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PREFACE

Vibrations from reciprocating pumps have created problems in.
the petroleum pipeline industry for years. Much work has been done
with empirical studies of the vibrations by making measurements on
the pipelines and pumps but little has been accomplished on the prob-
lem of determining the fundamental conditions for the transmission of
vibrations along pipelines.

The purpose of this study was to provide a sound mathematical
basis for the description of the phase velocities and frequencies of vi-
bration which are transmitted as guided waves along piﬁelines. - Equa~-
tions were derived for steady state guided waves in liquid filled pipe-
lines in spacé and liquid filled pipelines buried in an elastic medium.

Indebtedness is acknowledged to Dr. D.. R. Shreve for his valu-
able suggestions in changing the equations into a form suitable for IBM
computation, for; writing the programs necessary to perform these cal-
culations, and for operating the IBM 650 for the purpose of obtaining
the coinputations. Indebtedness is also acknowledged to the Oklahoma
State ﬁniversity for providing IBM 650 machine time and to Dr. Clark
A. Dunn, Dr. H. T. Fristoe, Dr. R. B. Deal, and Professor J. R.

Norton for their guidance and valuable suggestions for organization of
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this study, and for the opportunity to work with Dr. Fristoe and
Mr. R. D. Kersten on vibration measurements in pipelines while in

residence at the Oklahoma State University,
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NOMENCLATURE
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CHAPTER 1

INTRODUCTION

The study of vibrations connected with the flow of liquids
through pipes and tubes is of interest in several fields of science and
engineering, For example, in the study of medicine the vibrations
introduced by the heart in the otherwise steady flow are through tubes
with elastic and yielding walls, On the other hand, in the petroleum
industry the vibrations or variations in flow are generally in steel
pipes. These pipes may in some cases be considered as being rigid.

In many cases concerned with vibrations in liquid cylinders
there is also a steady state flow superimposed on the vibrational motion.
If, however, the velocity of the steady flow is slow in comparison to the
wave velocity in the liquid the effect of the steady flow may be neglected
when considering vibrations traveling in the liquid and in the containing

walls.

The Purpose of the Study

The purpose of this study was (1) to provide an operational mathe~
matical basis for setting up equations for the study of vibrations in liquid
cylinders and the surrounding solid media, (2) to resolve typical prob-

lems by operational methods that had already been solved by classical
1



mathematical methods, (3) to provide a procedure to solve more com-
plex problems in liquid cylinder vibrations, and (4) to show how other
circular symmetric problems concerned with steady state 'vibrations

may be solved by these methods.
Previous Work

The most notable paper recently published on steady state vi-
brations in liquid cylinders is by William J, Jacobi (1949) (1). Only
the simple problems concerned with the propagation of vibrations along
liquid cylinders are considered. These are (1) liquid cylinder with
rigid walls, (2) liquid cylinder with pressure release walls, (3) liquid
cylinder embedded in an infinite liquid, (4) liquid cylinder with liquid
wglls, and (5) an approximate solution for.a liquid cylinder with thin
solid walls,

The approach used by Jacobi to the problems does not include the
part of the general elastic equations concerned with shearing stresses
in the materials considered. The present work contains the results ob~-
tained by Jacobi and extends the solutions to the case of a liquid cyl-
inder in an infinite solid medium, The method developed in this paper
also extends the mathematical equations to the case of a liquid cylinder
in an elastic pipe. This case is treated bdth for the pipe in free space

and buried in another medium.



Conditions for the Physical Application of Mathematical Results

In the study of vibrations in liquid filled pipes and tubes one en-
counters all variations of wall conditions from that which ma& be called
pressure release walls to almost perfectly rigid walls. In some cases
the outside walls are in air so that little vibrational energy is lost by
the outside wall. In other cases the pipes are buried in another medium
so that vibrational energy is lost by the pipes to the surrounding
medium,

Fundamental assumptions were made as to the physical proper-
ties of the liquid and pipe walls. The liquids were considered to be
ideal and to have no viscosity., Perfect elasticity was assumed to hold
for both the liquids and solids unless otherwise stated. In all cases
the materials were considered to be homogeneous and isotropic,

