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ABSTRACT

The current wellbore stability analyses for analytical solutions are mostly based on
the linear elastic or poroelastic theory. The wellbore is regarded as unstable if the
determined elastic/poroelastic stresses anywhere around the wellbore satisfy some failure
criteria for the rock formation. Rocks, in general, exhibit nonlinear and plastic
(hardening/softening) properties with stiffnesses depending on the stress and strain levels.
Ignoring the elastoplastic feature of the rock formations tends to give conservative
solutions and thus, a substantial overestimate of the critical mud density necessary for
stable wellbores.

When elastoplastic constitutive models are taken into account for the rock
formations, the wellbore stability boundary value problem usually can only be solved by
numerical techniques such as finite element method, though in the past several attempts
were made to obtain approximate analytical solutions based on simplified assumptions.
This research is aimed to develop a generic class of rigorous, complete analytical
solutions for a cylindrical wellbore drilled in elastoplastic porous formations subject to
non-isotropic in situ stresses, under both undrained and drained conditions. To cover a
range of rock formations such as sandstones and shlaes, different types of elastoplastic
models, including the strain hardening Drucker-Prager and Mohr-Coulomb models as
well as the Cam Clay and bounding surface models based on the critical state concept, are
considered in this analysis.

The key step in the formulation of the wellbore elastoplastic boundary value
problem is to establish an incremental relationship between the effective radial, tangential,

and vertical stresses and the corresponding stain components, i.e., the elastoplastic
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constitutive equations, and then reduce them to a set of differential equations valid for
any material point in the plastic zone. For undrained condition, the three stresses can be
directly solved from these governing differential equations as an initial value problem,
the excess pore pressure then being determined from the radial equilibrium equation.
Whereas for the drained condition, the Eulerian radial equilibrium equation must be first
transformed into an equivalent one in Lagrangian description, which can be accomplished
with the introduction of a suitably chosen auxiliary variable. This transformed equation,
together with the aforementioned elastoplastic constitutive relation, again constitute a set
of coupled differential equations. The three stress components and the volumetric strain
or specific volume thus can be readily solved.

Parametric studies show clearly that the overconsolidation ratio of shale-like
formations or soft rocks (the ratio of the maximum stress experienced to the current stress
level) has significant influences on the stress and pore pressure distributions as well as on
the development and progress of the plastic and failure zones around the wellbore. The
computed stress distributions and in particular the stress paths capture well the
anticipated elastoplastic failure behaviour of the rocks surrounding the wellbore. The
solutions thus are able to contribute to better prediction and design of the wellbore
instability problems.

Numerical simulations are also conducted for the drained wellbore problem with the
use of ABAQUS, the finite element analysis commercial program. Of importance, a user
defined material subroutine (UMAT) for the bounding surface model is developed with
FORTRAN following the return mapping algorithm and implemented into the ABAQUS

finite element models. The predictions from the analytical solutions and the ABAQUS
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analyses are generally in excellent agreement for both modified Cam Clay and bounding

surface models.
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CHAPTER 1
INTRODUCTION

1.1 Overview

Maintenance of wellbore stability is of fundamental importance during drilling and
remains a major concern to drilling engineers in the oil and gas industry. Wellbore
instability may cause a stuck pipe due to large borehole deformation or even worse the
breakout and hole closure as a result of compressive and shear rock failure (Dusseault,
1994). It is estimated that wellbore instability causes an annual economic loss of US$ 8
billion in the petroleum industry worldwide (Al-Wardy & Urdaneta, 2010; Diwan et al.,
2011).

The prevalent method for wellbore stability analysis is based on the linear elastic
(Bradley, 1979) or poroelastic/poroviscoelastic theory (Cui et al., 1997; 1999; Hoang,
2011; iPMI, 2011), which simply assumes a linear relationship between stress/pore
pressure and strain. Wellbore drilling will be regarded as unstable provided that the
calculated elastic/poroelastic/poroviscoelastic stresses anywhere around the wellbore
satisfy some failure criteria of the rock formation, e.g., Drucker-Prager and Mohr-
Coulomb criteria. A critical mud weight/pressure required to maintain the wellbore stable

can therefore be easily determined by comparing the predicted stress components and



distribution near the wellbore with the rock strength. It is well recognized, however, that
rocks do exhibit nonlinear and plastic behaviour corresponding to nonlinear or plastic
(hardening/softening) properties with stiffnesses depending on the stress and strain levels,
before they reach ultimate or residual strength (stability problem) [Charlez, 1994; Potts &
Zdravkovic, 1999; Papanastasiou & Zervos, 2004]. Ignoring the elastoplastic feature of
rock or soil formations generally gives conservative solutions, thus leading to a
substantial overestimate of the critical mud density/pressure (Charlez & Roatesi, 1999).
Nevertheless, the incorporation of elastoplastic rock behaviour renders a complete
analytical solution to the wellbore drilling problem extremely complex and difficult.
Stress and strain analyses for such problem usually are obtained through numerical
methods (Carter, 1978; Potts & Zdravkovic, 1999). So far scarce analytical plasticity
solutions exist in the literature for the wellbore problem even when major approximations
are assumed.

The primary goal of this research is to develop a generic class of rigorous, analytical
solutions for a cylindrical wellbore drilled in rock or soil formations exhibiting
elastoplastic characteristics while subjected to non-isotropic in situ stresses, under both
undrained and drained conditions. To cover a range of rock behaviour, four different
models of elastoplasticity are taken into account. The strain hardening Drucker-Prager
and Mohr-Coulomb models are used to accommodate hard/soft rock behaviour of great
depth, while the Cam Clay (Schofield & Wroth, 1968; Wood, 1990) and bounding surface
models (Dafalias & Herrmann, 1980; 1982) based on the critical state concept are used to
simulate shale and soft sediment behaviour. Numerical simulations are also conducted

with the use of ABAQUS finite element analysis commercial program. In particular, for



the bounding surface model a user defined material subroutine (UMAT) is developed and

implemented into ABAQUS for the wellbore stability analysis.

1.2 Literature Review

The wellbore drilling process can be modelled as a cylindrical cavity contraction
problem with the cavity pressure gradually reduced from the in situ stress state. For
elastic and poroelastic wellbore stability analyses, the reader may refer to Cui et al. (1997,
1999) and Abousleiman & Cui (1998; 2000). Fig. 1.1 shows the scenario of a wellbore of
initial radius a, drilled in an elastoplastic porous formation subjected to an in-plane
(horizontal) in situ stress o3, and an out-of-plane (vertical) stress a,, as well as an initial
pore pressure p,, Where a is the contracted wellbore radius corresponding to a wellbore
pressure p,, and 7, denotes the current position of the elastic-plastic boundary which is
occupied by the material particle initially at 7,,,. From a mathematical perspective, the
derivation of the cavity contraction solution can be carried out in essentially a similar
fashion as the cavity expansion problem. Attributed primarily to its versatile applications
in geomechanics and geotechnical engineering such as the interpretation of pressuremeter
tests and analysis of the behaviour of tunnels, the cavity theory, and particularly the
cavity expansion in geomaterials, has been the subject of intensive studies over the last
few decades (Gibson & Anderson, 1961; Palmer & Mitchell, 1972; Vesic, 1972; Prevost
& Hoeg, 1975; Hughes et al., 1977; Randolph et al., 1979; Carter et al., 1986; Yu, 1990;
Collins & Stimpson, 1994; Papanastasiou & Durban, 1997; Yu, 2000; Salgado &
Randolph, 2001). This section presents a review on the major developments of analytical

solutions for both cavity expansion and contraction in elastoplastic materials.
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Fig. 1.1. Scenario of wellbore boundary value problem

1.2.1 EXPANSION OF CAVITIES IN ELASTOPLASTIC MATERIALS

The research on the cavity expansion began with Bishop et al. (1945) for the metal

indentation problem who solved the elastoplastic finite expansion of a spherical and a

cylindrical cavity in an infinite medium by using the elastic-perfectly plastic Tresca
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model and neglecting the elastic deformation in the plastic zone. Later Hill (1950) gave a
more general large strain solution of the stresses and displacements for the expansion of
spherical and cylindrical cavities again with the assumption of Tresca yielding condition.
Chadwick (1959) further presented a derivation of the pressure-expansion relationship for
the Mohr-Coulomb material by introducing the logarithmic strain and adopting the
associated flow rule (the yield surface and flow potential surface are identical). It is worth
noting that the first geotechnical application of the cavity expansion theory was made by
Gibson & Anderson (1961) for determining the soil properties from pressuremeter test
results. Since then, many analytical and semi-analytical solutions for the cavity expansion
problem have been developed based on the elastic-perfectly plastic and strain hardening
elastoplastic soil/rock models, mainly assuming the Mohr-Coulomb vyield criterion, as
well as on the Cam Clay critical state models.

For the perfectly plastic models, an important contribution was made by Vesic (1972)
who presented approximate solutions for both spherical and cylindrical cavity expansion
problems by assuming that the soil behaves as a Mohr-Coulomb material and taking into
the account the effects of volume change in the plastic region. Carter et al. (1986) derived
an analytical solution for the cavity expansion in non-associated Mohr-Coulomb soils
(the yield and plastic potential functions differ) and presented an explicit expression for
the pressure-expansion relation by ignoring the convected part of the stress rate in their
derivation. Similarly, Bigoni & Laudiero (1989) analyzed the quasi-static finite expansion
of a spherical or cylindrical cavity in non-associated Mohr-Coulomb rocks. In their
analysis for the cylindrical case, however, the longitudinal normal stress was assumed to

be equal to the mean of the other two principal stresses. This restrictive assumption was



later removed by Yu & Houlsby (1991), who provided a unified analytical solution for the
expansion of both cylindrical and spherical cavities in dilatant Mohr-Coulomb soils with
a more relaxed postulate that the axial principal stress is intermediate with respect to the
other two. An explicit expression for the pressure-expansion relation has been derived by
the authors by integrating the governing equation with the aid of a series expansion.

In addition to the elastic-perfectly plastic models, cavity expansion analyses
incorporating strain hardening into the plastic behaviour of materials have also received
considerable attention. For example, Durban & Kubi (1992) proposed a general solution
for the pressurized cylindrical tube problem accounting for the arbitrary hardening of
Tresca yield function with an associated flow rule. The key feature in Durban & Kubi
(1992) is that with the adoption of the logarithmic strain components, the cavity
expansion problem can be formulated as a governing differential equation with the
equivalent stress as the independent variable and thus be conveniently solved by
quadratures. In particular, a comprehensive analysis of the corner zone has been given in
their formulation. The similar procedure has subsequently been extended to solve the
spherical cavity expansion problem in strain hardening Drucker-Prager material (Durban
& Fleck, 1997), and for the cylindrical cavity expansion involving strain hardening
Drucker-Prager and Mohr-Coulomb materials (Papanastasiou & Durban, 1997). It is
shown (Papanastasiou & Durban, 1997) that the Mohr-Coulomb model requires the
numerical solution of a single first-order differential equation, while for the Drucker-
Prager model an algebraic constraint in addition to the complex governing differential
equation are needed. Note that for the case of Mohr-Coulomb model, the assumption of

the axial stress being the intermediate principal stress in Papanastasiou & Durban (1997)



is not necessarily true during the cavity expansion and may violate the plane strain
condition in the axial direction (Reed, 1988; Yu & Rowe, 1999).

As far as the critical state soil models are considered, Palmer & Mitchell (1972)
appear to have been the first to derive an approximate small strain analytical solution for
cylindrical cavity expansion in normally consolidated clay under drained condition,
although in their solution a very simple idealized Cam Clay model was adopted and the
elastic deformations were ignored for simplicity. Collins et al. (1992) and Collins &
Stimpson (1994) presented seminal semianalytical solutions for drained and undrained
created cavity problems (zero initial radius) in critical state soils by using the well known
similarity solution technique (Hill, 1950). The more general solutions for large strain
undrained cavity expansions in critical state soils, with the relaxation of the zero initial
radius assumption, were achieved by Collins & Yu (1996) for both the original and
modified Cam Clay models. Cao et al. (2001) reconsidered the undrained cavity
expansion problem in modified Cam Clay soil following essentially a similar procedure
used by Collins & Yu (1996). The shear modulus in Cao et al. (2001), however, was
approximated as a constant instead of a variable in proportion to the mean effective stress
(Chen & Abousleiman, 2012a). Based on a further simplifying assumption that the
deviator stress in the plastic zone is equal to the ultimate deviator stress, they derived
approximate closed form expressions for the total stress and excess pore water pressure
distributions around the cavity. More recently, the approach of similarity technique has
been successfully extended for solving drained cavity expansion problems in crushable
sands (Russell & Khalili, 2002; Jiang & Sun, 2011) and also in unsaturated porous media

(Russell & Khalili, 2006), to include the effects of particle crushing and suction on the



stress-strain response of soils surrounding the expanding cavities.

Nevertheless, as noted in Chen & Abousleiman (2012a), the aforementioned semi-
analytical solutions for drained (Collins et al., 1992; Collins & Stimpson, 1994; Russell
& Khalili, 2002; Jiang & Sun, 2011) and undrained (Collins & Yu, 1996; Cao et al, 2001,
Russell & Khalili, 2006) cylindrical cavity expansions in critical state soils can only be
treated as approximate because in all these solutions more or less simplified rather than
rigorous definitions have been used for the deviator and mean effective stresses. The
reason for introducing these simplified definitions, which require that both the two
effective stress invariants are independent of the axial stress, is merely to simplify the
mathematical derivation and allow for the possibility of closed form solutions (Silvestri

& Abou-Samra, 2011; 2012).

1.2.2 CONTRACTION OF CAVITIES IN ELASTOPLASTIC MATERIALS

Cavity contraction theory, of course, has wide applications to the stress and
displacement modelling around the drilled wellbore in petroleum engineering and to the
design and construction of tunnels in civil engineering as well. However, in contrast to
the cavity expansion problem, much less investigations of cavity contraction in soil and
rock have been conducted, which is particularly the case when the critical state plastic
models are involved.

Earlier analytical solutions reported for the wellbore/tunnel opening problems
usually modelled the soils/rocks as associated or non-associated elastic-perfectly plastic
materials like linear Mohr-Coulomb and nonlinear Hoek-Brown yield criteria, and under
isotropic in situ stress condition. A good review on this topic was provided by Brown et

al. (1983) who also presented a series of solutions for the stress and displacement
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distributions of a circular opening in the Hoek-Brown rock by using both the elastic-
brittle-plastic and elastic strain softening models. However, as the authors pointed out,
these elastoplastic solutions may only be regarded as approximate as they were not based
on a rigorous theory of incremental plasticity. For the simple elastic-brittle-plastic Hoek-
Brown model, a later improvement over the solution of Brown et al. (1983) was made by
Wang (1996) using a numerical method and a similar problem was further examined by
Sharan (2005) and Bobet (2010).

For the more complex elastic strain hardening/softening models, which suitably
capture the important aspects of real soil/rock behavior, some cavity contraction solutions
for the wellbore and tunnel problems have recently been developed, though are quite
limited. Graziani and Ribacchi (1993) proposed an analytical approach to determine the
state of stress and strain for a circular opening excavated in a rock mass and investigated
the stability conditions. In their formulation, the rock formation is assumed to obey the
non-associated Mohr-Coulomb model and the strain softening behaviour is linked to a
simple plastic shear strain by the so-called softening modulus parameter. The same paper
by Papanastasiou and Durban (1997) also included the contraction solutions for a
cylindrical cavity embedded in strain hardening Drucker-Prager and Mohr-Coulomb
geomaterials. Charlez & Roatesi (1999) derived an analytical solution for the wellbore
stability problem under undrained condition using a very simple idealized Cam Clay
model where the elliptical yield surface was replaced by two straight lines, and the
solution is restricted to the volumetric strain hardening rocks with overconsolidation ratio
less than 2. Concurrently, Yu & Rowe (1999) provided a set of comprehensive yet still

approximate analytical/semi-analytical solutions for the undrained circular excavation



problem using the well known Cam Clay critical state theories (Wood, 1990). Recently,
Chen et al. (2012) proposed a closed form approach to predict the development and
progress of the plastic zone around a wellbore drilled in linearly hardening or softening
Drucker-Prager rocks under drained condition. The main drawback to this approach is
that the two stress invariants have again been treated in somewhat approximate fashion
and moreover the out-of-plane behaviour was considered to be purely elastic (zero plastic

strain in the axial direction).

1.3 Objectives

It is important to realize that although the cavity models have already been well-
covered in the literature, exact analytical/semi-analytical elastoplastic solutions for the
general cylindrical wellbore drilling problems, whether drained or undrained, are still not
available to date. As a matter of fact, in the previous Mohr-Coulomb plasticity-based
solutions, the vertical (axial) stress has been exclusively assumed to be everywhere the
intermediate principal stress which means that there is no component of plastic strain in
the vertical direction (Graziani & Ribacchi, 1993; Papanastasiou & Durban, 1997; Yu &
Rowe, 1999). Such an assumption for the vertical stress, as mentioned above, will not
remain valid throughout the wellbore drilling process and may cause significant errors to
the stress predictions around the wellbore, especially when the in situ stresses are non-
isotropic which unfortunately is the general case encountered in the drilling practice. On
the other hand, even though the similarity solution procedure proposed by Collins and his
coworkers for drained and undrained cavity expansions in critical state plasticity
geomaterials is very appealing in that it allows for the determination of the limiting value

of cavity pressure with relative ease, such solutions may only be viewed as the
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asymptotic solutions valid at intermediate and large times for the finite initial cavity
problem. It would not seem possible to be extended for the finite wellbore drilling
analysis (Chen & Abousleiman, 2012b), let alone the simplified assumption involved
with the mean and deviator stresses in an attempt to obtain the possible semi-analytical
solutions.

The overall objective of this thesis is therefore to develop a generic class of novel,
exact analytical solutions for a wellbore drilled in poroelastoplastic rock formations
subjected to non-isotropic far field in situ stresses, taking into account of both undrained
and drained situations and different plasticity models of various complexities. The
formulation presented here follows for the first time the standard definitions of the mean
effective stress and deviatoric stress so the solutions are rigorous in this sense. The
proposed solution procedure also possesses the advantage over the conventional
similarity technique in that it is directly applicable to the cavity problem of finite initial
radius. These solutions would provide not only a rigorous theoretical framework for
predicting the rock behaviour and deformation mechanisms around the wellbore, but also
can and are used as benchmarks for verifying the finite element analysis of wellbore

drilling problems involving various elastoplastic modelling of wellbore or cavities.

1.4 Organization of Thesis

In Chapter 2 the shear strain hardening Drucker-Prager plasticity model is first
adopted to describe the behaviour of sandstone-like formations, and a rigorous analytical
solution is derived for undrained/drained wellbore drilling boundary value problem in
details. For undrained case, the problem turns out to be equivalent to solving a system of

first order ordinary differential equations with the radial, tangential, and vertical effective
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stresses being the basic unknowns. For the drained situation, however, the three
elastoplastic constitutive equations are coupled with the radial equilibrium equation, the
former formulated with respect to a material particle within the Lagrangian description,
while the latter in contrast corresponds to the Eulerian formulation for every material
point at a specific moment. A suitable auxiliary variable therefore must be introduced to
convert the Eulerian equilibrium equation to the Lagrangian form. The three stress
components can hence again be solved from a set of simultaneous differential equations
together with the volumetric strain.

Chapter 3 proceeds to dealing with the shear strain hardening Mohr-Coulomb model.
The main difficulty in using the Mohr-Coulomb model is that since its yield surface in the
principal stress space contains six corners, the partial derivatives with respect to the stress
components become indeterminate at these corners which makes the derivation of
analytical solution almost impossible. To eliminate such shortcoming, the Mohr-Coulomb
model will be approximated by a smooth shear hardening Matsuoka-Nakai model
(Matsuoka & Nakai, 1974) which passes through the Mohr-Coulomb hexagon at both
major and minor vertices. Following a similar procedure outlined in Chapter 2, analytical
solution is presented thereafter for the wellbore drilling boundary value problem.

For soft rocks and shale formations which consist mainly of clay minerals, it is
commonly accepted that the volumetric hardening plastic models instead of the shear
hardening Drucker-Prager and Mohr-Coulomb models would be more suitable to
describe their nonlinear stress-strain behaviour. Chapters 4 and 5 presents rather
straightforward extension of the wellbore drilling solution to the critical state Cam Clay

model (Wood, 1990) and bounding surface model (Dafalias & Herrmann, 1980),
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respectively. Extensive parametric studies are made to illustrate the effect of the stress
history (overconsolidation ratio) of rocks on the stress and pore pressure distributions as
well as the development and progress of the plastic and failure zones around the wellbore.
The stress paths and specific volume change due to the wellbore drilling are also
presented.

Further numerical analyses for the elastoplastic wellbore drilling problems are
conducted in Chapter 6 with the use of ABAQUS software. In particular, a user defined
material subroutine (UMAT) for the bounding surface model will be developed using the
return mapping algorithm (Borja & Lee, 1990; Neto et al., 2008) and its implementation
into ABAQUS be outlined. The predictions from the ABAQUS analyses are generally in
excellent agreement with the analytical solutions for both modified Cam Clay and
bounding surface models.

Chapter 7 is dedicated to the applications of the analytical solutions proposed in this
research, with main attention focused on the prediction of critical mud pressure required
to maintain the wellbore stability. It is shown that ignoring the elastoplastic feature of the
rock formations does give conservative solutions and would lead to a substantial
overestimation of the critical mud pressure (density).

Finally, Chapter 8 ends with the concluding remarks on this dissertation.

Recommendations for future study are given.
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CHAPTER 2
WELLBORE STABILITY ANALYSIS IN STRAIN HARDENING
DRUCKER-PRAGER ROCKS

2.1 Introduction

In this chapter an exact analytical solution for the wellbore boundary value problem
is derived, in an elastoplastic porous rock formation. The rock is modelled as Drucker-
Prager material with the incorporation of hardening behaviour depending on the evolving
of the plastic strain. By adopting the small strain deformation in the elastic region while
large strain deformation in the plastic region, the wellbore problems under both drained
and undrained conditions are formulated to solve a system of first order ordinary
differential equations in the plastic zone. The distributions of the radial, tangential, and
vertical effective stresses as well as the pore pressure (undrained case) and volumetric
strain (drained case) are plotted against the radial distance around the wellbore. In
particular, the mean-deviatoric effective stress paths are illustrated for a material point at

the wellbore surface.

