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ABSTRACT

Thermal transpiration (also referred to as thermal creep, thermal diffusion and

thermomolecular flux) is the process by which a gas under the influence of a
temperature gradient will flow through a channel from a cold region to a hotter
one. This dissertation presents molecular simulations of thermally induced flow
in the transition and free molecular regime using the probabilistic modeling
technique referred to as Direct Simulation Monte Carlo (DSMC). We show how
the thermomolecular flux can create a pressure increase which can be used as a
pumping mechanism as well as present results of the net flux as a function of

temperature, gas density, channel length, and accommodation coefficient.

This disseration begins with a presentation of the historical background which
led up to kinetic gas theory and inspired Martin Knudsen and his pump idea.
We describe the Knudsen pump idea in depth and outline the experimental
progress and various Knudsen pump designs in the last 100 yeas. We then take
a comprehensive look at the various types of micropumps and their pumping
mechanisms. The last section of the review focuses specifically on gas phase

pumps and the performance of existing Knudsen pumps.

Afterwards, we provide the basic kinetic theory of thermal transpiration and
describe the work in that area in the previous century. We then present the
modern methods for solving the thermal transpiration method including an

analysis of the strengths and weaknesses of each method. We discuss at length



the DSMC method, the errors involved in the method and the simulation

parameters for my set of simulations.

Our DSMC simulations give the most complete DSMC results for both open and
closed systems with the focus being on the thermomolecular flow through short
channels throughout the transition and free molecular regimes. To our
knowledge, our results are the first DSMC results to include both multiple
pressure differences and temperature gradients and use those plots to derive
maximum values for the flux, flowrate and pressure drop. We provide the first
flowfield velocity profiles for both transition regime and free molecular regime
flows as well as flux values for a variety of pressures differences at all Knudsen
numbers. We also provide the pressure differences and pressure ratios when

there is zero molecular flux along with flux data for pore arrays.

The results shown here are the first DSMC simulations looking at thermal
transpiration for different aspect ratios and different tangential momentum
accommodation coefficients for Knudsen numbers in the transition (0.1<Kn<10)
and free molecular (Kn>10) regimes. We have run over 300 simulations where
a single run takes anywhere from 12 hours to 7 days of computational time. For
each flux or pressure difference data point, we ran several simulations at varying
pressures using a single number density (Knudsen number) and temperature

gradient.

xi



Finally we provide four design scenarios which utilize the simulations results in
various ways. We show how this phenomenon applies both to rarefied gases
flowing through meso-sized channels as well as dense gases through
micro/nano-channels. These designs show how the simulation results predict
that a 1cm? array of pores could achieve a maximum pressure difference of 7kPa
and a maximum flowrate of over 1x10® sccm. The designs also emphasize the
validity and usefulness of the DSMC simulations as well as provide the reader
with a clearer understanding of the physics behind thermal transpiration and the

potential performance of a Knudsen pump.
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CHAPTER 1 INTRODUCTION

In recent years, microfluidic applications have continued to grow at an

astounding rate. Much of the effort has been focused on biological and chemical
sensors, ink-jet heads, fluidic manifolds, chemical power generators, flow
sensors, filters, and many other applications [124]. One of the key components
in microfluidic applications is the micropump (Chapter 2). In many of the above
applications, while the fluidics channels and other active components are located
on the chip, an external macroscopic pump is needed because existing

micropumps aren’t able to deliver fluid at the desired pressures and flowrates.

For those micropumps that provide the needed performance to the above
applications, the majority are practical only as liquid phase pumps due to the
high leak rates and low pressures and low flow. This is a result of the low
viscosity of gas and the unique phenomena that occurs in the micro- and nano-
scale regimes. This is a key obstacle since applications such as vacuum
equipment, gas-phase microfluidics, mass spectrometry, metrology of gas flow,
spacecraft design, gas sensing, and on-chip cooling all require robust gas-phase

pumps.

In 1909 Martin Knudsen [131] determined that gas would flow continuously
through the wall of a porcelain bulb under the influence of a temperature
gradient from the cold side to the hot side. From this experiment he devised a

gas phase pump with no-moving parts using a series of nano-scale channels



interconnected to larger capillaries. By applying a temperature gradient across
the channels and capillaries, he envisioned that a continuous flow of gas would
pass through the channels. What separates the Knudsen pump from other pump
options is its lack of moving parts and the potential to use it passively where a
known heat source is already available. There are others who have developed
methods of studying Knudsen’s phenomena using approximate numerical
methods (section 4.5) and some experiments (section 1.3.3) have been
performed. However, a rigorous study has yet to be made comparing thermal

creep experiments in known channels with numerical simulations.

This report describes the results from an advanced modeling and simulation of
gas flow and pressure/temperature differentials through the short channels using
the molecular based simulation software developed by Dr. Graeme Bird: DSMC
(Direct Simulation Monte Carlo) simulation. We will begin with a review of the
work that led to Knudsen’s pump concept followed by a comprehensive outline
of current micropumps. Included in this section is a comprehensive look at the
Knudsen pump and why it works. We then show the theory behind collisionless
flow (Chapter 3) and its role in thermomolecular pumping. Chapter 4 adds the
collision model to the equation with a derivation of the Boltzmann distribution
along with an analysis of how it is used to calculate flux. The difficulty
involved in solving this equation is presented which gives rise to the reason for
using DSMC (Chapter 5) to solve the Knudsen flow problems. Our results in

Chapter 6 show how the flux and pressure differential change with Knudsen



number followed by some examples (Chapter 7) where we apply our simulation

results to design.

1.1 Historical Background

Today’s work in Knudsen flow and rarefied gas flow can be traced back to the
early philosophers [159] who speculated that substances in the world were made
from smaller particles in constant motion. Lucretius, in his poem ‘On the
Nature of Things’ described matter as being a “packed phalanx...tightly packed
and closely joined cohere by virtue of their minim particles...” 1800 years later,
Bernoulli published a paper which included a picture showing his ideas of a gas
as a series of small particles, however, it wasn’t until approximately 150 years
ago that much of this theory was verified and the origins of modern gas theory

began to take shape.

Figure 1-1: Bernoulli's Piston [23]

The year 1857 included a number of findings that truly jump-started the modern

theory of gases. Using Boyle’s law [32] and Graham’s [94] experimental results



on the transpiration of gases, Dr. James Joule was able to derive an expression
for the pressure in terms of the velocity of the molecules. Two contemporaries
of Joule [119], Kronig and Clausius [49], reported experimental results that

showed

Figure 1-2: James Prescott Joule (1818-1889)

that the motion of small gas particles wasn’t centered on definite positions of
equilibrium, but were continuous until they collided with other molecules or the

container wall.

This presented a problem since, if this theory were true, it would seem the
molecules would diffuse in a container much faster than was observed due to the
molecules’ high rate of speed. Clausius (Figure 1-3) answered this question
with a description of the interaction between the molecules. He theorized gas
molecules were large enough to collide with one another but were small enough
so that, at any point in time, they would be separated by an average distance he

termed the ‘mean free path’ of the gas.



Figure 1-3: Rudolph Clausius (1822-1888)

His equation for the mean free path of the gas was:

IZZI’UZ'O'Z (-1
n =% (1-2)

where n is the number density of the gas molecules, ¢ is the diameter of the

particles, N is the total number of molecules and V is the volume. His equation
was in error, however, by approximately 10% since he assumed the mean free
path was based upon the motion of several particles around a single stationary

particle.

Clausius also introduced the idea of entropy (the randomness of a gas) and was
the first to make the statement “entropy always increases” [160]. Boltzmann
(Figure 1-4) used Clausius’ idea and made the first connection between entropy
and probability which led to the derivation of the Maxwell-Boltzmann

distribution which is one of the fundamental principles in gas flows.
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Figure 1-4: Ludwig Boltzmann (1844-1906)

In 1863, Thomas Graham (Figure 1-5) [93, 169, 126] began an investigation into
the study of gaseous flow through a porous plate. Chiefly, he showed that
gaseous flow through these smaller pores was not necessarily a mechanism of
the flow of the “gas in mass” but rather a summation of the individual motion
and mobility of molecules in what he termed capillary transpiration. He was one
of the first to study gaseous flow in small regimes where continuum theory

breaks down.

Figure 1-5: Thomas Graham (1805-1869)

Osborne Reynolds (Figure 1-6) [213] continued this work by addressing areas
that Graham and other observers of his work had not pursued. Graham focused
on the pressure driven flow through a porous plate of both single and binary

6



gases and endeavored to maintain uniform temperature and low humidity.
Reynolds, however, noticed that “a difference of temperature on the two sides of
the (porous) plate might cause gas, without any difference of pressure or any
difference in chemical constitution, to pass through the plate.” He termed this

temperature driven flow: “thermal transpiration” (also later to be known as

Figure 1-6: Osbourne Reynolds (1842-1912)

‘thermal creep’ or ‘thermomolecular pumping’). He found experimentally that

the relation between the temperature and pressure in a closed system was:

Aok 13
T (1-3)

Although Reynold’s work was mainly a continuation of Graham’s experiments,
it was also influenced by a fascination he had with Sir Williams Crookes’
(Figure 1-7) radiometer [207, 141]. This device measures light radiation using
the rotary motion of black/white colored vanes suspended within a vacuum. In
‘near’ vacuum conditions, temperature variations at the edges of the vanes create

pressure gradients which in turn put the device in motion.



Figure 1-7: Sir William Crookes (1832-1919)

It took another scientist in 1879 to provide the mathematical conclusion to many
of the theories addressed in the previous three decades. James Clerk Maxwell
(Figure 1-8), who is best known for Maxwell’s equations and his 1867 work

“On the Dynamical Theory of Gases” [173],

Figure 1-8: James Clerk Maxwell (1831-1879)

further developed Kronig’s and Clausius’ theory of the motion of gases by
introducing the concept of a statistical distribution of velocities. He determined

that the velocity distribution of a molecule could be found using the equation:

1,5)= (WLT] exp(’;f;] (1-4)




where m is the mass, k is Boltzmann’s constant, T is the temperature in Kelvin,
and v is the velocity. This equation is explained in greater detail in section 0.
From the velocity distribution Maxwell found the mean free path (the distance a
molecule moves before it impacts another molecule) to be:

1 1
R (1-5)

where

N
7 (1-6)
and n is the number density, N is the number of molecules and V is the volume.
He went on to demonstrate that a variety of macroscopic variables of state can
be derived from a statistical distribution of the velocities of the molecules. After
reading Reynold’s paper on thermal transpiration, Maxwell began to apply his
ideas of interior gaseous behavior to the surface phenomena. Here he extended
Reynold’s work by developing some of the first mathematical models of thermal

transpiration at the solid-gas interface.

1.2 Knudsen

It wasn’t for another 30 years that thermal transpiration was to be used as a
pumping mechanism. Martin Knudsen’s initial endeavors went to prove
experimentally that Maxwell’s kinetic theory of the relation between

temperature and pressure was accurate. He developed theories describing basic



kinetic theory, molecular effusion (the flow of gas into a vacuum), molecular
reflection of surfaces, evaporation and condensation, gas flow in tubes at low
pressures, and gas resistance to the motion of a body. He was having difficulty,

however,

Figure 1-9: Martin Knudsen (1871-1949)

understanding why the direction of molecules reflecting from the surface of a
solid were independent of the direction of approach . He agreed with
Smoluchowski that energy was being transferred to the molecules so he
developed the accommodation coefficient as a way to characterize the
temperature difference of the impinging and reflecting molecules. Through his
experimentation he began to see how the gas flow through small channels could
be controlled and in 1910 published a pump design based on this phenomena.

Today the pump carries his name.

1.3 The Knudsen Pump

The Knudsen pump (Figure 1-10) features an alternating set of small and large
channels with a heater placed at every other channel junction. The small

channel’s diameter must be on the order of (or smaller than) the mean free path

10



of the gas molecules and the larger channels sized much greater than the mean
free path so as to assure pressure driven flow. Because thermal flow is
dominant in the small channels and Poisueille flow in the large channels, a
continuous flow in one direction can be achieved. The pump has the advantage
of having no moving parts and could also be passive if used with an existing

heat source.

—

Figure 1-10: The Knudsen Pump [127]

1.3.1 Flow Regimes

Before we can understand how the Knudsen pump operates we must first take a
look at the various flows regimes. Consider the flowfields in Figure 1-11.
During hydrodynamic conditions the flow is dense enough that molecule-to-
molecule interactions are happening continuously. In this flow, two things are
occurring simultaneously. First, the pressure difference along the channel is
being continually transmitted between molecules which “pushes” the flow
through channel. Second, the influence of the wall is limited to a narrow area
along the wall whose width is about the size of the mean free path of the gas.
After the molecules impact the walls they are instantaneously impacting other
molecules and transmitting/receiving energy. Thus, while the walls have
influence on the flow, that influence can be overcome by the bulk state

conditions.
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Figure 1-11: The Influence of Rarefaction
Now consider the situation where the ratio of the mean free path of the gas
increases compared to the width of the channel. This can occur either by

decreasing the width of the channel (i.e. microchannels) or by decreasing the

pressure (and therefore the mean free path, as was shown in equation (1-6)).
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This ratio is termed the Knudsen number (K#) and is used to describe the

“rarefaction” of the gas flow.

As the Knudsen number increases, the width of the boundary layer also
increases in relation to the channel width. The intermolecular collisions begin to
decrease in relation to the walls impacts. This in turn impacts the flowfield
because there are not enough intermolecular impacts to transmit the pressure
through the channel especially along the walls. The result is a “slip” condition
where the velocity profile elongates and the slip length increases. This region is
called the slip-flow and is defined where:

0.01< Kn<0.1 (1-7)

If we continue to increase the rarefaction, the flow will eventually reach a point
where the mean free path is greater than the channel width. In this case the wall
impacts occur more frequently than intermolecular impacts which demands
greater attention be paid to the surface properties of the channel; namely the
energy and momentum accommodation coefficients. By increasing the
rarefaction even more, it is entirely possible that a molecule could enter on one
side of the channel and pass through the channel without hitting the wall or
another molecule. There is not a clear line where this occurs but common
practice sets this “free molecular” line where the Knudsen number is greater
than 10. The area in between the free molecular and slip flow regimes is termed

the transition regime.
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1.3.2 The Knudsen Pump — Why It Works

Now consider flow through an ideal aperture (Figure 1-12) where the two sides

of the wall are kept at different temperatures and pressures. We assume the size
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Figure 1-12: Flow Through an Aperture
of the hole is smaller than the mean free path of the gas and there are no
collisions in the aperture. Based on the ideal gas law we know the following

relations are true:

noc£ (1-8)
T
coc AT (1-9)

which means the number flux is proportional to P and inversely proportional to

the square root of T:

N oc nc oc —= 1-10

T (-0
The net flux through the orifice is related by:
. P P

Ny | === (1-11)

VT T
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If the number flux is zero then we get the Reynolds’ relation between the hot
and cold sides from equation (1-3) which he termed “thermal transpiration”. If
we initially set Py=P¢ then the net flow will begin to move from the colder side
to the hotter side as long as the pressure is not allowed to build up beyond the

ratio:

Thot
Ntor (1-12)
V Tcold

If Py is kept continually at the same pressure as Pc (an open system with no
walls) then there will be a continuous net flux based on the temperature

difference (from lower temperature to higher temperature).

Figure 1-13: Channel Flow

Now let’s extend this model to include a channel that separates the two
reservoirs. In the free molecular case where there are very few intermolecular
collisions, wall interactions now occur where energy and momentum are
transferred. In a closed system the pressure ratio at steady state reaches the
same value as before and the net flow is zero through the channel. Figure 1-14

shows the gas flow angles relative to the centerline (x) axis in a system with a
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thermal gradient. In this flow the direction throughout the flow is random at
steady state because molecules are streaming from both sides of the channel
with very few collisions. The diffuse reflection of the walls has a random

direction even though energy is transferred to the molecules.

-150. -100., -20. 0.0 20, 100. 150,
Flow angle relative to the x axis (degrees)

Figure 1-14: Free Molecular Flow Direction (Closed System)

If we look at the same system near the slip regime we see a slightly different
response. The pressure ratio is much less than the square root of the temperature
ratio since the pressure induces a Poiseuille flow in a direction opposite to the
thermal creep. The velocity profile in Figure 1-15 shows a positive flow
velocity along the walls and a negative velocity down the center of the channel
showing how “thermal creep” occurs at the surface and pressure driven flow
along the centerline of the channel. Figure 1-16 shows the flow angle for this
case which confirms the direction of the flow. In an open system, both Sone
[243] and Alexeenko [8] showed the thermal creep velocity profile was
parabolic in the direction of the thermal gradient.
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Figure 1-15: Near Slip-Flow Velocity (Closed System) [170]
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Figure 1-16: Near Slip-Flow Velocity (Closed System)
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Now the width of the Knudsen layer (thermally driven flow) is on the order of
the mean free path of the gas. Thus, the higher the Knudsen number, the greater
the thermal effect in the channel. This can be accomplished either by shrinking
the size of the channel or by reducing the gas density. Near the free molecular
regime the width of the channel is on the order of the mean free path of the gas
so thermal creep is at its maximum value. This effect is reduced to zero as the

Knudsen number goes to infinity as well as when Kn approaches zero.

Knudsen’s pump utilizes this thermomolecular pressure ratio by alternating
narrow (high Knudsen number) channels and wide (low Knudsen number)
channels. Thermally induced flow dominated the narrow channels and
Poiseuille flow is dominant in the wide channels which creates a continual flow.
If the channels are short (aspect ratio < 10) there is a contribution of flux due to
the thermal creep at the walls as well as a contribution from molecules entering
the channel. In long channels (aspect ratio > 10) the entrance effects are
negligible. The effect is the same in either as the only requirement for
Knudsen’s pump to work is to have the alternating set of channels and thermal
gradients. Sone [243] showed that the flux would stop if there were only the

narrow channels without the larger ones.

