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PR~FACE 

In the last fe~ years, feedback control syste~s have come 

to play a very important role in many engineering applicationso 

Since the end of World War II there has been much literature 

publishe·a on the subject, ahd it is now being taught at the 

undergraduate level in most engin•ering dollegeso This has 

developed a need for some means of demonstrating a feedback 

control systamo Also, since many of the design procedures now 

in use are somewhat of a "trial and error" process, any tech

nique or equipment capable of aiding the engineer in his de

sign efforts would be of great v~lueo 

1t is the object Gf this w6rk to develop a uhit ~apable 

of demonstrating a servo system and the compensation of' oneo 

Its p~imary use will be as an aid to -lass~oom iristruction~ 

nowever.ll it could also be used as an aid in the design of a 

servo systemo 

I would like to express my gratitude to Professor Paul 

Ao McCollum for the suggestions and assistan~e wnicn ne nas 

furnishedo I am also indebted to the National Science Fou:nd

atitih for granting me a fellowsnip whicn nas made i~ fln•n

cially possible for me to complete my graduate work at Okla

noma State Universit:yo 

Finally, I would like to thank my wife, Mary Lou, for ner 

diligent work in tne preparation and typing of this thesis o_ 
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CHAPTER I 

INTRODUCTION 

During the past decade, feedback systems have become 

increasingly important due to the need in almost all fields 

of endeavor for more exacting control over the various re

lated processes. Only a few years ago, the field of auto-

matic control was poorly organized, and many of the design 

methods were tedious and only too often results were un-

satisfactory. However, the military applications for auto-

matic control brought on by World War II made necessary 

the rapid assembly of all available material on the subject. 

Consequently, better analysis and design methods were dis-
.. . 

covered and adapted for use by the control engineer. Thus, 

the field of automatic control has become one of the most 

important branches of electrical engineering. 

Definitions 

In general, automatic control systems can be classified 

into two types, open loop systems and closed loop systems. 

Figure 1 shows a block diagram of an open loop positioning 

system. ei represents the input variable, eo the output 

variable. Turning the input shaft will set the output ac-

cording to some precalibrated chart. The principal char-

acteristic of the open loop system is that there is no 

1 



communication between the controlled quantity and the con-

trolling quantityo 

Figure 1. Open Loop Positioning System 

Figure 2 shows the block diagram of a type of closed 

loop positioning system. Instead of using a calibration 

chart to set the controlled quantity to the desired posit-

ion, the output information is available at the input sta

tion1 thus the input shaft can be varied until the desired 

position for the controlled quantity is attained. 

indicating device 

Power _______ Amplifierr-------1 Device 

Figure 2. Closed Loop Positioning System 

Load 

Figure 3 depicts the block diagram of another closed 

loop positioning systemo This system continuously and auto-

2 

matically corrects for any errors 1n the system. Any control 

system which automatically compares the output with a refer

ence quantity~ and uses the resulting error to correct the 

output is known as a servomechanism. 



error 
detector 

Power 
Device 

Figure 3. Proportional Error Servomechanism 

Another term which should be defined before proceeding 

further is the transfer function. Consider the block dia-

gram of Figure 4. The block has three cha~acteristics; an 

input 11 8i. ", an output "fJo 11 , and some function ''Y(s)" which 
-

relates the output to the input. In general, Y(s) operating 

3 

on ei will cause a shift in both phase and amplitude, thus 

it will be complex. Y(s) is defined as the transfer function 

of the system of Figure 4. 

Y(s) 

Figure 4. Block Diagram Notation 
for a Transfer Function 

Now, consider Figure 1. Suppose "K" represents the con-

stant factor and "G'' the complex factor relating the output 

to the input, thus the equation 

(1) 

can be written, where KG symbolizes the transfer function for 

the open loop system of Figure 1. If the amplifier and power 

device of Figure 3 is the same as that of Figure 1, then 
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from Figure 3, 

(2) 

Substituting ei- Bo for E, and solving for the ratio of (!)0 to 

()<' results in 

60 
KG e, - eo (3) 

Bo KG (4) 
Bi I+ KG 

Thus, the right side of Equation(4) is the general expression 

for the transfer function of a servomechanism where "KG" rep-

resents the open loop trarisfer function of the system. 

The transfer function is an important tool in the study 

of servomechanisms. It is possible to determine directly 

from the transfer function whether the system it represents 

will be stable. Also, a graphical analysis of the transfer 

function furnishes the shortest and most direct method of 
1 

compensating unstable systems. 

Objective 

The ptirpose of this thesis is to develop, test, and show 

typical solutions of problems on a unit capable of synthesizing 

a servo system. To accomplish this task., block or unitized 

setups are developed for synthesizing all the common transfer 

1Harold Chestnut and Robert W. Mayer, Servomech~nisms 
and Regµlating Systems Design (New York 19.51), pp. 245-290. 
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functions ·~ncountered in th~ ~sual study of lirtear servomech

anismso ~.Tne unit will primarily .be used ·in the classroom to 

serve as a teaching aid; and to d~~onst~ate the ~roperties 

of typical systems and their compensation. It could also be 

used to an extent for the selection of suitable compensation 

~laments associated with design6 



CHAPTER II 

ANALYSIS OF A SERVO SYSTEM 

Transient Analysis 

Figure 3 is a block diagram of a proportional error 

servomechanismo Tne differential equation for the system 

is 2 

+ r 

where ()0 - output of the system 

A gain of the amplifier and power device 

f viscous damping coefficient of the system 

J - inertia of the system 

(, - error 

t time 

(S) 

Equation (5) may be rewritten in terms of the input and error 

by substituting er-· [ for (:),,' the result ls 

(6) 

To analyze the servo system represented by Figure 3, 

Equation (6) is solved for the error as a function of time. 