2.2 Strain Hardening Drucker-Prager Model

This is an extended version of the ideal Drucker-Prager plasticity model in which the

yield surface (cylindrical cone in principal stress space) evolves with the accumulated
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plastic strain via the hardening parameter, friction angle g (Wood, 2004). In this model
the hardening will be linked solely to the accumulated plastic deviatoric (shear) strain eé’,
which is quite realistic for the modelling of soft sandstone-like formations since for such
rocks it is basically the rearrangement of the particles that dominates the stress-strain
response (Wood, 2004). Fig. 2.1 shows the initial yielding and failure loci separating the
elastic, elastoplastic, and inaccessible regions in the P* — q stress plane, with the mean

effective and deviatoric stress invariants P and q defined as

P = %(ar' + aé +0,) (2.1)

1 ! ! ! I ! ’
0= 1 = o) + (o) — a2 + (0 — ] 22)
where o, = 0, —p, 0, = 0y —p, and g, = g, — p are known as the effective radial,

tangential, and vertical principal stresses; o,, gy, and g, are the total radial, tangential,

Failure:q = P’ tanf

/ q=P’'tanp

Inaccessible
~

_-qg=P'tanp,

Elastic region

Y
R

Fig. 2.1. Shear strain hardening plastic Drucker-Prager model
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and vertical principal stresses, and p is the pore pressure.

Fig. 2.2 shows the Drucker-Prager yield surface in the principal stress space
(o, — 0, — a3) as well as its circular projection on the deviatoric plane. Also given in Fig.
2.2 is the yield surface associated with Mohr-Coulomb model for comparison, which
matches the Drucker-Prager surface at three vertices (triaxial compression).

For frictional granular rocks, the yield function of the strain hardening Drucker-
Prager model can be expressed as

F(P',q,B) =q—tanf - P’ (2.3)
where £ is the Drucker-Prager fiction angle which as a hardening parameter essentially
controls the size of the current yield locus in the P* — q plane (Fig. 2.1).

When an associated flow rule is assumed, the model requires fives material
parameters: G, the elastic shear modulus; v, the drained Poisson's ratio; ; and By, the
friction angles corresponding to the initial yield and failure loci, respectively, see Fig. 2.1;
and c, a rock parameter which relates the slope of the yield locus, tang, hyperbolically to

the plastic deviatoric strain, 55, as follows

p
tanf = CZZ, (tanB; — tanp;) + tang; (2.9)
where
& = [de? = fgj(def — de?)? + (del — de?)? + (de? — deP)? (2.5)

with def denoting the plastic deviatoric strain increment, and de;, dej, and de} the

plastic strain increments in r, 8, and z directions, respectively.
Fig. 2.3 gives a plot of the above functional relationship where tang increases

asymptotically towards the limiting value of tanfy as sf; approaches infinity. Note that
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Fig. 2.2. Drucker-Prager and Mohr-Coulomb yield surfaces in: (a) deviatoric plane;
(b) principal stress space
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Fig. 2.3. Hyperbolic friction angle hardening curve used in Drucker-Prager model

for sufficiently large and small values of c, the hardening model will degenerate to a
perfectly plastic Drucker-Prager model with fixed friction angle equal to 8; and S,

respectively.
2.3 Undrained Solution

Consider a wellbore having initial radius a, drilled in a rock formation with the in
situ horizontal, vertical stresses and pore pressure equal to gy, 0,,, and p,, respectively, as
shown in Fig. 2.4. The rock is modelled as a strain hardening Drucker-Prager
elastoplastic material. As the internal wellbore pressure decreases gradually from its
initial value of gy, initial yielding first occurs at the wellbore surface. A plastic zone will

will then be formed around the borehole with the further decrease of the wellbore
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Fig. 2.4. Wellbore boundary value problem (Drucker-Prager model)

pressure, and an internal failure zone may finally develop when the wellbore pressure is

sufficiently decreased. Imagine now the situation that the borehole has contracted to the
current radius of a corresponding to a wellbore pressure p,, and that plastic deformation
is occurring throughout the annulus region a < r < r,,. At this instant a typical particle
initially at radial distance r,o will have moved inward to a new position denoted by r,

(see Fig. 2.4). The material remains in an elastic state beyond the elastic-plastic interface
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T'=T'p.

In both the elastic and plastic regions, the radial equilibrium equation in the current

configuration can be written as

9% %8 = (2.6)

ar r

or in the effective form,

[7] O',’»
ar

ap | 90y _
+2E+ =0 2.7)

r

where the compressive stresses and pore pressure p are considered positive.

For the undrained condition, the volumetric strain may be assumed to vanish
everywhere. This gives the following relationship between the current and initial
positions of an arbitrary point, . and 7., and of the wellbore surface, a and a,

12 —a?=r’% —a} (2.8a)

or the normalized form

2= ()

which indicates that for any particle having the current coordinate of r =r,

+ (@)2 ~1 (2.8b)

a

corresponding to a contracted borehole radius of a, its original location 1, can be
uniquely determined from Eq. (2.8) in terms of a, a,, and r,.. As will be shown later, the
existence of such a simple equation will greatly simplify the subsequent formulation for

the undrained elastoplastic wellbore drilling boundary value problem.
2.3.1 ELASTIC ANALYSIS

In the elastic region r = 7,, the deformations are very small. The radial and

tangential total strain increments de, and de, at r can be written as
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de, = > (2.9)
dey = -2 (2.10)

where du, is the displacement increment for a material point currently at position r,
radially outwards direction taken as positive.
The elastic stress strain relationship can be expressed in terms of the effective

stresses as

de, J1r v v dU;;
degy = zl-v 1 - doy (2.11a)
de, -v —v 1 do,
or in terms of the total stresses

de, 1 -v, -v,1 (do,

{dsgl = Ei[—vu 1 —vu] -{dcr@} (2.11b)

de, “l=v, -v, 1 do,
where de, is the incremental total strain in z direction; do,, daé, do, and do,, do,, do,
are, respectively, the effective and total radial, tangential, and axial principal stress
increments; v and v,, are the drained and undrained Poisson's ratio (For an incompressible
material v, = 0.5); and E and E,, are the drained and undrained Young's modulus given
by

E=2G(1+v), E, =2G(1+v,) (2.12)

From Eq. (2.11a) one has

=2 ap’ (2.13)

de, = de, +deg +dg, =
where dg, is the volumetric strain increment. Since the total volume strain rate is zero

(de, = 0) in an undrained deformation, Eq. (2.13) gives

l

dP' =0 (2.14)

21



i.e., the mean effective stress must remain constant during the elastic deformation.
Now combining Egs. (2.6), (2.9), (2.10) and (2.11b), the solutions for total stresses

and radial displacement can be easily shown to be (Timoshenko & Goodier, 1970; Yu,

2000)
— p z
o, = oy + (0, — 0p,) (T) (2.15)
— ™p 2
0g = 0y — (0, — 0p) (7) (2.16)
o, =0, (2.17)
u, = Ip=Oh Ty (2.18)
r 26 1 '

where g, denotes the total radial stress at the elastic-plastic boundary r = 7,,.

By adding Egs. (2.15)-(1.17) it is found that for any particle in the external elastic
region there is no variation in the mean total stress P and consequently, no excess pore
pressure would be induced because as noted above the mean effective stress P’ is

constant during the elastic deformation. Therefore,

P = Do (2.19)
2.3.2 ELASTOPLASTIC ANALYSIS

For strain hardening Drucker-Prager model with an associated flow rule, from Egs.
(2.1)-(2.3) the three components of incremental plastic strain del’, dej, and del can be

expressed as follows

P _ g OF _ A(2F 0P L OF 0a\_ ,f 1 3(r=P)

de; = Aaa; =4 (ap’ o, + aq aa;) B A{ 3tanﬁ + 2q } (2.208)
p_ A 0F _ (0F 8P 9F aq\_ ,f 1 3(oy—P')

def = A5-= A(—ap, ot _aa;> = A{-tanp L } (2.20b)
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p aF 9P 9F aq 1 3(a,—P")
det —Aaaz—/l(ap o aaz) A{ tang + 2% } (2.20c)

where A is a scalar multiplier.
From Egs. (2.20a)-(2.20c) the expressions for plastic volumetric and deviatoric

strain increments, deg and defl’, can be easily shown to be

de) = del +de} +del = —A-tanf = A (2.21a)

de] = \/3—7\/(ds —de))? + (dej —de))? + (def —de))? =A= AZ—Z (2.21b)

Whilst the shear hardening rule, Eq. (2.4), can be rewritten in the incremental form

as follows

tan fr—tan f5; (tanﬁ) _ tan fy—tan f3; (i) _ tan fr—tan f3; P'dq —qdpf

p _
dSq = ¢ (tan B —tan )2 (tan By —tan B)? (tan B —tan )2 p'?

(2.22)

Substituting Eqg. (2.22) [note dsf; = A] back into Egs. (2.20a)-(2.20c), and with the aid of

dP' = (do, + do, + da,) (2.23a)
aq dq !
dq = d + dag 5o do, (2.23b)

one can write the plastic stress strain response in the matrix equation

de? a? a.ay aya,] (do,
dgg =ylaga, az aga,| - dO-e, (224)
de? a,a, a,ay a? do,

where the following notations have been defined to abbreviate the mathematical

representation

_ 4, 3(—P)

a = =37+ (2.253)
_ 4, 3@@—P)

Qg = =37+ =g (2.25b)
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_ _ 4 4 300-P)
a, ==zt oy (2.25¢)

_ (tan[)’f—tanﬁi)P,
y = c—(P,.tanﬁf_q)2 (2.25d)

On the other hand, in strain hardening Drucker-Prager model the elastic stress strain

relationship can be expressed in the matrix form

!

dey 1 —v —v] (do
deg =%[—v 1 —v]- doy (2.26)
des -v v 1 do,

where def, de;, and def are the elastic strain increments in r, 6, and z directions,
respectively.

Egs. (2.24) and (2.26) can be combined to give the elastoplastic constitutive

equation
1 2 _r _r ,
dé‘r Ir E+yar E+yara9 E+yaraz-| dO'r
{de(;} = —% + yaya, % + ya} —% + yay azj {da, (2.27)
de 1 do,
? _%-}'yazar —%"'}’azae E+ya§
or inversely
dO'TI: ) bll b12 b13 dSr
dO'BI = Z b21 bzz b23 . dgg (228)
do, b3y b3, b3zl \de,
where
by = % [1—v2+Eaiy + 2Evaga,y + EaZy] (2.29a)
by, = % [—Ea.(ag +va,)y +v(1 +v — Eaga,y + EaZy)] (2.29b)
bz = % [-Ea,(vag + a,)y +v(1+v + Ealy — Eaga,y)] (2.29¢)
by, = % [1—v?+ Ea?y + 2Eva,a,y + EaZy] (2.29d)
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by = % [v+v?+ Eva’?y — Eaga,y — Eva, (ay + a,)y] (2.29)

bys = % [1—v?+ Ea?y + 2Eva,ayy + Ea3y] (2.29f)
by, = by (2.299)
b31 = b3 (2.29h)
bay = bys (2.29i)
A= —1EL3V [(=1+v+2v®) + E(-1+v)a’y + E(-1+Vv)a}y — 2Evaya,y
—EaZy + EvaZy — 2Eva,(ay + a,)y] (2.29))

which are all explicit functions of the three stress components o,., a(;, and o,
In order to account for the effect of large deformations in the plastic zone, the

natural (or logarithmic) strains are adopted which take the incremental form

de, = —% (2.30)
dey = _dr_f (2.31)

Note that in Egs. (2.30)-(2.31) r is the radial coordinate associated with a given material
particle and dr is the infinitesimal change in position of that particle (Lagrangian
description). For undrained cylindrical wellbore drilling problem de, = 0, and also

de, = 0 as a result of plane strain deformation, it thus follows that

de, = —dgg =~ (2.32)

Substituting Eq. (2.32) into (2.28) the constitutive relationship reduces to three first

order ordinary differential equations

Do,  bi1—b1 _
o = 0 (2.333)
Doy ba1—by

2ottt - g (2.33b)
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Dag,  b31—b3
Dr Ar

=0 (2.33c)
where D% denotes the material derivative taken along the particle motion path (Lagrangian

description). Egs. (2.33a)-(2.33c) are valid for any material point r, in the plastic zone
(see Fig. 2.4), and contain three unknown stresses o, a(;, and g, as functions of a single
variable r, which varies from r,,, to .. Here r,,, represents the position of the specific
particle when it just enters into the plastic state. To solve these differential equations one
needs a prior knowledge of 7, as well as the corresponding initial values

0, (1), 04 (1), and a, (1, ), which is discussed below.
2.3.3 POSITION AND STRESSES AT ELASTIC-PLASTIC BOUNDARY

It will be shown in this section that the solution in the outer elastic region fully
specifies the value of r,, and the corresponding stress components as well. For the
general case when the in situ stresses are non-isotropic, one can write

070 = 050 = (04 — Po) = K0, = Ko(0, — po) (2.34)
where a,,, 0,0, and o, are the initial effective stresses; and K, represents the coefficient
of earth pressure at rest.

Eq. (2.34) can be rewritten in the normalized form

or0 _ 9p0 _ _3Ko oro 3 (2.35)

Py Py 1+2Ko’ Py 142K
where P, denotes the initial mean effective stress.

As shown in Eq. (2.14), under undrained condition the change of the mean effective
stress P’ is zero during the elastic deformation. This indicates that the P* — g stress path

of the material point r, will be a vertical line until it reaches the initial yield locus,

26



represented by point (P, q,) Where
q, = tanp; - P, (2.36)
Since 7, is the position of the elastic-plastic boundary, from Egs. (2.15)-(2.17), (2.19)

and (2.35) one obtains

’ ’ _ ’ ’ _ 6[(0 ’
O-rp + O-Gp = 0,9 + Ogg = m 0 (237)
0, =0, =——FP, (2.38)
R '

where a,, = 0,(1,), 05, = 04(r,), and o, = 0,(r,). On the other hand, at 7, the

material point is at initial yield so the same stresses must obey the following relation

\/1_7\/ (075 = 03, + [00, — 0] + o1y — 2] = q, (2.39)

Combining Egs. (2.37)-(2.39) the effective radial and tangential stresses can be

obtained as
’ ’ r 2 1 r 2 12 ’ ’
Orp = Oy — \/0-1"0 - 5 (4Gr0 + Oz,0 — 20_1’00-20 - qzzJ) (240)
0y, = O, +\/0’2—l(40'2+0’2—20’ 0,0 — q2) (2.41)
6p r0 r0 3 r0 z0 r0%z0 qp :

Egs. (2.38) and (2.40)-(2.41) together with Eq. (2.36) provide explicit expressions
for the stress components at the current elastic-plastic interface r,. Note that a,ip < aép
according to the sign convention used in this dissertation. Note also that these stresses are
independent of the position of the elastic-plastic boundary and therefore the initial values
ar'(rxp), aé (1), and aZ'(rxp) required for solving Egs. (2.33a)-(2.33c) corresponding to
the material particle r, are given by the same equations.

It remains now to find the position of the material particle, r,,,, at the instant that

particle becomes plastic. To accomplish this recall Eq. (2.18) for the radial displacement
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u, which is still valid immediately after yielding. This gives

_ U;p _0_1"0
Tp = Tx0 = =5 Tap (2.42)

Substituting Eq. (2.8b) into (2.42) thus determines , in terms of a, a,, and r,,

e
—_— = — —_
a 1_Urp_‘7r0 a

2G

+(@)2_1 (2.43)

In addition, in order to analyze the stress distributions around the borehole, the

location of the current elastic-plastic interface r,, is needed. This can be calculated from

Eqg. (2.43) as a special case by equating both 7,,, and , to r,,, giving

2
20)" 1
no | @) (2.44)
a <Urp _Ur0> Irp ~0r0
2G G

So far all the initial conditions related to the governing differential equations
(2.33a)-(2.33c) have been identified, as given in Egs. (2.38), (2.40), (2.41), and (2.43).
The stresses for any material point in the plastic region, as represented by r,, thus can be
readily solved as an initial value problem starting at r;,,. Here use is made of the standard
ordinary differential equation system solver implemented in Wolfram Mathematica 7.0
(2008) for this purpose. An important point however to note is that these equations are
valid only in case that the material point has been experiencing certain plastic
deformation, i.e., an annular plastic zone is formed outside the borehole. This constraint

will be satisfied as long as

a g a0 (2.45)

a ap
where a,, denotes the reduced borehole radius which corresponds to the onset of yielding

at the wellbore surface and can be obtained by setting , = a = a, in Eq. (2.44)
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p__ 1 (2.46)

2.3.4 EXCESS PORE PRESSURE IN PLASTIC ZONE

Having known the effective stresses in the plastic zone a < r < ,,, it is a matter of
ease to calculate from the equilibrium equation (2.7) the distribution of pore pressure
p(r). Integrating Eq. (2.7) from the elastic-plastic interface up to the point r, (Eulerian

description),

p(1;) = 0 + o — 0,(1y) — [ F2dr (2.47)

T'p r
the pore pressure and consequently the excess pore pressure Ap(r,) = p(r,) — p, are

then determined.
2.4 Drained Solution

The formulation for the drained wellbore drilling problem would be much more
challenging since in this case the volumetric strain is no longer equal to zero and thus no
additional simplification like Eq. (2.8) could be introduced into the analysis. Actually for
the drained case, the volumetric strain on its own needs to be determined. Nevertheless, it
is shown in this section that with the introduction of a carefully chosen auxiliary variable,
i.e., the ratio of the particle displacement in radial direction to its present radial position,
the drained problem can still be reduced to solving a set of first-order simultaneous
differential equations in the plastic zone, with the radial, tangential, and vertical stresses
in addition to the volumetric strain being the four basic unknowns.

It should be pointed out that when the wellbore is drilled under drained condition,

the pore pressure p is eventually constant equal to the in situ value of p, and can be
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subtracted out of the analysis (Carter, 1978; Collins et al., 1992). The equilibrium
equation (2.7) therefore reduces to

r ’ ’
do, | 0y—0y

+

ar r

=0 (2.48)

2.4.1 ELASTIC ANALYSIS

Again within the elastic region r > r,, (Fig. 2.4), the displacements and strains will
be infinitesimal. Note that Egs. (2.9)-(2-10) for the total strain increments de, and degy
and the constitutive equation (2.11a) also apply for the drained case, so together with Eq.

(2.48), the solutions for effective stresses and radial displacement can be obtained as

follows

r ’ r ’ T'p 2

o, = oy + (0, — 03,) (T) (2.49)
12 r 1] 1 rp 2

05 = oy — (g, — a3) (2) (2.50)

o, =g, (2.51)

0'2; —0'},1 Tg
u, =20l (2.52)

26 T

where a), = 0, —po; 0, = 0, —py; and o, denotes the effective radial stress at the

elastic-plastic boundary r = 7,.

2.4.2 ELASTOPLASTIC ANALYSIS

As in the undrained case, the elastoplastic incremental constitutive relation during
the plastic deformation is still given by (2.28). However, for the drained wellbore drilling
problem, de, = de, + deg # 0, the three rows in the matrix equation (2.28) therefore

becomes, upon elimination of de,

30



dr
[b11de, + (b1z — bi1)deg] = S [br1dey, + (brz — by1) (= )] (2.531)

N |-
[N

do, =

' 1 dr
dog = 3 [by1de, + (byy — by1)deg] = = [by1de, + (byy — byy)(— T)] (2.53h)

N |-

! 1 dr
do, =~ [b31de, + (b3, — b31)deg] = £ [b31dey, + (b3z — b31))(— )] (2.53c)

N~

where b;; and 4 have been defined in Eq. (2.29), which are are all explicit functions of
the three stress components a;., g, and a,.

Introduce now an auxiliary independent variable &, defined as

§="T=""7 (2.54)
where u, is known as the radial displacement and r the original position of the particle.
The differentiation of Eq. (2.54) gives d¢ = :—‘;dr and so

-2 (2.55)

Combining Eq. (2.55) with Egs. (2.53a)-(2.53c) [Observe also that for a given material
point, &, must be a function only of its current position r and also only of the auxiliary

variable €], it follows that

D,T? —bugp % (2.56a)
% S % (2.56b)
DT? “bap % (2.56¢)
[l’)_‘?f =f (2.56d)

where D% denotes the material derivative with respect to ¢ following a given particle

(Lagrangian description). Egs. (2.56a)-(2.56d) constitute a system of first order

differential equations with & being the single independent variable and are valid for any
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material point currently located in the plastic zone. However, there are five unknown
functions needs to be solved for in these differential equations, i.e., o, a(;, o,, €, and f,
but only four available equations. The additional one should be sought from the radial
equilibrium condition, as discussed below.

With the aid of the auxiliary variable &, Eq. (2.48) can be rewritten as

60; _Ur ldur 0;—0;9 _
a¢ ( r2+r dr)+ r =0 (257)

which, on the basis of Eq. (2.56a), yields

' "N _ [b11 o br2—bu]( duy
—(o —op) = f A(1—5)]( $+ dr) (2.58)
where 2 represents the relative displacement of a neighboring point with respect to the

dr
particle instantaneously at position r (Eulerian description), which should not be

du,

confused with the material derivative as the latter actually turns out to be equal to

L PN
1 for a given particle with fixed value of 7.

On the other hand, the natural radial strain is defined as

g, =—In (d_r) (2.59)

dTO

which can be rearranged to give

—&, _d_r __d(rotuy) _ durd_r_ du, —&
€ B dry B dry =1+ dr dry =1+ dr € (260)
and therefore
dﬂ— — p¢r
—=1-e (2.61)
Making use of the relation
& =& —& =&, +1n (:—0) =&, +1n (i) (2.62)

Eq. (2.61) can be further expressed as
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(2.63)

" in the neighbourhood of a given particle thus has

The Eulerian spatial derivative ddr

been converted to the Lagrangian form in terms of the field variables (&, and &)

du,
dr

corresponding only to that material particle. Elimination of from Egs. (2.58) and

(2.63), and after some manipulations, then results in an equation relating f to the other

four variables o,, 0, 0,, and ¢, as follows

A O';—O'é b11—b12
N 2.64
f byy 1—{—% 4(1—5)] ( )

Substituting Eq. (2.64) into Egs. (2.56a)-(2.56d), the four governing differential
equations finally reduce to

/ P
Do, T

pf T iy (2.65a)
Tem -t 15_5 o) aree (2.650)
F e o e (2550
T 15_5 =) (2.650)

which can be readily solved as an initial value problem with the independent variable
starting at & = &,, provided that the initial values of a,.(&,), g, (&), 0, (&), and &, (&)

are given. Here &, corresponds to the value ofur—r of the specific particle when it is just

entering into the plastic state.

