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NOMENCLATURE

Mij o Moment at i vbn.mer‘rﬂ‘)er 1_] '

Hij quigpgtal._ thrust at i on mgmb_er' ij
Vij Shear at i 6n member ij

a Column parameter

g Gable height parameter
Y V1 + 4p?
6

Angular rotation at i

AV Horizontal displacement at i
Aijx Relahve horizontal d1spla¢ement Aix - ij
w Intensity of load
Qij Moment coefficient for M,.

SIGN CONVENTION
Moments_ : : : C 4 -
Horizontal thrusts and shears E =
Angular rotations | ' V ﬂ
Horizontal displacements S 4 "



means of energy or deformation methods is a laborious and cumbersome
procedure,
system of simultaneous equations, which only in special cases can be

readily solved by numerical ii;eration. Ana..:lysia by the numerical method

of moment distribution and shear equilibrium, while &4 somewhat simpli-

PART I

INTRODUCTION

The main difficulty lies in the preparation and solution of a

fied method, is also.laborious and time-consuming,

The analysis of continuous rigid frames with bent members by

2 g S

(¢)

Fig, 1
Typical Continuous Frames with Bent Members




Tables and nomographic charts for the preliminary analysis of
symmetrical two, three, and four span rigid gabled frames (Fig. la,

b, c¢) with constant cross-section and loaded with a uniform load are
developed in this thesis, The parameters a and B are introduced, and
the frames are analyzed for all combinations of these parameters that
are expected to confront the practicing engineer.

The deformation equations used in the development of these tables
and charts were formulated from studies made by Vasquezs, Hedgeal,
and Tuma, Havner, and Hedgesz.

Examples to illustrate the use of the tables and charts are shown
in Part IV of this thesis,

The sign convention of the slope-deflection method has been

adopted, and the nomenclature used is selected so as to conform to

generally accepted standards as 'closely as possible,



s  PART I
' EQUATIONS OF DEFORMA TION

1. Slope-Deflection Eguations

The slope-d»efl‘e:'ction equations for a symmetrical gabled frame

with constant cross-section loaded with a uniform ioad in the vertical

plane are (Fig. 2):

T T id A T O D £

el d

Fig. 2
A; Typical Joint



Moment equations:

2

_72.m1 1 EI 3EI Wi,

My =95 Y% “27579%+ 598 + =g
i e Bl i AR Wh? - (i3

K T S e e T

_ 3EI 3EI
Mjo "\ Tej * _dZ' ij

Thrust and shear equations:

L A wL?
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These equations in terms of a, B, and y (y=V1 4+ 48”7 ) are:

Moment equations:

2
_ 7EI 1EI 6EI wL
Wyl =By U SRR L2py Qijx * I8
o o BEL . AR - gEt L (Ib)
STy S Ty e T s e T AR
3EI 3EI
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Thrust and shear equations:
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2 b i) Lige o W
H _ 6EI & 6EI % 12E1 A + wL (2b)
ik = kx
el Ly T Ly R Ly 5P
3EI 3EI



2. Joint Equations
Three equations of static equilibrium can be written for each
joint of a continuous frame. The equilibrium of moments:
ZM = 0 (3a)
The equilibrium of horizontal forces:
EFX = 0 (43.}
The equilibrium of vertical forces
z2F = 0 (58.)
:
With the assumption that there is no vertical displacement, Equation (5a)
can be eliminated in the solution.
Applying conditions (3a) and (4a) to a typical joint (Fig, 2), the

equations of equilibrium are:

. o=y D) 5 : M., = 0 3b
=, Mgt Mg koM, S5
ZFy, = 0 “Hy - Vi + Hy =0 (4b)

3. Matrix Tables

Symmetrical two, three, and four span frames are considered.
Substituting Equations (1b) and (2b) into Equations (3b) and (4b), the
Matrix Tables 1, 2, and 3 are formulated in terms of the deformation
equivalents.

In the formation of these matrices, the reoccurrence of certain
constants was noted. This phenomena is due to the nature of the slope-

deflection equations.

4, Solution
The matrix constants were evaluated by the use of a desk

calculator, punched into standard eight-ten word machine data cards,
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FOUR SPAN FRAME

BENT GIRDERS

IR ) () [ T () Y S ) T ) ] I W
YL /“t-
1 2 3 4
I I I I I al
0 | 0 I 0 l 0 el
L L L L L
Lo LR
eh = - 95 92 = =- 94 93 0
MATRIX CONSTANTS
3EI 3EI
3EI 3EI A A 2
T %1 T 2 ity ° L% * el
7 1 g ol 2 1
SM, =0 2 4 A - oo .
1 Ci 3 2= B B 48
1 y 14 2 e
M, = 0 % AR B :2' B R
2 2 Y 4 B 1
zZF =0 Y - _— + = TE
1x :Z B B :3 ";Z 8 8B
2 Y 4 4 Y 8
SF. =0 - - e - + 0
2x B :2' B Ez :5 ?




