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PREFACE

The desire for more information concerning the roots of
algebralc equations is never ending. For the special case of
the guadratic egquation, much information may be obtalned

2

without much difficulty. Wnen the coefficlents are real, the
roots may be either real or complex conjugates,

The cage under study here 1s the quadratic equation with
real coefficlents which follow the bivariate normel distribu-
tion, The v»urpose of this paver is to exhibit some of the
moment values of the marginal vrobabllity density functions
the roots of this eguation.
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CHAPTER I
INTRODUCTION

Very little work has been done concerning the problem of
finding the distributions of roots of algebraic equations
whose coefflicients are random variables,

Consider the polynomial equation

(1.1) zn—a]zn”1+agzn“2+--'+(-1)nan:O

where the ap are complex random variables (l1.e, the real and

imaginary parts of the a, have a given joint probability den-

IS
sity function). The joint p.d.f. of the roots may be found

since the a, are functions of the Zpye Girshick [1], in his

note in the Annals of Mathematical Statlistics, exhibited this

function, and, as an example, took the case where the Uy, and

the v, are normally and independently distributed with zero
means and the same varliance 62. It appears that he was in-
terested in finding ". . . the probability that one or more
roots of the eguation (1.1) will lie in a specified reglon of
the complex plane.,"”
In this paper we shall be concerned solely with the

guadratic equation with real coefficients which follow the
bivariate normal distribution. The quadratic written in the

form

(1.2) nE - &t £,=0



has roots n, and u which are random varilables and are either
both real or are complex conjugates. Various equations nec-
essary in the development of the joint p.d.f., of the roots of
(1.2) will be given explicitly. Details leading to these
equations have been omitted since they appear in an excerpt
from Dr. Hamblen's Ph.D. thesis published in the Annals of

Mathematical Statistics [Z].

The primary purpose of this paper is to find the mean,
varliance, 71,and 12 for various marginal densities, g1(v1iR)
and gg(vziR), of the real roots of (1.2). In order to do
this, values of g1(v1§R) and g2(v2lR) must first be calcula-
ted for several points. Then, using these values, we will be
able to calculate values of the mean, varlance, 11,and 72 for
gach of these functions by numerical methods.

Attempts will also be made to recognize any trends which
might appear in 71 and 72 with respect to changes Iin values
of the parameters of the Jjoint p.d.f. of the coefficients of

L

(1.2).



CHAPTER II
ESSENTIAL FORMULATION

In the gquadratic equation of the form
2 —
(201) T'l "§1q+§2-o
where gl and §2 are real random varlables, we know that the
roots uF and n, are random variables assoclated with §; and

§2 by the relationships

_ & . g? -
m T 5T L &
(2.2) Jz _—
_ & &1
Hw T TN T b
and
(2.3) §7m s ST Tmp
having |9]= 80815 82)] I =np =(ny~mp) -
3<ﬂ1!ﬂ2

Here n and n, ere elther both real or are complex conjugates.
We shall mean by the probabllity density function of a
complex random variable the Jjoint p.d.f. of the real and the
imaginary parts of the complex variable. We see, therefore,
that 1t is necessary to consider the real roots and the com-
rlex rootls separately, since the Joint p.d.f. of the real
roots is of only two arguments while that of the complex
roots will be of four. Hence it must be possibie to parti-

tlon the coefficlent plane into two parts--one containing all

3



4
points for winlch the roots are real, and the other contalning
21l other points in the (61,%2) plane.

It 1s easily seen that all polnts on the concave side of
the parabola g2:g$/4 will yield complex roots, whille all the
remaining points 1n the plane glve real roots.

Consider now the joint p.d.f., f(x,y), of g and §,,
where T(x,y) is of the continuous type. By truncating along
the parabola §2:§$/4, we obtain conditional p.d.f.'s relative
£o the hypotheses £,>€2/4 and g25g$/4. If we let P(R)=
P(gggﬁ%/A) and P(C):P(g2>g?/4), then P(R) and P(C) are the
probabllities of real and complex roots, respectively., They

are given by

(2.4) SS‘ (x,v) dv dx
y<}¥2/l¥_ H o H
and
(2.5) re)=lf 5, r0e9) ay ax,
\/TT>“"

where P(R)+P(C)=t. Because of this relationship we consider

only the conditional p.d.f. gilven by

(2.6) f(x,le):f(x,yiy<“2A+)--«—-zl——“R‘))

for 2ll y<x®/4 and 0<P(R)<1. 1If P(R)=0, then f(x,y|R)=0

For §2<§%/4 the roots of (2.1) are real and have a
Joint ».d.f. which 1is unicuely deue rnined by the joint p.d.f.
of the coefficlents §1 and §20 We will let g(v],vgiR) de-
note the Jjoint p.d.7. of the real roots when 0«P(R)<!. The
functions (2.2) and . (2.3) satisfy the sufficient condi-

tions for a change of varlables in a continuous type density



function. Hence

f(v1+v2,v1v2).lJl
P(R)

(2.7) o(vy,vo|R) =

Tor a2ll vy2v, and 0<P(R)<1, where ]JI:(V1~v2). [2]
If now we let g1(v1]R) and gg(vglR) be the marginal den-

