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CHAPTER I 

INTRODUCTION 

The acoustic impedanee of a thin, square edged, circ:ular orifice 

mounted in a cireular tube, and that of two orifices of equal diameter 

·mounted in a circular tube were studied. The acoustic impedance of 

an acoustic element such as an orifice or tube is defined as the 

complex ratio of the pressure differential across the element (measured 

in dynes per square centimeter in the cgs. system of units) to the 

-", volume velotity, (measured in cubic centimeters per second) through 

the element. The real part of this complex ratio is the aeoustic 

resistante of the element and the im'agJnary .part, is the acoustic. · 

reactance of the element. The reactanee is positive for an orifice. 

and is analogous to inductance in an electrical circuit. ·This positive 

reactance is termed the inertante o:f the element. The resistance of 

an orifice is analogous t:o the resistance in an electrical circuit. 

The impedance o:f an orifice is dependent on the geometry of 

objects near the orifice and the baffling condition. The most familar 

o~ndition is that of the otifice in art infinite baffle. This case 

was treated by Lo-rd Rayleigh.~ The impedance of an orifice or tube 

is expressed in terms of an end correct.ion. This is the quantity 

whith must be added to the actual length of the tube or orifice 

iLord Rayleigh, The The·ory of Sound, (Dover Publications 9 New 
York w 19-45) , Vo 1. 2. 

l 
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(thickness 0£ the ori±'ice plate) to obtain the c:ortect value of 

the acoustic impedance. 

This study is an experimental determination of the e.ttd cor-

rection necessary when the orifice is mounted in a circular tube, 

and also when two orifices are mounted in a circular tube and spaced 

symmetrically from the center line of the tu~. End corrections are 

determined as a ftmction of the spad ng from the center line of the 

tube. The effeet on the end cnrrections of the other parameters 

such as the viscosity of the fluid, the ratio of orifice to tube 

d.iametera the frequency of fluid motion in the otificew and the volume 

velocity through the orifice are c.onsideted. Three orifice diameter;; 

were studied. For each diameter several orifite plates were constructed 

with the orifices spaced at various distan.ees from the tenter line of 

the enclosing tube. 

Several theoretical investigat"ions into the effect of acoustic 

interaction between two orifices have been made. '2 Wolff and Malt~r 

discussed only the effective inertance between two vibrating rigid, 

3 c.frcular disks, whereas Klapman evaluated both the ine:rtance and 

resistance components of the interaction impedance of two circular 

pistons vibrating in an infinite baffle. In both cases the mutual 

impedance of two orifices was evaluated by a direct numerical integra-

tion of the pressure at the surface of the circular disk or plane · 

piston of fluid. For the study at hand where the wave length of the 

.. 21. Wolff and L. Malter, ''Sound Radiation from a System of 
Vibrating Ci:tc:ular Diaphragms,* Phvsical Review1 ~' No. 6, p. 1061, 
(1929). 

3s. L. Klapman, •v.interaction Impedance of a Syste,m of Circular 
Pistons, tt Journal of the Acoustical Sotietv of Amer_foa, ll, p. 289, 
Jan. (1940L 



sourtd is long compared to the orifice diameter. Klapman' s theory 

indicates there should be no resistance components of the mutual 

impedance. Pritthard4 presents a similar method of determining 

both inertance and resistance components of the impedance. The 

solution again is not in closed form. However, it is consistent 

with that ~f Klapman. 

Theoretical results which are compared to the experimental 

determinations are derived from considering an incompressible, 

viseous fluid moving periodically in a tube, and, also, the 

acoustic radiation from an orifice wherein the medium is compressible 

3 

and assumed to move with piston like motion in the orifice. Expressions 

have been presented by Thurston5 for the impedance per unit length 

of a tube of infinite length. These expressions when multiplied by 

the effective length of the orifice or tube (t·he act.ual length plus 

the appropriate-end correction) give the values of the resistanee 

and inertance of a tube or orifice. 

In the past, there has been remarkable agreement between theory 

and experimental results from applying this method. The theory 

was first applied to the case of periodic fluid flow through circular 

tubes by Thurston. 5 However, this was primarily a study to test 

t:he validity of the theory for periodic flow of fluid through very 

long tubes wherein the end corrections coming from the theory of 

acoustic· radiation are not dominate factors. These developments 

. 4R. L Pritchard, ~Directivity of Acoustic Linear Point .Arrays, t-t 
'I'e:chnieal Meino.randum No. 21, Office of Naval Research Contract 
N50RI ... 76 Project Order X, Acoustics Research Lab. , Harvard University, 
Cambridge, Mass., p. 134, Jan. 1951. 

5G. B. Thurston, "Periodic Fluid Flow Through Circular Tubes.'' 
19ur11a) of. the Acoustical Society of Am~t!<?.,a, 24, No. 6, p. 653, (1952). 



will be presented l ater i n more detail. In a later work6 Thurston 

studied the periodic flow of fluid through orifices and found that 

the Rayleigh end correction is applicable to both the inertance 

and the resi stance of the orifice . In the case of an orifice, the 

end correction is the predominan t fae t or in the effective length of 

t he orifi ce. Still la ter, the t heor y be ing slightly altered to 

account f or t he geometry of th 0 acoustic element studied, t he same 

l hb · t · 7 b genera approac, y exper1men .at1on , was proven to e correct , 

where the periodic flow of fluid through rectangular tubes wa s stud ied. 

The f i nal paper8 published by Thurston, where the approach again 

proved successful, des cribed the experimental determi nati on of the 

end corr ection needed for an orifice of varying diameter mount ed in 

a circular tube of fixed diameter. This study is yet another experi -

ment where the same general method is applied . The resulting end 

cor rect ions determined experimentally are compared with those deter-

9 mined theoretically by Ingard. 

The impedance of orifices has been found to be a nonlinear 

function of volume velocity beyond a certain critical value of volume 

velocity. 6 This nonlinearity appears as an odd harmonic distort i on 

of the pres sure differential across th~ orifice. Also, the fundament al 

sine component of the pressure changes slope at a critical volume 

6G. B. Thurston and C. Eo Martin, Jr., "Periodic Fluid Flow 
Through Circular Orifices," Journal of the Acoustical Society of 
America, 25, No. 1, p. 26 , (1953). 

7 J. K. Wood and G. B. Thurston, "Acoustic Impedance of Rectangula r 
Tubes,•• Journal of the Acoustical Society of America, 25, No . 5, 
p . 858 , (1953) . 

8 G. B. Thurston and J. K. Wood, "End corrections for a Concentric 
Circular Orifice in a Circular Tube, .. Journal of the Acoustical 
Society of America, 25, No . 5, p. 861, (1953). 

4 

9u. Ingard, "On the Theory and Design of Acoustic Resonators," 
Journal of the Acoustical Society of America, 25, No. 6, p. 1037, (1953 ). 
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velMity. This is to say that. given a sinuso1dal volume velocity 

through the orifice, the pressure is not sinusoidal beyond the particular 

critical volume velocity. A plot of the peak pressure components 

for a single orifice mounted in a tube as a function of the peak 

volume velocity through it is shown in Figure 1. In the same figure. 

a similar plot appears, wherein the pressure components for an orifice 

pair mounted in a tube are presented as a function of the volume 

velocity per orifice. It can be seen that at a volume velocity of 

U = 0.9 cm3/see the fun:damental pressuTe component begins to change 
M 

slope from first power to second power, and that the third harmonic 

component of the pressure is of considerable magnitude. At this 

point the pressure componertt predominantly is due to a qtt:antity in 

the pressure:..volume velocity relation whith varies as the square of 

the velocity of the volume. If, instead of the total fundamental 

pressure component being plotted against volume velocity as presented 

in the figure, thepressure component which is attributable to the 

resistanee (the sine component of the pressu.re -- assuming the volume 

velocity to be sine varying) and that due to the inertanee (the cosine 

component of the pressure) were plotted against the volume velocity 

it could be seen that the resiStance component of pressure would change 

slope from first to second power at a much lower value of volume 

velotity than that of the total fundamental. The total fundamental 

'Compoil'ent of the pressure as presented has not changed slope before 

·. 3/ this value of U = 0.9 em sec, where the nonlinear pressure component 
M 

becomes do~inant. 