18



1.3.3 Post-Knudsen (Continuing His Work)

A half century after Knudsen developed his pump concept the first significant
effort was made with regard to the development and analysis of this type of
pump. First, Liang [144, 145] ran experiments to study the thermal transpiration
effects for various gases at different temperatures. Annis [9, 10] ran similar
experiments with an emphasis on the temperature dependence. Turner [264]
later developed a mathematical analysis of a macro-knudsen pump designed by
Baum and Schumacher [223]. His conclusion was the limit of the pressures
achieved would be 10-1 to 10-3 torr with a maximum flowrate of 66 liters/sec.
Hobson [108-110] developed an accommodation pump based on a similar
principal only instead of using a difference in channel size to control the
direction of flow of the molecules, he changed the surface roughness between
adjacent channels. His pump alternates two volumes at room temperature, the
first being atomically rough and the second, atomically smooth. As the
temperature of the alternate channel junctions are changed, flow is produced in
the channels. A kinetic model of this method was presented by Branton [33]

nearly a decade later.

Tracy [263] developed the first thermomolecular pump which used a heated
‘director’ placed directly above a small slit situated between two reservoirs . As
the temperature of the director increased, the flow increased since the molecules
striking the director were more likely to be directed normally toward the slit

than not. Furuyama [82] and Yasumoto [288] took measurements of thermal
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transpiration effects at various temperatures to study how the pressure and

temperatures were related.

Young [289] was the first to mention the creation of a thermal/knudsen pump in
the micro-regime and holds a patent for the same. Vargo, et. al. [269, 270],
however, were the first to fabricate an actual microdevice. Their pump was
comprised of an aerogel sandwiched between two silicon wafers with a pyrex
cap on each side. The silicon had an array of 20um diameter holes and the
aerogel a pore size of approximately 20nm. Muntz, et. al. [187] extended

Vargo’s analysis by developing models for the energy efficiency of the system.

In the last ten years, three different pump designs have been reported. Young
[290, 291] replaced the aerogel in Vargo’s design with a microsphere bed and
performed an experimental comparison of the two . His conclusion was the
microsphere bed’s performance was equivalent to that of the aerogel, however,
it would operate more efficiently at pressures under 100 mTorr. The benefit of
the microsphere bed exists in its ability to be fabricated with varying pore sizes
and thermal conductivities. Sone, et. al. [245, 246] developed a meso-scale
vacuum pump (Figure 1-17) using two plane walls embedded in a circular pipe
(15mm diameter/ 30 mm. length). The plates were etched with channels
perpendicular to the direction of flow and a heater was placed in the middle of

the pipe. He performed DSMC simulations on the pump for a 3:1 temperature
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ratio and a high temperature of 150K. His experiments produced a maximum

pressure drop of 12 Pa and a maximum volumetric flowrate of 28 cm’/s.

McNamara, et. al. [174, 175] developed the smallest pump to date using a six
mask silicon process. His device uses large channels fabricated 10um deep x
30um wide and small channels 100nm deep x 10um wide. It is a single stage
device horizontally fabricated and is able to achieve .46 atm of pressure with
less than 1W of input power. Han [99] continued the experimental work of
Young and Vargo to study flows through the aecrogel membrane. He outlined
the “reverse” thermal creep that occurs in that system. In 2008, Copic [52]

published a paper outlining the theoretical efficiency of a Knudsen pump.

heater

Figure 1-17: Sone's Pump Configuration [246]
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CHAPTER 2 MICROPUMPS

It is now important to show how the Knudsen pump fits in context with other
micropumps. In the mid-1980s, a surge in the development of lab-on-a-chip,
micro-analysis, dosing, and thermal management systems created an entirely
new field of Micro-Electro-Mechanical System (MEMS). Microfluidics sprang
into being and thus spawned the need for pumps, valves, fluid channels, sensors,
and a variety of other types of microfluidic components. Possibly the single
most diverse area of component design was the micropump, which used a
variety of actuation devices, integration schemes, and theoretical methods of

providing fluid delivery at a wide range of pressures and flowrates.

When looking at the variety of gas phase micropumps, the Knudsen pump stood
out because it utilized a phenomena unique to the micro-regime. This could also
be said of other pumps (i.e. electrostatic), however the Knudsen pump had two
characteristics no other gas pump could boast:

1. It has no moving parts.

2. It has the potential to be totally passive by using existing heat sources to

drive the flow.

The review below outlines the taxonomy of mechanical and non-mechanical
pumps followed by a description of the various actuation mechanisms. The
section ends with comparison of gas phase pumps with special consideration to

the Knudsen pump. It will be shown (Section 2.5) that the flux and pressure
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difference data we present in Chapter 6 is needed to show the potential

performance of the Knudsen pump.

2.1 Introduction (Taxonomy of pumps)

Micropumps can be divided into two main areas: mechanical and non-
mechanical. Mechanical pumps convert electrical energy into mechanical
energy through a variety of actuation mechanisms and generally use some sort
of a moving boundary to create discrete fluid motion with each cycle. The most
common of these is the membrane pump which has been fabricated in a variety
of configurations some of which employ more than one membrane. Non-
mechanical pumps, on the other hand, convert a variety of other (magnetic,
entropy, electric field, optical, etc.) energy types into kinetic energy within the
fluid. This is the more diverse of the two methods and employs a wide range of

scientific phenomenon to actuate the pump.
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2.2 Mechanical Pumps

| MECHANICAL PUMP TAXONOMY |
1
| AcruxrlonTYPE | | Acrwcroﬁ LOCATION |
Piezoelectric Internal Valveless
Electronlyagneuc Exttlemal Valveless Rectiﬁt!‘ation (Diffusion}
Shape Memory Alloy Passive Chleclt Valves
Pneulmatic Active Chtleck Valves
Electrostatic Perlr!talﬂc
Thermopneumatic
Thermoelectric

Flexural Planar Wave
oty
Fluidic Pha!se Change
Optical

Figure 2-1: Classification of Mechanical Pumps

Mechanical pumps can be sub-categorized according to the type of valve system
and whether the actuation device is integrated into the pump or is an external

actuator. The first type of integrated valve system is a peristaltic valve. Figure

2-2 shows the
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Figure 2-2: Peristaltic Pump [239, 240]

three individual actuators and the order of actuation to create controlled flow
through the pump. Olsson [197-201] was the first to create (a gas version) of the
second type of pump known as a valveless rectification or diffusion pump.

Figure 2-3 shows how flow is directed

Supply Mode

net flow >

Figure 2-3: Valveless Rectification (Diffusion) Pump

through the pump using geometric design. Stemme [253] outlines a simple
method of determining the flow through this type of valve. The pressure loss at

one end of the diffuser is:
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Ap :&5 (2-1)

where p is the density, v is the average velocity, and  is the pressure loss
coefficient. If we define nr as the ratio between the pressure increase
coefficients of the output and input diffusers, then the resulting flowrate is

defined as:

Q‘=Vx[ r _1] (2-2)
n. +1

where Vy is the volume change each cycle. The third type of pump uses a

check-valve analogous to the one designed by Makino [163-165] in Figure 2-4.

Ca
B \p B
SFil k val
* 1‘ check valve
QOutlet Inlet

Figure 2-4: Integrated Checkvalve Pump

The check-valve material is generally a thin layer of silicon designed to deflect
with small pressures. While check-valve designs tend to reduce the amount of
backflow compared to diffusers, diffuser designs are more efficient. Neither,
however, can match the ability to control delivery of small amounts of fluid like

the peristaltic valve.
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2.3 Mechanical Actuators

2.3.1 Piezoelectric (PZT)

Piezoelectric actuators are by far the most common external actuation method in
mechanical micropump designs. It is most likely due to the ability to create high
forces and high frequencies with just a small displacement. Typical piezo
designs typically use one of three types of motors (Figure 2-5) that convert

electrical energy into a variety of strains. The first

Fout
Vin te &z !
out = ; T
| ~ P J_*_ S —
Alout —>| - =4 W ‘j-in AXout
-— | ———» L
ds1 Transverse Bimorph Bender
T
Fout <= P
‘P J
ALout —»||e— Vin+0 W
N L >
Bimorp

Figure 2-5: Piezoelectric Motor Configurations [209]
method of actuation is one of the most common and utilizes a transverse strain
given by:
Ax =Vd,, (2-3)
where Ax is the linear displacement, V is the applied voltage, and ds; is the
piezoelectric coefficient. These devices are typically bonded to the pump

diaphragm which converts the transverse motion into the bending motion of the
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diaphragm. Transverse PZT devices are widely used because of their larger
strain (microns to tens of microns) compared to the ds3 (longitudinal) type of
PZT. Accoto [1] bonded this type of piezo actuator to a metallic sheet and used
ball valves for his design, where as Hayamizu [105] bonded his to a silicon
diaphragm and used variable signals to control the direction of flow. Shinohara
[236] actually used two different piezo disks, one for the diaphragm and one for
the valve. Stemme [253] developed one of the first d3; diffusion pumps and
Williams [279] provided an analysis which optimized the pump based on the
piezo size, valve size, and diaphragm thickness. Other devices using this type of
actuation were developed by Bohm [30], Gass [88], Li [142], Linneman [147],

Olsson [197-201], Van Der Wijngaart [268], and Van Lintel [267].

The bimorph (or bender) actuators are fabricated with two layers of pzt material,
four electrode layers (two on each side of the actuator and two in the middle),
and a center shim between the devices. Bonding the two devices adds stiffness,
strength, and in general decreases the motion but can be operated with half the
voltage if arranged in parallel. For the bending configuration, one device
expands while the other contracts. It is possible with this type of design to
produce up to tens of microns of displacement. The equation to determine the

deflection of the bimorph is:

_ L'vd,,

(2-4)
T 2

Ax

where L is the length and T is the thickness of the bimorph. One design using

this type of piezo actuator is presented by Smits [239, 240] which uses a
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peristaltic configuration. Gerlach [89, 90] used a bimorph to actuate a diffusion

pump.

Three other piezo actuated pumps are worth mentioning. The first was
developed by Miyazaki [181] and uses composition changes under several piezo
elements to create a flexural progressive wave. Matsumoto and Koch each used
a different valve scheme in their pumps. Matsumoto [171] uses a viscous based
valve system where he heats either the input or output valve to create local
viscosity changes in the fluid where as Koch [133-135] uses simple ‘flap’ check-

valves to control flow direction.

2.3.2 Electromagnetic (EM)

Another type of external mechanical pump which has some great benefits is the
electromagnetic actuated device. EM actuators have a high stroke as well as a
large force but are still driven by a low voltage. While they require simple drive
electronics, their drawbacks lie, however, in the high power consumption, their
size and the difficulty in mass producing integrated devices. The force model of
EM actuator is shown in Figure 2-6 where the resulting sum of forces equation

1S:

d*x dx
m +D—+kx=mg+F (2-5)
dt? da &5
and
F =14 (2-6)
2 dx

29



where:

m = Mass of the actuator piston
x = Displacement

D = Coefficient of damping of the piston on the cylinder wall
k = Spring constant

g = Gravitational constant

F. = Electromagnetic force

1= Current

L = Inductance of the electromagnetic coil

A UT L(x)

LT

\N"fn'v‘

Figure 2-6: Model of Electromagnetic Actuator [296]

Bohm [30] was the first to develop an electromagnetic actuated micropump. His
design used a surface micromachined diaphragm powered by either a piezo or a
EM actuator. He showed the performance of the two devices were similar
although the PZT device was much easier to fabricate and integrate with the
system, not to mention the power requirements. Khoo [125] developed a device

using a silicone membrane that was able to achieve fairly high flowrates due to
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the volume displacement of the actuator. Meng [177] developed an EM pump
as well but instead of having an external plunger, he embedded ferromagnetic
pieces into a PDMS diaphragm. An external magnet was used to displace the
membrane which provided similar performance while reducing the fabrication

and packaging complexity.

2.3.3 Shape Memory Alloy (SMA)

The shape memory alloy (SMA) is a TiNi alloy sputtered onto a glass substrate.
The use of these thin films takes advantage of a phase transformation between
the two solid phases: austenite and martensite. The austenite phase is a high-
temperature, high strength state whereas the martensite phase is a low-
temperature, high ductile phase. Due to the migration of variant boundaries in
the grain structure, as the film goes from one state to the next, it can undergo a

deformation or apply a stress.

Stress

§

Figure 2-7: Hysteresis of Shape Memory Alloys
Figure 2-7 shows the hysteresis that occurs when the film undergoes a joule
heating and conductive/convective cooling cycle. From this it becomes clear

that SMA films are highly sensitive to heat and must have adequate heat transfer
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to work efficiently. This requirement constrains the performance to low
frequencies. Their popularity comes from the high force and displacement as

well as the ability to fabricate a variety of shapes.

Stress

§

Figure 2-7: Hysteresis of Shape Memory Alloys

Benard [20] developed a pump using two different SMA films alternately heated
and cooled attached on either side of a spacer. That portion of the design acts as
a single diaphragm with the added benefit of increasing the actuation force.
Kahn [123] used a similar configuration only the top SMA film was replaced by
a silicon spring designed to increase the frequency of his device. Makino
developed the most simple device in the form of a check-valved diaphragm
pump using a single SMA film. Two designs that utilized the ability to
configure the TiNi shape were Ikuta [117] and Xu [62]. Tkuta fabricated an
SMA pump that used a cantilevered TiNi film similar to a piezo bending bi-
morph and Xu created a serpentine film deposited on the top of a diaphragm.
All reported devices achieved high pressures, however, the flowrate were low

due to the low frequency.
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2.3.4 Pneumatic

One of the interesting ideas in pump design is to use one actuation method to
power another. One way to do this is through pneumatic pumps. Pneumatic
pumps use an external pressure source (pressurized tank, air flow from a wing,
etc.) to force air through channels on a chip into a cavity. As the pressure in that
cavity increases, the membrane (one wall of the cavity) expands and creates a

volume change in the adjacent channel.

Fluid In/Out

Input/Output Tube
/[ Silicone
Epoxy | Connector
) Glass
Fluid In/Out
to Rest of P :
S.nestol FUmB Channel Chamber Channel Reservoir PRMS (30:1)
PDMS (6:1)
PDMS (30:1)

Air Blister

AirTube  ppg (6:1) Air In/Qut

Figure 2-8: Pneumatic Pump [21]

Two designs have been realized in this area of external “actuation” devices other
than the one mentioned above [177]. First, Schomberg [221, 37] created a
single stage device that combines silicon membranes with LIGA structures
galvanized on titanium membranes. Berg (Figure 2-8) used a PDMS structure
and arranged several pneumatic actuators in series to create a perisaltic pump.
While these devices have a wide range of uses due to the ability to achieve high
pressures and displacements, the packaging difficulties and size make them not

as desirable as other integrated devices.
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2.3.5 Electrostatic

Electrostatic actuators show a lot of promise in the micropump field. They have
the ability to achieve high frequencies with very low power (in comparison to
other methods) which allows them to move large amounts of fluid, however,
they can also control small amounts of fluid as well. They have a common
characteristic of SMAs in the ability to control the deflection through the input
signal and can generate high forces if the two plates are close enough. The
trade-off is due to the force output being proportional to the displacement not to

mention the instability that occurs at small gap spacing.

The electrostatic actuation force for a parallel plate capacitor array is calculated

using [224, 225]:

& A V ?
— o 2‘7
F(x)= [ ( )J (2-7)

where:

V = Voltage

A = Surface Area of plates
d = Gap space

€, = Dielectric permittivity
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Figure 2-9: Parallel Plate Electrostatic Force
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This equation shows how the force is directly proportional to the voltage and
surface area and inversely proportional to the gap space. This makes the device
a good candidate for surface micromachining as compared to other fabrication
methods. It is important to note that in order to achieve the force required, the
voltage might have to be quite high. In this instance it is important to stay
below the dielectric breakdown voltage so as not to short out the device. One
device that allows a larger displacement but can have some stability issues is an
electrostatic comb device. It’s motion is a result of the capacitive fringe fields
rather than the direct “parallel-plate” forces. Theoretically, this type of comb

device could have as long a displacement as the designer desired.

Zengerle [294] was the first to create an electrostatic actuated micropump. This
first pump used a parallel plate actuator as the pumping membrane. A spacer
layer in between the top electrode and the membrane provided electrical
isolation to the membrane. He later improved upon the idea and created a bi-
directional version [293] which used passive checkvalves designed with a
specific resonant frequency. At higher frequencies the fluid moved in the

35



forward direction, at lower frequencies, the flow was reversed due to the phase
shift between the response time of the valve and the pressure cycle. Bourouina
[31] developed a device (Figure 2-10) similar to Zengerle only it used a single
valve and functioning silicon channels and membrane sandwiched between two

glass caps.

back-elecirode  electrostatically actuated  valve
membrane

E& silicon p+ silicon
[ glass Bl auminium

Figure 2-10: Electrostatic Pump (Bourouina, 1997)

Two different type of electrostatic actuators could both be called peristaltic
pumps only they use two completely different configurations. The first
presented by Judy [120] is a typical peristaltic valve like those shown in
previous sections. Cabuz [38, 39] (Figure 2-11), however, uses two electrostatic
membranes within a single cavity. Each membrane has holes offset from those
in the other membrane. The membranes are actuated sequentially in a “zipping”
like effect, which causes the holes to be covered by the adjacent membrane

during inflow but uncovered during outflow.
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Figure 2-11: Dual Membrane Pump

2.3.6 Thermopneumatic

Thermopneumatic actuation is created by heating a fluid in a sealed chamber in
order to create a volume change. The volume change equation for this type of
system is given by:

AV =V (T, -T,) (2-8)
where V) is the initial volume, vy is the thermal expansion coefficient, and T is

the temperature. Similar to this, the pressure change is:

~L
P=Pex 0 2-9
f p(RTj (2-9)

where Py is the initial pressure, L is the molar latent heat of evaporation, and R
is the universal gas constant. One of the advantages of thermopneumatic
actuators is high displacement, low voltage, however, the cycle time is the
limiting factor. As was shown by Elwenspoek [66], it is not only limited by the

cooling temperature, it is also a function of the hydrodynamics and the thermal
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conductance of the device material. Since the power consumption increases
with size, the smaller the device, the better. This makes it especially suitable in
the delivery of small, accurate amounts of fluid.

upper part of pump case

\ inlet titanium actuator outlet
,l, wire chamber T

[ pump

inlet valve chamber outlet valve  adhesive
polyimide
lower part of pump case membrane

Figure 2-12: Thermopneumatic Actuator

Van De Pol [266] designed one of the first thermopneumatic pumps using
silicon. Jeong [196] made a similar device using aluminum flap valves whereas
Bustgens [37] (Figure 2-12) used a thermoplastic for his device. Mizoguchi
[182] developed a light driven pump that uses light to heat small expandable
cavities. This design could be used in applications avoiding the use of electrical
devices. The other two thermopneumatic actuators designed by Folta [73] and
Glosjean [95] utilize the peristaltic arrangement to produce highly accurate

flows for possible use in medical devices.