Fe

sity functions of the real roots ﬂ1 and ng, we have

; 1 R
(2.8) gT(vliR):Sv g(v1,v2iR)av2, for all v,,
-C0
and
(2.9) gE(VEIR):S%Dg(Vi,VE}R)dv1, for all v,.
Vo
Z

We now consider the bivariate normal distribution which

1s given by

fl,y) = 1 exy 4~ : [(X.. I‘LT>2
2]:[@1 W2V1up2 2(1_92) 01

- e
Enleceiwy

Eliminating the details and writing down directly the

where -oo<x,y<m,

equations defining P(R), g, (v, |R) and go(vp IR), we have
(2.10) P(R):g ‘g (2m)~1 exp [~ H(£24u)] at du
J-00d ~00

where 8 (u ([ U My 2~4H2]/4Wé~pU}/V1-p2

(vi-v5) 1
(2.11) gy (vy|R)= SV exp {~ s
- 2l 55 N 1-p 2+ P(R) 2(1-p°)

SN N = . . -
[mq(v]) V- 0m1(V1) LQ(VT) v2+m3(v1ﬂ} v,

o)
oy
31



. oy (P (vy-vp) 1
,<2'12) %g(Vglﬁ? SV22H61U2JT:;E-P(R)‘_1p.{ E?TizﬁT

| [m%(vg) %~2m1(v2) m (vg) 1xmq i} dv1
where m? (vy)= (V1/@2-p/01) +(1=p )/02,

Cmy (v )ty (v )=pv) /@102 1/@1ﬂpp1/0' 5 Pg/qg

M/‘ﬂ PPQ/% 0’2)’
%nd1m7v1 (vy/ o - W/g +m?/¢2fiﬁ1-p hﬁ/w [31

Values of (2.10), which are given in Table I, were com-
puted using the program written by Mr, Mc Cown [4}

" Table II contains values of the functions (2.11) and
(2.12) for various combinations of the parameuers p1, s s
UQ’ and p. A program written by Mr, Turner [5] was used in
computing these values.

Now to more completely describe the diétribuﬁions of the
roots of the quadratic equation for givén values of the para=-
meters Ko Bos Ty @2, and p, we calculate the mean, variance,

‘n,and 7é wheré, for a p.d.f. g(v), these are given by

D
(2.13) p1:S‘vg(v)dv (Mean)
a
(2.14) - fo= Sb(v p1) G(v)dv (Variance)
‘ ‘ =z
(2.15) pBZgb(v~p1))g(v)dv (Third Central Moment)
/&, : L

(2.16) H4:Sb(y-p1)4g(v)dv (Fquyth antral‘Moment)

<l



3 (Measure of Skewness)
P‘Z{. e o 2
(2.18) 70:ﬁf-3 (Keasure of Kurtosis)
< @,[,

Approximate values of the functions (2.13), (2.14), (2.17),
and (2.18), for each function g, (v, |R) and gg(vglﬁ) listed in
Table II, are gilven 1in Table III for feference under the

headings of v, o>

o 71, and 72, respectively.

The program used 1n computing these values wag written
by Mr. Arthur E. Oldenceft and is 1in the filles of the Qkla-
home. State University Computing Center under the title of

"Moments".



CHAPTER III
MOMENTS

In Table III are listed approximate values of u, 02, 71,
and 72 for each function given in Table II., Should more ac-
curacy be desired, the program which computes g(v) may be re-
run using a smaller increment for the abscissa, v. This then
will give more values of the function g(v), which may be used
in the program which computes values of the moments.

The values gilven for the moments are meant as aids in
mentally picturing the functions and also aids in perhaps
recognizing certalin trends in 7] and'72 with respect to chang-
es in the parameters of g(v).

On inspection of the functions g1(vliR) and gz(vglﬁ) we
find that for the set of parameters p1:p2:0.and u}:aé:1, a
reflexive property exists. That is, g, for p is the mirror
image of &o for ~p, This symmetry is due to the fact that
By (VIR iy iy 55 0050 )8, (V[R5 ey g o5 00 p) 80D V==V,
since n(x,y;p1,p2,@5,@é,p)zn(nx,y;~p1,pg,w1,m25-p).

In studying Table III, it is found that for the set of
paerameters 'ﬁ:“Q:O’ and Uﬁzw2:1’ the symmetry, which 1s ex-
pected, 1is not easily recognized. This apparently is due to

the accumulation of error in the calculations of 84 and &

and to the fact that these functions were calculated for



different sets of points. Also in these calculations no at-
tempt was made to find the critical values of the functions
&1 and Boe Thus, the fact that a relative maximum or minimum
might appear at different points for g, and 8o could easily
account for the poor symmetry.

Symmetry is also evident between g, of section (e) and
%, of section (f) of Table III. However, the same difficulty
encountered before exists for g, of section (e) and g, of
section (f). Even thouzh these discrepancles exist, much Iin-
formation is available if reference 1s made to Table III.

In the cases considered, the moment values seem to indi-
cate that the functions are well behaved when |p|<.6 and in
most instances for all p.

After correcting the graphs of g, and g, given in Dr.
Hamblen's dissertation on pages 178-18%, it was noted that in
the majority of the cases the curves appeared to be of Pear-
son's Type III, and in many instances close to the normal
curve [3]. No special attempt was made, however, to classify
the curves precigely. Should anyone desire more accurate
classifications, the problem is not difficult, but should
certainly be interesting.

