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PREFACE

The cry of "modern mathematics™ is being echoed in the ears of
those responsible for selecting textbooks and planning curriculum
schedules in our secondary schools, especially in Oklahoma. In many
cases this is the superintendent or principal. Thé purpose of this
report is to allow administrators the opportunity to hear what has been
said about the modern approach to the mathematics curriculum and ob-
serve the actual content materials of the Scheol Mathematics Study
Group which are not as readily available as the traditional texts now
on their shelves., It is not intended that the selected t&pics found in
the content materials used in the comparison herein should be expressed
in terminology and symbolism decipherable only by mathematics teachers
and fellow mathematicians. On the contrary, the selection of the few
pages representing the total 7th and 8th grade SMSG program was done in
an effort to present topics which are somewhat self-explanatory or
readily understandable to those who are interested in mathematics
curriculum but restricted in contact with mathematics as a discipline.

A special thanks is extended to Dr. James H. Zant for his counsel
and assistance in the preparation of this report and to the National .

Science Foundation who made this year of study possible.
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CHAPTER I
INTRCDUCTION

Today there is tremendous pressure on the United States as the
stronghold of the free w@rld to maintain her position of scientific and
productive lsadership and keep pace with the proponents of communism
in the quest for space. Tc do so we must fill the evergrowing demand
for scientists, engineers, technicians, and mathematicians. An initial
purpose of this report is to enable those who select the curriculum in
our high schools to obserﬁé and consider the traditional and modern
textbook approaches as preparations for just such persons.

Of course not every student will be a space scientist or computer
statistician, but our secondary schools being instrumental in prepara-
tion of students for college capability should supply an opportunity
for groundwork on which students could build toward these endeavors:in
future instruction. The nature and level of this opportunity will
naturally depend on the local school situation and the attitudes and
abilities of the administrators, teachers, students, and parents. With
this in mind, the overall aim of this report is to show a comparative
presentation of the traditional and modern 7th and 8th grade mathematics
programs to be used as a basis of selection of the appropriate curriculum
presentation for the individual school. The 7th and 8th grades are
chosen because of their primary position in secondary study and a con-
viction that during the adolescent years basic concepts should be stressed.
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To present this comparison four traditional texts, with respective
Teachers Editions, from the state adoption list of Oklahoma, 1960, are

selected as typical. Two of these, The New Thinking With Numbers and

The New Knowing About Numbers, both by Leo J. Brueckner, Foster E.

Grossnickle, and Elda L. Merton, John C. Winston Company, Dallas, 1956,
cover 7th and 8th grades respectively. The other two are Exploring

Arithmetic (7) and Exploring Arithmetic (8), by Jesse Osborn, Adeline

Riefling, and Herbert F, Spitzer, Webster Publishing Company, Dallas,
1957. To discuss and display the modern or contemporary approach the
texts of the School Mathematics Study Group are preferred.

The School Mathematics Study Group (SMSG) represents
the largest united effort for improvement in the history of
mathematics education. It is national in scope. The
director is Professor E. G. Begle, whose office was, until
recently, at Yale University. In the fall of 1961, Pro-
fessor Begle and SMSG headquarters moved to Stanford
University. SMSG if financed by the National Science Foun-
dation,

The development of the SMSG material is unique in that
it represents the combined thinking of many people -- psy-
chologists, testmakers, mathematicians from colleges and
industry, biologists, and high school teachers. Approx-
imately 100 mathematicians and 100 high school teachers did
the writing, and in order to produce material that is both
mathematically sound and teachable, each writing team had
an equal number from each group.(1l, p. 17)

The choice of SMSG texts was conditioned, by extent of local sig-
nificance, in a report read on October 1, 1960, to the Annual Meeting of
Oklahoma School Administrators at Norman, Oklahoma, by Dr. James H. Zant,

National Science Foundation Director, Oklahoma State University, Still-

water, Oklahoma.

There has been some individval experimentation going
on in Oklahoma schools at all levels from Grades 1-12.

«ses, the bulk of the experimentation with new programs
in mathematics has resulted from co-operative efforts



between the Oklahoma State Committee for the Improvement

of Mathematics Instruction and the School Mathematics
Study Group. During 1959-60 SMSG assigned 7 of its 49
Centers of Teaching SMSG Textbooks to this state. These
involved the use in regular classes of textbooks for Grades
9, 10 and 11. Twenty-three school systems were involved
with 42 teachers, 84 classes, and approximately 2,500
students, Eight college staff memnbers served as consul-
tants.,

This program wes considered very successful. Teachers
reported much more interest and understanding on the part
of these students than did those in classes taught from
the traditional program. School administrators and parents
were enthusiastic about the program and the results cbtain-
ed. Students seemed to be as proficient in the standard
skills of mathematics as those taking traditional courses,
though no particular effort was made to make comparisons.
Preliminary comparisons made by SMSG and the Minnesota
National Mathematics Laboratory also indicate this is the
case. Teachers reported that student ability in handling
word or M"story'" problems was outstanding.

Examination of actual orders sent to SMSG for revised
coples of SMSG textbooks for use in Oklahoma schools during
1960-61 reveals that 52 school systems will use the books
in some or all grades 7-12. The total number of texts order-
ed by Oklahoma schools for next year is 13,494. This exceeds
five times the number of books used last year and again (as
in the case of the Experimental Centers for 1959-60) Okla-
homa's use of the books exceeds that of any state except
California. The total number of orders in the entire nation
was 110,921, Oklahoma's share was more than 12 per centl!
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In Oklahoma, then, we have placed most emphasis on the
teaching material, Grades 4-12, developed by the School
Mathematics Study Group. There have been several reasons
for this. We have been able to take advantage of SMSG!'s
program of experimentation and the fact that some subsidy
has been available. Other considerations were: (1) SMSG
has complete teaching material for all grade levels; (2)

a program initiated in a particular school can be contin-
ued into the next year; (3) a program can be expanded to
include other schools in the state. The success of this
idea is indicated by the large number of SMSG books ordered
in Oklahoma this year. We are convinced that the books
present good mathematics which children can understand and

enjoy.(2, pe 597-598)

The SMSG books to be used are Mathematics for Junior High School,

Volume 1, Books 1, 2, 3, New Haven, Connecticut: SMSG, 1960. These



for College Preparatory Mathematics was issued in the spring of 1959.

(3, p. ix) The overriding objective of the Commision in this Report

is Ma curriculum suitable for students and oriented to the needs of
mathematics, natural science, social science, business, technology, and
industry in the sécond half of the twentieth century. ¢.... Whatever of
the old has disappeared,vwhatever of the traditional yet remains, what-
ever of the new appears, is in or out of the curriculum solely to effect

necessary modification and improvement.™(3, p. 34)



CHAPTER II

THE TRADITIONAL PROGRAM

Overview

Here we shall take a lock at the traditional program content in an
effort to display in brief compilation the topics typical of the great
majority of traditional textbooks. In accordance with the purpose of
this report it is of importance to examine carefully the approaches in
these topics.

In this chapter are areas concerning review of operations, percent,
percent applications, measurement, and economic and business environ-
ments, The approach in the section on review of arithmetic operations
is one of algorithms and "rule™ method with hardly any explanation of
whyt, For example, the student is shown how to Mcancel™ and if the
student wonders why this operation is legal he is misled by the implica-
tions that '"canceling makes multiplication easier.™ Granted that this
last statement is true, there is still no basis presented for the
mathematical soundness of this operation. Percent and applications of
percent are approached in their relationship to the business world.,
Knowledge of the business world is commendable, but terms such as
collateral, list price, and net cost are of little interest to the junior
high school student, and of no use in the structure of mathematical
systems on which the concept of percent and operations with percent are

based. Measurement is also approached from a social application

/
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viewpoint based, for example, on a need to know "what the volume of a
home-use cord is when the sticks are 16 inches long" or "the number of
gallons of disinfectant, with‘% gallon per square yard of surface,
needed to treat playgrounds having the following dimensions: 150" x
375%™ Lastly, in the part on economic and business enviromments there
is very little mathematical approach in reading gas and electric meters,
finding a bank balance, or knowing what becomes of the Florida orange

CTop.
Review of Operations

Traditional mathematics courses for grades 7 and 8
include a review of the operations with whole numbers,
fractions, and decimals.(5, p. 5)

Looking for -
Danger Spots L

This test will show how well
you are able to work the kinds
of examples you have studied
in previous grades.

If you make errors in any of
the processes in whole numbers,
take the diagnostic tests in . '
those processes. Do the same
for fractions and decimals. The "
directions on page 7 will show
where to find the Study Helps
and the diagnostic tests to use.

; Whole/Numbers ~ Common Fractions Decimal Fractions i
: I. Addition: ” : ;
# 1.736 2.$487 | 3. 6% 6. 14.8
% 358 ' 2354 %% 4 9.6
A . 9.76 |+ g1 3.7
¥, 98 .
935 17.86 |-
el 689 T 4.98 = A e
-_.:1%2*s‘f' 3125 £6/. 00 182 K




three paperback editions comprise the 7th grade portion. Also to be

used are Mathematics For Junior High School, Volume 2, Books 1, 2, 3,

New Haven, Connecticut: SMSG, 1960, comprising the 8th grade work.

Each of these six books has a respective Commentary for Teachers making

a total of twelve paperback texts.

| To obtain a useful comparison in view of the overall purpose of
this report -- selection of an appropriate curriculum for the individual
school -- decidable contrasts in subject matter must be showm. In order
to accomplish this the bulk of this report will consist of a compilation
of content from, first, the traditional books; and, secondly, the SM3G
texts. These selected materials will exemplify specifically prefaced
statements of what can be found in the respective programs. 4 short
critique after both chapters serves as a brief summary of approaches.

The topics from SMSG are chosen with respect to emphasis of the
1959 Report of Commission on Mathematics of the College Entrance Examina-
tion Board whose proposals for college capable students include:

l. Judicious use of unifying ideas -- Sets

2. Treatment of Inequalities along with Equations

3. Appreciation of Mathematical Structure Patterns

L. Strong preparation in Concepts and Skills

5. Understanding of the nature and role of Deductive
Reasoning(3, p. 33)

This Commission was the result of appointment by the Mathematics
Examiners of the College Entrance Examination Board, the distinguished
school and college teachers who are responsible for the Board'!s entrance
examinations in mathematics, who wanted to know what kind of mathematics
should be studiedvby todayts American youth capable of going on to
college work.(3, p. xi)

Their work began in August, 1955, under the Chairmanship of Professor

A. W. Tucker of Princeton University and the final report on a Program



1I. Subi?raction:

1. 7213 2. 10302 | 3. 17§ 4. 11} |5..703 6. 475
4215 9,305 9% 4% .518 3.98
9% 97| & €\ a5 o
III. Multiplication:

1. 78 2. 609 3. 73 x 3% =25 |5. 4.36 6. 3.25
47 507 4.9 X 8% =743 .99 1.2

3666- -305'Z£i R il 3?0?5‘ 3.

IV. Divmnon : =

5 17395'24"4 3,36 + § = &I 5. 15)1.2

2,0 20

2. 36)75,204 4. 13} + 3% =;-__. 6. .8)16

(6, p. 6)

3. Study the éxémples below and show how each quotient
figure was found. Then copy the eXamplea and work them w1th
your book closed.

{ 2rl16 385 |
o 230369 b. 420395 e 32001045 .1
BEiSi <890 i |11, 0By 960
AT N SR e IR

(6: p. 28)

Find the lowest common dex, ,.‘

To find the lowest common de- R S e

nominator of two or more unlike

fractions, tractions.

. a., Test whether the largest denomi- 21. i 3 76 3
inator contains each of the other -3 i d =~ - §
denominators evenly. If it does,
this is the lowest common denom- 22. 2 F 5 2
inator. - -2 -3 -5

b. If the largest denominator is not 23' " : 5 5
the common denominator, multi- «..; S5« 3 : : s
ply it first by 2, then by 3, then by o 58 ) ek
4, and so on, until the smallest e ' ' '

.. number that contains each de- 24. 3 3 T8 8

" . speminator evenly is found. w3 — 1% - £ =3 f:

(8, p. 31)



Study and explain this short
way of changing a mixed num-
ber to an improper fraction.

1 _4X241 _
42 2 2

To change a mixed number to an
improper fraction, multiply the
denominator of the fraction by the
«,whole nummber. Then add the nu-
merator of the fraction. This will
: give the numerator of the improper
fractmn. Use the same denominator.

iy

£
Expfam this multiplication.

¥ . IX3=2=27

:Change to improper fractions,

T4 2 133 4 6
18 3 13 6 & 4
16, 20 6 33 4 8
17 24 8% 3 4§ 5
B0y 5 %% %

Multip Iy‘-l.-" Use a different way
of multiplying as a check.

19. 8X2, 5X3%  41X10
20, 6x 12 6ix6  3ix12
217 828 4x3F  13x20
22. 3x4% B8X2E  1§X15
23, 4X3%  6X3I 42x18

B When multiplying small mixed
numbers, change both mixed num-
bers to improper fractions.

