P-ADIC NUMBERS AND THE LOCAL-TO-GLOBAL PRINCIPLE

KELSEA HULL

ABSTRACT. We introduce the notion of p-adic absolute value on the rationals.
We prove up to equivalence that these and the Euclidean absolute value are
the only non-trivial absolute values. Then we discuss the completion of the
rationals under the p-adic absolute value to obtain p-adic numbers. Finally
we discuss applications of p-adic numbers to problems in number theory, in
particular we explore the local to global principle.
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1. INTRODUCTION TO P-ADIC ABSOLUTE VALUES

1.1. Trivial and Non-trivial Absolute Values. When discussing a p-adic ab-
solute value, we must first look at the general idea for an absolute value on Q.
An absolute value on Q is a map
|| : Q = [0,00)
that satisfies the following conditions:
o [z|=0if z =0
e |1]=1
o |zy| = [x[|y|
o [z+y| < 2|+ |yl
The usual absolute value, given by:
x, ifxz>0
|| = :
—z, ifx<0
satisfies these properties.
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The trivial absolute value, given by:
2] 0 ifxz=0

Tltrivial =
R BTy

satisfies these as well.
Now we must look at other non-trivial absolute values. In Z, the p-adic absolute
value is as follows: For a prime p in Z,

[0 if n =0,
P p- ord,(n) if n ?é 0

where ord,(n) is given by the exponent of p in the prime power factorization of n.

Example 1.1. Let p = 3 and n = 12. Let us see how to compute |12]s.
We must first find the prime power factorization of 12.

12=2%.3!
so ordz(12) = ord3(2% - 3!) = 1.
then
iy = ot g1 |

read the 3-adic absolute value of 12 is %
Similarly,

1 1

12, =272 = & = -
22 4
and
12[s =5"=1

Since 12 = 22 .31 . 50,
This method of finding the absolute value can be extended to Q as follows:

a a Oor' —Oor a
‘E _ laly _ ora, 0)-ord(a)

N

for a,b € Z and b # 0.
25 . .
Example 1.2. Let us compute |1—8|3 We begin by factoring:

25 =20.3%.5% so ords(25) = 0.
18 = 21 .32 . 50 50 ord3(18) = 2. Thus,

% — 30rd3(18)70rd3(25) — 32—0 _ 32 —9
18,
Similarly,
% __ rords(18)—ords(25) _ g0—2 __ i o i
1815 52 25

The question, then, is does the p-adic absolute value satisfy the criteria previously
stated:
(1) |z|=0iff z =0
(2) 1]=1
() lzyl = 2| - |yl
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(4) |z +yl < |z|+ |yl

Proof. We break the proof into cases:
Condition I. For p € Z prime and n = 0, we have

|O|p — pfordp(o) — O

as by convention p~* = 0.
Condition II. For p € Z prime and n = 1, we have

|1|p :pfordp(l) :p0 =1

for any prime p > 1.
Condition III. For n.m € Z and prime p € Z,

|nm|p =p ord, (nm)

By the Unique Factorization Theorem, ord,(nm) = ord,(n) + ord,(m). Then,
P ordp(nm) _ p—(ordp(n)+0rdp(m))

—ordy(n)  ,,—ord,(m)

=D
= nlp - [mlp.

p

Condition IV. The last condition, or the triangle inequality, requires:
In+mlp < |nlp +[mlp

for n,m € Z and prime p € Z.
To start, we need to factor n, m.

n=pk.a for k,aeZ
m=p b for L,beZ
Then, by assuming k > [,

n+m=p"-a+p b
=l +b)
Thus there are at least [ powers of p in n + m, so ord,(n + m) > . Then,
In+ml, =p~ ordp(ntm) < p=t = Im|y

So

In+ml, < |mlp, < |mlp +[nlp.
This in fact proves the Strong Triangle Inequality:

In + mlp < max{m‘pa |m|p}

since, |n|, = p~* < p~! = |m|, as by assumption k > I.
This holds true for p-adic absolute values in Q as well.
ad + cb n+m

b d

p

‘ a C

bd D

p p



4 HULL

for n = ad, m = ¢b, and D = bd,

n+m| In+ml, _ max{|n|p, |m[p}
D |, Dl — Dl
max{|n[y, |m|,} { Inlp  [mlp } ad cb
— 2 P — max , =max< [—| ,|—
D, DI, 1D, b, |bdl,
a ad cb a {‘a C} }
x< |—| ,|—= =max< |—| ,|=
bd » bd » blp’ Idlp
for a,b,c,d € Z, b,d # 0. O

1.2. Ostrowski’s Theorem and Proof. Now that we have defined one family
of non-trivial absolute values on Q, the question arises: are there others? We will
prove through Ostrowski’s Theorem that the answer is no.

