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SUPERCONDUCTIVITY AND HYSTERESIS IN INDIUM-CADMIUM ALLOYS

CHAPTER I  

INTRODUCTION

The most s t r i k i n g  f e a tu r e  o f  a l l  su p e rco n d u c to rs  (and th e  f i r s t  

o f th e i r  p r o p e r t i e s  to  be d isco v e re d ) i s  th e  la c k  o f  any e l e c t r i c a l  

r e s is ta n c e  below a  w e ll-d e f in e d  c r i t i c a l  tem pera tu re  T^. For s iç e rc o n -  

d u c to rs , T^ ran g es  from a few m il l id e g re e s  K to  abou t 20 K.

However, in  the  p a s t  h a l f - c e n tu ry  many more unusual a t t r i b u t e s  

of su perconducto rs  have been  found. P rom inent among th e se  c h a r a c te r i s ­

t i c s  has been  t h e i r  b e h a v io r  under an a p p l ie d  m agnetic  f i e l d .  In  f a c t ,  

th e  d if fe re n c e s  i n  t h i s  response  i n  b u lk  su p erco n d u c to rs  ( i . e . ,  th o se  

o f g r e a te r  th ic k n e ss  than  th in  f i lm s )  have le d  to  two g e n e ra l c l a s s i f ­

ic a t io n s :  Type I  and Type I I .  A lthough Type I  su p e rco n d u c to rs  were d is ­

covered f i r s t  (by Onnes, i n  1911), c o n s id e ra b le  work has been  done on 

th e  l a t t e r  s in c e  th e  p io n e e r in g  o f  Shubnikov e t  ^  (1 ) .

As a  r u le  o f  thumb. Type I  su p e rco n d u c to rs  ten d  to  be elem ents 

and a l lo y s  whose c u r r e n t - c a r ry in g  a b i l i t y  (b e fo re  s u p e rc o n d u c tiv ity  i s  

ex tin g u ish ed ) i s  low ; Type I I  su p e rco n d u c to rs  ten d  to  b e  a l lo y s  w ith  

h ig h e r  c u r re n t- c a r ry in g  a b i l i t y .  However, th e re  a re  ex ce p tio n s  and th e  

d i s t in c t io n s  w i l l  be p u t on a more p h y s ic a l  b a s is  in  th e  n e x t s e c t io n .

In  t h i s  work we s h a l l  d isc u ss  th e  m a g n e tiz a tio n  p ro p e r t ie s  o f  Type

1



I I  su p e rco n d u c to rs . S p e c i f i c a l ly ,  we s h a l l  d e a l w ith  Indium-Cadmium a l ­

lo y s .  The reasons f o r  d is c u s s in g  th i s  system  a re  (a )  a la rg e  amount o f 

d a ta  has been  p u b lish e d  on th e  a l lo y s  o f ind ium , and thus i t  w i l l  be 

u s e fu l  to compare th e s e  a l lo y s  to  th e  o th e rs  i n  term s o f  t h e i r  supercond­

u c t in g  p a ram e te rs ; (b) com p ara tiv e ly  l i t t l e  su p e rco n d u c tin g  work h as  

been  perform ed on t h i s  system  b ecau se  o f  th e  low s o l u b i l i t y  o f  Cd in  In  

a t  room te m p e ra tu re . N oting  t h a t  Cd has a  g r e a te r  s o l u b i l i t y  a t  h±gh.er 

te m p e ra tu re s , th e  p rob lem  was a l l e v ia te d  by  c o o lin g  th e  a l lo y s  r a p id ly  , 

from th e se  te m p e ra tu re s , p re s e rv in g  th e  l a t t i c e  s t r u c t u r e .

In  a d d i t io n  to  t h i s  w ork , a  d is c u s s io n  o f  h y s te r e s i s  i n  su p erco n ­

d u c to rs  w i l l  be p re s e n te d . H y s te re s is  i s  t h a t  c o n d itio n  in  w hich a  one- 

to -o n e  correspondence betw een th e  a p p lie d  m agnetic  f i e l d  and th e  r e s ­

u l t a n t  m a g n e tiz a tio n  o f  the sam ple i s  n o t  ach iev ed . In  su p e rc o n d u c to rs , 

we o f te n  f in d  th a t  th e  m a g n e tiz a tio n  f o r  a  d e c re a s in g  f i e l d  i s  l e s s  

th an  th a t  o f th e  in c re a s in g  f i e l d .  We s h a l l  d is c u s s  th i s  e f f e c t  i n  th e  

l i g h t  o f p re se n t-d a y  th e o r ie s  o f  s u p e rc o n d u c t iv i ty .

As w e ll  as In-C d a l lo y s ,  work has been  done on o th e r  a l lo y s  w hich 

show more of a Type I  c h a r a c t e r i s t i c .



CHAPTER I I

TYPE I I  SUPERCONDUCTIVITY 

The t h e o r e t i c a l  a s p e c ts  o f  Type I I  s u p e rc o n d u c tiv ity  p e r t in e n t  

to  e x p e rim e n ta l d a ta  a re  now d is c u s se d . C onsider f i r s t  ty p i c a l  d a ta  and 

th e  q u a n t i t i e s  d e r iv a b le  from them. In  F ig s .  11a and l ib  p e r f e c t  diamag­

n e tism  ( i . e . ,  B = 0) e x i s t s  u n t i l  th e  p o in t  where f lu x  f i r s t  p e n e tra te s

th e  s a n ç le ,  a t  H = H . I n  Type I  su p e rc o n d u c to rs , th e  p o in t  o f  i n i t i a l
^1

f lu x  p e n e t r a t io n  i s  t h a t  o f  t o t a l  f lu x  p e n e t r a t io n ,  so th a t  H = H =
^1 ^2

H^. At th e  a p p lie d  f i e l d  ,  th e  specim en becomes norm al w ith  a second 

o rd e r  t r a n s i t i o n .  The o rd e r  o f  th e  t r a n s i t i o n  i s  determ ined  by s p e c i f i c  

h e a t  d i s c o n t in u i t i e s  and th e  f a c t  th a t  th e  volume change a t  th i s  tr a n s ­

i t i o n  i s  ze ro  ( 30). U sing th e  concept o f  th e  c r i t i c a l  f i e l d  H^,

H
 ̂ ""2 2
M dH = -H /Sir (2 .1 )

c
0

w here M is  th e  m a g n e tiz a tio n . The c r i t i c a l  f i e l d  i s  n o t observed  

e x p e r im e n ta lly  in  Type I I  su p e rc o n d u c to rs , b u t i s  s t i l l  a  u s e fu l  p a ra ­

m eter.

H^, , and many su p erco n d u c tin g  v a r ia b le s  a re  d e te r ­

mined therm odynam ically  and have a  tem p era tu re  v a r i a t io n .  The magnet­

i z a t io n  M i s  th en  dependent on te m p e ra tu re . A g e n e ra l id e a  o f  t h i s  de­

pendence i s  g iven  i n  F ig s ,  l a  and lb .  I t  shou ld  be  n o te d  b e fo re  p ro -

3
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ceedlng  th a t  we s h a l l  c o n s id e r  on ly  th e  geom etry o f a long  c y l in d r ic a l  

sample In  a un ifo rm  m agnetic  f i e l d  p a r a l l e l  to  I t s  a x i s ,  co rrespond ing  

to  th e  c o n d itio n s  o f  t h i s  ex p erim en t. In  F ig . l a ,  I s  th e  tem p era tu re

a t  which a l l  t r a c e s  o f su p e rc o n d u c tiv ity  d is a p p e a r .

The most s u c c e s s fu l  e f f o r t s  to  d e s c r ib e  th e  m acroscopic p ro p e r t­

ie s  o f  su p erco n d u c to rs  In  term s o f  m ic ro sco p ic  b e h a v io r  have been  th o se  

o f  G inzburg and Landau (GL) (2) and B ardeen , Cooper and S c h r le f f e r  (BCS) 

(3 ) .  A brikosov (4) d isc u sse d  Type I I  s u p e rc o n d u c tiv ity  by u s in g  the  GL 

d i f f e r e n t i a l  e q u a tio n s . Both e x p e rim e n ta l and th e o r e t i c a l  a sp e c ts  o f  Type 

I I  su p e rc o n d u c tiv ity  have been  rev iew ed  by Goodman (5) and S ain t-Jam es 

e t  a l  (6) .  Only r e s u l t s  r e le v a n t  to  th i s  work w i l l  be  p re s e n te d .

The BCS th e o ry  I s  b ased  on th e  f a c t  th a t  I f  th e re  I s  an a t t r a c t i v e

I n te r a c t io n  betw een e le c t r o n s ,  th o se  w hich a re  In  th e  neighborhood o f th e

Fermi s u r fa c e  w i l l  condense In to  a s t a t e  o f  low er energ y . This I n t e r a c t ­

io n  produces a  s t a t e  where each e le c t r o n  I s  p a i re d  w ith  one o f  o p p o s ite  

momentum and s p in .  Then th e  s c a t t e r in g  w hich was allow ed In  th e  now en erg ­

e t i c a l l y  u n fav o rab le  norm al s t a t e  I s  fo rb id d e n , and the  c o r r e la te d  p a i r s  

can now c a rry  lo s s le s s  c u r re n t w ith o u t I n e l a s t i c  s c a t t e r in g .  I . e . ,  cur­

re n t w ith o u t r e s i s ta n c e .  We h av e . I f  N(0)V << 1 ,

1 _ , 1 .14  hWn
N(0) V k ~T~  (2 '2 )

where N(0) i s  th e  d e n s ity  o f  s t a t e s  p e r  u n i t  energy and volume a t  th e  

Fermi l e v e l ,  I s  th e  Debye freq u en cy , k I s  th e  Boltzmann c o n s ta n t ,  

and V I s  th e  e l e c t r o n - e le c t r o n  I n te r a c t io n  s t r e n g th .

There a re  two p a ra m e te rs , h av in g  th e  dim ensions o f  le n g th ,  which 

a re  u s e fu l  in  th e  th e o ry  o f  s u p e rc o n d u c t iv ity .  Ç I s  th e  range o f  coher­

ence o f  th e  su p erco n d u c tin g  wave fu n c t io n s ,  and I s  th e  p e n e tr a t io n
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depth  a t  which th e  f i e l d  has f a l l e n  to  1/ e  o f i t s  v a lu e  a t  th e  s u r f ­

ace (7) . The r a t i o  o f  the two le n g th s  can be shown to  be

X /Ç -  H /H = (2 .3 )
— (̂ 2 c

K i s  c a l le d  the GL p a ra m e te r . In  d e r iv in g  t h i s ,  th e  GL th e o ry ,  w hich i s  

b ased  on th e  L a n d a u -L ifsh itz  th eo ry  o f second o rd e r  p hase  t r a n s i t i o n s ,  

has been used . S t r i c t l y  sp e a k in g , th e  form er th e o ry  i s  a p p l ic a b le  on ly  

a t  tem pera tu res n e a r  T^; how ever, i t  has been used  f o r  o th e r  tem perat­

u re s .  O ther d e r iv a b le  form ulas a re

H = irkT {2TrN(0)/8.4}^{l -  (T/T )}  (2 .4 )

n e a r  T = T ;c

= *o/4% (2 .5 )

where (|)̂  ( =hc/2e) i s  the f lu x  quantum. Each o f  A b rik o so v 's  (4) f lu x o id s  

c a rry  f lu x  q u an tized  in  u n i t s  o f  ij) .̂ These f lu x o id s  a re  th e  e n t i t i e s  d is ­

t in g u is h in g  Type I I  from Type I  su p e rc o n d u c to rs . They c o n s is t  o f a n o r­

mal tu b e , p a r a l l e l  to  th e  a p p lie d  f i e l d ,  o f r a d iu s  Ç, su rro u n d ed  by 

a sh e a th  o f  su p er c u rre n t o f  ra d iu s  ~ X^. Goodman (5) shows how th e se  

p r o p e r t i e s  may b e  determ ined  from th e  o r ig i n a l  GL e q u a t io n s .  I t  has been 

shown th e o r e t i c a l ly  and e x p e rim e n ta lly  ( 8) th a t  th e  lo w e s t energy  con­

f ig u r a t io n  fo r  th e s e  f lu x o id s  i s  t r i a n g u la r .  The f lu x o id s  appear only

when th e  f lu x  p e n e tra te s  m acro sco p ica lly  (H ^  H ) and th e  i n t e r f l u x -
^1

o id  d is ta n c e  is

d = (4 /3 )  (2 .6 )

U n fo rtu n a te ly , th e  r e s u l t a n t  eq u a tio n s  r e l a t i n g  a p p lie d  f i e l d ,  

l a t t i c e  s t r u c tu r e  and X̂ a re  in  th e  form of an i n f i n i t e  s e r i e s  o f  B esse lL

fu n c tio n s  o f im aginary  argum ent. However, when H = H , they  can be
^2



w r i t t e n  in  th e  form

-  4irdM

1. 16(2k 2 -  1)
(2 .7 )

We now have two p a ra m e te rs , k and k^ . The form er was m erely  d e f­

in e d  in  th e  GL th e o ry  as th e  r a t i o  o f  th e  two le n g th s  o f Eq. ( 2 .3 ) .  The 

second r e l a t i o n  o f  t h i s  e q u a tio n  w i l l  d e f in e  a param eter K^. Eq.

(2 .7 )  i s  a new g e n e ra liz e d  GL p a ra m e te r; i t  has  been shown t h e o r e t i c a l ­

ly  (9 -  10) th a t  Kj^(T) = <2 ( 1 ) to w ith in  a  few p e rc e n t ov er th e  e n t i r e

ran g e  o f  T, and t h a t  Kĵ (T^) = KgCT^). Maki (9) a lso  in tro d u c e d  a n o th e r

GL p a ram e te r  k_ to  r e l a t e  th e  f i r s t  p e n e t r a t io n  f i e l d  H to  th e  c r i t i c ­
a l

a l  f i e l d  H : 
c

H (T) = {H (T ) /2 c _ (T )} lo g  k ,(T ) (2 .8 )
Cj c J J

Goodman (11) d e fin e d  y e t  a n o th e r  GL p a ra m e te r , l a b e l le d  k^ .

d e f in e d  by

= Ko + 7 .53  X 10"^ P ^ , (2 .9 )

w here k^ i s  th e  GL p a ram ete r o f  th e  p u re  (u n a llo y ed ) m a te r ia l  w hich 

form s th e  main component o f  th e  a l lo y ,  i s  th e  norm al s t a t e  r e s i s t ­

i v i t y ,  i n  yp -  cm, and y i s  th e  e l e c t r o n i c  c o e f f i c ie n t  o f  s p e c i f i c  h e a t ,  

-3  -2in  e rg  -  cm -  K . S ince a l m o s t 'a l l  su p e rco n d u c tin g  elem ents (a s  op­

posed  to  a l lo y s  o r  compounds) a re  Type I ,  k^ “ 0 .1 .

One reason  why we d e a l w ith  p a ra m e te rs  l i k e  k^ . Kg, and n o t  on ly  

w ith  p h y s ic a l  q u a n t i t i e s  l i k e  H and H i s  t h a t  we a re  concerned  w ithCl Cg

th e  shape and s lo p e  o f  th e  m a g n e tiz a tio n  c u rv e , as ev idenced  by and 

-  4ir(dM/dH). The GL p a ram ete rs  en ab le  us to  d ia r a c te r i z e  th e s e  q u a n t­

i t i e s .

In  Eq. ( 2 .3 ) ,  i f  K < 1 / /2 ,  A brikosov  (12) showed th a t  we have
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Type I  s u p e rc o n d u c t iv i ty .  We thus can use th e  GL p aram ete rs  to  d e te r ­

mine e a s i l y  th e  ty p e  o f  su p erco n d u c to rs  under s tu d y .

T hree s e p a ra te  th e o r ie s  o f  s u p e rc o n d u c tiv ity  (G inzburg-Landau,

BCS and A brikosov) have been  d e a l t  w ith . The d e r iv a t io n  o f th e  l a s t  from 

th e  f i r s t  h a s  a lre a d y  been  m entioned; Gorkov (13) de term ined  th e  eq u i­

valency  o f  th e  BCS and GL fo rm u la tio n s .

We have s a id  very  l i t t l e  as y e t ab o u t th e  m e ta l lu r g ic a l  a sp e c ts  

o f s u p e rc o n d u c t iv i ty .  S in ce  we have q u a n t i t i e s  l i k e  th e  Fermi v e lo c i ty ,
I

mean f r e e  p a th  o f e l e c t r o n s ( through th e  norm al s t a t e  r e s i s t i v i t y ) ,  as 

w e ll  as th e  w hole range o f  d e fe c t  s t r u c t u r e  ( th ro u g h  th e  common h y sh e r­

e t i c  b e h a v io r  o f  th e  m a g n e tiz a tio n  cu rv es) , th e  m e ta llu rg y  o f  th e  sam­

p le  p la y s  a  la rg e  p a r t  i n  th e  f i n a l  r e s u l t s .  L iv in g s  ton  and S chad ler 

(14) rev iew ed  much o f  th e  l i t e r a t u r e  on t h i s  s u b je c t .  However, fo r  th e  

moment we s h a l l  n o t  d is c u s s  a l l  th e se  a s p e c ts ,  b u t  l a t e r  on we s h a l l  

develop th o s e  p a r t s  germane to  th e  p r e s e n t  w ork.

In  t h i s  s p i r i t ,  th e r e  a re  o th e r  e q u a tio n s  w hich cou ld  be  devel­

oped on Type I I  s u p e rc o n d u c to rs , bo th  as a  com bination  o f  th e  p rece d in g  

e q u a tio n s  and from th e  fundam ental th e o ry . To co n serv e  sp a c e , we s h a l l  

produce them o n ly  as needed  in  th e  su b seq u en t s e c t io n s ,  as a  g e n e ra l ly  

adequate  overv iew  o f  Type I I  su p e rc o n d u c tiv ity  has been  g iv en  in  th e  

p re c e d in g  p a g e s .



CHAPTER I I I  

EXPERIMENTAL PROCEDURES

In  th i s  s e c t io n  we s h a l l  d e s c r ib e  and d isc u ss  th e  experim en tal 

p ro ced u res  used in  t h i s  work.

Sample P re p a ra t io n

The sam ples w ere c a s t  i n  th e  form o f c y l in d e r s ,  i n  o rd e r  to  s in ç -  

l i f y  g eo m e tric a l c o n s id e ra t io n s .  The sam ple h o ld e r  was c o n s tru c te d  from 

a  T eflon  ro d ; i t s  dim ensions a r e  i l l u s t r a t e d  in  F ig . 2a . I t  was made as 

la rg e  as  p o s s ib le  c o n s is te n t  w ith  th e  s i z e  o f  th e  p ickup c o i l s  which de­

te c te d  th e  s ig n a l .  The low er s e c t io n ,  w here th e  a c tu a l  sam ple r e s t s  a f ­

t e r  p r e p a r a t io n ,  i s  a c y l in d r i c a l  mold w ith  a  2 .0  x 20 mm. b o re .  The 

la r g e r  chamber above s e rv e s  as a  h o ld e r  f o r  th e  c o n s t i tu e n t  elem ents o f

the  a l lo y ,  as w e ll  as a  m ixing chamber.

The In  u sed  was s u p p lie d  by Cominco American In c . ( l o t  HPM 8908)

and was claim ed to  be 99.9999% p u re . The Cd was s u p p lie d  by  E le c tro n ic

Space P ro d u c ts  In c . ( l o t  K960D) and claim ed  to  be o f  th e  same p u r i ty .  

The p re c u t  and w eighed p ie c e s  o f  th e  e lem en ts were p la c e d  in s id e  the 

la rg e  chamber o f  th e  h o ld e r .  In  o rd e r  to  ach iev e  th e  e x a c t percen tag e  

com positions d e s i r e d ,  i t  was o c c a s io n a lly  n e c e ssa ry  to  have samples 

w hich had a  t o t a l  mass s l i g h t l y  d i f f e r e n t  from s a n ç le  to  s a n ç le .  (Typ­

i c a l  sam ple w e ig h t was 0 .4 3  gram s.) The d if f e re n c e  was no g r e a te r  th an

9
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a few p e rc e n t. However, the  ex p e rim en ta l p ro ced u re  employed "norm al­

iz e s "  the  d a ta  w ith  re s p e c t  to  mass and no c o r r e c t io n  i s  n e c e ssa ry .

A la rg e  problem  in  p re p a r in g  any a l lo y  i s  e n su r in g  th a t  th e  con­

s t i t u e n t s  a re  p ro p e r ly  m ixed. A f a i r l y  e la b o ra te  p ro ced u re  was d ev ised  

in  th e  p re se n t work to  make c e r t a in  o f th i s .

A f te r  th e  T eflon  p lu g  was screw ed in to  th e  sam ple h o ld e r ,  i t  

was p laced  in  a  g la ss  tube  suspended  i n  a fu rn a c e . The tube was evac­

uated  to  2 m icrons o f  p re s s u re  o r  l e s s ,  f lu s h e d  w ith  a rg o n , and th e  pro-j- 

cedure re p e a te d . The c o n s t i tu e n ts  o f  th e  a l lo y  w ere th e n  m elted  to ­

g e th e r . However, a problem  w hich a ro se  was th a t  th e  upper l i m i t  o f  temp­

e ra tu re  o f  th e  fu rn ace  was about 240 C, w h ile  th e  m e ltin g  p o in t  o f  Cd 

i s  321 C. The d i f f i c u l t y  was o b v ia ted  by n o tin g  th a t  th e  m elted  In  would 

have a h i ^  in t e r d i f f u s io n  r a t e  w ith  th e  s o l i d  Cd a t  th a t  tem p era tu re  

(240 C). I t  was assumed th a t  a f t e r  a 24 hour m e ltin g  p e r io d  a t  240 C 

th e  Cd would have com ple te ly  d if fu s e d  in to  s o lu t io n .  Subsequent magnet­

iz a t io n  m easurem ents, to  be  d is c u s se d , bo re  o u t  th i s  co n c lu sio n .

The san p le  h o ld e r  was a g i ta te d  to e n su re  t h a t  th e  m olten  a l lo y  

had f a l l e n  com plete ly  in to  th e  low er chamber.

A fte r  t h i s  f i r s t  s t a g e ,  th e  sam ple was s lo w ly  coo led  to  room 

tem peratu re  under vacuum. I t  was then  exposed to  a i r ,  and in s p e c te d  to  

see  i f  a l l  the  Cd had m e lte d . This proved a lm ost always to  be th e  

case .

In  th e  second s t a g e ,  the p lug  was screw ed com plete ly  in to  th e  

sample h o ld e r ,  and th e  h o ld e r ,  a f t e r  a  s e r i e s  o f  e v a c u a tio n s  and f lu s h ­

in g s s im i la r  to  t h a t  o f  th e  f i r s t  s t a g e ,  was s e a le d  o f f  under a  few 

ram o f argon in  a g la s s  tube about 3" i n  le n g th .
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The s e a le d - o f f  tu b e  was then f a s te n e d  in  a  s p e c ia l  h o ld e r and ro ­

ta te d  in  a  v e r t i c a l  p la n e  a f t e r  be in g  h e a te d  to  240 C ag a in  fo r  about 

two days. The e x a c t tim es o f  r o ta t io n s  and h e a t in g  a re  l i s t e d  i n  th e  

c h a p te r  on r e s u l t s .  I t  was f e l t  th a t  t h i s  lo n g  p e r io d  o f  r o ta t io n  and 

h e a tin g  e n su re d  th e  hom ogeneity o f th e  sam ple. A f te r  th e  r o ta t io n ,  the  

sample was p o s i t io n e d  v e r t i c a l l y  i n  th e  oven , and l i g h t l y  shaken f o r  5 

more m in u te s . T h is fo rc e d  th e  m a te r ia l  down in t o  th e  c y l in d r i c a l  s e c t io n  

of th e  sam ple h o ld e r .  I f  any m a te r ia l  a c c id e n ta l ly  rem ained o u ts id e  th e  

c y l in d e r ,  th e  r e s u l t a n t  m a g n e tiz a tio n  cu rves p roved  a b e r ra n t  and th e  

sample was then  d is c a rd e d .

In  th e  t h i r d  s t a g e ,  th e  sam ple was a n n ea led  a t  th e  a p p ro p r ia te  

tem p era tu re  f o r  a t  l e a s t  15 days. The te m p e ra tu re  used  w i l l  be d is c u s s ­

ed in  th e  s e c t io n  on m e ta llu rg y . The te m p e ra tu re  was low ered  from 240 C 

to  th e  a n n e a lin g  te m p era tu re  a t  no g r e a te r  th a n  20 C /h r . , in  o rd e r to  

m a in ta in  ph ase  e q u il ib r iu m .

The tim e o f  a n n e a lin g  was chosen on a n  e m p ir ic a l  b a s i s ,  a f t e r  sh o r­

t e r  an n ea lin g  tim es produced  in a d eq u a te  sam p les . Of c o u rse , the sam ple 

was u n d is tu rb e d  d u rin g  th e  a n n e a lin g . When co m p le te , th e  sample was re ­

moved from th e  fu rn a c e , th e  g la s s  envelope b ro k e n , and th e  sample k e p t 

in  l i q u id  n i t r o g e n  u n t i l  th e  m easuring a p p a ra tu s  was s u f f i c i e n t l y  co ld  

to  make c e r t a in  t h a t  th e  sam ple was n o t  in a d v e r te n t ly  warmed by b e in g  

p la ced  in  i t .  The t r a n s f e r  p ro cess  from oven to  n i t r o g e n  b a th  took le s s  

than  20 seco n d s . The sam ple was then  ready  fo r  u se .

M e ta l lu rg ic a l  C o n s id e ra tio n s

In  F ig . 3 we se e  th e  phase  diagram  o f  th e  In-C d system  (1 5 ), f o r
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the  I n - r ic h  p o r t io n .  U n til  the p re s e n t  w o rk , a lm ost a l l  e f f o r t s  d e a lin g  

w ith  superco n d u c tiv e  a sp e c ts  o f  t h i s  a llo y  have c o n c e n tra te d  on th e  b e t 

p h a se , below 6 a tom ic % Cd. However, the f e e  phase may be in v e s t ig a te d  

i f  s u f f i c i e n t  ca re  i s  taken .

I f  we h av e , f o r  exam ple, a 16 a t .  % Cd a l lo y  a t  T = 125 C, Cd w i l l  

te n d  to  p r e c i p i t a t e  i f  the te m p era tu re  i s  low ered  below 97 C. This 

w i l l  of cou rse  change th e  m e ta l lu rg ic a l  p r o p e r t ie s  o f the  sam ple. How­

e v e r ,  i f  the tem p era tu re  i s  low ered  ra p id ly  below th e  so lv u s l i n e ,  th e  

i n i t i a l  l a t t i c e  s t r u c tu r e  w i l l  be r e ta in e d .  As Rhines (16) p o in ts  o u t ,  

the  d i f f u s io n  v e lo c ity  (and so th e  r a te  o f  p r e c ip i t a t io n )  i s  h a lv ed  fo r  

a d ec re a se  i n  tem p era tu re  o f  ab o u t 50 C, so th a t  th e  p r e c ip i t a t io n  r a te  

i s  about 60 tim es l e s s  a t  l iq u id  n i t r o g e n  te n p e ra tu re  ( -  196 C) than  a t  

a  ty p ic a l  so lv u s  te n p e ra tu re  i n  th i s  diagram .

In  c o n ju n c tio n  w ith  th i s  l a s t  s ta te m e n t ,  when an n ea lin g  th e  a l lo y  

we w ish  th e  d i f fu s io n  r a te  ( o f  n o n -fc c  p h ases  in t o  th e  fe e  p h ase , and 

o f  l a t t i c e  im p e rfe c tio n s  in to  p e r f e c t  l a t t i c e s )  to  be as la rg e  as pos­

s i b l e ,  so we anneal c lo se  to  th e  l i n e  AB. F o r conven ience, fo r  most a l ­

lo y s  th i s  was taken as  125 C.

In a  r e l a t e d  p a p e r , Heumann and P re d e l (17) found th a t  th e  u n i t  

c e l l  volume d ec reased  from 104.9 kX^ to  102 .7  kX^ l i n e a r l y ,  as the  con­

c e n t r a t io n  was in c re a se d  from 0 to  15.3 a t .  % Cd. I f  we assume th a t  th is  

a lso  o ccu rs  a t  low te m p e ra tu re s , we have

D = 7 .3 0  + (A/100) (3 .1 )

w here D i s  th e  d e n s ity  o f  th e  a l l o y ,  and A i s  th e  a tom ic  p e rc e n t Cd. 

D e n s itie s  o f  In  and Cd a t  0 C a re  7.30 and 8 .6 4 , r e s p e c t iv e ly .  T h e ir  

a tom ic  w eig h ts  a re  114.82 and 1 1 2 .4 , r e s p e c t iv e ly .  Thus th e  average a t -
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omic w eigh t i s

114.82(1  -  A) + A (112.4) = 114.82 -  2.4A. (3 .2 )

S ince In  and Cd have 3 and 2 e le c tro n s /a to m , r e s p e c t iv e ly ,  the 

number o f  p a irs /a to m  i s

N = 1.5 -  0.5A. (3 .3 )

Combining Eqs. ( 3 .1 ) ,  ( 3 .2 ) ,  and ( 3 .3 ) ,  we have

e le c tro n  p a i r s  _ 6 .02  x 10^^(7 .3  + A )(1 .5  -  0.5A)
cc 114.82 -  2.4A ^  (3 .4 )

This q u a n ti ty  w i l l  b e  used in  a l a t e r  s e c t io n .

E xperim en ta l C ry o s ta t 

The c r y o s ta t  u sed  i n  th e  experim ents i s  d e p ic te d  i n  F ig . 2b. This 

in n e r  dewar, f i l l e d  w ith  l i q u id  h e liu m , i s  suspended i n  a l iq u id  n i t r o ­

gen b a th  (n o t shown) to  p re -c o o l i t s  i n t e r i o r .

The sample i s  connected  by i t s  end p lu g  to  a  s t a i n l e s s  s t e e l  

t h r u s t  rod  T w hich ex ten d s  o u t o f  th e  top  p l a t e  o f th e  c r y o s ta t .  In  op­

e r a t io n ,  the  sample i s  pushed m anually by means o f th e  rod from th e  

upper s e a rc h  c o i l  to  th e  low er one. The se a rc h  c o i ls  w ere wound commer­

c i a l l y  and each c o n s is ts  o f  8000 tu rn s  o f #40 w ire .  They a re  connect­

ed  in  s e r i e s  and wound i n  o p p o s i t io n ,  to  red u ce  th e  e f f e c t  o f  e x te rn ­

a l  f i e l d  changes.

The r e s t  o f  th e  c r y o s ta t  i s  b u i l t  around th i s  low er p a r t .  A fu r ­

th e r  c o n s id e ra tio n  i s  m in im izing  th e  helium  lo s s .  Thus, th e  c r y o s ta t ’s 

le n g th  i s  such th a t  th e  to p ,  a t  room te m p era tu re , i s  a c o n s id e ra b le  d is ­

tan ce  from th e  h e liu m  l e v e l .  A s e r i e s  o f  b a f f l e s  B i s  used  to  reduce 

r a d ia t io n  in flo w . The su p p o rt rods a re  made o f  s t a i n le s s  s t e e l .

A manometer tu b e  M f o r  measurement o f  tem p era tu re  i s  shown in  F ig . 

2b, as w e ll as th e  dc e le c tro m a g n e t. Both w i l l  be d isc u sse d  l a t e r .
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Because he liu m  gas w i l l ,  o v er a p e r io d  o f  tim e, perm eate th e  g la ss  

o f  the dewar, th e  ja c k e t  was o c c a s io n a lly  re -e v a c u a te d .

The g en e ra l p r in c ip le s  o f  c r y o s ta t  d e s ig n  a re  d e sc r ib e d  by W hite

(1 8 ) .

dc E lec trom agnet

The p o s i t io n  o f th e  dc e le c tro m a g n e t, used  to  p roduce a  uniform  

m agnetic  f i e l d  around the  sam ple, i s  shown in  F ig . 2b. I t  i s  p o s it io n e d  

so t h a t  th e  c e n te r  o f  the  s e a rc h  c o i ls  i s  a t  i t s  c e n te r .  I t  i s  suspend­

ed in  th e  l i q u id  n i t r o g e n ,  and has a  c u r re n t  c a p a c ity  o f  a t  l e a s t  14 A.

The e lec tro m ag n e t i s  powered by a r e g u la te d  and v e ry  s ta b le  Hew­

l e t t  -  Packard  6268A dc power supp ly  (w ith  c u r re n t  r e g u la t io n  o f  0.1%) 

connected  in  s e r i e s  to  a sw itch in g  c i r c u i t  o f  h ig h -w a tta g e  r e s i s t o r s .  The 

r e s i s t o r s  en ab le  th e  ex p erim en te r to  reduce th e  s e n s i t i v i t y  and th u s  to  

maximize th e  s e l e c t i v i t y  o f  th e  v o lta g e  and c u r r e n t  c o n tro ls  o f  th e  pow­

e r  supp ly .T he r e s is ta n c e  o f  th e  e lec tro m ag n e t a t  77 K i s  1 .7 0 .

The e lec tro m ag n e t was wound on th e  G a r r e t t  (19) p r in c i p le s ,  i . e . ,  

w ith  a p p ro p r ia te  c o r re c t io n  c o i l s  on th e  ends to  make th e  c e n te r  f i e l d  

ex trem ely  un ifo rm . The c o i l s  were wound w ith  abou t 20 lo n g i tu d in a l  

s t r i p s  o f  nylon w ire  betw een each  copper w ire  la y e r  ( to  allow  th e  l i q ­

u id  n it ro g e n  to  c i r c u la t e )  and had a  le n g th  o f 9 " .  O ther dim ensions a re

in  F ig . 2b. The computed f i e l d  v a r ia t io n  a long  th e  c e n te r  a x is  i s  shown

in  F ig . 4a. I t  i s  c o n s ta n t to  0.1% f o r  a t o t a l  d is ta n c e  o f  3 .2 " .

Using th e  c o i l  geom etry, we f in d  th a t  a t  th e  c e n te r  o f  th e  m agnet,

H = 1694 V, (3 .5 )

w here V i s  th e  v o lta g e  a c ro ss  a  p re c is io n  r e s i s t o r  o f  r e s is ta n c e  = .10440, 

c a rry in g  th e  magnet c u r r e n t ,  and H i s  th e  m ag n e tic  f i e l d  i n  Oe. Dr. S. E.

Babb, J r .  m easured th e  r e s i s ta n c e .
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• H

.999

0 0 .5 I 1.5

D is ta n c e  from c e n te r ,  in .

F ig . 4a. E lec tro m ag n e t f i e l d  along a x is  (no rm alized )

20 . 40 60 80
m i l l i v o l t s  on p re c is io n  r e s i s t o r  

F ig . 4b . H a ll  v o lta g e  o f E lectrom agnet
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The f i e l d  in  th e  magnet was m easured by L. Sisem ore and J .  N ich­

o lso n , u s in g  a H a ll p ro b e . In  F ig . 4b th e  r e s u l t s  o f  t h e i r  d e te rm in a ­

t io n  i s  shown. The H a ll p robe  was c a l ib r a t e d  by means o f  a  s ta n d a rd  mag­

n e t ,  and t h e i r  r e s u l t s  y ie ld

H = (1704 .8  ± 9 .9 )  V (3 .6 )

which makes th e  c a lc u la te d  v a lu e  very  c lo s e  to  th e  e x p e rim e n ta l v a lu e .

The e r r o r  s ig n  in  th e  l a s t  e q u a tio n  r e f e r s  to  two s ta n d a rd  d e v ia t io n s .

The average o f  th e  c o e f f i c i e n t s  o f  E qs. (3 .5 )  and (3 .6 )  (1700) was u se d  

in  c a lc u la t io n s .

E x p erim en ta l Method

The s ta n d a rd  (20) b a l l i s t i c  throw  method was th e  b a s i s  o f th e s e  

ex p erim en ts . I f  a  body w ith  m a g n e tiz a tio n  M i s  moved through a c o n s ta n t  

m agnetic  f i e l d ,  th e  change in  f lu x  l in k a g e  can b e  made to  p roduce an emf 

i n  a c o i l .  This emf i s  p ro p o r t io n a l  to  th e  m a g n e tiz a tio n  o f  th e  body.

The c o i l s  u sed  a re  th e  s e a rc h  c o i l s  o f  F ig . 2b. The m otion i s  p roduced 

by pushing on th e  t h r u s t  rod  T. The s e a rc h  c o i l s  and e lec tro m ag n e t w ere  

c a r e fu l ly  a l ig n e d  w ith  r e s p e c t  to  each  o th e r .  The s ig n a l  was se n t th rough  

an L&N 2285E b a l l i s t i c  g a lv an o m ete r, w ith  a c i r c u i t  a rran g ed  to  p roduce 

th e  maximum s ig n a l  w ith  a  l a r g e  deg ree  o f  damping. The c i r c u i t  i s  shown 

in  F ig . 5 a . I t  was found t h e o r e t i c a l l y  and e x p e rim e n ta lly  t h a t  th e  tim e  

T taken to  push th e  sam ple th ro u g h  th e  s e a rc h  c o i l s  d id  n o t  a f f e c t  th e  

r e s u l t s ,  as lo n g  as T 2 s e c .

