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CHAPTER I
INTRODUCTION

My interest in optimization arises from iﬁvolvement
in quality improvement problems. Quality improvement can be
achieved by determining optimum combinations of various
control variables for producing a specific product. 1If the
quality of a product is measured by only one property, we
deal with optimization of one property (response).

Actually, however, the quality of a product is measured by
several properties. Therefore, the decision for choosing an
appropriate combination of control variables become
difficult, since many (sometime all) properties are affected
simultaneously.

Optimization of one response (property) has been
discussed and published widely by many researchers for both
linear and nonlinear optimization (Wismer and Chattergy,
1979; Steuer, 1986; Mockus and Mockus, 1991). Kirkpatrick
et al (1983) have proposed optimization by using simulated
annealing for finding a global maximum point if the response
function has at least one local maximum. Simulated
annealing has been discussed in more detail by Bertsimas and
Tsitsiklis (1992). Mockus and Mockus (1991), have proposed

a Bayesian approach for global optimization for both



unconstrained and constrained optimization.

Optimizing only one property does not seem good enough,
since it often happens that optimizing one property
adverseiy affects the}other properties. It may happen that
this optimization yields a product that has lover quality
than before, therefore it is necessary to optimize all
properties (responses).

Some researchers optimize the most important response
and put constraints on the others . The solution for this
optimization often lies on at least one of the boundaries of
the constraints. Thus, this approach may not always give an
optimum solution.

Taguchi (Ross 1988) was the first to introduce a
twvo-step optimization for two-response cases (response mean
and its variance). First, he ﬁinimizes the variance; then
he sets the response mean close to a target value (Baker,
1986; Leon et al, 1987; and Ross, 1988). Taguchi's method
has had great success in Japan. Many American manufacturers
use his method while some scientists and statisticians have
criticized or modified it (Leon et al 1987; Box 1988).

Most recently, scientists have paid attention to
simultaneous optimization for several responses. Yet, it is
still a perplexing problem and the procedure is complicated.
A simultaneous optimization method usually cannot optimize
all the responses. 1In general, there can be no single best
optimum point for all individual responses. However, some

points are definitely better than others. Consequently, we



adopt a compromise, which leads to a consideration of
the term "admissible points." The set of all admissible
points is called the admissible set.

Every point %' that belongs to an admissible set (in
the sense of maximization) gives value Yt(x*) > Yi(x) for
all i and for all x that lie outside the admissible set.
Therefore, the characterization of sets of admissible
solutions for optimizing multiple response functions is of
particular interest. We may choose a point from many points
in the admissible set. The choice is governed by decision
makers, who will consider the advantages of trade-off among
the responses.

One way to simplify the simultaneous optimization
process is to apply a univariate approach. All original
responses are combined into a single new response. Thus,
using this approach reduces the multiple response problems
to a single response situation, for which the methods of
optimization are widely available.

Some combined response functions have been introduced
for simultaneous optimization for several responses.
Harrington (1965) introduced desirability functions and
computed the geometric mean as a combined response function.
Then Derringer and Suich (1980) extended the desirability
functions to find better performances. Khuri and Conlon
(1981) used a distance function as a measure of the
deviation from the ideal optimum along with the

variance-covariance matrix. Mockus and Mockus (1991) used a



k
Bayesian approach to maximize .Ziaj{(x), the weighted sum
v= T L

of the original responses Yi(x), where a > 0. Steuer
(1986) discussed the weighted sum of original responsss
(first-order polynomial functions). Vos (1990) has
introduced 1iﬁear utility functions for choosing decisions
in education cases. However, none of the researchers
mentioned above has discussed the characterization of sets
of admissible points for optimizing several second-order
polynomial functions.

The main objectives of this thesis are to characterize
sets of admissible points for several kinds of surfaces of
the original responses and to determine conditions under
which maximizing a combined response leads to an admissible
solution. For this purpose, some lemmas, theorems, and
definitions are developed in this thesis. The
characterization is developed for both unconstrained and
constrained optimization. The feasible region for
constrained optimization is assume to be a closed convex set
and that the original responses are limited to second-order
polynomial functions of vector x.

Each of the original responses has either a maximum, a
minimum, or a saddle points. Since a combined response is
derived from several original responses, we have several
combinations of surfaces of the original responses. Those
combinations are considered for characterizing the sets of
admissible points. The characterization for two or three

original responses as functions of x1 and X_, €an be



illustrated by graphs, otherwise by algebraic notations.
Chapter 11 contains some definitions related to
optimization and the review of some earlier work in
simultaneous optimization using a univariate approach. The
characterization of sets of admissible points and the
determination of conditions under which optimization of a
combined response leads to an admissible point are developed
in Chapter III. Chapter IV contains inferences related to
the optimum point of maximization, using the convex
combination method as a special case of the weighted sum
method. This chapter also presents numerical examples about
the confidence region of x for fixed o and the region of x
if we impose constraints on o . Chapter V presents
comparisons of the admissibility of 4 methods: the convex
combination, Harrington's, Derringer-Suich's, and
Khuri-Conlons's methods. Then the summary and conclusions

are presented in Chapter VI.



CHAPTER 1II.
LITERATURE REVIEW

In this chapter some definitions for optimization and
admissibility will be given. Before discussing optimization
problems, it will be necessary to give some mathematical
notation and definitions. The literature review is
focused on multiple response optimization using a univariate

approach.
Mathematical Preliminaries

Throughout this thesis a vector is denéted by a bold
small letter and a matrix is denoted by a bold capital
letter. Also the transpose of a vector x or a matrix A is
denoted by x’ or A’.

Some definitions that relate to optimization and
admissibility are presented in this section. For
constrained optimization, we assume that the feasible region
is a closed bounded convex set. The convex combination
method is discussed later.

Definitions for a convex set and a convex combination

are given below:

Definition II.1. A set S is convex if and only if for
~ k
X, € 8, a point x = ¥ ax is also in set S, where



k
o > 0 and 2o = 1.
1 T=1% U
Definition II.2. W is said to be a convex combination of
Yi(x), i=1,2,..., k, if

k ‘ k
W= 2 a¥Y(x), >0 and &£ a = 1.
4 v v A L=1 1

A second order polynomial response have three kinds of
stationary points: maximum, minimum, and saddle. Their

definitions are as follows:

Definition II.3. Let Y(x) be a function over a closed

set A in E" . Y(x) is said to have a global‘maximum point,

at x" if and only if

Y(x*) Z Y(x) for all x  A.

If Y(x*) > Y(x) for all x € A, then the global maximum

point is unique and is called the proper global maximum.

Definition II.4. Let Y(x) be a function over a closed set A
in E". Then Y(x) is said to have a global minimum point at
x 1if

(o]

Y(xo) < Y(x), £for every x € A.

If Y(xo) < Y(x) for all x € A, then the global minimum is

unique and is called the proper global minimum.

Definition II.S5. Let Y(x) be defined at all points in
some & neighborhood of x, € E". Then Y(x) is said to

have a local maximum point at X, if there exists



an g, 0 < g < 5, such that for all x, 0 < " X -xon < g,

Y(x ) = Y(x).

& neighborhood of X, is the region that has radius & from
X . If Y(xo) > Y(x), then the local maximum is unique and

is called the strong local maximum.

Definition II.6. Let Z = £(x,y) be a differentiable
function. Then Z is said to have a saddle point at (xo,yb)
if there exists an £ >0, such that for all x, [x - xoﬂ < &

and for all y, |y - Yo" < &g,
£(x, y) € £(x,, ¥,) < £(x_, ¥).

Admissibility become a particular focus in this thesis.
We need to define the definition of admissible point and the

set of admissible points.

Definition II.7. x° e R is an admissible point for

y(x), y € E* and x € E?, if and only if there does not exist
x € R, such that x is better than x®. In the sense of
maximization, the above definition can be stated as x® e R

is admissible for y(x) = {Yi(x), . ey Yk(x)}, X € EP, if and

only if there does not exist x € R such that
Y (x) 2 yi(x°), V i and

Yi(x) > Yi(xo), for at least one i.

Definition II.8. S is an admissible set for y(x), y € Ek

and x € E?, if and only if S is the set of all x°, such



that x° is admissible for y(x).

The gradient of Y(x) is important in determining the
direction of the path of steepest ascent, the stationary
point, the tangent path of Yi(x) and Yz(x). and the Hessian
matrix, etc. Definitions for gradient and other related

terms are given here.

Definition I1.9. Let Y (x) be differentiable function
of x « EP. The gradient of Y(x), denoted by VY¥(x) is

define as

ay
ax 1
1

aY aY

’. llllll '
6x2 2 8xp

VY (x) = (

1p),
where i1, iz, ey ip are their coordinate axis.

Definition II.10. Let Y(x) be differentiable. A

stationary point of ¥Y(x) is a point that satisfies
VY(x) = O.

Definition II.11. The Hessian matrix of Y(x), denoted

by H is the matrix of second derivative of Y(x) with

Y(x)’
2
'y

respect to x. The element of HY(x) is HU = 5;:3;: .

As has been mentioned above, there are three kinds of
stationary points: maximum; minimum, and saddle points. Let
X be the stationary point. The nature of the stationary
point for each response is determined by its Hessian matrix,

as follows:

(1). Local maximum, if HY(x)|x is negative definite.
o .
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(2). Local minimum, if HY(x)lxo is positive definite.

(3). Saddle point, if HY(X)IXO is indefinite.

"Criterion cone" is generated by gradients of Yi(x),
i=1, 2, ..., k. In a univariate appréach, k original
responses are combined into one combined response. The
gradient of the combined response should lie in the
criterion cone of the original responses, so that the
solution for maximizing the combined response leads to an
admissible éolution.

A criterion cone .is important for optimizing several
responses. Steuer (1986) defined the criterion cone as a
convex cone generated by k response gradients (gradient of
Yi, Yz, ceay Yk or VYi(x)). The size of the criterion cone
is defined by the number of linearly independent VWi(x),
i=1, 2, ..., k. 1If the number of linearly independent
VY;(x) is j = k, then the criterion cone is of dimension j.
The null vector condition is in effect if there exists
o > 0, To = 1, such that Za;VYi(x) =0, i=1, .., k. The

criterion cone and the null vector condition are shown in

Figure 1 and Figure 2.

Some Methods for Multiobjective

Optimization

y ses, Y is

Each of the original responses Yi, Y N

2

considered as a function of p control variables, X0 X,r -
+2p, X . This function may be unknown or sometimes it may

be known from the engineering, physics, or chemistry.



iz

Figure 1. Criterion Cone of VY;

Y —— o
\Y Z‘Q\\\

Y
v 3

Figure 2. Null Vector Condition

of a Criterion Cone

11
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Maximizing an unknown function is attempted either (1) by
fitting a function to experimental data and then maximizing
the fitted function or (2) by using some empirical search
procedure to try to find the maximum. Sometimes we may
follow the search procedure and fit a function with a
subsequent maximization of the fitted function.

Harrington (1965), Derringer and Suich (1980), and
Khuri and Conlon (1981) used a single experimental design
to estimate the function of Y (x), i =1, .., k and x € EP.
Then they defined transformations based on Qi(x), the

estimator of Yi(x).

Harrington's Method

Let Y‘,_ be the i"h response, Y‘._*vbe the upper
specification limit and Yuu be the lower specification
limit of Y. ;i(x) is the estimator of Yt(x) by using
regression analysis (usually é second-order polynomial

equation). Harrington's desirability functions are

- - n ‘
d, = exp( |Zi| ), n >0
where
- - |
g = LX) (¥, + Y02 (2.1)
1 Y* ~
i Yim

Then he maximizes the geometric mean of dt defined by

k
D = (] di)Vk , i=1,2, ..o, k (2.2)

iL=d
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The choice of n is subjective and is governed by the

importance the engineer places on each of the responses. We
may choose a different value of n for every response. The
greater values of n are assigned to the more important
responses. More discussion concerning the admissibility of

this method is presented in Chapter V.

Derringer-Suich's Method

Derringer and Suich (1980) modified Harrington's
desirability functions to find better performances. Two
cases will arise: one-sided and two-sided desirability
functions. For one-sided cases, they considered the

desirability functions given by

0 Yi. < Y\. -
Yoo Yiu ’ ~ »
d = ¢« —_— Y =Y =Y. . (2.3)
i Y*_ y . L% i i
i i ~
1 Y > Y
L i i

The engineer specifies the value of r and the minimum
acceptable value of Yk*. For one-sided cases, there is no
highest acceptable value for §. However, from practical
experience one may think that a value greater than Y: lacks
additional worth. on each of the responses. The more
important the responses, the greater values of r are
assigned to them. The values of r also define the speed of
increase in di. ‘If r = 1, the increase in di is constant.
If r > 1, first c'i,L increases slowly when §i near Yk*,.then

d_L increases rapidly when Yt approach Y;*. If r < 1, the
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increase in di is opposite to that when r > 1 as shown in
Figure 3a.

