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Abstract

This dissertation addresses existence and stability results for a two-parameter
family of solitary-wave solutions to systems in which an equation of nonlinear
Schrodinger type is coupled to an equation of Korteweg-de Vries type. Such
systems govern interactions between long nonlinear waves and packets of short
waves, and arises in fluid mechanics and plasma physics. Our proof involves the
characterization of solitary-wave solutions as minimizers of an energy functional
subject to two independent constraints. To establish the precompactness of
minimizing sequence via concentrated compactness, we develop a new method
of proving the sub-additivity of the problem with respect to both constraint
variables jointly. The results extend the stability results previously obtained by
Chen (1999), Albert and Angulo (2003), and Angulo (2006).

In addition, we also study the stability of solitary-wave solutions to an
equation of short and long waves by using the techniques of convexity type.
We shall apply the concentration compactness method to show the relative
compactness of minimizing sequences for a different variational problem in which
functional involved are not conserved quantities, and then, we use conserved
quantities which arise from symmetries via Noether’s theorem to obtain a
relationship that makes it possible to utilize the variational properties of the
solitary waves in the stability analysis. We prove that the stability of solitary
waves is determined by the convexity of a function of the wave speed. The method
is based on techniques appeared in Cazenave and Lions (1982), Levandosky

(1998), and Angulo (2003), along with a convexity lemma of Shatah (1983).
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Chapter 1

Introduction

1.1 Background

The central equations of study in this dissertation are model equations for waves
which take account of both nonlinear and dispersive effects. In general, nonlinear
effects become important when the waves being modelled have amplitudes large
enough that the linear equations of motion are no longer good approximations
on the time scales of interest. In particular, increasing the amplitude of a wave
by multiplying it by a constant will affect the amplitude of the wave. Nonlinear
effects tend to steepen the profile of a wave as it propagates. Dispersive effects
become important when the medium through which the wave travels is such
that the velocity of a wave is dependent on its frequency. They tend to cause
the bulk of a wave to be dispersed as it propagates. The equations known as
nonlinear dispersive wave equations are valid as models when these two types
of effect are roughly of equal importance. Examples of such equations are the
Korteweg-de Vries equation, Boussinesq equations, the Benjamin-Ono equation,
and the nonlinear Schrodinger equation, along with many others. They appear as
models for such varied phenomena as the propagation of pulses in long-distance
communication devices such as transoceanic optical fibers ; atmospheric and
oceanic internal and surface gravity waves ; elastic waves in the earth; and
ion-acoustic waves in plasmas, to name but a few.

The equations mentioned above govern the time evolution of one-dimensional



waves, and are written as equations for unknown functions u(zx,t) of a space
variable z and a time variable t. Many of them have traveling-wave solutions,
which are solutions of the form u(x,t) = ¢(x — ct), representing a wave moving
without change of shape, with constant velocity c. More generally, in the case
when u is complex-valued, there also exist traveling wave solutions of the form
u(z,t) = e“'¢(x — ct), where the phase velocity w is a constant. In particular,
when ¢(z) — 0 as z — oo and z — —o0, traveling waves are known as solitary
waves. Intuitively, traveling waves and solitary waves occur when the competing
effects of nonlinearity and dispersion are balanced. A typical feature of nonlinear
dispersive wave equations is that such solutions exist for a range of values of the
parameters w and ¢, and play a significant role in the evolution of more general
solutions of the underlying equations.

It is sometimes found that solitary waves retain their structure even after
nonlinear interactions with other solitary waves. For example, two solitary
waves with different velocities might effectively pass through each other without
ultimately having an effect on each other, besides a change of phase. Solitary
waves with such elastic scattering properties are generally known as solitons.
The existence of solitons was first discovered in 1960’s when they were brought
to light as solutions of the Korteweg-de Vries equation. A detailed background
on nonlinear waves and solitons may be found in [43], [21], [22], and [48].

In this dissertation our main interest will be in the stability of solitary-wave
solutions of some nonlinear dispersive equations arising in mathematical physics.
The equations we investigate do not appear, in general, to have soliton solutions
which undergo completely elastic interactions. But we are able to show that
they do have solitary-wave solutions which are stable in the sense that a slight
perturbation of a solitary wave will continue to resemble a solitary wave for all

time, rather than evolving into some other wave form. This stability property



means that the solutions have the potential to model real, observable, physical
phenomena.
We now introduce the equations that will be the focus of this dissertation.

Both the nonlinear Schrodinger equation

iU + Uge + Ju|fu =0 (1.1)

for a complex-valued function u of x € R and time ¢, and the generalized

Korteweg-de Vries equation

VU + Vpae + VP0, =0, (1.2)

for a real-valued function v of x and ¢, are examples of universal models for
nonlinear waves that describes many physical nonlinear systems. Equation
(1.1) describes the evolution of small amplitude, slowly varying wave packets in
nonlinear media. Equation (1.2) arises generically as a model for waves whose
motion, to first order, is governed by the linear wave equation v, + v, = 0, but
which on account of their long wavelength and small but finite amplitude are
influenced by weak nonlinear and dispersive effects. Discussions of the canonical
nature of these equations may be found, for example, in Chapters 13 and 17 of
[48], Chapter 2 of [37], or Chapter 10 of [36].

In this dissertation we will consider a system describing the interaction of a

nonlinear Schrodinger-type wave with a Korteweg-de Vries type wave:

iU + Ugy + 71 |u|u = —auv
(1.3)
P,y — & 2
Vi + Uggg + T2V VU, = —§(|U| )

where 71, 72, and « are real constants. Systems of the form (1.3) govern the



interactions between long waves and long-wavelength envelopes of short waves,
and arise in fluid mechanics as well as in plasma physics. For example, it appears
in [25] and [29] as a model for the interaction between long gravity waves and
capillary waves on the surface of shallow water, in the case when the group
velocity of the capillary wave coincides with the velocity of the long wave. In
[7] and [38], a system of similar form appears as a model for the interaction
of Langmuir waves and ion-acoustic waves in a plasma. A system of similar
equations appears in [40] as the unidirectional reduction of a model for the
resonant interaction of acoustic and optical modes in a diatomic lattice.

The system (1.3) possesses the following conserved quantities:

E(u,v) = /OO (Jus? + 02 = Bi|u| ™ — Bov?™ — alul*v) du, (1.4)

where 01 = 27 /(¢+ 2) and By =2712/((p+ 1)(p + 2)),
G(u,v) = /_Oo v? dr + Im/_C>o Uty dr, (1.5)

where 7, is the complex conjugate of u, and Im(z) denotes the imaginary part

of z, and

H(u) = /°° lul? da. (1.6)

In other words, for given initial functions u(x,0) = uy(z) and v(z,0) = vo(x),

the solution of (1.3) emanating from (ug,vy) has the property that
E(u(t),v(t)) = E(ug,vo), G(u(t),v(t)) = G(ug,vo) and H(u(t)) = H(uo)

for all ¢ for which the solution exists.

This dissertation is concerned with the existence and stability results for



(coupled) solitary traveling-wave solutions of (1.3). Such a solution is of the
form

(u(z,t),v(z,t)) = (ei“teic(x_Ct)/qu(:v —ct), P(x — ct)) : (1.7)

where ¢ > 0, w € R, and ¢ : R — C and ¢ : R — R are functions that vanish
at infinity in some sense (for example, ¢ € H{ and ¢ € H'). (Here H' and H}
are L2-based Sobolev spaces of real- and complex-valued functions on the line,
respectively. For more details on our notation, see Section 1.3.) Inserting the
ansatz (1.7) into (1.3), we see that (u,v) is a solution of (1.3) if and only if ¢

and 1 satisfy the system of ordinary differential equations

—¢" + 09 =11|6|"¢ + agy

1" T2 +1 Q 2 (18)
- +C¢:ﬁ¢p +§‘¢| ;

where 0 = w — ¢?/4, and primes denote derivatives of a function of a single
variable.

We will use the following definition of stability throughout.

Definition 1.1. Let Y be a Banach space of ordered pairs of functions (u(z), v(z))
in which the initial value problem for equation (1.3) is well-posed. A subset B
of Y is said to be stable if for every € > 0, there exists § > 0 such that for all
(uo,v9) € Y with

inf ) - ) < 57
nt H(w0,00) = (6.0) |

the solution (u(z,t),v(x,t) of (1.3) with (u(z,0),v(z,0)) = (ug, vo) exists for all
t, and satisfies

sup inf |[(u(.,t),v(.,t) — (¢, ¥)]y <e.

0<t<oo (¢p,1h)EB



By well-posedness in Y we generally mean that for given initial data in Y,
there exists a time 7" > 0 and a unique solution (u,v) of (1.3), which stays in
Y and depends continuously on the initial data as a map from Y to Y. For
comprehensive discussion and bibliography of the topic of well-posedness of
nonlinear dispersive wave equations, we refer the reader to the Dispersive PDE

Wiki at http://wiki.math.toronto.edu/DispersiveWiki/.

1.2 Review of the Literature

The first rigorous treatment of the problem of stability of solitary-wave solutions
to nonlinear dispersive equations was given by Benjamin [9] for the KdV solitary
waves. Benjamin’s arguments were improved and perfected by Bona [10]. Their
theory uses the Hamiltonian structure of KdV equation and is based on the fact
that solitary waves can be characterized as critical points of the Hamiltonian
energy on level sets of a momentum functional.

Variational methods for proving orbital stability or instability of solitary-wave
solutions to wave equations with Hamiltonian structure, based on the analysis
of energy-momentum functionals, were subsequently greatly advanced by many
authors. Notably, Grillakis, Shatah and Strauss [27] obtained sharp conditions
for the orbital stability and instability of solitary waves for a class of abstract
Hamiltonian systems. Bona, Souganidis and Strauss [11] obtained similar results
for KAV type equations, a class not considered by Grillakis et al. [27]. For other
important works in this direction, see Weinstein [46],[47], Shatah and Strauss
[42], Maddocks and Sachs [35].

The stability theory of solitary-wave solutions developed in the works cited
above rely on local analysis. This means that we must show that the solitary-

wave solution is a local constrained minimizer of a Hamiltonian functional,



and the procedure for this is carried out basically by studying specific spectral
properties of a linear operator obtained by linearizing the solitary-wave equation.
In practice this spectral analysis is difficult to carry out. An alternate method of
proving stability of solitary waves, which avoids these difficulties, was developed
by Cazenave and Lions [14] using the concentration-compactness principle of
P. L. Lions [33]. In this approach, instead of starting with a given solitary wave
and attempting to prove that it realizes a local minimum for a constrained
variational problem, one starts with the constrained variational problem and
looks for global minimizers. When the method works, it shows not only that
global minimizers exist, but also that every minimizing sequence is relatively
compact up to translations. This then is enough to conclude that the set of
solitary waves which solve the minimization problem is a stable set. In [14],
Cazenave and Lions proved the stability of solitary-wave solutions to nonlinear
Schrodinger equations. In the last couple of decades, a similar method was
applied by many authors to prove orbital stability of solitary waves for a great
range of dispersive evolution equations: see for example, Albert (2], Albert et al.
[4], Angulo [5], Chen et al. [17], Chen and Bona [16], Kichenassamy [30], and
Ohta [39].

The work presented in Chapter 2 of this dissertation is in the same spirit as
those above. We use the concentration compactness method to prove existence
and stability results of solitary-wave solutions of (1.3). Our existence result is
obtained by studying the variational problem of finding, for given positive values
of s and ¢, minimizers of E(u,v) subject to the constraints that [ |u|? dz = s
and [*_v? dz = t. The connection to solitary waves is due to the fact that
equations (1.8) are the Euler-Lagrange equations for this variational problem,
with ¢ and ¢ playing the role of Lagrange multipliers.

The standard technique of proving the stability of solitary-wave solutions



using the concentration compactness method require proving the strict subaddit-
ivity of the variational problem with respect to the constraint parameters. More
precisely, we require to prove strict subadditivity of the function I(s,t) defined

for s >0 and t > 0 by

I(s,t):inf{E(f,g) :(f,9) Eif,/j:o|f|2 dr = s, and /::;92 dx:t}. (1.9)

For equations (1.1) or (1.2), the variational problems which characterize solitary
waves depend on a single constraint parameter, and proofs of strict subadditivity
are accomplished by simple arguments, dating back to Lions’ original paper [33],
which take advantage of homogeneities present in the equation.

To prove strict subadditivity for the two-parameter problem defined in (1.9),
however, seems to be more difficult. In [3], which treats the case where p =1
and 7 = 0, it was noted that strict subadditivity, as defined below in Lemma
2.14, holds for o = 1/6 (corresponding to setting the parameter ¢ in [3] equal to
2), and it was shown that strict subadditivity continues to hold for a in some
neighborhood of 1/6.

Here we are able to extend the existence result for solitary waves to all
positive values of «a, all non-negative values of 7, all positive valued of 1, all
p € [1,4), and all ¢ € [1,4). To do so, we prove subadditivity by relying on an
argument due to Byeon [12] and Garrisi [26], which exploits the fact that the H*
norms of certain functions are strictly decreased when the mass of the function
is rearranged by symmetrization.

Previously, Dias et al. [20] had proved that for p € {1,2,3} (with o > 3
if p = 1), (1.3) has an infinite family of positive bound states which decay
exponentially at infinity. Compared to the result of [20], ours has the advantages

that we do not require o > 3 when p = 1, and also that the sets S, of solitary



waves obtained as minimizers of (1.9) form a true two-parameter family, in that
Ss, 1, and Sy, 4, are disjoint if (s1,¢1) # (s2,t2). In [20], nonempty sets 75, of
solitary waves are obtained by minimizing E subject to [ |u]? 4+ dv? = p, but it
is not clear whether 7y, ,, is necessarily disjoint from s, ,,, if (91, 1) # (92, p2)-

Besides the question of existence of solitary-wave solutions of (1.8), a separate
question we address in Chapter 2 is that of stability of these solitary-wave
solutions as solutions of the initial-value problem for (1.3). The stability theory
involves another variational characterization of solitary-wave solutions for (1.3).