Multiply.
24. 13%x22 62X1Z 6ix5:
25. 8ix3% 4iIx3: 55X1“

26. Study this mulhphcatlon Ex-
plain how the drawing proves it.

2

Vo il ot Yo i
3X37573 N
3 L 3 3
Multiply. Prove with - draw-
- Iings.
27. X3 $X3§ 5X3
28 ix3  3x3  ix

29. The two multiplications be-
low show two ways of finding the
answer in lowest terms. Explain
both examples. Dividing before
multiplying, as in B, is called
canceling. Why does canceling

make multiplication of imctions'

easier?

B.

1 2

3 _4_2 V.

iXT5T 5055 2
5 ¥ 5

i

¥ In the multiplication of fractions,
to cancel means to divide a numera-
tor and a denominator by the same
number.

Multiply. Be sure to cancel.

30. 3X§ i 6X3 21 % 22
31. 3x3 §X4 1% 2
32, Ixt IX%6 8x13

~0



Four Kinds of Examples in Division of Decimals

There are four kinds of examples in division of decimals.

[
F

- A. Dividing a decimal by a whole number, as 2)1.2

B. Dividing two whole numbers and getting a decimal in the

1.4
- quotient, as 5)7

C. Dividing a whole number by a decimal, as .533 =
% By o ¥ 4
* D. Dividing a decimal by a decimal, as .5).2 = 5)2.0

4

5)20

These sets of exerdises illustrate the four kinds of examples in

division of decimals. Solve and check.

a b
08 045
1. 6).48 8).36 °
.27 08
L& 3).31 9).72
"""? '.'-
o & o5 Jé
1. 46)3 25)4
5302 2]
2. 501 28)14
‘; 2
3 30 75
L. )9 4)3
¥y 2
2. 7.5)3 2.5)5
: ¢ /65
3. 1.5)9 1.6)264
§ 36 A3
1. .2)7.2 4172
2/4.2 0254
2. .5)107.1  6.5).1625 -

SetA_

c
425

NES
06
5).3

Set B
B e

87
2.5
36)90

Set C
/6

5)8

I35

3.2)432
&
2.5)2

Set D

7 %%

.8)5.84

05
6.8).34

&2
.5).31
2.2

4.5)10.35

e
655

8)52.4

14

14)19.6




Percent

Percent is introduced, usually in

terms of the three

cases of percent S, each of which is treated separately
after various manipulations with om‘ren‘rs, including frac-

tional and decimal equivalents of

percents, ( )y Do 5}

Fractions and Per Cents

1. How do these squares show
that § is equal to &5 or 25%,? What
fraction of the large square at right
is each small square? Each small
square is what per cent?

o B
Logl

2. Draw squares and color them
to show these per cents:
L 50% 75% 109 209% 98%
3 Jim's basketball team won 3
out of 5 games. What fraction did
they win? Don's team won 647, of
its games. Which team won' the
. larger per cent of its games?
THINK: £=.60=87%,

4. Bob's team had won only of :

its games. What decimal is this?
What per cent?

':'Study these examples.
§=.60= 60.% 60%

. The decimal pomt at the end of a
f-number may be omitted.

‘— 122""‘ 123%“122% '
A 3

“A fraction does not occupy a pluce
in our number system.

5. What happens to a decimal
when you move the decimal point
one place to the right? By what
‘number are you multiplying when

{’?ﬂ Pe 9(‘3)

you move the decimal point two
places to the right?

6. Multiply .75 by 100 by moving
the decimal point two places
to the right. Now we have
wholes. When we give these wholes

the name per cent, we see that .75
equals 759%,. Explain.

[ To change a decimal to a per
cent, move the decimal point two
places to the right and add a per
cent sign. )

7. Change .375 to a per cent.
THINK: .375 = .37.5%, _EI% ;
Change to per cents.

8. .75 .35 08 .40 05

9. .01 .06% .37} .18 .33%°

10. .125 .98 .875 .663 .03

11. Explain how these per cents
were changed to decimals.

25%=.25.%= .25
87.5% = 87.5% = 875
4%=.04. %— .04
125%=. 12 +% =112}

§ %

12. Make up a rule for changing
- a per cent to a decimal.

Change to decimals.
13. 20% 32% 3% ﬁﬂ;ﬁ_‘ 10%
14. 169, 1859, 5% 6—% -87. 5%
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“% % Saying Hundredths in Three Ways : b

You have seen that hundred.tha may be expressed as a
1. Common fraction, as 15
2. Decimal fraction, as .03 :
3. Per cent, as 3%

You learned that 3% means 3 out of 100. This is the same
as three hundredths, or .03.

Per cent means hundredths, or two decimal places.

. Express the following as per cents:
¥y a b < d e f
L5 /3% 185 9% o2/ Te 15 10% T567% T U%
2..12/2% 04 4% 1515% 2525% 4545 % .16 76%
3. 3 50% 2 25% %530 55357 £36% Y229
4. %5623% 2 80% 06 67 185 9% -5454% 1667%
5. %2 75% %/57% B4*7% % 207 %197 616/%
6. 2 40 %90 T 022% 3296 W I57% 055%

Express the foﬁé&ing as hundredths: |

a . b C d e

7. 16% /5 2% .02 25% .25 11% -/  40% .%o
8.50% .50  47%.47 8% .08 30%-30 956%.95
9. 100%/,00 10%./0 & .30 & 28 33 -85
10. 4 .90 20%.20 f5 I3 4%4F 4% 0

T
—

Write the following as hundredths in three difi’erent
Ways f: ‘5’: _l(‘j Q!J! ~—_ﬁ J%/‘éatgx@d ’7“?2f'7 ; e
12. Write the following as hundredths in two other ways:
14%; 1o 305 .08; 5%. Jeoloaches. cotunnm for anawers

13. Write the following as common fractions in lowest terms:
50%;. 40%;. 75%;3 20%;, 156%. 3

> = pr 5 20 . 60
14. Write each of the following in two other ways: 60%;+{ ¢o
T 706
755 (5?99736%, 2% We—s5,.5555 % 5
J ) a2 -137- 0 s
72 18 .
: 52,:2828%; 4960002250 T, 50 35)

(6, pe 137)

12



Percent Applications

The traditional courses also have rather extensive
treatments of percent applications such as commission,
simple interest, discount, and insurance.(5, p. 5)

:More about Commission

total sales?

2. Where Mr. Scott now works
he receives $250 per month plus a
commission of 29, on all sales over
$5000. Last month his sales were
$26,000. What was his commission?
What were his total earnings?

3. Mr. Robbins received $900
for selling $22,500 worth of cars.
What was the rate of his commis-
sion?

4. The Parker Real Estate Com-
pany paid a salesman $348 for
sellinq, a home for $11,600. What
rate of commission did the sales-
man receive?

5. Another salesman received
$247.50 for selling a home costing
$12,375. What rate of commission
did he receive?

6. Because a house was difficult
to sell, Mrs. Luden received a
commission of 69%,. She sold the
house for $14,000. What was her

commission?

7. What are the advantages of
(3, p. 104)

571, Mr. ‘Scott wanted to find the rate of
commission offered in the advertisement at
the right. He figured that the price of a
new car was about $2500. At this price,
how much would 20 cars bring in? What

!}“i,;* cent would the commission be of the

= :
vadin ol
e f

TR

AUTO SALESMAN WANTED" + - *
EXPERIENCED ONLY %

If you are capable of delivering '

20 cars or better per month, this

job will pay upwards of $1500

g: month. Apply in person.
sales manager.

ABC AUTO SALES
1800 S. Main St.

"

paying a salesman a commission *
rather than a salary? Why do

some employers pay both?

8. Robert sells magazines at
15¢ each. What is the rate of his" .
commission if he receives $1.50 for
selling 25 magazines? p. ¥

9. Jerry helps in his ° father’s”
drug store on week ends. One week,
his sales amounted to $293.20 and®.
he was paid $14.66. What was the
rate of Jerry's commission?

10. The amount of money left
after commission has been paid is
called the net proceeds. What
were the net proceeds for Mr.
Black’s company if he sold $8000 '
worth of goods and received a com-
mission of $680?7 What was the
rate of commission? What per cent
were the net proceeds of the sell-
ing price?

11. What was the commission
on a sale of $2400 if the rate was
73%? The net proceeds?



g | w Fmdmg'lnteggm *{« g&‘:

, S 1
Find the interest on $450 at 4% for 1 year., ‘ﬁ"'
4 b

4% = .0 .04 X $450 =$/8
The mterest on $450 at 4% for 1 year is (7).

Find thg mtenest‘ For onia year on the foﬂowmg b4

\

e 2 b i “d, c ;
" 2. $600 at 2%;#12 $750 at 8%$22.50  $250 at 4% $10 |
3. $860 at 1%48.60 ~ $960 at 5% S4& $475 at 1% ‘”*75"_:?!
. 4.$350 at 6% 2/ | $400 at 2% 58 $925 at 2% #/850
G A 2 ;75 at 4% S/ .'572(; at 1% m?% $175 at 69 £/0.50
6. Jg'z’ioo at 1% £2/ 54240 at 3% 537.20 $1850 at 2% #37 §

s Camp Fire Glrlglt‘ rrowed $450 fbr a }"bar at 6%.
Tiley hack at the end ﬁhe year the sum borrowed and
the interest. What was the fotal payment?, The girls had to
earn an averaga of : hnw ‘much a month to/pay the loan plus

ﬁglterest" $3975 ’47

o)
3" ', Wﬂﬁq borrowed $750 for a year at 6%. He is to
épay the loan plus the interest at the end of the year. How
muchw he set aside on the average each month? §66.25
T
9. The following loans are for a year. Each loan plus the
interest for a year is paid back at the end of the year. What
are the average monthly savings needed?

o. $600 at 5% £52,50¢ $900 at 3% £7225 o $840 at 6% 574
b. $750 at 4% 565  d. $270 at 6%523.85 f. $1200 at 5% &

e g
,1-'"4....'- !

“ ..10. Miss Hicks borrowed $300 from a bank for a year at 6%. 4 'i
The bank subtracted the yearly interest from the amount she
borrowed. Haw much did Miss Hicks receive? ~She agreed 15728 §2.

#pay the ount of the loan in 12 equal monthly pay- -:s-:é--

lﬁfnent,a What Was the amount of each payment? g25 g 4 ‘J

= ri} P

= ed

*11’ In problem 1‘0 the loan 'is called a personal loan. A o
personal loan does not require collateral. Find out what is

meant by collateral. Find when the interest is paid c[p a
personal loam

(6, p. 30L4)
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Buying at a Discount

The coach of a football téam orders the supplies for his team
from a catalogue of a sporting goods store. He receives a dis-
count on the list price given in the catalogue. The cost after
the discount is subtracted is called the net cost.

1. The list price of a football is $26. The coach is given a
259, discount. What is the net cost of the football?

25% of $26 = ? 25% =
25 X $26 = $6.50 1 % $26 = $6.50
$26.00 — $6.50 = $19.50 $26.00 — $6.50 = $19.50

The net cost of the football is $19.50.

: 2. In problem 1, the net cost is what per cent of the list
“Price? 757

3. When a discount of 309, is given, the net cost is what per.
cent of the list price? 707 :

4. Suppose only one discount is given. Prove that the
per cent which is the net cost is equal to 1009, of the list price
less the per cent of discount.

Find the missing numbers in the table:

List Per Cent of I Net List | Per Centof Net
Price Discount Cost Price Discount Cost
— : : 4
5. $60 30%, $?$6 8. $25 ?222 $19.50
6. $7.50 209, 7 K Q.57 209, $12
7. $10 ? 252 $7.50 H 10.£35¢7 309, $35

11. A bookstore receives a discount of 259, on a book listed at
$3. The store sells the book at $2.75. What is the margin? 50¢

12. The net cost of athletic equipment listed at $960 was
$768. What was the per cent of discount? > oZ

s 13. John bought a football at a net cost of $16. This was
809, of the list price. What was the list price? £ 20

a7 - 13
(?, pe 119)



Accii_l"_enf and Health Insurance

P Jane Connor had an accident

whicl; kept her in the hospital for

. two weeks. Her hospital and doc-

tor bills amounted t6 $196. Because

. her father carried a health and

(9

il S

accident policy on himself and his

family, he had to pay only $28 of
the total amount.

1. Jane's father pays $10 each
month for this insurance protection.
He had paid premiums for a year
and three months when Jane had
her accident. How much had Mr.
Connor paid in premiums? How
much had the insurance saved
him?

} Some types. of accident and
health insurdnce protect against

loss of income at a time of illness.

2. Miss Hill has an accident
and health policy that pays her
$50 a week while she is disabled.

104
p. 10 ')

16

- two ways. Explain.