8
and read into the IBM 650 digital computer with a prograrri for solving
systems of simultaneous linear equations. This pfogranﬂ is on file in
the Oklahoma State University Computing Center Library and the IBM
program library under the title "Equ Solv". This program is a regen-
eratilve program utilizing Cholesky's scheme in the evaluation of the
unknowns.

The deformation equivalents obtained from the IBM 650 putput‘
were used to evaluate the moment coefficients by substitution into the

slope-deflection Equations (1b) and (2b).



PART 1II

TABLES AND CHARTS

1. General Notes

The end moment coefficient tables and charts presented in
this part are divided into the following groups:
Group A-2. Two Span Frame
Group A-3., Three Span Frame
Group A-4, Four Span Frame
Each table's symbol is composed of two terms: first the capital
letter A indicating gabled; second, an Arabic number indicating the
number of spans, The charts have one additional Arabic number which
identifies the sequence of end moments from left to right.
Each table or chart is composed of the following major parts:

1. Illustration of Frame: Figure containing symbols for all

structural elements such as symbols for joints, lengths, moments of
inertia, and intensity of load.

2. Column Parameter =-a :

3.. Gable Heig}t Parameter - f :

4, Moment Coefficient - Q:

5. End Moments: Formulas for evaluating end moments,

s 2
Mij = —Qiij 5

The number of horizontal rows is equivalent to the number of a
values for which the frame was analyzed, and the number of vertical

columns corresponds to the number of B values for which the frame



was analyzed. Each curve plotted on a chart corresponds to a value

of B .

2. Steps of Procedure
1. .Select the table or charts for the case to be investigated
and .adjlist the symbols to thos\e shown.
| 2. Determine the,vélﬁes of a and B as indicated.
3. Determine the moment coefficient Q by the use of a and
B previouély ev&luatéd. |

4. Determine end moments by the use of the formulas given.

3. Interpolation

The tables can be utilized very efficiently if ¢ and B have
values that are tabulated, but the charts lend themselves more readil
to interpolation. Quite accurate results can be obtained by linear
interpolation from either the tables or charts as will be shown in the

examples.

10
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TWO SPAN FRAME BENT GIRDERS TABLE A-2
i 7 S O G b
Myg = =Qug * wL?
M, = +Q,, x WL
Qg 1
B 0.1 0.2 0.3 0.4 0,5 “ff - 0.1 0.2 0.3 0.4 0.5

0.2|.06554 | .05887 |.05155 | .04511 |.039%7 |l 0.2 | .06766 |.05141 | .04123 |.03477 | .03055
0.4|.05757 | .05838 |.05752 | .05556 |.05299 |l 0.4 | .08542 |.07391 | .06389 |.05555 | .04882
0.5|.05327 | .05523 |.05508 | .05568 |.05456 |/ 0.5 | .09037 |.08081 | .07182 |.06375 | .05680
0.6|.04918 | .05190 |.05361 | .05445 |.05448 |[0.6 | .09411 |.08608 | .07809 | .07055 | 06371
0.7}, 04601 | .04870 |.05096 | .05258 |.05347 |[0.7 | .09706 |.09021 | .08314 |.07618 | .06962
}. 04300 | .04575 |.04831 | .05043 |.05194 || 0.8 | .09947 |.09355 | .08726 | .08088 | .07468
.03798 | .04063 |.04340 | .04603 |.04829 || 1.0 | .10316 |.09859 | .09353 | .08817 | .08275

Tl



THREE SPAN FRAME

BENT GIRDERS

TABLE A-3

S o

My,

My, =

= -le X sz

+Q21 X WL2

2
M23 = -Q23 x wL

M20 = +Q20 x wL

Qo Qg1
\5 B
a 0.1 0.2 0.3 | 0.4 0,5 | a 0.1 0.2 0.3 0.4 0.5
0.2 | .07076 | .06329 |.05451 | .04699 |.04095 |[0.2 |.05978 | .04235| .03342 | .02866| .02594
0.4 | .06153 |.06337 |.06250 | .06002 |.05674 || 0.4 |.07924 | .06592 | .05489 | .04637] . 04005
0.5 | .05689 |.05990 |.06101 | .06058 |.05904 |[|0.5 |.08396 | .07314 |.06318 | .05458 | . 04756
0.6 | .05283 |.05627 | 05849 |.05946 |.05932 |lo.6 |.08719 | .07838 |.06967 | .06156 | .05443
0.7 |.04929 |.05284 | 05564 |.05752 |.05844 ||0.7 |.08951 | .08225 |.07472 | .06732 |.06043
0.8 |.04621 |.04969 |05280 |.05525 |.05690 |l0.8 |.09123 | .08517 |.07867 | .07203 |.06556
1.0 |.04108 | 04430 | 04755 |.05055 | 05307 |li.0 [ 09359 |.08921 [.08431 |.o07902 |.07356