2.3.7 Flexural Plate Wave (FPW)

Flexural Plate Wave pumps are also known as Flexural Planar Wave (Figure
2-13) and Ultrasonic pumps. FPWs have a membrane of silicon nitride over a
large cavity etched out of silicon. Thin layers of piezo material are deposited on

the silicon nitride in an interdigitated finger configuration. The piezo
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transducers create acoustic planar waves along the membrane that can be used to
move fluid. They also have the ability to be actuated magnetically, thus
avoiding the requirement for a piezo material. These devices are excellent for
creating flows in the nanoliter regime. The devices can be either uni-directional

or bi-directional (Figure 2-14) depending on the arrangement of their fingers.

Aluminum

Zinc oxide

iicon nitride

Figure 2-13: Flexural Planar Wave Device (Nguyen, 2000)

Moroney [184, 185] developed an FPW capable of moving fluids as well as
granular solids. Kurusawa [136] developed an atomizer using the same
principle. His desire was to use the device for hand-held nebulizers. Other

devices were developed by Meng [176] and Nguyen [191, 192].

T I

Bidirectional Unidirectional

F

Figure 2-14: Flexural Plate Wave Finger Configuration

2.3.8 Rotary

The final type of mechanical pump that needs mentioning is the rotary design.

This design in general takes macro scale or mini scale designs and shrinks them
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down to the micro scale domain. A main problem associated with this is the gap
spacing in the hub of the design that is required for fabrication. Critical spacing
forces problems with backlash and the inherent wear of “friction” devices
reduces reliability. The primary designs that has been fabricated was presented
by Ahn [3] and is a rotary magnetic actuator with fully integrated coils and
stator. His device was intended for conductive fluids and was successful in

pumping insulin for potential drug-delivery applications.

2.4 Non-Mechanical Pumps

| Electrical Pumping |
[

| Static Electrical Field | |Dynamic Electrical Field
|

|N0nconductive ﬂuid” Conductive fluid |
T I

Electrohydrodynamic Electrokinetic Electrohydrodynamic
(Injection pump)  -Electrophoresis (Induction Pump)
-Electroosmosis

Charge relaxation at Charge relaxation at
interfaces bulk solution
I
| . 1 | 1
Layered Fluid with Fluid anisotropy| |Fluid anisotropy
Fluids Suspended Particles (external) (internal)

Figure 2-15: Electrical Pumping Methods [191]

Non-mechanical pumps use various methods to create fluid motion such as
electrical and magnetic fields, surface tension, heat transfer, and phase changes.
Since they do not usually require valves or any other moving parts they have a
distinct advantage over mechanical pumps. The two most common types of

non-mechanical pumps are the Electrokinetic (EK) and Electrohydrodynamic
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(EHD) pumps. Although EHD pumps are typically called ion-drag pumps, the
name could be applied to either. The primary difference between the two is EK
pumps introduce ions into the fluid through a surface charge on the channel
walls. This limits the effect of the electric field to a more localized area whereas
the electric field of EHD pumps is applied to the entire pumping volume. Figure

2-15 shows a comparison between these two types of electrical pumps.

2.4.1 Electrohydrodynamic (EHD)

Electrohydrodynamic pumps (also known as ion-drag pumps) require either a
free space charge in the fluid, a gradient in the electrical
conductivity/permittivity gradient within a dynamic field (or traveling wave).
This can be created by four different methods [79, 81]. First, for slightly
conducting fluids, electro-convection can be induced at a fluid-gas or fluid-fluid
interface. At this interface, there exists a charged double-layer, upon which a
traveling wave can induce flow. Second, using the dielectrophoretic force on
suspended particles within the fluid, it is possible to induce a flow in the fluid
due to the viscous effects of the particle motion. With sufficient particle
density, this “traveling wave dielectrophoresis™ has the ability to move the entire
fluid.

The third method of inducing motion is to create a thermal gradient (externally
induced anisotropy) across a slightly conductive or electrolytic solution. This
thermal gradient has the effect of changing the electrical conductivity and

permittivity of the fluid which can be moved under a dynamic field by this
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“electro-thermal” force. Finally, through localized heating around the
electrodes, a similar gradient to the above can be generated. The effect of this
method is highly dependant on the convection in the fluid which is a function of
the configuration of the electrodes and the shape of the fluid channel. It can be

seen that this technique becomes more useful as EHD devices become smaller.

All of these methods produce highly desired characteristics that makes the EHD
pump popular for bio-transport, thermal cooling, and mixing applications. They
require little power but produce large flow at low pressures. Even though they
require a high voltage which can cause impurity collection at the electrodes and
convection problems (depending on the size of the system...for small channels,
the Peclet number is very small, since heat diffusion dominates heat
convection), much of this can be eliminated using AC fields. Their main

advantage lies in their simplicity and low cost.

Now, the governing equation [215] of force for an EHD pump is:

F:qE+P-VE—lEZVa+v lpéEz (2-10)
2 2° op
where gr is the free space charge density, E is the electric field, P is the
polarization vector, ¢ is the permittivity, and p is the mass density of the fluid.

The four components on the right hand side of the equation are:

1. Coulomb force on the free space charge

2. Kelvin polarization (dielectrophoretic) force
3. Dielectric (Korteweg-Helmholtz) force
4

. Electrostrictive force
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While the second term is generally small and doesn’t have constant fluid motion
in DC fields, dielectrophoresis is used frequently as a method to separate
particle suspensions within the fluid. When an electrically neutral particle is
placed in a spatially inhomogeneous electric field, charge polarization is induced
at the interface between the particle and the surrounding medium. As seen in
Figure 2-16, the field density is much larger on one side than the other which
will draw the particle in that direction. If the field is reversed then the polarity
of the charges will be reversed but the dielectrophoretic force will still be in the
same direction. Particles with different material properties (permittivity and
conductivity) can be separated using dielectrophoresis due to differences in the

polarization induced in the particles by the inhomogeneous field [61].

Positive Dielectrophoresis
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Figure 2-16: Dielectrophoretic Force Schematic [61]

Bart [17] was the first to design an EHD induction pump where he used a
thermal gradient to pump highly insulating silicone oil (Figure 2-17).
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Both Darabi [54] and Seong [226] used similar methods the exception being
localized heating in Seong’s work. Fuhr [77, 78] also developed an induction
pump which expanded the pumping materials to conductive liquids as well
(Figure 2-18). Richter [214] and Ahn [3] both developed an EHD injection

pump that used a dc field to induce coulomb forces on the particles.
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Figure 2-18: Traveling Wave Pump [76]

2.4.2 Electrokinetic (EK) and Electroosmotic (EO)

Electrokinetic pumps [45] are very useful for biological and chemical
applications. They have the ability to transport aqueous solutions and not only

have relatively high flows but can achieve high pressures as well. A couple of
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unique attributes for EK pumps are the planar flow profile as well as the pulse-
less pumping.

Glass or fused-silica wall

Low High
Pressure Pressure
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Figure 2-19: Electroosmotic flow [42]

EK pumps work through the use of electrolytic solutions which are comprised of
both a buffer solution (which has nearly equal amounts of oppositely charged
ions) and individual charged particles. The first of two types of actions that can
occur under an induced electric field is called electro-osmosis. Oppositely
charged fluid ions are drawn to the charged wall and create a electric double
layer. This double layer is composed of immobile ions oppositely charged to
that of the wall and another set of dispersed mobile ions of with the same

charge. In an electric field the overall bulk concentration of dispersed ions is
propelled through the tube and with it the rest of the fluid due to viscous forces.
The flow builds until the velocity gradient reaches almost zero creating a flat or

plug velocity profile.
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The second type of pumping method is known as electrophoresis which moves
the suspended charged particles separately from the surrounding fluid. Just as
the wall developed a charged double layer, so do the individual particle (which
are much larger than the double layer). The electric force caused by this
charged layer create an electric force but that force is counteracted by a viscous
drag force. In order to separate the particles, then, requires a determination of
the desired electrophoretic and electroosmotic forces based on the buffer

solution (pH), particle properties and wall coatings.

The type of EK pump mentioned above has been developed by Manz [168] and
Harrison [103] who used an open channel. Zeng [237] used a pressure driven
slurry packing method to fill the fluid column with silica particles. These
particles increased the double layer surface area which created a much larger
effect on the fluid. Mutlu [189] used a porous plug between the two electrodes
which increased the surface area and minimized the corrosion and bubble
creation at the electrodes. Another way to eliminate the reaction at the
electrodes is to pulse the signal or keep voltages low. Two other issues common
to EK pumps are the susceptibility to counter flows driven by hydrostatic
pressure and the streaming/seditation potential that is created from the cross

flow in the channel.
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2.4.3 Magnetohydrodynamic (MHD)

holes for fluid input and output
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Figure 2-20: Magnetohydrodynamic pump (Lemoff)

Magnetohydrodynamic pumps exerts a force on either electrolytic solutions or
ferro-fluids using a magnetic field. Lemoff [140] introduced a MHD pump that
used Lorentz forces to direct an electrolytic flow within a silicon channel. As is
seen in Figure 2-20, the force is equal to the cross product of electric current
across the pump channel (I) times the magnetic flux density (B) and the width of

the channel.

Two pumps designed for use with magnetic fluids (for instance, mercury) were
Ozaki and Hatch. Ozaki [203] developed a linear pump the drives fluid through
magnetized body forces as well as the particle vorticity created by the rotating
magnetic field. Hatch [104] on the other hand used a ferro-fluidic plug within a
circular channel. In this instance the ferro-fluid was only used as a means to

“push” another fluid through the channel.
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While the MHD pumps can create large forces as a function of the magnetic
power, it requires specific fluids to work. If an aqueous solution is used then the
current needs to be alternating to eliminate electrolysis, flow reducing bubbles,
and electrode degradation. Ferro-fluids also require special handling and the

overall magnetic actuator is generally bulky and difficult to integrate.

2.4.4 Phase-Transfer/Bubble-Based pumps

While somewhat different, phase-transfer and bubble-based pumps use very
similar methods of pumping. Phase-Transfer pumps cyclically create vapor and
liquid phases throughout sections of a capillary (Figure 2-21). Applying heat to

the fluid produces, not only liquid to vapor
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Figure 2-21: Phase Transfer Pump

transformation, but an increase in kinematic viscosity (and decrease in viscous
resistance) as well. The pressure drop between one phase and the next can be

found using:

AP, = 3 (2-11)
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Where m is the mass flowrate, L is the length of each area, v is the kinematic
viscosity, and r; is the inner diameter of the channel. The continuity equation for
the flow is:

i, —m, = AU(p, — p,)= AUp, (2-12)
A is the cross sectional area, pr, is the density of the liquid phase, and U is the
fluid velocity. Three different versions of this type of pump were designed by

Jun [121], Ozaki [203], and Takagi [257].

Bubble pumps [58, 292] use one of two methods to create fluid flow. The first
method is through the use of the Marangoni effect. The Marangoni (or
thermocapillary) effect is caused when the surface tension of a fluid is changed
due to a change in the temperature. If a bubble is located in a channel where one
end of the capillary is hotter than the other then there will be a temperature
gradient across the bubble. On the hot side of the bubble the surface tension will
be lower which causes a pressure gradient that moves the bubble to the hotter
end of the capillary. Two thermocapillary designs were designed by Takahashi

[258] and Liepmann [146].

The other type of pump was developed by Geng [284] who created a device that
uses a variance in channel curvature to move an electrically conductive liquid
(although he suggests another method of pumping other fluids as well). Asis

shown in Figure 2-22,

49



Figure 2-22: Geng’s Bubble Pump

the pumping effect is caused by a variance in the curvature between different
parts of bubble interface. After joule heating creates a vapor bubble at the
channel joint, the surface tension generates a pressure differential between the
inner part of the bubble and the surrounding liquid. Since this pressure will
drive the bubble to conform to the shape of the channel, it will naturally flow
from the smaller channel to larger channel. If operated continuously, flow will

be created according to the relation:

1 1 7+ At
D —p. =20 ——— 2-13
P~ D, [Rl Rz] T ( )

where ¢ is the surface tension coefficient, p is the pressure, R is the radius, 1 is
the duration of applied voltage, At is the difference between the bubble lifetime

and 1, and T is the repetition time.

2.4.5 Continuous Electrowetting

Another type of pump mechanism that is similar to a thermocapillary pump is
the Continuous Electrowetting (CEW) pump. The difference is instead of the
surface tension being changed by a temperature gradient, it is changed using an
electric field. The reason this works is because of its use of mercury as a fluid.

The surface tension creates a
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Figure 2-23: Surface Tension Diagram

pressure change between liquid, solid, and gas characterized by the equation:

AP = 2(7/56_7SL): 2]/LCOS9 (2_14)
a a
and
Vs tV16c0s0 =y (2-15)

where v is the interface surface tension, a is the capillary radius, and 0 is the
liquid-solid contact angle. Colgate [51] showed that if an electric field is
applied across the channel the surface tension would become:

& & 2
—ymax _Cr% (e (2-16)
Vs =7st 28 ( )

Lee [122] developed a CEW pump that performed with low voltage and current,
high speed, and could be designed in variety of configurations. Yun [137, 138]
used the CEW process to actuate diaphragms in a hybrid non-mechanical

actuated mechanical displacement pump.
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2.5 Gas Phase Pumping and the Knudsen pump
Figure 2-24 shows the gas phase pump performance of existing pump designs.

The maximum pressure drop achieved by the pump is shown on the x-axis and

Gas Phase Pumping Performance
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Figure 2-24: Gas Phase Pump Performance

the maximum flowrate reported is shown on the y-axis. Lines representing
constant Qmax+Pmax are shown as dashed lines. Markers lying on the x or y axes
represent pumps where only flowrate or pressure was listed in their literature.
Some of these pumps have already been discussed above like the dual
membrane pump of Cabuz or the electrostatic pump of Gerlach. Of those not
mentioned, the pumps by Yang and Schabmueller are piezoelectric pumps.
Schabmueller’s design is typical of most piezoelectric diffusion pumps, however
Yang uses a bi-morph to create the highest reported flowrates among the gas
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pumps. Huang’s design is a peristaltic pneumatic pump utilizes a PDMS layer
between the actuation cavities and the working cavity. Wright obtains the
largest pressure drop among non-Knudsen pumps using a titanium ion getter.
The flowrate is unclear and is based upon the reaction of the titanium with the
nitrogen and oxygen. Astle uses a bi-directional electrostatic pump that moves a
membrane vertically between two electrodes. His performance as a function of

both flowrate and pressure is the best among electrostatic devices.

The pumps featured using red text identify the Knudsen pumps which are of key
importance to this dissertation . Since Vargo and Young did not report flowrate
performance along with pressure it is important for this dissertation to give
performance data in the context of gas phase pumps. Sone’s pump was
referenced in 1.3.3 where he provided both maximum pressure and flowrate
data. In Chapter 7 we show how the performance of a Knudsen pump based on
our simulation results fits in this plot which should allow the designer sufficient

information to utilize the Knudsen pump mechanism.
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CHAPTER 3 COLLISIONLESS FLOWS AND
MAXWELL’S DISTRIBUTION

3.1 Introduction

As we determined in section 1.3.2, the first problem we need to solve relates to
the collisionless flow of molecules through tubes. This chapter begins with a
look at how the number density affects molecular impacts on a particular area
(namely the entrance to a channel). This method is then extended to a two way
flow through an ideal orifice in what is termed effusion. Next, Knudsen’s
equation for long tube flow is derived followed by modifications of von

Smoluchowski, Clausing, and others.

3.2 Fundamental Assumptions

It is of key importance to begin with some fundamental assumptions regarding
kinetic gas theory and its relation to collisionless flows. First, it is assumed any
gas is comprised of a set of molecules and, if the gas is pure, these molecules are
all alike. Second, it is assumed that the molecules move about in all directions.
Since they are not considered infinitely small, they are capable of colliding with
one another. Finally, it is assumed that the only pressure occurring in the gas is

the one created by the motion of the molecules when in an ideal state.

The density of a gas is defined as:

p=N-m (3-1)
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where N is the number of molecules in each cm® (number density) and m is the mass

of each molecule which in pure gas is the same for every molecule.

Unit I = dow
Sphere -

Figure 3-1: a) Diagram of Solid Angle b) Solid Angle in Spherical

Coordinates

If a gas is in thermal and mechanical equilibrium, then the velocities of the
molecules are varied, however, the direction of all the molecules having a particular
velocity must be distributed equally in all directions. Now N, is defined as the
number of molecules having a particular velocity in the range ¢ through ¢ + dc.

