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CHAPTER I

HISTORICAL DEVELOPEMENT OF THE ANALYSIS
OF STATICALLY INDETERMINATE PRESTRESSED
CONCRETE BEAMS

An analysis of continuous concrete beams was first undertaken
by G. Magnel of Belgium (1, 2). The analysis included continuous beams
with equal spans worked out by virtual work method with reactions at
supports selected as redundants,

E. Freyssinet (3) of France, contributed practical notes for
designers on methods and applications to various continuous and dis-
continuous structures.

A, L. Parme and G. H. Paris (4) determined the redundant
moments at the supports due to prestressing by one cycle distribution
method.

D. W. Cracknell and W. A. Knight (5) suggested the method of
"eut'" in their paper. By this method the beam is assurﬁed to be cut at
the points of support so that the moment continuity is destroyed. The
relative slope of the ends of members meeting at the cut are easily
obtained by area moment propositions, and the method proceeds direct-
ly to the determination of the moments required to re-establish con-
tinuity.

E.G. Trimble (6) of England éalculated the fixed end moments
due to prestress and distributed these by Hardy Cross Method.

Y. Guyon ( 1) investigated the pressure curves and their

1



relation to the line of gravity due to resulting conditions imposed on the
cable, the effect of the superposition of external loading, and several
methods of determining ''concordant'" cable lines satisfying given con-
ditions.

R.B.B. Moorman (8) introduced ''the equivalent load method"
for the analysis. The effect of cable tension can be expressed as dis-
tributed or concentrated load from the shape of the moment diagram
due to prestress. The analysis becomes a simple matter of applying
any ordinary method.

A.E. Komendant (9) deserves special credit for discussing
prestressed continuous truss girders.

E.I. Feisenheiser (10) made use of the advantage of prestress-
ing combined with continuity in the determination of fixed end moment
formulas for various conditions of prestressing, which helped to make
combination feasible. The line of thrust and the kern boundary concepts
are advocated for the use of design.

Newmark (11, 12) applied his numerical procedure in analysis
of continuous prestressed beams. The rotation of the beams over the
supports can be determined by this procedure.

Moorman's "equivalent load method" was applied to the moment
distribution method by T.Y. Lin (13).

Kao (14) presented the example of slope deflection method to
prestressed continuous beams.

The virtual work method with the support moments selected as
redundants was used by the writer to present the example of Clapeyron's

three moment equation to the extension of prestress.



Finally, the application of the Carry-Over concept originated
by J.J. Tuma (15) was extended to prestressed concrete continuous

beams by Munshi (16).



CHAPTER II

DERIVATIONS OF THE SELECTED METHODS

Selected Methods:
(Il A) Virtual Work

(I B) Carry Over
(II C) Slope Deflection

(I D) Moment Distribution

Definition of Problem.

The continuous prestressed beam of variable cross section
acted on by a general system of transverse loads, with the pres-

tressing cable of any shape i$ considered: (Fig.1)

\
j‘.
AR

B

»x
»

Fig. 1
GENERAL SKETCH



The bending moment on any arbitrarily selected section of the

basic structure ij can be written as:

M@ = ev® ¢ M E + M.E + He
X X iL. j L.
x = 0—=1, J J
J
Similarly:
M9 = MO ¢ M EL o+ M E 4 He
X X j L iLL
k k
x = 0—=L

k

(Eq 1-a)

(Eq 1-Db)

The vertical reactions in terms of the end moments are:

M. - M.
R, = —4_ ' + BR,
iy Lj iy
M, - Mj
R. = + BR.
Jy Ej iy

(Eq 2-a)

(Eq 2-D)

where BRiy is the reaction of a simple beam at i due to the applied

loads.



H_ .
i e T H\M
\if _ -~ N J
A

t-i

\ Bending Moment. due. to
Loads

~.. Bending Moment due to Mi

‘ —
e )q/ Bending Moment due to Mj

—> | ﬁ Bending Moment due to

N He — 7 . Prestressing Force (H)

(He diagram is plotted by measur-
ing the cgs eccentricity from the
cge. )

Free Body Diagram of Span ij for Bending Moments. Fig. 2




The Angular Flexibility (Fji) is the

end slope of the simple beam ij at’
j due to a unit moment applied at
that end. Fig. 3-a

.BEAM FUNCTIONS TABLE I
M=1
Fig. 3-a
xzdx - _
5 = 4 = Gi'
L°EI J J
X

The Carry Over (Gij) is the end

slope of the simple beam ij at i
due to unit moment applied at the
far end j. Fig. 3-a

Angular Flexibility (Fij) is the end

slope of the simple beam ij atj .=
due to a unit moment applied at
that end. Fig. 3-b

“pede

x'x dx

EI A
X

The Carry Over (Gji) is the end

slope of the simple beam ij at j
due to a unit moment applied at
the far end i, Fig. 3-Db




TABLE I continued

Angular Load Function (Tij(L) )

is the end slope of the simple
~beain ij at i due to loads.

Angular Load Function (7. (L) )

ji
is the end slope of the simple
beam ij at j due to loads.

Fig. 3-c Fig. 3-c
T, (.H) -Prestressing cable
S |
YA S ————— 1 7
, (H)
® T ®
Fig. 3-d |
He x' dx - (H) He x dx  _ (H)
LET_ i T LEL Tii

Angular Prestress Function
(‘Tij(H) ) is the end slope of the

simple beam ij at i due to pres-
tress. Fig. 3-d

Angular Prestress Function

('rji(H) ) is the end slope of the

simple beam 1ij at j due to pres-
tress. Fig. 3-d




(ILA) VIRTUAL WORK

Derivation of Three Moment Eqguation

The spans 1j and jK of the continuous prestressed beam are con~
sidered.

Neglecting the strain energy of shear, normal force and volume
change, the total strain energy will be equal to the sum of the ener-
gies absorbed by each of the spans, thus:

Uj.ij = Uij + Ujk (EQ II A-1)
where: j
(M (i)>2 dx
U, = _x (EQ II A-2a)
J 2RI
i
1\ 2
(MX(J)) dx
U. EQII A-2b
I 2EI_ (EQ )

Selecting support moment M, as a redundant, and applying

Castigliano's First Theorem of minimum energy:

OUik = 20U + 2Uy = o (EQ I A-3)

(EQ II A-4a )
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and

( EQ II A-4b)

The values Mx(l) and MX(J) of EQ- la, 1b are differentiated
partially with respect to Mj yielding the results:

sv () . sy () '
X . X 4, an X ~ X _
——————BMj = TJ an Lk (EQ II A-5)

Substituting the results of EQ II A-5 , and the expressions for
the bending moments from EQ la, 1b into the EQ's II A-4a, II A-4b,
and again substituting these results in EQ's II A-1, after expanding and

rearranging:
J
BM, ) x ax
LEL " *
. jx
i
J
He(l) x dx +
L. EI
. X
i
k
(). :
BMX x Tdx < x! dx
T ET * My )
i kT x Lk EI

g ) et g
(54

X
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Replacing the integrals of the above equation by their nomencla-
ture of beam functions from (Table I)to EQ II A-6, the equation can be
written as:

G

. (L) (L) (H) (H) .
MiGij + Mj (Fji + ij) + M ,+ Tii + Tik + Tii + Tik 0

kTkj
(EQ II A-T)

Denoting:

Fem

i
|
e

(EQ II A-Ta)

(EQ II A-Tb)

and,
H) . . @\ o @) "y
. . = T T, EQIT A-Tc
(731 Tik j ( )
the general Clapeyron's Three Moment Equation, with the introduction
of the effect of prestress,can be written in the final form as:
M.G,. + M. ZF. + M
11~ J J

(L) H) .
kaj + E‘Tj + E‘Tj | 0

(EQ II A-8)
By considering every pair of adjacent spans, in a like manner,

the required number of equations can always be written and solved

simultaneously,
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(IIB) CARRY OVER

The three moment equation, EQ II A-8 is considered again:

' L) (H) _
M.G.. + M.EF. + MG, + £ 1) 4 5o = 0
ij b kkj 73 ]

Dividing the equation through out by EFj and rearranging:

+ (L) (H) .
C= Ty o T MGy My Gy, (EQ II B-1)
J TF. =T, TF. TF,
J J J J
denoting:
(H) (L))
- (-Tj T = m, . (EQ II B-1a)
T F, ]
J where mj is the starting
moment at j.
= r,. (EQ II B-1b)
EFj 1 where Ty is the carry over
factor from 1 to j.
G, .
S <R -
T Tl; (EQ II B-1c)
o : where r, . is the carry over

kj
moment factor from k to j.

Replacing these values in EQ II B-1 the final equation of the

redundant moment becomes:

Mj = mj + Mi rij + Mk rkj (EQ II B-2)

For a n-gpan continuous beam there are n-1 interior supports,
and n-1 moment equations in the above form,may be written to solve
the unknown support moments. By the algebraic carry over method
each moment consist of an infinite series, convergent and geometric

which is a basic series.
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For a starting moment of m = 1, and with carry over factors
of b and c the procedure is shown for a three span bridge by the fol~ .
lowing illustrative table.

i j k 1
& = . 5 a
| L SN L
I - e ]
b c
Ilustrative Table: .
Carry Over Procedure
Supports 1 2
C.O.F b | ™ ¢
S. M. 1 N 0
1st C. 0. M. X g
2nd C.O. M. be
3rd C.O.M. bzc
>
Final Mom. L L

The procedure of the algebraic carry over will be shown in
greater detail in the numerical example.
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(II- C) SLOPE- DEFLECTION

Considering again the basic structure of épan ij with the slope
deflection - moment distribution, sign convention, ( Fig. 4 ):

Fig. 4

External work = internal work, where the external work is due
to the loads and reactions, and the internal work being the strain . .

energy due to bending only:

UL + UR = US (EQII C-1)
where:
UL = External work due to loads.
UR = External work due to reactions.
Ug = Strain energy due to bending only.

Selecting Mi" and M. as the redundant moments and differen-
tiating EQ II C-1 with respect to these redundant moments, deforma-

tion EQ's are obtained.