Mathematically operational methods were used and cylindrical
symmetry was assumed., If a medium surrounds a pipe it has been
assumed to be infinite in extent, the effect of the surface thus being
neglected. This does not introduce appreciable error if the depths of
burial are large compared to the radius of the pipe. The effect of the

steady flow of the liquid in the pipes has been neglected,
Plan of Attack

In order to set up the specific problems considered for solution

the general equation for small motions in liquids and solids has been



solved by operational mathematical methods. When applied to a liquid,
this equation was derived by Webster for a conservative system. This
means that no wave energy is lost due to dissipative forces. Since
cylindrical bodies were considered in this study, cylin'drical coordi-
nates have been used throughout. In order 1;6 simplify the problem
still further, cylindrical symmetry has been assumed. This means
that for a buried pipe no account hés béen takén of the effect of the sui'—
face. The solutions of the general equation. are in terms of Bessel and
Hankel fﬁnctiéns. For the spécific problems considered, the appropri-
ate solutions which make the solutions finite along the axis and at in-
finity have been.u.ééd. Also where there are no reflections of the wave
energy the solutio;s which hold for outgoing waves are used. The ap-
plications of the mathematical results to each more. specific case con-
tain only the steady state guided waves in the liquid cylinder é.nd the
surrounding medium.

| It has been assumed that t.ﬁe reader is familié.r with vector

notation. (2).



CHAPTER II
MATHEMATICAL FOUNDATIONS

In order to provide a mathematical foundation for this study the
general equation for small motions in an elastic body has been used

as a starting point, This equation is given by Webster (3) as

2_ : .
0 % = W79 + T , (2.1)

where q is the vibrational displacement, A and M are elastic con-

stants due to Lame' , P is the density, t is time and

73 =V(V.9 -Vx (VxD . (2. 2)

In Equation (2, 1) no body forces such asvgravity are taken into
consideration. In the following investigation all body forces have been
neglected,

The Laplace Transformation (4) is now applied to Equation (2. 1),

This results in

p[s-_,zﬁ - §q (04 -G (0+)} = L+ TV, Q) +eva (2.3)

where Q is the transform of variable q ., q(0+) i8 the displacement

at the reference time (t = 0), and q'(0+) is the velocity at the reference

5



time,

For transient solutions of vibrational problems it is frequently
desirable that g (0+) and q'(0+) have some Specified non-zero
value. For the solution of steady state problems, however, G (0+4)
and q' (0+) may both be taken to have zero values (5). Since steady
state solutions are desired, it has been assumed that g (0+) and

q'(0+) are both zero, Equation (2.3) becomes

0 828 = M+WV(T. Q) +1T°Q (2.4)

and Equation (2. 2) becomes

V2 =v(v. Q) - Vx xQ) . (2.5)

In any elastic éolid two forms of wave motion are possible,
These are (1) waves of dilatation which are commonly known as com-
pressional waves and (2) waves of shear which are also known as
transverse waves, The vibrational motion in dilatational waves is in
the direction of propagation while the motion in shear waves is per-
pendicular to the direction of propagation, In the interior of an ideal
elastic solid these waves are propagated independently. These two
forms of wave motion may be separated mathematically by the follow-

- ing Equation (6) :
Q = -Ve+UxA (2.6)

with the condition V,K = 0,



The function ® is a scalar potential while the function A is a

vector potential,

Since ® and A are independent in the interior of an elastic

solid, substitution of Equation (2, 6) into Equation (2. 4) leads to

2 2
ps = A+2u)V O

- and

H
> ?‘"Q: s s)
oo
o> glm R )

H
[4a)
N

P~ AN N
where ’r\, 6, and ’k are unit vectors.

