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CHAPTER I
INTRODUCTION

Much information is available on the free vibration characteristics
of circular cylindrical shells. A knowledge of the natural frequencies
and characteristic modes of cylindrical shells and how they change with
the geometric parameters of the shell is useful for the design of shell
structures. However, many structures for aerospace, marine, and indus-
trial applications have the basic form of a cylindrical shell partitioned
by a Tongitudinal plate. For example, a section of an aircraft fuselage
with a floor structure may be idealized as a partitioned shell. The
results of vibration studies of unpartitioned cylindrical shells will
not necessarily apply to a partitioned shell, and no such results on
partitioned shells are available. Thus, a need exists for information
about the vibrations of a partitioned shell.

The general purpose of this study is to investigate the free vibra-
tional behavior of a partitioned cylindrical shell. The specific
objectives are:

1. To develop a method and associated computer program for calcu-
lating the natural frequencies and mode shapes of circular cylindrical
shells with single Tongitudinal partitioning p1ates;

2. To determine how the frequencies and mode shapes of the system

differ for a rigid and hinged joint between the shell and plate.



3. To study the effects of the thickness and position of the plate

on the frequencies and mode shapes of the system.
Background

The Titerature contains results of many analytical and experimental
studies of the vibrations of circular cylindrical shells. An important
example, which first explained some of the characteristics of the vibra-
tions of cylindrical shells, was made by Arnold and Warburton (1). They
calculated the frequencies of a freely supported cylinder by using a
Rayleigh-Ritz approach and verified the calculated results experiment-
ally.

Many methods of analysis have been used to study the vibrations of
cylindrical shells. Closed-form solutions have been obtained by various
methods for some problems. Simplifying assumptions, which are justifi-
able for some problems, have yielded approximate solutions. Techniques
such as the Galerkin, finite difference, and finite element methods have
also been used (2, 3, 4).

Problems involving complications to the cylindrical shell usually
require the use of numerical methods and a digital computer. The
Rayleigh-Ritz method has been used to solve for the natural frequencies
and modes of noncircular shells, and ring and stringer-stiffened shells,
both circular and noncircular (5, 6, 7, 8). The stiffening members in
these analyses were treated by expressing their displacements in terms-
of the shell middle-surface displacements by means of compatibility equa-.
tions. The problem is thus formulated entirely in terms of the shell

displacements.



A few papers treat partitions or interior structures in shells.
Junger (9) considers rigid circular bulkheads (planes normal to cylinder
axes) dividing circular cylindrical shells. Basdekas and Chi (10) pre-
sent a variation of the Rayleigh-Ritz method for the analysis of ring
stiffened cylindrical shells in which the stiffening rings may have
cross members in the plane of the ring. Klein (11) used the finite
element method to analyze a particular axisymmetric shell with spherical
internal bulkheads. Argyris (12, 13) describes the finite element force
method for the static and dynamic analyses of aircraft fuselages with
floors, but presents no results. No results from studies of Tongitudin-
ally partitioned shells have been found in a search of the Tliterature.

Regions of a structure can be considered separately in an analysis
if constraint equations are used to enforce compatibility between them.
This basic approach has been used with various methods of analysis.

Some shell problems for which it has been used are: ring and stringer
stiffened shells; cylindrical panel segments joined together to form a
shell with a cross section made up of circular arcs for a buckling
analysis; and a cone joined to-a cylinder (14, 15, 16). Modal coupling
methods, which are designed to synthesize the modes of a structure from
the modes of its components, also make use of this approach (17, 18).

In the usual Rayleigh-Ritz method, displacement functions are
assumed for the shell in the form of series with undetermined coeffi-
cients, each term of which satisfies the external and internal kinematic
compatibility conditions. By using Hamilton's principle or an equiva-
lent, a set of equations of motion for the system in terms of the
coefficients of the displacement series is obtained. In the extended

Rayleigh-Ritz method, the assumed displacement functions need not satisfy



the compatibility conditions; instead, these conditions are enforced by
constraint equations. Budiansky and Hu (19, 20) first applied this
method to satisfy the boundary conditions in plate buckling problems. -
Webster (21, 22) used the method to join a spherical end cap to a cylin-

der, and to enforce boundary conditions in a study of curved panels.
Approach to the Problem

The first objective of this study is to develop a method and asso-
ciated computer program for the analysis of cylindrical shells with
single Tongitudinal partitioning plates. The Rayleigh-Ritz method is
used as the basis for this analysis. The basic Rayleigh-Ritz method has
proved very successful for analysis of shells with complications such as
ring and stringer stiffening, and it has advantages over other methods
such as the finite difference and finite element methods. The finite
element method usually requires a large number of degrees of freedom.
Webster (21) has compared the extended Rayleigh-Ritz method using power
series displacement functions with the finite element method for a plate
problem. He concluded that fewer degrees of freedom were necessary for
satisfactory results with the extended Rayleigh-Ritz method. The number
of degrees of freedom is important for vibration problems, because the
cost of the computer solution of the resulting eigenvalue problem rises
sharply as the number of degrees of freedom increases. Also, in contrast
to the Rayleigh-Ritz method, the finite element model is tedious to con-
struct and new models must be generated to test convergence or to change
the geometric parameters of the problem. Thus, the Rayleigh-Ritz method
is an efficient method for this study, in which many problems with vary-

ing geometric parameters must be considered.



The equations of motion deve]oped in this study for a partitioned
shell are based on Love's shell theory and the classical plate theory.
The assumed displacement functions in the Rayleigh-Ritz method are
assumed for the plate and shell separately. Compatibility between the
shell and plate is enforced with constraint equations. The method of
analysis is presented in Chapter II.

A computer program was written to perform the calculations. It was
used to study the effects of the joint condition, and the thickness and
position of the plate on the frequencies and mode shapes of the system.
These results are presented in Chapter III. Conclusions about the vibra-

tional characteristics of partitioned shells are given in Chapter IV.



CHAPTER II
METHOD OF ANALYSIS
Development of the Equations of Motion

The geometry of a typical circular cylindrical ;he]] with a Tong-
itudinal partitioning plate and the coordinate systems associated with
it are shown by Figure 1. The extended Rayleigh-Ritz method is used to
reduce the shell and plate system to a system having a finite number of
~ degrees of freedom. This is done by assuming separate displacement
functions for the plate and shell, each in the form of finite series with
undetermined coefficients. Constraint equations are used to enforce com-
patibility of displacements and rotations between the plate and shell.
Once the problem has been discretized in this manner, the application of-
Hamilton's principle will Tead to the equations of motion of the system
in the form of an algebraic eigenvalue problem in terms of the undeter-
mined coefficients in the series of assumed functions. The undetermined
coefficients are the generalized coordinates of the system.

For a free vibration problem, Hamilton's principle can be stated as
t

sh = 6] 2(T-U)dt = 0 (2.1)
1

where T and U are -the kinetic and strain energies, respectively; expres-

sed in terms of independent coordinates and t and-t2 are two arbitrary

points in time.



Figure 1. Geometry of a Circular Cylindrical Shell With a
Longitudinal Partitioning Plate



Displacement functions of the following form will be assumed:

m*
ug = Z z Umnxum(xe (o)
m=0 n=0
m* n*
Vg = EE ES anxvm(x)evn(e) (2.2)
m=0 n=0
m* n*
W = Ea }: wmanm(X)ewn(e)
m=0 n=0

These displacement functions may be written in the matrix form

ver = INT fag) (2.3)

W
S

where [Ns] is a matrix of size 3 x 3MN and {qs}, a vector of the gen-

eralized coordinates of the shé]], is given by

Us
{qs} =9 Vs
W
S
wherein
Uoo Voo woo
UO] Vo] wo]
U v W
- on¥* - on* - on*
TRERIG R IAT < S, W= < > (2.4)
u S v S W
In* In* In*
\Pm*nt \Ym*nt \wm*nt



The displacements of the plate can also be expressed in the form of
Equation (2.2) and in the matrix form

"o

Vpr = NG {4} (2.5)

"o

in which the elements of-{qp} are the generalized coordinates of the
plate, arranged in the same manner as the elements of {qs}.

The strain and kinetic energies of the shell and plate can be ex-
pressed in terms of the generalized coordinates by using the strain-
displacement relations of shell and plate theory and the material con-
stitutive relations. For either the shell or plate the strain energy

can be expressed as

U =~§-fs (o} (e} ds (2.6)

where {o} is a vector of stress resultants and {e} is a vector of strains
and curvatures for the plate or shell. Since the following development
is the same for the plate and shell through Equation (2.14), subscripts
on the variables will be omitted with the understanding that each of the
equations applies to either the shell or plate.