It ean be seen in the figure that the pressure components of 

the singl~ orifice are higher than that of the double orifice case. 
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Two factors are involved which explain a difference in the two cases. 

The first effect present to account for a difference is that of the 

compliance or stiffness of the hydrodynamical test system used in 

making these measurements. This effect evidently was not the predominant 

fac~or which influenced the magnitude of the pressure. This effect 

of system compliance wil l be discussed i n more deta il in a later 

chapte1· . However, it gives rise t o a hi gher indicated pressure than 

the actual value. The second effect, which evident ly was the dominant 

cause of the pressure components for the double orifice being higher 

t han those of a single orifice, i s in the impedance of the tube . 

To obtain the same volume velocity per orifice in the double orifi ce 

case it is necessary to have twice the total volume veloc ity as 

t hat of a single orifice . Hence the pressure component due to the 

impedance of the tube will be doubled for the double orifice case 

and the magnitude of the total component will be larger. It can be 

seen in the Figure 1 that both fundamental curves approach the same 

value 3 at U = 6. 0 cm Is e c. 
M 

This is the point where the orifice 

impedance so dominates the total impedance of orifice and tube combined 

that the effect of the tube is negligible. All of the data in this 

study were taken in the linear region of the pressure-volume velocity 

relations where the resistance term is linear and the harmonic 

distortion is vanishingly small . 



CHAPTER II 

THEORETICAL CONSIDERATIONS 

An expression for the acoustic impedance of a circular tube of 

infini t e length has been presented by Crandall1 and was later modified 

by Thurston. 2 Expressions for the inertance and resistance of the tube 

per unit length are given in the latter's development. It is possible 

with these expressions to obtain the actual impedance of a t ube or 

orifice of finite length by multiplying the expressions for the imped-

ance per unit length by the effective length of the tube or orifice. 

To obtain the effective length of the tube or orifice it is necessary 

to add to the actual length the appropriate end correction. These · 

end corrections affect a correction to the actual length by accounting 

for the geometry in the vicinity of the end of the orifice or tube 0 or 

in other words the baffling condition. 

The expressions described above combine a theory for an incom= 

pressible fluid moving periodjcally in an infinite tube with the theory 

for acoustic radiation. In the theory for acoustic radiation a non~ 

viscous 0 compressible fluid is taken as the medium. The fluid is 

assumed to move in a piston- like manner in a circular opening in a 

plane wall. The incompressible fluid for the long tube theory is 

11. B. Crandall, Th~ory of Vibrating Systems and Sound, (D0 Van 
Nostrand Co., Inc., 1926) 0 p. 2290 

2G~ B. Thurston, "Perioqic Flui d Flow Through Circular Tubes," 
Journal of the Acoustical Society of America, 24, No. 6, p. 635, (1952)g 

7 
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considered to be a vi scous f luid and to move with a non-piston like 

velocity profile. This study is an extension of the previous 

applications of this approach to account for the end correction 

needed because of interaction of orifice and tounding tube walls 

and also that due to the interaction of one orifice with another 

and with the bounding tube walls . A development of the theory 

for the end corrections which is used here will be presented in the 

following sections. 

(a) Hydrodynamic Theory for an Infinite Tube. 

Consider the impedance of a tube of infinite length. Two cases 

must be distinguished according to whether the tube is effectively 

narrow or wide. The classifications depend not only on the relation 

of the constants of the fluid and the geometry, but also the frequency 

with which the liquid moves through the tube. The discriminating 

factor which determines these cases is 

(2ol) 

where K is the wave number, p the density of the fluid, f the coef­

ficient of viscosity, and r0 the radius of the tube. H(Kr0Jis less 

than unity the tube is effectively a "narrow" tube wherein the impedance 

which the tube presents to the driving force is predominantly resistive. 

In the other case where (Kr)is large compared to unity the tube is 
0 

effectively "wide". Here the impedance of the tube is essentially 

inertial. 

Thurston2 in his modification of the results presented by Crandall , 

introduces a factor defined as follows. 

(2.2) 



9 

The factor can be thought of as a measure of the rel ative importance of 

the boundary layer for a particular tube radius. The thickness of the 

l-·2.rrµ]~ r (2.1r ,,i2. 
boundary layer is b.. = pw • Then Ya.:. 0 I::. ' • It is obvious also 

that'{ is the discriminating factor that determines whether the tube 
ri. 

is effectively "wide" or "narrow." 

The development of relations for an incompressible fluid moving 

periodi cally in a tube of infinite length is similar to the develop-

ment of an equation for the motion of a circular membrane. The axial 
_.. ...... 

driving force is4Jdx.., where '¥ i.s the negative driving force parallel 

to the axis of the tube. The total driving force on an annular ring -of the fluid of volume2TTrdrd~isl.t'dx.·2.Ttrdr. This is opposed by. 

onee an inertial reacti.onLWf2rrrdrdY... and, two. a resistive force due 

to friction-2Trrd~·f ~!. Using the negative pressure gradient, the 

velocity decreases with r • The net force is then 
• :r (-2.Trid~f ~~ )d r 

Hence the equation of motion is 

[ . µ o o J • _ -
LWP-ror(r'or) ~ -~ 

If one recalls that'(a.::. r 0 [P;Jl/\nd takes into account the boundary 
• 

condition that ~ =- O at r = ro. the solution is 

• \_ 4Jro { · Jo((-1)'12.foYa]} 
~(r,-t,UYa. \ - Jo[(-1)1~'" Ya] · 

The impedance per unit length l =~/('rt'r2F'), is 
0(1 0 7. 

l. f: Ya. { 2. J, l ( -I )11
1. Ya] } 

.. I lo(,:: A-ro4- I - (-1/ZYaJJ(-1')'/iy a.] 
where S is the average velocity over the tube cross-section. 

< 

The following approximations may be madeo For Ya<. \ the imped­

ance per unit length becomes 

(2. 3) 

(2.4) 

(2. 5) 

(2.6) 

~ =R +t.wl <2.1) 
0(01 0<.01 o<.O\ 

where (2. 8) 
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L,o{0 , = (4/3')Cp)/C rr r ;). (2. 9) 

For the condition that Y -a>\ 0 these second approximations hold: 

R = ( 2)11?.. ( u Y ') I ( rr r 4 ) 
°'-m, 1 a o (2.10) 

and 

(2.11) 

It i s convenient to express the results as follows: 

~ -= Ya Re {( t )312 Ya.JJ L '( a1 _ ~ y 2.}-' 
Rr1.o \ 6 Jo Lt '1a] 2. a. 

(2.12) 

and 

L 0(. = ]_ y 2. I m { t l) ~/i Ya Ji L l '{a] _ ~ 'Y -,2. }- I 

L"'0 8 a J J t Y a.1 2 °' 
(2.13) 

These functions are plotted in Figures 2 and 3. 

To obtain the impedance of a tube, determine R and \_ from 
0\0 ex. 0 

equations (2,13) and (Z9) by mult iplying these equations by the effective 

length of the tube. Then, having calculated the'( factor, determine 
a.. 

L /Land R/Rfrom the plotted functions. From these calculations come 
"' oiO o.. ol.O 

l and R • 
~ QI,. 