For two-sided cases, the desirability functions are

1.— i d i i i

-~ »*

Y - Yi t - *
ad = { | —= |, c <Y =¥, (2.4)
L L L L

C.- Y. i

A9 L3 -~ -~

- 0 s Y <Y _oryY

7k .
D, = (1 d‘i)i , i=1,2, ...., k.

Again, the values of s and t are specified by the
engineer. If all the responses are equally important or
the increase in di are constant, then s = t = 1. The
greater values of s or t are assigned to the more important
responses. Figure 3b shows the relationship between di and
s or t. If s or t is greater than 1, then the increase in
di. is slow, when §'i_ is closer to Yt* (for s) or Y;,* (for t)
than c, is. In contrast, the increase in d,L is fast when ;t
is closer to c, than Y: or Yi* is. If s or t less than 1,
the increase in di is opposite to that if r or s is greater
than 1. More discussion concerning the admissibility of

this method is presented in Chapter V.

Khuri-Conlon's Method

Khuri and Conlon (1981) minimized the weighted

distance of Yi(x), the estimator of Yi(x), considered as a



Y. Y. Y.

i* i
a. One-sided Specification Limit -

Y. [ Y Y

i* i i
b. Two-sided Specification Limit

Figure 3. Effects of r, s, or t on dj

15
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point in r-dimensional space, from ¢, the vector of

individual optima. The distance function is denoted by
ply(x), $l=liy(x) - ¢}’ ivar(y(x))} *y(x) - $H1*2  (2.5)

They used a polynomial regression fuhction for Yt(x). From
k responses they chose r linearly independent responses for
simultaneous optimization. The polynomial equation for
each §L(x) is found by using multiple regression analysis.
If the elements of vector y(x) are independent, then
var{;(x)} can be assumed to be a diagonal matrix.

Minimizing p[y(x),¢] is equivalent to minimizing

1

. 2 _ > A1 A z_, ’ -1 o
min o = [{y(x) Y, fdiag(e "z’ () (X' X) "z (%))} “{y(x) ¢t

(¥ 00 ~ 1%/ (0%c)

1

Il
L o ]

i

where c = z,L'(x)()(‘)()"1

zt(x)}, and zi'(x) is a row vector
of dimension m whoes first element is 1 and the remaining
elements consist of power and‘cross—product of powers X
.oy xp as dictated by the polynomial model. X is the
matrix of control variables x in constructing the
regression analysis, whose first column is vector 1.

In minimizing p[;(x), ¢$) in the above eguation, ¢ was
treated as a vector of constant.' Khuri and Conlon (1981)
also considered the randomness of ¢. Here, if ¢ is the
vector of individual optimum values of the random vector
;(x), then ¢ is also a random vector. Let the true value

of the individual optimum be a vector f; then the objective

is to minimize ply(x),{]. Since [ is unknown, Khuri and



17

Conlon (1981) have decided to minimize the upper bound of

the distance. They set up a confidence region about ¥ with

a certain degree of confidence. The region is denoted by
DK' For a fixed value of x in the experimental region R,
then
ply(x),{] = max ply(x),n] (2.6)
neo,

wvhere 7n is a point in DC' The right side of the equation
overestimates the distance ply(x),{]. However, the minimum
of ply(x),{]) over R cannot exceed the corresponding minimum

of the upper bound, so

min p[;(x),C] < min {max p[;(X),n]} (2.7)

xeR XeR neDc

Let d_= min{ max ply(x),nl}. (2.8)
xeR neDc :

Then the minimum over R of the distance between y(x) and {
is less then or equal to do. More discussion concerning the

admissibility of this method is presented in Chapter V.

Linear Utility Function

Vos (1990) proposed a linear utility function for
optimizing four different type of decision problems in
education: selection, mastery, placement, and
classification. The optimization is based on Bayesian
decision theory, to search for a decision that maximizes

the expected utility.
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Let xd.and yd.denote the cut-off scores for
sub-population i on observed test score variables X and Y,
respectively. Let tc be the cut-off score on the criterion
score T, which is assumed to be equal for each population
and which the decision maker set before the optimization
process. The objective is to optimize xd_and Y
simultaneously, for a given tc.

In his example, Vos defines the following decision

-a , for X <x .
o cL

>
&(X,Y) = J a,s for X = Xai? ¥ < Yo (2.9)
a,, for X = xct, Y = Y.,

where a,, a, a, stand for the actions to reject a student,

1
to retain an accepted student, and to advance an accepted
student, respectively. He states a combined decision

problem as a linear functions in t for sub population i:

b .(t -t)+d_ ., for X < x .
oLv < ovu [~ %

uﬁ(t) = b1i(t_tc)+d1t’ for X = ei? Y < Y. (2.10)
bzi(t—tc)+dzi, for X = X_.r Y = Y.

where djt < 0 is the cost and bj,L is the slope of the
linear regression, j =0, 1, 2 and i = 1, 2. The parameters
dj,L and bj,L have to be fixed before optimization.

Using the above utility function, he maximizes
Elu (T|x . y )1. (2.11)
1 <L <L )

After several integrations, differentiations, and
computations he found that the optimal cut-off scores (the

boundaries of scores for making actions), xd_and Y, can be
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found by solving the following equations via numerical
approximation methods.

[+ o]
xJ“ { (b, -b JIE(T|x, y )-t 1 +d, -d_ }

cL

{ z (x|y ) dx } = 0 and (2.12)
1 cL

(b, + b JIE(T|x )-t 1 +d, -d_ +

. _
d { (b, = b IIE(T]x, ¥)-t 1 + 4, - d, }

ci

{x%(y[xd) dy } = 0, (2.13)

Y

vhere zt(xlyci) and mi(y]xct) are the posterior probability
function of x given Y = yd’and the posterior probability
function of X = X . respectively.

He applies this procedure, for one or more of the
following restrictions: (i) multiple populations, (ii) gquota
restrictions, (iii) multivariate test data, and (iv)

multivariate criteria.

Taguchi's Method

This method is a two-step optimization of two responses
(means and variance of a function of x). Taguchi classifies
the control variables x, into two categories: dispersion
factors and adjustment factors. Dispersion factors are
control variables that affect the variance or both variance

and means. Adjustment factors are control variables that
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affect only the means.

First, Taguﬁhi (Baker, 1986; Byrne 1987; and Ross 1988)
minimizes the variance with respect to dispersion factors,
by maximizing a certain criterion called "signal-to-noise
ratio" (later it is written as SN ratio). Then, he adjusts
the adjustment factors, such that the mean value of the
response is close to a given target value. Tagquchi also
claims that his method will lead to minimization of a

guadratic loss function,
2
L(y, T) = C(y - T),

where C is a constant, y is the value of a response Y, and T
is a given target value.
There are three kinds of SN ratio:

.S
(1). SN, = -10 log = .E, 1/y.% where the higher value of

the response of interest is better.

- 1
(2). SNL = -10 log T i

(If¥]

>
Y., where the lower value is

better.
(3). SNT = 10 log (Ez(y)/var Y), where the target value

is the best.

Taguchi's method can only be applied if there are
adjustment factors. Leon et al. (1987) have proven that
Taguchi's method will lead to minimization of a quadratic

loss function only if Y(x) can be written as

Y

u(d, a)s(N, d), (2.14)

vhere E(Y) 2(4, &) is a strict monotone function of each
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component a for each d; a are adjustment factors, d are
dispersion factors, and N are noise factors. The Noise
factor affects the output of a response, but is difficult
to control or its control causes high production costs.
Leon et al (1987) stated that model (2.14) holds, for
example, if the noise affects the output, ¥, uniformly over
increments of time and distanee. He also stated that model
(2.14) gives the var(Y)/EzY which does not depend on a. In

contrast, if the function of Y is replaced by
Y = u(d, a) + £(N, d), (2.15)

with E(e(N, d) = 0 and L(y, T) = (y - T)?, then under model
(2.15), SN ratio depends on a., Therefore, Leon et al.
(1987) suggest using var(Y) instead of the SN ratio.

Box (1988) gives another alternative of the SN ratio
for general cases. Suppose that Y = g(y) is a "variance
stabilizing transformation" such that o, > ay g’ (i) is

independent of u and suppose further that o'zY is only

affected by d. Then minimizing the guadratic loss

Cly - T)%= min {g’ ()32 ayz + (u(x)-T)2
is possible in two steps. By using second-order Taylor
expansion, then he found

3 ’ = v e
Hyy = g{f +50g°(T)1 0 g ,(T)avoz}, (2.16)

where g* and g’* denote the first and the second derivative
of g, respectively and T is the target value. In a

particular case, if Y = yr ( = 0), then
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T {T[l-— % (;") ¥o ]} (2.17)

If » = 0, the transformation is Y = 1n y, then

3 2
Hy, = In T - 5 GYO . (2.18)

In his article, Box (1988) explained how to find p.

Some Methods for Single Response

Optimization

After we cohbined the original responses into a
combined response, the problem becomes one of single
response optimization. The methods or procedures for
single response optimiZation are reviewed briefly.

There are two branches of optimization: linear
programming (for linear functions of vectdr x) and nonlinear
programming (for non linear functions of vector x). The
popular method for computing linear programming is the
simplex method. Nonlinear programming may use gradient
methods or quadratic programming if the response is a
guadratic function. |

A simple algorithm for optimization is the "dichotomous
search". With this method we can choose x1n and xzn to be
symmetric or not with respect to the mid point of interval

“, b"]. In each iteration we can choose 2 or 3 points

[a
with equal intervals. Wismer and Chattergy (1979) discuss
the algorithm and its expansion in detail.

If the response is a differentiable and a continuous
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function, then the gradient method can be used. 1In this
method, the fastest search for maximization is in the
direction of the path of steepest ascent. This direction
is the positive gradient direction. Searching is continued
until the gradient vector equalé zZero. To avoid reaching a
local maximum or local minimum point, we shall repeat the
search at various starting points. This method can be used
for both unconstrained and constrained optimization (Wismer
and Chattergy‘1979).

Kirkpatrick et al (1983) proposed the simulated
annealing algorithm for global optimization, to prevent
optimization from reaching a local optimum. This method is
based on a physical process whereby a solid is slowly
cooled and spends a long time at temperatures near the
freezing point.v This process yields a stable configuration
structure. 1In their example, the annealing schedule starts
at a high temperature (To = 10), then cools exponentially,

wvhere

- n
Tn = (Ti/To) To’ (2.19)

with the ratio Ti/T0 = 0.9.

More explanation about simulated annealing has been
reported by Bertsimas and Tsitsiklis (1992). They show
that the simulated annealing algorithm will converge in
probability to the set of global optima, S*, if and only 1if

lim T(t) = 0 and
t— o
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® - '
t_E"exp [-4 /T(t)] = o, (2.20)

where d* is the smallest number such that every i € S
communicates with §* at height d*, They state that "state
i communicates with S* at height h if there exists a path
in 8 (with each element of the path being a neighbor of the
preceding element) that starts at i and ends at some
elements of S*, and such that the largest value of J (cost
function) along the path is J(i) + h." Bertsimas and
Tsitsiklis (1992) are more interested in the probability
that no state in S* is visited during the execution of the
algorithm than the value of P(x(t*) & S*). They found that
it is at most A/(t*)a, for a given cooling schedule T(t) =
d/log t, where d > d*, and A and a are some positive
constant. Therefore, it converges to zero if t — .
Mockus and Mockus (1990) use a Bayesian approach for
optimization. They use this method for both linear and
nonlinear constraints. They show that the solution of this
method converges to a global minimum for any continuous
function Y(x) defined on a compact set R. For
multiobjective optimization, they minimize the weighted sum
of the objective function Yi(x), but do not explain the
functions (whether linear, quadratic, or others). They also
state that the result of minimization converges to the
global minimum of t§1atyt’ where o >0and i =1, ...., k,
for any continuous function Yi(x) and a compact feasible set

R.
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Confidence Region for Optimum Points

After the optimum point of a response is estimated in
any optimization process, the next task is to determine its
confidence region. From the regression analysis, we can
estimate the vector 3, the regression coefficients of the
response. We‘can also estimate the variance-covariance
ﬁatrix of ﬁ. The procedure for constructing the confidence
region for the stationary point of the response or any
g(f3), has been suggested by Calter et al (1984, 1986).

This construction is based on the 100(1 - oa)% confidence

region about g(ﬁ), indicated by Rao (1973) as given below

P { min g(f) < g(B) =< max g(f) 21 - o,
peu v

where

U = {ﬁ:(f?—m'()c'xnrs:m/qsz $F, o n_q}

Let Y(x) be a second-order polynomial function of x.