AR S

. She has paid $70 each year for

three years and has been in good
health. She has just lost 7 weeks of .
work because of an accident. Was

‘the insurance worthwhlle'? Why'?

3. Mr. Jones paid $79 each year'

for 5 years for accidentiand health

insurance. During this fime he has
not had an accident ‘or illness,

'How much has he paid for this

insurance? Should he’ drop  his
policy? Why? =

4. Mr. Kem pays $12 each year

for surgical benefits. His company

will pay a surgeon up to $200 for,
an operation. After 17 years, Mr
Kem had an operation that cost
$375. Was Mr. Kem wise in having
this insurance? Why?

5. Health and accident 'inéur-
ance usually protects the buyer in

o
* . .
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Measurement

A study of measurement has had an important place, but

again much of

this is a review of work done in earlier grades

and little or none of it new from a2 mathematical point of

view.(7, p. 5)

nAa.
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1. Mrs. Smith bought 5 dozen
eggs for $3. Mrs. Fall paid only $2
for a basketful. Can you tell who
got the better bargain? Why?

Explain why one measure in
each of the following pairs tells
the quantity more exactly than
the other.

2. Bucketful of milk — 3 gal-
lons of milk

3. Bag of potatoes — 10 pounds
ol potatoes

4. Pinch of salt — 3 teaspoonful
of salt

Find exact answers to as
many of the following problems
as you can. When you cannot
find an exact answer, tell what
is lacking in the problem.

5. A 5-ounce tube of toothpaste
costs 65¢. A 3-ounce tube costs 45¢.

What is the cost per ounce for each
tube? Which is the better bargain?

6. A large tube of toothpaste
costs 49¢ and a jumbo tube costs

(8, p. 49)

69¢. Which is the better bargain?

7. A 12-ounce box of soap pow-
der costs 24¢. A 32-ounce box costs
48¢. Which is the better bargain?

8. A large box of soap flakes
costs 23¢, but a giant-size box can
be bought for 49¢. Which is the
better bargain? !

9. A 16-ounce box of cereal '
costs 32¢, but a 6-ounce box costs |
only 15¢. Which is the better bar-
gain? |

B Such measures as the ounce,

pound, pint, quart, inch, foot, and
mile are called standard units of .
measure .

} Stcmdqrd units of measure have
exact meanings. Buyers should not
be misled by such words as jum-
bo and giant.

10. Which is larger, q 2-pound
or a 3-pound package‘*of soap?
Which is largest, a régular-size
package, a jumbo package, an .
economy-size package, or a giant
package?
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Glasses
ao: lmch

@@ LIQUID MEASURE

16fluid oz.

Making and Using Tables of Measures
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DRY MEASURE
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1. Copy the following tablés and fill in the missing numbers:

2 7 glasses = 1 pint (pt.) 2 ? pints = 1 quart

27 pints = 1 quart (qt.) .8 ? quarts = 1 peck (pk.)

%#? quarts = 1 gallon (gal.) #9? pecks = 1 bushel (bu.)
1 quart =3‘7 fluid ounces (fl. 0z.)

2. Ten gallons of milk will fill how many pint bottles? 0

3. A gallon of milk will fill how many 8-o0z. glasses? /6

4. How many quarts are there in a bushel? 32

5. Change 8 fi. to inches.

8 X 12in. = 96 in.

In problem 5 we changed feet to lnches
. larger measure than an inch, we multiplied.
In problem 6 we changed from inches to feet. Since an inch
18 a smaller measure than a foot, we divided.

7. Show that 4 gal. 1 qt.
8. Show that 2 gal. 5 qt.
Copy the examples. Fill

6 Change 48 in. to feet.

48 + 12 = 4, no. of feet .
ko
Since a foot is a

need help, use the tables above and on page 335.

q
9. 12 ft. = ? yd.
prh
10. 24 fl. oz. Ta?‘pt.
11. 43 gal. = ? qt
600
12. 1} mi. 9%
242
13. 13 rd. = ?%t.
14. 2% min. ="Pec
15. 24 yd. = 41n

= 3 gal. 5.qt.
= 3 gal. 1 qt.

in the missing numbers. If you

12

16. 5 hr. 72 min. = 6 hr. ? min.

17. 2 6. 200, = ‘?ft. 8 ir;‘.g

18. 3 hr. 18 min. = 2 hr. ? min.

19. 3 gal. 2 qt. = "glqt. '

20. 3 1b. 14 0z. = ;lb. ;

21. 41b. 18 0z. = ?%b. . .. .

22. 2 hr. 66 min. = ?'hr. i



Measures for Wood and Lumber

p During Harlan's visit to the
country, he helped his grandfather
put 4-ft. sticks of wood into piles

8 ft. long and 4 ft. high. He learned
that each pile was a legal cord.

1. A legal cord is a rectangular
solid. What is its length? Its width?
Its height? Its volume?

The 4-ft. sticks need to be cut
into shorter lengths to fit into fire-
places and stoves. Some dealers
call any pile 8 ft. long and 4 ft.
- high a cord, whatever the length
of the sticks. We can call this a
home-use cord.

2. Grandfather cut a legal cord
of wood into sticks that were 2 ft.
long. How many home-use cords
did this make? What is the volume
of a home-use cord when the sticks
are 2 ft. long?". -

(9, pe 274)

19

3. Grandfather cut a legal cord
of wood into sticks 16 in. long How
many home-use cords did this
make? What is the volume of a
home-use cord when the sticks are
16 in. long? . :

4. A tuel dealer bought wood at
$20 per legal cord. He cut it into
16-in. lengths. He sold the home-
use cords that it made at $16 per
cord. How many home-use cords
did he have? Find the amount of
his profit.

p At a sawmill, Harlan’s grand-
father bought 1000 board feet of
lumber. -

Harlan learned that a board 1
ft. square and 1 in. thick is called
a board foot. This is the unit of
measure for lumber.

5. According to this measure-
ment, how many board feet would
be needed to make 1 cu. {t.? Ex-
plain your answer.
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Proper Lighting Is Essential

The total area of the windows of a classroom should be at
least 209, of the area of its floor.

. A classroom is 21 feet wide and 29 feet. long. To the near-
est square foot, what should be the least number of square feet
of window space? /22 —ag. fz

2. The window space in the following classrooms is how much
more or how much less than 209, of the floor area?

Dimen- Number Size Dimen- Number Size

sions of Win- of Win- sions of Win- of Win-

of Room dows dows

2F 4 '
a. 21" X32' 'oy j2‘4:-3')('7" 76119’ X 22. 5’

b. 21’ X 35’ 5 4'x75' | d. 24’ %38.5’ 6 4'X7.5’

-3-4??.zﬁhﬁ-wvu7tw 44!?4a§?.2%hf-_iﬁbaaw

3. How many square feet are there in a square yard? If 'you
forget, how can you figure it out? 7agz. zfz": -

Jof Room dows  dows

4. All playgrounds should be treated twice a year with } gal-
lon of disinfectant per square yard of surface. If treated twice
a year, find the number of gallons needed to treat playgrounds
having the following dimensions:

a. 150" X 375" b. 300" X 675" c. 450" X 725’ d. 250’ X 450’
3/25g4l.  /1[250 . I8/ 6250
% 5. Thearea of a certain playground is an acre (43,560 8q. ft. )

How many gallons of disinfectant are needed if } gallon is uaed,,z

per square yvard twice a year? 2420. -y
e, /b

7y Pe 131)

. o
.-:d% 3’x7 5‘, -

3
i

A

A
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Volume of a Cone

The bases of a cylinder and of
a cone are each equal to 7r*. Why?

The bases of the above cylinder
and cone are equal. The heights
of the cylinder and cone are each
equal to A.

By pouring sand or salt from -

cone fo cylinder, you can show
that the volume of the cone is
one ihird the volume of the cyl-
inder: -

b The &plv,,ume‘ of ci cone is given

by this formula:
Vie= 3 wr’h
1. The mdiﬁi—_ of the base of a
cone is 3 in. The height of the
cone is 6 in. Find the volume.
V= IXEXIXIX6 =0
2. A cylinder and a cone have
equal bases and equal heights.
The volume of the cylinder is 78
cu. in. What is the volume of the

. cone?

3. A cylinder and a cone have {
equal bases and equal hei .
The volume of the cone is 36" cu.
in. What is the volume of the
cylinder?

4. Find the volume of a cyhnder
when r=7 in. and A=12 m.

5. Find the volume of a C:One
when r=7 in. and A=12 in.

6. A pile of sand is a cone. The
diameter of the base is 21 ft. The
height is 12 ft. Find the volume.

7. A paper drinking cup is a
cone. The diameter of the top is
3% in. The height is 5 in. How
much water wﬂl it hold"’

8. A paper cone used at soda
fountains is 4% in. deep and 3}
in. across the top. What is its
volume in cubic inches? :

9. An Indian chief's tent is cone
shaped. The diameter of the base
is 14 ft. The height is 15 ft. '
many cubic feet oi air are ui.« the
tent? . -_g

10. A pile of wheat is a cdpe
The chumeter of the 'base’ is” 35
ft. The height is 15 ft. Find the

volume in cubic feet.

11. A cone and cylinder ha
equal diameters and volumes Co
pare the height of the coné wit
the height of the cylinder, = ™




Fconomic and B

Not to be overlooked in the

Jusiness

mainstream of

Environments

traditional content are

the "daily living" exercises of economic and business environments.

%ﬁnding Gas and Electric Meters =

: ’ I&Qk made a report to his class
~on gas meters and gave this
miormahcm

e A gas meter measures the cubic
feet of gas used.
e A gas meter has three dials.
e The figures and hands on the
“end dials go clockwise.
e The figures and hands on the
middle dial go counterclockwise.

Jack showed the class a picture
of this meter. It has a reading of
42, 800 cubic feet.

10,000's
Read these gas meters.

1,000's 100's

©p

95

e, "l“" ~

4. Draw the dials of a gas. meter ,
and show these readings: P
7800 23,400 .- %

) Helen’s class report on electric
meters gave this information:

e An electric meter measures kil-
owatt hours.

e The abbreviation for kilowatt
hours is KWH.

e An electric meter has four dials.

Helen showed the class this pic-
ture of an electric meter. It has a
reading of 4219 KWH.

meter and show these readings: ;
4038 7744
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Fiﬁding a Bank Balance

The First National Bank is a commercial bank. A com-
mercial bank permits its depositors to write checks drawn on
~ their accounts.
The illustration shows a form of a check stub for keepmg a
record of each check written. Joan’s checkbook contains one
sheet as shown for each three blank checks.

T DEPOSITS AMOUNT - CHECKS DRAWN ANOUT
BALANCE FORW'D NO. 11 DATE..‘?I'«_ch 3% 195=| 25|85
€] /47 13910RpkR OF
——— ———| 12 T mé#J_‘l —|| 2|68
iy ik S ‘L’i ggDER OFM_
= £ i{FOR Rall
—INO. /3 DATE. i 495 =] Q145
TOTAL DEPOSITS - |orDER OF
LEGS OREES WM
| BALANCE FORW'D % 3 _TOTAL CHECKS
: -

. What was the amount brought forward on May 39}1-;‘}118

is the amount of money in the accéunt at the beginning of )sz%u oiiBe)
-
2. How much was deposited on May 12?7 5/4.75 :

What was the amount of the total depomts"*-ﬁleJ’f F 2

4. What was the amount of the three cheeks wrltten'?\@hg
were the numbers of the checks? 11,12, 13 ,'

5. Find the balance to be carried forward to the nexf. record
sheet in the checkbook. A bank balance is the dlﬂ'erence be- =
tween deposits and YWithdrawals when deposits are gre@tef‘
than withdrawals. ‘-.w.ﬂ

Find the bank balance, if any, for the following:

6. Brought forward, $38.62; deposited, $41.50, $19.35,
_sws 75. Checks drawn, $54.83, $18.45, $9.49, $23.59, $16393

“7. Brought forward $203.41; deposited, $11,56, $148.75, *

$62.00. Checks drawn, $17.24, $92 53, $1.89, $64.39, smglg% i
8. Brought forward, $39.58; deposited, $75.00, $41.85.

+* Checks drawn, $112.50, $19.36, $10.45, $15.25. Since the
__amount of" the checks exceeded the amount of the deposits,
pwe ag&' the account was overdrawn. By how much was the
acct)iint overdrawn? 3143

(6, Do 300)



WHAT BECOMES OF FLORIDA ORANGES

w -\, o -
| =& g o KEY oy ﬂ'; wr— :
& 70 EEEM FRESH FRUIT CANNED FRUIT ;ﬁ : § 7 s
< B FROZEN FRUIT CONCENTRATE \ : l-:_ BEEIE
2 60 E:
§ 50
o
2 30
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5 20
% 10
LB 1946 1948 1950 1952 -
. v “ l:g!:
The Florida Orange Crop !