Within a solid angle, dw, the number of molecules within a certain velocity range is

given by:
dw
=N 3-2
. (3-2)
where
dew= j L sing-d9-d¢ (3-3)
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Figure 3-2: Pressure Induced by Molecular Impacts

Within a particular time, d¢, the number of molecules in that solid angle hitting an

area, dS, is equal to:
n,, = %Ncc(cos P)(sing)dg-dS - dt (3-4)

If ¢ is the arithmetical mean of the velocity, then after integrating ¢ between 0 and
71/2, the number of impacts occurring each second on each cm” of the surface of a
gas is equal to:
n=—N-c (3-5)

The pressure is derived by multiplying the number of molecules by their momentum
to yield:

N4 = %Ncmc2 (cos® @)(sin g)d ¢ (3-6)
Since it is assumed all the molecules reflect off the surface, then integration gives
the pressure on the surface as:
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P= %chz (3-7)

Combining (3-7) and (3-1) produces:
¢ =— (3-8)
where, at constant temperature and P=1 dyne/cm?”:
pi=t (3-9)

Using the universal gas constant, equation (3-8) is rewritten as:

¢t =" (3-10)

According to Maxwell’s law of the distribution of velocities [164], equation (3-10)

can be rewritten as:
—2=Z(cy (3-11)

Which from (3-7) would also make the pressure equal to:

» =%Nm52 (3-12)
Therefore, if
1 _
G:nm:Zch (3-13)

then substituting (3-10) and (3-11) into (3-13) yields the equation for the mass flow

hitting a unit surface during a unit time.

1 P [M
G _E\/;"P_ﬁ\/; (3-14)
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3.3 Molecular Effusion

Now this equation is applied to the problem of molecular effusion. Assume two
chambers at different pressures are separated by an ideally thin membrane (Figure

3-3). A single aperture is located in the center of the membrane with area A.

Figure 3-3: Molecular Effusion

From equation (3-14), the mass flow [132] through the aperture is:

(P-R)4 M

1
G A=—— —P)A="2 U | -
o Jp(P,-PR) = 7T (3-15)

where 7=T1=T5. If Q is equal to the volume of gas flowing through the aperture at 1

dyne/cm?, then:

0= (3-16)

since GA is the product of the volume and pressure. Now we define the

conductance

(3-17)

and combine this with equations (3-15) and (3-16) to get:
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1 1
U=———4 3-18
27 p (3-18)

It was shown experimentally by Knudsen that the conductance “decreased with
decreasing pressures to a specific asymptotic value” as would be expected from
Poiseuille’s law. In regimes where the diameter of the aperture was much smaller
than the mean free path of the gas, he found the conductance to be proportional to
the mass of the gas, inversely proportional to the square root of the temperature, and
completely independent of the pressure. This phenomenon he termed molecular

effusion.

This equation can be used to determine the gas flow between the two reservoirs with

the following assumption. If p; is replaced in equation (3-15) by:

Py 273 M
= = 3-19
where py is the specific gravity at 273° and 1 dyne/cm?, then the mass of gas
flowing from a reservoir to a vacuum per unit time is:
1 M
A-P (3-20)

G = |——
" 2z \RT

To determine the mass flow of a two reservoir system at different temperatures and

pressures yields:

G -G A M)A 5 (3-21)

1~ Y2 = | - B
e\ T

Even if the pressures in the system are equal there would still be a change of mass

due to the temperature difference. In a closed system, the system would eventually
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reach an equilibrium where G;=G,. The relation between the temperature and

pressure would then become:

5 _ b

T
=0 or L= |-L (3-22)
\/Tl AT, P, T,

3.4 Cosine Law

E\?aporated
Hg atoms

Even layer of mercury
on the sides.

Figure 3-4: Knudsen's Cosine Law Experiment

Before the flow theory mentioned above can be extended to flow through tubes, an
important law must be described called the cosine law. Martin Knudsen [128] was
the first to introduce the cosine law of diffuse scattering which describes the

impingement and scattering of molecules off tube walls or surfaces. The cosine law
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states, under free molecular conditions, the direction of an individual molecular
reflection off of a surface is independent of the impinging direction and is thus
diffusely scattered. In other words, the incidence angle and reflection angle are
independent of each other. This is in contrast with specularly reflected molecules
whose impingement and reflected angle with the surface are the same. This theory

is equivalent to Lambert’s law on optical and thermal radiation.

To prove his theory, Knudsen devised an ingenious experiment (Figure 3-4), where
he took a glass sphere attached to two tubes (one inside the other) whose separation
was filled with mercury. The top of the sphere was kept at room temperature while
the rest of the sphere was cooled. As molecules evaporated some of them would
enter the sphere and impinge on the room temperature portion of the sphere. They

would then reflect in all directions equally creating a uniformly condensed layer of

ds,

Figure 3-5: The Cosine Law
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mercury through out the sphere.

To understand why this works consider the sphere with radius R and an area at its
top, dS; (Figure 3-5). The number of molecules, dn, that leave dS; in a solid angle,

dw is given by:
1
dn=—n-cos(x)dw (3-23)
T

Where x is the angle between a bisection of the sphere and the solid angle. If the

area on the surface of the sphere cutout by the solid angle is dS> then using:

n-d4
1% (3-24)
S
yields:
do = w (3-25)

Inserting (3-25) into (3-23):

3 n-cos’(x)-ds,

dn - (3-26)
where
a=2R-cos(x) (3-27)
Thus
n-dsS
dn = 47sz2 (3-28)
Thus the total number of molecules hitting a unit area of the sphere is:
dn _ n
ds, 4R’ (3-29)
2
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Which is independent of which section of the sphere dS, comprises.

By applying this formula to gas scattering in a molecular flow, the following

assumptions must be considered:

1.

2.

There is no absorption of the gas onto the walls.

There aren’t any delayed effects of molecules “residing” at a surface for a
period of time as described by Clausing.

There is no surface species diffusion

There aren’t any chemical reactions at the walls, disassociation of polymers,
etc.

Other Knudsen geometric effects on the molecular level are negligible.

The pressures of the gas are low enough so there is no velocity gradient
normal to the walls. This is also true when the dimensions of the channels

are small compared to the mean free path of the gas.

It is also important to mention that Knudsen’s cosine law is different than the

‘equilibrium cosine scattering law” which is a consequence of the 2" law of

thermodynamics. Knudsen’s cosine law is only describing the diffuse reflection of

individual molecules and does not incorporate the specularly reflected molecules

nor the effects temperature and accommodation have on the molecules. Rather the

diffuse reflection specifically deals with the post-collision direction and velocity,

the latter which will have a distribution according to Maxwell’s law. This does not

invalidate it for use in free molecular gas flow in tubes since the molecules are not

necessarily at temperature equilibrium with the surface. For those cases where the
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reflection of molecules is specular, Berman and Maegley [22] proposed a
modification to the law saying the molecules that are diffusely reflected comprise a
portion o while the number of specularly reflected molecules are 1-a.. The constant

is a function of the gas type, wall material, and surface conditions of the tube.

Several authors have since studied the molecule wall interaction [113]. Shin [234],
Wachman [272], Goodman [92] and Demirel [59] all described the thermal
accommodation and the accommodation along with the effect of surface roughness
on the energy transfer. Frederking [74], Malek [166, 167] and Murphy [188] both
developed models for the effect of surface/pore roughness on the flow through
tubes. It has been shown that the rougher the surface, the more the energy transfer
since the molecules tend to strike the surface more than one time. Other literature
[71, 112, 143, 161, 217] has described the momentum accommodation and the
effect specular reflections [60] has on the flow. Albo outlined studied the effect of
residence times to the surface Recent experiments [111] have shown that for very
smooth walls, the flow of a gas through a channel can increase greatly even in very

small pores.

3.5 Flow of Gas Through Tubes

From equation (3-5), Knudsen [127, 130] showed the number of molecules striking
a cm” of surface per second is known. From Maxwell’s distribution (3-11), as was
discussed before (3.2), the number of molecules with velocities between ¢ and c+dc
is:
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N =N z[azjdc (3-30)

where « is the most probable speed. The number of molecules with each velocity

which strike a unit area per second is:
1
n:chNc (3-31)

As these molecules pass through a tube they strike the wall with a longitudinal
velocity, @, which imparts a momentum to the wall. It is assumed the molecules
reflect diffusely (i.e. they reside long enough on the surface to lose their history and
transfer all their momentum to the wall). Thus the momentum applied to the wall

by the N, molecules is equal to:
1
nma)=zcma)Nc (3-32)
¢ and w can be related by a proportionality constant, £, to yield:
1,
ch mN, (3-33)

By combining equations (3-30) and (3-33), the momentum sum applied to the wall

for all velocities is:

1 4 %t -
B:—Nk—mj%e[ * ]dc (3-34)
4 \/; &
Simplifying
3 >
B=§Nkma (3-35)

The value « is now be replaced by:
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(3-36)

to give:

B= %NkmEz (3-37)

If the flow is in the molecular regime (with no collisions between molecules) the
velocity gradient normal to the tube walls is assumed to be zero. Therefore the bulk

velocity, v, of the gas flow is defined as:

v:Zw:ch:Zw:kE (3-38)
N N N

Substituting (3-38) into (3-37) gives the bulk momentum as:
3r .. _
B =—Nmcv (3-39)
32

Substituting (3-1). in for Nm gives:

RY/4
B=—p-cv 3-40
37 (3-40)

Knudsen applied this momentum to a differential length of a cylindrical tube

defined, d/, with a cross-section, A and circumference, O:
RY/4 _
B = ENWZCVO(‘U(]J (3-41)

Combining this with (41) results in:

B :3\/Ep Ly0didt (3-42)
V2 \p

which when combined with (3-9) is:
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3 f 1
1

For molecular flow with the following conditions
1. There is no temperature jump
2. dlis sufficiently small
3. The tube is long enough so that end effects are negligible
it can be assumed the entire momentum is caused by the pressure difference

between the two ends of dl. Thus for d=1 sec.:

\f \/7 =—d dp (3-44)
P

To find the mass flow through d/, we use the equation:

2
G=Avp=-2 ‘/27’;‘ Ao ‘311; (3-45)

Integrating (3-45) the whole length of the tube gives:

L
0 8 2p
G|—dl = ‘/ 4, 3-46
;[ A 3\ z ? ( )
so that:
4 R’
G =—2mp, —(p, — p,) (3-47)
3 L
Substituting for p; gives the mass flux for a long cylindrical tube
4 M R’
G="Aar |2 B | B P (3-48)
i T W
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In the case where the tube is short enough so that end effects must be considered

3 |z 1 dp dv
21 2o =-aP Y -4
8\/;'0 Vo, a Pa (3-49)

where the last term is from the kinetic energy of the gas leaving the tube. Once

then (3-44) becomes:

again, using the first expression in (3-45) with (3-49):

3 1 O d G* d(1
—\ﬁ __2G=__p_z—_ - (3-50)
8V2\p 4 dl A47p di\ p

and integrating over the length of the tube:

3\/? 1 _to G* (p,-p
2= | —G[5di=(p, - p,)- S (3-51)
8V2\ p !)'Az 1 ’ A2p1 4V%)

For simplification, let

3 |zt 0
Z:—,/— —dl -
8 2-([/12 (3-52)

so that (3-51) becomes

Jh !

z ., Glpi-p) (3-53)

+
A2Zp.(p,p,)

For cases where the end effects are negligible, the term on the right hand side of the

G=(p,-p,)

denominator is much less than one, which after integrating W, reduces to (3-47).

Looking at just this term:

(3-54)

Integrating this yields
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yo32R (p-p,)
o L’ PP,

(3-55)
It is of note that this term is dependant on R/L so that the longer the tube with
respect to the radius, the less the end effects have on the mass flow even when the

pressure difference is great. To determine the volumetric flow rate of a long tube,

divide (3-47) by p; to give:

42z R
Q—ﬂ/: L(pl p,) (3-56)

Finally, substitute (3-19) into (3-56) and assume a temperature difference across the

tube length to give Knudsen’s thermal transpiration equation for tubes:

4 R* |RT
Q=§J2ﬂ7 M(pl—pz) (3-57)

Note that this equation is an approximate solution that assumes the temperature in

the tube is uniform throughout the tube.

3.6 V. Smoluchowski

Figure 3-6: Coordinate System of Free Molecular Tube Flow

69



Although Knudsen thought his equation was valid for all flows and channel cross-
section shapes, von Smoluchowski (from here identified as VS) [129, 250-252]
revealed some errors in Knudsen’s derivation. In reality, Knudsen’s solution was
only valid for circular cross-sections and long channels. VS derived an expression
for molecular flow that was valid for flows through tubes with any cross-section.
The following paragraphs summarize this work in order to show the highlights of

the derivation.

Knowing that the flow is calculated from the net molecular transport through the
tube, an expression is derived for flow through an element of cross-section, dS, and
then integrated over the entire tube length (Figure 3-6). The flow through dS is
found by determining the number of molecules that reflect off the sidewall and pass
in a straight line through the elemental area. Combining equations (22) and (5) give
the number of molecules that reflect off a unit surface area, dS’, in 1 second at a

particular angle, 6:
do
Nv cos(6)— (3-58)
4

where N, 1s the number density. The number of molecules that pass from dS’ to dS
per unit time is:

_ NvdS'cos(6')dw
4

d’G

(3-59)

If a line of length r connects the centers of dS and dS’, the angles to the two normals

are 6 and 0°. The solid angle, dw, is found in the same way as (3-25) so that:
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dS-cosd
do =527 (3-60)

r
Equation (3-59) then becomes:

B E dS'cosf'cos b
47 r?

= NvdS cos@sin@-df-d¢
4

d’G
(3-61)

Since the number density is an unknown function of z, it is assumed a small

variation of density along the tube and used a Taylor series expansion around dS:

N(z)=N(O)+z[%)+§((§Z]j]+... (3-62)

Now the net flow of molecules that pass through dS is found by adding the
molecules that pass through it from both sides of the tube. Integrating (3-61)

throughout the entire range of solid angles the net flow is found to be:

vds

dG =dG, -dG_=-
4

2r 2z
[dg[N(z)-cos6-sin6-do (3-63)
0 0

Substituting (3-62) into (3-63) and knowing that:
r-cosf =s-cotf (3-64)

the net flow equation is reduced to:

vadS (AN i 2 -2
dG =- 5 (Ej.([qlil—p sin ¢id¢ (3-65)

where:

p'=p/R (3-66)

71



The integral in equation (3-65) is an elliptic integral, E(p’), which can be rearranged
into the net molecular flux per unit area:

0 ()Y (3-67)
It is important to note that when p’=0 (along the center axis of the tube), the integral
reduces to 7/2 and when p =R (along the outer circumference of the tube), the
integral reduces to 1. Therefore the net flow rate changes radially through the tube

which is contrary to Knudsen’s assumption [equation (3-38)]. The net flow is now

obtained by integrating (3-65) through the entire cross section:

G = —mr> 2R AN (3-68)
dz
Now the velocity must be determined from the Maxwellian distribution of
velocities. Combining (3-10) and (3-11) gives an equation for the velocity:
V= 8R,T (3-69)
74
so that the net flow becomes:
5 1
G=_2R[BRT 2 AN (3-70)
3 M dz
From Boyle’s law:
M-P
N="" -
RT (3-71)

At steady state, the mass flux will be uniform longitudinally so the last term in

(3-70) can be expressed as:

=—-1—27 (3-72)

dN _M(P-P)
dz R TL
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Substituting this into (3-70) gives the total net flow equation found by Knudsen:

4 2zM R*
G=_|2Z—"_(p_P -
3‘/R0T ~(R-P) (3-73)

If the temperature is not constant through the tube then the temperature will be
evaluated in the Taylor expansion as a function of z and will carry through with the

density gradient term. The result will be a mass flow which matches Knudsen’s

4 [2zM R*( P P
G== [ A 3-74
3V R, L [‘/T1 TJ 3-74)

equation:

3.7 Flow resistance

Knudsen’s equations (3-52) through (3-54) use the variable Z which he termed the
flow resistance in a tube. Carrying out the integration of (3-51) for a cylindrical

tube with length L and radius R:

3 /2 L
Z==|—— 3-75
8\~ R’ G-7)
This resistance has a parallel in electrical resistance calculations and can even
follow Kirchoff’s laws of branched circuits to find a flow resistance in a

complicated set of tubes. VS later determined a flow resistance based on the

derivation above equal to:
Z=—— (3-76)

where / is equal to:
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p’cosf-do-dS (3-77)

N'—ON‘N

1
2

=l

o]

Carrying out the integrals for a circular tube gives the same result as that of

Knudsen [equation (3-75)].

Dushman [63, 64] was the first to propose a solution to the problem of flow through
short tubes, however, his derivation used the idea of entrance and exit resistances
which Clausing [48] proved was not a good conclusion for all cases (especially
when discussing flow into a vacuum). While his derivation was good where L<R
and when L/R approached infinity, it was not good in the intermediate regions. The

Dushman resistance:

f
=2 J— — e+ J_ (3-78)

thus comes to the same conclusion as the Knudsen resistance and is only regarded as

an approximation to the flow in short tubes.