Thus:
0+ Vg = g (EQ II C-1a)
5, 5,
1 1
0o+ %Yr = 95 (EQ I C-1b)

BMj oM.
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Expressing,

R. A, + M.,
iy By T M G

where:
ei = angular rotation at i.
Gj = angular rotation at j.
Aiy = vertical displacement at i.
A. = vertical displacement at j.

: 1
Riy and Rjy are given by EQ's 2a, 2b.

After proper substitutions and rearranging, deformation

equations follow: -

] j
A+ A
g A <12 dx - M x x! dx
] 1.2 B1 L2 BI
R ix
i i
j j
() BM_ 1) xv ax
+ HeV'/x! dx + X (EQ II C-2a)
TR LRI
J X iTx
1 1

and,
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i
- Aiy - AjX + Gj = -M, x x! dx + M X dx
L L. EI L, *BL,
i
J j
(i) BM. W)y ax
_ HeV/x dx X (EQ II C-2b)
L EI L.EI
mX i x
i i

Replacing again the above integrals by their values given in
table I, the equations above can be written as:

A. +A. ,
i -+ - _ (L) (H)
Lj + 0, Fys My Gy Mj_+7ij 755
(EQ II C-3a )
A, + A,
-y W 46 = g, M o+ F.oM - 7 @), (H)
Lj j ij i it 73 ji il

(EQ II C-3b )

Solving these two equations simultaneously for end moments
Mi and Mj’ and denoting:

FiyFii = Gy Gy = N ( EQ II C-4)

. £ =y (EQIC-5)
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(L) (L)
M, = M., = S50+ i3 o6+ Tt Gy Ty 10957
! 1) N N N
- (H) (H)
L T+ Gy (EQ II C-6a)
N
+ - (L) (L)
M, = M, = Tij 6, + Cij 6+ Sy Ty g+ TCyT +Ful
] I N Nt N N
- (H) (H)
+7G5TE 4 BT (EQ II C-6b)
N
where each function is denoted as in the following table II.
Using the notation of:
- (L) (H) -
Py = FMG) 4 Egs (EQ II C-7a)
FM., = FM. () + pa, (D) (EQ II C-7b)
i i i

and writing the equations II C-6a and II C-6b by the nomenclature of

table II, the general slope deflection equation is presented:

M.

(A) -
jj = Kyyf; + CKy; 0, + FM;, + FM,, (EQ II C-8a)

]

M K..6. + CK..0, + FM,. + FM_, (&) (EQ II C-8b)
i 1j°1 i i

ji

The condition of continuity of the beam over the supports
(Mji-H\/Ijk = 0) give one equation for each support. We, therefore al-
ways have enough number of equations to be solved simultaneously for
the unknown rotations at each support. Substituting the values of

these rotations in the above slope deflection equations the final end

moments are obtained.



18

BEAM FUNCTIONS

TABLE II

/AT\\

1 rad

Fig

e O

The stiffness factor Kij is the

moment required at i to produce
a unit rotation at i when end j is
fixed. Fig. 5-a

The stiffness factor K’i is the

moment required at j to produce
unit rotation at j when end i is
fixed. Fig. 5-b

ji
. K., = 1)
Fig 5-b ji N
The carry-over stiffness factor
CK.. is the moment induced at
Gi = 1 rad .

j due to a unit rotation at i when
j is fixed. Fig 5-c

G..
- ij
Fig 5-c CKlJ N
The carry-over stiffness factor
6. = 1rad CK.. is the moment induced at i
CK.. J J . . . .
] due to a unit rotation at j when i
" \ is fixed. Fig. 5-d
A
® ®
Fig 5-d
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TABLE Il continued

(L) - (L)
L
v () FIVI( . }

*The fixed end moment FM, J(L

of the beam at 1 due to external
loads. Fig 5-e-

@ Fig. 5-e @ L
’ (L) (L) The fixed end moment FMJé )
_G11T13 Fij Tji FM (L) of the beam at j due to external
ji loads. Fig. 5-e
- (H) H)
) T Gy
1 N The fixed end moment FM1§H)
of the beam at i due to prestress
Fr H) ME) pig. 51
ij ji .
(S )
1) Fig. 51 ) The fixed end moment FMJ(H)
of the beam at j due to prestres
-G, 7. 4 w7 (H) Fig. 5-f : P i
ij ij 1 i v ()
ji
‘ F.. +G
Ay _ ji
M, (&) =
13 N 4 The fixed end moment FMi;(A)
of the beam at i due to displace-
FM‘(A) FM (A) ment of supportiat i.

Fig. b5-g

The fixed end moment FMji(A)

of the beam at j due to displace-
ment of support at j.
Fig. 5-g
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(Il D) MOMENT DISTRIBUTION

Congidering the equilibrium of the beam at the support j:

IM. = M,, + M,, = 0 EQ I D-1
i ji ik (EQ )

The above end moments in form of the slope deflection equa-

tions are:

]

M., = K..0. + CK,.0, + FM., (EQ II D-2a)
ji i ij7i ji

i

K, 6. + CK. 0 + FM, (EQ II D-2b)

M.
Jk AL Jk Jk
The effect of rotation of the beam at j due to unequal fixed end
moments on the two sides, when the beam is fixed against rotation at

i and r can be represented by the following equations:

M.. = K..6. + FM.. EQ II D-3a
Ji ] J (EQ )

M. = K.6. + FM.

ik " ik (EQ II D-3b)

Substituting the above equations to EQ II D-1 for their end-moment

values we have:

6, (K.. + K.,) = - (FM.. + FM, EQ II D-4)
j (Ky; Jk) (FM,; k) (EQ )
denoting
K., + K, = K,
i ik ]
and,
FM,, + FM, = IZFM,
i ik
and solving for 6.:
ZFM, ;
6, = - —mp—i— (EQ II D-5a)
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By a similar approach the effect of rotation of beam at sup~

ports i and k, etc., when the beam is fixed against rotation at corres-
ponding adjacent supports we can show that:

"fEFMi
and, EFMk
Gk = - —EK—I;——‘ (EQ I D“'5C)

then, substituting these values back in equations II D-2a, II D-2b:

K.. CK,.
= __.~_J.]L.__ ____lL )
Mji EKj EFMj + EKi ZFIV[i + FMji
(EQ II D-6a)
K.k CKk.
Mjk “_—J_EK. EFMj + ———————LEKk ZFMk + FMjk
 (EQ II D-6b)
where:
K'i
- _E_JK__ = Dji ; Dji is the distribution factor.
J (EQ II D-7)
CK..
- TKE— = CD; : CD, isthe carry over distribution
j J factor.
(EQ II D-8)

then, the equations above become:

M

i

.. D.. TFM, + CD,, °FM, + FM., (EQ II D-9a)
ji ji j ji j ji

M, = Dy SFM, + CD,, SFM, + FM, (EQII D-9)

i
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where the fixed end moments are due to loads, settlement of supports,
and prestressing, and they are shown by their equivalent expressions
in Table II.

Starting with the fixed end moments as the end moments, nu-
merical procedure of balancing each joint when other joints are treated
as fixed, and carrying over their effects on adjacent joints, can be
established which on repeated operations converges to the final end
moments.

The procedure is fully illustrated in the numerical example.



CHAPTER III

ILLLUSTRATIVE NUMERICAL EXAMPLE

The selected structure below will be analysed by the four me-
thods presented previously,

K 1
X 7AY JAY JAY A

®L © ® ®)
510 oy o | st

General Layout

General Data:

"Del Valle St. Pedestrian Over Cross', built recently by
California State Highway Department, a four span continuously pres-
tressed pedestrian overcrossing with constant moment of inertia is
considered as shown on the drawing sheet. The drawing sheet con-
tains a detail drawing of typical cross sections, position of prestres-
sing cable, computed eccentricities of steel, influence lines due to

prestressing and live load.

Loads:
Gravity load (GL) = 1.463 k/ft.
Uniform 7live load (UL) = 0.45 k/ft.

Prestressing by "Roads Incorporated"

H.

L
He

i

3,369 k
2,864 k

i}

23
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Stresses:
fe! = 4500 psi at 28 days
gt = 0.40 fc!
fcb = 0

Units:

.
All moments, all shears, and all dimensions are in (k-ft),

(k) and (ft) respectively, unless specified.

Loading Cbnditions Studled

Lo o bbb + b b4}

Vo 7o) pay O 7ay

A B C D E
Condition I

for Maximum Moment at B

_ S T S S I W I

A AN A AN AN
A B C D E
Condition Il

for Maximum Moment at C

, N C 1113
X ~ AN i 7 AN
A B C D E

Condition III

for Positivé Moment at Center of Spans DE,or BA; ,
BCor CD '

Fig. 6



(II1-A) VIRTUAL WORK METHOD

Calculation of Elastic Constants:

Angular Flexibilities (Table I)

For constant moment of inertia:
L _ 45 _ 15

Fga~™ Fpr 3BT © 3ET ~ EI

Fec = Fep ~ _FCD'= Fhe =380 = Fi-
LFp = LFp = Fp, + Fpo = 3%-133
BEy = Py * Fop - 2560

Angular CarryOver Values (Table I)

For constant moment of inertia:

= = = =L .58 _ 9.66
sc ~ Y%s * %p T Cpc TFET “6ET T —EI-

Angular Load Functions (Table I)

For constant moment of inertia and due to uniformly distributed load

of intensity W = 1 k/ft:
3 3
. (1) . . (1) _ WL~ _  (1)(45)" _ 3796.88
BA DE 24E1 24E1 El
3 3
)y oo () o (1) - (1) o WL o (1) (58)
BC CB DC CD 24E1 24 EI
. 8129.66
EI

25



26

Angular Prestress Functions (Table I, and refer the drawing)

Due to H = 1 kip:

Applying the conjugate beam method;

H
7A~1(3 :

\]
—~
s

I

(H)
BA

it

H
TB((I )

45

(H)

H
LEI
1
I

E

(1)(24.10) _

0.535

45EI

. H Moment of He diagram on AB
LEI

1

EI

(0.805) (2. 36) - (1.10) (13. 61)
- (0.986) (21.94) + (7.61) (28.51)
-

I5EI

.05 _ _ (H)
Bl DE

(H) _ (H) .
TCcB cD

[ Moment of He

l: (7. 61) (6.18)

diagram on AB about B. ]

(0.986) (23.05) - (L.10)(31. 39}'

(H)

"D

about A.