Theorem 1.1. Ostrowski’s Theorem states that up to equivalences by scaling by
a power, the only non-trivial absolute values on Q are the usual and the p-adic
absolute values.

Proof. This must be proved in two cases: either |a| > 1 for some a € Z or |a| < 1
for all a € Z.

Case 1:

If there exists a € Z such that |a| > 1, then |a| = |a|?, for some 6 > 0, |a|~, being
the usual absolute value. Assuming for the moment that

(1) b] = |a|BEe

for all a,b € Z,a,b > 1, we will prove that this absolute value must be the usual

absolute value up to the scaling factor 6, that is, that | - | =| - |%..

Since a,b > 1, |bloo = b and |a|e = a. If |a| = |a|, and we chose 0 = 1&%22\7 then

b = Ja] 55 = (Ja] )05t/ 5
= (Jal(s?/ s

alogb/ log a)G _ (aloga b)O

(
v since b >0, [bloo =
(1bloc)” = [bI3

thus
bl = [b2.
This is true for all a,b > 0 and through the following lemma, is true for all

negatives as well.

Lemma 1.1. For any nontrivial absolute value |- |, we have |—1| = 1.

Proof of Lemma. We know that |1| = 1. Then, because |z - 1| = |z| - |1| = |z| and
1= (—1)? we get |(—1)?| = |1| = 1. We also know that |(—1)?| = |—1|2. This tells
us |—1| =1 since |-1] > 0. O
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We will now continue with the proof of Ostrowski’s Theorem. To get equation

N
(1), write a” in base b expansion where M = {l(f(g)g“b J Then,

™ = do +dib+ dob® + ... + b
with d,,, € {0,,2,...,b—1} for m=0,1,2,..., M. Thus
|a™| < [do| + ldulb] + ... + [dar|lo]*" < (M +1) max{|1],[2], ..., [b— 1]} max{1, [b]}*
Where (M + 1) represents the number of terms and there are d terms in the
max{|a|...|b — 1|} function. Then max{1,|b|}* has b terms and we know the

following:
if |b] <1, then max{1,|b]}" isreplaced by 1
however, if |b| > 1, max{1,|b]}* gives M.
Next, we take the N** root of both sides, and apply the limit as n approaches
infinity. This gives

1
1 N N
la| < <{ (l)fgb J + 1> ‘max{1,2,...,b—1}¥ - max{1,b} ¥

We will analyze the three terms of the right-hand side separately. For the first
term:

(M+1)¥ = le’fga” +1>N

Due to the floor function, we know

1 1 1
loga\ ¥ loga N loga N
N <||N 1 <|N 1 .
( 1ogb) : Q 1ong i ) : ( logh
Since we are taking the limit as N approaches infinity, this goes to 1 by the Squeeze
1 1

Theorem since both (N llgi a ¥ and (N llzi >+ 1) v approach 1 as N approaches

oo because they follow the form
(azx + b)% goesto 1 as x goesto oo.

For the second term, max{1,2,...,b— 1}%, taking the limit as N approaches oo
causes the term to go to 1. This is due to the limit resulting in a constant raised
to a zero power, since % is zero as N approaches oo.

For the final term, we are mostly interested in the power % We know that %

satisfies:

Nloga -1 M Nloga

_logb © < < log b
N - N~ N
NES 1
because M = Uzi ZJ When we apply the limit as N approaches oo, both —°%2—

log a

—x== are equal to f)i %. This tells us that % limits to

After combining these three terms, we get

1-1-max{1, [b|} .

loga
logb*

and

Since |a| > 1, we need |b|11?>% > 1 so we need |b| to be the maximum, so |b| > 1 and
thus we conclude that equation (1),

log a
la] < [b[T=7,
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does hold.
Also,

log a
log a logb \ Togb
|b‘logb < |a|logu

Now we have |a| < |b|113% and by reversing |b|% < la|. Putting these together

. loga
gets equality, so |a| = |b|Tee® .
logb
This implies (1), that [b| = |a|®&* as desired.
Case 2:

For this case, we assume that |n| < 1 for all n € Z, and that |n| is nontrivial.
Then there exists some n # 0 such that 0 < |n| < 1. We can assume such an
n is positive since |n| = |—n|, and we choose p to be the minimum element of N
with [p| < 1. Note that p must be prime, otherwise we can write p = ab with
1 < a,b < p, and |p| = |a||b| < 1 which then gives |a|] < 1 or |b] < 1 and which
contradicts the assumption that p is the minimum element.

For this p, choose 6 > 0 with

0
1
_ 6 __
ol = [pl’ = (p)

from the definition of the p-adic absolute value.
Then

log [p| = —6logp
which gives

-1
o —loslrl
log p
We will show that |n| = |n|? for all n € Z. To do so, we need to show that if

ged(n,p) = 1 then |n| = 1. If we know this, then for any number n, we can write
n = mp”* with ged(m,p) = 1, and then

In| = |m - p*| = |ml||p|*
= [pl*
= (Ipl)"
= [mp"[}
= [nf)

which is what we wanted to show.
Now, to prove the claim, suppose for contradiction that the ged(m,p) = 1 but
|m| < 1. By the Bézout theorem, there exists k,[ € Z such that mk + pl = 1. Then

|mk +pl| =1

1 < |mk| + |pl| < |m]| - |k[ + |p| - [I].
We know that |k| and |I| are less than or equal to 1 due to the earlier assumption.
This gives us
1< |m| + |p|
Which allows us to get the following equation.

1—|p| <|m]
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We can repeat the same process with m”~ and it still holds that 1 — [p| < |m"| =
|m|N. If |m| < 1 and we take the limit as N goes to oo, then [m|" goes to 0, giving

0<1—|p/<0

This contradiction shows that |m| > 1 and also that |m| < 1, so |m| = 1 if
ged{p,m} = 1. Because we had n = p* - m, we now have

| = [p*]
= (1pl})"
=|nl;
as we wanted earlier, thus we have shown [n| = [n|} for every n € Z. O

2. COMPLETIONS UNDER P-ADIC ABSOLUTE VALUE AND HENSEL’S LEMMA

2.1. Completion of Z by Z,. We denote by Z, the completion of Z under
the absolute value | - |,. This means the following: We take all sequences z =
(n1,m2,n3,... ) € ZN and we say that x is Cauchy (in the p-adic absolute value) if
it satisfies:

for any € >0, there exists M such that whenever k,i > M, |z — x|, <e.

The space of p-adic integers Z,, is then the space of Cauchy sequences in Z under
the equivalence relation where

= (ming,ng,... ) ~y= (mi,me,ms,...) iff |np—mglp, =0 as k— oco.

This is analogous to how we can complete Q to get R via Cauchy sequences
under the usual Euclidean absolute value.

Lemma 2.1. Every series
o0
Zanp” with a, €{0,1,...,p—1}
n=0

converges in p-adic absolute value.

Proof. Let x = (x1,x2,...) be the sequence of integers given by the partial sums:

N

n

Ty = g anp”.
n=0

Notice that if [ > k > M, then

T — T = ak+1pk+1 +...+ alpl
= p" ™ (aps1 + pagso + ... +ap' )
Then the p-adic absolute value of this is equal to:
|z, — 2|, = |pk+1|p agsr + ..o+ pagra+ ..+ alpl_k_1|p
1
= W “Inlp

where |n|, <1 for any n € Z. Then

1 1
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So this goes to 0 as M — oo. If we choose for any given € > 0 an M such that

piM < €, then |z — x| < € for all k,1 > M, so the sequence is Cauchy. O
For example,
(5,31 31 31
"= \"10° 100" 000"

and other sequences would work too. These sequences under equivalence give R
with the following operations: For

x = (x1,22,23,...) and y=(y1,Y2,Y3,---),
we let
T4y =(21+y1, T2+ Y2, 23+ Y3, .. .)
and
vy = (T1Y1, T2Y2, T3Y3, - - -) -
For example, to calculate m + 1,

31 314 41 414
7T+].— <3,10,1007>+(171,1,)— (4,107100,>

Writing QN for the space of rational sequences, we let X C QN be the subset of
all Cauchy sequences. Then R can be defined as:

R=X/~.

which is read X modulo the equivalence relation. Likewise, Z, is the space of
p-adic convergent sequences, from ZN modulo p-adic equivalence. Each z € Ly
is represented by a sequence (ny,ng,ns,...) where n € Z and |ng — ny| — 0 as
k,l — oo.