For cylindrical symmetry

0A

Ir aJAZ
Bz  ar %
For TA =0
9A dA 9A
T = _8 . _z .
or 06 0z

(2.7)

(2.8)

(2.9)

(2,10)

(2.11)



These conditions are satisfied if

A = A = —— = 0, (2.12)

Then from the Equation (2, 8)

' 2
2 M aAO 1 aAO AO ‘ 9 AO .
sAe =5l + = 5 - —3 + 5 ] (2.13)
or r r r oz

Equation (2, 7) may be written

2 2
N
Szgz + 2 9 D +_1_ 9d + o0 ] ‘ (2'14)
p 2 r r 2
or oz

The compressional wave velocity VC in an elastic solid is given by
(7
2 A+ 2
B (2.15)

ch p

~and the shear wave velocity VS is given by (7)
v

Vv == . 2.16
0 ( )

Substitution of Equations (2. 15) and (2, 16) into Equations (2, 13)

and (2. 14) leads to

2 2
0 A 0A A 9 A
2 2 e 1 0 0 9
s Ae = VS 3 + > B: 3 + 3 (2.17)
or r oz
and
2 2
18 0
sl - y2 |28 192 .80 | (2.18)
. C 2 r or 822



To solve Equation (2, 17) in terms of Bessel functions, the follow-

ing procedure was used.

Let

A9 = Aer Aez ‘ (2,19)

where AGr is a function of r alone and AGz is a function of z alone.

Then Equation (2, 17) becomes

2
d A
2 2 : ~ T @r
8 AGrAez B Vs Aez 2 (2.20)
dr
A dA A A dzA
+ Bz er _ 8z ©Or + A e
r dr 2 or 2
r dz
Let
dzA dA A
or + 1 er  _ er _ _ nz’A
er T dI_2_ | I‘2 or (2.21)

where n can have real or pure imaginary values.

Substitution of Equation (2. 21) into Equation (2. 20) leads to

2 : .
sPa, = V2 | -nfa o+ —22 |, | (2.22)

d A dA
or 1 or 2 1 -
+ = + (n —’.r—z') AQr =0 (2.23)




and

a?a 2
\ 8z _ (.f__
dz2 V2

s

2
+
n)Aez

Equation (2, 23) is a Bessel equation with solutions (8)

= +
A(—)r AlJl (nr) BlYl (nr)

In Equation (2. 24) let

From Equations (2.19), (2. 25) and (2, 28)

A9 = [AlJ1 (nr) + BlYl (nrﬂ [CleBz + Dlepﬁzj

10

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2. 29)

Correspondingly, to solve Equation (2. 18) in terms of Bessel

functions let
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(2.30)
where Qr is a function of r alone and Qz is a function of z alone,

Substitution of Equation (2. 30) into Equation (2. 18) yields

2 9 dZQ Qz dg sz _

s‘o0 = V7 |0 I + 2 L 4+ ¢ Z . (2.31)
rz s | z 2 r dr T 2 -
dr dz

Let
dzdbr 1 ddbr _ 2

5 + = —= = ~-m ¥ (2.32)
d r dr r

r

where m can be real or pure imaginary.

Substitution of Equation (2. 32) into Equation (2. 31) yields

dz(’D
SZS’D = V2 - m2<I>‘ +
z ¢ Z

.y

5 . (2.33)
dz

Equations (2. 32) and (2. ‘33) may be re-written

d2®
2r + % %g-) + mzcbr =0 , (2.34)
dr .
and
szZ SZ 9
2 = (_.2 + m%) o (2.35)
dz VC

Equation (2. 34) is a Bessel equation of order zero and has

solutions
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- 2.36
@r AOJO (mr) + BOYO (mr) . ( )

In Equation (2, 35) let

2o+ m? s (2.37)

V2
c

Equation (2, 35) then becomes

2
o
d Z - o’ (2. 38)
dg z
with solutions
® =C e +c e (2. 39)
Z 0 1

Combining Equations (2, 30), (2.36) and (2. 39) leads to

(o7 -z ‘
@ —[AOJO (mr) + BOYO (mr)] [Coe + Doe ] ) (2.40)

Equations (2, 39) and (2. 40) are the general solutions to the dif-
ferential Equations (2.7) and (2,8). These solutions can be expressed
in a different form by the introduction of Hankel functions H(El)) (x) and

H(s)(x) . Thus (10)

H(1)

(mr) J (mr) + iY (mr) (2.41)
p p

and

B9 mr) = 3 (mr) =~ iv (mr) . | (2. 42)
p p p
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Substitution of Equations (2. 41) and (2. 42) into Equations (2., 29)

and (2. 40) results in

_ (1) (2), _ Bz ~Bz
A9 = [ABH1 (nr) + B3H1 (nr)J [Cle +D1e ] | (2.43)
and
o = [AZH(é)(mr) + BZH(? (mr’-)} [CoeaZ + D.Oew[Z J (2. 44)
where
_ 1 s
A, = 3 (AO 130) (2. 45)
_ 1 o
A, = 3 (Al 131) (2. 46)
1
B, = 3 (A0+1B0) (2. 47)
_ 1 .
B3 =3 (A1+1B1> (2., 48)