(H) _ H
™DC T
_ 3.19
o)

+ (0.805) (42. 64)

I

Area of 172 He
EI | diagram on BC.

Calculations for Different Combinations of Loading and Prestressing.

Angular Load Functions due to Gravity Load.

GL
TBE\ )

(GL)

BC

GL
TDE(} )

=1

(GL) _

cB

3796.88 5555
.463 x BT BT
(GL) _ (GL) _
TDC TCD = 1,463 x
11,894

- EI

EI
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(GL) _ (GL) (GL)
LTg TBA t Tpe
_ 5555 11,894 _ 17, 449 )
R - (from EQ II A-Tb)
(GL) _ _ 2(1,894) _ 23,788
ETe 270 Bl BT

Angular Prestress Functions due to Hi.

(H,) o
TAR = not required in this case.
JE ), 405 13,644
BA DE ’ EI EI
@) ) ) ) gy
™BC CB CB DC s OOV X TRET
_ 10,747
EI
(H,) (H,) (H,)
LTh = TRA + Txe (from EQ II A-7c)
_ 13,644 +10,747 _ 24,3091
EI EI
(H,) (H,)
TR AP i’ _ 2 (16,747) _ 21,494
C CB EI EI

Angular Load Functions due to Combinations of Gravity

Load and Initial Prestress.

- (GL +H;) 17,449 +24,301 _ 41,840
B - EI ET
(GL + H;) 93,788 + 21,494 _ 45,282

ETq = BT = TET
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Angular Prestress Functions due to Hf:

(H,)
'T'AB = 1is not required in this case.
J W H) e 4.0 11,599
BA DE , Bl Fi
(Hf) _ (H,) _ (H,) ) (Hf) ) 3.19 _
8¢ " "¢ "~ ™dc T Tep T 2,864x gy =
_ 9,136
231
(H,) (H,) (H,)
E'TB = TBA 4 TBC (from EQ II A-Tc)
_ 11,599 + 9,136 _ 20,735
8 BT B
o B ag9,136) 18,272
C CB BT BT

Angular Load Functions due to Combinations of Gravity

I.oad and Final Prestress.

. (GL +Hg) 17,449 + 20,735 _ 38,184

B - EI EI

o (GEFH) 23,788 4 18,272 42, 060
c EI EI

Combination of Gravity Load and Initial Prestressing.

Substituting the numerical values in the simultaneous equa-
tions, EQ II A-8, and multiplying throughout by EI.
MB (34.33) + MC (9.66) + 41,840 = O

My (19.32) + M (38.66) + 45,282 = 0
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Solving the two unknown support moments by determinants

we get:
34. 33 9.66 .
Det. = 19 395 33,66 | = 1140.46
(-41, 840) 9.66
MB - _{(-45,282) 38.6 = -1034.76
1140. 46
[34. 33 -41, 84(1]
MC - 19, 32 -45,28 = -§54.28
1140, 46
Combination of Gravity Load and Final Presiressing.
Similar to the procedure above we have, for the case of Hf,
MB (34. 33) + MC (9.66) + 38,364 = O
MB (19.32) + MC (38.66) + 42,060 = O
':(—38,184) 9. 66
MB - -42, 060 38. 66 = -938.12
1140. 46
[34. 33 -38,184 -]
MC _ 19. 32 -42,0601 _ _619.23
1140. 46
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Maximum Negative Moment at B Due to Uniform Live Load Only:
Using Condition I, Fig., 6.

Angular Load Functions.

TBiUL) = 3796.88 x 0.45 = 108:99

a0 = 7 UM - g120.66x 0.45 = 3838:30
o -l e

Tt = 3706.88 x 0.45 = 1198.09

pr{UL) . 5366.04

Symultaneous EQ's:

Substituting the numerical values in the simultaneous equa-
tions, and solving these equations by Gauss's * Elimination Method

final support moments are obtained.

My (34.33) + My (9.66) + 5366.94 = 0

My (9.66) + M, (38.66) + My (9.66) + 3658.35 = 0

C

My (9.66) + My (34.33) + 1708.59 = 0

- * See Salvadori and Baron, ''Numerical Methods
in Engineering'', pp. 17-20, Prentince-Hall, Inc., N.J.
1959. .



Representing the above EQ's in Matrix Form: °

B C D
34.33 9. 66 0
9.66 . 38. 66 - 9. 66
0 9. 66 34,33
we have:
0.281 0
0 1 0.269
0 1

Reading the matrix:

31

_(UL)
-5366. 94

-3658. 35
-1708.59

-156. 33
- 59.76
- 35.65

M = -35.65
My = -59.76 - 0.269 (-35.65) = -50.16
Mp * -156.33 - (0.281) (-50.16) = -142.24

Final Results for Maximum Negative Moment at B.

Combinations of: GL + I—Ii + UL for Condition I.

GL + Hi = -1034.76
UL = - 142.24
_ _ 1177.00
MB = -1177.00
Combinations of: GL + I—If + UL for Condition I.
GL + Hf = -938.12
UL = -142.24
= -1080. 36
M., = -1080. 36

B
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Maximum Negative Moment at C due to uniform Live Load Only:
Using Condition II, Fig, 6.

Angular Load Functions.

(UL) - 3658, 35 - (UL)
ETB BT ETD

(UL) _ 7316.70
LTa —ET

- Symultaneous EQ's

The resulting three moment equations for this condition,
written simultaneously, are:
MB (34.33) + MC (9.66) + 3658.35 = 0
Mg (9.66) + My (38.66) + M (9.66) + 7316.70 = 0
+ MC (9.66) + MD (34.33) + 3658.35 = 0

Representing these equations in matrix form:

(UL)

MB MC MD T
34. 33 9.66 0 -3658. 35
9.66 38.66 9. 66 -7316.70
0 9.66 34. 33 -3658. 35

solving the above matrix by Gauss's eumination:

0.2814 0 -106. 56
1 0.268 -174, 94
0 1 - 62,00

reading the above matrix for the end moments:

M = -62,00
My = -174.94 - (0.268) (-62.00)
M. = -158.32



33

Final Results of Maximum Negative Moment at C

Combinations of: GL + Hi + UL for Condition II,

GL + Hi = -654.28

UL = -158.32

-812.60
MC = -812.60
Combinations of: GL + Hf + UL for Condition II.
GL + Hf = -619.23
UL = -158. 32
-777.556
MC = -777,.55

For Maximum Positive Moments at Center of Spans BA, or DE;
BC, or CD Due to Uniform Live Load Only, Using Condition III,
Fig, 6.

Angular Load Functions.

(UL) . (UL) _ (UL)__ (UL)_
TAB TBA cD ™DC 0
(UL) _ (UL) _ 3658. 35
BC - TcB )i
_ 1708.59
DE Bl

Symultaneous Equations .

My (34.33) + Mg (9.66) + 3658.35 = 0
My (9.66) + My (38.66) + Mp (9.66) +3658.35 = 0

+ Mg (9.66) + My (34.33) + 1708.59 = 0
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putting in matrix form:

Mg, M My, +(UL)
34. 33 9. 66 0. -3658. 35
9. 66 38. 66 9.66 -3658. 35
0 9. 66 34, 33 -1708. 59

Solution of the matrix by Gauss's elimination gives the sup-

port moments of the spans considered:

0.281 0 -106. 56
1 0.2687 - 73.13
0 1 - 31.60

Reading the above matrix for:

MD = -31.60
MC = -T73.13 - 0.2687 (-31.60) = -64.64
MB = -106.56 - 0,28l (-64.64) = -88.40

Final Moments at Center of Spans BA, or DE: BC, or CD.

Span DE is considered:

Combinations of GL. + H. + UL which will produce positive

maximum moments at the center of span.

M. + M]SUL) - -1034.76 - 31.60 = -1066. 36

D

Ther efore, the moment at the center of the span due to MD

is -533.18.

distributed load is

The moment of a simple beam at the center due to uniformly
2
V‘éL Plugging the values in we get:

2
(L. 9138) (45) =+ 484,22
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The moment of a simple beam due to prestressing only is the
He. Therefore:
_ 1.38 _
Hie = g X (3,369) = - 387.43
Superimposing these three cases, the final moment due to

the above conditions is: - 436. 39

Combinations of GL + H,f + UL producing maximum posi-
tive moment at center of span.

(UL) . _ _ = -
MD + MD = -038.12 3l.60 = -969,72
Therefore, at center of span the moment is -484;86.

The moment of a simple beam at the center due to the uni-

formly distributed load was + 484.22,

The moment of a simple beam due to final prestressing only:

1.38 . :
er = =5 x (2,864) = - 329,36
Adding these values together the final moment due to the con-

dition above is: -329. 36

Spans BC or CB is considered:

Combinations of GL. + I—Ii + UL which will produce positive

maximum moments at the center of spans.

End moments are:

M + MéUL) = -1034.76 - 88.40 = -1123.16

My MéUL) = -654.28 - 64.64 = -T18.92
Moment at center of span due to MB is = -561.58
= -718. 92

Moment at center of span due to MC is
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The moment of the simple beam at the center of the span,

loaded by distributed uniform load only:

2
1.913 (58) = + 804,42

The moment of the simple beam due to the initial prestress

only:

_3.69 _
He = -~ x (3.369) = -1037.65

Adding these values together we obtain the final moment due

to above conditions, the moment being equal to -1154,27.

Combination of GL + H. + UL producing maximum positive

moment at center of spans.

End moments are;

M, Mé’UP) = -938.12 - 88.40 = -1026.52

My + MéUL) 619.23 - 64.64 = -683.87
Moment at center of span due to MB is = -513.26
= -341.94

Moment at center of span due to MC is

The moment of the simple beam at the center of the span,
loaded by distributed uniform load only: +- 804. 42
Moment of a simple beam due to final prestress only:

__3.69 _
Hee = -—p— x (2,864) = -882.11

Adding these values together we obtain the final moment due

to above conditions, the moment being equal to -932. 89.