2 George J. Thaler and Robert Go Brown 9 Servomechanism 
Analysis (New York 1953)9 pp. 72=74• 

6 
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The Laplace transform method is generally used for the solu-

tion of these equations. There are a number of reasons for 

this, one being that the labor is simplified because the 

differential equation above is reduced to an algebraic ex-

pression. Another reason is that the transfer function can 

be written directly from the transform of the differential 

equationo 

As an example of the use of the Laplace transform in 

the solution of the equation of a servo system 1 suppose Equa

tion (6) is solved for a step displacement input. The initial 

conditions would be as follows: 

At t:O-; $/.= 0 ""''.-o d.t -

So= a ot ej! c-sO 
dt 

[ = () d. (, --=O of.1: 

e,:= '3 ,i~,!=0 
oft; 

80= 0 ~=0 
d:t 

where t = 0- is the time preceeding and up to time zero, and 

t = of is the time starting at and following time zero as 

illustrated in Figure 5. Taking the Laplace transform of 

Equation (6) with the initial conditions as given, the result 

is 

::J [s~ t<s)-s B] + f [s E(s)- eJ+ A E(s) 

=:r[s;ll-ss]~f[s f-e] 
( 7) 

where E(s) represents the Laplace transform of the variable l6 
Equation (?) is an algebraic expression and can be handled as 

such. Solving for E(s) yields 

E (s) = . B s ::r + f = 8 
sa.;r+; f +A ( 8) 



0 >t 

Figure 5. The Step Function 

Equation (8) can be rewritten in the form 

£Cs)= B s + a. 
[ s -t- ~ + fl] [s + o< - ~ J 

where 

(9) 

(10) 

(11) 

(12) 

8 

and~ may be real, zero, or imaginary. The inverse transform 

of Equation (9) has the form 

( 13) 

When~ is real, the response is that of an over-damped 

system as portrayed by the response curve of Figure 6. Phys

ically, this represents a system that is sluggish and slow to 

respond to the input displacement. An examination of Equation 

(12) reveals that the condition for~ to be real is that 

[..t.J 2 > ....a. t2. .J J J ( 14) 

From this, it can be seen that the system response can be im-

proved either by decreasing the friction, or by increasing 

the amplification in the system. 

If 

.1l 
J (15) 



~ becomes zero and Equation (13) reduces to 

t=ce-Q('f:, 

9 

(16) 

This corresponds to the critically dampe;¢' response curve shown 

in Figure 6. 

,~---under-damped response 

time axis 

Figure 6. Response Curves for the Proportional Error 
Servomechanism of Figure 3. 

Now, consider the case where 

[2fjJ 2 z : (17) 

In this case,~ is imaginary and if 

(18) 

where 

b = {A/J" - [f/2 .r]" (19) 

then Equation (13) can be written as 

(20) 

which reduces to 

(21) 

or 

E -e,.. °' t: [n .: sin ( bt + f>)] (22) 



This corresponds to the under-damped response curve of Fig

ure 60 

10 

The transient analysis of a servomechanism predicts the 

,. performance of the system, and so indicates whether improve-

ment is needed. However, this type of solution does not in

• dicate a direct means of altering the system in order to im-

prove the performance. A method of analysis which lends it-

self more readily to design work is the transfer function 

method. 

Transfer Function Analysis 

The concept of a transfer function was introduced in 

Chapter Io The purpose of this section is to indicate how 

the transfer function is used in the design and _analysis of 

servo systems. 

---''oo0"------1) 
!., C 

Figure 7. Series RLC Circuit 

To illustrate the development of a transfer function 

for a system, consider the series RLC circuit of Figure 7. 

The differential equation for this system is 

di J ei.' = L. rJ.t + Ri + f i oit (23) 

With zero initial conditions, the transform of Equation (23) 

is 

Ei (s) = J.. s- I(s),u.. R I (s) + J(sVcs 
(24) 



For Figure 7 it is determined that 

:I(.s) = Fo(.rVR ·- . . ' 

11 

(25) 

Now, substituting Equation (25) into Equation (24), and solv

ing for the ratio of E0 (s) to Ei(s) results in 

where 

and 

Eo (.s) 

El (.s) 

s. 

S2 - ~ -J f..!)~ - 2L (.?L J,C 

(26) 

(27) 

(28) 

Equation (26) is the transfer function of the complex ratio 

of output to input for any type of input functiono The trans

fer function is thus obtained directly from the Laplace trans

form of the differential equation by assuming zero initial con= 

ditions. For sinusoidal excitation, the complex variable (s) 

may be replaced by the frequency variable ( j G.l). The result 

is ' eo (j~)=.l!.. r J <>) ] 

e '° L L( ..r, + J ~) (..s). + j v) ( 2 9 ) 

where s 1 and s 2 have the values as given by ~q~a~io9s __ (27) and 

(28). Equation (29) can thus be checked by normal circuit 

theory. 

The transfer function of a servomechanism system can be 

written in mu~h the same manner as the transfer function for 

the series RLC circuit above was written. For example, the 

differential equation for the system of Figure 3 is 

Ac= J ( 5) 



12 
- ~ ..... ",- ... ,.., .. 

Now if B,'-(j,,is substituted fort in this equation the re-

sult becomes 

This transforms into 

~_et (s)_+_~f>o(~) - r s_1 ~o(s)_ + f s_ (jo ( s) 

Solving for the ratio of 60 to 8,yields 

Bo ) R [ I ] el (s=y s'-+s.t + A 
'''' ,,. '' J" ' ' ' :r. ·. 

(30) 

(31) 

(32) 

Equation (32) is the transfer function of the proportional 

error servomechanism of Figure 3. 

Consider the equation 

s 2 + s j + ~ = o (33) 

which is obtained by equating the denominator of Equation (32) 

£0 zeroo This is the characteristic equation of the system of 

Figure 3. A study of this equation can yield ~o~e sig1?-~fic~nt 

facts relative to the system it represents. Solving for the 
... ''" .... '". 

roots of the equation would yield the following possible con

ditions: 
I 

(1) roots are real and positive; 

(2) roots are real and negative; 

(3) roots are complex, with the real part positive; 
. " ., -~ 

(4) roots are complex with real part !?-.~~1:1 ~ i ve; 

( 5) roots are complex with real part zero. 

