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PREFACE

This study is the first in a series of studies to develop analyses
of continuous {rames by carry-over methods under the directign of
,Erofegsor Jan J; Tuma. This presentatiqn consists of the anaiysis of
,f#ameé wip@qut_jgint translation.

I,wish‘to ekpreés ny indebtedness and gratitude to Professor Tuma
for his.invaluable aid and constructive criticism in the‘prepérafioﬁ of
this thesis, and for his excellent insfruction ih principlesbof struc—
tural analysis. Acknowledgement is also due all otper faculty and stu-
dent members 9:,?@?,59h°°1 of Civil Engineering who have contributed
to my education and made my_sﬁay here a pleasant one,

I am indebted.to my wife, Betty Jo, for making myvgraduate study

possible and for her careful typing of the manusecript.

R.G.G.
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NOMENCLATURE

ej Slope at J -
9; Starting slope at jJ
= Summation sign
Cij Cji Slope deflection carry~over factors for member ij
Dij Distribution factor at i of member ij
E Modulus of elasticity
FMij Fixed-end moment at i on member ij due to loads
I Moment of imertia
JMj Joint moment at j
Kij Stiffness at i of member ij with j fixed
;j Stiffness at i of member ij with 6, = -6,
Eij Relative stiffness at i of member ij
Lij Length of member ij
Mij Bending moment at i on member ij
m‘_j Starting joint moment at J
rij rji Joint moment carry-over factors for member ij
tij tji S8lope carry-over factors for member ij
w Uniform load per unit length of span

vi



PART I
INTRODUCTION

A method for the analysis of coplanar continuous rigid frames
with straight members and with joint translation prevented is pre-
sented. Any type of coplanar loading may be considered acting on
the structure.

Moments of inertia of individual members may be constant or
variable. The customary assumption is made that deformation due to
shear is smgll_in comparison with that due to moment and is neglec-
ted.

From the general slope deflection equations for a straight
elastic member, an equilibrium equation is obtained for each rigid
joint of the frame. Two procedures of aﬁalysis, the carry-over
slope method and the carry-over moment method, are derived from the
system of joint equations obtained.

The derivation of the carry-over slope equation was presented
by Professor Jan J. Tuma in June, 1958 for the analysis of continuous
trusses, The writer's contribution is thgmextension of tﬁis equation
to_confinuous frame analysis. The derivation of the joint moment
carry-over procedure shown in Part III was presented by Pfofessor Tuma
in the Fall of 1958. The writer's contribution here is the numerical
application of this approach and the explanation of its correlation

with the carry-over slope method.



The application of both methods is similar to that of the mo=-

ment distribution method except for the distribution of fixed-end

moments (1), A different form of numerical successive approximation

is used to evaluate the final end moments. Physically the process

can be deseribed as follows:

(a)

(b)

(e¢)

With all joints assumed fixed, fixed=-end moments are cal-
culated.

Then each joint is allowed to rotate independently and
corresponding starting slopesgand starting joint moments,
terms to be defined later, ane computed, one for each
joint.

By calculating the effect upon each joint of all its adja-

: cent joints to any desired degree of accuracy through a

direct carry-over process the final configuration of the
frame is obtained, from which the end moments are easily

calculated.

Inherent characteristies of the carry-over methods in frames

are quite analogous to those of the carry-over moment method in

beams (2)
-(a)
(b)
(o).

(&)

(e)

in that:
One starting slope or moment is computed at each joint,

One final slope or moment is obtained at each Jjoint.,

No distribution of unbalances is required during the re-

laxation procedure,
The relaxation procedure is accomplished by means of
carry-over factors only.

The procedure is self-checking.

Both methods are applied to two numerical examples (Parts IV and V).



First a simple continuous building frame is analyzed to demonstrate
the procedure. Then a symmetrical multi-story building frame is
analyzed for a symmetrical loading to show the application of the
methods to more complicated structures. Both problems are also

solved by the moment distribution method as a check on the computa-

tions.



PART TII

CARRY~OVER SLOPE METHOD

l. Joint Eguation

A portion of a continuous rigid frame acted upon by a general

system of loads is removed for investigation (Fig. 1).

Figure 1

Portion of a Continuous Frame



The slope-deflection equations for the members framing into

joint A are:

Yop ™ %ap €4 * Cpp Kpp Op + Myp
Mpp = Kpy O + Cpp Kpp €4 + Py,
Mpc = Bac O * Ccp Kop O + My¢
Mon = Kgp 8¢ * Cpc Kpc Oy * Mgy (1)
Mpp = Epp ©p *+ Cpy Kpu Op + Py
M, = Kp, ©p + C,p K,p @, + Fli
Mpw = Kpg €y + Cgy Kgp O + Fyg

Mgy = Xpa O * Cap Xap ©2 * Mgy
In equations(1l) clockwise rotations are considered to be positive,
Provided that no external COuple‘is applied at A in addition to
the loading shown we must have the condition of joint equilibrium:

My = Mpp + Mo + Myp + Mpp =0 (2)

Substituting corresponding equalities into equation (2) we get:

0 = GAZKA + CppKpp®p *+ CopKpa®c + CpaKpa®p * CpaKpa®s * ZFMA (3)

Sclving for €

A
o - Cmama_ Ceafes o Cpafpa ‘mafEs ZEM, ()
A X, B 2K, © ZK, D ZK, B 2K,

Bquation (4) is seen to bé a five-slope equation, a term found
useful for its description because of its similarity with the well-~
known three-moment equation used in continuous beam analysis.