Cb) End Corrections for a Single Orifice in an Infinite Baffle 

As has been stated above it is necessary to determine the appro-

priate end corrections to account for the geometry at the ends of the 

tube or orifice or the baffling conditions. By way of intr~duction to 

this matte r of end corrections consider the infinite baffle end correc­

tion developed by Lord Rayliegh. 3 A development of this i$ also pre­

sented by Kinsler and Frey. 4 This end correction is for ~he condition 

that a circular opening be in a.n infinite baffle. The p.ud.dl in the 
·--.... .. . 

3Lord Rayleigh 0 The Theory of Sound (Dover Publicati ons , New York, 
1945). Vol. 2. " 

4L. E. Kinsler and A., R. Frey 0 fundamentals of Acoustics, (John 
Wiley and Sons, Inc. 0 New York, 1950), p. 187. 
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circular orifice is assumed to move periodically with plane, piston-like 

motion. The integrated effect of the acoustic radiation pressure caused 

by one differential area on another differential area of the piston is 

determined. The effect of this radiation pressure on the piston due to 

i tself is the same as adding mass to the piston. Using this motion i t 

is possible to determine what length should be added to the length of 

the tube to account for the effective increase in mass. This added 

length is the infinite-baffle end correction for one side of the baffle. 

In cases where there is symmetry of the geometry with respect to the 

plane of the infinite baffle the correction for one s ide must be applied 

to the second side. This is to sayv it is necessary to double the end 

correction 9 determined as explained above 9 for one side and use this to-

gether with the actual length of the tube in order to determine the 

effective length of the tube and thence the impedance of the tube. 

Although this end correction is derived by considering the effect 

of radiation pressure on an increase of the mass of the fluid moving 

in the orifice 9 that is 9 an increase of the inertance of the orifice , 

it has been found by experiment5 to apply equally well to the resist-

ance of the orifices. 

Cc) End Corrections for One and Two Orifices in an Infinite Tube 

Ingard6 discussed the interaction between two circular orifices 

contained in a circular tubeo His results are expressed in the con-

venient form of an end correction. for this reason this experiment 

5G. B. Thurston and C. E. Martin, Jr. 0 "Periodic Fluid Flow Through 
Circular Orifices," Journal of the Acoustical Society of America,~ 
No. 1 p. 26 0 Cl 953). 

6u. Ingard 0 "On the. Theory and Design of Acoustic Resonators 0 " 

Journal of the Acoustical Society of Americao ~ No. 60 p. 1037, 
U 953). 
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has been conducted so as to compare ~xperimental results with those cal-

culated by Ingard. 

Ingard introduces the problem by means of a semi-quantitative dis­

cussion and gives a qualitative insight into it. Consider Figure 40 

Here the two orifices are mounted in a tube. To illustrate the situa-

tion, consider these orifices to be mounted in an infinite baffle. If 

they were spaced far from each other so that the interaction would be 

negligible 0 each would have an infinite-baffle total end correction of 
1/2. 

6 =.96(A )where A is the area of ·the piston. Each would then have an 
I) I) 0 

approximate specific acoustic mass reactance of 

(2,14) 

Now since there are two orifices, as it were, in paraUel the combined 
. x_ .4apw 

mass reactance is 2. - (A.Jh.. Suppose that the two orifices are brought 

together such that they coalesce-.,,forming one orifice of twice the area 

of a single orifice. The mass reactaac,e of this combination would then 
,_ .C,6pw _ 1/i.4-Bpw 

be'/..... - (2. A. ~v2. -(2.) (A )"2... In other wo:r;~~. the mass reactance should 
0 0 I/?. . 

increase by a factor of(2) when the two orifices are brought togethero 

A similar qualitative discussion can be given for the case where two 

orifices are mounted in a tube. 

Ingard's approach to the problem is to obtain a solution of the 

wave equation for the velocity potential. It is assumed there is pis= 

ton~like motion of the fluid in the orifice. The wave equation is 

given as 

(2.15} 
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The solution is obtained in cylindrical corrdinates and is made up of a 

combination of solutions of the type: 

~=cos (me\">)[~ J('o r)+B NCb r)le)(p.[tK ~-2.1TL-utl.c2.16> 
S \ N mn rn "'"' t'fln m mn J tnn ~ 

Rather than solve directly for the velocity potential for the case of 

two orifices in a tube a solution is obtained for one eccentric orifice 

in a tube. This calculation can be put in the form of an end correction 

and is plotted in Figure 5. This is then the length which must be added 

to the actual length of the orifice (thickness of the orifice plate) to 

obtain the effective length of the orifice. The result is: 

6 = CA f 2 
~" ~ t f F 

II O· ( nf r O Wl•C l'l"O l'n n 

where 

and b R is 
. rn l\ 

the velocity potential for one eccentrically placed orifice, it is 

possible to obtain the solution for two orifices by applying the same 

result to the second orifice. This then gives rise to a second end 

correction which is applied to a single orifice of a pair of orifices 

( 2.17) 

(2.18) 

mounted in a tube. The result is as follows and is plotted in Figure 5. 

,;,2. 4 R co et) h 

0,2.= tAO') -( \l/'J. - ~ I.. (-t'j FM~ TI ) ro rn•o h~O 

Cd) Combination of The Theories 

It is now possible to determine the inertance and resistance of a 

single orifice in a tube or one of a pair of orifices in a tube. For 

the single orifice case, combine equation_ (2. 9) and (2.13) with (2.17) 
. . 

(2.19) 
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thus: 

(2. 20) 

and 

(2. 21) 

To determine the inertance and resistance of a single o.rifice which is 

one of a pair of orifices mounted in a tube use equ·ations (2. 9) and 

(2.13) with (2.19) thus: 

lrA = ( L 04/Lc>\ 0 ) loisOI (t +-2 011 +2. 611) (2. 22) 

and 

R "'; ( Ro\/ RO\O) R~O\ l t +-'2 611 +2 6 I~) (2. 23) 

where t is the length of t.he orifice or the orifice plate thickness .. 



CF.APTER I I I 

EXPERIMENTAL EQUIPMENT 

(a) The Hydrodynamical Test S1stem. 

The hydrodynamicaI test system is a device used to measure the 

impedance of acoustic elements. The model used for this experimental 

work is a modification of the original equipment designed by G. B. 

Thurstonl. It is primarially designed for low frequency measurements 

(less than 700 cps.). The system will measure accurately the pressure 

and volume velocity of acoustic elements whose djmensions are small 

compared with the wavelength of the compressional wave set up in the 

fluid medium. A cross-sectional drawing of the system is shown in 

Figure 6. The wall of the main test chamber is one inch thick. Its 

inside diameter is two inches and the depth is three inches~ It is 

made of brass. The Sylphon bellows attached to a geophone type 

driver provides the motion of the fluid through the orifice. Except 

for the very small amount of dilatation in the lower chamber, all of 

the fluid that is displaced by the driving bellows moves through the 

orifice. Thus the flow through the orifice may be measured at the driver. 

A second geophone mounted on the. same driving shaft is used to measure 

the velocity of the driving geophone. If the displacement of the driver 

is A COS wt then the volume velocity set up by the driver 1s 

SA S\~IU\twhe:re A is the amplitude and$ the eff~ctive area of the 

1G. B. Thurston; "Apparatus for Absolute Measurement of Analogous 
Impedance of Acoustic Elements, 11 Jouna~ 9f the Acoustical Society of 
America 24, No. 6, p. 649, (1952). 
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driver, and w the angular freqwency of the motion. 

Cb) Calibration of the System. 

The system is calibrated for the pressure sensitivity in two 

ways. The first is what might be referred to as the d.c. method. 

16 

Here the lower chamber of the system is sealed by a thick plate mounted 

in the sample holder. The side valve is opened and the water level 

is adjusted to a selected height in the stand pipe (refer to Figure 5 

for the location of the stand pipe). The d.c. potential of the output 

of the discriminator is read. The water level is then increased anywhere 

in the range from .5 cm to 10 cm, depending upon how sensitive the pressure 

pickup is, end the d.c. potential is read again. Hencee knowing 

change in potential difference and the corresponding pressure change, 

the sensitivity of the pressure pickup can be determined. The second 

method of calibration which was used for most of this work involves 

the use of a standard tube 6.922 cm long and .707 cm diameter. 