The d e f le c t i o n  o f  th e  ga lv an o m eter i n  re sp o n se  to  th e  in d u ced  emf 

was m easured on a  w a ll  c h a r t ,  ap p ro x im ate ly  12 f t .  from th e  in s tru m e n t.  

The n o n lin e a r  s c a le  o f  th e  c h a r t  had  a ty p i c a l  s c a le  o f 2 .5 "  ~ 1 d e g re e , 

so  th a t  in c rem en ts  o f 0 .0 1  d eg ree  cou ld  b e  re a d .
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“ H/VV*

s -  Sample 
C -  Search c o i ls  
P -  P o te n tio m e te r  
G -  G alvanom eter (w all)

LEGEND
SC -  H igh -w attage  sw itc h in g  c i r c u i t  
E -  E lec tro m ag n e t 
R -  P re c is io n  r e s i s t o r  
V -  R egu la ted  power supp ly

F ig . 5 a . E xperim en ta l c i r c u i t r y  to  measure m a g n e tiz a tio n  o f supercon­
d u c to rs .

4̂
4 #

LEGEND
W -  Wagner ground 
S -  Sample 

-  O s c i l l a to r  
M '- Compensating c o i ls

R -  V a riab le  r e s is ta n c e s  
D -  D e te c to r  
M -  Sample c o i l s

F ig . 5b . C ir c u i t  to  measure norm al s t a t e  resistivity.
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The v o lta g e  a c ro ss  th e  p re c is io n  r e s i s t o r  was m onitored  by a p o t­

e n tio m e te r  (L6N K3) and was co n v erted  to  m agnetic f i e l d  by the  p rev ious 

r e l a t i o n .  We now have a co rrespondence betw een m agnetic  f i e l d  and the 

w a ll  galvanom eter d e f le c t io n  when the  sam ple i s  t h r u s t  from one sea rch  

c o l l  to  a n o th e r .

The problem  o f  c a l i b r a t i o n  was h an d led  by n o tin g  t h a t  th e  sample 

i s  p e r f e c t ly  d iam agnetic  f o r  -  4trM < H ; i . e . ,  -  4ïïM = H o v er th a t  

ran g e . The s lo p e  o f th e  d e f le c t io n  v s .  f i e l d  graph was found u s in g  a t  

l e a s t  6 m easurem ents and a l e a s t  sq u a re s  f i t  f o r  each a l lo y  and temper­

a tu r e ,  and co n v erted  to  m a g n e tiz a tio n  u s in g  H = 1700V. There were only  

s l i g h t  changes in  t h i s  s lo p e  f o r  changes i n  sam ple and com position . As 

m entioned above, the volume o f  th e  s a n ç le  p lay s  no p a r t  in  t h i s  c a lc u l­

a t io n .

The a c tu a l  experim en t b e g in s  by co o lin g  th e  ap p ara tu s  down by us­

in g  l i q u id  n i t ro g e n  in  th e  o u te r  dew ar. The sam ple h o ld e r  i s  then  

screw ed on th e  th r u s t  rod  q u ic k ly ,  to  p re v e n t i t  from warming. The. 

sam ple and s e a rc h  c o i ls  a re  th e n  b r i e f l y  immersed in  l iq u id  n itro g e n  

b e fo re  b e in g  re tu rn e d  to  th e  in n e r  dew ar. The e n t i r e  t r a n s f e r  p ro cess  

ta k es  l e s s  th a n  40 s e c .

L iqu id  he liu m  i s  then  added to  th e  in n e r  dewar, and pumped down 

to  th e  a p p ro p r ia te  te m p e ra tu re . The read in g s  a re  then  ta k e n , w ith  a f i e l d  

b e in g  s e t  by ad ju stm en t o f th e  power su p p ly  and th e  w a ll  galvanom eter 

d e f le c t io n  n o te d . The l i q u id  h e liu m  la s t e d  approx im ate ly  2 h r .  f o r  most 

ex p erim en ts .

The ten g e  r a tu r e  o f  th e  sam ple may b e  changed in  th e  course  o f  th e  

e x p e r im e n ta tio n . Due to  co n v ec tio n  problem s in  th e  he lium  b a th ,  th i s  

i s  n o t done by m erely changing th e  pumping r a t e .  I n s te a d ,  a sm all h e a t­
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e r  below th e  sam ple was used to  r a i s e  th e  tem p era tu re  o f  th e  b a th  above 

T^. The te m p era tu re  i s  th en  low ered  th e  a p p ro p r ia te  amount. The p roced­

u re  en su res  th e  rem oval o f  any trap p e d  f lu x .

A sm all c o r r e c t io n  to  th e  m a g n e tiz a tio n  r e s u l t s  was made. When 

an empty sam ple h o ld e r  was u se d , a sm a ll b u t s i g n i f i c a n t  in c re a s e  in  

d e f le c t io n  was n o ted  w ith  in c re a s in g  m agnetic f i e l d .  This e f f e c t  was 

p robably  due to  th e  e a r t h 's  m agnetic  f i e l d ,  s l i g h t  m a g n e tiz a tio n  o f  th e  

s t a in le s s  s t e e l  t h r u s t  rod , and o th e r  cau ses . When th e  e f f e c t  was f i r s t  

n o te d , the  e q u a tio n  o f  th e  c o r r e c t io n  was

D = 0.569V + 0.099 (3 .7 )

where D i s  th e  d e f le c t io n  i n  d e g re e s , and V i s  th e  v o lta g e  a c ro ss  the  

p re c is io n  r e s i s t o r .  S ince th e  e f f e c t  was found to  in c re a s e  s l i g h t l y  

w ith  tim e , p e r io d ic  r e -e v a lu a t io n s  o f  th e  c o n s ta n ts  in  t h i s  e q u a tio n  

were u n dertaken . D was s u b tr a c te d  from  the  ex p e rim en ta l d e f le c t io n  

v a lu e s . B. Jo h n sto n  w rote  a com puter program  in  FORTRAN w hich c o r re c te d  

d a ta  fo r  th e se  r e s id u a l  d e f l e c t i o n s ,  converted  d e f le c t io n s  in to  magnet­

i z a t io n ,  and co n fu ted  th e  GL p a ram ete rs  ( k^, and K ^), H^, and

H .
^2

R e s i s t i v i ty

In  Eq. ( 2 .1 0 ) ,  i t  i s  shown th a t  th e  n o rm a l-s ta te  r e s i s t i v i t y  (o r  

r e s id u a l  r e s i s t i v i t y )  w i l l  p la y  a  p a r t  in  the th e o ry  o f  Type I I  su p e r­

conducto rs. S ince th e  r e s i s t i v i t y  changes very l i t t l e  a t  low tem pera t­

u re s ,  the  r e s id u a l  r e s i s t i v i t y  w i l l  be tak en  to  mean th e  r e s i s t i v i t y  a t  

4 .2  K ( th e  tem p era tu re  o f  l i q u id  h e liu m  a t  a tm ospheric  p r e s s u r e ) ,  i f  the  

m a te r ia l  concerned i s  n o t  su p e rco n d u c tin g  a t th a t  te m p e ra tu re .
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However, b ecau se  o f th e  c o n s tru c t io n  o f th e  sample h o ld e r  i t  would 

have been d i f f i c u l t  to  measure th e  r e s i s t i v i t y  by th e  s ta n d a rd  4 -p robe  

m ethod. F u rth e rm o re , because  o f the danger of Cd pr e c i p i t a t i o n  i f  th e  

sample i s  warmed up in a d v e r te n t ly ,  t h i s  te ch n iq u e  w ould have  been  made 

more d i f f i c u l t .  Due to  th e  s e n s i t i v e  m e ta llu rg y  o f  th e  sam p les , i t  was 

a ls o  d ec id ed  to  de te rm in e  th e  r e s i s t i v i t y  o f  th e  a c tu a l  sam p les , r a th e r  

th an  th a t  o f  s im i la r  specim ens. The l im i t a t i o n s  im posed by th e  above 

c o n s tr a in ts  r e q u ir e  th e  r e s i s t i v i t y  to  b e  determ ined  by an i n d i r e c t  method. 

The te c h n iq u e  chosen was t h a t  o f  Chambers and P a rk  (2 1 ). The r e s i s t i v i t y  

can be  deduced from th e  change o f  m utual in d u c tan ce  betw een two c o i ls  

when th e  sam ple i s  in tro d u c e d . To e l im in a te  end e f f e c t s ,  th e  two c o i ls  

c o n s is te d  o f  a lo n g  p rim ary  and a  secondary  c o i l  abou t \  th e  le n g th  o f  

th e  sample and c e n te re d  on i t .  The c i r c u i t r y  i s  shown in  F ig .  5b . I t  i s  

e s s e n t i a l l y  a  H artsh o rn  b r id g e .

The b r id g e  i s  b a la n c e d  by a d ju s t in g  th e  m utual in d u c ta n c e s  and 

r e s i s t a n c e s .  The sam ple i s  th en  in s e r t e d  in  M and th e  b r id g e  aga in  b a l ­

anced. I f  6M and ôR/w, where u i s  th e  a n g u la r  freq u en cy  o f  th e  o s c i l l a t ­

o r , a re  p lo t t e d  v e rsu s  th e  frequency  f  (= u/2ir) , we o b ta in ,  t y p i c a l l y .

F ig . 6 . Chambers and P ark  f in d  where th e  curves i n t e r s e c t  t h a t

f  = 0 .0803  p /a ^  (3 .8 )m

w here f ^  i s  th e  frequency  o f  i n t e r s e c t i o n  in  Khz, a  i s  th e  sam ple ra d iu s  

in  cm ., and p i s  th e  r e s i s t i v i t y  in  yfi -  cm. I s o t r o p ic  r e s i s t i v i t y  has

been assumed. We th u s  have an e q u a tio n  f o r  the  r e s i s t i v i t y  i n  term s o f

m easurable q u a n t i t i e s .

In  F ig . 5b , th e  p ro p e r grounding o f  th e  a p p a ra tu s  was v e ry  e s s e n t­

i a l ,  and t h i s  i s  done by means o f  a Wagner ground (d es ig n ed  to  p u t th e

d e te c to r  a t  ground p o t e n t i a l ) .
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Sample 97 a t  4 .2  K

LEGEND —  6R /ti)

•  —  6M

f  -  28 .1  kHz m

o

MO

20
f  (kHz)

F ig . 6 . D eterm ining r e s i s t i v i t y  by Chambers' m ethod
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O ther au th o rs  have found th e  same problem . Two of th e  r e s is ta n c e s  

R were commercial n o n -in d u c tiv e  r e s is ta n c e  b o x es , hav ing  d iv is io n s  o f  

100 raJ2. The th i r d  was b u i l t  in  th e  la b o ra to ry  u s in g  s h o r t  s t r i p s  o f  cop­

p e r  w ire ,  and had d iv is io n s  of abou t 5 mO. By u s in g  th e se  boxes in  p a r­

a l l e l ,  changes in  r e s is ta n c e  o f  1 cou ld  b e  d e te c te d . A ll v a lu e s  o f  

r e s is ta n c e  and in d u c ta n c e  were m easured on a  G eneral Radio 165Q-A Imp­

edance B ridge . The two s e ts  o f  c o i ls  M and M* w ere g iven  e x a c tly  the  

same m utual in d u c ta n c e , and w ere connec ted  o p p o s ite ly .  One c o i l  o f each 

s e t  was a  com m ercial ra d io  choke; th e  o th e r  h a l f  was a 1.40 mH c o i l  

wound so as to  m inim ize th e  d i s t r i b u t e d  c a p a c ita n c e , w hich was 0 .0 1 3  pF.

The v a r ia b le  in d u c tan ce  was a  G eneral Radio 107F V a r ia b le  In d u c t­

ance whose s t a t o r  was tapped  a t  4 in te rm e d ia te  p o in t s .  These connect­

io n s  p lu s  th e  u se  o f  a v e rn ie r  s c a le  a llow ed  changes o f  M to  b e  read  to

0 .01  pH on an in s tru m e n t whose l a r g e s t  M = 90 pH. The o th e r  m utual in d ­

u c tan ces  in  th e  c i r c u i t  could  be  used  i f  90 pH w ere i n s u f f i c i e n t  to  b a l ­

ance i t .  The o u tp u t o f the  c i r c u i t  was fe d  th rough a tra n s fo rm e r  to  a 

Rohde & Schw artz Type UBM Tunable A m p lif ie r .

In  F ig . 6 , we have a ty p ic a l  s e t  o f  cu rv es . We f in d  th e  e x a c t p o in t  

o f  i n t e r s e c t io n  by f i t t i n g  each curve to  a  p a ra b o la  (which i t  approxim ­

a te s  n e a r  f^ ) by l e a s t  s q u a re s ,  on a lo g - lo g  s c a le .

The method was checked by m easuring  th e  r e s i s t i v i t y  o f p u re  In  a t

77 K and 293 K. The r e s u l t s  w ere 1.795 and 7.75 pO-cm., r e s p e c t iv e ly .

The v a lu e s  g iven  in  L a n d o lt-B o rn s te in  a re  1.72 and 8 .19 , r e s p e c t iv e ly  

(3 4 ).

R e su lts  o f  th e  d e te rm in a tio n  o f p w i l l  be ta b u la te d  l a t e r .

D em agnetiza tion  R atio
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I t  was p o in te d  o u t p re v io u s ly  th a t  th e  geometry o f th e  sam ple

p la y s  a p a r t  in  d e te rm in in g  th e  r e la t io n s  betw een 4nM, H and B. I f  th e

sam ple i s  in  th e  form o f  an e l l i p s o i d  o f r e v o lu t io n ,

D = (e"^  -  l ) { ( l / 2 e ) l o g  {(1 + e ) / ( l  -  e ) } -  1}, (3 .9 )

2 2 2where D i s  th e  d em ag n e tiza tio n  c o e f f i c i e n t ,  e  = {1 -  (b / a  ) } ,  and a , 

b a re  th e  sem i-m ajo r and sem i-m inor a x e s , r e s p e c t iv e ly .

The shape o f  th e  sam ple i s  th en  c h a ra c te r iz e d  by D. For an i n f i n ­

i t e  c y lin d e r  p a r a l l e l  to  H, D = 0 . F or th e  p r e s e n t  geometry (see  F ig , 2 a ) , 

D = 0 .0 2 . While th e  p re s e n t  geom etry i s  n o t  a  p e r f e c t  e l l i p s o i d ,  i t  i s  

s u f f i c i e n t ly  c lo se  fo r  t h i s  app rox im ation  to  h o ld .

Z o l le r  and D i l l in g e r  (22) have shown t h a t  

H’ = {1 -  (D /4ti) }H

(3 .1 0 )
H’ = H 

*=2 "̂2

w here th e  prim ed q u a n t i t i e s  r e f e r  to  th e  v a lu e s  o f  H and H c o r re c te d  

f o r  th e  e f f e c t  o f  D f  0 . The r e l a t io n s  w i l l  b e  used  in  fo llo w in g  w ork.

Tem perature Measurement and C on tro l 

The te m p era tu re  o f  th e  he liu m  b a th  was m easured by means o f  a  2- 

way manometer. The tu b e  M le a d in g  to  th e  manometer i s  shown in  F ig . 2b. 

One s e c t io n  o f  th e  manometer c o n ta in ed  m ercury , and th e  o th e r  b u ty l  

p h th a la te ,  a l i q u i d  which has a vapor p re s s u re  o f l e s s  than 10 m icrons 

o f  Hg a t  room te m p e ra tu re . S ince i t s  d e n s ity  i s  0 .077  th a t  o f  Hg, i t s  

use a llow s us to  expand th e  te m p era tu re  s c a le  by a f a c to r  o f  13. A fo u r­

way stopcock  was used  in  th e  two-way m anometer.

One end o f  th e  manometer was th e  above-m entioned tube in  th e  i n ­

n e r  dewar; the  o th e r  end was pumped on by a Cenco vacuum pump, which
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m ain ta in ed  a  vacuum o f a few m icrons. Thus th e  manometer was o f  th e  d i f ­

f e r e n t i a l  type . The d if f e re n c e  in  le v e ls  was re a d  by a ca the tome t e r  to  

an accuracy  o f 0 .0 5  mm.

The tem pera tu re  o f th e  he liu m  b a th  (and  thus the  sam ple) was con­

t r o l l e d  by low ering  th e  p re s s u re  above th e  b a th  by a la rg e -c a p a c i ty  (110 

cfm) Kinney vacuum pump. A means o f  c o n t ro l l in g  th e  pumping sp eed  (and 

thus th e  tem p era tu re ) was fu rn is h e d  by a  M anostat Corp. No. 8 m an o sta t, 

u s in g  th e  C a r te s ia n  d iv e r  p r in c i p l e .  P re s su re  v a r ia t io n s  can e a s i l y  be 

k e p t w ith in  + 1 mm. o i l  d u rin g  a ru n . This co rresponds to a maximum tem­

p e ra tu re  v a r ia t io n  of + 0 .012  K a t  T = 1.1 K. In  most c a se s , th i s  range 

was h e ld  to  + 0 .004  K o r l e s s .

The correspondence betw een p re s s u re  and te n ç e ra tu re  was made by 

means o f  th e  1958 Helium T em perature S ca le  (2 3 ) . The rad iu s  o f  th e  man­

om eter tu b e  was chosen s u f f i c i e n t l y  la r g e  to  make th e  therm om olecular 

e f f e c t  sm a ll. The g r e a te s t  e r r o r  due to  t h i s  e f f e c t  was 7 mK a t  th e  low­

e s t  tem pera tu re  ach ieved  (= 1 .1  K) and d ec reased  ra p id ly  to  zero  as  th e  

te m p era tu re  was r a is e d .

The c r i t i c a l  tem p era tu re  was m easured by ap p ly in g  a s m a ll  f i e l d  

to  the sam ple, d ec re a s in g  th e  te n ç e r a tu r e  v e ry  s lo w ly , and n o tin g  th e  

changes in  galvanom eter d e f le c t io n  as th e  sam ple i s  moved betw een th e  

two c o i l s .  A ty p ic a l  example i s  shown i n  F ig . 7. The t r a n s i t io n  w id th  

was taken  to  be 80% o f the  change i n  d e f le c t io n ,  as i l l u s t r a t e d ,  and 

th e  c r i t i c a l  tem pera tu re  was ta k en  as th e  m idpo in t o f  the t r a n s i t i o n  

w id th .

However, c o r re c t io n s  m ust be made to  th i s  v a lu e  to a llow  f o r  the 

sm a ll m ag n e tic  f i e l d ,  which d e p re s se s  T^. I f  we assume th a t  d i l u t e  a l -
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lo y s  o f In  have th e  same v a lu es  o f  (dH /dT)^ ^  ^ as pu re  I n ,  we can use
c

the  va lu e  141 G /deg. K found by Shaw e ^  a l  (2 4 ). Using Eq. (3 .5 )  and 

th i s  va lue ,w e have

1 mV ■(--------- 12.0 mK (3 .1 1 )

A p p ro p ria te  c o r r e c t io n s  (of the  o rd e r  o f  18 mK) w ere made in  a l l  d e te r ­

m inations  o f th e  c r i t i c a l  te m p e ra tu re .

To check th e  abso lu te  accuracy  o f  th e  te m p era tu re  measurement sy s ­

tem , an nea led  sang)le s  o f  pure I n  w ere  t e s t e d  a t  0 .8  and 1 .5  mV. Comp­

a red  to  Shaw 's = 3.4075 K , th e  te n ç e r a tu r e s  w ere on ly  11 mK low . In  

a d d i t io n  to  t h i s  check , the le v e ls  o f  th e  o i l  and m ercury s e c tio n s  w ere 

te s t e d  f r e q u e n t ly  w ith  vacuum on b o th  ends to  en su re  t h a t  the  le v e ls  

w ere th e  same.

J a r r in g  o f  th e  Sample 

One prob lem  w hich occurs in  th e  m a g n e tiz a tio n  d a ta  i s  t h a t  o f hys­

t e r e s i s .  W hile a th e o r e t i c a l  b a s is  f o r  t r e a t i n g  th i s  w i l l  be  d isc u sse d  

l a t e r ,  th e  s i t u a t i o n  can be somewhat a l l e v i a t e d  by j a r r i n g  th e  t h r u s t  

rod  and thus th e  sam ple b efo re  each m easurem ent. S in ce  th e  h y s te r e s is

i s  g r e a te s t  around H= H , th e  g r e a t e s t  inçrovem ent i n  d a ta  i s  found in
^1

t h i s  re g io n . Dubeck e t  ^  (32) n o te d  th i s  e f f e c t  i n  th e  P b -In  system  

r e c e n t ly .

I n  p r a c t i c e ,  tapping  and  m easurem ent a l t e r n a t e  a t  a  g iven  f i e l d  

u n t i l  th e  d e f le c t io n  has  d ec re a se d  to  a  c o n s ta n t v a lu e . A ty p ic a l  

case  i s  shown in  F ig . 8. We see  t h a t  th e  d e f le c t io n  (and th e  m agnetiz­

a t io n )  can b e  d ec reased  up to  30% in  some c a s e s .

The p h y s ic a l  b a s is  f o r  th i s  e f f e c t  i s  th a t  th e  f lu x  l i n e s  a re  p in ­

ned  a t  c e r t a in  ex ten d ed  d e fe c ts  l i k e  d i s lo c a t io n s ,  cau sin g  h y s te r e s i s .
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At a com para tive ly  low m agnetic  f i e l d ,  the  m agnetic d r iv in g  fo rc e  i s  

n o t s u f f i c i e n t  to  f r e e  them from t h e i r  p in s .  The m echan ica l fo rc e  o f  

th e  j a r r i n g  (o r  th e  th e rm a l f lu c tu a t io n s  caused  th e re b y )  i s  ap p a re n tly  

s u f f i c i e n t  to  f r e e  many o f  th e  f lu x o id s ,  though n o t  a l l .  I t  m ight be 

u s e fu l i n  f u r th e r  work to  s tu d y  th e  c o r r e la t io n  betw een th e  e l im in a tio n  

of h y s te r e s is  and th e  frequency  and am plitude o f  Icw -frequency  v ib r a t ­

io n s  a p p lie d  to  su p e rc o n d u c to rs . T h is would g iv e  us more in s ig h t  in to  

th e  p h y s ic a l b a s is  o f  h y s te r e s i s .

I t  i s  o f  i n t e r e s t  to  n o te  t h a t  Goedemoed e t  a l  (33) ach ieved  the 

same r e s u l t  by "w ig g lin g "  th e  m agnetic  f i e l d  and th e  te m p e ra tu re .



CHAPTER IV 

PRELIMINARY EXPERIMENTAL WORK

P r io r  to  d isc u ss in g  th e  r e s u l t s  o f  In-Cd a l l o y s ,  we s h a ll  d iscu ss  

some p re lim in a ry  work w hich was done on th e  Sn-Ga and In-G a system s.

These system s were chosen fo r  a number o f  re a so n s .

F i r s t l y ,  Sn and In  (b o th  o f w hich a re  su p e rco n d u c to rs)  form s o l id  

s o lu t io n s  w ith  a c o n s id e ra b le  number o f  o th e r  e le m e n ts . The elem ents 

and the maximum s o l u b i l i t y  in  atom ic % a re  f o r  Sn: Au, 0 .2 ;  Bi, 13 .1 ;

Cd, 1 .1 ; Hg, 0 .5 ;  In ,  1 2 .5 ; Pb, 1 .45 ; Sb, 1 0 .3 ; Te, 0 .1 ;  T l , 0 .35 ; Zn,

2. For In :  B i, 12 .4 ; Cd, 6; Ga, 1 8 .3 ; Hg, 12; L i ,  9 ; Pb, 12; Sn, 2 6 .4 ; 

T l ,  23; Zn, 2. This d a ta  i s  taken  from Hansen and Anderko (25). S ince 

th e  s o l id  s o lu t io n s  w hich a re  formed in  th e se  cases  have a body-cent­

e red  te t r a g o n a l  c r y s ta l  s t r u c t u r e ,  no e f f o r t  need  be  expended i n  d e te r ­

m ining t h i s  s t r u c tu r e .

S eco n d ly , a number o f in v e s t ig a to r s  have found th a t  c e r ta in  o f  

th e se  a l lo y s  form Type I I  su p e rc o n d u c to rs , in  c o n t r a s t  to  the Type I  

b eh av io r  o f pure Sn and In  (2 6 ). I t  sh o u ld  be  n o te d  th a t  w h ile  consid ­

e ra b le  work has been done on th e  v a r i a t io n  o f  T w ith  c o n c e n tra tio n  fo rc

th e se  s o lu t io n s ,  le s s  has been done on m agnetic  a s p e c ts .

W hile Hansen and Anderko showed no s o l u b i l i t y  o f  Ga in  Sn, P re -  

d e l (27) in d ic a te d  a maximum s o l u b i l i t y  o f  7 .1  a t .  %. T h e ir  phase diagram

31
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is  shown in  F ig . 9a . A number o f sam ples w ere made from Ga and Sn 

su p p lie d  from E le c tro n ic  Space P roducts  I n c . ; b o th  m e ta ls  were claim ed 

to be 99.999% p u re .

Because no sam ples w ere p rep a red  n e a r  th e  re g io n  o f  p o s s ib le  Ga 

p r e c i p i t a t i o n  ( > 7 a t .  %), no a n n e a lin g  was done a t  f i r s t .  A f u r th e r  

j u s t i f i c a t i o n  f o r  t h i s  was t h a t  th e  samples w ere r e l a t i v e ly  n o n -h y s t-  

e r e t i c ,  i . e . ,  th e  tra p p e d  f lu x  r a t i o  was 20% o r  l e s s .  This r a t i o  i s  

the p ro p o r tio n  o f m a g n e tiz a tio n  a t  H = 0 on th e  r e tu rn  curve to  the  

maximum m a g n e tiz a tio n , a t  H = H . When a n n ea lin g  n e a r  th e  s o lid u s  tem- 

p e ra tu re  was done, th e  trap p e d  f lu x  decreased  by about h a l f ,  b u t the 

g en e ra l shape  o f th e  forw ard  m a g n e tiz a tio n  curve rem ained th e  same.

These cu rves w ere o f  th e  Type I  form , i . e . ,  approx im ate ly  t r ia n g ­

u la r .  The m a g n e tiz a tio n  had a s lo p e  o f about 30 n e a r  H = in d i c a t ­

ing  alm ost com plete Type I  b e h a v io r .

The reaso n  why some a l lo y s  show Type I I  su p e rc o n d u c t iv ity ,  and 

o th e rs  Type I  i s  s t i l l  n o t known (1 4 ). In  g e n e ra l ,  k w i l l  in c re a s e  

w ith  r e s id u a l  r e s i s t i v i t y  (se e  Eq. ( 2 .9 ) ) .  I f  K > 0 .7 0 7 , the  supercon­

d u c to r i s  Type I I .  However, th e  r e s id u a l  r e s i s t i v i t y  has n o t  been  

measured f o r  th e se  p a r t i c u l a r  a l lo y s .

In  Type I  su p e rco n d u c to rs  we have th e  r e l a t i o n

H/H^ = I -  (T/T^)^ (4 .1 )

I f  we f i t  t h i s  to  th e  p r e s e n t  d a ta ,  we can f in d  th e  c r i t i c a l  f i e l d  

a t  T = 0 (Hg) and c r i t i c a l  te m p era tu re  T^. S ince  on ly  two s e ts  o f  d a ta  

( a t  c o n c e n tra tio n s  o f  2 .1  and 5 .7  a t .  % Ga) w ere o b ta in e d , th e  r e s u l t s  

a re  n o t rep roduced  h e re .  However, in  g e n e ra l th e  v a r ia t io n  o f T^ ag rees 

w ith  the  d a ta  o f Knapp and M erriam (2 8 ) ,  i . e . ,  a  sm all in c re a s e  o f  T
c
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o f  a few te n th s  o f  a degree  from th a t  o f  p u re  Sn.

S ince Type I I  s u p e rc o n d u c tiv ity  i s  found in  5 In  a l lo y s  as com­

pared  to  3 Sn a l lo y s ,  i t  was th e n  d ec id ed  to  examine i t  in  the  In-G a 

system . This system  had  n o t been  checked e x p e rim e n ta lly  p r io r  to  th i s  

w ork. The phase  diagram  in  Hansen and Anderko (25) i s  shown in  F ig . 9b. 

However, su b se q u e n tly  Heubner and W incierz  (29) determ ined  a  much smal­

l e r  s o l id  s o l u b i l i t y  i n  th e  I n - r i c h  end (ab o u t 1 a t .  % Ga a t  e le v a te d  

te m p e ra tu re s , and about 2 .5  a t .  % Ga a t  room te m p era tu re ) by d i f f e r e n t ­

i a l  th e rm o a n a ly s is . S ince  th e  sam ples w ere chosen on th e  b a s is  o f  th e  

Hansen d a ta ,  th ey  a l l  have a Ga c o n c e n tra tio n  o f g r e a te r  th an  5 a t .  %.

In  s p i t e  o f t h i s ,  a l l  sam ples up t o  about 30 a t .  % Ga w ere Type 

I  su p e rc o n d u c to rs , as i n  th e  Ga-Sn system . Using th e  above p ro c e d u re s , 

we can f in d  H^ and T^. R e su lts  a re  shown i n  F ig . 10. As b e fo re ,  th e  

sam ples w ere n o t  an n ea led  f o r  lo n g  tim e s .

C onsider f i r s t  th e  te m p era tu re  d a ta .  For alm ost a l l  s o lv e n ts ,

T^ drops in  a v ery  d i l u t e  s o l id  s o lu t io n  ( < 1 a t .  %). This i s  due to  

th e  removal o f  energy  gap a n iso tro p y  by a l lo y in g .  However, l i t t l e  s y s ­

te m a tic  a n a ly s is  has been  done f o r  g r e a te r  c o n c e n tra tio n s . For e x an p le , 

F is c h e r  (26) found a  s l i g h t  d e c re a se  in  T^ in  the  In -T l system  beyond 

th e  d i l u t e  ran g e  ( in  agreem ent w ith  M erriam  e t  ^  (35)) b u t a s tro n g  

in c re a s e  w ith  th e  a d d i t io n  o f  B i, Sn and Pb to  In .  In  th e  In-G a system ,

we see  l i t t l e  v a r i a t io n  o f  T w ith  c o n c e n tra tio n  o f  Ga. I f  th e  Ga hadc

n o t r e a l l y  d is s o lv e d  in  I n ,  t h i s  would p ro v id e  an e x p la n a tio n , as we 

would be m easuring  th e  T^ o f  I n .

Presum ably some Ga i s  p a r t i a l l y  se g re g a te d  in  th e  a l lo y s  a t  th e  

c o n c e n tra tio n s  used .
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Fig . 10. C r i t i c a l  F ie ld s  and Tem peratures in  In-G a system

290

O  -LEGEND:

2753.4

Ga (a to m ic  %) 3020100
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When c o n c e n tra tio n s  o f  g r e a te r  than  30 a t ,  % Ga w ere used , th e  

m ag n e tiza tio n  curves developed  c h a r a c te r i s t i c s  s im i la r  to  th o se  o f  Type 

I I  su p e rco n d u c to rs . However, th e  curves o f te n  had two maxima, in d ic a t ­

ing  th a t  th e  s a n ç le s  may have c o n s is te d  o f more th a n  one p h ase . The 

f i n a l  s lo p e s  o f  th e  cu rves w ere approx im ate ly  2 , in d ic a t in g  a t  l e a s t  

p a r t i a l  Type I I  b e h a v io r . These b roadened f lu x  t r a n s i t i o n s  w ere a lso  

n o te d  by Chiou ^  (31) in  o th e r  In  s o l id  s o lu t io n s .  Because o f  th e  

h ig h  tra p p e d  f lu x  r a t i o s  found, work on th e s e  m a te r ia ls  was n o t  con­

tin u ed .



CHAPTER V

MAGNETIC HYSTERESIS IN TYPE I I  SUPERCONDUCTORS

The i n t e r - r e l a t i o n s h ip s  betw een H , H , H and th e  GL p a ram et- 

e r s  K are  based  on th e  assum ption  th a t  th e  m a g n e tiz a tio n  cu rve i s  r e v e r ­

s i b l e ,  i . e . ,  th e  m a g n e tiz a tio n  curve o f  a  su p e rco n d u c tin g  specim en i s  

th e  same f o r  e x te r n a l  f i e l d  H in c re a s in g  o r d e c re a s in g . E x p e rim e n ta lly , 

w hat i s  g e n e ra lly  found i s  i l l u s t r a t e d  in  F ig . 11a. The re g io n  o f  g r e a t ­

e s t  h y s te r e s is  i s  n e a r  H = H . The d if f e re n c e  betw een th e  forw ard and 

re v e rse  curves g ra d u a lly  d im in ish es  as H -> H , where th e  m a g n e tiz a tio n  

fo r  e i t h e r  the  fo rw ard  o r  r e v e r s e  d i r e c t io n  v a n ish e s . However, th e  same 

phenomenon i s  n o t g e n e ra l ly  observ ed  as H -»■ 0 . A rem anent p o s i t i v e  mag­

n e t i z a t i o n ,  o r  " tra p p e d  f lu x " ,  i s  g e n e ra lly  n o te d .

The p re c e d in g  d e s c r ip t io n  o f  th e  h y s t e r e t i c  b e h a v io r  o f  Type I I  

su p erco n d u c to rs  has been p u rp o s e fu lly  g e n e ra l ,  as th e  e x a c t shape o f  th e  

cu rves w i l l  always be  dependent on th e  com position  of th e  su p e rc o n d u c to r , 

i t s  m echanical and m e ta l lu r g ic a l  h i s to r y  ( in  term s o f d eg ree  o f  co ld  

w ork ing , p r e c i p i t a t e s ,  d i s lo c a t i o n s ,  e t c . ) ,  tem p era tu re  and o th e r  v a r ia b ­

l e s .  The f i r s t  problem  w hich now c o n fro n ts  us i s  to  determ ine w h eth er a 

r e v e r s ib le  curve e x i s t s  f o r  each  p a i r  o f  i r r e v e r s i b l e  cu rv es  — a r e v e rs ­

i b l e  curve which w i l l  g iv e  v a lu e s  o f  H , H and H which w i l l  f i t  th e
Cl Cg c

th e o ry  b e t t e r  than th e se  q u a n t i t i e s  guessed  from th e  i r r e v e r s i b l e  fo rw ard

37
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F ig . l i a .  T y p ica l h y s te r e s i s  in  Type I I  su p e rco n d u c to rs .

K
■ I

Hcz
F ig . l i b .  M agnetic f lu x  as a fu n c tio n  o f a p p lie d  f i e l d  in  Type I I  
su p e rc o n d u c to rs .
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curve a lo n e . The second problem  i s  th a t  o f  f in d in g  th i s  r e v e r s ib le  cu rve .

D ealing  w ith  the f i r s t  p roblem , no th e o r e t ic a l  b a s is  p r e s e n t ly  ex­

i s t s  to  answ er th i s  q u e s tio n . However, a number o f e x p e r im e n ta l s tu d ie s  

have been made on th i s  s u b je c t ,  th e  c h ie f  o f  w hich i s  Goedraoed's work on 

b und les  o f  im pure n iobium  w ire s . In  t h i s  w ork, th e  f i e l d  an d /o r  the tem­

p e ra tu re  was o s c i l l a t e d  w ith  an am p litude  o f  abou t 100 Oe a n d /o r  0 .25  K, 

w ith  th e  r e s u l t a n t  m a g n e tiz a tio n  f a l l i n g  betw een th e  forw ard  and rev ­

e r s e  m a g n e tiz a tio n  cu rv es . The a u th o rs  suppose th a t  t h i s  r e v e r s ib le  curve 

i s  one o f  thermodynamic e q u ilib r iu m  ( i . e . , th e  tru e  r e v e r s ib le  curve) 

computed by A brikosov ( 4 ) .  W hile th e re  i s  no th e o r e t i c a l  p ro o f  th a t  

th ese  d a ta  a re  indeed  th e  t r u e  r e v e r s ib le  cu rv e , th e re  a re  a  number o f 

e x p e rim e n ta l c o n s id e ra tio n s  which le a d  to  th e  co n c lu sio n  th a t  th e  curve 

found by Goedemoed e t  a l  (33) i s  a c lo s e  approx im ation  to  i t .  We s h a l l  

d is c u s s  t h e i r  work in  g r e a t e r  d e t a i l  when a com parison w ith  experim en t 

o f a h y s t e r e s i s  theo ry  fo rm u la ted  in  th e  p re s e n t  work i s  made.

