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SOME RESULTS ON p NEAR-RINGS AND RELATED NEAR-RINGS

CHAPTER I

INTRODUCTION

1. Notational Convention

A left near-ring is an algebraic system (N;+,°) such that

(a) (N;+) is a group,
¢)) (N;+) is a semigroup,
(¢) =x-(y+ 2) =xy+ x.2z for all x, y, 2 € N,
All of the near-rings in this paper are left near-rings, so hereafter
near-ring will mean left near-ring. We adopt the usual convention of
denoting x-y by xy.
The names maximal sub-C-ring and maximal sub-Z-ring found in
Berman and Silverman [1] are used. When discussing ideals the proofs
will not involve the definition but instead will use the condition
established by Blackett [?].
The integers modulo p will be denoted by (Zp;+,-) or sometimes
more simply by Zp. However occasionally we will deal with (Zp;+,')
where + and ' are different multiplications. Then (Zp;+,') may be

denoted by Z

so some care must be used to see exactly what Z_ means

P

in any given argument.

P



2. Preview of Results

Clay and Lawver [}] studied a class of Boolean near-rings that
were in some sense dependent upon a Boolean ring with identity. Part
of this paper extends some of their results. A class of p near-rings,

that are in some sense dependent upon a p ring with identity, is studied.

When the results are specialized to p = 2 they agree with those of Clay
and Lawver. The results needed about p rings may be found in McCoy [9]
and [10].

Then results by Ligh [8] were extended from B near-rings to
more general near-rings in the last chapter. A decomposition theorem
for this more general class of near-rings is established.

Most of the near-rings used as examples in this paper are

labeled as they appear in Clay [}].



CHAPTER II

MOTIVATION OF THE DEFINITION

1. General Remarks

Let p be a prime. A near-ring (N;+,:) is a p near-ring iff
px = 0 and xP = x for every x € N.

Clay and Lawver [4] did a partial study of a class of Boolean
near-rings. They began with a Boolean ring with identity (B;+,-;1) and
then defined a multiplication * such that (B;+,*) was a Boolean near-
ring. With this in mind we start with a p ring with identity (N;+,-;1).
A suitable way to define * such that (N;+,*) would be a p near-ring was
not immediately obvious so two particular cases were examined first.

The basic plan was that x * y should be a polynomial in x and y with

fixed coefficients in N.

2. The 3 Ring Case

Let (N;+,°;1) be a 3 ring with identity. Define * : N x N > N by
x*y = yxzy + axy + By + axzy2 + bx® + cxy2 + dx + ey2 + £
where a«, 8, Y, a, b, ¢, d, e, f € N. We want (N;+,*) to be a 3 near-ring
so in particular x * 0 = 0 for all x e N. 0 * 0 = O results in f = 0.

1*%0=0and 2* 0 =0 produce the following equations.

b4+d=0 (1)
b+2d=0 (2)

3
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Then (1) 2nd (2) imply that b=d = 0. 0 * 0

0*1+0%* 2 implies

that e = 0. Continuing in this fashion 1 # 0 =1 * 1 + 1 * 2 yields

2a+2c =0 3
and 2 * 0 =2 %1+ 2 % 2 gives us
2a+c¢c =0 . %)

Equations (3) and (4) imply that a = ¢ = 0.
We now demand that the associative law hold in some carefully

selected cases. The outcome of 0 * (0 *# 1) = (0 *# 0) * 1 is
B2 =8 . (5)
1% (0*%1)=(1*%0)*1and 2 * (0*1) = (2%*0) *1 result in

By + aB = 0 (6)
and

By + 208 =0 . )

As a consequence of (6) and (7) we find that aof = By = 0.
(N;+,%) is to be a 3 near-ring so x * (x * x) = x for all x ¢ N.

Then 1 * (1 * 1) = 1 yields
20y +v2 + a2 +B8=1. (8)
Similarly 2 * (2 * 2) = 2 produces
2ay + 2y2 + 222 + 28 = 2, )

Equations (8) and (9) imply that ay = 0. Finally 1 *# (1 * 1) = (1 *# 1) * 1
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implies that y2 = y and equation (8) may be written as
y=1-0a2-8. (8"

Since a8 = 0 and B2 = B it follows that 72 = y. We now prove the follow-

ing result.

Theorem 2.1: Let (N;+,-;1) be a 3 ring with identity and @, B € N such
that 0B = 0 and 82 = B. If x * y = (1 - a2 - B)x2y + axy + By for all
X, ¥y € N then (N;+,*) is a 3 near-ring.

Proof: For ease of computation let vy =1 - a2 - B. (N;4) is known to
be a commutative group. We must show that x * (y * 2) = (x * y) * z,
x*(y+2z)=x*y+x*zandx *x * x=x for all x, y, z ¢ N.

x* (y*2z) = x* (yy2z + ayz + 82) = yx2(yy?z) + ax(ayz) + B(Bz)

szyzz + a’xyz + Bz

x*y) *z

(vx%y + axy + By) * z = y(yx%y)?z + a(axy)z + Bz
= yx2y2z + o2xyz + Bz

Thus x * (y * 2)

]

(x *y) * 2z,

x * (y + 2)

]

yx2(y + 2) + ax(y + 2) + B(y + 2)

Y%y + axy + By + yX%z + axz + Bz = x *y + x * 2
X* (x* x) = y(x2%2x) + a2(xxx) + B(x) = (v + a2 + B)x = x

Therefore (N;+,*) is a 3 near-ring.

Some examples of this type of near-ring are now given. Begin
with (Z3;+,-). If o,B8 ¢ Z3 such that « = 8 = 0 then y = 1 and a 3 near-
ring of this type results which is not a ring. But if o, B € Z4 such
that « = 1 or 2, B8 = O then vy = 0 and a 3 near-ring of this type results

which is isomorphic to Zj.



3. The 5 Ring Case

For further motivation let (N;+,.;1) be a 5 ring with identity
and define * : N x N - N by
x * y = ax*y* + bx"y3 + cxy? + dx'y + ex! + £x3y* + gx3y3 + hx3y?
+ ix3y + jx3 + kx?y% + 2x%y3 + mx?y2 + nx2y + px2 + qxy"
+rxy3+Sxy2+txy+ux+vyl’+wy3+py2+o'y+-r.
We want (N;+,*) to be a 5 near-ring so let us first impose the condition
that x # 0 =0 for all x e N. 0 * 0 = 0 gives us 1 = 0 immediately.

For x =1, 2, 3, 4, x ¥ 0 = 0 ylelds the following equatioms.

e+j+p+u=0 (1)
e+3j +4p+2u=0 (2)
e+ 2j+4p+3u=0 (3)
e+ 4] +p+b4u=0 (4)

These equations imply that e = j = p = u = 0,
The conditions that 0= 0 * 1 +0 * 4 and 0 =0 * 2 4+ 0 * 3

r2spectively result in the following equations.

2v + 2p

0 (5)

2v+ 30 =0 (6)

Thus v = p = 0. As a consequence of the conditions 0 = 1 * 1 + 1 * 4,
0=1%2+1%3,0=2*%1+2%4,0=2%2+2%3 0=3%*1
+3%4,0=3*%2+3*3, 0=4*1+4%*4 and 0=4*%2+4*%3

we obtain the following equations respectively.
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2a+ 2c +2f+ 2h + 2k + 2m + 2q + 2s = O 7)
2a+3c+2f+3h+2k+3m+2q+3s =0 (8)
2a+2c+f+h+3k+3m+4q+ 4s =0 (9
2a+3c+f+4h +3k+2m+4q +s =0 (10)
2a+2c+4f+4h+3k+3m+q+s=0 (11)
2a+3c+4f+h +3k+2m+q+4s =0 (12)
22+ 2¢c +3f+ 3 +2k+2m+3q+ 3 =0 (13)
2a+3c+3f+2h+ 2k +3m+3q+2s =0 (14)

These equations imply that a = ¢

f=h=k=m=q=s=0. Then

0* 2

0% 1+ 0%* 1 results inw =0. Conditions 1 *# 2 =1%* 1+ 1 % 1,

2 %2

2% 1+2%1,3%¥2=3%1+3%1andé*2=4%1+4%*]

respectively lead to the following equationms.

b+g+2+r=0 (15)
b+3g+48+2r=0 (16)
b+2+48 +3r=0 17)
b+é4g+2+4r=0 (18)

From these equations we see that b = g = 2 = r = 0. Thus the original
expression is reduced to x * y = dx'*y + ix°y + nx%y + txy + oy.

We now demand that the associative law hold for some selected
elements. (0 * 0) * 1 =0 * (0 * 1) results in ¢ = 02, The conditions
(L*0) *1=1%(0*1), (2%0) *1=2%(*1), (3*0) *1
=3% (0* 1) and (4 *0)* 1 =4 * (0 * 1) result respectively in the

following equationms.
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do + {0 + no + to = 0 (19)
do + 310 + 4no + 2toc = 0 (20)
do + 2i0 + 4no + 3to = 0 (21)
do + 4ic + no + 4to =0 (22)

These equations imply that do = ic = no = to = 0.
We now make the following change in notation. Let
x *y = axy + bx3y + cx%y + dxy + ey where ae = be = ce = de = 0 and

e2 = e, With straightforward computation one finds that

x * (y * 2) = ((a2)x*y"* + (ab)x"*y3 + (ac)x%y? + (ad)x"y + (ab)x3y"*
+ (b2)x3y3 + (be)x3y2 + (bd)x3y + (ac)x2y* + (bc)x2y3
+ (c2)x2y2 + (cd)x?y + (ad)xy* + (bd)xy3 + (cd)xy?
+ (d%)xy + e)z

and

(x*y) *z=((a+ a3c2 + 2a3bd + ab" + 2ab2cd + ac* + ad*)x'y*
+ (a3 + ab2d + 3b3c + 3abe? + 3bed?)x%y3 + (alc
+ 2bed + ¢3)x*y2 + (ad)xty + (4a"b + 2a3cd + 4ab3c
+ 4ac3d + 4a2d3)x3y* + (3a%b2 + abed + 3b3d + 3b2c?
+ bd3)x3y3 + (2abc + 2¢2d)x3y2 + (bd)x3y + (4a*c
+ a%b2 + a3d? + 4abed + 4ab3d + ab2c? + ab2d? + 4a2cl
+ ac2d? + 4abd3)x2y* + (3a?bc + 3ab3 + b2cd + bel
+ 3abd?)x2y3 + (2ac? + b2c + cd?)x%y? + (cd)x?y
+ (4a%ad + 2a%c + 4ab3 + 4abeld + 4acdd)xy* + (3a?bd
+ ab2c + % + 3bc?d + 3b2d%)xy3 + (2acd + 2bc?)xy?

+ (d2)xy + e) z.
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The expressions for x * (y * z) and (x * y) * z must be equal. Further-
more the coefficients of like terms in these two expressions are equal.