71



TABLE A-3 (CONTINUED)
Qs Q0
0.1 0:2 0.3 | 0.4 0.5 |13 0.1| 0.2 0.3 0.4 0.5
0.2 | 06623 |.05014 | .03972 | .03329 |.02023 ||0.2 |+.00645 | +.00779|+.00630| +. 0046q +.00329
0.4 | .07809 |.06912 | .06032 | .05260 |.04625 |[0.4 |-.00115 | +,00320| +. 00543 | +. 0062 +.00620
0.5 | .08068 |.07383 | .06658 | .05961 |.05335 ||0.5 |-.00328 | +.00069|+.00340| +.0050d +. 00579
0.6 | .08251 |.07711 | .07112 | ,06501 |.05918 |[0.6 |~.00468 | -.00127|+. 00145 | +. 00345 +.00476
0.7 | .08392] . 07952 | .07450 | .06920 |, 08391 ||0.7 |-.00559 | -.00273|-.00022| +.00188 -+.00348
0.8 | 0,8505 |.08137 | .OT%L1 | .07249 |.06772 ||0.8 |-.00618 | ~,00380| -. 00156 + 00048 +. 00216
1.0 | .08681 |.08408 | .08086 | .07726 |.07343 ||1.0 [-,00678 | ~.00513| -, 00345 | -,0017¢ -,00013

€1



FOUR SPAN FRAME BENT GIRDERS TABLE A-4
0 0 0 O O DO,
gy ] T Mia © Qi X v
i M21 = +Q2l X WL
ol My = ~Qyq x WL
9 MZO = +Q20 b WLZ
Mgy = +Qgy x WL
9 Qg Qo1
N 0.1 0.2 0.3 0.4 0.5 X 0.1 0.2 0.3 0.4 0.5
0.2|.07502 | .06615 |.05603 | .04778 |.04138 || 0.2 | .05367 |.03662 | .02946 | . 02608 | .02429
0.4].06438 | .06722 |.06612 | .06295 |.05896 ||0,4 | .07628 |, 06069 | .04891 |.04065 | .035086
0.5(.05906 |,06334 |.06476 | ,06405 |.06198 || 0.5 | .08206 |.06905 | .05776 |.04871 | .04186
0.6 05448 |.05920 |.06204 | .06310 |.06270 || 0,6 | .08608 |.07531 | .06509 |.05609 | .04863
0.7.05056 | .05529 |.05886 | .06108 |.06198 || 0.7 | .08904 |.08005 | .07101 |.06249 | ,05494
0.8|.04715 | .05174 |.05564 | .05859 |.06044 ||0.8 | .09126 |.08369 | .07577 |.06792 | . 06057
1.0|.0a159 | .04569 |.04971 | .05332 |.05626 ||1.0 |.09441 |.o0ssss | .os274 |.07627 | .o06077

14!



TABLE A <4 (CONTINUED)

Qa3 Qo
B B B
\Z>\\ 0.1 0.2 0.3 0.4 0.5 \Z>\\ 0.1 0.2 0.3 0.4 0.5
0.2|.06846 | .05078 |.03966 | .08304 |.02898 || 0.2 |+.01479 |+. 01416 | +.01020|+. 00695 | +.00469
0.4|. 08068 | .07121 |.06156 | .05315 |.04635 || 0.4 |+.00440|+.01052 | +.01265| +. 01250 | +. 01129
0.5|.08336 | .07626 |.06835 | .06069 |.05388 || 0.5 |+.00130 |+, 00721 | +.01059(+. 01198 | +. 01202
0.6.08534 | .07977 |.07327 | .06656 | .06017 || 0.6 |-.00074 |+, 00446 | +, 00818| +, 01047 | + 01154
0.7|.08693 | .08238 |.07696 | .07113 | .06531 || 0.7 |-.00211 +. 00233 | +. 00595 +, 00864 | +. 01037
0.8|.08824 | .08442 |.07982 | .07474 | .06949 || 0.8 |-.00302|+.00073 | +.00405 +. 00682 | +.00892
1.0|. 09035 | .08749 |.08399 | .08002 |.07576 || 1.0 |-.00406 |c.00137 | +.00125 +.00375 | +.00599
: Qo