When either condition (1) or (5) exists, the inverse 

transform of Equation (8) contains a growing exponential func-
. --······ . . ... ,, 

tionj) therefore the system is unstable. In a physical system, 
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instability could cause the system to ~est~oy itself. If 

condition (5) existed, then the inverse transform of Equation 

(8) would contain an undamped sine function. Again, this 
- - . . 

would make the system unsuitable for control purposes. Under 

conditions (2) and (4), in which the real parts of the roots 
.. -· 

are negative, the transformed equation will contain factors 

of the type e-«twhere ~ is the real part of the roots of 

Equation (33). Therefore, conditions (2) and (4) result in 

a stable system. Thus, the real parts of the roots of the 

characteristic equation of a system determine the stability 

or the instability of the system. 

It is possible to determine from the characteristic 

equation of a system whether the system will be stable; how

ever, it is not always possible to tell just how stable the 

system is, or what should be done to affe~~--t~e sta~ility_ of 

the system. In general, it is easier to analyze and design 

servomechanisms when graphical methods ar~ used. One method 

is to use the transfer function, KG 9 expressed in terms of the 

variable, (j W) 9 and plot the vector locus of the vector, KG.IJ 

in the complex plane from GJ-=-ooto w=+«>• 

From complex variable theory it can be shown that the 

transfer function of a system expressed in terms of .(j w) can 

be obtained directly from the transfer function, expressed 

in terms of the complex variable (s), by replacing (s) with 

(j ~).3 Thus, Equation (32) can be rewritten 

3stanford Goldman~ Transformation Calculus and Electrical 
Transients (New York 1949), pp. 226-233. 



fJo ( , ) A [ I 
e,; J W =: J,. .. (J0 W) l. + f- ( ' ) J j lJ + 

Now, consider the equation 

60 
e;: 

KG
I+ KG 

(34) 

(3) 

developed in Chapter I. It is obvious that as KG approaches 

the value -1 f jO, the magnitude of the transfer function will 

become infinite. Under this condition, the system will be 

unstable. Suppose now that Equation (3) is substituted into 

Equation (34) and the resulting equation solved for KG. The 

result is 

(35) 

If the locus of the KG vector~ plotted in the complex plane, 

passes through the point (-1 9 jOL then instability occurs in 

the system. If the KG vector encircles the point (-1, j0) 9 

this also indicates an unstable system. 

The plot of the KG locus in the complex plane using the 

frequency variable ( w) as a parameter is known as the 

"Nyquist'' plot 9 and is widely used in design and analysis work. 

Figure 8 shows two Nyquist plots and their associated trans

fer functions. Figure 8(a) is the Nyquist plot of Equation 

(35). Since the KG locus neither passes through nor encir

cles the point (-1, jO), this represents a ~table system. 

Figure 8(b) represents a stable system if the gain is small 

enough so that the KG locus passes inside the point (-1, jO). 

If the locus encircles the point, the system would be un-

stable; however, it would take only a gain adjustment to 

stabilize it. 
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The advantages in using graphical methods, such as the 

Nyquist plot, lie not only in the fact that it is possible 

to predict the performance of a system, but it is also pos-

sible to predict where the system should be altered and by 

how much in order to bring it to the desired performance 

standards. An example of this was pointed out for the system 

represented by Figure B(b) where the gain may be altered to 

stabilize the system. In some cases it may be desirable or 

necessary to alter the shape of the KG locus. Again, it is 

much easier to choose the desired compensation from the graph= 

ical plots, th!n it would be from the system equations. 

Axis of 
imagin ries 

decreasing lJ 

Axis of 
imagina. ies 

clecreasing w 

(a) 

(b) 

Figure 8. Typical Plots of the KG Locus 



Sum..,nary 

In general, differential equations may be written des

cribing a servomechanism. The performance of the system 
. . 

may be predicted very accurately, within the limits of the 

accuracy of the system equations themselves, by solving the 

16 

differential equations. However; in many cases the solution 

of differential equations becomes a long and tedious process 
. - .. ~ 

and also there is no clear cut method of determining, from 

the solution of the equations, what should be done in order 

to improve the performance of the systemo 

A graphical analysis of the transf~r function of a system 

has proven to be the most all-around satisfactory method for 

determining the system performance, and for suggesting alter-
- - .... ·-··· . .. .. ... - ·-

ations in order to improve the systemo Because of this, it 

is apparent that the transfer function plays an important 

role in the study of servomech~nisms. 



CHAPTER III 

SYNTHESIS OF A SERVO SYSTEM 

Analogous Systems 

One avenue of physically synthesizing control systems, 

makes use of the analogies that exist between physical sys-

terns. For instance, consider the systems of Figure 9. The 

differential equation for the mechanical system of Figure 9(a) 

is 
o! )..x. d ,y., 

F(t)-=.M d.ti+f d,t +kx 
(3 6) 

where: F(t) applied force 

k spring constant 

f friction 

M inertia 

x displacement 

The differential equation of the electrical circuit in terms 

of charge is 

e(t)= L r/..2.Cfr- + R ol~ + .L 1 (37) d. t 2 cl t C 

where: e (t) = applied EMF 

C capacitance 

R resistance 

L inductance 

q charge 

17 
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It will be observed that Equations (36) and (37) have the 

same mathematical formo Thus Figure 9(b) is said to be the 

electrical analogue of the mechanical system of Figure 9(a)o 

Table I gives the analogous elements between a mechanical and 

an electrical system based on the analogy of force to EMFo 

By using analogies, such as those in Table I, it is possible 

to synthesize almost any linear physical systemo In cases 

where gain is involved, an amplifier would have to be in-

eluded in the electrical systemo 

f 

f_..__.-M_....___, 
F(t) 

(a) (b) 

Figure 9. Analogous Systems 

TABLE I 

Analogous Elements 

Mechanical Elements Electrical Elements 

F(t)=force e(t) =EMF 

M = inertia L =inductance 

k = spring constant C =capacitance 

f = friction R =resistance 

X = displacement q =charge 

V = velocity i =current 

C 

a = acceleration di/dt=rate of change of 
current 
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Synthesis Using Passive Networks 

The transfer function for the mechanical system Of Fig

ure 9(a) in terms of the applied force and velocity is 

1T (.s) = 1-
,=- M (38) 

Suppose it were desirable to find an electrical system analo-

gous to this system. The problem then would be to find a net

work which would yield the transfer function of Equation (38). 