The second  prob lem , th a t  o f  a c tu a l ly  de te rm in in g  th e  r e v e r s ib l e  

cu rv e , i s  more d i f f i c u l t .  Because o f  th e  p h y s ic a l  n a tu re  o f th e  f lu x -  

o id  l a t t i c e  in  a Type I I  su p e rc o n d u c to r, d r a s t i c  assum ptions must b e  made 

in  o rd e r  to  p u t  th e  r e s u l t in g  e q u a tio n s  i n  a t r a c t a b l e  form . A brikos­

ov’ s ( q .v . )  c l a s s i c  p ap er d e riv e d  th e  g e n e ra l form o f  th e  r e v e r s ib le  

curve fo r  v a lu e s  o f  th e  G inzburg-Landau p a ram ete r k» 1. F u rtherm ore , 

h i s  work i s  b ased  on th e  Ginsb urg-L an dau e q u a t io n s ,  w hich a r e ,  s t r i c t l y  

sp eak in g , d e f in e d  on ly  f o r  te m p era tu res  c lo s e  to  T^. However, i n  s p i t e  

o f  th e se  l i m i t a t i o n s  we can compare th e  h y s te r e s i s  th e o ry  in  th e  p re ­

s e n t work w ith  A brikosov’ s th e o ry . F o r la rg e  v a lu e s  o f k , th e  der­

iv e d  cu rv es  a re  s im i la r  to  those  o f  A brikosov .
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I t  i s  u s e fu l to  make a c r i t i c a l  e v a lu a tio n  o f  th e  th e o r ie s  o f  

h y s te r e s i s  in  Type I I  su p e rco n d u c to rs  which have been  p re v io u s ly  p u b lish e d . 

Tliis i s  done in  th e  Appendix. The c o r r e la t io n  o f  th e s e  th e o r ie s  and th e  

p re s e n t  one w ith  A b rik o so v 's  r e v e r s ib l e  cu rves w i l l  now be d isc u sse d .

A model fo r  th e  r e v e r s ib le  curve m ust be combined w ith  a model fo r  th e  

f lu x o id -d e fe c t  in t e r a c t io n  in  o rd e r  to  produce a  s e t  o f  h y s t e r e t i c  c u rv e s .

P re se n tin g  the A brikosov  r e v e r s ib le  curves in v o lv es  com putation­

a l  d i f f i c u l t i e s .  However, Koppe and W illeb ran d  (KW) (38) dev ised  an ap­

p ro x im atio n  to  the  A brikosov th e o ry  by  u s in g  th e  GL eq u a tio n s  and bound­

ary  c o n d itio n s  on the u n i t  " c e l l "  o f  a  f lu x o id  ( th e  d e r iv a tiv e s  o f  th e  

o rd e r  p a ram ete r and m agnetic  f i e l d  v a n is h ) .  R e v e rs ib le  m ag n e tiza tio n  

curves w ere c a lc u la te d  u s in g  th o se  c o n d itio n s  f o r  d i f f e r e n t  v a lu e s  o f  k 

and a re  shown in  F ig . 12. However, a model o f th e  f lu x o id -d e fe c t  in  te  in­

a c tio n  was n o t p re se n te d , so  th a t  h y s t e r e t i c  m a g n e tiz a tio n  curves canno t 

be computed.

The KW curves appear to  ag ree  w ith  th e  A brikosov theo ry  f o r  th e

th re e  reg io n s  o f  th e  l a t t e r ' s  r e v e r s ib le  m a g n e tiz a tio n  curve f o r  w hich

e x a c t s o lu t io n s  can be found (3 6 ): H = H , H  « H < < H  , and H = H
^1 ^  ^2 ^2 

These reg io n s  w i l l  now be d is c u s se d  i n  d e t a i l .

A pp lied  F ie ld  H n e a r  H
^2

Here 4irM = (H -  H ) /1 .1 6 ( 2 k^ -  1) (5 .1 )
‘=2 ^

in  th e  A brikosov th e o ry . The m a g n e tiz a tio n  i s  thus l i n e a r  n e a r  H = H
^2

Due to  th e  l i n e a r i t y  o f th e  ad hoc r e v e r s ib le  curves chosen in  th e  

Campbell (37) and S ilc o x  (39) models (d is c u s se d  in  th e  A ppendix), b o th  

models f u l f i l l  t h i s  c r i t e r i o n .



A

Koppe and W illeb ran d  curves 
S ilc o x  and R o ll in s  curve

Theory o f th i s  t h e s i s ,  n = 2 .3 3  

Theory o f  t h i s  t h e s i s ,  n = 2 .0  85

K ¥ 2 - 2

Hr - H

H - H

F ig . 12* R e v e rs ib le  m a g n e tiz a tio n  curves o f  Koppe and W illeb ran d  f o r  d i f f e r e n t  v a lu e s  o f  k/2 .
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The In te rm e d ia te  Region.

Here H << H << H . T his d e f in i t i o n  o f  th e  in te rm e d ia te  reg io n

is  s t r i c t l y  a p p l ic a b le  only  to  k  ^ 10. For t h i s  re g io n

4irM Œ lo g  ( c o n s t . / /B )  (5 .2 )

S in ce  i n  th e  in te rm e d ia te  re g io n  H »  AttM,

4 ttM = log  (c o n s t./^ H  + 4nM) = K^log (c o n s t . / /H )

= - ( K j /2 ) lo g  H (5 .3 )

w here th e  K 's  a re  c o n s ta n ts .  The m a g n e tiz a tio n  p lo t t e d  v e rsu s  the a p p lie d

f i e l d  on s e m i- lo g a r ith m ic  p a p e r  sh o u ld  produce a  s t r a i g h t  l i n e .

Curves o f  th e  in te rm e d ia te  re g io n  f o r  th e  S ilc o x  and Campbell

models a re  shown in  F ig . 13. The p a ram eters  o f  each  model were a d ju s te d

to p roduce k = 10. ic was o b ta in e d  from th e  e q u a tio n

H = /2<H (5 .4 )c

and was o b ta in e d  from th e  geom etry o f  th e  r e v e r s ib le  m a g n e tiz a tio n

c u rv e s . A was a r b i t r a r i l y  chosen as 0 .5  f o r  th e  Campbell model; any

o th e r  v a lu e  would produce s im i la r  c u rv e s . The cu rves a re  n o rm alized

w ith  r e s p e c t  to  H , as shown. The r e v e r s ib l e  cu rv es  o f  th e  two models 
^1

do n o t  f a l l  on a s t r a i g h t  l i n e  on s e m i- lo g a r ith m ic  p ap er due to  t h e i r

l i n e a r i t y  from H < H < H . The two models do n o t f u l f i l l  th i s  c r i t e r -  

io n  i n  th e  in te rm e d ia te  ran g e , w hereas th e  p r e s e n t  th e o ry  obeys Eq. (5 .3 )  

over an a p p re c ia b le  ran g e .

A pplied  F ie ld  H n e a r  H 
__________________________

Using Goodman's (40) e x p re s s io n  fo r  H i n  t h i s  re g io n  (d e r iv e d  

from A b rik o so v 's  e x a c t e x p re s s io n ) .

H -  H
"=1

("3/2 TT̂ H ‘

4k

"h / ( 2 /3 )

ÏÏ K(4irM + H)

r
exp -

'4mH /Ô 7 3 )c
4 itM + H (5 .5 )
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P re se n t th e o ry . H /H = 
n = 2 .008 . ^2
S ilc o x  and R o ll in s  theory

112

Campbell £ t  ^  
th e o ry . A = 0 .5 ,  
H /H = 101. y

l i n e a r
p o r t io n

p re s e n t
th eo ry

.05
5 4nM/H,

F ig . 13. R ev e rs ib le  m a g n e tiz a tio n  curves fo r  in te rm e d ia te  
v a lu es  of a p p lie d  f i e l d ,  < = 10.
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The thermodynamic c r i t i c a l  f i e l d  must s t i l l  be s p e c i f i e d .  This

may be done e x a c tly  by in te g r a t i n g  A b rik o so v 's  e q u a tio n s , w hich can only

be done n u m e ric a lly . However, i f  we use th e  Harden and Arp (109) form ula

K = 0 .7 1 7  (H /H w ith  th e  c o n d itio n  k = 10, H = 0 .1 7  H i s  ob-c Cl Cj c

ta in e d .  S u b s t i tu t in g  in  Eq. ( 5 .5 ) ,

H -  1 = 2.46(4irM + H) ^  exp -{ 6 .0 5 /(4 7 tM + H)}^ (5 .6 )

w here H and 4ttM have been  n o rm alized  w ith  r e s p e c t  to  H . The r i ^ t
^1

hand s id e  o f  Goodman's e q u a tio n  4 (40) la c k s  a f a c to r  tt/ 2 , and th i s

h as  been  s u p p lie d  in  th e  above Eq. (5 ;5 ) .

Eq. (5 .6 )  has been p lo t te d  in  F ig . 14. I t  p o sse sse s  a  v e r t i c a l

ta n g e n t a t  H = H , and d ec re a se s  ra p id ly  as H in c re a s e s .  The S ilc o x  mod- 
^1

e l  i s  n o t  a t  a l l  s im i la r  to  th i s  cu rv e . I t  d ec rease s  w ith  a  s lo p e  o f  

0 .005  from i t s  i n i t i a l  p o in t .  W hile th e  Campbell model b e a rs  some sim ­

i l a r i t y ,  i f  an o th e r  v a lu e  o f  A had  been chosen th e  in c o n s is te n c ie s  w ith  

th e  A brikosov  th eo ry  m ight have been  more a p p a re n t. Thus th e  Campbell 

model w i l l  n o t  f i t  the  A brikosov  curve c lo s e ly  u n le ss  the v a lu e  o f  A i s  

known in  advance.

The Koppe curve o f F ig . 12 i s  s im i la r  to  the  A brikosov curve a t

H = H , as ex p ec ted .
^1

In  c o n c lu s io n , we s e e  t h a t  w h ile  th e  two models d isc u sse d  meet 

th e  A brikosov  c r i t e r io n  f o r  H = H_ , they  do n o t  meet i t  i n  th e  o th e r  

two reg io n s  o f  i n t e r e s t .
°2

P re s e n t Theory

A th eo ry  has been d ev ised  w hich produces b e t t e r  agreem ent w ith  ex­

p e r im e n ta l and th e o r e t i c a l  work th a n  those  p re v io u s ly  m entioned . In  de­

v is in g  th i s  th e o ry , we needed (1) an i r r e v e r s i b l e  m a g n e tiz a tio n  curve



9993

.9908

A brikosov model (Eq, 5 .6 )

S ilc o x  and R o llin s  model

Campbell e t  a l  model

P re s e n t  theo ry

H/H 1.1

F ig . 14. R e v e rs ib le  m a g n e tiz a tio n  curves f o r  R =.H . Same p a ram ete rs  as
in  F ig . 13 ( K = 1 0 ). ^1
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f i t t i n g  d a ta  o f  bo th  h a rd  and Type I I  su p e rco n d u c to rs ; (2) a re v e r s ­

ib l e  m a g n e tiz a tio n  curve w hich would (a) f i t  th e  th re e  c r i t e r i a  m entioned 

above, and (b) b e  d e r iv a b le  from th e  i r r e v e r s i b l e  cu rv e ; (3) a th eo ry  

sim ple enough to  be pu t in to  c lo sed  form .

The S ilc o x  and R o ll in s  approach .(39) was u sed , w ith  a m ajo r 

m o d if ic a t io n , i l l u s t r a t e d  in  F ig . 15.

M e lv ille  and T ay lo r (41) c a lc u la te d  the  'n o rm a liz e d ’ fo rc e  

- ( a /F ) (d F /d a )  betw een two f lu x o id s  as a fu n c tio n  o f  d is ta n c e  a/X^ (where 

i s  th e  London p e n e tra t io n  depth) f o r  bo th  the  S ilc o x  and R o ll in s  

and de Gennes (42) m odels. The S ilc o x  and R o llin s  model deduces a  fo rc e  

r e la t io n s h ip  F = a th e  de Gennes model i s  F '= K ^ (a ), w here i s  a 

m od ified  B esse l fu n c tio n  o f  th e  f i r s t  k in d . The approx im ate  range o f  

v a l id i t y  o f  each model i s  in d ic a te d  by th e  s o l id  l i n e s .  The d is ta n c e  

between f lu x o id s  i s  a .

In  a r e a l  su p e rco n d u c to r , a form  o f th e  f lu x o id - f lu x o id  i n t e r ­

a c t io n  i s  needed which i s  v a l id  over l a r g e r  d is ta n c e s  than  th e  S ilc o x  

and R o ll in s  model, because  c o n tr ib u t io n s  from n e x t-  and more d i s t a n t  

ne ig h b o rs  may be im p o rtan t in  c e r ta in  re g io n s  of th e  m a g n e tiz a tio n

cu rve , e s p e c ia l ly  H = H . The S ilc o x  and R o llin s  model avo id s th i s
‘̂ 2

problem  by c o n s id e rin g  on ly  n e a re s t-n e ig h b o r  in t e r a c t io n s .

Given F ig . 15, a s im p le  way o f combining th e  two m odels w ould 

be to  ta k e  a  rough average by draw ing a  s t r a i g h t  l i n e  somewhere above 

3 on th e  o rd in a te .  S ince f lu x o id s  a re  presum ably s im i la r  i n  a l l  m ater­

i a l s ,  th e  e x a c t  d is ta n c e  o f  t h i s  l in e  above - ( a /F )  (dF /da) = 3 w i l l  be 

governed by th e  type  o f  su p erco n d u c to r under c o n s id e ra tio n .

L e t us ta k e  - ( a /F ) (d F /d a )  = K, w here K ^  3 . We s h a l l  see  l a t e r  

th a t  th e o r e t i c a l  c o n s id e ra tio n s  p rev en t th e  case  K < 3. I n te g r a t in g ,
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T y p ica l averaged  fo rc e

de Gennes model

S ilc o x  and R o ll in s  r ^ d e l

F ig . 15. ( a f t e r  M e lv ille  and T a y lo r) . N orm alized fo rc e s  betw een f lu x o id s  
as a fu n c tio n  of d is ta n c e .
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F = ca“^  (5 .7 )

w here c i s  a c o n s ta n t . D i f f e r e n t ia t in g  Eq. (5 .7 )  to  put i t  i n t o  th e  

form o f  Eq. (A .4 9 )(o f th e  A ppendix),

a

I f  K + 1 = 2 n ' , we have n ’ = 2 i n  th e  S ilc o x  m odel, and n* ^  2 in  th e  

p re s e n t  m odel. The p r e s e n t  model i s  developed a long  the l i n e s  o f  th e  S i l ­

cox model (o u tl in e d  in  th e  A ppendix), ex ce p t f o r  th e  s u b s t i tu t io n  n ' 

n .  In  Eq. (A.50) th e  number o f  i n t e r a c t in g  f lu x o id s  should p ro b a b ly  be  

m o d ified  to  > 6 in  th e  p re s e n t  th e o ry  ( s in c e  we a re  a ttem p tin g  to  ta k e  

acco u n t o f  l a r g e r  numbers o f  i n t e r a c t in g  f lu x o id s ) ,  but t h i s  q u a n t i ty  

in  any case  w i l l  be merged in to  a v a r ia b le  p a ram e te r. S u b s t i tu t in g  

Eq. (5 .8 )  in to  Eq. (A .5 l a ) ,

, / ,  2n ’+ ld a /d x  = c^a

j  -2 n ' ,and a  = c^x + c^ ,

w here th e  c 's  a re  c o n s ta n ts ,  and x i s  th e  r a d i a l  d is ta n c e  from  th e  c e n te r  

o f  th e  su p erco n d u c tin g  c y l in d e r .  Using E qs. (A .48) and (A .4 7 ) ,

= c^x + c^ (5 .8 a )

A r e v e r s ib l e  m a g n e tiz a tio n  cu rve  i s  now chosen. I t  can b e  s e le c te d  so 

t h a t  i t  m eets th e  th r e e  c r i t e r i a  n o te d  above. I t s  choice i s  an ^  hoc 

a ssu m p tio n , o f  th e  same type  as th o se  o f  p rev io u s  th e o r ie s ,  and i s  in ­

dependent o f  th e  p ro ced u re  u sed  to  f in d  Eq. ( 5 .8 a ) .  The c h o ic e  i s

l / ( n '  -  1)

(5 .9 )
H -  H '

B = H "=1
=̂2 H -  H

‘̂ 1
H -  H

The S ilc o x  r e v e r s ib le  cu rv e  was p o s tu la te d  to  be  B =H . __________ , i . e . ,
“̂2 H -  H

th e  two models a re  e q u iv a le n t  i f  n* = 2 . ^2
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B efore p ro cee d in g  to  d isc u ss  p in n in g  e f f e c t s ,  l e t  us an a ly ze  th e  

th eo ry  in  l i g h t  o f  th e  th re e  c r i t e r i a  m entioned above.

H n e a r  U
^2

Using Eqs. (A .1) and ( 5 .9 ) ,  d ropping  p rim es, and l e t t i n g  H = p

and = 1 f o r  s im p l i c i t y ,

4ttM = p{(H -  l ) / ( p  -  _ H (5 .1 0 )

As H -> p ,  w r i te  (H -  l ) / ( p  -  1) = 1 -  x ,  where x i s  sm a ll. Then

47tM = p { l  -  X  + 1
n - I  n - l  n - 1

= (p  -  H) ( 1 -  { p /(n  -  1) (p -  1) })

-  1 (xZ/2) + ...........} -  H

+  P.C2 -  n ) ( p  -  H)2 ^ .............  ( 5 . 1 1 )

2 (n -  l ) 2 (p -  1)2

For 4itM to be  l i n e a r  in  p -  H, th e  q u a d ra t ic  term  i n  p -  H (as 

w e ll  as h ig h e r  o rd e r  te rm s) m ust be n e g l ig ib le  w ith  re s p e c t  to  th e  l i n ­

e a r  term . The r a t i o  o f  th e  q u a d ra t ic  to  th e  l i n e a r  term  i s

P(2 n ) (p . -  H)________________________  (5 11 )
2 (n -  l ) ( p  -  l ) { ( n  -  l ) ( p  -  1) -  p}

L e t us i n v e s t ig a t e  how c lo s e  to  H H has to  be fo r  th e  q u a d ra t ic
^2

term  to  be  n e g l ig ib l e .  We can d e f in e  l i n e a r i t y  as o c c u rr in g  i f  th e  r a t i o

(Eq. 5 .1 1 a ))  ^  0 .1 .  W hile i t  i s  d i f f i c u l t  to  fo rm u la te  a g e n e ra l  ru le

l in k in g  n ,  p , and H, l e t  us choose p = 3 f o r  exam ple. Then f o r  n = 2 ,1 ,

2 .2 ,  and 2 .3 ,  the  v a lu e s  o f  H a t  which l i n e a r i t y  b eg in s  i s  1 .8 3 , 2 .5 2 ,

and 2 .7 7 , r e s p e c t iv e ly .  To use a  la r g e r  v a lu e  o f  p ,  we may ta k e  Goede-

m oed's (33) d a ta ,  fo r  w hich i s  found n = 2 .08  and p = 7 .6 . L in e a r i ty

tak es  p la c e  a t  H ^  6 .5 .

In  g e n e ra l ,  th e r e  e x i s t  w e ll -d e f in e d  reg io n s  o f  l i n e a r i t y  a t

H . The f i r s t  c r i t e r i o n  i s  th e n  s a t i s f i e d .
^2
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H «  H «  H

While we cannot prove in  g e n e ra l th a t  th e  m a g n e tiz a tio n  obeys

Eq. ( 5 .3 ) ,  a  ty p ic a l  r e s u l t  i s  shown in  F ig . 13. The p a ram ete rs  o f  th e

r e v e r s ib le  curve have been a d ju s te d  to  y ie ld  k = 10, The a re a  u nder th e

m a g n e tiz a tio n  curve was found by u s in g  Eqs. (A. la )  and ( 5 .9 ) ,  y ie ld in g

|A |= -(p Z /2 ) + {(n -  l ) /n } p (p  -  1 ) ,  (5 .1 2 )

a f t e r  ta k in g  in to  account the  a re a  o f - h  f o r  0 < H < H . The v a lu e  o f
^1

K was then  determ ined  from Eq. ( 5 .4 ) .  We see  t h a t  th e  s lo p e  i s  l i n e a r  

o v e r 60% o f th e  m a g n e tiz a tio n  cu rv e , w hich p u ts  th e  p re s e n t  th e o ry  in  

agreem ent w ith  A b rik o so v 's  th eo ry  f o r  th i s  re g io n .

H = H
^1

C a lc u la tio n s  u s in g  th e  p re s e n t th eo ry  f o r  t h i s  re g io n  a re  shown 

in  F ig . 14 w ith  th e  same p aram eters  as i n  F ig . 13 . We do n o t have ag ree ­

ment w ith  th e  v e r t i c a l  ta n g en t a t  H = H , and th e  s lo p e  i s  c o n s id e ra b -
^1

ly  s m a lle r  th an  th a t  o f  the  A brikosov th e o ry . However, due to  th e  s lo p e  

o f  th e  p re s e n t th eo ry  b e in g  12 and 24 tim es as g r e a t  as th e  S ilc o x  and 

Campbell th e o r ie s  in  t h i s  re g io n , r e s p e c t iv e ly ,  we may say  th a t  a t  l e a s t  i t  

i s  in  no g re a te r  d isag reem en t w ith  A b rik o so v 's  work th an  th e  o th e r  tw o.

We see  in  F ig . 12 we g e t reasonab ly  good agreem ent w ith  K oppe's r e s u l t s  

f o r  v a r io u s  v a lu es  o f  k , i . e . ,  th e  com p ara tiv e ly  sm a ll i n i t i a l  s lo p e  o f 

th e  p re s e n t theory  ten d s  to  "c a tc h  up" w ith  th e  A brikosov-Koppe curves 

as H i s  in c re a se d .

Now l e t  us ta k e  account o f  th e  p in n in g  e f f e c t s  i n  th e  th e o ry .

The fo rc e  F between a  f lu x o id  and a  po re  p in n in g  c e n te r  v a r ie s  as (45)

Fp a (H^ * g /4 n )lo g (a /E g ) (5 .1 3 )
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where i s  the  ra d iu s  o f  th e  core o f  the f lu x o id .  The concept o f a

p o re , a ho llow  sp h e re , i s  used because o f th e  d i f f i c u l t y  in  d is c u s s in g

extended  im p e rfe c tio n s  l i k e  d is lo c a t io n  ne tw orks.

S ince  th e  lo g a rith m  term  in  Eq. (5 .13 ) v a r ie s  s low ly  and i s  o f

the  o rd e r  o f  1 , S ilc o x  w r i te s  the  l a s t  e q u a tio n  as  F = H é /4ir. We
P (=2 o

s h a l l  do th e  same, because  o f  the  d i f f i c u l ty  in  i n t e g r a t i n g ______ da .

af^^^logC a/S^)

F u rtherm ore , o th e r  assum ptions and approxim ations w hich have to  be made 

about the  p in n in g  ten d  to  re n d e r  n e g l ig ib le  th e  e r r o r  in  s e t t in g  

lo g  (a /g g ) = 1. We assum e, as S ilc o x  does, a  d e n s ity  o f  p in n in g  s tr e n g th  

p o f the  form np = P ’ , w here P ' i s  a c o n s ta n t .

When X = R, th e  ra d iu s  o f  th e  su p erco n d u c tin g  c y l in d e r ,  B i s  g iven  

by Eq. ( 5 .9 ) .  S u b s t i tu t in g  in  Eq. ( 5 .8 a ) ,  and com bining co n s ta n ts  in to  B,

B = {p’̂ {(H -  l ) / ( p  -  1) _g(R _ (5 .14 )

S u b s t i tu t in g  th i s  in  Eq. (A .1) and n o tin g  t h a t  B = 0 when

Q = p { ( H -  l ) / ( p  -  1)} ! /(% -!)  = (5 .1 5 )

4ttM = -H + {2nQ^'^^/(BR)2(n + 1)}{6R -  (nQ ^/(2n + 1 ) )} ,

0 Q _< BR^^" (5 .1 6 )

4ttM = -H + 2n____________ {q'^'^^{6R(2n + 1) -nQ’̂ } + n(Q’̂  -  R )(2n+D /P}^

(6R )2(n+l) (2n+l)

< Q < p (5 .1 7 )

In  th e  re v e rse  d i r e c t io n ,  the p inn ing  fo rc e  c o n s ta n t  BR ^  -BR, 

y ie ld in g

4ttM = -H + 2n____________ {n(Q"+BR)^^”'‘‘’^^^'^ -  Q^'*'^{BR(2n+l) + nQ*}},

(BR)Z(n+l) (2n+ l)

0 £  Q _< p (5 .1 8 )

Graphs o f th e se  l a s t  e q u a tio n s  f o r  ty p ic a l  v a lu e s  o f  BR and n a re
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p re se n te d  in  F ig . 16. We w i l l  s e e  t h a t  th e  p lo t s  o f  B and AttM a re  f a i r l y  

s im i la r  to  tho se  o f  Campbell and S ilc o x ; B d ec re ase s  in  a roughly  p a ra ­

b o l ic  m anner, and AirM shows resem blance to  ex p e rim en ta l d a ta .  The prime 

d if fe re n c e  l i e s  in  the shape o f  the  r e v e r s ib le  m a g n e tiz a tio n  cu rve.

We a re  now in  a  p o s i t io n  to  compare a l l  th re e  models to  an i n t e r ­

e s t in g  s e t  o f ex p e rim en ta l d a ta  com piled by Goedemoed (3 3 ) . The magnet­

iz a t io n  c u rv e s , p re s e n te d  in  F ig s .  17 and 18, were o b ta in e d  from bund­

le s  of im pure Nb w ire .  The e x p e rim e n ta l a sp e c ts  w ere d isc u sse d  above.

The GL p a ram ete r (computed from  Eq. ( 5 .A)) i s  2 .3 7  (1 .8 3 ) f o r  the 

r e v e r s ib le  ( i r r e v e r s i b l e )  cu rv e ; K2 (com puted from Eq. (5 .1 ) )  i s  2.A3 

(1 .99) fo r  th e  r e v e r s ib l e  ( i r r e v e r s i b l e )  cu rve.

In  o rd e r  to  make the  com parisons p h y s ic a l ly  re a so n a b le  and n o t 

merely an e x e rc is e  in  curve f i t t i n g ,  we m ust impose some c o n s t r a in t s .

The major c o n s tr a in t  imposed was th a t  th e  s lo p e  o f th e  r e v e r s ib le  mag­

n e t iz a t io n  curve f o r  each model be th e  same as th a t  o f  th e  experim ent­

a l  d a ta  a t  H = H . To a  good ap p ro x im a tio n , th i s  s lo p e  can be found by 
‘̂ 2

ta k in g  th e  average o f  th e  fo rw ard  and re v e rs e  i r r e v e r s i b l e  s lo p e s .

^2
which a re  seldom v ery  d i f f e r e n t .  Thus th e  r e v e r s ib le  s lo p e  a t  H =

is  no t needed fo r  t h i s  d e te rm in a tio n . Goedemoed's e x p e rim en ta l va lue  o f

H = 2500 was tak en  as f ix e d  in  a l l  c a lc u la t io n s .  A l th o u ^  th e se  are 
C2

n o t the on ly  c o n s tr a in ts  which m ight be  ta k e n , they  a re  p h y s ic a l ly  reason­

a b le . In  g e n e ra l ,  we do n o t know th e  r e v e r s ib le  cu rv e  f o r  a g iven  p a i r  o f  

i r r e v e r s i b l e  c u rv e s . Our o b je c t iv e  in  com paring th e  th e o r ie s  i s  to  vary 

t h e i r  p aram eters  to  produce th e  b e s t  l e a s t - s q u a r e s  f i t  w ith  th e  experim ­

e n ta l  i r r e v e r s i b l e  c u rv e s . T h e o re t ic a l  r e v e r s ib le  curves (a  fu n c tio n  o f 

th e se  p a ram e te rs ) w i l l  then be c a lc u la te d  and compared to  th e  experim en­

t a l  r e v e r s ib le  c u rv e . As m entioned above, H and dM/dH a t  H -v H are
^2
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.95

F ig . 16a. P lo t  o f  lo c a l  
f ie ld s  in  p re s e n t model 
fo r  in c re a s in g  m agnetic  
f i e l d .  SR = 1, n = 2 .2  
H / H  = 4 .

^2 '^ l

B/H,

F ig . 16b. P lo t  of lo c a l  
f i e l d s  fo r  d ec re as in g  
f i e l d .  BR = 1, n = 2. 2,  
H / H  = 4 .

2̂ 1̂

R=2

H/H

F ig . 16c. M ag n e tiza tio n  as a fu n c tio n  o f  a p p l ie d  f i e l d  fo r  p re s e n t
model, n = 2 .2 ,  H /H c._ c. = 4.
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f ix e d .

In  a l l  m odels, th e  in t e r v a l  H -  H was d iv id e d  in to  27 p o in ts .
C2

The v a lu e  o f th e  p aram eters  in  each  th eo ry  was found by  m inim izing the 

sq u ares  o f th e  d e v ia t io n s  of th e  t h e o r e t i c a l  p o in ts  (b o th  forw ard and 

re v e rs e )  from th e  54 ex p e rim e n ta l p o in t s .  For pu rposes o f th i s  compu­

t a t i o n ,  the  q u a n t i ty  H was a ls o  t r e a te d  as a v a r ia b le  p a ram eter.

R e su lts  a re  shown in  F ig . 17 and in  T ab le 1. Because o f th e  f ix e d

q u a n t i t i e s ,  th e  S ilc o x  model y ie ld s  H = 180 Oe, c o n s id e ra b ly  d i f f é r ­
a i

e n t  from th e  ex p e rim en ta l v a lu e  o f  420 Oe. The d e v ia tio n s  from the  i r ­

r e v e r s ib le  cu rves a re  a ls o  l a r g e ,  as seen  i n  F ig . 18; the th e o r e t ic a l  

maximum o f m a g n e tiz a tio n  i s  on ly  about 75% o f th e  ex p erim en ta l v a lu e .

In  the  Campbell m odel, we can vary  H as w e ll  as  A and aR to  p ro -  

duce th e  minimum d e v ia t io n .  However, th e  r e s u l t s  a re  a lm ost e x a c tly  the

same as in  th e  S ilc o x  model. We have H = 210 Oe, w hich i s  50% of the
^1

e x p e rim en ta l v a lu e . The th e o r e t i c a l  i r r e v e r s i b l e  cu rv es  fo llow  the  S i l ­

cox model c lo s e ly ,  and produce a le a s t - s q u a r e s  d e v ia tio n  s im i la r  to  i t .

The p r e s e n t  th e o ry  y ie ld s  H = 330 Oe, c o n s id e ra b ly  c lo s e r  to  th e
^1

ex p e rim en ta l v a lu e . In  a d d i t io n ,  th e  l e a s t  sq u a re s  d e v ia tio n  i s  an o r­

d e r  o f m agnitude s m a lle r  than  th o se  o f  th e  o th e r  two th e o r ie s ,  in d ic a t ­

in g  much g r e a t e r  agreem ent w ith  e x p e rim e n ta l d a ta .  A lso , th e  v a lu e s  o f 

in  b o th  th e  r e v e r s ib le  and i r r e v e r s i b l e  com putation  i s  c lo s e r  to  th e  

e x p e rim en ta l d a ta  th an  th e  o th e r  two th e o r ie s .  F u rth erm o re , th e  v a lu e

o f the  m a g n e tiz a tio n  in  th e  p re s e n t  th eo ry  when H = H i s  s m a l le s t .  A ll
^2

th re e  th e o r ie s  have a  f i n i t e  m a g n e tiz a tio n  a t  th i s  p o in t ,  co n tra ry  to 

exp erim en t.

We may r e c o n s id e r  the  m a g n e tiz a tio n  curves from a  s l i g h t l y  d i f ­

f e r e n t  v ie w p o in t. Suppose th e  v a lu e  o f  H i s  known (420 Oe) and f ix e d .



E xperim ent ( r e v e r s ib le )  
E xperim ent ( i r r e v e r s i b l e )  
Campbell e ^  a l  model

S ilc o x  and R o ll in s  model 
P re s e n t  th e o ry

Ln
Ln

1000 H(OE)
F ig . 17. Comparison o f  h y s te r e s i s  m odels w ith  e x p e rim e n ta l d a ta .  H and dM' 

dn'
f ix e d .

H
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TABLE 1

COMPARISON OF HYSTERESIS MODELS WITH EXPERIMENTAL DATA. H AND
^2

(dM/dH) AT H H FIXED re v . c .

E xperim en tal
Data

Campbell
Model

S ilc o x
Model

P re sen t
Theory

Param eters - A = 0 .14  
aR = 8 .7

$R = 12.1 8R = 3 .8  
n = 2 .0 8

Sum o f Squares o f 
D ev ia tions  (10** G^) - 15.9 15.4 1.43

H (R evers ib le )(O e) 420 210 180 330

H^ (R evers ib le )(O e) 745 680 673 778

H ^ (Ir re v e rs ib le ) (O e ) 968 940 935 977

-  4ttM a t  H = H 
( I r r e v e r s ib le )  ^2 (G) 0 30 28 20
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'Hien we may add th i s  f ix e d  p o in t  to  the p rev io u s  work and recom pute the

i r r e v e r s i b l e  curves by the  l e a s t  sq u a res  m ethod. The r e s u l t s  a re  shown

in  F ig . 18 and Table 2 .

S ince the  S ilc o x  model w i l l  y ie ld  H = 180 Oe w ith  th e  p r e s e n t
'̂ 1

d a ta ,  i t s  curves were n o t recom puted. However, th e  Campbell and p r e s e n t

th eo ry  had  th e  v a lue  H = 420 Oe s u b s t i t u t e d  a lo n g  w ith  th e  p rev io u s

f ix e d  q u a n t i t i e s .  In  F ig . 18, th e  r e v e r s e  cu rv e  o f  th e  Campbell model

l i e s  e n t i r e l y  below th e  a b s c is s a  and i s  n o t  shown. For c l a r i t y ,  n e i th e r

r e v e r s ib le  cu rve i s  shown.

As b e fo re ,  th e  p re s e n t  theo ry  p roduces i r r e v e r s i b l e  curves c lo se

to  th e  d a ta .  We see  from Table 2 th a t  th e  sum o f th e  d e v ia tio n s  i s  about

.15 th a t  o f the  Campbell model. The v a lu e  o f H ( i r r e v e r s i b l e )  i s  c lo se rc
to  ex p e rim en t, and th e  " r e s id u a l"  m a g n e tiz a tio n  a t  H = H i s  f a i r l y

(=2
sm a ll.

The r e s u l t s  o f  th e se  com putations in d i c a te  t h a t  th e  p re s e n t  theo ry  

of h y s te r e s i s  a p p a re n tly  can be f i t t e d  to  e x p e rim e n ta l d a ta  to  a good 

d eg ree .

A q u e s tio n  may a r i s e  a t  t h i s  p o in t  co n ce rn in g  th e  s e n s i t i v i t y  o f 

the  p re s e n t  th eo ry  to  th e  v a lu e  of th e  p in n in g  p aram ete r gR. Any th eo ry  

whose r e s u l t s  change d r a s t i c a l l y  w ith  a p a ram e te r  change ten d s  to  be su s­

p e c t .  As T able 3 b e a rs  o u t ,  th i s  i s  n o t  th e  c a se  in  th e  p re s e n t  th e o ry .

One o b je c t io n  which m ight be r a is e d  a g a in s t  th e  p re s e n t  th e o ry  i s  

i t s  in c re a s e d  com plex ity . However, i f  we r e tu r n  to  f i r s t  p r in c i p l e s ,  as 

Koppe (38) d id ,  we f in d  even g r e a te r  com plex ity  i n  th e  c a l c u la t io n  o f  

the  r e v e r s ib l e  cu rv e . Thus in  o rd e r  to  b r in g  abou t agreem ent w ith  e x p e r i­

m ental d a ta  we must make some p h y s ic a l a ssu m p tio n s , w hich have been  done. 

Because o f t h i s  in c re a se d  com p lex ity , i t  may ap p ea r, a t  f i r s t ,  more
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TABLE 2

COMPARISON OF HYSTERESIS MODELS WITH EXPERIMENTAL DATA. H , H AND
^2

(dM/dH) AT H H FIXED

E xperim en tal
D ata

Campbell
Model

P re se n t
Theory

P aram e ters - A = 0 .62 
aR = 2.6

n = 2 .13 
gR = 2 .4

H ^ ( I r re v e rs ib le ) (O e ) 968 1040 1015

Sum o f  Squares o f  
D e v ia tio n s  (10^ G^) - 34.6 4 .8

-  4 itM a t  H = H 
( I r r e v e r s ib l e )  ^2(G) 0 80 20

TABLE 3

VARIATION OF SUM OF LEAST SQUARES DEVIATIONS WITH PARAMETER gR IN
PRESENT THEORY

Sum o f L e a s t Squares D ev ia tio n s  
(A rb i t r a ry  U n its) 6R

0.1456 3.80
.1451 3.82
.1443 3.84
.1431 3.86
.1437 3 .88
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d i f f i c u l t  to  c o r r e la te  theo ry  w ith  ex p erim en t. However, the a d d itio n  o f 

sim ple p h y s ic a l ru le s  allow s c a lc u la t io n  o f  th e  r e le v a n t param eters  

e a s i ly .