For s > 0 and t € R, define
W(s,t) =inf{E(h,g) : (h,g) € Y, H(h) = s and G(h,g) = t}. (1.10)

The variational problem associated to W (s, t) is suitable for studying stability
because not only the functional F being minimized, but also the constraint
functionals G and H are conserved for (1.3). If minimizers (®, ) for W (s, t)

exist, they satisfy the Euler-Lagrange equations

0" + W + ci® = 7 |P|1D + aDy

7'2¢p+1 gl ’2

p+1 2

(1.11)
—1/1"+C¢ _

where the real numbers ¢ and w are the Lagrange multipliers. These equations

are satisfied by ® and ¢ if and only if the functions u and v defined by
(u(z,t),v(z,t) = (e™'®(x — ct), ¥(z — ct)) (1.12)

are solutions of the NLS-KdV system (1.3). That is, solutions (®,1) of the
variational problem for W (s, t) are solitary-wave profiles, and (1.7) is recovered

from (1.12) by setting ®(x) = ¢**/2¢(z). We use an argument given in Albert



and Angulo [3] to prove the stability of solitary waves. Our stability theorem
generalizes the stability results of [15], which treated the case when 71 =0, p = 1,
and a = 1/6; and of [3], which treated the case when 7, = 0, p = 1, and « is
in some neighborhood of 1/6. We also note the interesting paper of Angulo [5],
which proves stability by a different method in the case when 7 = 0, p = 1,
a > 0, and the wavespeed o appearing in (1.8) is sufficiently small.

The approach presented in Chapter 2 for proving stability of solitary waves
works whenever the functionals involved in the variational analysis are conserved
quantities for the evolution equation in question. In Chapter 3, we show how
the concentration compactness method can still be used to prove the stability
of solitary waves if the functionals involved in the variational problem are not
conserved quantities. This approach has been put forward by Levandosky, in
[31], in which the stability of a fourth-order wave equation is studied. We
apply this method to study the nonlinear stability of solitary-wave solutions
of (1.3) with p = 1 and ¢ = 1. We shall apply the concentration compactness
method to show the relative compactness of minimizing sequences for a different
variational problem that define solitary-wave solutions for (1.3) and then, we
use functionals F, G, and H to obtain a relationship that makes it possible to
utilize the variational properties of the traveling waves in the stability analysis.
The proof of our stability result is based on the ideas of Cazenave and Lions [14],

Levandosky [31], and Angulo [5], along with a convexity lemma of Shatah [41].

1.3 Dissertation outline

The dissertation is organized as follows. In Chapter 2, we prove existence and
stability of a two-parameter family of solitary waves of (1.3). We begin by

briefly discussing some well-posedness results which we will use in our stability

10



analysis. For the benefit of the reader, we present an outline of the concentration
compactness principle, which is the key tool in this dissertation. We refer the
reader to the work of Albert [2] (see also [6]) to get a detailed illustration of
the concentration compactness method, where the method is used to obtain
stability results of solitary-wave solutions to nonlocal nonlinear wave equations.
In Section 2.2, we prove a number of preparatory lemmas. We do not develop
the elements of the theory of Sobolev spaces in this dissertation, but use a
number of Sobolev type inequalities throughout the dissertation. A detailed
account of Sobolev spaces can be found in Adams [1], Evans [23], Friedman
[24], and Lieb and Loss [32]. Section 2.3 presents the concept of the symmetric
decreasing rearrangement, which replaces a given nonnegative function f by
a radial function f*, and we prove Byeon and Garrisi’s rearrangement lemma.
In Section 2.4, we use rearrangement lemma of Section 2.3 to prove the strict
subadditivity of I(s,t). In Section 2.5, we use the concentration compactness
method to prove the existence of solitary-wave solutions of (1.3). Finally, Section
2.6 provides the statement and proof of our stability theorem.

In Chapter 3, we study the stability of solitary-wave solutions of (1.3) with
p =1 and ¢ = 1 by using the concentration compactness method and convexity
techniques. In Section 3.2, by considering a different variational problem, we
apply the concentration compactness method to prove the existence of solitary
waves. In Section 3.3, after establishing some technical preliminaries, we use the
conserved functionals of (1.3) to obtain a relationship that makes it possible to
utilize the variational properties of the solitary waves in the stability analysis.
We prove that the stability of solitary waves is determined by the convexity or

concavity of a function of the wave speed.

Notation. The notation used in this dissertation is the standard notation

11



used in the literature on partial differential equations. For 1 < p < 0o, we denote
by LP = LP(R) the space of all measurable functions f on R for which the norm

| f], is finite, where

9] 1/
|f\p:</_oo|f]pd:v> ! for 1 <p< oo

and | f|, is the essential supremum of |f| on R. The Fourier transform f of a

tempered distribution f(z) € §’(R) is defined as
fo = [ faye do.
For any tempered distribution f on R and any s € R, we define

= ([ (lery [fof ae)

and we denote by HZ(R) the Sobolev space of all complex-valued functions f
for which the norm || f||, is finite. We will always view Hg(R) as a vector space
over the reals, with inner product given by

(i f2) =Re [~ (1+16P)" Tifa de.

—00

The space of all real-valued functions f in HZ(R) will be denoted by H*(R).
In particular, we use || f|| to denote the L? or H°(R) norm of a function f. We
define the space Y to be H{(R) x H'(R), and the space X to be H*(R) x H'(R),
each provided with the product norm.

We occasionally use below the operation of convolution of two functions, here

12



denoted by the symbol x and defined by

fxg(r)= /j:o flx—y)gy) dy. (1.13)

The letter C will frequently be used to denote various constants whose actual

value is not important for our purposes.
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Chapter 2

A Two-Parameter Family of Solitary-Wave Solutions

to the Schrodinger-KdV Equations

In this chapter we prove existence and stability results of a two-parameter family
of solitary waves of (1.3). We assume throughout the section, unless otherwise
stated, that a > 0, 71 >0, 7, > 0,1 < ¢g< 4, and 1 < p < 4, where p is a
rational number with odd denominator. Our proof involves the characterization
of solitary-wave solutions as minimizers of an energy functional subject to
two constraints. To establish the precompactness of minimizing sequences via
concentrated compactness, we establish the sub-additivity of the problem with

respect to both constraint variables jointly.

2.1 Introduction

The local and global well-posedness results of (1.3) have been studied by a
large number of authors. For the non-periodic setting, the system of the form
(1.3) with p = 1 and ¢ = 2 was first studied in Tsutsumi [45] for a global
well-posedness theory in Hg+1/2(R) x Hg'(R) with m € N. Later, by using the
Fourier restriction method, Bekiranov, Ogawa and Ponce [8] proved a local

theory in H&(R) x Hi /*(R) for s > 0. Corcho and Linares [18] proved that

the system (1.3) with p = 1 and ¢ = 2 is locally well-posed for initial data

14



(ug,v9) € H¥(R) x H*(R) with k >0, s > —3/4 and

k—1 < s<2k—1/2 ifk<1/2,

k—1 < s<k+1/2 ifk>1/2

Furthermore, they proved the global well-posedness of the Cauchy problem
associated to (1.3) in the energy space H'(R) x H'(R) by using three conserved
quantities discovered by Tsutsumi [45]. (See also Guo and Miao [28] for a
well-posedness result for ¢ = 2). Dias, Figueira, and Oliveira [20] recently proved
the existence of an infinite family of smooth positive bound states for (1.3) which
decay exponentially at infinity.

In our study of existence and stability of solitary-wave solutions of (1.3), we
use the method of concentration compactness to prove the relative compactness
of minimizing sequences for the variational problem, and hence the existence of

minimizers. The method is based on the following lemma:

Theorem 2.1 (Lions [33]). Let {p,},>, be a sequence of nonnegative functions
in L*(R) satisfying [, pn(x) dz = X for all n and some X\ > 0. Then there

exists a subsequence {py, },~, satisfying one of the following three conditions:

(1) (Compactness) There are y, € R for k=1,2,. . ., such that p,, (. + yi) is

tight, i.e., for any € > 0, there is R > 0 large enough such that
e (T) dx > X — €.
/MkKRp o(7)
(2) (Vanishing) For any R > 0,
lim sup /|xy|<R P, (z) dz = 0.

15



(3) (Dichotomy) There exists a € (0, \) such that for any € > 0, there ezists
ko > 1 and p;, pi € LY(R), with p}, pi > 0, such that for k > ko,
{ o0 o
{' e = (P + PP S [ ph do—al <e, |20} do— (A —a)| <e,

U supp(pr) N supp(pi) =0, dist(supp(py), supp(p)) — 00 as k — oo.

Remark 2.2. In Theorem 2.1 above, the condition [*% p,(z) dx = X can be
replaced by [°% pn(z) dz = A, where A, = XA > 0 as n — oo. Indeed, it is

enough to replace p, by p,/A, and apply the theorem.

Typically, one proves compactness by ruling out the last two possibilities.
This requires proving the strict subadditivity of the function I(s,t). In the next

few sections we will focus on proving the strict subadditivity of I(s,t).

2.2 The two-parameter variational problem

We consider the problem of finding, for any s,¢ > 0,

I(s,t) =inf {E(f.g): (f,9) €Y, |f|*=sand ||g|* =¢},  (2.1)

where E(f, g) is defined by (1.4). We define a minimizing sequence for I(s,t) to

be any sequence {(f,,g,)} of functions in Y satisfying
dim [[fo]|” = s, lim [|g,||” =, and lim E(fy, gn) = I(s, ). (2.2)

Lemma 2.3. Every minimizing sequence for I(s,t) is bounded in'Y . Further-

more, one has —oo < I(s,t) < 0.

Proof. First, observe that if {(f,, g,)} is a minimizing sequence for I(s,t), then

| £l and ||gn|| are bounded. From the Gagliardo-Nirenberg inequality (see, for

16



example, Theorem 9.3 of [24]), we have that
[ Falita < Cll el 1 £l 5972, (23)

and since || f,|| is constant, it follows that

£l 253 < O (for g0) 147 (2.4)

Similarly,

2
19n 245 < Cllgnall?’? < Cll(far ga) B2 (2.5)

(Here, as throughout the paper, C' denotes various constants which may depend
on s and t but are independent of f,, and g,,.) Moreover, the same estimate (2.4)

with ¢ replaced by 2 shows that

[fali < Cllfaall - 1 £all® < Cll fral,

so by Holder’s inequality,

/oo [l lgal dz < |fal} - lgall < CllfnallV? < C(frs ga) I3 (2.6)

Now

1(Frr g 15 = 1 £alls + llgnll

= B(fuga) + [ (BFal? + Bogh?? + 0l 1PPg0) d+ |5l + llgnl”

and E(f,, gn) is bounded since {(f,, g,)} is a minimizing sequence. Therefore
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from (2.4), (2.5), and (2.6) it follows that

1 g3 < C (1 + 11 g IV A+ 1 g 152 + 1 (Fr ) 157)

Since ¢/2 < 2 and p/2 < 2, we deduce that ||(f,, gx)|ly is bounded.
Once we have shown that {(f,, g,)} is bounded in Y, a finite lower bound on
E(fn, gn) also follows immediately from (2.4), (2.5), and (2.6). So I(s,t) > —oc.
Finally, to see that I(s,t) < 0, choose (f,g) € Y such that ||f]|* = s,
lgl|> = t, and f(z) > 0 and g(x) > 0 for all z € R. For each § > 0, the functions

fo(z) = 02 f(0z) and gg(x) = 0'/%g(0x) satisty || fo||?> = s, ||lgs]|*> = ¢, and

B(fo.90) = [ (lfual? + g5 = Bil 1ol = oy — ol folgo) de

<O [ (1P + ) dz—6"2 [~ alfg da.

Hence, by taking 6 sufficiently small, we get E(fy, go) < 0, proving that I(s,t) <
0. ]

Lemma 2.4. Suppose (fn, gn) is a minimizing sequence for 1(s,t), where t > 0
and s > 0. (Note that we do not require s > 0 here.) Then there exists 6 > 0

such that ||gnz|| > 0 for all sufficiently large n.

Proof. If the conclusion is not true, then by passing to a subsequence we may

assume there exists a minimizing sequence for which lim |gnz|| = 0. From (2.5)
n—oo

it then follows that

lim /oo g?*? dr = 0.

n—oo

Moreover, because of the elementary estimate
|nloo < CHgnH1/2H9an1/27
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we can write, in place of (2.6),

/Oo [fal?1gal dz < CILalPNgall N gne '/ < Cllgns |2, (2.7)

from which it follows that

[e.9]

lim | ful?gn dz = 0.

n—oo J__

Hence
I(s.) = lim E(fu,g)

o0

= lim (| fnal® = Bal ful?) da.

n—00 |_ oo

(2.8)

Now let 1) be any non-negative function such that |[1||*> = ¢. For every 6 > 0,
the function ¥y (x) = 0Y%)(0z) satisfies ||¢y]|? = t, so that I(s,t) < E(fn,Vs)

for all n. On the other hand, if we define

0= 6? /°° W2 d — ob?? /OO W e, (2.9)

then since p/2 < 1, by fixing 6 > 0 sufficiently small we can arrange that
n < 0. (2.10)
Then for all n € N,

[(S>t) < E(fnawO)

|fnx‘2 - ﬁ1|fn‘q+2 - 61/2a’fn|2w> dx + n

o0

[e.9]

<

L.
[

’fnx‘Q - Bl’fn‘q+2) dr + -

—00
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Therefore

: > 2 +2
[(57t) th_)rgo o (|fnx| _Bl|fn‘q ) d$+777
which contradicts (2.8) and (2.10). O

Lemma 2.5. Suppose g(x) is an integrable function on R such that

/oo g(x) dz > 0. (2.11)

—0o0

Then for every s > 0 there exists f € H' such that || f||* = s and

/_O:o (fg—ang) dx < 0.