Of course, much more work can be done towards exploring
the properties of the distributions roots of algebralc equa-
tions with random coefficients. In particular, for the case
of the guadratic, accurate and useful iInformation can be

easlly obtained.



CHAPTER IV
COMPUTATIONS
i

Numerical methods of Integration were employed for the
calculations of the functions (2.10) through (2.18). The
I.B.M. 650 Computer in the Computing Center of Oklahoma State
University was used to carry out the computatlons which
otherwise would have been virtually impossible. In all
cases, Simpson's one-third rule for integration was employed
and 1t proved very satisfactory for the problem at hand,

For P(R), evaluation was carried out between the limits
of -4 and +4 with an increment of integration of one tenth,
and the results are belleved to be correct to six decimal
places, Dr, John W, Hamblen [3], working with the Datatron
205 1in the Statistical Laboratory at Purdue Unlversity, com-
puted the same values using an increment of one eighth. In
most Instances, the two sets of answers agree to four deci-
mals.,

In the case of the functions (2.11) and (2.12), some
discrevancies were noted when the results were compared with
those computed by Dr. Hamblen [3]. Values which he computed
for g1(v1iR) and gg(vglR) vielded two modes in some cases,
whlle all values listed in Table II for a particular g(v) de-

fine a one moded function. It is Dbelieved that these

10



i1

differences are due to the different methods used in calcu-
lating the functilonal values. Dr. Hamblen, in his calcula-

tions, used a fixed number of points, while the values in

i

Table II were attailned using a fixed increment for the varia-
ble. Bince in the former method the increment would vary,
the values in Table II are presumably more accurate.

For the functions (2.13), (2.14), (2.17), and (2.18),
values of the argument, v, were entefed as séven decimal
numbers and values of the funetion, g(v), were entered as
four decimel numbers. Hence the accuracy afforded is rather
limited., Results for these functions were given as follows:

2

By with nlne decimals, o with seven decimals, with six

3
decimals, n, with five decimals, and Y, and Y. with ten deci-
- ’ I 4 1 2

mals. These figures were then rounded to the decimals given

in Table I1I since they were belleved no more accurate.
Several of these values were checked on a calculator and

they apgreed with the computed values to at least three deci-

2 N .
mals Tor p and ¢ and to at least two decimals for 71 and 72.

However, this accuracy affords a good description of the

functions gT(v1§R) and ge(vglR) without the aid of graphs.,



TABLE I

SOME VALUES OF P(R) WHEN f(x,y)
IS THE BIVARIATE NORMAL

(a) 1, =0, p,=0, o, =1, 7 =1
p P(R)

.523745 806
«545324 929
.569821 131
581651 474
587320 772
.589026 320
.587320 772
.581651 474
.569821 131
545324 929
523745 806

i i 1 113
® L ] » L 3 » » £ L a
WO TN ONLEO\OW

*

(b) p1:3, p2:1O, 01:1, 02:2
P P(R)

.000000 038
.000000 145
000016 193
.000287 593
.001330 776
003442 998
.006607 584
.010644 829
.015334 075
. 020473 837
023159 727

b L * - L]

I S B

WO ON OO0

(c)»p1=10, po=10, @,=1, 02:1
P(R)

]

.999927 077
.599927 076
.999925 869
.999910 908
999856 954
.999739 182
999537 933
.999238 792
.008831 233
.908308 239
» 998001 111

[ S T T T
. s Ll » - a * -
VOO0

z e
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TABLE II

ORDINATES OF g (vy|R) AND go(vp|R) WHEN
f(x,y) IS THE BIVARIATE NORMAL

1. &1 (V1 lR)
(a) p1=0, pp=0, oq=1, co=1
p=+.9 p=+.8 P=+.6
V1 &1 V1 &1 V1 &1
-1.8 0.0000 -1.8 0.0000 -1.8 0.0000
-1.3 0.0000 -1.3 0.0000 -1.3 0.0000
-0.8 0.0000 -0.8 0.0000 -0.8 0.0004
-0.2 0.0051 -0.3 0.0183 -0.3 0.0448
0.2 0.4622 0.2 0.4738 0.2 0.4735
0.7 1.7276 0.7 1.3543 0.7 0.9865
1.2 0.0327 1.2 0.1815 1.2 0.3834
1.7 0.0035 1.7 0.0225 1.7 0.0906
2.2 0,0012 2.2 0.0046 2.2 0.0199
2.7 0,0003 2.7 0.0009 2.7 0.0038
3.2 0,0000 3.2  0.0001 3.2  0.0006
3.7 0.0000 3.7 0.0000 3.7 0.0001
4.2 0.0000 4.2 0,0000 4.2 0.0000
4.7 0.0000 4.7 0.0000 4,7  0,0000
p=+,4 p=-+.,2 p=0
V1 &1 V1 &1 V1 &1
~1.8 0.0000 -1.8 0.0000 -1.8 0.,0000
-1.3 0,0000 -1.3 0.0000 -1.3 0.000t1
-0.8 0.0017 -0.8 0.0042 -0.8 0.0075
-0.3 0.0679 -0.3 0.0878 -0.3 0.1043
0.2 0.4587 0.2 0.4367 0.2 0.4103
0.7 0.8029 0.7 0.6903 0.7 0.6133
1.2 0.4549 1.2 0.4767 1.2 0.4798
1.7 0.1585 1.7 0.2116 1.7 0.2508
2.2 0,0436 2.2 0.0704 2.2 0.0972
2.7 0.0097 2.7 0,0182 2,7 0.0289
3.2 0,0017 3.2 0.,0037 3.2 0.0066
3.7 0.0002 3.7 0,0006 3.7 0.0012
4,2 0,0000 4,2 0,0001 4.2 0.0002
4,7 0,0000 4.7 0.0000 4.7 0.0000
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p==.6

V1

1

"

&

P

4

p==.