L et us ta k e  the s lo p e  s o f th e  r e v e r s ib le  m a g n e tiz a tio n  curve n e a r  

H to  be  approx im ate ly  midway betw een those  o f  th e  two i r r e v e r s i b l e  

cu rves. D i f f e r e n t ia t in g  Eq. ( 5 .1 0 ) ,

s = {p /(p  -  l ) ( n  -  1)}{(H -  I ) / ( p  -  i ) } U 2 - n ) / ( n - I ) }  _ ^

(5 .19)

As deduced from th e  d is c u s s io n  fo llo w in g  Eq. (5 .1 1 a ) , i f  H ü 0 .9p  th e  

s lo p e  o f  th e  m agnetiza tion , w i l l  b e  c lo se  to  l i n e a r .  I f  we s e t  H = 0 .9p  

in  the  above e q u a tio n , we o b ta in  a r e la t io n s h ip  between s  (experim en t­

a l l y  d e r iv a b le ) ,  p and n , shown i n  F ig . 19. We thus have a  r e la t io n s h ip  

between p and n .

To o b ta in  gR, we s e e  from Eq. (5 .18 ) th a t  on th e  re v e rs e  magnet­

iz a t io n  cu rv e ,

4TTMreverse “ ^2n ^ / ( n  + l ) ( 2n + l ) } ( g R ) l /*  -  1

when H = H , due to  th e  f a c t  th a t  Q = 0 a t  th a t  p o in t .  We can use t h i s  
^1

e q u a tio n  to  f in d  8R, assum ing th a t  n  has been  found. The in fo rm a tio n  i s  

shown i n  F ig . 20. The m a g n e tiz a tio n  i s  n o t v ery  s e n s i t i v e  to  n ,  and 8R 

can be e a s i ly  e s tim a te d  to  w ith in  ab o u t 10%, s u f f i c i e n t  fo r  most pur­

poses .

W hile i t  would be  u s e fu l  to  compare p roposed  in t e r n a l  f i e l d  d i s t ­

r ib u t io n s  w ith  th e o ry , co m p ara tiv e ly  l i t t l e  h as  been p u b lish e d  on th i s  

s u b je c t  to  d a te ,  de B otton  and Merenda (43) showed th e se  d i s t r ib u t io n s  

fo r  Nb-Zr a l lo y s ;  they  w ere f a i r l y  s im i la r  to  those  in  F ig s ,  A.5 , A .6 , 

and 16. However, only a l im i te d  amount o f d a ta  was shown and no e x te n s iv e  

c o r r e la t io n  o f  theory  w ith  experim en t i s  p o s s ib le .  C lin e  e t  ^  (44) a lso
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0.6

1.5

2.4 2.6î 2.2
F ig . 20. M agn e tiza tio n  a t  H = H on re v e rse  cu rve as a fu n c tio n  o f  6R and n.
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p re s e n te d  some d a ta  on Nb sam ples.

The fo llo w in g  problem s s t i l l  add ress them selves to  th e  p re s e n t  

th e o ry : (1) The re g io n  below  H = H on th e  re v e rs e  c u rv e  must b e  d es- 

c r ib e d .  This may be done in  c o n ju n c tio n  w ith  th e  e x p e r im e n ta l d a ta .

(2) The p a ra m e te r  n sh o u ld  be c h a ra c te r iz e d  in  term s o f m ic ro sco p ic  

q u a n t i t i e s .  We may o b ta in  n in  term s o f  th e  GL p a ram e te r k and H /H 

(=p) s im p ly . We ta k e  advan tage o f th e  f a c t  t h a t  Eqs. (5 .1 )  and (5 .1 9 ) 

a re  a p p l ic a b le  as H H . F or s im p l ic i ty ,  l e t  H = p ( i . e . ,  H = H ) 

i n  Eq. (5 .1 9 ) .  This w i l l  change th e  v a lu e  o f  s ,  th e  s lo p e ,  only  s l i g h t ­

l y .  I f  we d i f f e r e n t i a t e  Eq. (5 .1 )  w ith  r e s p e c t  to  H and e q u a te  th e  

s lo p e s ,

1 -  1 ^  1________________________

( n - D ( p - l )  iV i6(2k^ -  1)

^ — = {(H /H ) -  1}{1 -  {1/1 . 16(2k^ -  1)}} n -  1

The d e te rm in a tio n  o f  k i n  term s o f m icro sco p ic  m e ta l lu r g ic a l  

q u a n t i t i e s  h as  been ach iev ed  on ly  to  a  l im ite d  e x te n t .  The problem  fo r  

n  sh o u ld  p ro v e  e q u a lly  d i f f i c u l t .

Summary

We have review ed th e  most p rom ising  e x ta n t  th e o r ie s  o f h y s te r e t ­

i c  m a g n e tiz a tio n  cu rves in  th e  l i g h t  o f  ex p e rim en ta l d a ta .  A new th e o ry  

h as  b een  p re s e n te d  w hich ag rees  c lo s e ly  w ith  th e  d a ta .



CHAPTER VI

RESULTS AND DISCUSSION: PRIMARY SUPERCONDUCTING PROPERTIES

In o rd e r  to  d is c u s s  the r e s u l t s  in  a m eaningfu l manner, we s h a l l  

group the e x p e rim e n ta l d a ta  in to  s e c t io n s .  L iv in g s to n  and S ch ad le r (14) 

grouped the  p r o p e r t i e s  o f  su p e rco n d u c to rs  in to  3 s e c t io n s :  p rim ary , s e c ­

ondary , and t e r t i a r y .  P rim ary  p r o p e r t ie s  were supposed ly  s t r u c t u r e - in ­

s e n s i t i v e ,  l i k e  T^ and H^. These a re  r e l a t e d  to  th e  Debye tem p era tu re  6^ 

(th ro u g h  Eq. (2 .2 )  and th e  r e l a t i o n  hw^/Zn = kG^), y , and th e  e le c t r o n -  

e l e c t r o n  i n t e r a c t io n  p a ram e te r  V. However, as has been  n o te d , th e  hy s- 

t e r e t i c  b eh av io r  o f  th e  sam ple w i l l  govern th e  v a lu e  o f H^, s in c e  the  

ap p a re n t v a lu e  o f  H^ m ust be  a d ju s te d  f o r  h y s t e r e t i c  e f f e c t s .

L iv in g s to n  and S c h a d le r  p la c e d  h y s t e r e t i c  e f f e c t s  in  th e  t e r t i a r y  

c a te g o ry , as b e in g  s e n s i t i v e  to  in h o m o g e n e itie s . These w i l l  a l s o  a l t e r  

v a lu e s  o f H , w hich a lo n g  w ith  H has been  p la c e d  i n  th e  secondary  c a t-  

egory as showing s e n s i t i v i t y  to  th e  e l e c t r o n  mean f r e e  p a th  £ .

To a v o id , in  t h i s  c h a p te r ,  th e  problem s o f th i s  c a te g o r iz a t io n ,  

we s h a l l  d is c u s s  f i r s t  th o se  p r o p e r t i e s  w hich a re  n o n - h y s te r e t ic ,  l i k e  

T^ and p^ , th e  r e s id u a l  r e s i s t i v i t y .  We s h a l l  then  tak e  account o f  the  

h y s te r e s i s  in  f in d in g  H^. In  th e  n e x t c h a p te r ,  we s h a l l  co n s id e r what 

L iv in g s to n  and S ch ad le r  ta k e  to  be th e  secondary  su p erco n d u c tin g  p ro p er­

t i e s .

64
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Fermi S u rface  and M e ta l lu rg ic a l  E f fe c ts

P r io r  to  d is c u s s in g  th e  a c tu a l  ex p erim en ta l r e s u l t s ,  c o n s id e r  some 

a sp e c ts  o f  th e  p h y sics  o f th e se  a l lo y s  as determ ined by o th e r  in v e s t ig ­

a to r s .  A lthough th e  Fermi s u r fa c e  f o r  In  approxim ates a  sp h e re , i t  i s  

c lo se  to  the  B r i l lo u in  zone faces  i n  c e r ta in  d i r e c t io n s .  When e le c tro n s  

a re  added (o r s u b tr a c te d ,  fo r  Cd a l l o y s ) ,  th e  r e s u l t  i s  u s u a lly  changes 

in  th e  degree o f c o n ta c t o r  o v e rla p p in g  w ith  th e se  zone b o u n d a rie s .

I t  has been shown (59) th a t  the e f f e c t s  o f  Fermi s u r f a c e - B r i l lo u in  zone in ­

te r a c t io n s  can b r in g  about changes in  th e  l a t t i c e  param eters  and l a t t i c e  

s t r u c tu r e .  The e f f e c t  has been s tu d ie d  e x h a u s tiv e ly  in  th e  d i l u t e  In-Cd 

system  (6 7 ) , b u t  only  up to  the te t r a g o n a l - c u b ic  tra n s fo rm a tio n , i . e . ,  

about 5 a t .  % Cd. The Fermi su r fa c e  o f  In  has n o t been ex p lo re d  f o r  h ig h ­

e r  c o n c e n tra tio n s  o f Cd, th e  c o n c e n tra tio n s  in  which we a re  in t e r e s te d .

H iggins and Kaehn (60) s t a t e  t h a t  p u re  In  i s  in te rm e d ia te  betw een 

the  w eak-coup ling  su p e rc o n d u c to rs , f o r  which th e  BCS model i s  u sed , and 

th e  s tro n g -c o u p lin g  su p erco n d u c to rs  ( l i k e  Pb and H g), f o r  which th e  th e o ry  

b reaks  down. The e f f e c t  o f th i s  a s s e r t io n  w i l l  be seen  in  l a t e r  d isc u s ­

s io n  o f d a ta .

W hile no m icro sco p ic  exam in a tio n  o f  th e  a llo y s  was done, th e  sm a ll 

s e g re g a tio n  c o e f f i c i e n t  o f  In  a l lo y s  g u a ran tee s  th e i r  u n ifo rm ity  when 

they s o l id i f y  ( 66) in  th e  s in g le  p h ase  re g io n s .

Debye Tem perature 8^

Because th e  i n t e r a c t io n  r e s p o n s ib le  fo r  su p e rc o n d u c tiv ity  i s  e l -  

ec tro n -p h o n o n , th e  Debye te m p era tu re  9^ e n te r s  in to  c a lc u la t io n s  through 

an in t e r a c t io n  c u t - o f f  a t  an average phonon energy hw^/Zn = k 8^ (see  

Eq. ( 2 .2 ) ) .
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P h i l l ip s  e t  ^  (61) found 6^ = (110.1  -  2 / a t .  % Cd) K fo r  up to  5 

a t .  % Cd. T heir value  f o r  p u re  In  i s  in  agreem ent w ith  th e  accep ted  value  

o f  111 .3  K. However, t h i s  work does n o t cover th e  p r e s e n t  reg io n  o f  

i n t e r e s t  (> 5 a t .  % Cd). The r a t e  o f  change o f th e  Debye tem pera tu re  w ith  

c o n c e n tra tio n  may b e  e s tim a te d  by u s in g  th e  Lindemann m e ltin g  ru le  (6 2 ).

This ru le  i s  b ased  on th e  c a lc u la t io n  o f  th e  rms d isp lacem en t o f 

each  atom from i t s  e q u i lib r iu m  s i t e  as a  fu n c tio n  o f  8^  and as a f ra c ­

t io n  o f  th e  ra d iu s  c e l l .  A s o l id  w i l l  m elt when th i s  f r a c t io n  a t ta in s  a  

s ta n d a rd  v a lu e . The Debye tem p era tu re  may thus be w r i t t e n  as a fu n c tio n  

o f  m e ltin g  tem p era tu re  and atom ic r a d iu s ,  and i s

^D '  , (6 .1 )

where T^ i s  the  ( s o l id u s )  m e ltin g  te m p e ra tu re , W i s  th e  mean atom ic 

w e ig h t, and D i s  th e  d e n s ity .

I f  we use th e  c o n c e n t r a t io n - s o l idus tem pera tu re  g ra d ie n t  from 

F ig . 3, and Eqs. (3 .1 )  and ( 3 .2 ) ,

6p = 111(1 -  1.24 X 10“ ^ A ), 

w here th e  p r o p o r t io n a l i ty  c o n s ta n t h as  been chosen to  ag ree  w ith  the  

c o r r e c t  v a lu e  o f  pu re  In .  T his c o n s ta n t w i l l  change l i t t l e  w ith  phase 

(1 1 9 ). V a ria b le  A i s  th e  atom ic p e rc e n t Cd. This r e s u l t  in d ic a te s  th a t  

(dG^/dA) = 0 .0 0 1 4 , in  c o n t r a s t  w ith  th e  v a lu e  o f  0 .0 2  found by P h i l l ip s  

e t  a l .  S ince we do n o t have d a ta  on o u r  reg io n  o f  i n t e r e s t ,  we s h a l l  

conprom ise th e  d if f e re n c e  by w r i t in g

0JJ = 110 -  1 /a t .  % Cd, 0 < A < 0 .16  (6 .2 )

In  any c a s e , s in c e  th e  v a lu e  o f 0^ e n te rs  lo g a r i th m ic a l ly  in to  

f in d in g  N(0)V in  Eq. ( 2 .2 ) ,  a sm a ll e r r o r  in  i t s  e s t im a tio n  shou ld  be 

n e g l ig ib le .
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R esid u a l R e s i s t i v i ty

The re s id u a l  r e s i s t i v i t y  as found by th e  in d u c tan ce  method i s

shown in  F ig . 21 and ta b u la te d  in  Table 4 . In  th e  form er a re  shown v a l­

ues found by F isc h e r  (2 6 ) . A lthough th e  l a t t e r * s  d a ta  y ie ld s  r e s i s t i v ­

i t i e s  somewhat h ig h e r ,  th i s  may be due to  th e  f a c t  th a t  a p p a re n tly  a 4- 

p o in t r e s i s t i v e  te ch n iq u e  was used and, as has been  p o in te d  o u t ,  in d u c t­

iv e  su p e rc o n d u c tiv ity  m easurements a re  o f te n  more r e l i a b l e  (6 3 ) . Fur­

therm ore th e  sam ples in  F is c h e r 's  work w ere a g i ta te d  fo r  on ly  a  few min­

u te s ,  w ith  th e  r e s u l t a n t  p o s s i b i l i t y  o f  in h o m o g en e itie s . This m ight ac­

count fo r  th e  h ig h e r  r e s i s t i v i t i e s  found. The ty p i c a l  m a g n e tiz a tio n  

curves shown in  F i s c h e r 's  a r t i c l e  in d ic a te  a h ig h e r  h y s te r e s i s  than  in  

th e  p re se n t work, and thus g r e a te r  Inhom ogeneity .

The r e s i s t i v i t y  a t  77 K was a lso  m easured . In  g e n e ra l ,  th e  r e s u l t s  

fo llo w  le  C h a te l i e r 's  r u le :  th e  r e s i s t i v i t y  v a r ie s  l i n e a r ly  w ith  con­

c e n tra t io n  in  a s o l i d  s o lu t io n  (6 4 ). I t  may a lso  be  n o te d  th a t  th e  re s ­

i s t i v i t y  drops s h a rp ly  in  th e  15.95 a t .  % Cd. sam ples ; t h i s  i s  m ost l i k e ­

ly  due to  more than  one component b e in g  p r e s e n t  in  th e  a l lo y ,  as th i s  

com position  c lo se ly  approaches the  so lv u s  l i n e  ( s e e  F ig . 3 ).

The e le c t r o n i c  mean f re e  p a th  I  can b e  found from th e  r e s i s t i v i t y .

For any m a te r ia l ,  th e  term  i s  a  c o n s ta n t in d ependen t o f  tem pera­

tu r e ,  f o r  low tem p era tu res  (6 5 ). Since t h i s  q u a n t i ty  has n o t been  d e t­

erm ined f o r  our a l l o y s ,  we use t h a t  o f p u re  I n .  p^î, can be  m easured by 

th e  anomalous sk in  e f f e c t .  However, the  r e s u l t s  in  th e  l i t e r a t u r e  d i f f e r  

w ith  each o th e r  by a f a c to r  o f  up to  2 . D heer (65) found th a t

l/p ^ £  = (18 .0  ± 1 .1 )  X 10^° cm” ^ . Thus

1 / i  = (18 .0  ± 1 .1 ) X 10^° cm” ^ p^ . (6 .3 )
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P re s e n t work 
A f te r  F is c h e r  (26)
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C oncentration, a t .  % Cd.
F ig . 21. R es id u a l r e s i s t i v i t y  in  In-Cd a l lo y s



TABLE 4

SUPERCONDUCTIVITY IN THE IN-CD SYSTEM; PREPARATION OF SAMPLES AND PRIMARY PROPERTIES

Sample
No.

Concen­
t r a t i o n  
( a t .  % Cd)

Anneal­
in g  time  
(days)

R ota t ion
time
(min .)

( 4 . 2  K )  

(viO-cm)

( 7 7  K )  

(pn-cm)

Z  ( 4 . 2  K )  

( E q .  6 . 3 )  

(Angstrom)

T  ( K )  c

9* 7.8 7 . 8 4 3 3 8 0 2 . 3 1 4 . 5 6 2 4 1 3 . 4 8 3 9

1037.8 7 . 8 3 2 7 8 0 2 . 2 4 4 . 1 3 2 4 9 3 . 4 9 6 4

949.8 9 . 8 1 4 7 6 0 2 . 6 6 4 . 4 5 2 0 9 3 . 2 2 1 6

1 0 2  9  g 9 . 8 1 2 6 7 0 2 . 6 6 4 . 3 7 2 0 9 3 . 1 8 8 0

9 1  1 2 . 3 1 2 . 2 7 1 7 6 0 3 . 7 5 5 . 2 9 1 4 8 2 . 8 7 2 4

97 1 2 . 3 1 2 . 2 5 2 1 6 0 3 . 7 9 6 . 3 4 1 4 7 2 . 9 1 8 4

100 13.5 1 3 . 4 9 3 3 9 0 3 . 6 1 5 . 1 0 1 5 4 2 . 8 9 8 8

101 13.5 1 3 . 4 8 3 2 9 0 3 . 5 8 5 . 5 7 1 5 5 2 . 9 4 3 4

1041 4 . 7 1 4 . 7 4 2 1 6 0 4 . 6 0 6 . 4 9 1 2 1 2 . 9 9 3 8

107 1 4 .  7 1 4 . 7 4 2 9 6 0 4 . 2 9 6 . 4 4 1 3 0 2 . 9 9 2 6

®-17 16.0 1 5 . 9 5 1 6 9 0 2 . 9 5 5 . 5 9 1 8 9 2 . 9 0 7

BJO16.0 1 5 . 9 5 5 . 5 1 5 0 3 . 2 2 5 . 5 7 1 7 3 2 . 8 8 7

VO

* —  S u b s c r i p t s  on t h i s  and subsequent  t a b l e s  i n d i c a t e  Cd c o n c e n t r a t io n  i n  atomic p e r c e n t .



TABLE 5

SUPERœNDUCTIVITY IN THE IN -CD  SYSTEM: THE RM) DYNAMIC CRITICAL FIELD

Sample
No.

ATc
(K) (K)

N(0)V X
( a f t e r
M cMillan)

H0
( i r r e v e r s i b l e )
(Oe)

D0
( i r r e v .  )

Number
o f  p o in ts

i
j

9 9 7 .8 0.0207 102.2 0 .285 0.796 295 .2  + 3 .4 +0.0200 + 0.0094 6

103 7  ̂Q .0163 102.2 .285 .797 2 8 4 .8  + 4 .7 + .0477 + .0137 6

9 ^ 9 .8 .0333 100.2 .281 .774 231 .2  + 3 .2 -  .0627 + .0117 4

102 9  ̂9 .0060 100 .2 .280 .745 251.1  + 5 .8 -  .0347 + .0200 6

9 1 1 2 .3 .0170 9 7 .7 .274 .741 251 .5  + 8 .0 -  .0756 + .0274 5

9 7 12.3 .0605 9 7 .7 .275 .752 257 .5  + 2 .5 -  .0241 + . .0080 5

100 13.5 .0058 9 6 .5 .276 .752 265 .8  + 6 .0 — .0184 + .0188 5

101 13.5 .0320 9 6 .5 .276 .759 257 .7  + 2 .4 -  .0268  + .0084 5

104 14 7 .0305 9 5 .3 .278 .767 229.0  + 5 .2 -  .0712 + .0204 5

1 0 7 14  ̂7 .0140 9 5 .3 .278 .767 233 .4  + 1 .7 -  .00  39 + .0048 3

B J 7 16.0 .030 9 4 .0 .277 .763 242 .6  + 2 .1 -  .0330 + .0073 5

BJ8 16.0 .030 94 .0 .277 .760 2 2 9 .3  + 7.4 -  .0559 + .0275 5



TABLE 6

SUPERCONDUCTIVITY IN THE IN -CD  SYSTEM: REVERSIBLE THERMODYNAMIC CRITICAL FIELD

Sample
No.

H
O

( r e v e r s ib le )
(Oe)

Do
( r e v . )

Y ( i r r e v . )
- 3  - 2 . (erg -cm  -K )

Y ( r e v .)
- 3  -2  (erg-cm  -K )

N(0) ( i r r e v . )  

( 10^^ s t a t e s
— 1 —3x ev cm )

9 9 ? . 8 255.5  + 2 .0 - 0 .0130 + 0.0064 1221 + 28 914 + 14 0 . 156

103?. a 250 .4  + 6 .6 + .0375 + .0221 1128 + 37 872 +. 46 .144

9 4 g .8 233 .7  + 4 .6 * + .0026 + .0217 876 + 24 895 + 35 .112

230.0  + 3.9 - .0165 + .0146 1055 + 49 885 + 30 . 135

9^ 12. 3 234 .8  + 6 . 8 - .0810 + .0253 1303 + 83 1136 + 66 .166

9 ^ 1 2 . 3 242 .9  + 3 .0 - .0017 + .0102 1323 + 26 1178 + 29 . 169

13 .5 23 3 .8  + 8 .5 - .0419 + .0306 1429 + 64 1106 + 80 .182

13 .5 231 .0  + 1 .7 - .0406 + .0067 1303 + 24 1047 + 15 .166

14 .7 228 .8  + 6 .4 - .0271 + .0232 .995 + 45 993 + 56 . 127

14. 7 221 .9  + 3 .4 - .0261 + .0164 1034 + 15 935 + 29 . 132

16.0 226 .1  + 7 .6 - .0057 + .0270 1184 + 20 1028 + 69 .151

®38 16,0 214 .0  + 7 .1 - .0691 + .0290 1072 + 69 934 + 62 . 137

* — To d e te rm in e  th e  r e v e r s ib l e  v a lu e  o f  H^ f o r  sam ple 94 , 6 p o in ts  w ere used .



TABLE 7

SUPERCONDUCTIVITY IN  THE IN-CD SYSTEM: GORKOV PARAMETER k ,

Sample
No.

N(0) ( r e v . )  
21

(10 s t a t e s
— 1 — 3\ ev  -cm )

V ( i r r e v . )  
(10"23 ev - 

cm^)

V ( r e v .)  
(10“ 23

cm^)

K4
( i r r e v . )

*̂ 4
( r e v .)

P
( i r r e v . )  
Eq. (6 .8 )

9* 7 .8 0 .1 1 7 1.83 2 .44 0.662 ± 0 .025 0 .587 ± 0 .020 10. 8 ± 0 .5

1037 .8 .112 1.98 2 .54 .629 + .026 ,559 + .028 10.2 + 0 .5

9^9 .8 .115 2 .50 2 .44 .657 + .026 .662 + .030 10.7 + 0 .5

1029.8 .113 2 .07 2 .48 .714 + .035 .658 + .028 11.8 + 0. 7

91i 2 . 3 .145 1.65 1.89 1.082 + .063 1.012 + .057 18.6 + 1.2

9^12.3 .151 1 .63 1.82 1.101 + .041 1.024 + .042 19.0 + 0 . 8

IOO13.5 .141 1.52 1.95 1.091 + .054 .995 + .060 18.8 + 1.0

IOI13 .5 .134 1.66 2D6 1.036 + .038 .934 + .032 17.7 + 0 . 7

10414.7 .127 2.19 2.19 1.154 + .057 1.154 + .063 19.9 + 1.1

1 0 ^ 4 .7 .119 2 .10 2 .34 1.098 + .039 1.052 + .045 18.9 + 0 .7

.131 1.83 2 .11 .826 + .029 .775 + .045 13.9 + 0 .5

M s . o .119 2 .02 2 .3 3 .856 + .048 .802 + .047 14.5 + 0 .9

hO



TABLE 8

SUPERCONDUCTIVITY IN  THE IN -C D  SYSTEM: COHERENCE LENGTH AND FERMI VELOCITY

Sample
No.

P
( r e v .)  

Eq. (6 . 8 )

So
( i r r e v . )

(Angstrom)

So
( re v . ) 

(Angstrom)
( i r r e v . )  

( 10^ cm /sec)

Vp 
( r e v .)  

( 10^ cm /sec)

7. 8 9 .3  ± 0 .4 2600 + 360 2240 ± 290 0.75 0.65

103 7 .8 8 .8  ± 0 .5 2540 + 360 2190 + 320 .74 . .63

9 . 8 1 0 .8  ± 0 .6 2230 ± 310 2260 + 330 .5 7 .61

102 9 .8 10.7 ± 0 .5 2470 + 370 2240 + 310 .65 .60 j

^ 1 1 2 . 3 17 .3  ± 1.1 2750 + 430 2560 + 400 .66 .61

12.3 17.5 ± 0 .8 2790 + 370 2570 + 350 .6 8 .62

100 13.5 17.0 ± 1.1 2900 + 420 2620 ± 410 .70 .6 3

101 13.5 15.8 ± 0 .6 2740 + 360 2450 ± 320 .6 8 .60

104 14 ,7 19.9 ± 1.2 2410 + 350 2410 + 360 .60 .60

107 14.7 18.1 ± 0 .9 2460 + 310 2350 + 330 .61 .59

3 3 7 16.0 12.9 ± 0 .9 2630 + 330 2440 + 390 .6 3 .59

338 16.0 13.4 ± 0 .9 2510 + 380 2320 + 370 .60 .56

w



TABLE 9

SUPERCONDUCTIVITY IN THE IN-CD SYSTEM: EXACT EXPRESSION FOR y ’

Sample
No.

y '
(Eq. 

(erg-cm

( i r r e v . ) 
(6 .1 3 ) )

-3 -  K-2 )

y '
(Eq. 

( e rg  -

( r e v . )
(6 .1 3 ))

:m-3 _ k"3)

7 .8 1319 + 73 877 ± 30

7. 8 1329 + 111 988 ± 130

^ ^ 9 .8 733 + 44 975 + 110

9.  8 952 + 94 840 ± 66

12 .3 1052 + 119 905 ± 109

12 .3 1231 + 53 1171 ± 67

13. 5 1350 + 136 977 + 153

13.5 1201 + 50 929 + 31

14. 7 812 + 79 914 ± 113

14 .7 1021 + 31 864 ± 68

16.0 1071 + 41 871 ± 121

BJ^IG.O 1095 + 151 768 ± 109
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V alues of th e  mean f r e e  p a th  a re  shown in  Table 4 . The v a lu e  o f

1/p JÎ, chosen i s  about 5% le s s  th an  th e  t h e o r e t i c a l  v a lu e , n

W hile t h i s  v a lu e  can c e r ta in ly  vary  w ith  a l lo y in g ,  i t  i s  c lo se  to  

th e  average  v a lu e  o f  17.3 x  10  ̂ cm ^ found by D elvecchio  and

L in d en fe ld  fo r  fo u r  d i l u te  In -B i a l lo y s  (7 6 ) , by s p e c i f i c  h e a t  m easure­

m ents. We may th u s  assume t h a t  th e  v a lu e  o f l/p^&  i s  p ro b ab ly  c lo se  to  

th e  qu o ted  value  f o r  th e  p re s e n t a l lo y s .

F u rth erm o re , w h ile  th e  o rd e r  o f  m agnitude o f  i s  an im p o rt­

an t q u a n t i ty ,  th e  e x a c t v a lu e  o f  % i s  n o t  needed  fo r  com pu ta tions.

C r i t i c a l  T em perature T^

The c r i t i c a l  tem p era tu res  were m easured by th e  p re v io u s ly  men­

tio n e d  te c h n iq u e , and r e s u l t s  a re  shown in  F ig . 22 and T able 4 . The 

b a rs  on th e  r e s u l t s  do n o t in d ic a te  th e  u su a l l im i t s  o f  ex p e rim en ta l 

e r r o r ,  b u t  r a th e r  th e  w id th  o f th e  t r a n s i t i o n  AT^ d e f in e d  p re v io u s ly .

The r e s u l t s  a re  a ls o  compared to  th o se  o f  M erriam (67) and F is ­

cher (2 6 ). We see  th a t  th e  t r a n s i t i o n  w id th s  a re  n arrow er in  th e  p re ­

s e n t work than  in  I fe r r ia m 's .  This in d ic a te s  th a t  the  p r e s e n t  sam ples 

w ere p robab ly  more homogeneous. The t r a n s i t i o n  w id th s  o f  F is c h e r  w ere 

n o t g iv en .

In  g e n e ra l ,  th e  agreem ent w ith  p re v io u s  d a ta  i s  good. T^ d e c ­

re a se s  f a i r l y  l i n e a r ly  from  th e  f c c - f c t  phase  boundary to  about 12 at.%  

Cd, and th en  rem ains app rox im ate ly  c o n s ta n t .  The p re s e n t  r e s u l t s  in  

the  l a t t e r  reg io n  a re  somewhat low er th an  th o s e  o f  M erriam , b u t  th i s  

may be due to  th e  im proved hom ogeneity.

B efore d is c u s s in g  th e  tem p era tu re  v a r i a t i o n ,  a n o te  on th e  t r a n ­

s i t i o n  w id th  i s  i n  o rd e r .  Goodman ( 68 ) ,  n o tin g  th e  s t a t i s t i c a l  f lu c tu -
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a llo n s  i n  th e  e n e rg ie s  o f  th e  su p e rco n d u c tin g  re g io n s , found th a t

A T ^  = 1.79 X 10^ k T ^ / 2  ( p ^  y /V )  c ~ ^  (6 .4 )

where k i s  th e  Boltzmann c o n s ta n t ,  y  i s  the  c o e f f ic ie n t  o f  th e  e l e c t r o n i c  

s p e c i f i c  h e a t ,  and c^ i s  th e  s p e c i f i c  h e a t  p e r  u n i t  volume In  th e  norm al 

s t a t e .  Goodman's form ula has been  m od ified  to  take acco u n t o f  th e  p re s e n t  

l a r g e r  d e f in i t i o n  o f  the  t r a n s i t i o n  w id th  ( i . e . ,  from  10% -  90% o f  th e  

t o t a l  change in  m a g n e tiz a tio n ) . Eq. (6 .4 )  applies on ly  to  ze ro  f i e l d ,  

b u t the  f i e l d s  used  in  d e te rm in in g  a re  very sm all.

S in ce  th e  m agnitude o f  AT^ appears  to  be governed more by sam ple 

p re p a ra t io n  than  by c o n c e n tra tio n  in  o u r samples, on ly  an o rd e r -o f -  

m agnitude c a lc u la t io n  w i l l  be perfo rm ed . I t  w ill b e  seen  l a t e r  th a t  

y / V  = 1 .2  mj cm ^ de g The m olar volume o f  pure In  i s  1 1 4 .8 /7 .3  = 16
3

cm . The s p e c i f i c  h e a t  c^ i s  n o t  known f o r  th e  p re se n t sam p les . However, 

fo r  pu re  I n ,  c^ = 70 mj mole  ̂ deg  ̂ (5 7 ) , and i t  changes l i t t l e  f o r  d i l ­

u te  a l lo y s  o f  In  (2 2 ) . S u b s t i tu t in g  th e se  values and th e  v a lu es  o f  Tc

and from  Table 4 , we o b ta in  AT^ = 0 .01  K, which, i s  in  good agreem ent 

w ith  the  e x p e rim en ta l r e s u l t s .

We may assume th a t  th i s  w id th  i s  a  n a tu ra l  lo w er bou n d ary , as th e  

t r a n s i t i o n  w id th s of M erriam a re  l a r g e r  (by a fa c to r  o f  about 7 ).

AT^ may b e  la r g e r  in  th e  p re s e n t  work due to  the s m a l l  m agnetic  f i e l d  

a p p lie d .

I f  we use Eq. ( 2 .2 ) ,  we may o b ta in  th e  in te r a c t io n  s tr e n g th  

N(0)V. V alues a re  shown in  T able 5 . As mentioned p r e v io u s ly ,  th e se  a l ­

lo y s  a re  b o r d e r l in e  betw een a w eak -co u p lin g  superco n d u c to r, f o r  w hich 

N(0)V = 0 .2 5 ,  and a s tro n g -c o u p lin g  su p erco n d u c to r, f o r  w hich th e  BCS 

th eo ry  may n o t h o ld  in  a l l  r e s p e c t s .  The v a lu es  of N(0)V a re  c lo se  to
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th a t  o f p u re  In  (0 .3 0 ) ,  and vary  only  s l i g h t l y  o v e r th e  range o f  con­

c e n t r a t io n .  There i s  an ap p a re n t minimum around 12 at.%  Cd. We see  th a t  

even though 0^ i s  n o t known p e r f e c t ly ,  i t s  v a r ia t io n  w i l l  make on ly  a 

s l i g h t  change in  th e  i n t e r a c t io n  s t r e n g th .

Let us now c o n s id e r  th e  v a r ia t io n  o f  T w ith  c o n c e n tra tio n . Mar-c

k o w itz  and K adanoff (MK) (70) d is c u s s e d  th e  change in  w ith  a l lo y in g  

in  term s o f  an " a n iso tro p y  e f f e c t " ,  dom inant in  very  d i l u t e  a l lo y s ,  

and a  "v a len c e  e f f e c t " ,  dom inant in  h ig h e r  c o n c e n tra t io n s .  However, as 

M erriam has p o in te d  ou t (6 7 ) , problem s a r i s e  as th e  c o n c e n tra tio n s  be­

come r e l a t i v e l y  h ig h , as  i s  th e  c a s e  i n  th e  p r e s e n t  w ork. T h is i s  shown 

by making a "Seraphim  P lo t"  (7 1 ) , i n  w hich AT^/c i s  p lo t t e d  v ersu s  c, 

where c i s  th e  c o n c e n tra tio n  o f  th e  s o lu te ,  and now AT^ i s  the  change 

in  t r a n s i t i o n  te m p era tu re  o f th e  a l lo y  as compared to  t h a t  o f  th e  p u re  

m e ta l.  I f  th e  MK th e o ry  i s  v a l id ,  th i s  p lo t  sh o u ld  produce a  s t r a i g h t  

l i n e  on s e m i- lo g a r ith m ic  p a p e r.

However, due to  th e  sh arp  v a r ia t io n s  i n  shown i n  F ig . 23 , we 

do n o t  o b ta in  t h i s ,  in d ic a t in g  t h a t  th e  MK fo rm u la  i s  in v a l id  in  t h i s  

re g io n  o f c o n c e n tra t io n .

T h is  may be  due to  th e  assum ption  th a t  th e  average  e f f e c t iv e  

v e lo c i ty  v^ a t  th e  Ferm i s u r fa c e  i s  n o t  changed by a l lo y in g .  S ince  

In  has been shown to  have B r i l lo u in  zone-Ferm i s u r fa c e  o v e rlap p in g  

a t  f a i r l y  low c o n c e n tra tio n s  o f  Cd (6 7 ) , t h i s  s i t u a t io n  may re p e a t i t ­

s e l f  a t  h ig h e r  c o n c e n tra tio n s  and make in v a l id  th e  above assum ption .

In  g e n e ra l ,  we m ust conclude t h a t  w h ile  th e  v a r i a t io n  in  T^ i s  

a p p a re n tly  u n d ers to o d  f o r  very  d i l u t e  a l l o y s ,  t h i s  i s  n o t  th e  case  f o r  

h ig h e r  c o n c e n tra t io n s .  M erriam  ^  ^  (63) came to  th e  same co n c lu s io n s
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ab o u t H g-In system s.

R e c e n tly , McMillan (72) fo rm u la ted  a th e o ry  o f  which employs 

a Coulomb p se u d o p o te n tia l y* and an e le c tro n -p h o n o n  co u p lin g  p aram eter 

X.  In  p r in c i p l e ,  i f  th e se  two a re  known, th e  c r i t i c a l  tem p era tu re  may 

b e  found . W hile th e  th e o ry  was fo rm u la te d  f o r  s tro n g -c o u p lin g  su p e r­

c o n d u c to rs , i t  h a s  been shown (73) th a t  i t  reduces  to  the  w eak-coup ling  

l i m i t  i f  X i s  sm a ll. We s h a l l  use t h i s  th e o ry  to  f in d  va lu es  o f  A, 

w hich i s  u sed  in  a re n o rm a liz a tio n  o f  the  d e n s ity  o f  s t a t e s  N(0) by a 

f a c t o r  ( I  + A).

