. The newly published result about b

decay is Br(b → sγ) = (3.45 ± 0.15 ± 0.40) × 10−4 [92]. And the difference of

the muon anomalous magnetic moment between SUSY models and SM should

satisfy the limit, δaµ = aexpµ − aSMµ = (25.9 ± 8.1) × 10−10 [93]. In addition, we

require a Higgs scalar with 123 GeV ≤ mh0 ≤ 129 GeV.

7.4 Discovery Potential of Higgs Bosons of SUSY

GUTs at LHC

Scanning the parameter spaces with ISAJET 7.82, we get the masses, decay

widths and effective Higgs mixing angles of Higgs bosons at SUSY scale, and

then plug these values into our main program with the same calculation scheme

as discussed in MSSM.
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7.4.1 Results of mSUGRA

Fig. 7.1 and Fig. 7.2 depict the scenarios of mSUGRA with A = 0. GeV, sgn(µ) =

+1, but the former has a center of mass energy
√
s = 8 GeV, while the later cor-

responds to
√
s = 14 GeV. In these figures, the solid dark domain is excluded

by theoretical requirements. The solid gray domain is excluded by the cosmo-

logical requirement that the lightest neutralino should be the lightest SUSY par-

ticle. And the solid blue domain represents the exclusion reqired by chargino

mass. Other experimental limits are shown in the figures with the short-dashed

lines representing the experimental values and the slashed area standing for er-

rors. And the domain above the short-dashed violet line is allowed by Br(B0
s →

µ+µ−) ≤ 1.08 × 10−8. If no short-dashed violet curve is found in a figure, it

means that the whole space shown in the figure is allowed by the experimental

observation of B0
s decay. In the figures we also have long-dashed violet curves

corresponding to Br(B0
s → µ+µ−) ≤ 5.0 × 10−9. The allowed region by the

measurement of δaµ is the cyan part. In the figures the mass of light Higgs is

shown by the blue curve (123 GeV and green curve (126 GeV). To the right of

the two curves, the expected mass of light Higgs is larger and larger. The 5σ

discovery contours are drawn with red lines. The domain below these curves are

promising for the Higgs signal. In the case of
√
s = 8 TeV, the dashed red line

corresponds to L = 1 fb−1, while the solid red line to L = 10 fb−1. In the case

of
√
s = 14 GeV, the dashed red line corresponds to L = 30 fb−1, while the solid

red line to L = 300 fb−1.

Reading through the figures, we can find that, with low machine energy
√
s =

8 GeV, only the model with high tan β around 50 has a region which is allowed by

all limits and could be promising to search for the Higgs signal with L = 10 fb−1.
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If the machine energy of LHC is increased to
√
s = 14 TeV in the future, the most

desirable model to look for Higgs particles is still that with high tan β. However,

in this case, we find that even the model with intermediate value of tan β around

30 has a small region good to be searched with high luminosity L = 300 fb−1.

7.4.2 Results of mGMSB

Since the gravitino is the lightest particle in this model, we can release the cosmo-

logical requirement of neutralino as dark matter. Now the theoretically excluded

regions are the solid gray part. The limit from chargino mass corresponds to

the solid blue domain. We can see that this requirement is screened by the the-

oretical limits in the model with high tan β. The left part to the short-dashed

violet line is excluded by B0
s decay. If no short-dashed violet line is drawn in

a figure, the whole space is allowed by B0
s decay. Similarly, the points with

Br(B0
s → µ+µ−) ≤ 5.0× 10−9 is drawn with the long-dashed violet line. In this

case, the blue curve corresponds to the points expected to have a light Higgs with

mh0 = 120 GeV. Above this curve the mass of light Higgs is bigger. So a SM-like

Higgs with mass close to 125 GeV puts a very strict constraint on the parameter

space of mGMSB.

Similar to mSUGRA, the most restrictive constraint is from the measurement

of muon anomalous magnetic moment. If the center of mass energy is low, only

in the figure of tan β = 50, we can see the lower end of the solid red line passing

through the cyan region. So the region suitable to look for the Higgs signal is

small in this case. If we work with high energy
√
s = 14 TeV, the situation

is promising. Even working with low luminosity L = 30 fb−1, there exist a

discoverable region as shown in the first frame of Fig. 7.4.
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Figure 7.1: 5σ Discovery Contours of mSUGRA with sgn(µ) = +1 and
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Chapter 8

Conclusions

It is very exciting that the Standard Higgs boson has recently been discovered

at the Large Hadron Collider. In the near future, we need to study properties

of the Higgs boson as well as Higgs couplings with gauge bosons and fermions.