TABLE II (Continued)
V1

p:"ng

V1

0.0010

MY - - - - -

. - L e » . L] L4 - . »

00011227)7) =

~-1.8 0.0000

-1.5
—O.b 0,0198

M-I - 72 7.

2 e ¢ @ L ) L I -

0001410/_237).4.4

~-1.86 0.,0000
-1.3 0.0005
~O.8 0.0162

0.0002
L1164

~-0.8 0.0117

o o * - » L . L

OOOOOOOOOOO

7)0,_ [ AV R GV R AU R GV

E & © © a2 s @ e & & @

0001129:37)-4‘4

-1.8 0.0000

""1 a,)

p:"’.9

hA!

~-1.,8 0.0000

«1.)

.

V1

0.0000

272727‘27‘27

« © ® & @ s e & e

nuO.l1|Qg2~JzJAﬁ4

~1.3 0.0016
~0.8 0.0055
~0.3 0.0345

-1.8

0.0017

FYOU = Q4 D I U D=
OOO.I.IC.Qi.J?)Z.A.



TABLE II (Continued)

(b) [.L1:3, [.L2:10, 6’1:1, 62:2

p:-}—,ll- P:+.2
vy &1 vy &1
1.1 0.0020 1.1 0.0004
1.5 0.0074 1.5 0.003%0
1.9 0.0275 1.9 0.0187
2.3 0.0971 2.3 0.0915
2.7 0.2796 2.7  0.2949
5.1 0.5491 PR 0,5553
3.5 0.6699 3.5 0.6238
3.9 0.5323 5.9 0.4785
4.3 0.3074 4.3 0.2805
4,7 0.1387 47 0.1326
5,1 0.0507 5.1 0.0519
5.5 0.0153 5.5 0.0170
5.9 0.0038 5.9  0.0047
6.3 0.,0008 6.3 0,0011
6.7 0.0001 6.7 0,0002
P:o p:"'o2
vy &1 v &1
1.1 0,0001 1.1 0.0000
1.5 0.0010 1.5 0.0003
1.9 0.0110 1.9 0.005%4
2.3 0.0770 2.3  0.0599
2.7 0.2883 2.7 0.2731
5,1 0.5471 31 0.5322
3.5 0.6035 3.5 0.5885
3.9 0.4701 3.9 0.4716
4.3 0.2880 4.3 0.3032
4,7 0,1451 4,7 0.1625
5.1 0,0613 5.1 0,0739
5.5 0.0220 5.5  0.0288
5.9 0.0067 5.9  0,0096
6.3 0.0018 ©.3 0.0028
6.7 0.0004 6.7  0.0007

16



TABLE II (Continued)

p:"-4 p:"'6
V1 &1 vy &1
141 0.0000 1.1 0.0000
1.5 0.0000 1.5 0.0000
1.9 0.0019 1.9 0.0003
2.3 0.0425 2.3 0.0252
2.7 0.2551 2.7 0.2375
3.1 0.5148 3.1 0.4969
3.5 0.5744 3.5  0.5606
3.9 0.4746 3.9  0.4767
4.3 0,3193 4.3 0.3342
4,7 0.1812 4,7  0.1995
5.1 0.08381 5.1 0.1028
5.5 0.0369 5.5 0.0460
5.9 0.0134 5.9 0.0179
6.3 0.,0042 6.3 0.0061
6.7 0.0011 6.7 0.0018
P:"‘o8 P:"‘og
v 81 V1 &1
1,1 0.0000 1.1 0.0000
1.5  0.0000 1.5 0.0000
1.9 0.0000 1.9 0.0000
2.3 0.0087 2.5 0.0020
2.7 0.2226 2.7 0.2178
3,1 0.4789 31 0.,4700
3.5 0.5465 3.5 0.5395
3.9 0.4770 3.9  0.4770
4,73 0.3470 4,3 0.3526
4,7 0.2166 4,7 0.2247
5.1 0.1176 5.1 0.1249
5.5 0.0558 5.5 0.0608
5.2  0.023%2 5.9 0.0260
6.7 0.0084 6.3 0.,0098
6.7 0.0027 6.7 0.0032
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TABLE II (Continued)

Bo=

=10,

(c) w,

p=+.6

w

p=-+.

p=+.9

&0

&1

— = — —

208/,042086.42

a - L ] - . - * L] -

M < LD 160 6O VO — O

13.6 0.0000

L] L L]
ojoRoloNoNololoRORONGRCRONG)

20864208642086
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BLE II (Continued)
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p=+.9
&1
.7 00,0051