2. Carry-over Slope Equation

Equatiion (4) written for joint j (any joint) is:

0. = — cinij 6. — ZFMJ where i is any joint adjacent to j. (5)
EKj i 2K, .



C, K, .
1 — _3'_‘1__1_&. =
Denoting ZKj tij (6)’
SFM .
and - EKj = ej | (7)

the final form of equation (5) becomes:

6. = &% + Tt. .8, 8
J J 2 ijti (8)

Writing equation (8) for each joint of the frame yields a system
of n equations in n unknowns. Each equation consists of the three
basic terms; starting slope e;, carry-over factors tij’ and redundant
slopes.

Solution of the system of equations by the carry-over procedure
begins using the initial approximations:

o 2 93
Successive corrections to these approximate values of Gj are computgd
through the use of the carry-over factors tij' The‘direct and modi~
fied procedures available for computation of these corrections are

demonstrated in Part IV.

3, _Starting Slope

*

J
all adjacent joints i are fixed (Fig. 2).

The starting slope . is the rotation of joint j due to loads if

Since 9; = 0, equation (8) gives:

TFM
0, = 8% = — —i
J J 2K

L, Carry-over Slope Factor

The carry-over factor tij is the rotation produced at joint J
by a unit rotation of Joint i if all other joints adjacent to j are

fixed (Fig. 3).
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Physical Interpretation of Starting Slope

‘l

=== ¥ —
l\ [ =
I 6. =1
| i
\—_—
Figure 3

Physical Interpretation of Carry-over Slope Factor
With the effect of loads on the rotation of j illustrated in
Figure 2, the additional effect of rotation of any joint adjacent
to j is illustrated in Figure 3. ©Since for this case 6% = 0 we

J

have from equation (8):

For €, = 1:
i



PART III
CARRY-OVER MOMENT METHOD

l. Carry-over Moment Eguation

A new term, joint moment, designated by JM., is introduced and

defined by the equation:

JM, = 80K,
J 3T (9
Substitution into equation (5) yields:
Ci.Ki.

My ==y TR M T (10)

My = = 204 Dy gy = 2EM (11)
Denoting - CijDij = rij . (12)
and - JFM, = m, (13)

J J v

the final form of equation (11) becomes:

JMj = mj + ZrijJMi _ (14)
Equation (14) written for joint A of the frame in Fig. 1 is:

JMA = mA + rBAJMB + rCAJMC + rDAJMD + rEAJME (15)

Equation (15) is conveniently referred to as the general five-moment
equation,

Writing equation (14) for each joint of the frame again yields
- a system of n equations in n unknowns. ZEach equation consists of

the three basic terms; starting moment mj, carry~over factors T



and redundant joint moments. Solution of the system of equations by
the carry-over procedure begins using the initial approximations:

JM, = m,
J J

Successive corrections to these approximate values of JM.j are com=-
puted through the use of the carry-é;er factors rij'

2. Starting Moment

The starting moment mj is the joint moment developed at j by

the loads if all adjacent joints i are fixed (Fig. 4).

Figure 4

Physical Interpretation of Starting Moment
Since ei = 0 then JMi = 0 from equation (9) and equation (14) gives:

JM, = m, = - XFM,
J J J

3. . Carry-over Moment Factor
The carry-over factor rij is the joint moment developed at j
from a unit joint moment at i;-if all other joints adjacent to j are

fixed (Fig. 5).
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Physical Interpretation of Carry-over Moment Factor
With the effect of loads on JMj illustrated in Figure 4 the
additional effect of the joint moment at any joint adjacent to j is
illustrated in Figure 5. Since for thié case mj = 0 we have from
equation (14):

JMj = r. . JM,

For JM. = 1:
i

L4, Erd Moments

Expressions for the end méments in any member ij in terms of
the joint moments are obtained by substitution of equation (9) into

the slope deflection equations for member ij:

M., =K,.8, + C..K..6, + FM, .
ij ij7i Jjivjivg ij
(16)
M., = K,.8., + C..K..0, + FM,,
Jt JiJ 1 1J 1 ji
KigdMy  CyiKys My
i35 Tt STt Mg
i J
(17)

K.,dM. C,. K. JM,
M e d 2l 2y
ji 3K S

i




M. .
1]

1}

M..
ji

i

it

ij

M.,
ji

i}

As will be
be conveniently

if desired.

. JM, +
ij i

D..JM, +
Jr J

D. .JIM,
ij i

D.,dM, -
Jr J

shown in

combined

11

C..D..JM. + FM, .
Jr Ji ] 1]
(18)
C.,.D,.JdM, + FM..
ijrij i Ji
r..JM, + FM. .
Ji J 1]
(19)
r..JM. + FM
ijhi i

Part IV, the calculation of end moments can

with the checking procedure in tabular form



PART IV
EXAMFLE PROBLEM 1

The carry-over methods are applied to a typical building frame
analysis problem (Fig. 6). The haunched beam coefficients are taken‘
from reference (3). This problem is based on conditions of design
found in reference (4).

Relative stiffnesses shown in all solutions are obtained from
the absolute stiffnesses computed as follows:

= A4BL
ji 12

X «33E1 for all columns

k. =%, =329:898L _ oupr ror 20t beoms .
ji ij 20

_ 7.81ET

JK KKJ = =355 . 26ET

K

]
1}

where T is the moment of inertia of columns and center of beams,
Sums of stiffnesses are shown encircled on sketches.