Knowing the impedance of the tube and setting up a known volume velocity 

through it. a measurement of the resulting pressure signal gives the 

sensitivity. 

The f.m. pressure system is shown in Figure 7. In adjusting 

sensitivity the plate separation of the sensing capacitor is changed; 

the internal variable capacitor of the discriminator then is changed to 

bring the oscillator back to the 10.7 me central frequency. When the 

discriminator is properly adj usted 9 it has a discriminator characteristlc 

which is linear to within 1% over a range of the characteristic from +10 

to -10 volts, and over a range from +25 to -25 volts, the variation of 

the sensitivity is 6%. 

The system is calibrated for volume-velocity sensitivity by using 



the standard tube. Knowing the pressure developed for a given potential 

difference from the geophone flow meter, the volume velocity sensitivity 

can be determined. It is measured in cm3/sec/volt. 

Also incorporated in the test system (Figure 6) is a device to 

measure the displacement of the driver. The magnitude of the displacement 

of the driver is proportional to the charge in the capacitance of the 

capacitor as shown. This capacitor forms part of the tank circuit of 

a 4.5 me oscillator the output of which goes through a frequency 

modulation discriminator. The electronic circuit is similar to that 

for the pressure sensitive discriminator of Figure 7. Because of the 

use made of this attachment, calibration is not necessary. 

(c) Au~illary EguiQment. 

In addition to the equipment described above a cathode summing 

circuit is used in obtaining some of the data. The schematic diagram 

for this circuit is shown in Figure 7. This device allows the sub-

traction of either the total sine-fundamental pressure component. 

cosine-fundamental, or the total fundamental pressure component from the 

total pressure signal. Taking the volume velocity as the reference 

and assigning this to vary as U Sl ~\ wt., the driver displacement is 
M 

X COSwt. The use of voltages proportional to these ~uantities 
N\ 

together with a phase shift of Tr radians in the adder circuit allows 

substration of that particular component of the pressure. This procedure 

of adding out one of the components of the pressure is accomplished by 

adjusting the total :remaining signal for a minimum. 

A General Radio Type 736-A Wave Analyzer was used to measure the 

pressure signal. A Hewlett Packard Model 400 AB vacuum tube voltmeter 

was used to measure the volume velocity signal. The wave form was 



monitored on a Du Mont Cathode-Ray Oscillograph, Type 304-A. The 

geophone driver is powered by a Hewlett Packard Model 205 AG Audio 

Signal Generator. 

(d) Analog of the Hydrodynamical Test System. 
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It is desirable to have an analog of the hydrodynamical test system 

which would be easier to analyze than the system itself. The most 

convenient analog available seems to be an electrical analog. The 

linear acoustic properties of the system and the nonlinear properties of 

the orifice or other acoustic elements which may be placed in the system 

are inertance, compliance. and resistance. These properties correspond 

respectively to inductance, capacitance, and resistance in an electrical 

circuit. 

The acoustic inertance in the system appears byvirtue of the mass 

of the fluid which moves through the orifice, .mass of the brass in the 

capacitive hydrophone pressure detector, mass of fluid in the pressure 

· detector, mass of moving driver assembly, and in general any mass 

associated with or connected to the system which moves or is eapable 

of motion when the proper force is applied. Figure 6 will clarify 

where these various components are located. 

The acoustic compliance characterizes any portipn of the system 

which reacts to a displacement with a force which is proportional to the 

displacement. Compliance is found in the driving bellows as well as in 

the pressure detector bellows, The water is compliant as well as is the 

brass of the walls of the chamber and the orifice plate itself. 

Acoustic resistance is found in the action of the bellows and the 

motion of the water, either against the brass of the system or in motion 

relative to itself. The resistance we consider is of such a nature that 
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a force proportional to the velocity is produced when there is motion at 

a particular place. This resistance has the property of being capable of 
.. 

dissipating mechanical energy in the same way that electrical resistance 

dissipates electrical energy. 

Figure 8 represents the electrical analog of the hydrodynamic test 

system. In the analog the electric current will represent the volume 

velocity of the fluid and electrical potential difference will represent 

the pressure. Consider first the driver. This is thought of as a 

source of pressure, P0 • This pressure first acts through an inductor, 

L. n , which would re present the inertance of the driving bellows and 

attached moving geophone coil. The compliance of the driver, also 

reacts to restrain the driving pressure of the source and hence is 

represented as the capacitance C' in series with the inductance 9 L h 
D .,. 

The resistance of the driver, RD , also resists the motion of the 

bellows and is also in series with the capacitance and inductance. 

The lower chamber of the hydrodynamical test system has 

resistance and compliance associated with it. Since this is below 
'· 

the orifice and tube combination, these acoustic properties are thought 

of in light of the electrical analog of the system, act as shunting 

impedances. These are referred to as R ~ the shunting resistance and 
;:;, 

C6 the shunting compliance. The position of these elements relative to 

the orifice and the driver is shown in Figure 8. 

Ce) Measurement of the Internal Impedances of the System. 

After arriving at an equivalent circuit which appears to describe 

the behavior of the system adequately it was found desirable to measure 

the magnitude of these acoustic properties of the system. Consider 

first the internal impedance of the driver. If the system is sealed off 
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with a stiff plate and the system is driven with a low frequency volume 

velocity, then the pressure measured across such a high impedance as the 

stiff plate termination is essentially the pressure at the driver. 

This pressure, 

driving coils. 

P , is proportional to the current that flows in the 
D 

Hence PO may be writ ten as 

D I( • :. . 
1.D · t)._D • 

(3.1) 

It was then desired to determine K.D, the 1electro-mechanical coupling 

constant. This was done by measuring the pressure and the corresponding 

current which flowed in the driver coil. This measurement was made both 

by using a sinusoidally varying current and by.applying a direct' 

durrent to the driier. 

To determine the resistance of the driver, RO , the system was 

left open and the frequency of the driver·was adjusted to resonance. 

The pressure at resonance and also the volume velocity were measured. 

Since at resonance the reactance is zero, the total pressure measured 

(from knowing the current in the coil) was that due only to the resistance 
< 

of the driver. This is given by: 

RD= ~/UM. 
The values of the inertance of the dri ve:r L O and its, compliance 

t 

CD were d~,termined next. With the system te111 inated with a stiff 

plate and tuned.for resonance 0 it follows that 

where W is one particular resonant frequency. To obtain two 
01 

simultaneous equations involving L and C the system was terminated 
0 I) 

with a long standard tube of known inertance L.,. and resistance R 1 . 

(3. 2) 

This combination was again tuned for resonance. This arrangement gives 

a second equation for the resonant condition: 

(L +l )w ~ \/Cw c .. ). 
T t> Ol 02. "" 

(3. 4}. 
'.i 



21 

Solve equations (3.3) and (3.4) for the L and C . This gives 
. D ~ 

L = (l ~2.)/(w:i.-w 2.) <3.5) 
b , oi. 01 02. 

and 

C=I/Clw 1 ) 
I) !) 01 

(3.6) 

Perhaps the most important of the parameters of the system is 

shunting compliance and shunting resistance. These proper.ties were 

measured by using the cathode adder circuit which will be described 

in the following chapter. · Briefly this method eliminat:es either the sine 

or cosine component of the pressure. By measuring the remaining component 

and knowing the volume velocity and frequency the values of shunting 

compliance C and shunting resistance'R were determined. 
& ' s 

The acoustic parameters of the system were measured by thelfilethods 

outlined. The results of these measurements are as follows: R. = 5.75 x 
i) 

103 cgs • L = 1. 30 x 102 cgs , and C = 2. O x 
D D 

10-7 cgs. For the stiff 

C -8 pressure sensitivity bellows 5 = 4 x 10 cgs 
. 4 

and R . = 2. 5 x 10 cgs. 
'o '. 