} ; The graph shows how the orange crop of .,Florida has beer

Lodi L used, ' ' 5

2 : 1. "The number of oranges in a box depeqﬂs upon the size of
the oranges. How many dozen are there in a box which ﬁ%—
tains 180 orangec;")216 oranges? /& oy

2. Approxnnatelv how many box ; of oranges were used in
s 9 9 9502 ? Loxes
% o 5_01946 \gx_)948 in 19507 \1,11\,952
' 3. How many dlﬂ’orent uses are shown on the graph for 1946")
for 19482, for 19507 _for 19527 3 ccane "
3_“4‘4»‘) 3 ccanar
4. For each year shown, approximately how many boxes of

oranges were used as fresh fruit?
30 »nillior _,ﬁofxe.dfm —eack g__ﬂ.a.n/ _aboeerv
5. In 1946, the number of boxes of oranges used as fresh fruit
was what fractional part of the total number of boxes? Express

the answer as a common fraction; 333 a decimal fraction. .6

6. Approximately how many boxes of oranges were used as

frozen fruit concentrate in 19482, in 1950?yin 1952? 35 »»iéliow
5y 2 m.uﬂﬁc.owl) O >villeory Loyaas
7. Use aJ,: average price of $3.26 a box.. What was the value

of all of the Florida oranges in 1946?,in 1952 $260000,000
L /62 5000004(——)
8. Approximately what fractional part of the entu'e crop in

j%& 1952 was used as fresh fruit?_for other purposes? =
‘ii,. % 9. What is meant by frozen fruit concentrate?

( -:' . Pe 'l!-,._L J'



Critique and Summary

It is hoped'that'the reader also notes that while there is much to
do with numbers and various manipulations with numbers in various social
and economic settings in the traditional content there is no mention of
the real number system. Yet, use is made of #, an irrational number,
fractions which are rational numbers, and decimals which can be rational
or can be irrational. There is little evidence of the real number
system as a progressing development. Also the geometry hersin deals
almost entirely with the measurement of geometric figures and emphasizes
the use of such measurements in social situations., Non-metric or non-
measured relations and common properties of geometric figures are not
presented. It is the authort's belief that basic concepts such as the
real number system and geometric properties are fundamental in the
preparation of students for the vocations mentioned in the introduction
of this report.

One of the major defects of seventh and eighth grade
mathematics curricula is that pupils of all ability levels
are required to give too much attention to so-called prac-
tical gpplications., Most junior high school puplls are
not fascinated by such topics as taxation, banking, interest
notes, installment buying and other applications of the
three cases of percent. Imphasizing such topics not only
fails to motivate the learning of mathematics but actually
serves to reduce substantially the amount of time that can
be devoted to the development of new mathematical concepts.

As a result, seventh and eighth grade mathematics has become
largely a review of the arithmetic learned earlier with little

or no advance in the pupilst! understanding of mathematics.

(]-) D. 62-63)



CHAPTER IIT
THE SMSG PROGRAM
- Overview

It should be noted here after viewing the traditional program and
before considering the SMSG program, that the 7th and 8th grade tradi-
tional texts are a culmination of arithmetic presentation started in
the third grade and terminate a series of six grades while the 7th and
8th grade SM3G texts are primary in the SMSG program which terminates

in the 12th grade.

The School Mathematics Study Group believes it partic-
ularly important that greater substance and interest be

given to the mathematics of grades 7 and 8., Our general

point of view has been to think of grades 7 and & not as

the end of elementary school mathematics, but rather as a

foundation for the work of the senior high school. The

curriculum for these grades should include a sound intui-

tive basis for algebra and geometry courses to follow.

(4y po 455)

Now we shall take a look at selected topics found in the SM3G
program in an effort to cover those considerations emphasized in the
introduction to this report. As was done in the preceding chapter,
we must also consgider the approaches found in the topics of this
chapter, Much of the SMSG content is self-explanatory in approach
and the use of the teacher's commentaries further facilitates our search.

In this chapter are topics, as mentioned earlier, that are chosen

with emphasis on sets, inegqualities, structure, concepts and skills, and

N
o~



27

deductive reasoning. This includes areas concerned with the definition
and uses of set language, properties of structure patterns, number
system concepts and skills, concept of percent, non-metric and metric

eometry, and proof of geometric properties. The approaches inherent
in all of these areas are explained thusly:

Careful attention is paid to the appreciation of ab-
stract concepts, the role of definition, development of
precise vocabulary and thought, experimentation, and proof.
Materials are chosen with the intent to capture the fasci-
nating features of mathematics, creation and discovery,
rather than just utility alone.(4, p. 455)

Sets and Their Uses

Many high schoocl pupils have seen mathematics as a
series of separate and unrelated manipulative tricks. The
improved programs, on the other hand, have tried toc use as
central themes the permeating ideas in mathematics. In
some cases this has led to the introduction of words and
ideas from ccllege mathematics,

Set theory, for example, is a unifying idesa found in
higher mathematics; however, it is simple enough in its
beginnings to be taught in high school.

DEFINITION: A set is any well-defined collection of
distinguishable objects of our perception or thought.

Once the notion of set is introduced, it may be used
throughout the course. The student refers to solution
sets of equations, truth sets, sets of ordered pairs, etc.
He is given exercises to strengthen and clarify his idea
of sets before any symbols are used, He will use these
symbols and terminology in more advanced mathematics, and
the ideas will be further developed as he takes additional
courses.(l, p. 22-23)

A set of numbers: 5, 36, 7, 8
Asetofmarks: ///////

A set of stars in a diagram: % 3¢t

Other examples of sets are: the set of coins in your pocket, the set

of vowels in our alphabet, a set of chessmen, a set of cattle (you

might say a herd of cattle), the set of cities in the U.3.A. which

have a population of more than one million. (10, p. 85)
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The counting numbers form a set. Remember that the counting numbers

are 1, 2, 3, 4, 5, 6, ... where the three dots are used to indicate that

the set of numbers continues indefinitely. There is no last number, We

are going to use N to represent the set of counting numbers and we will

put the counting numbers within braces { } to indicate that they are the

objects in the set which is designated by N. Hence, we may write
N=1{1, 2, 3, eco}

and read it "N is the set of counting numbers.m

We may choose any capital letter to represent the set. If we have

the set S = {1, 2, 3, 4, 5, 6, 7} we may describe this by saying that
S is the set of counting numbers from 1 to 7 inclusive, or S is the set
consisting of the counting numbers less than 8.

A few more examples of sets and the abbreviated way of writing them

will help make the concept clear. ™V is the set of vowels in our alpha-
bet" becomes "V = {a, e, i, o, ul.™ ™I is the set of counting numbers
which are greater than 20 and less than 25" becomes "M = {21, 22, 23,
2L} . "E is the set of states in the U. 3. A. which are touched by
lake Erie" becomes "E = {Michigan, Ohio, Pennsylvania, New York} ."

(10, p. 85)

1. The set of numerals {1, 2, 3, 4, 5, « « .} is the set of symbols

for the counting numbers.

2. The set of mumerals {0, 1, 2, 3, 4, 5, « « .} is the set of symbols

Ffor the whole numbers,

3. . The commutative property for addition: a + b =b + a, where a and
b represent any whole numbers,
he The commutative property for multiplication: a « b =b . a, where

a and b represent any whole numbers.,
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11.

12.
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The associative property for addition: a + (b +¢c) = (a+b) + ¢
where a, b, c represent any whole numbers.
The associative property for multiplication: a « (b « c) =

(2 « b) + c where a, b, c represent any whole numbers.

it

The distributive property: a « (b+c) = (a « b) + (a « ¢c)

it}

and (b+c)sa=(b.a)+ (c.a)
where a, b, c are any whole numbers.,

New symbols: { set of elements }; > 1s greater than; < is less

than; # is not equal to.

Set and closure. A set is closed under an operation if the combina-

tion of any two elementsg of the set gives an element of the set.

The set of counting numbers is closed under addition and multiplica-

tion but not under division or subtraction.
Inverse operations. Subtraction is the inverse of addition, but

subtraction is not always possible in the set of whole numbers.

Division is the inverse of multiplication, but division is not

always possible in the set of whole numbers; that is, division of

one whole number by ancther whole number does not always yield a
whole number.,

The number line and betweenness. Each whole number is associated
with a point on the number line. There is not always a whole
number between two whole numbers.,

Special numbers: O and 1. Zero is the identity for addition; 1 is
the identity for multiplication; multiplication by O does not have

an inverse; division by 0 is not possible.(10, p. 102-103)
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Note that zero is a member of the set of whole numbers, but not a
member of the set of counting numbers., The ONE, the PRIME NUMBERS, and
the COMPOSITE NUMBERS are members of the set of COUNTING NUMBERS and
also members of the set of WHOLE NUMBERS.

Every member of the set of counting numbers is a member of the set
of whole numbers.(10, p. 184)

We think of space as being a set of points. There is an unlimited

quantity of points in space. In a way, we think of the points of space
as being described or determined by position -- whether they are in
this room, in the world, or in the universe.

For us, a line is a set of points in space, not any set of points
but a particular type of set of points. The term "line™ means "straight
line," All lines in our geometry are understood to be straight. A
line is suggested by the edge of a ruler. It is suggested by the
intersection of a side wall and the front wall of your classroom.

A geometric line extends without limit in each of two directions.
It does not stop at a point. The intersection of a side wall and the
front wall of your classroom stops at the floor and the ceiling., The

line suggested by that intersection extends both up and down, indefi-

nitely far.(10, p. 106)
The notion of M"get™ will be helpful in explaining what is meant by

"equal"™ when applied this way. Let'!s see what facts can be ascertained
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about the situation described by the figure:

1. DPlane ABC is a set of points extending beyond the book cover.

2, Plane ABE is a set of points extending beyond the book cover.
3. Points A, B, C, E, and others not indicated are in plane ABC
and afe alsc in plane ABE,
In other words, all elements of plane ABC, (a set of points) and elements
of plane ABE (a set of points) seem to be contained in both sets (planes).

We shall say, "Two sets are equal if and only if they contain the same

elements.” According to this, plane ABC = plane ABE. In other words,
we say set M is equal to set N if M and N are two names for the same
set. (10, p. 118)

Intersection of Sets

We now shall introduce some useful and important ideas about sets.
Let set A =1, 2, 3, 4, 5, 6, 7, 8, 9
Let set B = { 2, 4, 6, 8, 10, 12, 14, 16}
Let set C be the set of those elements which are in set A and are
also in set B. We can write set C = (2, 4, 6, 8}. We call C the

intersection of set A and set B.

Let set R be the set of pupils with red hair.
Let set S be the set of pupils who can swim.

It might happen that an element of set R (a pupil with red hair)
might be an element of set S (a pupil who can swim). In fact, there
may be no such common elements or there may be several. In any case,
the set of red-headed swimmers is the intersection of set S and set R.

4 set with no elements in it is called the "empty set." Thus, if
there are no red-headed swimmers, then the intersection of set 5 and set

R is the empty set.
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Let set H be the set of pupils in your classroom and let set K be
the set of people under two years of age. Then the intersection of H
and K is the empty set. There are no pupils in your classroom under
two years of agel(10, p. 122)

Definition: DMNumbers which are multiples of more than one number

are called common multiples of those numbers. "Common'" means belonging

to more than one. Thus 6 and 12 are common multiples of 2 and 3.

Letts try another example. List the common multiples of 3 and 4.
First, we list the multiples of each:

Set of multiples of 3:{ 0, 3, 6, 9, 12, 15, 18, 21, 2%, eee, |

Set of multiples of 4: { O, 4, 8, 12, 16, 20, 2L, eee, (10, p. 178)

The numbers that these sets have in common are the common multiples

of 3 and L., This set is written as follows:
{0, 12, 24, 36, 48, cuu, }

This set is the intersection of the two previous sets.

Common multiples are very useful in arithmetic. For example, let

1 2 34,2, 3+2_5
3 as 7. Then 7 + 7% =T

Here we use a common multiple of 2 and 3. In doing such problems you

141l We write & as 2
us add 5 3 We write 5 as 4 and

may have called the 6 a "common denominator." It is a common multiple
of the denominators of the given fractions.(10, p. 179)
Not only may we talk about intersection of sets, but we also find

it convenient to talk about the union of sets. The word Munion" suggests

uniting or combining two sets into a new set. The union of two sets
consists of those objects which belong to at least one of the two sets.
For example, in the figure above, the union of AB and BC consists of
all points of E§, together with all points of EE, that is, the segment

iC.
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We use the symbol U to mean "™union." That is, X U Y means '"the-
union of set X and set Y."™ OSuppose that set X is the set of numbers
{1, 2, 3, 4 Jand set Y is the set of numbers {2, 4, 6, 8, 10}. Do you
have any idea of what X U Y is? Yes, it is {1, 2, 3, 4, 6, 8, 10}. In
the union of two sets we do not think of an element which occurs ih
both sets as appearing twice in the wnion. Instead, if appears just
once.,

Again, let us think of the set of all pupils who have red hair and
the set of all pupils who can‘swim. We may think:

Let set R be the set of pupils with red hair.