-1.6 0.0069

.5 0.0096

-1.4 0.,0135
~1.3 0,0193
-1,2 0,0282
-1.1 0.,0426

0O 0.0666

~-0.9 0.1076
-0.8 0.1812
-0.7 0,3138
-0.6 0.5598
”00'5 Oo 9955
-0.4 1.6854

-0.3 2.4255
-0.2 2.4310
1T 1.0277
O 0.0683
1 0.0000
2 0.0000
> 0,0000
p=+.4
&1
~1.,7 0.,0019
-1.6 0.0028
-1.5 0.,0041
-1.4 0.0059
.3 0.0089
1.2 0.0137
-1.1 00,0220
-1,0 0.,0370
~0.9 0,0655
-0.8 0.1224
7 0.2410
-0.6 0.4900
-0.5 11,0001

-0.4 1.8835
~-0.3 2,7951
"‘002 2.4567
-0.1 0.7968
0.0 0.0551

.1 0,0005
2 0.0000
5 0.0000

() py==10, py=3, =2, 62:1

TABLE II (Continued)

p=+.8
V4 &1
-1.7 0.0043
-1.,6 0.0060
-1.5 0,0084
-1.4 0.,0118
-1, 0.0170
-1.2 0,0252
-1,1 0.0384
~-1.0 0.0608
“'0-9 000998
""‘008 011705
~0,7 0.3017
-0.6 0.5494
-0.5 0.9996
-0.4 1.7172
-0.3 2.4836
-0.,2 2.,4273
-0.1 0.9951
0.0 0,0658
0.1 0,0001
0.2 0,0000
0.5 0.0000
p=+.2

¥ S
-1.7 0.0011
-1.6 0,0016
-1.5 0,0025
-1.4 0.0037
”1-3 0.0056
-1.,2 00,0089
-1.1 0,0t47
-1.0 0.0257
-0,9 0.0477
~-0.,8 0.0945
-0.7 0.2004
~0.6 0.4444
-0.5 0.9876
-0.4 11,9895
-0.3 2.9995
~0,2 2,4262
-0.1 0.7016
0.0 0,0497
0.1 0.,0010
0.2 00,0000
0,3 0,0000
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p=+.6
V4 &1
-1.7 0,0030
-1.6 0,0043
-1.5 0.0060
-1.4 00,0087
-1.3 0,0128
-1.2 0,0182
-1.1 0.,0300
-1.0 0,0489
-0.9 0.0831
-0.8 0.1478
-0.7 0.2739
~-0.6 0,5256
-0.5 1.0048
-0.,4 11,7985
-0.3 2,6179
-0.2 2.,4450
-0.1 0.8983
0.0 00,0603
0.1 0.,0003
0.2 0,0000
0.3 0.0000
p=0

vy &1
~-1.7 0,0005
-1.6  0.,0008
-~1.5 00,0013
~-1.4 0.0019
-1.2 0.0031
~-1.2 0,0050
-1.1 0,0086
-1.0 0,0156
-0.9 0,0307
-0.8 0.0657
-0.7 0.1529
-0.6 0.3801
-0.5 0,9519
-0.4 2.,1071
“‘003 3.2358
-0.2 2.3904
~0.1  0.5934
0.0 0.0444
0.1 0,0015
0.2 0,0000
0.3 00,0000



p==.2

&1

0.0002
0.0003
0.0005
0.0008
0.0013
0.0022
0.0040
0.0077
0.0162
0.0380
0.1007
0.2943
0.8805
2.2384
3.5689
2.3297
0.4368
0.0390
0.0021

0,0001

0.0000

TABLE II (Continued)

P:"08

31

0.0000
0.,0000
0.0000
0,0000
0,0000
0.0000
0.0000
0,0000
0.0000
0.0000
0,0003
0.0032
0.0994
2.2959
5.8071
1.5592
0.1834
0.0231
0.0040
0.0009
0., 0003

p=—. 4

v &1
-1.7 0.0000
-1.6 0.0001
~-1.5 0.0001
-1.4 0,0002
-1.3 0.0004
-1.2 0.0007
~-1.1 0.0013
-1.0 0.0026
-0.9 0.0058
-0.8 0.0156
-0.7 0.0485
~-0.6 0.,1855
=0.5 0.7257
"‘004 2-393‘4
~0.2  3.9771
-0.2 2.1954
-0.1 0.3790
0.0 0.0337
0.1 0.0028
0.2 0.0003
0.3 0.,0000

&1

0.0000
0.0000
0.0000
0.,0000
0.0000
0.0000
0.0000
0.0000
0.,0000
0.0000
00,0000
0.0000
0,0031

1.5308
6.8494
1.2713
0.1403
0.0204
0.0042
0.0012
0.0004

25

p=-.6

&1

0.0000
0.0000
0.0000
0.0000
0.0000
0, 0001
0.0002
0.0004
0.0009
0.0029
0.0121
0.0689
0.4753
2.5102
4,6586
1.9657
0.2772
0.0284
0.003%4
0.0006
0.0001
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TABLE II (Continued)
2. @gy(vy|R)