Most of the experimental work here was done with the softdr ··bellows 

for which C = 10 x 10-8 cgs uni ts. All of these measurements were s 
made using water at a frequency of 22 cps. 



CRAP!'ER IV 

EXPERIMENTAL METHODS 

( a) Resonant Circuit Method. 

The res·onant circuit method of taking data was used for most 

of the measurements made in this study. The method can be explained 

best in light of the electrical analog of the hydrodynamical test 

system. Recall that associated with the orifice and tube is a mass 

reactance and a resistance. If an air volume is placed above the 

orifice and tube combination as shown in Figure 6, a compliance 

is placed in series with the inertance of the orifice and tribe. 

The resulting LCR circuit can then be tuned for resonance by adjusting 

the volume of air. This is done by withdrawing a known amount of 

water from the cone. The pressure component at resonance is totally 

resisthre 0 being the sum of the resistance of the orifice of the t.ube. 

and of the air volume. An advantage of this method of taking data 

is that the effect of shunting impedance on the measured value 

of the pressure is almost negligible in most cases. 

The con'.e used for the purpose described above has an interior 

angle of 53°. It is two inches in diameter at its base, two inches 

in height, and is mounted at the end of a four inch glass tube. 

Theoretical determinations for the eomplian·ce C 'E· and resistance R = of 

1 b r 1 an air volume have been deve oped y Daniels. 

1F. Daniels, ••Acoustical Impedances of Enclosu·res,•t Journal of 
the Acoustical Society of America, 19, No. 4, p. 569 (1947). 
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Figures 9 and 10 are plots of the compliance and resistance of the 

con-e used. These curves were computed by using the following constants 

of air: thermal conductivity k :::: 5. 706 x 10 ... 5 cal/cm see 0 c; pressure 

(atmospheric) Po= 0.9812 x 106 dynes/c,n2; density p = 0.001155 gm/cm3 ; 

ratio of the s·peeiffo heats lr = 1.403; the specific heat at constant 

pressure C = 0.240 cal/gm 0 c. p 

The measured values of the inertance and resistance of a single 

orifice plate will be referred to as l and -R • In the case 
°" QI. 

where measurements are being made on a double-orifice plate sample 

it must be noted and distinguished that here the total measured 

resistanee or inertance of the orifice plate is one~half of the value 

of one of the orifices taken singly. This can be more easily seen 

in light of the electrical analog of the system wherein the. orifices 

of a double orifice combination are thnught to be in parallel. For 

the double-orifice cases ihe inertance and resistan~e shall be referred 

to as l, and R , respectively. These are the total measured 
Ol..'2. ot2, 

values of the double-orifice plate. 

At resonance the teactance is zero. This gives the relation 

-112. . 
1.\ = ( LC J- If C and W are known, then L may be computed. If 
WO ! ! 0 

the inertance of the tube, L , is subtracted from this total computed 
T 

inertance the remainder is the inertance of the single-orifice plate, 

L , or L for the double-orifice plate. Referring to the equations 
!I( a(~ 

(2. 20) and (2. 22) of Chapter II on theoretical considerations, the 

inertanee of the single orifice plate is 

(4.1) 



and for the double-orifice plate, accounting for the fact that there 

are two orifiees in parallel: 

If the frequency of the voiume velocity, the dimensions of the orifiee 

and the constants of the fluid 

computed from equation (2.2). 

are known, the Ya factor can be 

This will give L /l. Also, having· 
Cl\ Cll.0 

the orifice dimensions, L can be computed from equation (2. 9). · 
~ol 

With these parameters the experimental value of t:he end correction 

can be determined. This would come fr.om the following equat'ions: 

and 

[ L ] + =Cl/2.) -.,2. -t o" 019. ( 1/2.)( L /L ) L 
o1. oe.o ~o, 

for the single and double orifice cases respectively. 

Having calibrated the system for pressure sensitivity, as 

discussed previously, it is possible to obtain the measured value 

of total resistanee of the orifice-tube combination. Knowing the 

pressure and the volume velocity, this resistance is computed fr·om 

R: ~ / U. From this total :resistance, the resistance of the tube 
& M 

RT is subtracted and the remainder is the resistance Roe of fhe 

single-orifice plate, or is R0( 1 of the double-orifice plat-e. 

Knuwing the frequency 9 dimensions of the orifice, c·onstants of the 
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(4. 2) 

(4.3) 

(4.4) 



fluid, and the measured value of the resistance of the orifice 

plate, it is possible to compute the, resistance end correction. To 

distinguish.between the end correction computed from the inertanee 

measurements and that computed fr:om the resistance measu,rements, 

the resistance end. correction shall be denoted by /1 11 for the single 

orifice and tJ. f'or the end correction due to interaction between 12. . 

two ori:fiees. These will correspond to the end corrections for 

inettance 0 
, II 

and 5 
l'l. 

Referring to equations (2.21) and (2.23) 

for the single- and double-orifice cases the end corrections are 

given by: 

and 

~ II+~ I 'a.= ( \ / 2.) [(-1/-2 )-l R_· ~-=R=--"--) R- - t ] 
c:,t; «-0 «o I 

respectively. Again as in the case of the inertan(}e measurement 

the 1/2 factor is used for the double orifice case. 

(b) The Subtraction Method. 

In a second method of taking the data the cathode adder cite.uit 

described earlier is used. This method involves taking the signal 

ftom the volume velocity monitor' or the displacement monitoring 

discriminator, shifting the phase 1T radians, and adding a portion 

of this to the total pressure signal. The remaining component can 

then be determined. If one knows the volume velocity, either the 

resistance or inertanee can be determined. Once these values are 
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(4. 5) 

(4. 6) 



obtained the end correct ions may be computed from equations ( 4. 2) 

and (4.4), for the double..:.orifice case and from (4.1) and (4.3) 

for the single-orifice case. 

This method of taking the data is very convenient to use. It 

has the disadvantage that the shunting impedanee is an important 

factor in the final measured pressure, if the anti-resonant frequency 

is less than approximately five t'imes the frequency of the volume 

velocity. 

( c) Corrections Necessary_ to Account £.or System lnterac.tion: 

It was found necessary to correct for the shunting impedance 

of the system for some of the measurements taken. This was done for 

the study of the effect of frequeneyt. It was necessary to make this 

correct.ion because, though small at 22 cps where most of this work 

was done, the effect of shunting impedance increases with frequency. 

In these measurements water was used as the fluid and hence the 

resistive component of the pressure was very small. The shunting 

resistanee was also neglected. Instead of determining the inertance 

of the orifice, as would be the case if the shunting impedanee were 

very large eompared to the inertanee of the orifice, the impedance 
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of the parallel eombination of orifice in:ertance and shunting compliance 

was determined. Knowing the shunting impedance from previous measure-

ment, it was possible to eompute the inertance of the oriffoe. This 

is done with equation (4. 7). 

(4. 7) 

where X is the reactance of the orifice, Z the meas-ured impedattee L . 



and 'I.. the teactance of the system. Knowing the angular frequency, 
s 

the inertance is computed. The determination of the end correction 

follows in the same way as described previously. 

·. 
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CHAPTER V 

PRESENTATION OF THE DATA 

Pressure ... v.elume velocity data were ta.ken for the double and 

single orifice plates for the three values ef the .ratio of arifice 

radius to containing tube radius ( r;, /R). These were reduced and 

p.resented in the form of end correction:.s as functions of the ratio 

of orifice separation .to tube radius {a/R ) , The major parameters 

c@nsidered were the ratio of orifice separation to tube radius: {a./R) 

.and second the Y,. variable. Variations of the Y?\ variable actually - -
L11.voly~ the variatio.n of fou.r other parameters. These are the 

orifice -diameter, the frequency of ex:cursion of the fluid in the 

orifice, the density of the fluid, and the viscosity of the fluid.. The 

latter two vr,ria..ble.s were actually taken as one, the kinematic 

viscosity of the fl1dd, er the ratio of the dyna;m.ic viscosity of the 

fluid, to the density of the fluid. 