Let éet S be the set of pupils who can swinm.
Then R U S is the set of all pupils who either have red hair (whether
or not they can swim) or who can swim (whether or not they have red
hair).

Exercises 4-6

1. Draw a2 horizontal line., ILabel four points on it P, @, R, and S in
that order from left to right. Name two segments:
a. Whose intersection is a segment.
b, VWhose intersection is a point.
c. Whose intersection is empty.
d. Whose union is not a segment.
2. Draw a line. Iabel three points of the line 4, B, and C with B
between A and C.
a. What is AB N BC?
b. What is AC N'BC?
c. What is AR U BC?

d. What is AB U AC?(10, p. 132-133)



34

Suppose a number sentence involves a symbol like "x" or 'y, If

the symbol can refer to anyone of many numbers the sentence is called
an open sentence. Tt is not necessarily a true sentence. It is not
necessarily a false sentence. It leaves the matter open for further
consideration. ILook at this open sentence:

x+ 7= 10 .
X - 2

It is composed of three parts: a verb, "=Y, and two open phrases,

"+ 7% and " 10 ." The open sentence states that for a certain

iy

x -2
number x these two open phrases represent the same number. Can you

discover such a number x? Can you find more than one? Try some numbers.
After working for a while you might say, "The sentence is true if x = 3

or x = &, but it is false if x is any other number.," The numbers 3

=
w

and 8 are called solutions of the open sentence. The set 3, 8

called the set of solutions of the open sentence.

When we find the entire set of solutions of an open sentence, we
say that we have sclved the sentence. An equation is a particular kind
of number sentence. It is a number sentence which involves the verb

=1, Hence to solve an equation means to find its entire set of

solutions, The set of solutions of an equation may contain one member
or it may contain several members. It might even be the empty set.
(i.e., contain no members)
Is this sentence an equation?
Ny _ Lo>.n
What is the verb in the sentence above? Is it "="? Since the verb is
not M"=M, the sentence is not an equation. We might say that the sentence

indicates that the two phrases, x-4 and 7 are not equal. Such a sentence

is called inequality.



Can you determine the set of solutions for the inequality x - 4 > 72
How large must the number x be in order for the inequality to be true?
Is 5 -4 >77 TIs7 -4 >72 Is12 ~ L >7? Do you see that "x - L > 74
is true if x is any number greater than 11? Also, ™x - 4 > 7" is false

for any other value of x. Thus the set of sclutions of the inequality

is the set of all numbers which are greater than 11.(13, p. 71~72)
A pair in which the objects are considered in a definite order is

called an ordered pair.

The ordered pair (2,7) is the same as the ordered pair (x,y) if
x=2and y =7, and only then. This pair is different from the ordered
pair (7,2).

The solution set of the above sentence

x+ 1=y

is a set of ordered pairs of numbers. For what number y is the ordered

pair (2,y) in the solution set?

In order to picture the soclution set on your graph paper, pick
out two lines for the X-axis and the Y-axis and draw them in heavily
with your pencil., Iabel the vertical and horizontal lines as shown.
Mark off on your graph paper all the points (0,1), (1,2), etec., whose
coordinates are in the solution set of x + 1 = y. What do you notice
about them? Thsy all lie on a simple geometric figure. To what set of
points does the solution set correspond? In Chapter 1 you learned to

call it the graph of the given number sentence, or equation.(13, p. 95~96)
Structure

Lnother area of emphasis common to all the improved
programs is structure, It is reflected in the careful
development of mathematics as a deductive system. Since
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the phrase structure of mathematics is used frequently in
the improved programs, we should consider its meaning.

The study of the structure of mathematics is the study

of the basic principles or properties common to all systems
of mathematics. These systems, in fact, may not even be
concerned with numbers.(1l, p. 23)

A set is closed under a binary operation if every two elements of
the set can be combined by the operation and the result is always an
element of the set.

An identity element for a binary operation defined on a set is an

element of the set which does not change any element with which it is
combined.

Two elements are inverses of each other under a certain binary
operation if the result of this operation on the two elements is an
identity element for that operation.

A binary operation is commutative if, for any two elements, the
same result is obtained by combining them first in one order, and then
in the other,

A binary operation is * associative if, for any three elements,
the result of combining the first with the combination of the second
and third is the same as the result of combining the combination of
the first and second with the third.

a ¥ (b*c) = (a % Db) * c,

The binary operation * distributes over the binary operation o

provided
as(boc)=(a*b)o (a*)
for all elements a, b, c.

A set S is generated by an element b under the operation * if

S = {b, (b #b), (b*Db) *b, [(b * b) *Tb:} * b, \ (12, p. 578)

)
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What TIs a Mathematical System?
The idea of a set has been a very convenient one in this book —-
some use has been made of it in almost every chapter. But there is

really not a great deal that can be done with just a set of elements.

It is much more interesting if something can be done with the elements

(for instance, if the elements are numbers, they can be added or
multiplied). If we have a set and an operation defined on the set,

it 1s interesting to find out how the operation behaves, Is it commu-
tative? associative? Is there an identity eclement? Does each element
have an inverse? The "behavior" of the arithmetic operations (addition,
subtraction, multiplication and division) on numbers was discussed in
Chapters 3 and 6. We have seen that different operations may 'behave
alike® in some ways (both commutative, for instance). This suggests
that we study sets with operations defined on them to see what different
possibilities there are, It is too hard for us to list all the
possibilities, but some examples will be given in this section and

the next., These are examples of mathematical systems.

Definition. A mathematical system is a set of elements together
with one or more binary operations defined on the set.

The elements do not have to be numbers. They may be any cobjects
whatever. Some of the examples below are concerned with letters or
geometric figures instedd of numbers.

Example 1: Letts look at egg-timer arithmetic -- arithmetic mod 3.

(a) There is a set of elements the set of numbers{ O, 1, 2}.

(b) There is an operation + mod 3, defined on the set

{0, 1, 2.



Therefore, egg-timer arithmetic is a mathematical system.

system have any interesting properties?

(c¢) The operation, + mod 3, has the commutative property.

Can you tell by the table?

some special cases too. 1

= 0 (mod 3), so 1 + 2
(a)
number 0),
(e)
+ mod 3.(12, p. 559-560)

Study the following tables.

Does this

If so, how? We can check

+ 3=

2+ 1 (mod 3).

0 (mod 3) and 2 + 1

There is an identity for the operation + mod 3 (the
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Each element of the set has an inverse for the operation

: |
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Exercises 12-6

1. Which one, or ones, of the Tables (a), (b), (c) describes a math-
ematical system? OShow that your answer is correct.
2. Use the tables above to complete the following statements

correctly,

() B 0 &= 2

() a~0-% ! EEARCRYS
() \~ \=? ﬁlﬁ-&; (kﬁ*fﬂﬁ"ﬁfa"

Il
=

o C) ' : ( ) S X g =7

3. Which one, or ones, of the binary operatmns 0, #*,~ is commtative?

(¢) A0 B

Show that your answer is correct.
4. Which one, or ones, of the binary operations 0, *, ~ has an

identity element? What is it in each case?

5e Use the tables above to complete the following sta.tement.s correctly.

"ﬁa)P*(Q*R)=?TJ"" (.T?)R*GP*S)-?M
(b) (P * Q) *R g st (g) A (B \) = 2 ".,
(¢) P*(Q*s)_=?.- ' ‘(h)& A)~\ -
(@) (p-* g) S ity 1) O ..;_'-f% By
(e (R 2y wegim 2 CHGNOWMIN A) - -k

6. Does either of the operatlona descrlbed by Ta;lﬁle (b) or Table (c¢)
seem to be associative? Shy? How could you prove your statement?
What would another person have to do to prove you wrong?

7. (a) In Table (c) what set is generated by the elanentD?

(b) In Table (b) what set is generated by the element P?
8. PERATNBUSTER. For each of the following tables, tell why it does

not describe a mathematical system.
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(a) * il 2 $ 9) G -'i'"’:ﬁi'..-?r- 5 - -#:»wﬂ*‘%l Wl;ﬁ'ﬁ;
et 1 1 S0 § | theproduct . thessum . .
: om0 * 3 and preegf 2 gnd
5 = e SR ol g
- 1 : " | a number
(e¢) A W between 3 .
s N angdsr By s
2 3

(12, p. 561-562)

Definition. Suppose we have a set and two binary operations, * and
o, defined on the set., ' The operation * distributes over the operation o
ifa #*(boec)=1(a*b) o (a*c) for any elements a, b, ¢, of the set.
(And we can-perform all these operations.)

In a mathematical system with two operations, there are the prop-

erties which we previously discussed for each of these operations

separately. The only property which is concerned with both operations

together is the distributive property.

Exercises 12-8

1. Consider the set of counting numbers:
(a) Is the set closed under addition? under multiplication?
Explain,

(b) Do the commutative and associative properties hold for

addition? for multiplication? Give an example of each.

(¢) What is the identity element for addition? for multi-

plication?

(d) Is the set of counting numbers closed under subtraction?
under division? Explain, |
The answers to (a), (b), and (¢) tell us some of the

properties of the mathematical system composed of the set of




counting numbers and the operations of addition and multiplication.

2. Answer the questions of Problem 1 (a), (b) (c) for the set of whole
numbers., Are your answers the same as for the counting numbers?
3. (a) For the system of whole numbers, write three mumber sentences
illustrating that multiplication distributes over addition.
(b) Does addition distribute over multiplication? Try some
examples. (12, p. 571)

Properties of Rational Numbers

You have seen that the whole number 3 can be written, =, which shows

[an/ AWV

that 3 is a rational number, In a similar way, you can show that each
whole number is a rational number, »

When you studied whole numbers you learned that the whole numbers
had certain properties. Learning about rational numbers is made easiér
by knowing that the rational numbers have some of the same properties.

You remember that the sum of two whole numbers is always a whole
nurber, and the product of two whole numbers is always a whole number,

That is, if a and b are whole numbers, there is a whole number ¢ for

i1

which a + b ¢ and a whole number d for which a » b = d., The set of

whole numbers has the closure property for addition and multiplication.
The set of rational numbers also has the clesure property for
addition and multiplication., The sum of two rational numbers is a

rational number. You know that 2 + % = 2 124113 141 = g
) 55 5L L K2 378
= 2. The product of twe rational numbers is a rational number.

_y 1 .1-1 2,6-12 5,1-5 . '
Notice that = ¢ = = ==, & + = = =& e =z = 2, In ecise langua, we
otice a 5 750 5 5 550 1 7 z precis guage

+

state:
1) The set of rational numbers is closed with respect to the

operations of addition and multiplication.



You know that 3+ 4L =4+ 3 and 3 « L =L « 3 becauée, for the
whole numbers, addition and multiplication have the commutative property.
These operations also have the commutative property for the rational
numbers. You know that 2 + 3 = 3+ 2 and 2+« 3 =3 .2, In precise

55 5 5 Yt 5 575ty NP

language we state:

2) The operations of addition and multiplication for the rational

numbers have the commutative property, that is:
at+b=b+taandae«b=be.a
You also remember that 5+ (3 4+ 4) = (54 3) 4+ 4, and 5 « (3 « 4) =
(5 « 3) » 4, because addition and multiplication have the associative
property for the whole numbers. For the rational numbers also, tﬁese
operations have the associative property. You know that % + (% + %) =

(3 3)+3, and that (3 3) (

AT & '
7 o 3) 3+ In precise language,

we state:
3) The operations of addition and multiplication for the rational

numbers have the associative property, that is:

a+ (b+c)=(a+b)+c, and a(bc) = (ab)c.

What is 5 « (2 + 3)? From the distributive property you know that
you get the same result if you think of 5 « 5 = 25 as you do if you think
of 5« 2+ 5 .+ 3 =10+ 15 = 25, For the whole numbers, multiplication
is distributive over addition. The distributive property also holds for
the rational numbers., 7You have used this property for the rational
nunbers when you multiplied L% by 5. In our symbols, 5 ¢ (A%) =5
(4 + %) =5 ¢ 4+ 5. % =20+ 1 =21, In precise language, we state:

L) The operation of multiplication is distributive over addition

for the rational numbers; that is:

al(b + ¢) = ab + ac
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Among the whole numbers were two special numbers 1 and O. These
are also rational numbers,
5) Among the rational numbers are special numbers O and 1; O is

the identity for addition and 1 is the identity for multiplication.