It can be written as a general linear model,

y =X $+ £

nx1 nxq qx 1 nx4
: 2
£ ~ N(O, " 1),

or in a quadratic form,

Y = ﬁo + x'b + xBx + g,

vhere b = (3, Bor «ees ﬁp), qg = (p+l)(p+2)/2, and



[ ﬁtti. ﬁtzi/z ﬁipL/Z T
ﬁézt ﬁZpi/z
B =
symetric
L Pepi J
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The stationary point X can be written as a function of £3;

it is defined as

x" = - 0.5 B'p

For simplifying the computation, Carter et al (1984

and 1986) transform the confidence region about 3 to a

multi-dimensional spherical region of radius

2 1,2
r = (gs'F .
a a, g, n—q

The transformation is done by defining

(B=B) (X*X) (B-B) = (B-B)' PP’ (X’ X)PP* (3-3)

172 ,1/2

(B-B)* PAY2AY 2P (plp3)

= z'Z.

Where z’' = (f3-f3)' PAY"?

P = matrix of eigenvectors of X'X,
A = diag(eigenvalues of X*'X),
z = (zt, Z,r v zq),

z = p cos 61, 0 <p=r,

zZ = cos @ sin 6
2 P 1 27

(2.1)



z = pcos @ cos &_ ..... cos & sin @ |,

1 2 q-2 1

Z = pcos @ cos @ ....... cos @ cos & ,
q 1 2 q-2

-0.5 n < ei <0.5#w#, i=1, 2, ..., gq-2, and

-1 < 8 < n.
q-1

Then, every point of 2 € U can be defined. By evaluating
any g(f3), we can construct the confidence region for g(3).
The nature of the stationary point is determined by
the eigenvalues of matrix B. If all the eigenvalues of B
are positive, then the response has a minimum point. 1If

all negative, then the response has a maximum point. 1If

27

the eigenvalues have different signs, then the response has

a saddle point. If one of the eigenvalues is very small or

zero, then the response may not have a unique stationary
point, but rather a stationary ridge. Therefore,
information about the eigenvalues of B is useful for
characterization of the stationary point.

Since A, the eigenvalues of B, are computed from a
random matrix B, then A are also random variables. Carter
et al. (1990) proposed a procedure to construct the
confidence region for A, the eigenvalues of B. They give

an approximate 100(1l- a)% confidence region for A as
6 = {% e RP: (A - M) (H'VH) YA - A) < xﬁp 1_0}’ (2.22)

where X = the vector of eigenvalues of B,



A
V = p x p matrix of variance-covariance of vec(B),

vec'(2d1d; - diag(d1d1 })
H =] ! , and
vec’(2d d - diag(dd ‘}))
PP P P
di(i =1, 2, .., p) = the i"h eigenvector of B,

The confidence interval for the ith ordered eigenvalue of

B is given by

>
1

-z [ e H'VH e %%
[{%] 1-0L72 " T L)

< o~ R A' -~ 0-5
<A, *2Z_ ., e HVHeI? (2.23)

where xu < X < oo XX and e is a p x 1 vector of

) @ '’
" R . th -
zeros with a 1 in the i row. For a small sample size,

. . 2
they recommend using Fa—a,p,n—q, instead of pr—a’ where

g = (ptl)(pt2)/2.
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CHAPTER III
ADMISSIBLE SETS

Characterization of Sets of

Admissible Points

When considering problems as a multivariate one, it is
obvious that, in general, there can be no single best
solution for all individual responses. Still, some
solutions are definitely better than others. We are drawn
naturally to consider the sets of points for which there are
no "better" points. "Admissible points" and "admissible set"
are defined in Definition II.7 and Definition II.8 in
Chapter II, respectively.

"Admissible set" is a terminology standard in much of
statistical decision theory. 1In mathematical economics the
term "pareto optimal set" is used, for example in models of
welfare economics where no consumer can be made "better off"
without making another consumer "worse off." Mockus and
Mockus (19921) also used the term "pareto optimal set"™ in
multiobjective optimization using the Bayesian approach.‘
Another term for admissible points is "efficient points,”
used by Karlin (1959). Folks and Antle (1965) also used the
term "efficient points" in arriving at an optimum allocation

of units to strata when there were multiple responses.

29
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We shall now describe the sets of admissible points in
a case where we have k response variables, YL, i=1, 2, ..
coep k és a function of p control variables, Xi, ey Xp.
Characterizations are developed for both unconstrained and
constrained optimization, also for several cases of surfaces

of Yi(x). Geometric visualizations are shown for k = 2, 3

and p = 2.

Unconstrained Optimization

p=2and k =2 Let Y(x), i=1, 2 and x € E- be
second-order polynomial functions of x. We want to maximize
both Y1 and Yz. ‘The tangent path of Y1 and Yz seems like a
natural candidate as the admissible set. The part of the
tangent path of’Y1 and Y2 that is admissible depends on the
nature of the surfaces of Y1 and Yz, described in Theorem
I1I1.1.

The equation of the tangent path can be derived from
the function of Y and Yz.,‘Let Y =a +a'x + x'Ax, and Y,

= bo + b’x + x*Bx. Let x* belong to the tangent path of

Yi(x) and Yz(x). Then 3 a number A, such that

VYl(x*) + Avyz(x"’) =0, = (3.1)
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Then the equation of the tangent path of Y1 and Yz is
given by
a1+2anx1+2aizxz b1+2b“x1+2b12xz

= - . (3.2)
az+2a12x1+2azzxz bz+2b12x1+2bzzxz

Since Y(x) is a quadratic form, if Y(x) has a maximum
or a minimum point, then its contours are close. The set

bounded by the closed contour is a closed convex set.

Theorem III.1. Let Y (x) and Y_(x) be second-order
polynomial functions. Let x & E°. The admissible region
for Yt(x) and Yz(x) is a part of their tangent path,
described as follows: |
(1). If both Yi(x) have maximum points, then the admissible

region is the part of the tangent path between the

stationary points of Yt(x) and Yz(x).

(2). If Yi(x) has a maximum point and Yz(x) has a minimum
point, then the admissible region is the part of the
tangent path of Yt(x) and Yz(x) from the maximum
point of Yi(x) to infinity, when Yt(x) lies on the
right sides of Yz(x).

(3). If Yt(x) has a maximum point and Yz(x) has a saddle
point then the admissible region is the part of the
tangent path from the maximum point of Yt(x) to
infinity.

(4). If both Yi(x) and Yz(x) have saddle points, then the
admissible region may or may not exist. If it exists,
it is the tangent path that does not pass through

their stationary points.
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(5). If Yi(x) has a minimum point and Yz(x) has a saddle
point, then the admissible region is an empty set.
(6). If both Yl(x) and Yz(x) have minimum points, then
the admissible region is an empty set.
Proof. Suppose x* is not admissible for Yk(x);then

there exists x° such that

Y (x%) 2 y,‘(x*),'v i and
Y (x%) > Y (x"), for at least one i. (3.3)

First, we consider case (l1). From Figure 4a, let a part of
the tangent path of Y1 and Yz between their maximum points
be the set S. Take any x* € 5. At x*, VYl(x*) and VYz(x*)
are perpendicular to the tangent line of their contours.
Every other point x° that lies on the left side of or on the
tangent line gives value Yi(xo) < Yi(x*). Every other point
that lies on the right side of or on the tangent line gives
value Yz(xo) < Yz(x*).- So, if we move from x" to any xo,

then

Yi(xo) < Yi(x*), for at least one i,

which is a contradiction.

For case (2), suppose Y1 has a maximum point and Yz has
a minimum point. Let a pert of the tangent path of Y1 and
Yz from the maximum point of Y1 to infinity be the set S, as
shown in Figure 4b. Every other point x° that lies outside
the contour of Y1 drawn from x* gives value Yi(xo) < Yi(x*).

Every other point x° that lies inside the contour of Yz



X2

/)
5

X,

a. Maximum-maximum

X1

b. Maximum-minimum

Figure 4. Admissible Tangent Path
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c. Maximum-saddle

d. Saddle-saddle

Figure 4. (Continued)
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e.. Minimum-saddle (S = @)

f. Minimum-minimum (S = @)

" Figure 4. (continued)



36

} L]
drawn passing through x gives value Yz(xo) < Yz(x ). So,

if we move from x' to any x°, then
o * ' .
Y (x7) < Y. (x), for at least one i,

wvhich contradicts Equation (3.3). By the same way as case
(1) or as case (2), we can show for the other cases that if

we move from x to any x°, then
o L] ’ .
Y (x7) < Y. (x), for at least one i,
which contradicts Equation (3.3).

p>2and k =2. Let Y(x), i =1, 2 and x « E°, be
second-order polynomial functions. For p = n, the contours
of Y1(x) and Yz(x) lie in n-dimensional space; therefore,

their tangent path also lies in n-dimensional space. So,

Theorem III.1 can be extended for p = 3, 4, ......., n.

Admissible regions when p = 3 and k 2, for two kinds of
surface combinations, maximuh-maximum and maximum-saddle,
are shown in Figure 5.

For determining the equation of the tangent path of
Yi(x) and Yz(x), x € E?, we recall Equation (3.1). From

that equation, then

(a + 2Ax") + A(b + 2Bx") = 0 or

2(A + AB)X" = - (a + Ab).

Then, the general equation of the tangent path of Y1 and
Y2 is given by

x = - 0.5(A + AB) *(a + Ab), (3.4)



a. Maximum-maximum in 3-dimensional Space

- —- -

V4

~~
x
~
(2 I

b. Maximum-maximum in 3-dimensional Space
‘with Constraint x3> a

Figure 5. Admissible Region for Yl(x) and

Yz(x) in 3-dimensional Space
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c. Maximum-saddle in 3-Dimensional
Space

d. Maximum-saddle with Constraint x3 = a

Figure 5. (Continued)
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for some X and ¥ = EP.

P =2 and k = 3. Here we have three responses and
three pairs of tangent paths. We are only interested in the
admissible part of these tangent paths for characterizing

the admissible region for Yi(x). The following theorem

characterizes the admissible region.

Theorem III.2. Let Y (x), i =1, 2, 3 and x « E>, be
second-order polynomial functions of x. If at least two
pairs of Yi(x) and Yi,(x) have admissible tangent paths,
then the admissible region for Yi(x) is the closed region
bounded by the admissible tangent path of each pair of
Yi(x) and Yi,(x), i<cCir.

Proof. When p = 2 and k = 2, a pair of Yi(x) and
Yi,(x) will have an admissible tangent path if one of
Yi(x) has a maximum point and the other has either a
maximum, a minimum, or a saddle point. Let the closed
region bdunded by the admissible tangent paths of Yi(x)
and Yi,(x), i <i’, be the set 8. Take any x* € 8. Suppose

x & S is not admissible; then 3 x° such that

Y.(x°) = Y (x"), ¥ i and

Yi(xo) > Yi(x*), for at least one i.

First we consider that all Yi(x) have maximum points, as
shown in Figure 6a. The contours of Yi(x) are drawn passing

through x*. Every other point x that lies outside the
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Y ¥4
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.
AY
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X4
a. Maximum-maximum-maximum
\{2

b. Maximum-maximum-minimum

Figure 6. Admissible Region for
Three Responses
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d.

Maximum~-minimum-minimum

Figure 6. (Continued)
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e. Maximum-minimum-saddle

f. Maximum-saddle-saddle

Figure 6. (Cbntinued)
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contours of Yi(x) gives value Y (x) < Yi(x*). Let T, be the
set of all x that lie outside the contour of Yt‘ Then we
can see that x® = x* belongs to UT. It implies that x° e
T,t for at least one i. 'So, if we move to any other point

x°, then
o * s
Yi(x ) < Yi(x ), for at least one i,

wvhich is a contradiction. By the same way, we can show
for the other combinations of surfaces that, if we move from

x* to other point x°, then

Yi(xo) < Yi(x*), for atlleast one i,
wvhich is a contradiction.

p =2 and k > 3. For more than 3 responses, we can
look at a group of 3 distinct responses at a time. Then
the admissible region can be figured out easily. It is

described in the following theorem.

Theorem III.3. Suppose there are k responses Yi(x).
Let Sj be the admissible region for.eyery group of three
responses. Then the admissible region for all Yt(x), i =1,

2, .., k is defined by

m k!
s = U s, vhere m = ————, (3.5)
j=a I (k-3)13!

Proof. Take any point x" e S. Suppose x is not
admissible for Yi(x), i=1, ..., k; then there exists x°,

such that
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Yt(*o) = Yi(x*). for ¥i and

y,‘(x°) > Y,‘(x*), for at least one i.

Since x e S, then x* belongs to at least one Sj = 0, It

implies that

Yi(x*) > Yt(xo), for at least one i,

wvhich is a contradiction.

P > 2 and k 2 2. 1In general cases when x belongs to
p-dimensional space, p > 3, it is impossible to characterize
the admissiblé set geometrically. One possibility to

characterize the admissible set is by algebraic notation

or equations, stated in the following theorem.