33



2.4.3 ELASTIC-PLASTIC BOUNDARY AND INITIAL CONDITIONS

At the elastic-plastic interface r,,, it is clear that the stresses o, (&), aé (&), o, (&)

and the displacement w,(&,), where &, = (ur—’) , must satisfy the elastic region
T=T'p

solutions given by Egs. (2.49)-(2.52), which leads to

' ' ' ' 6
01(&) + 05 (&) = 010 + 90 = 150 Py (2.66)
’ ’ 3 ’
0,(&p) = 020 = T3 Po (2.67)
_ (w _ 01(&p) —oy
= (r )r:rp 26 (2.68)
&) =0 (2.69)
P'(§) =Py (2.70)

On the other hand, at 7, the material point is just starting to yield which demands the

mean and deviator stress point to be located on the initial yield surface. That is

a(&) = (o) — 0, @ + [0 — 6] + [016) — 016}

= tanp; - P, (2.71)

If Egs. (2.66), (2.67), and (2.71) are combined it is found that

’ ’ 12 1 12 ) ’ ’ ’
O-r(fp) = 0rp — \/O-TO T3 [4Ur0 + 0,0 — 20-1’00-20 - (tanﬁi : PO)Z] (272)

’ ' "2 1 12 12 ’ ’ ’
56 = Glo+ [oi0” ~ Shoie” + 0l0” — 20,00 — (nf B (279)

Egs. (2.67)-(2.69), together with Egs. (2.72) and (2.73), allow to explicitly
determine the stresses and volumetric strain in addition to the auxiliary variable at the

current elastic-plastic interface r,,. Again, these expressions are independent of the radial
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position of the elastic-plastic boundary, they are therefore also the solutions for &,
o, (&), cré (&), 0,(&), and &,(&,) that serve as the initial conditions for solving the
differential equation (2.65a)-(2.65d) pertaining to the given material particle. Once these
initial values are obtained, then for any material point in the plastic region currently
located at r, its stresses and volumetric strain can be readily solved as an initial value

problem starting from & = &,. In particular at the wellbore surface, the solutions can be

found by putting ¢é(a) =

a—ay
a

=1- U;—" where a is already known.

However, it should be noted that the above differential equations (2.65a)-(2.65d) are
expressed with respect to the auxiliary variable & rather than the particle positionr. To
complete the solutions, it is therefore necessary to establish a link between ¢ and r. This

can be achieved by rewriting Eq. (2.63) as

du, aé _ . efv

o S StTe T (2.74)
and therefore

o % (2.75)

r 1_€_§

where dr should be understood as the infinitesimal vector between two neighbouring
points in the plastic zone (dTr + —degg). Integrating the above equation starting from the

radius of the wellbore surface, one obtains

4 d§
§(a) efv
1_ —_—
T=e T (2.76)

which gives the current position of a particle r as a function of ¢ in the integral form [the
distribution of €,(¢) in the plastic zone, &, < ¢ < ¢(a), is obtainable by solving Egs.

(2.65a)-(2.65d)]. As a special case, the position of the current elastic-plastic interface 7,

35



can be calculated as

fp d¢
vy f@)__ev

P (2.77)

Finally, it is remarked that as with the undrained case, the solution procedure in this
section for the plastic zone applies only to the situation that the wellbore pressure p,, (or
the contracted borehole radius a) is small enough to produce plastic deformation around
the wellbore. The critical borehole radius a,, corresponding to the onset of yielding at the
wellbore surface can be determined in a similar way from Eq. (2.52) as

A (2.78)

ap 1_Jr(§p)_0h
2G

2.5 Results and Discussions

In this section some numerical results are presented for the wellbore drilling curves
(the wellbore pressure p,, versus contracted radius a), the distributions of effective
stresses, pore pressure (undrained case), and volumetric strain (drained case) around the
borehole, as well as for the effective stress path (ESP) followed by a rock particle in the
P’ — q plane. Table 2.1 summarizes all the parameters used in the calculation with the
Drucker-Prager plastic hardening properties g; = 30°, B = 60°, and ¢ = 0.01.

Fig. 2.5 shows the variations of wellbore pressure p,, and the generated excess pore

pressure at wellbore surface, Ap(a), with the normalized wellbore radius °;—° for the

undrained case. As expected, the borehole continually contracts (”;—0 increases) when the

wellbore pressure is gradually reduced, yielding initiating at the wellbore surface

corresponding to a value of p,, = 17.69 MPa. After that, the plastic deformations will
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Table 2.1. Parameters used in example analyses with hardening Drucker-Prager
model

Plastic parameters: g; = 30°, B = 60°, and ¢ = 0.01

i

Ty U(;o 050 Po Po do % G
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) 0 (MPa)
11.25  11.25 15 10 12.5 3.75 0.75 0.25 300

occur and ‘2—0 increases more rapidly as the wellbore pressure decreases accompanied by

the generation of significant negative pore pressure.
Fig. 2.6a shows the distributions of o, , o,, and g, along the radial distance
corresponding to a reduced wellbore pressure of p,, = 0 (the contracted wellbore radius

‘2—0 = 1.046), the radial axis being normalized with respect to the current borehole radius

a. As can be seen, the effective radial stress exhibits a substantial relaxation in the plastic
zone 1 < 2 < 2.82, which is a well known feature of the elastoplastic solutions for cavity
expansion and contraction problems (Hill, 1950; Yu, 2000). Fig. 2.6b displays the
distributions of mean effective stress P’, deviator stress g, and the excess pore pressure
Ap around the borehole, also plotted against the normalized radial distance. It is found
that the value of negative excess pore pressure increases steadily with the logarithm of£
near the wellbore, and becomes virtually equal to zero in the external elastic zone, which
is indeed expected. The figure also clearly demonstrates that in the elastic region, both

the effective vertical stress and mean stress remain constants and equal to their initial

values. Note that since the material particles at different locations follow exactly the same
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Fig. 2.5. Variations of (a) wellbore pressure; (b) pore pressure with normalized
wellbore radius for undrained case
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stress paths (but end at different positions), the curves in Fig. 2.6 represent also the stress
and pore pressure changes experienced by any particular material particle.

Fig. 2.7 further plots the undrained effective stress path (ESP) followed in the
P’ — q plane for a rock point at the wellbore surface. The in situ stress point (Py, qo) is
located within the initial yield locus F(P',q,8;) = q — tanp; - P". When the wellbore is
drilled, the stress path first moves along a vertical line in the P* — g plane until it hits the
initial yield locus. After that the rock will experience plastic hardening and the yield
locus has to expand (increasing ) to accommodate the new stress state. The stress path
then turns upper-right and heads slowly towards the failure locus F(P',q,ﬁf) =q—
tanf; - P

Finally, Figs. 2.8-2.10 show the corresponding results for the drained situation, in
which case the effective wellbore pressure is defined as p,, = p,, — po and the general
features are found similar to those for the undrained condition. The characteristic
relaxation of the effective radial stress, however, is not pronounced (Fig. 2.9a). Note
that under drained condition, the excess pore pressure is essentially zero, so in Fig. 2.9b

€, instead of Ap is included which decreases largely from zero to —0.0544 (in dilation)
as 2 decreases in the plastic zone 1 <£< 1.83. Fig. 2.10 also indicates that under

drained condition the P’ — q trajectory approaches more rapidly towards the failure line
in comparison with the undrained case, even through for both cases the rock particle

follows the same stress path during the elastic phase of deformation.
2.6 Summary
This chapter presents a rigorous analytical solution for undrained/drained wellbore
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drilling boundary value problem by adopting the shear strain hardening Drucker-Prager
plasticity model to describe the rock formation behaviour. The problem is found to be
equivalent to solving a system of first order ordinary differential equations with the initial
conditions known at the elastic-plastic boundary, and thus allows the radial, tangential,
and vertical effective stresses as well as the excess pore pressure (undrained) and
volumetric strain (drained) to be exactly determined. The results show that for undrained
problem, the pore pressure remains constant during the elastic deformation but significant
negative excess pore pressure may develop after the plastic yielding occurs. While for
drained problem, the volumetric strain decreases rapidly from zero in going from the
elastic-plastic boundary to the wellbore surface so the rock undergoes substantial dilation

in the plastic region. For both the two cases, the P' — g stress paths are first directed
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vertically upwards, hitting the initial yield locus, and then move towards the failure yield

locus.
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CHAPTER 3
WELLBORE STABILITY ANALYSIS IN STRAIN HARDENING
MOHR-COULOMB ROCKS

3.1 Introduction

The Mohr-Coulomb model is the most common plastic model employed in the
context of geomaterials, in particular rocks. It differs from the previous Drucker-Prager
model in that for Mohr-Coulomb model, both yield and strength are dependent on the
third stress invariable, Lode's angle 6, in addition to on the mean effective stress P’ and
deviatoric stress g. In the three dimensional principal stress space Mohr-Coulomb yield
function defines an irregular hexagonal cone, while the Drucker-Prager yield function
gives a smooth cylindrical cone (see Fig. 2.2).

For the widely used elastic-perfectly plastic Mohr-Coulomb model, there is no
hardening/softening law required so the yield surface is fixed in the space of principal
stresses. However, as with the strain hardening Drucker-Prager model used in the
previous chapter, in treating the wellbore drilling problem this chapter will adopt the
shear strain hardening Mohr-Coulomb model to describe the rock formation behaviour
where the friction angle is again assumed to vary hyperbolically with respect to the
developed plastic shear strain. To simplify the mathematical derivation and allow for the

possibility of analytical solutions, in the analysis the Mohr-Coulomb failure criterion is
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approximated by the well known Matsuoka-Nakai criterion (Matsuoka & Nakai, 1974),
and accordingly the friction hardening Mohr-Coulomb model will be adapted as the shear
hardening Matsuoka-Nakai model. Following a similar approach as proposed in Chapter
2, the wellbore drilling problems under both drained and undrained conditions can still be
reduced to solving a set of first-order simultaneous differential equations in the plastic
zone, with the radial, tangential, and vertical stresses as well as the volumetric strain (for
drained case only) being the basic unknowns. As an illustration example, the distributions
of stress components, excess pore pressure (undrained case), and the volumetric strain
(drained case) are presented against the radial distance, and the mean-deviatoric effective

stress paths for a rock point at the wellbore surface are also examined.

3.2 Smoothed Strain Hardening Mohr-Coulomb Model (Matsuoka-Nakai

Model)

The main drawback of Mohr-Coulomb model lies in that its yield surface in the
principal stress space has six corners where the yield function is no more differentiable as
in the Drucker-Prager model. The existence of such singular corner points will not only
cause significant numerical difficulties in finite element analysis (Potts & Zdravkovic,
1999), but also make the derivation of analytical solution for wellbore drilling problem
almost intractable due to the ununiqueness of partial derivatives with respect to the stress
components, which are needed to determine the plastic strain increments [Egs. (2.20a)-
(2.20c)]. A good way to overcome such shortcoming is to round off the corners so that a
smooth yield surface may be obtained. To achieve this, here a modified version of the
Mohr-Coulomb criterion which was originally proposed by Matsuoka & Nakai (1974)

will be used for the wellbore analysis.
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Matsuoka-Nakai

Lade-Duncan

Fig. 3.1. Mohr-Coulomb, Matsuoka-Nakai, and Lade-Duncan’s yield surfaces on
deviatoric plane (modified after Hicher & Shao, 2008)

The Matsuoka-Nakai criterion matches the Mohr-Coulomb hexagon at both major
and minor vertices. In Fig. 3.1 the cross section on the deviatioric plance of the
Matsuoka-Nakai yield surface is compared with those of the Mohr-Coulomb and Lade-
Duncan surfaces (Yu, 2006; Hicher & Shao, 2008). For wellbore drilling problem in
which the radial, tangential, and vertical stresses are the three principal stresses, the yield
function for the Matsuoka-Nakai model can be written as (Davis & Selvadurai, 2002)

F(0;,09,0,, ) = x(9)P (0,04 + 040, + 0,0,) — 0,040, (3.1)

where ¢ is the friction angle in Mohr-Coulomb model, and y is a material parameter
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which, to ensure that the Matsuoka-Nakai yield surface circumscribes the cohesionless

Mohr-Coulomb hexagon, is related to ¢ by (Davis & Selvadurai, 2002)

3(1—sin @ —sin2@+sin3¢)

x(p) = (3.2)

9—9sin ¢ —sin 2 +sin 3¢

Note that Eq. (3.1) is restricted to cohesionless rocks as it passes through the origin.
Note also that as a smooth approximation of the shear hardening Mohr-Coulomb model,
the hardening behaviour of the Matsuoka-Nakai model is reflected in parameter y via ¢.
Returning to the Mohr-Coulomb model, the following hyperbolic relationship between ¢

and plastic deviatoric strain eg is assumed [recall Eq. (2.4)]

p
&q

tang = (tan<pf - tan<pi) + tang; (3.3)

ctep
where ¢@; and ¢ are, respectively, the Mohr-Coulomb friction angles corresponding to
the initial yield and failure loci; c is again a rock parameter which controls the shape of
the hyperbolic function. Obviously, during the plastic hardening the Matsuoka-Nakai's
parameter y may vary from y; = x(¢;) to xy = x(¢s) with respect to sf; through Eq.

(3.2).
3.3 Undrained Solution

The derivation of the undrained solution for the wellbore boundary value problem
using the above shear hardening Matsuoka-Nakai model is completely analogous to that
for the Drucker-Prager model described in Chapter 2. Referring to Fig. 3.2, the
equilibrium equation in the current configuration, for both the elastic and plastic regions,

can be expressed in the total stress form as

do,

+220 = (3.4)

ar r
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Fig. 3.2. Wellbore boundary value problem (Mohr-Coulomb model)

or alternatively,

da, 0 a,—ay
99 L 9P L 9%
ar ar r

and the kinematic equation remains unchanged as
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3.3.1 ELASTIC ANALYSIS

In the elastic region r = r,, the solutions for total stresses, radial displacement, and

pore pressure are exactly the same as those in Chapter 2:

— )2
o, = oy + (0, — 0p,) (T) (3.7)
2
a9 = 0 — (0, = 0p) (Tp) (3.8)
9, = 0y (3.9)
w = o (3.10)
T2 r '
P = Do (3.11)

where as before o,, denotes the total radial stress at the elastic-plastic boundary r = r,.

3.3.2 ELASTOPLASTIC ANALYSIS

For strain hardening Matsuoka-Nakai model assuming an associated condition, the

plastic strain increments are obtained by differentiating Eq. (3.1)

oF i ’ ’ 1 ror 1o 1o 1o
del = AE =A {)(P (09 +0,) + g)((arag + 040, + 0,0,) — agaz} (3.123)
P oF i ’ ’ 1 ror ro roor ror
de, = AE =A {){P (o, +0,) + g){(arag + 040, + 0,0,) — araz} (3.12b)
dgp— 6F_A{ Pl(l+ I)+l (r I+ ’ r+ i I)_ ror 312
z =A57= XP (0, + 0g) +3x(0,04 + 090, + 0,0,) — 0,09 (3.12¢)

From Eqgs. (3.12a)-(3.12c) the required deviatoric plastic strain increments, dsé’ , can

be found to be

de? = g\/(dgf — deb)? + (deb — deb)? + (de? — deb)2 =L A9 (3.13)
where
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9=1{(0; — 3)*(xP" = 0)* + (0, — 0,)* (XP' — 0p)*
+(0, = 99)*(XP' = 0,)*}/2 (3.14)
Whilst the shear hardening rule, Eq. (3.3), can be rewritten in the incremental form

as follows

tan @ s —tan @; 1

dej = c de (3.15)

(tan ¢ f—tan ®)2 cos?¢
On the other hand, carrying out the differentiation of the yield equation (3.1) gives

F 4 F " OF 4
a—v—d or +iv—d09 +—do,
dag do,

’ do,
= x @)p = = o) (3.16)
where
4 3A
X (@) = (%) (3.17)

(9—9sin ¢ —sin 2@ +sin 3 ¢p)?
and
A(p) = (9 — 9sing — sin?¢ + sin3¢p)(—cosp — sin2¢ + 3sin?@cos)
—(1 — sing — sin?¢g + sin3p)(—9cosg — sin2¢ + 3sin®pcosp)  (3.18)

Substituting Egs. (3.15)-(3.17) back into Eq. (3.13) then results in the following

JoF ’ oF ’ oF '
A= y{m dO'r + Edﬂe + Edﬂz} (319)
where
y = 1 c(tan @ r—tan @;) ) (9—9sin @ —sin 2 +sin 3¢p)? (320)

" VZ Y(tan @r—tang)2cos2p A(p)P' (0,04 +040,+0,0,)

Defining the following notations

oF ! ! / 1 rot ro ror ro

a4y =3 = xP (gg +0,) + Ex(arae + 040, + 0,0,) — 040, (3.21a)
oF ’ ’ ’ 1 ror ro ro P

Ao = E = XP (Ur + UZ) + §X(Ur‘79 + 0y 0y + O—TO-Z) — 0,0, (321b)
oF i ’ ’ 1 P ror ro ro

a, = 5= xP (0r + ) +3x(0,05 + 090, + 0,0,) — 0,04 (3.21c)
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and substituting Egs. (3.19) into Egs. (3.12a)-(3.12c) gives the desired expressions for the

plastic strain increments as follows

p !
de! a? a.ay aya,] (do,
dgg =ylaga, ag Aga,| - dO-Q (322)
del a,a, a,ay a2 do,

Note that according to Eq. (3.2),

_ . 9y —
¢ = arcsin |-—= (3.23)

S0y, a,, ag, and a, on the right hand side of Eq. (3.22) are all explicit functions of the
three stress components g, g, and .

It is useful to recognize that Eqg. (3.22) has the same form as Eq. (2.24) for the
Drucker-Prager model, except that y, a,, ag, and a, should now be replaced by Eqgs.
(3.20) and (3.21a)-(3.21c) corresponding to the present Matsuoka-Nakai model.
Consequently, Egs. (2.25)-(2.33c) in Chapter 2 for determining the stress components

would also be applicable and the three first order ordinary differential equations are

Doy  b11—-b1p

e = 0 (3.24a)
% __ba1—byy _

- —2=0 (3.24b)
Do, _bui7hn _ (3.24¢)

Dr Ar
where b;; and A have been previously defined in Egs. (2.29a)-(2.29j). As discussed in
Section 2.3, this set of equations are valid for any material point r, currently located in
the plastic zone (see Fig. 3.2), and to solve the three stress components one needs a prior
knowledge of r,,, as well as the corresponding initial values o, ("p ), 06; (ryp ), and o, ("),

where

wp represents the position of the specific particle when it just enters into the
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plastic state.
3.3.3 INITIAL STRESS CONDITIONS AND ELASTIC-PLASTIC BOUNDARY

The determination of the value of r,,, and the corresponding stress components is
quite similar to the one for the Drucker-Prager model. On one hand, the three effective

stresses must satisfy the elastic solutions (3.7)-(3.9) and (3.11), which gives

o, (rxp) + 0, (rxp) =0, + 0py = %P{) (3.25)

0,(ry) = MP‘; (3.26)
where g, aéo, and g, are the initial effective stresses; and K|, the coefficient of earth
pressure at rest.

On the other hand, the same stresses need to be located on the initial yield surface
which requires

x(p)Po[o; (rxp)aé (1) + o (Txp)azl (rp) + a, (Txp)azl (rxp)]

—0, (rxp)aé (rxp)aZ' (rxp) =0 (3.27)
where use is made of P'(rxp) = P, since according to Egs. (3.7)-(3.9) and (3.11), the
mean effective stress remains unchanged during the elastic deformation. On combining

Egs. (3.25)-(3.27), one obtains

o0l (250r)

o, (rxp)aé (rxp) = R (3.28)
+2K9 t
and
3k N2 X0 (mrgo)(TiargPo)
U(Txp) 1+2K0 \/(1+2?<0P°) N %K:_x(q;i) ; (3.29)
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9o (p) = 1+2Ky 0 142K, 0 (3.30)

3K, _l_\/( 3K, P,)Z_x(%)(ﬁl’é)(lig—%l’é)

3
m—x(%)
Finally, in analogous to the analysis for Drucker-Prager model, the corresponding

expressions for r,,,, 7;,, and the critical borehole radius a,, in the Matsuoka-Nakai case are

given by

= CIRICRE =
a - 1_Urp —0r0 a a '

2G

a0y _

wo | @) (3.32)
a <Urp_‘7r0> Irp ~9r0

2G G
P __t
P (3.33)

3.3.4 EXCESS PORE PRESSURE IN PLASTIC ZONE

In the plastic zone a < r <r,, the calculated effective stresses as given by Egs.

(3.24a)-(3.24c) allows the distribution of pore pressure p(r;) to be determined from the

equilibrium equation (3.5) by integration as follows
p(i) = 0y +po — 0y () — [ 2 dr (3.34)

r

and the excess pore pressure is therefore Ap(r;,.) = p(1;) — po-
3.4 Drained Solution

The drained wellbore drilling problem in shear hardening Matsuoka-Nakai rocks can
again be dealt with using the same procedure as outlined in Section 2.4, Chapter 2 for the

strain hardening Drucker-Prager model. Since all the equilibrium and deformation
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equations in addition to the flow rule and boundary conditions take almost the same
forms for these two models, the resulting solutions must exhibit close similarity to each
other. The only exception is that for shear strain hardening Matsuoka-Nakai model, the
counterpart expressions of y, a,, ag, and a,, i.e., Egs. (3.20) and (3.21a)-(3.21c), will be
needed in the derivation of the four governing differential equations for the plastic zone
solution. In the following only some key equations for the drained problem in Matsuoka-

Nakai rock formations will be listed for completeness.

3.4.1 ELASTIC ANALYSIS

The solutions for effective stresses and radial displacement in the elastic region

T2

7 _ I 7 ’ Tp 2

o, = oy + (0, — 03,) (T) (3.35)
! _ ' ! ! Tp 2

05 =0y — (g, — o) (2) (3.36)

o, =0, (3.37)

g, —o, r2
u, = ——L=L (3.38)

26 T

where a), = 0, —po; 0, = 0, —po; and o, denotes the effective radial stress at the

elastic-plastic boundary r = 7,.
3.4.2 ELASTOPLASTIC ANALYSIS

The four governing differential equations in the plastic regiona < r < r,;:

/ P
Do, 0r—0g

D& 1—5—%

(3.39a)
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Doy by | or=0y | b1i-byy baz —by1

— = - 2 — 3.39b
D¢ b1y 1—5—% 4(1-§) 4(1-§) ( )
Do, _ _ba oy —0y | bii—bi _ b3a—b31 3.30c
D¢ b1y 1_5_1% A1-9 | 4a-9) (3:3%)
DSU A U;—Ué b11—b12

— = —— Z 3.39d
D& b1y 1_5_% A(1-§) ( )

where & = ur—r = T_r—r” is an auxiliary independent variable introduced to transform the

radial equilibrium equation in Eulerian description to an equivalent one in Lagrangian
description, i.e., Eg. (3.39d). The above equations enable us to solve the four basic
unknowns, a;, g,, g,, and &, as an initial value problem with the independent variable
starting at & = &, where the initial values of 6,.(&,), 0, (&), 0, (&), and &,(&,) can be
specified from the external elastic solutions together with the initial yielding condition.
Be reminded that &, corresponds to the value of“r—r of the specific particle when it enters
into the plastic state.