For a linearly elastic material,

{o} = [D] {e} (2.7)
in which [D] is a matrix of elastic constants. The strain-displacement
relations, obtained from shell and plate theory, have the form

u
{e} = [G] {U}, where {0} = qv/. (2.8)

W
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In this analysis, the strain-displacement relations of Love's shell
theory and the classical plate theory are used. They are presented in
Appendixes ‘A and B. Substitution of Equations (2.7) and (2.8) into

(2.6) yields the following result:

U= [s(te3aanT 0] [6] @y ds (2.9)
The displacements {ii} are related to the generalized coordinates by'
{u} = [NXql.
Then, in terms of {q}, Equation (2.9) is

u =1 (061N @0 101 [61 IN] cq) .

By defining [B] = [G] [N], this becomes

u=1 [T 1817 0] [8] ta3 as,
or

U= (@) [Klq) (2.10)
where

K] = Jo[817[0I[8] ds (2.11)

is defined as the stiffness matrix of the shell or plate.

The kinetic energy of the plate or shell is
T= %fs of6 {8y ds. (2.12)

The kinetic energy in terms of the generalized coordinates can be ex-

pressed as
r=1 [ e NI os.
The mass matrix is defined as

M = JS‘Q[N]T [N] ds. (2.13)
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Then
I RPN .
§-{q} [M]}{q}. (2.14)
The elements of the mass and stiffness matrices of the shell and

plate are given in Appendixes A and B.

The kinetic energies of the shell and plate are

T

1 .. T )
s 5'{qs} |:Ms] {qg}

and

1 . .T .
= 4 M
T, =7 {43 LMNIRCH,
where subscripts referring to the shell and plate are now included.

The total kinetic energy for the system is the sum of the kinetic

energies of the shell and plate: T = TS + T

o’
The total kinetic energy can be expressed in the following form:
qolrMg 04 (4 : :
kAP E SR TN I (2.15)
s 0 M p’
in which
q
{q} =<{ 5}
%

is the combined vector of all the generalized coordinates of the shell
and plate.

Likewise, the strain energies for the shell and plate are
U = Sq. 17 [K.Jtq} and U = tq 3T [K J{q.}
s 2°7s s+ s p 2°7p p” p’

Hence, the total strain energy is

U= U+ U { }Eg E]t} , (2.16)

p
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or

U= 5 (g I[K]Mq).

The matrices [M*] and [K*] are the mass and stiffness matrices for the
unassembled system consisting of the plate and shell.

The components of the coordinate vector {q} are not independent be-
cause constraint equations must be introduced to insure displacement
compatibility at the interface between the plate and shell. The equa-
tions expressing this compatibility can be written in terms of the
generalized coordinates in the following matrix form:

[Cl{q} = {0}. (2.17)

Since Hamilton's principle as given by Equation (2.1) requires in-
dependent coordinates, it must be modified to include the constraint-
equations. This can be done by intrdducing a vector of Lagrange mul-
tipliers, {A}, and adjoining the constraint equations to the integrand,

i.e.
t, T
6A = ajt (T-U-{x} [C]{q}) dt = 0. (2.18)
1
This can also be written as
t T T
SA = jt] (6T-6U-{sx} [C]{q} - {1} [C]{sq}) dt = O. (2.19)

Because {A}T[C]{Gq} is a scalar, {A}T[C]{Gq} = {Gq}T[C]T{A}. Taking
the variations of the expressions for the kinetic and potential energies

and using them in Equation (2.19), the following is obtained:

t .
sA =th(-{6q}T[M*]{a}— {sq} [K*1{q} - {&x} [Cliq}

- (sqr [T )dt = 0
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. |
= -Jt? [{q} ([M*](§} + [K*I{qr+ [C1TOAD)

+ {69} [C]{q}]dt = O.

The elements of {A} are arbitrary, so they will be chosen to satisfy

[M*] {q) + KA {ar + [c1" A} = {0}
Then {GA}T cannot be zero, so [C] {q} = {0}.

Thus the equations of motion and constraint for the system are:

[M*] (q) + [K*] {q} + [C]' () = (0) (2.20)
[C] {q} = {O}.
These equations can be written in another form, which is more con-
venient for their solution.
If {q} is partitioned into a set of independent coordinates {q]}
and dependent coordinates'{qz}, then the constraint equations can be

written

Lciic,] {:; = {0) (2.21)

The dependent coordinates and Lagrange multipliers can be algebraically

eliminated from Equation (2.20), which take the form:

[M] {qy} + [K] {ay} = {0) (2.22)
in Which
[M] = [E]" [M*] [E], [K] = [E]" [K*] [E] (2.23)
where
I
[E} =" "~ 777-77" (2.24)



14

The matrix [E] defines a linear transformation between the original de-
pendent set of coordinates {q} and the independent subset {q]}. For

harmonic motion, Equation (2.22) takes the form:
(LK - o [MD) fq.} = {OL. (2.25)

This is an algebraic eigenvalue problem in which the eigenvalues are
proportional to the natural frequencies and the eigenvectors describe

the mode shapes in terms of the generalized coordinates.
Displacement Functions

The displacement functions are assumed to be finite seri;s, each
term of which is the product of a function of the longitudinal coordi-
nate, a function of the shell circumferential coordinate or plate
transverse coordinate, and the generalized coordinate. The following

series are used for the shell:

* ok
uS - z Z Ur?m Xum (X) wun (6)

m=0 n=0
* n*
_ S
Vg 7 Ez Ez Vin Xum (X) vy, (0) (2.26)
m=0 n=0
m* n¥*
- S
ws EZ EZ wmn me (x) lpwn (e).
m=0 n=0

For the plate, the series are:

* n*
=\ p
up L E: Umn Xum (x) Eun (v)
m=0 n=0
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m* n*
- p
vp EZ jz an va (x) Evn (y) (2.27)
m=0 n=0
m* n*
- p
wp Ez EZ wmn me (x) gwn (y)
m=0 .n=0

The longitudinal functions X(x) are the same for the plate and the
shell. These functions are expressed in terms of a single function ¢(x),

in the following manner:

Xam = om(x)
Xom = ¢m(x) (2.28)
me N ¢m(x)

The functions ¢m(x) are the vibration mode functions of a uniform beam.
The boundary conditions provided for in this analysis and the longitudi-
nal functions that are used for each are shown in Table I. These
Tongitudinal functions satisfy the kinematic boundary conditions on the
ends of the plate and shell.

As a result of the fact that the cross section of the partitioned
shell is symmetric about an axis through the center of the shell and
perpendicular to the plate, the mode shapes are either symmetric or anti-
symmetric about this axis. Therefore, no coupling exists between the
symmetric and antisymmetric circumferential shell functions. This is
also true for the transverse plate functions. This uncoupling allows
the equations of motion to be solved separately for the symmetric and
antisymmetric modes.

The circumferential functions that are used for the shell are as

follows:



TABLE 1

KINEMATIC BOUNDARY CONDITIONS AND LONGITUDINAL FUNCTIONS
IN THE ASSUMED DISPLACEMENT SERIES

Boundary Condition

Longitudinal Functions, ¢m(x)

Type
Freely Supported x = 0: Vg =
X = L: Ve =

Clamped-Clamped x = 0:}
Clamped-Free x=0: wu_-=

Free-Free x = 0:
} None

Shell
0

None

Plate

e o~z MuX
¢m(x) = sin 7=
¢m(x) = mth mode function of
a c1amfed—c1amped
beam.a
¢m(x) = mth mode function of
a clamped-free beam.a)
¢o(x) =1
_ X 1
#x=f- 7
¢m(x) = (m-1)th mode functiow
of a free-free beam,?
(m>2).

%) The beam mode functions are given in Appendix D.

9L



For symmetric

wun

wvn

11PWI’I

For antisymmetric modes,

lPul’l

wvn

11PWI’I

modes,

Cos né

sin né

COS né.

= sin né
=-C0S né

=.sin ne.

The plate transverse functions are:

For symmetric

un

gvn

gwn

modes ,

\ nny
cos p

Constraint Equations

17

(2.29)

(2.30)

(2.31)

(2.32)

The displacement compatibility conditions that must be satisfied in

this analysis can be classifed as either external or internal to the

structure. The external kinematic compatibility conditions, or boundary

conditions, at the ends of the structure are satisfied by the displace-

ment functions.

These functions also satisfy internal compatibility
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separately within the plate and within the shell, since they are single
valued, continuous, and differentiable. However, they do not satisfy
internal compatibility between the plate and shell. This compatibility
will be enforced by writing constraint equations.