When we say that O is the identity for addition we mean, for
instance, that 0 + 3 = 3 + 0 = 3; that is, that adding zero to any
number does not change it. This can be expressed in symbols as:
O+a=a+ 0 =g,
no matter what number a is, Similarly when we say that 1 is the identity
for multiplication, we mean, for instance, that 1 « 5 =5 « 1 = 5; that
is, multiplying any number by 1 does not change it. This can be express—
ed in symbols as:
L+a=a-+*1l=a.
You can see that 1 is a rational number by writing it as the frac-
tion %. To see that 0 is a rational number you should remember that O
divided by any counting number is 0. If x = %, 1+ x=0 and x must
equal zero, In defining a rational number, %, we said that b could not
be zero. You can see the reason for this by seeing what happens to g.
If x = g, then 0 » x = 5, There is no number x for which O « x =5
so there is no number g.
These five properties of the rational numbers let you see the feasons
for some of the rules you state for fractions. Let us use these properties
to show g =12, Irx= %, then 2x = 3. Since 2x and 3 are names for the

10
same number,

By the associative property,



(5« R)x=%5:3

10 x = 15
x = 12
10.
But x is a name for %, 50
3 =135
& 10
If you write the last equation,
2L
2 > TRy

you see that you would have arrived at the same fraction if you had
multiplied the numerator and denominator of % by 5.

Generalizing, we get

Property 1. If the numerator and denominator of a fraction are

multiplied by the same counting number, the number represented is not

changed. If the numerator and denominator are divided by the same

counting number, the number represented is not changed.

-_ = e — ==

(11, p. 195-198)

Geometric Properties of the Real Number Line

The one-to-one correspondence between the real numbers and the
points of the number line gives us for the first time a satisfactory
geometric representation, For this reason it is customary to refer to

the number line as the real number line.

We know that there are no gaps or missing points in the real number
line., We can speak of tracing the real number line continuously and
know that the segment described at any stage has a2 length which is

measured by a real number, Thus in the number line indicated below

- - - ———— -
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we know that BC has a length of measure W2 - 1, the length of CD has
measure 3 - 'Jé, BE has measure % — 1, CE is measured by =t -2, (Note:
% andN2 are irrational numbers; the rationals and the irrationals
constitute the real number system.)

We can think of a point moving continuously from 0 to 1. At every

location we may associate with it a real number,

Because of this continuous property of our real number system, we

sometimes refer to it as the continuum of real numbers.(14, p. 262-263)

We list first the familiar properties which the real number system

shares with the rational number system,

Property 1. Closure.

a) Closure under Addition. The real number system is closed under the
operation of addition, i.e., if a and b are real numbers then
a+bis a real number,

b) <Closure under Subtraction. The real number system is closed under
the ;peration of subtraction (the inverse of addition), i.e., if
a and b are real numbers then a - b is a real number.

c) Closure under Multiplication. The real number system is closed
under the operation of multiplication, i.e., if a and b are real
numbers then a « b is a real number,

d) Closure under Division. The real number system is c}osed under the
operation of division (the inverse of multiplication), i.e., if a
and b are real numbers then a = b (when b # 0) is a real number,

The operations of addition, subtraction, multiplication, and division

on real numbers display the properties which we have already observed



for rationals. These may be summarized as follows:

Property 2. Commutativity.

a) If a and b are real numbers, then a + b = b + a,
b) If a and b are real numbers, thena « b =b « a.

Property 3. Associativity.

t

a) If a, b, and ¢ are real numbers, then a + (b + ¢) = (a + b) + c.

it

b) If a, b, and c are real numbers, then {(a » b) « c =a * (b ¢ ¢c).

Property 4. Identities.

a) If a is a real number, then a + O = a, i.e., 2Zero is the identity
element for the operation of addition.

b) If a is a real number, then a « 1 = a, i.e., one is the identity
element for the operation of multiplication.

Property 5. Distributivity.

If a, b, and ¢ are real numbers, thena « (b + c) = (a +» b) + (a + c).

Property 6. Inverses.

a) If a is a real number, there is a real number (_a), called the addi-
tive inverse of a such that a + (" a) = 0.
b) If a is a real number and a # O there is a real number b, called the

multiplicative inverse of a such that a « b = 1.

Property 7. Order.

The real number system is ordered, i.e., if a and b are different
real numbers then either a <b or a > b,

Property 8. Density.

The real number system is dense, i.e., between any two distinct real
numbers there is always another real number. Consequently, between any
tao real numbers we find as many more real numbers as we wish. In fact

we easily see that: 1) There is always a rational number between any
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two distinct real numbers, no matter how close. 2) There is always an
irrational number between any two distinct real numbers, no matter how
close.

The ninth property of the system of real numbers is one which is
not shared by the rationals.b

Property 9. Completeness.

The real number system is complete, i.e., to each point on the
number line there corresponds a real number, and, conversely, to each

real number there corresponds a point on the number line.(14, p. 256-258)
Review of the Fundamentals of Arithmetic

While the new SMS3G courses provide for review of the
fundamentals of arithmetic, this review has been placed in

a new setting with emphasis on number systems.(5, p. 5)

One of the best ways to delve into the reasons for the procedures
for carrying out the addition and multiplication operations is to con-
sider systems of number notations using bases other than ten. Since
in using a new base, the pupil must necessarily look at the reasons for
"carrying" and the other mechanical procedures in a new light, he should
gain deeper insight into the decimal system.(16, p. 13)

An attempt has been made to use " number" and "numeral™ with precise
meaning in the text. For example, "numerals'" are written, but "numbers"

A

are added. A numeral is a written symbol. A number is a concept.

Later in the text it may be cumbersome to the point of ammoyance to

speak of "adding the numbers represented by the numerals below.™ In

such case the expression may be elided to adding the numbers below.”
At several points, numbers are represented by collections of x's.

Exercises of this kind are important, because they show the role of the
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base in grouping the x's, as well as the significance of the digits
(i.e., symbols) in the numeral for the number.(16, p. 1k4)

The decimal system uses the idea of place value to represent the

size of a group. The size of the group represented by a symbol depends

upon the position of the symbol or digit in a numeral. The symbol tells

us how many of that group we have. In the numeral 123, the "1 repre-
sents one groﬁp of one hundred; the "2" represents two groups of ten,
or twenty; and the "3" represents three ones, or three, This clever
idea of place value makes the decimal system the most convenient system
in the world.

Since we group by tens in the decimal system, we say its base is
ten., DBecause of this, each successive (or next) place to the left
represents.a group ten times that of the preceding place. The first
place tells us how many groups of one, Thé second place tells us how
many groups of ten, or ten times one (10 X 1). The third place tells
us how many groups of ten times ten (10 XUlO), or one hundred; the
next, ten times ten times ten (10 X 10 x 10), or one thousaﬁd, and so
on. By using a base and the ideas of place value, it is possible to
write any number in the decimal system using only the ten basic symbols.
There is no 1imit to the size of numbers which can be represented by
the decimal system,

To understand the meaning of the number represented by a numeral
such as 123 we add the numbers represented by each symbol. Thus 123

means (1 X 100) + (2 x 10) + (3 x 1), or 100 + 20 + 3. The same number

l_h

s represented by 100 + 20 + 3 and by 123. When we write a numeral such

as 123 we are using number symbols, the idea of place value, and base

ten. (10, p. 27)
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Mumerals in Base Seven

You have known and used decimal numeragls for a long time, and you

may think you understand all about them. Some of their characteristics,
however, may have escaped your notice simply because the numerals are

familiar to you. In this section you will study a system of notation

with a different base. This will increase your understanding of
decimal numerals.
Suppose we found people living on Mars with seven fingers. Instead

of counting by tens, a Martian might count by sevens. Let us see how to

write numerals in base seven notation., This time we plan to work with

groups of seven. ILook at the x's below and notice how they are grouped

in sevens with some x's left over.

be
=

Figure 2-4-2 Figure 2-4-b
In figure 2-~/-~a we see one group of seven and five more., The
numeral is written 15 + In this numeral, the 1 shows that there is

seven
one group of seven, and the 5 means that there are five ones.

In figure 2-L-b, how many groups of seven are there? How many x's
are left outside the groups of seven? The numeral representing this
number of x's is 34 . The 3 stands for three groups of seven, and

seven
the 4 represents four single x's or four ones. The "lowered" seven

merely shows that we are working in base seven.
When we group in sevens the number of individual objects left can
only be zero, one, two, three, four, five, or six. Symbols are needed

to represent those numbers. Suppose we use the familiar 0, 1, 2, 3, 4,
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5 and 6 for these, rather than invent new symbols. As you will discover,

no other symbols are needed for the base seven system.(lO, pe 33-34)

Place Values in Base Seven

(seven)5 (seven)h (seven)3 (seven)2 (seven)l (one)

Notice that each place represents seven times the value of the next
place to the right. The first place on the right is the one place in
both the decimal and the seven systems. The value of the second place

is the base times one., In this case what is it? The value in the

hird place from the right is (seven X seven), and in the next place

(seven X seven X seven),

What is the decimal name for (seven X seven)? We need to use this
(forty-nine) when we change from base seven to base ten. Show that the
(

decimal numeral for \seven)3 is 343. What is the decimal numeral for

(seven)h?
Using the chart above, we see that

= X X + X + (5 X .
2LLéseven (2 X seven X seven) (4 X seven) (6 X one)

The diagram shows the actual grouping represented by the digits

and the pWace values in the numeral ?hoseven-

}’X}’X}(XX XXXXXXX
o

}

]

| j !

| ! - .
! | >

i | !

' !

i

i i
“ — ~ g

(2 X seven X seven) (4 X seven) (6 X one)
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If we wish to write the number of x's above in the decimal system

of notation we may write:

i

244
Nb’ o seven

(2x7x7) + (Lx7) + (6x1)

H

(2 x49) + (4 xT7) + (6 x1)

= 98 + 28 + b6

il

2 en

Regroup the x's above to show that there are 1 (ten X ien) group,
3 (ten) groups, and 2 more. This should help you understand that

246 = 132

seven

.(10, p. 35-36)

ten

Subtraction

How did you learn to subtract in base ten? TYou probably used
subtraction combinations such as 14 - 5 until you were thoroughly
familiar with them. You know the answer to this pfoblém but suppose,
for the moment, that you did not. Could you get the answer from the
addition table? You really want to ask the following question "What
is the nmumber which, when added to 5, yields 147" Since the seventh
row of the base ten addition table gives the results of adding various
numbers to 5, we should look for 14 in that row. Where do you find the
answer to 14 - 57 Did you answer ™he last column®? Use the base ten
addition table to find

9-2, 8-5, 12-7, 17-~9.

The idea discussed above is used in every subtraction problem.

One other idea is needed in many problems, the idea of ™orrowing'" or
"regrouping.™ This last idea 1s illustrated below for base ten to find

761 - 283:
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-3

i
-3
e

hundreds + 4 tens + 1 one = 4 hundreds + 15 tens + 11 ones

2 hundreds + 2 tens + 2 ones = 2 hundreds + & tens + 3 ones = 283

L hundreds + 7 tens + 8 ones = 478

Now let us try subtraction in base seve How would you find
bseven = 2gaven’ Find 13g5oven = Ogeyene How did you use the addition

table for base seven? Find answers to the following subtraction examples:

15 12 11 14 13

seven seven seven seven sevearn

o5

3 ! 4
“seven “s seven OS even 5 seven A" seven

V4

L + e~ »
The answers to these problems are bgevens Ssevens 2gevens Oqavens

nd A4
and Osevens

Let us work a harder subtraction problem in base seven comparing

the procedure with that used above:

&

L = /) sevens + nes = 3 sevens + 13 es = L3
*BSeVDn " vens 3 ones 3 sevens 13 ones Sseven
légeyven = 1 seven + 6 ones = 1 seven + 5 ones = 1bgayan

2 sevens + ones = 2k .on(10, p. 42)

L
The decimal system is so familiar that its structure and the ideas

involved in its algorithms are easily overlooked. (15, p. 22)

Mumber Systems from an Algebraic Viewpoint

Number systems are treated from an algebraic view-
oint not only to deepen the student's understanding of
1t metic but also to prepare him for the algebra which

is to come, The work on fractions is introduced by de-
fining a fraction as a pumefal for the rational number
such that b(§) = a, b # 0.(5, p. 5)

" where a and b are nmumbers, with b not zero, is called

s
]
3
K,

e)
H
o

a and b are whole numbers, with b not zero, the number

represented by the fraction, % s 1s called a rational number; any

number which can be written in this form is called a rational number.

"
Q
3
.>&

ample, 0.5 represents a rational number because the same number
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. 1 . . . .
can be written 3° A fraction is a name for a rational number just as

numeral is a name for a number, Different names for the same number

are:
4
3, 11, 2,2, 2.
The names
& 9 ¢
s 3
2 3 21

are fractions.
. a . . .
Sometimes - isa whole number, This happens when b is a factor of
a and only then.

Sometimes is not a whole number, Is there a whole number for

a
b
which 3x = 47 Is b 5 whole number?

Two fractions which represent the same number are called equivalent

fractions. But it will not often be necessary to use this term.(11, p. 193)

Multiplication of Rational Numbers

You recall that 3 - % =1and 3 » 2 =2, In general if a and b are

whole numbers, where b is not zero,

bh = 1 =1land © * = 3.
b

o

What does g ¢ 2 equal? You can find an answer if you can find a

number x for which

-

But then, x and % are names for the same number, so that
7x = 7(% ¢« 2).