Proof. Let v be an arbitrary smooth, non-negative function with compact
support such that 1(0) = 1 and ||¢||? = s, and for § > 0 define 1y(x) = 6'/%)(0x).
Then [|1g||* = s, and

/O:o (ng — wgg) dx = 02 /_O:O V2 dr — 9/_0; V(02)3g(x) dx. (2.12)

But, by the Dominated Convergence Theorem,

lim /ii Y(02)*g(z) dr = B,

6—0

where B = /OO g(x) dx > 0. Therefore from (2.12) it follows that

/Z (02, — y2g) du < 6? /Z V2 dr — 0B/2 (2.13)

for all 6 in some neighborhood of 0. Since the quantity on the right-hand side
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can be made negative by taking 6 sufficiently small, the desired f can be found

by taking f = 1y for a sufficiently small value of 6. m
Lemma 2.6. Define J: H' — R by

o

J(g) = / (92 — Bag"?) du. (2.14)

—00

Let t > 0, and let {g,} be any sequence of functions in H' such that

. 2
lim g = ¢,

and

lim J(g,) =inf {J(g):g€ H" and |g|* =t} .

n—oo

Then there exists a subsequence {g,,} and a sequence of real numbers yy such

that g, (x + yi) converges strongly in H' norm to go(x), where

and \ > 0 is chosen so that ||go||*> = t. In particular,

J(go) = inf {J(g): g€ H" and ||g||* =t}. (2.16)

Proof. The proof that some subsequence of g, must converge, after suitable
translations, strongly in H! norm is by now a standard exercise in the use of
the method of concentration compactness. A proof in the case p = 1 appears,
for example, in Theorem 2.9 of [2], or Theorem 3.13 of [3]. A similar proof, with
obvious alterations, works for all p € [1,4) because for such p the Gagliardo-

Nirenberg inequality (2.5) permits one to obtain a uniform bound on ||g,|.
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Denote the translated subsequence of {g,} which converges strongly by

{gn,(x + Tr)}, and let 1 € H' be its limit. Then ) must satisfy
J(¢) =inf {J(g):g€ H" and ||g||> =t}, (2.17)
and must also be a solution of the Euler-Lagrange equation

—2¢" — (p+ 2)BoP Tt = —2)\¢ (2.18)

for some real number . Equation (2.18) can be explicitly integrated to show
that, in order for ¥ to be in H', X must be positive and ) must be a translate of
the function go defined in (2.15), say ¥ (z) = go(z + yo) for some yo € R. Then
(2.16) follows from (2.17). Also, defining yx = Jx — yo, we have that g, (z + yx)

converges to g in H!. O

Lemma 2.7. Suppose 1 > 0, and define J : Hx — R by

I = [ (5 = ailf1?) da. (2.19)

Let s >0, and let {f,} be any sequence of functions in H such that

. 2
dim || full® = s,

and

lim J(f,) = inf {j(f) : f € HE and || f|]* =s}.

n—o0

Then there exists a subsequence {fn,} of {fn}, a sequence of real numbers yy,

and a real number 0 such that e~ f,, (x + yi) converges strongly in HE& norm to
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fo(x), where

folz) = <21> - sech®/ (ﬁsz) , (2.20)

and X > 0 is chosen so that || fo||> = s. In particular,
J(fo) = inf {j(f):fEHé and ||f||> = s} . (2.21)

Proof. The comments in the first paragraph of the proof of Lemma 2.6 apply
as well to J as to J, since the proof alluded to there works here with no
formal changes: the only difference is that now || f,|| represents the modulus
of a complex-valued function. Therefore we can conclude that there exists a
subsequence {f,,, } and a sequence of real numbers g such that {f,, (x + 9x)}

converges strongly in H{ to a (now complex-valued) function ¢ for which

J(¢) =inf {J(f): f € HE and ||f|*> =}, (2.22)
and for which the Euler-Lagrange equation

—2¢" — (q+2)B197™ = —2)¢) (2.23)

holds, where here A is again a real number.

It is proved in Theorem 8.1.6 of [13] that for every solution ¢ of (2.23), there
exists a real number  such that ¢(x) = e?p(z) on R, where ¢(z) is real-valued
and positive (the same argument used there is also given below in the proof
of part (iv) of Theorem 2.15). The H' function ¢ also satisfies (2.23), and so,
as in the proof of Lemma 2.6, it follows that there exists y, € R such that
o(z) = fo(z 4 1) on R, where fo is as defined in (2.20). Since J(¢) = J(¢),

then (2.21) follows from (2.22). Also, if we define y, = Jx — yo, then we have
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that e~ f, (x + y,) converges in H{ to fo. ]

Lemma 2.8. Suppose (fn, gn) is a minimizing sequence for I(s,t), where s > 0
andt > 0. Ift >0, ort =0 and p; > 0, then there exists 6 > 0 such that

| frzll = 0 for all sufficiently large n. Ift =0 and py = 0, then I(s,t) = 0.

Proof. As in the proof of Lemma (2.4), we argue by contradiction. If the
conclusion is not true, then by passing to a subsequence we may assume there

exists a minimizing sequence for which lim | frzll = 0. From (2.3) and (2.6) we

have that
; > 2, 1 > q+2 _
Jim [ falgn =l [ Sl =0, (2.24)
S0
I(s,t) = lim - (92, — Bagh™®) du. (2.25)

n—oo J_~o

In case t > 0, we have from (2.16) that

where gq is as (2.15), and therefore g is integrable with positive integral. There-

fore, by Lemma 2.5 there exists f € H' such that | f||*> = s and

/o:o (f2—af?g) dx <0, (2.27)

It follows that

I(s,t) < E(f,90) = /O:O (f2—af’g0 — Bl fI7"?) dz+ J(go) < J(g0), (2.28)

which contradicts (2.26).

In case t = 0 and ; > 0, then by (2.25), I(s,t) = 0. On the other hand
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I(s,t) = I(s,0) is the infimum of

B(£,0) = [~ (£ = Blf17?) do (2.29)

over all f € H} satisfying || f||> = s. Let f be any non-negative function in H*

such that || f||> = s, and define fy(x) = 0%/2f(6x). Then

E(fs,0) = 62 /O:O 72 de — (.69 /O:O F92 da, (2.30)

and since ¢ < 4, we can make the right-hand side negative by choosing a
sufficiently small value of #. Therefore I(s,t) < 0, giving a contradiction.

Finally, if t = 0 and §; = 0, then I(s,t) = I(s,0) is the infimum of

E(f,0)= /O:o |fol? d (2.31)

over all f in H{ such that || f||> = s. This infimum is clearly non-negative, but
on the other hand if we replace f by fy, as defined in the preceding paragraph,
then we can make FE(fy,0) arbitrarily small by taking € sufficiently small. Hence
I(s,t) = 0. O

Lemma 2.9. Suppose (f., gn) is a minimizing sequence for 1(s,t), where s > 0

and t > 0. Then there exists d > 0 such that for all sufficiently large n,

7 (Ul = Bilal2 = alfulga) do < =,

Proof. If the conclusion is false, then by passing to a subsequence we may assume

that there exists a minimizing sequence (f,, g,) for which

liminf [ (|fual? = Bol ful ™2 — @l ful?gn) da >0, (2.32)

n—o0
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and so
I(s,t) = lim E(fy,g,) > liminf [ Z (g2, — Bagl®?) da. (2.33)
Define J and go as in Lemma 2.6. Then (2.33) implies that
I(s,t) = J(go)- (2.34)
On the other hand, by Lemma 2.5, there exists f € H' such that ||f||* = s and

/_o:o (f:f—afzgo) dx < 0.

Therefore
I(s,6) S B(fi90) < [ (£ = af?g0) do+ J(g0) < J(g0). (2.35)
which contradicts (2.34). O

Lemma 2.10. For all (f,g) € Y, one has E(|f],|g]) < E(f,9).

Proof. What has to be proved is that if f € H¢, then |f(z)] is in H' and

[P da < [T 1A da. (2.:36)

For the reader’s convenience, we repeat the proof from Albert et al. [4]. Let
p > 0, and define the function N,(x) by N#(g) =1/(p+&*). Then N,(z) >0
for all z € R. Moreover N, € L? for every p € [1,00]. Now, if g = |f], then

N, *g(z) > N, * f(x) for all z € R and every p > 0. In consequence, one has
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that

/MH&Q GO d¢ = / g(2)(N, * g)(z) da

> [ F@ W ) do
[e'¢) 1 ~ 9
= | e lTef

By Parseval’s identity, [*_|g(€)]> d¢ = [ | F(€)]* dE, so it follows that

/_O;“{l ,ng} ez [ { +§2}|§<5>r2 de.

Taking the limit © — oo on both sides of the preceding inequality, and using

the monotone convergence theorem gives
[ RPIRQF de= [T kPP d

which yields the desired result. O
We end this section with the following lemma.
Lemma 2.11. The functionals E, G, and H are continuous from'Y to R.

Proof. This follows easily (for all p > 0 and ¢ > 0) from the Sobolev embedding
theorem, in particular using the fact that the inclusion of H! in L* is continuous.

]

2.3 Symmetrization and a technical lemma

The concept of the symmetric rearrangement of a function will play an important

role in our proof of strict subadditivity of the function I(s,t). For a non-negative
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function w : R — [0,00), if {z : w(z) > y} has finite measure m(w,y) for all

y > 0, then the symmetric decreasing rearrangement w* of w is defined by
w*(z) = inf {y € (0,00) : §m(w,y) < ux} (2.37)

(or see page 80 of [32] for a different but equivalent definition). For (f,g) in Y,
both |f| and |g| are in H', and hence |f|* and |g|* are well-defined.
The next lemma state that E(f, g) decreases when f and g are replaced by

|f| and |g|, and when |f| and |g| are symmetrically rearranged.
Lemma 2.12. For all (f,g9) €Y, one has E(|f|*,|g9]") < E(f,9g).

Proof. This follows from classic estimates on the symmetric rearrangements of
functions. A basic fact about rearrangements is that they preserve LP norms (cf.

page 81 of [32]), so that

[y de = [ 1717 da (2:38)

and

| gy de= [~ |g"** da. (2:30)

Another basic inequality about rearrangements, Theorem 3.4 of [32], implies

that
[yl de = [ 17Plgl da (2:40)

Finally, from Lemma 7.17 of [32] we have that

[ dw < [~ 171P d.

and similarly for g(x). In light of these facts, and because «, 51, and f, are all
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non-negative, it follows from Lemma 2.10 that E(|f|*, [9]*) < E(f, g).

]

We will also make crucial use of the following Lemma, due to Garrisi [26]
(see also the N-dimensional version given in Byeon [12]). We include a proof

here since our version of the lemma differs slightly from that stated by Garrisi.

Lemma 2.13. Suppose u and v are non-negative, even, C* functions with
compact support in R, which are non-increasing on {x : x > 0}. Let x1 and x4

be numbers such that u(x + x1) and v(x + x2) have disjoint supports, and define
w(z) = u(x + x1) + v(z + x2).

Let w* : R — R be the symmetric decreasing rearrangement of w. Then the

distributional derivative (w*)' of w* is in L?, and satisfies

‘ 3
1w I* < fl|I* = 3 mingfl|1% 0717} (2.41)

Proof. First consider the case when u/(z) < 0 for all x € (0,¢) and v/(z) < 0 for
all x € (0,d), where [—c, c] is the support of u and [—d,d] is the support of v.
Let a = sup{u(z) : z € R} and b = sup{v(z) : x € R}. By interchanging u and
v if necessary, we may assume that a < b.

Define z, : [0,00) — [0,¢| by
zy(y) = inf{x € [0,00) : u(z) < y}. (2.42)

For y € (0,a), z,(y) is equal to the unique number z(y) € (0,¢) such that
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u(z(y)) = y. The function z, is differentiable on (0, a), with derivative

and we have

'l =2 [ (@))? do
ST

a 1
= 2/ dy.
0 |z (y)l

For y > a we have z,(y) = 0.

Similarly, we define z, : [0,00) — [0,d] by

zp(y) = inf{z € [0,00) : v(z) < y}.

Then

on (0,d), and

b1
=2 [ dy.
REAO]

Now, for each y € [0, 00), define

2(y) = 2u(y) + 20(y).

(2.43)

(2.44)

Then z is continuous on [0, co) and differentiable, with strictly negative derivative,

on (0,a) and on (a,b). Therefore z is strictly decreasing on [0,b], and so

its restriction to [0,b] has an inverse function z=! : [0,c + d] — [0,b], with

2710, ¢]) = [a,b] and z7!([c,c+ d]) = ([0,a]). From (2.37) and the definition of

w, using the fact that u(x + z1) and v(z + x 4 2) have disjoint supports, we see
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that w* is supported on [0, ¢+ d] and coincides with z=! there. In particular, for

all y € (0,a) U (a,b), we have

o
2, (y) + 2,(y)

(w")'(2(y)) =

Now making use of the fact that for all positive numbers p and v, there holds

the elementary inequality

2 1(1 1>
< (=+=),
w+v = 2\pu v

we have the following computation:

<wWW=2/H7w“x 2 g

_2/ dx—i—?/ 2 dx

:jﬂ;vu%ww%@qdy+zﬁi%@ﬂdy

Sfﬂ <?@>+zuw>1 ok

<§ pfy‘@+24|%@ndy+2ﬂw%@ndy
b1

-3k A\zwn@

. /( (n+2/ (v (x))?

_2/ dl’+2/ :c—*/

1
IIuH2 JWW HuW
_1 1112 3 1112
= Sl P = Sl
1 3
< Sl | = min{fl/|, o'?)-

Thus (2.41) is proved in the special case when v’ < 0 on (0,¢) and v' < 0 on
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(0,d).

Now we consider the general case, which we can reduce to the case treated
above as follows.

Let ¢1(x) be a smooth, even function such that ¢;(x) > 0 for x € (0,c¢)
and ¢1(z) = 0 for x > ¢, and such that ¢(x) is strictly decreasing on (0, c).
Let ¢o(x) be a similar function with support on (0,d). For each € > 0, define
ue(z) = u(z)+epy () and v (x) = v(z)+epe(z), and let we(z) = u(x)+v(x—T).
Since v’ < 0 and ¢} < 0 on (0,¢), then u. = v’ 4+ e¢) < 0 on (0,¢), so u, is
strictly decreasing on (0, ¢). Similarly, v, is strictly decreasing on (0,d). So, by

what has been proved above,
* 3 .
() I]* < Mlwlll” = o mind el o]} (2.45)

Now take limits on both sides of (2.45) as € goes to zero. By the dominated

convergence theorem, the right hand side approaches
12 § : 12 2
lew' | = 7 ming |l fl[]%}-

Also, since w, converges in H' norm on R to w, then by a theorem of Coron [19],
w} converges in H! norm to w*. Therefore the left-hand side of (2.41) converges
to ||(w*)']|?, and (2.41) is proved. O

2.4 Proof of subadditivity

We are now able to prove the following subadditivity property of I(s,t).

Lemma 2.14. Let sy, 89,t1,t5 > 0 be given, and suppose that s; + sy > 0,

32



t1+t2>0, 81+t1>0, and82+t2>0. Then

](81+82,t1+t2) < ](81,t1>+1(82,t2). (246)

Proof. We claim first that, for « = 1,2, we can choose minimizing sequences

(f9. g@) for I(s;,t;) such that for all n € N, £V and g
(i) are real-valued and non-negative on R;
(ii) belong to H' and have compact support;
(iii) are even functions;
(iv) are non-increasing functions of x for z > 0;
(v) are C* functions; and
(vi) satisfy || £ = s and g = ;.

To prove this, we can take i = 1, since the proof for i = 2 is identical. Also we
may assume that s; > 0 and ¢; > 0, since otherwise we can simply take f{% or
g1 to be identically zero on R.