To see this we first change notation to the following. Let

3y3

y

x* (y * 2) = (a1x*y* + ayxtyd + agxty? + (ad)xy + a,x%y"* + asx
+ agx3y2 + (bd)x3y + a;x®y" + agx?y3 + agx?y? + (cd)x?y
+ ajoxy* + allxy3 + alzxy2 + (@%)xy +e)z

and

(x *y) *2

(byx"y* + byx"y3 + byx'y2 + (ad)x"y + bux3yl" + bgx3y3
+ b6x3y2 + (bd)x3y + b—,x‘?y“L + b8x2y3 + box2y? + (ed)x2y

+ byoxy* + bnxy3 + blzxyz + (d%)xy + e) z.

If we demand that x * (y *1) - (x *y) *1 =0 for x=1, 2, 3, 4 and
y =1, 2, 3 then some equations result that yield the desired outcome.

Let ¢; = a; - bj. 1% (1 *1) - (1 *1)*%1=0 leads to

c1+c2+c3+ck+cs+c6+c7+c8+c9+c10+c11

+ cij2=0. (23)

Similarly 2 * (1 *1) - (2% 1) *1=0,3* (1 *1)-(3*1) *1=0,
*ve, 3% (3% 1) -(3*%3)*1=0and4* (3*%1)~(46*3)*1=0

result respectively in the following equationms.

c1 + ¢y +c3 + 3cy + 3c5 + 3cg + be7 + beg + b4cg + 2¢)9

+ 2011 + 2C12 =0 (24)
¢y +cy, ez + 2¢y + 2¢5 + 2cg + bcg + beg + beg + 3cyg

+ 3C11 + 3C12 =0 (25)
c +Cz+C3+4¢u+4C5+4C5+C7+C3+CQ+4CIO
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c, + 3c5 + 4c6 +c, + 3c8 + 4c9 + Cyg
+ 3C11 + 4012 =0 (27)
cy; + 3¢y + beg + 3¢y + beg + 2cg + beg + 2¢cg + cg + 2cy
+¢yp + 3¢y, =0 (28)
c, + 3¢, +4c_ +2c + c. +3c. + be, + 2¢, + c, + 3¢
4 S 6 7 8 9 10
+ 4cyy + 2¢, =0 (29)

c, + 3cp, + be3 + bey + 2¢c5 + cg + €7 + 3cg + beg + 4o

+ chl + 012 = 0 (30)
c1+ 2c24l-l4c3+cL++2c5+l»c6+c.7+2c8+4c9+c10
N + 2(:2 + 4c3 + 3°!+ + cg + 2c‘5 + 4c7 + 3c8 + Cq + 2c10

+ Z;cn + 3c12 =0 (32)
c, + 2c2 + 4c3 + 2cl+ + 4c5 + 3C6 + 4c7 + 3c8 + Cq + 3cw

+e, + 2c12 =0 (33)

+

c, * 2c2 + 4c3 + 4cl+ + 3c5 +c. te, 2c8 + 4c9 + 4c10

+ 3¢y, + ¢y, =0 (34)

From equations (23),°°*,(34) we see that c:l =0 for i =1, 2, 3,--", 12,

Thus we obtain the following equations.

a + a3c2 + 2a3ba + ab" + 2ab2cd + ac' + ad* = a2 (35)
a3b + abPd + 3b3c + 3abe2 + 3bcd? = ab (36)
a2c + 2bed + ¢? = ac (37)
4a% + 2a3cd + 4ab3c + 4ac3d + 4a2d3 = ab (38)
3a2b2 + abed + 3b3d + 3b2c2 + bd3 = b2 (39)

2abe + 2c¢2d = be (40)
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4ac + a3b2 + a3d2 + 4a?bed + 4ab3d + ab2c? + 4a2c3

+ ab?d2 + ac2d? + 4abd3 = ac (41)
3a%bc + 3ab3 + b2cd + be3 + 3abd? = be (42)
2ac? + b2c + cd2 = ¢2 (43)
4a*d + 2a3bc + 4a2b3 + 4abe3 + 4acd3 = ad (44)
3a2bd + ab2c + b* + 3bc2d + 3b2d2 = bd (45)
2acd + 2bc? = cd (46)

We now demand that x * (x * (x * (x * x))) = x. However

x* (x* (x* (x * x))) = (423> + 2a2cd + 4abZc + 2abc?
+ 3ab2d + 4ad3 + 4b3c + 3bced?
+ 4c3d + 4bc2d)x"* + (a2b2 + a242
+ 4abc? + 4ac3 + 2b3c + b2c2
+ 2b3d + 2bd3 + c2d2 + 2bed?2)x3
+ (4a3d + 2a%bc + 4ab3 + 3abd?
+ 2ac2d + 3b2cd + 4b2c2 + 4abed
+ 4bed + 4cd3)x? + (a* + 2a%be
+ a2c? + 2ab2c + 2acd? + b*
+ 2b2d2 + 4b2cd + 2be3 + ct

+ d% + e)x .

We now simplLfy this to x * (x * (x * (x * x))) = qx"* + rx3 + sx? + tx-

Then for x = 1, 2, 3, 4 we obtain the following equations.

q+r+s+t=1l (47)
q+3r+4s +2t=2 (48)

q+ 2r + 4s + 3t = 3 (49)
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qQ+b4r +s + 4t = 4 (50)

These equations imply that ¢ =r = s =0 and t = 1. Hence the following

equations result.

4a% + 2a2cd + 4ab2c + 2abc? + 3ab2d + 4ad3 + 4b3c + 3bcd?

+ 4¢3d + 4bc2d = 0 (51)
a?b2 + a2d2 + 4abc? + Lac3 + 2b3c + b2c? + 2b3d + 2bd3

+ ¢2d? + 2bed? = 0 (52)
4a3d + 2a%bc + 4ab3 + 3abd? + 2ac?d + 3b2cd + 4b2c2

+ 4abed + 4bce3 + 4cdd3 =0 (53)
a + 2a2bc + a2¢2 + 2ab2¢ + 2acd? + b + 2b2d2 + 4b2cd

+2be3 4+t +d¥+e=1 (54)

From equations (35), -+ ,(46) and (51), **+ ,(54) we may determine
first that ad = 0. This implies that b = ¢ = 0, a? = a and finally
that 1 = a+ d* +e. If a=1- d* - e then it is routine to show that

a2 = a since de = 0 and e? = e.

Theorem 3.1: Let (N;+,°31) be a 5 ring with identity and @, B ¢ N such
that B = 0 and 82 = B, If x*y = (1 - a* - B)x"%y + oxy + By for all
X, ¥ € N then (N;+,*) is a 5 near-ring.

Proof: The proof of this theorem is routine and will be omitted.

There is another reason for omitting the proof of this theorem.
In the first section of the next chapter a more complete theorem is

given. This more complete theorem is proven there.
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Some examples of this type of 5 near-ring are now given. Begin
with (ZS;+,-). If o, B € Z5 such that « = 0, 8 =1 then y =0 and a 5
near-ring of this type results which is not a ring. However if a, 8 ¢ Z5

such that « = 1, 2, 3, 4 and 8 = 0 then vy = 0. In this case a 5 near-

ring of this type results which is isomorphic to ZS'



CHAPTER III

(z,B) p NEAR-RINGS

1. A Class of p Near-Rings

We now turn to the more general case where (N;+,°;1) is a p ring

with identity. If a ¢ N and a # O then a°

1.

In the following discussion a, B € N such that aB = 0, BZ = B8
and x *y = (1 - ap_l - B)x - y + axy + By for 211 x, y e N. If p > 2
then o is the coefficient of xy. However if p = 2 then that is not the
case. Then x*y = (1 -a-B)xy+oxy +8y = (1 -B8)xy+B8y. Ina?2
ring or Boolean ring -a = a so x * y = (1 + 8)xy + 8y. Thus the coef-
ficient of xy is 1 + B. In certain theorems that follow it will be
convenient to refer to the coefficient of xy. However it is very cumber-
some to keep repeating the phrase "the coefficient of xy." For this

reason we will hereafter regard o as the coefficient of xy and when p = 2

it will be understood that o = 1 + B.

Theorem 1.1: Let (N;+,°;1) be a p ring with identity and a, B € N such
that 0B = 0 and B2 = 8. If x*y = (1 - ap—l - B)xp-ly + axy + By for
all x, y ¢ N then (N;+,*) is a p near-ring. Furthermore (N;+,*) is a p
ring with identity iff oP~l = 1.

Proof: Recall that a near-ring (A;+,") is a p near-ring iff xP = x and
px = 0 for all x € A. It is known that (N;+) is a commutative group and

14
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px = 0 for all x ¢ N. For ease of computation let y = 1 - ap_l - B then
ay = By = 0 and y2 = vy. Let x, ¥y, 2z € N. Then
- -1 -
x % (y *x2) = x * (yyP 1+ ayz + Bz) = Yxp (vy?P 1) + ax(ayz) + 8(Bz)
= yxPIyP1; 4 o232 + g2
and

(rxPly + axy + By) * 2 = Y(Yxp-ly)p-lz + a(exy)z + Bz

G L

(x *y) * 2

-1 p-1
5P

z + a?xyz + Bz = yx z + a’xyz + Bz.

Hence x * (y * 2z) = (x * y) * z for all x, y, z € N.

x* (y+2)= Yxp-l(y+z) + ax(y + 2) + B(y + 2)

=Yxp_1y+axy+By+yxp-lz+axz+sz=x*y+x*z

Thus (N;+,*) is a near-ring. If x ¢ N then x2 means xx. Then let

x(z) = (n) = x % X(n.

X * x and x l)ifnisanintegerandng_z. Ifm>2

(m) m-1 m

then x =yx +a + B8x. The proof of this is routine by induction

and will be omitted. Then x(P) = vx + 2 Bx = (v + oP~1 + B)x

p-1

= lx=xsince y=1-«a - B. Hence (N;+,*) is a p near-ring. Now

let cxp-l

=1, Ifp=2thenl+RB=0a=1. Thus B =0s0ox*y=xy
which clearly makes (N;+,*) a 2 ring or Boolean ring. If p > 2 then
y-y1=yap-1=0andB=Bl=Bap-1=Osox*y=axy. Let X, vy, 2 £ N
then (x +y) *z=a(x+y)z=axz+ayz=x* 2z +y * 2z, Thus (N;+,%)
is a p ring. Conversely let (N;+,*) be ap ring. If p=2 thena =1+ 8
and x * y=oaxy +By. Then B =0 * 1= (1+1) *1=1%1+1%1=0

soa=1+0=1. If p> 2 then B =0%*1

0+0)*1=0*1+0%*1

=B8+B8=28. Thus B =0. Then (1 +1) ¥*1=1*1+1 * 1 implies that
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Zp-ly + 20 = 2y + 2a or Zp_ly = 2y. Under the ring operations + and

* the elements 0, 1, 2, *** , p - 1 form a field isomorphic to Zp.