1. Carry-over Slope Solution (Table 1)

(a) Carry~-over Slope Factors

C..K..=C.K. =L83BL _ 3857 ror 20 beams
ijij Jiji 20

_ = 2o10BET _
Cox¥ks = Cxifxg = T30 T -17EI
£ =—°8=—°22=t =t = t
cE = T I0F T T uL ~ Yom T ko

o .38

tae 1,50 32 = oy

12



2,

(v)

(c)

(d)

13

.38 o
tHJ - 1. - — 026 t].-'K

= -2l - =
bty == Tgg = - 12 = b

i
i}

Starting Slopes

2
. s _ _ =0,1034(1)(20)° _ | 23.8 _ _
% =0  Og=- Ty tTET T T 4%

* _ +.1034(1)(2o)2 _=28.3 _ _ o*
J 1.46ET - EI T K

O
§

of o _ =56 _ | 15.0

M 1.20EI EI

Carry~over Procedure (Tables 1 and 2)
The alternate carry-over procedure (2) is used in Table 1.
The direct procedure is shown in Table 2 for comparison.

Checking Procedure

fle
(o]

The check is established if ZMji

Carry-over Moment Solution (Table 3)

()

(b)

(c)

(a)

Carry-over Moment Factors

Lo 238 -
Tor ST TE0 - T PRI

HG=."1,':27%='°22‘
g T T If%g = = 26

il
H
i
H

1
H

it
H
H

I

»Startiné'Moﬁéﬁts /

my = 0 m, = n(-.%o34)(1)(2o)2= + 41,4 k-ft = m

mo=m = - HLAk-ft © m = -(=.5)(1)(6)%= + 18,0 k-£t

) L
Carry=-over Procedure

The alternate numerical procedure (2), recommended for
general use, is again used in Table 3.

Checking Procedure

Distribution factors are computed by referring to the

sketch. As before, the check is established if ZMjié_O
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Figure 6

Continuous Building Frame
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BIAMPLE 1

o
;.
‘J(J=
[}
Q
;:‘;
Y
)
L—(
)
o
v

SOLUTION
A B c D E F
y1/i7g Y774 “Fc/ “Lice L£re (7424
.33 «33 .33 .33 .33 33
' .38 .38 .17 .38 //J .38
G 1:;;\’54 Ze22f. 5t “1:;f\ 5h (20 ] .5 //;TZZ\ .26 [z | .26 //:T:Z\ b 22 .54 1:;:\4454 22| Lsh /(:izo M
_/// -2 \\\~—/// oo v _/// 1o \\\5_/// -2 \\\~_/// .32 \\\‘
E J K ’ L
33 .33 .33 .33 .33 .33
777 rcrecd Verexd VYecoad beaead 7>
N 0 P R S T
e‘_‘i o.o - +23.8 e N // +28.3 I -25.8 // +15.0
- 6.2 : - 6.z
- 7.6 -\\ + 8, ————— - 3.4 —t + 4.5 P =y - 3.3 ~
= + 1.7 —t— - 2.6 P - 8.7 —— - 2.9 PR +10.7
- 3.2 ~ + 0.9 —t - 1.6 —— + 0.5 P - 2.k ~j
- + 0.7 — - 0.k P = + 1.4 - - 0.4 PR = + 1.7
A + 0.1 —— - 0.2 —d— + 0.1 O - 0.k 4
+ 0.1 - 0.2 + 0.3
Qj -11.3 +25.6 -42.7 +£3.7 -39.4 +27.7
i gaf = cr | oue HB HC H3 JH Jc Jp | Jx K3 X0 KR | XL LK LE s w ] M MF M7
- 2.8~ 3.8]- 6.119. 211 9 12 0 10 223 1 -1h 2 -0k 2|01, 1 #2010 6 {2406 |+ 23.6 )21 3| -15.1{-13.1|-21. 2}+15.c ]+ S.z2+ ¢.z
c.ol ©0.0}-13.5f- £.3] c.o| c.ol|-16.2{+13.5| 0.0l 0.0+ 7.4}~ 7.3} c.c| C.0[-15.0}+1é.6] 0©.0| 0.0{+10.5{-15.0] 0.0 0.0
a.0] c.ol c.ol c.c| c.o| s.of-m.uf-ri.i] o.cl c.o| o.c] oo o.0| c.c -41.kfsk1 5 coof o.0) 0.o) 0.0] 0.0| 0.0
o - 3.8{- 2.8]+ 7.4}+1L.0)+11.0(+11.9 —38.4'-51_8 -14.2)-24, 24~ 3.7]+ a 1. 6)-14.61~32.8]+36.71-13.1{-13.1{-2Cc..] c.of+ ¢.2{+ 9.2

¢t



TABLE 2

EXAMPIE 1 DIRECT CARRY-OVER SLOPE PROCEDURE
JOINT G H J K L M
CARRY-OVER FACTORS 22 | =.32 =,26 | ~,22 -,12 | -.12 —%5 | 38 -.'32 Y
STARTING SLOPES 0 +23,8 -28.3 +28.3 -23,8 +15.0
1. €.0.8, - 7.6 0 - 6.2 + 3.4 - 6.2 + 7.6
+ 6.2 - 3.4 + 602 - 393
S T ] T
2- CanSn - 2wo + 197 o= 196' + 102 - 201 + 300
+ 2.1 o la2 + 205 - ll?
e 7 .
3. CoOaSa - 1172 + OnL" - 100 + 003 - 098 + 102
+ 0.6 o OoL" + loo - Oo?
e
Ll_-. Ceo.oVSo - 003 + ,003 i 003 + 092 - 093 + 055
+ 0.3 - 0.2 + 0.4 - 0.3
>
5. C,O,S‘, - 002 + Ogl - 0_92 + ODl had 001 + Og2
+ Ool - 051 + Oel bl 001
FINAL SLOPES =11.3 +35,6 -42,9 +43,.7 =39, 4 +27.5