Start with an arbitrary minimizing sequence (w(", z{V) for I(s;,#;). Since
functions with compact support are dense in H!, and F : Y — R is continuous,
we can approximate (w(V,z() by functions (w(?, 2(?)) which have compact

support and which still form a minimizing sequence for I(sy,t;). Then from

Lemma 2.12 it follows that the sequence defined by

is still a minimizing sequence for I(sy,t;), and for each n, w® and z(»have the

properties (i) through (iv) listed above.
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Next, observe that if f and v are any two functions with properties (i) through
(iv), then their convolution f x4, defined as in (1.13), also satisfies properties
(i) through (iv). Moreover, as is well known, if we define ¥, = (1/€)y(z/€) for
e > 0, and choose 9 such that [*0_ ¢ (x) dx = 1, then convolution with v is an
“approximation to the identity”: that is, the functions f x. converge strongly to
fin H' as € — 0. Finally, if ¢ is C* then f % 1), will be C* also. Therefore by
choosing ¥ (z) to be any non-negative, C*°, even function with compact support,

which is decreasing for x > 0, and satisfies [0 ¥ (z) dx = 1, and defining

with €, chosen appropriately small for n large, we obtain a minimizing sequence
(w®, D) for I(sy,t;) that satisfies not only the properties (i) through (iv) above,
but also property (v).

Finally, we obtain the desired minimizing sequence satisfying properties (i)

through (vi) by setting

£ (Si)l/:)v%(f) and g0 — (ti)liizf)’
[[wn” | lgn”]l

respectively, which is possible since for n sufficiently large we have ||w®|| > 0
and [|zY]| > 0.

Next, choose for each n a number z,, such that f((z) and f@(z) = @ (z+
r,) have disjoint support, and g\ (x) and §?(z) = ¢@(x + x,,) have disjoint
support. Define

fo= (£ +12)

g = (0 +32)"
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Then || f,]|> = s1 + s2 and ||g.||*> = t1 + Lo, sO

](51 +32at1 +t2) S E(f’rugn) (247)

On the other hand, from Lemma 2.13 we have that

/ (fee + ) df”</ WAL+ (9 +5D)2) dr - Ky
_ (2.48)
= [T + G2 + 602 + G2 do— Ko,
where
3, .
Ky = 1 (min { LD A2} + min {|lgS2112, [195211%}) - (2.49)

Furthermore, from the properties (2.39), (2.38), and (2.40) of rearrangements,

we have that

[l de = [0 de sk [ |F21 da
/oo g£+2 dr — /OO (g )p+2 d:L’—l—/ (2) a+2 (250)

[ Vfalgnda> [~ IFORD da+ [ PP do,
and therefore, combining with (2.47) and (2.48), we have that for every n,
I(s1+t1, 82+ t2) < E(fu, 90) < E(fV,60) + E(fP, 9) = Ka. (2:51)
It follows by taking the limit superior on the right-hand side that

I(s1 +t1, 89+ to) < I(s1,t1) + I(s2,t2) — liminf K,. (2.52)

n—oo

Since t, + to > 0, then either ¢t; and 5 are both positive, or one of ¢t; and t,
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is zero and the other is positive. In the latter case, we may assume that ¢; =0
and to > 0, since otherwise we can simply switch ¢; and ¢5. Then we will argue
separately according as to whether ss is positive or zero. To prove the theorem,
then, it suffices to consider the following three cases: (i) t; > 0 and ¢t > 0; (ii)
t1 =0, ty > 0, and sy > 0; and (iii) t; = 0, to > 0, and s, = 0.

In case (i), when ¢; > 0 and t5 > 0, it follows from Lemma 2.4 that there exist
numbers ¢; > 0 and &, > 0 such that for all sufficiently large n, ||(g{").|| > &
and ||(?).|| > 6. (Note that by Lemma 2.8, this is still true even when s, = 0
or s = 0.) So, letting § = min(dy,d2) > 0, (2.49) gives K,, > 36/4 for all

sufficiently large n. From (2.52) we then have that

[(81 -+ tl, So + tz) < [(Sl,tl) -+ [(82,t2) — 35/4 < [(Sl,tl) + [(Sg,tg), (253)

as desired.

In case (ii), we have t; = 0, t > 0, s5 > 0, and, since s; +t; > 0 by
assumption, s; > 0 also. By Lemma 2.8 there exists 9; > 0 such that for all
sufficiently large n, ||(f{)).|| > 6;.

If, in case (ii), 1 > 0, then by Lemma 2.8 there also exists d, > 0 such
that for all sufficiently large n, ||f{?|| > &,. Letting 6 = min(d;,d5) > 0, we get
K, > 30/4 for large n, and (2.53) follows from (2.52) as in case (i).

On the other hand, if in case (ii) we have 5; = 0, then by Lemma 2.8 we have
I(s1,t1) = I(s1,0) =0, and (s + so,t; + t2) = I(s1 + S2,t2) is the infimum of

B(f.9) = [ (£ + 2= Bag” = alfl’g) do (2:54)

over all f € H} and g € H' such that ||f]|> = s; + s2 and ||g||*> = t2. By Lemma
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2.9, there exists § > 0 such that for all sufficiently large n,

[ (527 = alsP1g?) do < =

Let

fo = /252 40, (2.55)

59

then || f,.||* = s1 + s2 and from (2.54) we see that, for all sufficiently large n,

S1 [®
I(s1+ s9,t2) < E(fn,gff)) = E(fT(LQ)agg)) + 5 /700 (|fT(Li)|2 - 04|fr(12)|297(12)) dzx
816

< B(f2 027 =

n JrJIn

(2.56)

This implies, after taking the limit as n — oo, that

)
I(Sl + Sg,tg) < ](Sg,tz) — % < I(Sg,tg) = I(Sl,tl) -+ [(Sg,tg), (257)
2

as desired. Thus the proof is complete in case (ii).

In case (iii), we have s; > 0 and t5 > 0, and we have to prove
I(s1,t2) < I(s1,0)+ I(0,t2). (2.58)

Let gy be as defined in Lemma 2.6 with ¢ = ¢, so that 1(0,%2) = J(go)-
If B, > 0, we have from Lemma 2.7 that I(sy,0) = J(fo), where f is as

defined in (2.20) with s = s;. Clearly,

/OO | folg0 dz > 0,
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and so

I(s1,t2) < E(fo, 90) = J(fo) + J(g0) + /_O:o folgo d (2.59)

< J(fo) + J(go) = I(51,0) + 1(0,t2),

as desired.
On the other hand, if 8; = 0, then I(s;,0) = 0 by Lemma 2.8. By Lemma

2.5, there exists f € H' such that || f||* = s; and

/O:o (f§ — ango) dr <0, (2.60)

and hence

Is1,0) S B(fog0) = [ (2= afg0) do+J(g0) < J(g),  (261)

which proves (2.58). The proof of Lemma 2.14 is now complete in all cases. [

2.5 Existence of solitary waves

In this section we prove the following existence result.

Theorem 2.15. Suppose a > 0, 71 >0, 2 >0, 1 < qg< 4, and1 < p < 4,

where p is a rational number with odd denominator. For s > 0 andt > 0, define

Spy = {(qs,w) €Y : E(),0) = I(s,t),/_o:o 6|2 da = s, and /_O:Ozp? dr — t} .
(2.62)
Then the following statements are true for all s > 0 and t > 0.
(i) Every minimizing sequence {(fn, gn)} for I(s,t) is relatively compact in' Y

up to translations. That is, there exists a subsequence {(fn,, gn,)} and a sequence
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of real numbers {yx} such that {(fu, (- + Yx), gn, (- + yr)} converges strongly in
Y to some (¢,v) in Ssi. In particular, the set Ss; is non-empty.
(i1) Each function (¢,1) € S,y is a solution of (1.8) for some o and ¢, and
therefore when substituted into (1.7) yields a solitary-wave solution of (1.3).
(111) For every (¢,v) in Ssy, we have that Y (x) > 0 for all x € R, and there
exist a number 0 € R and a function ¢ such that qg(x) >0 for all x € R, and

o(x) = e?P(x). Also, the functions 1 and ¢ are infinitely differentiable on R.

We begin by establishing the relative compactness, up to translations, of
minimizing sequences for I(s,t). Let {(f.,9,)} be a given minimizing sequence,

and define an associated sequence of functions p,, by

Pn = |fn|2 +9721

We then have

/Oo pn(x) de =s+t
for all n. The sequence of functions M, : [0,00) — [0, s + ¢] defined by

y+r
M, (r) = sup pn(x) dz.

yeR Jy—r

is a uniformly bounded sequence of nondecreasing functions on [0, c0), and
therefore (by Helly’s selection theorem, for example) has a subsequence, which
we will still denote by M,,, that converges pointwise to a nondecreasing function
M on [0,00). Then

v = lim M(r) (2.63)

r—00

exists and satisfies 0 < v < s+ t.

From Lions’ Concentration Compactness Lemma, Theorem 2.1 above, there
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are three possibilities for the value of v

(a) Case 1: (Vanishing) v = 0. Since M (r) is non-negative and nondecreasing,

this is equivalent to saying

for all » < oo, or

(b) Case 2 : (Dichotomy) v € (0,s +t), or

(c) Case 3 : (Compactness) v = s+ t, that is, there exists {y,} C R such that
Pn(. + y,) is tight, namely, for all € > 0, there exists r < oo such that

/yyw pn(z) do > (s +1) — .

—r

We claim now that v > 0. To prove this, we require the following lemma.

Lemma 2.16. Suppose w,, is a sequence of functions which is bounded in H*

and which satisfies, for some R > 0,

y+R
lim sup w? dx = 0. (2.64)

n—oo yER y—R

Then for every r > 2,

A3, [wal = 0.

Proof. This is a special case of Lemma I.1 of part 2 of [33], but for the sake of

completeness we give a proof here. Let

y+R 2
€n = SUp wi, dx, (2.65)
yeR Jy—R
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so that nlgrg() e, = 0. For every y € R, we have by standard Sobolev inequalities

(see Theorem 10.1 of [24]) that

+R +R s +R 1+s
/y |w,|" do < C’(/y |w, |? dx) </y (w2 + w?,) d:z:) )
-R R R

where s = (r — 2)/4. It then follows from (2.64) that

y+R y+R
|w,|" dx < Ce; (w2 +w?,) do) w3
_R n _R n nw 1

(2.66)
+R
< Ce¢ /yR (w2 +w?,) da.

Now if we cover R by intervals of length R in such a way that each point of R is
contained in at most two of the intervals, then by summing (2.66) over all the

intervals in the cover, we obtain that
W, < 306;91”“)71“% < Ce,,

from which the desired result follows. O]

Next we prove that

v # 0. (2.67)

Indeed, suppose for the sake of contradiction that v = 0. Then (2.64) holds
both for w,, = |f,| and for w,, = g¢,. Since both {|f,|} and {g,} are bounded
sequences in H' by Lemma 2.3, then Lemma (2.16) implies that for every r > 2,

fn and g, converge to 0 in L" norm. Since

1/2

[ 15 do| <1013l
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and /g, || is bounded, it follows also that

. o0 2 o
Lim » | ful“gn dz = 0.
Hence
1(s,1) = Jim E(fa g0) = liminf [ T (ol + 02) dz > 0, (2.68)

contradicting Lemma 2.3. This proves (2.67).

Lemma 2.17. Suppose v is defined as in (2.63). Then there exist numbers

s1 € [0,s] and t, € [0,t] such that

Y= 81 + tl (269)

and

I(s1,t0) + I(s — s1,t —t1) < I(s,1). (2.70)

Proof. Since the proof is almost the same as the proof of Lemma 3.10 of [3], with
only slight modifications, we just give an outline here, and refer to [3] for the
details. Let p and o be smooth functions on R such that p*+ 02 =1 on R, and p
is identically 1 on [—1,1] and is supported in [—2,2]; and define p,(x) = p(x/w)
and o,(z) = o(z/w) for w > 0. From the definition of 7 it follows that for
given € > 0, there exist w > 0 and a sequence y, such that, after passing to
a subsequence, the functions (f(V(z), gV (2)) = pu(z — yn)(fa(2), gu(x)) and
(fP (@), 92 (@) = 0w(® = ya) (fal(@), gu()) satisty [|fD)? = s, [lgPlI* — ¢,

1£2]|2 = s — 51, and [|gP]|> — t — t; as n — oo, where |(s; +11) — a| < ¢, and

E(fY,¢\0) + E(f?, 9) < E(fn, gn) + Ce (2.71)
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for all n. To prove (2.71), one writes

+ /_oo (02 = P52 Bl fal T2 + (02 — PEF2) BolgulT2 + (02 — P2l ful*9n) da

/_OO (L) (Ufnal® + 92) + 200l (Re fu(Fa)e + GnGna) + (0L,)?|fP) da,

E(fr(Ll)agS» - /oopi (|fnw|2 + 9121:1: - ﬂ1|fn|q+2 - /629£+2 - alfn|2.gn) dx

and observes that the last two integrals on the right hand side can be made
arbitrarily uniformly small by taking w sufficiently large. A similar estimate
obtains for E(f?,¢®), and (2.71) follows by adding the two estimates and
using p2 + o2 = 1.

Now we show that the limit inferior as n — oo of the left-hand side of (2.71)
is greater than or equal to I(sy,t1) + I(s — s1,t —t1). If s1, t1, s — s1, and
t — t; are all positive, this follows by rescaling £V and ¢g») for i = 1,2 so that
LEDNP = 51, 19017 =t 1£211? = s — 51, and [|gP||* = t — t1, since the scaling
factors tend to 1 as n — oo. On the other hand, if s; = 0 and ¢; > 0 then as in

(2.68) we have

[e.9]

lim B(f",g0) = lim [ (IS + (o) — Balg")*) de

n—00 n—oo J_~o

Nn—00 nr

> liminf [ ((g)? — Ba(g{)*2) da > 1(0, 1),

and similar estimates hold if ¢;, s — s1, or t — t; are zero.
Taking then the limit inferior of the left-hand side and the limit of the

right-hand side of (2.71) as n — oo, we obtain
I(s1,t1) + (s — s1,t —t1) < I(s,1) + Ce,

which proves (2.70), as € is arbitrary. ]
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The next lemma shows that the dichotomy alternative of Lions’ Concentration

Compactness Lemma does not hold here.