Theorem III.4. Let Y(x), i=1,2, .., k and x € E®

be second-order polynomial functions of x. Take any a > 0.
L] L] k * k
If 8 = {x : x satisfies V[,L;z:*aiY.L(x )] = 0 and £ aA is a

L=4 v oL

negative definite matrix}, then S is admissible region for

all Yi(x). A% is the Hessian matrix of Yi(x), i=1, .., k.
* kK »
Proof: 8Since x satisfies V(tgta,‘Y.‘(x )] = 0 and

k

s . - . * . s
tgtatiAt is a negative definite matrix, then x is a maximum

k
point of Lg1°%Yt(x)‘ Suppose x* € S is not admissible; then

3 x° such that

Y. (x%) 2 ¥ (x"), Vi and

Yt(xo) > Yi(x*), for at least one 1i.
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Since ¢ > 0, then
L

x x
» o
ZoY 00) < 2 oY (x7) (3.6)

which contradicts the fact that x is a maximum point of
k
igio%Yi(x). Then, by Definition II.8, the set S is an

admissible region for all Yi(x).

Corollary III.1. 1If . 1ot.,‘Y,‘(x) attains its global

* 1M x

L ]
maximum value at x , then x e 8§.

Constrained Optimization

Let Yt(x), i=1, 2, .., k and x € EP be second-order
polyﬁomial functions of x. Let the feasible region R be a
nonempty, closed, convex set bounded by g“(x) =0, n=1,
2,..., m. Let S be an admissible region for Yi(x) for
unconstrained optimization. Then two cases arise; R n S

is either an empty set or a nonempty set.

R N S is a Nonempty Set. Before we develop theorems

concerning admissible sets, we need to present two
definitions and four lémmas. As mentioned in Chapter 1I,
if at least of Yi(x) has a saddle point, then it may happen
that the subset of the admissible region lies in the
interior of R, but outside R m S. Definition III.1l and

III.2 will help the description of such a subset.
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Definition III.1. Let oné of Yi(x) have a saddle
point. Let none of Yi(x) have a minimum point. A
pseudo-admissible tangent path is a part of the
inadmissible tangent path, for which VYi(x) and VYi,(x),

i=i’, have the opposite direction.

Definition III.2. Let Yi(x) have a saddle point. A
pair of opposite contours is a pair of contours of Yi(x)
that have the same value but lie on different sides of the
stationary point of Yt(x).

Since Y(x) has a saddle point, its contours are open.
A contour of Y(x) is drawn passing through x*. If the
direction of VY(x*) does not go toward the stationary point
of Y(x), then any x° that lies in between a contour and its

opposite contour gives value
v(x®) < v(x™) (3.7)

Part of the boundary of R is also a candidate for a
subset of the admissible region. The following three lemmas
will describe it. All Yi(x) in the following lemmas and

theorems are second-order polynomial functions of x.

Lemma III.1. Let Y (x) have the highest value at x.e
boundary of R, gn(x) =0, i=1, ..., kand n=1, 2,.., m.
Suppose Yi(x) does not have a tangent point on X, € gn(x)
= 0, where X . # §t. Let the boundary of R that contains
it intersect S at point Ti. Let the part of the boundary

of R between §i and T_L be the set At' Then At is a subset
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of the feasible admissible region for Y (x).
L

Proof. From Figure 7.a, Suppose x e AL is not

admissible for Yi(x);then there exists x° e R such that

Yi(xo) > Yi(x*), V i and
o * .
Yi(x ) > Yi(x ), for at least one 1i.

First, we consider that both Yi(x) have maximum points.
Since §L is the maximum point of Yi(x), then Yi(xo) <

Y (x). If x" =X, it is obvious that ¥ (x°) = ¥ (x").
If x = x, look at the contours of Y1(x) and Yz(x) drawn
passing through x*. Let the set of all points that lie
outside the contour of Yi(x) be T1 and the set of all

points that lie outside the contour of Yz(x) be Tz. For

every x € (T, U T,)) then
e w»*
Y () < Y(x ) or Y () < Y (x ) or both.
ES 1 2 2

We can see that (R-x*) < (T1 U Tz); if we move from x”E

to any x° e (R—x*) then x° e (T1 u Tz); it implies that
o * .
Yi(x ) £ Yi(x ). for at least one i,

which is a contradiction. By the same way we can prove

this theorem for the other combinations of surfaces.

Lemma IXI.2. Let Yi(x), i =1, 2, have the highest

value at §ie boundary of R, gh(x) = 0 and §i & S, Let this

~

Yi(x) have a tangent point X, . gn(x) = 0, where X . = X .

Let gn(x) = 0 which contains this point be the smooth curve



X2

a.

Maximum-maximum
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b. Maximum-minimum

Figure 7.

Admissible Region for two Responses with
Constraints



c. Maximum-saddle

d. Saddle-saddle

Figure 7. (Continued)
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e. Minimum-saddle

f. Minimum-minimum

Figure 7. (Continued)

- 50



51

Q.- ;('L' Let the contour of Y (x) that passes through Q.

intersect this curve at a point P.. Let set ;: be

defined as:

(1). The curve P,L—;c.L (excluding the point P.L), if the
curve Qt—;(t does not contain another ;(i." i=i’, and
Q, is closer to S than ;‘L is.

(2). The curve PL-;‘t unions the curve Qt_;(t” if the curve
Qt_;‘t contains another ;‘t' and 3;0,‘ lies between ;‘t and
’N‘a" imic,

(3). The curve ;“L_;‘t" if the curve Q,L--;'c,L contains

another X, and X0 lies between Qt and X . i=i’.

Then the set A: is a subset of the feasible admissible
region for all Y.L(x).
Proof. Suppose x*e R1 or x'e Rz is not admissible

for Yi(x); then there exists x° such that
o * .
Y.L(x ) = Y.L(x ), Y i and
o] d .
Yi(x ) > Yt(x ), for at least one 1i.

From Figure 7b, take any point x*e curve Pt-;‘t (excluding

. * o _ * o~ .
point P.L), then Yz(x ) > Yz(Q,L). If x° = Qt or x = x_, it

is obvious that Y_(x®) < yz(x*). 1f£ x° # Q. and X" x.,
then look at the contours of Yi(x) and Yz(x) drawn passing
through x*. Let the set of all points that lie outside the
contour of Yi(x) be T1 and the set of all points that lié
inside the contour of Yz(x) be T, (since Yz(x) has a

minimum point). For every x € (T1 U Te) then
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Y (%) < Y (x") or Y (x) < Y (x') or both.
1 1 2 2
We can see that (R-x*) < (T1 u Tz); so that if we move from x*

to any x° e (R-x"), then
o * o *
Yi(x ) < Yt(x ) or Yz(x ) < Yz(x )

which is a contradiction. Look at R2 in Figure 7b; it
is'shown that X2 lies between §1 and §2. Take any ; e
curve Qi—§i,.. The contour of Y (x) and Y_(x) are drawn
passing through ;. By the same way as above, for any

o o -
x e R and x = x , then

o -~ o -~
Yt(x ) < Yi(x) or Yz(x ) < Yz(x) or both
which is a contradiction.

Lemma ITII.3. Let any boundary of R intersect the
admissible tangent path of Yi(x) and Yt,(x), i#i’, at
point T. Let the part of this boundary that does not lie
between S n R and both contours of Yi(x) and Yt,(x), iei’,
which are drawn through T, be the set Bi. Then B,L is a
subset of the feasible admissible region for Yi(x).

Proof. Take any point x e Bi. Suppose X is not

admissible for Yi(x); then there exists x°%c R such that

Y (xoo
L

) 2 ¥Y(x), Yi=1, 2and

Yt(xoo) > Yi(x*), for at least one 1.

Since B.L does not lie between S m R and both contours of

Yi(x) and Yz(x), then B,L and (S n R) lie on different
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L)

sides of the tangent line drawn from T. Take any x* c BU
Suppose E&,L lies on the right side, as shown in Figure 7b.
The contouré of Yi(x) and Yz(x) are drawn passing through
x*. Let the set of all points that lie outside the contour
of Yi(x) be T1 and the set of all points that 1lie inside the
contour of Yz(x) be T2 (since Yz(x) has a minimum point).

For every x & (T1 U Tz) then

Y (x) < Y (x7) or Y. (x) < Y (x') or both.
1 1 2 2

We can see that (R—x*) < (T1 o Tz); so that if we move from
x* to any x%° = (R—x*L then

o0 o)

Y (x°%) < ¥ (x¥) Y (x°%) < ¥ (x™) both
(% %) or Y (x ,(X ) or both,

which is a contradiction.

The following lemma describes the subset of the
admissible region in the interior of R, but outside R mn S.
This kind of subset may exist if at least one Yt(x) has a

saddle point.

Lemma III.4. Let at least one of YL(x) have a saddle
point. Let none of Y; have a minimum point. Let the
region bounded by pseudo-admissible tangent paths be the set
Sz. Let YL(x) have the highest value on R at QL. Every
contour of YL(x) that passes through S2 has its opposite
contour on the other side of the stationary point. Let the
highest value of these opposite contours that intersect R at

~

x, be c. - Let the set of the contours that pass through S2

~

of the boundary of R between §L, and X, i#i’, be a set C.
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If the contour of YL,(x) drawn passing through x. does not
intersect Sa, then set C is also a subset of the feasible

admissible region.

Proof. First we want to prove that S* is admissible.
: L L]
Take any point x &« S , as shown in Figure 7c. Suppose x*

is not admissible for Yi(x); then 3 x° such that
‘O »* .
Yi(x ) = Yi(x ), ¥ i and
O L
Yi(x ) > Yi(x ), for at least one 1i.

By the same way as the proof in Lemma III.1, the contours
of Yi(x) and Yz(x) are drawn passing through x*. Every
point x° that lies outside the contour of Yi(x) or in
between the contour of Yz(x) and its opposite contour
(because Yz(x) has a saddle point then x° satisfies

Inequality (3.7)), gives value
o - o ”
Yi(x ) £ Yi(x ) or Yz(x ) < Yz(x ) or both

which is a contradiction.

Secondly, we want to prove that C is admissible. Take
any x e C. Since ;z is the maximum point of Yz(x) on
(R N Sac), it is obvious that Yz(x)o) < Yz(;), for all x° e
(RN Ssc). If x* ~ ;z, then look at the contour of Yt(x)
" and Yz(x) drawn passing through x*. Let the set of all
points that lie outside the contour of Yi(x) be T1 and the

set of all points that lie in between the contour of Yz(x)

and its opposite contour be Tz (since Yz(x) has a saddle
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point). By the same way as the above proof, every x =

(T w T ) satisfies
1 2
L 3 ¥
Y () < Y (% ) or Y (%) < Y (x ) or both.
1 4 : 2 2

We can see that (R—x*) = (T1 L Tz); so that if we move from
% to any x® & R, then
¥ (x%) < Y (x"), for at least one i,

which is a contradiction.
Note: 1Instead of S, S2 M Sa, can be applied to Lemma III.1l,
ITI.2, II1I1.3 and III1.5 for defining whether a part of the
boundary of R is a subset of an admissible region.

Now we can develop a fheorem, based on those lemmas for
characterizing the admissible region for Yi(x).
Theorem III.5. Let S be an admissible region for
unconstrained optimization. Let the feasible region R be a
closed convex set. Let AL’ Agz BL’ and S* be defined as
those in Lemma III.1, III.2, III.3, and III.4. Then the
feasible admissible region for Yi(x) is the union of (8 m
R), all &, all AJ_*, all B, and s*. Illustrations are

shown in Figure 7a and 7b.

defines 4 kinds of boundaries for feasible region R, which

will be used in the next lemma and theorem.

Definition IIT.3. The upper, lower, right, and left

boundaries of R are described seguentially as follows:
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(1). The upper part of the boundary of R, from A, B, to C,
shown in Figure 8a.

(2). The lower part of the boundary of R, from A, B, C,
to D, shown in Figure 8b.

(3). The right part of the boundary of R from A, B, C,
to D, shown in Figure 8c.

(4). The left part of the boundary of R from A, B, C,

to D, shown in Figure 84.

Lemma III.5. Let Y (x) have the highest value at §CE
boundary of R, gn(x)=0. Let S*, as defined in Lemma III.4,
be an empty set. Let none of Yt(x) have a tangent point at
x*_‘e g _(x)=0, where x*,‘ e ;'c.‘. If R lies below, above, on
the left side, or on the right side of S, then the subset of
the feasible admissible region for Yi(x) is a part of the
upper, lower, right, or left boundaries of R from §1,, §2,,

cesesey X respectively, where 1, 2’, ... , k’ are

kal

permutations of 1, 2, ...., k. Let this set be denoted as

set C.

Proof. From Figure 7d, take any point x'e C. Suppose

X" is not admissible for Yi(x), then 3 x° such that

y.‘(x°) > Yi(x*), ¥V i and

Yi(xo) > Yi(x*), for at least one 1i.

By the same way as the proofs in previous lemmas, if we

L3 0
move from x to any x , then



a. Upper Boundary b. Lower Boundary
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c. Right Boundary d. Left Boundary

Figure 8. Four Kinds of the Boundaries of R
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Yi(xo) < Yt(x*), for at least one i

which is a contradiction.

The following theorem uses the previous lemmas for
characterizing the admissible region for constrained
optimization. The proof is obvious, so that it is not

included here.