3.4.3 INITIAL CONDITIONS AND ELASTIC-PLASTIC BOUNDARY

The initial values of &, and stresses at the instant the material particle starts to yield:

_ (ur _ 01 (o) —op,
S0 = (r )rzrxp T 26 (3.40)
3\ 6Kg .
' _ 3K o 3Ky \? _X(‘l’i)(1+21<0p0)(1+21<0p0)
o7 ($) = Tr2rg L0 \/(1+2K0 PO) —1+§K0‘X(‘/’i) (3.41)
3 4 6K '
' 3Ky 3Ky )2 _X((Pi)(1+zz<0p0)(1+21<0p0)
79 (§0) = 142K, Po + (1+2K0 PO) —1+;K0—)(((pi) (3.42)
’ ’ 3 ’
0,(60) = 010 = o P (3.43)
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€($0) =0 (3.44)
and the relation between particle position r and the auxiliary variable &

as

§
. ff(a)l_g_ﬂ
=e 1-¢ (3.45)

where the distribution of £,(¢) in the plastic zone, &, < é < é(a) =1 — 0;—0 is obtainable

by solving Egs. (3.39a)-(3.39d). As a special case, the position of the current elastic-

plastic interface r,, can be calculated as

<0 aé
r S(a)l_f_efv

e = (3.46)

Finally, the critical borehole radius a,

ap 1

L — A7

agp 1_‘77’(5;9)—‘7}1 (3 )
2G

3.5 Results and Discussions

In this section some numerical results are presented in Figs. 3.3-3.5 for the
undrained solution and in Figs. 3.6-3.8 for the drained solution. They are based on the
parameters listed in Table 3.1 which are almost the same as those for the hardening
Drucker-Prager model (Table 2.1) except for the two frictions angles (¢; = 15° and
@5 = 45°).

Fig. 3.3 shows the wellbore pressure p,, and the induced excess pore pressure at

wellbore surface, Ap(a), as functions of normalized wellbore radius ‘;—0 for the undrained

case. The variation trends are basically similar to those for the strain hardening Drucker-
Prager model. For instance, during the elastic phase of deformation no excess pore

pressure builds up but it could become very large (negative) after the plastic deformation
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Table 3.1. Parameters used in example analyses with hardening Mohr-Coulomb
model

Plastic parameters: ¢; = 15° (y; = 0.313), ¢y = 45° (xy = 0.176), and ¢ = 0.01

i

Ty U(;o 050 Po Po do % G
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) 0 (MPa)
11.25  11.25 15 10 12.5 3.75 0.75 0.25 300

occurs. The wellbore pressure corresponding to the onset of yielding at the wellbore
surface is p,, = 18.55 MPa, which is comparable with the value of p,, = 17.69 MPa for
the Drucker-Prager model as a result of similar parameters used in these two calculations.

The distributions of o, gy, and o, as well as of P, q, and Ap along the distance
from the borehole are given in Figs. 3.4. The results are presented, once more, for the
situation of zero wellbore pressure, which corresponds to a contracted wellbore radius of

C;—O = 1.049. Analogous to Fig. 2.6a, the substantial relaxation of the effective radial stress

o, is again clearly observed in Fig. 3.4a for the plastic zone 1 < 2 < 3.33. Notice that in

the elastic region, the excess pore pressure is always equal to zero and both o, and P’
remain unchanged equal to their initial values.

Fig. 3.5 shows the undrained P' — q stress path of a rock particle located at the
wellbore surface during the reduction of wellbore pressure from p,, = 21.25 MPa to 0.
The initial stress state is given by point A. When the stress path moves vertically reaching
the initial yield surface with friction angle ¢; = 15° (y; = 0.313) at point B, the rock

tends to harden plastically, and the yield surface will expand as the plastic deviatoric
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strain increases (increasing ¢ but decreasing y). Simultaneously, the stress path will bend
upper-right towards the failure surface with ¢ = ¢/, until it reaches point C when
p», = 0. It is worth noting that in Fig. 3.5 the projection of the Matsuoka-Nakai yield
surface on the P' — g plane is not a single straight line but instead a fan-shaped area
bounded by two lines which correspond to the triaxial compression and triaxial extension
conditions, respectively. This is because for Matsuoka-Nakai (or Mohr-Coulomb) model,
the yield surface in the principal stress space is no longer a surface of revolution about
the hydrostatic axis (o, = a(; = g,), but Lode's angle dependent. As a consequence, even
though the stress path shoots into the fan-shaped area relevant to the failure surface
(o = 45°), it does not necessarily mean that the stress points are in failure state (lie on
the failure yield surface).

The results for the drained condition are further plotted in Figs. 3.6-3.8. For this case,

the effective wellbore pressure p,, = p,, — po falls down sharply as ‘;—0 increases and

quickly reaches a limiting value of p,, = 0. Therefore, in Figs. 3.7-3.8 for the stress
distributions and stress path history, a wellbore pressure of p,, = 1 MPa instead of zero is
used for the calculation. It is also interesting to note that after yielding (point B in Fig.
3.8), unlike the undrained situation, the stress path bends over and moves towards

decreasing P' and g provided that the wellbore pressure has sufficiently decreased.

However, the stress ratio % is found to have been increasing continuously from point B to

C even when the two stress invariants tend to approach zero.

59



|
20 | (b)
< < Yielding onset, p,, = 18.55 MPa —
: |
= O BN
o T T~
5 \\
é -20 pw:O \\
o
) ~—
g ~
T T~
= 60
-80
1.00 1.02 1.04 1.06 1.08 1.10 1.12 1.14 116 118 1.20
aja
20
R
= ol P Yielding onset, p, = 18.55 MPa
ol ~
=3 N
& 20 S
5 T \
é -40 p =0
Q_ w
)
5 T~
a -60 ~
Q S~
X -80
-100
1.00 1.02 1.04 1.06 1.08 1.10 1.12 1.14 116 118 1.20

aja

Fig. 3.3. Variations of (a) wellbore pressure; (b) pore pressure with normalized
wellbore radius for undrained case
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3.6 Summary

This chapter attempts to provide an analytical solution for the wellbore drilling
problem in shear hardening Mohr-Coulomb rock formations. In order to avoid the
singular corner problem so that rigorous solutions could be reached, the Mohr-Coulomb
model has been approximated by the smooth shear hardening Matsuoka-Nakai model
which passes through the Mohr-Coulomb hexagon at both major and minor vertices.
Following a similar procedure outlined in the previous chapter for the hardening Drucker-
Prager model, the problem is formulated as a set of first-order simultaneous differential
equations in the plastic zone by assuming again small strain deformation in the elastic

region and large strain deformation in the plastic region. The distributions of the stress
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components, the excess pore pressure/volumetric strain as well as the effective stress path
history for both undrained and drained conditions are presented through an example

analysis.
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CHAPTER 4
WELLBORE STABILITY ANALYSIS IN MODIFIED CAM CALY
CRITICAL STATE ROCKS

4.1 Introduction

In the previous two chapters, analytical solutions were presented for wellbore
drilling problem in rocks modelled by strain hardening Drucker-Prager and Mohr-
Coulomb models, the latter was eventually approximated by the smooth Matsuoka-Nakai
model in an effort to seek the analytical solution. As described earlier, the Drucker-Prager
and Mohr-Coulomb models are quite realistic in modelling the sandstone-like formations
as they capture reasonably well the particle rearrangement and the frictional sliding
between material particles. However, for soft rocks and shale formations which consist
mainly of clay minerals, it would be more preferable to use the volumetric hardening
plastic models, such as Cam Clay model (Schofield & Wroth, 1968; Wood, 1990) and
more advanced bounding surface model (Dafalias & Herrmann, 1980; 1982), to describe
their nonlinear stress-strain behaviour. For this reason, this chapter develops additional
solutions for the undrained/drained wellbore drilling problems using the modified Cam
Clay model. Solutions based on the bounding surface model will be presented in the next

chapter.
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4.2 Modified Cam Clay Model

The modified Cam Clay elastoplastic model, developed by Roscoe and his
colleagues in Cambridge (Roscoe & Burland 1968; Wood 1990; Nova, 2010), is firmly
rooted in critical state soil mechanics and remains thus far the most widely used plasticity
model for characterizing the stress-strain behaviour of cohesive soils incorporating the
effect of stress history. The success of the modified Cam Clay model resides in its
capability to capture the important features such as pressure sensitivity, hardening and
softening responses typical in soils, using relatively simple formulations within a unitary
conceptual framework. It also serves as a base for more sophisticated constitutive models
like bounding surface model (Dafalias & Herrmann, 1980; 1982) and MIT soil models
(Kavvadas, 1982; Whittle, 1987), and recently has been extended to describe the plastic
properties of rocks, especially for the shale materials (Charlez, 1991; Charlez & Roatesi,
1999).

In the modified Cam Clay model, it is assumed that the elastic volumetric strain
change, det, accompanies any change in mean effective stress, dP’, according to the

expression (Wood, 1990)

de¢ = — & —£aP (4.1)

p v v P

where k is a material parameter known as the slope of loading-reloading line in v — InP’
plane. Eqg. (4.1) implies a nonlinear elastic response and gives the elastic bulk modulus, K,

as

dP" _ wvP
dej Tk (42)

K =

which depends on both the specific volume v and the mean effective stress P’.
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The shear modulus G can now be expressed as

_3(1-2v) ,, _ 3(1-2v)vP’
To2(1+v) 0 2(14v)k

(4.3)

again P’ and v dependent. Note that for modified Cam Clay model a constant Poisson's
ratio v is usually assumed.

The yield surface for the modified Cam Clay model is assumed to be an ellipse
passing through the origin of the P' — g stress plane, as shown in Fig. 4.1. The yield
function therefore can be expressed as (Wood, 1990)

F(P',q,pc) = q* = M*[P'(Pc — P)] (4.4)
where M is another parameter defining the shape of the ellipsoidal yield locus, or the
slope of critical state line (CSL); P is the yield pressure under isotropic compression
which as a hardening parameter essentially controls the size of the yield locus, and is

related to the plastic volumetric strain, deg, by

AP _ v p
Pr Ak de, (4.5)

which essentially describes the volumetric hardening nature of the model. Here the
material parameter A denotes the slope of normal compression in v — InP’ plane.

The modified Cam Clay model assumes an associated flow (normality), i.e., the
yield surfaces and plastic potential surfaces are identical (see Fig. 4.1), so the plastic

volumetric and deviatoric strain increments, de;’ and defl’, can be expressed as (Wood,

1990)
del = =29 [(M? — n?)dP’ + 2ndq] (4.62)
P wP (MZ+n2) '
p _ (A—k) ' 472
deq-a;aﬁ:FS[anP +Xpt;5dq] (4.6b)
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Fig. 4.1. Elliptical yield locus for modified Cam Clay model in P'-q plane: (a) strain
hardening in wet side; (b) strain softening in dry side
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where n = % is the stress ratio. For a stress point A located on the “wet” side of the

critical state line (n < M, Fig. 4.1a), it is clear that during plastic straining the plastic
volumetric strain de{,’ > 0, the yield surface therefore expands according to Eq. (4.5) and
the material exhibits plastic hardening behaviour. On the contrary, when A is located on
the “dry” side (n > M, Fig. 4.1b), the yield surface will contract associated with negative
plastic volumetric strain (def,’ < 0) and strain softening occurs.

The modified Cam Clay model requires totally five material parameters. In addition
to the above mentioned two elastic parameters k and v (or ), and the two plastic ones A
and M, one needs to specify the value of specific volume, v, at a reference stress of
P' =1 kPa on the critical state line in v — InP’ plane (Wood, 1990; 2004). This final
parameter eventually defines the state boundary surface in the three dimensional P" —

q — v space so that the initial specific volume v, can be calculated.
4.3 Undrained Solution

Egs. (2.6)-(2.8) are equilibrium and kinematics equations and apply for all the
geomaterials. For completeness, these equations are repeated here for the wellbore

drilling in modified Cam Clay rocks as follows

do, or—0g __

4 I = 0 4.7)
9 , b | or=op _

o Tor t—7 =0 (4.8)

2 2
x0 __ Tx ap
i J (Z) +() -1 (4.9)
where all the variables in these equations are defined in Fig. 4.2 and in the previous two

chapters.
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Fig. 4.2. Wellbore boundary value problem (Modified Cam Clay model)

4.3.1 ELASTIC ANALYSIS
Again, the deformation in the elastic region r = r, is assumed to be infinitesimal.

The incremental elastic stress strain relationship for modified Cam Clay model, in terms

of the effective stresses, takes the form
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dé‘r . 1 -y =V dO’r:
{d&'g} = E [—V 1 —V] . dUg (410a)
de, -v —-v 1 do,
and in terms of the total stress form
de, 1 —-v, —v,1 (do,
{dgg} =— [—vu 1 —vu] : {dag} (4.10b)
de, “l=v, -v, 1 do,
where v and v,, are the drained and undrained Poisson's ratio (v,, = 0.5); and the drained
and undrained Young's modulus E and E,, are given by
E=26(1+v), E,=26(1+v) (4.11)
Note that in modified Cam Clay model the Young's moduli E and E, are no longer
constants as for the Drucker-Prager and Mohr-Coulomb models, but vary in general with
P" and v via Eq. (4.3).
By adding Eq. (4.10a), it follows that

de, = de, + deg +de, = 22 dP' (4.12)

where de,, is the volumetric strain increment which is related to the specific volume by

de, = -2 (4.13)

v

Clearly the total volume strain rate is zero in an undrained deformation, Eqgs. (4.12)
and (4.13) thus give

dv=dP =0 (4.14)
i.e., both the specific volume and effective mean stress must remain constant during the
elastic phase of deformation and hence from Egs. (4.3) and (4.11), the instantaneous
Young's modulus E and shear modulus G should also remain unchanged and equal to

their initial values E, and G, respectively.

Given the constant E and G, the elastic solutions for total stresses, radial
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displacement, and pore pressure in the region r = 7, now turn out to be the same as those

for the Drucker-Prager and Mohr-Coulomb models (Timoshenko & Goodier, 1970; Yu,

2000), i.e.,
— p z
o, = oy + (0, — 0p,) (T) (4.15)
— ™p 2
0g = 0y — (0, — 0p) (7) (4.16)
0, =0, (4.17)
w = o (4.18)
T 26 r '
P = Do (4.19)

where g, corresponds to the total radial stress at the elastic-plastic boundary.

4.3.2 ELASTOPLASTIC ANALYSIS

For modified Cam Clay model following an associated flow rule, the three

components of incremental plastic strain inr, 8, and z directions can be expressed as

follows
p_ A OF _ ,(OF 0P | OF 93qY _ ,(P (M*-n?) ' _p
del = A5 =/ (5= e aU;) = A {2 43¢0, - P (4.20a)
P _ g 9F _ 4(9F 0P L OF 9a))_ ,(P(M’-n%) _p
def = A 3% = A(a S a@) = A {200 4 3(q, — P} (4.20b)
p _ 4 OF _ (0F 9P  9F aq\ _ , (P (M*—? ry
de, =4 do, A (ap’ do,, + aq aa;) - A{ 3 +3(0, - P )} (4.20c)

where A is a scalar multiplier. It is to be emphasized here that, in deriving the above
expressions, use has been made of the following rigorous definitions for the means

effective and deviatoric stresses
P = %(ar' + aé +0,) (4.21)
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0= 1 = o)t + (o) — a2 + (0 — )] (4.22)
which differs from the existing literatures (Collins & Yu, 1996; Charlez & Roatesi, 1999;
Yu & Rowe, 1999; Cao et al., 2001) where the two stress invariants are usually treated in
somewhat approximate fashion. For example, in Collins & Yu (1996) and Cao et al.

(2001) for the cavity expansion problem, they are defined, respectively, as P’ =

%(ar’+a(;), q=o0,—0, and P’ =%(0r'+a(;), q=\/2—§(0r'—a(;) to simplify the

analyses and obtain the solutions.

Since dej = def + dej + dej, it follows from Egs. (4.6a) and (4.20a)-(4.20c) that

(A—kK) 2)[ (M2 z)dq] (4.23)

T wP'2(M24q
Substituting Eq. (4.23) back into Egs. (4.20a)-(4.20c), one obtains, in matrix notation, the

following plastic stress strain response

de? a? a.ay aya,| (do,
dgg =ylaga, az aga,| - dO-e, (424)
de? a,a, ayay a? do,

which, once again, takes the same form as Eq. (2.24) and Eq. (3.22) as derived for the
Drucker-Prager and Mohr-Coulomb models, with the only exception that a,, ay, a,, and

y become now

a, = P00 1 350 — ) (4.25a)
ag = 2 4 355 — P) (4.25b)
a, = w +3(o, — P) (4.25¢)
Y = i (4.25d)
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Eq. (4.24), on combining with the elastic stress strain relationship, Eq. (4.10a), may

be inverted
dO’,; ) bll blZ b13 dEr
dO’g’ = Z b21 b22 b23 . dgg (426)
do, b3y b3y b3zl \deg,

which, subjected to the large deformation assumption in the plastic zone, results in again

the three desirable first order ordinary differential equations

Do, __b11—byp

b = 0 (4.273)
Doy _ ba17haz _ (4.27h)
Dr Ar

Do, _bsizbn _ (4.27¢)

Dr Ar

where b;; and 4 are identical to those defined in Egs. (2.29a)-(2.29j).

4.3.3 INITIAL STRESS CONDITIONS AND ELASTIC-PLASTIC BOUNDARY

Recall that Egs. (4.27a)-(4.27¢) are valid for any material point r, currently located
in the plastic zone (see Fig. 4.2), and can be readily solved as an initial value problem
with the single variable r starting from r =r,,, provided that the initial values of
ar'(rxp), al; (1), and az'(rxp) are given. Here r,,, represents the position of the specific
particle when it is just becoming plastic.

Pc

Assume that the formation has an overconsolidation ratio OCR, defined as OCR = o
A

where P, is the intersection of an ellipse passing through the initial mean and deviator
stress point (Py, qo) With the P’ axis and P, has been previously defined, see Fig. 4.3. As
shown in Eq. (4.14), under undrained condition the change of the effective mean stress P’
is zero during the elastic deformation. This indicates that the P' — g stress path of the
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Initial yield locus

Fig. 4.3. Overconsolidation ratio and stress path during elastic deformation phase

material point r,, will be a vertical line until it reaches the initial yield locus, represented
by point (P(;,qp) in Fig. 4.3. Note that g, is related to the overconsolidation ratio OCR,

from the simple geometry of Fig. 4.3, as

g, = MP, \/ OCR [1 + i(q—(’)z] ~1 (4.28)

M2 \p,

It is obvious that at the position r;,, the material point is at initial yield, so that

\/1_7\/[0-1: (rxp) - O-é (rxp)]z + [Gri(rxp) - Gzl(rxp)]z + [0-9’ (rxp) - O-z,(rxp)]z =d4p

(4.29)
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and on the other hand, these effective stresses must satisfy the elastic solutions (4.15)-

(4.17) and (4.19), giving

’ ’ ’ ’ 6K, !
Oy (rxp) + 0y (rxp) = 0p0 t 0g9 = ﬁpo (4.30)

’ ’ 3 ’
O-Z(rxp) =050 = 1+2K, PO

(4.31)

where g, ag'o, and g, are the initial effective stresses; and K, is the coefficient of earth
pressure at rest. Thus, from Eqgs. (4.29)-(4.31), the effective radial and tangential stresses

can be determined as

i ’ r2 1 ) ) i i
Orp = Opg — \/O-rO - §(4O-r0 + 0,0 — 2O-rOO-zO - q;%) (432)
i ’ 12 1 12 12 i ’
Jep =0y + \/Uro T3 (46r0 + 0,0 — 20—7‘00-20 - CI;%) (433)
In a similar manner, the corresponding expressions for 7,,,, r,, and the critical
borehole radius a, in the modified Cam Clay case are given by
- .- (—)2 + (“—0)2 —1 (4.34)
a - 1_‘Trp_‘7r0 a a '
2Gg
20) 4
wo | @ (439
a <‘Trp _Ur0> 9rp —97r0
2Gg Go
___ 1 (4.36)
ao 1_Urp —0r0
2Gg
The excess pore pressure shall be calculated as
Ap(rx) = p(rx) —Po = O-rip - 0-7: (rx) - fr:)x (Ir;;‘edr (437)

77



4.3.4 I1SOTROPIC IN SITU STRESS CONDITION

It is interesting to note that in the special case of isotropic in situ stress state, the
vertical stress o, is always equal to the mean of radial stress o, and tangential stress aé
throughout the wellbore drilling. This can be proved as follows. Since in this case the
rock is initially under isotropic stress condition, a;, = g, it is evident from Eqgs. (4.15)-

(4.17) and (4.19) that during the elastic phase the following relationship applies
0, =5 (o, + ) (4.38)
and so at the onset of yielding
0, (1) + 09 (1) — 20,(1p) = 0 (4.39)
During the plastic phase of drilling, the three governing equations given by (4.27a)-

(4.27¢) can be combined to obtain

3(1—2v)(ar—a9)(0;+09 —ZOZV)y
EAr

1%(0’: +o0, —20,) = — (4.40)
From Egs. (4.39) and (4.40) it now becomes obvious that the change of g, + a(; — 20, is
zero and therefore Eq. (4.38) still holds during the plastic straining. This demonstrates
that the simplified assumption used for P’ and g in Cao et al. (2001) happens to be correct
under the special condition of K, = 1 (despite the fact that a constant G rather than a
variable one proportional to P’ [Eq. (4.3)] is adopted in their derivation), and probably
explains why the error due to the simplifications of P’ and q in Collins & Yu (1996) for
cylindrical cavity problem is negligible in comparison with the more rigorous finite
element numerical results (Sheng et al., 2000). However, it should be remarked that for

the general case where the horizontal in situ stress is different from the vertical one, i.e.,

Ky # 1, no such simple relationship as Eq. (4.38) will exist and the wellbore drilling
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problem has to be solved using the present approach to obtain the exact solution.