Lemma 2.18. Suppose s,t > 0, and let {(fn, gn)} be any minimizing sequence
for I(s,t). Then

v =s+t. (2.72)

Proof. Suppose to the contrary that v < s 4+ ¢. Let s; and ¢; be as defined in
Lemma 2.17, and let s = s — sy and to9 =t —t;. Then so+ty = (s+1) —v > 0,
and also (2.67) and (2.69) imply that s; +¢; > 0. Moreover, s; + s = s > 0
and t; +ty =t > 0. Therefore Lemma 2.14 implies that that (2.46) holds. But
this contradicts (2.70). Thus (2.72) is proved. O

Once we have ruled out both vanishing and dichotomy, assertion (i) of
Theorem 2.15, concerning the relative compactness of minimizing sequences
up to translation, can be proved. Indeed, Lions’ Concentration Compactness
Lemma guarantees that sequence {p,} is tight, i.e. there exists a sequence of
real numbers {y,} such that for every k € N, there exists wy € R such that, for

all sufficiently large n,

ntw 1
/y k(lfn|2+gi) de>s+t——. (2.73)
Yn —Wk

Let us now define w,(z) = f.(z + y,) and z,(z) = g,(x + y,). Then, by (2.73),

for every k € N, we have

o |
/ (w4 22) do>s+t— - (2.74)
o
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for all sufficiently large n. (In other words, the measures
Hn = (lwn|2 + 2,) d

form a “tight” family on R, in the sense that for every ¢ > 0, there exists a
fixed compact set K such that u,(R\K) < € for all n € N.) Since {(wy, z,)} is
bounded uniformly in Y, there exists a subsequence, denoted again by {(w,, z,)},
which converges weakly in Y to a limit (¢,%) € Y. Then Fatou’s lemma implies
that

61P + [0 < liminf [~ (junf* +22) do=s+t

Moreover, for fixed k, (w,,2,) converges weakly in H'(—wy,wy) X H'(—wg, wy,)
to (¢,1), and therefore has a subsequence, denoted again by {(w,, z,)}, which
converges strongly to (¢, ) in L?(—wy,wy) X L*(—wg,wy). By a diagonalization
argument, we may assume that the subsequence has this property for every &
simultaneously. It then follows from (2.74) that

[T+ 0) dw [ (lof +02) dwz s

— 00

Since k was arbitrary, we get

[ (6P + %) do=s+t.

which implies that (w,, 2,) converges strongly to the limit (¢,) in L? x L%

Next, observe that

[ Galwnl =w16P) do = [~z (junl” = 16P) do+ [~ (=) |6l da.
(2.75)

45



For the first integral, we have

[ wa (wal =16 da| <zl o = 0l (el + 1)

and the right-hand side goes to zero as n — oo, since {(wp, z,)} is bounded in
Y. Similarly, the second integral on the right-hand side of (2.75) converges to
zero. It follows then from (2.73) that

lim [ 2wl dx:/oo Dol d.

n—oo —00 —

Moreover,

p+1

p+2

1/(p+2 el
20 = Yl,0 < Cllzn = VI 20 — 9ll777 < Cllzn — ¥l

which implies \zn\gig — |1p|§i§ as n — 0o. Also,

1 1
1 = Blyrz < C llwn — SV flw, — 8572 < Cllw, — 6157,
q+2 1

q+2

gi2 @S M — 00. Therefore, by another application of

and hence |wn\gig — |4

Fatou’s lemma, we get

I(s,t) = lim E(wy,,z,) > E(¢, ), (2.76)

n—oo

whence E(f,g) = I(s,t). Thus (¢,v¢) € Ss;. Finally, since equality holds in
(2.76), then

n—oo J__ —

tim [ (P (1)) do= [T (10 + @) de,

0 (wp, z,) converges strongly to (¢,1) in the norm of Y. This proves statement
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(i) of Theorem 2.15.

Since (¢,) is in the minimizing set S, for I(s,t), and so minimizes E(u,v)
subject to H(u) and H(v) being held constant, the Lagrange multiplier principle
(see, for example, Theorem 7.7.2 of [34]) asserts that there exist real numbers o
and c such that

SE(p,v) = 0dH(p) + cdH (), (2.77)

where 0 denotes the Fréchet derivative. Computing the Fréchet derivatives we see
that this means that equations (1.8) hold, at least in the sense of distributions.
But since the right-hand sides of the equations in (1.8) are continuous functions
of the unknowns, distributional solutions are also classical solutions (cf. Lemma
1.3 of [44]). This then proves assertion (ii) of Theorem 2.15.
It remains to prove the assertions in part (iii) of Theorem 2.15.
Multiplying the first equation in (1.8) by ¢ and integrating over R, we have

after an integration by parts that

[ 0F = nlolr? — algP) do=—o [~ 6P do=-05. (279

In particular, it follows from (2.78) that o is real. Similarly, multiplying the

second equation in (1.8) by 7 and integrating over R yields

/OO <W/\2 - pfl?ﬁp” - g\@%) dr = —c/o:o |? de = —ct.  (2.79)

—00 —

From Lemma 2.9, applied to the constant sequence (f,, gn) = (¢, %), we have

that

[ (67 =nlol* = alsf) da <o, (2.:80)

and since 71 = f1(¢+2)/2 > i, it follows that the integral on the left-hand side
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of (2.78) is negative, and so we must have ¢ > 0. Therefore, a calculation with
the Fourier transform shows that the operator —9? + o appearing in the first
equation of (1.8) is invertible on H{, with inverse given by convolution with the

function

1 —\/ 0|

The first equation of (1.8) can then be rewritten in the form

¢ = Ko % (11|o|"0 + agy) (2.81)

where x denotes convolution as in (1.13).

Now we observe that it follows from the first equation in (1.8) that there
exist 6 € R and a real-valued function ¢(x) such that ¢(z) = e¢(z) on R. This
is proved for the case 7y = 0 in part (iii) of Theorem 2.1 of [3], and it is easy to
check that the same proof works as well when 71 # 0.

Note next that (¢, [¢]) and (||, |i|) are also in S, as follows from Lemma
(2.10). Therefore, if we let w = |<5], then ¢ and w satisfy the Lagrange multiplier

equations

—(5” +o¢= lequ; + ozqg|1/1|
(2.82)

—w" 4+ ow = Twlw + aw|y|.

(That the Lagrange multiplier ¢ is the same in both equations follows from the
fact that o is determined by the equation (2.78), and this equation is unchanged
when ¢ is replaced by w.) Multiplying the first equation by w and the second
equation by ¢, and subtracting the two equations, we find that the w¢” — guw” =

Therefore the Wronskian w& - q@w’ of w and & is constant, and since w and qz~5
are both in H'!, this constant must be zero. So w and gg are constant multiples

of each other, and hence ¢, like w, must be of one sign on R. By replacing 6 by
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0 + im if necessary, we can assume that ¢ > 0 on R.

We claim that

[ 1eFwlde = [ |o da. (2:83)

To prove this, note that since E(|¢|, |¢]) = E(|¢|,¢) = I(s,t), we have

o [T IR =) do = [ (el = 02) = Bl — 47H) da. (284)

Using (2.36), we see that the right-hand side of this equation is less than or

equal to zero, so we must have

a [ loP (vl = v) dz <0 (2.85)

also. But since the integrand is non-negative, this proves (2.83).
From (2.83) it follows that ¢(x) > 0 at every point z in R for which ¢(z) # 0.

Now (2.81) implies that
¢ = Ko % (n|o|'¢ + agy) . (2.86)

Since the convolution of K, with a function that is everywhere non-negative and
not identically zero must produce an everywhere positive function, it follows
that ¢(z) > 0 for all 2 € R. But this in turn implies that ¢ (z) > 0 for all z € R.

Now suppose, for the sake of contradiction, that i (zq) = 0 for some z( € R.
Then from the preceding paragraph it follows that x( is a point where ¢ takes
its minimum value over R, and therefore we must have ¢'(zy) = 0. But then
standard uniqueness theory for ordinary differential equations, applied to the
second equation in (1.8) viewed as an inhomogeneous equation for v, yields that

1 must be identically zero on its entire interval of existence about z(, which in
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this case is R. But this contradicts the fact that |[¢||> =t > 0. Therefore v
must be everywhere positive on R.

Finally, since ¢ and |¢| are everywhere positive on R, and the right-hand
sides of the equations in (1.8) are infinitely differentiable functions of ¢ and
¥ on the domain {(¢,¢) € C x R : |¢| > 0 and ¥ > 0}, it follows from the
standard theory of ordinary differential equations that any solution of (1.8) must
be infinitely differentiable on its interval of existence.

This completes the proof of Theorem 2.15.

2.6 Stability of solitary waves

In this section we consider the full variational characterization of solitary-wave

solutions for (1.3), namely, the problem of finding
W(s,t) =inf{E(h,q) : (h,g) € Y, H(h) = s and G(h, g) = t}.

for any s > 0 and ¢t € R. Following our usual convention, we define a minimizing

sequence for W (s, t) to be a sequence (h,, g,) in Y such that

lim H(h,) =s, nliﬂmoo G(hyn,g,) =t and n@wE(hn,gn) =W (s,t).

n—aoo

Lemma 2.19. Suppose 1 < g <4 and 1 <p<4/3, and let s >0 andt € R. If

{(hn, gn)} is a minimizing sequence for W (s,t), then {(hn, gn)} is bounded in'Y .

Proof. Since ||h,||> = H(h,) is bounded, then

9all* = |G (hn 9n) — Im/_oo h(hen)o de) < C (14 || - [| e ]])

(2.87)
< C(1+[[(hn, gn)lly),



where C' is independent of n. Therefore

s ) = Bl ga) + [ (Bilhal™™ + Bagh + allalga) do+ [l + gl

<O [ ({hal™ 4 1gal"*? 4 haPlgal) d 4 C (L4 (s ga) )
(2.88)

From (2.87) it follows that

[ ol da < Clgua 2190|072
oo

< C (10tms g 1B + (s ga) [/

On the other hand, as in (2.4), we have

[ bl e < Ol < € )
and, as in (2.6),

/oo (P19l d < Cllhne |2 gall < C (14 (s gu)lly) -

Combining these estimates with (2.88) gives

H(hm gn)”%

< C (U 10 )l 1, 9 377 4 11, g 4 [, ) [977)

and since ¢ < 4 and p < 4/3, the exponents on the right-hand side are all less

than 2. Hence ||(hy, gn)|ly is bounded. O

Lemma 2.20. Suppose k,0 € R and h € HE. If f(z) = /¥t h(z), then

E(f,g) = E(h, g) + k*H(h) — 2k Im /_Oo hh, do
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and

G(f,9) = G(h,g) — kH(h).

We omit the proof, which is elementary.

The next lemma gives a relationship between W (s, t) and I(s,t).

Lemma 2.21. Suppose s > 0 and t € R, and define b = b(a) = (t —a)/s for
a>0. Then
Wi(s,t) = ig%{](s, a) + b(a)?s}.

Proof. First, suppose a > 0 and let (h,g) € Y be given such that ||h||* = s and

lg|I* = a. Let b = b(a) and
c=1Im /Oo hh, dz,
and put f(z) = e**h(z) with k = (¢/s) — b. Then from Lemma 2.20,

E(f.g) = E(h,qg)+k*H(h)— 2k Im/ Kk, dz

)
= Bng)+ (o) =2 ({-0)e

C2

= FE(h,g) +b*s — — < E(h,g) +b*s, and
s

G(f,9) = G(h,g) = kH(h)

gl + Im/_oo hhy dx — (g —b) H(h)

= a—i—c—(S—b)s:a—i-bs:t.

Since H(f) = s, we conclude that

W(s,t) < E(f,9) < E(h,g) + b(a)’s
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Taking the infimum over the set of functions (h,g) such that H(h) = s and
lgll* = a gives

W (s,t) < I(s,a) + b(a)?s,

and taking the infimum over a gives
: 2
W(s,t) < inf {I(s,a) + b(a)’s} .

To prove the reverse inequality, let s > 0 and ¢ € R be given. Suppose that
(h,g) € Y is given such H(h) = s and G(h,g) = t. We will show that there

exists a > 0 such that
E(h,g) > I(s,a) + b(a)’s.
Choose a = ||g||* . Then
a:t—Im/j:ohhixdx.
Define f(x) = e®®*h(z), where b = b(a) = (t — a)/s. Then

E(€h,g) = E(h,g)+b*H(h)—2b Im/_o:ohE dz

= FE(h,g) +b*s — 2b(t —a) = E(h, g) — b’s.

Since ||f]|> = ||A|]> = s and ||g||*> = a, we have @ > 0 and I(s,a) < E(f,g).

Hence

E(h,g) = E(f,g)+bs>I(s,a)+b*s

Y

ClLIZlg {I(s,a) + b(a)’s} .
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Taking infimum over h and g such that H(h) = ||h||* = s and G(h, g) =t gives
: 2
W(s,t) > Clerlg {I(s,a) + b(a) s} :

Combining both inequalities, we get the desired conclusion. O

Lemma 2.22. Suppose s >0 and t € R, and define b(a) = (t — a)/s for a > 0.
If {(hn, gn)} is a minimizing sequence for W (s, t), then there exists a subsequence
(still denoted by {(hn,gn)}) and a number a > 0 such that

I*

lim ||gy

= (I,
n—oo

lim E(eib(“)“hn,gn) = I(s,a),

n—o0

and

W (s,t) = I(s,a) + b(a)?s. (2.89)
If p1 = 0, we can further assert that a > 0.

Proof. The sequence a,, defined by
an = ||gnll* = G(hn, gn) — Im/oo hphone do =t — Im/oo B Pne dx

is bounded, by Lemma 2.19. Hence, by passing to a subsequence, we may assume
that a, converges to a limit a > 0. Let b = b(a) and define f,(x) = ®*h, ().

Then from Lemmas 2.20 and 2.21 we have that

. - 2 0 T
lim E(fy, g2) = lim (E(hy, g,) +0°H(hy) — 2b Im /_ "~ huhas dx)

(2.90)
=W (s,t) +b*s — 2b(t —a) = W(s,t) — b’s < I(s,a).
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We claim that also

lim E(fn,g,) > I(s,a). (2.91)

n=yoo
For if a > 0, then for sufficiently large n we have that || f,,|| > 0 and ||g.|| > 0, so
the sequences (3, = \/s/|| f.|| and 6,, = \/a/||g.|| are defined, and both approach
1 as n — oo. Since ||B,[n||* = s and ||0,9.||*> = a, then E(8, fn,0ng.) > I(s,a),
and therefore

lim E(f,, g,) = nh_)ngo E(Bnfn, 0ngn) > 1(s,a).

n—oo

On the other hand, if a = 0, then ||g,|| — 0 as n — o0, so it follows as in the
proof of Lemma 2.4 that (2.8) holds: that is,

lim E(frga) = lim [ (|fusl® = Bil fa]7?) do > 1(5,0). (2.92)

n—oo

Hence (2.91) holds in either case.

All the assertions of the Lemma, except the last one, now follow from (2.90)
and (2.91).