3.8 Conductance And Transmission Probabilities

To study the relationship between flowrates and the pressure gradient across the

tube, Knudsen created the following relation:
0, =U(R-P) (3-79)
where QOp is a measure of pressure*volumetric flowrate and U is the conductance of

the flow. The conductance is defined as:
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1
U=—" .
Py (3-80)

Thus for Knudsen’s solution for flow through long tubes, the conductance is:

3

While the conductance equation has value in understanding the problem of flow

through tubes, Clausing and his successors chose to use a method based on a
slightly different derivation than their predecessors. Rather than using flow
resistance, he assumed the net flow could be calculated using a transmission
probability. In essence, the net flow is determined from the difference of the two
directional probabilities:

G =(nA, —n,4, W (3-82)
where 14 is the incident rate of molecules entering the tube (from each direction)
and W is the probability that the molecules will pass through from one side to the
other. As an example, if the opening between the two chambers were an ideal
orifice, all the molecules would pass from one side to the next, thus W=1. The
transmission probability for Knudsen’s formulation can be found by assuming P,=0
(which is the situation for effusion). Equation (3-82) then becomes:

G=nAW (3-83)
The molecules entering from the chamber are:

N4
4

G, =nmA= (3-84)
Combining (3-18) and (3-82) results in:
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G n A
U=—"w=""=UWw (3-85)
Nl Nl ’

where Uj is the entrance conductance. Now using (3-81), (3-84) and (3-85) the
transmission probability for Knudsen’s derivation is:

8R
W utoon = =7 3-86
Knudsen 3 L ( )

It is easily seen that the formula breaks down when L<<R thus the equation only

holds for long tubes. Dushman’s solution:

1
WDushman =T a7
T (3-87)
8R

results in a more accurate result for long tube flows because he adds an entrance
conductance to the long tube conductance, i.e.:

1 —1+L 3-88
W (_ )

Dushman o

where W, 1s Wxnuasen. While this formula gives reasonable results for long tubes, as
mentioned above, it only provides a general approximation of conductance through
short tubes. Thus, Clausing [48, 106] uses the following derivation to determine the

flow conductance through tubes of any ratio of /L.
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A

Figure 3-7: Clausing’s Derivation

Clausing divides a tube into three sections using two planes perpendicular to the
tube axis. He assumes the resulting rings cut out by the planes have a width dv and
are separated by a distance v. Following the cosine law, he defines the following
probabilities:
1. W,(v)dv: Probability that a molecule will leave the first ring and strike the
second.
2. W,(v)dv: Probability that a molecule will leave the first ring and pass
through the area cut out by the second ring.
3. W (v)dv: Probability that a molecule will leave the area cutout by the first
ring and strike the second ring.
4. Wss(v)dv: Probability that a molecule will leave the area cut out by the first

ring and pass through the area cut out by the second ring.
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It can be shown through the cosine law that the number of molecules that pass
through surface B is related to those that pass through C in proportion to their two
surface areas (Figure 3-7). Using this along with other geometric relations yields

analytic solutions for the probabilities mentioned above:

1
W, (v)= #{vz (v 42 ) 2r2} (3-89)
1 2 s v?

w. (v)=4— (v +4r )2 + ——2v (3-90)

r ( 2 2 Y,

v: +4r )2

1 v 3v
Wrr(v)=; 2+ - - (3-91)

(v2 + 4r2)5 (v2 +4r? )5

2
! v

W)= ey (3-92)

1

(v2 +4r’ )5
He combined these into a single equation for the transmission probability:

Wetasing = |, Wor () wl)ex + 1, (L) (3-93)

sr

where

w(x)= [ W, (&~ x)dg - w(g) W, (L-x) (3-94)

is the “escape probability”. Clausing determined approximate solutions for the
transmission probability by substituting escape probabilities averaged over the

length of the tube to yield:
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1_(81’)
3L 3 2 2\ 2 2l 3 47’)
W . =————214p"+\L"=2r° \L"+4r°p—-L |+| —
Clausing 3]"2L |: ( X ) :| (3[4 (3 95)

1_(41’)

1

+2—2;L{L2 —L(L2 +4r2)5 +2;’2}
r

If r<<L then this equation gives the Knudsen result above and for »>L gives an
approximate solution satisfying flow through short tubes. An addendum to this
work stipulates that for very short or infinitely long tubes, a simpler transmission
probability is:

8
Wensine =
Clausin g 3L + 8]’

(3-96)

Since Clausing did not provide any error assessment of his equations, many of his
contemporaries criticized the validity of his equations. DeMarcus and Hopper [57]
re-examined his work and determined his results had an error of 0.1 percent. Their
work was numerical and bounded the solution in what they termed a “squeezing”
method. Since their results did not contain analytic solutions, Berman [22] later
derived asymptotic expansions (for long tubes) and series expansions (for short

tubes) to Clausing’s integral (3-93):
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2 3 4
R=>L WD&B=1—(LJ+ L2 + 5L3 + L R
2R 4R 48R 32R (3-97)

wecr - (2R () (27)

In
1817 30
(3-98)

+[8R3j_ 231!24[1r1(%)]2 +O[R4J

30 r

Others developed solutions and bounds to Clausing’s integral [183, 178, 70],
however, some the best results were achieved by Cole and Pack [50] who were able
to achieve results with errors no greater than 8.6x107% %. Tao [261, 262] introduced
the “dusty gas model” as a method to solve the thermomolecular pressure
difference. Santeler [219, 220] later derived transmission probabilities for
rectangular tubes whereas Bassanini [18] and Steckelmacher [247, 249] looked at

rectangular and elliptical cross-sections.
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CHAPTER 4 THE BOLTZMANN DISTRIBUTION

While many papers are devoted to the well known problem of free molecular flow

through a tube, a true analytic solution is still not available when intermolecular
collisions are present. It is clear that the transmission probability method is not
suited for a complete analysis in the transition regime and a new approach is needed
which adds a collision model. The Boltzmann equation includes such a model and
makes it possible to look at the macroscopic quantities derived from the individual
motion of the each molecule. This section outlines this method and builds a
foundation for the numerical/statistical technique called Direct Simulation Monte

Carlo.

4.1 The Boltzmann Equation

To this point, this dissertation has used an average value to describe the velocities of
molecules. This assumes the mean is representative enough of the gas to be able to
determine the state of the gas which is not totally accurate. A fundamental idea
behind kinetic theory is the molecular distribution law which says a gas is
comprised of a set of molecules at a distribution of velocities and locations. In
equilibrium, the number of molecules having certain velocity should remain the
same. Rather than trying to calculate the state variables for each molecule, the
derivation of the Boltzmann distribution [102] below follows Bird’s [29] method to
show how the macroscopic quantities of the distribution is determined as a

representation of the entire gas.
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Consider the phase space shown in Figure 4-1. The volume shown represents a
molecule with velocity components between u and u+du, v and v+dv, and w and
w+dw where u, v, and w represent the velocities along the x, y, and z axes. The
velocity vector, ¢, is drawn from point O to the volume element and represents all
molecules with velocities in that geometric volume. Assuming the molecules follow
the distribution law, the number of molecules, dN, lying in the volume is

dN = Nf(c)dudvdw (4-1)
where N is the total number of molecules and f{c) is the velocity distribution
function which gives the fraction of molecules with a particular velocity. This
equation can also be written as:

dN = Nf(c)de (4-2)

dv

C du

Figure 4-1: Velocity Space
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since dc is the same volume element as dudvdw. f(c) can now be simplified to f and

calculated for all velocities

L], ftudvdw=" fic=1 4-3)

It should be noted that the distribution function cannot be negative and it has finite
bounds. For most problems it is important to have the distribution determined by
position which would make the overall state of the molecule be described by a 6N
phase space. Within the velocity space described above a position vector and
volume element can also be introduced using the variables r and dr. Equation (4-2)
would then become
dN = F(e,r,t)dcdr (4-4)

where 7 represents a single particle distribution in phase space. Knowing that the
number density n=N/dr the following identity can be rewritten as

nf = nf(c, r,t) = ff(c, r,t) (4-5)
This function can be applied to multiple particles, gas mixtures, and gases of various
densities. For the context of this dissertation the focus is on dilute gases of a single
species. While monatomic gases like Argon fit into these parameters, any diatomic

or polyatomic molecules must include internal degrees of freedom.

Now assuming the volume element above doesn’t change with time, the rate of

change of the number of molecules in that volume space is
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%(nf)dcdr (4-6)

In the absence of outside forces, the only other processes that contribute to the

number of molecules within dedr are:

1) The motion of molecules across the surface surrounding dr with a single
molecular velocity, ¢. In this case the physical and velocity spaces are kept
separate which allows the two variables to be treated independently.

2) The change of velocity of molecules caused from binary intermolecular
collisions. In this case the collisions affect only the velocity of the particles

while the position vector remains the same.

The conservation of molecules through surface dr with velocity ¢ is given by the

equation

Jnf(c -e 1S dc 4-7)

Sr
where e, is the normal unit vector across the surface, S,. Gauss’ theorem converts

this from a surface to a volume integral

— [V -(nfelirde =V - (nfe)drde (4-8)

which can be simplified to
0
c: P (nf )dcdr (4-9)

If we assume there are no molecular collisions (item 2) then the description of

molecules in drdec becomes:
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%(nf )dcdr +c- g(nf )dcdr =0 (4-10)

Finally, solving this for the entire position and velocity space gives the Collisionless

Boltzmann Equation:
0 0
—(nf)+c-—(nf)=0 4-11
= ) +e—(nf) (4-11)
Including collisions, Boltzmann’s equation would be
0 0 .
= {nf Yedr +e-(nf Medr = 0( ") 4-12)

where Q(ff") is he collision integral. In order to determine this integral we only
consider binary collisions and the velocities of these molecules both before (¢, ¢;)

and after (¢, ¢;) the collision. The collision cross sectional area is defined as

o=rmd’ (4-13)

where d is the diameter of molecule. It can be assumed that one molecule is
stationary and another is moving at a velocity, ¢,, which in reality is the relative

velocity of ¢; to ¢. In three

Figure 4-2: Collision area
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dimensional space, the cross-sectional collision area is odw. For molecules with
velocity, ¢,, the number of molecules that a single molecule collides with per unit
time is:
nf,c,odadc, (4-14)

For the unit element, there are nfdedr molecules with velocity ¢, so the total number
of ¢-c; collisions is:

O ). = fic, odde, dedr (4-15)
This equation gives the number of molecules that scatter out of the phase space
element dedr due to pre-collision To calculate the molecular collisions that move

molecules into the element due to collisions, inverse collisions are used. This

produces the following:
Q(ﬁr *)c,clec*’cl* =n’f fl*cr*(aa’a))* dcl*dc*dr (4-16)
The rate of increase of molecules with velocity, ¢, is found by subtracting the

number of molecules leaving the element from the number of molecules entering the

element.

O ) = 1°|f f7¢, (0de) de,"de” — fc,odende,de ir (4-17)

If momentum is conserved in the collision, the collision term becomes the

following:

Q(ﬁ*)dcdr = nz(f*fl* - 1 )c,.oda)dcldcdr (4-18)
Since this integral only comprises a single phase element, it must be integrated over

the entire velocity and positions space:
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o(#)= T j (£ £ = f1, e, cdeode, dedr (4-19)

Substituting this back into equation (4-12) and dividing by dedr gives the

Boltzmann Equation (BE) for a dilute gas.

(nf j j (£ 1 o, (4-20)

4.2 Moment Equations

Now that the BE is defined, it can now be used to determine the macroscopic

properties of interest. Let’s take a molecular quantity Q whose mean is
0=— [odv (4-21)
Ny )
This quantity can be related to the distribution function using equation (4-2).
=—ij )Nde = ij (c)de (4-22)

Macroscopic properties are referred to as moments of the distribution function since,
as shown above, they quantity is set as a moment to the function. The same can be
performed on the BE (equation (4-20) which will allow us to determine the property

change within the system:
d d T
Qa(nf)+Qc-5(nf)=QL£n (r £ = 17, ), cdende, (4-23)

The first term on the left can be rewritten as
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o0

0 ()= |

£ (o e 424

since Q and f are functions of the molecular velocity. This can then be simplified
using (4-22) to

0

p

a (.
(nf)= E(Q") (4-25)

The second term uses a similar process to bring Q into the equation knowing that

both Q and ¢ are independent of position and time in this portion of the equation.

] .
Qc:—(nf)= | V-(cOnf Je (4-26)

—00

This can be simplified to
a —
QOc E(nf) =V. (ch) (4-27)

The right hand side of the equation is changed by bringing Q inside the equation:

w4x w0 w4r

8o(f)=0[ [w(r i — fh ke odende, = [ [ [0n*(° 7 — g odandede (4-28)

—0 0 —o00—00 0

Substituting (4-25), (4-27) and (4-28) into (4-23) gives the Boltzmann Transfer

Equation.

- 4z

20)ev-(eon)= [ [ Jorly s - gk onede (429)

This equation describes the change of a macroscopic property Q as it changes with
position, time and in the presence of intermolecular collisions. The right hand side
of the equation can be rewritten to show the change in quantity Q from inverse

collisions is the same as the change in O from direct collisions (Bird).
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Ly 4

Slorev-o)- [ rloro-0 -0 s htoneae w30

Assuming there is a conservation of the property Q (i.e. Q is mass, momentum or

energy), then

0+0,=0"-0/ (4-31)
which is the definition of a summational invariant [102]. Q could then be written in

its most general form:

QzAémcz+B-mc+C (4-32)

4.3 Equilibrium

The significance of the H theorem lies not only in its application to the distribution
law, but more importantly, H describes an irreversible change in entropy despite
underlying reversible gas dynamics. To understand this, let’s simplify equation
(4-20). Assuming spatial uniformity of the gas, the 2™ term in the equation can be

eliminated which then becomes:

o 47

0, .
Z_ 2 (1~ 7 ) e (4-33)
Now H is defined as
H= lninfi (4-34)

which can also be written as

H= T £ In(nf e (4-35)

89



Substituting In(#nf) into (4-33) and using the form of the collision term from (4-30)

we get

OH nT7%
aall

4r

[0 +1n ;0 s ~tn 7N~ 1 £ odeode de (4-36)

This can be simplified to

88_1;’ -2 T TTln[f{?; : }( 7~ 11 k. odede,de (4-37)

This equation can only have a negative or zero result which means H will always
decrease in value:

oH
—<0 4-38
o (4-38)

Now let’s assume 0H/0r=0. This would mean

Bi=ff =0 or In(f)+In(f;)=In(r")+n(s) (4-39)
which is equivalent to the summational invariant shown in (4-31). Equation (4-39)
is the definition of equilibrium which states the velocity distribution does not vary

with time. Now, using (4-32) we can write In(f) as
|
ln(f)zAEmc +B-mc+C (4-40)
Let’s now introduce a new parameter called the peculiar velocity:
c'=c—c, (4-41)

where c is the total velocity and ¢, is the stream or bulk velocity. Equation (4-40)

can then be written in terms of its peculiar velocity

In(f)= A%m(c'+c,,)2 +B-m(c'+c,)+C (4-42)
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Carrying out the multiplication
1 12 ' 1 2 1]
ln(f):AEmc +Amccu+A5mcu +B-m(c'+¢,)+C (4-43)
Rearranging this into velocity components gives
1 12 i 1 2
ln(f)=A§mc +m(AC°+B)-c +A5mco +B-mc, +C (4-44)

If the gas is in equilibrium then the coefficient to ¢’ must be zero, thus

—-Ac, =B (4-45)
Therefore,
1 12 1 2
In(f)= AZme” —A—me,” +C (4-46)
Thus
1 2 1 2
f=exp AEmc —AEmco +C (4-47)
Now we define a new constant
.
p = Aam (4-48)
Substituting (4-48) into (4-47)
f= exp(— [’ + ,6’2002 + C) (4-49)

Using the relation in (4-3), equation (4-49) can be rewritten as
[ fide = exp(pic, + [ expl- g2 Jie' =1 (4-50)

After evaluating the integral on the right side of the equation,
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o SR

Substituting this back into (4-49) gives the Maxwellian Distribution for equilibrium

which is the same equation as given in (1-4).

f, = ﬂ—%eXp(— p”?) (4-52)

T

The average velocity can be found using the distribution equation and (4-21) where
O=c

c=[efde (4-53)
From (3-10) we know

¢ =3RT (4-54)

Thus, to get the maxwellian into its more common form we must use (4-53) and

(4-54) and the relation A=mR

2 3kT IB3 ”? 2 12
= — (& _ C -
c - 7[% J.c xp( c )d (4-55)
This yields
,  m
=— 4-56
B AT (4-56)
Finally
% 12
m mc
= — - 4-57
& (2;sz) eXp( 2ij (+57)

Equation (4-53) showed how the macroscopic velocity of the gas could be

calculated from the distribution. Here are some other properties:
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Number ©

N = j fde (4-58)
Flux 0
Temperature r=2 ICZ fde (4-59)
3k 3
Pressure P= % ¢’ fde (4-60)
Heat Flow q= % cefle (4-61)

4.4 Flux

If we assume a gas flows in a particular direction with the velocity ¢, then each
molecule has a velocity component

u=u'+c,cos(6)
v=""+c,sin(6) (4-62)

w=w
where 6 is the angle between the normal of a surface element and the velocity vector
¢,. If the x-axis is defined as directed toward —e,. Using (4-53), the (positive) flux

across the surface element per unit time is given by
00 00 00

0,y =n | | | Qufdudvdw (4-63)

—00—00()

We know from (4-52) that in equilibrium (4-63) can be written as

Q'C,A = n_%3 T T_TQu exP(_ Bc” )dudvdw (4-64)
T

—o0—00 ()

Dividing ¢’ into its components gives

93



- ”f/j T ﬁgu expl A2 (" + v + ' )ldudvdw (4-65)

T
Now substitute (4-62) in for the velocities to get the flux in terms of the peculiar

velocities.

1 T T T Olu' +c, cos(é’)]exp[— Vi (u'2 +v7 4+ w'z)]du’dv'dw' (4-66)

If we want the number flux across the surface element, use (4-58) where O=1.

0

nﬁ ﬁ j u'+c, cos(0)]expl- 5w + v +w'? JJu'dv'dw’ (4-67)

OOOOLCOS

We can now separate the integral into individual independent variables

= oo Joe e

T
} (4-68)

—00

x{ T[u'+c0 cos( )]exp( Bu '2)d

-, 005(6’)

The integrals can then be solved to give

(4-69)

N exp(— ¢, p? cos’ (6’))+ 72'%6'0,3 cos(é?)[l +erf(c,p cos(e))]
dA ﬂ 27[%

The relation ¢,f is an important relation in this equation. It shows the relationship
between the most probable molecular velocity, ¢, and the bulk velocity, ¢,. It can

be shown that
C, =— (4-70)

Therefore substitution gives us the molecular speed ratio.
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Replacing f with (4-56) we can also find its relation to the temperature

For a stationary gas, ¢, is equal to zero which means (4-69) reduces to

n

NdA =
27r%,5

If we substitute f once again we get

. RT
Nog=nmf=>—

which is the same result Knudsen found for his effusion calculation in (3-5).