In addition, it is important to investigate if there are extra Higgs doublets with

additional Higgs bosons. In this dissertation, we present the discovery potential of

Higgs decay to tau leptons at the LHC. The discovery of φ→ bb̄, φ→ τ+τ−, and

φ→ µ+µ−, will provide important information about Yukawa couplings between

the Higgs bosons and the fermions.

The search for the SM Higgs through the channel of h0 → τ±τ∓ may be

pessimistic at
√
s = 8 TeV. However this channel has much cleaner background

than h0 → bb̄ and the technique of tau tagging is very helpful, especially for the

MSSM Higgs bosons since the signal can be greatly enhanced with a large tan β.

It would be very promising to explore the parameter space with an intermediate

value of tan β (3 ≤ tan β ≤ 10) and with a pseudoscalar lighter than 500 GeV

since this is the favored region of Higgs mass in the SM and it can be reached by

the next run of LHC expected to start in 2015.
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By investigating the phenomenology of Higgs bosons with tau leptons, we

found that the cuts over xl, xh and mττ are so stringent that all the selected

events of signal and background follow the same distribution.

To reduce the number of free parameters, we investigated the discovery of

neutral Higgs bosons in mSUGRA and mGMSB. In mSUGRA, the mass of light

Higgs is sensitive to the trillinear coupling A0. With a negative large value of A0,

the allowed region of mh0 = 125 GeV becomes considerable. But the excluded

region is large too. At the LHC with
√
s = 8 TeV, we have found that there

exists a large region which is consistent with the experimental measurements

of Br(B0
s → µ+µ−), ∆aµ, mh0 but Br(b → sγ). Moreover this region could

be reached by LHC in near future. At
√
s = 14 GeV, the situation is the same.

Although the explorable space becomes larger, the increased region is not favored

by the experimental result of ∆aµ.

On the contrary to mSUGRA, mGMSB is favored by flavor problems. There

are large overlapped regions by the experimental requirements of ∆aµ, Br(b →

sγ) and Br(B0
s → µ+µ−), but the allowed region of light Higgs mass is very

limited. Only in the region with Λ greater than 300 TeV can we find light Higgs

boson with mass close to 125 GeV. However, this region is far away from regions

favored by flavor problems.
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Chapter 9

Appendix

9.1 Lagrangian of Higgs Sector in THDM

In the Higgs sector of THDM, the kinetic part of Lagrangian reads as

(DµH1)†(DµH1) + (1→ 2)

= m2
WW

+µW−
µ +

m2
Z

2
ZµZ

µ + imW (∂µG
−W+µ − ∂µG+W−

µ ) +mZ∂µG
0Zµ

+gmW cos(β − α)W+µW−
µ H

0 + gmW sin(β − α)W+µW−
µ h

0

+
g

2
(∂µG

0W+µG− + ∂µG
0W−µG+)− g

2
(∂µG

−W+µG0 + ∂µG
+W−µG0)

−ig
2

cos(β − α)(∂µH
0W+µG− − ∂µH0W−µG+)

−ig
2

sin(β − α)(∂µh
0W+µG− − ∂µh0W−µG+)

+
g

2
(∂µA

0W+µH− + ∂µW
−µA0H+)− g

2
(∂µH

−W+µA0 + ∂µH
+W−µA0)

+
ig sin(β − α)

2
(∂µH

0W+µH− − ∂µH0W−µH+)

−ig cos(β − α)

2
(∂µh

0W+µH− − ∂µh0W−µH+)
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+
ig cos(β − α)

2
(∂µG

−W+µH0 − ∂µG+W−µH0)

+
ig sin(β − α)

2
(∂µG

−W+µh0 − ∂µG+W−µh0)

−ig sin(β − α)

2
(∂µH

−W+µH0 − ∂µH+W−µH0)

+
ig cos(β − α)

2
(∂µH

−W+µh0 − ∂µH+W−µh0)

+gmW cos(θw)(W−µZµG
+ +W+µZµG

−) + emW (W−µAµG
+ +W+µAµG

−)