We must f i r s t  o b ta in  y* from th e  is o to p e  s h i f t .  S ince t h i s  has 

n o t been  determ ined  f o r  I n ,  we s h a l l  use th e  form ula o f  Morel and Ander­

son  (7 4 ) ,  w hich works w e ll  f o r  in te rm e d ia te -c o u p  l in g  su p erco n d u c to rs  

l i k e  Sn . This y ie ld s  an is o to p e  exponent o f  0 .435  f o r  a l l  sam ples in  

T able 5 , c lo se  to  the  ty p ic a l  v a lu e  o f  0 .5 0 . Then

y* = 0 .36{  £n( 0 jj/1 .4 5  T^)}“  ̂ (6 .5 )

The v a lu e  o f  y* i s  used i n  th e  McMillan e q u a tio n  fo r  A, and th i s  

i s  shown in  Table 5. We see  t h a t  th e  v a lu e s  a re  f a i r l y  un ifo rm , a l ­

though th e re  i s  a  s l i g h t  d ec re a se  tow ards th e  m iddle o f  th e  concen t­

r a t i o n  ra n g e . The values o f A a re  somewhat h ig h e r  than  A = 0 .69  c a l ­

c u la te d  fo r  pure In  by M cM illan. K ubota e t  a l  (79) a l s o  showed th a t  

A v a r ie s  on ly  slow ly  w ith  com position  in  Ta-Nb a l lo y s .

Thermodynamic F ie ld

The f i e l d  i s  found from th e  a re a  u nder the  m a g n e tiz a tio n  cu rv e , 

as m entioned  above. In  g e n e ra l ,  v a r ie s  i n  a  p a r a b o l ic  manner w ith
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te m p era tu re . However, Sheahen (75) showed, in  an approxim ation  to  a

p roposed  ex ac t e q u a t io n , th a t  sm a ll c o r re c t io n s  to  the p a ra b o la  may be

added as fo llow s fo r  n o n - t r a n s i t io n  m e ta l su p e rco n d u c to rs :

H /H = 1 -  (T/T _ D s in  { 7t(T /T )^} ( 6 . 6 )C O  C O  c

w here H i s  th e  therm odynam ic f i e l d  a t  T = 0 K, and D i s  th e  maximum o o

d e v ia tio n  from a p a ra b o la  f o r  th e  p a r t i c u l a r  su p e rco n d u c to r. was com-
2

p u ted  by a le a s t - s q u a r e s  methods from experim en ts  in  w hich (T/T^) 2 0 .5

( i . e . ,  u s in g  p r im a r ily  th o se  v a lu e s  o f  c lo se  to  H ^), and r e s u l t s  a re  

p re s e n te d  in  Tables 5 and 6 . The p a ram ete r was a lso  computed.

Up to  th e  p r e s e n t ,  we have been  u sing  th e  (forw ard) i r r e v e r s i b l e  

curves in  th e  com putation  o f  I f  we use th e  h y s te r e t i c  th e o ry  o f  

C hapter V to  determ ine th e  p ro b a b le  r e v e r s ib le  cu rv es , we o b ta in  some­

w hat d i f f e r e n t  r e s u l t s .  Because o f  th e  la rg e  amount o f  d a ta ,  th e  l e a s t -  

sq u a re s  a n a ly s is  used i n  C hap ter V was n o t u sed . In s te a d , curves s im i la r  

to  th e  d a ta  were computed and they  w ere a d ju s te d  by hand to  f i t  p a r t ­

i c u l a r  c a se s . I t  i s  e s tim a te d  t h a t  th e  e r r o r s  in  th is  p ro ced u re  sh o u ld  

n o t be more than  a few p e rc e n t  in  any o f  th e  su p erco n d u c tin g  v a r ia b le s .

To determ ine  th e  c u rv e s ,  th e  p ro ced u re  used in  o b ta in in g  F ig . 17 was f o l ­

low ed: H , dM 
^2 dH

w ere h e ld  as f ix e d ,  and H was v a r i a b le .  This
(=1

H
^2

g e n e ra lly  produced a  v a lu e  o f H s m a lle r  th an  th a t  p re v io u s ly  found . 

A p la n ira e te r  was used to  f in d  th e  r a t i o  o f  r e v e r s ib le  to  i r r e v e r s i b l e  

a re a s .

The va lues o f  found in  th e s e  two ways a re  shown in  F ig . 23.

Both curves in d ic a te  a  maximum of H n e a r  th e  c e n te r  o f  th e  f e e  phase
0
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F ig . 23. Thermodynamic c r i t i c a l  f i e l d  H a t  T = 0 f o r  In-Cd sy stem , fo r  i r r e v e r s i b l e  and 
r e v e r s ib l e  c u rv e s . ^
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(;iL .around 13 ;it. 7. (’d ) , bu t the r e v e rs ib le  va lue  o f  tends to  be more 

c o n s ta n t . T h is  r e s u l t  agrees s tro n g ly  w ith  th e  work o f Dubeck e £  ^  (32) 

who found th a t  th e  scheme they used to  f in d  a r e v e r s ib le  curve from  the  

i r r e v e r s i b l e  curves tended to  even ou t the i r r e g u l a r i t i e s  of v e rsu s  

c o n c e n tra tio n  in  P b -In  a l lo y s .

In  th e  BCS m odel, th e  e l e c t r o n i c  c o e f f i c ie n t  o f  s p e c i f i c  h e a t  i s  

Y = 0 .1 7  (Hg/T^)2 (6 . 6a)

Computed c o e f f ic ie n t s  a re  shown in  Table 6 . The s ta n d a rd  d e v ia tio n s  were

computed o n ly  from th o se  o f  as  any e r r o r  i n  w ould be n e g l ig ib l e .

The va lues o f  y computed f o r  th e  r e v e r s ib le  curves ten d  to  be l e s s  e r ­

r a t i c  than  th o se  f o r  the  i r r e v e r s i b l e  cu rves, y f o r  p u re  In  i s  1088 e rg  

cm ^ K ^ (8 4 ). While th e re  a re  s u b s t a n t i a l  changes in  th e  v a lu e  o f  y , 

i t  shou ld  b e  r e c a l le d  th a t  y i s  p ro p o r tio n a l to  the  d e n s ity  o f s t a t e s  

N(0) a t  th e  Fermi s u r f a c e .  I t  has been shown (60) th a t  t h i s  d e n s ity  may 

change s ig n i f i c a n t l y  f o r  low c o n c e n tra tio n s  o f  Cd in  I n ;  i t  may co n tin u e  

to  do so a t  h ig h e r  c o n c e n tra tio n s . Large changes i n  y have been shown

i n  o th e r  m a te r ia ls  w ith  changes in  c o n c e n tra tio n  (78) (8 2 ) .

In th e  f r e e  e le c t r o n  model o f  s o l id s ,

y = ( 2 / 3 ) /  N(0) k^ (6 .7 )

This model has been used f o r  In-Cd a l lo y s  (117 ). N(0) may b e  found from 

Eq, (6 ,7 )  and i s  p re se n te d  in  T ables 6 and 7.

Using th e  va lues of N(0)V shown in  Table 5 , V, th e  n e t  in t e r a c t io n  

energy betw een e le c t r o n s ,  may be  found. R esu lts  a re  shown i n  Table 7. 

S ince  6N (0)/N (0) = âV/V = 6y /y ,  where 6 In d ic a te s  th e  s ta n d a rd  e r r o r ,  

they  are  n o t shown. W hile th e  N(0) v e rsu s  c o n c e n tra tio n  curves a re  n o t  

l i n e a r ,  M erriam (67) p o in ts  ou t th a t  th e se  cu rves g e n e ra lly  have much
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s t r u c t u r e .  Because o f th e  r e l a t i v e  constancy  o f N(0)V, the  same comments 

w ould apply to  V. However, th e  e x a c t p h y s ic a l  i n t e r p r e t a t i o n  o f  N(0) 

and V shou ld  be approached  w ith  c a u tio n  (1 1 8 ).

The v a lu e  o f  V f o r  pure  In  i s  2 ,1  x  10 ev -  cm^ (8 5 ) , L i t t l e  

h as  been done on th e  v a r i a t io n  o f  V w ith  a l lo y in g ,  a lthough  Gayley e t  

a l  (77) deduced th a t  th e  changes in  th ey  observed  were due to  changes 

i n  V w ith  a l lo y in g ,  and Hulm e ^  ^  (83) a ls o  found th a t  V cou ld  v ary  

w ith  c o n c e n tra tio n .

The v a lu es  o f N(0) (and thus V) may be a l t e r e d  by c o n s id e r in g  

th e  enhancement o f y  by th e  e le c tro n -p h o n o n  i n t e r a c t io n ,  as d isc u sse d  

by McMillan (no ted  ab o v e ), This w i l l  add a  f a c to r  o f  (1 + X) to  th e  

r i g h t  hand s id e  o f Eq, ( 6 ,7 ) ,  w ith  th e  consequen t change in  N (0 ). This 

d e c re a se s  N(0) by a f a c t o r  o f  abou t 1 ,8  and in c re a s e s  V by t h i s  f a c to r .  

However, due to  th e  s l i g h t  changes in  X w ith  c o n c e n tra tio n , th e  r e l a t i v e  

v a lu e s  o f N(0) and V w ith  c o n c e n tra t io n  w i l l  change only  a s m a ll amount. 

The v a lu e  o f  (from  Eq, ( 2 ,9 ) )  may now b e  d e term ined . T h is  q u an t­

i t y  i s  independen t o f  te m p era tu re  due to  th e  independence o f  y  and p^ .

To f in d  we must have th e  v a lu e  o f f o r  p u re  I n ,  which i s  0 .062  

(7 6 ) , S ince th e  s t a t i s t i c a l  and s y s te m a tic  e r r o r  o f  a re  n o t  known 

(b u t a re  ex p ec ted  to  be s m a l l ,  on e x p e rim e n ta l and th e o r e t i c a l  g ro u n d s) , 

a s ta n d a rd  d e v ia tio n  o f  ±3% has been  a r b i t r a r i l y  a ss ig n ed  to  t h i s  quan t­

i t y ,  to  be used  in  th e  com pu ta tion  o f  th e  s ta n d a rd  e r r o r  o f  k^ .

The v a lu es  o f  k , a r e  shown i n  T able 7, In  g e n e ra l,  they  in c re a s e  
4

i n i t i a l l y  w ith  c o n c e n tra t io n , and l e v e l  o f f  around 12 a t ,  % Cd, The

v a lu e s  fo r  k , f o r  th e  r e v e r s ib le  cu rves  te n d  to  be low er th a n  th o se  f o r  4

th e  i r r e v e r s i b l e  cu rv es . I t  w i l l  be  seen  l a t e r  t h a t  th e  t r e n d  in d ic ­

a te d  by i s  re p e a te d  i n  th e  o th e r  GL p a ra m e te rs .
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We can now use th e  r e s u l t s  o f  Gorkov (80) to  de te rm in e  an im p u rity  

p aram eter p from th e  e q u a tio n s

= x(p)
(6 . 8)

_ _ _ _ _ _ _ _ _ _ _ I 2 _ _ _ _ _ J .  P _ \  _  I
7 5 (3 )  pi

w here ç(x) i s  th e  RLemann z e ta  fu n c tio n , and i|»(x) i s  th e  digamma fu n c tio n .

Eqs. (6 . 8) a re  used  to  f in d  p from th e  v a lu e s  o f  ic  ̂ and ic^. R e su lts  a re

p re se n te d  in  Tables 7 and 8 . The s ta n d a rd  e r r o r  in  p i s  found from th e

f a c t  th a t  f o r  th e  v a lu es  o f  p we a re  d e a lin g  w ith ,  x(p) “ (1 /p )  alm ost

e x a c t ly .  I t  shou ld  be n o te d  (76) th a t  t h i s  a n a ly s is  depends s tro n g ly  on

th e  v a lue  o f  k .o

Now p H Çp/JJ (6 .9 )

w here i s  the  BCS (o r  i n t r i n s i c )  coherence le n g th  o f  th e  BCS super­

conducting  w av e fu n c tio n s . Using th e  v a lu es  o f  Z d e te rm in ed  from  Eq. ( 6 .3 ) ,  

was c a lc u la te d  and p re s e n te d  in  T able 8 .

Using o th e r  BCS assu m p tio n s,

= 0 .1 8  #  Vp/k T^ (6 . 10)

The e le c t ro n  v e lo c i ty  a t  the  Fermi s u r fa c e  v_ may th u s  be found usin g  

Eq. (6 .10 ) and th e  p re v io u s ly  computed v a lu e s  o f  R e su lts  a re  n re ­

se n te d  in  T able 8 .

The e le c t r o n ic  c o e f f i c i e n t  o f  s p e c i f i c  h e a t  ( s e e  Eq. (6 . 6a )) may 

be c a lc u la te d  in  a  therm odynam ically  e x a c t m anner, r a th e r  th an  using  

th e  BCS model. We th en  have (87)

Y*= ( - 1 / 4 it) (H^/T^) (6 . 11)
t  = 0

w here h = To e v a lu a te  th e  d e r iv a t iv e  p r o p e r ly ,  we use Sheahen’ s

(75) ex a c t e x p re s s io n  f o r  h ( t ) ( f r o m  which Eq. ( 6 . 6 ) i s  d e r iv e d ) :
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h + D s in  lîh = 1 -  (6 .1 2 )O

Making use o f  Eq. (6 .1 2 ) and n o tin g  th a t  

tu t io n  in  Eq. (6 .1 1 ) we f in d
t  = 0

= 0 , upon s u b s t i -

Y' = Y g c g / d  -  (6 .13)

w here Yg^g i s  the  e l e c t r o n i c  c o e f f i c i e n t  o f  s p e c i f i c  h e a t  co n fu ted  w ith  

th e  BCS a ssu m p tio n s , from Eq. (6 . 6 a ) .  The therm odynam ically  e x a c t co e f­

f i c i e n t  y '  i s  ta b u la te d  in  T able 9 . The v a lu es  o f y '  a re  sm a lle r  th an  

Ygcs* ex cep t f o r  a few sam ples w ith  low Cd c o n c e n tra tio n .

Because o f  th e  u n c e r ta in ty  in  th e  s ta n d a rd  e r r o r  in  y '  w i l l  

be g r e a te r  th an  th a t  in  y (h  y ^ ^ g ). We s h a l l  n o t d isc u ss  th e  c o e f f i c i e n t  

y ' f u r th e r  in  t h i s  c h a p te r ,  ex cep t to  n o te  t h a t  th e re  i s  s t i l l  a max­

imum around th e  reg io n  o f  13 a t .  % Cd, and th a t  y ’ computed from th e  

r e v e r s ib le  curves ten d s to  have l i t t l e  v a r ia t io n  w ith  c o n c e n tra tio n . 

Using th e  BCS form ula Eq. ( 6 . 6a) p roduces v a lu es  o f  y w hich ten d  to  

be more e r r a t i c  than  th o se  o f Eq. (6 .1 2 ) .

Summary

In  t h i s  c h a p te r , we have d is c u s s e d  the  prim ary  c h a r a c te r i s t i c s  

o f  th e  su p erco n d u c tin g  sam ples as  a fu n c tio n  o f  c o n c e n tra tio n . C e r ta in  

q u a n t i t i e s  l i k e  th e  Debye te m p e ra tu re  must be  e s tim a te d . However, 

q u a n t i t i e s  l i k e  and T^ a re  known to  a good degree o f  accu racy . In  

co n n ec tio n  w ith  the form er q u a n t i ty ,  th e  h y s te r e s is  theo ry  d e sc r ib e d  

p re v io u s ly  was used to  d e term ine  a  " r e v e r s ib le "

From th e  known q u a n t i t i e s ,  p lu s  an e s tim a te  o f  th e  mean f r e e  

p a th  from th e  measured r e s id u a l  r e s i s t i v i t y ,  o th e r  su p e rco n d u c tin g  

p a ram eters  may be  found. Many o f  them show a maximum around 10 -  12 

a t .  % C d ., w hich may be due to  BZ-Fermi s u r fa c e  i n t e r a c t io n s ,  as 

d e sc r ib e d  above.



CHAPTER V II

RESULTS AND DISCUSSION: SECONDARY PROPERTIES 

In  t h i s  c h a p te r  we s h a l l  d isc u ss  th e  su p erco n d u c tin g  p ro p e r t ie s  

and p a ram ete rs  w hich do n o t  depend on T^ and H^, i . e . ,  and , and 

the  p a ram ete rs  , k^ ,  e t c . ,  which can b e  d e riv ed  from them.

L et us f i r s t  c o n s id e r  H , th e  p o in t  o f  i n i t i a l  f i e l d  p e n e tra -  

t io n .  There i s  a dichotomy in  the  l i t e r a t u r e  w ith  reg a rd  to  i t s  def­

i n i t i o n  w ith  re s p e c t  to  th e  m a g n e tiz a tio n  cu rv es . Usui e t  ^  ( 88) ,  Kub­

o ta  e t  ^  (79) , and Ogasawara e t  ^  (89) d e f in e d  as the  f i e l d  

where th e  p e r f e c t  d iam ag n e tic  l i n e  i n t e r s e c t s  th e  descending m agnetiz­

a t io n  cu rv e , e x t ra p o la te d  to  low f i e l d s .  Ikushim a (78) d e fin e d  H as 

th e  p o in t  o f  maximum m a g n e tiz a tio n .

These a u th o rs  w ere a l l  w orking w ith  h a rd  superconducto rs  w ith

h ig h  K and w e ll -d e f in e d  m a g n e tiz a tio n  c u rv e s . Working w ith  s o f t  super­

co n d u c to rs , Dubeck e t  ^  (32) and F a r r e l l  e t  a l  (90) d e fin ed  as 

th e  p o in t  o f  f i r s t  d e p a r tu re  from p e r f e c t  diam agnetism . For sam ples of 

f i n i t e  le n g th  (im p ly ing  some rounding n e a r  th e  maximum o f  m ag netiza tion ) 

th i s  d e f in i t i o n  w i l l  y ie ld  a d i f f e r e n t  v a lu e  o f  H from th e  p reced in g  

d e f in i t i o n .

In  th e  p r e s e n t  w ork, rounding o f  th e  m a g n e tiz a tio n  curve n e a r

H was o b se rv ed , due p ro b ab ly  to  n o n -e q u ilib r iu m  b e h a v io r , th e  geo-

m etry o f  th e  sam ple , p o s s ib le  s l i g h t  in h o m o g en e ities  in  th e  sam ple,

86



87

and the  ta p p in g  method used . The form er d e f in i t io n  of H was used,

w h id i u su a lly  meant t h a t  H was in  f a c t  c lo se  to  the maximum o f  mag­
'll

n e t iz a t io n .

When th e  r e v e r s ib le  cu rv es  were p lo t te d  accord ing  to  th e  h y s te r ­

e s i s  theo ry  in  C hap ter V, i t  was found th a t  H d efin ed  by t h i s  h y s te r -  

e s i s  method c o in c id ed  w ith  th e  p o in t  o f  f i r s t  d e p a r tu re  from  p e r f e c t  

diam agnetism , o r even f e l l  b e fo re  i t .  I t  may be r e c a l le d  t h a t  Goede- 

m oed's (33) d a ta  in d ic a te d  th a t  th e  " r e v e r s ib le "  H f e l l  b e fo re  the 

f i r s t  d e p a rtu re  from l i n e a r i t y .

The A brikosov th e o ry  p r e d ic ts  a w e ll -d e f in e d  H w ith  a v e r t i c -  

a l  drop from the  l i n e  o f  p e r f e c t  diam agnetism . O bviously , m e ta llu rg ­

i c a l  and g eo m etrica l c o n s id e ra tio n s  ten d  to  b lu r  o u t th i s  r e g io n ; a s tu d y  

o f th e se  e f f e c t s  would be u s e fu l .  However, we s h a l l  a t  p re s e n t  only  

ta k e  n o te  o f  th e  d e f in i t i o n  enq>loyed in  A b rik o so v 's  work.

A second c o n s id e ra tio n  i s  th e  v a r ia t io n  o f  H w ith  te m p e ra tu re .
1̂

H fo llow s a  roughly  p a ra b o l ic  r e la t io n s h ip  w ith  T/T = t .  However,Cf c

as in  the  d isc u ss io n  o f  H^, d e v ia tio n s  from  th i s  occur. The au th o rs

m entioned above a ttem p ted  to  ta k e  account o f  th i s  by expanding H ( t)

2 2 in  a  sum o f  powers o f t  : e . g . ,  H = H (0 )(1  -  a . t  ) o r
2 4 ‘' l  ""l

(0){1 -  ag t  -  (1 -  a g ) t  }, w here th e  a^ a re  c o n s ta n ts . However,

i t  would be c o n s is te n t  w ith  th e  p re v io u s ly  assumed r e la t io n s h ip  be­

tween H^ and t  (Eq. (6 . 6 ))  to  w r i te

H ( t) /H  (0) = 1 -  (T/T )Z -  D s i n  ir(T/T )^  (7 .1 )Cj Cj C Oj c

The q u a n t i ty  w i l l  a g a in  b e  a m easure o f  the d e v ia tio n  o f

H from p a r a b o l ic i ty  as a fu n c tio n  o f  te m p e ra tu re .
" l

The ex p e rim en ta l d e f in i t i o n  o f  H i s  l e s s  open to ex p e rim en ta l
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q u e s tio n  than  th a t  o f H : i t  i s  th e  p o in t  w here th e  m a g n e tiz a tio n  van- 

i s h e s .  Both th e  t h e o r e t i c a l  and ex p e rim en ta l cu rves a re  s t r a i g h t  l in e s  

a t  H -  H , so th e  d e te rm in a tio n  o f  th i s  p o in t  i s  s t r a ig h tfo rw a rd .  How- 

e v e r ,  f o r  most o f th e  p re s e n t  sam ples th e re  was a  sm a ll b u t  m easurab le  

n e g a tiv e  m a g n e tiz a tio n  p a s t  th i s  p o in t .  I h is  m a g n e tiz a tio n  g ra d u a lly  

d im in ish ed  w ith  in c re a s in g  f l e l d s .  The e f f e c t  has  been  seen  i n  th e  work 

o f o th e r  au th o rs  (9 1 ) ,  and presum ably i s  r e l a t e d  to  th e  f i n i t e  s iz e  o f  

th e  sam ples.

Care was ta k e n  to  en su re  t h a t  t h i s  e f f e c t  d id  n o t  o b scu re  th e

d e te rm in a tio n  o f  th e  c o r r e c t  H ,
^2

As in  th e  ca se  o f  H , v a rio u s  w r i te r s  have c o n s tru c te d  p o ly ­
p i

nom ials to  d e s c r ib e  a te m p era tu re  dependence o f H . For c o n s is te n c y
^2

w ith  th e  p rev io u s  d e f i n i t i o n s ,  we w r i te

H ( t ) /H  (0) = 1 -  (T/T -  D s i n  ir(T/T (7 .2 )
Cz Cz c Oz c

To f in d  th e  p a ram ete rs  i n  E qs. (7 .1 )  and ( 7 .2 ) ,  we s h a l l  use

a l l  th e  d a ta  in  th e  p re s e n t  work. This u s u a lly  i s  8 o r  more tem pera­

tu r e s  f o r  each a l lo y  c o n c e n tra t io n , app rox im ate ly  e q u a l ly  spaced  betw een 

and 1 .1  K, th e  lo w e s t a c h ie v a b le  te m p e ra tu re .

R e su lts  a re  p re s e n te d  i n  T ab les 10 and 11, and F ig s ,  24 and 25. 

The d if fe re n c e s  in  th e  number o f  p o in ts  f o r  each  s e t  o f  d a ta  a re  due to

th e  f a c t  t h a t  a sm a ll number o f  p o in ts  w ere e r r a t i c .  A number o f  con­

c lu s io n s  may be drawn from  th e  d a ta .  We se e  t h a t  th e  v a lu e  o f  H (0)
^1

(found by th e  l e a s t  sq u a re s  method from Eq. ( 7 .1 ) )  f o r  b o th  th e  re v e rs ­

ib l e  and i r r e v e r s i b l e  cu rv es  drops sh a rp ly  w ith  c o n c e n tra tio n . However, 

we do se e  a s l i g h t  r i s e  in  th e  two sam ples w ith  th e  h ig h e s t  co n ce n tra ­

t i o n ,  in d ic a t in g  t h a t  th e s e  sam ples may c o n ta in  more th a n  one p h a se .



TABLE 10

LOWER CRITICAL FIELD H (0 )

Sample
No.

H (0 ) 
1

D
°1

Number
o f

H
Cl

(0 ) Dc 1
Number

o f
( i r r e v . )

(Oe)
( i r r e v . ) p o in ts ( r e v . )

(Oe)
( r e v .) p o in ts

1
9 9 ? . 8 259 + 4 + 0 .0 0 8 ± 0 . 0 1 2 7 199 ± 4 - 0 .0 4 2 0 .0 1 5 7

103?^ 8 267 ± 10 + 0.094 + .027 9 198 + 6 + .046 + .019 9

94 g .8 213 ± 9 + 0 .1 0 2 + .033 9 174 + 7 + .044 + .028 9

1 0 2 g .8 205 ± 4 - 0 .0 2 2 + .014 8 161 + 5 - .042 ± .020 8

9 1 i 2 . 3 160 ± 9 - 0 .171 + .038 8 130 + 7 - .167 + .066 7

9 7 l 2 .3 162 ± 12 - 0 .158 + .050 8 135 + 7 - . 110 + .037 7

100 l3 .5 168 ± 9 - 0 .129 + .031 9 124 4 - .159 + .024 8

IO I13.5 168 ± 7 - 0.065 + .027 8 136 + 5 - .064 + .020 8

144 ± 12 - 0 .0 2 7 + .043 9 106 + 10 - . 155 + .063 9

142 ± 14 - 0 .017 + .056 5 106 + 13 - . 142 ± .090 5

156 ± 5 - 0 .088 + .018 8 120 + 7 - .078 + .033 8

BJ8 1 6 .O 164 ± 7 - 0.009 + .022 8 119 + 2 - .089 + .012 8



TABLE 11

U P P E R  C R IT IC A L  F IE L D  H ( 0 )
^2

Sample
No.

H (0) 

(Oe)

D
°2

Number
o f

p o in ts

h ;,(o)

( i r r e v . )
(Oe)

D'0
( i r r e v . )

H ;(o )
( r e v . )

(Oe)

9 9 7 .8 369 + 3 + 0.046  ± 0 .005 7 295 + 3 + 0 .0 1 8 ± 0 .007 257 ± 2

1 0 3 7 .8 359 + 3 + .037 ± .006 9 288 + 4 + .059 ± .012 249 + 5

9 4 g .8 409 + 4 + .046 ± .008 10 257 + 6 - .030 ± .016 229 + 3

10^9 .8 381 + 3 + .036 ± .004 8 256 + 5 - .011 ± .012 2 32 + 3

9 ^1 2 .3 486 ± 41 - .1 8 3  ± .064 7 231 + 14 - . 170 ± .045 211 + 16

9^1 2 .3 428 + 51 - .2 1 8  ± .091 8 217 + 21 - .206 ± .071 196 + 22

IOO13 .5 448 + 50 - .203  ± .079 9 237 + 12 - .139 ± .033 204 ± 13

IO I13.5 460 ± 27 - .127 ± .040 8 242 + 11 - .089 ± .029 213 + 11

10414.7 474 + 25 - .169 ± .037 10 212 + 16 - .143 ± .050 196 + 17

1 0 7 i4 .7 486 + 49 - .145 ± .073 5 203 + 16 - .130 ± .056 190 + 17

467 + 27 + .014 ± .030 8 238 ± 11 - .047 ± .026 216 + 11

424 + 37 - .0 9 8  ± .055 8 214 + 15 - .132 ± .045 197 + 14

oo



TABLE 12

G IN Z B U R G -L A N D A U  P A R A M E TE R  k ,  A T  T  =  T
I C

Sample
No.

D'0
( r e v . )

< l(T c)
( i r r e v . )

■ 'i< V
( r e v . )

Pn
( r e v .)  
(yfi-cm)

P*
Eq. (7 .8 )

y
Eq. (7 .1 0 ) 

( i r r e v . )
y

Eq. (7 .1 0 ) 
( r e v .)

99?. 8 -  0 .007 ± 0 .005 0 .82 0 .8 7 2.95 14.7 1.025 1.008

1037.8 + .040 + .016 0 .9 4 1.03 3.69 17.7 0.949 0 .981

94g . 8 -  .012 + .009 0 .89 1.06 4 .30 18.2 1.007 1.020

lO Zg.a -  .007 ± .007 0 .91 1 .02 3.77 17.5 1.003 0 .993

9 1 l2 .3 -  .202 + .057 1 .63 1.40 4.69 24 .2 0 .973 0 .9 1 8

^̂ 12.3 -  .230 + .085 1.58 1.36 4 .51 23 .5 0.985 0 .905

10°13.5 -  .190 + .045 2 .0 8 1 .73 5 .6 3 30.4 0 .977 0 .954

lOllS.5 -  .125 + .036 1.61 1.54 5 .21 26.9 0.989 0.919

lO ^lit.7 -  .181 + .060 1.86 1.57 6 .1 0 27.4 0 .997 0.950

107 i4 .7 -  .170 + .067 1.84 1.54 5 .85 26.9 0 .982 0.919

-  .048 ± .028 1.24 1.36 4.79 23 .5 1.000 1.000

BJ816 .O -  .161 + .049 1.19 1.09 4 .02 18 .8 0.990 1.004

\o



TABLE 13

PENETRATION DEPTH AND ENERGY GAP

Sample
No.

x(0)
Eq. (7 .1 1 )
( i r r e v . )
(Angstrom)

X(0)
Eq. (7 .1 1 ) 
( r e v . )  
(Anes trora)

5(0)
Eq. (7 .1 2 ) 

(Angstrom)

2A (0)/kT  

( re v . )
c h*(0 )

( r e v .)

9 9 ? . 8 840 + 10 960 + 10 945 + 4 3.59 ± 0 .0 3 0 .6 8

10 3 7 .8 845 + 15 980 + 25 960 + 4 3.31 + .1 3 .57

9 4 9 .8 1010 ± 25 1130 + 20 900 + 4 3.51 + .12 .67

lO Zg.s 980 + 20 1080 + 15 930 + 4 3.61 + .08 .66

9 I 1 2 .3
1225 ± 125 1345 + 155 825 + 35 3.94 + .12 .60

9 7 :2 .3 1225 + 190 1355 + 230 880 + 52 3 .53 + .06 .5 3

1 0 ° i3 .5 1150 ± 120 1335 + 160 860 + 48 3.74 + .16 .45

1 01 :3 .5 1140 ± 85 1295 + 105 845 + 25 3.74 + .0 3 .5 3

1 0 4 ^ .7 1325 ± 135 1425 ± 160 835 + 22 3.67 + .12 .54

1 0 7 :4 .7 1400 ± 185 1490 + 210 825 + 42 3.66 + .09 .58

B J7 :6 .0 1170 + 85 1285 + 100 840 + 24 3.55 + .15 .62

BJ816.0
1240 + 140 1345 + 155 880 + 38 3.88 + .15 .74

VOro
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p o in ts  a re  too  sm a ll to  be  in d ic a te d .
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as n o te d  above. The d if f e r e n c e  in  H (0) betw een th e  r e v e r s ib le  and 

i r r e v e r s i b l e  c a se s  i s  g r e a t e s t  a t lo w est c o n c e n tr a t io n s ,  and d ec rease s  

w ith  in c re a s in g  c o n c e n tra t io n .

The p a t t e r n  d e sc r ib e d  above i s  r e p e a te d  i n  F ig ,  25. S ince we 

s h a l l  show l a t e r  t h a t  the  r e s u l t s  o b ta in e d  from  the  i r r e v e r s i b l e  curves 

ten d  to  be in c o n s i s t e n t  w ith  th e o ry , we s h a l l  dw ell p r im a r i ly  on th e  

d a ta  o b ta in e d  from  th e  r e v e r s ib le  c u rv e s .

F ig . 25 i s  very  s im i la r  to F ig . 20 o f  L iv in g s to n  and S ch ad le r 

(1 4 ) , i n  t h a t  th e  c r i t i c a l  f i e ld s  te n d  to  converge a t  b o th  a h ig h  and 

a  low c o n c e n tra t io n  end o f  a  m e ta l lu rg ic a l  phase to  a  Type I  b eh a v io r: 

i . e . ,  H (0) 4- H (0) ->■ H (0) a t  th e s e  c o n c e n tra tio n s  o f two m utually
Cf Cg c

s o lu b le  su p e rc o n d u c to rs . The p h y s ic a l b a s is  f o r  th i s  i s  t h a t  a t  th e  low 

c o n c e n tra tio n  end o f  a p h a se , th e  m a te r ia l  s t a r t s  to  d isp la y  Type I  

c h a r a c t e r i s t i c s ;  a t  th e  h ig ji end , p r e c i p i t a t i o n  o f  th e  s o lu te  tends to 

e l im in a te  th e  Type I I  c h a r a c te r i s t i c s  and r e v e rs io n  to  p r im a r ily  Type 

I  b e h a v io r  fo llo w s .

As m entioned  in  th e  p rev ious  c h a p te r , th e  d a ta  reach  a max^ 

imum in  th e  re g io n  o f  10 -  12 a t .  % Cd. This phenomenon w i l l  be  r e ­

p e a te d  in  th e  p a ram e te rs  w hich w i l l  b e  d is c u s se d  below .

G inzburg-Landau P aram eter

In  o rd e r  to  c o n s id e r  th e  te n p e ra tu re  and c o n c e n tra tio n  v a r ia t io n  

o f K j ( t ) ,  we s h a l l  need  to  n o rm alize  t h i s  p a ra m e te r . T h is  i s  done by 

f in d in g  c ^ (T ^ ) , and  com paring va lues o f  K ^(T)/K ^(T^). From th e  d e f in i t ­

io n  H = /2  K, H , we f in d  upon d i f f e r e n t i a t i o nCg 1 c ’

(dH /d t )
K ,( l )  = ___ ^ t  = 1

 ̂ /2  (dH /d t )  I , (7 .3 )
c t  -  i
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I f  we use Kq. (6 .1 2 ) and i t s  analogy f o r  H (Kq. ( 7 .2 ) ) ,  we o b ta in
^2

K ,( l)  = II (0 )(1  + D 'n) 
' ( o

2 I i ' ( 0 ) ( I  +  n  i r )  
r o^

( 7 . 4 )

The q u a n t i t i e s  (0) and a re  prim ed. They r e f e r  to  th e  va lu es

o f  H (0) and D o b ta in e d  by u s in g  th e  thermodynamic c r i t i c a l  f i e l d  d a ta
2

from th e  e n t i r e  range o f  t ,  n o t o n ly  t  3 0 .5 ,  as was th e  case  in  th e  

com putation  o f  H^(0) and D^. Sheahen (75) p o in te d  o u t t h a t  e x tra p o la ­

t io n  to  f in d  H^(0) u sing  h igh  v a lu e s  o f  t  s o le ly  have n o t  been  r e l i a b l e ,  

and i t  was dec ided  to  use a l l  th e  d a ta  to  m inim ize th e  s ta n d a rd  e r r o r .  

H^(0) and w ere computed by th e  le a s t - s q u a r e s  method. I t  i s  found th a t  

H^(0) d i f f e r s  l i t t l e  from H ^(0 ), as shown in  T able 10.

K^(T^) as computed by Eq. (7 .4 )  i s  p re s e n te d  in  T able 12 and 

F ig . 26 . The v a lu es  o f  <^(T^^ f o r  th e  r e v e r s ib le  and i r r e v e r s i b l e  curves 

a re  s im i l a r  in  t h e i r  v a r ia t io n  w ith  c o n c e n tra tio n .

By d e f in i t i o n  (9 3 ) ,

K .(T  ) = K, (7 .5 )
1  C 4

As m entioned above, i s  in d ep en d en t o f  te m p e ra tu re . As shown i n  F ig ,

2 6 , th e  two p aram eters  (as  found by E qs. (7 .4 )  and (2 .9 ) )  a re  n o t  eq u a l 

f o r  any v a lu e  o f  c o n c e n tra tio n . The re a so n  f o r  th i s  d isc rep a n cy  i s  n o t  

im m ediate ly  obv io u s . The s u b s t i t u t i o n  o f  F is c h e r 's  r e s i s t i v i t y  d a ta  (26) 

f o r  th o s e  o f  th e  p re s e n t  work does n o t  e l im in a te  th e  d i f f e r e n c e .  U sing 

th e  a l t e r n a t iv e  d e f in i t io n  o f  y ,  m entioned  in  C hapter V I, on ly  in c re a s e s  

(k  ̂ -  K^) f u r th e r .

Dubeck je t ^  (32) have n o te d  (<^ -  k^) f  0 f o r  P b -In  a l lo y s .  