(2) p.1::O, p2:o, 61:1, 02:1

p=+.9 p=+.,3 p=+.6
Vo o Vo 2 Vo &2
-4.,6 0,0005 -4.6 0,0004 4,6 0.,0002
4,1  0,0027 4,1 0,0022 -4,1 0.0014
-3.6  0.,0120 -3,6 0.0100 ~-3.6 0,0070
~3.1 0.0418 ~3.1 0.0362 ~3.1  0.0274
-2.6 0.1135 -2.6 0.1019 -2.6 0.0835
-2.1 0.,2407 -2.1 0.2235 2.1 0,1969
-1.6 0.3981 -1.6 0.3802 -1.6 0.3573
-1.1 0,5069 -1.1 0.4949 -1.1 0.4898
-0.6 0.4647 -0.6 0.4594 -0.6 0.4708
-0.1 0.1908 -0.1 0.2236 -0.1 0,2681
0.4 0.0218 0.4 0.0555 0.4 0,0852
0.9 0.0044 0.9 0.0113 , 0,9 0.0123
1,4 0,0010 1.4 0.0009 1.4 0.0004
1.9 0.,0000 1.9 0.0000 1.9 0.0000
p=+.4 p=+.2 p=0
Vo %e Vo &2 Vo &2
~4,6 0,0001 -4.,6 0.0001 -4,6  0,0000
-4,1 0,0008 ~-4.,1 0.0005 ~4,1  0.0002
~%.6  0,0047 ~-3.6 0.,0030 -%.6 0.0017
3.1 0.,0202 ~3.1  0.0141 ~-3.1  0.0091
-2.6 0.,0673 -2.6 0.0520 -2.6  0.0376
-2.1 0,172¢% -2.1  0.1477 -2.1 0.1201
-1.6 0,3393 -1.6 0.3194 -1.6 0.2930
~1.1  0.4965 ~1.1 0.5087 -1.1 0.5233
-0.6 0.5002 -0.6 0.5436 -0,6 00,6024
-0.1 00,2999 -0.1 0.3235 -0.1 0,3399
0.4 0.0886 0.4 0.0813 0.4 0.0691
0.9 0.0093 0.9 0.0062 0.9 0.,0036
1.4 0,0002 1.4 0.0001 1.4 0,0000
1.9 0,0000 1.9 0.0000 1.9 0.0000



TABLE II (Continued)

0.,0000
0.,0000
0.0000
0,0002
0.0012
0.0062
0.0320
0.3036
1.386¢9
0.2%21

0,0063
0.0000
0.0000
0.0000

p=— .4

Vo Ep
-4,6 0.,0000
-4,1 0,0000
—306 0.0004
-%.1 0.0025
-2.6 0.,0133
-2,1 0.,0574
-1.6 0.,2000
-1.1 0.5386
-0.6 0.8009
-0.1 0.3480
O.4 0.,0388
0.9 0,0006
1.4 0,0000
1.9 0.,0000

0.0000
0.0000
0,0000
0.0001
0.0004
0,0015
0.,0045
0.0785
1.8207
0.2623
0.0009
0.0000
0.0000
0.0000

27

p==,6

V2 5o
-4,6 0.,0000
-4.1  0,0000
-3.6 0,0001
“3-1 0.0009
2.6 0,0054
-2.1 0,0272
-1.6 0.1216
~1.1  0.4997
-0.6 0.9928
~-0.1 003347
0.4 0.0221
0,9 0.0001
1.4 0.,0000
1.2 0.,0000



TABLE II (Continued)

(b) P.l—"—"B, }-1.2:10, ﬂl‘1:1, (1'2:2

p=+e 4 p=+.2
Vo 8o Vo €2
0.0  0.0027 0.0 0.0011
0.3  0.,0071 0.3 0.0057
0,6 0,0210 0.6 0.0271
0.9  0.0644 0.9  0.1047
1.2 0.1813 1.2 0.2979
1.5  0.4160 1.5 0.5912
1.8 0.7116 1.8 0.8160
2.1 0.8666 2.1 0.7832
2.4 0.7307 2.4 0.5123
2.7  0.4089 2.7 0.2125
3.0 0.1390 3.0  0.0489
3.3 0.0248 343 0.0052
3.6 0,0019 3.6  0.0002
3.9  0.,0000 3.9  0,0000
p=0 Pz, 2
Vo 62 V2 &2
0.0 0.,0006 0.0  0.0004
0.3 0.0058 0.3  0.0065
0.6 0.0370 0.6 0.0504
0.¢ 0.1539 0.9 0.2081
1.2 0.4074 1.2  0.5020
1.5 0,7064 1.5 0.7760
1.8  0.83%93 1.8  0.8268
2.1  0.6912 2.1 0.6110
2.4 0,3791 2.4  0.2889
2.7 0.1227 2.7 0.0722
3.0 0.0193 3.0 0.0072
3.3 0.,0012 3.3  0,0002
3,6  0.0000 3.6 0.0000
3,9  0,0000 3,9  0.0000
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TABLE IT (Continued)

p=m. 4 p==.6

8o Vo 52
0,0003 0.0  0.0002
0.0076 0.3  0.0089
0.0668 0.6  0.0864
0.2643 0.9  0.3208
0.5799 1.2 0.6421
0.8157 1.5 0.8355
0.7998 1.8 0.7693
0.5440 2.1 0.4895
0.2223 2.4 0.1691
0.0398 2.7 0.0178
0.0020 3.0  0.0003
0.0000 3.7  0.0000
0.0000 3.6 0.0000
0.0000 3.9 0.0000

P—~""-8 P::"'-C)