4.5 Solution Methods

4-71)

(4-72)

(4-73)

(4-74)

It can be seen that in the free molecular regime the Boltzmann equation is much

easier to solve since the collision integral is zero. For flow in the transition regime,

there are effects of both continuum (hydrodynamic) flow as well as molecular flow,

so in these instances it is difficult to solve the BE through analytical techniques so

other methods [25, 255, 282] must be used. Below are some of most common

solutions being used to analyze microflows today.
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4.5.1 Moment Method (Grad’s method)

In near hydrodynamic regimes, there are two analytical solutions which are
generally used. The first is the Moment Method which assumes the distribution

function is a series function:

f(t,rv)=f (a(O)H(O) +a,§?)H;?) +,_,+%a;7f%Hé?’f% +j (4-75)
where:
z 2
2 _
£M(n,T,u) = n(t,r) _m exp _M (4-76)
271k, T(t,r) 2k, T(t,r)

and Hal(N) are the Hermite polynomials defined as:

N
T . 2 N 2
HY =" kT2 exp my X 0 exp| — my (4-77)
m 2k,T ) 0V, .0V, 2%, T

The coefficients (o) can then be expressed using the moments of the distribution

function which in turn are used to describe the macrocharacteristics of the gas.
Since the distribution function assumes a condition of being continuous for all
velocities, it has the limitation of being used only in lower number transition

regimes.

4.5.2 Chapman-Enskog

The second set of analytical solutions is the Chapman-Enskog method. This

solution is expanded into a power series where:

f=fO+Kn- fO+Kn® [P +... (4-78)
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Assuming the distribution function is only dependant on the number density n(t,r),
the spatial velocity u(t,r), and temperature T(t,r), then after substituting f into the

BE:

= fu (4-79)
The second solution f™ is found using the previous one N, As with the Moment
Method this solution is limited to near hydrodynamic regimes since the perturbation

assumption is for small Knudsen numbers.

4.5.3 BGK - Isothermal Gas Flows

Two solutions called the Model Kinetic equations are used to determine flow
characteristics for arbitrary Knudsen numbers. The main concept for this type of
technique is to modify the collision integral in the BE in order to simplify it enough
to derive an exact solution. The first type of method is one of the most widely used

and is called the Bhatnagar, Gross, and Krook (BGK) method.

The BGK method assumes:

Qo () =V - 1] (4-80)

Where v is the collision frequency and is assumed to be independent of the
molecular velocity. There are three different methods for choosing v. The first is to
use the Chapman-Enskog method which says:

_Vvr _4P(r,p)

= (D) (4-81)
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where vris the average thermal velocity, x is the viscosity, and A is the mean free
path. This value doesn’t give an accurate result according to the Chapman-Enskog

model, so a solution considered more accurate is:

SEiLD) (4-82)
u(T)
The third equation for the collision frequency is:
Sk, P(r,t) 2 P(r,t
V= b (V, ):_ (V, ) (4-83)

C2m k(r,t) 3 w(T)

where £ is the thermal conductivity coefficient, and k; is Boltzmann’s constant.

Loyalka [149-158] has used the BGK method to describe thermal transpiration in
cylindrical tubes, parallel plates, and rectangular channels as well as the slip and
velocity profiles. His most expansive work was developing the kinetic theory for
thermal transpiration and the mechanocaloric effect. In addition, both he and Sone
[242-245] described temperature jump flows and temperature gradient profiles
within channels. Sharipov [230] expanded this work by removing lateral wall
effects in his analysis of rarefied gas flows in rectangular channels. A limitation to
the BGK method, however, is it produces the wrong Prandtl number and without
modification should only be used for isothermal flows with small perturbations.
Alexeenko [8] produced a comparison of DSMC and BGK in thermal creep
problems which yielded a good comparison, however there is disagreement over

whether or not the BGK method is best suited for this sort of problem.
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4.5.4 Sharipov’s S-model

The second model equation which does provide the correct Prandtl number is the S-
Model. This method is used for any linear, non-isothermal gas flows. The collision

integral is assumed to be:

Pl . 2m A myt o5 )
Qs(ﬁ*) _;{floc |:1+ 151’1(ka)2 q V(2khT 2]j| f} (4 84)

Sharipov [227-229, 231] used this method to describe gas flows at any temperatures

and flows through a slit and circular channels. His most comprehensive work which
reported results for channel flows in all dilutes regimes is presented in [232]. It is
generally used in conjunction with a linearized Boltzmann equation which is

described next.

4.5.5 Linearized BE — Weakly non-equilibrium

Linearization of the Boltzmann Equation is performed by one of two modifications
of the distribution function. The first modification is to write the function in terms

of the absolute Maxwellian, f,:
fe,v,0) = f,(n,,T)[1+h(r,v,1)] (4-85)
which uses the equilibrium number density n, and the equilibrium temperature 7.

The absolute Maxwellian is defined as:

3

2 2

M n,T,a)=n, ” X exp| — s (4-80)
27, T, 2k,T,

o

The linearized BE then becomes:

99



oh oh
-ty — =

a Y (4-87)

where:
Oh = jfoM w(v, v v, V) (B + b —h—h,)dv,dv.dv' (4-88)

From this the macroscopic characteristics can be determined as:

n=n,+(1,h) (4-89)
nu=(v,h) (4-90)
m ) T
T=T + ) ——2— -
3 T @91

The other modification to linearize the BE is to use the local Maxwellian instead of

the absolute Maxwellian. This equation is:
fe,v,0 = £ (0, T0)1+ h(r, v,0)] (4-92)

This yields the linearized version of the BE:

oh oh 1 on mv:  3)10T
+v-—=0h—-v|——+ -2 |- (4-93)

o or nor \2k,T 2)T or

Several authors have reported on the use of the BE to solve the thermal transpiration
problem. Siu [238] used a modified form to determine the pressure limits of
thermal transpiration. In 1978, Storvick [254] used the BGK solution method to
compare his experimental results for the thermomolecular pressure difference for a
variety of gases. Recently Takata [259] derived a method to separated gases using
the BGK solution, however, he reports the model gives erroneous results. The gas

separation idea was originally submitted 40 years earlier by Gilliland [91] who

100



performed Reynold’s experiments through porous solids. Ohwada [195] and Chen
[42] derived a solution to thermal transpiration using the linearized BE for highly
rarefied gases. Bahukudumbi [15] also used the linearized BE to predict lubrication

in air resistance slider bearings.
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CHAPTER 5 DIRECT SIMULATION MONTE
CARLO

5.1 Introduction

Direct Simulation Monte Carlo (DSMC) [7] is emerging as the favored analysis tool
for the study of rarefied gases. When compared to other numerical solutions of
mathematical models, DSMC has an advantage in that numerical instabilities are
absent because the model simulates the physics of the real gas. The drawback to
using DSMC is the exaggerated scatter caused from the model using simulated
molecules to represent a large number of real molecules. In order to achieve
accurate results in the continuum regime, a large number of particles would be
needed which would drive the computational cost to levels which might not justify
the method. However, when the critical dimension is small and/or the Knudsen
number is large, the number of simulated molecules approaches the actual number
of real molecules in the system. This leads to higher accuracy and can even

simulate fluctuations present in the real flow.

Thermal transpiration (or thermal creep) demonstrates this situation because the
phenomenon occurs when the channel size is on the order of the mean free path of
the gas. Thermal transpiration is the unique phenomenon of gas molecules flowing
through a channel from a cold region to hot region and creating a thermomolecular
pressure difference (pressure difference caused only by the thermal gradient along a
channel). The only requirement is the gas must be rarefied enough so that wall

collisions are more dominant than inter-molecular collisions.
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Bird’s DS2V program uses the DSMC method and can be applied to a variety of gas
flow situations. It has the added advantage that it can be run on a single computer
which makes it available to all groups of users. DS2V employs the use of separate
sampling and collision cells to evaluate the flow and has an adaption method to
adjust the collision elements based on the density of particles. Presented below are
the results of the DS2V simulations showing the pressure distributions along the
channels at various levels of rarefaction in the slip-flow, transition, and free
molecular regimes. Mass flux data under no pressure gradient is also given as a

function of Kn.

5.2 DSMC — A Review

Monte Carlo is one of many computational simulation techniques used to study
physical systems. It derives its name from the Italian city where the ‘games of
chance’ have a similar characteristic of random behavior. It is this unique
characteristic that separates Monte Carlo from other methods. The simulation
process is stochastic meaning each successive step is randomly determined by
taking a sample from a probability distribution. Other methods are typically

deterministic whereas Monte Carlo is probabilistic.

The first use of a Monte Carlo technique in small tube flows was done by Davis [56,
40] to calculate rarefied molecular flow rates through pipes of various shapes and

sizes. He described a method of calculating flow rates in complicated connectors in
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vacuum systems, which were not complicated by the difficulties of evaluating

complicated integrals introduced by Clausing and Lorentz.

Seven years later, Ward [276] developed a Knudsen cell and studied the vapor
emission distribution from it. The results from both experiments and the Monte
Carlo calculations were in agreement with the cosine law/distribution. Beijerinck
et. al. [19] used the same method to study the random walks of molecules under free
molecular flow in tubes. Their work compared favorably with the cubic
approximations of DeMarcus and gave approximations of the wall collision rates,
transmission probabilities and angular distributions. Adamson [2] used the test-
particle method to look at thermal molecular beams. Bird [27, 28] was the first to
introduce what would eventually be called Direct Simulation Monte Carlo (DSMC)
in 1963 as a method to study the velocity changes of gas approaching a state of

equilibrium. His values agreed favorably with the work of Alder and Wainwright.

DSMC solves the Boltzmann equation [190, 273] for fluids by using individual
simulated particles (or molecules) to model the behavior of thousands of real
molecules. These simulations are very useful due to their simplicity and great
speed. One of the key components for this method to work involves de-coupling the
motion and collisions of the molecules. This procedure is outlined in greater detail

below.
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DSMC began to emerge as a prominent component of gas simulation in the late
1980s and early 1990s. While, the initial demand was primarily for rarefied gas
dynamics as it relates to hypersonic flows [44] and shock waves [186, 67], two
concurrent factors began to draw the attention to other areas. The first was the
growing interest and development of microfluidic systems and nanotechnology.
Within a short time the scale lengths of fluidic channels were on the order of the
mean free path of the gas which introduced new phenomenon as well as new
problems to solve. In 1992, Piekos [208] outlined the viability of using DSMC for
MEMS analysis by simulating microchannel flows in the slip-flow and transition
regimes as well as through a micro-nozzle. His work was based on the work of
Arkilic [12-14] who studied slip-flow problems through silicon microchannels. The
second factor spurring the growth of DSMC was the improved speed of personal
computers which opened the door for simulations of continuum flow (and the
associated large number of molecules). Oran [202] presented a good summary of
many other applications of DSMC in the early and late 1990s. In the decade since
that time, DSMC has been used to study all types of gas flows including gas mixing,
chemical reactions, flow through nozzles, aerosols, filters, vapor depositions, shock,

hypersonic flows, air bearings [80], etc.

In the arena of micro-flows, Gallis, Rader, and Torczynski [83-84] reported on
thermophoresis in rarefied gas flows. Their work studied both monatomic and
diatomic gases and the forces applied to the particles by the thermal gradient created

between two plates at different temperatures. They later extended this work by
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determining the velocity distribution of molecules in near continuum conditions
under Fourier and Couette flow conditions. Park [206] also studied Couette flow
under time-periodic oscillatory conditions. In 2001, Wu and Tseng [282] ran
simulations on low Knudsen number flow through tubes, t-channels, and along
surfaces such as those on a hard drive. Sun [256] also performed similar work with
a focus on the effects of compressibility, rarefaction, and surface roughness. He
presented axial pressure distributions, velocity profiles, and friction coefficients as a
comparison to experimental data. His DSMC simulations confirmed that rarefaction
didn’t affect the pressure distribution but changed the slip at the wall in slip-flow
and transition regime flows. Aoki [11] presented an analysis of the flow induced
between two coaxial elliptic cylinders. Wang [275] also studied micro-geometries
of low-Kn flow with the addition of Poiseuille flow through orifices and around
corners as did Shinigawa [235]. A similar work was performed by Alexeenko [7]
who studied how flow rates and pressure losses were impacted by constrictions in
the micro-channels. She validated her results to Arkilic’s analytical expression for
mass flow rate in slip-flow. It is her conclusion that Navier—Stokes equations may
be used with reasonable accuracy if the surface velocity-slip conditions are
appropriately modified. In Prasanth’s review [212], however, he argues that as the
rarefaction increases and flow go into the transition regime, the Navier-Stokes
equations yield poor approximations to the physics of gas dynamics as they relate to

transport terms for mass, diffusion, viscosity, and thermal conductivity.
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It is this area (transition and free molecular regimes) which is of primary interest
and more specifically the simulations of micro-channel flows under a thermal
gradient. In 1997, Mavriplis [172] conducted a study of heat transfer in short
microchannels. Using pressure boundaries at each end of the channels, he
determined the temperature gradient and heat flux in the channel for various wall
temperatures. In one simulation, he divided the wall into alternating segments of
temperature jumps. This was possibly the first DSMC study of a non-isothermal
flow through a microchannel and was performed on a personal computer. In 1998,
Wong [280, 281] performed a preliminary study of thermal transpiration. While not
a complete discourse on the subject, it showed that DSMC was a feasible option for
studies of this type of flow. Nishizawa [193] performed a DSMC analysis of
thermal transpiration of a capacitive diaphragm gauge. For his system the cosine
law distribution was insufficient to describe the real effects as it produced a high
pressure area along the central axis of the channel. Alexeenko [8] studied thermal
transpiration in microchannels using the SMILE DSMC code. She chose 5 Knudsen
numbers between 0.05 and 50 to study the effect of a single pressure ratio and
multiple temperature ratios on the flow. For the solely temperature driven case, she
used both step-wise, linear, and non-monatonic temperature gradients on the walls.
While the difference between the step-wise and linear was negligible in terms of
overall pressure difference, there was an expected temperature jump on the step-
wise interface. Her work presented another preliminary study of thermal
transpiration, however, the mass flux results presented were for a single Knudsen

value of 0.2. Her equivalent 2D number flux was 6.8E19 molecules/s.
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Papadoupoulos [205] and Masters [170] both looked at thermal driven flows,
however, their results are for enclosures and couette systems only and do not deal
with flow through channels. This current work presents a DSMC analysis of the
mass flux and pressure ratios resulting from thermal transpiration in short

microchannels at a wide range of Knudsen numbers.

5.3 DSMC Procedure

There have been several new modifications [202, 162] and techniques developed
recently in the DSMC method, however the basic principle remains the same. Our
simulations used Bird’s technique and it was his expertise and advice that enabled
us to obtain the results shown below. Now, Direct Simulation Monte Carlo
(DSMC) Technique involves four main steps:

1. Motion of the particles

»

Indexing and cross-referencing particles

3. Simulating collisions

4. Sampling macroscopic characteristics of the flow
The flow field is divided into small cells similar to a finite-volume method of
analysis. The cell size should be on the order of 1/3 the mean free path and the time
step is about half that of the mean collision time. The analysis involves a simulation

of particle motion rather than mimicking the real motion.

The first step is to move the particles. During this step there will be interactions
with the boundary so boundary conditions must be known which include

accommodation coefficients. At this time it is necessary to include any outside
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forces and other physical phenomena included the analysis. The second step is the
key step in the DSMC method. Molecules have moved since the last position so
these individual positions must be indexed. Since the number of particles is
extremely high, it is important to efficiently record the motion of particles into and

out of each individual cell in the flow field.

The third step is to simulate the particle collisions using a probabilistic method.
This is typically a collision model called the no-time-counter technique which
calculates collision rates within the cells and collision pairs within subcells. This
method improves accuracy by ensuring the collisions occur between cell neighbors.
The fourth step is to calculate the macroscopic properties of the flow at each cell
center. Steady flow conditions can be time and space averaged and unsteady flow

characteristics can be obtained by ensemble averaging independent calculations.

There are a few limitations and errors associated with the DSMC method:

1. Finite Cell Size: The size of the cell should be around 1/3 that of the mean
free path. If the cell is larger then there develops unusually high viscosity in
the analysis due to undeveloped diffusion parameters. If the cell size is too
small then many of the cells will not have particles in them and the statistical
results will be skewed.

2. Finite Time Step: The time step must be sufficiently small to assure particles
do not go through more than one cell at each step, otherwise, collisions

could be missed.

109



3. Ratio of simulated particles to the Real Molecules: Typically each particle
represents 10'* to 10" molecules. This can be too high if there are any sort
of complicated dynamics. If the ratio of simulated particles becomes too
high, then the statistical scatter of the solution is increased.

4. Boundary Condition Treatment: The inflow and outflow boundary
conditions are especially important. Typically the number density,
temperature and average velocity should be provided at both the inlet and the
outlet. This will significantly reduce the undesired numerical boundary
layers at these regions. Also, for high Knudsen numbers, it is important to
determine the influence a body in the flow has with relation to particles in

the inlet or outlet.