The nonzero elements form a group under ° and its order is p - 1

8o Zp-1 =1, Thus vy = 2y 8o vy = 0. Sincey =1 - ap - B then it
follows that ap-l = 1., Finally we notice that «P~2 ig the identity.

If p = 2 then this is obvious. Now let p > 2 and x ¢ N. x * ap—Z

-2 - - - -
= axa? = oPlx = Ix = x and o % * x = aaP 2x = Pk = 1x = X.

Thus oP~2 is the identity.

A p near-ring (N;+,*) is an (a,B) p near-ring iff there exists

a p ring with identity (N;+,-;1) and o, B € N such that af = 0, B2 = 8
and x * y = (1 - g B)xP~1ly + axy + By for all x, y € N.

It is perhaps worth mentioning that there are p near-rings that
are not (a,B) p near-rings. Let (N;+,-;1) be (Zs;+,-;1). According to
the listing in Clay [3] this 5 ring is one of those in class (10). Let
a, B ¢ ZS such that o8 = 0 and B2 = 8. As before let y = 1 - o* - B,
If a # 0 then B = 0 since aB = 0. Also ay = a(l - a*) = a - a® = 0 so
y = 0. Thus x * y = axy which is again a 5 ring in class (10). If
a=0then 8=0o0r B#% 0. If B8 #0 then B = 1 because B2 = 8. Then
y=1-8=080x *y =y, Thus class (9) results. Finally if 8 = O
then y = 1so x * y = x*y, If x=0 then x *y = 0 but if x ¥ 0 then
x * y =y, Hence class (8) results. These are the only classes that
occur a8 (@,B) 5 near-rings. However a simple check shows that class (7)
contains three 5 near-rings and as shown above they cannot be (a,B) 5

near-rings.
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2. Special p Near-Rings

Now we will consider a sub-class of these (a,B) p near-rings.
Let (N;+,°;1) be a p ring with identity and let a ¢ N. Ifb =1 - ap-1
then ab = a(l - aP™1l) = 2 - aP = 0 and b2 = (1 - aP1)2 = 1 - 2aP-1 4 ap-1
=1-aPl=b., Hence if ¢ ¢ N and 8 = 1 - aP™1 then they determine an

(a,B8) p near-ring (N;+,%*). In this casey =1 ~ oP~1 . B =0 so

x*y=oxy+ (1L - ap'l)y for all x, y € N. A special p near-ring is an

(¢,B) p near-ring such that 8 = 1 - «P~l. Note that every (a,B) 2 near-
ring is a special 2 near-ring. This special 2 near-ring coincides with
what Clay and Lawver [4] called a special Boolean near-ring. Hence
results established in this section are generalizations of some of the
results of Clay and Lawver.

In the following discussion of special p near-rings when a is
mentioned it will be understood that this is the o in the definition of *.
Let (N;+,°;1) be a p ring with identity and t € N. Then define
P(t) = {a ¢ N:atP™l = 2}, We note that 0, teP(t). Ift e Nand LC N
then define L(t) = {a€N:a = th-l for some £ ¢ L}. We may note that

L(t) is empty 1iff L is empty. The following observations are listed

here for future reference.

Theorem 2.1: iet (N;+,-;1) be a p ring with identity, t € N and LC N.
(a) P(t) is an ideal of (N;+,-;1) with identity -1,
(b) If (L;+) is a subgroup of (N;+) then (L(t);+) is a subgroup of (N;+).
(c) If (L;+,*) is a subring of (N;+,-;1) then (L(t);+,*) is a subring

of (N;+,-31).

(d) L(t) C p(tv).
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-1 -1
Proof: (a) Let a, b ¢ P(t) so atP1 = 3 and btP™ = b. Then (a - b)tP

-1 -1 -
atP - btp =a-bsoa-beP(t), Let x ¢ N. Then (xa)tp 1

p-l)

-1
xa. Hence P(t) is an ideal and clearly tp is the identity.

~1 _
(b) Let a, b € L(t). Then a = 2t°  and b = 2'tPL for some 2, &' ¢ L.

x(at

a-b=( - J?.')tp-1 e L(t) since 2 - &' € L. Thus (L(t);+) is a group.

-—

(¢) Let a, b ¢ L(t). Then a = 2t°  and b = 2'tP~L for some 2, &' ¢ L.

ab = (ltp—l)(l'tp-l) = (22')(tp-l)2 = (22')tp-1 e L(t) since 2%' € L.
Thus (L(t);+,°) is a subring.

p-1

(d) Let a € L(t). Then a = 2t for some £ ¢ L. Then at:p-1 = (.Q,tp_l)tp-1

= 2(tP™1)2 = 9Pl = 2 50 a € P(t). Hence L(t) C P(t).

Theorem 2.2: Let (N;+,*) be a special p near-ring. Denote the maximal
sub-Z-ring of (N;+,*) by N, and the maximal sub~C-ring of (N;+,%) by Nc'
Then N, = P(1 - «P~1) and No = P(a).

Proof: Recall that (1 - P12 = - o1 5o that a ¢ P(1 - ap-l) iff

a(l - ap-l) = a. Also recall that N,

a for all x € N}

{a e Nix * a

and N, = {a € N:0 * a = 0}. Letace Nz' Then x * a = a for all x € ¥ so
-1 -1
in particular O * a = a, Thus a=0 * a = a0a + (1 - ap a = a(l - of )
- - -1
so a e P(1 - oP 1). Then Nzc: P(L - oP 1). Now let a € P(1 - of ).

Then a = a(l - ap_l) = a - anp-l so aap-l = 0. Then aa = aoP = agP~1q

0. Now let x e N then x * a = axa + (1 - ap-l)a =0+ a-=a.
1
).

Let a ¢ Nc‘ Then 0 = 0 * a3 = a0a + (1 - ap-l)a =0+ a - aap-l 80

= Qg
Thus a ¢ Nz so P(1 - ap'l)(: Nz. Therefore Nz = P(1 - oP”
aap_l = a. Thus a € P(a) and Ncc P(a). Now let a € P(a). Then aap'l
= a or a(l - ap'l) = (0. Then O * a = a0a + (1 - ap-l)a =0+4+0=0 80

ace Nc. Thus P(a) C Nc. Therefore N, = P(a).
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Now we will begin a study of the ideal structure of the special
p near-ring. Let (N;+,°) be a near-ring and L C N. L is a left ideal of
(N3+,-) iff (L;+) is a normal subgroup of (N;+) and x2 ¢ L for all x ¢ N

and for all 2 ¢ L.

Lemma 2.3: Let (N;+,*) be a special p near-ring. If t € N then P(t) is
a left ideal of (N;+,%).

Proof: By Theorem 2.1 we know that (P(t) ;+) is a commutative group. Let

- - -1
x e Nand a ¢ P(t). (x* a)tp 1 = (axa + (1 - oP l)a)tp

(ax + (1 - onp_l))atp_1 = (ax + (1 - ap

-1
Ya = axa + (1 - ap-l)a

x * a. Thus x * a € P(t) so P(t) is a left ideal of (N;+,%*).

Lemma 2.4: Let (N;+,*) be a special p near-ring and t ¢ N. If L is a
left ideal of (N;+,%) then L(t) is a left ideal of (N;+,%).

Proof: As noted in Theorem 2.1, (L(t);+) is a group and it is commuta-
tive because (N;+) is commutative. Let x ¢ N and a ¢ L(t). Then for
-1

scme £ € L, a = th—l‘ Then x * a = axa + (1 - ap-l)a = axztp

+ (1 - ap—l)ztp‘l = (x * JL)tp"1 € L(t) since x * £ € L.

Theorem 2.5: Let (N;+,%) be a special p near-ring. If L is a left ideal
of (N;+,*) then L = L(1 - ap-l) ® L(a), a direct sum of left ideals of
(N;+,*). Conversely 1if RC P(1 - ap-l) and S C P(a) are left ideals of
(N;+,*) then R @ S is a left ideal of (N;+,%).

p—1)2 1 - ot then a € L(1 - ap-l) iff for some %

Proof: Since (1 - a
a= (1 - ap_l). Let L be a left ideal of (N;+,*). Then, by Lemma 2.4,

L(1 - ap-l) and L(a) are left ideals of (N;+,*). Let y ¢ P(1 - up-l)fWP(a).
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Then x *y =y for all x e Nand 0 * y =0 soy =0*y =0. Therefore

P(1 - c.p_l)ﬁP(a) = 0. Then L(1 - o 1)NL(x)C P - up-l)f'\P(a) =0

so L(1 - ap_l)nL(a) = 0. Let a=2(1 - ap-l) e L1 - ap-l). Then
- -1
a=2(Q1 - oP l) =0 * 2 ¢ L since L is a left ideal. Thus L(1 - ap )YC L.

Let a = lap-l € L(a). If ¢« =0 thenae L. If o # 0 then (1 -~ ap—l)l
ap—Z

=0%* g e L. Also ap-lz + (1 - ap-l)l * 2 ¢ L. It follows then

that a = ap_?' * 2 - 0* 2 ¢ L. Therefore L(a)C L. Clearly then
- - -1
L(1 - &P 1) & L(e)C L. Now let 2 ¢ L. Then £ = 2(1 - of 1) + R,ap .
-1 _ -1 -1
2(1 - ap ) € L(L - oP l) and lap € L(a) so LC L(1 - ap ) & L(a).

- -1
Therefore L = L(1 ~ of l) ® L(a). Conversely let RC P(1 - of ) and

SC P(a) be left ideals of (N3;+,*). RNSC P(1 - ap-l) MNP(a) = 0 so
R 8 S is at least a direct sum of left ideals. Now let xe N and let
y=r+seR@®S, Thenx*y=x*(r+s8) =x*r+x*secR®S
because R and S are left ideels. Therefore R & S is a left ideal of

(N;+,%).

Lemma 2.6: Let (N;+,*) be a special p near-ring and let LC P(a) be a

left ideal of (N;+,*). If a ¢ L then P(a) C L.

p-1

Proof: Let ae LC P(a). Then a = aa . If a=0 then P(a) = 0C L.

Let a # 0 and x ¢ P(a). Then x = xaP~l. Sincey * ac L for all y ¢ N
it follows that (ap"zxap-z) * 3 ¢ L. But (ap—zxap'z) * 3 = ap-lxap-za
= (ccp-la)xal"'2 = axap-2 = xaP™l = x. Thus x € L so P(a)C L. Note that

for the case a = 0 the conclusion still holds.

Theorem 2.7: Let (N;+,*) be a special p near-ring and LC P(a). Then L

is an ideal of (N;+,*) iff L is a left ideal of (N;+,%).
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Proof: If L is an ideal of (N;+,*) then clearly L is a left ideal of
(N;+,*). Now let L be a left ideal of (N;+,*). Let x, y € N and a € L.
Then (x +a) *y-x*y=qa(x+a)yy+ (1 - ap—l)y -axy - (1 - ap-l)y
= aay = aya + 0 = aya + (1 - ap-l)a =y * g ¢ L. ThereforeL is an

ideal of (N;+,%).