Using the associative property for multiplication

T = (7 g) *2=5.2=10




You started with x = ; * 2, and you have shown that x = 2— 2 s SO
.5.'2:5'2.
7 7
In general, if a, b, and ¢ are whole nurbers and b is not zero,
a
C"‘:C.ao
b b

Similarly, you can find a number z for which

2

X::.-Q,
3 7
. 2 5 )
Since x and = ¢ 2 are names for the same number
3 7
2.5
3x = 3(£ . 2),
3 7

Using the associative property,

33{:(302 02-
3) 7

x=2 . 2

7

3x =210
7

But 3x and 2 2 are names for the same number. Thus

. x) = 7(2_2 2
7 (3x) = 7( 5 )

7 ¢ B3x)=2 - 5
Using the associative property for multiplication,

(7 « 3N)x = 2 + 5,

y =202 .22 .10
7 .3 3.7 21
. _ 2 5 . - 25
You started with x = 5 * I and you have shown that x = - s
‘ 3
> 2.5 - 25
3 7 37

This example shows that:

To multiply two rational numbers written as fractions, you find
ply as y
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a fraction whose numerator is the product of the numerators and whose

denominator is the product of the denominators.

In symbols, if 2 and & are rational numbers,
b

& « ¢ = asec =ac
b d b« d bd
You can use this property to reduce %% to simplest form, instead of
Property 1, in this way
}__2:&’3:&-2:102':&,
16 ho* 4 Lk I3 I3
Similarly,
_2.1::1_:_2:2‘2:1‘223.
35 75 7 5 5 5

You can even show Property 1 for the rational number % this way if k is

not zero:

1
e o
*
o 1o
i
j
=i
ot
*

(11, p. 212-213)

Addition and Subtraction of Rational Numbers

We have examined the elements of the set of rational numbers. We
know that there are many names for the same rational number. We have
used the operations of multiplication and division. Only two operations

remain to be considered: addition and its inverse operation subtraction.

Let us look at the addition operation first.

We are all familiar with the idea that £+ 1 =2 .1 =2 ; also
3 3 3 3
% =1/ % = % + % +14+1 . Continuing with other rational numbers, let

us find a single fraction for:.

W
+e

W
.

Using what you already know let us write this as:



%v: 2'1":.]_'»{-1'
3 3 3 3
O L - R
3 3 3 3 3
Then
2 4+ b = iy 4o o211y 2 ge1o6
3 3 (3 3) (3 3 3 3) 3 3
or we may write 2 L. 4 (2 - l) .o l)
3 3 3
— 1 1
= 2+ 4) = = 4 & =
( )3 3
= 8
2
3

- using the distributive property to get the second line.

What is the result of adding % to g , where a, b, and c are whole

numbers and b is not 07 + E may be written é . % + o % « By

&
b
the distributive property this is equal to

(a + ¢) » £ = 2.t c |
b b

ai.c-a_+ ¢
b b b
This may be read in words: The sum of two numbers whose fractions have

+

i

If a, b, and ¢ are whole nunbers and b is not 0, then .
the same denominator is the sum of the numerators divided by the common
denominator.,

Let us look at a more difficult addition example:

3 4+ 7.
b 10

The least common multiple of the dencminators 4 and 10 is 20. We write

each fraction with a denominator 20. You recall that

3 325 - I5 apg 1o =Lt - 14

L L5 oy ™ p 0.2 >0
Then

3 4+ 72 = 15 4 M = 514 = 29

4 10 20 20 20 20
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A1 2 ;
=0 3.0+ 1 - B33 4 72 = 9 4+ 1 = 23
10 15 10 « 3 15 - 2 30 30. - 30
The Sum of any two rational numbers S and i may be found similarly.

A common multiple of b and d is bd.

o
|
on
o

@“a'd:égand = be*ec = bgc

b bed bd d b e d bd

Using what we know about adding rational numbers whose fractions have

the same denominator we have:

a 4+ ¢ - ad 4 bc
b d bd bd
_ ad + be
bd

Thus we may say:

If a, b, c, and d are whole numbers and b and d are not zero, then

¢ . ad+ be
d od

&
+

o i

(11, p. 220-221)
Percent and Applications

Percent applications have a place in the new courses,
as do other social applications, for example through govern-
mental statistics in the chapter on graphs and in probability,

(5, p. 5)

Percent is used to express ratios of numerical quantities in
everyday experience, It is important for you to understand the notation
of percent, and also, to be accurate in computing with numbers written
as percents., Let us look at some examples in the use of percent.

Example 1. Suppose that a family has an annual income of $4500
(after withholding tax). The family budget includes an item for food of
33 %% of the budget., How much money is allowed for food for the year?

-

Can you answer this question without using a pencil and paper? If you



can, do so, and check what you find with the result below. We work this
example as we do, to show a method which we shall be using in more
difficult examples later, We know that 33 %% is equal to % and hence if

we let x stand for the number of dollars allowed for food we have

=
4500

1
3

To find x we use Property 1 of Section 9-1 which tells us that

ir 2 = £ the = o

if = 3 then ad = be
For example, this means that

- 6 -— 9 . — .

lfv 16 = ig then 6 15 - 9 10 .
Then in our example,

s 3 1

if & = = then 3x = 4500 .

4500 3 ? °

Hence x = &520 = 1500, and 1500 will be the number of dollars used for

food.(11, p. 382)

It is unfortunate that in most texts, percent is considered a

separate topic and traditionally receives very special and separate

treatment., This separation from the rest of the course is the reason
for much of the difficulty encountered, One should not go on to the
applications of percent until its relationships with ratio and decimals
have been firmly established.(17, p. 275)

The meaning of percent is based on the idea that "a"} means & =

100

a X All three "cases" of percent are introduced informally in

-
100°
Section 2 with numbers tha®t are easily handled. However, you will notice

that the three 'cases" of percent are not referred to in this textbook.

(17, p. 262)
If the background is firm along the lines suggested, there should

be little trouble with the applications since terminology is kept at a
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minimum, The purpose of the section on applications is to show how

percentage works, rather than to make the student a facile doer of

problems in digcount, commission and the like.

Notice that at .the beginning of -this section, the form % = ﬁ is

used exclusively. The réascn for this is to stress the essential unity

of all problems in percentage, to strengthen the relationship:

1¢ 8 = C
oy
and to prepare for the solution of equations later on. If the pupils

thenad =be, (b#0, d#0)

discover valid short-cuts for themselves they should be encouraged to
use them if they understand what they are doing. But the moment one
starts to use special methods for special problems, one is led inexorably

to the classification of problems by types, which, as every good teacher

knows, must be avoided at all costs.

0Of course, one must introduce the ideas of discount, commission
and interest one at a time with a little practice on each, but they are
mived as much as feasible so that the pupil will acquire the idea that,

though the terms are different, the mathematical processes are the

same, (17, p. 276)
The principal difference in treatment in the 3M3G and the traditional

texts is that in SMSG materials these topics are more closely related to

the properties of number systems from a mathematical point of view, and

less time is given to a discussion of the social situations in which the

various applications arise.(17, p. 258)

Table 13-2 shows the population in millions for every census from
1790 through 1950. The table shows that the population in 1790 was 3.9

millions, This means there were 3,900,000 (3.9 x 1,000,000) people in

the U, 5. at that time. TIs this an exact or approximate number? The
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om the traditional. Geometric ideas are introduced, first
all, from a non-metric point of view and then, after a
careful treatment of measurement, students are led gradually
to a study of properties of triangles and other geometric
figures, plane and solid, through an informal deductive
approach. (5, p. 5-6)

Oty

Py

O

Points, lines, and Space

1. Understandings:

(a)

n

peint has no size.

(b) 4 line is a certain set of points.

14

(c line is unlimited in extent,

b3

(d) Through two points there is one and only one line.
(e) Space is a set of points.

2, Teaching Suggestions:

Just as we use representations to develop the concept of the
"counting numbers" (2 cars, 2 people, 2 hands, 2 balls, 2 chairs, etc.,
to develop the concept of twoness) similarly we must select representa-
tiong for developing the concepts of point, lihe, plane, and space.

Point. Tdentify things which suggest the idea of a point keeping
in mind that one suggestion by itself is not adequate for developing
the idea of a point. One needs to use many illustrations in different

situations. OSuggestions: tip of pencil; needle; pointer; collection

1o

of boxzs, putting one inside another and always being able to place one
mere inside of the last and the point indicated as being in all the
boxess; pupil of the eye in intense brightness; progressive closure of
shutter of cameraj; dot of light on some TV screens; particle of dust in

the air,

Iine., Tdentify two points using some of the situations as above,

such as tips of btwo pencils, etc. Bring out the idea that given these
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0]

two points there are many other points on the line that contain them.
Some of these are between the two points, some are "beyond" the one, and
some are weyond® the other, Also, through two points there can be

only one line., The line has no thickness and no width., It is considered
to extend indefinitely. Use string held taut between two points to

show representations of lines in positions that are horizontal, vertical,
and slanting. FEach student may vepresent lines by using a pencil between
his fingertips. With each example talk about thinking of a line as

- unlimited in extent. Emphasize frequently that we use the word, "line"
to mean straight line.(16, p. 78)

Planes

1. Understandings:

e

(a) A plane is a set of points in space.
(b) If a line contains two different points of a plane, it
lies in the plane.

(¢) Many different planes contain a particular pair of

{(d) Three points not exactly in a straight line determine a
unique plane,

2. Teaching Sugegestions:

Tdentify surfaces in the room which suggest a plane -- walls, tops
of desks, windows, floor, sheet of paper, piece of cardboard, chalk-
board, shadow., Make use of Saran wrap, cellophane, and a wire frame
to show further a representation of a plane since this more nearly
approaches the mathematician's idea of a plane., With each example bring
out the idea that a plane has no boundaries, that it is flat, and extends

indefinitely. It is an Mideal' of a situation Jjust as is a line and a
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point. We try to give this idea by suggesting things that represent a
plane., It is important to suggest representations of planes in hori-
zontal, vertical, and slanting positions., DNote that if a line contains
2 points of a plane, it lies in the plane and that many planes may be
on a particular pair of points as pages of a book, revolving door, etc.

Then using three fingers or sticks of different heights in sets of
3 (not in a straight line) as suggested by the sketch at the right, see
what happens when a piece of cardboard is placed on them., Add a fourth
finger or a fourth stick and observe what happens.(16, p. £0)

Intersections of Lines and Planes

1. Understandings: .

(a) Two lines may:
(1) be in the same plane and intersect;
(2) be in the same plane and not intersect (intersect in the
empty set);
(3) not be in the same plane and not intersect (intersect in
the empty set).
(b) A line and a plane may:
(1) not intersect (intersect in the empty set);
(2) intersect in one point;
(3) intersect in a line.
(¢c) Two different planes may
(1) intersect and their intersection will be a line;
(2) not intersect (have an empty intersection).

2. Teaching Suggestions:

Use models in order to explore the possible situations for two

lines intersecting and not intersecting. (Let each student have materials,



too.) Also, use a pencil or some other object to represent a line,

and a card to vrepresent a plane. Use two pieces of cardboard each cut

to center with the two fitted together to represent the 1dea of two
planes and their intersection, and, from these, state some generaliza-
tions that may be made.(16, p. 86)

T

Property L: If the intersection two different planes is not

————

enpty, then the intersection is a line

If the intersection of two planes is the empty set, then the planes
are said to be parallel., Several examples of pairs of parallel planes

are represented by certain walls of a room or a stack of shelves. Can

<

vou think of others?

In discussing the intersection of two different planes we have

(TQ

considered two cases. Let M and N denote the two planes.
Case 1, M{ N is not empty. M NN is a line.
Case 2, MM N is empty. M and N are parallel.

Are there any other cases? Why?(10, p. 128)

Let ¥ be the nare of the plane of the front chalkboard. This plane
separates space into two sets: (1) the set of points on your side of
the plane of the chalkboard, and (2) the set of points on the far side
(beyond the chalkboard from you). These two sets are called half-spaces.
The plane ¥ is not in either half-space.

let A and B be any two points of space not in the plane M of the

o

chalkboard, Then A and B are on the same side
intersection of AB and M is empty, that is, if
and B are on opposite sides of the plane M if the intersection of 4B and

3

¥ is not empty; in other words, there is a point of ¥ between A and B.
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Any plane M separates space into two half-spaces.

If A and B are in the same half-space, AE NM is empty. If A and B
are in different half-spaces, ABN M is not empty. We call M the boundary
of each of the half-spaces.(10, p. 134)

Separations

l. Understandings:

(a) A plane separates space into two half-spaces.

(b) A line separates a plane into two half-planes,

(e) A péint separates a line into two half-lines.