Thus, it can be said that the network of Figure 9(b) synthe

sizes the transfer function represented by Equation (38)0 

Figure 10. Network for Synthesizin~ a 
Simple Proportional Error 
Servomechanism 

The transfer function for the proportional error servo-

mechanism of Figure 3~ Chapter I was 

~ (s)- ..1L [ I J 
fN, - .J s 'l. + s f/J" +- fl/:r (32) 

To synthesize this system 9 a network is to be found that has 

a transfer function of the same form as Equation (32). The 

circuit of Figure 10 gives the desired results. Using either 

of the methods discussed in Chapter II, the transfer function 

for the circuit of Figure 10 is 

(39) 
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An inspection of Equations (32) and (39) will show. that they 

have the same form. If R, L, and C in Figure 10 are chosen 

so that 

1/LC A/J (40) 

and 

R/L =f/J (41) 

then the relation between ei and e 0 in Figure 10 is the same 

as the relation between the input and output shafts in the 

proportional error servomechanism. By this method, it would 

then be possible to check the performance of the servomechan

ism by running tests on the network of Figure 10. 

It would not be possible, however, to simulate an un

stable servo system with a passive network such as that of 

Figure 10. To do this, it would require a circuit which could 

add enough energy to the excitation to overcome the losses in 

the circuit elements and thus cause sustained oscillations. 

Another factor that discourages the use of passive networks 

for the simulation of servo systems is the loading effects 

that occur when either a signal source is attached to the 

input terminals, or a measuring or recording device is attached 

to the output terminals. The next section describes a method 

of synthesis with active networks which, to a great extent, 

eliminates the disadvantages pointed out above. 

Synthesis Using an Operational Amplifier 

Figure 11 shows a detailed block diagram of an operational 

amplifier. The blocks labeled Zr and Zi represent feedback 

and input impedances respectively. The triangular shaped 
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block represents a high gain a-c amplifier that has a gain of 

=Ka If it is assumed that the grid of the amplifier draws no 

current, then the following equations can be written from Fig= 

ure 1104 . 
l, = l f {42) 

., .. 

L, = ( ei - e,) 'E i, {43) 
... , 

l f == ( e, - eo) °if (44) 

eo=. -J( eo {45) 

Now, if substitutions are made and the ratio e 0 to ei solved 

for, the result is 

ii=-!: [I+ t(1+t) J 
and if the relation 

k>>1 
holds, then Equation (47) can be further simplified to 

eo/et . -~+/i,: 

{46) 

(4 7) 

(48) 
·' . ,_ . 

From this relation then, it is seen that the transfer function 

of the operational amplifier is dependent solely on the input 

and feedback impedanceso 

' ' 

Figure llo Block Diagram of an Operational Amplifier 

4J. Ra Ragazzini, R.H. Randall, and F. A. Ru~~ell, 
"Analysis of Problems in Dynamic~ by·Electronic Circuits", 
Proc. IRE 9 Volo 35, May 1947, PP• 444-452. 
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Two assumptions were made in developing this relation, 
..... . 

one being that there was no grid currento I~~ we;1 designed 

amplifier, the error resulting from this assumption would be 

negligibleo The other was that the gain of the amplifier was 

much greater than unity. Obviously, then, it will be desir

able to keep the amplifier gain as high as possible when using 

the amplifier to synthesize a transfer function with the re

lation given by Equation (48)o 

To realize a transfer function using the operational 

amplifier, input and output impedances would be chosen to 

yield a transfer function of the same form as the one being 

consideredo It would be possible to synthesize any transfer 

function with one amplifier by finding suitable feedback and 

input impedance.5 However, this requires a knowledge of net

work synthesis techniqueso A somewhat easier method would 

be to develop a table, such as Table IIo The desired trans-

fer function could then be found in this table and the proper 

impedances chosen to yield the desired result. More compli-

cated transfer functions could be synthesized by using sev-

eral amplifiers in cascade. 

Using Equation (48) and the feedback and input impeda~~es 

from Figure 12, the transfer function of the circuit of Fig= 

ure 12 is found to be 

e" R-,. + t/sc,. 
el = - R 1 + 1/s C, (49) 

5Clarence L. Johnson, Analog Computer Techniques (New 
York 1956), Po 62~ 



23 

TABLE II 

Circuits for the Generation of Transfer Functions 

1. 

e,:, 

C 

ea + s R.zC 
et." s R,C 

e,,i -eo 

0 

C:i. 