\Eii\ 0.1 0.2 0.3 0.4 0.5

0.2 | .05709 |.03938 | .03066 |,02637 | .02412

0.4 | .07176 |.06024 | .04990 |.04184 | .03597

0,5 | ,07426 |.06571 | ,05692|.04904 | .04255

0.6 | .07561 |.06920 | .06203 |.05493 | .04851

0.7 | .07636 |.07146 | .06569 | .05955 | .05358

0.8 | .07674 |.07395 | .06830 |.06310 | 105774

1.0 | .07701 |.07461 | .07154 |.06787 | .06377

g1
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TWO SPAN FRAME | BENT GIRDERS CHART A-20
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THREE SPAN FRAME BENT GIRDERS ‘ CHART A-31
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THREE SPAN FRAME BENT GIRDERS CHART A-33
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FOUR SPAN FRAME BENT GIRDERS | CHART A-40
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CHART A-41
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FOUR SPAN FRAME - BENT GIRDERS CHART A-43
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FOUR SPAN FRAME BENT GIRDERS

CHART A-44

2

M3Z = 4 Q3ZWL

.08
Al Lot =
4 47 -
|7, L .
N 1
r A ol -
.07 e
/! O o | 1~
p N -
V // 1/,/
~ :
—
p o ol L
V4 b -
/ v M
N .06 . . > 5
Q 4 // L2l A7
4 / /] N
- / //
o] /
3 W
(S8 b4
g .05 - £
5% ‘ / / 4
(o] 7 A /V
&)
« /
g i
5}
: /
S .04 ans
: 4
7
{ /
/ 7
/ V
/
.03 y
AR,
LA
7
v
vd
.02
0.0 0.2 0.4 0.6 0.8 1,

Column Parameter = q




PART 1V

ILLUSTRATIVE EXAMPLES

Two examples are cited: one having values of a and g that
correspond to those in the tables and one that will illustrate the use of
moment coefficients obtained by interpolation. The flexural rigidity
El is assumed to be constant for all members. All values are given in
feet, kips, or kip-feet.

Example vl

A three span gabled frame as shown in »Fig, 3 will be analyzed

by the tables and compared with the results obtained by moment distri-

bution. Values of o and B are chosen to correspond to tabulated

values,
C 3 7T 17 7 1T 7 T 7 T 7T 7 1T w=1.00 k/ft.
/\/\/\ " BL = 8
oL = 20!
0 0 0 0l —L
L= 40° 40 40°
Fig. 3
Three Span Gabled Frame
a = 0.5 B = 0.2 wL? = 1600
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- From Table A-3 ' Moment Distribution
M, = -.05990 x 1600 = - 95.84 - 96.77
M,, = +.07314 x 1600 = +117.02 + 115.42
M,, = + .00069 x ,(1600 = 4 111 + .53
M,, = - .07383 x 1600 = - 118.13 - 115.95

The difference in these results are due to the approximations

made in the moment distribution procedure.

. Example 2
A four span gable'd frame with dimensions and loads as shown in

Fig. 4 is analyzedzh The tables and charts will be used for interpolation.

/\/\ = 6
1 ' 2 . E
/ = 19"
/ 0 0 ;
Lo=40" | 40

Fig. 4
Four Span Gabled Frame

a = 0.475 B = 0.15 | wL” = 1216
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20

32

12
21
20
23

32

12

e3

"From Charts A-4

Iz

.0625 x 1216

.0738

. 0050

.0789

. 0690

1216

1216
1216

1216

.From Table A-4

.06235 x 1216

07379
.00506
.07885

. 06899

1216

1216

1216

1216

1]

1]

- 76.00
+ 89.74
+ 6.08
- 95.94

+ 83.90

75.82

+ 89.73
+ 6.15
= 95,88

+ 83.89

From Reference 2

76.34
89.73
6.55
96. 27

84. 25
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PART V

SUMMARY AND CONCLUSIONS

The primary objective of this study was to develop tables and
charts for the preliminary analysis of continuous rigid frames with
bent members.

| The slope-deflection Equations {la}) and {2a}) were expressed in
terms of the column and gable height parameters a and B resulting
in Equations (lb) and {(2b). From these equations and the conditions
for static equilibrium, matrices for two, three, and four span frames
were formula‘t’ed in. Tables i, é, and 3 respectively.

The matrix constants were evaluated numerically for a = 0. 2,
0.4{0.1)0.8, 1.0 and B = 0.1(0.1)0.5 and read into the IBM 650
digital computer with a program for solving simultaneous linear equations.
The deformation equivalents obtained from the IBM 650 output were then
used in the slope-deflection equations to compute the :moment coefficients.

The use of these moment coefficients which are tabulated in |
tables and plotted on charts offer a fast and accurate method for com-
puting the end moments and should result in a considerable reduction in
the time required for the preliminary analysis of this type structure.

Two examples illustrating the use of the tables and charts and
>.comparing the results with those obtained by other means are included.

These tables and charts are applicable to symmetrical gabled
frames having"\; a constant cross-section, columns pinned at their base,

and a uniform load.
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