(III B )

CARRY OVER METHOD

Calculation of Eldastic Constants:

Angular Flexibilities

The values are already calculated.

(Table I)

See page 25,

Angular Carry Over Factors

The values are already calculated. See page 25.

Moment Carry Over Factors

(EQ's II B~1b, and II-B-lc)

-G
_ “YBC _ -9.66/E1 )
sc © “pC LT 38.66,/01 0.2498
. ey “Gep | -9.66/E1 0. 2814
CB CD ~ TFg 34, 33/EL '
Algebraic Carry Over Tables
Mmp = mp = 1 TABLE IIla
Supports B C D
———e e —— . . e e S— PR -
C.0O. I, b C d e
S. M 1 0 0
1st C.O. M. P b .
\
2nd C. O. M. be L be
3rd C. 0. M. b (bete’)
be (bete?) bd (be+e?)
1-de e bd
z Y. Y. Y.
- XL B Py ES
Final Moment MPE ) MC(B) MD(B)

37
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The table demonstrates that the moments form infinite con-

vergent geometric series.

Y1 = 1 -Dbc - de
Y, = 1 - (0.2498) (0.2814) - (0.2814) (0.2498)
Y1 = 0,8594
(B) _ 1- (0.2498) (0.2814)
MB 0 8504 1, 0818
(B) _ (0.2498) (0.2814)  _
MD 0. 8594 0. 0818
(B) -0.2498 _
Mo 08504 0.291
me =1 TABLE Illb
Supports B C D
——— — — e —
C.O.F. b c d e
S. M. 0 1 N 0
N
1st C.O. M. C d
2nd C. O. M. \ bec + de
3rd C.O. M. ¢ (bc + de) \ d {(bc + de)
4th C.O. M. \ (be + de) 2
5th C.0, M, ¢ (be + de) d (be + de)?
c 1 d
Y1 Y1 Y1
: ' v (C) (€) <)
Final Moment ; MR M(“ MT)




(C) _ -0.2814 _

Mg 0.8594 0.3274
(C) _ 1

Mé 5.8504 1.164
(C) _ -0.2814 _

Mp™" = 58504 0.3274

Angular Load Functions

The angular load functions for the uniformly distributed load,

and for the different cases of loading are already computed.

See Page

Angular Prestress Functions

The angular prestress functions are already calculated

See page

Starting Moments (EQ II B-1a)

S. M. due to GL:

(GL) , . (GL)

39

miGL) _ (GL) __ "BA BC _ _ -17449 - _
B mp TFg 34,33
= -508.27
;. (GL) . _ (GL)
m(GL) _ _ 'BC CD . -23788 _ e o
C TF 38.66 .

S. M. due to Hi':

. i i
e U UV N - o _ - 24,391
B D ST 3%. 33

= -710.49



=
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- (Hy) CH\y

m(Hi) _ "cB T "cp D -2L,494 L eee g0

C IF 38,66 e
S. M. due to ELf

(He) (H,)
B D TFg 34.33 :
(H,) (H,)

o) TcB T Tep | -18,2T2 | 4y g4

C TG 38. 66 -

Final Support - Moment Equations

= (B) (C) (D)
MB rnB MB + rnC MB + rnD MB

= (B) €) (D)
MC rnB MC + mC MC + rnD MD

- (B) (C) (D)
MD mB MD -+ mC MD + D MD

Combination of GL. + I—Ii

Starting Moments

m = -1218.76

mg D

i

m ~ -1171. 29

Final Moments due to above conditions:

(-1218. 76) (1. 0818) + (-1171.29) (-0.3274) + (-1218.76) (0. 0818)

-1318.45 + 383.48 - 99.69

M

D ~-1034. 67

5 .



41

My = (-1218.76) (-p.291) + (-1171.29) (1.164) + (-1218.76) (-0.291)
My = +354.66 - 1363.38 + 354.66
M = -654.06

Combination of GL, and H

f

Starting Moments

mp = mD = -1112. 26

-1087. 94

Mo

Final Moments due to above conditions:

Mp = (-112.26) (1. 0818) + (-1087.94) (-0,3274) + (-1112. 26) (0. 0818)

My = -1203.24 + 356.19 - 90.98

My = -938.03 = My

My = (-1112.26) (-0.291) + (-1087.94) (L.164) + (-1112.26) (-0.291)
= 323,67 - 1266.36 + 323.67

My = -619.02

Maximum Negative Moment at B Dué to Uniform Livle Load Only:
~ Using Conditioni 1, Fig. 6..

Angular Load Functions

The angular load functions for this case are already worked

out. See page

Starting Moments

(UL) (UL)

+ T
(UL) _ _ 'BA BC _ -5366.94 _ _
my i LTy 34. 33 156. 33
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(UL) 'TcéUL) 3658. 35

me T TIE, = 3366 - 9463
(UL) 'TDéUL) 1708, 59

mp " TF, 7 T3asz T T

Moment equations due to above conditions:

Mp = (1.0818) (-156.33) + (-0.3274) (-94.63) + (0.0818)(-49.77)
(uL) _
Mg 142.21

Final results of maximum negative moment at B'.

Combinations of GL + Hi 4+ UL for Condition I, -

(GL + H,)
M 17 ¢ MmlUN) = _1034.67 -142.21 = -1176.88
B B |
Combinations of GL + I—If 4+ UL for Condition I.
(GL + H.)
M, £ 4 M](gUL) = -938.03 - 142.21 = -1080,24

Maximum negative moment at C due to uniform live load only:

Using Condition II, Fi>. 6.

Angular Load Functions.

The angular load functions for this case are already calculat-
ed. See page

Starting Moments

(UL) _ _ "BC _ -3658.35

mp T TEF, T 3433

1

-106. 56
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T + T
(L) . _ "BC cD . -7316.70  _ _
m e ® IF, —33.66 189. 26
T
(L) _ _ TDC o
m - o 106. 56

Moment equations due to above conditions:

MC = (~106.56) (-0.291) + (-189.26) (1.164) + (-0.291)(-106.56)
MC = 31,01 - 220.30 + 31,01
MC = ~-158, 26

Final resulis of maximum negative moment at C.

Combinations of GL + H. + UL for Condition II.

1" ¢ mUL) - _g54.06 - 158.26 = -812.26
c ¢

Combinations of GL + H. + UL for Condition II.

(GL + H,)

MC + M

UL)

¢ = =-619,02 - 158.26 = - 7T77.28

For maximum positive moments at center of spans AB or DE; BC, or
CD Due to Uniform Live LQad‘iny‘., U,sing..Cpndition III, Fig. 6.

Angular Load Functions.

The angular load functions due to uniform live load for this

case are computed already in page
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Starting Moments.

__(UL)
(uLy _ _ "BC _ -3658.35 _ i
mp LFg 54,33 106. 56
_ (UL)
wL) _ _ "cB _ -3658.35 _
me T TTIFG —38.66 94.63
(UL) _ __ZDéULJ . - 1708.59 o .
mn - EF L T34, 33 .

Moment equations due to above conditions:

MIUY) = (-106.56)(1.0818) + (-94.63)(-0.3274) + (49.77)(0. 0818)
= -115.28 + 30.98 - 4.071
MiUH) = -gg. 37

M = (-106.56) (-0.201) + (-94.63) (1.164) + (-49.77) (-0.291)
= +31.01 - 110,15 + 14.48

L (UL)
M 64. 66

=

b = (-106.56) (0.0818) + (-94.63) (-0.3274) + (-49.77) (1.0818)
= -8.72 + 30.98 - 53.84

Final Support Moments.

Combination of GL. + H. + UL.

(GL -+ H,)
My iy LaéIHQ) = -1034.67 - 88.37 = -1123.04
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M((ZGL TOH) 4 M((:UL) = _654.06 - 64.66 = -718.72
(GL + H.)

M ¢ UL o _4034.67 - 31.58 = -1066.25
D D

Combinations of GL -+ Hf + UL for condition III.

(GL + H.)

M, 74 MéUL) = -038103 - 88.37 = -1026.40
(GL + H,)

M £ 4 M((:UL) ~619.02 - 64.66 = -683.68
(GL + H.,)

M, £ . M]()UL) -038.03 - 31.58 = -969.61

Once. the above support moments are calculated the pro-
cedure of superposition in finding the moments in the center of the
spans is exactly the same as for previous methods, so that part of

the procedure will not be illustrated again.



(111 C) SLOPE DEFLECTION

Calculation of elastic constants.

Angular Flexibilities,

Faa = Fap 7 1Y EI
. . _ 19.33 See page 25,
CB BC EI

Angular Carry Over Values,

G, =L - 4 _ 750
AB 6ET 6EI EI
See page2h ,
- _ 9.66
Ggc * Gep * TEI

Evaluation of Constant N. (EQ II C-4)

Nap ® Nga © FapFpa - Gap Gan
. as? - (7502 - 168.275
Bl
Nge = Neg ® Fpe Fep - Gge Gne
(19.33)° - (9.66)> _  280.32
E1° BI12
Stiffness Factors{From Table II}.
B |
] _ Fga 15 }
Kap = Kgp ~ N, _ 168.75 0.888 EI

46
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- 19.33

BC CB " 380 30 0.689 EI

Carry Over Stiffness Factors (From Table II).

G
i _ SaB _ 750 _
CK_, = CKpp = et 0.444 EI
AB
G
i} _S%Bc . 9.66 ;
CKep © C¥pe = x ® 7280.32 0.345 EI
CB
Fixed End Moments (From Table II).
Due to unit loading,
(1) (1) -
e (1) . - BATABTBA CaB . Cap F
FMpp N.n AB ZBAT N,
. (7.50-15 = -
3796.88 {Lo00x 168. 74
1 (1)
G AT + FoaTo A
P ) = - BAAB _ BABA . 6874
AB
(1) (1)
__ Fep'ce * Cc’cB
FMpc N -
BC
(-Fep 1 Cpcl
= T _ =
CB = BC Neo
_ 8129.66 (-19.33 + 9.66) )
= 280, 32 = -280,44
“Bc"BC T FCBTCB |, 440 44

FMep = 380,32



Due to GL.
FMyg = -168.74 x 1,463 = -246,86
FMp, = +168.74 x 1,463 = +246.86
FMBC = -280,44 x 1,463 = -410.28
FMCB = +4280.44 x 1,463 = -+410,28

Angular Prestress Functions.