(a) Ge.ometry Study 

Experimental values of the resistance and inertance end 

corrections for the double orifice 

for the single orifice sets ( _ju. 
.rr,., 

Ll,. -r A,a ) and a_lsQ 
' 1,4; 

~ ) as functions of the 
1A., 

ratio of orifice separation to tube radius (a/R) are presented :in 

Figures 11 and 12 respectively for the three orifice sizes 

28 
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( r-/R 1r:- ... ;~ 07c:- ..- 'R 0375) Here :the fluid was water at lo ;::: , :.J l lo K = , J , I of l = • · • 

approximately 25° C temperature~ and the frequency of the fluid 

motion was 22 cps. 

C.ortsider first the end corrections for the single eccentric 

orifice as shown in Figure 11. It is to be noted that common to all 

the curves is the general shape. As the Center af the orifice 

changes in position away from the center of the tube, the end 

correction increases (increasing a/ R ) • This is the same, of 

course, as saying tha:.:t the inertance and resistance has increased.. 

The change in end correction with sepat'ation from the center of the 

tu.be is more pronounced for the case of the larger orifice diameter. 

As the orifice moves e:ut the end correction increases unt.il at the 

wall of the tube, the end correction is a ma::dmlilm. For the inter ... 

mediate size orifice the effect due to the closuxe of orifice with 

the wall is not apparent till the separation has increased beyond 

the point where this effect is noticeable for the larger orifice. 

Similarly the effect of interaction of wall and orifice for the 

smallest orifice is evident enly at greater distances from the 

center of the tube. Thi$ is reasonable since the larger orifice 

dominates a larger percentage of the total area. of the orifice plate 

contained in the tube and hence would experience the proxim.ity 

of the wall at a. lesser distance from the center than would a 

smaller orifice. 



It should be noted that the end corrections for resistance and. 

inertance are about tke same magnitude. This indicates that the 

same end correction can be applied tg compute the resistance as 

well as the inertance or an orifice, There is doubt that the curves 

for resistance and ine:rtance end corrections should. have different 

shapes for a particular orifice sbi:e. Any difference in shape 0 } 

the curves presented :here is probably due to experimental error. 

The Ya. range covered in thelile data was 4, 8, and 16 for :lb.e 

sn1al1, intermediat.e, an.d large 0rifice.s respectively. It is probable 

that the end correcticm effectively does not change form with Ya 

factor. These fact.ors substantiate the validity of the theoretical 

approach to the problen:1. It is hence apparently correct to state 

that the orifice may be represented as a tube of finite length; the 

length being the Sam of the end correction .and thickness of orifice 

plate. 

Consider no'wthe data taken on the double orifice pair sets. 

The same range was covered as for the single orifices. The 

orifices were splaced symmetrically from the center of the tube. 

The resulting experimental end corrections are presented in 

Figure 12 for the resistance and inertance end correction. It can 

be seen from the graphs that the end corrections for the resistance 

and inertance are of essentially the same magnitude and shape. 



The graphs indicate the fact, that fateractlon takes pla.ce when the 

two or:iHces. are in clese pr.oximity to one ano.ther and .this effect af 

btle:raction falls off as the orifices are separated. The end corrections 

pass ;thr.ough a minimum., and then increase in magnitude as the effect 

of interaction with the walls of the contaLnin.g tube becomes m.Qre pro .. 

nou.nced. 

As with ihe case of the single o:d.!ice the amount of interactl.on 

observed, whether with the walls of the tube or with the other ti:rifice~ 

decreases with oxiflc.e diameter. For the case .of the smaller diarne:te.r\ 

or smaller raUCi of r0 / R , the end correct.ion cu.rves 'both resistance 

and in.ertance are essentially flat between the range of values from a./R. =. 2 

to a/R = .6' This value of end correction approaches the value ef 

end. correction for .an orifice in an infinite baffle as what migh,t be 

expected. This: value .is within ZOo/o of the value which is the same 

error apparent :i,n all this resonate circuit data. 

It was noticed. that there were places in .the curyes whel"e more 

data points were needed. New samples were .fabricated and measure"" 

ments were made e.n. these with the thought of filling in the needed 

points. These data were somewhat rough. As a result~ between th~ 

points in the po:t't.itins of .the curves whe.re some of these supplem.enta:ry 

data points appea:t, dashed lines which serve to indicate a trend and 

also that there is uncertainty in the ..aetual shape. Pe:ints on either side 



of the added data point.s were repeated .and these were used to indicate 

the a:rn,ount af adjustment needed in the magnitude of the new point.a :to 

accomplish a. saUsfa.ctery fit for ne·,1,1 points. 

:taken on the satne da.yt .or if they were on th.e .sarr1.e day, not at the 

same t:l:rne. S(:nne adjustn.1.ent \Vas necessary becau.se it is impessible 

to keep all of .the para.meters of the experiment exactly the same ·.vhe11 

the tinne needed for taking the data is relatively long, For tl'lfa rea.s0n 

there was n<11t ctms:lsteAcy in the .order of which the individual plots 

appeared. To adjust :for this and strive t.e present the graphs in the 

most correct order,a set of data was taken to establish this correct 

order of the curves associated with the th:riee values of r~ / R • To do 

this one sample was taken from each set of orifice samples giving the 

three values of t;, IR ~ Measurements of pressure and v0lume velocity 

were made keeping the volume velocity the same for each sample. The 

only points in this set .a£ d.ata which had the correct order were those 

for the inertance end cerrection where a /R = 0 for .the single orifice 

set. This cor:rect order follows from .the theoretical and experimental 

values of the end correcticm. for concentrically mounted orifice.s in a 

l 2 
tube determined respectively by Ingard and Thurston 

1 

2 

U. Ingard, 110n the Theo~y and Design of Acoustic Resonators"~ 
Journal of the Acoustical Society of America, 25, No. 6, p, 1037, {1935} 

G. B. Thurston and J. K. Wood, 11End Corrections for a Concentric 
Circular Orifice in a Circular Tube", Journal of the Acoustical 
Society of America, 25, No. 5, p. 861, (1953}~ 
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(b) Frequency Study 

· Measurements. were made wherein the Y a. fact.or was varied by 

va.ry·ing _the frequency of excitation of the fluid in the orifice~ To 

ma.lee these measurements an. eccentric ,orifice .and .the corresponding 

double Ol"ifice samples were chosen.. Th.ese orifices had ratio 

ro/R = .15 ~d a./ R ::: .159 • Th.e frequency was varied fr-om 

20 to 100 cps_ Only the inertance end corrections were determined. 

These are preselil,ted .in .Figure 13. 

Th.e data presented have been corrected by assuming the system 

impedance to be a .shunting compliance. It is felt. that the reasen..the 

end co-rrections do not.have a consta11t value as a function .o.£ £re-

quency can be a,t,t.ribut.ed .to th.e fact that th.e effect of sys.te::m.. sh'1ll:!.t-

ing resistance becomes m"Qre pronounced with increasing frequency • 

. This effect e>f shunting resistance wa.s not. taken into accou:q,t. when. 

correcting these data. In this study varying the .frequency over the 

range -0£ 80 cps; cau:s ed -the Ya. £act0-r to .vary abe~t 9 units. The 

result of th.is study substantiated again the col"rectness 0£ th..e 

' 
theoretical a)'iproa.ch. 