4.4 Drained Solution

This section deals with the wellbore drilling problem under drained condition.
Although the development is closely analogous to those above for the Drucker-Prager
and Mohr-Coulomb models, a subtle problem is encountered for the modified Cam Clay
model which arises from the fact that in the drained situation, the specific volume v
generally changes during the drilling process and, consequently, so does the Young's
modulus E (or shear modulus G). Specific care has to be taken, therefore, in deriving the
stress and displacement solutions in the elastic zone, as shown below. Also, noting that
the specific volume is an important variable for the modified Cam Clay model, in this
section it is quite natural to chose v as the fourth basic unknown (replacing the
volumetric strain ¢, as used for the Drucker-Prager and Mohr-Coulomb models) in the

formulation of the governing differential equations.

4.4.1 ELASTIC ANALYSIS

It is recalled here that the incremental elastic stress strain relation for the modified

Cam Clay model is

’

de, . 1 —-v —v de
degp = zl-v 1 v doy (4.42)
de, —v —v 11 ldo,
3(1-2v)vP’ . . . .
where E = 2G(1 +v) = ———as previously defined in Section 4.2.

At the first instant of the wellbore drilling, the deformation of the rock formation is

purely elastic with the Young's modulus E and shear modulus G equal to their initial
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values E, and G,, respectively. Following the theory of elasticity, the incremental
solutions for the stresses and radial displacement can be easily found to be (Timoshenko

& Goodier, 1970; Yu, 2000)

, , 2
do, = dp, (%) (4.42)
doy = —dp,, ()’ (4.43)
Og = bw r :
do, =0 (4.44)
dp,, ad
du, = 2”70‘;—0 (4.45)

where dp,, is the radial stress decrement at the wellbore surface over its initial value of
o, . It should be emphasized that the above expressions are valid only in case that E and
G are constants for any material particle in the elastic zone.

From Eqs. (4.42)-(4.44) one has

dP' =3 (do, + doy +da;) = 0 (4.46)

which combined with Eq. (4.41) gives

de, = de, +deg +de, = 24P = 0 (4.47)
where dg, = — dj" is the volumetric strain increment.

Egs. (4.46) and (4.47) indicate that both the specific volume and mean effective
stress must remain constants for any point in the elastic region when the wellbore
pressure is decreased by an infinitesimal amount of dp,,. This is a desirable property for
the cylindrical wellbore problem. As a consequence, E and G should also stay constants

after this loading reduction. Eqgs. (4.42)-(4.45) therefore can again be used to obtain the

corresponding changes of stress and displacement for the next decrease in the wellbore
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pressure, which invariably ends up with constant Young's modulus and shear modulus
equal to E, and G, respectively, in the whole elastic region. The process can thus be
repeated until the wellbore pressure is finally decreased to the current value of p,,. The
only point however to note is that, after the plastic zone has been formed outside the
wellbore, a, and dp,, appearing in Egs. (4.42)-(4.45) should be replaced by the position
of the elastic-plastic interface and the corresponding radial stress at that interface.

From the above analysis it is quite evident that the Young's modulus and shear
modulus always remain unchanged in the external elastic region, throughout the wellbore

drilling process. The solutions for stresses and radial displacement thus can be directly

obtained as
, , , , 2
o, = o, + (0, — o) (2) (4.48)
, , , , 2
o9 = op, — (0, — 0y) (er) (4.49)
o, = 0, (4.50)
_%p=onTh 4.51
Ur = 26y T (4.51)

which again are the same as those above for the undrained case and also those derived for

the Drucker-Prager and Mohr-Coulomb models.
4.4.2 ELASTOPLASTIC ANALYSIS

Proceeding as in Section 2.4.2, one may derive the governing differential equations
for the drained wellbore drilling problem in modified Cam Clay rock formation. Combine

the elastoplastic incremental constitutive relation, Eq. (4.26), with the strain definitions

d d .
de, = — 7” and dey = — Tr one reaches the following results
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[biide, + (biz — by)deg] = 5 [by (=) + (b, = bi) (D)) (4.52a)

[SE =

do, =

do, = %[bZId‘gv + (ba2 — ba1)deg] =~ [ba1 (— djv) + (bz2 — ba1)(— dTr)] (4.52b)

[N

’ 1 dv dr
do, = —[b31de, + (b3, — b31)degg] = Z[b31(_ 7) + (b3 — b31)(— T)] (4.52c)

[N e

The auxiliary independent variable, &, is chosen as the ratio of the particle

displacement in radial direction to its present radial position, i.e.,

§="T=""72 (4.53)

dTr = % (4.54)
Substituting this into Egs. (4.52a)-(4.52c) gives

f;_ij _ _%5_% (4.55a)

% _ _bﬁﬁg_% (4.55D)

f;_f? =l % (4.55¢)

g_z =f (4.55d)

where ;—f is well understood as the material derivative with respect to ¢ following a given

particle (Lagrangian description). Note that in contrast to the cases of Drucker-Prager and
Mohr-Coulomb models, the volumetric strain &, has been here replaced by the specific
volume v in these four equations. However, there still exist five unknowns, i.e., g,., gy, g,
v, and f, that need to be solved for and one thus shall seek an additional equation from
the radial equilibrium condition.

Now, recall that at every point in the rock formation, the equation of equilibrium
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must be satisfied

L (4.56)

which, with the aid of Eq. (4.55a), reduces to

=) = |- - A (e ) (457)

Where represents the relative displacement of a neighboring point with respect to the

particle instantaneously at position r (Eulerian description).

On the other hand, since efv = ”70 for large deformation, Eq. (2.63), which still holds

for the modified Cam Clay model, can be rewritten as

oi-[ta-9]” (4.58)

Elimination of -t from Eqgs. (4.57) and (4.58) therefore results in

UA 0'; Ué b11—b12
_ " 4.59
= |- ey A(l—f)l (4.59)

Substituting Eq. (4.59) into Egs. (4.55a)-(4.55d), the four governing differential

equations finally reduce to

L (4.602)
bs T
Doy by - oy - U;) b11—b12- baz—by1
“% — _ P21 - 4.60b
DE T bu [1Ets T a0-0) | a9 (4.600)
Do, bz1 - oy — 0;) b11—b12- b3z —b31

- _ + - 4.60c
Df b [1oE—0fs A | T aa (4.60c)
Dv _ vA oy — U; b11-b12
— = 4.60d
D¢ b11 1-¢— (l 3) A(1-¢&) ( )

which can be readily solved for any material particle r, as an initial value problem with
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the independent variable starting at & = &,. Here &, corresponds to the value of”r—r of the

specific particle when it is just entering into the plastic state.
4.4.3 INITIAL STRESS CONDITIONS AND ELASTIC-PLASTIC BOUNDARY

It will be shown in this section that the solution in the outer elastic region fully
specifies the value of &, and the corresponding stress components and specific volume
o, (&), cré (&), 0,(&), and v(&,) as well. As previously analyzed in Section 2.4.3, these

variables must satisfy the elastic region solutions given by

6K() ’

0,(§0) + 0y (§0) = 070 + 0go = 15— P (4.61)
’ ’ 3 '

0,($0) = 0,0 = mpo (4.62)

& = % (4.63)

v (o) = Vo (4.64)

P'(§0) = Po (469

and also the following initial yielding condition

a6 = [Hlo:E) - 0 € + 166 — @I + [0 Go) — o2 6001}

- MP(;\/OCR [1 + L (q—s)z] —1 (4.66)

M2 \p
where K, P, and q, have been previously defined in Section 4.3.3. From Egs. (4.61),

(4.62), and (4.66), one obtains

’ ’ ’ 1 ’ ’ ’
0, (§0) = 0r0 — \/Ur(z) —3 [40,02 + Ur% — 20,00,0 — q(§0)?] (4.67)

!

1 ’ 1 ' ’ ’
% E0) = ala + ok — 2 400? + 07F = 2010010 — 4E0)] (4.68)

84



Furthermore, to establish a linking between the auxiliary variable ¢ and the particle

position r, one needs to start from Eq. (4.58), which can be rewritten as

du ¢ Vo

o ST Tl mas (4.69)
and therefore
dr dé
dr_ __ de (4.70)
T Ieant
Integrating the above equation from the current wellbore radius a, results in
¢ dé
a vo
L I (4.71)
a

Especially, the position of the current elastic-plastic interface 7, can be calculated as

£0 dg
10 o— —
%’ —e TvO@CH ¢ (4.72)

Finally, the critical borehole radius a, can be determined as

__ (4.73)

ap  _oréooy
2Go

4.5 Results and Discussions

The five modified Cam Clay model parameters used for the analyses are M = 0.88,
A =10.25,k =0.05,v=0.16, and v,, = 4.04, as shown in Table 4.1. The numerical
results are obtained for four different values of OCR = 1, 1.2, 3, and 5 to cover a wide
range of overconsolidation ratios. Note that in Table 4.1, the initial specific volume

before drilling, v, is calculated from (Wood, 1990)

’ 2 P 2
Vo = Vs + (A= 12 — AnFOCRPy (1 + -] + KInfDCR(1 + 7)) (4.74)
0 0

3(1-2v)vo Py

and the initial shear modulus can be determined from Eq. (4.3), i.e., Gy = TP
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Table 4.1. Parameters used in example analyses with modified Cam Clay model

M =0.88, 1 = 0.25, k = 0.05, v = 0.16, and v,, = 4.04

!

OCR Tro Uéo 0y Po P, do Yo Go
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

1 11.25 11.25 15 10 12.5 3.75 1.798 395

1.2 11.25 11.25 15 10 12.5 3.75 1.762 387

3 11.25  11.25 15 10 12.5 3.75 1.579 347

5 11.25 11.25 15 10 12.5 3.75 1.476 325

4.5.1 UNDRAINED CASE

Fig. 4.4 shows the variations of the wellbore pressure p,, and excess pore pressure

(suction) Ap(a) at wellbore surface r = a with the normalized wellbore radius 6;—0 for the

cases of OCR =1, 1.2, 3, and 5. It is seen that both p,, and Ap(a) decrease very rapidly

with the contracted wellbore radius if ‘L—" is less than 2 but more slowly beyond this value.

The wellbore pressure decreases significantly as OCR increases from 1 for normally
consolidated rock to 5 for heavily overconsolidated rock, and so does the induced excess
pore pressure.

Figs. 4.5-4.8 show the distributions of a;, o,, and g, and also of P’, g, and Ap along
the radial distance corresponding to a zero wellbore pressure (p, = 0) for all the
overconsolidation ratios in the range 1 to 5, the radial axis again being normalized with
respect to the current wellbore radius a. It is interesting to note that for normally

consolidated (OCR = 1) and slightly overconsolidated (OCR = 1.2) rocks, all the stresses
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in the vicinity of the wellbore remain almost unchanged. This implies that the rock of this
range has essentially reached the critical state. However, as the overconsolidation ratio
increases (OCR = 3 and 5), such an internal critical state zone disappears and there
usually exists a unique plastic zone outside the wellbore. More interestingly, it is found
that in the critical state zone the vertical stress is eventually equal to the average of radial
and tangential stresses, which is true for both the two values of OCR =1 and 1.2

considered. This feature is actually well reflected in Eq. (4.40) where %(ar' + 09' —

20,) = 0 as a result of the constant stress components in the critical state zone, and

therefore, the only possible zero term on the right hand side, o, + aé — 20,, must also
vanish thus giving o, = %(ar' +0,). Note that for OCR = 1 (Fig. 4.5), the Cam Clay

model predicts plastic yielding responses for all the material particles immediately after
drilling, so that there is no elastic zone around the wellbore in this case. However, when
OCR > 1, there will usually exist an external elastic zone in addition to the plastic and
failure zones developed around the wellbore, see Figs. 4.6-4.8. As is evident, the
overconsolidation ratio OCR has a pronounced influence on the distributions of the three
effective stresses and excess pore pressure, and on the sizes of the failure, plastic, and
elastic zones. The higher the value of OCR, the smaller failure and plastically deformed
regions and larger elastic region will be developed outside the wellbore.

It is worth to note from Figs. 4.5b and 4.6b that the negative excess pore pressure

generated increases nearly linearly with the logarithm of% in the critical state failure zone,

and becomes virtually equal to zero in the external elastic zone. This is in agreement with
the finite element results for pile driving problem reported by Randolph et al. (1979)

where an approximate linear variation of Ap versus Inr was suggested to estimate the
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pore pressure development in the failure zone. On the other hand, both the effective mean
stress and deviatoric stress remain largely unchanged (at the critical state) near the
wellbore surface, but may increase or decrease with the radial distance in the plastic zone
depending essentially on the value of OCR. For all the values of OCR considered, in the
elastic region the effective mean stresses remain constant and equal to the initial value of
P, = 12.5 MPa, which is indeed expected. Note that since the material particles at
different locations follow exactly the same stress paths, the curves in Figs. 4.5-4.8
represent also the stress and pore pressure changes experienced by any particular material
particle.

Figs. 4.9-4.12 further plots the effective stress paths (ESP) followed in the P' — g
plane for a material particle located at the wellbore surface. For OCR = 1, the initial
yield locus passes through the in situ stress point Py = 12.5 MPa and g, = 3.75 MPa.
Fig. 4.9 shows that in this case, the mean effective stress will decrease but the deviator
stress increase during the wellbore drilling so that the stress path continues to move up to
the left. The yield locus therefore expands progressively until the stress path intersects the
critical state line at point F. At that point the critical state failure is reached and the stress
path will thereafter remain stationary there. For OCR greater than 1, the in situ stress
point is always located within the initial yield locus. So, as may be seen from Figs. 4.10-
4.12, the stress path for a material particle at the wellbore surface first moves along a
vertical line in the P* — g diagram until it hits the initial yield locus. After that the stress
path will turn up to the left from the *wet’ side (n < M) or rightward from the *dry’ side
(n > M) both towards the critical state line, and again terminate at the failure point F if

the critical state is ultimately reached (Fig. 4.10).
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4.5.2 DRAINED CASE

Figs. 4.13-4.16 present the variations of o, , aé, and o, against the normalized radial

distance 2 as well as the corresponding results for the mean effective stress P’, deviator

stress g, and the specific volume v, again relevant to p,, = 0 and overconsolidation ratios
OCR =1, 1.2, 3, and 5. It is emphasized that, unlike the previous undrained case where
o, a;, , and o, remain largely unchanged near the wellbore surface for normally
consolidated and lightly overconsolidated rocks, all the three stress components for the

drained situation generally increase rapidly with 2 in the vicinity of the wellbore,

implying that the stress state at the wellbore surface still has not reached the critical state.
Figs. 4.13-4.16 again clearly demonstrate that the overconsolidation ratio has a
significant influence on the stress distributions as well as on the development of plastic
zone around the wellbore. As a matter of fact, for the large value of OCR = 5 (Fig. 4.16),
the plastic zone does not exist at all and the stresses around the wellbore is purely elastic.

Figs. 4.17-4.20 further illustrate the projections of the stress paths on the P' — g
plane and on the v — P’ plane for a rock particle at the wellbore surface. For OCR =1,
the in situ stress point Py = 12.5 MPa and g, = 3.75 MPa lies on the initial yield locus,
see Fig. 4.17a. During the wellbore drilling process the P' — g stress path first moves
upper-left accompanied by progressive expansion of the yield locus, until the stress state
is at the crest of the elliptical yield locus (point C). It will then turn down to the left
associated with the shrinking of yield locus and with the occurrence of plastic softening.
Simultaneously, the v — P’ trajectory in the compression plane, which starts from the

point Py = 12.5 KPa and v, = 1.798 (Fig. 4.17b), moves almost horizontally at the
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initial stage of the drilling and then bends towards increasing specific volume after
crossing the critical line which can be expressed as (Wood, 1990)

v = v, — AlnP’ (4.75)

It perhaps now seems surprising that the P' — g and v — P’ diagrams for OCR =1
pass through the critical state line from the wet side to the dry side, rather than terminated
at certain point on the critical line during the continuing plastic deformation. However,
that is true because the stress paths are found to cross the critical state line parallel to the
P’ axis, as is clearly illustrated in Figs. 4.17a, which means that when the stress state is
on the critical state line the stress increment is tangential to the current yield locus and is
actually along the neutral loading direction. Therefore, it makes possible for the P’ — q
and v — P’ trajectories to overshoot the critical state line, changing from the plastic
hardening to the plastic softening behaviour, and subsequently move towards the critical
line at lower means and deviator stress yet higher specific volume. Similar results have
been reported in Collins & Stimpson (1994) for the similarity solution of created cavity
problem using the simplified P’ and q expressions and also in Chen & Abousleiman
(2012b) for the rigorous analysis of finite expansion problem.

For OCR greater than 1, as expected, the in situ stress state always lies inside the
initial yield locus (Fig. 4.18a, 4.19a, and 4.20a). The P’ — g stress path must rise at
constant P’ until the initial yield locus is reached and the corresponding v — P’ diagram
shrinks into a single point as a result of elastic deformation. After that, the rock may
experience plastic hardening then softening (OCR = 1.2) or plastic softening (OCR = 3)
depending essentially on the value of overconsolidation ratio. Especially for the case of

OCR =5, the modified Cam Clay model predicts purely elastic responses so the effective
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mean stress and specific volume must retain their initial values of P, and v, during the

whole process of drilling, as shown in Fig. 4.20.
4.6 Summary

In this chapter, the undrained/drained wellbore drilling problem is analyzed by
adopting the widely used volumetric strain-hardening/softening modified Cam Clay
model to describe the elastoplastic behaviour of shale formations. The analytical
solutions developed follow the rigorous definitions for the two effective stress invariants
instead of approximate ones, as usually assumed in the existing literatures for the critical
state models. The solution procedure is again very similar to those described before for
the Drucker-Prager and Mohr-Coulomb models, although difficulties may arise due to the
nonlinear elastic property of the modified Cam Clay model, in particular under the
drained situation.

The results show that the overconsolidation ratio has a pronounced influence on the
stress distributions around the wellbore and on the size of the plastically deformed region.
The higher the value of OCR, the smaller failure and plastic zones and larger elastic zone
will be developed outside the wellbore. For the undrained case, in the critical state zone
the vertical stress is found to be equal to the average of radial and tangential stresses, and
the excess pore pressure varies nearly linearly with the logarithm of the radial distance.
The P' — g stress path during the drilling process generally approaches the critical state
line from the wet or dry side depending much on the value of OCR. For the drained case,
it is observed that the three stress components decrease rapidly in the vicinity of the
wellbore, indicating that the stress state at the wellbore surface still has not reached the

critical state. More importantly, for normally consolidated and slightly overconsolidated
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rocks, the P’ — q trajectories may initially overshoot the critical state line in parallel with
the P’ axis (undergoing the transition from the plastic hardening to the plastic softening
behaviour), and then return towards the critical line at lower means and deviator stress

yet higher specific volume.
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CHAPTER 5
WELLBORE STABILITY ANALYSIS IN BOUNDING SURFACE
ROCKS

5.1 Introduction

This chapter considers further the wellbore drilling boundary value problem
involving the critical state based bounding surface model (Dafalias & Herrmann, 1980;
1982). The prominent feature of this model, with the concept of the bounding surface in
stress space, is that inelastic deformation can occur for stress points within the bounding
surface at a pace depending on the proximity of the current stress state to the bounding
surface (Kaliakin et al., 1987), so that the realistic non-recoverable behaviour of
soils/rock observed on unloading and reloading can be well recovered. The drained/
undrained analytical solution presented in this chapter is suitable for the shale formations

and complements the one in Chapter 4 based on the modified Cam Clay model.

5.2 Bounding Surface Model

The well established bounding surface formulation for clay was originally
introduced by Dafalias & Herrmann (1980; 1982) within the framework of critical state
soil plasticity. The basic idea of their formulation is that an isotropically expanding or

contracting surface, rather than a yield surface, is used in the model. This surface is
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known as the bounding surface which depends only on the plastic volumetric strain (or
plastic void ratio). In addition, the bounding surface model uses a simple radial mapping
to determine a unique image point on the bounding surface that corresponds to the current
stress point inside the bounding surface. The value of the plastic modulus is assumed to
be a function of the distance between the stress point and its image, while the gradient of
the bounding surface at the image point defines the loading-unloading direction. The
salient feature of this model is that plastic deformation may occur for stress point even
inside the surface.

Fig. 5.1 shows a schematic illustration of the bounding surface model. A stress state
al-']- lies always within or on the bounding surface which, mathematically, can be
expressed as

F(5;,e?)=0 (5.1)
where a bar over stress quantities al-']- indicates points on the bounding surface F = 0 and
eP, the plastic void ratio, is the only plastic internal variable defining the hardening/
softening behaviour of the bounding surface. This is different from the strain hardening
Drucker-Prager and Mohr-Coulomb (or Matkuosa-Nakai) models used in Chapters 2 and
3, for which it is nevertheless the plastic deviatoric strain sf; that controls the manner of
hardening. Note that the plastic void ratio e? is related to the plastic volumetric strain 35
and the elastic void ratio e® as follows

de? = —(1+ e)de, (5.2)

e +eP =v—y, (5.3)
where e is the total void ratio; v is the specific volume (v = 1 + e); v, is the initial
specific volume; and de? and dez’,9 are the increments of plastic void ratio and plastic
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Fig. 5.1. Schematic illustration of bounding surface and radial mapping rule

volumetric strain, respectively.

In addition to the bounding surface, at any stress point ai']- a surface homeothetic to
the bounding surface with respect to the origin o can be indirectly defined (shown by a
dashed line in Fig. 5.1)

F(o;)=0 (5.4)
Such a surface is referred to as the loading surface in Dafalias & Herrmann (1980; 1982),
which specifies a quasi-elastic domain but is actually not a yield surface since an inward

motion of al-'j will eventually induce loading after an initial path of unloading before al-'j
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reaches the surface again.
The plastic constitutive relations for the bounding surface model, in the general
stress space, can be expressed as (Dafalias & Herrmann, 1980)

L =—day ny = —da, 5.6
= x40k T = 5 A0k (5.6)

where n; denotes the unit normal at stress point al-’]- or its image point 5{]- on the

bounding surface, see Fig. 5.1; K is the actual plastic modulus associated with doy;; K}, is
a plastic modulus on the bounding surface associated with daj,;; the Macauley bracket (-)
define the operation (L) = h(L) - L, h being the heaviside step function; L is usually
called the loading function. The bounding surface plastic modulus K}, is obtained from

the consistency condition

= oF s oF
dF = ﬁirde'ij +Hd€p =0 (57)

with the aid of Eq. (5.2), as follows
1+e oF OF

[af oF } deP dayy,

U A
Bcrl.. 66L..