(d) A ray is the union of a half-line and the point which determines
the half-line. (16, p. 90)

Measurement of Angles

You have been studying ways of measuring line segments, plane closed

regions, and solids. Now let us see how angles are measured.

Recall that an angle is the set of points on two rays with the same

endpoint, In the drawing of the angle,

the rays are A% and AC. These rays are
sides of angle BAC and point A is its
vertex, Notice that the angle is named

"angle BAC"™ or Mangle CAB," with the

vertex named second. Why should A be
the middle letter? We can call it
"angle A™ if this name applies to only
one angle. We also name angles by

writing a small letter or numeral in the

interior of the angle, near the vertex. A LR



An angle determines three sets of points in the plane, the set of

of the angle, and the set of points on the angle itself. A point P is

«>
in the interior of angle BAC if it i the same side of line AB as

w
Q
;

&t

E_‘S

oint C, and on the same side of line as point B. (See angle BAC

[

not a peint on the angle and

O

~

above.) Any point in the plane which i

4]

not a point in the interior is a point in the exterior of the angle. Is
point R a point in the interior or the exterior of angle BAC? Point P?
As you know, to measure anything you must use a unit of the same
of 5

nature as the thing measured. To measure an angle, an angle is chosen

as the unit of measure. Then an angle can be measured by drawing rays

which subdivide its interior so that angles are formed which are exactly

ike the unit angle. (11, p. 287)

fed

You learned in Chapter 7 how to measure angles. We shall freguently
talk about the ™measure of an angle" in this chapter. Therefore, it is

convenient to have a gymbol for this gtatement, To indicate the number

of units in an angle, we will use the symbol ™m'" followed by the name of
the angle enclosed in parentheses. For example, m{/_ABC) means the
nunber of units in angle ABC.

As you learned, any angle can be used as a unit of measure, but

in this chapter we will use the degree as the standard unit. Thus when
we write m(/ ABC) = 40, we will understand angle ABC is a 40 degree (40°)

angle. Note that since m(/ ABC) is a number, we write only m(/_ABC) = L0,

not ™m(/ ABC) = 40°."(12, p. 401) .
To compare these segments, lay the edge of a piece of paper along ch

and mark points C and D on this paper so that they match the points in

the picture. Place the edge of the paper along LB with point C on peoint



A, Where does point D fall? If it is between A and B, AB is longer

W
3

than CD. If D falls on B, the segments are the same length. We say
that segments of the same Jength are congruent, If B is between C and

D, Th is longer than AD.

We wish to consider the set of all points which either lie on a

simple closed curve or are contained in the interior of the simple closed

a

curve, Such a set of points will be called a closed region,

<l
b
Sl
prd
s
by

m

To compare the size of the closed region A& with the size of the
closed region B, cut out a copy of figure B and place it on the closed
region A, Figure B separates A into the part covered by B and the part
not covered by B. We say that the area of A is larger than the area of B.
When we use methods like this to compare the sizes of line segments
or of closed regions, we assume these properties of geometric centinuous

quantities:

Motion Property. A geomebric figure may be moved without changing

its size or shape,

Comparison Property. Two continuous geometric figures or sets, of

the same kind may be compared to determine whether they have the same

size, or which one is the larger.(13, p. 245)

o~

Matching Property. If two geometric continuous figures, or sets,

are both made up of parts such that every part of one can be matched to

1

a part of the same size in the other, then the two continucus figures, or
sets have the same size.

Subdivision Property. A geometric continuous figure or set may be

subdivided, (11, p. 249)
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Construct a triangle as follows:

(a) Use JK for one side.
(v) Construct / J at point J. Set the compass for the length of
J¥ and with J as a center make an arc intersecting the second
side of the angle.
(¢) Label this intersection M.
(d) Draw side MK through points M and K.
Is your triangle the same size and shape as triangle JKM? Use your

compass and ruler to check.

: e e A -
This triangle was constructed by using side ﬁ,/_ J, and side JK. What

do you notice about the position of the angle in relation to the sides?
This arrangement of two sides and an angle is called ™wo sides and the
included angle.™ Another such group would be side JK,/ K, and side KM.

Is there another such group?

Two triangles are congruent if two sides and the included angle of

one triangle are congruent respectively to two sides and the included

angle of the other triangle. We will refer to this as Property S. A. S.

(Side, Angle, Side).(14, p. 190-191)
Inductive and Deductive Reasoning

Although there is no attempt to give a system of
postulates for the geometry, properties are identified on
an intuitive or inductive basis and then these properties are
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used to draw conclusions about, or to prove, other properties,

(5, pe 6)
l. Draw a triangle, making each side about two or three inches in length.
Cut out the triangular region by cutting along the sides of the triangle.
Tear off two of the corners of this region and mount the whole figure on
cardboard or a sheet of paper as shown in the figure below. Note: Cor-
ners B and C are placed around the vertex A, (The corners may be pasted
or stapled in place.) |

rﬂ', . Ty
-,t .-_z.‘ ) .?'?9

0 e, S

(a) Find the measures of the three angles with vertices at A, Find

the sum of these three measures and compare your results with
those of your classmates, In the drawing above, does it appear
that AD and AC are on the same line? Does this appear to be
true on the figure you made?
(b) What do you observe about angle 1, angle 2, and angle BAC in
this new arrangement?(12, p. 425)
3. Consider the triangle ABC and the rays AP and PA shown below. Line
RS is drawn through point C so that the measure ot[_ y and the measure
of}iﬁy' are equal. Hsre we are using a new notation, y'. ¥' is read
"y prime." (In this problem we are using this notation in naming

angles.)
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Use a property to explain "why"™ for each of the following whenever you
cans
(2a) Is RS parallel to AB? Why?
(b) What kind of angles are the pair of angles marked x and x'?
Is M(/_ x) =m(/_ x')? Why?
(¢) What kind of angles are the pair of angles marked z and z'?
Is m(/_ z) =m(/_ z')? Why?
(d) m(/ y) = m(l y') Why?
() m(L x) +nll y)+nl 2) =nll_x)+nll y) +nll 2
Why?
() m(/_ %) +m(/_y) +n(/_ 2z) is the sun of the measures of the
angles of the triangle. Why?
(g) m(L xt) +m(/_ y') + m(/_ z') = 180 Why?
(h) m(/ x)+n(/ y) +n(/ z) =180 Why?
(i) We conclude therefore that the sum of the measures of the angles
of the triangle is 180. Why?

This is a proof of Property L.



Propertv L. The gum of the measures in degrees of the anglesg of any

triangle is 180.(12, p. 427-428)

'L.h

You obtained this property by using the inductive method of reascning

when you tore the corners from a triangular region and placed them as
adjacent angles., You alsoc learned to prove this property by the deduc-

tive method when you used previously proved properties to show that

n(/ %) +al/_ y) +nl/l 2z) =18

where [;x, Z;y, and.[_z represent the angles of a triangle.(12, p. 459)
Critique and Summary

In this piecework of SMSG course content the reader should note that
the approach here is concerned with basic mathematical concepts as
evidenced by the symbolism and terminclogy.

In the new programs we find that familiar ideas often
have a strange appearance because of new symbolism,

NN N

They are not substitutes for thinking. They are not a set
of symbols whose manipulation miraculously produces valid
conclusions. To present them thus would merely replace
one kind of meaningless symbol-pushing with another. In-
stead we must present them as a new language which facili-
tates thought by enabling us to express abstract idsas
with greater clarity.(1l, p. 85)

eos judiciocus use of sets and of the language and concepts
of Mabstract™ algebra may bring more coherence and unity
into the high-school curriculum. Yet, the spirit of
modern mathematics camnot be taught by merely repeating
its terminology. Consistently with our principles, we
wish that the introduction of new terms and concepts
should be preceded by sufficient "concrete™ preparation
and followed by genuine challenging applications and not
by thin and pointless material: one must motivate and
apply a new concept if one wishes tc convince an intel-
ligent youngster that the concept warrants attention,
(22’ Pe 193)

The emphases of the approaches of the SMSG program are summed up
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SUMMARY

In a brief effort to point out content of these two programs which
total over 3,000 textbook pages combined, many of the topics of the
total programs must be left out and a number of discrepancies and Mholes™
in the continuity are inevitable. The choice of materials is biased by
the attitude of the author as to what would be useful to those who select
curriculum texts for our junior high schools. This situation arises
from the conviction that it is better to see the actual subject matter
content to which this report refers and about which this report asserts
opinions than to fight a battle of semantics (i.e., "modern! versus
"traditional™).

Tt is hoped that the reader, being more familiar with the traditional
texts, will be stimulated enough to observe and read the actual SMSG
texts for a more full account of what is found in them in order to make
a fair appraisal for himself.

If there is gerious interest on the part of any administrator,
superintendent, principal, supervisor, or teacher who wishes to know
about the progress in mathematics and its implications for the schools,

the drive to improve school mathematics, and classroom experiences with

the new mathenatics programs, he is referred to The Revolution in School

Mathematics; A Challenge for Administrators and Teachers as listed (1.)

in the bibliography of this report. Herein will alsc be found a specific
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section of questions and answers concerning administrative problems,
individual differences in ability to learn, teacher training, evaluation
and comparison, availability of the new texts, etc.

Also included are the steps considered basic to the implementation
of a new mathematics program in the school.

1. Recognition by school authorities of the need for a new
mathematics program.

2. Adequate preparation of teachers in the mathematics now
being taught for the first time in secondary schools.

3. Selection of a new program.

L. OSelection of students for the program.

é. Informing parents about the new program.

e
[

Informing other members of the school system about the new

program and its implications for the mathematics program

K-12,

7. Continuation of teacher preparation for carrying the new
program to higher and lower grades.

. Provision for adeguate time and compensation to carry on the

new program year after year.(l, p. 38)

e

Fach of these steps is discussed in detail, describing and evaluat-
ing the techniques involved. Concerning teacher preparation, for example,
is a statement of a situation which must be resolved.

In the past some administrators thought that mathe-
matics was so easy to teach -- the same, year after year —-
that anybody could teach it. Therefore, they assigned
mathematics classes to some teachers who were not mathe~
matically qualified., Administrators must give up the idea
that mathematics is easy to teach. The day is gone when
administrator can assign just anyone on his staff to
teach mathematics and come up with an acceptable program.
Mathematics must not be taught today with the same content
and techniques that have been commonly used in the past.
(1, p. 50)

Az a final consideration, it is further hoped that efforts of this
report have served to influence the attitude of those who plan the
curriculum in our schools to take an objective look at their present
mathematics programs and act in accordance with the individual school

needs of their students in the rapidly approaching future.



The leading scholars in each
responsibility for determining t
courses., Our mathematicians, un ecently, have been too
busy devising new mathematics to fulfill their ob]igations in
this regard. Now some of them, like their counterparts in
Burcpe, have produced expository materials that are useful in
college~preparatory sequences., These materials, written with
the aid and advice of classroom teachers, learning specialists,
psychologists, and mathematics educators, delineate the patterns
of reasoning that characterize mathematical thought. They
spell out, in terms appronrlate for each grade level, some of
the implications of the explosive growth and manifold applica-
tions of twentieth century mathematics.

These new materials can be used to provide better prepara-
tion for the study of mathematics in college, thus relieving
colleges of a heavy burden of remedial instruction and enabling
students to learn more mathematics during their college yvears.
Tor many students this means the attaimment of the higher levels
of mgthematical literacy which are now necessary for the effec~
tive study of science, engineering, and many other subjects.

For a few students it means earlier access to the frontiers of
mathematical thought and longer careers as creative mathema-
vlC ans. This is important because mathematicians are now ir

short supply, and mafkema+1cwans, like jet pilots, reach their
maximum efficiency early in life,

The nevrprog“ ms 1in schooT mathewanwcs WWL“ serve to in—

he nature of college-prsparatory
e
U

fie ld must take much of the
e
il r
fulf

gnd mathemat1c1dns. Tnev will a]SO HeTU, in some dpcﬂep, to
bridge the terrifying gap that now exists between mathematics
instruction and the outrushing frontiers of mathematics and
science., Indeed, they are tvpical of the programs that must

be established in all fields (and are already being established
in science) if the members ol the next generation are to have
the knowledge necessary to operate the complex civilization
they inherit,

FarATS

I

e

The school administrator is the educational statesman who
is called upon to supply the understanding and adwinistrative
guidance necessary for the success of the improved programs
now available in several academic subjects. He is in a hetler
position than the subject-matter specialist for a view of the
entire picture.

Some school administrators see the drive to improve school
mathermatics as part of a nation-wide drive to achieve excel-
lence in the classroom. Some view it as evidence that our
schools have a new sense of mission which has its goals in high
academic acbievemﬁrt Many administrators are encouraged by
the fact that the improved programs in mathematics, while
designed primarily for the college-capable pupils, offer many
ways to improve instruction for pupils who are mathematically
less talented. They recognize the urgent need for improve-
ment, but they do not regard the drive to improve school
mathematlcs as a crash program whose sole justification is

5
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