Ra 
1R, eo Ra. [I+ sR,Co ] =--e(,: R1 I + .s lhC!o e, 

~o== _ sRi Co 
et (1 + s Ra Ca)(! +s R'tC,,) 



24 

or 

(50) 

This illustrates the method used in developing Table IIo 

Figure 120 Amplifier Circuit Having the Transfer Func
tion of Equation (50) 

As an example of the use of the operational amplifiert 

suppose the transfer function of the proportional error servo-

mechanism, Equation (32), is to be synthesized. The first 

step would be to factor Equation (32) and write it in the form 

(51) 

No transfer function of this exact form can be found in Table 

II, however, if two amplifiers are used, then number 2 of 

Table II will furnish the desired results~ Figure 13 shows 

the diagram for the two amplifiers. The resulting transfer 

function is 

(52) 

or 
~ (s)-
(!~ - (53) 

Note that Equation (53) has the same form as Equation (51L, 

thus the proportional error servomechanism has been synthe-

sized by the circuit of Figure 13. 
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C c' 
Ro 

Figure 13. Amplifier Circuit for Synthesizing a Simple 
Proportional Error Servomechanism 

It should be noted that a closed loop transfer function 

was used in the procedure discussed above~ This procedure 

would apply in cases where the roots of the characteristic 

polynomial are not complex. A somewhat more general ap_-
··· ... 

preach would be to synthesize the open loop transfer func-

tion using the same procedure as above and then connect a 

feedback loop from the output of the last amplifier to the 

input of the first amplifier. An additional amplifier would 

be used to combine the input and feedback signals, thus, 

functioning as an error detector for the closed loop system. 

Care would have to be exercised to insure that the feedback 

signal had the proper polarity. 

This, in general, demonstrates the use of the operational 

amplifier for synthesizing a servo system. The remainder of 

this thesis will be devoted to developing a unit capable of 

synth~sizing servo systems using the principle described 

above. 



CHAPTER IV 

DESCRIPTION AND OPERATION 

The overall equipment consists of the following sub

units: 

(1) 

(2) 

(3) 

(4) 

The servo synthesizer chassis 

Operational amplifiers 

Impedance units 

Power supply 

(5) Performance indicating or recording device 

The following sections present a physical description and a 

discussion of the function of each of the sub=units listed 

aboveo 

Servo Synthesizer Chassis 

The principal sub-unit consists of an aluminum chassis 

seventeen inches long~ ten inches wide, and three inches 

deep. Figure 14 presents a top view of the chassis. There 

are ten octal sockets mounted in two rows across the back 

portion of the unito Module type operational amplifiers 

plug into these sockets. Another row of five octal sockets 

is located on the front part. The impedance units plug in

to these sockets •. 

The symbol~ "0", on Figure 14 represents a screw driver 

adjustment. In this case, they are bias adjustments for the 
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operational amplifiers" The numbers beside the adjustments 

correspond to the numbers on the amplifier socketso 

The selector switch, shown on the right side of the chas= 

sis, connects any one output of the ten operational amplifiers 

to the terminals shown alongside the switcho Again, the 

numbers correspond to the numbers on the amplifier sockets" 

The last two positions on the switch are not usedo 

The symbol, "o 11 , represents a terminal on the chassis. 

All black terminals are grounded. The terminal pair located 

on the front left corner is connected to the input of number 

one amplifier. The first row of terminals across the front is 

connected to the output of the amplifiers. The second row is 

connected to the input of each amplifier through a one megohm 

resistor. Available on the left side of the unit is a neg-

ative d-c voltage, which can be used as a step function input. 

The magnitude adjustment for this voltage is on the front 

panel of the power supply. 

110 V ~C. 

___ )J 
1_. ----o 

el.a\/!! 

Figure 15. Schematic Demonstrating the Function of a Single 
Relay 
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Mounted underneath the chassis are five, four-pole double-

throw relays. Each relay serves the purpose of initiating 

and stopping the problem solution on two amplifiers. Figure 

15 shows how one relay is connected into the circuit. Aside 

from starting and stopping the problem solution, the relays, 

in the de-energized state, discharge any charge which may be 
. . .. 

built up on capacitors in the feedback loop during previous 

use. The relays are designed for operation on 110 volts a-c. 

The coils are wired in parallel and are energized through a 

two-pole switch located on the front side of the chassis. 

All power is supplied to the unit through a receptacle 

located on the back side of the chassis. Figure 16 shows a 

view of the power receptacle from underneath the chassis. The 

proper voltages available at the receptacle are shown on the 

drawing .. 

+.aoo oc 

0 0 
} 110 AG 

Figure 16. Power Receptacle 

A complete schematic diagram of the unit is shown in 

Figure 17. 

Operational Amplifiers 

The unit described above is designed to use the Philbrick 

K2-W octal plug-in amplifier. General specifications for the 
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amplifier are as follows: 6 

Gain: 

15~000 d-c open loop 

Power requirements: 

4o5 milliamperes at f 300 volts d-Co 

4o5 milliamperes at - 300 volts d=Co 

Oo6 amperes at 6.3 volts a-c. 

Tubes: 

2 12AX7 twin triodes 

Impedances~ 

Input impedance above 100 megohms. 

Output impedance below one )dlohm open 

one ohm fully fed backo 

Voltage range: 

loop 

=50 volts a-c to f 50 volts d-c on input 

=50 volts d-c to 1-50 volts a-c on output 

Bias~ 

and below 

For balance, a positive bias adjustable from Oto 3 

volts d-c is used in series with pin number one. 

Response: 

31 

The amplifier has a two microsecond rise time with band 

width over 100 kc. 

Physical Properties: 

The amplifier has a molded plastic sealed casing with 

an octal plug base. The overall height is four 

and one half inches and weight is three ounces. 

6George A. Philbrick Researches, Inc., Bulletin, Model 
K2~W Operational Amplifier. 
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Figure 18 shows the schematic diagram of the Philbrick 

K2-W operational amplifiero This is a conventional d-c amp-

lifier circuit using three stages of amplification and a cath-

ode follower on the outputo In this unit, the positive input 

is biased and only the negative input is used for signal. 