The compatibility conditions between the plate and shell take the
form of equations which state that the shell displacements and rotations
at the joint are equal to those of the plate at the joint. If the dis-
placement components of the shell at the joint (located at ¢ = eo) are
transformed to the plate coordinate system and equated to the plate
displacements at the joint, the following equations result (see Appendix

E):

S P

Vg COS 8 - W, sin 6 = vp (2.33)
. N —_

v, sin eo W, COS 8 wp

The rotations of the plate and shell at each point along the joint
must also be compatible. As a result of the fact that Equation (2.33)
requires the shell and plate displacements to be the same at every point
along the joint, the rotations about an axis perpendicular to the joint
Tine at any point will be the same. Thus constraint equations are un-
necessary for the two rotations about axes perpendicular to the joint
line. This is shown in Appendix E. The remaining rotation about the
joint line must be equal for the plate and shell at the joint, if the
joint is rigid.

Equating these rotations results in the following compatibility

equation:
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A hinged joint between the plate and shell will allow a relative rota-
tion, so this compatibility equation is omitted for a hinged joint.
Thus the compatibility equations for a rigid joint in terms of the

displacements are:

5 p
vS cos eo - wS sin eo - vp =0
(2.34)
. + _ -

vS sin eo wS cos eo wp 0

v oW oW

S _1 s,y _P-g

r r 9 oy

For use in the analysis, these compatibility equations must be
stated in terms of the generalized coordinates. This is done by substi-
tuting the displacement functions into Equation (2.34).

For the first of Equation (2.34), this results in the following:

n*

m*
Z ¢7(x) Z [u vn(8,) - Urfm £n(Yy)] = 0.
m=0 n=0

This can be satisfied by requiring

n*
N

1]
()
—
3
]
o
_—

(v y (6,) - UP £un ()] ..., m*) (2.35a)

d mn ‘un mn “un*’o
n=0

The remaining constraint equations are obtained from Equation (2.34) in
a similar manner. They are:
n*
3 T . L yb -
E? [Vion Yun(8,) cos ey - W zpwn(eo)smeo V', (y)1=0

mn
n=0 mn

(m=20,1, ..., m*) (2.35b)
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n*
s . s p -
Z [an wvn(eo) sine + wmn wwn(eo)cos 6 - W an(yo)] 0
n=0 ,
(m=20,1, ..., m) (2.35c)
n M 5E
1S 1S wn p wn -
ES [r Wmnwvn(eo) v W e (eo) * W Y, (yo)] 0
n=0

(m=0,1, ..., m*) (2.35d)
The use of the same longitudinal displacement functions for the plate
and shell is necessary to avoid having the Tongitudinal functions appear
in the constraint equations, and thus to allow compatibility to be en-
forced at every point along the joint. Otherwise, it would be necessary
to impose compatibility at only a number of discrete points along the
joint, or to satisfy compatibility in an approximate integral sense.

Because of the symmetry of the cross section of the shell, con-

straint equations need be written only for one joint. The matrix form

of the constraint equations is given in Appendix E.
Computer Solution

The computer program that was written to perform the computations
in this analysis allows any of the four boundary conditions given in
Table I. Orthotropic properties are included. - The program can analyze
either a plate, or a shell, or a partitioned shell. It permits the use
of a different number of terms in each displacement series. Efficient
use is made of computer storage by storing only the upper triangular
part of symmetric matrices.-

The user of the program can specify the operations it is to perform

in an analysis by means of a series of data cards containing key words
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that instruct the program to perform a certain operation, or series of
operations. This allows flexibility in the use of the program. The
sequence of steps in a typical problem is shown in Table II.

The two sets of generalized coordinates for the plate and shell are

not independent, since they are related by the constraint equations. It
is necessary to identify a set of dependent coordinates in order to par-
tition the constraint matrix as in Equation (2.21) to form the transform-
ation matrix of Equation (2.24). The number of dependent coordinates is
equal to the rank of the constraint matrix. It is sometimes difficult
to determine the rank of the constraint matrix by inspection or to choose
thch coordinates form a dependent set. An incorrect choice can cause
numerical difficulties or erroneous results. To avoid this difficulty,
. a scheme was implemented to automatically choose a set of independent
coordinates. This was done by using a Gauss elimination subroutine with
complete pivoting to determine the rank of the constraint matrix. This
subroutine, called DMFGR, is described in Reference (23). The rows and
columns of the constraint matrix are rearranged in the process, with the
independent coordinates placed first. The transformation matrix of
Equation (2.24) is automatically generated in the process. The mass and
stiffness matrices can then be transformed to independent coordinates by
Equation (2.23).

The frequencies and mode shapes are found by solving the eigenvalue

problem:
[K] {a;} = o [M] {a;}.
This problem is usually solved by putting it into the form:

[A] faq} = o {ay}  where [A] = [M]"' [K]
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TABLE II

| SEQUENCE OF PROGRAM OPERATIONS FOR

A TYPICAL PROBLEM

Step Operation

1 Read data for shell, plate, and joint. Read
the number of terms to be used in displacement
series.

2 Generate constraint matrix.

3 Determine an independent set of generalized
coordinates and form transformation matrix.

4 Evaluate Tongitudinal integrals.

5 Evaluate shell circumferential integrals.

6 Generate shell portions of the mass and stiff-
ness matrices for the unconstrained system.

7 Evaluate plate transverse integrals.

8 Generate plate portions of the mass and stiff-
ness matrices for the unconstrained system.

9 Transform the unconstrained mass and stiffness
matrices to yield the constrained system
matrices.

10 Solve for eigenvalues and eigenvectors of the
system.

11 Transform the eigenvectors from generalized
coordinates to actual displacements to deter-
mine the mode shapes.

12 Print frequencies, eigenvectors, and mode
shapes.

13 Stop.
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ana sd]ving for the eigenvalues of ‘matrix [A]. This method requires in-
version of matrix [M] which is costly in terms of computer time. Also,
matrix [A] is not symmetric, therefore requiring more storage space and
the use of an eigenvalue routine for nonsymmetric matrices. This pro-
cedure is avoided in this analysis by using a method which retains
symmetry and eliminates the need for performing any matrix inversions.

This method is described in Appendix F.



CHAPTER III
NUMERICAL RESULTS

The method of analysis developed in Chapter II was used for a study
of the effects of the joint condition, plate thickness, and plate loca-
tion on the natural frequencies and modes of partitioned shells. The
importance of including the in-plane motion of the plate in the analysis
was also investigated. The results of these studies are presented in
this chapter.

The frequencies of an isotropic cy]ihdrica] shell depend on six
geometric and material parameters (Young's modulus, Poisson's ratio,
density, radius, length, and thickness) and on the boundary conditions.
For a partitioned shell, the properties of the plate, its thickness, its
location, and the type of the joint must also be considered. It is
necessary to 1imit the scope of the present investigation because of the
large number of variables involved. Thus, the plate is assumed to be of
the same material as the shell. Only the freely supported boundary con-
dition is considered. This boundary condition was chosen because the
longitudinal displacement functions are exact for this case. Therefore,
only one longitudinal term is necessary in the displacement series. The
result is a smaller eigenvalue problem than would be the case for other
boundary conditions. Also, only the modes with one longitudinal half

wave (m = 1) are considered. These modes will include the fundamental

and several of the next lowest modes of the system.

24
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Although no results for shells with interior plates were available
for comparison with results of the present method, the computer program
was thoroughly tested. The portions of the program involving the shell
were checked by comparing the results of several circular cylindrical
shell problems with various boundary conditions to those of reference
(8), in which Love's shell theory and the Rayleigh-Ritz method were
used. The results agreed completely. To test the plate portion of the
program, plate problems with several different combinations of boundary
conditions were solved. The results were verified by comparing with
results given by Leissa (25).

Tests were made to check the convergence of the fréquencies as the
numbers of terms in the displacement series were increased. The results
of one test for a partitioned shell are shown in Table III. Subsequent .
analyses were generally made with at least eleven circumferential terms
in the shell displacement series and seven to nine terms in the plate
displacement series. This results in fifty to sixty degrees of freedom.
This number of degrees of freedom provides satisfactory accuracy and re-

sults in an eigenvalue problem of reasonable size.
Neglecting the In-Plane Motion of the Plate

A study was made to determine the effect of neglecting the in-plane
deformation of the plate on the frequencies. It is reasonable to expect
that the in-plane deformation of the plate will be small compared to the
bending displacements of the shell and plate, at least in the lower
modes. Neglecting the in-plane degrees of freedom of the plate results

in a smaller eigenvalue problem than if they are included.
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TABLE III

CONVERGENCE OF FREQUENCIES

‘ FOR A
PARTITIONED SHELLa)

Frequencies (hz.) of Several Symmetric Modes

N 4 6 11 13
c)
Np 5 7 9 14
3.21 3.07 3.00 2.95
12.00 11.94 11.90 11.87
14.44 14.33 14.23 14.14
16.42 15.62 15.30 15.14

22.94 22.63 22.51 22.44

a) 7

The parameters of the_shell are: R =10 in., E = 10" psi,
v =0.3, p = 0.1 1b-sec?/in.3, t /R =0.02, L/MR =2, t /t =1,
6, = 90°, rigid joint. P

=
|

= number of circumferential shell terms in the displacement

O
N
=
n

number of transverse plate terms .in the displacement series.
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When the plate is at the center of the shell, its in-plane deforma-
tion and bending are uncoupled. Either in-plane deformation or bending
alone occurs in each mode. This is a result of the symmetry of the
structure about the middle plane of the plate. Thus, since some modes
exhibit only bending of the plate, neglecting the in-plane degrees of
freedom has no effect on the frequencies of these modes. This fact is
shown by the frequencies presented in Table IV. The errors in the other
frequencies in Table IV are small.