Due to Unity.

) _ 0.535
TAB TBD T T EI

_ 4,05
™A © "™DE TTTET
8¢ T "¢cB T "¢cp T "DE

Due to Initial Prestressing.

Tap ® Tpp ° 3,369 (0.535) =
- _ 13,644
BA DE Bl

B¢ T e T "¢ T "pC

Due to Final Prestressing.

T.o = T = 2,864 (0.535) =

AB ED

3.19

- El

1802. 42

EI

_ 10,747

Bl

1532.24

EI

48
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Due to H. .
(H,) (H.)
oy i) TaB7aBt T GapTma f
AB N
AB
oy W), 15 (1802.42) + 7.50 (13,644) _ 440 14
AB 168,75 :
(H,) (H;)
. (Hi) o GBATAB i’ + FBA'TBAl
BA N5
(-7.50) (1802.42) + (15) (13, 644)
S M 1132, 69
) + G
VN U S el Bl - <)
BC Npc
(i)
i) 9,136 (-19.33 + 9.66) _
FMpe ™ - (280. 32) 370.74
(H,)
FMog & = +370.74
Due to H, .
() (H,)
ey B0 Fma’ap  * Gap"ma
AB N,
. 15(1532.24) + 7.50 (11,599.2) _
. SaSES = + 379,26
(H,) (H,)
e B %a’aB T * FpaTpaf
BA N.n

(-7.50) ( 1532.24)16; }{g (11,599.2) . 1 94384




o0

(H,) (Hf)( F ., + G
’7’ -
FMBC 7 _ 'CB -~ CB BC’ _ -315. 18
BC
FMag +315. 16
Due to combination of GL + Hi .
(H,) (GL) )
FM,p~ + FM,q = +446.18 - 246,86 = +199.32
(H,) (cL) o
FMp, — % FMBA = +1132.69 + 246.86 = +1379.55
(H;) (GL)
FMp + FMpa = -370.74 - 410.28 = -781.02
(H;) (GL)
FMn~p + FMCB = +410,28 + 370,74 = +781,02
Slope Deflection Equations:
Myg ~ 0,888 EIGA + 0.4444 EIGB + FMAB = Mgp
Mpa © 0.888 EI@B + 0.4444 EIGA + FMBA = MDE
Mp~ = 0.689 EIGB + 0.345 EIGC + FMBC = MDC
MCB = 0.689 EI@C + 0.345 EIGB + FMCB = MCD
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Final Support Moments due to GL + Hi‘

From condition of support equilibrium;

M + M = 0 = 1.5770 EI6, + 0.4444 EIO

BA BC B A

+ (1379.55 - 781, 02)

M = 0 = 0.4444 EI6

AB + 0.8889 EI6

+ 199, 32

B A

Solving the simultaneous equations for EI6, and EIf

B A

respectively by determinants:

r598. 53 0. 4444

[ 199.32 0.8889 | 4545
EIf, = -— = = Iisogy = -368.22
1.5770  0,4444 | b ,

0.4444  0.8889
— o

- o

1,5770 598.53
_ _0.4444 199.32_ . -48.34 o
EI6, = = 15043 = -40.14
1.2043 "
Substituting the values of EIGA and EIGB back to the original

slope deflection equations, the final support moments due to above

conditions are obtained:

Mp, = (0.8889) (-368.22) + (0.4444) (-40.181) + 1379.55
Mp, = + 103440
Myp = 0.345EI6; + 781,02
= 0,345 (-368.53) + 781,02
M.y = +653.98

CB
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Fixed:end moments due to combination of GL -+ I—If.

FMA];Hf) + FM LOT) = 4379.26 - 246.86 = + 132,40
FMBin) + FMg (%7 = +963.84 + 246.86 = +1210.70
FMBéHf) + FMglOM) = -315.16 - 410.28 = -725.44
FMC](BHf) + FMo O™ = 431516 + 370174 = +685. 90

Final support moments due to combination of GL + Hf.

From condition of support equilibrium:

M + MBC = 0 = 1,5770 EIGB + 0.4444 EIQA +

+ (1210.70 - 725, 44)

MAB = 0 = 0.4444 EIQ:B + 0.8889 EIGA + 132.40
Solving the equations for EIQA and EIQB simultaneously
we have: -
[-—485.26 0. 4444
_ L"132,4‘0 Og 8889_1 _ . _372.51 ~ )
EIOB = = 15043 =~ ~909.32
1.2043 ’ '
1.5770 +485. 26
' 0.4444 +132, 40
EI1G ‘ = - = iﬁ:_s_G. = +5.70
A 1.2043 :

1.2043

Substituting the values of EIf, and EIf back to the original

A B

slope deflection equations, the final support moments due to above

conditions are obtained.
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=

{0.8889) (-309.32) + (0.4444) (5.70) + 1210,70

BA
Mp, = +938.28
Mop = 0.345 (-309.32) + 725,44
Mop = 618.72

Maximum Negative Moment at B due to Uniform Live Load Only:

Using Condition I, Fig. 6,

Fixed End Moments,

- (UL) (UL)
V). FBATAB T GapTBA
AB N g
~15 (1708.59) + 7.50 (1708.59)
168.75
(uL) _ ) (UL)
FM 75. 94 FMp
Similarly,
FMg \UT) = +75. 94
a (UL) ;.
en WL _ Fee'Bc *CBc7cB
BC Npe
3658. 35 (-19. 33 + 9. 66)
—a0-33 126. 20
FMo 40 ") = + 126. 20
(UL) _ (UL) _
FM FMop) = 0
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Slope Deflection Equations.

Mg, + Mo = 0

0.4444 EI0, + 1.57T9EI0," +.0.345 E10, - 50.26
Meg + Mep = 0

1.378 EI6,, + 0.345 EI0, + 0.345 EI6, + 126.20
Mg = O

1.578 E16y, + 0.345 EIO, + 0.4444 EI6, - 75.94
M, = 0.8889 EI0, + 0.444 EIoy - 75.94 = 0

=

ED = 0.8889 EIGE + 0.4444 EIGD + 75.94 = 0

Expressing these equations in matrix form and solve for

the unknown slopes by Gauss elimination:

EIGA EIGB - _:E:}IGC EIGD EIGE FM's
0.8889 0.4444 0 0 0 + 75, 94
0. 4444 1.578 0. 345 0 0 | + 50, 26

0 0.345 1.378 0. 345 0 - 126.20
0 : 0 0.345 1,478 0. 4444 +75. 94

0 0 0 0. 4444 0. 8889 ~75.94
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Representing the matrix in upper tvriangular matrix form:

EIGA EIGB EIQC EIGD EIGE FM's
.1 0.4999 0 0 0 85.43
0 1 0. 2544 0 0 9. 06
0 0 1 0.267 0 -100. 26
0 0 0 1 0.2991 + 74,38
0 0 0 0 1 -144,15

and solving for EIf's:

E10, = - 144.15

EIf,, = (0.2991) (144.15) + 74.38 = +117.50
EI§, = -100.26 + 0,267 (117.50) = -131.63
EI6, = 0.2544 (-121.63) + 9.06 = +42.54
EI0, = 0.4999 (42.54) + 85.43 = +64.17

Substituting the values of EIf's back to the original slope deflection

equations the support moment BA due to above conditions becomes;

M 0.8889 (42.54) + 0.4444 (64.17) + 175,94

BA

M + 142,27

BA



56

Final Results For Maximum Negative Moment at B.

Combinations of GLL. + H. + UL for Condition I.

ik

(GL + H,) - (UL)
Mg + Mpa ) =r+1034.40 + 142,27 = +1176.67
Corﬁbihations of GL + Hf + UL for Condition I.
(GL + H.) L
Mg o £ 4 MBA(U ) = 4 038.28 + 142.27 = + 1080. 55

Maximum Negative Moment at Support C Due to Uniform Live Load
Only: Using Condition II Fig, 6.

Fixed End Moments.

3}

M (UL)

UL UL UL
AD FM()=FMDé)=FM()=O

BA ED

( ) = ( ) o= -

FMBC = EMCD = -126,20
( ) = (UL) =

FMCB FMDC +126. 20

Slope Deflection Equations.

Mpp * Mg = 0
0.4444E19A + 1,578 EIQB -126.20 = 0
and,
MAB = 0, 8889 EIQA + 0, 4444 EIGB = 0

Solving the two symultaneous equations for EIGB by determinants:
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0.8889 0
0. 4444 126. 20
EI0, = - ngi; - +93.14
1.2043 :

substituting the value of EIGB to the original slope deflection equation

for the support moment:

Mo H) = 0,345 (93.14) + 126.20 = 0
Mo A0T) = +158. 33

Final Results For Maximum Negative Moment At C.

Combinations of GL + I—Ii + UL for Condition II.

(H, +GL)  *

(UL)
MCB + M

CB + + 653,98 + 158,33 = + 812,31

For Maximum Positive Moments at Center of Spans BA or DE; BC
or CD Due to Uniform Live Load only: Using Condition 1II, Fig. 6.

Fixed End Moments.

(UL) _ o _ (UL)
FM , { 0 FMp {
FMBC(UL) = -126.20
FMCéUL) = +126. 20

(UL) ) (UL)
FM = 0 = FMpl
FMDéUL) = - 175.94
v (VD) o 7504

ED
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Slope Deflection Equations.