The operation of the d-c amplifier may best be described 
- . 

by tracing a signal through the circuit of Figure 18. A 

negative signal on the grid of v1 decreas~s the cur~ent in 

that tube, and thus causes the voltage across the common 

cathode resistor, R1 , to drop. This has the effect of de

creasing the bias and increasing the plate current of v2 • 

The plate voltage on v2 decreases and this decrease is di

rectly coupled through R3 to the grid of v3 • The decrease 

in grid voltage on v3 causes a decrease in plate current and 

an increase in plate voltage. The increase in plate voltage 

on v3 is directly coupled through R6 and the gas ~ub~ to the 

grid of V4 o The resulting increase in current thro~gh v4 _ 

produces a positive voltage across R9 and R10 , thus, giving 

a positive output from the amplifier circuit. In the same 

manner it can be ascertained that a positive signal on the 

grid of v1 will produce a negative output from the ampli

fier circuit. 

The resistors R2 , R3 and R4 form a voltage divider net= 

work to maintain the proper bias on v3• ~5, R6, R11 and_ the 

gas tube perform the same function for V40 R2 and R5 also 

serve as plate load resistors for amplifiers v2 and v3 re= 

spectivelyo The capacitors in the circuit are for high 
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frequency equalizationo The overall gain is increased by 

using positive feedbacko This is accomplished by coupling a 

portion of the output signal through R3 to the cathode of v3 • 

Impedance Chassis 

The physical properties and dimensions of an impedance 

chassis are illustrated in the isometric drawing of Figure· 

19(a)o A standard octal plug is mounted in the hole shown at 

the bottom of the chassis. Each of these chassis contains 

the input and feedback elements for two of the operational 

amplifiers. Each chassis represents some transfer function 

of the form given in Table II, and is labeled with that 

function. 

Figure 19(b) presents a larger view of the terminal 

boardo The numbers correspond to pin numbers on the octal 

plug. The impedance elements connect to the terminals as 

shown, where: 

2 il represents input impedance to the first amplifier; 

2fl represents feedback impedance on the first amplifier; 

2 i2 represents input impedance to the second amplifier; 

2 r2 represents feedback impedance on the second ampli= 

fier. 

Power Requirement 

The power requirements for the unit are as follows: 

Bf supply: 

50 milliamperes at f 300 volts d-c regulated. 
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r 
4·· 

(a) 

( b) 
Figure 19. Impedance Chassis 



B- supply: 

50 rnilliamperes at -300 volts d-c regulated. 

Filament: 

6 amperes at 6.3 volts a-c. 

Bias supply: 

6 milliamperes at 6 volts d-c. 

Relays: 

110 volts a-c. 

Function voltage: 

Oto -50 volts d=c. 

The desired power is obtained by using two Kepco 815B 

regulated power supplies. All voltages listed above are - . 
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obtained from these two power supplies except the bias volt

age and the 110 volts a-c. 

The Kepco power supply is equipped with a power on-off 

switch and a B supply swit?h• The B suppl! is adjustable 

from zero to 600 volts d-c. Mounted on the front of the power 

supply is a voltmeter by which this adjustment can be made. 

Also available is a C supply~ which can be adjusted from zero 

to -150 volts d-c. A selector switch allows the voltmeter to 

be switched to either the B supply or the C supply. The fila-

ment rating is adequate for the required power listed above. 

The second power supply is used to obtain the negative 

JOO volts a-c required for proper operation of the amplifiers. 

Recording or Indibating Device 

To complete the servo synthesizer 9 a device to record or 

monitor the output is needed. The output can be observed 
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visually on either a voltmeter or an oscilloscope. Since the 

output impedance of the operational art'!,:p~ifiers is very low, 

neither of these are likely to tause any loadingo 

Another instrument available for this purpose is 'the pen 

recorder. 8 This ·instrument gives a permane~t record of the 

output. The input impedance to the pen recorder ts low; there-
. ... . ..... ., 

fore 9 it may be nedessary to use a resistor in series with it, 

to prevent loading the amplifier circuits, ~o prevent damaging 

the recorder, and to properly damp the recorder. 

Method of Operation 

Power is supplied.to the unit through individual cords 

that are connected to a common plug on the servo. sy~t:~e~izer 

end. The free ends of the cords are labeled as to the volt-

ages they are to supply and thus~ they can be ~~a~;1y con

nected to the proper terminals on the.pow~r supply~ The cord, 

which furnishes 110 volts a-c to the relay coils, plugs into 

a standard a-c outlet. 

Power should be applied to the unit for a peri?~ of 20 
' to 30 minutes before attempting any problem solution. At the 

end of this period 9 the amplifiers should be stable and bias 

adjustments can be made. This is done by connecting a volt

meter to the meter terminal and adjusting the bias of each 

amplifier to zero output on the voltmetero The relays 

should be in a de-energized state while these adjustments 

are being madeo 

8Texas Instruments Rect/riter is recommendedo 
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The recording device may be connected to any of the out

puts on·the amplifiers by plugging into the jack on the 

chassis, or it could be plugged into the meter terminal and 

the output of any of the ten amplifiers selected by means of 

the selector switch. The method used would depend upon the 

particular problem. 

The response to a step or ramp function can be examined 

merely by connecting a single patch cord from the function 

terminal to the input terminal on the chassis. For a ramp, 

the first amplifier would have to be used as an integrator. 

The response to any kind of input function could be deter

mined by using an additional unit to generate the desired in

put function and connecting it to the input terminals on the 

chassis. 

An input to each amplifier through a one megohm resistor 

is provided on the amplifier chassis. This makes it possible 

to use any amplifier as an adder. Also, it provides a method 

of using an amplifier as an error detector and thus completing 

a closed loop system. The output of any amplifier can be fed 

back to the input of any amplifier merely by making the proper 

feedback connections on the chassis. 



CHAPTER V 

RESULTS. 

Results of Tests on Single Impedance Units 

Figure 20 shows the schematic diagram of three of the 

impedance units built for use with tl'le servo syrithes.;z~r. 

The associated transfer functions for each are as shown on 

the figure. For each of the three cases shown, the response 

to a step input is calculated below, and compared to the 

actual response as recorded by the servo synthesizer. 