When the plate is not at the center of the shell, the errors in-
curred by neglecting the in-plane degrees of freedom of the plate are
larger, as shown in Table V. The magnitude of the error depends on the
amount of in-plane motion of -the plate. It was found that these errors.
could be reduced by including only a few in-plane degrees of freedom.
The results of an analysis which included eight terms in the displace-
ment series for"wp and only three terms each for up and vp are also
shown in Table V. This procedure yielded excellent results and also
reduced the size of the eigenvalue probiem. The procedure of using only
one-third to one-half as many terms in the displacement series for up
and vp as in the series for w_ was adopted for most of the subsequent

P
analyses.

The Effects of the Joint Condition on the

Frequencies and Mode Shapes

The results of analyses of partitioned shells with rigid and hinged
joints between the shell and the interior plate were compared to deter-
mine how the frequencies and mode shapes differed for the two joint

conditions.



TABLE IV

THE EFFECT OF NEGLECTING THE PLATE IN-PLANE

DE

GREES OF FREEDOM ON THE. FREQUENCI
OF A PARTITIONED SHELL3) WITH THE
PLATE AT THE CENTER

ES
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Frequencies (hz

.) of Symmetric Modes

Including In-Plane
Degrees of Freedom

Neglecting In-Plane
Degrees of Freedom

Percent Difference

3.07
11.94
13.94
14.33
15.62
20.95
22.63
26.79

3.07
11.94
13.99
14.33
15.62
21.09
22.63
27.07

o

o O O o o

.0
.0
.36

a)
Table III.

The material and geometric parameters of the shell are given in



TABLE V

FREQUENCIES OF A PARTITIONED SHELLR) WITHOUT THE PLATE IN-PLANE DEGREES
OF FREEDOM AND WITH FEWER IN-PLANE THAN BENDING
DEGREES OF FREEDOM

Frequencies (hz.) of Antisymmetric Modes

1b) | Zb) 3C) Percent Percent -
A1l up, v A1l up, v _ Fewer up, Vp Difference Difference
Terms Included Terms Neglected Than Wy Terms 1 and 2 1 and 3

4.75 4.78 4.75 0.6 0.0
6.81 6.86 6.81 0.7 0.0
8.00 8.39 8.01 4.9 0.1
11.09 11.42 11.11 3.0 0.2
14.01 14.07 14.15 _ 0.4 1.0
14.66 15.30 14.66 4.4 0.0
19.49 20.64 19.51 5.9 0.1
0.1

21.13 25.01 21.15 18.4

a)The parameters of the shell are given in Table III.

blg - -
g =13, f = 8.

tor ug and v, N =115 for w,, N = 13. For u, and Vg Np = 3; for Wos Np = 8.

62
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The circumferential mode shapes of a partitioned shell with a hinged
joint are shown in Figures 2- and 3. These figures show a cross section
of the partitioned shell with its exaggerated deformed shape superim-
posed. The relative amplitudes shown in these diagrams are the same at
any cross section. A typical longitudinal mode shape for a partitioned
shell is shown in Figure 4. The longitudinal mode shapes for all cases
considered in this study are half sine waves.

The mode shapes of an unpartitioned circular cylindrical shell are
described by the number of longitudinal half waves and the number of
circumferential full waves. However, for the partitioned shell, it is
often difficult to assign a circumferential wave number to the mode
shape, except for the first few modes. This is especially true for the
case of a rigid joint between the plate and shell. The wave numbers do
not completely describe the mode shapes for a partitioned shell, so they
are not as useful as they are for the unpartitioned shell. However,
when possible, wave numbers for the plate and shell will be given in the
results that follow, to help identify the frequencies with their corres-
ponding modes.

The mode shapes of Figures 2 and 3 indicate that in many modes the
shell exhibits bending in the circumferential direction, but there is no
bending of the plate in the transverse (y) direction. The remaining
modes involve bending of the plate in the transverse direction, but
negligible motion of the shell.

The mode having the Towest frequency exhibits bending motion of the
plate, but negligible deformation of the shell. Therefore, the plate is
essentially simply supported on all edges. Thus, the fundamental fre-

quency of the structure is very close to that of the plate alone with
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@ =0.0196 Q = 0.068

e

Q = 0.0871 | Q=0.115

Figure 2. Symmetric Mode Shapes of a Shell With a Hinged
Joint (e0 = 115°, tp = ts)
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Q= 0.0716

e = 0.0830 Q= 0.127

Figure 3. Antisymmetric Mode Shapes of a Shell With a

Hinged Joint (e0 = 115°, tp = ts)



Figure 4. A Typical Longitudinal Mode Shape (m

1)
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simply supported boundary conditions. 'Some higher modes also have these
characteristics.

In the Towest mode involving appreciable shell motion, the shell
has three circumferential waves. This is the same number of waves
associated with the lowest frequency of the unpartitioned shell.

The mode shapes and frequencies for a partitioned shell with a
rigid joint are shown in Figures 5 and 6. The circumferential bending
of the shell and the transverse bending of the plate are coupled in this
case. However, some modes exist in which the amplitude of either the
shell or the plate is predominant. For example, the lowest mode exhibits
primarily bending deformation of the plate. Thus, the frequency of this
mode will be between those of a simply supported plate and a plate which
is clamped on opposite edges, when the shell does not have a significant
amp1itude.

It is seen from a comparison of Figures 2 and 3 with Figures 5 and
6 that for the lower modes, the shapes of the shell are almost- the same
for the rigid and hinged joints. These figures are for the case of
equal plate and shell thicknesses. This indicates that for this case,
the major effect of the plate on the mode shapes of the shell is its
in-plane restraint, which is present for both joint conditions.

A comparison of the frequencies of partitioned shells having rigid
and hinged joints is shown in Table VI. It may be observed that some
frequencies are almost the same for the rigid and hinged joint condi-
tions. The mode shapes indicate that these frequencies correspond to
modes in which the bending of the plate is small. Thus, the in-plane

restraint of the plate on the shell is the major effect. This in-plane



e =0.0939

Figure 5. Symmetric Mode Shapes o
Joint (eo.= 115°, tp

f

a

ts

Q= 0.117

?he]] With a Rigid
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Q = 0.0828

Q= 0.103 : Q=0.133

Figure 6. Antisymmetric Mode Shapes of a Shell With a
Rigid Joint (eo = 115°, tp = ts)
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TABLE VI

COMPARISON OF THE FREQUENCIES OF A
PARTITIONED SHELL3/ WITH RIGID
AND HINGED JOINTS

Symmetric¢ Modes o Antisymmetric Modes
Hinged Joint ~ Rigid Joint Hinged Joint Rigid Joint
-b) =-c¢c) d) |:= - - - = =
ns np Q ns np Q ns np Q ns np Q
- 1 .0196 | 3 1 .0367| 3 0 .0614| 3 2 .0625
3 0 .0678| 3 3 .0693| - 2 .0717 2 2 .0828
4 0 .0871| 4 3 .0939{ 2 0 .0830| 5 2 .103
5 0 .115 | 5 3 .117. | 5 0 .127 133
3 .158 .167 .156 .163
0 .167 .219 .203 .210
a)

_ The parameters of the shell are: R =10 in., v = 0.3, ts/R =0.02,
L/mR = 5, tp/ts =1, 6, = 115°.

b)Number‘ of circumferential waves for shell. A dash indicates

negligible amplitude.
c)

tion.

d)

Number of half waves for the plate in the transverse (y) direc-

Nondimensional frequency.
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restraint is the same for both joint conditions, so the frequencies are
approximately the same.

Each of the frequencies in Table VI is higher for the shell with
the rigid joint than for the case of the hinged joint. This is a result
of the greater stiffness of the structure due to the rigid joint. This

effect is largest in the modes exhibiting mainly plate bending.