9T



CLRFY-CVEIR

EXAMPLE 1 T OSTLULION TABLE 3
S ¢ p) B Foo.
.33 .33 .33 .33 .33
/.\ 17 ﬁ .38
, .12} . ., \ -, 26 /\ ' f .
258 [ 1 ug ) e26 =222l 220 (1 g =t BL N (TR T 24 1 20 m
o=\ =L AN
J K L
.33 .33 .33 .33 .33
77 7777 Percad Vezard Pecccd
i P R s P
m, 0.0 L/ -41.4 R Ve +h1.4 ] -41.4 +18.0
J % 7 '
- 9.1 -10.8
- 2.1 ~Ju -~ 5.0 —f— + 6.7 e - 5.8
} P -.3.8 o = +12.8- —— - 5.1 +12.8
- 3.8 ~l - 2.3 —f-— + 0.7 ] - L1
g - 0.6 e + 2.0 — - 0.7 + 2.0
- 0.6 - - 0.3 —f— T‘o.l e - 0.6
+ 0.3 + 0.3
&-ij -13.5° -62.5 +64.0 -68.5 +33.1
fis G GN - EG JC Jp JK X3 D KL 15 IiF HT
Dji .275 L3210 L2260 J226% e .1 .26 .370 .190 .275) .275
DjiJI-lj - 3.7 12,2 -1L4,1 |-14.1]-11.1 2104 (#1405 ~22.7 -12.0 |-13. + S.14+ 9.1
=T 59k 0.0 - L3 0.0 c.op+ 7.7}-7 c.0 -15.1 0.0 c.0} . 0.0
F}"ji 0.0 c.0 ¢.c} o©. c.of o. c.0 R4,k 3.0 0.0| 0.0
Eii - 3,7 b1k, 0 -14.1 34,0 - 2.4 ) 3.9 +14.5 R1%.5 }22.8 -13.C }-13.0 + 0,11+ 9.1

LT
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3. Moment Distribution Solution (Table 4)

(a)

(b)

(¢)

(a)

Carry-over Factors

_ _ 0.38EI _ .
Cji = Cij = 5.5hET - 0.70 for 20? girders

B _ 0.17BI _
Cox = kg = O-2687 - 0:65
Fixed~-end Moments

, _ - _

FMHJ = M, = «1034(1)(20)° = =41.4 k~ft
FM o= FMp = +,1034(1)(20)7 = +41.h k-ft

-,5(1)(6)2 = -18.0 k=ft

il

"My

Moment Distribution Procedure

A modified procedure is used here also in that adjacent
joints are balanced alternately rather than simultaneously
as in the regular moment distribution method. Member MU,
having zero stiffnesé, is not shown in the table.

Checking Procedure

A partial check is obtained if ZMji = 0, However, any

errors in carry-over values will, in general, go undetected,



EEAPLE 1 MOMENT DISTRIZUTICN SOLUITION TABLE &

.33 .33 .33 .53 .33

.70 .70 .65 .70 .70
s = == .26 1.46 . Sh e .5k 1.7 .5k = .5k 1.20 )1
.70 .70 .65 .70 .70
jid L
.33 .33 .33
R s T
ji GA e GH EG HB HO nJ JE JC Jr Ji nJ D R KL iR LE LS i ML LiF T
Dji L2751 .2751 4504 .310 § .10 | .190 | .310} .370} .226 | .226| .178] .178| .226 | .226 |.370) .310| .190 | .1901 310} .450 | .275 | .275
Emji 0.0 0.0{ 0.0f 0.0} 0.0| C.O0 p&1.&}4&1L.L}{ c.O| C.C| 0.0} 0.0 C.O| 0.0 phl.4 hb1.L1 .0 0.0f 0.0} 0.0} 0.0} c.o
s i Rd —t ﬂ--—n
0.0} 0.0} 9.0p12.8 7.9} 7.2 p12.8F 2.0} 0.0} 0.0+ 4.8 F 7.4 4+ ¢.3 | 9.3 $15.3 k10.7| 0.0| Cc.0l+ 5.7 F 8.1 F 5.0 5.0
——- e —t -2 . P
- 2.5 2.5+ L.0F 2.8 o.c| 0.0 }1&.3pk20.4 F12.5 F12.5)- 9.8 F €. c.ol 0.0 #12.5F17.9 F11.0 F11.0 +17.9 F12.5 ] 0.0 0.0
g o & > == — ——p—
0.0{ 0.0} 3.7 5.3k 3.3 F 3.3 .5.2F 2.7] 0.0 C.O+ 2.2 3.4+ L3k L,3 F 2.0 5.0} 0.0 C.Ok 2.9F 5.6 } 3.4} 3.4
o — P . e ———— T-——
L 1.0+ 1.0 2.7F 1.2} c.0f 0.0k 2.5F 2.2F 1.2 F 2.3}~ 1.0F 0.7] 0.0 0.0F 2.0F 2.2F 1.7 F 1.7} 2.3 F 2.0( 0.0] 0.0
—t— — i B ~ = ==
0.0] 0.0} C.€§ C.8 %k ¢.5k 0.5 % C.8F 0.6 0.0 0.0{+ C.3§ C.5}+ 0.¢ 0.6 F 1.0F ¢.7} 0.C] C.O+ C.E - 0.9 F 0.5} 0.5
- 0.1+ 0.1} C.3 .0} ¢c.c{ c.0} 0.CF C.3F 0.2F C.2}-¢C.2} ©c.C} 0.0] GC.C| O.0F G.4F C.2F 0.2+ Ck| 0.0} 0.0 0.0
By - 3.6 3.6 b 7.3 B14.0 B11.7 ka1.7 F38.z k=108 ka0 Fatio - T8 b L2 f-1k.2 fas.2 3206 267 b12.o F12.o Froug kb o1 8.9 ke 8.9
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PART V
EXAMPLE PROBLEM 2