Kb:

(5.8)

Note that in the above two equations the summation convention over repeated indices
applies.
The plastic modulus K needed to determine the plastic strain increment at the

current stress point a;;

; Is related to K, by

: 5
K=K, + H(O'ij,ep) 50(0.'. eP)—(S
ij

(5.9)

where H is the hardening function; § is the distance between al-']- and EL-']-; and d; is a

properly chosen reference stress.
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5.3 Undrained Solution

It should be emphasized that for a wellbore drilled in a bounding surface rock
formation, plastic deformations occur immediately after drilling for all the material

particles so there is no elastic zone existing around the wellbore, see Fig. 5.2. This is the

|

Plastic region
(Bounding surface model)

- S~

A
=V

Oh Oh

Fig. 5.2. Wellbore boundary value problem (bounding surface model)
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direct result of using bounding surface model for which as described earlier yielding may

occur as soon as loading commences in the stress space.
5.3.1 GENERAL PLASTIC CONSTITUTIVE RELATIONS

As in Dafalias & Herrmann (1980; 1982), the bounding surface, and thus the loading
surface, are assumed to be surfaces of revolution about the hydrostatic axis in the
principal stress space. In other words, F and F are independent of the Lode's angle 6 and

therefore take the forms of F(E;j,

e?) = F(P,g,eP) =0 and F(ai'j) =F(P,q) =0,
respectively, as shown in Fig. 5.3. According to Egs. (5.4)-(5.6), the three components of

incremental plastic strain can be expressed as

del = %(dar'nr +dayng + do,n)n, = %% (dP'n, + dqn,)n, (5.10a)

dej = %(dar'nr +daoyng + do,n,)ny = %z—; (dP'n, + dqn,)n, (5.10b)

del = %(dar'nr +dayng + do,n,)n, = %z—; (dP'n, + dqn,)n, (5.10c)
where

n, = i %% 3(”2—;”3—2] (5.11a)

n, = i %;Tfﬁ("z—q‘”z—g] (5.11c)

are the components of the unit normal to the loading surface F(P',q) = 0 or to the

bounding surface F(P',g,eP) = 0 inr, 6, and z directions, respectively;

_ior
n, =25 (5.11d)

_ior
=T (5.11e)
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Fig. 5.3. Single ellipse bounding surface model in P'-q stress space
are the components of the unit normal along P* and q axes
dF \? = (0F\?
g=J(5) + (E) (5.11f)
- Jz () +2 () (5.11q)
92 3\9P’ 2 \aq '
and K, according to Egs. (5.8) and (5.9), is of the form
b B
K =K, + H(o,,04,0,,€?) PN ey (5.12)
with
_ lte oF oF
K, = o7 307 37 (5.13)
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Here, g, is similar to g, given by Eq. (5.11g) but evaluated at the image point (P, ) on

the bounding surface, i.e.,

g= G 1) an

Now introducing the following representations

2 r ! r 2 r r ! 2
Kb = %Kg1 H(O’r,O'g,O'Z, ep) = g_;H*(O-r;O-B;O-ZJ ep)1 K = g_%K* (515)
92 92 93
and their substitution into Egs. (5.10a)-(5.10c) yields
10F 3(0y—P )IF
deP = Ki (dP'n, + dqn,) 22— n, (5.16a)
P
10F 3(09=P YoF
dej = Ki (dP'n, + dqn, ) 2—F2—0n, (5.16b)
P
10F 3(0z—P )OF
deP = Ki (dP'n, + dqny) 5200 p (5.16¢)
P
where
B)

K*"=K, + H*(O-;-,O-Q’,O-Z’,ep) (5.17)

50(0;,aé,0;,ep)—6

and
2 -2 = o= S
« 9%, _ G5 1+e dF 9F _ 1+e OF OF
Ky ==K, =% — 3er 3P 22 9er ap (5.18)
91 gi g5 dePaop gi 0eP oP

In this expression, g; is defined as

_ aF\% = [(oaF\?
5= () +(©) (>:19)
2 =2
and the relation z—é = z_—é holds due to the geometric similarities between the loading and
1 1

bounding surfaces, i.e.
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JoF aF

9 __ 093 _Tgq
= =, (5.20)
opP P P

Making further use of the above equation, Egs. (5.16a)-(5.16¢) can be recast in the

form
def = Ki (dP'n, + dqn,) %np + %{;P,)nq: (5.21a)
del = Ki (dP'n, + dqn,) %np + %f’)nq: (5.21b)
del = Ki (dP'n, + dqn,) %np + 3(Jéq_P,)nq: (5.21c)

and therefore the expressions of plastic volumetric and deviatoric strain increments, def,’

and de(’; are shown to be

de, = de +del) +de) = %(dP’np +dqn,)n, (5.22a)

1 ’
= = (dP'n, + dqny)n, (5.22b)
which are consistent with the plastic constitutive relations in Dafalias & Herrmann (1980)

for the triaxial loading case.

Noting that

dP' = (do, + do, + da,) (5.23a)
_ 00 g+ 2 g5t 4 00 g

dq = Py do, + 20, dog + P do, (5.23b)

and, once again, introducing the notations

1 3(ar—P")

a. = Enp + Uz—qnq (524a)
1 3(a,—P)

ag = n, + ”;q ¢ (5.24b)
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1 3(c,—P")
a, =3ny + 20 ng (5.24¢)
1
Y= (5.24d)
the plastic stress strain response can be written in a matrix form
de? a? aay aya,| (do,
ded b =yl|aga, a} aga,|-{da, (5.25)
de? a,a, a,a, a: do,

It should be remarked here that, in order to proceed further to solve the wellbore drilling
problem, it is important that a,., ay, a,, and y on the right hand side of Eq. (5.25) all
could finally be explicitly expressed as functions of the three stress components o, , aé,
and o,. This is discussed in the next section specifically for a single elliptical bounding

surface.
5.3.2 SINGLE ELLIPTICAL BOUNDING SURFACE

In order to simplify the formulation, here the bounding surface is assumed to consist
of a single ellipse (see Fig. 5.3). However, extension of the formulation should be
straightforward to the composite form of the bounding surface which may include two
ellipses and one hyperbola (Dafalias & Herrmann, 1980; 1982). In terms of the mean
effective stress P' and deviatoric stress g, the bounding surface can be expressed as

(Dafalias & Herrmann, 1980)

_r\ 2 2 —_r
F(P aeP)=(E ®R=D?(q\" _2P | 2R _
F(P,q,eP) (pg + O (L) 2+ 5 =0 (5.26)
where M is the slope of critical state line; R is a constant model parameter which

completely defines the shape of the bounding surface; P, represents the intersection of

the current bounding surface with the P’ axis, which is, in fact, the value of P" for
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isotropic consolidation and is connected with the plastic volumetric strain by

ﬂ __ (1+e) P
=Gt (5.27)

where 1 and « are the slopes of normal compression and swelling lines in v — InP’ plane
(Wood 1990).

For undrained condition, de, = de; +de§ = 0 where de; denotes the elastic

volumetric strain increment, hence

ﬂ__(l—i—e) e _ _ (+e) dp’' __Lﬂ

P, Ak dey = A—k +eP T Ak P’ (5.28)
which, after integration, yields

PN

P-=P-ogl=— 5.29

e =Peo(37) (5.29)

Here P, corresponds to the in situ mean effective stress and 13&,0 is the initial value of P,
before the drilling of wellbore.

Note further that in Fig. 5.3, P, is determined as the intersection between an ellipse
passing through the current stress point (P',q) and the P’ axis. Its initial value of P;LO
relevant to the in situ stress state (P, q), together with Fé_o, thus define the useful

concept of overconsolidation ratio for the shale formations

OCR = Pes (5.30)
P

A0
For the bounding surface of elliptic form, namely Eq. (5.26), the components of the

unit vector turn out to be (Dafalias & Herrmann, 1980)

_ L1 _109F _1 1

= g10P  g10P g [f(”) R] (5.31a)
_L1oF _109F_1 R-1)?

0= 5 = aes = () (5.31b)
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where n = %; x = %; and

_ 1+(R—1)y/1+R(R—2)x?
f@n) = R[1+x2+R(R—2)x2] (5.32)

g=Lg = ([ron -1 +mree (B (5.33)
On the other hand, the bounding surface plastic modulus K, is derived from Egs.
(5.18) and (5.27) as follows
1+e P 1

Ky = 7L R+ f() = 21 [F () 3] (5.34)

A—k R g2
where P, has been related to the current mean effective stress through Eq. (5.29).
Finally, as with Dafalias & Herrmann (1982), the following form of

H*(o,,0,,0,,eP) is proposed for the hardening function
oy 11 1+ m|m
H*(o,,04,0,,€P) = ﬁhpa (1 + |;| ) (4.35)
where h and m are dimensionless material constants; p, represents the atmospheric

pressure with the proper stress unit. The desired plastic modulus K* according to Eq.

(5.17) now becomes

K* = K; + 2 hp, (1+ |%|m) — (5.36)

where &8, is defined as the maximum isotropic stress, i.e., §, = P;; and & can be

calculated as

8§ =\1+n?[f(mP; - P] (5.37)
5.3.3 ELASTOPLASTIC WELLBORE DRILLING ANALYSIS

First, the elastic stress strain relationship can be written in incremental form as
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!

dey 1 —v —v] (do
deg =%[—v 1 —v]- doy (5.38)
des -v v 1 do,

where def, dej, and deg are the elastic strain increments in r, 8, and z directions,

respectively; v is the Poisson's ratio; and the Young's modulus E [or shear modulus

E

G = 2(1+v)], as in the case of modified Cam Clay model, is a function of the mean stress

P’ and specific volume v:

E= w (5.39)
Now combining Egs. (5.25) and (5.38), and by inverting, one has
dUr: . b1 b1z bi3] (de:
dO’Q = Z [b21 b22 b23] . dgg (540)
do, b3y b3y b3zl \deg,

where by; and 4 assume the same forms as those defined in Egs. (2.29a)-(2.29j).
Moreover, the three first order governing differential equations (2.33a)-(2.33c),
rearranged basically from the elastoplastic constitutive relations, can be directly used

without any modification, i.e.,

Do,  b11-b1

Dr Ar =0 (541&)
% _ ba1—=byy

0 o = 0 (5.41b)
Do, _bsizhsa _ (5.41c)

Dr Ar

The final point that needs to be addressed now is the specification of suitable initial
conditions for the above differential equations. Recall that, for the bounding surface
model, there is no purely elastic deformation zone existing around the wellbore.

Therefore, Egs. (5.41a)-(5.41c) are in principle valid for any material point with current
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position r,,, whose original position, r,o, can be identified from the kinematic constraint

of undrained deformation as

N CRICIR 542

and the corresponding initial stress conditions are simply given by

0, (r0) = G0, 0 (re0) = Ggo, 0, (120) = I (5.43)
where a,,, 00, @nd g, are the in situ effective stresses.

Once the effective stresses are solved from Eqgs. (5.41a)-(5.41c), subject to the initial
condition (5.43), the distribution of pore pressure p(r,) can be easily calculated from the

equilibrium equation

60; a_p 0;_0; _
P + pm + — = 0 (5.44)

and the excess pore pressure then determined from

Ap(rx) = p(rx) — Do (545)
5.4 Drained Solution

For the drained situation, one can still obtain a formally identical equation for the
plastic stress strain response, i.e., Eq. (5.25). However, it should be kept in mind that in
this case the void ratio e (or specific volume v), is no longer a constant but instead
changes with the deformation so itself needs to be determined during the wellbore
drilling. The influences of varying e (or v) are well reflected in Egs. (5.34) and (5.36) for
the plastic moduli K, and K*. Additionally, it will indirectly affect the hardening
parameter P, which essentially controls the size of the current bounding surface. As a

matter of fact, Eq. (5.29) for the determination of P, is no more applicable for the drained
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case since this equation is derived based on the constant specific volume condition,
de, = 0.
Consider now the expression of P, for the drained condition. Substituting Eq. (5.2)

into (5.27), and integrating, gives

Inot = ———¢P (5.46)

PC,O A—k

Using Eq. (5.3), thus,

i R _ _ (e e
lnf_’é,o =-—@w-v J, de®) (5.47)
Here
e® e® e® dP K P
J, de* =[], —(A+e)de =[] —(1+e) o = —Klnp—(,) (5.48)
so that
P, _v=vo p' __K_
?CO = e 1« (P—(,)) A—k (549)

which expresses P, as a function of the current stress state as well as the specific volume
v. Note that when v = v,, the above equation correctly reduces to Eq. (5.29) for the
undrained case.

Let us now move on to the formulation of the governing differential equations for

the drained condition. Given the elastoplastic incremental constitutive relation, Eg. (5.40),

and noting that de, = —djv and dgy = —dr—r, it follows that

[bride, + (bi — by)deg] = 5 [by (=) + (b, = b)) (= D)) (5.50a)

[SE =
M|

do, =

doy = [byde, + (by — by1)deg] = 5 [b21 (=) + (byz — by )(— )] (5.50)

[ SN T

[bs1de, + (bsz — bsy)deg] = 3 [b31(— =) + (b3, — bs) (=] (5.50c)

N~

do, =

Introduce again the auxiliary independent variable
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f="= (5.51)
with u,. known as the radial displacement and r, the original position of the particle, and
then following exactly the same procedure as outlined in the previous chapter and
adopting the logarithmic strain components, one can finally derive the desirable four

governing differential equations

’ ’ '
DO'r 0'1'_0'9

= ——g (5.52a)
b =0
% _ _ba _ o=y b11—b12_ _ baa—b2y 5.52h
D& b1 _1—5—,,(11;25) AA-9 | 40-9) (5:520)
Doy _ _bn - o,=0, b11—b12- _b3a—b3; 5.52¢
D¢ bin [1-§—q%s  40-9) | 40-9) (5.520)
Dv _ vA oy =0y + b11—b12 (5.52d)

DE ~ byy 1-¢—qts 409
which can be solved for any material particle r,, as an initial value problem with the
independent variable starting at { =&, =0. As in the undrained case, the initial
conditions for stresses and specific volume are simply as follows

0,(0) = 0,0, 05(0) =y, 0,(0) =0, ¥(0) =y (5.53)

Finally, as in Chapter 4, the conversion between the auxiliary variable ¢ and the

radial coordinate r can be expressed as

I dg
§a)yy___vo
T—e 'wount (5.54)

5.5 Results and Discussions

The parameters of the bounding surface model used for both undrained and drained

wellbore analyses are R =2.72, M =1.05, A=0.14, k=0.05, v=10.15, ¢; =
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0.95 (vg = 1.95), m = 0.2, and h = 30, as listed in Table 5.1. Four different values of
OCR =1, 1.2, 2, and 5 are considered to investigate the impact of overconsolidation
ratio on the stress and pore pressure distributions around the wellbore. The in situ
effective stresses and pore pressure, as well as the relevant values of 13&,0 are also

summarized in Table 5.1.

Table 5.1. Parameters used in example analyses with bounding surface model

R=272,M =1.05,1=0.14,k = 0.05,v = 0.15,¢y = 095, m = 0.2, h = 30

Tr0 T90 050 Po Py o Peo (MPa)
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) OCR=1 12 9 5

11.25 11.25 15 10 125 375 1480 17.76 29.60 74.00

Fig. 5.4 shows the variations of the wellbore pressure p,, and excess pore pressure
Ap(a) at wellbore surface r = a with the normalized wellbore radius ‘2—0 for the cases of
R=1,1.2, 2, and 5. As similar with the modified Cam Clay model, the wellbore
pressure decreases very rapidly with the wellbore radius if‘l—" is less than 1.5 but more
slowly beyond this value. Both the wellbore pressure and the excess pore pressure build-
up are found to decrease significantly as OCR increases from 1 (normally consolidated
formation) to 5 (heavily overconsolidated formation).

Figs. 5.5-5.8 show the distributions of o, , aé, and o, and also of P’, g, and Ap along

the radial distance corresponding to a reduced wellbore pressure of p,, = 0 for all the

overconsolidation ratios in the range from 1 to 5, where the radial axis has been
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normalized with respect to the current contracted radius a. It can be clearly observed that
for the case of OCR = 1 (Fig. 5.5), all the radial, tangential, and vertical stresses as well

as the mean effective stress and deviatoric stress remain unchanged in the vicinity of the

boreholeg < 1.3, indicating the occurrence of critical state failure for the rock of this

range. However, for larger values of OCR = 1.2, 2, and 5, such an internal critical state
zone vanishes and only the plastic zone may be expected outside the wellbore. In fact, for
given in situ stresses (o,o = 0,9 = 11.25 MPa, 0,, = 15 MPa, and p, = 10 MPa), the
lower the value of OCR, the closer the stress state at the wellbore surface will approach
the critical state. Figs. 5.5-5.8 also clearly show that the negative excess pore pressure
increase rapidly near the wellbore and becomes virtually equal to zero at the far field.
Especially, for normally consolidated formation with OCR = 1, Ap varies linearly with

the logarithm of% in the critical state failure zone, which is again consistent with the

finite element results for cavity expansion problem reported by Randolph et al. (1979).
Figs. 5.9-5.12 present the effective stress path (ESP) followed in the P — g plane
invariably for a material particle at the wellbore surface. For OCR = 1, recalling Eq.
(5.30), the initial bounding surface must pass through the in situ stress point (Fig. 5.9). In
this case the stress path will start from P, = 12.5 MPa and q, = 3.75 MPa, continue to
move upper-left and finally stop at point F on the critical state line, which also lies on the

failure bounding surface with P, = 19.92MPa (see Fig. 5.9). Since at point F,n = M

and § = 0 so K* = K, while the latter is equal to zero following Eq. (5.34) [f(M) = %],

the actual plastic modulus K* must also vanish. This explains why the stress path
terminates on the critical state line and remains stationary there. For OCR greater than 1,

the in situ stress point is always located within the initial bounding surface, as shown in
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Figs. 5.10-5.12. Note that in the overconsolidation cases (OCR > 1), the stress paths all
initially cross the critical state line parallel to the g axis. As noted in Dafalias &
Herrmann (1980), this is a property for any shape of bounding surface which has n, = 0
atn = M. In fact, at these cross points, § > 0 and K* > K;; = 0, so the material at this
moment has not reached the failure state and therefore the stress paths may bend over and
continue to move towards the critical state line. To see this point more clearly, in Fig.

5.12 for the case of OCR =5, the stress path is extended from point B (p,, = 0) to F

which corresponds to a sufficiently contracted wellbore radius of — = 5. Also included in

ag
this figure is the trajectory of the image stress (P, §) on the expanding/contracting
bounding surface, represented by the curve A'B'F'. As expected, the two points F and F'
coincide and both lie on the critical state line again. This implies that the material has
truly reached the failure state and that failure can occur only if the loading surface is
consistent with the bounding surface.

Figs. 5.13-5.20 show the calculation results for the drained condition, again
corresponding to an effective wellbore pressure p,, = 0. Throughout the range of OCR
from1to 5, it is observed that (Fig. 5.13-5.16) the rock undergoes dilation during the
drilling process and the change in the specific volume decreases with increasing OCR. As
regarding the P* — g stress paths for different values of OCR, Figs. 5.17-5.20 illustrates
that the rock particles all first harden plastically from the wet side of the critical state line
(n < M), the bounding surface expanding simultaneously to accommodate the new stress
state. After hitting the critical state line, the rocks start to soften plastically in the dry side
(n > M) and the bounding surface must decrease in size. One may expect that for

sufficiently small value of the wellbore pressure, the stress path will be brought to the
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= 2, drained case
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critical failure state again at lower values of P’ and q.

5.6 Summary

This chapter is devoted to extending the analytical solution procedure to the
wellbore drilling in the bounding surface rock formation. One of the important features of
the bounding surface model is that yielding could occur as soon as loading commences in
the stress space. Therefore, there is no purely elastic zone existing outside the wellbore
during the drilling process. Extensive parametric studies show that, for undrained
problem, both the wellbore pressure and the induced excess pore pressure decrease
significantly as the overconsolidation ratio increases. The lower the value of OCR, the
closer the stress state at the wellbore surface will approach the critical state. In the
overconsolidation cases, it is found that the undrained stress paths all initially cross the
critical state line parallel to the g axis, then bend over and continue to move towards the
critical state line until they truly reach the failure state. For the drained case, the rock
generally undergoes dilation during the wellbore drilling and the change in the specific
volume decreases with increasing OCR. The stress paths first head towards the critical
state line from the wet side, so the rock harden plastically accompanied by progressive
expansion of the bounding surface. After passing through the critical state line, the rock
however tends to soften in the dry side and the bounding surface gradually decreases in

size.
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CHAPTER 6
FINITE ELEMENT ANALYSES FOR WELLBORE STABILITY
PROBLEMS

6.1 Introduction

In Chapters 2-5, a generic class of analytical solutions were derived for a wellbore
drilled in elastoplastic rock formations, with both drained and undrained conditions and
various types of plasticity models (ranging from the strain hardening Drucker-Prager and
Mohr-Coulomb models to critical state based Cam Clay and bounding surface models)
taken into account. These solutions are rigorous and provide an envelope for the
elastoplastic analysis of the wellbore stability problem. As a matter of fact, the developed
analytical approach is theoretically applicable to all the elastoplastic models provided that
the yield surface and plastic potential surface considered are sufficiently smooth and
differentiable. The main limitation of the analytical solutions, however, is that it requires
an equal horizontal in situ stress to make full use of the geometric symmetry of the
boundary value problem. For the general case of a fully anisotropic in situ stress state
which is commonly encountered in practice, it is inevitable that numerical methods must
be used and this is particularly true when an inclined wellbore is drilled.

This chapter recalculates the same wellbore drilling problems using ABAQUS, the

finite element analysis commercial program. For demonstration, only the drained case
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and the two critical state based elastoplastic models, i.e., modified Cam Clay and
bounding surface models, are considered in the numerical analysis. Since the bounding
surface model is not directly available in the ABAQUS commercial software, a user
defined material subroutine (UMAT) will need to be developed for this constitutive
model and implemented into the ABAQUS finite element models. The finite element
analysis results are compared with the previously derived analytical solutions, to test the
capability of ABAQUS in handling the wellbore drilling problem involving the critical
state plasticity models as well as the validity of the UMAT code written for the boundary
surface model, and in turn to justify the accuracy of the proposed analytical method. The
numerical simulations are clearly possible to be extended to deal with the more realistic

situations including the impacts of wellbore inclination and the in situ stress anisotropy.