The Effects of Varying the Thickness of the Plate

on the Modes and Frequencies

A series of problems was analyzed to study the effect of varying
the plate thickness on the frequencies and mode shapes of the system.

The frequencies of a partitioned shell with a hinged plate are
shown in Table VII for several values of the plate to shell thickness
ratio, with the thickness of the shell remaining constant. As was
described before, some modes of the partitioned shell with a hinged
joint involve only bending of the plate. For these modes the structure
has a frequency equal to that of the plate alone with simply supported
edges. Therefore, the frequencies of these modes should vary with the
plate thickness in the same manner as those of a simply supported plate,
i.e., Tinearly with thickness. The fundamental frequency, which is
plotted in Figure 7 as a function of the thickness ratio, exhibits this
behavior, as do some of ‘the higher frequencies in Table VII. Other
modes involve primarily motion of the shell and only slight Tongitudinal
bending of the plate. The frequencies of these modes are hardly affected
by a change in the plate thickness. This is shown in Figure 7. The
slight decrease in frequency as the thickness ratio increases indicates

that the greater inertia of the thicker plate has more effect on the



TABLE VII

THE EFFECT OF THE PLATE THICKNESS ON THE FREQUENCIES OF A
PARTITIONED SHELL3/ WITH A HINGED JOINT

Shell Only tp/tS = .25 tp/tS = .5 tp/tS = 1] tp/tS =2 tp/ts =3

- b)) -c) d) - - - - . - -

l”ls Y/ S l”lp Y/ ns np f l”ls np Y/ l”ls np Y/ l’ls l”lp f

3 .0595 - 1 .0049 - 1 .0098 - 1 .0196 - 1 .0392 - 1 .0588

2 .0778 - 3 .0395 3 0 .0690 3 0 .0678 3 0 .0651 3 0 .0626

4 .0887 3 0 .0696 - 3 .0792 4 0 .0871 4 0 .0857 4 0 .0848

5 139 4 0 .0883 4 0 .0879 5 0 .115 5 0 .116 5 0 .116

6 .220 - 5 .109 5 0 .115 6 3 .158 6 0 .158 6 0 .151
277 5 0 .114 6 0 .175 0 .167 0 .183 0 .183

@) The parameters of the structure are given in Table VI.

o

©/Number of half waves for the plate in the y direction.

)
)Number of circumferential waves for the shell. A dash indicates negligible amplitude.
)
d)

Nondimensional frequency for symmetric modes.

6€
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np=1, NEGLIGIBLE
SHELL AMPLITUDE |

Figure 7.

| 2 3
THICKNESS RATIO, tp/tg

The Effect of the Plate Thickness on the
Frequencies of a Shell With a Hinged
Joint (e0 = 115°, Symmetric Modes)
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frequencies than does the increase in stiffness. This slight decrease
is not observed for the frequency of the mode involving five circumfer-
ential shell waves. The mode shape indicates that there is negligible
plate motion in this case. Thus, the inertia effect is not observed in
this mode.

The lowest value of the thickness ratio plotted in Figure 7 is
0.05. At this small value the frequencies of some modes do not yet
approach those of the unpartitioned shell. The transition must occur
for even smaller thickness. Thus, the in-plane restraint provided by
even a very thin plate is sufficient to alter the frequency and mode
shape of the unpartitioned shell.  Also, as the plate thickness becomes
very small, the frequencies of those modes involving only motion of the
plate become small, and a greater number of these modes have frequencies
less than the lowest mode involving appreciable shell motion.

The order of the modes in the frequency spectrum will change when
the thickness of the plate is changed, because the frequencies of some
modes change with thickness while others show little change. This
effect is shown in Table VII, in which the modes are identified by their
wave numbers. This behavior can also be noted in Figure 7. By extrapo-
lating the curves, it is seen that if the thickness ratio is larger than
about 3.2, the mode which exhibits one-half wave in the plate and
negligible shell motion will no longer have the lowest frequency.

The frequencies of a partitioned shell with a rigid joint are pre-
sented in Tables VIII and IX for several values of the thickness ratio.
Circumferential mode shapes for different plate thicknesses are shown in

Figures 8, 9, and 10.



TABLE VIII

~ THE EFFECT OF THE PLATE THICKNESS ON,THE FREQUENCIES OF SYMMETRIC
MODES OF A PARTITIONED SHELLA) WITH A RIGID JOINT

Shell Only ty/tg = .25 t)/tg = .5 ty/tg =1 t)/tg = 2 /g3
- - b) =c) 4 = = A - -
ns Q ns np Q s np Q ns np Q s np Q s np Q
3 .0595 - 1 .0108 1 .0213 3 1 .0367 1 .0492 1 .0605
2 .0778 - 3 .0578 3 .0692 3 3 .0693 3 .0695 1 .0700
4 .0887 3 5 .0696 3 .0872 4 3 .0939 3 .104 1 .104
5 1139 4 5 .0885 3 .13 5 3 .17 3 .128 133
6 .220 .114 119 .167 . 157 .151
7 .227 .144 .175 .197 .213

2219

a

o

)
)
c)
d)

Nondimensional frequency.

The parameters of the shell are given in Table VI.

Number of circumferential waves for the shell.

Number of half waves for the plate in the y direction.

A dash indicates negligible amplitude.

rA



TABLE IX

THE EFFECT OF THE PLATE THICKNESS ON THE FREQUENCIES OF THE ANTISYMMETRIC

MODES OF -A PARTITIONED SHELL2/ WITH A RIGID JOINT"

= .2 = = ‘ = = .
tp/ts 5 tp/ts 5 tp/ts ] tp/ts 2 tp/ts 3
-b) -c) _d) - - - - - - -
nS np Q ns np Q nS np 9] ns np Q s np Q
3 2 .0295 3 2 .0560 3 2 .0625 3 2 .0703 2 .0735
3 4 .0618 3 4  .0651 2 2 .0828 2 2 .0843 2 .0856
2 4 .0816 2 4 .0824 5 2 .103 4 2 131 2 .138
.0954 .125 4 2 .133 .153 .169
121 .153 .163 .182 211

a)The parameters of the shell are given in Table VI.
b)Number of circumferential waves for the shell.
c)Number of half waves for the plate in the y direction.

d)Nondimensiona] frequency.

e
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tp/ts =1 tp/ts =2

Figure 8. Fundamental Mode for Various Plate Thicknesses
(eo = 115°, Rigid Joint)



tp/ts,= .5

tp/tS =1

Figure 9.
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tp/ts =2

Second Symmetric Mode for Various Plate
Thicknesses (60 = 115°, Rigid Joint)
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N

tp/tS = .5

tp/tS =1 tp/tS =2

Figure 10. Third Symmetric Mode for Various Plate
Thicknesses (e0 = 115°, Rigid Joint)
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As shown in Figure 8, the fundamental mode of the system, for the
case of a rigid joint,involves predominantly motion of the plate. The
frequency of this . mode is plotted in Figure 11 as a function of the
thickness ratio. This frequency increases significantly as the plate
thickness increases.

The frequencies of other modes change very little with the thickness
ratio (Figure 11). These are modes in which the amplitude of the shell
is large compared to the amplitude of the plate. Thus, because the
participation of the plate is small, the frequency of the system changes
only slightly as the thickness of the plate is increased.

The frequencies of some modes show a mixed behavior (Figure 11) as
the thickness of the plate increases. At small thicknesses, the motion
of the plate is predominant and the frequency increases with the plate
thickness. At larger thicknesses, the curves tend to flatten out. It
is seen from the mode shape plots that as the plate thickness increases,
the amplitude of its vibration decreases. Thus, as the plate partici-
pates less in the motion, the frequency becomes less sensitive to changes
in the plate thickness.

As was the case for the hinged joint, the fact that the frequencies
of some modes depend more strongly on the thickness ratio than do others
may change the order of the mode shapes in the frequency spectrum. - Also,
from Tables VIII and IX, it can be seen that the frequencies tend to
become more closely spaced as the thickness ratio decreases.

Figures 12 and 13 show the mode‘shapes of a partitioned shell with
the plate located farther from the center of the shell (eo = 135°) than

in the case discussed above (e0 = 115°). This problem was considered in
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NONDIMENSIONAL FREQUENCY, 0
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Figure 11. The Effect of the Plate Thickness on the Frequencies

of a Shell With a Rigid Joint (e0 = 115°)
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—

\/

tp/tS = ] tp/tS =2

Figure 12. Fundamental Mode for Various Plate Thicknesses
(e0 = 135°, Rigid Joint)



to/ts =1 to/t = 2

Figure 13. Second Symmetric Mode for Various Plate
Thicknesses (eo = 135°, Rigid Joint)
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less detail, but the same trends were noted. However, in this case, the

amplitude of the plate with respect to the shell was generally smaller.