MAB = 0.8889 EIGA + 0, 4444 EIOB

MBA + MBC = 0
0. 4444 EIGA + 1,5779 EIGB + 0.345 EIGC - 126,20
MCB + MCD = 0

1,378 EIGC + 0.345 EIBB + 0. 345 EIBD + 126.20

1.578 EIGD + 0. 345 EIGC + 0, 4444 EIGE - 75.94

0.8889 EIGE + 0.4444 EIOD + 75,94

Expressing the above equations in matrix form and solve for the un-

known EIf's by Gauss elimination:

EIBA EIGB EIGC EIOD EIGE EM's
0.8889 0. 4444 0 0 0 0

0. 4444 1,.5779 0,345 0 0 +126. 20

0 0. 345 1.378 0.345b 0 -126.20

0 0 0.345 1.578 0. 4444 + 75.94

0 0 0 0.4444 0.8889 - 75.94

Putting the matrix in upper triangular matrix form:
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f
EIGA EIGB EIGC E16D EIGE FM's
1 0.4999 0 0 0 0
0 1 0. 2544 0 0 + 93. 07
0 0 1 0. 267 0 ~-122,.63
0 0 0 1 0.2991 + 79,58
0 0 0 0 1 - 147,28
Reading the matrix for the solution of EIf's:

EIOE = -~ 147,28

EIGD = 79,58 + 0.2991 (147.28) 123.63

EIGC = -122,.63 - 0,267 (123.63) = -155.64

EIGB = 03,07 + 0,.2544 (155.64) = + 132.66

EIGA = -0,4999 (132.66) = -66. 32

Substituting the values of the EIf's above, to the original sope deflec-

tion equations for the final support moments:

Mg (O = (0.4444) (-66.32) + 0.8889 (132.66) = 0
Mg (O =+ 88,45

Mo 0™) = 0.689 (-155.64) + 0.345 (132.66) + 126.20
M. U)o 46473

CB
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M AUT) = 0.8889 (123.63) + 0.4444 (-147.28) -75,94
Mp 78 = 3150

Final Support Moments.

Combination of GL + Hi + UL for Condition III.

o

MBiGL+Hi) + Mg {"F) = 1034.40 + 88.45 = +1122.85
MC];GL+H1) + MCéUL) = +653.98 + 64.73 = +718.71
MDéGL+Hi) + MpA"T) = +1034.40 + 31.50 = + 1065. 90
Combination of GL, + Hf + UL for Condition III,
MBiGL FH) M, (UF) = +938.28 +88.45 = +1026.73
MCéGL FH Mogo") = 4618.72 + 64.73 = +683.45
MDéGL+Hf) + Mpd"H) = +938.28 + 31.50 = +969.78

Once the above support moments are calculated the proce-
dure of superposi‘tioﬁ in finding the moments in the center of the spans
is exactly the same as for previous methods, so that part of the pro-

cedure will not be illustrated again.



(III-D) MOMENT DISTRIBUTION

Calculation of Elastic Constants.

Stiffness Factors.

For constant moment of inertia:

- _ 4EI _ 4EI _
KAB = KED = LAB = B = 0.08889 EI

_ _ 4EI _ 4 EI _
KBC = KCD e = “gg= = 0.06897 EI

' AB
Modified Stiffness Factors.
3

2= ! = =

K'AB K ED I X 0. 08889 0.06667 EI

Distribution Factors. (EQ II D-7)

Dpa = - 008587 008gDy = ~0- 4915
Dpe = - oo8dl = -0.5085
Dep = - 0-tedgr— = -0.5000
Carry Over Factors.
For constant moment of inertia: »
“Bc 7 ©cB T Ccp T pe T S+ FIST— = 0.5000

o

61



Fixed End Moments.
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Calculated already in the slope deflection method.

- Moment Distribution Tables, (IV)

Due to GL.
Due to symmetry:
TABLE IVa
Spans AB: BA BC CB
D -0.4915 -0.508b6
C.O.F 0.500 ~0.500
(GL)
F.M -246. 86 +246. 86 -410.28 +410. 28
+246, 86
0 +123.43
370.29 -410.28
+19. 66 420, 344
10,172
+389. 95 -389. 94 +420, 45




Due to Hi‘

Due to symmetry:
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TABLE IVb
Spans AB "BA BC CB
D -0,4915 -0, 5085
C.0O.F. 0.500 0.500
(H,) |
FM +446., 18 +1132,69 -370.74 +370.74
-446. 18 -223.09
-264. 86 -273.99
-136.99
+644, 74 -644.73 +233,75
Due‘to Hf.
Due to symmetry: ‘
TABLE IVc
Spans AB BA BC CB
-0,4915 -0. 5085
0.500 0.500
(H,)
FM +379. 26 +963. 84 -315.16 +315.16
-379. 26 -189.63
-225,62 -233.43
-116.72
+548.59 -548. 59 +198. 44
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Final Results of Maximum Negative Moment at B.
Combinations of GL + Hi + UL for Condition I.

(GL +H,)

My + naéULJ = 1034.69 + 142.32 = -1177.01

Combinations of GL + Hf + UL for Condition I.

(GL + H.,)
M, LA n@éUlJ = 938.54 + 142.32 = - 1080, 86

Maximum Negative Moment at C Due to Uniform Live Load Only:

Using Condition II Fig, 6.

Due to Symmetry:

TABLE IV d

Spans BA BC CB
D -0. 4915 -0.5085 -0.500
C.O.F, 0.500 0.500
F. M., -126.20 +126. 20
+62.03 +64.17
32.09
158. 29

Final Negative Moments At Support C:

Combinations of GL + Hi + UL {for Condition II.

(GL + H,)
M iy BAéUIJ = - 654.20 < 158.29 = -812.49
Combinations of GL + Hf + UL for Condition II.
(GL + Hf) (UL)

M + MC = -618.89 - 1568.29 = -7T77.18
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Maximum Negative Moment at B due to uniform

live load only; Using condition I, Fig. 6. TABLE IVe
Supports B C D
Spans | BA BC CB CD - DC DE
D |- 0.4915| - 0.500 |- 0500 |- 5.00 /|- .5085|- 0.4915
C.O. 0.5 0.5 0.5 0.5
+113.91  -126.20 |+126.20 0 0 -113. 91
+ 6,04 [+ 6,25 |- 63.10 |-63.10 |+57.92 |+ 55.99
- 3155 |+ 3.13 |+28.97 |-31.55
+15,51 |+ 16.04 |- 16.03 [-16.03 | +16.04 |+ 15.51
- 8.15 |+ 802 |+8.02 |- 8.15
+4,01 |+ 4,14 |- 8.02 |- 8,02 |4 4.01 |= 4, 14
- 4,01 |4+ 2.07 |+ 2.07 | -4.01
+ 1.97 |+ 2,04 | - 2,07 |- 2.07 | +2.04 |+ 1.97
- 1,04 | +1.04 |+ 1,04 | - 1,04
0.51 |+ 0.53 | - 1,04 |~ 1.04 | + 0.53 |+ 0.51
- 0,52 || + 0.27 |+ 0.27 || - 0.52
+ 0.26 |+ 0.26 | - 0.27 |- 0.27 | + 0.26 | + 0.26
- 0.14 || + 0.13 |+ 0.13 || - 0.14
+ 0,07 |+ 0.07 |- 0.13 |- 0.13 |+ 0.07 |+ 0.07
- 0.08 |+ 0.04 |+ 0.04 | + 0.08
+ 0.04 |+ 0.04 |- 0.04 |- 0.04 | - 0.04 |- 0.04
- 0.0l || +.0.02 |+ 0.02 ||+ 0.01
+142.32 |-142.32 | +50.20 |- 50.18 | +35.51 | - 35.50
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For Maximum Positive Moments at.center of spans BA

or De; BC or CD due to UL only; Using Cond.III, Fig.6. TABLE IVf
Joint B Joint C Joint D
RA BC CB ap. DC DE
D ~0.4195 |-0.5085 || -0.500 | -0.500 | -0.5085 | -0.4915
C.O. F| 0.5 0.5 0.5 0.5
(UL | _126,20 | +126. 20 0 0 -113, 91
+62,03 | +64.17 || -63.10 | -63.10 | +57.92 | +55.99
-31.55 || +32,09 | +28.96 || -31.55
+15.51 | +16.04 || -30.53 | -30.53 | +16.04 | +15.51
-15.27 | +8.02 +8. 02 -15.27
+7.51 +7.76 -8, 02 -8.02 +7.176 +7.51
-4.01 +3, 88 +3.88 -4, 01
1,97 +2. 04 -3.88 -3.88 +2, 39 +1, 97
-1, 94 +1. 02 +1, 02 -1.94
+0, 95 +0, 97 -1, 02 -1.02 +0. 97 +0. 95
-0.51 +0, 49 +0, 49 -0.51
+0. 25 +0.26 -0,49 -0.49 +0. 26 +0.25
-0.26 +0. 13 +0.13 +0, 26
+0, 13 +0. 13 -0, 13 -0.13 +0, 13 +0, 13
-0.08 +0. 08 +0. 08 -0.08
+0. 04 +0, 04 -0. 08 -0.08 +0. 04 +0. 04
-0.04 +0, 02 +0. 02 -0, 04
+0. 02 +0. 02 -0. 02 -0.02 +0.02  |40.02
+88.41 | -88.42 |+64.66 |-64.67 ||+31.54 |-31.54
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Final Support Moments.

Combination of GL. + H. + UL {for Condition III,

(GL + Hi)

M, + MI(SUL) = -1034.69 - 88.41 = -1123.10
(GL + H,)

M 1y MéUL) = -654.20 + 64.66 = -718.86
(GL + H.)

Mp, iy M]gUL) = -1034.69 - 31.54 = - 1066.23

Combination of GL, + Hf + UL for Condition III.

(GL + H.)

My, £ 4 Ml(gUL) = -038.54 - 88.41 = - 1026.95
(GL + H.)

Mc L M((jUL) = -618.89 - 64.66 = -683.55
(GL + H,)

My ¥+ m{UM) = 938,54 - 31.54 = -970.08

Again, once the above support moments gre calculated the
procedure of super position in finding the moments in the center of
the spans, is exactly the same as for previous methods, so that part

of the procedure will not be illustrated again, .



(III-E) INFLUENCE LINES

The object of this part is to determine the safe concentrated
live load (P) that can be put on the second span.

The influence lines for the moments at various points on the
second span due to the concentrated unit live load on the second span
will be determined as well as the moment influence lines of supports
B and C,

The method for the computations of the influence lines is
selected to be the carry over method.

Load in the First Span.

(B) TB_AEP).
Mp = Mg IF,
__ 1.0818 Py . (P)"
Mp = - —33.33 7"BA =-0.0315 A
B) TB}(LP)T
Mo = Mg EFg
_0.291 (PY . (P)
3433 TBA @ T + 0.00848 TBA
(B) TBJQP}):
M, = M -
D D LFg
_0.0818 (P)y . . (P)
T35 TRA = -0,00238 T,

68
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Load in Second Span.