−ig
2 cos(θw)

2
(W−µZµG

+G0 −W+µZµG
−G0)

−ig
2 cos(θ)

2
(W−µZµH

+A0 −W+µZµH
−A0)

+
g2 cos(θw) cos(β − α)

2
(W−µZµG

+H0 +W+µZµG
−H0)

+
g2 cos(θw) sin(β − α)

2
(W−µZµG

+h0 +W+µZµG
−h0)

−g
2 cos(θw) sin(β − α)

2
(W−µZµH

+H0 +W+µZµH
−H0)

+
g2 cos(θw) cos(β − α)

2
(W−µZµH

+h0 +W+µZµH
−h0)

−ige
2

(W−
µ A

µG+G0−W+
µ A

µG−G0) + i
ge

2
(W+

µ A
µH−A0 −W−

µ A
µH+A0)

+
ge cos(β − α)

2
(W−µAµG

+H0 +W+µAµG
−H0)

+
ge sin(β − α)

2
(W−µAµG

+h0 +W+µAµG
−h0)

+
g2

2
W−µW+

µ G
+G− +

g2

2
W−µW+

µ H
+H− +

g2

4
W−µW+

µ G
0G0

+
g2

4
W−µW+

µ A
0A0 +

g2

4
W−µW+

µ H
0H0 +

g2

4
W−µW+

µ h
0h0

−ge sin(β − α)

2
(W+

µ A
µH−H0 +W−

µ A
µH+H0)

+
ge cos(β − α)

2
(W+

µ A
µH−h0 +W−

µ A
µH+h0)

+
ge cos(2θw)

cos(θw)
ZµA

µG+G− +
ge cos(2θw)

cos(θw)
ZµA

µH+H−
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+ i
g cos(2θw)

2 cos(θw)
(∂µG

−ZµG+ − ∂µG+ZµG−)

+ i
g cos(2θw)

2 cos(θw)
(∂µH

−ZµH+ − ∂µH+ZµH−)

− g cos(β − α)

2 cos(θw)
∂µH

0ZµG0 − g sin(β − α)

2 cos(θw)
∂µh

0ZµG0

+
g sin(β − α)

2 cos(θw)
∂µH

0ZµA0 − g cos(β − α)

2 cos(θw)
∂µh

0ZµA0

+
g cos(β − α)

2 cos(θw)
∂µG

0ZµH0 − g sin(β − α)

2 cos(θw)
∂µA

0ZµH0

+
g sin(β − α)

2 cos(θw)
∂µG

0Zµh0 +
g cos(β − α)

2 cos(θw)
∂µA

0Zµh0

+
gmZ cos(β − α)

2 cos(θw)
ZµZ

µH0 +
gmZ sin(β − α)

2 cos(θw)
ZµZ

µh0

+

(
g cos(2θw)

2 cos(θw)

)2

ZµZ
µG+G− +

(
g cos(2θw)

2 cos(θw)

)2

ZµZ
µH+H−

+

(
g

2
√

2 cos(θw)

)2

ZµZ
µG0G0 +

(
g

2
√

2 cos(θw)

)2

ZµZ
µA0A0

+

(
g

2
√

2 cos(θw)

)2

ZµZ
µH0H0 +

(
g

2
√

2 cos(θw)

)2

ZµZ
µh0h0

+ ie(∂µG
−AµG+ − ∂µG+AµG−) + ie(∂µH

−AµH+ − ∂µH+AµH−)

+ e2AµA
µG+G− + e2AµA

µH+H−

+ ∂µG
+∂µG− + ∂µH

+∂µH−

+
1

2
∂µG

0∂µG0 +
1

2
∂µA

0∂µA0 +
1

2
∂µH

0∂µH0 +
1

2
∂µh

0∂µh0 (9.1)

9.2 Gauge Invariance

The process of gg → gφ basically involves one box and one triangle as shown

in Fig. 9.1, where all momentum are incoming, a’s are the color indices, and µ’s

are Lorentz indices. The transition amplitude matrices of the two loops can be
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written as