(c) ViscosityStudies 

Using ,a glycerol solution of known concentration measure .. 

men;ts of the inert.a.nee e~.d corrections for the double and single 
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orifices of ro / R = , IS" 

are shown in Figu:r'e 14. 

as funcH011s of a/ R were made.. The curves 

The resulting curves have the same general shape as those of 

water. This experiment p.resenfa .further proof .of the soundness of 

the theoretical approach to the pr9blemv and indicates the effect of 

viscosity on .the acoustic ine:rtance oJ an orifice is entirely described 

by the Ya facto,r. 

{d) Discussion of the Errors~-

Because the resistance cOmJ)onent was very small eoml?ared to 

the inertance component Qf the pressure in the linear pressure region~ 

it was diffi.cult to obtain data by the adder circuit method and. th.us the 

resonate circuit :method was employed for the majority .o;f the data 

taken in this study. It will be recalledthat the advantage of the 

resonant circu1t method was that the pressure signal to noise ratio 

that was 'present inthe cathede ci.rcuit adder circuit method of 

taking the data was not present with this resonate circuit method. 

In Figure 15 is presented the inertance end corrections for 

(for double and single erifices) as a function of 

These data were taken using the cathode adder circuit. It wi11 be 

noticed that the value ef the point at a/ R := • 4 (single orifice) 
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is approxim.ately 2.0% less than the corresponding point in Figure 11, 

where the data were taken by the resonate circuit method~ A 

similar discrepancy can be noticed between the data ta.ken to study 

the effects of viscosity an.d frequency as presented in Figures 14 

a.nd 13 and the data of Figure 11. 

This discrepancy must be explained, however, 110 complete 

explanation has been reached. An attempt was made to correct 

this resonate circuit data by a consideration of an equivalent 

circuit which would take into account the resistance and compli­

ance of the system. The resonant condition instead of being 

considered .to be simply the resonance of the compliance of the 

air volume and the inertance of the orifice was taken to be the 

resonance of the inertance of the orifice and th.e air volume 

compliance and also the cornpliance of the system. This 

condition was expressed by letting the phase angle of the total 

effective impedance of the equivalent circuit equal zero. A 

sample calculation using this method brought about a correction 

to the impedance of the orifice which affected a decrease in the 

total magnitude by about 5% of the uncorrected value. This was 

not adequate to account Jor the approximate 20% variation between 

the resonate circuit method and the cathode adder method of taking 

the data. 
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It is felt that this variation should be thought of as an error in the 

resonate circuit method of taking the data. The reason for this 

assumption is the fact that. the values for the end correction for 

concentrically mounted orifices in a tube have been determined 

l 
theoretically by Inga~d , and these values were experimentally 

validated by Thurstori2 as 1:nentioned before. In. this experimental 

work where the 3../ R variable equals ze1·0 is the case where the 

o.r:tf:i.ces are concentricaUy located with respect to the center of 

the containing tube. The end corrections at this point should be 

equal to those determined by Ingard and Thurs.ton"' When the 

cathode adder circuit method was employed in taking the data 

these correct values were obtained for these concentric points 

to within about 50/o of the correct value~ This provided more 

evidence of the assumption that the data of the resonate circuit 

method :were in error. Certainly there are other factors presen.t 

which effect the magnitude of the end correction other than those 

due to the properties of the hydrodynatnic test system. It can be 

seen that the error of approximately 20"/o is a constant error and 

c:auses the value of the end correction to come out too large 

con.sistl:t.ntly. Such an error might be due to a constant error 

introdu.ced while taking the data. This might mean that the 

pressure measuring equipment used to determine .the pressure 
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might Ji.ave been iR error, however, such a. po.ss:ibiUty is uru.ikely 

as the same equipment WltS used .to take tke simil.ar re.adings with 

.the other method of .taking the data, and here such. an:. .error wa.s 

n-0.t a.ppa.renf. Also if these were error in. the me:ters or th.e 

as:sm:.iated electronic. equipment which might in.trod.nee an error, 

th.en the large discrepaneies would appear only in the tesistance 

ead corrections and :n.o:t: in the inertance end correqtion. This is 

no.t the case, howeve.r :a.s tli.e large error is present in. both the 

in.ertance and re.dstanee end corrections. 

The graphs 0£ the values of the compliance and resistance of 

the air volumes appeu .in Figures 9 and IO. These are derived 

from a theoretical express!Qn an.d use.d in determb:tls,g the 

resistance and inertan.ee of th.a orifice as tlescribed before;i 

n is possible that these curves are erroneous but these were 

scrutinized and no la..rge err.ors were found. All 0£ .these fa.etors 

whid could ~,rod~ee. @nst~t. errors in both the resistan.ce and 

iner:tuee of the. o.ri!i.c:e could possibly be the c.ause !or the major 

portion of the large experimental er.ror. It, is possible to suppose 

that all of these fa.et.ors taken collectively in the proper fashion 

co-uld ~plain tke large error .• 



CHAPTER VI 

CONCLUSIONS AND RESULTS 

A comparison o! the expedmental .result.s: and the tlteoretical 

predictions is now possible.. Inga.rd has plotted the end correction 

for inertan.ce £or the case oi the ratio of the orifice radius to 

~ontaining tube radius) 'ro/R-:::: .15" as a function of a/ R £or 

double and single orifices.. Presented in Figures ll and 12 are the 

expe.:d.mental end corrections for ine.rtan.ce and resistance end 

c.orrections and in Figu.re 5 a.re the theoretical c.u.rve s. It will 

be noted in comparing these curves that there are marked 

dilierences in the shapes., Both. the theoretical curves for fhe 

single orifice a.Jlld dou.'ble orifice indicate little interaction between 

orifice and wall., This co.rresponds to the larger values on 

This is the most .signilic.ant difference to be noted. The effe~t of 

inte.ra.ction between the orifice and wall of the containing tube was 

found experiment.ally t.o .be quite pronounced~ htdeed, the data for 

the double orifi.ee pa.ir.s indicates that this e:(fecf was more predom.i ... 

nate th.an the orifice in.teractio:a and gave rise to a larger value of 

en;d correction than the inter.action between the two orifices (small 

a/ R values). Th.e discrepancy in: the data :mag:nitude and the theol'.'eti .... 

cal values ha.s been.discussed at some length~ the preceding chapter. 
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The sh.ape of the experimental cu;rves has been substanti.ated by many 

trials and al,so by different methods of taking the data. 

It can. be concluded from this study that the general theoretical 

a:pproach is valid, and it is possible to combine the theory for an 

incompressible fluid flowing in an infinite tube with that theory for 

acoustic radiation from a plane piston to describe the motion of an 

incompressible fluid in a. thin orifice. The results have sho-..vn that 

tlie manner of describing the impedance of an orifice in terms of 

the Ya. factor is valid, over a la.rge range of that parameter. 

The fact that the sa:.rne: en:d correction may be used to compute the 

inert.a.nee and resistaEJ::e of an orifice was found to be correct. 

It is suggested for further study th.at the effect 01 interaction 

among m0.re than two orifices be studied. This could then. be 

expanded to the study of screens, and finally the study and 

characterization of porous media. 
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The geometry of the acoustic interaction study. 
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FIGURE 11. Single orifice end corrections of inertance and resis­

tance as functions of a/H. Resonate circuit method, 
water at 25°C, f = 22 cps, UM linear region. 
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FIGURE 1.3. Inertance end cor:f-·~ctions for single and double 
orifices as functions of frequency for 

water at 25°C, a/R j .159, r /R = · 
(;15, UM = .891 cm /s~c. , 0 
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F'IGURE 14e Single and double orifice end corrections of i.nert ... 
ance as functions of a/R. Glyce301 solution at 

25°C, r /R = .15, UM= .891 cm /sec, f;:::: 22 cps. 
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APPENDIX 

THE INTERACTION OF TWO CIRCULAR APERTURES 
IN · A CIRCULAR TDflE' 

The purpose of this appendix is to point out some of the details 

of Ingard 0 s development1 of the end correction for a single circular 

aperture in a ci.rcular tube and the extension of the theory for two 

apertures in a circular tube. 2 

The wave equation for a non-viscous ideal fluid is 

;f I 
v2 1 = ~2. d t2 

The solution3 of the equation in cylindrical coordinates is made up 

of combinations of solutions of the typei 
',. 