&0 Vo &0
0.0033 0.0  0.0000
0.0098 0.3  0.0097
0.1088 0.6  0.1210
0.3748 0.9  0.3999
0.6917 1.2 0.7114
0.8416 1.5 0.8411
0.7370 1.8 0.7214
0.4466 2.1 0.428¢
0.1224 2.4 0.,0088
0.0037 2.7  0.0004
0.0000 3.0  0.0000
0.0000 3.3 0.0000
0.0000 3.6 0,0000
0.0000 3.9  0.0000



TABLE II (Continued)

(c) p1:10, =10 g, =1,

o=t &
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* e

p=+.4

<
S

P
Oo
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0.0035.
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p=+,2

e

&2

0.,0000
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0.2378
2,3368
0.6686
0.074¢
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0.0016
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0.0001

0.0000
0.0000
0.0000
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<
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COUTRW YWH O — Ul

¢ ® 8 & s e 2 5 » B 0

p=+.0

B0
0.0263
0.,4435
2.0297
3,2709
2,4688
1.1585
0.4112
0,1294
0,0396
0.0127
0,0044
0.0016
00,0007

p=0

&
A

2

0.0000
0.0001

0.3606
2.,1007
0.7160
0.1108
0.0176
0.0036
0.0010
0.0003
0.0001

0.0000
0.0000
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TABIE II (Continued)

(e) w =10, p.2:::">, 01:2, 02:1

p=+.9 p=ta O p=+,0
V2 &2 V2 o Ve 2
-0.4 0,0002 -0.4 0,0001 ~0.4 0,0000
-0,3 0,0004 -0.% 0.0003 -0.3 0.0001
-0,2 0,0012 -0.2 0.0009 -0.2 0,0006
-0.1 0.0042 -0,1 0.0040 -0.1 0.,0034
0.0 0,0204 0.0 0.0231 0.0 0.0284
0.1 0.1403 0.1 0.1834 0.1 0,2772
0.2 1.,2713 0.2 1.5502 0.2 1.,9649
0.3 6.8490 0.3 5.8039 0.3 4,6532
0.4 1.5256 0.4 2,2932 0.4 2.5004
0.5 0,0031 0,5 0.0994 0.5 0.4753
0,6 0.0000 0.6 0,0032 0.6 0.068¢
0.7 0.0000 0.7 0.0003 0.7 0.0121
0.8 0.0000 0.8 0©.0000 0.8 0.0029
0.9 00,0000 0.9 00,0000 0.9 0.,0009
1.0 0,0000 1.0 0,0000 1,0 0,0004
1.1 0,0000 1.1 0.0000 1.1 0.0002
1.2 0,0000 1.2  0,0000 1.2 0.0001
1.3 0.0000 1.3 0,0000 1.3 0,0000
1.4 0,0000 1.4 0.0000 1.4 0.0000
1.5 0.0000 1.5 0.,0000 1.5 0.0000
1.6 0,0000 1.6 0,0000 1.6 0.0000
1,7 0,0000 1.7 0.0000 1.7 0,0000
1.8 0,0000 1.8 0,0000 1.8 0.0000
1.9 0.0000 1.9 0.0000 1.9 0.0000
2,0 0,0000 2.0 0,0000 2.0 0.0000
2.1 0.,0000 2.1 0,0000 2.1 0,0000
2.2 0,0000 2.2 0.0000 2.2  0,0000
2.3 0,0000 2.3 ©.0000 2.3 0.,0000
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TABLE II (Continued)
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TABLE II (Continued)

p=~.2 p=m 4 p==.0
~-0.4 0.0000 ~-0.4 0,0000 -0.4 0.0000
~0.3 0.0000 ~0.3 00,0000 -0.2 0.,0000
-0.2 0.0000 -0.2 0.0000 -0.2 0.0000
~-0.,1 00,0010 -0.1 0,0005 -0.1 0.0002
0.0 0,0492 0.0 0.0533 0.0 0.0556
0.1 0,6865 0.1 0.7201 0.1 0.8929
0.2 2.,4224 0.2 2.4553 0.2 2.,4449
0.3 2.9994 0.3 2.7951 0.3 2.6179
0.4 1,9895 0.4 1.8835 0.4 1.7%85
0.5 0,987 0.5 1.0001 0.5 11,0048
0.6  0.4444 0.6 0,4900 0.6 0.5256
0.7 0.2004 0.7 0.24i0 0.7 0.,2739
0.8 0.0945 0.6 ©.1224 0.8 0,1478
0.9 0.0477 0.9 0.0655 0.9 0,0831
1.0 0,0257 1.0 0.0370 1.0 0.048¢9
1.1 0.0147 1.1 0.,0220 1.1 0.0300
1.2 0,008¢ 1.2 0,0137 1.2 0.,0192.
1.3 0.0056 1.3 0.0089 1.5 0.0128
1.4 0.0037 1.4 0.005¢ 1.4 0,0087
1.5 0,0025 1.5 0.0041 1.5 0.,0060
1,6 0,0016 1.6 0,0028 1.6 0.,004%
1.7 0.0011 1.7 0,0019 1.7 0,0030
1.8 0.0007 1,8 0.0013 1.8 0.0021
1.9 0.0004 1.9 0,0009 1.9 0,0014
2.0 0.,0002 2.0 0,0005 2.0 0,0009
2.1 0.0001 2.1 0.0003 2.1 0.0005
2.2 0,0001 2.2 0,0001 2.2 0.0003
2.3 0,0000 2.3 0.,0001 2.3 0.0001
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TARBIE III (Continued)

c) 1-113109 92;:10, ':1"1::1, T =

+
- L) -3 12

+ 4+ 4+

| I B
s o 8

WO D O 00\

i
o ®

-
fo)
po——

=]