6.2 The Finite Element Program ABAQUS/Standard

ABAQUS/Standard is a general-purpose analysis product that can solve a wide
range of linear and nonlinear problems involving the static, dynamic, thermal, and
electrical response of components. It is particularly powerful for nonlinear simulations of
geotechnical and petroleum geomechanical problems as it can take into consideration the
large deformation and coupled behaviour of porous soils and rocks, and contains
extensive lists of material models and interface elements that can simulate the behaviour
of most typical geomaterials. The reader may refer to the ABAQUS manuals (ABAQUS,
2011) for further details. Here only a brief introduction is given to the solution strategy
used by ABAQUS/Standard for the nonlinear finite element formulations and to the

material models available in ABAQUS particularly for elastoplastic soils and rocks.
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6.2.1 NONLINEAR FINITE ELEMENT ANALYSIS

In a nonlinear analysis (material and/or geometric nonlinearity) the solution cannot
be calculated by solving a single system of linear equations. Instead, it is found by
specifying the loading as a function of time and incrementing time to obtain the nonlinear
response. Therefore, ABAQUS/Standard breaks the simulation into a number of time
increments and finds the approximate equilibrium configuration at the end of each time
increment. Using the Newton-Raphson method, it often takes Abaqus/Standard several
iterations to determine an acceptable solution to each time increment.

To illustrate the Newton-Raphson algorithm, a simple nonlinear response of a
structure to a small load increment, AP, is considered, as shown in Fig. 6.1a (ABAQUS,
2011). ABAQUS/Standard uses the structure’s tangent stiffness, K, which is based on its
configuration at u,, and AP to make a first estimate of the displacement correction, c,.
The structure’s configuration is then updated to u, = u, + c,, see Fig. 6.1a.

However, ABAQUS/Standard recognizes that the solution is likely to be in error due
to the nonlinear nature of the structure stiffness. It therefore calculates the structure’s
internal forces, I, in this updated configuration and further the residual force R, = P —
1, the latter of which is a measure of the error in the linearized analysis. Note that in a
nonlinear problem R, will never be exactly zero, so ABAQUS/Standard compares it to a
(default) tolerance value. If R, is less than this residual force tolerance at all nodes,
ABAQUS/Standard accepts the solution as being in equilibrium. Otherwise, ABAQUS/
Standard uses this residual R, together with the new stiffness K, based on the updated
configuration u,, to perform the iteration and determine another displacement correction,

cp (see Fig. 6.1b). This process brings the system closer to equilibrium (point b in Fig.
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Fig. 6.1. Nonlinear response of structure to small load increment: (a) first iteration
in an increment; (b) second increment (after ABAQUS, 2011)
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6.1b).

ABAQUS/Standard now proceeds to calculate a new force residual, R, using the
internal forces from the structure’s new configuration, u,. Again, the updated residual
force, R, , should be compared against the force residual tolerance. If necessary,
ABAQUS/Standard performs further iterations until the residual force is sufficiently

small and the solution is then said to have converged for that time increment.

6.2.2 MATERIAL MODELS

One of the most important characteristics of the real soil and rocks are their
elastoplastic mechanical behaviour. The material library in ABAQUS offers four
commonly used plasticity models for geomaterials, i.e., extended Drucker-Prager models,
modified Drucker-Prager/Cap model, Mohr-Coulomb plasticity model, and clay plasticity
model (ABAQUS, 2011).

The extended Drucker-Prager models are useful for representing the yielding and
frictional behaviour of pressure sensitive materials such as granular soils and rocks. This
class of models generally allow for volume change with plastic behaviour and can
include the creep effect in ABAQUS/Standard if the material exhibits long-term inelastic
deformations. In ABAQUS/Standard the yield surface of the extended Drucker-Prager
models can have a linear form, a hyperbolic form, or a general exponent form depending
on the shape of the yield surface in the meridional plane (ABAQUS, 2011). The models
allow a material to harden/soften isotropically with the yield surface evolving with the
material cohesion through the equivalent plastic strain.

The modified Drucker-Prager/Cap model is based on the addition of a cap yield

surface to the Drucker-Prager plasticity model, which provides an inelastic hardening
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mechanism to account for plastic compaction and helps to control volume dilatancy when
the material yields in shear (ABAQUS, 2011). The yield surface is composed of two
principal segments: a pressure-dependent Drucker-Prager shear failure segment and a
compression cap segment. The former segment is a perfectly plastic yield surface (no
hardening). Plastic flow on this segment produces inelastic volume increase (dilation)
that causes the cap to soften. On the latter cap surface plastic flow causes the material to
compact. In ABAQUS/Standard inelastic time-dependent (creep) behaviour coupled with
the plastic behaviour is also available for this model.

The Mohr-Coulomb plasticity model provided in ABAQUS/Standard can be
employed for design applications in the geotechnical and petroleum engineering areas.
The model uses the classical Mohr-Coloumb vyield criterion, i.e., a straight line in the
meridional plane and an irregular hexagonal section in the deviatoric plane. However, the
ABAQUS/Standard Mohr-Coulomb model has a completely smooth flow potential
instead of the classical hexagonal pyramid, the plastic flow in the deviatoric stress plane
therefore is always nonassociated. The flow potential is chosen as a hyperbolic function
in the meridional plane and the smooth elliptic function proposed by Menetrey & Willam
(1995) in the deviatoric stress plane (ABAQUS, 2011). As with the extended Drucker-
Prager model, this model assumes an isotropic cohesion hardening and/or softening
behaviour of the material.

The clay plasticity model in ABAQUS/Standard is essentially an extension of the
Cam Clay critical state models originally developed by Roscoe and his collaborators at
the University of Cambridge. The model is based on a yield surface which depends on the

three stress invariants and can be expressed as (Helwany, 2007; ABAQUS, 2011)
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f(P',q,0) = 3(%— 1)2 + (L)2 —1=0 (6.1)

B Mb
where P', g, and 6 are the mean effective stress, deviatoric stress, and Lode's angle,
respectively; t = %q [1 + % — (1 — %) cosiEéBe)] is a measure of shear stress where K is
the ratio of the flow stress in triaxial tension to the flow stress in triaxial compression and
determines the shape of the yield surface in the plane of principal deviatoric stresses
(ABAQUS/Standard requires a range of 0.778 < K < 1 to ensure convexity of the yield
surface); M is the slope of the critical state line; b is a parameter that defines the size of
the yield surface; g is a constant that is equal to 1.0 on the "dry" side of the critical state
line but may be less than 1.0 on the "wet" side (f < 1.0 introduces a different elliptic arc
on the wet side). Fig. 6.2 shows the projections of the general yield surface on the P' — t
plane and the deviatoric plane with different parameters involved for illustration. Note
that by setting K = 8 = 1, Eq. (6.1) will become independent of the third stress invariant
and reduce to the yield surface for the classical modified Cam Clay model (Wood, 1990).

It should be pointed out that, in addition to the above built-in plasticity models for
typical geomaterials, ABAQUS/Standard also provides a very powerful and flexible user
subroutine, UMAT, which allows users to create and implement new material constitutive
model into the software. The main function of the UMAT is to integrate the constitutive
models along the incremental strain path to obtain an estimate of the stress change (R,
and R, in Fig. 6.1), and to update the stresses and solution-dependent state variables at
the end of the increment. Also, it must provide the material Jacobian or tangential
stiffness matrix for the mechanical constitutive model. As a demonstration, the
integration algorithm for the bounding surface model and its implementation into the

ABAQUS will be elaborated later in this chapter within the context of wellbore drilling
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Fig. 6.2. Projections of general yield surface of clay plasticity model on (a) P'-t
plane; (b) deviatoric plane (after ABAQUS, 2011)
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problem.

6.3 Numerical Analyses of Wellbore Problem with Modified Cam Clay

Model

In this section the drained wellbore drilling boundary value problems in the
modified Cam Clay rock formations are re-examined using the commercial finite element
code ABAQUS. The same rock properties and initial conditions as those given in Table
4.1, ie, M =0.88,1=0.25 k= 0.05v=0.16, and v, = 4.04; 0,y = 0,y = 11.25
MPa, o,, = 15 MPa, P, = 12.5 MPa, and g, = 3.75 MPa; and OCR =1, 1.2, 3,
and 5, have been employed in the numerical simulations. The initial size of the yield

surface, b, can be calculated from Eqgs. (4.4) and (4.74) as

1 Ves +(A—K)In2—vy—vin Pb

by = 2[0cRP; (14 -8,)| = Le = 6.2)

M2p,? 2

In the ABAQUS simulations, a square computation domain with side length
L = 100aq, is adopted, as shown in Fig. 6.3, which is discretized into 16000 8-node
biquadratic, reduced integration elements with a refined mesh near the wellbore surface.
A sensitivity analysis shows that such a choice of the calculation domain and mesh size is
large and fine enough to obtain satisfactory numerical results. The modified Cam Clay
model is specified by the keyword *CLAY PLASTICITY followed sequentially by the
parameters A = 0.25, M = 0.88, the initial yield surface size b, determined from Eg.
(6.2), B = 1.0, and K = 1.0, as well as the keyword *POROUS ELASTIC followed by
the nonlinear elastic parameters k = 0.05 and v = 0.16. The initial in-situ stresses of
0,0 = 059 = 11.25 MPa and a,, = 15 MPa are defined through the keyword *INITIAL

CONDTIONS, TYPE = STRESS.
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Fig. 6.3. Finite element mesh for wellbore drilling problem

The analysis procedure for the wellbore drilling problem is divided into two steps.
The first one should be a *GEOSTATIC step in which the keyword *BOUNDARY is
used to fix the displacement and rotation at all nodes on the borehole surface and outer
boundaries as well. In this step ABAQUS will check whether the initial stress state (as
given on the *INITIAL CONDTIONS keyword) is in equilibrium with these constraints.

The next step is defined as the "DRILLING" step using a *STATIC procedure. During
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this analysis step the boundary condition at the borehole surface defined in the
*GEOSTATIC step is removed, but simultaneously a pressure loading will be assigned
over the borehole surface through the *DSLOAD keyword to reflect the mud pressure
effect. As described previously in Section 6.2.1, due to the nonlinear nature of the
modified Cam Clay elastoplastic model involved, ABAQUS needs to break the
"DRILLING" simulation step into a number of small increments and use a Newton
iteration scheme to find the approximate equilibrium configuration at the end of each
increment.

Figs. 6.4-6.7 show the drained P' — g stress paths and P" — v plots (p,, = 0)
obtained from the ABAQUS analyses pertaining to a point at the wellbore surface for
OCR ranging from 1 to 5. Also shown in these figures are the analytical solutions.
Recall that all the material particles at different locations follow exactly the same curves
on the stress and compression planes, yet only end at different positions. It is clear that
the two predictions are in excellent agreement, though for the cases of OCR = 1 and 1.2,
ABAQUS aborts analyses at the effective wellbore pressure of p,, = 0.37 MPa and
p.», = 0.51 MPa, respectively, rather than the target value of p,, = 0. This justifies the
validity and accuracy of the proposed analytical method and in turn indicates the general
capability of ABAQUS in handling the wellbore drilling problem involving the critical
state plasticity model. The termination of the ABAQUS running, as is seen under the
normally consolidated and slightly overconsolidated situations, is believed to be caused
by the convergence problem that frequently occurs in the nonlinear elastoplastic finite
element analysis particularly when the critical state models are involved (Potts &

Zdravkovic, 1999; 2000).
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6.4 Numerical Analyses of Wellbore Problem with Bounding Surface Model

When using the bounding surface plasticity model to analyze the wellbore drilling
problem with ABAQUS, implementation work has to be done through the user subroutine
UMAT as the commercial code ABAQUS does not include this specific elastoplastic
model. As already mentioned, a key step for the development of UMAT is to integrate the
constitutive equations and update the stresses and state variables at the end of the
increment. Methods of performing this integration are termed stress point algorithms and
both explicit and implicit approaches have been proposed in the literature (Sloan, 1987;
Borja & Lee, 1990; Simo & Hughes, 1998; Potts & Zdravkovic, 1999; Neto et al., 2008).
Here the implicit type return mapping algorithm, which is widely used in practice (Simo
& Hughes, 2000; Neto et al., 2008), will be adopted because of its attractive properties of

accuracy, robustness, and unconditional stability.

6.4.1 RETURN MAPPING ALGORITHM

The return mapping algorithm basically involves some form of elastic predictor to
give a trial estimate of the stress changes, and a plastic corrector algorithm to pull these
stresses back to the yield surface. The strategy adopted in a return scheme is as follows
(Potts & Zdravkovic, 1999; Neto et al., 2008).

(a) Elastic trial step

First, assume that the deformation in step [¢t,,t,.+1] iS purely elastic. Given the
values of £¢, €, and a,,, of the elastic strains, plastic strains, and internal variables set at
the beginning of the pseudo-time interval [t,, t,,+1], and given the prescribed incremental

strains Ae for this interval, the elastic trial solution for the strains, state variables, and
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stresses at the end of the increment can be obtained as

gomial — ge 4 Ae (6.3a)
& =& (6.3b)
a;rfil =a, (63C)
o7 =g, + D°: A (6.30)

where D¢ is the elastic constitutive matrix (fourth-order tensor); o, denotes the stress
state at the beginning of the increment; and the superscript "trial” refers to the trial
solutions.
(b) Check plastic admissibility

If the above trial elastic solution satisfies

flobid, atridy < 0 (6.4)
i.e., lies within the elastic domain or on the yield surface, it is accepted as a solution.

Therefore

e _ getrial p _ gpitrial — trial — trial
Ent1 T &1y S T &4 Ont1 T Apyr, Opg1 = Opyg (65)

and there is no need to proceed with the algorithm. Otherwise, the elastic trial solution is
not plastically admissible, the solution then must be obtained from the plastic corrector
step as described below.
(c) Plastic corrector step

The goal of this step is to ensure that the stress state, o,,, ¢, at the end of interval
[t,, t.+1] lies on the updated yield surface, that is, the elastic stresses return to the yield
surface so that plastic consistency is re-established in the updated state. These stresses,
together with the strains and state variables, are calculated from the following nonlinear

algebraic equations
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__ _etrial of (o,a)
g4 = el Y00 (6.62)
o lo=0y41,a=an 41
p _ _ptrial of (o,a)
o lo=0pi1,a=an4q
i df (o,
@iy = alflf + 4720 (6.6¢)
@ lo=0y41,a=an 41
— ptrial . 9f (0. @)
0,41 = 0,41 — ADe.T (66d)

0=07p41,d=0y 11

fOni1,@ny1) =0 (6.6e)
where A is the incremental plastic multiplier. Note that in Egs. (6.6b) and (6.6¢c) a
backward Euler method is adopted to calculate the increments in plastic strains and
internal variables, hence a fully implicit nature of the scheme. Fig. 6.8 gives a geometric

illustration of the concept of the return mapping algorithm in stress space.

6.4.2 DESCRIPTION OF BOUNDING SURFACE MODEL

Details of the bounding surface model has been described in Chapter 5. In this
section the main ingredients of this elastoplastic model are briefly outlined as follows.
Elastic stress-strain relations

The nonlinear elastic rate constitutive relations can be split into volumetric and

deviatoric parts, as follows

! _ _ v ! p
dP' = Kde, =—P (de, — dep) (6.7a)
where K and G = % are the elastic bulk modulus and shear modulus, respectively;

K denotes the slope of the rebound line in the v — InP’ plot; v is the specific volume;

ds; = dai'j — dP'5y; is the deviatoric of the incremental stresses dai'j with §;; denoting
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Fig. 6.8. Return mapping algorithm approach

the Kronecker delta; de, is the change of the volumetric strain; and de; = dg; —
%dev&j is the deviatoric of the incremental strains dg; .

Single elliptical bounding surface

Repeating Eq. (5.26), the bounding surface assumes the form

— 1 I 2 _ 2 M2 — 2 =1 = 2
F(Uij'Pc):F(P,q,Pc)=§q2+§m(P2—;PP +—Pc)

R 2 M? (=i
= Sij Sij + E(R—l)z (P —

PP, +Z5P2)=0  (68)
where the superposed bar represents the stress quantities on the bounding surface and

repeated indices appearing as subscripts (i,j) imply summation; s; is the image

deviatoric stress state; M and R, as shown in Fig. 5.3, are the model parameters; and P,

denotes the size of the current bounding surface.
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Loading surface
The loading surface has the same shape as the bounding surface, and hence is given

under the form of

2 r 1A i —_— r
s (P2-2P R +ZER2) =0  (69)

F(o; 3 (R—1)2

],P‘All) = F(P,,q,P/;) = SL-]-SU- +

where s; is the actual deviatoric stress state and P, denotes the size of the loading
surface (Fig. 5.3).
Hardening law

Hardening/softening of the bounding surface is assumed to be isotropic and depend

only on the parameter P, which is related to the plastic volumetric strain, 85, by

dPe _(4e) yop _ v 4op
T i de, = de, (6.10)

where A denotes the slope of normal compression line in v — InP’ plane.
Radial mapping rule

The simple radial mapping rule used in the current bounding surface model can be
expressed as (Dafalias & Herrmann, 1982)

G = oy (6.11)
where o = Q(O‘i,-,sg ) is the ratio between the image stress and the current stress

quantities. From Eq. (6.11), it can be easily obtained the following representation
P'=9P', 5;=o0s;, P.=0oP, (6.12)
Flow rule and plastic modulus
The plastic strain rates under the normality condition are given by Egs. (5.5) and
(5.6), namely

p_ 11 6.13
dejj = - Ao T = - Ao (6.13)
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where Kj,, the plastic modulus on the bounding surface, can be obtained from Egs. (5.13),

(5.14), and (6.10) as follows

1+e OF OF 1 9F oF 1 0F dP, oF
Kb :_—2——_,: ~— = -
g5 0eP aP g3 dey, ap g3 0P de, 0P
116 M* v =i (= P.\(2-R~ P
=2 R (P -%)(EER -0 6.14
g% 9 12—k R-1)* " C R R ¢ R ( )
with
7, = l("’—F)2+ ("F) (6.15)
92 = 3\GF g '

and K,,, the actual plastic modulus on the loading surface, takes the following form
according to Egs. (5.15) and (5.36)
Kp - Kb + Kh (616)

where

(6.17)

Kh:(%)_:(i—i) v ( |MP| )

93 Ak
With the aid of Egs. (5.19), (5.37), and (6.8), the above equation becomes

1 (4 Mm* = 2Pn\? 16 _5)( v MP' (o~ 1P Q
Kh ___2{5_(R—1)4 (ZP —T) +?q }{Ehpa <1+| | )} (618)

93 eP.—(e—1P'Q
5
where o = ra and
q2
Q=1+ (6.19)

6.4.3 IMPLICIT INTEGRATION OF THE MODEL

This section describes the implicit integration algorithm for the bounding surface
model which follows the popular cutting-plane algorithm (Ortiz & Simo, 1986; Hashash

& Whittle, 1992), and is essentially an extension of the integration scheme proposed by
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Manzari & Nour (1997) used for the simple bounding surface version of modified Cam
Clay associated with a substantially simplified hardening rule. As mentioned earlier, the
main purpose of the integration procedure is to obtain the updated stress state, o, 1, at
the end of a typical interval [t,,t,,q] for the given increments of strain, Ae,
corresponding to this interval. It involves an elastic predictor phase and a subsequent
plastic corrector phase.
Elastic predictor

In the first estimate for the updated stresses o, 75! = {P 71", s7ie\,} (the
superscript prime represents the effective stress), the response is assumed to be fully

elastic so there are neither any incremental plastic strains Agf} nor any incremental
change in the hardening parameter AP;. Thus,
AL = pel =0, AP = (6.20)

ijn+1

Here As’;jfff’ll corresponds to the trial plastic volumetric strain increment in step

[t,, tn+1] @nd Ae}'}’ﬁﬁl to the deviatoric part of the plastic strain increments defined as
ptrial __ Jtrial 1 Jtrial
Aejinr = A‘(’z',n+1 - EA"';Z,nH 6y (6.21)

The updated hardening parameter and stress state at t,,.; now can be calculated by

integrating the stress-strain relations (6.7a) and (6.7b), which gives

p'trial _ p’
cn+1 = Pen (6.22a)
"trial =P

Pnt-lT:ia — Pne P vn+1 (622b)
trial  _ 31-2v) Py i P

Sijm+1 = Sijm + T A (e’ 1)4e;; n41 (6.22c)

Plastic corrector

If the above trial stress solution exceeds the yield surface, i.e.,
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f(Pst, siriet 1, Penial ) > 0, plastic straining then occurs. In this case the stress state
and hardening parameter should be corrected by imposing the flow and hardening rule
together with the consistency requirement. This can be achieved by applying Egs. (6.6a)-

(6.6e), which for the specific bounding surface model take the form

P.,, = Pl evnt1=45 041 (6.23)
Agpn+1 Apiq %%(R’lﬂ - Fé"t#) (6.23Db)
Sy et = S+ el B j}’,::{ e “emnti=ani) _ 1} (6.23¢)
Aefl o1 = 2Mn 115 ni1 (6.23d)
Prny1 = Prpei-ebnn (6.23¢)
Sijn+1Sijn+1 %% (PTIL%I-l ;Pn-i-lPC n+1 +22 Pc n+1) 0 (6.23f)

By substitution of the relations P, ;1 = 0,41P, 41 ad 5 n41 = @n41Sij nt1 from Eq.
(6.12) into Egs. (6.23d) and (6.23f), one obtains the plastic deviatoric stains and
consistency condition without involving the use of the image states as follows

Aeg',nﬂ = 2054100 11Sij n 1 (6.239)

2 M?
Qn+1sl] n+1SL] n+1 + 3 3 (R— 1)2 (Qn+1pn+1 Qn+1pn+1PCn+1 + PCn+1) 0

(6.23h)
Egs. (6.23a)-(6.23c) and (6.23e) together with (6.23g)-(6.23h) provide a set of 16

nonlinear algebra equations, but contain totally 17 (P, 1, A,spnﬂ, 6 Sijn+1, 6 Ael] ntl?

P&Jnﬂ, and g,41) unknowns to be solved for. Therefore, one additional equation is

required to complete the formulation. As pointed out by Manzari & Nour (1997) for the

simple modified Cam Clay bounding surface, such an equation should be obtained by
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considering the essential feature of the bounding surface plasticity, defined in Eq. (6.13).
It is found that, for the general bounding surface considered in this work, a differential
equation may still be derived for g in an exactly similar way as in Manzari & Nour
(1997). Details of the derivation of this equation is given in the following section.
Differential equation governing o

Let the plastic constitutive relation, i.e., Eq. (6.13), be rewritten in the following

form
oF oF
Gy 5 = kydoy —— (6.24)
ij ij

where k,, is the ratio between the bounding surface plastic modulus and the actual plastic

modulus

_r 1\ 2
M* g5 Pe\(2=Rp P1\,) M* (5 Pe) oo ’M_ﬁ”" @-1P'Q
“Rr- 1)4PC(P R>(R Pe R)+{(R—1)4<P g | a0 hee| 14| oPp—(@-DF Q
(6.25)

and from Eq. (6.8)

aF_aF 0F 1 o= 4 M2 —'_F_’é
a5, 05, +953% =25 t 55 (P R)&-,- (6.26)

Substituting Eq. (6.26) and making use of the first two components of Eq. (6.12), Eq.