F a r r e l l  et. ^  (90) a lso  n o te  a d i f f e r e n c e  betw een and f o r  Pb-

In  a l lo y s .  These a u th o rs  t r e a te d  th e  r e s id u a l  r e s is ta n c e  as a  p a ra -
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m e te r by r e q u ir in g  i t  to  f i t  th e  two eq u a tio n s

p*K / k, == p*x(p*)= 8.85 X 10 ^ P*/<i
- 3  W ( 7 ' ^

p* = 8.85 X 10 Y ■ P*/i^Q

w here p *  i s  th e  now a d ju s ta b le  r e s id u a l  r e s i s t i v i t y ,  and p *  i s  th e  now 

a d ju s ta b le  Gorkov im p u rity  p a ram e te r. The purpose  o f  th e  com putation  i s  

to  s e t  (as  i s  e x p l i c i t l y  shown i n  th e  f i r s t  o f  Eqs. ( 7 .6 ) ) .  p *

i s  a d ju s te d  to  make th e  va lues o f  p *  o f  eac h  eq u a tio n  e q u a l. The va lues 

o f  p* and p* a re  shown in  Table 12 f o r  th e  r e v e r s ib le  c a se , y  was ob­

ta in e d  from T able 6 .

The a d ju s te d  v a lu es  o f p and a re  in  every  case  l a r g e r  than  

th e  m easured v a lu e . They show ap p ro x im ate ly  th e  same v a r ia t io n  w ith  con­

c e n t r a t io n  as th e  m easured v a lu e s ,  how ever. F u rth erm o re , th e  a d ju s te d  

v a lu e s  o f  r e s id u a l  r e s is ta n c e  a re  g r e a te r  th a n  F is c h e r 's  v a lu es  fo r  

a l l  ex ce p t th e  h ig h e s t  c o n c e n tra t io n s ,  as  shown in  F ig . 21 and Table 12.

Thus, w h ile  th e  method d e sc r ib e d  above may have some v a l id i t y  

i n  r e c o n c i l in g  th e  d if fe re n c e s  betw een and i t  must b e  used  w ith  

c a u t io n .  As p re v io u s ly  m entioned in  C hapter V I, th e  e n t i r e  p ro ced u re  i s  

h ig h ly  dependent on th e  v a lue  o f  chosen .

In  F ig . 27, p* i s  p lo t te d  as a fu n c tio n  o f  c^ (T ^ ). The l e a s t -  

sq u a re s  i n t e r c e p t  i s  a t  c^(T^) = 0 .0 4 9 , c lo s e  to  th e  ex p ec ted  v a lu e  o f 

0 .0 6 2 . The l i n e a r i t y  i s  w orth  n o t in g ,  s in c e  i f  we s e t  K^(T^) = K^,

K^(T^) sh o u ld  v a ry  l i n e a r ly  w ith  th e  r e s id u a l  r e s i s t i v i t y  (from  Eq. (2 .9 ) )  

i f  Y i s  c o n s ta n t .  The F a r r e l l  p ro ced u re  may th en  be  e q u iv a le n t  to  s e t t i n g  

Y c o n s ta n t ,  w hich may n o t  b e  th e  case  e x p e r im e n ta lly .

W hile th e re  ap p ea r to  b e  d i f f e r e n c e s  betw een and among 

n o n - t r a n s i t io n  m e ta l su p e rc o n d u c to rs , H ech le r e t  a l  (93) found ag re e -
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ment between the two to  w i t h in  10% fo r  Nb a l l o y s .

As p re v io u s ly  m entioned , E ile n b e rg e r  (81) has d e r iv e d  the  

th e o r e t i c a l  b a s is  o f and Kg a  fu n c tio n  o f th e  im p u rity  p a ra ­

m eter p and reduced  tem p era tu re  t .  L et us now c o n s id e r some a s p e c ts  of 

th e  th e o ry .

F ig . 28 shows th e  GL p a ram e te r k, a t  0 K {k, (0) = H ( 0 ) / / 2  H (0)}i  i  Cg c
p lo tte d  versus the im purity parameter p. K^(0) has been norm alized by

d iv id in g  by k, (T ) .  L ine A i s  th e  c a lc u la t io n  o f H elfand  and W ertharaer X c

(9 4 ) , and l i n e s  B and C a re  th e  c a lc u la t io n s  by E i le n b e rg e r  f o r  d i f f e r ­

e n t  v a lu es  o f  th e  q u a n t i ty  B corresponds to  a v a lu e  o f 1 .0 , and

C to  2 .0 .  i s  p ro p o r t io n a l  to  th e  an iso tro p y  o f  th e  im p u rity  s c a t ­

t e r in g .  For exam ple, i f  = 1 , i s o t r o p i c  s c a t t e r in g  from im p u rity

atoms ta k es  p la c e .  Most o f  th e  p o in ts  d e riv e d  from th e  r e v e r s ib l e  curve 

l i e  c lo se  to  th e  E ile n b e rg e r  cu rves (a lth o u g h  a h ig h e r  r a t i o  o f  

would p ro b ab ly  f i t  th e  p o in ts  b e t t e r ) , and th o se  p o in ts  d e r iv e d  from  

th e  i r r e v e r s i b l e  curves a re  more s c a t t e r e d .

To p u t t h i s  on a more q u a n t i t a t iv e  b a s i s ,  th e  av erag e  v a lu e s

o f  k , ( 0 ) / k, (T  ) were ca lc u la te d  fo r  both the r e v e r s ib le  and ir r e v e r s ib le  i 1 c

c a se s . These w ere , r e s p e c t iv e ly ,  1 .12 ± 0 .12  and 0 .9 8  ± 0 .1 8 . This in ­

d ic a te s  a h ig h e r  s c a t t e r  i n  th e  i r r e v e r s i b l e  c a se , as w e ll  as a low er 

(and  u n p h y sica l)  v a lu e  o f k ^ (0 ) /k ^ (T ^ )  as compared to  th e  r e v e r s ib le  

c a s e . The average v a lu e  f o r  th e  r e v e r s ib le  case  f a l l s  s l i g h t l y  below  

th e  l in e  l a b e l l e d  C in  F ig . 28.

For com parison , we have shown th e  d a ta  o f C u lb e r t (95)

f o r  K ^(0.2)/K ^(T ^) in  P b -In  a l lo y s .  A c a lc u la t io n  u s in g  th e  assunç)-
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t io n s  used In  d e r iv in g  Eq. (7 .3 ) shows th a t  t h i s  q u a n t i ty  eq u a ls  

Kj(0)/iCj^(T^) to  w ith in  a  few p e rc e n t.  T h is  s e t  o f d a ta  does n o t  ag ree  

w e ll  w ith  th e  E ile n b e rg e r  th e o ry . C u lb e rt e t  ^  a s c r ib e  th e  d if fe re n c e  

to  s tro n g -c o u p lin g  e f f e c t s  in  t h e i r  a l lo y s ,  n o tin g  th a t  th e  E ile n b e rg e r  

th eo ry  i s  b ased  on weak co u p lin g . The s c a t t e r  in  th e  C u lb e rt d a ta  i s  

le s s  than in  th e  p re s e n t work.

Usui ^  a l  ( 88) a ls o  found s u b s t a n t i a l  d if fe re n c e s  from the  

E ile n b e rg e r  th eo ry  in  p u re  vanadium. A gain , th i s  may be due to  s tro n g  

coupling  e f f e c t s  in  th e  m a te r ia l .

Now c o n s id e r th e  v a r ia t io n  o f  w ith  te m p era tu re . The E ile n b e r ­

g e r theory  d is c u s se s  K^(T^) as a  fu n c tio n  o f p and Fig* 29 shows

th e  r e s u l t s  o f  th e  th e o ry  fo r  th e  pu re  l i m i t  (p “ 0) and th e  " d i r ty "  

l i m i t  (p -> ™). The th e o ry  depends on ly  to  a s l i g h t  e x te n t  on th e  r a t i o  

th e  r e s u l t s  of F ig . 28, was a r b i t r a r i l y  chosen

as 2 . 0 .

Since i t  would take considerable space to present a l l  the ex­

perimental data, only representative samples were chosen. The most ob­

vious result i s  that the points derived from the irreversible curves 

tend to be considerably more erratic than those derived from the revers­

ib le  curves. For exattçle, in sample Sl^g  ̂ the former points are net 

represented because they fa l l  below c^(T)/K^(Tg) = 1, Biis pattern w ill 

be repeated in the discussion of

Due to the scatter of even the reversible data, i t  Is d iff ic u lt  

to determine an appropriate value of p from the data, However, the data 

are roughly as comparable in correlation to the Eilenberger theory as 

that of üsui et al (88), Trojnar (96), and fischer (26), tkushima and
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M izusaki ( 66) found c o n s id e ra b ly  h ig h e r  v a lu es  o f k , (T )/ic ,(T  ) th an
1 1 c

th e  p re d ic t io n s  o f th e  th e o ry  f o r  m ost o f  t h e i r  Nb-Ta a l lo y s .

In  summary, we f in d  d is c re p a n c ie s  betw een and which may 

be  re s o lv e d  u sing  th e  F a r r e l l  (90) te c h n iq u e . The d a ta  f o r  the p re s e n t  

a l lo y s  ag ree  only  p a r t i a l l y  w ith  th e  E ile n b e rg e r  th e o ry ,

G inzburg-Landau P aram ete r Kg

I t  has been shown th a t  (97)

k-(T  ) -  K. (T ) (7 .7 )Z c 1 c

w here Kg i s  d e fin ed  by Eq. ( 2 .7 ) :  -  4m(dM/dH) = {1.16(2Kg -  1) ^ 1 .S in ce  

th e  e x p e rim en ta l v a lu es  o f  Kg change co m p ara tiv e ly  l i t t l e  in  th e  p re s e n t  

a l lo y s ,  we s h a l l  accep t Eq. (7 .7 )  as th e  n o rm a liz in g  f a c t o r  for Kg(T).

E ile n b e rg e r* s  (81) work a ls o  in c lu d e s  th e  v a r i a t io n  of iCg/K^^CT )̂ 

w ith  te m p era tu re  and im p u rity  p a ra m e te r . As n o te d  in  F ig . 30, th e  v a lu e  

o f Kg/K^(T^^ as T 0 i s  c o n s id e ra b ly  l a r g e r  th an  (see F ig .

2 9 ) , fo r  th e  pure l i m i t  (p = 0 ) .  However, most ex p e rim e n ta l d a ta  i s  

ta k e n  in  th e  d i r t y  l i m i t ,  where Kg(T) = k^(T ) f a i r l y  c lo s e ly .  This 

p o in t  w i l l  be d iscu ssed  l a t e r .

In  d is c u s s in g  F ig . 30, we n o te  f i r s t  t h a t  th e  s c a le  for th e  o rd ­

in a te  o f th e  p e n u ltim a te  s e c t io n  i s  tw ic e  t h a t  o f th e  o th e r s .  The b u lk  

o f th e  comments on F ig . 29 a re  a p p l ic a b le  h e re  as w e l l .  W hile th e  d a ta  

p o in ts  canno t be used  to  d e term ine  p , th ey  g e n e ra lly  f a l l  in  the re g io n  

o f h ig h  p , as would be  ex p ec ted  p h y s ic a l ly .

In  th e  l i g h t  o f th e  two p re c e d in g  g ra p h s , i t  seems apparen t th a t  

o b ta in in g  th e  GL p a ram e te rs  from th e  f i t t e d  r e v e r s ib le  cu rves i s  more 

a c c u ra te  p h y s ic a l ly  th an  o b ta in in g  them from  th e  raw i r r e v e r s i b l e  c u rv e s .
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as has been done in  the p a s t .

The r e la t iv e  m agnitude of <2 ^^^ w ith  r e s p e c t  to  <^(T) has been 

d isp u te d . R ecen tly , E v e tts  and Wade (98) found th a t  > 0 .9 2  in  

Pb-Bi and Pb-In  a l lo y s ,  f o r  a l l  te m p era tu re s . However, Z o l le r  and D il-  

l i n g e r  (22) found t h a t  <2 i s  about 7 - 8 %  le s s  th an  i n  an In-Pb 

a l lo y .  The two s ta te m e n ts  a re  c o n s is te n t  on ly  i f  “  0 .92  I t  has 

been  a lso  shown th e o r e t i c a l ly  (99) th a t  Cgfb) = K ^(t) to  w ith in  2% 

f o r  a l l  values o f  t .

An exam ination  o f F ig s . 29 and 30 w i l l  show th a t  f o r  th e  p r e s e n t  

a l lo y s ,  KgCt) = K ^ ( t) .  To p u t th e  m a tte r  on a more q u a n t i ta t iv e  b a s i s ,  

we d e fin e  ^

= ( l / n )  J |K j( t ) /K 2 ( t )  (7 .8 )

w here n i s  the number o f  d a ta  p o in t s .  T h is  p roced u re  en su re s  th e  norm­

a l i z a t i o n  o f  y. In  Eq. ( 7 .8 ) ,  th e  summation i s  o v e r a l l  te m p era tu re s  

f o r  a g iven  sam ple. R e su lts  a re  p re se n te d  in  T ab le 12 and F ig . 31.

An in t e r e s t in g  phenomenon may be  o b served  in  the  d a ta .  The norm­

a l iz e d  v a lu e  of K j( t) /K 2 ( t )  (= y ) i s  c lo se  to  1 a t  b o th  ends o f  the  f e e  

phase we a re  d is c u s s in g , f o r  d a ta  d e riv e d  from b o th  th e  r e v e r s ib le  and 

i r r e v e r s i b l e  cu rves. The q u a n t i ty  y ^ ^rev  d e c lin e s  n e g l ig ib ly  from 1.0 

a t  th e  c e n te r  of the  f e e  phase . The d e c l in e  i s  w ith in  th e  th e o r e t i c a l  

2 - 3 %  m entioned by S ain t-Jam es (9 9 ) . However, we s e e  a la rg e  d e c lin e  

in  y^^y a t  the  c e n te r  o f  th e  p h ase .

P a r t  o f th e  d a ta  o f  F ig . 31 i s  p re s e n te d  fo r  r e p re s e n ta t iv e  

sam ples in  F ig . 32. The r e s u l t s  a re  in  s u b s t a n t i a l  agreem ent w ith  th o se  

o f  th e  form er graph. For low Cd c o n c e n tra t io n s ,  th e  r a t i o  i s  w ith ­

in  a few p e rcen t o f  1 .0  f o r  b o th  i r r e v e r s i b l e  and r e v e r s ib le  d a ta ,  f o r
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a l l  v a lu es  o f  t .  However, fo r  the m iddle range o f c o n c e n tra tio n s  ( i l l u s ­

t r a t e d  by sam ple 97^^ 25^* th e  i r r e v e r s i b l e  v a lu es  o f th e  r a t i o  tend  

to  rem ain c lo s e  to  1 ,0 , w hereas th e  r e v e r s ib l e  v a lu e s  d im in ish  w ith  t .  

The l a t t e r  case  w i l l  produce a  v a lu e  of y < 1 .0 , shown in  F ig . 31.

This b e h a v io r  may be th e  e x p la n a tio n  o f  th e  d iv e rg e n t  r e s u l t s  

n o te d  in  th e  l i t e r a t u r e .  I f  th e  i r r e v e r s i b l e  d a ta  i s  u se d , th en  (assum ­

ing  y i s  a  v a l id  m easure o f  th e  av e rag ed  b e h a v io r o f  th e  d a ta

ag rees  w ith  th e  t h e o r e t i c a l  co n c lu sio n s  o f  S a in t-Jam es (9 9 ) . However, 

the  r e v e r s ib l e  d a ta  ( a t  a Cd c o n c e n tra tio n  o f  about 12 -  14 a t .  %) ag ree  

w ith  th e  d a ta  o f Z o lle r  and D i l l in g e r  (2 2 ) , and, to  a  l e s s e r  e x te n t ,  

th a t  o f  E v e tts  and Wade (9 8 ). Thus we se e  th a t  the  use o f  i r r e v e r s i b l e  

curves can le a d  to  la rg e  d i f f e r e n c e s .

The p r e c i s e  reason  f o r  th e  d if f e r e n c e  in  b e h a v io r  o f  the  norm­

a l iz e d  r a t i o  y w ith in  one phase  m ust aw ait an ex tended  m e ta l lu rg ic a l  

in v e s t ig a t io n .  However, we have p re v io u s ly  n o te d  the  changes in  many 

su p e rco n d u c tin g  p a ram ete rs  in  the c e n te r  o f  th e  f e e  p hase  as compared 

to  th e  extrem e l i m i t s ,  and th i s  phenomenon i s  a p p a re n tly  a n o th e r .

To sum m arize, f o r  th e  r e v e r s ib l e  curves we have <2 ^^) ~ < ^ ( t)

fo r  b o th  ends o f  th e  fe e  p h a se , and Cgfc) i  < j ( t )  a t  th e  c e n te r .  We

have K gft) - < 2 ( t )  fo r  a l l  c o n c e n tra tio n s  f o r  th e  i r r e v e r s i b l e  cu rv es . 

The r a t i o  w i l l  thus b e  c lo se  to  o r l e s s  than  1.0 depending on

th e  degree  o f  i r r e v e r s i b i l i t y ,  acco u n tin g  f o r  th e  c o n t ra d ic to ry  r e s u l t s  

in  th e  l i t e r a t u r e .

P e n e tra t io n  Depth A 

The p e n e t r a t io n  depth  o f  th e  m agnetic  f i e l d  in  Type I I  su p e r-
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co n d u c to rs , A ( t) ,  was shown to  be (2 )

( t )  = 4 tt X ^(t) (7 .9 )

The p e n e t r a t io n  depth  a t  0 K may be c a lc u la te d  from th i s  and 

i s  p re s e n te d  in  T ab le  13 and F ig . 33. We see  t h a t  th e  maximum pene­

t r a t i o n  dep th  a t  0 K i s  around 13 -  14 a t .  % Cd.

The p e n e t r a t io n  dep th  X (t) can a lso  b e  c a lc u la te d  f o r  t  f  0 .

The G o rte r-C a s im ir  (100) tw o - f lu id  model o f  s u p e rc o n d u c t iv ity  p r e d ic ts

X(tO = 1(0) (1 -  t* ) " ^  (7 .1 0 )

This p r e d ic t io n  i s  h o m e  o u t in  F ig . 34. The d a ta  from o n ly  two sam ples 

a re  shown fo r  c l a r i t y  o f  p r e s e n ta t io n .  However, a l l  sam ples showed th e  

same g e n e ra l b e h a v io r . At low te m p era tu re s  ({1 -  t^}  ^ 1 .1 ) ,  X (t)

shows a n e g a t iv e  d e v ia tio n  from th e  above r e la t io n s h ip .  This has been 

e x p la in e d  by BCS theoiry (1 0 1 ).

The coherence  range Ç, a m easure o f th e  d is ta n c e  to  which a 

p e r tu r b a t io n  in  th e  o rd e r  p a ram e te r  sp read s  from i t s  c e n te r ,  i s  g iven 

by (102 )

Ç (t) = {é /2 ti H ( t ) } ^  (7 .1 1 )
^2

The coherence range a t  0 K may be  c a lc u la te d  and i s  shoi-m in  Table 13 

and F ig . 33. The ta b le  in d ic a te s  a change in  s lo p e  around 12 a t .  % Cd, 

a lth o u g h  t h i s  i s  n o t  ap p a re n t in  th e  graph due to  th e  s c a le  employed.

Energy Gap A(0)

The energy  gap a t  0 K, A (0 ), i s  g iven  by th e  BCS e x p re s s io n  (115) 

2 A (0)/kT ^ = {2tt H ^(0 )/3 y T^}^ (7 .12 )

This e q u a tio n  a p p l ie s ,  s t r i c t l y  sp e a k in g , only  to  su p e rco n d u c to rs  o f 

v ery  low co u p lin g  s t r e n g th  N(0)V. However, i t  i s  d e r iv e d  from  th e  same
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assum ptions used  in  d e r iv in g  Eq. ( 2 .2 ) .  S in ce  th e  l a t t e r  e q u a tio n  has 

been used  to  f in d  th e  v a lu e s  o f N(0)V in  a l lo y s  (which o f te n  have 

s tro n g e r  coup ling  th an  p u re  e le m e n ts ) , Eq. (7 .1 2 ) w i l l  be  used to  fin d  

values o f  th e  reduced  energy  gap ( th e  l e f t  hand s id e  o f  Eq. (7 .1 3 ))  in  

the p re se n t a l lo y s .

I f  the BCS r e l a t i o n  = 0 .4 1  H ^(0)/T ^  (Eq. 6 . 6 a ) )  i s  u sed  in

Eq. (7 .1 2 ) ,  we o b ta in

2 A (0 )/k  = 3.52 (7 .13)

However, i f  the  therm odynam ically  d e r iv e d  r e la t io n s h ip  f o r  y as con­

ta in e d  in  Eq. (6 .1 1 ) and (6 .1 3 ) i s  u sed ,

2 A (0 )/k  = 3 .5 2 (1  -  D^m)^ (7 .14)

Values o f  th e  reduced  energy  gap found by u s in g  in  T able 5 a re  shown 

in  Table 13. Most o f  th e  p o in ts  a re  above th e  BCS v a lu e  o f  3 .5 2 . I f  t h i s  

is  a r e a l  e f f e c t ,  th e  e x p la n a tio n  i s  su g g e s te d  by th e  work o f  S w ihart 

e t  ^  (9 2 ) , who c a lc u la te d  th e  r a t i o  2 A (0 )/k  T^ fo r  r e a l i s t i c  phonon 

s p e c tra  o f  s tro n g -c o u p lin g  su p e rc o n d u c to rs , and found in c re a s e s  o f  up 

to  35% f o r  Hg, f o r  exam ple. I f  th e  d is c u s s io n  fo llo w in g  Eq. (6 .4 )  i s  

r e c a l le d ,  in  w hich i t  was p o in te d  o u t t h a t  th e se  a l lo y s  were midway 

between weak- and s tro n g -c o u p lin g  su p e rc o n d u c to rs , t h i s  f a c t  w i l l  ex­

p la in  th e  in c re a s e  in  th e  r a t i o  2 A (0 )/k  T^. In  f a c t ,  i f  th e  o r ig in a l  

eq u a tio n s  o f the  BCS th e o ry  m o d ified  f o r  m ediunv-coupling su p erco n d u c to rs  

are  used (116) , th e se  su p e rco n d u c to rs  w i l l  have a  th e o r e t i c a l  v a lu e  

o f th e  reduced  energy gap h ig h e r  th an  w eak -coup ling  s x ç e r co n d u e to rs . 

However, th i s  in c re a s e  canno t as y e t  b e  p u t on a q u a n t i t a t iv e  b a s i s .

H elfahd-W erthàm ér P aram eter h*
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H elfand and Werthamer (H-W)(94) have d e f in e d  a p aram eter

h * ( t )  = - H  ( t ) / ( d H  ( t ) / d t ) L  ^  .  ( 7 . 1 5 )
C2 Cg I c  i

I f  Eq. (7 .2 ) i s  s u b s t i tu t e d  in to  Eq. (7 .1 5 ) and re a r ra n g e d ,

h * ( t)  = 0 .5  H ( t ) / ( l  -  7T D )H (0) (7.16)
^2 °2  ^2

This q u a n t i ty  h a s  a s lo p e  o f - 1  a t  t  = 1. T y p ic a l r e s u l t s  f o r  a llo y s  

w ith  low c o n c e n tra tio n s  o f  Cd a re  shown i n  F ig .  35. The v a lu e s  o f  D
°2

from T able 11 w ere  used. The agreem ent w ith  th e  H-W curves a re  only 

f a i r ;  a s  in  th e  d is c u s s io n  o f the E i le n b e rg e r  th e o ry , th e  v a lu e  o f  p 

cannot be  de te rm in ed  from the d a ta .  However, th e  d a ta  l i e  on th e  high 

p s id e .

As th e  c o n c e n tra tio n  o f Cd r i s e s ,  th e  v a r i a t io n  o f  H ( t )  with
^2

te m p era tu re  changes and th u s  th e  shape o f  h * ( t )  a l s o  changes. The value 

o f h * ( t )  i s  c lo s e  to  th e  H-W curves f o r  t  -> 1 and i s  below th e  curves 

fo r  t  -> 0. The s i t u a t i o n  may be  sum m arized by th e  p r e s e n ta t io n  o f h*(0) 

in  T ab le 13. The agreem ent w ith  th e  c a lc u la te d  cu rv es  i s  p o o r fo r  the 

h ig h e r  c o n c e n tra tio n s  o f  Cd, s in c e  th e  H-W th e o ry  r e q u ir e s  h * (0 ) = 0 .7 3 . 

However, o th e r  a u th o rs  (107) a lso  f in d  d isag reem en t w ith  th e  th e o ry .

The reaso n  fo r  th e  d isc rep an cy  betw een th e o ry  and ex p erim en t may be due 

to  a c o r r e l a t i o n  betw een h * (0 ) and th e  e le c tro n -p h o n o n  coup ling  s tre n g th  

A as d is c u s s e d  by  Werthamer and McMillan (1 0 8 ) , as h * (0 )  can be shown 

to  rough ly  in c r e a s e  w ith  X (from  T ab le  5 ) .

Upper C r i t i c a l  F ie ld  H^

The problem s in v o lv ed  in  f in d in g  H e x a c t ly  have b een  d iscu ssed
^2

above. In  t h i s  s e c t io n  on ly  ty p i c a l  r e s u l t s  a re  p r e s e n te d ,  as H ( t  = 0 )
^2
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and H ( t  = 1) may be e a s i ly  c a lc u la te d , from Eq. (7 .2 ) and a  l e a s t -  

sq u a res  m ethod. T ypical r e s u l t s  a re  shown in  F ig . 36.

One d if fe re n c e  betw een th e  b eh av io r o f H ( t )  fo r  a l lo y s  o f  low 

Cd c o n c e n tra tio n  and o f  h igh  Cd c o n c e n tra tio n  may be observed . The f o r ­

mer p o in ts  go l i n e a r ly  to  zero  as t  + 1 , w hereas th e  l a t t e r  p o in ts  a re  

n o n - l in e a r  in  th i s  v i c i n i t y .  However, from l im ite d  d a ta  c o l le c te d  a t  

t  > 0 .9 ,  and o f  course from th e o ry  as w e l l ,  H ( t )  ^  0 as t  1 . This

b e h a v io r  p ro v id es  a "k ink" in  th e  o r d in a r i ly  f a i r l y  s t r a i g h t  l i n e  o f  
2

H ( t )  v e rsu s  t  . The d is c u s s io n  may b e  p u t  on a  more q u a n t i ta t iv e  
^2

b a s is  by c o n s id e rin g  o f Eq. (7 .2 ) .  T his q u a n t i ty  i s  sm a ll and p o s i­

t i v e  fo r  th e  fo u r  a l lo y s  w ith  th e  low est Cd c o n c e n tra tio n , and i s  la rg e  

and n e g a t iv e  f o r  th e  e ig h t  a l lo y s  w ith  h ig h e r  Cd c o n c e n tra tio n  (w ith  

one e x c e p t io n ) .

The reason  f o r  th i s  b eh av io r i s  unknown, a lthough Ogasawara e t
2

a l  (89) have d isp la y ed  graphs o f H ( t )  v e rsu s  t  ( f o r  Nb-Ta a l lo y s )
^2

w hich ap peared  to  be made up o f  two co n n ec tin g  s t r a i g h t  l i n e s .  S ince  

th e  a l lo y s  w ith  h ig h e r  Cd co n ce n tra tio n s  a re  l e s s  s ta b le  m e ta l lu r g i -  

c a l ly  (due to  th e i r  phase d iag ram ), one p o s s i b i l i t y  m ight b e  a  n o n -fe e  

phase  in  th e s e  a l lo y s  which dominates th e  su perconducting  c h a ra c te r ­

i s t i c  n e a r  t  = 1. There i s  l i t t l e  chance t h a t  th e  tem p era tu re  m easure­

ment was a t  f a u l t ,  as th e  m easured T^ ag rees  q u i te  c lo se ly  w ith  th o se  

o f M erriam (se e  F ig . 2 2 ).

Lower C r i t i c a l  F ie ld  H 
 ^1

As p re v io u s ly  m entioned , th e  p rob lem  o f i r r e v e r s i b i l i t y  e n te r s  

in to  th e  d e te rm in a tio n  o f  H . I n  F ig. 37, on ly  th e  v a r ia t io n  o f  H ( t )Cl Cl
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r e v e r s ib le  c u rv e s ) .
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as found by the  method d e s c r ib e d  in  C hapter V i s  shown.

As m ight be ex p ec ted  from F ig . 25, where H (0) i s  found to  vary

l i t t l e  w ith  c o n c e n tra tio n  above 10 a t ,  % Cd, s im i la r  r e s u l t s  a re  found

in  F ig . 37. The va lu es  o f  H ( t )  l i e  f a i r l y  c lo se  f o r  most c o n c e n tra -
^1

t io n s  above 10 a t .  % Cd.

As in  F ig . 36, n o n - l i n e a r i t y  occurs  a t  h ig h e r  c o n c e n tra tio n s  

o f  Cd as t  •> 1; how ever, i t  i s  co n s id e ra b ly  sm a lle r  in  m agnitude as 

compared to  H ( t ) .  S ince th e  m easured q u a n t i t i e s  H ( t )  and H ( t )  a re
C z  c^ C j

r e la te d  by th e  GL p a ra m e te rs , presum ably  th e  d is c u s s io n  in  the  p rev io u s

s e c tio n  i s  a p p l ic a b le .  H ( t )  in  th e  l i g h t  o f  the  GL p aram ete r k_ w i l l
Cl 3

be d iscu ssed  s h o r t ly .

G inzburg-L andau P aram eter

Harden and Arp (109) su g g e s te d  a n o th e r  G inzburg-Landau p a ra ­

m eter K g ,re la t in g  and H^. The r e la t io n s h ip  may be p u t in to  th e  form

K g(t) = 0 .717{H ^(t)/H ^  ( t ) } l 'G 8 (7 .1 7 )

The r e la t io n s h ip  may be d e r iv e d  from th e  o r ig in a l  GL d i f f e r e n t i a l  

eq u a tio n s  as p re s e n te d  by A brikosov  ( 4 ) ,  in  term s o f  an i s o l a t e d  norm al 

f i la m e n t ,  and was found by n u m e ric a l in te g r a t io n  o f  th e  e q u a t io n s .  The

reg io n  o f  te m p era tu re  o v er w hich Eq. (7 .1 7 ) i s  v a l id  i s  unknown. Oga­

saw ara e t  ^  (89) assumed th a t  < i ( t )  = < g (t)  fo r  a l l  t ,  and c a lc u la te d

v a lu es  o f  ( t ) ,  u s in g  e x p e rim e n ta l v a lu es  o f  H ^(t) and K i ( t ) .  A s im i­

l a r  p lo t  i s  shown in  F ig . 38. The v a lu es  o f H ^(t) w ere o b ta in e d  from  

th e  r e v e r s ib le  cu rv es .

The v a lu es  o f H ( t )  c a lc u la te d  from Eq. (7 .1 7 ) and i t s  accomp­
l i

anying assum ptions produce H ( t )  s l i g h t l y  h ig h e r  than  th e  ex p e rim e n ta l
^1
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F ig . 38. E xperim en ta l and th e o r e t ic a l  dependence o f c r i t ­
i c a l  f i e l d  H ( t ) .  T h e o re tic a l dependence i s  c a lc u la te d  

^1using  Harden and Arp th eo ry  and Kj ~
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va lue . Furthermore, t h i s  In c r ea se  tends to  d isappear  as t  -> I .  This i s

in l in o  w ith  the c o n c lu s io n s  o f  Eastham (1 1 0 ) ,  who s t a t e d  th at  the

Harden and Arp fo rm u la tio n  was v a l id  p r im a r i ly  n e a r  T = T^.

F ig , 38 shows t h a t  th e  d i f f e r e n c e  between th e  th e o r e t i c a l  and

experim en ta l va lues o f  H ( t )  a re  a lso  p robab ly  r e la te d  to  com position
1̂

and thus th e  im p u rity  p a ram e te r p . Neumann and Tewordt (111) c o n s tru c te d

a  m o d if ic a tio n  o f  v a l id  to  o rd e r  (1  -  t )  fo r  v a r io u s  v a lu es  o f p .

However, th e  c o r r e c t io n s  in tro d u c e d  by p a re  on ly  o f  the  o rd e r  o f  a

few p e rc e n t. The fo rm u la tio n  o f  K ^(t) f o r  a l l  v a lu es  o f t  and p rem ains

to  be accom plished.

E v e tts  and Wade (98) found th a t  t h e i r  v a lu es  o f H ( t )  f i t t e d
^1

by the above p rocedu re  w ere low er than  th e  ex p erim en ta l v a lu es  in  P b -In  

a l lo y s .  However, t h e i r  d if f e r e n c e s  w ere c o n s id e ra b ly  la rg e r  than in  

th e  p re se n t w ork, ra n g in g  up to  28%.

The ap p a re n t co in c id en c e  o f  th e  e x p e rim en ta l va lue  o f  H ( t)  

and th a t  c a lc u la te d  by Eq. (7 .1 7 ) as t  ->• 1 b e a rs  o u t the  p re d ic t io n  o f

S e rin  th a t  <^(1) = “ <^(1) (1 1 2 ). S e r in  su b seq u en tly  p re d ic te d

(p . 936) th a t  fo r  d i r t y  su p e rc o n d u c to rs , w hich th e  p re s e n t  sam ples a r e ,

<3 > <1 <2 (7 .18)

w hich i s  b o rn e  o u t in  a l l  th e  p r e s e n t  sam p les , as deduced from F ig . 38.

Thus the  work o f E v e tts  and Wade a p p a re n tly  does n o t  agree w ith  Eq. 

(7 .1 8 ) .

The r e s u l t s  o f F ig . 38 a r e  n o t  bo rne o u t w ith  r e s p e c t  to  S e r in 's  

f i r s t  p r e d ic t io n  a t  t  -> 1 , n o te d  above, i f  d a ta  from the  i r r e v e r s i b le

curves a re  used. T h is p o in t  i s  i l l u s t r a t e d  in  F ig . 39. For th e  fo u r
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Legend:
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F ig . 39. E xperim en tal and th e o r e t i c a l  dependence o f c r i t -
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i t i c a l  f i e l d  H ( t )  f o r  i r r e v e r s i b l e  d a ta .  T h e o re tic a l  de­

pendence c a lc u la te d  u sin g  Harden and Arp form ula and - K^.
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sam ples low est in  Cd c o n c e n tra tio n , the v a r ia t io n  o f  th e o r e t ic a l  and 

ex p erim en ta l va lues o f  H fo llo w s th a t  o f  F ig . 38. However, f o r  a l l  

sam ples w ith  h ig h e r  Cd c o n c e n tra tio n s ,  th e  th e o r e t i c a l  (d e riv e d  from Eq. 

(7 .1 7 ))  and ex p erim en ta l v a lu es  o f  H do n o t converge as t  ^  1 . This 

b eh av io r i s  i l l u s t r a t e d  by th e  sam ple w ith  12.25 a t  % Cd. Thus again  

th e  i r r e v e r s i b l e  d a ta  p ro v id es  r e s u l t s  in c o n s i s t e n t  w ith  th e o ry .

Eq. (7 .1 8 ) may be i l l u s t r a t e d  by means o f  F ig . 40. The r e l a t io n ­

sh ip  o f  and <2 h a s  a lread y  been  d is c u s s e d , so th e se  d a ta  a re  n o t p re ­

se n te d  h e re . For th i s  r e p re s e n ta t iv e  sam ple fo r  b o th  th e  re v e rs ­

ib l e  and i r r e v e r s i b l e  cu rv es . The n o n - l in e a r  phenomenon m entioned in

th e  d is c u s s io n  o f  H ( t )  can b e  n o tic e d  h e re  as i t  tends  to  in c re a s e
C2

th e  v a lu e  o f K g ( t) /K ^ ( t)  as t  1 . T h is phenomenon i s  much le s s  p ro­

nounced fo r  th e  r e v e r s ib le  d a ta .

I t  shou ld  be n o te d  th a t  th e  above r e s u l t s  show th a t  th e  p ro ­

cedure used in  f in d in g  H ( t )  ( i . e . ,  th a t  o u t l in e d  in  C hapter V) ap-
^1

p ea rs  to  be v a l id  to  w ith in  a few p e rc e n t.

An approx im ation  to  th e  v a r ia t io n  o f  K g(t) w ith  t  can be made 

from th e  p re s e n t w ork, fo r  low v a lu es  o f K ^(T^). Maki (9) has perform ed 

th i s  work fo r  <^(T^) »  1 t h e o r e t i c a l ly .  R e p re se n ta tiv e  r e s u l t s  a re  

shown in  F ig . 41.

A le a s t - s q u a r e s  s t r a i g h t  l i n e  was drawn th ro u g h  each o f  th e  

s e t  o f d a ta  p o in ts  f o r  s im p l ic i ty ,  a lthough  as m entioned  above K g(t) 

has y e t  to  be determ ined  in  g e n e ra l t h e o r e t i c a l l y .  However, the  i n t e r ­

cep t a t  t  = 1 i s  v ery  c lo se  to  1 , in  accordance w ith  S e r in 's  p r e d ic t io n s .  

F u rtherm ore , th e  v a lu e  o f < ^ (T ^ )/k j(T ^) a t  0 .3  < t  < 1 i s  g r e a te r  th an  

Kj^(t)/K^(T^) from E i le n b e rg e r 's  curves (see  F ig . 2 9 ) , co n firm in g , in



124

fO
V

Legend:

#  R e v e rs ib le  d a ta

I r r e v e r s ib l e  d a ta

1.6

1.4

1.2
OO

1.0
0.5 1.0
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part a t  l e a s t ,  Eq. ( 7 . 1 8 ) .