Theorem 2.8: Let (N;+,%*) be a special p near-ring and let LC P(1 - oP~1y,
Then the following are equivalent:

(a) L is an ideal of (N;+,%*),

(b) L is a left ideal of (N;+,%),

(¢) (L;+) is a subgroup of (P(1 - aP=1y;4).

Proof: It is clear that (a) implies (b) and (b) implies (c). Now sup-
pose that (c) holds. L is a normal subgroup because addition is commu-
tative. Let x, y ¢ Nand a € L then x * a = a since LC P(l - oP71)

and by Theorem 2.2, P(1 - ap'l) =N,. Thus x*ael. (x+2a)*y
-x*y=a(x+a)y+ (1-afly- axy - (1 - ap_l)y = qay = aya =

ay(a(l - up-l)) = 0 g L. Thus L is an ideal so (c) implies (a).

Theorem 2.9: Let (N;+,*) be a special p near-ring. Then I is an ideal
of (N;+,%) iff I is a left ideal of (N;+,%).

Proof: If I is an ideal of (N;+,*) then it is certainly a left ideal

of (N;+,%). Now let I be a left ideal of (N;+,*). Then, by Theorem 2.5,
I=1I(1-aP1)e 1(a) where I(1 - aP~1) and I(a) are left ideals of
(N;+,%) in P(1 - ap’l) and P(a) respectively. Then, by Theorem 2.8 and
and Theorem 2.7, it follows that I(1 - aP~l) and I(a) are ideals. Let

X, yeNanda+b € I(1 - aP™!) 81I(a) = I then (x + (a + b)) * y-x*y
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(x+b)+a) *y- (x+b) *y+ (x+b) *y-x*yeI(l-oPLl) 8I()

I. Thus I is an ideal.

If (N3+,*) is a near-ring and I is an ideal of (N;+,.) then it is
well known that N/I is a near-ring. Clearly if (N;3+,-) is a p near-ring
then N/I is a p near-ring also. Under certain conditions N/I is a p

ring. Now we will investigate these conditions for special p near-rings.

Lemma 2.10: Let (N;+,*) be a special p near-ring. If a, b, ¢ ¢ N then
(a+b)*c-a*ec-b*eg=~ (1-aPl)e. |

Proof: Let a, b, c e N. Then (a+b) *c~-~a*c-b*c= a(a + b)c
+@Q-cPYHe-aqac- Q- ap_l)c -~ obec - (1 - ap-l)c = aac + abe

- -1
~ aac — abe - (1 - of l)c = - (1 ~ of )e.

Theorem 2.11: Let (N;+,*) be a special p near-ring and I an ideal of

(N;+,%). Then N/I is a p ring iff P(1 - oP 1) c I.
Proof: Let a, b, c ¢ N. The following statements are equivalent:

((a+ I+ MB+ID)*(c+I)=(@+I) * (c+1I)

+ (M +1I)* (¢c+1I), (1)
((@+Db) +I) * (c+I)=(a*c)+I+(Mb*c)+1, (2)
((a+b) *c)+I=(@a*c)+ (b*c))+1, (3)
(a+b) *c-a*xc-b*rcel (4)
-1 -aP e eI (5)

Let N/I be a p ring and let x € P(1 - ap'l). Then

((@a+I)+M®+I)) (-x+1)

(a+I)* (-x+I)+(b+T1I)* (-x+1I)
for any a, b ¢ N. By the above equivalent statements then

- (1 -oPD(-x) eI However,
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x = x(1 - aP~1) = - a - ap'l) (- x) so x € I and hence P(1 - o:p‘l)c I.
Conversely let P(1 - Py 1. - (1 - P ye e P2 - o) for a1z
¢ € N so by the above equivalent statements (1) holds for all a, b, c ¢ N.

Hence N/I is a p ring.

In approaching the question as to when an ideal of a special p
near-ring (N;+,*) is a direct summand we first establish the following

result.

Theorem 2.12: Let (N3;+,+;1) be a p ring with identity and let A be an

ideal of (N;+,-3;1). Then A is a direct summand iff A = P(a) for some

a e N.

Proof: Let A = P(a) for a ¢ N. Then N = P(1 - aP-1y) @ P(a)

= P(1 - aP"1) ® A. Hence A is a direct summand. Conversely let A be

a direct summand. Then N = A @ B where B is also an ideal of (N;+,-;1).
If x € Aand y € B then xy € ANB since A, B are ideals. Thus xy = 0.
leNsol=a+bwhere acA and b € B. Then a

=a2+ab=azsoa/'=a. If x ¢ A then x = x(1)

a(l) = a(a + b)

x(a + b) = xa +xb = xa.
Thus xa = x so x € P(a) and AC P(a). If x € P(a) then x = xa € A

since A is an ideal so P(a) C A. Hence A = P(a).

Let (N;+,%) be a special p near-ring and let A, B be ideals of
(N;+,%*)., Let N=A & B, Then, since C = C(1 ~ ap-l) ® C(a) for C = A or
B, N= (A(L - o®™5) @ A(2)) & (B(1 - oP™!) @ B(a)). It follows then
that N = (A(1 - ap-l) & B(1 - ap—l)) ® (A(c) ® B(a)). Theorem 2.1 implies

that A(1 - ap'l), B(1 - ap'l)c: P(1 - ap-l) and A(a), B(a) C P(a).
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Thus A(1 - ap-l) & B(1 ap_l) C pr(1 - cxp-l) and A(a) @ B(a) C P(a). Let

x € P(a). Then x ¢ N

-1 1
a = 0 then aap =0¢cA. Leta#0. Then 0 * a = (1 - of )a € A and

A®Bsox=a+bwhere acAand b ¢ B. If

ap-z * g = ap-la + (1 - ap_l)a € A since A is an ideal of (N;+,*). Thus

-l _ P2, p-1

ao a-~-0%ace A soin either case aa € A, Similarly

bap-l € B. Then x = xap = (a + b)czp_1 = aap-l + bap-l. But x = a + b.
The uniqueness of representation of elements in A & B implies that a = aap~l
and b = bap-l. Thus a € A(e¢) and b € B(a). Thenx=a + b € A(a) & B(a).
Thus P(a)C A(a) @ B(a). Therefore P(a) = A(a) & B(a). Similarly one

can show that P(1 - ap-l) = A(1 - aP'l) ® B(L - aP‘l).

Before we consider the next result recall the following defini-~
tions. A group (G;+) 1is bounded iff nG = 0 for some fixed integer n.
A subgroup (S;+) of a group (G;+) is pure iff the equationmx = a e § is
solvable in S whenever it has a solution in G. From Fuchs [?] we have

the following result.

Theorem 2.13: A bounded pure subgroup is a direct summand.

The main result about direct summands is the following.

Theorem 2.14: Let (N;+,*) be a special p near-ring and let 1 be an

ideal of (N:;+,*). I is a direct summand of N iff I = P(8) & M where
P(8) C P(a) is an ideal end MC P(1 - oP~l) is a subgroup, hence an ideal.
Proof: Let I be a direct summand of N then N=I & L and L is an ideal.
As noted earlier I = I(a) & I(1 - ap-l) where each is a left ideal respec-
tively contained in P(a) and P(1l - ap-l). By Theorem 2.7 and Theorem 2.8

I(a) and I(1 - ap-l) are each ideals. By previous work
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P(a) = I(x) ® L(z)- I(0) is a direct summand of P(a). (P(a);+,-30P~1)
is a p ring with identity so, by Theorem 2.12, any direct summand of
P(a) is of the form P(8) for & € P(a). Thus I(a) = P(§) for & € P(a).
Hence I = I(a) @ I(1 - oP~1) = P(§) @ 1(L - «P~1). Then P(§) = I(a)C P(a)
is an ideal and I(1 - P 1)C P(1 - oP1) 1g an ideal. Conversely let
I = P(5) @ M where P(8) C P(a) is an ideal and MC P(l - oP~1) is a
subgroup. Since (P(a) ;+,-;aP'1) is a p ring with identity then, by
Theorem 2.12, P(§) is a direct summand of P(a). The group M is bounded
since pM = 0. Let a ¢ M, m be an integer and mx = a have a solution
in P(1 - ap'l). Thus mx' = a where x' € P(1 - oP~1). Let i be an
integer such that im = 1 modulo p so x' = ia ¢ M. Hence mx = a has a
solution in M so M is pure. Therefore, by Theorem 2.13, M is a direct
summand of P(1 - aP~1l). Thus P(c) = P(§) ® A and P(1 - oP~1) =M @ B
where A, B are ideals. Then N = P(a) @ P(1 - oP™1) = (P(s) @ A) & (M & B)

= (P(s) M) @ (A @B) =1 @ (A ®B). Hence I is a direct summand of N.

As noted previously results in this section generalize some of
the results of Clay and Lawver [4] Now we consider a result in that
paper that is incorrect. The statement of Theorem 5.1 [4] in the notation
of this chapter would be as follows. Let (B;+,-;1) be a Boolean ring
with identity. Let o,t € B define special Boolean near-rings (B;+,%*o)
and (B;+,%r) respectively. Then the following are equivalent:
(a) (B;+,*0) is isomorphic to (B;+,%*1),
() P(1 + o) is isomorphic to P(1 + 1) as subrings of (B;+,°;1),
(¢c) P(o) is isomorphic to P(t) as subrings of (B;+,°3;1),

(d) There exists an automorphism f of (B;+,° ;1) such that £(o) = 7.
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Consider the following counterexample. Let the index set I be
{1,2,3,°-*} and let B be the complete direct sum of B; for i ¢ I where

each By = Z,. Let ¢ = (1,0,0,0,*+*) and 7 = (1,1,0,0,°°*). Then 1+ 0o

(0,1,1,1,***) and 1 + 7 = (0,0,1,1,°-*). By definition P(1 + ¢)

il

{a € B:ta(l + 0) = a} or P(1 +0) = {(O,XZ,x3,"°):xi € Zz}. Similarly
4,---):xi € ZZ}' Define £ : P(1 + o) = P(1 + 1)
by f(O,al,aZ,a3,---) = (O,O,al,az,a3,-..). It is clear that f is an

P(1 + 1) =_{(O,0,x3,x

isomorphism of P(1 + o) onto P(1 + 7). However, it is also clear that

P(0) is not isomorphic to P(t) since O(P(c)) = 2 and 0(P(7)) = 4.