Theorem 2.1. Each z € Z, has a unique representation as:

o0
T = § anpn
n=0

and the associated sequence is the sequence of partial sums = = (z1,22,23,...)
where

N
TN = Zanp” with a; € {0,1,2,...,p—1}.
n=0

Proof. Since there exists an N such that |z, — 2|, < % for all n,m > N, if we
take ag = xnyy1 mod p, we see that ©, = x,, = ap mod p. If we now choose N’
for which |z, — z,,| < p% for n,m > N’, then z,, = x,,, mod p? for all n,m > N'.
Let a; be chosen so that xny/41 = ag + a; - p mod p2. We can make this choice
because xn/1+1 = a9 mod p by the fact that N’ > N. Going from here, we can
choose =1, z9,23,...,ZN,..., N7, .. such that all are congruent modulo p. ([l

Example 2.1. For z,, = 25 mod 27 for all n > N, how could this be written
as a Cauchy sequence? We know 27 = 33 so our prime p = 3. We need z,, =
aop + a1p + azp? + p3(...) to be congruent to 25 mod p3 or mod 27. To find ag
we find what 25 is congruent to mod 3. 25 =3-8+ 1, so ag = 1. Then we need
ag+aip =1+a1p =25 mod 9. We know 25 =7 mod 9 so we need to find a; such
that 1+ag -3 is equal to 7. Thus a; = 2 and we have x,, = 1+2-3+asp® +p>(...).
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To find as we know we need 25 mod 27. We have 7 already so we need as - 3% = 18,
SO as = 2.

Now we have z,, =1 +2-3+2-3%+ 3% (...) which is equivalent to 25 modulo
27.

2.2. Completion of Q by Q,. Now that we can use the p-adic absolute value to
complete the integers, what about the rationals?

We can find the p-adic absolute value of a rational number by the following
method:

_ @] _ _—ordy(b)+ordy(a)
x|, = |— — P P

Basically, there is always a power of p™ that guarantees |[p"x|, < 1. When we have
this, we actually have the series

x=p "(ag+a1p+ap®+...) where ag# 0.

Think of this as when we multiply by p”, we eliminate the powers of p in the
denominator. This ensures p"x = ¢ with the ged(p,b) = 1 and ged(p,a) = 1.
Now, b~! makes sense modulo p™ for all n € N because there is no common factor
between p and b.

This forms a Laurent series in p:
oo
Z a;p' for N eZ
i=N

or written out,
xr = aOpN + aleH + agpN+2 o

where N is any integer, possibly a negative.
This allows us to work with Q so we can now form the completion of Q under
p-adic absolute value, which we denote by Q,. Our Q,, series will be

r=a_np VNta_nip VT4 Fagtarptap’+... for a; €{0,1,2,...p—1}

Observe that the first power of p that occurs in the series determines
the p-adic absolute value. Therefore Z, consists of terms with absolute
value < 1.

It can also be noted that Q, = Frac(Z,).

Example 2.2. Can we find a series for % in Z3?

With p = 3 as our prime, we need to find a;’s that make % = ag+ar1ptasp’+... =
% mod p".

To start, we know that % =271 mod 3, so % =2 mod 3. This gives us ag = 2.

Then we take

=5 mod9=2+a1-3 mod9=2+1-3 mod9

N —

so we know a; = 1. For ag, we work mod 27 to get
1
5514 mod 27=2+1-34a2-3> mod27=2+1-3+1-3% mod 27

so ag = 1. We continue this for the powers of p = 3™ to get the full series that will
give us % € Zs.
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2.3. Hensel’s Lemma. Just like the case of the real numbers, there exist irrational
numbers in Q,. We can explicitly construct some of these numbers via Hensel’s
lemma for finding roots of polynomials in Z,:

Theorem 2.2 (Hensel’s lemma). Given a polynomial f(z) € Z[z] (or Z[x]), sup-
pose f has an approximate root a:

f(@)=0 mod p
and f'(a) 0 mod p then there exists a unique a € Z, such that

(1) fla) =0 in Z,
(2) a=a modp

Proof. We rely on Newton’s root finding method for this proof. We will construct
for series for « inductively. Assume that we have found

Qp =ag+ap~+ ... +an_1p" ' with q; €{0,...,p—1}

so that f(ay,) = 0 mod p™. The base case n = 1 is satisfied with a3 = ag. We
want to find (the unique) a, € {0,...,p — 1} with ap41 = ap+a1p+ ... + app”
such that f(an11) =0 mod p"tl. If we let d denote the degree of f(x), then we
can write:
o) (2 — 0t )? Y, (z — ap)?

Notice that for x — a,, = 0 mod p”, in particular, for z = a1, every term of
degree greater than 1 has a power of at least p”*! in the numerator after reducing,
so we can conclude that:

flan + anp™) = bp™ + f'(an)(a,p™) mod p"t,

where b € Z is determined by: f(ay,) = bp™. Since f(a,) = 0 mod p™ we know
f'(an) Z0 mod p because «,, reduces to a mod p and f(a) Z0 mod p. Then

f(an) € (Z/p"Z)".
If we want
flan +a,p™) =0 mod p"t?
then we need to get
bp"™ + f'(an) - app™ =0 mod p"
which implies
(b+ f'(an)an)p™ =0 mod p"H,
which reduces to:
b+ f'(an)a, =0 mod p.
This gives us a unique solution:
—b
f'(an)

This defines the next order approximation modulo p™t!:

mod p.

ap =

Qpt1 =ap+a1p+ ...+ 1"+ anp™,

and continuing in this fashion constructs the series for « as a limit of the a,,. O
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Example 2.3. Can we solve f(x) = 22 — 2 in Z7? Modulo 7 this has a solution.
Start with a =3

f(x) =2x
f(3)=6#£0 mod7
FB+Tar) = f(3) + £'(3)(Tar) + 7°(...)

=7+46(7a;) mod 72
=(1+6a,)7=0 mod 7°

0=146a; mod7 = 1=a; mod?7
then « =3+ 1-7. Now we have

fB+7+f(B3+7)(a7®)=0 mod 73
f(10) + £/(10)(a27*) =0 mod 73
(2-7)+(6+2-7)(az7)=0 mod 7
7?2+ (6+2-T)ag) =0 mod 7°

24a3(6+2-7)=0 mod 7
2+6a=0 mod?7

thus 2 = a; mod 7 so we now have 3+1-7+2-7%2 + ... which is a solution in Z.

3. LOCAL-TO-GLOBAL PRINCIPLE

The idea of the Global-to-Local Principle is trivial for our purposes. Because Q
is contained in R and @, for all prime p, any solutions in the global Q guarantee
that there is a solution in a local field. We are concerned with the reverse of this:
the Local-to-Global Principle. The Local-to-Global Principle is the idea that if 1
can solve an equation in @, and R, do solutions exist in Q7 Local solutions are
usually easy to find in both Q, and R.

In Q, we work modulo p, we can check if solutions exist modulo p, and then if
such a solution exists, refine it with Hensel’s lemma to find a solution in Q,. In R
we can find roots with Newton’s method where f(a) = 0 and f’(«) # 0. These are
“decidable” questions from computability point of view. The problem is knowing
whether a solutions exists globally after having found solutions locally. This is
extremely difficult to answer, and in some cases are “undecidable”. However, there
are cases where a local-to-global principle does work, and one famous example is
the Hasse-Minkowski Theorem:

Theorem 3.1 (Hasse-Minkowski). A binary quadratic form (i.e., f(z,y) = az? +
bry + cy?) with coefficients in Q admits a nontrivial zero over Q if and only if it
does so over Q, for all prime numbers p and over R.

In general the Local-to-Global Principle is not so easy to put in practice as there
are obstructions to applying to higher degree equations (elliptic curves, for exam-
ple). These obstructions are discussed in more detail in the paper of Mazur. [2] One
of the main advantages of p-adic numbers is that they treat the “arithmetic” side
of Q on equal footing with the “analytic” side: their construction is analogous to
the reals, and the completions Q,, are treated like R in the local-to-global principle.
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