In steady state solutions elth(;)(x) represents waves traveling

inward to the origin and elth(z)(x) represents waves traveling out~

ward from the origin (11). Use will be made later of these two prop~
erties to simplify the applications to vibrations in fluid tubes,
Other forms of solutions for ® and A_ are obtained when m

e

and n are imaginary; that is



m = 1m1
n = 1n1
Thus (12)
J (x) = i1 (®
P P

TG +iY (o =21 ®PDg .
P P T P

14

(2,49)

(2.50)

(2.51)

(2.52)

Substitution of Equations (2.51) and (2. 52) into Equations (2, 21)

and (2, 32) leads to solutions

¢ = [A4I (@lr)+B4KO (ml.‘f.?)J

and

[A5I’1 (nlr) + B5K1 (nlr)J

(2.83)

(2.54)

(2.55)
(2.56)

(2.57)

(2.58) ‘
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A%
C
2
A%
-

Equations (2.40), (2.44) and (2.53) are solutions to Equation
(2.7) and Equations (2, 29), (2.43) and (2, 54) are solutions to Equation
(2.8). In the application of these equations to specific problems, the
choice of form depends on the boundary conditions to be satisfied.
Thus, the particular equations useci for a specific problem will deter-

mine whether m and n are to be real or imaginary.



CHAPTER III

BOUNDARY CONDITIONS FOR THE

GENERAL SOLUTION

The exact boundary conditions for various configurations of liquid
cylinders and liquid filled pipes will depend on the specific configura-
tion of the individual problem. However, several conditions may be
applied to the general soiutions to make them more useful, In this
chapter the general solutions of Equations (2,7) and (2, 8) have had
these conditions applied to them,

The Laplace transformed displacement Q is given in terms of

the potentials ® and A by Equation (2.6) This is

Q = -Vo + UxA . (3.1)

With the aid of Equations (2.9), (2.10), (2.11), and (2.12)

~ L 08y " 9hg
VXAQO = =T 52 + *';_" AQ +r l""é’;_“‘" (3.2)
and
o~ 00 |~ 0@
Ve =T 5y Tk 52 . (3.3)

Now Q is a vector and may be split into two components, a

component in the r direction Q_ and into a component in the z
] r P )

16:
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direction Q. . Then

z
A oA '
_ e e od
Qz Ty + 9r oz ' (3.4)
and
A
_ 0% 0
Qr -7 8r 0z ‘ (3.5)

Solutions for guided waves in the z-direction are obtained by the
choice of zero for the C's and non-zero values for the D's if o has an
iwt -iaz iw [t - gz_]

imaginary value. Thus e multiplied by e yields e W
The reason for this result will be apparent when the solutions are re-

duced to steady state conditions. Thus Equations (2. 40), (2.44), (2.53),

(2. 29), (2.43) and (2. 54) become

= [AOJO (mr) + B Y (mr):] D, e ¥ | (3. 6)
¢ = [A H(l)(mr) +B H(z) (mr)J Doe""‘Z (3.7)
- Z :
o = (ALLI0 (m r) + B4K (m r)J DOe 1 (3.8)
- -Bz
A9 [AlJl (nr) + BlY (nr)J Dle (3.9)
A, = LAB nr) + BBH(Z)(nr)] Dle'Bz- (3. 10)
-Blz
Ae = [A I (n r) + B5K (n r)] Dle (3.11)

where m, n, « and B for Equations (3.6), (3.7), (3.9), and (3, 10)

are given by Equations (2. 26) and (2, 37), while for Equations (3. 8) and
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(3.11) m, n, @, B are givenby

9
L. -nf - Bf (3.12)
; .

S

2
§_2_ -mi= “i . (3.13)
VC

In Equations (3, 6) through (3. 11), D, and D1 are multiplying
constants and their values may be included in the A's and B's., Thus,
in the following this has been done.