The Effects of the Location of the Plate on the

Modes and Frequencies

The frequencies of a partitioned shell are presented in Tables X
and XI for several locations of the plate. The location of the plate is
indicated by the value of the o-coordinate at which the joint is located,
8, Figures 14, 15, 16, and 17 show the circumferential mode shapes for
several locations of the plate.

The in-plane and bending deformations of the plate are uncoupled
when the plate is located at the center of the shell. Thus, the in-plane
and bending deformations do not occur in the same mode.  In this case,
the frequencies of modes that .do not involve plate bending are the same.
for the hinged and rigid joint cénditions.

From the mode shapes of Figures 14 to 17, it is seen that the plate
tends to bend in fewer waves the farther it is Tocated from the center.
The modes usually show the same number of circumferential waves in the
shell as the location of the plate changes. However, the character of
the modes may change when the plate is located far from the center. For
example, it is observed from the wave numbers of Table XI that when
8y = 150°, the mode having four shell waves is missing from the lower
modes, and that a mode having two circumferential waves appears. Also,
when there is a rigid joint and the plate is located at large values of
8y the bending restraint of the plate suppresses the bending deformation
of the shell in the region of the joint. This is shown by the modes of

Figures 16 and 17 for 8, = 135°,



TABLE X

FREQUENCIES OF A PARTITIONED SHELLR) WITH A HINGED JOINT

FOR SEVERAL LOCATIONS OF THE PLATE

0y = 90° 8, = 105° 0y = 115° = 135° = 150°
- b) - c) d) - - _

S np Q S np Q ns np Q n Q n Q
- 1 .0165 1 .0175 - 1 .0196 1 .0308 1 .0593
3 0 .0576 0 .0628 3 0 .0678 0 .0706 0 .0653
4 0 .0863 0 .0870 4 0 .0871 0 .0749 0 .0752
- 3 .131 o .17 5 0 .115 0 .129 0 .108
5 0 .136 3 .140 .158 .178 173

a
b
c

d

)
)Number of circumferential waves for the shell.
)
)

The parameters of the shell are given in Table VI.

Number of half waves for the plate in the y direction.

Nondimensional frequency of the symmetric modes.

A dash indicates negligible amplitude.
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TABLE XI

FREQUENCIES OF A PARTITIONED SHELL2) WITH A RIGID JOINT
FOR SEVERAL LOCATIONS OF THE PLATE

eo = 115°

od) Q . ﬁp Q Q n Q
.0296 .0318 1 .0367 .0572 3 .6653
.0630 .0667 3  .0693 .0709 2 .0752
.0863 .0902 4 3 .0939 .0795 5 .104
.135 .118 3 117 .133 .127
.164 . 166 .167 .178 .178

a

The parameters of the shell are given in Table VI.

o

O

)
)Number of circumferential waves for the shell. A dash indicates negligible amplitude.
)Number of half waves for the plate in the y direction.

)

d Nondimensional frequency of the symmetric modes.

€9
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6y = 115°

Figure 14. Fundamental Mode for Various Plate Locations
- (Rigid Joint, tp = ts)
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8, = 90° : 6_ = 105°

6, = 115 8, = 135

Figure 15. - Second Symmetric Mode for Various Plate Locations

(Rigid Joint, t, = t)
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6
0

Figure 16.

= 1]5 8, = 135°

Third Symmetric Mode for Various Plate Locations

(Rigid Joint, tp = ts)
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8, = 115°

Figure 17.

Fourth Symmetric Mode for

(Rigid Joint, tp = tS)

~___~

8, = 135

Various Plate Locations
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The fundamental frequency of a shell with a hinged joint increases
as the plate is located farther from the center, as shown by Figure 18.
Since this mode- involves only bending of the plate, this increase can be
attributed to the decrease in width of the plate. The fundamental mode
for the case of a rigid joint exhibits principally plate bending, so the
same observation may be made. However, as shown by Figure 19, the curve
of frequency as a function of 0, tends to level out at large % due to
the increased motion of the shell.

The second mode for the case of the rigid joint shows less change
in frequency as the location of the plate changes, which is apparently
due to the predominance of the shell motion in that mode.

Other modes show more varied behavior as % increases. The ampli-
tude of the plate does not show a uniform trend and the wave number of
the plate may change as the location of the plate changes. These changes
in the character of some mode shapes as the location of the plate changes

may cause the frequencies of that mode to increase or decrease.
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CHAPTER IV
SUMMARY , CONCLUSIONS AND RECOMMENDATIONS

A method has been developed for free vibration analyses of circular
cylindrical shells with single, longitudinal partitioning plates. This
method was based on the extended Rayleigh-Ritz technique. Separate dis-
placement functions were assumed for the regions of the shell and plate.
Constraint equations were used to enforce compatibility between the
regions.

This method was employed for a study of the characteristics of the
vibration of partitioned shells. The study considered the following
items, for which results have been presented:

1. A study was made to determine the importance of including the
in-plane degrees of freedom of the plate in the analysis.

2. Analyses were made to determine how the frequencies and modes
of the system differed for two types of joints between the shell and
plate. Rigid and hinged joints were considered.

3. The effect of the thickness of the plate on the frequencies and
modes of the system was studied. |

4, The influence of the position of the partitioning plate on the -
modes and frequencies of the system was investigated.

The major observations and conclusions from this study are listed

below.
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1. Neglecting the in-plane degrees of freedom of the plate will
cause slight error (less than one percent) in some frequencies and
greater errors in others, depending on the extent of the in-plane motion
in that mode. It is desirable to include some plate in-plane degrees of
"~ freedom in the analysis. Excellent results can be obtained by using
only one-half to one-third as many terms in the displacement series for
the in-plane directions as are used in the series for the displacement
normal to the surface of the plate.

2. When the joint between the shell and plate is hinged, there
exist modes of the system, with negligible shell motion, in which the
plate vibrates essentially as a simply supported plate. The frequencies
of these modes are therefore equal to those of the plate alone. The
fundamental mode is of this type if the ratio of plate to shell thick-
ness is not too large (less than about 3.2 for the cases considered
here). The deformation of the shell in these modes may become signifi-
cant if the thickness ratio is very large. The remaining modes exhibit
motion of the shell, plate longitudinal bending, and plate in-plane
deformation, but no bending of the plate in the transverse direction.

3. For a shell with a hinged joint, an increase in the thickness
of the plate causes a slight decrease in the frequencies of those modes
involving no transverse plate bending. Therefore, in these modes, the
effect of the increase of the inertia of the plate is greater than the
effect of its increased stiffness.

4. When the joint between the plate and shell is rigid, some modes -
of the system involve predominant motion of either the shell or plate.
The -fundamental mode exhibits principally plate motion with one half

wave in each direction, unless the plate is very thick (more than about
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three times as thick as the shell, for the cases considered in this
study).

5. For the case of a rigid joint, the -amplitude of the plate
vibration decreases as the thickness of the plate increases. The fre-
quencies become Tess sensitive to changes in the plate thickness as it
increases.

6. The first several mode shapes are very similar for both joint
conditions. This indicates that the in-plane restraint of the plate has
a greater effect on the shapes of the modes than its bending restraint.
For very thick plates, the bending restraint becomes significant.

7. The frequencies of a partitioned shell are higher when the
joint is rigid than when it is hinged.

8. The frequencies of modes that involve little or no bending of
the plate are relatively insensitive to the joint condition or the
thickness of the plate.

9. Frequencies of modes that involve appreciable bending of the
plate increase as the thickness of the plate increases. For the case
of a hinged joint between the plate and shell, these frequencies vary
linearly with the thickness of the plate.

10. If the mode shapes are arranged in order of frequency, the
order will change as the thickness of the plate is varied.

11. The fundamental frequency of the system increases as the plate
is Tocated farther from the center.

12. For the partitioned shells analyzed in this study, the Towest
mode that involves significant shell motion has the same number of cir-

cunferential waves as the fundamental mode of an unpartitioned shell.
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13. Unlike the unpartitioned shell, the wave numbers of a parti-
tioned shell are not unique. A symmetric and an antisymmetric mode may
have the same number of circumferential waves for the shell. Several
modes may have the same number of waves for the plate. It is often
difficult to assign wave numbers to other than the first few modes.

The following recommendations for further study are made:

1. The results of this method of analysis should be compared with
results obtained by other methods of analysis, such as finite difference
or finite element methods.