- P) . (P)
M. = mB) . _BC . yfC) __CB
B B LFg K B LFq

. (P) (P)
My = -0.0315 754 + 0.00847 Top
(B) TBt(:‘P)ﬁ (C) Tcép) |
M, = M e+ M -——
C C CFg C TF,
= (P) _ (P)
+0.00858 75 0.0301 7,p
(B) TBc(l:iP (C) Tcép)
M, = M S - O A, < -
D D TFg D EFq
= - (P) (P)
My, 0.00238 750, +0.00847 Top

The bending moments over the supports due to unit load in the
third and fourth spans are obtained by symmetry.

The final moments M MC’ MD may now be easily obtained

B’
by substituting the values 7 from Table § into the formulas stated

above as shown in Tables §-a and §-b,
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END SLOPE COEFFICIENTS TABLE V
P=1 :
L ]T L{l-m) |
Py A
) @
]
T PL’m (1-m) 2-m)  peret, = m (1-m){2-m)
ij 6EI ’ 1 '
2 4, 2
_  PLdd(1-m?) ) 2
Tij = 5RT » Wherety, = m (1-m™)
tl and tz are the angular load function coefficients.
t t T T T
m 1 2 BA BC CB
0.1 0.171 . 099 33.41 95, 88 55.10
0.2 0. 288 0.192 64. 80 161, 48 107.65
0.3 0. 357 0.273 92, 14 200, 17 153. 07
0.4 0. 384 0. 336 113,40 215, 31 188.40
0.5 0.375 0. 375 126, 56 210. 26 210,26
0.6 0. 336 0. 384 129, 60 188. 40 215,31
0.7 0.273 0. 357 120,49 153. 07 200. 17
v : .
0.8 0.192 0. 288 97, 20 107. 65 161.48
0.9 0. 099 0,171 57.71 55.51 95. 88




SUPPORT MOMENT

INFLUENCE VALUES

TABLE Via

Load in 1st or 4th Span

_— My Mc My
m ’33‘;‘71-5 12 -0.0315 75, +0.00848 T ~0.00238 7,
0.0 0 0 0 0 1.0
0.1 33.41 - 1.052 + 0.2833 - 0.0795 0.9
0.2 64.80 - 2.041 + 0.5495 - 0.1542 0.8
0.3 92.14 - 2.902 + 0.7813 - 0.2193 0.7
0.4 113.40 - 3.572 + 0.9616 - 0.2699 0.6
0.5 1126.56 e 3.986 + 1.0732 '~ 0.3012 6.5
2).6 129.60 - 4.082 + '1.0950 - 0.3085 0.4
0.7 120.49 - 3.795 Co + 1.0218 - 0.2868 0.3
0.8 197.20 - 3.062 + 0.8243 - 0.2313 0.2
0.9 57.71 - 1.818 + 0.4894 - 0.1373 0.1
1.0 0 0 0 0 0.0
MD Mc | MB m

TL



TABLE Vib

SUPPORT MOMENT INFLUENCE VALUE S

Load in 2nd or 3rd Span

BC~ |TcBT Vs Ye Mp
m -0,0315 |+0.0085 +0.0085 {-0.0301 -0, 0024 |+0.0085
560.7t,[560. Tty Tpe Teg T TBC TCR ; Tac TcB T
0.0 0 0 0 0 ' 0 0 0 0 0 0 0 1
0.1 95.88| 55.10 | - 3.020} 0.466 2.550 || + 0.813 | - 1.659 0.846) - 0.228| + 0.466 | + 0.238) 0.
0.2 | 161.48{107.65 || - 5.086| 0.912 4.174 § + 1.369 | - 3.240 1.871) - 0.384|+ 0.912 ] + 0.528] ©.
0.3 2oo.i7 153.0% - 6.305] 1.297 5.010 || + 1.697 —>4.607 2,910 - 0.476| + 1.297 | + 0.821 0.
0.4} 215.31{188.40 || - 6.7801 1.596 5.184 | + 1.824 - 5.671 3.847 ’- 0.512| + 1.596 | + 1.084 0.
0.5 1210.26{210.26 | - 6.626» 1.781 4.840 || + 1.783 | - e.ézsv '4;545 - 0.500] + 1.781 | + 1.281} 0.
0.6 ,188.46 215.31 | - 5.930 | 1.824 4.106 || + 1.598 | - 6.481 4:883] - 0.448] + 1.824 | + 1.376] o.
0.7 || 153.071263.17 || - 4:820 1.697‘ 3.123 i+ 1.298 . 6.025 4.727| - 0.364 ; 1.695| + 1.331} 0.
0.8 107;65 161.48 | - 3.390} 1.367 2.020 || + 0.913 | - 4.861 3.948] - 0.256{+ 1.367{ + 1.111} O.
d.g 55.51| 95.88 | -~ 1.750 | 0.812 0.938 | + 0.471 | - 2.885 2.414) - 0.132} + 0.812 | + 0.680f 0.
1.0 0 o> 0 0 0 0 d 0 0 0 0 0.
M, M. M m

gL
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Bending Moment Influence Values for the
Load on 2nd or 3rd Span . TABLE VII

Formulas used in Tables VII

Q= ‘ P
M | M
B kK = C
m'L
= r
m<Q
MmL’:N% +(MC—N%)n1+ L (1-Q)
Denoting the constants v, n for tabulation:
o MmL = MB + ym+ nm
m> :
————-—Mqu:MB+7m+nm—L({m—Q)
| Q=0.1 TABLE VlIia
Mg Ym nm -L (m-Q) z
0.0 - 2,5500 0 0 - 2.5500
0.1 - 2.5500 + 0.1704 | + 5.2200 + 2.8404
0.2 | - 2.5500 | + 0.3408 | +10.4400 | - 5.8000 | + 2.4308
0.3 - 2.5500 + 0.5112 | +15.6600 -11.6000 + 2.0212
0.4 - 2.5500 + 0.6816 | +20,.8800 -17.4000 + 1.6116
0.5 - 2.5500 + 0.8520 | +26.1000 -23.2000 + 1.2020
0.6 - 2.5500 + 1.0220 | +31.3200 -29,0000 + 0.7920
0.7 - 2.5500 + 1.1928 | +36.5400 -34.8000 + 0.3828
0.8 - 2.5500 + 1.3632 | +41.7600 -40.6000 - 0.1027
0.9 - 2.5500 + 1.5340 | +46.9800 -46.4000 - 0.4360
1.0 - 2.5500 + 1.7040 | +52.2000 -52.2000 - 0.8460
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TABLEVHb.
Q=0.2

My vm nm -L (m-Q) z
4.1740 0 0 -~ 4.,1740
4.1740 0.2303 | + 4.6400 + 0.6963
4.1740 0.4606 | + 9.2800 + 5.5660
4.1740 0.6909 | +13.9200 - 5.8000 |+ 4.6360
4.1740 0.9212 | +18.5600 -11.6000 |+ 3.7072
4.1740 1.1515 | +23.2000 -17.4000 |+ 2.7775
4.1740 1.3818 | +27.8400 -23.2000 |+ 1.8478
4.i740 1.6120 | +32.4800 -29.0000 |+ 0.9180
4.1740 1.8424 | +37.1200 -34.8000 |- 0,0116
4,1740 2.0730 | +41.7600 -40,6000 |- 0.9410
4.1740 2,3030 | +46.4000 -46 ,4000 |- 1.8710
= 0.3 . TABLE VII ¢

My ym nm -L (m-Q) B
5.0100 0 0 - 5.0100
5.0100 0.2100 | + 4.0600 - 00,7400
5.0100 0.4200 | + 8.1200 + 3.5300
. 5:6i667u>- 0.6300 | +12.1800 + 7.8000
5.0160 0.8400 | +16.2400 - 5.8000 |+ 6.2700
- 5.0100 1.0500 | +20.3000 -11.6000 |+ 4.7400
5.0100 1.2600 | +24.3600 -17.4000 |+ 3.2100
5.0100 1.4700 | +28.4200 -23.2000 |+ 1.6800
5.0100 1.6800 | +32.4800 -29.0000 |+ 0.1500
5.0100 1.8900 | +36.5400 -34.8000 {- 1.3800
5.0100 2.1000 | +40.6000 -40.6000 (- 2.9100
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TABLE VIId
Q=0.4
MB ym nm ~-L (m-Q) )
0.0 | - 5.1840 0 0 .1840
0.1 | - 5.1840 0.1337 | + 3.4800 .5700
0.2 | - 5.1840 0.2674 | + 6.9600 .0430
0.3 | - 5.1840 0.4011 | +10.4400 .6570
0.4 | - 5.1840 0.5348 | +13.9200 .2710
0.5 | - 5.1840 0.6685 | +17.4000 | - 5.8600 .0850
0.6 | - 5.1840 0.8022 | +20.8800 | -11.6000 .8980
0.7 | - 5.1840 0.9359 | +24.3600 | -17.4000 .7119
0.8 | - 5.1840 1.0696 | +27.8400 | -23.0000 . 5256
0.9 | - 5,1540 1.2033 | +31.3200 | -29.0000 .6607
1.0 | - 5.1840 1.3370 | +34.8000 | -34.8000 .8470
= 0.8 TABLE VIie
My vm nm -L (m-Q) T