Theorem III.6. Let S be an admissible region for
unconstrained optimization. Let a feasible region R be a
closed convex set. Let R mn S be an empty set. Let C, A“
Aj*, and S” be defined as those in Lemma III.5, III.1,
I11.2, and III.4. Then, the feasible admissible region for
Y (x) is the union of C, all A, all Aj*, and s™.

Illustrations are given in Figure 7 (c through f).

The following lemmé shows the property of the union of
admissible sets. The purpose of this lemma is to explain
the characterization of the admissible set for multiple
responses (more than 2). The characterization is developed
by expanding the previous theorems that are available for

two or three responses.

Lemma III.6. Let set A be the admissible region for
Y1 and Yz. Let set B be the admissible region for Yz and
Ys. Then A U B is a subset of the admissible region for

Y1' Yz, and YB.
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Proof. Take any point x® e a U B. Suppose x° is not
admissible for Y (x), i = 1, 2, 3; then there exists x , such

that
Yi(x*) > Yi(xo), for i =‘1, 2, 3 and
»* o v .
Yi(x ) > Yi(x ), for at least one 1i.

Since x° € A U B, then x° belongs to either A or‘B, or both.

It implies that
o ] . .
Yi(x ) > Yi(x ), for at least one i,
which is a contradiction.

S "R is a Nonempty Set. By using the previous

lemmas, the following theorem can be developed. Since the
proof is obvious by using Lemma III.6, we shall not include
it here. This theorem characterizes the admissible region

for constrained optimization if R m S in a nonempty set.

Theorem III.7. Let S be an admissible region for
unconstrained optimization. Let the feasible region R be a
closed convex set. Let sets A‘._, Aj*, B‘._ and Si't be defined
as those in Lemma III.1, III.2, III.3, and III.4. Then the
feasible admissible region for Yi(x) is the union of § N R,
all Ai, all A;z all Bi, and S*. Illustrations are given

in Figure 9.



a. Maximum-maximum-maximum

b. Maximum-maximum-minimum

Figure 9. Admissible Region for

Three Responses with
Constraints

60



61

/

X, * o S R

5

»

" S‘ ’6
o/

<
s |
?L_;’Tr i"‘.

Cc. Maximum-maximum-saddle

-
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Figure 9. (Continued)



e. Maximum-minimum-saddle

f. Maximum-saddle-saddle

Figure 9. (Continued)
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S NR is an Empty Set. By using previous lemmas,

the following theorem can be developed. It characterizes
the admissible region if S M R is an empty set. Since the
proof is obvious by using Lemma III.6, we shall not

include it here. 1Illustrations are given in Figure 3.

Theorem III.8. Let S be an admissible region for
unconstrained optimization. Let the feasible region R be a
closed convex set. Let R n S be an empty set. Let C, Av
A;z and s* be the sets as defined in Lemma III.5, III.1,
I1IT.2, and I1I.4, respectively. Then, the feasible
admissible region for Yi(x) is the union of C, all A;, all
Aj*, and S*.

p > 2 and k > 2

Since there are more than 2 responses and x belongs
to p-dimensional space, in general, characterization of
sets of admissible points cannot be shown geometrically.
We can characterize them by algebraic notation or
equations. The characterization is given in the following

theorem.

Theorem III.9. Let Y (x), i =1, ...., k and x E® be
second-order polynomial functions of x. Suppose the
feasible region R is a compact set. Then the set of all

k
the maximum points of iE‘oti'Y‘,'(x), for every possible o%>0,
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is a feasible admissible region for all Yi(x).

Proof. Take any o > 0. 8ince R is a compact set, we
» k » k (e
can find a point x € R, such that £ aY (x ) 2 Z a¥ (x ),
: 1=1 v L 1=1 1 L
for all x° < R. By Theorem III.4, then the set of all x"

is an admissible region for all Yi(x).

P
For a special case that R = {%: jgixj =< rz}, then the

admissible region for all YL(x)’is
L3 » | k »*

S, = {x : x satisfies V(,Z aY, (x )—uI] = 0 and
c c L=4 1 (=4

K
[,L§1a,tA,L—uI] is a negative definite matrix},

wvhere u is a Lagrangian multiplier that satisfies the

constraints; I is an identity matrix.
The Existence of Admissible Sets

Necessary Conditions

The following theorem describes the condition of &,
for the global maximum point of a combined response to be
an admissible point. The necessary condition is the first
requirement for maximizing a combined response that leads

to an admissible point.

Theorem III.10. Let Yi(x), i=1, 2, .., k, be second-

order polynomial functions of x. Then the global maximum
K .
of i§1aiyi(x) at x* is an admissible point for Yi(x) if

and only if a > 0, for all i.



Proof. 1If there exists a global maximum point of
k L]

,Zz oY (x) at x in R <« EP, then
T1=414 v

k - k

>

igiaiyi(x ) = t§1°iyt(xo)’ vxo € R

First, we want to prove the "only if" part. Suppose x is

not admissible for Yi(x); then there exists X, such that

* F
Yi(xo) = Yi(x ), Vi and

Yi(xo) > Yi(x*), for at least one i.

Since o&>0, then
k k -
(Y (%) > F e Y (),
wvhich is a contradiction.

Then we want to prove the "if" part. %" is an
admissible point for Yi(x). Let us consider any point
X, ~ x*; then either

* .
(1). Yi(xo) < Yt(x ), Vi or
(2). Y. (x ) = Y (x"), for some i and
1 o] 1

L]
Y ,(x ) <Y, (x), for i = i’.
1 o] 1

Suppose o < 0, for some i. For (1), it may happen

that

k »
1“&Yt(xo) > tgtatyi(x ),

M ~

which is a contradiction. For (2), if the corresponding
Yi(x) has o > 0 and the corresponding Yi, has o, < 0, then

K K *
(T Y (x) > Ea Y (x),

65
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which is a contradiction.

Suppose e, z 0, ¥i, and a = 0, for at least one i.
For (2), if the corresponding Yi(x) has e, > 0 and the
corresponding Yi,(x) has a, = 0, then

K K
o
(Ee Y (X)) > Za Y (x),

which is a contradiction.

From the above theorem, if some o < 0, then the
maximization of i':_':;..'inYi'(x) does not always lead to an
admissible point. Thus, we can indicéte that the necessary
condition under which maximizing igiaiYi(x) always leads to

an admissible point is

o > 0, for all i.

Necessary and Sufficient Conditions

The necessary and sufficient conditions under which
optimizing a combined response leads to an admissible point
will be considered for two cases; unconstrained and
constrained optimization. The solution for maximizing
tg1atyi(x) will lead to an admissible point if 3 a > 0, Vi,
and 3 X" on R < Ep, a global maximum point of t§1ath(x)'

If both requirements are satisfied, then the solution of
maximizing a combined response guaranty to be an admissible
point. Since the second requirement that x be a global

maximum point, cannot be known before we perform the

maximization, we need to simplify such a requirement.
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Unconstrained Optimization. A global maximum point of

a combined response exists if its Hessian matrix is negative
definite. The following theorem connects the existence of
o > 0, Vi, with the existence of the admissible region for

L

all Y (x).
v

Theorem III.11. Let Yi(X)’ i=11, 2, ..., k, be
second-order polynomial functions of (»), If the admissible
region of Yi(x) for unconstrained optimization exists, then

k

there exist o > 0 for all i, such that t§1aiyt(X) has a

maximum value at its stationary point.

Proof. Let x & S. Let us consider any point x, * x*;
then either
»
< .
(1). Y. (%) = Yi(x ), Vi or
(2). Y. (x ) = Y.(x*), for some i and
1 (o] 1
» ) -
Yi,(xo) < Yi,(x ), for i = i’.
For (1), it is obvious that for every a > 0, then
k k -
Za¥Y(x )2 Za¥Y(x).
r=414 v L (o] 1=414 v L
For (2), we can find a set of numbers o > 0, for all i,
such that
k k

TaY¥Y(x )< TayY(x).
r=14 v L o T1=14 v L

Since Yi(x) is second order polynomial functions, so is

k

igiaiYi(x). Then % is a maximum point and also a
- k

stationary point of igiaiYi(x).

Moreover, we need to combine the conditions for the
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existence of the solution for maximizing a combined response
with the conditions for the solution to be an admissible

point for all Yi(x). We also need to connect the conditions

with the surface of Yi(x).

Y (x) can be written as Y (x) = a_ + a 'x + x'Ax,
v L (o) 1 v

[ P
where a (aﬁj a.s ....,ap& and
r b
q1i atﬁ/Z aspi/z *
azzi 2pi/2
A =
1
symetric
a_ .
L L PPL
k
Then . £ a Y (x) can be written as
k .
2 aY(x) = b + b'’x + xX'Bx
v=4 LV L (o)
k
where b = X a a _,
s ] L=4 v O
k k k
Zaa., .Z 0 a.., seesees 2 O A ’
b = [’L:i AP TRANE ¥ S et Thd i=1 t p‘L] and
k
= s
B (i..=_1 LA).
k

The solution for maximizing igiaiYi(x) is given by

. . “1,k
x* = -0.5 [.z o A ] [,z a e, , T a,a.] ) (3.8)
TL=4 1 1=

1 1 v 4

The solution for maximization exists and is unique if
k

,Lﬁ"_'ioz,LA.,L is a negative definite matrix.
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"By Theorem III.1l1l, if S exists, then there exist o >
k
0, for all i, such that i§1aiYi(x) has a maximum value at

its stationary point x*. Since x* is a global maximum point
k , k

of . Z a Y (x) and admissible for Y. (x); then (.Z & A ) is a
L=1 T L 1 L=14 L %

negative definite matrix. By Theorem III.1l, the admissible

region (S) exists if at least one of the Hessian matrices of

Yi(x) is negative definite. Therefore, we can conclude that

for unconstrained optimization, the necessary and sufficient

k

conditions under which maximizing t§1aiyt(X) leads to an

admissible point are

a > 0, Vi, and HY,

1%

is negative definite, (3.9)

for at least one Hy.
i

Constrained Optimization. Let R be a compact set

(closed and bounded). Let a 1 0, Yi. From Theorem III.9,
x e R, the maximum point of4i§1aiYi(x), belongs to the
admissible region for Yi(x). It implies that if R is a
compact set, then the necessary and sufficient conditions
are a. > 0. However, if R is a closed convex set, but not
bounded, then we need additional conditions that are
described in the following theorem.

Theorem III.12. Let a feasible region R be a closed
convex set. Let t§1atyt(x)’ o > 0 for all i, be a
continuous function on R. 1If at least one of the Hessian
matrices of Yt(X) is negative definite, then there exist X

k
€ R, the maximum point of i§1aiY£(x), which is admissible
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for Y (x).
L

Proof. Let S be the admissible region for
unconstrained optimization. 'By Theorem III.1, if at ieast
one Y}(x) has a maximum value at its stationary point, then

S exists. Then, by Theorem III.1l1, there exist o > 0, such
k _
that igtaiYi(x) has a maximum point at x" e S. If we move
k
farther from x*, the value of igta,‘Y.‘(x) will decrease.

There arises two cases: RN S = @ and R n S # 9.

Let R S = &. Suppose there does not exist a maximum
k

point of £ & Y (x), X € R; then 3 x° € R such that

k
Lz a,Y.(xo) —_— w ,
T=414 L L

wvhich contradicts the fact that x* < w is a global maximum
k

point of igtaiYi(x). Then we want to show that x € boundary
- k

of R. Maximizing igtaiYi(x) with constraints gj(x) £ 0,

j=1, 2, ..., n, is given by

k n
2
max f(x,\,8) = i§1aiYi(x) - jgghj( gj(x) - ej)

k n
Of/8% = @ X a Y (x)/dx - 8. X g.(x)/éx =0,
i=4 L i =1 )
at/axn = ( gﬁ(x) - 8)= 0,
¢?f/¢98j = 2)\j6j = 0. (3.10)

For the last equation, either N; = 0 or Q; = 0 or both.

If hj* = 0 and ej’“ # 0, then the constraints gj(_x) < 0 are
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ignored. 1If kj = 0 and ej 0, Vi, then the boundaries

pass through the solution for unconstrained optimization.
It implies that § " R &« ®, which is a contradiction. 1If Aj

=# 0 and Qj= 0, then g#x) = 0. So that the solution x

belongs to the boundary of R.

Let RS # &, By Theorem III.1ll and Corollary III.1, 3 o
k

> 0, V¥i, such that the value of igtaiYi(x) is maximum at x

e S. Then, x* lies either on R N S or on the boundary of R

if x> @ R m S (look at (1)).
By Theorem III.9 to III.12, we can conclude that the

sufficient and necessary conditions under which maximizing

k :
a§1°aya‘x) leads to an admissible point are

k
a > 0, and 3 x*, a global maximum of igiaiYi(x) or

o > 0, Vi and the feasible region is a compact set or

a > 0 and at least one HY is a negative definite matrix.