To prove the last assertion of the Lemma, assume to the contrary that 5; = 0
and a = 0. From Lemma 2.8 we know that I(s,a) = 0, so from (2.89) it follows
that W(s,t) > 0. But on the other hand, we can let gy be the function defined in
Lemma 2.6, and f be the corresponding function defined for this gy in Lemma
2.5. Then fy is real, || fol|* = s, and ||go||* = ¢, so H(fo) = s and G(fo, g0) = 1,
and hence W (s, t) < E(foy,g0). Since

E(fo,90) = /O:o (fgx - afggo) dx + J(g0) <0,

it follows that W (s,t) < 0, giving the desired contradiction. O
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The following is our stability result:

Theorem 2.23. Suppose « > 0, 71 >0, 5 >0, 1 <g< 4, andp = 1. For
s >0 andt € R, define

For ={(®,0) €Y : B(®,1p) = W(s,t), H(®) = s, and G(®,¢)) = t}. (2.93)

Then the following statements are true for all s >0 and t € R.
(i) Every minimizing sequence {(hy,gn)} for W (s, t) is relatively compact in
Y up to translations. That is, if

lim H(h,)=s, lim G(hy,,g,) =t, and lim E(hn, gn) = W(s,t),

n—o0 n—o0

then there is a subsequence {(hn,,gn,)} and a sequence of real numbers {y}
such that {hn, (- + ), gn, (- +yx)} converges strongly in'Y" to some (®,v) € Fi,.
In particular, the set Fg; is non-empty.

(11) Each (®,v) € F, is a solution of (1.11) for some w and c, and therefore
when substituted into (1.12) yields a solitary-wave solution of (1.3).

(iii) For every (®,1) € Fsy, let a = ||¢||* and b = (t — a)/s. Then there

exist 0 € R and a real-valued function ¢ such that (qg, V) € S and
d(z) = (1) (2.94)

on R. Further, if 7 =0, then a > 0, ¥(x) > 0 for all z € R, and we can take ¢
to be everywhere positive on R.

() The set Fs; is a stable set of initial data for (1.3), in the following sense:
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for every € > 0, there exists § > 0 such that if (ho,go) € Y,

o i, 10000 = (@)l <5

and (u(z,t),v(x,t)) is the solution of (1.3) with

(U(Ia O), ,U($’ O)) = (h0($)7 go(I)),

then for all t > 0,

om0, 00 1) = (@ v)lly < e

Furthermore, the sets Fs; form a true two-parameter family, in that Fj, 4,

and Fy, v, are disjoint if (s1,t1) # (s2,t2).

Remark 2.24. We remark that, if it is assumed that that (1.3) is globally well-
posed in Y when 1 < p < 4/3 (where p is rational with odd denominator), then
the above stability result extends to these values of p as well, with the same

proof.

Remark 2.25. From the definition of the variational problem for W(s,t) it is

clear that the sets F,; are invariant under the transformation

(®(x), ¥(x)) = ("@(z — &), 9 (z — §)),

for every pair of real numbers 6 and &, and so are at least two-dimensional in
size. On the other hand, for a given solitary-wave profile (g, h) in Fs, the orbit

O = {(u(x,t),v(z,t)) : t € R} of the corresponding solitary wave is seen from
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(1.12) to be given by
0= {(eiCtCI)(x —ct),(x —ct)) : t € R} )

and hence is a proper (one-dimensional) subset of F; ;. Therefore Theorem 2.23

is somewhat weaker than an orbital stability result for the solitary waves in F ;.

We now prove Theorem 2.23. To prove statement (i), we start from a
given subsequence and use Lemma 2.22 to conclude that some subsequence
of (fu,gn) = (€*hy,,g,) is a minimizing sequence for I(s,a). We claim that
upon passing to a further subsequence, there exist real numbers y, such that
(fol® 4+ yn), gn(x + y,)) converges in Y to some (¢, ) in Ss,. If a > 0, this
follows immediately from part (i) of Theorem 2.15. If, on the other hand, a = 0,
then as in the proof of Lemma 2.22 we obtain (2.92). But from (2.92) we see

that

n—oo

and since E(f,, gn) converges to I(s,0), this means that (f,,0) is a minimizing
sequence for I(s,0). Since a = 0, then Lemma 2.22 implies that §; must be
positive, so the claim follows from Lemma 2.7. Thus the claim has been proved
in all cases.

Now, by passing to yet another subsequence, we may assume that e®v»
converges to ¢ for some 6 € [0,27). Then (h,(. + ¥n), gu(. + yn)) converges to
(®,%) in Y, where ®(z) = e ®* 0 p(z). As in (2.90), we have

I(s,a) = E(¢,0)) = E(®,4) + b2 H(®) — 2b Im /fo O, do
= E(®,¢) +b%s — 2b (G(®,9) — [|]?) (2.95)

= E(®,¢) + b’s — 2b(t — 5) = E(®,9) — bs.
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It then follows from (2.89) that E(®, 1) = W(s,t), and hence that (®,v) € F ;.

Part (ii) of the Theorem follows from the Lagrange multiplier principle, just
as did part (ii) of Theorem 2.15.

Next we prove part (iii) of Theorem 2.23. Suppose (P, 1) € F;;. Applying
Lemma 2.22 to the minimizing sequence for W (s, t) defined by setting (h,, g,) =
(®, ) for all n € N, we obtain that (e®*®, ) is a minimizing sequence for I(s, a),
where a = ||g|*> and b = (¢ — a)/s. Therefore (¢?*®, 1)) € S,,. Hence by part
(iii) of Theorem 2.15, there exist a number 6 € R and a real-valued function ¢

such that e ®(z) = e¢(z). So
B(a) = 1 05(),

which is (2.94). In case 74 = 0, then 51 = 0 and it follows from Lemma 2.22
that a > 0. Since (¢, 1)) € Ss, it follows from part (iii) of Theorem 2.15 that
¥(x) > 0 on R, and that either ¢(z) > 0 for all z € R or ¢(z) < 0 for all z € R.
In the latter case, we can add 7 to the value of # and replace gf; by ewgf; to get
that gg is positive on R.

To prove part (v) of Theorem (2.23), suppose that F;; is not stable. Then
there exist a number € > 0 and sequences (h,, g,) of initial data in Y and times

t, > 0 such that, for all n € N,
. 1
nf{[[(hn, gn) = (R 9)lly : (B, g) € Fou} < — (2.96)

while the solutions (u,(z,t),v,(z,t)) of (1.3) with initial data

(un(,0), v(x,0)) = (hn(2), gn())
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satisfy
inf{[|(un (- tn), vn (- tn) = (hy g)lly = (h,g) € Fas} 2 € (2.97)

for all n € N.
From (2.96) and Lemma 2.11 we have that

lim E(hy, gn) = W(s,1),

n—oo

lim H(h,) = s, (2.98)

n—o0

nh_)r{.lo G(hn, gn) = t.

Let us denote uy,(-,t,) by U, and v,(-,t,) by V,. Since E(u,v), G(u,v), and

H(u) are independent of ¢, then (2.98) implies

lim E(U,,V,) = W(s,t),

n—oo

Jiy 1) =
lim G(U,,V,) =t,
n—o0

which means that {(U,, V;,)}, like {(h,, g»)}, is a minimizing sequence for W (s, t).
Now part (i) of Theorem 2.23 tells us that there exists a subsequence
{(Un,, V) }, a sequence of real numbers {y;}, and a function pair (®,1)) € Fs

such that

[ (Un, (- + k), Vi (- + 06)) — (2,9)[ly = 0. (2.99)

k—o0

So, for some sufficiently large k,

(Ui (- 4 91), Vo -+ 9w)) = (B, 9)[ly <é,

and hence

[(Unges Vo) = (@0 = i), (- — ) )lly < e (2.100)
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But (®(- — yx), ¥(- — yx)) is also in Fs¢, and hence (2.100) gives

lnf{”(Unk’Vnk) - (h7 g)HY : (hag) € Fs,t} <€

Since this contradicts (2.97), we conclude that F;; must in fact be stable.

It remains only to prove that the sets F,; form a true two-parameter family.
Suppose (®1,v1) € Fy ¢, and (o, v00) € Fi,1,, where (s1,t1) # (S2,t2). We
want to show (®q,11) # (g, 109). If 51 # s9, the conclusion is obvious, since
then ||®,]|? # || ®2]|2. So we can assume s; = sy and t; # t5. From part (iii), if
we let ; = (||1i]|*> — t1)/s; for i = 1,2; then there exist numbers ; and 6, and

real-valued functions ggl and gz~52 such that
Oy (x) = ei(mmwl)él(x) and ®y(z) = ei(m“e?)ég(x) (2.101)
on R. We may assume that ®; = ®,, or else we are done. Then
e!m=m)et1=02) = G, () )y ()

is real-valued on R, and hence 1; must equal 7,. Since s; = sy, this implies that
|01]|> — t1 = ||a]|* — ta. But t; # to, so therefore |[11]|? # ||12]|?, and hence
Wy # 1y, as desired.

The proof of Theorem 2.23 is now complete.

61



Chapter 3

Stability of Solitary Waves—A Different Method

The techniques presented in Chapter 2 for proving stability of solitary waves
works whenever the functionals involved in the variational analysis are conserved
quantities for the evolution equation in question. In this chapter, we will show
how the concentration compactness method can still be used to prove the stability
of solitary waves if the functionals involved in the variational problem are not
conserved quantities. By considering a different variational problem and using
convexity techniques, we establish the stability result of solitary waves of (1.3)

when p=1,¢q=1, and 7 = 1.

3.1 Introduction

We consider the following nonlinear Schrodinger-KdV system

( .

U Uy + Uy + B ulu = —auw
{ (3.1)
(

U + Vg + 00 = —F (\u|2)x

where u = u(z,t) € C denotes the short wave term, v = v(z,t) € R denotes the
long wave term, and «, 8 are positive real constants. To obtain solitary-wave

solutions of the system (3.1), we set

(u(z,t),v(x,t)) = (e @D 2p(x — ct), Y(x — ct)), (3.2)
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and we may transform the system (3.1) to the following system of ODEs

{ /1 _
{ —¢ +a¢—6|¢]¢+a¢¢’ (33)

L Y et = 5 (Y7 + ag?)

The conserved functionals H, G, and E for the system (3.1) are given by

H(uw) = [ |ufdr, (3.4)
—00
G(u,v) = / v? da:—{—Im/ ui, d, (3.5)
00 1 2
E(u,v) = / <|ugc|2 +v2 — §U3 ?)B lul> — aw |ul > x. (3.6)
One question we address below is whether nontrivial solutions of (3.1) exist.
Our existence result is obtained by studying a different variational problem and
using the concentration compactness method. We use the following three-step
approach to prove the existence of travelling-wave solutions:

Step 1 : We consider first the problem of finding, for A > 0,

Iy=inf{Z..(f,9): (f,9) € X and N(f,g) = A},

where Z.,(f,g) and N(f,g) are given by

Zeslfo9) = [ 1@+ 0f@) + (@ + @] dr (37)
with ¢ > 0,0 > 0, and

N9 = [ |ag@) @) do+ D@ + 50| e (39)

37
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Using the concentration compactness method, we show that the set of minimizers

PA:{<f7g) GXZc,w(fag) :]/\7 N(fvg) :/\}

is non-empty. Moreover, any minimizing sequence {(f,, g,)} is compact in X
up to translation.

Step 2 : We consider next the minimization problem over Y := H{ x H' and
establish the relation between this complex case and the real case in Step 1.

More precisely, we consider the following minimization problem
Iy = inf{Z,(h,g) : (h,g) €Y and N'(h,g) = A},

where Z,,(h, g) and N'(h, g) are defined by

28 g) = [ IW@P + o |h@)P + (g @) + eg(@)] do (3.9

with ¢ > 0,0 > 0, and

{ag(m) |h(m)|2 + 235 |h(x)|3 + }g?’(x) dx. (3.10)

Nhg) = [ 3

Step 3 : Our theory of stability has another variational characterization of
solitary-wave solutions for (3.1). For ¢ > 0 and w > ¢?/4, we consider the full

minimization problem over Y,

Jy = inf{Quulh g) : (hg) €Y and N(h,g) = A},
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where A > 0, and Q.. (h, g) is defined by

Qeulhig) = [ WP+ (¢)? +w |l +cg® + e Im(hR)] da. (3.11)

Then the set P, of minimizers of J, is non-empty, namely
7)/\ = {(h>g) € Y(C . Qc,w(hvg) = J/\ and N(h7g) = )‘} 7& @

Moreover, any mimimizing sequence {(h,, g,)} is compact in Y up to translation
and rotation, that is, there are subsequences {(hn, , gn, )}, {¥n, } C R and (h,g) €

P, such that

{<€icyk/2hnk(' - ynk)? gnk( - ynk))}

converges strongly in Y to (h,g). Furthermore, (h,g) = (e?e’*/2f, g) where
0 € Rand (f,g) € Py.

The three-step approach gives the existence of travelling-wave solutions to
(3.1). For the stability theory, we make use of the functionals H, G, and E to
obtain a relationship that makes it possible to utilize the variational properties
of the traveling waves in the stability analysis. We show that the set of solitary

waves is stable provided the associated action is strictly convex.

3.2 Existence of solitary waves

In this section we prove the existence of solitary-wave solutions for the equation
(3.1) by using the concentration compactness method.
First, we consider the minimization problem over the real numbers, that is,

the problem of finding, for any A > 0,

Iy = inf {Zu(f9) : (f.9) € X and N(f,g) = A}, (3.12)
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where Z.,(f,g) and N(f,g) are given by (3.7) and (3.8) respectively. The set

of minimizers for I, is

Py={(f,9) € X : Zeo(f,9) = In, N(f,9) = A}

and the minimizing sequence for I, is any sequence {(f,, g,)} of functions in X
satisfying

nh~>nolo Zc,w(fnagn) - I)\ and N(fnvgn) = /\7 vn.

Clearly, the functional Z.,(f,¢) > 0 and hence I, is non-negative. It will be

shown later that indeed I, > 0.

Remark 3.1. Because of the homogeneity of the functionals involved,

nf{Z..,(f,9) : N(f,9) =1} = inf{ 35 Zc(f.9) : N(f,9) = A},

it follows that for any A > 0, I, = A\*3I,. Because of this homogeneity, we

consider instead the problem

I =inf{Z..(f,9): (f,9) € X, N(f,g) =1}.

Let {(fn,gn)} be a minimizing sequence and consider the concentration
fanction p,(z) == (f1)% + 2+ ()2 + 2. As | (fu gu)lly < C for all n, the

sequence {a,} of real numbers given by

ay, = /oo pn(x) dx

is bounded. Therefore, by passing to a subsequence, we may assume that a,

converges to a limit a € R. So by restricting consideration to the corresponding
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subsequence of p,, which we again denote as p,, we may assume that

o

a= lim » pn(x)dz.

Define a sequence of nondecreasing functions M, : [0, 00) — [0, a] as follows

As M, (r) is a uniformly bounded sequence of nondecreasing function in r, it is
straight-forward to show that it has a subsequence, which we still denote as M,
that converges pointwise to a nondecreasing limit function M (r) : [0, 00) — [0, a.
Let

y+r

ap = lim M(r):= lim lim su n(z)dx.
0 r—00 ( ) T—00 N—00 yeg y—r p ( )

Then 0 < ap < a. Our goal is to show that the possibilities ag = 0 and
ag € (0,a), which correspond to the vanishing and dichotomy alternatives in
Lions’ Concentration Compactness Lemma, do not occur.