The numerical procedure is now applied to a more complicated
frame in order to clearly show the value of carry-over methods.
A typical building frame (Fig. 7) is analyzed for the condition of
symmetrical live load shown. This frame is similar to an interior

bent of an office building which has been designed (5).

/—W1=O . 45k/ft /—Wl
AyyIyseyiwsyyviB LY VYYIYYYIYVVY Y
12WF31 - ~12WF31 12WF31
Al 'CJ\I\ » | :"\l\ : R 12t
' B o
g % w.=1 44k/ft g %
3 , : 1—\\2 T — —
c 1~ | DIVIVYIVIVVVY ‘ 0
o IéWF&O N 16WFA0 o 16WFLO o
- Sy - o
iy . = k Pry : E 1
= = . = = 1z
o () Q o
~ — /—W2 : ~ ' —~ /WZ ~
ElLyfyttedvvvvls plifvrgsvidssln
16WFLO 16WFL0 16WFLO
- O o '
> B 9 8 12!
115 & w 3 &
13 o 2 e ~
a |7 il T
16WF4O. : 16WFLO 16Wrho
O O [aY] (Xe]
\O - o~ ) X
&y Fxy = Iry 10
= = = =
(@] @] [ (=)
— — —
J K Q v
M‘:, 187 1 18! ;5:3 18! 777 :
Figure 7 o

Multi-story Building Frame
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Stiffnesses of the various members are shown in Table 5 with

E = 30(10)6. K., and ZKj (multiplied by E) are shown in Figure 8.

Ji

EXAMPLE 2 ABSOLUTE STIFFNESSES TABLE 5
MEMBER I(int) L(in) | K/E (k-£t) | K"/B'(k-ft)
1O0WF25 133.2 14y 0.3083 -
1OWF33 170,9 =V 144 0.3956 -
10WFL9 272.9 T 144 0.6317 -
1OWF60 343,7 1hy 0,7956 -
1OWF66 382.5 144 0.8854 -
1OWF66 382.5 120 1,0625 -
1O0WF72 420.7 120 1.1686 -
12WF31 238.4 216 03679 0.1840
16WFLO 515.5 216 0.7955 0.3978

B

A<:§Z§§EE>% 0.3679 <:§ZE§§§:> 0.1840 L
0, 3956 - 0.3083

' _ D ,
c(1.8228 007925 /?;EEEE;\ 0.3978 N

{6)

0,6317 0,6317
' F

0.7955 2.910% 0.3978 5

gl

E( 2.2228

@

{

- 0.7956 0, 8854
¢ ( 2.6536 0.7955 f;@ﬁ 0.3978 s
-] W N
1.0625 1,1686
ﬂme B WJ’-?
J K
Figure 8

Stiffness Diagram
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Distribution and carry-over factors, computed by referring to
Figure 8, are shown below, with CjiJz Cij = 0.500, except for C,
CDN’ CFP’ and CHs which are equal to zero since the structure has

been modified, taking advantage of the symmetry of structure and

load.

EXAMPLE 2 DISTRIBUTION AND CARRY=-OVER FACTORS TABLE 6
ji Dy rji=tij ji Dji rjiftij
AB 482 -, 241 EF +358 -,179
AC »518 =,259 EG‘ »358 -.179
BA 428 -, 21k FD +233 =o117
BD 358 -,179 FE +293 =147
BL 214 .000 FH 0327 =-,163
CA .218 ~-,109 FP o147 - 000
CD 436 -.218 GE + 300 =.150
cE | .346 -.173 GH . 300 ~.150.
DB J1hh -.072 aJ 400 -.200
DC «373 -.186 HF .273 -.136
DF 296 ~.148 HG 245 -.122
DN 186 . 000 HK . 360 =,180
EC . 284 -.142 HS .122 »000

1. Carry;;ver Slope Solution (Table 7)

Starting slopes are computed as follows:

*.-

E@A

_ Z0.45(18)°
- 7 12(0.7635)

= + 15,92




2
L +OaL" (18 - .
EOp = = T5(0.8602) -~ 1413

IO, = O}, = 0
ze* = _”~1°44(18)2~_ + 18.23
D = T I3(5.1533) © .

2
* - -1044(18 -
Bey = = 12(2,222%) =+ 17.50
2
* - +laL|'L"(l8> -
Bép = =~ T30 = ~ 1435
) 2
. -L.4(18)2
B6} = - T33sioey = ¢ 11.98

The modified procedure is again used in Table 7 and the check

is established by ZMj = 0.