3. Some Results About the (a,8) p Near-Ring

Now let us return to the more general case of an (¢,B) p near-ring.
When o and B are mentioned it will be understood that they are the o
and 8 in the definition of *, It will be noted that each result im this
section has as a corollary a result in section 2. For the special p
near-rings the results were much more complete. For this reason they
were presented first. Now let (N;+,:3;1) be a p ring with identity.
If s, t ¢ N then define P(s,t) = {a ¢ N:sa = 0 and atP~l = a}. we
may note that 0, (1 - sP~Lyt ¢ P(s,t). If s, t € N and LC N then
define L(s,t) = {a € N:sa = 0 and a = 2tP~L for some & ¢ L}. It is
possible for L(s,t) to be empty but not in the cases we will consider.

In particular when (L;+) is a subgroup of (N;+) then 0 ¢ L(s,t).

Theorem 3.1: Let (N;+,-;1) be a p ring with identity. Let s, t € L
and LC N. Then

(a) P(s,t) is an ideal of (N;+,+;1) with identity tP-1,
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(b) If (L;+) is a subgroup of (N;+) then (L(s,t);+) is a subgroup of
(N;+).
(¢) If (L;+,°) is a subring of (N;+,.;1) then (L(s,t);+,:) is a sub-
ring of (N;+,°;1).
(d) L(s,t)C P(s,t).
Proof: (a) Let a, b € P(s,t). Then sa = sb =0, atP~1l = a and btP~1 = b.
Thus s(a - b) =sa-sb=0-0=0 and (a - b)tP~1 = atP~1 - ptP-1 = 2 - p
soa-be P(s,t). Let x ¢ N. Then s(xa) = x(sa) = 0 and (xa)tcp"1
= x(atp‘l) = xa so xa ¢ P(s,t). Hence P(s,t) is an ideal and clearly tp-1
is the identity.
(b) Let a, b ¢ L(s,t). Then sa=sb =0, a = 2tP~l and b = g'ep-1
for some 2,2' € L. Thena-b = gtP~L - g1ePl o (p - 2')tp-l where

2 - %' ¢ L. Finally s(a-b) =sa-sb=0-0

0 soa-be€L(s,t).
Hence (L(s,t);+) is a subgroup of (N;+).

(c) Let a, b e L(s,t). Then ab = (2tP~1)(e'eP™]) = (o) (eP™H?2

= (22')tp—1 and 2%' ¢ L since L is a ring. Thus (L(s,t);+,*) is a subring.
(d) Let a e L(s,t). Thensa=0and a = 2tP~1 for some 2 ¢ L. Thus
atP~1 = (Jzt:p-l)tp-l = z(tp-l)2 = ztp-l = a 80 a € P(s,t). Therefore

L(s,t) C P(s,t).

Theorem 3.2: Let (N;+,*) be an (2,8) p near-ring. Denote the maximal
sub-Z-ring by N_ and the maximal sub-C-ring by N.. Then N, = P(a,B)
and N, = P(8,1 - B).

Proof: By definition N, = {a € N:x * a = a for all x ¢ N} and

N, = {ae N:0 *a=0}. Let aecN,. Then x * a = a for all x ¢ N. Thus
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= p-1 p-1 2
O* a=+vy0a+a0a+Ba=BRBasoBa=a. a*a=(l-a ~-Ba” Tat+aa

2a +a= aza + a so aza = 0. Then aa = oPa = aP'z(aZa)

+Ba=0+a
= aP’Z(o) =0 so a € P(a,8). Thus N, C P(a,B). Now let a € P(a,B) so
0a=0and a8 =a. Let xe¢ N. Then x * a = (1 - oPL - g)xP™1a + oxa
+Ba=0+0+a=a. Hence a ¢ N, so P(a,B) CZNZ. Therefore N, = P(a,B).
Now let a ¢ N. then 0 * a = 0. But 0 * a = yOa + a0a + Ba = Ba so

Ba=0. (1-8)2=1-28+8=1-8s80 (1-8PLl=1-8. Thus

x(1 - 8Pl = x1ff x(1-8) =x. Thena(l-8) =a-aB=a-0=a

so a ¢ P(8,1 - B). Hence N, C P(8,1 -~ B). Let a e P(B,1 - B). Then

Ba=0and a(l ~-B) =a. 0* a=vy0a+a0a+Ba=0+0+Ba=2pRa=0.
Thus a € N, so P(R,1 - B) C N.. Therefore N, = P(B,1 - B). (Observe

that P(B,1 - B) = P(B,1).)
We will now examine the ideal structure of the (q,8) p near-riang.

Lemma 3.3: Let (N;+,*) be an (a,B) p near-ring. If s, t ¢ N then P(s,t)
is a left ideal of (N;+,%*).

Proof: By Theorem 2.1, (P(s,t),+) is a commutative group. Let x e N
and a € P(s,t). Then sa = 0 and atp—l = a, Thus s(x * a)

= s(Yxp°la + axa + Ba) = ('yxp"1 +ax + B)sa = (yxP~1l + ax + 8)0 = 0

and (x * a)tP-l = (Yxp'la + axa + Ba)t:p-'1 = (*yxp-1 + ax + B) atp-l

= (*{xp—1 + ax + B)la = ¥y p-la + axa + Ba = x * a, Hence P(s,t) is a

left ideal of (N;+,%).

Lemma 3.4: Let (N;+,*) be an (a,B8) p near-ring. If L is a left ideal
of (N;+,*) and s,t € N then L(s,t) is a left ideal of (Nj+,%).

Proof: By Theorem 3.1, (L(s,t);+) is a group. (N;+) is a commutative
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group. Let x ¢ N and a ¢ L(s,t). Then sa = 0 and a = ztp"l for some

2 ¢ L. From the proof of Lemma 3.3 we have s(x * a) = 0. Then x * a
= Yxp-la + gxa + Ba = Yxp-lztp-l + axztp-l + patPl
= (Yxp_lz + axt + [352.)tp"l = (x * z)tp-l. However, x * 2 ¢ L since L is a

left ideal so x * a ¢ L(s,t). Thus L(s,t) is a left ideal of (N;+,*).

Theorem 3.5: Let (N;+,*) be an (a,B) p near-ring. If L is a left
ideal of (N;+,*) then L = L(a,B) & L(B,1 - B), a direct sum of left
ideals of (N;+,*). Conversely if RC P(a,B) and SC P(B,1 - B) are
left ideals of (N;+,*) then R @ S is a left ideal of (N;+,%).

Proof: Let L be a left ideal of (N;+,*). By Lemma 3.4, L(a,B) and
L(B,1 - B) are left ideals of (N;+,*). Let a ¢ L(a¢,R). Then ac = 0
and a = 2B for some £ € L. Thus a =28 =0 * 2 € L so L(a,B)C L.

Next let a ¢ L(B,1 - B). Then aB = 0 and a = 2{(1 - B). Thus

2B =0 * 2 g Land £ ¢ Lsoa=2(1-8) =2 - 428 ¢ L. Hence

L(B,1 - B)C L. Ify e P(a,8) NP(R,1 - B) then x * y = y for all
xeNand O *y=0. Theny=0%*y =0 so P(a,B)NP(B,1 - B) = 0.
Hence L(a,B) NL(B,1 - B) C P(x,8) NP(B,1 - 8) = 0 so L(x,B) NL(B,1 - B)
= 0. It is immediate that L(z,R) & L(B8,1 - R) C L. Now let 2 ¢ L.
Then £ = 28 + 2(1 - B) ¢ L(ax,B) & L(B,1 - B). Thus

LC L(a,B) & L(R,1 - B). ThereforeL = L(a,B) ® L(B,1 - B), a direct
sum of left ideals of (N;+,%). Conversely let RC P(a,B) and

SC P(B,1 - B) be left ideals of (N;+,*). Since RNS C P(a,B) NP(R,1 - B)
= 0 then R & S is at least a direct sum of left ideals. Let x ¢ N
andy=r+s eR®S, Thenx*y=x*(r+s8) =x*r+x*secR&S

since R and S are left ideals. Thus R @ S is a left ideal of (N;+,%).
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Theorem 3.6: Let (N3;+,*) be an (c¢,B) p near-ring and let LC P(a,B).
The following are equivalent:
(a) L is an ideal of (N;+,%),
(b) L is a left ideal of (N3;+,%),
(c) (L;+) is a subgroup of (P(a,B);+).
Proof: Clearly (a) implies (b) and (b) implies (c). Now let (L;+) be
a subgroup of (P(a,B);+). Let x, y e N, a ¢ LC P(a,B). Then
x*a=ael. aceP(x,B) implies that aa = 0 and aB = a. Then
ay=a(l -aPl -8 =a-0-2a=0. Thus (x + a) * y-x*y

ly - axy - By =y(x + a)Ply
p-1 __ —1-

L (pil)xp 1 iaiy = 0,
i=1

Hence (x +a) *y - x *y ¢ L soL is an ideal of (N;+,*). Therefore

= v(x + )P Ly + a(x + a)y + By - yxP~

+qay - P ly = y(x + )Py - Py <

(c) implies (a).

4. Further Results About the (a,B8) p Near-Rings

The following results concerning p rings are well known. They

are found, for example, in McCoy Eﬂ.

Theorem 4.1: A finite p ring has pk elements for some positive integer
k. It has a unit element and is isomorphic to the direct sum of k fields

ZP’ where Z,., denotes the integers modulo p.

P

Theorem 4.2: A necessary and sufficient condition that a ring be

isomorphic to a subdirect sum of fields Z_  is that it be a p ring.

P

For a detailed treatment of the direct sum and subdirect sum
of rings one source is McCoy [}0]. For a similar treatment of

near-rings a source is Fain [}]



31

If (N;+,°;1) is a p ring with identity then N is isomorphic to
a subdirect sum of fields Ny for 1 in some index set I and with each
Ny = Zp. An element in this subdirect sum will be of the form (xi)i e I.
If T is finite, say 0(I) = k, then (xi)i e I will be simplified to
(xl,x2,°~~,xk). This isomorphism will be used to identify x ¢ N with
(x9)5 ¢ 1 Or (xl,xz,—--,xk), if 0(I) = k.

Now let (N;+,*) be an (a¢,B) p near-ring. Then a, B € N such that

0 or

o8 = 0 and 82 = 8. 8 = (b))y . y and 82 = 8 implies that by

€

1 for all i ¢ I. Similarly v 1 - oP1 - 8 is such that Y2

y. If
Yy = (cy)i ¢ 7 then ¢y = 0 or 1 for all 1 € I. The conditions that

aB = By =ay = 0 and 1 Pl + 8 + vy imply that for each i € I exactly

one of aj, b will be nonzero, where a = (ai)i e I

i» ¢

Theorem 4.3: Let (N;+,-;1) be a p ring with identity and O(N) = pk.
Then there are (p + 1)k choices for the pair o and B that will result
in an (@, B8) p near-ring. Furthermore (p)k of these result in special
p near-rings and (p - 1)K result in p rings.