2. Experimental data would be valuable for verification of the
results of this study.

3. Other parametric studies should be conducted to determine how
the frequencies of the partitioned shell vary with the Tength and thick-
ness of the shell. Other boundary conditions may be considered.

4. The capability to allow stiffening members for the plate and
shell would be of practical importance for aircraft structures. With
the present method, stiffened shells and plates can be analyzed only if
they can be treated as unstiffened plates and shells with orthotropic
properties. Many extensions to this method of analysis can be proposed,
such as inclusion of the capability to analyze noncircular cylindrical
shells and shells with cutouts.

5. The method of analysis that was used in this study can be ex-
tended to allow the computation of the dynamic response of partitioned
shells to transient loads. This appears to be an efficient method for
solving such problems.

6. A general area in which research seems profitable is the com-

bination of Rayleigh-Ritz analyses, such as this one, with the finite
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element method. The Rayleigh-Ritz method could then be used for large
uniform areas of a structure, for which it is best suited. Finite
elements could be used for regions with complicated geometry, for which
they are most efficient. Constraint equations would be used to join the

regions.
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APPENDIX A
SHELL MASS AND STIFFNESS MATRICES

The general expressions for the mass and stiffness matrices are
presented in Chapter II. The details of the development are presented
here.

Shell theory enters into the analysis through the strain-displace-
ment relations. In this analysis, Love's first approximation theory is
used to reduce the elastic shell problem to 5 two dimensional problem
(24).

A vector of stress resultants for the shell is defined as:

" |
{og} =5 Xef (A.1)

(. ,JS

In this vector, NX and Ne are resultants of the normal stresses, Nxe is
a shearing stress resultant, MX and Me are bending stress resultants,
and Mxe is a torsional stress resultant. A vector of mid-surface

generalized strains is also defined in Love's.theory:
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feg} =< x4 (A.2)

- /S

where ¢ and ¢_ are normal strains, ¢

i i *ai and
X 5 is a shearing strain, Ky nd «

X8 8

are curvature changes, and Ky is the twist. The mid-surface displace-

ments in the three coordinate directions are

{G.} = «v (A.3)

The matrix form of the strain-displacement relations of Love's

theory .is
{e} = [GS] {GS}, (A.4)
in which
- -
% 0 0
193 1
0 ¥ 50 v
1 3 )
¥ 36 X 0
[G]= 2 (A.5)
0 0 -—
ax2
S I T
P28 2 542
1 3 2 32
B 73X “F X390 _|
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The orthotropic stress-strain relations for these stress resultants

and generalized strains are

'{os} = [D] {egds (A.6)

where the matrix [D] depends on the material properties:

™ KX vxKe 0 0 0 0 -
ver Ke 0 0 0 0
0 0 Gxet 0 0 0
[p] = (A.7)
0 0 0 DX vXDe 0
0 0 0 ver De 0
Gxet3
i 0 0 0 0 0 7
in which
E t E t
K = X K. = 8
X Z]-vxvei’ 8 (T-v ves’
2 2

Ket

X =
X —]—Z—,andDe——-{—Z—.

D

To develop the mass and stiffness matrices, the matrix [N], which
defines -the transformation {us} = [NS] {qs} between the physical dis-
placements -and the generalized coordinates, is required. It is obtained

by writing the displacement function series of Equation (2.26) in matrix

form:
— ) | — =
1% q’m*d’un*: 0 0 ! 0 .. 0 Us
' 1
= l . v
{ug} 0o ... 0 :¢1¢V1 Cee ¢m*¢vn*i 0o ... 0 Vo) (A.8)
1 | -—
0 o , 0 ... 0 o1V S xViunx| |Ws
L | } P B N
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The mass matrix is then given by Equation (2.13):
_ T
.1 = Jg ol 17 Jas.

In terms of the functions in matrix [Ns], the mass matrix is

(MSuU) 0 0
M1 = 0 (MSw) 0 (A.9)
0 0 (MSWW)

The elements of each submatrix of [Ms] are

(MSUU)ij N ISI ¢r;l.‘pr;l.wun.d’un. Rdxde
i ]

(MSVV)ij ='ISI *m.%m.%n. Yvn. Rdxde
i T g

(MSWW) .. = Rdxde,

T P T N VR
ij S m; mj wn., wnJ

th

where m and n, are the m and n of the i* term in the generalized coor-

dinate vectors defined in Equation (2.4) and my and h; are the m and n
corresponding to the jth term. It is convenient to Tlabel each of the
different integrals appearing in the mass and stiffness matrices. These
integrals are presented in Appendix C. The elements of the submatrices

of [MS] can then be written as

(MSUU)ij = pRI3J]

(MSVV)ij pRI]J6 (A.10)

(MSWW) ;. = pRI;J

ij 17112
where the integrals of Tongitudinal functions are labeled I and those of
the circumferential functions are designated J.

The stiffness matrix is given by Equation (2.11), which is

_ T
k] = Jg 18,37 D07 18] ¢



where

(8] = [6.] IN.].
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By using [GS] from Equation (A.5), [NS] from Equation (A.8) and [D] from

Equation (A.7) in Equation (2.11), the elements of [KS] can be expressed

as follows:

(KSUU)

(K

SUV)

[K.1 = | (ksuV)T  (Kswv)

The elements of each

(KSUU)ij

(KSUV)ij

(KSUN)ij

(KSVV)ij

(stw)ij

(KSHH) ;.

+

(KSUW)
(KSVW)

(ksuW) T (ksW) T (KSWW)

NM x NM sybmatrix are as follows:

RK I,d

x 471

+
GX@

&

R I,J

372

ViKelgls + G ot I3,

v Kelgdg
Ke = Dg £2
(g + E§JI1J7 + (R + p)Gt 130
K D v.D 6 3
21 - =2 10 - =X 10, - 52
S T N
K v D D
0 X6 : 5
o 119y7 ¥ DRI+ = Igdyp * -3 I
3
v D G .t
8 X X0
R 12915 ¥ 3 I39q0-

(A.17)

I3g

1914



APPENDIX B
PLATE MASS AND STIFFNESS MATRICES

The development of the plate mass and stiffness matrices is com-
pletely analogous to that in Appendix A for the shell matrices, except
that the strain-displacement relations are deri{ed from plate theory
(25).

The stress resultants and generalized strains for the plate are

defined in the same way as for the shell:

’Nx h . ,fex h
Yy Fy
N e
{o,} = Mxy} ep =< ) (8.1)
X X
" “y
Myl ()

The mid-surface displacements are denoted by

{U.} =<v (B.2)
The strain displacement relations of plate theory are

(e} = [6)] (i)} (B.3)

where
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I
= 0
9
0 5y 0
J 3
w % D
G = .
[G,] | 2 (B.4)
0 0 2
X
2
0 0 -3—2
oy
2
9
0 'ZaxayJ

The stress-strain relation for the plate is:
= B.5
{cp} [D] {ep} (B.5)
where [D] is the same as the [D] in Equation (A.7) if the subscript 6 in
Equation (A.7) is replaced by y.

The transformation matrix [Np] is of exactly the same form as [NS],

with the plate transverse functions in place of the shell circumferential

functions.

The plate mass matrix is then obtained from
1= Jg oln 1T [N ] ds. (5.6)
P STp P

The resulting matrix has the following form:

(MPUU) 0 0
'[Mp] =| 0 (MPVV) O (B.7)
0 0 ( MPWW)

The elements of the submatrices are:
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(MPUL) ;5 = oI H

3"
(MPWV), ;= oI Hg (B.8)
(MPH) , ;= p1H,

where I denotes an integral of the longitudinal functions and H desig-
nates an integral of the plate transverse functions. These integrals
are presented in Appendix C.

-The plate stiffness matrix is defined by
T
K] = B S, wh B ]= N .
6,1 = Jg 18,07 [0 (8,1 5, where (81 = [6,1 D01 (2.9)
The stiffness matrix has the following form:
(KPUU)  (KPUVY) 0
[k, = (kPUV)T (KPVWV) 0 (8.10)

0 0 (KPWW)

The elements of the submatrices in Equation (B.10) are as follows:

(KPUU)ij = K I Hy + G 't IH,

(KPUV)ij =y Kylst + G xyt IH,

(KPVV)ij = KyI]H3 + G xyt IHe

(Kwa)ij = D, I, Hs + vy D IHyp + DyI]Hg + vny15H8
3

G
Oxy
t =3 I3l



APPENDIX ¢

INTEGRALS OF THE FUNCTIONS IN THE
ASSUMED DISPLACEMENT SERIES

This appendix contains the expressions for the integrals appearing
in the mass and stiffness matrix elements given in Appendixes A and B.
The integrals of the longitudinal functions -for the plate and shell

are as follows:

I, = ft b5 O dx
I, = I ¢ & dx
I, = fg ¢3 ¢L dx
I, = 15 ) o dx
Ig = ft ¢j ¢ﬁ dx

Closed-form expressions for these integrals, for the functions ¢ used in
this-analysis, have been tabulated by Felgar (26).