M� = (−igs)3

(
−igm
2mW

)∫
d4l

(2π)4
Tr

[
i

6 l+ 6 k1+ 6 k2+ 6 k3 −m
γµ3

i

6 l+ 6 k1+ 6 k2 −m
γµ2

i

6 l+ 6 k1 −m
γµ1

i

6 l −m

]
da3a2a1 + ifa3a2a1

4
× εµ1εµ2ε

∗
µ3

(9.2)

and

M4 = (−igs)2

(
−igm
2mW

)
(−gs)

fa2a3a1

2
(gµ2µ3(k2 − k3)α + gµ3α(k2 + 2k3)µ2

+gαµ2(−2k2 − k3)µ3)
−igαβ

(k2 + k3)2

∫
d4l

(2π)4
Tr

[
i

6 l+ 6 k1+ 6 k2+ 6 k3 −m
γβ

i

6 l+ 6 k1 −m
γµ1

i

6 l −m

]
× εµ1εµ2ε

∗
µ3
. (9.3)

α

β

k1, a1, µ1

k2, a2, µ2 k3, a3, µ3

l

l
+

k
1

l + k1 + k2

l
+

k
1
+

k
2
+

k
3

k1, a1, µ1

k2, a2, µ2 k3, a3, µ3

l

l
+

k
1

l +
k
1 +

k
2 +

k
3

Figure 9.1: production of gluon and Higgs by gluon fusion.

If we cross the gluon lines and change the direction of the internal momentum

l, we have 12 diagrams in total, see 9.2.

To save space, we will ignore all the common factors, even the integration and
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Figure 9.2: total diagrams of gg → gh
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trace symbols. Therefore the 12 diagrams can reexpressed as follows.

M1
� = [D−1

123 6 ε∗3D−1
12 −D−1

23 6 ε∗3D−1
2 ] 6 ε2D−1

0

d123 − if 123

4

M2
� = [D−1

23 −D−1
123] 6 ε2D−1

3 6 ε∗3D−1
0

d123 + if 123

4

M3
� = D−1

123 6 ε∗3[D−1
2 −D−1

12 ] 6 ε2D−1
0

d123 + if 123

4

M4
� = D−1

123 6 ε2[D−1
3 −D−1

13 ] 6 ε∗3D−1
0

d123 − if 123

4

M5
� = [D−1

123 6 ε2D−1
13 −D−1

23 6 ε2D−1
3 ] 6 ε∗3D−1

0

d123 + if 123

4

M6
� = [D−1

23 −D−1
123] 6 ε∗3D−1

2 6 ε2D−1
0

d123 − if 123

4

M1
4 =

if 123(ε2 · ε∗3(k2 − k3)β + 2ε∗3βε2 · k3 − 2ε2βk2 · k3)

2(k2 + k3)2
× [D−1

123 −D−1
23 ]γβD−1

0

M2
4 =

if 123(ε2 · ε∗3(k2 − k3)β + 2ε∗3βε2 · k3 − 2ε2βk2 · k3)

2(k2 + k3)2
× [D−1

23 −D−1
123]γβD−1

0

M3
4 =

if 123

2

{
k1 · ε∗3[D−1

2 −D−1
123] 6 ε2D−1

0

(k1 + k3)2
−D−1

123 6 ε∗3D−1
2 6 ε2D−1

0

}
M4
4 =

if 123

2

{
k1 · ε∗3[D−1

123 −D−1
2 ] 6 ε2D−1

0

(k1 + k3)2
−D−1

123 6 ε2D−1
13 6 ε∗3D−1

0

}
M5
4 =

if 123

2
D−1

123 6 ε2D−1
3 6 ε∗3D−1

0

M6
4 =

if 123

2
D−1

123 6 ε∗3D−1
12 6 ε2D−1

0 (9.4)

The Ward identity means that the value of transition amplitude becomes 0

when the polarization vector of any external vetor boson is replaced with its

momentum. So, not losing generality, we have done such replacement as ε1 → k1

in Eq. 9.4, where Drst =6 l+ 6 kr+ 6 ks+ 6 kt −m. When deriving Eq. 9.4 we also

have applied D−1
1rs 6 k1D

−1
rs = D−1

rs − D−1
1rs and D−1

rstD
−1
rs D

−1
r = D−1

st D
−1
s D−1

0 . The

latter comes from the fact that the shift of interal momentum doesn’t change the
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integration. Therefore the summation of box diagrams reduces to