L

(3.11)



CHAPTER IV
CONVEX COMBINATION METHOD

The convex combination mefhod is one way of combining
several original responses into a single new response. It
is an extension from the weighted sum linear combination of
several responses. Any optimization will be done on this

new response. Let us define

k
The transformation of y is denoted by W = iglokYi(x).

Then, the optimization of all Yi(x) is transformed into the
optimization of W. Since W is a single response, the
optimization becomes simplei than the optimization of
vector y. Also methods and computer software for
optimizing one response are widely available. 1In this
thesis Y (x), i =1, 2, .., k and x E®, are limited to
secqnd-order polynomial functions. The choice of a might
be governed by engineers, based on the importance of the
corresponding response. If the value of a certain Yi(x) is
more important than the others, then the we assigned a
higher corresponding value of Q.

If the objective of optimization is that the higher
value is better, we have a maximization problem. If the

objective is that the lower value is better, we have a

72



73

minimization problem. If the objective is getting close to
a target value, then we deal with minimizing the deviation

from the target vaiue. Thus, this deviation is considered

as one of the responses. The responses, as a vector of

¥y(x), may be known or unknown functions.
Properties of the Maximum Point of W

In this thesis we only discuss maximization, since

minimization of Y(x) is equivalent to maximization of

k
(-Y(x}). If y(x) are known, maximizing W = .Lgioti}c',L by using
differential mefhod“is as follows:
P k k
M/x = o "’-L‘-v"ia"y"(w =t§1aiaYi/8x. (4.1)

The solution of x, that satisfies

|Q>

k
a¥Y (x) = L adY/ax = 0
i iy v 1

by
M =

x) .

i
is the stationary point of W.

Let Y,L be a second-order polynomial egqguation

Y=a . + a x + xX'2A x (4.2)
1 1 1

W/ox = L a(a + 2Ax) =0
1 L 1

1=

k k
¥ aa + 2 ¥ aiAi} x =0 (4.3)

i=14 i=14

Where =2 ' (a.. a.,eee., a_.) , o 1is a scalar,
1 1L 2\ pL 1
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1pi 1pi st ppi

and

k -ty
X = -0.5 zdiAi Eoa, (4.4)
v=4 L=4

where A™* is the inverse of A. The solution (xo) is unique

k
if the matrix [‘z ou.LA.L] is nonsingular; otherwise there are
i=4

an infinite number of solutions or the solution may not
exist.
It is necessary to check the eigenvalues of the matrix
k

b df&f If all the eigenvalues are greater than zero, then
i=4

W has a minimum point. 1If all the eigenvalues are less than
zero then W has a maximum point. If the eigenvalues have
different signs, then W has a saddle point. If at least one
of the eigenvalues equals zero, then W has an increasing, a
decreasing, or a stationary ridge. For an increasing or
decreasing ridge, there is no soiution for unconstrained
optimization.

If y(x) are unknown, maximization is attempted by
either (1) fitting a function to experimental data or (2)

using some empirical search procedure to try to find the
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maximum point. Sometime we also follow both alternatives.

When we fit a function to experimental data, then y(x) are
~ k ~

estimators for y(x), and W =t§1 ath is an estimator of W.

Maximizing W is different from maximizing W. The solution

for optimizing W is

-1
- k. k.
X =-0.5[}: a_LA,‘] .}_'_,' aa . (4.5)
i=1 S iz
E(xo) = E }|-0.5 ‘E ai.A\. Y aa
T1=14 T1=1
k ™ok |
= -0.5 .z ai.Ai. 'z a.a . (4.6)
L=1 TL=4

The following theorems related to the properties of the

stationary point of W, an estimator of W.

Theorem IV.1. Let W be a convex combination.of Yi(x),
i=1,..., k and x € EP. The solution for maximizing %, if
it exists, converges in probability to the solution for
maximizing W.

Proof. We know from the least square estimator that
E(a ) = a,, E(A) = A.
1 1 1 1

If A is a nonsingular matrix, then the solution exists and

~

i.jl.m/n

~ n ~ ~
it is unique. Let {a,_} =Y a . /n and {A } =
. in meg oM in "

Nk

m

be sequences of random variables., where a.Lj is the element

of vector a, and A.Lj is the element of matrix Aa‘ Suppose

1

~ ~

the estimated value and variance of a, and A{ are finite.
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By Chebychev's inequality, then
~ P ~ P
., =——————s a and A, —— A,
n n -+ o 1 n n -+ o 1
By Slutsky's theorem, then
'~ -—1 P -
{k. —_— [A] and
| in] n -+ o 1
rA 3414 P -4
_Ai.n_ A e e A3 (4.7)
A P k- oy
= E(xo) n—_';* -0.5 i§1ai-Ai- i.FﬁOli'ai. = xo, (4.8)

where [A]™' is the inverse of A.

One criterion for maximizing a combined response which

leads to an admissible solution is that the gradient of the

combined response belongs to the criterion cone of the

gradient of the original responses.
k

shows that the gradient of i§1ath belongs to the

The following theorem

criterion cone of VYi(x), i=1, 2, ..., k.

Theorem IV.2. Let W be a convex combination of Yi(x),

x € E°. If the null vector condition of the criterion cone
of VYi(x) does not hold, then VW belongs to the criterion

cone of VYi(x), i=1, 2,...., k.

Proof:
k k
W= Xa¥Y(x), x e Ep, o > 0 and £ a =1
L=4 v L L L=14
_ ow ow ow
VW = [&', 5;(-, .........,& ]
1 2 P
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3y ay 3y
_ _t i _~L
VY () = [ax b oFE r e ' 3= ]
1 2 P
ow k aYL k aYi k aYi
= [L§1ai. 3%’ (E0 x e A ] (4.3)
’ ) 4

At point P(x_ ), let PA be VY (x) and PQ be VW. It can be

considered that AL has coordinates

aYL aYi aYL
['a—x, 7&, ..... co ey & ] (4.10)
1 2

and Q has coordinates

k ay. k “aY . k ay.

1 L 1
[i§101t W’., L§1a\.5-x:-, s 6008, \'§1a\' axp ]- (4.11)

By Definition II.1, then PQ belongs to the criterion cone
of Vﬁ}x).

When we follow the second alternative in searching for
the maximum point, the steepest ascent method is usually
applied. 1In cases with one response, the path of the
steepest ascent is found as usual by calculating VYY(x).
The experiment is continued by taking a point on the path
of the steepest ascent as the center of the experiment.
The experiment is repeated several times until we £ind a
maximum point (Myers 1976).

Here we have k responses which have to be maximized
simultaneously. From Theorem IV.2, we Kknow that VW
belongs to the criterion cone of VYL(x). This indicates
that the solution for maximizing W leads to an admissible
point, if the global maximum point exists and is finite.

Now by using the steepest ascent method, the search for



78

the maximum point will follow the path of the steepest
ascent of W. Since we have k original responses, from
which W is derived, we also have the path of the steepest
ascent of each individual response. A convex combination
of these paths yields the direction of simultaneous
optimization. The following theorem shows that the path
of the steepest ascent of W is similar to the combined

paths from the original responses.

Theorem IV.3. Let W be a convex combination of Y (%)
= ai'x, i=1, 2, .., k. An experiment starts at several
points and we calculate fhe path of the steepest ascent of
W. The experiment is continued by adding some points along
the path of the steepest ascent of W. Then the revised
path of the steepest ascent of W, recalculated from revised

ai', equals its original path (without adding some points).

Proof. Let P,l be starting points in p-dimensional

space of the steepest ascent method. Let the original

] ] o

steepest ascent path of W be (v , @ ,..... mp ). After

i

adding some points along the steepest ascent path of W, the

revised steepest ascent path of Y.L will be

" " * )
(a.u 7 A, eeeeen ,a ), i=1, 2, ..., k.

The revised path of the steepest ascent of W recalculated

from (auf, A, caesne ,auf) is the combined path of Yk(x)

i2

denoted by
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The revised steepest ascent path of W, calculated from

revised W itself is ( w, o

llcw »
7 ’ p) where

’ 1y,
w = (W Doy ooy wp)=(XX) X' W.

0’
Since W is a convex combination of Yi, then

k k .
(x'xJ“x'[,z oY ,.ee.n , E oY ]

€
1]

i=4 i i=41 i in

’ ~dy. » *
(X’X> X' [X (a1 0(1) + ... + )((»ak Otk)] (4.12)

and we can write

k
w = T oa . - (4.13)

§ Y A
»* e .
Where a is a (p+1)x1l vector whose elements are aij, w is

a (p+l)x1l vector, i =1, 2,.., kand j =260, 1, ..., p.

Johnson and Folks (1964) have proved that

(wo wo wo) x ( w w w )
7 W, e o gr Cpr e ).
This implies that
k k
™ e o o o
L2 oA, .., .2 oa o (W , W ,e00, W ).
1=1 1L ud 1=14 L ip 1 2 P

Remark IV.1. From Theorem IV.3, the process of
reaching Wmax in the steepest ascent method, can be based on
the steepest ascent path of W itself without predicting the

coefficients of regression for individual Yi(x).

k
= oY, a >0
T1=1 T L 1

L

Searching for the maximum point of W

k

and L§1 o = 1, by using the steepest ascent method leads to
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an admissible point. Two reasons support this statement:
o > 0 and W has a global maximum point, which satisfy the
necessary and sufficient conditions under which maximizing

a combined response leads to an admissible solution.

Confidence Region about the Optimum

Points of W

k k
Let « >» 0 and X a =1. Let W= ZaV¥(x), i1=1,
1% 1=4 t=414 v

2, -., k and x EP. Let Yi(x) be a second-order polynomial

function of x. Yi(x) can be written as

Y(x) =a + a’x + x'Ax
1 () v 18
, .
where a ( Qs 8yp enes api) and
r y R
a
11414 a1zr/2 alpi/z
2t A, 2
A = P .
L
symetric
a .
. PP
Then W can be written as
W = b0 + b'x + ' Bx
k k k k
where b, = Z a.a,, b = [tgxatan’ R t§1atawl

k
and B = [t§1atAﬁ]' Let W = ( Wi, W, W, ..... ,Wn ), where

n is the number of observations. Then the jth observation

of W for a fixed o& is



For a general linear model

W= X R+ &

nx4 nxqg gx1i nxi-

e ~ N (0, o°I)

Using the SAS program for regression analysis or for

81

response surface analysis, we can estimate the coefficients

of regression and the mean square error as
B = (X'X)™* x'w

s = (W'W - B'X*X3)/(n-q) .

For this model,

reer B,

11

R = (ﬁol Binwﬁpr B ree

12 p—1,p

Then, we define bo = ﬁs,'b = (fi, ﬁé, ce ey ﬁ;) and

rﬁtt 312/2 ﬁtp/z"
ﬁzz ﬁZp /2
B =
symetric
IE]
L PP p

Let x be the solution for maximizing W. For
unconstrained optimization, then

M/ = 0O b+ 2Bx =0

(4.14)

(4.15)

e B ).
PP
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x* = -0.5 B"'h, and W(x') = b - b'B'm/4.  (4.16)

For constrained optimization with feasible region

P
R = {x: j§1xj2 = r?, j=1, 2, .., p}

wve need to maximize

i o

£(x,u,8) = b + b*x + x'Bx - u[,Z x %- % - ez].
) =17

Then,
f/8x = b + 2 Bx - 2 ux =20 (4.17)
L 2 2 2
f/du = X x. -r-6 =20 (4.18)
i=41"j
8f/88 = 2ue = 0. (4.19)

There are 3 possibilities:

(). u=0and € = 0. :The constraints can be ignored; then
the solution is x .

(2). Both u and @ = 0. The boundary of R passes through x*.

(3). u= 0, € = 0. The solution will lie on the boundary
of R.

If 8 = 0 and u # 0, then the solution is

x* = -0.5 (B -ul)*b

Cc

and

W(xc*) = b~ 0.5b’ (B-ul) *b+0.25b’ (B-ul) *B(B-ul) 'b, (4.20)

where u = the Lagrangian multiplier. The value of u is
chosen to be greater than the largest eigenvalue of B and

i 2 2
satisfiesj"_z1 X, =r.
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As mentioned in Chapter II, Rao (1973) showed that for

g(r),
l?{minﬁ‘EU g(f3) = g(n3) = maxﬁeU gt =21 - a. (4.21)
Where
= .A_ rye A__ '2<
U {R3:(p-3)"'X'X(3-3)/ g5~ = Fa,q,(n—q)} (4.22)

is the 100(1l-a)% confidence region for {3,

s® = (W'W- #X'X3)/(n-q), and # = (b_, bye-vs by By seee,

bp—t,p' Duyr pp’

Carter et al (1984 and 1986) suggested a procedure for
computing the confidence region about g(f3) and about
eigenvalues of 3, as mentioned in Chapter II. Once the
elements of U have been determined, the confidence
interval/region about g(f3) can be constructed (conservative
confidence interval). By using this approach and evaluating
Equation (4.16) and (4.20) we can construct the confidence

»* * * e
region for x , W(x ), X, s OI W(xc ) for a given o%>0,
k

L]
ngat =1, and a fixed u if x & R.
Restrictions on a
If we impose restrictions on &, i=1, 2, .., k, then

the admissible region of Yi(x) with restrictions on a is a
subset of the admissible region of Yi(x). We will evaluate
both cases, without a constraint on x and with constraints

on xX.
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Without a constraint on x. 1In this case for i =1, 2

and x = (xt, xz), the solution for maximizing W lies on the
admissible tangent path of Yi(x) and Yz(x). Suppose we

impose a restriction on «, such that

p = o& < q,

where p, q, > 0 and o, = l—o&. Let x* be the solution for
maximizing W for any possible value of o . If x* exists,
it always lies on S, the admissible tangent path of Yi(x)
and Yz(x). Let x*q € S be the maximum point of W for a =
g. Let x*P € S be the maximum point of W for a = p. Then
the admissible region for Yi(x) and Yz(x) with the

restriction p = o £ g, where p, g, > 0 and o= l—at1 is the

part of S between x*q and x*p.