U S S A HE
@* ®» ® > € &

H
* o o

OO OMN =W

§

2

- o - 2

v, . y] 7/2 Vo Ty y1 yg
CL.7678 1.8673 =1.37 ~0.35 1.2280 0.0158 -1,08 ~1.63
0.1439 11,1824 ~0.76 0.15 1.1610 0.0088 -0.14 0.57
8.8841 1.158% 0,15 0©,.15 1.1396 0,0169 0.67 1.29
8.8604 11,2269 -0,11 0.07 1.3609 0,1009 -0,95 -1.93
g.8242 1,2939 -0,06 0.25 1.3099 00,0609 -0.,77 -1.05
8.8480 1.3617 ~0.15 0,17 1.2691 0,0548 -0.28 0.3
8.8230 1.4273 -0.13 0,20 1.2456 0,0582 0.23 1.65
8,8700 1.5021 «0.2 0.23 1.2282 0.0646 0.65 2.54
8.8978 1.58808 ~C.,3% 0.29 1.2209 0.0733 0.3 3,17
8.8992 1,6401 ~0.37 0.27 1.2116 0,0820 1.16 3.5
8.5413% 1,6100 0,38 0.24 1.2109 0.0870 1.2% 3,68
“]:55 HQ:B’ 1"“1 ? 2:1

V] V2

- 2 - 2

vy T 71 yg Vo Yy Y1 ye
2.8671 0.48%7 0.21 0.72 1.3194 0,0730 =0.80 5,54
2.8179 0.5282 0.31 0.42 1.1924 0,1056 -0.27 1,20
2.8475 0.5703 0,38 0.23 1,0645 0.1208 -0.09 0,473
2.9104 0.5993 0.43 0.17 0.,9732 0.1257 0.05 0.23
2.9761 0.6246 0,47 0.12 0.9050 0.1287 0.15 0.05
53,0298 0.6485 0,49 0,06 0.8516 00,1302 0.21 -0.12
3,0085 0.6712 0.51 0,02 0.8088 0.1304 0.25 ~0.26
3.1546 0,6942 0.52 -0,02 0.77322 0.1295 0,28 -0,37
53,2095 0.7184 0,52 -0.07 C.T433 0.,1278 0.29 ~0.47
3.2604 0.7459 0,50 -0.11 0.7169 0.1252 0.30 ~0,55
3.2796 0.7578 0,50 ~0,09 0.7056 0.1241 0,31 ~0.59
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TABLE III (Continued)

- :10’ }“'2:39 T, E2, T =1

1 i 2
v, v,

- = 2

V1 3 )’1 75 Vo Yy Y. Y
10.8295 5,2697 -1.28 ~0.34 0.3336 0.0043 -2,02 11,00
10,4776 4,6695 ~0.96 ~0.24 0.3232 0.0048 ~-1.31 4,00
10,0231 4.2473 0,44 ~0,14 0.3188 0,0080 0,02 2.33
09,8111 4.1614 -0,21 -0.09 0.3201 0,0120 0,70 3.29
09,6803 4,1567 -0,08 ~0,05 0.3%254 0.,0165 1,10 4,70
99,6361 4,2108 ~0.06 -0.04 0.3295 0,0214 1.39 5,71
20,5947 4,2872 0,00 ~0,02 0.3348 00,0267 1.58 6,27
9,5952 4,.4015 0.00 ~0,01 0.3395 00,0322 1.75 6.96
9.6067 4.5479 0,01 -0,02 0.3441 0,0380 1.84 6.93
9.5348 4,7049 0.13 ~0.08 0.3492 0.043% 1.91 7.06
99,3561 4,7842 0,38 0,13 0.351¢ 0.,0467 1,94 7.03

Vi Vo

- s / e 2
V4 Ty Yoo Ya 2 S 12 Yz
) ~0.35190 0.0432 ~1.,69 4,67 = O,374% 4,8281 ~0.39 -0.08
0, 3494 0.0409 ~1.68 4,79  « 9.5507 4,7476 ~0.14 -0,03
~0,3448 00,0362 ~1,6% 4,87 - 9,62817 4,6073 ~0.02 0.03
-0.2%397 O. o;na ~1.56 4,91 - 0.6161 4.4597 ~0.01 0.06
0.3340 00,0266 ~1.46 4,79 -~ 0.6139 4,3414 -0.01 0,05
uo,;ﬂ”6 0.6218 -1.30 4,40 - 9.6509 4,2522 0,04 .02
~0,3208 00,0173 -1,06 3,69 - 0,6045 4,1071 0.07 0.00
~0,3126 00,0131 «~0.76 2.29 - ¢,8259 4,2045 0,20 -0.0%
-0,3036 0,0094 ~0,37 1,00 ~10,0389 4.2963 0.42 «0.10
~0,2849 00,0067 ~0.44 0,00 «10,4891 4.7120 0.95 -0.23
~-0.2535 0.,0063 -1.11 0.00 =10.835% 5,2913 1,27 -0.34
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