The integrals of the circumferential functions used in the displace-
ment series for the shell are:

_ 2
Jy =7 Yuj Yuk de

_ 271' / ’
Jy = fp Yuj Yuk de

2’TT ’

3770 Vyj Vuk 9°

(<
i]
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4 0 “Vj
J5 N fgwwwj Yuk a6
Jg = fgﬂwvjvka d
J7 =‘f§ﬂwéj by de
Jg = fiﬂwéj by 98
Jg ="Igﬂwwj byk 48

J = f2ﬂw//. ’ de

I = fgﬂwwj Yk 99
12 'rfiﬂwéj Yk 48
Jyg = fg“ng U 48
g = fiﬁwﬁj Yk 40
15 = fiﬂwwj b 99

The integrals of the plate transverse functions are defined as

follows:

_.b
Hy = 4p Buj Buk dy

_b
Ho = Ly Bvj Buk
b ’ ’

Hy =1, Evi Ev dy

s = Ip Euj Euk



10

A

14

dy

dy

dy

dy.
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APPENDIX D
BEAM MODE FUNCTIONS

The characteristic modes of vibration of a uniform beam are used
for the Tongitudinal functions in the assumed displacement series.
These functions are 1isted below. They are described in detail by Chang
and Craig (27).

For a simply supported beam, the mode functions are

= ¢ipn MITX
¢m(x) = sin = .

The mode functions for a clamped-clamped beam are
¢,(x) =-[cosh (g x) - cos (8 x)]
- am[sinh (smx) - sin (smx)]
where

cosh(BmL) - cos(BmL)
%n T sinh(e L) - sTn(8 L)

and B, is the mth

root of the transcendental equation:
cos (B8L) cosh (8L) = 1.
The values of o and g are tabulated in Reference (27).
For a clamped-free beam, the mode functions are
¢m(x)'= [cosh (g _x) - cos (Bmx)] - o [sinh (8 x) - sin (g x)]

in which g_ s the mth

root of
cos (gL) cosh (8L) = -1

and
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cosh(BmL) + cos(BmL)
% = sinh(g L) + sin(g [)
The mode functions for a free-free beam, excluding rigid body modes,
are given by

¢m(x) = [cosh(smx) + cos(smx)] - am[sinh(smx) + sin(emx)]

where Bm is determined from
cos(BL) cosh(gL) = 1
and

\ cos(emL) - cosh(emL)
%m ~ sin(emL) - sinh(emL) )




APPENDIX E
COMPATIBILITY AND CONSTRAINT EQUATIONS

The plate and shell are both defined only in terms of their middle
surfaces, so the joint between them is a Tine formed by the intersection
of their middle surfaces.

The displacement compatibility equations are derived by equating
the shell and plate displacements at the joint. A1l displacements must
be expressed in the same coordinate system in order to do this, so the
shell displacements will be transformed to the plate coordinate system.
The shell displacements at the joint are referred to coordinate axes
normal and tangential to the shell surface at the joint (see Figure 1),
so the transformation involves a rotation of coordinates about the x
axis through the angle 8- Transforming the shell displacement vector
by premultiplying by a coordinate rotation matrix and equating to the

- plate displacements yields:

1 0 0 Ug up
0 cose0 -s1ne0 vS = vp
0 s1neo coseo wS wp

This is the matrix form of the displacement compatibility equations.
They can be written individually as

U o= u | (E.1a)

v, cose, - W, sing = v (E.1b)
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i + =
v sine  + w. cose wp (E.1c)

Compatibility of the rotations of the plate and shell at the joint
must also be considered. The rotations of an element of the edge of the

plate about each of the plate coordinate axes are

¢p = _BXIR
X Yy
oW
P _
¢y = (E.2)
oV
P
¢Z X

The rotations of an element of the joint Tine on the shell about each of

the shell coordinate directions at the joint are

<

bS=1Ms Vs
X r 96 r

oW .

s _ s

% = 3% (E.3)
3V

s _ °'s

% % X

Transforming the shell rotations into the plate coordinate system and
equating the result to the plate rotations yields the following rotation

compatibility equations:

s_ .p
o T %

S . S s - b

¢g COSO, - ¢ sing ¢y (E.4)
S . S - P

¢g STnB  + ¢ COSB = ¢_.

Substitution of Equations (E.2) and (E.3) into Equations (E.4) re-
sults. in the rotation compatibility equations in terms of the displace-

ments.
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oW v oW
1_s__s._&p
Ya ~r 3y (E.5a)

-ow Vv ow
S . S & = P |
X €088, - 7 sins, = (E.5b)
-awW v 3V
S . s _7p
+ = . .
=% Sine, + == cose = = (E.5¢)

Each of the terms in Equations (E.1) and (E.5) is evaluated at the
6 or y coordinate of the joint, but still remains a function of x. If
displacement compatibility is required by Equations (E.1), then Equatioﬁs
(E.5b) and (E.5c) are also satisfied. This may be verified by substitut-
ing vp and wp from Equations (E.1b) and (E.1c) into them. Hence, four
equations ‘are needed to enforce compatibility of all displacements and
rotations, Equations (E.1) and (E.5a).

In order to obtafn the constraint equations in terms of the
generalized coordinates, the displacement functions of Equation (2.27)
are substituted for the displacements in Equations (E.1) and (E.5a).
This yields Equation (2.35).

The constraint matrix is formulated by writing Equation (2.35) in
matrix form. The constraint matrix for a rigid joint between the shell
and plate has 4f rows and 61 columns (see Equation (E.6) below).

The elements of the submatrices are listed below, where [I] is an

'identity matrix of order M.

[c11,, = v,,(8,) [1]

[c2l, = ¥,,(8,) cosé  [1]

[C3], = -¥,n(8,) sine, [1]
[cal, = v, (8,) sino  [I]

[CS]n =y (8.) coso [1]

wn" o
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p
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1 | . | ]
| ] : | :
! | |
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1= | |
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(E.6)
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lw (e.) [1]

[C6]n r'vn' o

oY
[C7], = = 2 (o,) [1]

[c8], = -£,(v,) [1]
(el = -g, () [1]

[c10], = -£, (y,) [I]

"

BEWH
. (yg) [10.

[C]]]n

The last M rows of the constraint matrix express equality of the
rotations about -the line of the joint between the plate and shell. The:
constraint matrix for the case of a hinged joint is obtained by omitting

the last row of submatrices of the matrix in Equation (E.6).



APPENDIX F

METHOD OF SOLUTION FOR EIGENVALUES
AND EIGENVECTORS

The eigenvalue problem is of the form
[k] {q} = a[Ml{q} (F.1)
where A is an eigenvalue, and {q} an eigenvector.

The following method for solving for the eigenvectors of the system
requires [M] to be positive definite and relies on the fact that [M] and
[K] are symmetric (28).

The matrix [M] is decomposed into two triangular factors by the

Cholesky decomposition method:

M] =.[L] [L]T where [L] is a lower triangular matrix.

Therefore, from Equation (F.1):

[K] {a} = A[LI[L Jea}.
This can be expressed as

-1 -1
[L] [KICL'] [LTD ¢q) = A[L"] <q}. (F.2)

By defining

-1 .-
(L] k] [L'] (F.3)

[s]

and

{y} (L' {q}, (F.4)

Equation (F.2) becomes
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[s] (¥} = ay} (F.5)
which is an eigenvalue problem in the usual form, where [s] is a sym-
metric matrix with eigenvalues X which are the same as the original
problem. The eigenvectors of the original system, {q}, are found from
the eigenvectors of Equation (F.5), {y}, by Equation (F.4).

Because the transformation of Equation (F.3) involves triangular
matrices, the matrix [L]'1 need not be found to determine [s]. Thus, no
matrix inversions are required. The sequence of operations is as
. fo]]oWs:

1. Decompose [M]: [M] = [L] [LT].
2. Perform a forward substitution through
(L] ([ (KD = [K]
to solve for each column of [L]'1 [K].

3. Perform a forward substitution through

1

-1 -1 -
L(CL] K1 LL'T ) = ([ kDT

1 -1
to solve for each column of [L] [K] [LT] =[s].

4, Find the eigenvalues, i, and eigenvectors {y} of [s].
A Jacobi method was used in this analysis.
5. Determine the eigenvectors {q} from {y} by a back sub-
stitution through
[LT] tq) = ().

The subroutine that was written to carry out this procedure-used

library subroutines for steps one and four (23).
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