To evaluate QZ find the components of Qz as given by

Equation (3, 4):

fri = [-?—1 3, (or) + E} Y, (nr)J NS (3.14)
azie = A [nJo (nr) - il(r_nf)—}’ By [nYo (nr) "il?(fi)j e_(iz 15)
- %_: = o [AOJO (mr) + B Y (mr)J e ¥ ) (3.186)
Therefore -
Q, - [AOJO (mr) +B Y (mr); ae ¥
+ [AlJO (nr) + B Y (nr)j ne F? | (3.17)

Correspondingly one evaluates Qr from the components given by
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Equation (3.5). This leads to

and

-XZ
0°1 0Y1 (mr)] e

-

Qr = m {A J (mr) +B
+ B [AlJl (nr) +B1Y1 (nr)] eMBZ ) (3.18)

Correspondingly from Equations (3.7 ) and (3.10) Q is given by

-
Qr = m \AZH

(2) (2) -0z
1 {(mr) +B2H1 (mr)J e

-

+ B A H(i) (nr) + B

3 3

H(lz) (nr)] e P2 (3.19)

~

Q = « (A H(l) (mr) + B H(z) (mr)] e %

Z 20 2 0
+n [A3H‘é’ (nr) + BSH‘? (nr>] eP? (3. 20)

From Equations (3.9 ) and (3.11)

-~z
Qr = ml [—ALLI1 (mr) +B4K1 (mlr)] e
_Blz
+ Bl [ASIl (nlr) + B5K1 (nlr)] e (3.21)
- N -alz
Qz = LALLIO (mlr) + B4K0 (mlr)) e
= ~Blz
+ n, [ASI0 (n 1) - BK, (nlr)J_e . (3.22)
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In the applications of the solutions for Equation (2, 1) to various
physical conditions steady state solutions will be considered., For steady
state solutions s may be replaced by iw,  This justifies assuming that
q (0+) and q' (0+) are zero (5 ). With this substitution Equations

(3.17), (3.18), (3.19), (3.20), (3.21), and (3. 22) may be written

q = m [AOJl (mr) +B Y, (mr)j Wt - oz
+ B [AlJl (nr) +B Y, (nr)j e 1t - Pz (3. 23)
q, = [ o7 (mr) + B Y, (mr) J eVt - oz
+ n[AlJO (nr) + B Y, (nr)] et - Pz (3. 24)
q = m [AZH(i)(mr) + BZH(f)(mr)} Gt = @z
+ B [AaH(‘i) (nr) + B3}H(i‘) (nr)} gVt~ Pz (3‘25)
Q, - [AzH(é) () + B H(z) (m } 9t - ez

+ n [A&H((l)) (nr) + BSH(? (nr)} etWt = Pz (3.26)
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( ) iwt-ozlz
= A +B K T
LI R (m)) + B K, (mx) e
; iwt - Blz
+ Brl EASI1 (nlr_) + BSK1 (nlr)J e -(3.27)
iwt -~ a.z
@ =a (AL mm+BK (mo|e !
Z 1 L 40 1 4 0 1
iwt = Blz
+ n, [Aslo (nlr) - B5K0 (nlr)] e (3.28)
where
2 2 wz
o = m° ~ 5 (3.29)
V.
C
2
g2 = p%. - | (3. 30)
Vv
S
2
mf + af = "‘“2 ' . (3.31)
Vv
C
2
n? + Bf - = : (3.32)
V .
2

In the following the factor elwlc will be omitted for convenience
in writing the equations,

The stresses in a homogeneous solid are as follows (1.3):

r
= -+ —— % .
5. AOF 2 = | (3.33)
9q 9q
r Z N
: = ——— + ———
SrZ H[az e J | (3.34)
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where
9q q 9q
A= L 4+ L 4 Z (3.35)
or T oz
Correspondingly the strains (13)
9q
e = ——E (33’ 36)
rr or
9q
e = __ % (3.37)
ZZ oz
8q, ‘aqz
= +
erz oz or (3. 38)

where q is the displacement, e is the strain and s is the stress,

For fluids B = 0, This yields

9q q 0 q,

rr ar r oz

(3.39)

S., = 0, (3.40)