Proof: Let 8 be a k-tuple with 1 0's and k - i 1's as its components.
There are (?) such elements. The only condition on a is that aB = 0.
Thus @ must be 0 in the places where g is 1 and in each of the 1 places

where B is 0 then o can be any element of Z For any such 8 there are

P.
pi choices for a. The total number of choices for o and B is

k .

z (?)pl = (p + l)k. To obtain a special p near-ring =1 - aP-l
=0
where a is any element of N. Since O(N) = pK there are pk choices for

k

o and then B is determined so there are p~ special p near-rings. Finally

we recall that an (o,R) p near-ring is a p ring iff Pl=1, 1¢eNis
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the k-tuple having each component equal to 1. If a ¢ Zy and a # 0
then aP~l = 1. Thus the only condition on a that need be imposed is
that o be nonzero in every component. That leaves p-1 choices for each

of the k components so the number of these (a,B) p near-rings that are

p rings is (p - 1)k,

Consider now an (o,f) p near-ring (Zp;+,*). Since aB = ay = By
=0 and oP71 4+ 8 + Yy =1 it follows that exactly one of o, B and vy

is nonzero.

Lemma 4.4: Let (Zp;+,*1) and (Zp;+,*2) be (a,8) p near-rings determined
by oy, 0 and oy, O where a;, a, are both nonzero. Then (Zp;+,*l) is
isomorphic to (Zp;+,*2).

Proof: Define h : Zp > Zp by h(x) = alaglx for all x € Z,. Now let

%
I | oyl -1 e
X, ¥ € ZP' h(x +y) = aq0, x+y) = @1@5°X + @y05°y = h(x) + h(y).
B(x % y) = h(apxy) = ajazl(apxy) = odoyley and h(x) *; h() =

-1 -1y - 42,-1 -1 -
az(alaz x)(ala2 v) aye, "Xy, Ifye ZP then h(al azy) y. If

h(x) = h(y) then alazlx = alaily 80 x = y. Thus h is an isomorphism.

The conclusion of the previous lemma was perhaps obvious since
each near-ring was actually a p ring and isomorphic to Zp. The inter-

est in this lemma is in the construction of the isomorphism.

Theorem 4.5: Let (N;+,°;1) be a p ring with identity and o, B € N. If
o8 =0,82=8andy =1-aPl -8 then

(a) aN, 8N, YN are ideals of (N;+,°;1) and

(b) N =oaN#@& BN & YN.

Proof: (a) Let ax, ay € oN a8nd 2 € N. Then ax - ay = a(x - y) € oN.
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z(ax) = a(zx) ¢ aN. Thus aN is an ideal of (N;+,°;1). Similarly B8N,
YN are ideals of (N3;+,°31) .
(b) Let x ¢ aNNRAN then x = ca and x = Rb. Hence x2 = (aa) (Bb)

= (aB) (ab) = 0(ab) 0. Thus x

0 8o aNMBN = 0. In a similar way

we see that aNNyN = BNNyN = 0. Clearly oN & BN @ yYNC N. Now let
- p-1 p-2

x e N. Then x = 1x = (a + B8+ v)x = ale® “x) + Bx + yx. Hence

NC aN & BN & yN. Therefore N = aN & BN & yN. If p = 2 then this is

simplified to N = aN & BN where a = 1 + B.

Lemma 4.6: Let (N;+,*) be an (a,8) p near-ring and let z be a nonzero
element of N. Then z is right distributive iff z ¢ aN.

Proof: First letp=2soa=1+8. Now let z e aN = (1 + B)N and

X, YeN. Then (x+y) *z=a(x+y)z +8z=ca(x+y)z=axz+ ayz
= axz + Bz +ayz+Bz=x*2+y * 2, Thus z is right distributive.
Conversely let z be right distributive. Then (1 + B) * 2z
=1%z+8%zor (1+R)z+Bz=(1L+B)z+8z+ (1+B)Bz + Bz.
Thus Bz =0 so z ¢ (1 + B)N = aN. Now let p > 2. Let z € aN then

z = az' for some z' ¢ N. For x, ye Nwehave (x+y) *¥ z = a(x + y)z
= axz +ayz = x * z+y * z, Hence z is right distributive. Now let
z be right distributive. If N = aN then z € aN. Now let N # aN,
Either y =0 ory # 0. If y =0 then forx, ye N, (x+y) * z

=x%* z+y* z implies that a(x + y)z + Bz = axz + Bz + ayz + Bz.

Thus Bz = 0. z =2z(1) = z(cnp-l + B) = a.(zap-z) € aN. Finally if vy # 0

then let x =y =vy. Then (y +Yv) *z=v % z + vy * z implies that
Y(Zy)p-lz + 8z = yz + Bz + yz + Bz. However (2y)P~1ly = ZP—]Y =Y 80
this results in yz + Bz = (y + B)z = 0. Then z = z(1) = z(czp':L +B84+7v)

= a(zap-z) +z(B +v) = a(zczp_z) e aN.
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Lemma 4,7: Let (N;+,%*;) and (N;+,%;) be (2,B8) p near-rings determined
by oy, B; and oy, B, respectively and let O(N) = pk. Let oy and a, have
exactly i, and i, nonzero components and let them occur in the first i
and iy places of @ and oy respectively. Let 81 and 82 have exactly

j; and j, nonzero components and let them occur in places i, + 1,---,

1
1) +jjand igp + 1,---,i5 + I, of B, and B, respectively. Then (N;+,*l)
is 1isomorphic to (N;+,*2) iff 1; = i5 and j; = J,.

Proof: First let il =1y =1 and jl = jp = j. Because the nonzero
elements of B and v are 1l's it follows that 61 = 62 and Y1 = Y,. If

i = 0 then o =a, = 0. Thus x *) y = leP-ly + By = szp—ly + By

= x *; y so clearly (N;+,*) is isomorphic to (N;+,%,). If 1 > 0 then

h

let aj, be the rt component of ey and a. the rth component of a, for

l1<r<i. Let g, : zp > Zp be defined by gr(x) = alraiix. Ifxe N
then x = (xy,%,,*+,%). Mﬂmg:N+beﬁﬁ§(ﬁ&ﬁ£ﬁ§L"u
81 (%1) sX4475° - *»s¥ ). It is routine to verify that g is 1 - 1, onto and
that g(x + y) = g(x) + g(y) for all x, y ¢ N. Then by the nature of

1> B2, Y1, Y2 and g it follows that g(B;y) = By = B,y = Byg(y) and
g(lep—ly) = lep-ly = szp-ly = ng(x)p-lg(y). Now consider g(a;xy)
and a,g(x)g(y). 8(ayxy) = glagq%Xy¥y,--+»814%74,0,0,-+,0)

= (g1(a11%951) 5"+ *»84 (814%;71),0,0,++,0) = (&l a;7x,7;,0++,

2 -l s e 0 = . e
811821xiyi 0,0, ,0) . GZS(X)S(Y) (32181(x1)82 (xz) ’ ’
2 -1 2 -1
aZigi(xi)gi(yi) ,0, b so) = (311321x1y1,' bl 93118211(1}’1 ’0,0’ e 90) .

-1
Thus g(ajxy) = azg(x)g(y). Hence g(x *; y) = g(ylxp y + o, %Xy + Bly)

[}

gCr1xP 1Y) + glopxy) + g(By) = 2P g () + (e + Bye ()

g(x) *, g(y). Therefore g is an isomorphism. Conversely let g be

an isomorphism of (N;+,%*;) onto (N;+,*;). If x, y € N then
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g(x *; y) = g(x) *; g(y). Therefore g(leP-;y) + glogxy) +.8(8;¥)
= ng(x)p'lg(y) + a,g(x)g(y) + B,8(y). If x = 0 then g(Byy) = 8,8(y)
for all y ¢ N. Assume i # j,. Then without loss of generality let
i3 > jo. But g(81y) = Bzg(y) means that g(slN) C B,N. However
0(31N) > O(BZN) so it ig impossible to .ap BN into 82N with a1 -1
mapping. This contradiction means that j 1= 3p- Now assume il # 12
and again without loss of generality let il > 1,. Let x, ye N and
z e oyN. Then z is right distributive. Hence (x + y) *1 2z
=x* z+y* zs0 (8(x) + () *, g(2) = g(x) *, g(2) +g(y) *, g(2).
Therefore g(z) € ayN and furthermore g(alN)<: a,N. However
0(z7N) > 0(ayN) so it is impossible to map @ N into a)N with a 1 - 1
mapping. Again we have a contradiction and are forced to conclude:

that i; = i,. Note that for p = 2 we could have terminated this proof

]

when jp = g was established. In that case i1 =k-jJ;=k=-3p=1,

because of the condition that a« = 1 + 8.

Let (N;+,*) be an (a,8) p near-ring and O(N) = pk. Suppose that
a and B have exactly 1 and j nonzero components respectively. Because
a and B are never nonzero in the same component there is at least one
permutation f of N such that f(¢) = o' and £(8) = 8' where a' and B'
have the following properties. The i nonzero components of a' occur
in the first i places. The j nonzero components of 8' occur in places

i+1l,---,i+ 3. This will be used in the following theorem.

Theorem 4.8: Let (N;+,*1) and (N;+,*2) be (a,B) p near-rings determined
by aqs Bl and Gy, 62 respectively and let O(N) = pk. Let o, and &,

have exactly i, and 12 nonzero components respectively. Let Bl and 82

1
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have exactly j; and j, components respectively. Then (N;+,*1)is

isomorphic to (N;+,*2) iff il = 12 and j1 = j2.

Proof: For r =1, 2 let fr be a permutation of N such that fr(ar) = q

r

= R? ' '
and fr(Br) B, where o, 1s nonzero in its first i places and Br is
nonzero in places i + 1,...,i. + j,. Thus f. is an isomorphism of
(N;+,%.) onto (N;+,*!), the (a,B) p near-ring determined by a; and

Bl.

r- Let iy =15 and j; = j,. Then, by Lemma 4.7, there exists an

isomorphism g of (N;+,*i) onto (N;+,*é). Then
f g fEl

1 -
(N3+,%)) >0 (k%) > (N3+,%5) > (N3+,%)) so b = £51

2
isomorphism of (N;+,*1) onto (N;+,*,). Conversely let h be an isomor-

gf1 is an

phism of (N;+,*l) onto (N;+,*2). Then

-1
f h £,

1 -
Wik *]) > (Nh%)) > (Nyb,%)) o0 (N3#,3) s0 g = £,0€]T is an
isomorphism of (N;+,*i) onto (N;+,*é). Hence by Lemma 4.7 we have
that 1, = i, and j; = J,.
It 1is of interest to know how many distinct classes of isomorphic
(a,8) p near-rings are associated with a fixed p ring with identity

(N;+,+31) and how many (a,8) p near-rings belong to each class. To that

end we prove the following theorem.