M� = D−1
123

(
6 ε∗3D−1

2 6 ε2+ 6 ε2D−1
13 6 ε∗3− 6 ε∗3D−1

12 6 ε2− 6 ε2D−1
3 6 ε∗3

)
D−1

0

if 123

2
(9.5)

And the triangle diagrams sum up to

M4 = D−1
123

(
6 ε∗3D−1

12 6 ε2+ 6 ε2D−1
3 6 ε∗3− 6 ε∗3D−1

2 6 ε2− 6 ε2D−1
13 6 ε∗3

)
D−1

0

if 123

2
(9.6)

In conclusion, we have the Ward identity.

kµ1Mµ = M� +M4

= 0 (9.7)

9.3 General Procedure of Computer Simulation

of Parton Collisions

9.3.1 Cross Section

The cross section of elastic collision is defined as

σ =
dNint

j × dt×Ntar

, (9.8)

where the symbols each stand for

? Nint: number of interactions

? Ntar: number of target particle

? j: incident flux.
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And the incident flux is defined as

j =
dNinc

A× dt
. (9.9)

We can see [σ] = L2. So the cross section, σ, can be thought of as the effective

cross scectional area of the target particles for the interation to occur, but in

general this has nothing to do with the pysical size of the traget.

Figure 9.3: cross section

Experimentally we can collect the particles scattered to (θ, φ) directions, therefore

we have

σ =

∫
dσ

dΩ
dΩ (9.10)

For simplicity, let’s consider a single particle of type a with velocity, va, transvers-

ing a region of area A containing nb particles of type b per unit volume, as shown

in Fig. 2.

In time δt a particle of type a transverses a region containing nb(va + vb)Aδt
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Figure 9.4: cross section

particles of type b. During this period the interaction probability of one a-type

particle can be expressed as

P =
nb(va + vb)Aδtσ

A
= nbvδtσ [v = va + vb]. (9.11)

So the rate of interaction per a-type particle is

R =
δP

δt
= nbvσ. (9.12)

If this experiment happens in a enclosed space of volume V , then the total reaction

rate equals to the summation over each a-type particle.

R = (nbvσ) · (naV ), (9.13)

= jaNbσ, (9.14)

where, ja = nav and Nb = nvV .

For any collision process with n final particles as shown in Fig. 1,

the interaction rate is given by Fermi’s Golden Rule

Γfi = (2π)4

∫
|Tfi|2δ4(p1 + p2 − k1 − k2 − · · · − kn)

d3~k1

(2π)3
. . .

d3~kn
(2π)3

, (9.15)
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Figure 9.5: two-to-n

where Tfi is the transition matrix for one a-type particle and one b-type particle

per unit volume. According to Eq. 9.15, Γfi can also be expressed as

Γfi = (va + vb)σ. (9.16)

Eq. 9.15 and Eq. 9.16 lead to

σ =
Γfi

(va + vb)
(9.17)

=
(2π)4

va + vb

∫
|Tfi|2δ4(p1 + p2 − k1 − k2 · · · − kn)

d3~k1

(2π)3
. . .

d3~kn
(2π)3

. (9.18)

In this expression, all the terms are not Lorentz invariant except the delta func-

tion. Now let’s redefine the wave function normalized to 2E particles and intro-

duce Lorentz invariant matrix element as follows,

 φ = (2E)
1
2φ,

Mfi = (2Ea2Eb2E1 · · · 2En)
1
2Tfi.

(9.19)
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Then we get the Lorentz invariant form,

σ =
(2π)4

F

∫
|Mfi|2δ4(p1 +p2−k1−k2−· · ·−kn)

d3~k1

(2π)32E1

. . .
d3~kn

(2π)32En
, (9.20)

where F = 2Ea2Eb(va + vb) = 4[(pa · pb)2 −m2
am

2
b ]

1/2.