To sum m arize, H ( t )  computed by u sing  K „(t) approaches the  ex -Ci J

p e rim en ta l value as t  - ^ 1 , and i s  g r e a te r  than  th a t  value f o r  a l l  t ,  

as r e q u ire d  by th e o ry . was p lo t te d  as a  fu n c tio n  o f t ,  and i t s

g en e ra l shape a ls o  ag rees  w ith  th e o ry .

F lux  T rapping

The v a r io u s  im p e rfe c tio n s  in s id e  a  su p erco n d u c to r can t r a p  f lu x  

in  a  m agnetic f i e l d  by c re a tin g  re g io n s  w ith  anom alously h ig h  c r i t i c a l  

f i e l d s .  I f  th e  a p p lie d  f i e l d  w hich d r iv e s  th e  su p erco n d u c to r norm al i s  

red u ced , any m u ltip ly -c o n n e c te d  inhomogeneous reg io n s  w i l l  t r a p  the  

f lu x  which th re a d e d  them a t  th e  moment o f  t h e i r  t r a n s i t io n  back  in to  

su p e rc o n d u c t iv ity .  As th e  f i e l d  i s  th en  red u ced  to  z e ro , t h i s  tra p p in g  

w i l l  become a p p a re n t in  th e  form o f  a  p o s i t iv e  m a g n e tiz a tio n  a t  zero 

a p p lie d  f i e l d .

As m entioned  in  C hapter I I I ,  one o f  th e  main methods o f  d e te r ­

mining th e  hom ogeneity o f an a l lo y  i s  c o n s id e r in g  th e  m agnitude o f  t h i s  

trap p e d  f lu x . In  g e n e ra l ,  th e  sam ples in  th i s  s tu d y  were found  to  have 

low v a lu es  o f tr a p p e d  f lu x  f o r  Type I I  su p e rco n d u c to rs .

A nother m ethod o f m easuring th e  amount o f  inhom ogeneity  by means 

o f  th e  h y s te r e t i c  m a g n e tiz a tio n  curves i s  th e  r a t i o  o f  th e  a re a s  under 

the  curves in  th e  forw ard  and re v e rs e  d i r e c t io n s .  S ince t h i s  has n o t 

been d isc u sse d  t h e o r e t i c a l l y ,  th e  m a tte r  w i l l  n o t  be pursued  f u r th e r .

L iv in g s to n  and S ch ad le r (14) n o te  t h a t  th e re  have b een  few 

sy s te m a tic  s tu d ie s  o f  th e  e f f e c t  o f  d e fe c ts  on f lu x  tra p p in g . However, 

Budnick e t  a l  (114) found th a t  re g a rd le s s  o f th e  ann ea lin g  t im e s , th e
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trap p ed  f lu x  r a t i o  ( t f r )  v a r ie d  l i n e a r ly  w ith  (1 -  t^ )  where t  i s

the reduced  te m p e ra tu re . In  F ig . 42 , we p r e s e n t  r e p r e s e n ta t iv e  d a ta  on

the  t f r  f o r  v a r io u s  Cd c o n c e n tra tio n s . The r a t i o  ten d s  to  fo llow  the

Budnick r u l e .  Budnick d e fin e d

t f r  = Uir m | / 4 ïï M ,' ' max .

where 14ir Ml i s  th e  a c tu a l  trap p ed  f lu x ,  and 4ttM i s  th e  maximum v a lu e  
' ' .. max

of m a g n e tiz a tio n  fo r  th e  e n t i r e  range o f  a p p lie d  f i e l d .

As m ight be  ex p ec ted  from th e  m e ta llu rg y , th e  t f r  i s  h ig h e r

fo r  th e  a l lo y s  w ith  h ig h e r  Cd c o n c e n tra tio n . However, i t  i s  d i f f i c u l t  

to  draw any q u a n t i t a t iv e  c o n c lu sio n s  concern ing  th e  c o r r e la t io n  o f  th e  

s lo p es  o r  th e  in t e r c e p t s  o f  th e  l in e s  in  F ig . 42 w ith  c o n c e n tra tio n .

The tra p p e d  f lu x  w i l l  always be s e n s i t i v e  to  sample h a n d lin g  and 

p re p a ra t io n .

J u r i s  son and Oakes (113) p rep a red  a s it ip le  th e o ry  o f th e  v a r ia ­

tio n  o f  t f r  w ith  te m p e ra tu re . We have rough q u a l i t a t i v e  agreem ent w ith

the  J u r is s o n  th e o ry  on th e  b a s is  o f F ig . 42; q u a n t i t a t iv e  agreem ent 

might b e  ach iev ed  w ith  a p p ro p r ia te  ad ju stm en t o f th e  param eters  i n  t h e i r  

th e o ry .
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F ig . 42. Trapped f lu x  r a t i o  as a  fu n c tio n  o f (1 -  t^ )



CHAPTER V III  

CONCLUSIONS

This c h a p te r  w i l l  be  composed o f  two p a r t s :  one d e a lin g  w ith  

th e  t h e o r e t i c a l  a sp e c ts  o f  t h i s  w ork, and one d e a lin g  w ith  th e  e x p e r i­

m en tal a s p e c ts .

T h e o re tic a l C onclusions 

T h eo ries  o f  su p e rc o n d u c tiv ity  a re  b a se d  on th e  r e v e r s i b i l i t y  

o f th e  m a g n e tiz a tio n  cu rv e . However, th e  m a jo r ity  o f  Type I I  su p e r­

conducto rs have a t  l e a s t  some h y s t e r e s i s ,  th u s  making conqiarison of 

th e  G inzburg-Landau p aram eters  d e r iv e d  from th e  cu rv es  d i f f i c u l t ,  i f  

n o t  in v a l id ,  A number o f  th e o r ie s  o f  h y s t e r e s i s  i n  su p erco n d u c to rs  have 

been  p ro p o sed , w ith  " r e v e r s ib le "  curves ly in g  betw een th e  forw ard  and 

re v e rs e  c u rv e s .

Prim e among th e se  have been  th e  th e o r ie s  o f  Campbell a l  (37) 

and S ilc o x  and R o ll in s  (3 9 ), These th e o r ie s  g iv e  a t  l e a s t  a q u a l i t a t ­

iv e  f i t  to  ex p e rim e n ta l d a ta .

The th e o r ie s  can be  checked on a  q u a n t i t a t iv e  b a s is  by u s in g  

th e  r e s u l t s  o f  Goedemoed e t  a l  (33) f o r  which i r r e v e r s i b l e  and re v e r s ­

ib l e  ex p e rim e n ta l curves ( f o r  the  same su p e rco n d u c to r)  a re  a v a i la b le .  

The f i t  to  th e s e  experim ents i s  in a d e q u a te .

In  t h i s  t h e s i s ,  a th eo ry  has been  d e v ise d  to  g iv e  a b e t t e r

129
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f i t  to  th e se  d a ta .  E s s e n t i a l l y ,  th e  th e o ry  c o n s is ts  o f  two m o d if ic a t­

ions to  th e  S ilc o x  and R o ll in s  th e o ry . F i r s t l y ,  th e  lo n g  range  e f f e c t s  

of th e  f lu x o id - f lu x o id  in t e r a c t io n s  w ere ta k e n  in t o  a c c o u n t, u s in g  a 

model b a sed  on work o f  M e lv ille  and T ay lo r (4 1 ) . S econd ly , an ad hoc 

r e v e r s ib le  cu rve  was d ev ised  w hich f i t s  th e  t h e o r e t i c a l  r e v e r s ib le  

curve o f  A brikosov (4) o v e r d i f f e r e n t  re g io n s  o f  a p p l ie d  f i e l d  b e t t e r  

than th e  hoc curves o f  Campbell ^  ^  and S ilc o x  and R o ll in s .

The l a t t e r  p o in t  may be seen  in  F ig s . 14 and 15 and th e  d is ­

cussion  fo llo w in g  Eq. (5 .1 1 a ) .  In  g e n e ra l ,  we hav e  good agreem ent w ith  

the r e v e r s ib le  cu rv es  o f  A brikosov .

However, we w ish  as w e ll  to  have q u a n t i t a t iv e  agreem ent w ith  

ty p ic a l  e x p e rim e n ta l d a ta .  E x c e lle n t  agreem ent was reach ed  w ith  th e  

p re v io u s ly  p u b lis h e d  d a ta  o f  Goedemoed ^  al»  shown i n  F ig s .  18 and 

19. In  T able 1, we see  t h a t  th e  le a s t - s q u a r e s  f i t  to  t h i s  d a ta  fo r  

th e  p re s e n t  th e o ry  i s  an o rd e r  o f  m agnitude b e t t e r  th an  th e  Campbell 

o r  S ilc o x  t h e o r i e s .  F u rth erm o re , th e  p r e s e n t  th e o ry  f i t s  b o th  th e  ex­

p e rim en ta l r e v e r s ib l e  and i r r e v e r s i b l e  curves w e l l .

A lthough th e  p r e s e n t  th e o ry  i s  somewhat more co m p lica ted  th a n  

some p re v io u s ly  fo rm u la te d , i t  s t i l l  can be  p u t i n  c lo se d  form  and 

graphs may be used to  f in d  th e  r e le v a n t  p a ra m e te rs , as i l l u s t r a t e d  in  

F ig s . 20 and 21 .

The main o b je c t  o f  th e  h y s t e r e t i c  th eo ry  i s  to  d e te rm in e  th e  

r e v e r s ib le  cu rv es  from  th e  e x p e rim e n ta l i r r e v e r s i b l e  c u rv e s , as th e  

form er a re  g e n e ra l ly  n o t  known. We have  found good agreem ent w ith  th e  

d a ta  o f Goedemoed a l  in  t h i s  r e s p e c t ,  and we have  used  th e  th e o ry  

to  f in d  th e  r e v e r s ib l e  cu rv es  from  th e  In-C d ex p e rim e n ta l d a ta .
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To sum m arize, we have fo rm u la ted  a th e o ry  o f h y s t e r e t i c  b e ­

h a v io r  in  su p e rc o n d u c to rs . This th e o ry  en ab les  us to  d e riv e  th e  eq u iv ­

a l e n t  r e v e r s ib l e  m ag n e tiza tio n  curves from th e  h y s t e r e t i c  i r r e v e r s i b l e  

c u rv e s . Good agreem ent is  reached  w ith  e x p e rim en ta l d a ta .

E xperim en ta l C onclusions

The m a g n e tiz a tio n  curves o f th e  fe e  phase  o f  Cd in  In  have dem­

o n s t r a te d  Type I I  b e h a v io r . The sam ples ranged  in  c o n c e n tra tio n  from  

7 .8  to  16.0 a t .  % Cd, and w ere an n ea led  f o r  p e r io d s  o f  5 -  47 d ay s , be­

fo re  b e in g  quenched in  l iq u id  n i t r o g e n .

The c r i t i c a l  tem p era tu res  w ere found to  have th e  same v a r ia ­

t io n  w ith  c o n c e n tra tio n  as th e  work o f  M erriam (6 7 ) , i . e . ,  a  sh arp

d ro p o ff  from T = 3.4 K a t  around 8 a t .  % Cd to  a  f a i r l y  c o n s ta n t  T c c

= 3 .0  K a t c o n c e n tra tio n s  ^ 12 a t .  % Cd. The t r a n s i t i o n  w id th s  w ere 

s m a l le r  th an  th o s e  o f  M erriam , in d ic a t in g  m ire m e ta l lu r g ic a l ly  homo­

geneous sam ples. The r e s id u a l  r e s i s t i v i t y  a t  4 .2  K was found by an in ­

d i r e c t  method f o r  each sam ple. I t  ro s e  a lm ost l i n e a r l y  w ith  c o n c e n tra ­

t i o n ,  b u t was c o n s is te n t ly  low er than  th e  v a lu es  o f  F is c h e r  (2 6 ) . This 

may be due to  th e  s h o r te r  an n ea lin g  tim es in  th e  l e t t e r ' s  w ork.

A nunber o f  p h y s ic a l q u a n t i t i e s ,  such as th e  mean f r e e  p a th  

and the  e l e c t r o n - e le c t r o n  in t e r a c t io n  s t r e n g th  N(0)V may be  found from  

t h i s  d a ta  and th e  th e o ry  o f  C hapter I I .  Most o f  th e  c a lc u la te d  q u an t­

i t i e s  have an extremum o r  change o f  s lo p e  around th e  c o n c e n tra t io n  12 

a t .  % Cd. Based on th e  work o f  M erriam (67) on low c o n c e n tra tio n  In-C d 

a l lo y s ,  th i s  may in d ic a te  a Fermi s u r f a c e - B r i l lo u in  zone in t e r a c t io n  

n e a r  th a t  c o n c e n tra t io n .  S ince th e  Ferm i s u r fa c e  i s  known o n ly  im p e rfe c t­

ly  f o r  a l l o y s ,  more work w i l l  have to  be  done to  confirm  t h i s .  This
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could be done, fo r  exam ple, by u s in g  th e  method o f  H iggins and Kaehn 

(60) to  d e term ine  th e  Fermi s u r f a c e  by th e  v a r ia t io n  o f  c r i t i c a l  temp­

e r a tu r e  w ith  p re s s u re .

So f a r  we have been  d is c u s s in g  th e  superco n d u c tin g  p r o p e r t ie s  

which are  n o n - h y s te r e t ic .  In  o rd e r  to  c a lc u la te  th e  G inzburg-Landau p a ra ­

m e te rs , we need  to  know th e  v a r io u s  c r i t i c a l  f i e ld s  m entioned in  Chap­

te r s  I  and I I .  I f  we have h y s t e r e s i s ,  we can o b ta in  in a c c u ra te  v a lu es  

f o r  th e se  q u a n t i t i e s .

As m entioned in  C hapter V II ,  we have used th e  h y s t e r e t i c  th e o ry  

developed  in  C hapter V to  f in d  " r e v e r s ib le "  v a lu es  o f  the  q u a n t i t i e s  

used in  f in d in g  th e  GL p a ra m e te rs . We s h a l l  show in  th e  r e s t  o f  th i s  

c h a p te r  t h a t  th e  r e v e r s ib le  v a lu es  found by th i s  method ag ree  w ith  th e  

a p p ro p r ia te  th e o ry  b e t t e r  th an  th e  v a lu es  from  th e  raw o r " i r r e v e r s ib l e "  

d a ta .

In  F ig . 24, we se e  t h a t  th e  r e v e r s ib l e  v a lu e  o f  v a r ie s  le s s  

w ith  c o n c e n tra tio n  th an  does th e  i r r e v e r s i b l e  v a lu e , and i s  co n s id e ra b ly  

l e s s  e r r a t i c .  The r e v e r s ib le  v a lu e s  co in c id e  w ith  th e  diagram o f the 

v a r ia t io n  o f  w ith  c o n c e n tra tio n  fo r  two m u tually  s o lu b le  supercond­

u c to rs  as p re se n te d  by L iv in g s to n  and S ch ad le r  (1 4 ) , whereas th e  i r r e v ­

e r s i b l e  v a lu es  do n o t.

The e r r a t i c  b e h a v io r  o f  th e  i r r e v e r s i b l e  v a lu es  o f  produce 

e r r a t i c  v a lu e s  o f  y , th e  e l e c t r o n i c  c o e f f i c i e n t  o f  s p e c i f i c  h e a t ,  as 

computed by th e  BCS Eq. ( 4 .2 ) .  V alues a re  ta b u la te d  in  Table 4 . The v a l­

ues o f  Y c a lc u la te d  from  r e v e r s ib l e  cu rves a re  sm oother and re a c h  a 

maximum around 12 a t .  % Cd, in  l i n e  w ith  th e  p re v io u s ly  m entioned Fermi 

s u r f a c e - B r i l lo u in  zone in t e r a c t io n .
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As a c o ro l la ry ,  th e  same e f f e c t s  o ccu r in  th e  com putation o f 

N (0 ), the  d e n s ity  of s t a t e s  a t  the  Fermi s u r fa c e , and V, th e  n e t  in t e r ^  

a c t io n  energy between e le c t r o n s .  We thus see  th e  s u p e r io r i ty  o f  th e  rev ­

e r s i b l e  curves f o r  th i s  phase o f  th e  r e s u l t s .

As p re v io u s ly  n o te d , th e  d a ta  f o r  show a k in k  around 12 a t .

% Cd. These changes o f  s lo p e  i n  th e  d a ta  have been  a t t r i b u t e d  to  the  

Fermi s u r f a c e -B r i l lo u in  zone i n t e r a c t io n  (117).

A number o f  o th e r  su p e rco n d u c tin g  param eters such æ  th e  coher­

ence le n g th ,  v e lo c ity  o f  th e  e le c t ro n s  a t  the Fermi s u r f a c e ,  e t c . ,  may 

a ls o  b e  computed. However, l i t t l e  p re v io u s  work has been  done to  c o r­

r e l a t e  th e se  q u a n t i t i e s  w ith  im p u r ity  e f f e c t s ,  so th a t  d is c u s s io n  o f  

changes i s  n e c e s s a r i ly  l im i te d .

C ontinuing  w ith  th e  d is c u s s io n  o f  r e v e r s ib le  versu s  i r r e v e r s i b l e  

c u rv e s , we n o te  th a t  th e  v a lu e  o f  y ' ,  th e  therm odynam ically  co n fu ted  

v a lu e  o f  th e  c o e f f ic ie n t  o f  s p e c i f i c  h e a t  (computed from  Eq. ( 6 .1 3 ) ) ,  

i s  co n s id e ra b ly  le s s  e r r a t i c  when found from th e  r e v e r s ib le  d a ta .  Val­

ues a re  shown in  Table 9.

The tre n d  n o ted  above i s  co n tin u ed  in  the  r e s u l t s  f o r  H , the
^1

low er c r i t i c a l  f i e ld .  In  F ig . 25, we see  much le s s  e r r a t i c  b e h a v io r  fo r

th e  r e v e r s ib le  va lues o f H . The s ta n d a rd  d e v ia tio n  f o r  each a l lo y  con-

c e n t r a t io n  a lso  i s  le s s  f o r  th e  r e v e r s ib le  d a ta .

Now we s h a l l  compare th e  r e v e r s ib l e  and i r r e v e r s i b l e  d a ta  i n  

th e  l i g h t  o f  th e  GL p aram eters  and a s s o c ia te d  th e o r ie s .  We ag a in  se e  

th e  s u p e r io r i ty  o f  the  r e v e r s ib le  d a ta .

In  F ig . 29 , we have th e  n o rm alized  value  o f  K ^ (t)  p lo t t e d  as a

fu n c tio n  o f th e  in ç u r i ty  p a ram e te r p fo r  th e  E ile n b e rg e r  th e o ry  (8 1 ).
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Tilt*, d a ta  From the r e v e r s ib le  curves a re  c lo s e r  to  th e  t h e o r e t i c a l  values 

than th e  I r r e v e r s ib l e  d a ta ; as w e l l ,  the  s c a t t e r in g  i s  s u b s ta n t i a l ly  

low er.

In  F ig . 30 , th e  r e v e r s ib le  d a ta  f o r  th e  n o rm a lize d  v a lu e  o f  

K j( t)  versus t  i s  c l e a r ly  c lo s e r  to  E i le n b e rg e r ’ s th e o ry  than  th e  i r r e v ­

e r s i b l e  d a ta . In  f a c t ,  many o f th e  p o in ts  o f  th e  l a t t e r  d a ta  f a l l  below 

K ^ (t) /K ^ (l)  = 1 , w hich  i s  n o t  a llow ed  th e o r e t i c a l l y .

The same p a t t e r n  i s  re p e a te d  in  F ig . 31, where KgCc) i s  p re s e n t­

ed . The r e v e r s ib le  d a ta  shows th e  same s u p e r io r i ty  o v e r th e  i r r e v e r s i b l e  

d a ta ;  as in  F ig . 30 , many o f  th e  l a t t e r  p o in ts  l i e  below  th e  th e o r e t i c a l  

l i m i t .

However, th e  r e v e r s ib le  p o in ts  them selves i n  F ig s .  30 and 31 

have some s c a t t e r ,  and i t  i s  d i f f i c u l t  to  p r e d ic t  a  v a lu e  o f  p from 

th e  d a ta .

In  F ig . 32 , we s e e  a  p o s s ib le  e x p la n a tio n  o f  th e  d is c re p a n c ie s  

o f  th e  value  o f  K ^C tj/cgC t) w hich have appeared  in  th e  l i t e r a t u r e .  As 

de te rm in ed  from th e  g ra p h , t h i s  q u a n t i ty  appears to  be h y s te r e s i s  dep­

e n d e n t ,  and s in c e  h y s t e r e s i s  v a r ie s  c o n s id e ra b ly  from  one m e ta llu rg ic ­

a l  system  to  a n o th e r ,  t h i s  p ro b ab ly  accoun ts  f o r  th e  c o n tra d ic to ry  r e s ­

u l t s  re p o r te d .

The n o rm a lize d  energy  gap, 2A (0)/kT ^, was found to  have v a lues  

above th e  pure t h e o r e t i c a l  v a lu e  o f  3 .5 2 . As m entioned  i n  th e  t e x t ,  th i s  

i s  p robab ly  due to  a  com bination  o f  im p u rity  e f f e c t s  and s l i g h t l y  s tro n g ­

e r  cou p lin g  in  In -C d  a l lo y s  th a n  in  p u re  In .

The H elfand-W ertham er p a ram eter h * ( t )  has  been  c a lc u la te d .  In  

g e n e ra l ,  we o b ta in  f a i r l y  good agreem ent w ith  th e o ry  f o r  th e  fo u r  sam-
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p ie s  lo w est in  Cd c o n c e n tra t io n .  However, a t  h ig h e r  c o n c e n tra tio n s  th e  

e x p e rim en ta l value o f  h * (0 ) d iv e rg e s  s ig n i f i c a n t l y  from  th e  th e o r e t ­

i c a l  v a lu e .

T yp ica l v a lu es  o f  th e  v a r ia t io n  o f  H ( t )  w ith  t  a re  p re se n te d  

in  F ig . 37. For th e  sam ples w ith  h i ^  Cd c o n c e n tra t io n , H ( t )  i s  non- 

l i n e a r  as t  1. The e f f e c t  i s  n o t seen  f o r  th o se  sam ples low in  Cd 

c o n c e n tra t io n . The reaso n  f o r  th e  n o n - l i n e a r i t y  i s  n o t  known. The e f f e c t  

may be n o te d  in  a q u a n t i t a t iv e  manner by th e  la rg e  and n e g a t iv e  v a lu es  

o f  D in  T able 11.
°2

The same e f f e c t  o ccu rs  I n  H ( t ) , as seen  in  F ig . 38.

The d is c u s s io n  o f  H may be  p u t  on a  more q u a n t i t a t iv e  b a s is
^1

by c o n s id e r in g  th e  GL p a ra m e te r  k^, d e f in e d  by Eq. (7 .1 8 ) .  We can c a l­

c u la te  v a lu es  o f ( t )  by s e t t i n g  = k^» and th i s  i s  done in  F ig . 39.

The r e v e r s ib le  th e o r e t i c a l  and e x p e rim e n ta l v a lu es  o f  H converge as 

t  ->• 1, as re q u ire d  by S e r in  (1 1 2 ). However, when th e  i r r e v e r s i b l e  d a ta  

a re  u sed , as in  F ig . 40 , we do n o t  o b ta in  t h i s  convergence, in d ic a t in g  

th a t  th e  i r r e v e r s i b l e  d a ta  i s  in a d e q u a te .

The amount o f  f lu x  tra p p e d  in  th e  a l lo y s  a t  H = 0 was g e n e ra lly  

very  s m a ll ,  in d ic a t in g  good hom ogeneity o f  th e  s a n ç le s .  The d a ta  w ere 

f i t t e d  to  the  theo ry  o f  Budnick e t  ^  (114) and produced an ap p aren t 

f i t .  However, the  r e s u l t  i s  n o t co n c lu s iv e  s in c e  a number o f  po lynom ials 

cou ld  be  f i t t e d  w ith  th e  p r e s e n t  d a ta .

To summarize, we have e x p lo re d  th e  m agnetic  su p e rco n d u c tin g  

b e h a v io r  in  th e  fe e  p hase  o f  th e  In-Cd sy stem . The th e o ry  o f  h y s t e r e t i c  

m a g n e tiz a tio n  d e riv e d  i n  t h i s  th e s i s  was u sed  to  d e r iv e  r e v e r s ib l e  

curves from th e  i r r e v e r s i b l e  d a ta .  In  a w ide v a r ie ty  o f  w ays, th e  r e v e r -
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s t b l e  d a ta  was found to  be s u p e r io r  to  th e  raw i r r e v e r s i b l e  d a ta .



APPENDIX A 

EVALUATION OF THEORIES OF HYSTERESIS

The m a g n e tiz a tio n  a t  any p o in t  in  a m a te r ia l  i s

4itM =  B -  H (a . 1)

The average m a g n e tiz a tio n  o f  a  f i n i t e  body i s  found by in te g r a t in g  th i s

r e la t io n s h ip  o v er i t s  volume and n o rm a liz in g . Thus

47tM = /(B  -  H)dV//dV av

We w ish to  make th i s  e q u a tio n  as sim p le  as p o s s ib le ,  and to  e l im in a te  

d em agnetiza tion  r a t i o  e f f e c t s .  We assume a  long su p erco n d u c tin g  c y l in d e r  

whose main a x is  i s  p a r a l l e l  to  th e  a p p lie d  m agnetic f i e l d .  I f  i t s  le n g th  

£>>R, i t s  r a d iu s ,  th e  d em a g n e tiz a tio n  r a t i o  v a n ish e s . The volume i s  now 

ttR^JI, and th e  i n f i n i t e s i m a l  volume e l e i ^ n t  i s  Zm&RdR, g iv ing

4mM = (2/R%)

We have f i r s t  assumed no end e f f e c t s .  Secondly , we p o s tu la te  c y l in ­

d r ic a l  symmetry w ith  r e s p e c t  to  m agnetic  f i e l d  in  th e  sam ple. The f i r s t  

assum ption i s  made v ia b le  by making the  sample o f  s u i ta b le  d im ensions. 

The second assum ption i s  v a l id  i f  th e  sam ple i s  homogeneous. There i s  

then  no p h y s ic a l rea so n  f o r  n o n - c y l in d r ic a l  symmetry in  the  sam ple f i e l d  

d i s t r i b u t io n .  We can now d is c u s s  th e  e x ta n t  h y s te r e s is  models f o r  b o th  

"hard"  ( th o se  w ith  ex ten d ed  l a t t i c e  d e f e c t s (47)) and Type I I  supercon­

d u c to rs , a lth o u g h  th e  two co n cep ts  a re  n o t  m utually  e x c lu s iv e .
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f
{B(R) -  H}RdR. (A .la )
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The Bean Model

Bean (48) was th e  f i r s t  to  d is c u s s  th e  problem  o f  h y s te r e s is  in  

superco n d u c to rs  s y s te m a t ic a l ly .  The th e o ry  assumes a  " tw o -m a te ria l"  sup­

e rc o n d u c to r , in  which th in  f i la m e n ts  o f c r i t i c a l  f i e l d  H >>H , the  c r i t -c c o
i c a l  f i e l d  of the r e s t  o f  th e  sam ple , th read  i t  i n  a  m u ltip ly  connected  

system . A lthough th i s  "sponge" s t r u c tu r e  has b een  i d e n t i f i e d  w ith  a d is ­

lo c a tio n  netw ork (49), i t s  r e la t io n s h ip  w ith  th e  A brikosov  model i s  n o t  

known. The f ila m e n ts  can c a rry  l o s s l e s s  cu rren ts  up to  J  = J^ .

Below H = H^, we have a Type I  su p erco n d u c to r; B = 0 . I f  th e  ap­

p l ie d  f i e l d  i s  in c re a s e d  beyond t h i s  p o in t ,  some o f th e  o u te r  " s o f t "  

m a te r ia l  ( th e  mesh) becomes no rm al, and a  su p e rc u r re n t i s  induced  to  flow 

in  th e  o u te r  f i la m e n ts .  By Ampere’ s Law, i t  flow s to  a  depth

A = c(H -  H ) / 4 ttJ  (A. 2)c c

The i n t e r i o r  o f  th e  sam ple, O ^ r ^ R - A ,  i s  s h ie ld e d  by th e se  

s u p e rc u r re n ts :  B = 0 . The assum ption  o f  the  " c r i t i c a l  s t a t e "  has been  

used a l s o .  T his im p lie d  th a t  th e  su p e rc u rre n ts  a re  e i t h e r  o f m agnitude 

o r  v a n ish . At r  = R -  A, B = H^. At r  = R, B = H. Assuming l i n e a r i t y  

in  th i s  " p e n e tr a t io n  d e p th " , we f in d

B = H -  K(1 -  r /R ) ,  R -  A_< r  £  R, < H (A. 3)

where K = 4ttJ R/c.c

I f  th e  e x te r n a l  f i e l d  i s  in c re a s e d  t o H = H  + K ,  B = H a t  r  = 0 .c c

The b u lk  p r o p e r t i e s  o f th e  su p erco n d u c to r are th e n  d es tro y ed . Then

B = H -  K(1 -  r / R ) , O j < r j < R ,  H > _ H ^  + K (A.4) 

I f  E qs. (A .2 ) ,  (A .3 ) ,  (A.4) and t h e i r  accompanying c o n d itio n s  a re  

s u b s t i tu te d  in to  Eq. (A .la )  we o b ta in

4irM = -H , 0 _< H ^  H
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4 ttM = -H + (r2  -  r2 )  + H ^ ( 3 H  - 2 H ) - h 3 ,  H < H < K + H  ________c_ c_________c  c — — c
3R2

4 ttM =  - K / 3 ,  H  2  +  K  ( A . 5 )

The in d u c tio n  B and m a g n e tiz a tio n  f o r  ty p i c a l  v a lu e s  o f  K a re  shown

in  F ig s . A. l a  and A. lb .  Now l e t  us d is c u s s  th e  m a g n e tiz a tio n  when th e  ap­

p l ie d  f i e l d  i s  d e c re a se d . In  a  su b se q u en t p a p e r . Bean (50) d is c u s s e d  only  

th e  case when a f i e l d  i s  a p p lie d  and th e n  reduced to  ze ro . In  t h i s  c a se . 

Bean reaso n s  th a t  th e  s u r fa c e  c u r re n ts  re v e rs e  under th e  in f lu e n c e  o f  the  

now re v e rse d  emf. M axw ell's  e q u a tio n  f o r  t h i s  s i t u a t i o n  in  c y l in d r i c a l  

symmetry i s

dB /dr = (4 tt/ c)J ,  (A .6 )

w ith in  th e  su p e rco n d u c to r. S ince  in  B e a n 's  model B h a s  a  c o n s ta n t s lo p e ,

J  = c o n s t.  I f ,  i n  F ig . A .la ,  th e  t o t a l  c u r r e n t  i s  to  b e  d iv id e d  in t o  two 

s e c tio n s  o f  e q u a l and o p p o s ite  m agn itude , we m erely re v e rs e  th e  s lo p e  of 

B a t  the p o in t  r  = R -  A /2, as shown i n  F ig . A. lb .  Then we h av e , in  ana­

logy  w ith  th e  fo re g o in g ,

B = + K(1 -  r / R ) , R -  A/2 _< r  < R

B = H -  K(1 -  r/R ) , R - A < r _ < R - A / 2

B = H -  K(1 -  r /R ) , 0 2  r  <. r / 2

B = H -  K r/R , R/2 2  r  2  R

and B = 0 o th e rw ise . The v a lu e s  o f  m a g n e tiz a tio n  w hich w i l l  b e  o b ta in e d

by s u b s t i tu t in g  Eqs. (A .7) in to  Eq. (A .la )  w i l l  be th o se  of th e  rem anent 

o r  trap p ed  f lu x  ( a t  H = 0) o n ly . This i s  b ecau se  we do n o t  know how B 

v a r ie s  w ith  d e c re a s in g  v a lu e s  o f  the a p p l ie d  f i e l d .  Thus the v a lu e s  o f  

m a g n e tiz a tio n  fo r  d e c re a s in g  H which a r e  shown i n  F ig .  A. Ic  a re  m erely  

su g g e s tiv e  o f  th e  r e a l  cu rv e . Thus

H < H < K + H c — — c

H > H + K (A. 7)— c
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r - 4  H/H =6

F ig . A .la .  F lo t  o f lo c a l
f i e l d s  in  B ean 's  model fo r
in c re a s in g  m agnetic  f i e l d .
K = 3H . c

F ig .  A. lb .  P lo t  o f  l o c a l
f i e l d s  f o r  d e c re a s in g  f i e l d ? .
K = 3H . c

K/Hc =

2 64
.H / H ,

F ig . A .Ic . M ag n e tiza tio n  as a fu n c tio n  o f  a p p l ie d  f i e l d  f o r  B ean 's model
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4itM = - h , 0 < h < h
— — C

4nM = -H + . (H -  H )2(3H + H + 2K), H < H < H + K_______c + c c_____   c — — c
K W

4ttM = -3K /4 , H 2 . + K (A. 8)

The m a g n e tiz a tio n  f o r  th e  r e tu r n  curve i s  sk e tch e d  as a d o tte d  l in e

in  F ig . A .Ic .

The va lue  o f  th e  p aram eter K, a l i n e a r  fu n c tio n  o f th e  c r i t i c a l  cur­

r e n t  J ^ ,  w i l l  determ ine  the  shape o f th e  c u rv e s . When K i s  low , th e  p o in t

H = H corresponds approx im ate ly  to  H = H . As K becomes l a r g e r ,  th e  max-c c^

iraum o f  4'n’M becomes sm eared o u t so  th a t  i t  i s  no lo n g e r  d is t in g u is h a b le .  

F u rtherm ore , when H 2  + K, th e  m a g n e tiza tio n  does n o t  d ec re a se  any

f u r th e r ,  as i t  does e x p e r im e n ta lly .

The r e tu rn  curve d e p a rts  even more from e x p e rim e n ta l d a ta .  A lthough 

th e  curve shown i s  r e a l l y  a m easure only  o f  the  trap p e d  f lu x ,  we n o te  

th a t  the trap p e d  f lu x  i s  always p o s i t i v e  o r  zero  e x p e r im e n ta lly ,  w hereas 

in  B ean 's  model i t  i s  always n e g a t iv e ,  and in  m agnitude g r e a t e r  than  the 

maximum o f the m a g n e tiz a tio n  in  th e  forw ard d i r e c t io n ,  w hich i s  n o t seen .

Thus a lthough  th e  Bean model shows a resem blance to  e x p e rim e n ta l 

cu rves o v er c e r ta in  ranges o f a p p lie d  f i e l d s  f o r  some v a lu es  o f  th e  p a ra ­

m e te r K, in  g e n e ra l i t  d e p a rts  from  experim ent.

The reaso n s f o r  t h i s  a re  as fo llo w s : (1) W hile th e  concep t o f  " c r i t ­

i c a l  s t a t e "  may be v a l id ,  the s u p e rc u r re n t  may be  a fu n c tio n  o f  r  o r 

B. (2) The assum ption t h a t  B d e c re a se s  slow ly  in to  th e  su p e rco n d u c to r may 

be in c o r r e c t .  I t  has been  shown(44) th a t  B d ec rease s  ra p id ly  below  th e  

s u r fa c e  fo r  a t  l e a s t  some hard  su p e rc o n d u c to rs . (3) The rea so n  fo r  th e  

constancy  o f -4irM a t  h ig h  f i e ld s  i s  due to  the assum ption  th a t  B v a r ie s
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d i r e c t ly  as H; thus B —H becomes c o n s ta n t .  Presum ably in  r e a l  supercon­

d u c to rs  B does n o t q u i te  ach ieve a l i n e a r  r e la t io n s h ip  w ith  H. (4) The 

r e v e rs e  m agnetic  curve i s  h ig h e r  than  th a t  f o r  th e  forw ard d i r e c t io n  be­

cause Bean p o s tu la te s  a  d ec re ase  i n  th e  v a lu es  o f  B fo r  t h i s  d i r e c t io n .  

This d e c re a se s  B -  H and thus 4irM becomes more n e g a tiv e  (see  Eq. (A. l a ) ) .  

E x p e rim e n ta lly , a p p a re n tly  the  a re a  under the  B curve w i l l  in c re a s e  as 

H d e c re a s e s .

The Kim Model

Kim e^  ^  (51) r e f in e d  B ean 's  w ork. T h e ir  th e o r e t ic a l  conclu sions were 

based  on ex p e rim e n ta l r e s u l t s  on ho llow  tubes  o f  h ig h  f i e l d  su perconduct­

ors (N b-Zr, Nb-Sn). Kim e t  ^  m odify B ean 's  id e a  o f  th e  c r i t i c a l  s t a t e  

to  encom pass a l l  of th e  sam ple, i . e . ,  each  re g io n  o f  th e  sample c a r r ie s  

a c r i t i c a l  c u r re n t  d e n s ity  J(B) u n iq u e ly  d e te rm in ed  by th e  v a lu e  o f  B in  

th a t  r e g io n . Now u t i l i z i n g  e q u a tio n  5-81 o f  Jackson  (52),

J  = c (  V X m) (A.9)

Combining Eq. (A .9) w ith  Eq. ( A .la ) ,  we have

fR
B (r) = H + ( 4 r / c ) |  J { B (r)} d r  (A. 10)fir/c) f J{] 

^ r

This canno t be s o lv e d  in  a c lo se d  form  w ith o u t s im p lify in g  assum ptions.