Theorem 4.9: Let (N;+,-3;1) be a p ring with identity and let O(N) = pk.
(a) Leta', B' € N determine an (x,8) p near-ring. If o' has exactly
1 nonzero components and B' has exactly j nonzero components then there
are (i ? k—i—j)(p - 1)1 elements in the equivalence class of (a,8) p
near-rings isomorphic to the one determined by this a' amd B'.

(b) There are (k + 1)(k + 2)/2 distinct equivalence classes of (a,B8)

p near-rings associated with the given p ring.
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Proof: The nonzero components of B' are 1's so there are (?)choices
for B'. For o' each nonzero component could be any of p -~ 1 elements
so there are (kzj)(p - 1)? choices for a'. There are then [?)(k;j)(p -nt
choices for a,R that result in an (a,8) p near-ring isomorphic to the
one determined by o', 8'. But (?)( ;i)(p - l% = (i PR
The number of distinct equivalence classes may be counted by considering

)(P - 1\1.

[i ? k—i-j) for all possible i, j. If 0 <r <k and 1 = r then j

could be 0,1,2,°°*,k - r. Thus the total number of classes can be
found by letting r range from O to k and adding the choices for j.
Hence the number of equivalence classes is (k + 1) + k + (k - 1)
+ o +2+1=-k;13 = (k+ 1)k + 2)/2.

g=

Theorem 4.10: Let (N;+,%*) be an (a,B) p near-ring. Denote (N;+,%)

by N. N is isomorphic to a subdirect sum of subdirectly irreducible
near-rings Ni where each N; is one of the follwing types:

(a) N, is (Zp;+,°), the integers modulo p,

i
(b) Ni is (Zp;+,'), where x ' y=y for all x, y ¢ Zp,

() Ni is (zp;+,"), where 0 "y = 0 but x " y = y otherwise.
Furthermore if O(N) = pk, a has exactly i nonzero components and 8 has
exactly j nonzero ccmponents then N is isomorphic to a direct sum of
exactly i near-rings of type (a), j near-rings of type (b) and k ~ 1 - ]
near-rings of type (c).

Proof: Elements in (N;+,-;1) and (N;+,%) have the game representation.
That 18 1f x ¢ N then x = (xi)i ¢ 1 and x € Ni where Ni = Zp. Hence N
is isomorphic to a subdirect sum of near-rings N, for 1 ¢ I and each N1

is a near-ring (Zp;+,“) where * is some multiplication determined by *.

Clearly each of these is subdirectly irreducible. Let o = (ay)y e I°
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B = (bi)i eandy= (ci)i e I° As noted earlier for each { ¢ I
exactly one of a;, by or c; is nonzero. Let a, # 0 then br =c. = 0.
Now consider x * y for x, ye N. Thenx*y = ((x * y)i)i e 1 &nd
(x * y), = axy,. Hence N, is (Zp;+,-). Let b, # 0 then bg = 1
and ag = ¢g = 0. For x, y ¢ N we again consider x * y.
x*y= ((x* ¥){)4 ¢ 1 and (x *y)g = ¥g. Hence Ng is (Zp;+,') as
described in (b). Letc #0 thenc =1anda =b,  =0. Forx, yeN
we have x * y = ((x * y)4)4 ¢ 1 and (x * y)t = xg-lyt. Thus if
Xy = 0 then xg'lyt = 0 but if X, # 0 then xg"lyt = y.. Hence N; is

(Zp;+,") as described in (¢). The remainder of the proof is routine.

A near-ring (N;+,-) is small iff for each x € N either xy = y

Zor all y € Nor xy = Oy for ally € N.

Corollary 4.11: Let (N;+,*) be an (¢,B8) p rear-ring and denote it

by N. Then N is isomorphic to a subdirect sum of subdirectly

irreducible near-rings Ni where N; is one of the following types:
(a) Ni is Zp’
(b) Ny is small.

Proof: This is immediate from Theorem 4.10.

Theorem 4.12: Let (N;+,%) be an (a,8) p near-ring. Then (N;+,*) is

d.g. iff (N;+,*) 1s a p ring.

Proof: Let (N;+,%) be a p ring then it is distributive and hence d.g.
Conversely let (N;+,%) be d.g. Thus there exists a subset S of N whose
elements are right distributive and additively generate N. However,

by Lemma 4.6, SC aN. By Theorem 4.5, aN is an ideal of (N;+,:;1) so
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NC aN. But it is known that aNC N so therefore N = aN. Then for
some x € N, 1 = ax. Then oPl = ol - oPlox = oPx = ax = 1. Thus

(N;+,%) is a p ring by Theorem 1.1.



CHAPTER IV

OTHER RESULTS

1. Introduction

Let (N;+,*) be an (a¢,8) p near-ring and x, y, 2 e N. x*y % z
= Yxp-lyp—lz + a’xyz + Bz = yyp-lxp_lz +alyxz + Bz =y * x * z,
The purpose of this chapter is to study near-rings (N;+,°) with two
properties. The first is xyz = yxz for all x, y, z ¢ N. The second
is that for each x € N there exists a positive integer n(x) > 1 such

that xn(x) = X.

2. Weakly Commutative and v Near-Rings

In the earlier chapters it was important to identify a near-
ring by symbols like (N;+,*) because of the presence of a p ring with
identity (N;+,°;1) where ° and * were, in general, different multipli-
cations. This will not be a problem in this chapter so a near-ring
(N,+,*) will be denoted by N. Let N be a mear-ring and x ¢ N. Then
define Ay = {a € N:xa = 0}. For left near-rings the definition of a
right ideal is not standard so this is the definition that will be used.
Let N be a near-ring and I CN. Then I is a right ideal of N iff (I;+)
is a normal subgroup of (N3;+) and (x + a)y - xy ¢ I for all x, y ¢ N
and for all a e I.

40
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Lemma 2.1: If N is a near-ring and x € N then Ay is a right ideal of N.
Proof: Letr, s eNanda,beA;. x(a-b) =xa-xb=0-0=0so
a-beAgy.x(-r+a+r)y=-xr+xa+xr=-xr+0+xr=-3xr+xr
=0 and hence - r + a + r € Ax. Thus (Ayx;+) is a normal subgroup of
(N;+). x((r + a)s - r8) = x(r + a)s - xrs = (xr + xa)s - xxs = (xr + 0)s
- Xrs = xrs - xrs = 0. Therefore (r + a)s - rs € Ax so we conclude that

Ay 1s a right ideal of N.

Lemma 2.2: Let N be a near-ring and e € N. If there exists a positive
integer k > 1 such that eX = e and Agc = 0 then ek~1l 45 a left identity.
Proof: Let x ¢ N. Then e(ek'lx -X) = eek~ly - ex = efx - ex = ex - ex

= 0. Thus ek'lx -x =0 for all x ¢ N or ek'lx = x for all x € N.

A near-ring N is weakly commutative iff xyz = yxz for all x, y,

z € N. The next result is due to Szeto [}21.

Theorem 2.3: If N is a weakly commutative near-ring and x € N then Ay

is an ideal of N.

Let N be a near-ring such that for every x ¢ N there exists an
integer n(x) > 1 such that 0(®) 2, By convention n(x) will mean the
smallest integer greater than 1 such that xp(x) = x, By this convention
n(0) = 2 since 02 = 0. A near-ring N is a v near-ring iff for every
x € N there exists an integer n(x) > 1 such that xn(x) = x and xyz = yxz
for all x, y, z € N. Clearly every (a,B) p near-ring is a » near-ring.

Similarly every weakly commutative p near-ring is a v near-ring.
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Theorem 2.4: Let N be a weakly commutative near-ring. Then for every
X, v € N and for every positive integez.k, (xy)k - xkvk.
Proof: The proof 1is easy by induction. Let x, y € N. It is certainly
true when k = 1. Next note that (xy)2 = (xy) (xy) = x(yxy) = x(xyz) =
x2y2, Now assume that (xy)® = xPy? for some positive integer n. Then

G = () RGy) = (D) (xy) = xRyTay) = PGyl = kL

Therefore (xy)k = xkyk for every positive integer k and for ell x, y € N.

Theorem 2.5: Let N be a near-ring such that for every x £ N there exists
an integer n(x) > 1 such that x2(X) = x, If N has a right identity e
then e is an identity.

Proof: Let x € N such that ex = 0. Then x = xn(x) = (xe)n(x) -

(xe) (xe)...(xe) (xe) =x(ex)...(ex)e = x0e = x0 = 0. Thus A, = O. e2 = e

so by.Lemma 2.2 e is a left identity. Therefore e is an identity.

Theorem 2.6: If N is a small near-ring then N is weakly commutative.
Proof: Let x, y, z ¢ N. There are four possible cases.

(1) x, y are both left identities. Then xyz = yz = z and yxz = xz = z.
(2) x is a left identity and yw = Ow for all w € N. Then xyz = x(yz)

= yz and yxz = y(xz) = yz.

(3) xw = Ow for all w ¢ N and y is a left identity. Then xyz = x(yz)

= xz and yxz = y(xz) = xz.

(4) xw = ow and yw = Ow for all w ¢ N. Then xyz = x(yz) = x(0z) = (x0)z
= 0z and yxz = y(xz) = y(0z) = (y0)z = Oz.

Therefore xyz = yxz for all x, y, z € N 8o N is weakly commurative.

Theorem 2.7: Let N be a subdirectly irreducible near-ring such that
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for every x € N there exists an integer n(x) > 1 such that xB(x) = g,
If A, is an ideal for every x ¢ N then N has a left identity.
Proof: If N = 0 then the result follows. Let N ¥ 0 and define
R = {x € NitAy # 0}. Also define A = [V{Ay:x ¢ R}. If R is empty then
A =N, IfR is not empty then because N is subdirectly irreducible it
follows that A ¥ 0. Let x ¢ Aand x # 0. Assume that R = N. Then

-1
x € Ay for all y ¢ N. Hence x ¢ Axn(X)—l so xn(x) X

x = ¥y g0 x = 0. This 1s a contradiction so R # N. Hence there

= 0, But

exists an e € N such that A, =0. By Lemma 2.2 then N has a left

identity, namely en(e)-1,

Corollary 2.8: If N is a subdirectly irreducible v near-ring then N

has a left identity.
Proof: By Theorem 2.3 Ay is an ideal for every x € N so the hypotheses

of Theorem 2.7 are satisfied. Thus the conclusion follows and N has a

left identity.

Theorem 2.9: Let N be a subdirectly irreducible v near-ring. If a e N,
a#$0 and A, # 0 then ay = Oy for all y € N and A; = A,.

Proof: Let R = {x ¢ N:A, # 0} and A = N{A :x ¢ R}. Note that a ¢ R.
Since N is subdirectly irreducible A # 0. Let w ¢ A and w ¥ 0. Then

xw = 0 for all x € R and in particular aw = 0. Assume A, ¥ 0. Then
weACA,soweA, Then w?™~1 ¢ A since A, is an ideal. Thus

w = w1 2 0 yhich s a contradiction. Hence A, = 0 and by Lemma
2.2, V1 g o teft identity. If n(w) = 2 then a1 0 gy = 0.