Figure 20. Transfer Function Units 

39 
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The transfer function foT the unit of Figure 2Q(b) is 

ea 1?6 I 
- -- - K et - R.r R 7 C, s - s 1"' (54) 

The respohse to a unit step input would be 

eo (.s) == JL -'-'l' s 2 (55) 

Taking the inverse transform of this yields 

eo(f.) == t t (56) 

In the same manner tha response for the units of Figure 20(a) 

and 20(c) is calculated to be 

eo (t) = K (57) 

eo (t):::::: K [1- e-o/')'] 
(58) 

respectively. 

/0 ,SO 

eo= lo 

s ?.S 

0 '--~-'-~~~~~~~-
---- t,rne 

0 
0 

(a) ( b) 

/0 

5 [ _cct] ~eo = lo ,-e 
0 

0 ~ t 

(c) 

Figure 2lo Actual Response of the Units of Figure 20 to a 
Step Input 
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To verify these calculated results on the servo synthe

sizer, the following component sizes were used: 

R1 through R11 = 1 megohm 

c1 -== C2 == 1 A. f 

Figure 21 shows the response of each of the above units to a 

ten volt step input, as recorded by a pen recorder connected 

to the output of the servo synthesizer. 

It will be observed that the response curves of Figure 21 

agree with the calculated responses, Equations (56) through 

Equation (58). The break in the ramp of Figure 2l(b) is caused 

by the amplifier saturating at 50 volts. 

Results of the Solution of a Servo Problem 

To test the servo synthesizer on a servo problem, con-

sider the servo system represented by Figure 22. The trans

fer function for the individual blocks of Figure 22 are as 

follows: 9 

where: 

s(i+s.:i:..&) 
Kr Kv 

/Aa. = amplifier gain 

K = generator constant, volts/ampere 
g 

Rf= generator field resistance 

(59) 

(60) 

(61) 

9Gordon S. Brown and Donald P. · Campbell; Principals of 
Servomechanisms (New York 1948), pp. 127-133. 



el 

or 

r 

Lf = generator field inductance 

Kv= mot~r back-emf con~tant, volts/rad/sec 

Kt== torque constant,'ft.lb./amp. 

J. = system inertia, slug-ft.2 

Ra= motor armature resistance 

£ Amplifier Generator Mo.tor 
K1G1 K2G2 K~G~ 

Figure 22. Positioning Servomechanism 

The open loop transfer function for the system is 

'KG = Aa. [ Xe; I ] f ·/ I ] 
Rf I ~ S l!.f. [R'7t S ( t -,. S J R-. ) 

Rf KT Kv 

The values of the system constants are: 

Ao..=11.3 

K =220 volts/am.p. 
g 

R = 150 ohms 
f 

Lf = 6. h_enrys 

Kv= 1.335 volts/r~d;~n/sec. 

Kt= o.66_? ft-lb./~mp. 

J = 0.053 slug-ft. 2 

R = o. 667 ohms a 

Substituting these values into Equation (63) yields 

kr;- 12,1./. 
- sQ +- o. oJ/. s)(!+tJ. 04 s) 

. 
80 

(62) 

( 63) 

(64) 
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which is the over,all oper,i. loop transfer function for the sy= 

stem of Figure 22. 

An analytical solution of this probl~m for a step dis

placement input yields a response simili~r to that of the 

underdamped response curve of Figure 6. 

el eo 

Figure 23. Schematic Diagram of Unit Used to Synthesize the 
System of Figure 22. 

E'igure,23 shows an operational amplifier configuration 

that can be used along wit~ those of Figure 20(a) and 20(b) 

to synthesize this problem. The transfer function for the 

configuration of Figure 23 is 

-~:. = [Z·~ If- ~ .. (3 ;J LR: I 

For purposes of this problem the uni ts 

+- R~sC14_SJ (6>5) 

are chosen with fix~d 

components that have the following values: 

R2 = R3= R4 . R6 = R12 R14 = l megohm 

c1 = l microfarad 

c3 =C4 =_ O. 01 microfarad 

This leaves R1 , R5, R7, R13 ~ and R15 to be set arbitrarily. 

The _following three steps present a method by which this can 

be aecomplished fairly easily. 



(1) Set R13 and R15 so that the time constants will 

correspond to those of Equation (64). In this 

case R13 =R15=-4 megohms. Substitution of the 

component values into Eauation (65) yields the 

following transfer function: 

ea==-~----='=~~~~~~
el (, + o. 04 ..s)(, +- o, 014.s) 
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(66) 

(2) Arbitrarily set R7. In this case R7 can be set to 

one megohm yielding the transfer function 

I 
s 

for the unit of Figure 20(b). 

(67) 

(3) Set R1 and R.5 so that the overall gain of the func

tion corresponds to that of Equation (64). This may 
. . 

be done by setting R.5 arbitrarily and calculating 

the si~e of R1• In this case, set R5 equal to one 

megohm, then the following relation must hold for 

16 =IZ.1,- (68) 

Solv~ng for R1 yields a value of 1.29 megohms. There 

fore, the transfer function for the unit of Figure 

20(a) is 

eo -- = o.7?S 
et'. (69) 

(70) 
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A comparison of Equations (64) and (70) shows that they are 

identical; thus, the servo system of Figure 22 has been syn

thesized. 

To investigate the closed loop response of this system, 

a feedback loop has to be connected from the output of the 

last unit back to an error detecting device. Another ampli-

fier can be utilized for this purpose. Care has to be exer-

cised to insure that the feedback is of the proper polarity. 

Figure 24. System Response to a Step 
Displacement Input 

Figure 24 shows the actual response, as observed on an 

oscilloscopej to a step displacement input of twenty volts. 

The input and output voltages could be scaled to represent 

any desired radian equivalent on the positioning system. 

Notice that this is similiar to the under-damped response 

curve of Figure 6. The oscilloscope was calibrated and the 

magnitudes shown on Figure 24 were determined. 