I f  we d i f f e r e n t i a t e  Eq. (A .10) w ith  r e s p e c t  to  r ,  and n o te  th a t  the 

e x te r n a l  f i e l d  H has no r  dependence, we o b ta in ,  u s in g  th e  r e s u l t s  o f 

F ie tz  e t  a l  (5 3 ),

dB /dr = ± (4tt/ c) J ( B ) .  Then

dB/J(B) = ± (4 m /c)d r (A. 11)

L e t B = H a t r = R ; B  = H +  4irm(r) a t  r  = r ,  an a r b i t r a r y  r a d ia l  

d is ta n c e .  I n te g r a t in g  Eq. (A .11) and making use o f  th e se  boundary cond-
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H + 4 W r )

dB/J(B) = ± ( 4 n /c ) ( r  -  R) (A .12)
r

Based on the ex p e rim en ta l d a ta  g a th e red  on th e  ho llow  tu b e s , Kim makes 

th e  ^  hoc assum ption  th a t

a / J  = B + B^, (A .13)

where a and B^ a re  c o n s ta n ts .  S u b s t i tu t in g  Eq, (A. 13) in to  Eq. (A .12), 

± (4 iT a/c)(r -  R) = B^(4ïïm) + H(4inn) + ( 47nn)^/2 ,

4Trm = -a ^  + /a ^  -  a^r (A. 14)

where a^ = B^ + H, a^ = (B^ + H)^ + SiraR/c, and a^  * + S ira/c. The nega­

t iv e  su rd  i s  u n p h y s ic a l. The t o t a l  m a g n e tiz a tio n  i s
rR

4 ttM = ( 2 / r2) I r4 irm (r)dr (A. 15)
' T

S u b s t i tu t in g  Eq. (A .14) in t o  Eq. (A .1 5 ) , a f t e r  in t e g r a t io n  we o b ta in

AttM = -a^  +(4/15agR ^){ 2 a |^ ^  -  (Zag + 3k) ± A )^^^}, (A. 16)

where 8uaR/c = A. T his l a s t  eq u a tio n  i s  in  d i s t i n c t i o n  to  Eq. 14 of Kim, 

v a l id  on ly  f o r  r  = 0 . Presum ably the  ± s ig n  r e f e r s  to th e  d i r e c t io n s  o f 

in c re a s in g  and d e c re a s in g  H, r e s p e c t iv e ly .  S ince we a lso  r e q u ir e  B (H ,r) , 

we may use Eqs. (A .14) and (A .1) and w r i t e

B = -B^ + /(B ^ + H)2 + (A -  Ar/R) , (A. 17)

p lo t te d  i n  F ig s  A.2a and A.2b f o r  th e  ty p i c a l  v a lu es  fo r  th e  param eters  

o f B^ = 5 and A = 10. The a p p lie d  f i e l d  i s  in  u n i t s  o f  .

The curves f o r  in c re a s in g  H a re  s im i la r  to  th o se  o f B ean, e x ce p t th a t  

th e  f i e l d  B n ev e r v an ish es  a t  r  = 0 . A lthough n o t  e v id e n t i n  F ig . A .2a, 

u s in g  Eq. (A .17) we can see  t h a t  dB /dr i s  n o t c o n s ta n t f o r  d i f f e r e n t  v a l­

ues o f  H, as i t  i s  in  B ean 's  th e o ry .
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0 r R

H : 2

H = I

F ig . A .2a. P lo t  o f  lo c a l  
f i e l d s  in  K im 's model fo r  
in c re a s in g  m agnetic  f i e l d .  
B = 5, A = 10.

Î
B

F ig . A .2b. P lo t  of lo c a l
f i e l d s  f o r  d ec re a s in g
f i e l d .  B = 5 , A = 10. o

-.2

F ig . A .2c . M agnetiza tion  as a fu n c tio n  of a p p lie d  
f i e l d  f o r  K im 's model. B = 5 , A = 10.
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The curve f o r  B (r) fo r  d e c re a s in g  H resem bles F ig . A .2a s t r o n g ly ,

ex cep t th a t  the  maximum o f B i s  a t  r  = 0 . In  b o th  F ig s . A .2a and A .2b,

B = H a t  r  = R. I f  (H/H ) < 0 .91  f o r  the  p a r t i c u l a r  s e t  o f  p a ram ete rs
^1

B^ = 5 ,  A = 10, then  B (r) ^  0 f o r  c e r t a in  v a lu es  o f  r/R  f o r  H in c re a s in g .  

T h is s i t u a t i o n  i s  e l im in a te d  by s p e c ify in g  th a t  B ^  0 f o r  a l l  r  f o r  in c ­

re a s in g  H. T h is  c o n d itio n  i s  tak en  in to  accoun t i n  the  c a l c u la t io n  o f  th e  

o v e r a l l  m a g n e tiz a tio n  cu rv e , shown in  F ig . A .2c. As above, th e  m agnetiz­

a t io n  and a p p lie d  f i e l d  a re  in  u n i t s  o f  H .
^1

Eq. (A .16) i s  v a l id  on ly  f o r  H > 0 .91  in  th e  forw ard  d i r e c t i o n ;  i t  

i s  v a l id  f o r  a l l  v a lu es  o f H in  th e  re v e rse  d i r e c t io n .

Now l e t  us conçare  F ig . A .2c w ith  F ig . 12a. There a re  re g io n s  o f  

s i m i l a r i t y :  th e  fo rw ard  curve r i s e s  to  a  maximum and then d e c re a s e s .  How­

e v e r ,  th e  m a g n e tiz a tio n  shows no s ig n  o f  d e c re a s in g  to  ze ro  ex ce p t as 

H w hich i s  u n p h y s ic a l. The same phenomenon o ccu rs  i n  th e  re v e rs e

d i r e c t io n .  F u rth e rm o re , th e  re v e rs e  m a g n e tiz a tio n  i s  always p o s i t i v e  and 

in c re a s e s  m o n o to n ica lly  to  reac h  a tra p p e d  f lu x  a t  H = 0 ap p ro x im ate ly  

e q u a l to  th e  maximum n e g a tiv e  m a g n e tiz a tio n  in  th e  forw ard d i r e c t io n .  

W hile c e r t a in  h a rd  su p erco n d u c to rs  e x h ib i t  th e s e  c h a r a c t e r i s t i c s ,  th e y  

a re  by no means u n iv e r s a l .  T hus, i n  th e  l i g h t  o f  th e se  d e p a r tu re s  from  

ex p e rim en t, we may say  th a t  th e  Kim model i s  n o t  a  com plete d e s c r ip t io n  

o f h y s te r e s i s  i n  b o th  Type I I  and h a rd  su p e rco n d u c to rs .

The reaso n s f o r  t h i s  a re  as fo llo w s : (1) The c r i t i c a l  s t a t e  concep t 

may n o t  be  v a l id  o v e r th e  e n t i r e  su p e rco n d u c to r. (2) B p ro b ab ly  does n o t  

eq u a l H s l i g h t l y  below th e  s u r fa c e  o f  th e  su p e rco n d u c to r, as m entioned  

in  Bean’s model. (3) The c o n f ig u ra t io n  o f B (r) f o r  d e c re a s in g  H may have 

low er v a lu e s  th a t  th o se  shown in  F ig . A. 2b. This would d e c re a se  4irH and 

p e rh ap s make i t  n e g a t iv e .
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Hq. (A .16) Is o f the  same form as the  e q u a tio n s  in  Table I o f  F ie tz  

e t  a l .

The de Jong Model 

de Jong and B la is se (5 4 )  p re se n te d  a model o f  com pletely  p inned  sup­

e rc o n d u c tin g  f i la m e n ts .  This i s  a  m o d if ic a tio n  o f  Bean’ s w ork, b u t a ls o  

ta k e s  in to  account th e  n a tu re  o f  th e  "h a rd "  su p erco n d u c tin g  f i la m e n ts .

As in  B ean 's  model, th e  m a te r ia l  su rro u n d in g  th e  f ila m e n ts  has a

c r i t i c a l  f i e l d  H . The f ila m e n ts  th em se lv es , o f  d iam ete r much le s s  th an  c

the  London p e n e t r a t io n  d ep th , have a  c r i t i c a l  f i e l d  H , where H, i s  

d e f in e d  by F ig . 12a. Tlie reaso n  f o r  t h i s  c r i t i c a l  f i e l d  l i e s  in  th e  n e x t 

e q u a tio n . The f ila m e n ts  have a  uniform  d e n s ity  in  th e  sam ple, and a re  con­

c e n t r i c  w ith  i t s  a x is .

A ccording to  de Jong , th e  maximum s u p e rc u r re n t  in  a f i la m e n t i s

I  = A{H -  B (r)}  , (A. 18)
^2

w here A i s  a c o n s ta n t .  From 0 ^  H £  H^, th e  t o t a l  sam ple i s  d iam agnetic  

due to  th e  s h ie ld in g  c u r r e n ts .

To determ ine  th e  i n t e r n a l  f i e l d  d i s t r i b u t io n  and m a g n e tiza tio n  above 

we use Eq. (A .18) and i t s  assum ption  o f  c r i t i c a l  (o r  maximum) su p e r­

c u r r e n ts .  Using Eq. (A .6) ,

dB /dr = A(4ttA /c){  H -  B (r)}  (A. 19)
=2

U sing th e  boundary c o n d itio n  B(R) = H,

B (r) -  H = (H -  H )( l  -  eS(R "  ^^)
2̂

(A .20)

where Ç = 4ttAA/c , and A i s  the  d e n s ity  o f  th e  f i la m e n ts .  F in a l ly ,  B = H

a t  r  = R -  A, determ ined  by the  m agnitude o f  th e  c r i t i c a l  f i e l d  H . T h is
c
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y ie ld s

A = (R/E)An{(H -  H ) / (H  -  H )} , (A.21)C2 c Cg

f o r  in c re a s in g  f i e l d .  When th e  f i e l d  d e c re a se s , th e  c u r r e n ts  re v e rs e  and

the  co n s tan t A -»■ -A , and Ç -> -Ç .

Graphs o f Eq, (A .20) a re  p re s e n te d  in  F ig s . A .3a and A .3b. There are

two a d ju s ta b le  p a ra m e te rs , H /H and Ç.
^ ^2

We see on com paring F ig . A .3a  w ith  F ig . A .la  t h a t  th e  two graphs are

s im i la r  in  many r e s p e c ts .  The ex c e p tio n s  l i e  in  th e  cu rv ed  p o r tio n s  o f

the upper p o r t io n s  o f th e  i n t e r n a l  f i e l d .  A lso , due t o  th e  p a ra m e te rs , the 

reg io n  of zero  in t e r n a l  f i e l d  w i l l  n o t in  g e n e ra l be th e  s a m e .S u b s titu t­

io n  o f  Eq. (A .20) in to  Eq. (A .la )  now y ie ld s  th e  m a g n e tiz a tio n  cu rv e . We 

have

4 itM = -H , 0 < H < H . (A .22)

S ince B (r) ^ 0  f o r  a l l  r ,

R

4 ttM = (2/R2) r(H  -  H){1 -  e%(* “  ^ )} d r
=2R-A

= -H + {(Ç + l)/gZ }(2H ^ -  2H) -  (1 / ç2 ) ( h ^ -  H) An^k^

+ {(Jin kp/Ç ^}{Ç (2H ^ -  H) + 2(H^ -  H^) } (A .23)

where k , = (H -  H ) /(H  -  H). I t  w i l l  be n o te d  th a t  th i s  e q u a tio n  i s
C2 c C2

somewhat d i f f e r e n t  from de Jong ’ s e q u a tio n  13, as th e  l a t t e r  e q u a tio n

does n o t p ro v id e  a  m atching  s o lu t io n  a t  H = H^. i s  the  v a lu e  o f  th e

e x te rn a l  f i e l d  such th a t  A = R, and so H = H {1 -  (1 -  H /H ) e  ^}.g C2 c Cg

Thus Eq. (A .23) i s  v a l id  o n ly  up t i l l  H = H^. Above th i s  p o in t ,  we m erely 

in te g r a te  from 0 to  R and o b ta in
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0 r R

I
B/Hr

F ig . A. 3a. P lo t  of lo c a l  
f ie ld s  in  de Jo n g 's  model

F ig . A .3b. P lo t  of lo c a l  
f i e l d s  f o r  d ec re as in g

fo r  in c re a s in g  m agnetic 
f i e l d .  H = 0.2H , Ç =

H/H,

F ig . A .3c. M agn e tiza tio n  as a  fu n c tio n  o f  a p p l ie d  f i e l d  fo r  de Jo n g 's
model. H = 0.2H c c.
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4 ttM = 2(H -  H){îs + (1 /Ç 2 )( i + Ç _ e ^ }  (A.24)
^2

Now l e t  us c o n s id e r  the  curve fo r  d e c re a s in g  H. Above H = we

change Ç ->• -Ç in  Eq. (A .2 4 ), o b ta in in g

4ttM = 2(H -  H){% + ( l / g Z ) ( l  -  Ç - e “ ^)}  (A .25)
^2

When H < de Jong s p e c i f i e s  t h a t  th e  m a g n e tiz a tio n  d ec reases  diamag- 

n e t i c a l l y .  The r e s u l t s  o f  the  above eq u a tio n s  a re  p re s e n te d  in  F ig . A .3c. 

We can see  th a t  they  approach th e  e x p e rim e n ta l d a ta  o f F ig . 12a more 

c lo se ly  th a n  th e  p re v io u s  th e o r ie s  d isc u sse d . We now have a d e f in i t e  van­

is h in g  o f  47tM a t  H=H . The shape o f  th e  fo rw ard  curve fo r  low v a lu e s  o f

Ç resem bles th a t  o f  ex p e rim en ta l d a ta .  F u rtherm ore , the  shapes o f  th e

curves approach th o se  f o r  Type I  su p erco n d u c to rs  f o r  Ç ->• “ o r  0 , which 

would be ex p ec ted  p h y s ic a l ly .

However, th e  re v e rs e  curve does n o t  ag ree  w ith  d a ta .  The shape i s  

th a t  o f  s tro n g ly  h y s t e r e t i c  sam p les , w ith  the m a g n e tiz a tio n  always pos­

i t i v e .  In  a d d i t io n ,  th e  tra p p e d  f lu x  i s  always g r e a te r  thafi th e  maximum 

o f -4irM, which i s  n o t  c o r r e c t .  The p o r t io n s  o f  th e  fo rw ard  curve p a s t  

H = a re  l i n e a r ,  which does n o t  ag ree  w ith  th e o ry . T h is p o in t i s  d is ­

cussed in  th e  main body o f  t h i s  w ork.

The reaso n s fo r  th e s e  d is c re p a n c ie s  a r e :  (1) There i s  p ro b ab ly  n o t 

a uniform  d e n s ity  o f  f lu x o id s  th ro u g h o u t th e  sam ple. (2) The f lu x o id s  are  

probab ly  n o t com plete ly  p in n ed  f o r  a l l  v a lu es  o f  th e  a p p lie d  f i e l d .  (3)

The b u lk  o f  th e  m a te r ia l  i n  th e  su p e rco n d u c to r may n o t b e  Type I  as p o s tu ­

la te d .

The Goedemoed Model

Goedemoed e t  a l  (55) p u b lish e d  a  model b ased  on a r e v e r s ib le  mag-
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n e t i z a t io n  curve and a h y p o th e s is  concern ing  th e  p in n in g  fo rce  r e l a t i o n ­

s h ip .  However, th i s  model Is  o f  lim ite d  a p p l i c a b i l i t y  because i t  makes

use o f  tlie l i n e a r  n a tu re  o f th e  re v e rs ib le  m a g n e tiz a tio n  curve n e a r  11 =

H and i s  a p p l ic a b le  on ly  n e a r  th e re .

The d r iv in g  m ag n e tic  fo rc e  a c tin g  p e r  u n i t  le n g th  o f  a f lu x o id  i s

F = (c*p /4np )(9B /3 r) (A .26)

w here i s  th e  f lu x  quantum and y i s  th e  s lo p e  o f th e  r e v e r s ib le  magnet­

i z a t i o n  curve (4 5 ) . Goedemoed assumes th e  fo llo w in g  r e la t io n s h ip  betw een 

th e  maximum p in n in g  fo rc e  p e r  u n i t  len g th  o f  f lu x o id  and in d u c tio n  a - 

r i s i n g  from th e  i n t e r a c t io n  betw een the f lu x o id  s t r u c t u r e  and d e fe c t  

s t r u c t u r e  ;

F = (H -  B)
P C2

At e q u i l ib r iu m , th e  two fo rc e s  are e q u a l:

8B /8r  = B (y/p  ) (H -  B) (A.27)

w here y i s  th e  r e v e r s ib l e  c o n s ta n t s lope a t  H = H , and g i s  a con-

s t a n t .  Making use o f t h i s  s lo p e ,  th e  m ag n e tiz a tio n  n e a r  H is
"=2

4irM = -y  (H -  H ). (A. 28)
^2 h

N ear H , we can g e n e ra l iz e  Eq. (A .28):
^2

4irM(r) = -y  (H -  H ( r ) ) .
‘̂ 2 (=2

U sing Eq. (Â .1 ) , we th e n  have

B (r) = H (r) -  y {H -  H (r) } (A .29)
"2 "2

When r  = R, H(R) = H. Then

B(R) = H -  y (H -  H) (A. 30)
^2 ‘=2

We deduce th a t  B f  H a t  th e  s u r fa c e  unless H = H . N ear H , Eq. (A .27)
^2 ^2
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be comes

dB /dr = 3 (H -  B ). (A .31)
^2

Using Eqs. (A .30) and (A .3 1 ) , we o b ta in

B (r) = H -  (1 +y ) (H -  (A .32)
^2 ^2 ^2

S u b s t i tu t in g  Eq. (A .32) in to  Eq. ( A .la ) ,

4ttM = (H -  H){1 -  2(1  + V ){ (e ^ ^  -  1 -  SR )/b2r2}} (a . 33)
^2 ^2

Graphs o f  Eqs. (A .32) and (A .33) a re  p re s e n te d  i n  F ig . A .4 . The 

graph fo r  d e c re a s in g  f i e l d s  i s  c o n s tru c te d  by s e t t i n g  g ->■ - 3 .

In  F ig s . A .4a and A .4b, th e  g raph  o f  i n t e r n a l  f i e ld s  B a r e  some­

w hat s im i la r  to  th o se  p re v io u s ly  d e s c r ib e d . However, i n  c o n t r a s t  to  p re ­

v io u s m odels, B f  H s l i g h t l y  below th e  s u r f a c e  o f th e  su p e rco n d u c to r.

In  F ig . A .4c, we n o te  t h a t  th e  cu rves resem b le  th o se  o f  F ig . 12a n e a r  

H = H . The r e v e r s ib l e  m a g n e tiz a tio n  curve i s  d o tte d . By a d ju s t in g  th e  

p aram ete r gR, th e  re v e rs e  m a g n e tiz a tio n  curve i s  n e g a tiv e  f o r  a t  l e a s t  

a p o r t io n  o f th e  range o f H, w hich i s  o f te n  th e  case  e x p e r im e n ta lly , e s ­

p e c ia l ly  in  sam ples w ith  few d e fe c ts .

S ince i t  has  been  shown t h e o r e t i c a l l y  t h a t  th e  r e v e r s ib le  magnet­

iz a t io n  curve (and presum ably  th e  i r r e v e r s i b l e  curve as w e ll)  i s  l i n e a r

n e a r  H = H , Goedemoed*s model ag ree s  w e ll  w ith  th e  th e o ry . The only 
^2

drawback to  t h i s  work i s  i t s  l im i te d  range  o f  a p p l i c a b i l i t y .  Any a t te n p t  

to  co n tin u e  t h i s  model to  o th e r  re g io n s  w ould v io l a t e  i t s  own assum ptions.

A d i f f e r e n t  approach was adop ted  by F ie tz  and Webb (FW) (5 6 ) . Up to  

now th e  th e o r ie s  d is c u s se d  have fo rm u la ted  a model f o r  th e  i n t e r n a l  

f i e l d s  and m a g n e tiz a tio n , and th e s e  r e s u l t s  w ere th e n  compared w ith  ex­

p e rim e n t. FW fo rm u la te d  a model w hich used  th e  e x p e rim en ta l d a ta  to  d e t­

erm ine a r e v e r s ib le  m a g n e tiz a tio n  cu rve. The s h ie ld in g  c u r re n ts  (assum-
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f i e l d s  in  Goedemoed's 
model f o r  in c re a s in g  mag­
n e t i c  f i e l d ,  p = 0 . 1 ,
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f i e ld s  fo r  d e c re a s in g  
f i e l d s ,  p = 0 .1 ,  gR = 1.

H

R=

H/H

F ig . A .4 c . M ag n e tiza tio n  as a  fu n c tio n  o f a p p l ie d  f i e l d  f o r  Goedemoed's 
m odel, u = 0 . 1 .
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ed to  be c r i t i c a l )  a re  expanded in  a T ay lo r s e r ie s  about the p o in t  r  =

R:

J ^ ( r )  = J^(R) + J | ( R ) ( r  -  R) + J ^ (R ) ( r  -  R )2 /2 l + . (A .34)

where prim es in d ic a te  d e r iv a t iv e s .  This eq u a tio n  a p p l ie s  to  th e  forward 

cu rve. N egative s u b s c r ip ts  would apply  to  the  re v e rs e  cu rv e . I n te g r a t ­

ing Eq. (A .34) u s in g  Eq. (A .6) ,

B^(r) = B(R) + (c /4 n ){ J + (R )( r  -  R) + J |(R )  ( r  -  R) /2 I  + . . . }  (A .35)

where B(R) = H + 4 tiM^, and 4irM  ̂ i s  the  r e v e r s ib le  m a g n e tiz a tio n  in  f ie ld

H, to  be determ ined . I n te g r a t in g  Eq. (A.35) u s ing  Eq. ( A .la ) ,

4ttM̂  = 4 ttM̂  + (c /2 r ) ( J + R /3 l  -  J^ r2 /4 ! + ___ ) (A.36a)

4ïïK_ = 4 ttM̂  + ( c/ 2 tt) ( J _ R /3: -  J^R^/41 + . . . . )  (A.36b)

The c r i t i c a l  s t a t e  model assumes a o n e-to -o n e  co rrespondence  b e­

tween th e  m agnitude o f  th e  c r i t i c a l  c u rre n t and the  lo c a l  f i e l d  B:

|J ^ (B ) | = |J+ (B ) | = |J _ ( B ) |.

A lso , from Eq. (A .34) we see  t h a t

(3 " j+ /3 r* ) = ( - l ) ^ O ^ J  /9 r^ )
r=R r=R

Using th e se  c o n d itio n s  and adding  Eqs. (A .36a) and (A .36b),

4ir(M^ + M_) = 2 (4 ttM )̂ -  (2 tt/ 3 c)J^R^ + ..............

I f  th e  o r ig in a l  s e r i e s  converges r a p id ly ,  we can w r i te

4tt(M  ̂ + M_) -  2 (4 ttM^), (A. 37)

w hich in d ic a te s  th a t  the  r e v e r s ib le  m a g n e tiz a tio n  i s  midway betw een the 

upper and low er i r r e v e r s i b l e  m a g n e tiz a tio n  cu rves.

Because th i s  model uses th e  e x p e rim en ta l d a ta  to  compute th e  rev­

e r s ib l e  cu rv e , we cannot use i t  to  in d ep en d en tly  check o th e r  d a ta . In  

a d d i t io n ,  i t s  assum ptions g e n e ra lly  co n fin e  i t  to  re g io n s  w here B (r) ^

0 f o r  any value  o f  r .  These reg io n s  o f  H can be s u b s t a n t i a l ,  as n o te d
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in  F ig . A .3a. We a ls o  have no p h y s ic a l  reason  why J^(R) shou ld  be neg­

l i g i b l e  w ith  r e s p e c t  to  4irM^, a s  p o s tu la te d .  Thus we s h a l l  need a phys­

i c a l  model o f  the  r e v e r s ib le  cu rv e .

The Campbell Model 

Campbell ^  (37) p roposed  a h y s te r e s is  model s im i la r  to  th a t  o f  

de Jong and Goedemoed n o ted  above. The m ajor d if fe re n c e s  la y  in  th e  as­

sum ption o f a d i f f e r e n t  fo rm ula f o r  p in n in g  fo rc e  and a  d i f f e r e n t  rev ­

e r s ib l e  m a g n e tiz a tio n  cu rve. Campbell d e f in e s  a r e v e r s ib le  m a g n e tiz a tio n

curve as an approx im ation  to  th e  A brikosov fu n c tio n : a t  H , B r i s e s
^1

v e r t i c a l l y  to  a v a lu e  A, a f t e r  w hich B v a r ie s  l i n e a r ly  w ith  H w ith  a 

s lo p e  m. S ince B = H a t H = H  ,

m = (H -  A)/(H  -  H ) (A. 38)

From t h i s  d e s c r ip t io n ,  th e  p a i r  o f s t r a i g h t  l in e s  w i l l  b e a r  a  s tro n g

resem blance to  the forw ard  cu rve  o f  F ig , 12b, Thus

B = A + (H -  A)(H -  H ) /(H  -  H ) ,  (A. 39)o Cg c^ c^ Cl

where B^ i s  th e  m agnetic  in d u c tio n  o f th e  r e v e r s ib le  cu rv e . To e x p la in

th e  i r r e v e r s i b l e  cu rv e , Campbell assumes a  r e la t io n s h ip  betw een p in n in g

fo rc e  and B o f the  form

F cc B " l, (A,40)

U sing Eqs. (A .40) and (A ,2 6 ) , we have

dB /dr = a/2B 

w here a i s  a  c o n s ta n t . Upon in t e g r a t i n g ,

B^ = a ( r  “  R) + B^, (A,41)

assum ing B = B^ a t  r  = R. We now have two a d ju s ta b le  p a ra m e te rs , a and A, 

One problem  w hich a r i s e s  i n  in t e g r a t in g  Eq, (A .41) i s  th a t  we have



155

a no n -zero  m agnetic in d u c tio n  fo r  H =

= a ( r  -  R) +  A^.

"=1

To in s u r e  th a t  4 ttM = -H a t  H = H , we s u b t r a c t  th e  m a g n e tiz a tio nCl Cj

a r i s in g  from  th i s  in d u c tio n  from th e  o v e r a l l  m a g n e tiz a tio n . Now B = 0 

when r  = R -  / a .  S ince  we must have B ^  0 ,  th e  curve f o r  in c re a s in g

H i s  d iv id e d  in to  2 re g io n s : A £  B £  /oR and Æ r ^  B _< H . Using 

Eq< (A. la )  and the  above c o n d it io n s ,  we have

4 ttM =  - H  +  ( 4 / 1 5 a 2 R 2 ) { B 3 ( 5 a R  -  2B%) -  A ^ C S o R  -  2 a 2 ) } ,  A ^  B ^ _< Æ r

(A .42)

4ttM = -  H + (4/15a2R2){B3(5aR -  28%) + 2(b2 -  aR )^ ‘̂ ^0 o o

-A3(5aR -  2 a 2 ) } ,  Æ  < B < H  . (A. 43)
~  o — c^

On th e  re v e rs e  c u rv e , aR ^  -aR , y ie ld in g

4itM = -  H + (4/15a2R2){2(B2 + aR)^^^ -  B^CSaR +  2R2)o o o

+A3(5aR + 2A%)}, A _< B^ _< (A.44)

Graphs o f  th e  above eq u a tio n s  a re  p re s e n te d  i n  F ig . A .5 f o r  p a r t i c ­

u la r  v a lu e s  o f  A, aR and H /H . These e q u a tio n s  a r e  s l i g h t l y  d i f f e r e n t
2̂ ^1

from th o se  o f  Cam pbell,

The i r r e v e r s i b l e  curves a re  n o t  d e f in e d  fo r  H < H . The curves
*̂ 1

fo r  B (r) a re  somewhat s im i la r  to  those  p re v io u s ly  d e s c r ib e d , b u t  we ob­

se rv e  th a t  the  i r r e v e r s i b l e  cuirves a re  much more s im i l a r  in  shape to  

those  o f F ig .  12a th an  p rev io u s m odels. A nother p o in t  in  fa v o r  o f  th i s  

model i s  t h a t  th e  r e v e r s ib le  curve i s  s i m i l a r  to  t h a t  c a lc u la te d  by 

Koppe ( 38).

Campbell has  compared th e  r e s u l t s  o f  th e  model w ith  work done on 

Pb-Bi a l lo y s .  However, because  o f  the  la c k  o f  c r i t e r i a  f o r  a r e v e r s ib le
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F ig . A .5c. M agnetization  as a fu n c tio n  o f a p p lie d  f i e l d  fo r  C am pbell's
m odel. /H^ = 4 , aR = 1, A = 0.3H 

1
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curve fo r  th i s  d a ta ,  i t  was chosen a r b i t r a r i l y .  We s h a l l  use some work 

o f Goedemoed (33) to  e v a lu a te  th i s  m odel. A nother problem  w hich a r i s e s  

i s  th a t  th e  r e v e r s ib le  cu rv e , fo r  la rg e  v a lu es  o f k , shou ld  d e c re a se  

e x p o n e n tia l ly  (36) r a th e r  than  l i n e a r l y .  T h is i s  d isc u sse d  i n  th e  main 

te x t .

The S ilc o x -R o ll in s  Model

S ilc o x  and R o llin s  (397 p re s e n te d  a  model w hich determ ines the

f lu x o id - f lu x o id  in t e r a c t io n  s e m i-e m p ir ic a l ly .  The Gibbs f r e e  energy  o f

th e  t r i a n g u la r  f lu x o id  l a t t i c e  i s

G = ne + f (n )  -  BH/4ir,

where f (n )  i s  the  energy  a s s o c ia te d  w ith  th e  f lu x o id - f lu x o id  i n t e r a c t i o n ,

E i s  th e  energy of each f lu x o id ,  and B = nij)^, where n i s  th e  number o f

f lu x o id s  and i s  th e  f lu x  quantum. S e t t in g  dG/dn = 0 , we o b ta in

9 f/9 n  = (<t> /4 tt)(H  -  H ) ,  (A.45)
^1

where we eq uate  H = 4 n e /^  . The a u th o rs  approxim ate f(n )  by c o n s id é r­
a i °

i n g n e a re s t-n e ig h b o r  in te r a c t io n s  o n ly . Thus each f lu x o id 's  p o t e n t i a l  

energy  U(a) w i l l  be m u l t ip l ie d  by z /2 ,  where a i s  th e  e q u ilib r iu m  d i s t ­

ance betw een f lu x o id s , and z i s  th e  c o o rd in a tio n  number o f  th e  f lu x o id  

s t r u c t u r e .  Thus

f(n )  = n zU (a)/2  (A .46)

S ilc o x  and R o ll in s  choose a r e v e r s ib l e  m a g n e tiz a tio n  curve o f th e  form

B = H (H -  H ) /(H  -  H ) = n* , (A.47)
^2 ^2 °

i . e . ,  l i n e a r  i n  H. Using Eqs. (A .4 5 ), (A .4 6 ), (A.47) and th e  f a c t  t h a t ,

due to  geom etry, n = 2 / /3 a ^ ,  we have

U(a) = (j)^^//3TrzYa^,

w r i t in g  y = H /(H  - H  ) .  Thus 
^2 ^2
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dF/da = d ’u (a ) /d a ^  = (2 /ïïzya^ (A.49)

where F i s  th e  fo rc e  between f lu x o id s .

Now we can eq u a te  th e  p in n in g  fo rc e s  to  th e  i n t e r - f l u x o id  fo rc e s .  

These can be w r i t t e n  as

SF(x .) = pFp,

where p i s  the  d e n s ity  of p in n in g  p o in ts  along  each  f lu x o id ,  each, w ith

a fo rce  F^. I f  we expand th e  l a s t  e q u a tio n  i n  a T ay lo r s e r ie s  around

the  e q u ilib r iu m  p o in t  x = a ,  we have

6a(dF /dx) = 6a (d F /d a )(d a /d x )  = -p F ^ , (A .50)

where 6 i s  th e  number o f  n e a r e s t  n e ig h b o rs . The q u a n t i ty  x i s  now tak en

to  be th e  r a d ia l  d is ta n c e  in  th e  sam ple. S ilc o x  ta k es  np = P , w here F

i s  the d e n s ity  o f  p in n in g  p o in ts  th rough the whole sam p le , i n  o rd e r  to

determ ine p . The au th o rs  use F r i e d e l 's  (45) e s t im a te  o f  th e  fo rc e  F^

(a lth o u g h  the l e t t e r ' s  in v o lv es  a  lo g a ri th m ic  term  i n  a) :

F = (H * )/47t (A.51)
P p

Combining Eqs. (A .4 8 ) , (A .4 9 ), (A .50) and (A .51),

d a /dx  = -PH ZYa^/96(j) (A. 51a)Cl o

I n te g r a t in g  and u s in g  Eqs. (A .47) and (A .4 8 ),

= 8x + c o n s t .  (A.51b)

where g i s  a  c o n s ta n t . Using th e  boundary c o n d itio n s  g iv en  by Eq. (A.47) 

fo r  X = R,

b2 = {H (H -  H ) /(H  -  H )}% -  8 (R -  x) (A.52)
^1 ^2 ^1

The in d u c tio n  w i l l  have a p a ra b o l ic  sh a p e , s im i la r  to  th a t  o f  th e  Camp­

b e l l  model and o th e r s .  D iffe re n c e s  w i l l  l i e  i n  th e  boundary c o n d itio n s  

chosen, as e x em p lif ied  by th e  r e v e r s ib le  m a g n e tiz a tio n  cu rv es .
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F ig . A .6 c. M ag n e tiza tio n  as a fu n c tio n  o f  a p p l ie d  f i e l d  f o r  S i lc o x 's  m odel.
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I n te g r a t in g  Eq. (A .5 2 ),

AtiM = -H + {(4Q 3)/I5(eR )2}{56R  -  2Q2), 0 ^  Q ^  v^R (A.53)

where Q = H (H -  H ) /(H  -  H ) .
^2

AttM = -H + {A/15(BR)2}{Q3(5gR -  2Q%) + 2 (q2 -

/&R_< Q_< H (A.54)
^2

For d ec re as in g  H, we have

A t t M  = -H + {A/I5(gR)2}{2(Q2 + gR)5/2 _ q 3(2q2 + 5gR )}, 0 £  Q £  H
^2

(A .55)

Graphs o f th e  above eq u a tio n s  a re  p re se n te d  i n  F ig . A .6 . The v a l­

ues of B and AirM show a  s tro n g  resem blance to  th o se  o f Campbell e t  a l  

and to e x p e rim e n ta l d a ta .  These two models a re  compared to  experim en t­

a l  d a ta  in  th e  main t e x t .

T rie  (57) p ro p o sed  a model fo r  h y s te r e s is  w hich found an in t e r n a l  

in d u c tio n  o f  th e  form ^ = A^B^ ^ -  (2 -  y )o x /2 ,  where A, A^, y and

a a re  c o n s ta n ts .  However, due to  th e  assum ption  t h a t  B/H i s  l i n e a r  n e a r  

th e  s u r fa c e  o f the  sam ple , m a g n e tiz a tio n  curves w ere o b ta in e d  which w ere 

very  s im i la r  to  th o se  o f  K im (51), and th i s  th eo ry  w i l l  n o t  be d iscu ssed  

f u r th e r .

Yasukochi e t  ^  (5g) used th e  S ilc o x -R o llin s  fo rm u la tio n , w ith  th e  

e x c e p tio n  th a t  th e  d e n s ity  o f  p in n in g  p o in ts  a long  th e  f lu x o id s  was tak ­

en to  be o f  th e  form np2 = P ’ , to  tak e  acco u n t o f  th e  re g io n  of h ig h

f lu x o id  d e n s i ty .  T h is  y ie ld s  an in d u c tio n  o f  th e  form

g 3 /2  ^ g3 /2  _ (A .56)
0

Use o f  Eq. (A .56) and th e  assum ption th a t  B/H i s  l i n e a r  n e a r  th e  

su r fa c e  y ie ld s  a  m a g n e tiz a tio n  o f the form
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4 n M  =  - H  +  ( 3 / 2 0 a ? R 2 ) { 5 ( % 3 / 2  _  _ g j ^ 3 / 2 ^ j ^ 3 / 2  _  ^ % ) 5 / 3  ^

11 <  11 <  ( n R ) 2 / 3
^1

T his e x p re s s io n  4  H when H = H , o b v ia tin g  i t s  u s e fu ln e s s .Cl Cl

T his com pletes th e  c r i t i c a l  e v a lu a tio n  o f  th e  th e o r ie s  o f  h y s te r ­

e s i s  w hich a re  p r e s e n t ly  found in  th e  l i t e r a t u r e .
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