5.4 A comparison of Methods

There has been much discussion over the best method to analyze gas flows in
microchannels especially gases that are dilute. Proponents of Navier-Stokes (NS)
[5, 34, 68, 218, 271, 278], Molecular Dynamics (MD), the Boltzmann Equation
(BE) solutions (i.e. BGK, S-Model, etc.) and Direct Simulation Monte Carlo
(DSMC) tend to champion their method while outlining in detail the short-comings
of opponent methods. It has become apparent to the author that there is not a single
method for all gas dynamic solutions. There is therefore not a need to rigorously
align oneself to a single method but to understand each method and apply it to the
application which suits it best. Since the focus of this work concerns DSMC, we
will begin with an analysis of this method and explain why it is probably the best

method to characterize thermal transpiration in microchannels.
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As mentioned above, DSMC traces and calculates the motion of hundreds of
thousands of particles to determine the macroscopic quantities of the gas. While
similar to MD, it is different in that a single particle represents many molecules
instead of the one-to-one relationship in MD [46, 47, 26, 6]. Since MD is based on
classical mechanics and Newtonian physics it is valid for all flow regimes, however
it can become impractical for many flows due to the number of simulated
molecules. DSMC, on the other hand, brings a reduction in the total number of
particles and reduces the computational time, however, it can still be
computationally intensive compared to some methods and the particle-to-molecule

ratio introduces a statistical scatter.

For dilute flows, the Boltzmann equation is often a good options since it is based on
a physical interpretation of a real gas and can be solved with great speed. The
problem lies in the nonlinear collision integral which is difficult to solve for all but
the simplest problems. The way to solve the Boltzmann equation then is to linearize
or modify the collision integral. The most common approach is to apply the
Bhatnagar-Gross-Krook modification, which is based on an expansion of 1/Kn.

The BGK equation is thus most accurate for problems in which perturbations are
small and boundary conditions are prescribed in terms of equilibrium distributions.
One drawback with the BGK method is it doesn’t represent highly non-linear
problems and it doesn’t accurately represent flows with both viscous and thermal

forces. This results in a predicted Prandtl number of 1, rather than a value close to
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2/3 appropriate for a monoatomic gas. It is thus important to take great care when
calculating flows involving heat transfer as in the case of thermal transpiration.

The S-model modification to the BE collision integral seems to have fixed the
thermal/viscous problem however it is still too rigorous of a calculation to solve the

integral for anything other than simple geometries.

The linearized Boltzmann equation is often used when the flow is somewhere
between the free molecular and slip regime. In the slip regime the Knudsen layer is
limited to the region of the wall typically within the distance of a mean free path.
While the Navier-Stokes equation models the bulk flow away from the walls the
model breaks down in the “slip” layer [97, 295]. Thus, the solution is often derived
using a dual-solution method where a Navier-Stokes technique is used in
conjunction with a kinetic boundary layer “correction”. In this case the solution can
be obtained using asymptotic approaches for the linearized BE. It is important to
note that the solution leads to an “effective” boundary condition [24, 241] that

opponents to the NS method for this regime call a “correction factor” [4].

Now, several sources have determined the criterion for failure of the continuum
regime to be Kn>0.05. Thus, as the gas becomes more dilute and moves from the
slip regime to the transition/free molecular regimes, the Navier—Stokes equations
break down even more since there are more manifestations of temperature jump and
velocity-slip. The reason for this is that the constitutive equations that relate the

shear stress and heat transfer to other variables break down. More specifically, the
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linear transport terms for mass, diffusion, viscosity, and thermal conductivity in the
partial differential equations are no longer valid. Thus, the flow of a dilute gas
require a kinetic-theory description/method which points to DSMC as one of the

most likely candidates.

DSMC is widely used when macroscopic gradients can no longer be considered
small in comparison to the mean free path. The first advantage of DSMC is it
brings a physical model of the gas itself which lacks any numerical instabilities that
occur in other numerical solutions of a mathematical models. Second, it also has a
simple enough algorithm which allows for straightforward incorporation of higher-
order physical models and for application to complex geometries. While it avoids
the difficulties involved with the collision integral in the BE, it has been proven to
be equivalent to solving the Boltzmann equation for a monatomic gas undergoing
binary collisions (since this is the limit of the BE) [190]. Opponents of DSMC
identify some concerns with statistical scatter, random walks, and other types of

errors unique to this method so these are now discussed in greater detail.

5.5 Errors in DSMC

Because of the stochastic nature of DSMC, there are statistical errors that make the
method less attractive. These errors depend on the selection of numerical parameters
such as the time step, cell size, number of samples and the total number of simulated
particles. Both the cell size and time step [87] should be suitably chosen so

individual particles do not pass completely through a cell in a time step so as to miss
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a possible collision with another particle. Care should also be taken to avoid
repeated collisions within a cell since studies have shown that the fraction (>20%)
of repeated collisions is a reliable indicator of deviation of simulation [212]. Bird
introduced the ratio between the mean collision separation (mcs) and the mean free
path (mfp) as the key parameter to determine the quality of a simulation which in
turn stipulates the time step and cell size. As long as mcs/mfp << 1 the calculation
should be accurate. This ratio can be reduced by adding more simulated molecules
assuming cells are small enough to maintain the “nearest-neighbor” collision.
Another consideration to the cell size is with regard to sampling. If macroscopic
properties are sampled for every cell the database becomes cumbersome. For most
applications the sampling resolution doesn’t need to be this fine so separate
“Sampling” and “Collision” cells are used conjunctively and are completely

independent of each other.

While this is an advantage of DSMC, care must be taken because a particle is often
sampled several times with the same property in one cell before it collides with
another and changes its properties. The collision rate thus can be one measure of
the statistical error in the simulation. However, the collision rate can vary greatly in
a flow field, so it is more difficult to analyze the statistical error. This is also
complicated by the fact that statistical errors also depend on the models employed
for intermolecular interaction. Chen [43] reported that the errors are the smallest for

hard sphere interaction, since this model produces the highest collision rate. This
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error is altogether eliminated in collisionless flows where the only error is due to the

number of molecules used for averaging.

To find a solution for the DSMC method, the macroparameters of a flow are
obtained by averaging particle properties over a certain number of time steps. The
source of the statistical errors is the process of taking a sample average in a finite
volume. Since they represent different moments of the distribution function, it is
expected that the density (the zeroth moment), Temperature and Pressure (second-
order moments), and other parameters will show different forms of fluctuation and
errors. Still, the errors have an asymptotic behavior so that as the contribution of
each cell is accumulated and averaged over time the correct solution should be
achieved as the sample size goes to infinity (which some have termed

“convergence”).

One example of this error has been well documented in analysis of low-speed flows
[86, 98, 265, 69]. From above, we know the velocity can be divided into two
components, the peculiar velocity and the bulk velocity. It is entirely possible that
the error in the peculiar velocity of a flow could be greater than the velocity of the
bulk flow even to many orders of magnitude. This signal-to-noise ratio would be
much less than 1 which is unacceptable. This error is inversely proportional to the
sample size, and can be reduced by increasing the sample size by either increasing
the number of particles in the computational domain or increasing the number of

time steps used in the sample. If we look at a low-velocity flow with a high number
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density it would take an enormous number of timesteps for a particle to make one
complete pass through the entire computational domain so the only course of action

would be to increase the total number of particles.

This leads to a discussion of the number of particles used in a simulation or more
specifically, the particle-to-molecule (ptm) ratio. The statistical scatter from the
ptm ratio is assumed to follow the Poisson distribution with a standard deviation on
the order of the inverse square root of the sample. The advantage of using DSMC
with microflows is that even with dense flows, the size scales of the channels are
typically such that the ptm ratio approaches 1. In this setting, the scatter and errors
in other simulation techniques are numerical, however with particle based methods
(like DSMC) ,Garcia [85] proved it is a physical phenomenon. Fluctuations in the
simulation proved to be an accurate model of real fluctuations in the actual gas.
Because of this, we see that in regard to thermal transpiration in microchannels,

DSMC goes beyond the capability of the NS and the BE.
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CHAPTER 6 2-D DSMC SIMULATIONS AND
RESULTS
Y

L.

P1,T1 P2,T2

A
Y

Figure 6-1: Channel Layout

Figure 6-1 shows the geometry used for all of the DSMC simulation studies. We
use a modified form of Bird’s DS2V program which is for use on a personal
computer. All simulations were run using a processor ranging from a 3.1GHz dual
core to a 4.0GHz quad core where each simulation took between 24 hours to
approximately 7 days to achieve sufficient samples. The channel size is 500nm long
and 100nm wide. The channel is divided into sampling and collision cells so there

are approximately 8 particles per collision cell and 8-15 particles per sampling cell.

Symmetry was used to reduce the computational time of the model so the centerline
of the channel is used as the axis of symmetry. At the cold (left) end of the channel
is a reservoir of molecules at temperature T, and another reservoir at the hot end at
temperature T,. Diffuse reflection on the wall is used for the surface interaction
calculations and the wall has a continuous gradient along the channel wall from T,

to Ts.
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The molecular velocity distributions are based on Argon using the VHS collision
model. The values for reference diameter (4.17E-10m) and molecular mass (6.65E-

26kg) were taken from Bird (Bird 1994).

The first set of simulations performed concerned closed system cases. The walls in
each reservoir were kept at constant temperature and the temperature gradient
boundary condition along the channel walls is incremented in 1% steps. The
Knudsen number is entered as an initial condition for the entire flow by iterating on

the number density.

A closer look shows that the Knudsen number is a ratio of the channel width to the

mean free path of the gas.

Kn = (6-1)

SN

Thus, only one of these parameters needs to be changed in order to vary the flow
conditions. For simulation purposes, the former value is more difficult to iterate
because it requires a new geometry and mesh for each simulation. It is important to
use a sufficient number of divisions within the geometry since the collision and
samplings cells are derived from the divisions. By varying the mean free path, only
the initial number density needs to be changed which is a much simpler process

upon which to iterate.
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The second set of simulations involve an open system with constant pressure
boundaries at both ends. An imaginary boundary line of constant x is placed at the
middle of the channel. This line divides the flowfield into two distinct sections each
with their own initial conditions. The molecular flux in the channel is determined
by calculating the net molecular flux across this boundary. The reservoir walls at
the extreme ends of the x-axis are kept at a constant pressure which maintains the
initial pressure value. At these walls new molecules are introduced/removed at the
same rate as those crossing the middle discontinuity. The remaining reservoir walls
are kept at constant temperature so neither a temperature nor pressure gradient in the

reservoir can effect the flow in the channel.

As with the closed system, the Knudsen number is varied using the number density
initial condition. In the open system, however, the average number density of the
two sides of the channel is kept constant. This allows the number density on each
side of the boundary to be varied creating a set of pressure ratios and pressure

differences for a single Knudsen number.

The output from the DSMC simulation is in the form ASCII delimited text files.
The text files consist of either macroscopic state data for every sampling cell in the
flowfield or the surface properties of each surface cell. Surface plots of the
flowfield data and linear property profiles (i.e. pressure, number density, x-velocity,
etc.) taken from two points in the flow can also be created and exported. With the

exception of the flowfield plots, the data was taken from the surface and flowfield
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output files. Scripts were used to compile the data from multiple simulations and

plot the results.

6.1 Results

6.1.1 Closed System

The results from the closed system show a nice flowfield translation temperature
distribution (Figure 6-2). The temperature divisions are uniform across the width of
the channel. If we look at how the pressure ratios vary with Knudsen number

(Figure 6-3) the

300. 320. 340. 360. 380. 400,
Temperature (K}

Figure 6-2: Closed Flowfield Temperature Distribution (T=300K thru
400K)

lower data points represent a temperature gradient from 300K to 400K and the
upper ones 300K to 600K. As the Knudsen number approaches a continuum
(denser) flow the

pressure ratio approaches unity where there is no change in pressure across the
channel. It is this area where molecules are sufficient in number to transfer energy

through the channel via inter-molecular interactions. As the rarefaction increases
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(Kn approaches infinity) the pressure ratio approaches an asymptote equal to the

square root of the

Temperature Induced Pressure Ratio for Closed System
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Figure 6-3: DSMC Simulation: Closed System Pressure Ratio for
Various Knudsen Numbers

temperature ratio (represented by the horizontal lines).

AL 6-2
. (6-2)

This equation is commonly used to quantitatively describe the pressure increase
when referring to thermal creep and was first derived by Knudsen. This maximum
value has some inherent conditions. First, the rarefaction must be such that the
mean free path is greater than 10 times the characteristic width of the channel and
second the flowfield must be closed. As was mentioned above, the greater the

rarefaction, the greater the thermomolecular pressure. Regarding the latter criteria,
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any outside influence causing a change in an intrinsic property changes the pressure
ratio. Should the flowfield be opened, the pressure ratio would decrease due to the

transmission of molecules through the channel.

While the pressure ratio is the most common way describe the thermomolecular
pressure change, a more useful view is to look at the pressure difference (Figure
6-4). The log-log plot shows a plateau in the denser regions and a continual drop as
the rarefaction increases. In this view, both temperature profiles run in parallel with

the same slope in the regions of higher Knudsen number.

Temperature Induced Pressure Difference for Closed System
10 ¢

O deltaT=100K
2 deltaT=300K

Pressure Difference (Pa)
2,
T

Kn

Figure 6-4: DSMC Simulation: Closed System Pressure Difference for
Various Knudsen Numbers
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6.1.2 Open System

The second set of results deals with this open system of channels. As mentioned

above the reservoir boundaries were set as constant pressure boundaries which

allows a transmission of the molecules. For each Knudsen number 6-10 different

pressure ratios were set as initial boundary conditions. The temperature gradient

was kept as a boundary condition along the length of the channel walls. Each series

of simulations produced a set
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Figure 6-5: DSMC Simulation: Pressure Distributions Along Channel
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of pressure curves along the length of the channel (Figure 6-5). While a larger
number of simulations were run, only Kn=0.1, 1, 10, 100 are shown. A closer look
at the plot shows

how each curve intersects at P,y,. There is a little bit of translation of this intercept
in the lower Knudsen number plot that corresponds to a slight shift due to the
motion of the flow through the channel. This does not result in a change in average
Knudsen number, just a minor change in the location of the average pressure. The
stream pressures also contribute to the slight curve at the channels ends where the
stream returns to the steady state of the reservoir. We believe these are the first
DSMC simulation results with both pressure and temperature differences between

the two channels.

Figure 6-6 and Figure 6-7 show the velocity profiles for the channels at a variety of
pressure ratios between the two reservoirs. The first shows the profile for a
Knudsen number equal to 0.1 which is at the edge of the slip-flow and transition
regimes. The velocity profiles are well characterized although there is a greater
scatter at the lower speed flows. This is caused by the error described in section 5.5
where the lower speed flows have a greater scatter due to the signal-to-noise ratio of
the peculiar velocity compared to the bulk velocity. There is also contribution of
the scatter due to the high ratio of simulated particles to real molecules. Compared
to the free molecular regime, the number of molecules is increased by at least 2

orders of magnitude.
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Figure 6-6: DSMC Simulation Results: Velocity Profile for Kn=0.1

Figure 6-6 shows the velocity profile for a Knudsen number of 10 where the gas is
more dilute. Notice the increased scatter compared to the previous profile. The
rarefaction of the gas contributed to this scatter since there are fewer molecular
interactions but there is also the contribution of the peculiar velocity. The way to
increase the accuracy of this result is to 1) increase the number of molecules to
reduce the particle-to-molecule ratio and 2) run the simulation longer to collect

more samples.

125



Data for the net flux of molecules crossing the middle boundary was also collected

for each of these simulations. These data points were plotted versus the pressure

difference
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Figure 6-7: DSMC Simulation Results: Velocity Profile for Kn=10

across the channel (Figure 6-8). The pressure difference was chosen rather than the
pressure ratio because the response of the molecular flux to the pressure difference

could be determined using a simple linear regression.

It is important to note that the line going through these plots is linear and does not
go through the origin. The origin denotes a zero pressure differential and zero flux.

The offset in these plots signifies the contribution of the temperature gradient to the
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flow. It should also be noted that the offset increases with Knudsen number which

supports the conclusions made with regard to the closed system.

.o Pressure Difference vs. Number Flux: Kn=0.1 .+ Pressure Difference vs. Number Flux: Kn=1
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Figure 6-8: DSMC Simulation Results: Number Flux vs. Pressure

Differential

The two key points on this plot are the intersections with each axis (x and y). The

y-axis
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is the molecular flux and the x-axis is the pressure differential. The y-intercept is
the thermal molecular flux contribution when there is no pressure difference. This
is the

maximum flux contribution from the thermal gradient that can be achieved. Any
flux greater than this value has a pressure contribution. The intersection with the x-
axis is the pressure differential for zero flux. This value would correspond to the
pressure difference in a closed system. Now, the y-intercepts from the plots in

Figure 6-8 are plotted for all Knudsen numbers in Figure 6-9.

Figure 6-9 shows the thermomolecular flux contributions when there is no pressure
difference across the channel where each data point is representative of several
simulation runs. All curves have the same channel width, however, they each have
a different aspect ratio (2.5, 5.0 and 10.0). The maximum flux occurs around the
transition between slip flow and the transition regime. As the rarefaction increases
the number flux decreases which is expected since the number of total molecules in
the system also decreases. Note the difference between the aspect ratios. The
shorter channel (aspect ratio = 2.5) has a marked increase in flux. This can be
attributed to a lower chance of molecular interactions and lower occurrence of
molecules reflecting off the channel walls and back from the direction they came.
While an aspect ratio of 5:1 is considered a short channel, as the channel length
decreases the flux value approaches the effusion case where the pore has a zero
length (assuming the flow is in the free molecular regime). The 10:1 aspect ratio is

considered the transition from short channels to long channels. Under this aspect
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ratio, end effects become more pronounced as the channel shortens. DSMC
provides a great tool to include these effects to the flow without having to provide a

special case for the inlet and outlet.

The thermal creep phenomenon has been described as the result of a “shear force”
of molecules acting on the surface due to a change in temperature. Loyalka[157]
reported that the tangential momentum accommodation coefficient (a,) had no
effect on the flow and the energy accommodation coefficient (ag)had a slight effect
on the flow. Our results show a slight increase in flow with a change in o, while
keeping ag=1. Figure 6-10 shows the effect of slight (0a=0.8) specular
accommodation in a channel. In terms of momentum, full specular reflection should

acts more like the effusion model since the walls will
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Number Flux with Zero Pressure Gradient
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Figure 6-9: DSMC Simulation: Number Flux with Zero Pressure Gradient

create a change in tangential velocity to the molecule. Under the conditions below
the majority of walls impacts result in diffuse reflection; the rest are specularly
reflected which are the collisions contributing to the increase in flux. These results

show the effect of the walls declines in the denser regimes.