The following technical lemma is needed to rule out the case of vanishing.

Lemma 3.2. There exists a constant C' > 0 such that for every interval I C R

of length 1 and every g € H'(I), one has

(suplgt)l) <€ [ 16 + (9lo)] v (3.13

Proof. Let I' = [0, 1]. By a standard Sobolev embedding theorem (sometimes
called Morrey’s inequality, see Theorem 5 of Section 5.6 of Evans [23]), there

exists a constant C', independent of f, such that

(supls@) < [ (W) + (7w dy (314)

zel’
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for all f € H'(I') We claim that (3.13) holds on any interval of length 1 with
the same constant C. Indeed, let I = [a,a + 1] be a given interval in R of length
1, and let g € H'(I) be given. Then f(z) := g(x — a) is in H(I'), so (3.14)
applies, and hence

<sup lg(z — a)|>2 < C/O1 [(d'(y — a))* + (9(y — a))*] dy.

zel’
Then (3.13) follows immediately by a change of variables. O]

Lemma 3.3. There exists a v > 0 such that

1 y+1/2
lim M, <2> = lim sup/ pn(x)dx > 7.
y

n—o0 n—oo yER _1/2

Therefore ag > v > 0.

Proof. Suppose that

I y+1/2 ( )d 0
um su nlx)dr = 0.
n—o0 yellg /@/1/2 p

Let j € Z be given, and let I; = [j — 1/2,j + 1/2]. On the interval I;, by

Lemma 3.2, there exists a C' (independent of j) such that

<sup |gn(a:)|>2 < O/Ij [(Q;L(y))Q + (gn(?J))Q] dy

wGIj

y+1/2
< Csup pn(@)dz,
yeR Jy—1/2

and also

2 y+1/2
<sup Ifn(:v)|> < C'sup pn(z)dz.

zel; yeER y—1/2
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From the expression for N(f,g), it is deduced that

N(foa)] < 3 <sup|gn< >|) [, [os2 + St a

j=—o0 \ZEI;
20
+ 3 (swln@l) [ 2 e
j=—o00 \% 1; J
9 y+1/2 1/2
< C|[(fasgu)llx | sup pn(x)dr | .
yeR Jy—1/2

Hence |N(fn, gn)| — 0 as n — oo, a contradiction. It follows that

1 1
ap = lim M(T)ZM<2> = lim Mn<2> >y >0,

=00 n—o0

proving the lemma.

From the preceding lemma it follows that ag # 0 so that the sequence {p,}

does not ‘vanish’ in the sense of Lions. Next we rule out the possibility of

‘dichotomy’. To do this we need some preliminary results on the behavior of

minimizing sequences in the case 0 < ag < a.

Given any ¢ > 0, for all sufficiently large values of r, we have

ag —e < M(r) < M(2r) < ap.

Assume for the moment that such a value of r has been chosen. Then we can

choose N large enough that

ag —e < M,(r) < M,(2r) <ay+¢

69



for all n > N. Hence for each n > N one can find y,, such that

Yn+r Yn+21
/ pn(x)dr > ap — ¢, and/ pn(x)dr < ag+ €.
Y

n—Tr Yn—2r

Choose ¢ € C§°[—2,2] such that ¢ =1 on [—1,1], and let ¢ € C*°(R) be such
that ¢? + 1% = 1 on R. For each r € R, let ¢,.(z) = ¢(x/r) and ¢, (z) = (x/r).
Define

un(z) = ¢7~(1‘ - yn)fn(x)> an(x) = ¢r($ - yn)fn(l')a

Un($) = ¢7~<£L' - yn>gn($)7 7711(1') = 1/17«(33 - yn)gn(x)
and we consider
p = (u)? +ul + (v),)° + o2 and p?) = (@,)* + a2 + (¥),)° + 0.

Notice that w,, U,, v, and ¥, depend on r (which will be chosen later).

The following lemma is used to describe the behavior of {(f,,¢g,)} in the

case 0 < ag < a (the case of dichotomy).

Lemma 3.4. For every € > 0, there exist R and N large enough such that for

alln> N and r > R, one has
(i) Zew(frr9n) = Zew(Un, Vn) + Zew(tn, 0) + O(€)

(”) N(fnagn) = N(una Un) + N(’ljn,ﬁn> + 0(6)
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Proof. From the definition of u,, u,, v, and v,, it follows that

Zecoltn, )+ Zesli, 00) = [ [+ 007+ (610 + cgl] do
7L + @) (72 + 6] da
[ 12065+ 2600 fuf) + 9060) do

where for brevity we have written simply ¢, and 1, for the functions ¢, (z — y,)

and ¢, (x — y,). Now |(¢,)'| = |¢|. /r and |(¥,)| = |[¢'|,, /r- Thus, making
the use of Holder’s Inequality, one can rewrite the preceding equation in the

form

1
Zc,w(uny Un) + Zc,w(ana Tjn) == Zc,w(fna gn) + O (T‘) 5

where O(1/r) denotes the term bounded in absolute value by A;/r with A;

independent of r and n. For N(f,, g,), let us denote

2 1
B(fnagn) = O‘gnfr% + fffi + ggi

Then we obtain

" /::W =6y + U = U))B(fu, gn) do

= N(fnagn) + A257
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because

[ (62— 624 42— 4B 00

< Clgnl (/ f§+gi>
r<|z—yn|<2r

+Cfalo ( / fu )
r<|z—yn|<2r
A2€,

IN

where again A; is independent of r and n. It is now time to choose r, and we
make the choice so large that the O(1/r) term is less than ¢ in absolute value.

Consequently, for all n > N, we have

Zc,w(fny gn) = Zc,w(una Un) + Zc,w(ﬁny 1771,) + 0(5)
and
N(fn7 gn) = N(una Un) + N<ﬂn> 7711) + 0(5)7
proving the lemma. O
Lemma 3.5. ag ¢ (0,a), the case of dichotomy cannot occur.

Proof. The following argument is adapted from Levandosky [31]. Suppose
dichotomy happens. Let {(f,.,g,)} be a minimizing sequence and consider the
two sequences {(u,,v,)} and {(u,,v,)} as defined in Lemma 3.4. Then for large

r, Lemma 3.4 assures that

Zc,w(fn;gn> = ZC,UJ(“”?””) + ZC,W(T’LTM T)n) + O<€)7

N(fmgn) = N(“m Un) + N(am@» + 0(5)'

As {(fn, gn)} is bounded uniformly in X, it follows that {(u,, v,)} and {(tn, 0,)}

are also bounded independently of n and . Consequently N (u,, v,,) and N (@, 0y,)
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are bounded and we can pass to subsequences to define

0(c) = lim N(up,,v,) and 0(e) = lim N (i, 0,).

n—oo n—oo

As 6(¢) and f(¢) are bounded independently of £, we can pick a sequence {e;} — 0

such that both limits

lim f(c;) =6 and lim A(;) = 0

j—00 Jj—00

exist. Certainly, 6 + 6 = 1, and there are 3 cases to consider now.

Case 1:60 € (0,1). Then

Zc,w(fn, gn> = Zc,w<un7 Un) + Zc,w<ﬂn7 6n) + O(€j>

> [N2/3(un, vn) + N2/3(ﬂn,6n)] I + O(g;).
We first let n — oo to obtain
L > [07P(e)) + 0*(e;)] I + O(ey)

Then letting j — oo, we arrive at I; > [6%/3 + 52/3][1 > [, a contradiction.

Case 2 : 0 = 0 (or equivalently, when 6 = 1), we have

Zewltyvn) 2 C [ (@) 4 + ()2 4+ 03] do
¢ oy <2 (£ + f2+(90)% + g2 do+ O(ey)
T—Yn|>4T

= CCLO + O(€j).
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Therefore

Zc,w(fna gn) = Zc,w(una Un) + Zc,w(ﬁm T)n) + 0(5]‘)

> Cag + O(g;) + N*3(w,, 0,) 1.

Letting n and 7 — oo respectively, we obtain I; > Cag + [; > I;, which is a
contradiction.

Case 3 : 6 > 1 (or equivalently, when 6 < 0), we have

Zc,w(fna gn) = Zc,w(un7 Uﬂ) + ZC,W(ﬁTH 17”) + O<€j)

> Zewo(Un, vn) + O(g5) > N2 (up, v,) 11 + O(g;).

As before, letting n and j — oo respectively, we obtain that I; > 6?31 > I,
a contradiction. Thus, each case gives a contradiction, which implies that

ap ¢ (0,a). n

Theorem 3.6. Let w > ¢ /4 and X be any positive number. Then any minimizing
sequence {(fn, gn)} for I is relatively compact in X up to translation, i.e., there

are subsequences {(fu,, gn,)} and {y,, } C R such that

(fre G+ Y )s Gy (- + Uy )

converges strongly in X to some (f,g) which is a minimum of I\. Therefore, the

minimizing set Py is nonempty.

Proof. As we ruled out both vanishing and dichotomy, Lions’ concentration
compactness lemma ([33]) guarantees that sequence {p,} is tight, i.e., there

exists a sequence of real numbers {y,} such that for any ¢ > 0, there exists
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r =r(e) so that for all n € N,

/yw pn(z)dz = /yw (1) + 2+ (g, +g2] do>a—c¢,
Y Yy

n—T

and therefore

/T pn(T +yp) dv > a —e. (3.15)

Define w,, and z, by w,(z) := fu(x + y,) and z,(x) := g,(z + y,). From (3.15),

we have that

/|CE|ZT(5) [(w")Q + (20)?] dv < ¢ (3.16)

for all n € N. Now since {(wy, 2,)} is bounded uniformly in X, there exists a
subsequence, denoted again by {(w,, z,)}, which converges strongly in L? x L?
locally to some element (f, g) of X. We now show that (w,, z,) — (f, g) strongly

in L?(R) x L*(R). Indeed, for any given € > 0, we first choose 74 so large that
/IacIZm [f*(z) + ¢*(2)] do <e. (3.17)
Let r = max{ro,r(¢)}. From (3.16) and (3.17), we have
/z|2m [(f —wn)? + (9 — 20)?] d < de.

On the other hand, from the strong convergence in L? x L? locally of (wy, z,),

there exists N = N(e) € N such that for all n > N,

2
||(wn7 Zn) - (fv g)||L2(—r1,r1)><L2(—r1,r1) <E.

Consequently, |[(wp,, z,) — (f, g)HiQ(R)XLQ(R) < be, which proves that (wy, 2,)

converges strongly to (f,g) in L*(R) x L*(R).

5



Now, by the boundedness of w,, and z, in H', we have

IA

/jo ‘wizn — ng‘ dx /jo ‘wizn —wig‘ dx+/jo ‘wig— f2g‘ dx

< Cllwn = fllpay + 120 = 9ll 2wy

and hence, [ w2z, dv — [*_ f?g dz.

Also, by the Sobolev embedding theorem,
= flg < C lwn = FIY® wn = FIP® < C flwn = £°

so [® w? dv — [%_ f3 dr as n — oo. Similarly, [ 23 dv — [*_¢® dx as
n — oo. Therefore, since N(wy,, z,) = A for all n, it follows that N(f,g) = .
Finally, by the weak compactness of the unit sphere in X and the weak lower

semicontinuity of Z.,,, we obtain

Ih= nh—g)lo Zc,w(wna zn) > ZC,W(f’ g)‘

Thus, (f,g) must be a minimizer for I,. ]
Remark 3.7. Let (f,g) € P;. Then there exists some multiplier K € R such that
{ " 2
{- —f"+of = K(afg+Bf7)
L —9 +cg=5(af*+g°).

The Lagrange multiplier K is positive. Indeed, multiplying the first and second
equations above by f and g, respectively, and then adding, we obtain that

K =2I,/3> 0.

We consider next the minimization problem with complex-valued functions ;
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for A > 0, let
Iy =inf{ZZ (h,g) : (h,g) €Y and N(h,g) = A}, (3.18)

where Z7,(h, g) and N'(h, g) are defined by (3.9) and (3.10) respectively. Clearly,
Z%,,(h,g) > 0 and hence I§ is non-negative. Notice that Z5, (h, g) is equivalent
to the Y-norm of (h, g). Thus any minimizing sequence {(hy, g,)} is uniformly
bounded in Y. Then, by using exactly the same method as before with the
concentration function p, = [h|* + |hn|” + (¢,)? + g2, the cases of vanishing and
dichotomy of the minimizing sequence {(h,, g,)} can be ruled out. Consequently,

one has the following.

Theorem 3.8. Let w > ¢?/4 and X\ be any positive number. Then, any minim-
izing sequence {(hn, gn)} for IS is relatively compact in'Y up to translation, i.e.,

there are subsequences {(hy,, gn,)} and {yn, } C R such that

(P, (- + Yy )5 Gy (- + Yny))

converges strongly in'Y to some (h,g) which is a minimum of IS. Moreover,

(h,g) = (e f, g) where § € R and (f,g) € Px.

Proof. The only thing that needs to be proved is the relation between minimizers.
Let (h, g) be a minimizer of IT and let h = hy+ihy. We claim that (hg, g) is also a
minimizer for IS, where hg = |hy| + i |ho| . Indeed, using N'(hg, g) = N'(h,g) = A

and the inequality

l I ( x>/ 1Rl (2)

it follows that I = Z$,(h,g) > Z5,,(ho, g) > I, proving the claim. Therefore,
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there exists K > 0 (Lagrange’s multiplier) such that

U il o[l = K(lhil g + |7 [al)

for i = 1,2. Since |h;| > 0, it follows from the Sturm-Liouville theory that

—o is the smallest eigenvalue of the operator —% — K (g + |h|) and therefore

is simple. Hence there are p; € R\{0} such that h; = p;hj, where hj is a
positive function. Then h = pyh§ + pohé = (11 + p2)hi. Therefore, there exists a
positive function f and § € R such that h = €% f. Moreover, from the constraint

N(f,g) =N(h,g) = X and the fact that
[;(\: = wa(h,g) = Zc,w(f7 g) Z [)\ > Iil\jv

one concludes that (f,g) € Pj. O

The stability theory involves yet another variational characterization of

solitary wave solutions for (3.1). For A > 0, and fixed ¢ > 0 and w > ¢?/4, let
Sy = inf{Qcw(h,g) : (h,g) €Y and N(h,g) = A}, (3.19)

where Q.. (h, g) and N(h, g) are defined by (3.11) and (3.10) respectively. The

set of minimizers of J, is
Pr={(h,g9) €Y : Qcul(h,g) = Jx and N(h,g) = A},

and a minimizing sequence for J, is any sequence {(h,, g,)} of functions in Y
satisfying
nhﬁrgo Qc,w(hmgn) = J) and N(hmgn) = )‘7 vn.
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The next theorem gives the existence of a minimizer for J, and the relation

between P, and P,.