2, Carry-over Moment Solution (Table 8)

Starting Moments are computed as follows:

2
m = _‘M]_-_S_L. = + 12,15 k-ft

A 12

i
1]

m

012
~ =L HEA8)” L 58,88 k-rt

D 12

The modified procedure is used as before and the check is es~

tablished if ZMji = 0.

3., Moment Distribution Solution (Table

B

g T g T T Py

9)

Fixed-end Moments are:

_ _ 0.45(18)°

M, = & = — 12,15 k-ft =
2
FMDN'=~-W;*£%%£§1-'= ~ 38,88 k-ft =

, 2
FMFE = + léﬁ%él§1-~— + 38,88 k=ft

The alternate method is also used here and the partial check

made if XM,. £ O.
ji

= Mgy
Fipp = Mg

23



EXAMPLE 2 CARRY-OVER SLOPE SOLUTION TABLE 7
i B ‘ D F H
tig § =241  -.072-fe-,179 ¢ ~.218 117 = 148 §=-,179 -,13%6 —le~,163% =-,150 ¢
8 T -154.13 B § +18.23 -, =14,35 L +11,98 ¥
- i'é% = 2253~ 1,50 4+ 1,63+ 3,114 222 :: ggg SRR 2,86+ 0.5h
> == 4+ 0.19 ¢ + 0,59 + 0.32%C : 2 oL Ay 0.2 + 0.17 %
= 022 = 0205 0.0k y + 0,11+ 0.05%" 0.0 8"(172 = 2-97 270,05+ 0.05 ¢
2 ——t-"=s 0,01 ¢ + 0.02  + 0,014 F—== —— — —e =Sy 0,01 + 0.00
- 0.01 =~ 0.01*
84 T =2h,11 +25,81 =23,55 +15.93%
: ) iy C B G
3;1 F-.21h  -,109-»te=-,259 4 -,186 - 142 vte=,173 b=, 147 =,150 —sje=,179 ~,122 |
o3 1 +15.92 NN 0.00 L i +17.50 N 0.00
o 5,00 +popee= Ll A= 397 = 3.0590 " 5 H S pg L g poegm 2:65 - 1.804
] === 0.79 4 =-1.36 - 1.00¥< i o= 0,51 = 0,87 4
+ 0,65 + 0.82%— 0.16 K- 0.2 = 0.199" 0.45 4+ 0,38 + 0,25 S— 00T = 6161
§+ 0,12 + 0.152— ooos i 0'04 — 0'03;_:+ 0.08 4+ 0.06 +_ 0,04 21— o°01 — o°o3 I
+ 0,02 + 0.03%— 0'01 — 0'01 — 0901;?* 0.0l + 0.01 + 0,01 4 2
194 +24.99 =12.61 +24, 58 - 6,08
Hi BA BL BD DB DC DN DF FD TR FP FH HF HS
Ksg 6368 | 184 | 308 | .308 | 796 | .298 | .632 | .632 | .796 | .398 | .885 | ,885 | .298
K1564 = 8.87[= 4 hlil= 7, 43}+ 7,951420.52]|+10,27|+16.30]|=14.88{~18.75]- 9.371=20.85]+14,11]+ 6.33
,%-ﬁKiﬁei + 4,60] 0.00|+ 3.98]~ 3.71]= 5.01 gogg - 7,441+ 8,15+ §°§§ 0,00+ 7.05[=10.43% gogg
55 +12.15| 0,00 0.00] 0.00{ 0.00[=-38. 0.00] 0.00{+38. 0.,00{ 0.00| 0,00(=38.
L + 7.881- b hh]- 3,451+ 4,241+415.511-28,61]+ 8.86]=- 6,73[+29.91]= 9.37|-13.80|+ 3.68[=32.55
54 iB AC CA cD CEh EC EF . BG GE GJ GH HG HE
LT 2368 | 396 | .396 | .796 | .63%2 | .632 | ,796 | .796 | 796 |1.062 | .796 | .796 |1.169
L4193 + 9.190+ 9,891= 54.,991=10,0%]= 7,97|+15,54|+19.57}+19.57 |~ 4. 84|~ 6,46« 4, 8L]+12,68]+18,62
©14%9 49 - bobbl= 2,49]+ 4, 0L|+10.26]+ 7.77|= 3.98]|= 9.38|= 2,42|+ 9,78] 0.00|+ 6.34[~ 2,42] 0,00
FMi5 -12.15| 0.00| 0,00} 0.00| 0.00{ ©0.,00[{~38.83] 0.00| 0.00| ©0.00| 0.00| 0.00| 0.00
Msq - 7,400+ 7.40|= 0.05|+ 0,23|= 0.20]+11.56|=28.69|+17.15|+ 4,94|= 6.46]+ 1,50|+10.26 +18°62_