This completes the discussion of the general conditions which
apply to all steady state applications of the solutions of Equation (2, 1),

/ In the following chapters specific problems will be considered,



CHAPTER IV
- APPLICATIONS TO LIQUID CYLINDERS

In order to check results previously obtained by Jacobi (1) and
others the results of the previous chapter will be applied in this chap-

ter to some previously solved problems.
Liquid Cylinder with Pressure Release Walls

A liquid cylinder is considered which has Walls such that no
pressure is exerted on the walls., This means that the radial stress
at the surface of the cylinder is zero; An approximation to this con-
dition in practice is a thin walled rﬁbber tube. Since the liquid is ideal,
the vector potential part of the solution is zero.  Under these conditions

Equations (3. 23) and (3. 24) become

e
|

m [AOJi’*(mr) + B0

Y, (mf)] e Z (4.1)

" and

-QZ

q (4. 2)

, =@ [Ao.J olmr) + 'BOYO.(mr)j e

For Equations (4.1) and (4. 2) to describe the motion along the

axis of the tube qr and qz must be finite. - This means that BO. must be
zero. This leads to
, e YA
a,. »-.4..,.'mA0J1..(m,I..') e (4. 3)

- 23
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-Q7Z
q, = @A J (mr)e " . . (4. 4)

Since the radial stress is zero at the surface of the tube,

Saa = 0 (4%.5)

. where a is the radius of the tube.
From Equations (3.39), (4.3), (4. 4) and (4. 5)

~ 2 -z
8y, = P Jo(ma) AOe . (4. 6)

. , , 2
- Since in general AO and w are not zero, Jo(ma) = 0 and the m's
are zeros of Jo(ma). In this case m does not have a zero value and

there is a low frequency cutoff since from Equation (3. 29)

2 2 2 2
w o= Vc(m -a ). (4.7)

- This result has been reported by Jacobi (1).

Liquid Tube with Rigid Walls

Next a liquid filled pipe with rigid walls is considered. The con-
dition that the walls be perfectly rigid is that the radial component of
displacement in the liquid be.zero ét the inside surface of the pipe.

- This yields from Equation (4. 3)

_ -az _
q. mAOJl(ma)é = 0, | (4. 8)

. Since m and AO are not in general zero, Jl(ma) = 0. In this
case, m =0 is a zero of Jl(ma), and the zero mode of vibration is

transmitted. There is no low frequency cutoff.. This result was also

reported by Jacobi (1).
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Liquid Cylinder Buried in Infinite Liquid

For a liquid cylinder buried in an infinite liquid body the bound-
ary conditions may be taken that the radial stress and displacement
are continuous across the boundary. This is expressed mathemati-
cally as

.= (s__) (4. 9)

—~~

Q

~—
{

(qa)2 (4.10)

- where the subscripts 1 and 2 refer to the liquid cylinder and the sur-
rounding fluid body respectively.

The solutions given in terms of Bessel functions will be used for
medium 1, while the solutions given in terms of the Hankel functions
will be used for medium 2. This is to permit a finite solution along
the axis and to permit outgoing waves in medium 2.

Using Equations (3. 23), (3. 25) and (3. 39) results in

(s )= xl(m2 - &) 3 (mr) Aoe"”Z (4.11)
(s, )= >\2(n2 - 8% Hf)z) (nr) A3e'BZ (4.12)
(q.); = mJ,(mr) Aoe_o{Z (4.13)
(q ), = nH(lz) (nr) A3e'Bz (4.14)

. Equations (4. 9) and (4. 10) yield

)fl(mz - a/Z)JO(ma)AOe_aZ = 2\ 2(nz—Bz) Héz)(na)A?’e_BZ (4.15)



and Equations (4.13)

and (4. 14) yield
Bz
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mJl(ma)AOe_Q/Z = nHiZ) (na)e (4.18)
along the tube at radius a.