With constraints on x. Here, the admissible region for

Yi, denoted by set Si, may lie in the interior of R or on
the boundary of R or both. First, we take o= g; then we
£find x*q < R, as the maximum point of W. Secondly, we take
& = p; then we find x*P € R as the maximum point of W.
Two possible situations will arise:
For situation 1, x*q and x*P lie on a connected subset of
31; then the admissible region for Yi(x) is Sz, the part of
* »* -

S Dbetween x and x .

1 qQ P
For situation 2, Figure 10b shows that x*q and x*P that 1lie

e L]
on disjoint subsets of Si. Suppose x a € (S " R) and x . €

A;E then the admissible region for Y}(x) is a part of S1



x4

a. Xg and Xq lie on joint subsets

* * x1
b. Xp and x5 lie on disjoint
subsets -

Figure 10. Admissible Region for
Constraints on «;

85
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from x*q to point Q* union a part of A; from point P to
x*P (excluding point P), denoted by set Sz. Illustrations

are given in Figure 10b.

k
Without any constraint on x. Let W = X a Y
be a second-order polynomial function of x. It can be

written as
W ='bo + b’x + x"Bx

Let x be the solution for maximizing W; then

MW/8x = 0 2 b+ 2 Bx =0

- » —
x* = -0.5 B™*b, W(x) = b, - b'B'b/4
k
where b = X o« a_ _,
o] 1L=4 v Ov
k k _ k
b = [.Z aa ., L&A ., +e. . Z a.a.]' and
i=4 L 4L i=14 L 21 i=4 1 ki
k

vV = {a: 0 <p_L$ a,ts qi< 1, i=1, 2, ..,k-1,

k-1 k-1
and £ q. <1, & =1- a.}. ' (4.23)
L=4 "V L
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Once we have determined the elements of set V, we can

evaluate x” and W(x*). So we can define

k k k
L 2 ”* [y .
Ve = {% ix = - 0.5 [L§1atAé] [t§1atau' "'L§1“LamJ ’
k -4
o € V and [t§1a‘A£] = a negative definite }. (4.24)
=E matrix

The admissible region of Yt is the set Vx'

With constraints on x. Let the feasible region R be

P
the set R = {%:jgisz = rz}. By the same way, we can

evaluate the maximum point of W. If the solution lies in R
then the maximum point of W is x*. If not, the maximum
point is x: € R denoted by
- k ar k .
x = - 0.5 [.Z a.A.—uI] [.Z A A.., sesp. 2 0 A ]
C L=4 v\ 1=4 v 4L PL
wvhere u = a Lagrangian multiplier. The value of u is

chosen to be greater than the largest eigenvalue of

k P
[t§1atAk—uI] and satisfies j§1sz = rz. Then the admissible

region ch is defined by

\Y =V._ NnRUV , (4.25)
xC x X,
wvhere
k k k ’

vV = {%* 1" = - 0.5[.2 a.AL—uI]—i[,Z a.a ., .o, .IT a.a.] ,

x* [ = [ = T1=1 v v =1 v o1nv T=4 PL

k

a.e V, and [tgiaiA{-uI] = a negative definite } or (4.26)

h - matrix



Numerical Examples

Several Kinds g£ Surface Combinations

There are four cases to be considered as follows:

(1). Both Y1 and Yz have maximum points.

(2). Y1 has a maximum point and Yz has a minimum point.

(3). Y1 has a maximum point and Y2 has a saddle point.
(4). Both Y1 and Y2 have saddle points.

Suppose both Y1 and Y2 have maximum points. Then

let Y 10 + 2x + X_ - X2 + 2x x_ - 3%x°,
1 1 2 1 1 2 2

Y
2

15 + x - 0.5x. - 2x> - 3x.x. - 2.5%x° ,
1 2 1 1 2 2
W=20.5 (Y+Y_ ) = 0.5 (25+3x -0.5x_~3x-x X -5.5x2).
1 2  § 2 i 1 2 2
The stationary points are as follows:
Y1 has a maximum point at (1.75, 0.75),

Y2 has a maximum point at (0.59, -0.4545), and

W has a maximum point at (0.5, 0.0).

From the above equations, the tangent path of Y1 and Yz

be computed as follows:

2 + 3x + 2x - 14x% + 12x x_ + 28x> = 0.
1 2 41 1 2 2

88

k
V. = {%*: x € R is the maximum point of I a Y (x), as V}.
[~ C L=1 T L L

(4.27)

can

By substituting the coordinate of Wmmx in the equation for

the tangent path, it can be shown that the point (0.5,

lies on this path, since

0)



2 + 2(0.5) - 14(0.5%) + 0 = 0

and it also lies on the admissible tangent path of Y, and

Y .
2

Suppose Y1 has a maximum and Yz has a minimum point.

Let Y = 10 + 2x_ + X_ - X° + 2x.x_ - 3%,
1 1 2 1 14 2 2

L]
1}

15 + x - 0.5%_ + 2x° + 3x x_ + 2.5x>,
X 2 1 1 2 2

W = 0.5 (Y + Y))
1 2

0.5 (25 + 3x_ + 0.5%_ + x> + 5x x_ - 0.5x%), and
4 2 1 14 2 2

W_=0.9Y + 0.1Y
1 2

2.4 + 1.9x_ + 0.85x_ - 0.7x> + 2.1x.x, - 2.45x .
1 2 1 1 2 2
The stationary points are as follows:
Y1 has a maximum point at (1.75, 0.75),
Yz has a minimum point at (-0.59, 0.45),
W1 has a saddle point at (-0.2039, 0.5185), and
W, has a maximum point at (4.53, 2.11).
The tangent path of Y1 and Y2 can be computed as
2 2
2 - x - 12x_ + 14x - 1l4x x_ - 28x = 0.
1 2 1 1 2 2
By substitution, it can be shown that the coordinate of W
and W2 both lie on the tangent path of Y1 and Yz.
However, only Wz"wlx lies on the admissible tangent path.
Suppose Y1 has a maximum and Yz has a saddle point.
Let Y = 10 + 2x. + X_ - X° + 2x x_ - 3x2,
1 1 2 1 1 2 2

Y=15+x - 0.5x_ - 2x° - 3x x_ + 2.5%>, and
2 1 2 1 1 2 2

W 0.5 (Y, + Y.)
1 2

0.5 (25 + 3x + 0.5%x_ - 3x> - Sx x_ - 0.5x2).
1 2 1 1 2 2
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The stationary points are as follows:

Y1 has a maximum point at (1.75, 0.75),

Y2 has a saddle point at (0.1207, 0.1724), and
W has a maximum point at (0.5, 0.0}.

The eguation of the tangent path of Y1 and Y2 is
2 2

2 + 3x - 18Bx -~ 1l4x + 34x x_ + 8x = 0.
1 2 1 1 2 2

LA (0.5 , 0.0) also lies on the admissible tangent path of

Y and Y_.
1 2

Suppose both Y1 and Y2 have saddle points.

Let Y = 10 + 2x + x_ - 1.5%° + 4x x_ - x°,
1 1 2 1 1 2 2
Y = 15 4+ x - 0.5%_ + x- - 3x x_ - 2x2, and
2 1 2 1 172 2
W =20.5 (Y+ Y)
1 2
2 2
= 0.5 (25 + 3x + 0.5%x. - 0.5x + x x_ - 3x_.
1 2 1 172 2

The stationary points are:

Y has a saddle point at (-0.80, -1.11),
Yz has a saddle point at (0.32, 0.12), and
W has a ﬁaximum point at (3.7, 0.7).

The eguation of the tangent path of Y1 and Yz is
2 2
2 + 10.5x + 5x_ - x - léx x_ + 22x_ = O.
1 2 1 1 2 2

The maximum point of W also lies on the admissibie tangent

path of Y and Y_.
3 2

Confidence Region of x

If the uncertainty of the optimum points 1s considered,

then their confidence regions should be constructed. For
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this purpose, a numerical example is given for the
k
optimum point of £ e¥ (x), i =1, 2, 3, 4, x « E* and

=1
fixed o, by using Carter's procedure.
Suppose we have 4 responses, as function of X, and X,.
The estimate of second-order polynomial equations are as

follows:

Y =6.15 - l.5283x1 - 0.1586xz + 0.1381x1z - 0.0094x22.

Y = 17.495-1.4603x -1.4596x +0.5125x% x_-0.6263x 2~0.6288x% 2
2 1 2 14 2 1 2
Y =18 - 0.7292x + 1.2593x + x 2 + 0.75x 2
3 1 2 1 2
Y = 4.4775+1.1106x +0.1874x +0.0075x x +0.1031x 2-0.0019x 2
4 F 2 1 2 F 2

Y 1is moisture contentvin %; Yz is irregularity in "uster"”
ﬁnits, Ya is cost of production, and Y4 is yarn strength in
grams per denier. Yarn manufacturer want to maximize Y1,
minimize Yz, minimize Y9 and maximize Y‘, for producing
better yarn quality. The Textile engineer specifies a
based on the importance of each response for a particular

use of the yarn. Let
W=20.35Y + 0.15 (-Y¥_) + 0.30 (-Y ) + 0.20 Y .
4 2 -] 4

After data collection and analysis, then the estimate

coefficients of regression for W are

~

B = (-4.9763, 0.1250, -0.1772, -0.0754, -0.1371, -0.1343).

The X'X is defined as

2 0 o o0 8 8
R I 8 0o 0 0 0
XX = g 0 8 0 0 0
0 0 0 4 0 0
8 0 0 0 12 4

8 0 0o 0 4 12
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Let A be the diagonal matrix of eigenvalues of X’'X and P be
the correspond eigenvectors. From Equation (2.21), we can
define

B =p - PA Y%z,

wvhere 3 €« U, as defined in Equation (4.22). For a = 0.10,

g =6, n=12, and s> = 0.0013, we compute

0.1273 0 0 0 0 -0.4835
0 0 0 0.3532 0 0
e 0 0 0.3536 O 0 0
PA™Y2% = | 0 0 0 0 0.5 0 .
0.1073 0.25 O 0 0 0.2868
0.1073 -0.25 0 0 0 0.2868

Let ¢ = (-90, -45, 0, 45, 90), for i =1, 2, 3, 4.
g, = (-150, —105, -60, -15, 30, 75, 120, 165).
Based on the above combinations for 8, we have 5000 sets
of values for 3, for constructing the simultaneous
confidence region for X, and X0 the coordinates of the
maximum point of W. The plot of X, versus Xx, is shown in
Figure 11. It seems thaf ve need many more values for f3,

to get a "good" shape of the plot.

Restrictions on o

Based on data in sub (2), suppose we restrict a as

follows:

0.32 = O&S 0.38, 0.12 = o, < 0.18,
0.26 = o, < 0.34, a, = 1- (a1 +az +a3).

Let a = (0.32, 0.34, 0.35, 0.36, 0.38),
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a (0.12, 0.14, 0.15, 0.16, 0.18), and

2

o, = (0.26, 0.28, 0.30, 0.32, 0.34).
From the above combinations, we have 125 sets of values for
3, so that we have 125 maximum points of W. Figure 12
shows the plot of X Vversus x,. If we develop very large

number of values for 3, we can construct the region of x,

for certain restrictions on a.
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CHAPTER V

COMPARISONS OF THE ADMISSIBILITY OF SOME

COMBINED RESPONSE METHODS
Convex Combination Method

Let Yi(x), i=1, 2, ...,k and x E® be second-order
polynomial functions. Let W be a convex combination of

Yi(x), denoted by

k
W= _%YaY(x), x € EF
vL=41 \.l.v
k-
where oo > 0 and Z o = 1.
1 1L=4 v :

v k
Steuer (1986) has proved that if t§1a9§(x)’ a > 0,

has a global maximum at x*; then x is admissible for Yt'
However, if igiaga(x) has a saddle point at x® then this
point is inadmissible for Yi(x).