(1) 

where J'IY\ is a Bessel function of the first kind of order rn • and N rn 

h a Neumann function of order m and is a second solution to Bessel Os 

equation. The Nemnann function approaches infinity as , approaches O . 

For this reason these functions will not be used for the problem at 

h~rnd9 because they would give rise to infinite velocities and pressures 

1u. Ingard. ••on the Theory and Design of Acoustic Resonators.,. 
Journal of the Acoustical Society of America0 25e No. 6 9 p~ 1037. (1953). 

2Many of the details of this appendix were supplied through a 
personal correspondence with Dr. Ingard. This assistance is gratefully 
acknowledged by the author. 

3p. M. Moue 0 Vibration and Sound 9 (McGraw-Hill Book Co., Inc., 
New York0 1936). 
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at the origin of the coordinate system. 

To reduce the solution of the wave equation presented in 
-url.;)t 

equation (2), fh.'st faetot out the e term for this will be 

common throughout the development. There remains the s0olution :for 

a wave propagation in the positive direction as 

CO$ [ ] lK 2. (P,:: (rnct>) A J:.m (b r) e 1 "'n 
SIN mn ~ 

58 

where bnil'l is. the wave number in the r or radial direction of propagation· 

and KIi>,. is the wave nuniber in the 2 direction - the direction 

perpendicular to the plane. There is also the possibility of reflected 

waves and these would be given by: 

Combining these two solutions as given by equations (3) and (4) 

and summing on m and n yields: 

Now it remains to choose either the C05(tnc/i) or SIN (rncl>) to suit the problem. 

Refer to Figure 4 and note the way in which ct> is measured. For 

the velocity to increase in the proper manner, it is necessary to 

choose the COS(tn~term. Thus the solution reduces to 

{4)' 

(5) 



It is now desirable to express the solution in terms of one 

constant and a phase angle. Let 

where '+' is the phase angle. Substitute in equation (6) and get: ...... 

Now recall the identity: 

By using this identity and incorporating the factor of 2 into the 

constant Anin the solution is reduced to 

1 which is the solution that Inga:rd starts with in his development. 

At l-=-:Q the velocity distribution is U=U(r,cfo). Expand this in 

Bessel functions thus: 

In order to evaluate the constants A it is first necessary to 
'"n 

59 

determine the constants a . Multiply equation (11) by J°(b r) and - ~ . 
integrate over the limits Q-s:r5=R and Q-E: ¢6'2.if. This gives: 

(7J 

(8) 

(9) 

(llJ 
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21t R 21'1' R , I fa .. ;i;::o, • .r) dr d ~ : ! Ju J;, (b .. r)e'm~, drd <b ' (lZJ 

f U==O everywhere but in the orifice and there the velocity is like 

that of a plane piston. Then ehange U to U0 and eval~ate the 

integtai of equation ( 12) over the piston.. This gives 

In order to perform the 'integration of the above equation it 

is useful to use the addition theor·em for Bessel functions. This 
•L111; 

involves expressing :r rt,,,r)e in terms of Bessel functions' referred 

to art axis through the center of the orifice., corresponding to the 

new polar coordiri:ates f and ~ • 

the resulting tansf"ormation giVes 

I 

These are shown in Figure 4 and 
' . 

Insert this into the integral over the pfsto:q. in equat'ion ( l3) and 

get 

Considering the component part~ of the double integration, there is 

first 

(1~) 

{15) 

(16l 



which is easily evaluated in special cases. 

Also t_here is the integral 

f 2f{~(p .. fll)~ df 
0 

which is equal to zero unless p=-m and for p=-m it·bec:oines 

2 ?'!' • 2. 7'r' f ·1.(p+rn)~ J e \" d ~ = d r = 2 7( ,, 
0 0 

I 

Hence equation (16) may be evaluated at P =-fh , Otherwise equat10n 

(15) equals zero. Re.ference to equation (16) gives 

Consider now the other integral in the expression (13). This 

yields 

Substitute equations (16) and (19) into (13) and also (18) into (1'3) 

and obtain the telation 

ro I 
~n::; 2 U -R -;--R 

pthf, 

Now recall that 

d ep' u =-­; a~ 

{17} 

(19) 

(ZJ.} 

(ZZ) 
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and that from eqttat ion ( 11) 

Then it is possible to evaluate the constants A r . To do this, 
It>" . 

differentiate equation (H)) and set it equal to t;,quation (11) at 

'i! = 0 and obtain 

(23) 

~ a,.,n J,: ( bm., r) ( C Os fn (!) + l s I N m cl,) {Z4) 

= -~A,." e-(11 ... COSH( tn + L f(" l) Ii l'tJ 0: (b.,J) COS( m
1

¢) • 

Since at l= 0 the i,K l = 0 it follows that: 
'"" 

From the total pressure P on the piston, obtained by integration 

of P= Lw<pover the piston, the impedance Z = ~ can be obtained~ The 

expression for the pressure is 

This integral must he evaluated in the same way as that, for the constant, 

by the use of the addition theorem of Bessel functions and a ch,ange 

of coordinates. The impedance of the pisto1 is then 

E= 

:(Z5) 

(26) 

(27) 



where 

4 J. ~"( b~h ro ) J;/ ( b,.,. -a) 
[=~~~~~~~~ 

Inn (6,." Rt [1-( ml ~ft Rt] J:," (bin" R) · 

arid 

The term £ is the eut ... off frequency for the Cm n ) mode. · ~n. I 

This is the ftequenoy where that partitmlar mode of trattsrniss-ion no 

longer take$ place. The term m=o, n= O represents the contr·ibution 

:firom the plane wave which is.purely resistive artd is not considered 

for the mass end e:orrect ion. 

For ftequencies mtteh lowet than tbe lowest eut--off frequency 

for the higher otder modes. that is, whenw« w ,then[ ~t'' lw~Lcb W· 
l',\n IM w,.., ,.~ 

Furthermore, considering an infinitely long tube so thatTGH = I 
tbe phase angle betweei'J the reflected and transmitted waves approaches 

I . 

infinity and the reflected wave vanishes. Then the express-ion for 

the impedanee· as gi'iren in equation (27) can be written as 

where the mass ertd correction cf,, is 

The prln1e on the summation sign means that the term rn=o, ri= o is not 

\30) 



included. This expression reduces to the end correction for the 

coneent:ric apertute, when a= o . Irr that case m is always zero. 

Consider now an additlonal apert.ure of the same size and at. 

the same distan~e a from the ce.nter of the tube. If the pressure 

field of the first piston is P, and of the sec'.Ond is R, then the 

total pressure is P= P,.,. ~ • If the pressure caused by piston I at 

the surface of pi st.on 2 is denoted by P,2 the interact ion impedance is 

where U., is the velocity of the second piston • .. 
The total sound field has the same veloeity potential as that 

of a single orifiee. However, in determining the constants, as 

in equation (13), the integration must be extended over both of the 

orifices. The pressure of the first piston, using equations (10 and 

(21) and integrating over the limits indicated, ghres: 

The same expression holds for the pressure of tbe se(rond piston 

exeept for the faetor (-It' . Thus this pressure is 

The interaction impedance is then 

64 

{35} 
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where. for the eonditlon 0) < < (J 111"1 

The primes on the summation sign mean that the term m=o, n::- o is 

excluded. Both this function and the one for the ettd correction for 

the single orifice are plotted in Figure 5 for the ease where r;,/R =. J 5 . 
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