Since Equations (4,15) and (4.16) hold for all values of z,

a = B, (4.17)
2 2 2 2, ..(2) . :

N 1v(m -« )Jo(ma) A0 A 2(n o )H0 (na) A3 = 0 (4.18)

mi (ma)A_ - nH(z) (na) A, = 0 (4.19)

1 0 1 3 : )

If A and A_ are not identically zero, the determinant ofthe co-

0 3

efficients vanishes.
2 2
xl(m -« )Jo(ma)

mJl(m_a)

Thus,
1 z(nz - a/z) ng) (na)

an) (na)

= 0. (4.20)

- Values of m, n and o which satisfy this equation determine the

permitted frequencies and phase velocities. This result has been ob-

tained by Jacobi (1).

This completes the coinparison of the results obtained by prévi—

ous. workers with the results obtained by the operational solutions in-

troduced in this paper. The following chapter introduces solutions

which are extensions

of previous work.



CHAPTER V
LIQUID CYLINDER IN AN INFINITE ELASTIC SOLID

A liquid cylinder in an infinite elastic solid approximates a liquid
filled pipe buried in the ground if the walls of the pipe are quite thin.

Because shear wavesv are possible in the solid, two fuﬁctions are
needed to describe the wave motion. In the liquid cylinder only one
function is needed as shear waves are not propagated.

- However, there is a choice of two forms of solution in the 1iciuid
cylinder. - These are the Bessel functions of the first kind, Jp(mr),
and the modified Bessel fuhctions of the first kind, Ip_(mr). -The Jp(mr)
functions are considered first. The solutipns using the Ip(mr) functions
may be obtained by using Equations (3. 27) and (3. 28), or they may be
obtained by replacing m by im in the equations resulting from the
treatment of the case involving the Jp (mr») funcﬁons.

Boundary conditions at the contact of the liquid and the solid can
be set up by assuming continuity in the radial displacement and stress.
If the liquid is considered to be ideal, it will not adhere to the solid |
and therefore there will be no shearing stress at the surface of the
solid. The feéultiﬁg boundary conditions will be

(a); = (a), (5.1)

27
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) (5. 2)

and

)o= O (5. 3)

~where the subscript 1 refers to the liquid cylinder and the subscript 2
refers to the elastic solid.

In the liquid cylinder the radial displacement is given from
Equation (4. 3) by

(a,), = .mJl(mr)AOeaz , (5. 4)

and the radial stress is, from using Equations (3. 39), (4. 3), and (4. 4),

Z

2 -
.(srr)l- W leO(mr) Aoe (5.5)

In the elastic solid a form of solution for outgoing waves is used,

i.e., H(2)

(x). The compressional and shear components of radial dis-
placement are obtained from Equations (3. 25), (3. 26) and (3. 33) as

Z

(q ). = -nH(lz) (nr) A3e—BZ + 'yH’(lz) (pr) e ¥ , (5. 6)

T2

and the radial stress is

_(srr)2== [(X 2(nz— Bz) + 2;;n2> ng)(nr) - E%r—l H(lz)(nr)J Ale—Bz

+ 2uy [pHéz) (pr) - % H§2) (prar Aze_yZ . (5.7)

 The tangential stress in the solid is given from Equations (3. 25),

(3..28) and'(3.. 34) by

(srz)2= R (2nBH(1-2) (nr) Ale'BZ + (p2+ rz;)H(lz),(pr)AzeWZ] (5. 8)

At the boundary between the liquid-and solid, using Equations (5.1),
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(5. 4), and (5. 6) results in

-Bz Yz

R nH(z) + yH(lz)(pa)Aze_ ,  (56.9)

mJl(ma)A e

0 (na) Ale

and using Equations (5. 2), (5.5) and (5. 7) results in
wzleO(ma)AOe_az - [(x 2(n2- 8% + 2un ) ) “(na ‘2)( )JAle-BZ
+ 2wy [pH( 2) (pa) - ( ) (pa)w Aze-Yz . (5.10)
From Equations (5. 3) and (5. 8) results
- ranH (na) A e ~Pz +(p2+ 79 H(lz)(pa) Aze'ﬂ =0.(5.11)

. If Equations (5.9), (5.10), and (5.11) are to hold as z varies
along the tube, they must be independent of z. This is true if
a =3 = 7. (5.12)
; Thus, B and v may be replaced by .
If solutions of Equations (5.9), (5.10) and (5.11) exist for non-
zero values of the A's, the determinant of the coefficients of the A's

must vanish. That is

mJ, (ma) , nH(lz)(na) _ YH(lz).(pa)
0 2nozH( )(na) : ' (.p2+ 72)H(12)(pa) = 0
, . (5.13)
wzpl(ma) [k 2.(n2-32.)+ Zunszg(na) 2w(p Héz),(pa) |
2 (2
-2 ) G )
, where
2 2 2
m° - o° = 9...2__ . (5.14)
VC
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2 ‘
_nz - 0!2 = —wz _ (5.15)
A\
Co
2
'pz- az = L 5 ' (5.186)
_.‘VS._
2.