The gain in the system can be varied by changing the 

value of either R1 , R.5, or R7 of Figure 20. Figure 25 il

lustrates the result of changing the gain in the system. 
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Curves a and b of Figure 25 correspond to increased gain in 

the system while curve c corresponds to a lower gain setting. 

Io · 

,., 
I ' I \ 
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/ / \ 
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J 

--- time 

Figure 25. Response to Different Gain 
Settings 

Changing the gain in the system has the effect of changing 
.. . ...... , .. 

the magnitude of the KG vector as plotted in the complex plane. 

Figure 26 shows three plots of the KG vector corresponding to 

the gain settings of Figure 25. It will be observed that vary

ing the gain does not alter th~ shape of the locus of the KG 

vector; but merely lengthens or shortens the vector for each 

value of the complex quantity. It is obvious, both from Fig

ures 25 and 26, that the gain settings corresponding to curves 

a and b result in an unstable system. 

The time constants i0 the ~ystem ?a~.be ~arie~ by .chan~~ 

ing the settings of R13 and R15. Changing these settings had 

about the same effect as changing the gain in the system. It 

changed both the frequency and period of transient response. 

It should be noted that in the usual system it would probably 

not be possible to change these time constants since they 



depend on the generator, motor, and load characteristics. 

This can be seen by an inspection of Equation (63). 

(--1 1Jo) 

I 

1-c 

' I 

Imaginary 
Axi 

Figure 26. Plot of the KG Vector 
Locus 
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An inspection of Figure ~5 will show that increased gain 

in the system has the effect of causing the output of the sys-

tem to reach its steady state value at an earlier time, as 

compared to the time it takes with reduced gain. This, in 

most cases, is a desirable situation; however, the instability 
. _,_ ... , ' 

caused by the increased gain cannot be tolerated and must be 

compensated for. This can be accomplished by inserting a 

phase lead type network in series with the KG function. Fig-

ure 27 shows a network that could be used to compensate an 

unstable system. The transfer function for this network is 

(71) 
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If R1 = R2 and c1 = c2 then R4 shot1ld be much larger than R3 
in order to provide a phase lead. The transfer function for 

the system becomes 

K<;=[, (' H,o•~x, ~o.o4S)j [:: ~;] (72) 

when the phase lead network is inserted. -r; and '.i. must be de-

termined in order to provide the des ired _compensation. The 

phase lead network has the effect of altering the shape of 

the KG vector as shown in Figure 28. 

C1. 

Figure 27. Amplifier Network to Provide Phase Lead 

Uncompensated Locus---. 

(1 1 jo) 

Compensated Locus 

Imaginary 
Axis 

Figure 28. Result of Series 
Compensation 
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To improve the steady state performance of the system of 

Figure 22, a gain of approximately eighteen was chosen, which 

resulted in an unstable system. The network of Figure 27 was 

used to compensate the syste1no Values of H3 and R4 required 

to stabilize the system were determined by testing the re

sponse on the servo synthesizer. The final response of the 

system to a step function input was similiar to that of Fig

ure 24. 

Suggestions for Additional Applications 

Although the principal purpose in developing this unit 

was to be able to synthesize a servo system, other uses can 

be readily found for it. For instance, in any system where 

the input-output relation can be represented by a linear 

transfer function, the function could be set up and investi

gated on this unit. To point out a specific example, suppose 

it were desired to find the limit of the high frequency re

sponse of an audio amplifier. By setting up an equivalent 

circuit and determining the transfer function, the problem 

could be investigated on the servo synthesizer. To deter

mine the amplitude response, an audio oscillator would be 

used on the input and either an a-c voltmeter or an oscillo

scope would be used on the output. To determine the phase 

shift, again an audio oscillator would be used on the input, 

and a phase meter on the output. The amplifiers in the unit 

itself are not likely to introduce any appreciable error 

since they have a band-width of over 100 kilocycles. If the 
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investigation were to be carried into the frequency range 

where the amplifiers would introcl.uce an error, then frequency 

or time scaling could be used to move back into the useable 

frequency range. 

Since this unit is basically an analog computer, it 

would take very little modification in order to use it as 

such, and all the analog computer techniques for generating 

non-linearities, multiplying, dividing, etc. would be appli

cable. The unit can be used as it is for certain non-linear 

cases by making use of diode function generatorsi Some 

sample circuits using diodes are given in Table III. 



TABLE III 

Circuits for the Generation of Non-Linearities 10 

Function 

e,. 

ez 

~OHarold Chestnut and Robert W. Mayer, Servomechanisms 
and Regulating System Design (2d Ed., New York, 1959), 
pp. 580-581 
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CHAPTER VI 

SUMMARY 

It was the object of this thesis to develop a unit cap

able of synthesizing all the common transfer functions en

countered in the study of servo systems. This was accom

plished by using operational amplifiers and utilizing the re

lation between the input and feedback impedances as developed 

in Chapter III. 

A typical servo problem was set up and investigated on 

the unit. The effect of varying the gain and the different 

time constants in the system was observed. Also, the unit 

was used to observe the effect of series compensation on an 

unstable system. 

The primary purpose in developing this unit was to be 

able to demonstrate the time response of a servo system to 

an external excitation. This was accomplished, as was de

monstrated in the investigation of the servo problem. The 

unit could also be used to a certain extent for the selection 

of suitable compensation for a servo design, thus saving some 

work on the trial and error methods necessary by a strict 

analytical or graphical method. 

Any of the common transfer functions can be synthesized 

by using the techniques described previously; therefore, the 

applications for this unit nes~ not be limited to just the 

52 



53 

solution ot' de.nonstration of servo proble.ns. Any -probl(:i:r1, 

where the innut-output ~elation CMn be described by a lineal" 

transfer function, can be synthesized and investigated on this 

unit. Also, ss pointea out in the last section, its useful 

applications can be extende~ into the non-linoa~ regions by 

the use of certain network technioues as sjown in Table Ill. 
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