9.3.2 Phase Space Factor

The phase space factor is Lorentz invariant, so we can explicitly write it in any

referrence frame without changing its value. For convenience, we write it in the

CM frame of initial particle, i.e., ~pα = 0.

dφ2(pα; k1, k2) = (2π)4δ4(pα − k1 − k2)
d3k1

(2π)32E1

d3k2

(2π)32E2

= (2π)−2δ(
√
s−

√
p2 +m2

1 −
√
p2 +m2

2)
d3p

2
√
p2 +m2

1

1

2
√
p2 +m2

2

= (2π)−2δ(
√
s−

√
p2 +m2

1 −
√
p2 +m2

2)
p2dpdΩ

2
√
p2 +m2

1

1

2
√
p2 +m2

2

= (2π)−2 1∣∣∣∣− |p0|√
p20+m2

1

− |p0|√
p20+m2

2

∣∣∣∣
p2

0dΩ

2
√
p2

0 +m2
1

1

2
√
p2

0 +m2
2

= (2π)−2

√
(p2

0 +m2
1)(p2

0 +m2
2)

|p0|(
√
p2

0 +m2
1 +

√
p2

0 +m2
2)

p2
0dΩ

2
√
p2

0 +m2
1

1

2
√
p2

0 +m2
2

= (2π)−2 |p0|dΩ

4
√
s
,

where

s = (pα)2

and

|p0| =
√
s2 +m4

1 +m4
2 − 2sm2

1 − 2sm2
2 − 2m2

1m
2
2

4s
.
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A more concise expression can be written as

dφ2(pα; k1, k2) = (2π)−2λ(s,m2
1,m

2
2)

8s
dΩ, (9.21)

where

λ(s,m2
1,m

2
2) =

√
s2 +m4

1 +m4
2 − 2sm2

1 − 2sm2
2 − 2m2

1m
2
2.

In principle, the phase space factor is Lorentz invariant, but when we code our

porgrams we should express it in the CM frame of m1 and m2 because the λ

function is meaningful only in this frame and we also see that the solid angle is

not Lorentz invariant.

9.3.3 Phase Space Reduction

For the process a+ b→ 1 + 2 + · · ·+n, the n-dimensional phase space factor can

be expressed as

dφn(pα; k1, k2, · · · , kn) = (2π)−1dφn−1(pα; k12, k3, · · · , kn)× dφ12(k12, k1, k2)dM2
12,

(9.22)

where

? pα = p1 + p2,

? k12 = k1 + k2,

? k2
12 = (k1 + k2)2 = M2

12,

? dφn(pα; k1, k2, · · · , kn) ≡ (2π)4δ4(
n∑
i=1

ki − pα)
n∏
i=1

d3ki
(2π)3(2Ei)

.

proof:
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Let’s rewrite the n-dimensional phase space factor as

dφn = (2π)4δ4(pα − k12 − k3 − · · · − kn)
n∏
i=1

d3ki
(2π)32Ei

× δ4(k12 − k1 − k2)d4k12

= (2π)4δ4(pα − k12 − k3 − · · · − kn)
n∏
i=3

d3ki
(2π)32Ei

d4k12 × (2π)−4dφ2(k12; k1, k2)

Due to

δ(F (x))dx =
∑
i

1

|F ′(xi)|F (xi)=0

δ(x− xi)dx, (9.23)

We have

δ
(
E2 − |~p|2 −m2

)
dE =

1

2
√
|~p|2 +m2

(
δ
(
E −

√
|~p|2 +m2

)
+δ
(
E +

√
|~p|2 +m2

))
dE. (9.24)

Introducing a step function in the LHS of Eq.18 leads to

δ
(
E2 − |~p|2 −m2

)
θ(E)dE =

1

2
√
|~p|2 +m2

δ
(
E −

√
|~p|2 +m2

)
dE. (9.25)

Multiply d3p in both sides, we get

d3p

2
√
|~p|2 +m2

= d3pdEδ
(
E2 − |~p|2 −m2

)
θ(E) (9.26)

And then integrateing over m2 yield

d3pdm2

2
√
|~p|2 +m2

= d4p, (9.27)

which means the integration over 4-vector can be mathematically achieved by

integrating over 3-vector and the invariant mass squared under the ordinary
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condition p0 =
√
|~p|2 +m2. In fact, we can get Eq.(21) naivly from variable

substitution.