0.0 | - 4.8400 0 0 .8400
0.1 | - 4.8400 0.0295 | + 2.9000 .9105
0.2 | - 4.8400 0.0590 | + 5.8000 .0190
0.3 | - 4.8400 0.0885 | + 8.7000 .9485
0.4 | - 4,8400 0.1180 | +11.6000 .8780
0.5 | - 4.8400 0.1475 | +14.5000 .8075
0.6 | - 4.8400 0.1770 | +17.4000 | - 5.8000 .9370
0.7 | - 4.8400 0.2065 | +20.3000 | -11.6000 .0665
0.8 | - 4.8400 0.2360 | +23.2000 | -17.4000 .1960
0.9 |- 4.8400 0.2655 | +26.1000 | -23.2000 .6745
1.0 |- 4.8400 0.2950 | +29.0000 | -29.0000 . 5450
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TABLE VIL{
Q=0.6
MB Ym nm -L (m-Q) T
0.0 - 4.1060 0 0 - 4.1060
0.1 - 4.1060 0.0777 + 2.3400 - 1.8437
0.2 - 4.1060 0.1554 + 4.6800 + 0.4186
0.3 - 4,1060 0.2331 + 7.0200 + 2.6809
0.4 - 4.1060 0.3108 | + 9.3600 + 4.9432
0.5 - 4.,1060 0.3885 +11.7000 + 7.2055
0.6 - 4.1060 0.4662 +14.0400 + 9.4678
0.7 - 4.1060 0.5439 +16.3800 - 5.8000 | + 5.9300
0.8 -.4.1060 0.6216 +18.7200 -11.6000 | + 2.3920
0.9 - 4.1060 0.6993 +21,0600 ~17.4000 | - 1.1453
1.0 - 4.1060 0.7770 +23.2000 -23.2000 | - 4.8830
. ‘.WWHES:6?§%.NWWMm,. = TABLE\HPg
MB ynl' nm -L (m-Q) ¥
0.0 - 3.1230 0 0 - 3.1230
0.1 - 3.1230 0.1604 + 1.7400 |- 1.5434
0.2 - 3.1230 0.3208 + 3.4800 + 0.0362
0.3 - 3.1230 0.4812 | + 5.2200 + 1.6158
0.4 - 3.1230 0.6416. | + 6.,9600 + 3.1954
0.5 - 3.1230 0.8020 |+ 8.7000 + 4.,7750
0.6 - 3.1230 0,9624 +10,4400 + 6.3546
0.7 -~ 3.1230 1.1230 +12,1800 + 7.9340
0.8 ~ 3.1230 1.2830 +13.9200 - 5.8000 |+ 3.7140 .
0.9 - 3.1230 1.4436 +15.,6600 ~-11.6000 |- 0.5066'
1.0 -~ 3.1230 1,6040 +17.4000 ~17.4000 |- 4.7270
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TABLE VIIh
= 0.8

Mg ym nm -L (m-Q) T
0.0 | - 2.0230 0 0 - 2.0230
0.1 | - 2.0230 |- 0.1925 | + 1.1600 - 1.0560
0.2 | - 2.0230 |- 0.3850 | + 2.3200 - 0.0880
0.3 | - 2.0230 |- 0.5775 | + 3.4800 + 0.8795
0.4 | - 2.0230 |- 0.7700 | + 4.6400 + 1.8470
0.5 | - 2.0230 |- 0.9625 | + 5.8000 + 2.8145
0.6 | - 2.0230 |- 1.1550 | + 6.9600 + 3.7020
0.7 | - 2.0230 |- 1.3480 | + 8.1200 + 4.7490
0.8 | - 2.0230 |- 1.5400 | + 9.2800 + 5.7170
0.9 | - 2.0230 |- 1.7330 | +10.4400 | - 5.8000 | + 0.8840
1.0 | - 2.0230 |- 1.9250 | +11.6000 | -11.6000 |+ 3.9570
0.9 TABLE VIIi

MB Yym nm -L (m-Q) z
0.0 | - 0.9380 0 0 - 0.9380
0.1 | - 0.9380 |- 0.1476 | + 0.5800 - 0.5056
0.2 |- 0.9380 |- 0.2952 |+ 1.1600 - 0.0732
0.3 | - 0.9380 |- 0.4428 |+ 1.7400 + 0.3592
0.4 | - 0.9380 |~ 0.5904 |+ 2.3200 + 0.7916
0.5 |- 0.9380 |- 0.7380 |+ 2.9000 + 1.2240
0.6 |~ 0.9380 |- 0.8856 |+ 3.4800 L 1.6564
0.7 | - 0.9380 |- 1.0330 |+ 4.0600 + 2.0890
0.8 |- 0.9380 |- 1.1808 |+ 4.6400 + 2.5212
0.9 |- 0.9380 |- 1.3284 |+ 5.2200 1+ 2.9540
1.0 |- 0.9380 (- 1.4760 |+ 5.8000 + 3.3860
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Determination of Safe LLoad P:

Allowable Stress Conditions.

fc© = 0.40f'e¢ = 0,40 x 4500 = 1800 psi

Section Data.

Area ) LX . Ct Cb ZJE Zb

1404 in. 23,933 in4 5,308 in 6.692 in 4509 in3 3,576 in3

Girder Moment at 0.5 L.

Areas for the moment influence lines for MB and MC are

calculated by the trapesoidal area approximation method, thus:

Area for MC'

2

4.5(7.0834)x 2 -5.8 (29.91) x 2 = -283.206 * T

Area for MB'

-4.5 (26.31) - 5.8 (40.387) + 5.8 (8.45) -4.5 (1.988) =

| 2
= -312.575F T

Thus multiplying the areas by the intensity of gravity load:

MC = 1.463 x - 283.206 = - 414,330
MB = 1,463 x - 312,576 = - 457.299

LZ
The moment due to simple beam at the center is 5 =

= +615.19
By superposition the value at 0, 5L is obtained to be:

Mg = 179.376 x 12 = 2,152,440 # in.
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Moment due to Live Load.

Form the maximum moment ordinate of the influence line due
to concentrated load in the second span:

9.807 P x 12 = 117.69P

Stress Equation:

The stress equation in a prestress concrete beam from the

application of external loads and the prestressing force is given as:

H. H.e M M .
t T T i G . L .
fmr " F A z. t zZ i/ (EQ"F-1)

i t t t

H. H.e M M
b i i G L
f = e+ - - = (EQF-2)
H,T A Z, zy Z,

H H.e M M
t f f G L
f = 4 - + + (EQ F-3)
HfT A Zt Zt Zt
oo e e Mg My
H,T F R Z Z Z (EQ F-4)

representing each term with its numerical value and considering

both cases of initial and final prestressing =

H, :

i 3,369, 000 - .
A = —_mi"—-‘ - 2, 399. 57 pSl
H

f _ 2,864,000 .
y 1464 2,039.89 psi
H.e :

i~ _ 3,369,000 (3.69) .
- = 1509 2757. 06 psi

t



H.e

i 3,369,000 (3.69) _ .
Zb 357G 3476. 40 psi
H_.e

f _ 2,864,000 (3.69) _ .
Zt = 1500 = 2344.02 psi
H.e

f . 2,864,000 (3.69) _
Zb = SETE 2954, 86 psi
M

G 2,152,440 .
Zt 1500 477, 365 psi
M

G 2,152, 440 ~ .
M

I, _ 117.69P

Zt 4500 0.02610 P
M

L 117,69 P

Zb 3576 0,0329 P

.t o= H - = .
inG = 0,55 x f'c 0.55 x 4500 2475 psi
b .
inG = 0 psi
£t = 1800 psi

HG psi

b .
fH g ° 0 psi

80
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Considering {+) for compression, and with the above values
substituting in the stress equation the value for P can be determined:

Due to Hi for the Top Fiber Stresses.

2475 = 2,399,57 - 2757,06 + 477.37 + 0.02610P
2355,12 = 0.0261 P
90,23 = P

Due to Hi for the Bottom Fiber Stresses.

0 = 2,399.57 + 3476.40 - 601.9 - 0,03290P
5274,06 = +0,0329P
160,30 = P

Due to Hf For the Top Fiber Stresses,

1800 = 2039,89 - 2344.02 + 477,365 + 0,02610P
1626.8 = 0.0261 P
62,33 = P

Due to I—If For the Bottom Filber Stresses,

0 = 2039,89 + 2954,86 - 601.912 - 0,0329 P
4392,84 = 0,0329P
133.52 = P

The Safe Concentrated Live Load:

P = 62,33



CHAPTER IV
COMPARISON AND CONCLUSION

The general equations of the four selected methods of analy-
sis, namely the
(1) Virtual Work
(2) Carry Over
(3) Slope-Deflection
(4) Moment Distribution
including the effect of prestressing, were derived in such a way that
L) _(H)

the angular functions Fij’ Gij’ 7( s T

in all the expressions of these methods.

, etc., would remain common

The derivations included expressions for starting moments,
and fixed-end moments,in terms of 7's, the end slopes of a simple
beam due to load or prestress, was easily evaluated by considering
the conjugate beams of simple spans loaded with -—IE%— diagrams.
This is certainly more advantageous than finding equivalent loads due
to prestress to evaluate these functions, since He diagram itself is
completely known.

Tables with coefficients for the above mentioned angular
functions for beams with variable mome nt of inertia, for dead load,
uniform live load, and unit live load are prepared in .Reference (15).

As the derivations of all the methods contained in this work

are in terms of these angular functions the procedure of analysis by

any of these methods is greatly simplified by use of these tables where

82
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needed.

Fundamentally the derivation for each method used the condi-
tion of consistent deformation and established continuity of elastic
curve over the supports.

The method of Virtual Work results in a set of Three Moment
Equations to be solved symultaneously. In general this method is
simple and easily applicable for a reasonable number of continuous
spans.

The slope Deflection Method is particularly useful when set-
tlements of supports or given rotations of any ends are involved. This
method has the advantage of good physical interest in as much as it
leads to the iterative procedures like the Moment Distribution.

Ags said above the Method of Moment Distribution is a numeri-
cal method of balancing the support moments on either side:‘ of each
support.

The Method of Carry Over Moments is also a numerical me-
thod of successive approximations, which again can be carried out to
a desired degree of accuracy. This method differs from the method
of Moment Distribution in relaxation technique as well as the concept
of approach.

The method is obviously superior to that of Moment Distri-
bution as it doesn't contain any distribution of moments.

The regular carry over tables reduce to almost half of the
size of those in moment distribution, since the carry over factors are
usually very small and the convergence is rapid. By the use of Alge-
braic Carry Over Tables the labor is more simplified. and yields : -

a greater degree of accuracy.
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This method is simple and especially handy for an increasing
number of spans.’

As illustrated in the numerical example, this method has
easy means of calculations for influence lines, which is an important

factor in considering continuous spans.
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