(6.24) then becomes

2
ZQ(Q—kp){S ds;; +3(R 1)2P dP}-l—ZQdQ{S S;; +3.(RM1)_2P2}

4 M?
3(R -1)2 R

P (odP' + P’ do) + 5k Poap =0 (6.27)

14 (R -1)2 R
Considering now the loading surface representation (6.9), and noting that P, = gP,,

it then follows
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2 M 2 ’i 2-R P\ _
5ij +3(R1)2(P EPQ+R 2)_o (6.28)

or in the differential form

sds+

3 (R-1)2 3(R 1)2R 02
TIG R ¢ & (6.29)
Substituting Eq. (6.29) into Eq. (6.27) and after some algebra operations, one
obtains

(o —k,)P'dP,— (0 —k )—PCdPC = —( —P'dP;do + —P 2do) (6.30)

and therefore

dPe _ (l _ ! )dQ (6.31)

It is interesting to note that the above differential equation for ¢ has the same form
as the one for the bounding surface modified Cam Clay model with specific value of
R = 2 (Manzari & Nour, 1997). Integrating Eq. (6.31) over the time step [¢t,, t,4+1], With
an assumption of constant plastic modulus ratio k, = k, ,,1 evaluated at the end of the

increment, results in

ﬁ’Cn+1
On kpn+1_P’C_
e = e (632
Qn_kp n+1— Qn_P(l'r‘L
where, according to Egs. (6.12), (6.19), and (6.25),
_ X1
kpn+1 = 3 Xk (6.33a)
Mt = / Peni1) (2-R 5 0n+1Pr
Xl = _WPC,n+1 ( Qn+1Pn+1 - CR+1) (TPC,n—i-l - %) (633b)
M4 ' P, n 3
X1 = G-t (Qn+1Pn+1 - %) + 0441 5 Sij n+15ij n+1 (6.33¢)
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MPn+1
VB/2)sij n1Si 1

3
, 3 s
(ns1=D)P) 4 [1+E2E TR
n+1
Xp3 = - (6.33e)
_ , Ss;; S
Ponp1—(@ns1—1)Pypy [14E15 000
’ Pr

Egs. (6.32) and (6.33) complete the set of Eq. (6.23) which now offers 18 equations

m) (6.33d)

Xzz = hpa (1 +

and simultaneously includes the same number of unknowns with the addition of the
variable k, , 1. Solution of these nonlinear equations to obtain the updated states at ¢, 4
requires the use of a Newton-type iterative procedure (Neto et al., 2008). The algorithm
for solving these equations in accordance with the implicit integration of the bounding
surface model is presented in detail in Appendix A.
Jacobian stiffness matrix

The Jacobian stiffness matrix (or consistent tangent operator) is defined as (Manzari

& Nour, 1997)

9AP  9AP
_ aAe,, 6Ael-]-

] - aASiJ’ aASl‘j (634)
0Ag, OdAey

which is found to be derivable from Egs. (6.23) and (6.32) in analytical expressions in
terms of the stress state at the end of the increment. However, it is well known that the
Jacobian matrix does not influence the accuracy of the solution, but only the rate at which
convergence is achieved (Dunne & Petrinic, 2005; ABAQUS, 2011). For this reason, and
for the sake of simplicity, the material Jacobian in the present integration scheme is
calculated using the elastic constitutive matrix, J,, rather than the elastoplastic matrix,

Jep as follows
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aAP" AP

o |oae, ane;| [K 0 (6.35)
] _]e - aASl‘j aASiJ’ — 10 G((Yiké}'l + (Sil(sjk) .
0Ae, OAley
P’trial _p’ 3(1=2 P’trial _p
where K = Zil—Pn gng ¢ = 3020 Bt TPy
A ynin 2(1+v)  Adeynqa

6.4.4 IMPLEMENTATION IN ABAQUS AND NUMERICAL RESULTS

The above implicit return mapping algorithm for the general bounding surface
model is coded using Fortran and implemented in ABAQUS through the material
interface UMAT. The UMAT subroutine is called at each material integration point of
every element and returns the updated stresses and solution-dependent state variables at
the end of each iteration/increment.

To call the UMAT subroutine, the following keyword is used in the ABAQUS input
file: *USER MATERIAL, TYPE = MECHANICAL, CONSTANTS = number-of-
constants. Here for the bounding surface model the number of constants is set equal to 8,
which, in sequence, includes the slope of critical state line, M; hardening parameter h; the
slope of rebound line, x; Poisson's ratio v; the slope of normal compression line 4;
atmosphere pressure p,; hardening parameter m; and bounding surface shape parameter
R. On the other hand, ABAQUS needs to specify the number of solution-dependent state
variables (required at each integration point) through the command *DEPVAR.
Considering the wellbore drilling plane strain condition, the state variables consist of
only 4 elastic strains (&£, &5, &, and &) and 4 plastic strains (&, &, &, and &), in
addition to the bounding surface hardening parameter P, and specific volume v.

The ABAQUS finite element analysis for the wellbore drilling problem again

proceeds in two steps, namely the standard *GEOSTATIC step and the subsequent
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"DRILLING" step, as explained in Section 6.3 for the modified Cam Clay model. The
initial stress conditions and bounding surface rock parameters are basically the same as
those used in the analytical solutions (Chapter 5), but here two different values of R = 2
and 2.72 have been considered in performing the numerical simulations (under drained
condition), see Table 6.1. Note that R = 2 reduces to the simple bounding surface version

of modified Cam Clay.

Table 6.1. Parameters used in ABAQUS simulations with bounding surface model

0,0 = 059 = 11.25 MPa, g,, = 15 MPa, p, = 10 MPa
Py = 12.5 MPa, qo = 3.75 MPa

M =1.05,1=0.14, k = 0.05,v = 0.15,¢y = 095, m = 0.2, h = 30

P, (MPa)
R
OCR =1 1.2 2 5
2 13.52 16.22 27.04 67.60
2.72 14.80 17.76 29.60 74.00

Figs. 6.9-6.12 and 6.13-15 present the ABAQUS predictions of the P — q stress
paths at the wellbore surface and compare with the analytical solutions for R = 2 and
2.72, respectively. Again, excellent agreement could be observed between these two
results, thus indicating the accuracy of the exact analytical approach developed for the
wellbore drilling boundary value problem, and simultaneously the validity of the UMAT
code written for the bounding surface model. It should, however, be noted that for OCR
greater than 1, ABAQUS simulations again terminate running before the effective
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wellbore pressure of p,, = 0 can finally be achieved, a phenomenon due to the
convergence and stability problems which also has occurred for the modified Cam Clay
model. Note further that the P° — g stress path corresponding to R = 2.72 and relatively
large value of OCR =5 has not been presented herein, as in this case ABAQUS
encounters severe convergence difficulties and actually breaks down in the first

increment during the "DRILLING" step.

6.5 Summary

This chapter revisits the wellbore drilling boundary value problem in modified Cam
Clay and bounding surface rocks using the finite element program ABAQUS/Standard. In

particular, a UMAT subroutine has been developed and incorporated into ABAQUS for

DT 71 T
. Analytical solution
16 ABAQUS with UMAT
CSL OCR=1 |
— 12
g
=3 Stress path
U 8 = Vil
Z Initial bounding surface
_ T~
4. B J \K\ P,=125MPa |
| A [%=375MPa
Current bounding surface —
. o \
1 1 1 1

0 2 4 6 8 10 12 14 16 18 20
P' (MPa)

Fig. 6.9. Comparison of drained P'-q stress path at wellbore surface between
ABAQUS and exact solutions for OCR = 1, bounding surface model with R = 2
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ABAQUS and exact solutions for OCR = 1.2, bounding surface model with R = 2
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the bounding surface constitutive model. Comparisons between the numerical and exact
analytical solutions in general show excellent agreement, which therefore justifies the
accuracy of the proposed analytical method, and in turn indicates the capability of
ABAQUS in handling the wellbore drilling problem involving the critical state plasticity
as well as the validity of the UMAT code written for the boundary surface model.
However, under some circumstances, ABAQUS suffers from the convergence and
stability problems and tend to terminate the analyses before the target (zero) wellbore
pressure can be reached. The extension of the current numerical simulations will be a
trivial matter to deal with the more realistic situations including the impacts of wellbore

inclination and the in situ stress anisotropy.
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CHAPTER 7
APPLICATIONS

7.1 Introduction

This chapter is dedicated to the applications of the analytical solutions developed in
previous chapters, with main attention focused on the prediction of critical mud pressure
required to maintain the wellbore stability. For illustration purpose, only the undrained
condition has been considered for the four plasticity models, i.e., the strain hardening
Drucker-Prager, strain hardening Mohr-Coulomb, modified Cam Clay, and bounding

surface models.

7.2 Critical Mud Pressure

The critical mud pressure p,,q - could be defined in three different ways
depending on the stability criterion used for the wellbore design. The first criterion based
on the elastic theory is a conventional one which assumes that the wellbore will approach
collapse condition once the yielding criterion is satisfied anywhere in the rocks. With
reference to this criterion the critical mud pressure therefore must correspond to the
wellbore pressure for which the plastic deformation begins to take place at the wellbore

surface. The other two criteria require the analysis of the wellbore instability as an
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elastoplastic problem (Charlez, 1997; Yu, 2000), as is elaborated in this dissertation. The
wellbore is regarded as unstable either when the borehole surface reaches the failure state
(failure yield surface in Drucker-Prager and Mohr-Coulomb models or critical state in the
modified Cam Clay and bounding surface models) or when the inward borehole
displacement is too large to satisfy the allowable deformation criterion, the latter
probably resulting from the consideration of the casing design.

Recall now that the wellbore drilling curves plotting the reduced wellbore pressure
as a function of the contracted wellbore radius, from the elastic phase to elastoplastic or
even failure phase of the deformation, have been presented in Figs. 2.5, 3.3, 4.4, and 5.4
for the four typical plasticity models considered. As a consequence, the critical mud
pressure py,.q4 o Can be directly obtained from these curves for the first and third
(allowable displacement) stability criteria. The value of p,,, . corresponding to the
second stability criterion (wellbore surface reaching the critical state), however, needs to
be determined from the associated critical state conditions.

Table 7.1-7.4 compares the calculated results of p,,,4 o Using the strain hardening
Drucker-Prager, strain hardening Mohr-Coulomb, modified Cam Clay, and bounding
surface models, based on the three stability criteria mentioned above. The rock
parameters used in the analyses are the same as those listed in Tables 2.1, 3.1, 4.1, and
5.1. In all these tables two strain values of 2% and 5% at the wellbore surface have been
identified as controlling thresholds. This follows from the practical consideration that the
tolerance for the maximum inward borehole displacement is usually somewhere between
2% and 5% of the wellbore radius (Charlez & Heugas, 1991; Charlez, 1997). Note that

0—a

here the borehole surface strain is defined as € = aa—
0
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Table 7.1. Predicted p,,,q . Using three different stability criteria, strain hardening

Drucker -Prager model

Elastic AIIowab_Ie AIIowab_Ie Wellbore surface
lvsi deformation deformation h tical stat
danalysis e = 2% e = 5% reacnes critical state
17.69 MPa -1210.72 MPa
(e = 0.6%) 10.64 MPa -2.64 MPa (e = 80%)

Table 7.2. Predicted p,,,q . Using three different stability criteria, strain hardening

Mohr-Coulomb model

Elastic AIIowab_Ie AIIowab_Ie Wellbore surface
) deformation deformation "
analysis £ = 20 £ = 50 reaches critical state
18.55 MPa -1062.94 MPa
(e = 0.45%) 11.06 MPa -1.48 MPa (e = 80%)

Table 7.3. Predicted p,,,q.- UsiNg three different stability criteria, Modified Cam

Clay model
Elastic AIIowab_Ie AIIowab_Ie Wellbore surface
OCR : deformation deformation L
analysis £ = 20 ¢ = 50 reaches critical state
21.25 MPa 3.14 MPa
1 (e = 0) 13.36 MPa 9.79 MPa (e = 24%)
18.25 MPa -0.07 MPa
1.2 11.95 MP 7.79 MP
(¢ = 0.39%) a a (e = 25%)
11.76 MPa -17.80 MPa
3 8.08 MP -1.04 MP
(e = 1.37%) a 2 (e = 26%)
-33.51 MPa
-4.87 MPa (e = 32%)

7.83 MPa
5 8.27 MP
(e = 2.07%) a
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Table 7.4.

surface model

Predicted p,uacr Using three different stability criteria, bounding

Elastic AIIowab_Ie AIIowab_Ie Wellbore surface
OCR . deformation deformation "
analysis £ = 20 ¢ = 50 reaches critical state
21.25 MPa 2.96 MPa
1 (e = 0) 13.34 MPa 9.50 MPa (e = 18%)
21.25 MPa 0.55 MPa
1.2 (e = 0) 13.12 MPa 9.00 MPa (e = 25%)
21.25 MPa -7.46 MPa
3 (e = 0) 12.48 MPa 7.58 MPa (e = 35%)
21.25 MPa -27.62 MPa
5 (e = 0) 11.32 MPa 5.10 MPa (e = 53%)

From Tables 7.1-7.4, it is observed that for all the four plasticity models adopted, a
very large strain at the wellbore surface (contraction) must have been mobilized before
the wellbore surface finally reach the failure or critical state, and therefore the critical
state-based stability criterion is not controlling. Of course, which stability criterion, i.e.,
wellbore deformation exceeding the allowable limit or wellbore stress reaching the
critical state, will control the design will be dependent on the actual rock properties. In
spite of this, the values of the critical mud pressure based on the elasticity theory are
always well above those predicted from the elastoplastic analyses, indicating that neglect
of the elastoplastic feature of rock formations does lead to a substantial overestimation of
the critical mud pressure. Tables 7.3 and 7.4 also show that the predicted p,,q o N
general decreases with the overconsolidation ratio, which is reasonably expected as the

higher the value of OCR, the stiffer the rock. The only exception is the predicted value of
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Pmud or = 8.27 MPa pertaining to the 2% displacement criterion for the modified Cam
Clay model with OCR = 5, which is found slightly greater than the one of 8.08 MPa for
the case of OCR = 3. This is probably because in the former (OCR =5) the rock
formation still behaves elastically corresponding to the allowable deformation of 2% and
it has smaller shear modulus of G, = 325 MPa. Note that for the normally consolidated
modified Cam Clay formation (OCR = 1) and for all cases of the bounding surface model,
the material points around the wellbore harden plastically immediately after the wellbore
pressure drops below the in situ horizontal stress gy, so the critical mud pressure from the

elastic analysis is p,q o = 0, = 21.25 MPa.

7.3 Summary

As an application to the wellbore instability analysis, the analytical elastoplastic
solutions developed for the wellbore drilling problem has been used to predict the critical
mud pressure in this chapter. Two types of stability criteria, i.e., wellbore displacement
exceeding the allowable limit or wellbore stress reaching the critical state, have been
considered in conjunction with the elastoplastic analysis. Comparison with the elastic
results shows that ignoring the elastoplastic feature of the rock formations gives
conservative solutions and would lead to a substantial overestimation of the critical mud

pressure (density).
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CHAPTER 8
CONCLUDING REMARKS

8.1 Conclusions

This research develops a rigorous analytical approach for solving the wellbore
stability problem drilled in elastoplastic rock formations. The key step in the formulation
of the wellbore boundary value problem is to establish an incremental relationship
between the effective radial, tangential, and vertical stresses and the corresponding stain
components, i.e., the elastoplastic constitutive equations, and then reduce them to a set of
differential equations valid for any material point in the plastic zone. For undrained
condition, the three stresses can be directly solved from these governing differential
equations as an initial value problem, the excess pore pressure then being determined
from the radial equilibrium equation. Whereas for the drained condition, the Eulerian
radial equilibrium equation must be first transformed into an equivalent one in
Lagrangian description, which can be accomplished with the introduction of an auxiliary
variable. This transformed equation, together with the aforementioned elastoplastic
constitutive relation, again constitute a set of differential equations. The three stress
components as well as the volumetric strain or specific volume thus can be readily solved.

In this dissertation various elastoplastic models including the strain hardening
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Drucker-Prager and Mohr-Coulomb models as well as the critical state based modified
Cam Clay and bounding surface models have been considered to cover a wide range of
rock formations. Using the solution scheme described above, it is found that the wellbore
drilling analyses involving different types of plasticity models can be performed in a
theoretically consistent way. The computed stress distributions and in particular the stress
paths capture well the anticipated elastoplastic to failure behaviour of the rocks
surrounding the wellbore, the solutions thus is able to contribute to better prediction and
design of the wellbore instability problems.

Regarding the critical state elastoplastic models, finite element numerical
simulations have also been carried out for the drained wellbore problem using the
commercial software ABAQUS. Of importance, a user defined material subroutine
(UMAT) for the bounding surface model is coded with FORTRAN following the widely
used return mapping algorithm and implemented into the ABAQUS finite element
models. The predictions from the analytical solutions and the ABAQUS analyses are
generally in excellent agreement for both modified Cam Clay and bounding surface
models, though under some circumstances, ABAQUS may break down before the target

wellbore pressure can finally be reached.

8.2 Recommendations

Although various types of elastoplastic models have been covered, the rock
formations in the present work are basically treated as isotropic materials. However,
mechanical anisotropy has been long recognized for soils and rocks, due to the fabric
orientation developed during their deposition and the subsequent alteration induced by

the applied loading (Banerjee & Butterfield, 1985). In the future, the wellbore stability
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analysis may be extended to taking into account the anisotropic elastoplastic behaviour of
rocks. The anisotropic modified Cam Clay and bounding surface models proposed,
respectively, by Dafalias (1987) and Banerjee & Yousif (1986), the yield surfaces of
which consist of rotated and distorted ellipses and the degree of rotation/distortion is
determined by the introduced variables, might be adopted for further investigation.

As shown in Chapter 6, when conducting the numerical simulations for the wellbore
drilling problem with the critical state models, computational difficulties could occur
under certain conditions accompanied by the termination of ABAQUS analyses. The
author is aware that this happens because of the convergence and stability issues that
frequently arise in the nonlinear finite element analysis, however, the reason has not been
fully understood and this aspect should be addressed more thoroughly and improved in
future studies.

For the sandstone-like formations, it will be useful to compare the present analytical
results using macroscale material properties with the numerical predictions from the
discrete element method (DEM) at the microscopic level (Itasca, 2004). The exact
solutions will serve as good benchmarks to evaluate the capability of DEM in handling
the elastoplastic wellbore drilling problems.

Finally, it is recommended that the wellbore stability analyses be extended to the
more realistic and general situation of fully anisotropic in situ stress state, both
analytically and numerically. Also, given the three phase nature of the reservoir
formations (oil, gas, and rock skeleton), it will be desirable to make a further extension of

the current solutions to unsaturated porous media.
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APPENDIX A

ALGORITHM FOR IMPLICIT INTEGRATION OF BOUNDING

SURFACE MODEL

(1) INITIALIZATION

Aggr"*‘l =0, Aeg,n+1 =0, p(i’,n+1 = p(,],n! An+1 =0

On+1 = @n
where o,, is determined from Eq. (6.23h), given by
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(2) ELASTIC PREDICTION AND PLASTIC ADMISSIBILITY CHECK
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ELSE
(3) PrLAsTIC CORRECTION

Find the solution vector U by solving 18 simultaneous equations, i.e., Egs. (6.23a)-

(6.23c), (6.23e), (6.239)-(6.23h), (6.32), and (6.33), using a local (full) Newton scheme:
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IF |R] less than tolerance, THEN GO TO (7) final stresses (converged solution), ELSE

(4) CONSISTENT TANGENT MATRIX

Calculate consistent tangent matrix T = Z—ﬁ for the local Newton iteration
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2P, 4 |1+ iyn+1°ijjn+1 Pri1—(0ns1—1)Py sy 142 ijn+l1°ijn+1
2Pn ’ Pu1
V _ 6X23 _<
23 — 7 - i
0Py 11 Peni1(@n+1—1)35i5 nt1 , ,
- z (L #))
: 3Sij n+15ij n+1) 5 ' 250 m+15ij n+1
Ppi1 1+U—TZLPQL Pensr—(@ns1=1)Pyyq [1HE22 0 nP s
\ n+1 n+1
(A.18e-4)
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dRg _ (X14+X21 X202 X23) W1 —X1 (W1 +X21 X202 Wa3 +X21 W X3 +Wa1 X322 X23)

005 +1 - (X1+X21X22X23)? (A.181)
where
W, = 62):11 = - (Rﬂz;zl {pC",n+1P7,l+1 (% Pepsr — %)
+P e (OuenPras = 2222) (<2) (A8r)
W = ;;nzjl =2 (RIY;A; <Qn+1PrIl+1 - %) P7,1+1 + 3Sij n+1Sijn+10n+1
(A.18f-2)
W,y = ;;—i =0 (A.18f-3)

3
=! ' 25 n+15ij n+1
PC,n+1Pn+1 1+ L 2 .
0X 23 Prta
Wy = —2 = — (A.18f-4)
23 P) 2
On+1 3. 151 1
_r ’ jn+1°ij,n
Pc,n+1_(9n+1_1)Pn+1 1+2 / 2 /
Pyl

=0 (A.180)

dRg
akp,n+1

(5) SOLVINGFORTSU = —R

—d r T
oU = {6455,n+1'6Aeg,n+1'5PC,n+1'6An+1r5Pn+1'55ij,n+1'59n+1'5kp,n+1}

(A.19)

(6) UPDATE OF SOLUTION VECTOR U
Agppi1 = A1 + 808y 0y, Aef o =Ael ., +8hel (A.20a)
p(i“,n+1 = p(i“,n+1 + 8p(i“,n+11 An+1 = An+1 + 6An+1 (AZOb)
Pri1 = Pt + 6Poiis Sijns1 = Sijnat + 08y nia (A.20c)
On+1 = On41 + 60n41, kp,n+1 = kp,n+1 + 5kp,n+1 (A.20d)
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GO TO (3)

(7) FINAL STRESSES (CONVERGED SOLUTION)

A, = Ay, Ael = el (A.21a)
Pen = Pong1s An = Ang (A.21b)
P, =Py, Sijn = Sijn+1 (A.21c)
On = On+1r kpn =kpnia (A.21d)

END
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