Another plot of interest is the pressure difference when there is no number flux as

shown in Figure 6-11. This would occur in a closed system where molecules could

not enter or exit. Once again the maximum is near the boundary between the
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transition and slip-flow regimes although it is slightly more rarefied. This graph is

important because it shows the region where the highest pressure would occur.

Number Flux with Zero Pressure Gradient
10

O alpha=1.0
&  alpha=0.8
19,
10" o
8
= 8
E
3 10" 8
L
= 8
@
£
=]
=
10" 6
i é
10" N MR i S T | ; s
10" 10° 10" 10°

Kn

Figure 6-10: DSMC Simulation: Number Flux with Zero Pressure Gradient
and Different Accommodation Coefficients

To put our results into a context with existing results in literature we have plotted
(Figure 6-13) the reduced mass flux values with BGK and S-model results from
Loyalka [150] and Sharipov [232] and Sone [187]. In order to compare the results,
the number flux results from the DSMC simulations were multiplied times the mass
of'a molecule to get the mass flux. The average values for pressure were

determined by using the Knudsen
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number to find the mean free path. The mean free path relates to the number
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Figure 6-11: Pressure Difference with Zero Number Flux
density

which has a direct correlation to the pressure using Boyle’s law. We took values for
average pressure and temperature, width, molecular mass and length and substituted
them into the following dimensionless equation [232, 187]:

1
1 2kT, \ 2| 1 dP 1 dT
G=G +G =—PwA 2 —_— +| —— 6-3
pressure thermal 2 OW ( m j |:( Po dl JQP [ TU dl jQT:| ( )
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For a purely temperature induced flow the differential pressure component of the
equation is equal to zero so only the terms on the right side of the brackets remain.

Now, Solving for Oy gives:

1

2GT,L (24T, 2

0, = ( ojz (6-4)
PWAAT \ m

This gives the reduced thermomolecular mass flux, O, which is independent of
channel dimensions, pressure difference and temperature difference. In (6-4), Py is
the average pressure, w is the width of the channel, A is the cross sectional area of
the channel, k is Boltzmann’s constant, m is the reference mass of the gas molecule,
T) is the average temperature in the channel, QOp is the pressure induced
dimensionless mass flux and Qr is the thermally induced dimensionless mass flux.
The area value we use for our conversion is the channel width since the in-plane

channel depth is unity. My values are shown in Table 6-1.

Kn| 0.1 | 0.5 1 5 10 | 50 | 100

Qr [ .087 | .236 | .312 | 456 | .504 | .546 | .547

Table 6-1: Dimensionless 2D DSMC QT Values

The Both authors presented their results in the form of tabulated dimensionless mass
flux values (Table 6-2 and Table 6-3). Loyalka’s values were calculated using the
BGK (Bhatnagar, Gross and Krook) solution to the Boltzmann equation and diffuse
scattering along the walls (i.e. 0=1). Sharipov used an improvement on the BGK

model called the S-model solution. The S-model corrects the problems of the BGK
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solution which cannot correctly calculate the viscosity and heat conductivity

simultaneously.

The results shown in Figure 6-12 show a closer correlation to Sharipov than Sone

and Loyalka. The discrepancy with Sharipov could be due to the decrease in

particle-to-molecule ratio or the lack of sufficient samples.
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Figure 6-12: DSMC Simulation results: Reduced Thermo-molecular Flux
Contribution (Q7)

Loyalka’s and Sone’s results were for long tubes where end effects are negligible

compared to the channel. These two curves were added because other authors have

used them to validate simulation data through short channels. Based on my results,

the other models do not predict the short channel flow sufficiently and only
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correlate well to the intended model. Sharipov’s results, however, are for short
channels with fully diffuse reflection. Both the S-model and DSMC show a

comparable response, the difference

Kn Qr Kn Qr Kn Qr

0.0564 | 0.0363 | 1.128 | 0.3217 | 28.209 | 0.663

0.0846 | 0.053 |2.257 | 0.4171 | 33.851 | 0.6729

0.1125 | 0.0686 | 5.642 | 0.5294 | 45.135 | 0.6867

0.2257 1 0.1222 | 11.284 | 0.5975 | 56.419 | 0.696

0.5642 | 0.2272 | 22.568 | 0.6495 | 112.84 | 0.7179

Table 6-2: Dimensionless Qr values from Loyalka’s BGK solution

possibly being due to end effects of the channel flow. In some cases the differences

arise based on the location where the Knudsen number is derived.

Kn | Qr | Kn Qr

44 1217 8.86 | .452

886 | .285|22.12 | 48

2.22|.367 | 443 | 491

443 | 416

Table 6-3: Dimensionless Qr values from Sharipov’s S-Model
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At this point it is important to note one area which initially gave erroneous results.
The curves from the initial set of DSMC results presented Figure 6-12 represent two
sets of simulation runs. The first set doesn’t compare well at all with the results

shown above.

One obvious discrepancy is the disparity in the slopes of the curves which suggests
a problem with the DSMC flowfield. Figure 6-14 shows the flowfield for the
simulation at two different Knudsen numbers and explains the reason for the
disparity. In both cases the temperature gradient along the channel walls goes from

300K to 400K.

Qt vs. Kn

0.7

O correct
#  poor

05 O

04

Qt

021

0.1 -

Kn

Figure 6-13: DSMC Simulation results: Error in Reduced Thermo-
molecular Flux Contribution (Qr)
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Figure 6-14a shows the flow field for a Knudsen number of 0.2 with flow moving
from left to right. The temperature gradient in the fluid is nearly a full 100K
through the channel for this case. This is in contrast to Figure 6-14b which shows a
lower gas temperature gradient for a Knudsen number equal to 50. The gradient in
this case is closer to SOK which would explain the lower flux and pressure ratio

values for the more rarefied flows.

Figure 6-14: Flowfield Temperature a) Kn=50; b) Kn=0.2

The difference between the two is caused by an insufficient supply of molecules
from the reservoir at the correct temperature. In Bird’s DSMC program, the number
of new molecules entering the stream is equal to the number of molecules crossing
the imaginary boundary line in the channel. The temperature of the molecules
entering the flowfield is equal to the initial flowfield temperature which is the
average temperature. Where the pressure is higher (and thus more molecules), there
is sufficient inter-molecular interaction to carry the surface temperature through the
entire reservoir. In the more rarefied cases, the molecules don’t interact enough to

maintain the reservoir temperature.
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While the dense case maintains a temperature gradient close to what is desired, it is

unclear what affect this will have on the flux.

To prove this explanation, Q7 values of the DSMC data were calculated using
equation (6-3) along with the geometric and state data. The flux values came from
the DSMC results shown in Figure 6-9, however, rather than using the temperature
gradient from the wall (100K), the flowfield gradient was uses. These values were
extracted from the channel centerline for each simulation and listed in Table 6-4.

When these results

Kn AT Kn AT
0.09 90 1 70
0.1 90 5 50
0.2 90 10 45
0.5 80 50 38
0.9 70 100 36

Table 6-4: Actual Temperature Values for Flux Experiments

are plotted with Loyalka’s and Sharipov’s dimensionless fluxes, the results (Figure

6-13) are comparable and show the validity of the DSMC solution.

Since we desire consistent flux values for a 100K temperature gradient we need to

ensure the correct gas temperature at the channel inlet and outlet. The solution to
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this problem was to increase the size of the reservoir and the distance between the
inlet boundary and entrance to the channel. A flowfield image demonstrating this
change for Kn= 50 is shown in Figure 6-15. The flow has reached a fully developed
state and the gas maintains the full temperature gradient. For this case, the reservoir
size was increased and the top surface was brought closer to the symmetry line so
the walls would have greater influence on the flow temperature. Finally, a boundary
was added to the top of the reservoir with a specified temperature so the only
molecules entering the stream are from the sides boundaries. The results of this
modification gave the correct values shown in the plots above and are the basis of

all the design calculations.

320. 330. 340, 350. 360.
Temperature (K]

Figure 6-15: DSMC Simulation: Increased reservoir simulation for Kn=50.
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CHAPTER 7 DESIGN APPLICATION

Knudsen pump designers can maximize the pressure difference by changing the
characteristic width of their channels (pores) to achieve a transition regime Knudsen
number based on the operating pressure for the pump. Designers more interested in
maximizing the flux should use Figure 6-9. These results, however, could be
somewhat deceiving since those results are for a single channel whereas most
designs use an array of channels where the density of channels per unit area
becomes important. Below are some design examples where the simulation results

are applied to design.

7.1 Design #1

Find: Maximum number flux for a 1cm? array of pores with a 5:1 aspect ratio

Figure 7-1: Pore packing arrangement

A unit section of the pore array in the arrangement shown in Figure 7-1 would

contain 2 pores and comprises an area:

A, =187 (7-1)

pore

Where 7 is the radius of the pore and each unit section contains two pores. The total

. 2 . .
number of pores in a lcm” area is found using:
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lem?
Npores = 2{ ] (7_2)

pore

The number flux for all Knudsen numbers is found in Figure 6-9. These are
simulation results for a 2-D model with a unit width. To determine the 3-D flux
consider the following. The reduced mass flux values from my simulations were
determined using (6-4). Muntz used that equation to calculate values for flow
through a circular tube whereas Sharipov used the same equation to calculate the
reduced flowrate in a 2D channel. We know the QO values carry the cross-sectional
shape in them, however, for the following the examples we won’t specifying the
particular form for the capillary cross sections when calculating the flowrates [187].
Now, our area value was the channel width times unity. If we want to convert our
dimensionless data to 3 dimensions, we use the three dimensional pore area instead
of our 2-D value. The ratio between the 2D cross-sectional “area” and the 3D area

is:

o (7-3)
4

N =Nw(ﬂ) (7-4)

This result is shown in Figure 7-2.

Next, the total array flux is found by multiplying the flux results times the total

number of pores.
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NTOTAL = NporeNpores (7'5)

This plot is shown in Figure 7-4. The maximum flux occurs in the region of higher
Knudsen number. Eventhough the maximum flux through a single pore occurs
when the gas is in the transition regime, the higher density of pores in the free
molecular regime dominates and allows for more total flow. It becomes more
apparent that as the ability to fabricate smaller and smaller pores increases that the
total volume of flow can grow with it. As with most pumping mechanisms there is
an inherent inverse relationship between pressure drop and flowrate. Whether the

desired goal is to achieve maximum flow or

Total Number Flux for a Single Pore

Number Flux (molecules/sec)

Figure 7-2: Single Pore Number Flux
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maximum pressure drop, it is important to develop very thin membranes with low

conductivity to maximize the thermomolecular performance.

7.2 Design #2

Find: The pressure ratio for closed system with channel width = 100nm and

atmospheric pressure. The temperature gradient is 300K (300K to 400K).

The mean free path is found using:

kT
 wd*P2 (7-0)

Figure 7-3 shows the relationship between mean free path and pressure. From this
plot

we can determine the mean free path at atmospheric pressure (and an average
temperature of 350K) is approximately 82nm. Using (6-1) we know the Knudsen
number is then equal to 0.82. To determine the pressure ratio across the channel we
use Figure 6-11 which gives a 600 Pa (~0.006atm) drop in pressure from the hot
side to the cold side. While these results are from an open system, the data shown is
for zero number flux which is the same condition as if the system were closed. The

pressure ratio is then determined using Figure 6-3 which gives P,/P;~1.14.
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Figure 7-3: Mean Free Path vs. Pressure

7.3 Design #3

Find: The size of pore needed to achieve an arrayed flux = 1.5x10" molecules/s at
10~ atm and a 100K temperature difference for a 5.0 aspect ratio. The array size is

Imm?.

First, the mean free path of an argon molecule at 10~ atmospheres is found using
Figure 7-3: A=8.2um. Next, the Knudsen number for the given flux are determined

using Figure 7-4: Kn = 0.63. These values are now divided into the mean free path

to give the pore sizes: d = 13.02um
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7.4 Design #4

Find: The pressure where a 100K temperature gradient will create a volumetric

flowrate of 0.12sccm through a Imm”2 array of 100nm pores.

Total Number Flux of Arrayed Holes in an Area
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Figure 7-4: Total Molecular Flux for an Array of Holes

The volumetric flowrate can be found by multiplying the arrayed number flux
(Figure 7-4) times the mass of an argon molecule and dividing this result by the
density. The density values we will use will be the average density values in the
channel (as a function of Knudsen number). A plot showing the volumetric flowrate

is shown in Figure 7-5.
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Volumetric Flowrate of Arrayed Holes in an Area
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Figure 7-5: Volumetric Flowrate for an Array of Pores
The desired flowrate corresponds to a Knudsen number of 0.5 so the mean free path
must be 50nm. Once again we use Figure 7-3 to determine our needed pressure:

2atm.

We now compare the performance results from our DSMC simulations to the gas
pumps listed in section 2.5. Figure 7-6 shows the maximum volumetric flowrate
and pressure difference results from our simulations as functions of Knudsen
number. Data for both a 1cm? area and a Imm? area are shown to highlight the

potential performance of a
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Knudsen pump. It should be emphasized here that the performance is based on the
pore density described in section 7.1. The increased flowrate performance is highly
dependant on the density of pores, length of the channels, accommodation
coefficient and temperature gradient. We understand there are numerous issues
regarding pore fabrication and power consumption, however these problems are out
of the scope of this work. Our goal was simulate the thermal transpiration effect for
a subset of channel and flowfield characteristics and present them in a meaningful

structure for the designer.

Gas Phase Pumping Performance
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CHAPTER 8 CONCLUSION

In this dissertation, we have presented the thermal transpiration results of over 300

Direct Simulation Monte Carlo simulations which represents over 10000 hours of
computational time. For each flux data point, 6-10 simulations were run under
various pressure ratios. We have introduced the first set of DSMC results for gas
flow with both thermal and multiple pressure differences along the channel at many
Knudsen numbers within the transition (0.1 < Kn < 10) and free molecular regime
(Kn > 10). From these results we were able to derive the velocity profiles for a wide
range of flows as well as derive the maximum flux, pressure difference, and
pressure ratio values throughout that same range of Knudsen numbers. We also

presented similar data for varying channel lengths and accommodation coefficients.

We have also included simulation data of closed system thermal transpiration with
only temperature gradients. From these simulations we were able to characterize
the maximum pressure drop achievable using the thermomolecular pumping effect
at linear temperature gradients of 100K and 400K. We presented the data in terms
of both pressure differences and pressure ratios and show how the pressure ratios
approach Knudsen’s P-T ratio as the gas becomes more rarefied. Through design
examples we have shown the performance of an 1cm? array of holes at a 100K
temperature difference could produce a maximum pressure difference of 7 kPa and a
maximum flowrate of over 1x10® sccm. Based on both the open and closed data
included in this dissertation, we believe we have compiled the most comprehensive

set of DSMC simulations of thermal transpiration found in literature to date.
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Of key importance to this problem is the underlying kinetic theory and DSMC
method. First, we outlined some of the basic concepts of kinetic theory and used
them to derive the effusion equation. The complexity of surface impacts was then
added to the problem which clarified the difficulty in modeling thermal transpiration
in anything outside of the Knudsen regime. Second we presented various methods
used to model thermal transpiration including analytical, numerical, and simulated
solutions. We included a derivation of the Boltmann equation in this section and
outlined how to extract macroscopic properties from the velocity distribution.

Third, we illustrated the DSMC procedure and highlighted the features that made

the technique the most advantageous tool for this type of problem.

To provide a clearer understanding of the problem, we have also included an
historical review describing the works that led to Knudsen’s discovery of
thermomolecular pressure. This includes an in depth examination of the Knudsen
pump and the attempts to utilize this unique phenomenon over the last century. As
part of the assessment we also present an overview of current micropump design

and performance and highlight what role the Knudsen pump can fill in this context.

The potential applications of the Knudsen pump are numerous, however, the author
suggests that the most reasonable situation would be where a thermal gradient
already exists (i.e. electronic cooling). The most likely candidate would seem to be

in a space application since the temperature extremes are great. In this situation, the
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pump would not only have zero moving parts but the heat is supplied by the

environment (i.e. passive pump).
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APPENDIX

List of Symbols
A Area
c Velocity
¢ Average Velocity
) Average of the Square of the Velocity
d Channel Diameter
M Local Maxwellian
W Absolute Maxwellian
f(c,r,2)  Phase Space Velocity Distribution Function
F(c,r,t) Phase Space Single Particle Velocity Distribution Function
G Mass Flux
h Channel Height
k  Boltzmann Constant (1.3806504x10% J/K)
Kn Knudsen Number
1 Linear Direction Along Channel Axis
L Channel Length
m Molecular Mass
M Mass Flux
n Number density
N Number of molecules
N, Number of Molecules with Velocities Between ¢ and ¢+ dc
N Number Flux
P Pressure
P, Pressure
0 Channel Circumference
Q Volumetric Flowrate
0, Reduced Pressure Induced Flow Rate
0, Reduced Thermal Induced Flow Rate
0, Flux of Some Quantity Q (dtdA)
r Channel Radius
r Position Vector
Ro Universal Gas Constant (8.314472J/K -mol)

Time
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Q
)

Temperature

Average Temperature

Flow Conductance
Molecular Velocity Vector
Volume

Channel Width
Transmission Probability
Linear Direction Along Channel Axis
Flow Resistance
Accommodation Coefficient
Mean Free Path

Viscosity

Angle from z-axis

Density

Molecular Diameter
Molecule Cross Section

Angle from x-axis

Solid Angle in Spherical Coordinate System
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