Theorem 3.9. Let ¢ > 0, w > /4 and \ be any positive number. Then the
minimizing set Py is nonempty. Moreover, any minimizing sequence {(hy,, g,)}
for Jy 1is relatively compact in'Y up to rotations and translation, that is, there

are subsequences {(hn,, gn,)} and {yn,} C R such that

(6icyk/2hnk(' + ynk), gnk(- + ynk)>

converges strongly in Y to some (h,g) which is a minimum of J, Moreover,

(h,g) = (e?ei®/2f g) where § € R and (f,g) € Px.

Proof. Let {(hn,g,)} be a minimizing sequence for Jy. Then by definition,
nh—>nolo Qc,w(hn)gn) - (])\ and N(hnugn) =\
Set f, = e~*®/2h,,, then one has N'(f,, gn) = N(hn, gn) = A and

Qc,w(hmgn) = Qc,w(eiwﬂfmgn> = Zgw(fnagn) > I;F (320)

Since IT > Jy, it follows from (3.20) that {(f,,¢,)} is a minimizing sequence
for IT. Therefore, by Theorem 3.8, there are subsequences {(f,,gn,)} and

{Yn,} C R such that

(fnk( + ynk)7gnk(‘ + y”k))

converges strongly in Y to some (hg, g) which is a minimum of I$. Then (hg, g) =
(€?f,g), where § € R and (f, g) € Py. Hence, from the definition of f,, we have
that

(72 P g, 2+ ) = (672 g)
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in Y, and hence (h, g) = (e?e®/2f, g) € Py. O

Corollary 3.10. Letc > 0, w > ¢%/4 and X be any positive number. If {(h,, gn)}

1 any minimizing sequence for Jy, then

. . . . %
(i) lim  inf [[(eha(+y),gu(+ ) = ¥ [y =0
0,yeR ; 1 €Py

—
1) lim inf By Gn) — W = 0.
(i) A, nf | s gn) = ¢ Iy
Proof. Suppose that (i) does not hold. Then there exists a subsequence {(hy, , gn, )}

of {(hn,gn)} and a number € > 0 such that

. i —
inf, [ (€hn (4 Y), g0 (+y) = U lly > ¢
0,yeR ; Y ePy

for all £ € N. But, since {(hn,,gn,)} itself is a minimizing sequence for Py,
%

Theorem 3.9 implies that there exists sequences {y,, }, {6} and ¢ € P, such

that

L ; —
liminf inf || (€ By, (- + Yn, ), G (- + Un)) — ¢ [ly =0,

k—o00

which is a contradiction, and hence the statement (i) is proved.

Because of the invariance of the functionals Q.. and N under rotations and
— —

translations, P, contains any rotations and translations of ¢, if it contains .

Consequently, statement (i7) follows from statement (7). O

3.3 Stability of solitary-wave solutions

In this section we prove that the set of solitary waves is stable provided the
associated action is strictly convex. We first establish some technical preliminaries

that will be used in the stability analysis. Define the minimization problem

Qew(h, g)

Telw) = L W, 9P

(3.21)
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Then, because of the homogeneity of the functionals involved, we have

T.(w) = il {Qeulhig) s Nhig) = 1}. (3.22)

(h,9)

Thus, if (h,g) € Y and satisfies Q. (h,g) = T.(w) and N(h,g) = 1, then
from Theorem 3.9, (h,g) = (e??e’*/2f g) where § € R and (f, g) € P,. Hence,
To(w) = Qewlh,9) = Z.(f,g9) and N(f,g) =1, and so (3.22) can be written as

To(w) = mf {ch(f, g9):N(f,9)=1}= 1. (3.23)

(h.g9)€
For fixed ¢ > 0 and w > ¢?/4, we define

B = { (%6726, 0) : (6,4) € X, N(6,8) = 5 Zu(6.9) = = [T}

Then, for (e?e*/2¢, 1)) € B,,,, we have that (¢,) satisfies (3.3). Indeed, let
N(¢,9) = A. Then, N(¢/A\/3 1p/A1/3) =1 and further,

1 zcz 1 1 1 Zc,w(gb?w)
Qc w( ! v )\1/3 ¢, Ww) - ZC’W()\l/g’gb’ )\1/377D) N [N(¢’ ¢)]2/3

=T.(w).

Therefore, (e**/*5¢, sim1) € Pi, and this implies (5i5¢, 135%) € Pi. Then

there is Ky € R such that

{-' —§" + 06 = s Ko(adt + B6?)
L Y o = sim i (ad + 7).

Hence Z..,(¢,v) = 3515 KoN (¢, 1), and so Ko/A/? =1, proving the claim.

Next, for (P, (£), V.o (§)) = (e¥e¢/ 2Py Wew) € Bew, we define the following
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functional
d(c,w) = E(Pew,Vew) + wH(Pey) + cG( Py Yeo), (3.24)

where H, G and E are invariants of motion for (3.1), defined by (3.4), (3.5) and
(3.6), respectively, and we consider the following function of one parameter w,

de(w) = d(c,w) with ¢ > 0 fixed and w € (¢?/4, 00). Then

dc(w) = Qc,w(ei66/2¢c,wa wc,w) - N’<€i05/2¢c,wa wc,w)
= Zc,w(¢c,w7 wc,w) - N(¢c,w7 2ﬂc,w)

3 4
= §N(¢C,W7 wc,w) - N(¢c,w> 2ﬂc,w) = ;N((lﬁc,wa wc,w> =

T

Hence, the function d.(.) is well defined. Our goal is to show that the set of
solitary waves B, is stable with respect to (3.1) if d.(w) is a strictly convex

function in w.

Lemma 3.11. d.(.) is well-defined on (c*/4,00), continuous, strictly increasing

and is differentiable at all but countably many points of (¢*/4,0).

Proof. For nonzero fixed (f,9) € X, Ze.(f,9)/[N(f,9)]*? is just a line. Since
T.(w) is the infimum of this family of lines, it follows that T.(w) is a concave
function on (¢?/4,00), and thus T.(w) is continuous and differentiable at all
but countably many points and hence, we can conclude that same regularity
properties hold for the function d.(.).

Now, let ¢ > 0 fixed and w; > wy > /4, let (P, V) € B.,, and (g, ¥y) €
Be ., Then

(w1 — wa) [%5, @ldx

N23(¢y,41)

Tc(wl) — M > Tc(w2) +

© N2B(¢y, 1)

> Tu(ws),  (3.25)
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This shows that T,.(w) is strictly increasing, so that d.(.) must be strictly

increasing as well. O

Remark 3.12. Let wq > wq and (P4, Uy), (P2, Uy) as in Lemma 3.11. By reversing

the roles of w; and ws in (3.25), we also have

Zc,w(¢27 w2)

(wa — wn) J23, P3d

Te(w2) = 55— = Telw) + : 3.26
( 2) N2/3(¢27w2) ( 1) N2/3(¢2,¢2) ( )
From (3.25) and (3.26), we find that
[ Bde _ Tw) ~Tlwn) _ % 63
N2/3(¢1,1/11) N W1 — W2 N N2/3(¢27¢2)‘
Because this holds for all solitary-wave solutions, we also have
9ac(w1)2 < Te(w) — Te(w2) < 9ﬁc(w2)2, (3.27)
A[To(w1)] Wi — Wo AT (w2)]

where a.(w) and f.(w) are the infimum and supremum, respectively, of

2 .
{[1e@]: (@9) eB..}.
At points of differentiability, we have a.(w) = f.(w) (see Lemma 3.2, [31]), and
hence d,(w) = H(®) = H(¢).

The following result is taken from Shatah [41].

Lemma 3.13. Let h be any function which is strictly convex in an interval I
around w. Then given € > 0, there exist N(¢) > 0 such that for w; € I and

w1 —w| > €, we have
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(1) For wy <w < wp, |wo—w|<e/2, wy€ . Then

h(wy) — h(wp) < h(w) — h(wo) 1

W1 — Wo W — Wo N(e)

(i1) For wy <w < wy, |wo—w| <e/2, wy€ I. Then

h(wy) — h(wo) > h(w) — h(wp) N 1

w1 — wo W — Wo N(e)

From Lemma 3.13 and from the inequalities (3.27), the following result holds.

Lemma 3.14. Suppose that d.(.) is strictly convex in an interval I around w.
Then given € > 0, there exists N(g) > 0 such that for wy € I and |w; —w| > ¢,

we have

1
N(e)
1

N(e

de(wy) > de(w) + Pe(w)(wr —w) + (w—wy) for w < w;

de(wy) > de(w) + ac(w)(w —w) + (w1 — w) for wy > w.

~—

For € > 0, we define the following e —neighborhood of the set B,

Ve = {w) €Y 5 int (u) = (@) <)

From the facts that d.(.) is a continuous strictly increasing, B, is a bounded
set in Y and the function (®, V) — N (P, V) is uniformly continuous on the
bounded set, it is deduced that there is a small ¢ and a continuous map p :

Uewe = (¢*/4,00), defined by

P, ) = d-! (;J\/’(u,v)> _ g (;N(u, U)) (3.28)

84



such that p(®., ¥.,) = w for any (P, Vo) € Be .

The following lemma is needed in proving our stability result.

Lemma 3.15. Let w > ¢*/4 and a fived ¢ > 0. Suppose that d. is strictly
convex in an interval I around w. Then there exists € > 0 such that for any

%
U = (u,v) € Upore and any ® = (D, Vo) € Beyw, one has

B(T) ~ B(®) + p(R)H(T) — H(P)) +c(C(W) - C(F)) > 5

p(T) — o,
where p() is defined in (3.28) and N(g) is given by Lemma 3.14.

Proof. Let € be small enough such that p(U,, ) C (w—n,00) C (¢*/4,00) for

1 > 0. Then, since
E(U) + p(W)H(W) + cG(T) = Qe oo (W) = N (W), (3.29)

2d.(p(W)) = N (W) and N (@, iy, Vo o) = 2de(p(W)), we get that N () =
N(‘I)C’p(ﬁ), \ch,p(ﬁ))' Therefore

Qc,p(ﬁ) (7) > Qc,p(7)<®c,p(7)a \ch,p(ﬁ)) (330)

and hence, from (3.29), (3.30) and using Lemma 3.14, we obtain

E() + p(U)H(T) + cG(U) = Qupiay (W) = N (W)

> Qc p(ﬁ)(q)c,p(ﬁ)v \I]c p(ﬁ)) - N((I)c,p(ﬁ): \ch,p(ﬁ)) = dc(p(ﬁ))
> i)+ H®)p(T) ) + 55 |0(T) =
= E(®)+G(B) + p(W)H(B) + Nt) () — o]
This proves the Lemma. O
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The following is our stability theorem. It gives a sufficient condition for the

set B.,, of solitary waves to be stable with respect to (3.1).

Theorem 3.16. Let ¢ > 0 be fived, w > /4 and suppose that d. is strictly
convez in an interval I around w. Then the set B, of solitary waves is Y —stable,

that is, for every e > 0, there exists § > 0 such that if

(‘PC,w,\I%?f)GBCM ||(U0,/UO) - (CDC,wa \IJC#U)HY < 57

then the solution (u(x,t),v(z,t)) of (3.1) ( or to (3.3)) with (u(z,0),v(x,0)) =

(uo,vo) satisfies

) . ‘ B -
ot 00 0) = (@ Ty <2 VE20
Proof. Suppose the Theorem is false. Choose initial data 7k(0) € Up1/k Such

that
Tut) - B, >,

y =

sup inf
0<t<oo PEBc,w

where (1) = (ug(t), vr(t)) is a solution of (3.1) with initial data /1 (0). Then,
by the continuity in ¢, there exists ¢; such that

inf
PeBe,w

Tulty) — B =6, (3.31)

Since E, H,G are invariants of (3.1) and since B, is bounded, we can find

%
o, € B.,, such that

[B(@u(t) ~ B(®y)| = |B(@u0) ~ B3| -0,
H(@ (1)~ H(®)| = [H@W(0) — H(® )| -0,
G(@u(t) ~ G(B1)| = |GRu0) — G(T)| =0




as k — oo. If 0 is chosen so small that Lemma 3.15 applies, then

—
)

E( (1)) — E(gk) + p(U k(1)) [H(7k<tk)) — H(

g (e —

0]

e [G(R (1) - G(B))] 2

Since U (tx) is uniformly bounded for k, so from the last inequality p(w s (t)) —
w as k — co. Hence, by (3.28) and the continuity of d., we have N (W 1(t)) —

2d.(w) as k — oo. On the other hand, we have

Qeu(Tr(tr)) = de(w) + B(Ti(ts)) — B(T1) + c[G(Tu(ti)) — G(T

FwH (T (b)) — H(B )] + N (W elt)) -

k)]

consequently,

i Qua(T4(t)) = 3du(w) = 5 L)

Let Wi(ty) = [N(Wk(t:)] "W k(te). Then N (Wy(t;)) = 1 and

Jim. Qeow(Wr(tr)) = lim N (T x(t:)] > Qewo(W k(t))

Therefore, ﬁk(tk) is a minimizing sequence for .J; and by Corollary 3.10, there

—
exists ¥ € P; such that
X —
lim | (te) — WHY = 0. (3.32)
—00

— .
Now from Theorem 3.9, v = (!*/2fi, gr) for (fr, gx) € P1, hence there exists
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K > 0 such that

J(fk;gk) = ZKN(fk,gk) — Tc(w) = zK — K = ch(w).

Let Mfy = fx and A\Gx = g. Then J(ka,gk) = %/\K.N(fk,gk). Choosing A = 1/K,
we obtain J(fr, Gi) = %N(fk,ﬁk) and

1

T 0) = 339U 08) = K27 (S 08) = 5T

so that N(fu, Gx) = 2J(fr. G) = S[T.(w)]>. Therefore, (e'*/2fy, i) € Beo. It

— .
follows that W := (**/2fy, g1.) € Be.,, and so from (3.32), we have

0= lim [@y(t) — AT, = lim Hm(tk) _ ;’[Tc(w)]@k (3.33)
500 —00 Y
Therefore, from (3.33) and since B.,, being a bounded set in Y, we have
[ @) = i, = V@) [N @) (@ klt) — ),

3 —

Talt) - ST
1|

+ C W @B + ST
and therefore we have that || Ws(t) — gk ly — 0 as k — oo, which is a

< V()] |

Y

contradiction by (3.31). This completes the proof. O
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