e



EXAMPLE 2

CARRY~OVER MOMENT SOLUTION TABLE 8
3 B D F B
rii + ~-.214 =.179->|=~,072 -,186 ¢ -, 148 -sjm-,117 -, 147 4§ =,163-sle=-,136 -s122 ¥
1§ -12.15 - +38,88 ¥ ~a -;2582 V- sn e +38,88 ¥
u ‘ b 2@93 - 2980\ - 5075 - !/ 09 o o 9\‘: : . :
Vo 1.3k - 0.0be 220+ 3. 474 ¢ B8ORS T o Ny 1050:_:’_%";% e ;gi
V- 0.27 - 0.17 4=+ 0. * 1,204 * Q.008& 5550 43 y - 0,205k s
_& 0.05 . 0003;’ + 0008 + 0023* + 0,11 > _ 0 06 - 0 08 . 0003</+ 8016 I goggi
= o & 4. . — [ [ R R
~0.01 - 0.0+ 001+ 0uO%} * 0.029% 570 ——5 01~ g.o12p+0:03
JM 4 - =20,72 —— +55,04 -63,84 +51,70
3 A C E G ‘
Tii bt ohy =0 259-+{==,109 -.218 } -,173->pe=,142 =179 4 -.179-=<=-,150 =,150 4
my . ¥12. N 0.00 - +38,88 ¢ ~a 0.00
. ' el 3,15 723 4 5.53 ; - 6.96 = 4,754
b+ 5983 + 10735;" 1244 - 2:1'!'8 ~ 1:83\2.*. 2:.75 + 8027 4 + 30263:" 2. 31 - 1.35%
i+ 0949 + 0063 0 29 - 0 IL § = 0634‘\_/ + 1,00 + 0o 5* .+ Us ::_ OQLI_B - 09184
$+ 0.09 + 0,12 T— 0605 — O’O ' O6<>+ 0,19 + 0.1k 4 + 0,09%— 0.08 = 0.05%
$+0.02 + 0,02 et 55 ia + 0,03+ 0.02 4 + 0.024F ——p*ro———5%55
JM 4 +19.038 =22.95 +54,65 =16,11
ji BA BL BD DB DC DN DF FD FE FP FH HF HS
1D44 A28 1 .21k | o358 | L145 | 373 | o186 | .296 | 233 | 293 | J147 | .327 | .273 | ,122
DijidMj |- 8,861~ L4,431= 7,42+ 7.99][+20.53]|+10.25{+16.31|=-14.87[~18.71]- 9.39|=20.87|+14.12{+ 6,32
=T 3IM5 T+ 4.60] 0.00]+ 3,96~ 3.71l1= 5,01} 0.00]= 7.48|+ 8.15|+ 9.78] 0.00|+ 7.03[=10.43] ©.00
ji +12,15| 0.00] 0.00{ 0.00| 0.,00{=-38.88] 0.00{ 0.004+38.88] 0.00f 0.00] 0.00{-38.88
Mi3° + 7.80]|= 4. 431~ 3,461+ 4,2814+415.52]=-28.63]+ 8,83~ 6,72 +29§395‘ - 2359 A—Z%O{M +?Ié69 -3&%56
i 1. _AB AG CA CD | CE EC EF EG e} -
Bi:i 482 | 518 | 218 | (436 | 346 | 284 | 358 | .358 | .300 | 400 | 300 | .245 | .360
D33dMs 14 9,20+ 9.88|=- 5.011=10.01 (< 7,95][+15,53|+19.57|+19.57 |~ 4,83 |= 6.4h]|- 4. 83]+12.67]+18,62
=r5 M5 |- L, b3 |- 2,501+ 4,95[410,250+ 7.77|= 3,97 |~ gogg - 2,421+ 9,781 0.00l+ 6.32]|= 2,42 8088
i =12:151 0.,00] ©0.00{ 0.00! ©0.00| 0.00{=38. 0,00 0,00 0,00 0.,00i 0.00 )
Mg - 7f38 + 7.381= 0,061+ 0o2hi= 0.18]+11,56|=28,7L1+17.15}+ 4,95|= 6. 441+ 1.49({+10,25 +1§o62

14
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MOMENT DISTRIBUTION SOLUTION

EXAMPLE 2 TABLE 9
CA AC AB BA BD DB BE
218 ,518 LL82 428 . 358 <1545 21k

-12.15 +12,15 | + 2.82 "+ 5.64
+ 3,15+ 6,30 | + 5.85 —1*™+ 2.93 _
- 3,47 P~- 1,73 | - 3,83 - 7,66 | - 6,41 7=~ 3.20 | - 3,83
+ 1. hli=— 4 2,88 | + 2,68 1+ 1.34 | + 0.96 *—+ 1.93
- 1.25— P~ 0.63 | - 0.49 =—~ 0.99 | - 0,82 - 0.41 | - 0.49
+ 0,299+ 0.58 | + 0,54 ™+ 0.27 + 0,17 =1+ 0.34
- 0.23 T - 0.12 | - 0.09 *—= 0,19 | = 0,16 ™= 0,08 | - 0.09
+ 0.05 " + .11 + 0,10 =+ 0.05 + 0,03 =~ + 0.06 '

- 0.04 - 0.0% | - 0.03 - 0.02
- 0,06 | + 7.39 | = 7.39 + 7,87 | - 3,44 + L. 28 | = 4,13
EC CE CD 'DC DF FD DN
- 284 246 436 . 373 . 296 . 233 .186
+11.04 T+ 5.52 | + 7.25 = +14.50 | +11.51 — T+ 5.75 | -38.88
- 2,76 = 5,51 | = 6,94 "~ 3,47 | ~ 6,62 =1%,26 | + 7.23
+ 3,651+ 1,83 | + 2,48 94—+ 4,96 | + 3,94 P+ 1,97 | + 2,47