Let W satisfies the above conditions. Let a feasible
region R be a compact set.¢We shall describe the method
with zero error. Let X, be the maximum point of W on R,
despite the nature of the surface of W or Yi. Since R is
a compact set, we can find a point x, € R, for which W(xo)
has the highest value on R. Then by Theorem III.9, the |

maximum point of W, x, € R, 1is admissible for all Yi(x).

So that the solution for maximizing W always leads to an

96
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admissible point.
Harrington's Method

Harrington (1965) maximized the estimated response
Yi(x). We shall describe the method with zero error. Let
the feasible region R be a compact set. The desirability

functions are

d=exp(-|Z|™), n >0, i= 1,2, .., k

Y (x)- (Y' +Y,)/2
1 1 L

wvhere Zi= , i=21, 2, .., k,
»
Yt - Y-L*
k 1.k
D = fnidi) , 1 =1, 2,..., k,
L=

k
= 1 - - n
log D = & [ Za(-|{Y (x) - al/b|"),

wvhere Yk* = the upper spécification limit, Yk* = the lower
specification limit, and
a_ = (Y"+'Y )/2 and b = Y- Y.
Maximizing D is equivalent to maximizing log D. If n

is an odd number, then we can rewrite

k
_ - n
log D = £ af({Y (x) a l/b) (5.1)

-1/k, if {Y (x)-a;} > 0

where 2. =
v 1/k, if {Y. (x)-a.} < O.
1 1

Thus, sometimes ﬁﬂ may be positive and sometimes negative,
so that the global maximum of D may not be admissible for

all Yt(x). If we consider a as a target value that lie in



the center of the specification 1limit, then the global
maximum of D is admissible for |Yi(x) - ail, since the
objective is to minimize the deviation from the target
Therefore, maximizing D using Harrington's method

value.

may not always lead to an admissible solution for Yt(x).
Derringer- Suich's Method

In this method, two cases will arise: one-sided and
two-sided desirability functions (Derringer and Suich
1980).

Let the feasible region be a compact set. For

one-sided cases, the desirability functions are given

(again with zero error) by

0 Yo <Y
Y - Y T
a.= <[ L ] Y <Y<y
i v*- i 1 i
1 i
1 Y > %Y
b 1 L

For two-sided cases,

by
8
Y- Y.
i Y <Y <c
c.- Yi,* i i i i
v-v* 7t .
a= - c.<Y =Y
i _ Y* i i i
c\. i - -
~ 0 Y <Y, or Y > Y
i L i i
and
k 17k
D = (1 4, , i=1,2, .., k,

98
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1 kK
log D = % ,‘gia.‘log d.‘.

Suppose s = t = 1; then for two-sided cases

k

—1 .
log D = igilog{(ci—yi*) (Y,L(x) - Y'w)}’ if Y,‘* = Y_t(x) = c,
k > —q »* »*
= ¥ logi(c.-Y ) (Y (x)-Y. )}, if c. £ Y (x) = Y .
iz4 L L L L v\. L L

(5.2)
Equation (5.2) implies that for c, < Yi(x) < Y:, if Yi(x)

increases, then log D will decrease. We can rewrite log D

as
k
x L a¥Y (x3, a.> 0 for Y. AL £ Y =< ¢,
i=1 i1 i i i i
log D = { k - (5.3)
< <
migiﬁiyi(x), ﬁi< 0 for c, = Y.t = Yi.

Therefore, maximizing D using Derringer-Suich's method may
not always lead to an admissible solution for all Yt(X)'
Yet, if we consider c.as a target value, then the global

maximum of D is admissible for }Yi(x)—ctl.

Khuri-Conlon's Method

Optimization by Khuri and Conlon (1981) is done by
minimizing
ply(x), ¢1 = [{y(x) - ¢’ {var(y(x))} “{y(x) - $11*% or
[ely(x), $31% = [{y(x) - ¢}’ {var(y(x))} “{y(x) - ¢}]

Again, we describe the optimization without error. Let

the feasible region be a compact set. Suppose vector ¢ is
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treated as a vector of constant. Let'xo € R be a global

minimum of o. Then for all x" e R,
] -1 -
{y(xo)—¢} {var y(x )} {y(x) ¢ =
{y(x*)-$1* tvar y(x*)} iy (x")-¢t. (5.4)

In this method, Yi(x) are assumed to be linearly
independent, hence the var{y(x)} can be assumed to be a

diagonal matrix.

variy(x)} = diagiV_(x), V_(x), ..., V (x)}. (5.5)
Then the Inequality (5.4) can be written as
; z < : o 2 »
E (Y (x )-P)T/V () = T (Y (x)-P)T/V (%) (5.6)

Suppose X, is admissible for Yt(x); then there does not

exist x* such that

Y (x*) = Y.(x_), for all i and
L L o] }
Yt(x*) > Yt(xo), for at least one i.

Let us consider any X' X . Then either

* N
(Y (x)-¢) = (Y (x )-¢p), Vi or
(Yi(Xf)-¢) > (Y (x_ )-¢), for some i and
(Y., (x")-b) < (Y, (x,)-¢), for i = i’. (5.7)

Since (Yi(x)—¢) < 0, then either

(Y, () -)® 2 (Y (x )-$)%, ¥i or
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(Y (x )-d) < (Y;(xo)-¢) , for some i and
(Y, ()= 2 (¥, (x )-¢)%, for 1 = i’.
If Vu(xo) < Vu(x*), for all i, then it may happen that
(Y () -p) 2V, (x™) = (Y (x )-p)Z/V (x_) (5.8)

Let a have the same value, Vi; then it may happen that

k ' k
L 2 » 2 :
i_f__é"(!f'i_(x )-¢) /Vu(x ) = i§1(Yt(xo)_¢)‘/vu(xo)’ (5.9)
which contradicts Inequality (5.6). Therefore, simultaneous

optimization using Khuri-Conlon's method may not always lead

to an admissible solution for Yi(x).
Numerical Comparisons

Cohpérisons between the desirability functions versus
the convex combination method apply a set of data,
developed by computer, based on second order polynomial
regression. We consider three responses as follows:
Y=10+ 2x + x. - X2+ 2xx_ - 3x.° + e { maximum)

4 1 2 1 1 2 2 4
Y=15 + x - 0.5%x_ - 2x 2 - 3x.x_ + 2.5x.° + e_ (saddle)
2 1 2 1 1 2 2 2
Y =12 + x - 0.5%x_ + 2x2 + 3x x.+ 2.5x.% + € ({minimum)
3 4 2 1 1 2 2 3
€, is assumed to be distributed as N(0, 0.001)
€, is assumed to be distributed as N(0, 0.0064)
€, is assumed to be distributed as N(0, 0.0225).
The specification limits of Yi are Y12 4, 5 = Y2 < 15,
with c = 10, and 20 = Y8 < 30 with c, = 25,
For optimizing W we can choose several sets of o > 0,

as long as W has a global maximum point. In this example
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we choose 3 sets of o to produce LI Wz, and Ws.

Where W o= 0.60Y1+ 0.25Y2 +0.15Y3, W2=O.55Y1+0.30Y2+0.15Ys
and W, = 0.5718834Y1 + 0.2792704Y, + 0.1488462Ys.

All W has global maximum points. The solution of
optimizing Ws is similar to the result of Derringer's
method. Any choice of o > 0 can be used in the
optimization of W, as long as W has maximum point. This
choice will determine the value of Yi. The solution of
optimization is shown in Table I.

The comparison of Khuri and Conlon's versus the convex
combination method applies an example from Khuri and
Conlon's paper (1981). 1In that paper they gave the
solutions of optimization for both cases: i1f the vector of
individual optima is treated as a vector of constant and if
it is treated as a vector of random variable.

There are 4 responses:

Y= 1.526-0.575x -0.524x_+0.318x x_-0.171x >-0.098x_~ (sadd)
1 1 2 1 2 1 2

Y = 0.660-0.092x -0.010x_-0.070x_x_-0.096x_-0.058x_° (max)
2 1 2 1 2 1 2

Y = 1.776-0.250x ~0.078x_+0.010x x_~0.156x_2-0.079x_% (max)
3 1 2 1 2 1 2

Y = 0.468+0.131x +0.073x_-0.083x x_+0.026x +0.024x 2.(sadd)
< 1 2 1 2 1 2

The solution of optimization and the values of Yt at the
optimum point are shown in Table II. All W have global

maximum points. The solution of maximizing W4 is similar
to that of of minimizing p if ¢ is treated as a random

vector, but the solution of maximizing Wa is slightly

different from that of minimizing p, if ¢ is treated as a

vector of constant.



COMPARISONS AMONG CONVEX COMBINATIONS,

TABLE I

1:03

HARRINGTON'S,

AND DERRINGER-SUICH'S METHODS

Methods X X Y Y Y
1 2 1 2 3
Harrington, n=3 1.2670 1.4426 9.825 12.069 26.411
Derringer, r=s=1 1.4436 1.1167 11.446 10.000 25.000
C.C. method, W1 1.6585 1.1811 11.518 8.174 27.940
Wz 1.3451 1.1411 11.236 10.825 24.186
W3 1.4436 1.1167 11.446 10.000 25.000
TABLE I1I
COMPARISONS BETWEEN KHURI-CONLON'S AND
CONVEX COMBINATION METHODS
Methods x X Y Y Y Y
1 2 1 2 3 4
Khuri, as r.v -.57 -1.29 2.54 0.55 1.84 0.29
Khuri, as const. -.46 -1.38 2.47 0.55 1.83 0.31
C.C method, W1 -1.40 -1.86 3.46 0.24 1.72 0.07
Wz -.41 -1.16 2.36 0.58 1.84 0.33
W3 -.46 -1.31 2.47 0.55 1.83 0.31
W4 -.57 -=-1.29 2.54 0.55 1.84 0.29
4
Where W = 0.25 £ , W = 0.15Y + 0.15Y + 0.1Y + 0.6Y ,
1 1=41 2 1 2 5 4
W = 0.1578Y + 0.1342Y + 0.0995Y + 0.6985Y , and
3 1 2 | 4
W = 0.163Y + 0.153Y + 0.103Y + 0.581Y .
1 2 2 <

4



CHAPTER VI
SUMMARY AND CONCLUSIONS

This thesis discusses the simultaneous optimization of
several responses. The discussions focus on the
characterization of sets of admissible points and
determination of the existence of the admissible region.

The responses are limited to second order polynomial
functions of x. lWe observed several kinds of surfaces of
the original responses and the combiﬁation of the surfaces
in forming a combined response.

Several lemmas and tﬁeorems is developed for
characterizing the sets of admissible points for both
constrained and unconstrained optimization. If the number
of responses is less than or equal to three and the control
variables x lie in 2-dimensional space, the characterization
is well defined and can be shown by graphs; otherwise by
algebraic notations.

The admissible region will exist if a, > 0 and at least
one of the Hessian matrices of Yt(x) is negative definite.
If the feasible region is a compact set (closed and bounded)
the condition for the existence of the admissible point is

only a > 0.

104
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For unconstrained optimization, the admissible region
for two responses in 2-dimensional space is a particular
part of their tangent path. For three responses in
2-dimensional space, the admissible region is the closed
region bounded by the admissible tangent paths.

For constrained optimization, the admissible region
may lie in the interior of feasible regibn R, that is R n s,
and on some parts of its boundary or only on some parts
of its boundary. The last position happens if R does not
intersect S8, the admissible region for unconstrained
optimization. If at least one response has a saddle point,
the subset of admissible region may lie in the interior of
R, but outside R n 8. 1If the number of responses or
control variables is greater than two, the admissible
region is S1 the set of all X" denoted by
(1) for unconsctrained optimization

#*

s, = { x: x" satisfies V(Za,‘Y,‘(x*)) =0, & >0

and o A is a negative definite matrix 1},

T L

wvhere A.L is the Hessian matrix of Yi(x).

(2) for consctrained optimization with R = { x: fo < r? 1,
s, = { x': x' satisfies V(Za,‘Y.‘(x*)—uI) =0, a> 0,
and (Zasﬁful) is a negative definite matrix }.

If the uncertainty of the optimum points is considered,
then their confidence regions can be éonstructed by using

Carter's procedure. For this purpose, a numerical example

is given in this thesis for the optimum point of W =
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k
T aY(x), i=1, 2, 3, 4, x = E® and fixed 2 .
=1 v oL 1

We also compare the admissibility of the solutions of
four combined response functions: convex combination,
Harrington's, Derringer-Suich's, and Khuri-Conlon's
methods. 1In these comparisons the feasible region is a
compact set. It can be proven that the convex combination
method always leads to an admissible solution, but the other
three methods do not always lead to an admissible solution.

We recommend using the convex combination method in
searching for the optimum point. If the functions of
responses of interest are not known, the steepest ascent
method can be used for maximizing the convex combination
"function of the original responses. In experiments, the
feasible région is usually a compact set; then the solution
for optimizing the covex combunation function will always
lead to an admissible point. Also it can be proven that
the solution converges in probability to the true value.

It will be intefesting for future research to discuss
simultaneous optimization for general functions of vector x,‘

the confidence region of the admissible region and to

investigate the rate of convergence.
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