If n(w) > 2 then av? -1 awn(w)-zw = wn(W)-zaw - wn(w)-zD = 0. Let

y € N. Then ay = a(wn(")‘ly) = (awn(“)'l)y = Oy. Finally ay = 0 iff
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Oy = 0 s0 Ay = A,.

Corollary 2.10: Let N be a subdirectly irreducible v near-ring such

that ON = 0.

(a) For every nonzero x ¢ N, Ay = 0 80 x"‘(")":l is a left identity.

(b) N has no zero divisors.

Proof: If N = 0 then the conclusions follow so now let N ¥ 0. Let

x ¢ Nand x ¥ 0. Assume A, # 0 then by Theorem 2.9, xy = Oy for all
yeN. But ON=0s00y = O for all y ¢ N. Then x = xx2(X)-1 . oxn(x)-1
= 0 which is a contradiction. Hence Ay = 0 and by Lemma 2.2, xa(x)-1

is a left identity. Let a, b € N such that ab = 0. Then a = 0 or a ¥ 0.
If a # 0 then by the preceding an(a)-1 45 5 1eft identity. Thus

0 = an(a)-2g . an(2)-2(ab) = gn(@)~lp = b, Hence N has no zero divisors.
The following theorem 1s due to Frohlich [6].

Theorem 2.11: Let N be a d.g. near-ring with identity. Then each of

the following conditions is necessary and sufficient for N to be a ring.
(a) N is distributive.

(b) (N;+) 18 commutative.

Theorem 2.12: Let N be a subdirectly irreducible v near-ring such that

ON = 0 and let e be a nonzero element of N such that for every nonzero

x €N, xn(x)-l -

e. Then N is a field.

Proof: Let X, ye Nand x, y ¥ 0. Then xy = xy2(¥) = xyyn(¥)-1 = xye
= yxe = yxxn(x)'l = yx. Thus (N;.) i8 commutative so N is distributive
and hence d.g. By Corollary 2.10, N has a left identity e which by

commutativity is a right identity. Thus N is a d.g. near-ring with
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identity which is distributive. Therefore by Theorem 2.11 N is a ring.

Let x ¢ Nand x # 0. If n(x) = 2 then x = e 80 x!=e. Tf

xn(x)-2

n(x) > 2 then x-l = . Thus N is a field.

Corollary 2.13: Let N be a subdirectly irreducible weakly commutative

p near-ring such that ON = 0. If there exists a nonzero e ¢ N such that
for every nonzero x € N, xP~1 = e then N is Zp.

Proof: It follows from Theorem 2.12 that N is a field. Therefore N
is a subdirectly irreducible p ring with identity. The only subdirectly

irreducible p ring with identity is Zp so N is Z,.
The following theorem is due to Fain [}I.

Theorem 2.14: Every near-ring N is isomorphic to a subdirect sum of

subdirectly irreducible near-rings Nj.

Before proceeding further consider the following definition. A

near-ring N is almost small iff {Ay:x € N} contains at most two distinct

sets. Clearly every small near-ring is almost small. However, there
are almost small near-rings that are not small. Examples in the cyclic
4 group as listed in Clay [3] are (3), (7) and (12). Furthermore there
are v near-rings that are not almost small, Examples as listed in Clay
[}] are (7) in the Klein &4 group and (27) in the cyclic 6 group. How-
ever these are both rings. An example that is not a ring is (53) of

the cyclic 6 group. Hence there is some merit to the following theorem.

Theorem 2.15: Every v near-ring N is isomorphic to a subdirect sum of

subdirectly irreducible v near-rings Nj where each Ny is one of the

following types:
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(a) N; is a field,
(b) Ny 1s almost small.
Proof: By Theorem 2.14 N is isomorphic to a subdirect sum of subdirectly
irreducible near-rings Ny. Each Ny is the homomorphic image of a v near-
ring so each is a v near-ring.
(1) ONy = O and there exists a nonzero e ¢ Ny such that for every non-

n(x)-1 _

Zero X € Ni’ X e. It follows then, by Theorem 2.12, that

N, is a field.

(2) ON; = 0 and there does not exist a nonzero e € N; such that for
every nonzero x ¢ Ny, x(x)-1 » e, By Corollary 2.10 for every nonzero
x € Ny, Ax = 0 and furthermore Ny has no zero divisors. Then A, = Ny
and Ay = 0 otherwise. Thus N; is almost small.

(3) ONy $#0. Letxe N;. Then A, = 0 or A, $ 0. If Ay ¥ O then by

Theorem 2.9 A, = A,. Thus Ay = 0 or Ay = A, so Ny is almoet small.

Recall that a v near-ring N is a f near-ring iff for every x e N,
x% = x (or n(x) = 2). The following result due to Ligh [8] may be

obtained now as a corollary.

Corollary 2.16: Every B near-ring N is isomorphic to a subdirect sum

of subdirectly irreducible near-rings Ny where each Ny is one of the
following types:

(a) N, is 2,9

(b) Ny is small.

Proof: By Theorem 2.14 N is isomorphic to a subdirect sum of subdirectly

irreducible near-rings Nj. Each Ny is the homomorphic image of a B near-
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ring so each N; is a B near-ring.
(1) ONy = 0 and there exists a nonzero e ¢ Ny such that for every non-
zero x € Ny, x = e. Thus Ny contains only O and e. By Theorem 2.12 Ny
is a field. Thus Ni is Zz.
(2) ONy = 0 and there does not exist a nonzero e ¢ Ny such that for
every nonzero x € Ny, x = e. Either Ny = 0 or Ny # 0. 1If Ny =0 it is
small. If N; 4 0 then, by Corollary 2.10, for every nonzero x € Ny, x
is a left identity. Thus N; is small.
(3) ONj #0. Let x € Ny, Then Ay = O or A, ¥ 0. If A, = O then, by
Lemma 2.2, x is a left identity. If A, ¥ O then, by Theorem 2.9, xy = Oy

for ally € Ny. Thus Nj 1s small. Hence the conclusion follows.

Corollary 2.17: Every weakly commutative p near-ring N is isomorphic

to a subdirect sum of subdirectly irreducible p near-rings Ny where
each Ny is one of the following:

(a) N;y is Zp,
(b) N; is almost small.

Proof: By Theorem 2.14 N is isomorphic to a subdirect sum of subdirectly
irreducible near-rings Nj. Each Ny is a p near-ring.

¢ ONi = 0 and there exists a nonzero e € Ny such that for every non-
zero x € Ny, xP~1 = e, Then by Corollary 2.13 N, is Z,,.

(2) ON, =0 and there does not exist a nonzero e ¢ N, such that for
every nonzero X € Ni’ x -1 = e, By Theorem 2.15 Ni is almost small.

(3) ONi # 0. Again by the proof of Theorem ?.15 Ni is almost small.

Theorem 2.18: Let N be a subdirectly irreducible v near-ring with a

nonzero right distributive element r ¢ N, Then N is a field.
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Proof: If A, # 0 then ry = Oy for all y € N by Theoren 2.9. Then
r =r2(8) w201 _ 0001 | g hich 45 a contradiction. Thus

A = 0 so r™(T)-L 45 4 left 1dentity. Now definme L, ={a e N:ar = 0},
It is routine to show that L, is an ideal., Define R = {x ¢ N:A, # 0}
and A = N{Ay:x € R}. Since N is subdirectly irreducible A ¥ 0. Assume
ANL. #0. Then letwe ANL, andw ¢ 0. If we AnL, then

wi(¥)=1 ¢ A N1 because A N Ly is an ideal. Either A, = 0 or A, # O.
Let Ay # 0. Then AC A, so w2®)~L ¢ 5 . Thus w = w®™)-1 = 0 which
is a contradiction. If Ay = O then w®*)~1 15 a left identity. Then

n(w)-1

Te W r = 0 because wB(W)-1 ¢ Ly. This too. is a contradiction so

AN 1L, = 0. Therefore Ly = 0 so yr = 0 1ff y = 0. Let x ¢ N then
(xe(r)-1 _ x)r = x8(T) _ xr = xr - xr = 0. Then x®(¥)-1 = for
all x ¢ N. Thus r®(T)-1 5 2 right identity. It is known to be a left
identity so r2(f)=1 45 the identity for N. Let %, y ¢ N. Then

(r)-1

Xy = xyrn(r)'l = yxr® = yx so (N;-) 1is commutative. Thus N is

distributive and hence d.g. By Theorem 2.11 then N is a ring. Thus N
is a commutative ring with identity. By Corollary 2.10 for every non-

n(x)-1 _ z‘n(!')-l

zero x ¢ N, x . Thus by Theorem 2.12 N is a field.

Corollary 2.19: Let N be a subdirectly irreducible Vv near-ring with

right identity ¢ # 0. Thea N is a field.

Proof: N has a nonzero right distributive element, namely e. There~

fore the conclusion follows by Theorem 2.18.

Theorem 2.20: Let N be a subdirectly irreducible weakly commutative p

near-ring with a nonzero right distributive element. Then N is Zp.
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Proof: By Theorem 2,18 N is a field. Thus N is a subdirectly

irreducible p ring with identity. Hence N is ZP.

Corollary 2.21: Let N be a subdirectly irreducible weakly commutative

p near-ring with right identity e ¥ O. Then N 1s Zp.
Proof: N has a nonzero right distributive element, e. Thus the hypo-
theses of Theorem 2.20 are satisfied so the conclusion must follow.

Hence N 1is Zp.

Theorem 2.22: Let N be a v near-ring. N is a commutative ring iff

every nonzero homomorphic image of N contains a nonzero right distribu-
tive element.

Proof: If N = 0 then the conclusion follows. Let N# 0. IfNis a
commutative ring then every nonzero homomorphic image of N is commuta-
tive. Thus it contains a nonzero right distributive eiement. Con-
versely let every nonzero homomorphic image of N contain a nonzero right
distributive element. By Theorem 2.14, N is isomorphic to a subdirect
sum of subdirectly irreducible v near-rings Nj. By hypothesis each Ny
contains a nonzero right distributive element. By Theorem 2.18, each
Ni is a field. The direct sum of the Ni is a commutative ring with

identity. However N is a subdirect sum of the N,. Therefore N is a

commutative ring.

Corollary 2.23: Let N be a weakly commutative p near-ring. Then N is

a p ring iff every nonzero homomorphic image of N contains a nonzero
right distributive element.
Prcof: If N = 0 then the conclusion follows. Now let N ¥ 0, Let N be

a p ring. Then N is a commutative ring so, by Theorem 2.22, every
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nonzero homomorphic image of N contains a nonzero right distributive
element. Conversely let every nonzero homomorphic image of N contain a
nonzero right distributive element. Then, by Theorem 2.22, N is a com-
mutative ring. It is known that px = 0 and xP = x for all x € N.

Therefore N is a p ring.
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