- 00986'—“ 1099 o= 2051 > - 1025 o= 0067 - - 1&35
+ 0,68 1™ + 0.34 | + 0.43 <+ 0.87 | + 0.69 1™+ 0.3% | + 0,43
- 0,18 =~ 0,37 | = 0,46 = 0.23 | -~ 0.11 = ~ 0,23
+ 0,11 + 0,06 | + 0,08 <—+ 0,16 | + 0.12 — 1>+ 0,06 | + 0.08
- 0,07 | - 0,08 _ - 0,04
+11.56 - 0,19 | + 0.25 +15.55 | + 8,85 - 6,76 | -28,67
GE EG EF FE FH HF FP
200 . 358 » 358 .293% .327 .273 - 147
=38,88 +38.88 | + 5,31 +10.62
+ 6,96 +13%,92 | +13%.92 ™+ 6.96
|- 3.52—1 = 1.76 | = 8.34 9 =16,67 | -18.60 - 9.30 | - 8.37
+ 2,,30@— + 4,61 | + 4,61 P+ 2.30 | + 1.51 "+ 3,02
- 1,10 ™= 0.55 | - 0.85 %~~~ 1.69 | -~ 1.89 - 0.95 | - 0.85
+ 043+ 0,85 | + 0,85 1™+ 0.43 | + 0.20 "~ + 0.41 '
- 0.18 - 0,09 | = O.14 *—= 0,28 | - 0,22 =™~ 0.16 | = 0.14
+ 0,07 "~ + 0,15 + Q.15 1™+ 0,07 | + 0.03 ™~ + 0.07
- 0,03 . N - 0,05 | = 0,05 = 0,02
+ 4,93 +17.13 | -28,.68 +29,95 | =13,81 + 3,71 | = 9,38
GJ GH HG HK HS
. 400 « 300 . 245 . 360 .122
1+ 4,76 %+ 9,52 | +14,00 -38,88
-~ 4-69 - 3052 T - 1.76 + 4075
-+ 1.3 %=+ 2,71 | + 3,98 + 1,35
- 1,46 | = 1,10 7= 0.55 + 0,18
_ + 0,18 I+ 0,37 | + 0.54 ,
- 0,25 | = 0;18 = 0.09 .
+.0.,03 ¥—~+ 0,06 | + 0,09 + 0,03
= 0004 bt 0003
- 6,45 | + 1.50 +10.26 | +18.61 -%2,57




_PART VI
SUMMARY AND CONCLUSIONS

This study is the initial extension to continuous frames of the
garry-over theory developed by Professor Jan J. Tuma for the analysis
of continuous beams (2), |

.In_this case the redundants are taken to be the unknown joint
rotations (or joint moments) and are computed by the carry-over pro=
cess to a desired degree of accuracy. The physical interpretation
of the process follows easily and the numerical results are self-
checking and easy to tabulateal‘Due to the simplicity of the process,
errors are easlly detected,

Comparison of the computations in Examples 1 and 2 show the two
carry-over methods and the moment distriéution method to have the
same rates of convergency. Another conclusion is that for the compu=~
tation of end moments both carry-over methods are similarily accurate
and easy to applyg Although the carry-over slope method does not ne-
sessarily require the computation of distribution factors? the ability
to work with moments rather than slopes may offmseﬁ this advantage éﬁd

the difference between the two methods becomes negligible,

27 N



3,

A SELECTED BIBLIOGRAPHY

"Analysis of Continuous Frames by Distributing Fixed End
Moments", by Hardy Cross, Transactions, A.5.C.E., Vol. 97,
1932.

“Analysis of Continuvous Beams by Carry~Over Moments', by
Jan J. Tuma, Proceedings, A.S.C.E., Vol., 84, September, 1958,
No, 1762, "

"Analysis of Statically Indeterminate Structures', by
J. I, Parcel and R. B. Moorman, John Wiley and Sons, Inc., New
York, New York, 1955.

"Building Code Requirements for Reinforced Concrete', (ACI
318=56), American Concrete Institute, Detroit, Michigan, 1956,
Ch. 7, Sec., 702, Ch, 11, Sec. 1108,

"Structural Engineering’, 2nd ed., by John Edward Kirkham,

MeGraw~Hill Book Co,, Inc., New York, New York, 1933, pp. 669
720, . ’

28



VITA
Robert Granville Gregory
Candidate for the Degree of

Master of Science

Title: ANALYSIS OF CONTINUOUS RIGID FRAMES WITH JOINT TRANSLATION
PREVENTED BY CARRY-OVER SLOPES AND CARRY-OVER MOMENTS

Major Field: Civil Engineering
Biographical:

Personal Datas BRBorn Bellevue, Pennsylvania, January 23, 1932,
the son of Joe H, and Enid Gregory.

Education: Attended public sechools in Oklahoma from 1939 to
1949, graduated from Poteau High School in May, 1949;
atterided the University of Oklahoma from September, 1949
to June, 1953, received a commission as a 2nd Lt. in the
Corps of Engineers, United States Army Reserve, in May,
1953; completed the Engineer Officer Basic Course at
Fort Belvoir, Virginia, October, 1954; completed the re-
quirements for the Bachelor of Science Degree, Civil En~-
gineering, in November, 1956, received the degree in May,
1957 from the University of Oklahoma; completed the re-
requirements for the Master of 801ence Degree in August,

1959.

Professional Experience: Entered the United States Army in
June, 1954, served in the 35th Engineer Group (Construc=
tion), released from active duty March, 1956, and is now
a lst Lt. in the Ready Reserve; Design Engineer, Douglas
Airecraft Co., Inc., Tulsa, Oklahoma, Temco Aircraft Co.,
Inc., Garland, Texas, Avco Manufacturing Corp., Crosley
Division, Nashv1lle, Tennessee; accepted employment in
the Strength Group, Douglas Aireraft Co., Inc., Tulsa9
Oklehoma, May, 1959,