Therefore we can substitute d4k12 with d3k12dM
2
12, and then get

dφn = (2π)−1 × (2π)4δ(pα − k12 − k3 − · · · − kn)

×
n∏
i=3

d3ki
(2π)32Ei

d3k12dM
2
12

(2π)32E12

dφ2(k12; k1, k2)

= (2π)−1dφn−1(pα; k12, k3, · · · , kn)dφ2(k12; k1, k2)dM2
12 (9.28)

Especially for a two-to-four process, we have

dφ4(pα; k1, k2, k3, k4) = (2π)−2dφ2(pα; k12, k34)dφ2(k12; k1, k2)

×dφ2(k34, k3, k4)dM2
12dM

2
34

= (2π)−2

(
(2π)−2λ(s,M2

12,M
2
34)dΩ1

8s

)
×
(

(2π)−2λ(M2
12,m

2
1,m

2
2)dΩ2

8M2
12

)
×
(

(2π)−2λ(M2
34,M

2
3 ,M

2
4 )dΩ3

8M2
34

)
dM2

12dM
2
34

(9.29)

Be aware that dΩ1, dΩ2 and dΩ3 are expressed in different frames, as discussed

in the end of Subsection 2.
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As to the two-to-six process, the phase space factor can be rewriten as

dφ6(pα; k1, k2, k3, k4, k5, k6) = (2π)−2dφ4(pα; k1, q23, k4, q56)

×dφ2(q23; k2, k3)dφ2(q56; k5, k6)dM2
23dM

2
56

= (2π)−4dφ2(pα; q123, q456)dφ2(q123; k1, q23)

×dφ2(q456; k4, q56)dφ2(q23; k2, k3)dφ2(q56; k5, k6)

×dM2
23dM

2
56dM

2
123dM

2
456

= (2π)−4

(
(2π)−2λ(s,M2

123,M
2
456)dΩ1

8s

)
×
(

(2π)−2λ(M2
123,m

2
1,M

2
23)dΩ2

8M2
123

)
×
(

(2π)−2λ(M2
456,m

2
4,M

2
56)dΩ3

8M2
456

)
×
(

(2π)−2λ(M2
23,m

2
2,m

2
3)dΩ4

8M2
23

)
×
(

(2π)−2λ(M2
56,m

2
5,m

2
6)dΩ5

8M2
56

)
×dM2

23dM
2
56dM

2
123dM

2
456 (9.30)

While coding this part, we have

√
ŝ =

(√
s− (m1 + · · ·+m6)

)
W (1) + (m1 + · · ·+m6), (9.31)

and

M123 ≥ m1 +m2 +m3, (9.32)

M456 ≥ m4 +m5 +m6, (9.33)

M23 ≥ m2 +m3, (9.34)

M56 ≥ m5 +m6. (9.35)
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During any process, the observed energy always changes if boosted to a different

frame. Among these different values, the CM energy is the smallest. No matter

whichever frame we choose, the energy always increases. Therefore, as long as

the given CM energy is greater than the total rest mass of final particles, this

process is kinematically possible. As to the 3D momentum, there principally

exist innumerable sets of solutions. At first we can arbitrarily assign each final

particle a 3D momentum ~Pi only required to be consistent with
n∑
i=1

~Pi = 0. Due

to the arbitrariness, the total energy maybe violates the energy conservation law,
n∑
i=1

√
m2
i + |~Pi|2 =

√
ŝ, the CM energy ECM . But we can introduce a multiplier,

k, which changes each particle’s momentum to be k ~Pi. In this trick, we still hold

the momentum conservation law, k
n∑
i=1

~Pi = 0. Meanwhile, the energy changes

to
n∑
i=1

√
m2
i + k2|~Pi|2. Now we scale the multiplier up or down in the domain

[0,+∞). Due to the fact,
√
ŝ ≥

n∑
i=1

mi, it is 100% sure that we can find a k

which satisies
n∑
i=1

√
m2
i + k2|~Pi|2 =

√
ŝ.

Therefore, Eq. 9.31 assure the possibility of the concerned process. As to M123

and M456, we can write down such codes as

M2
123 =

{[√
ŝ− (m4 +m5 +m6)

]2

− (m1 +m2 +m3)2

}
×W (2) + (m1 +m2 +m3)2, (9.36)

M2
456 =

[
(
√
ŝ−M123)2 − (m4 +m5 +m6)2

]
×W (3) + (m4 +m5 +m6)2. (9.37)
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Similarly, M2
23 and M2

56 can be coded as

M2
23 =

[
(M123 −m1)2 − (m2 +m3)2

]
W (4) + (m2 +m3)2, (9.38)

M2
56 =

[
(M456 −m4)2 − (m5 +m6)2

]
W (5) + (m5 +m6)2. (9.39)
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