.~ Examination of Equations (2. 21) and (2. 32) reveals that

m, n, and p are each real or imaginary. Complex values for m, n,

(2)

and p do not satisfy the differential equations. - Now HO

(x) is complex

if x is real but is imaginary if x is negative imaginary, and correspond-

(2)

ingly H 0

(x) is real if x is negative imaginary but complex if x is real.
- Therefore, if m is real and n and p are negative imaginary, Equa;

tion (5.13) can be solved for the existing frequencies of vibration and

the phase‘velocities.

- The following substitutions will put Equations (5.13), (5.14),

(5.15) and (5,16) in dimensionless form.

ma ="M (5.17)
na = - iN (5.18)
pa = -iP (5.19)
aa = iA (5. 20)
wa - . _
v =W (5.21)

Cy
\"2
_f2 g (5. 22)
v 1
C.l
VC
2
T = gy (5. 23)
s



i
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(5. 24)

. These substitutions provide equations in convenient form for cal-

culation. Thus, Equations (5.14), (5.15) and (5. 16) become

A2+ Mm% = Wzg_f
A2 . n? o ol
A2 p? . Wzg;

. Equation (5.13) becomes

( )

MI () | (1)
0 2ANiH(2)( iN)
| W2h1g2 3 ~(a+ P’ (i)
+ 2iNH ) (-iN)
Now
) (i = A 'K0<x)
B2 (0 = 2K (.

. Thus, Equatidn (5. 28) becomes

(5. 25)
(5. 26)

(5. 27)

H(lz_)(—iP)

P2+ A )H(z)(— P)|= 0.

(5. 28)
24i (-iPE 7 (-1P)
(2) .
Hy (-iP)]
(5. 29)
(5. 30)
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MJl(M) - NKl(N) - AKl(P)
0 2ANK. (N) (®? + AYHK_ (P) \
1 Sain} = 0
5 2 2 2 (5.31)
Wohg Iy (AT + POI () 2A [PKO(P) + K, (P) ]
o+ 'ZNKi(N)
. Equation (5. 31) may be simplified to
p2 5K (N) ip Ko® p2 57,0 ] p2
A (1+—2)'ﬁ‘——'—-—— ——K "I-{—(P')—)' —h.l(l— 2) M —2(1———2).
LA rEW ! AL RLM) A
(5.32)

" The other form of solutiorl mentioned at the beginning of this
chapter is obtained by replacing M by iM in:Equations (5.17), (5. 25)

~and (5. 32). - By using Equation (2. 51) this results in

a2 - M - Wzgf (5.33)
A2 - n? = wl (5. 34)
2 2 2 o
A® - P° = Wzgz (5. 35)
p? o KoM p K(P) p? g L,\M) p?
All+5) w » AR® " hy (1 ==5)" 57— 2(1 -=3)
A A Kl(N) 1 A x Il(M) | A
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Equations (5, 25), (5.26), (5.27) and (5, 32) were solved for A,
W, M, N, and P for specifically chosen values of the ratio W/A, These
calculations were made on an IBM 650, The write~up of the IBM pro~
gram is given in Appendix A,

From the values of W aﬁd A curves were plotted showing the

relationship between wave length and phase velocity,

The phase velocity may be obtained from the factor emt "% in

Equations (5. 23) and (5.24), Any function of t - vz— represents wave
P

motion traveling in the positive z direction with phase velocity Vp (14),

Comparison of these two expressions yields

) | (5.317)

In terms of the dimensionless quantities W and A , Equation

(5.37) becomes

'Y
Vv = -V . (5.38)
P A Cq
Thus
Vv
A
_._VP = (5. 39)
9
and
Vv
W
VE = =g (5. 40)
€y

This gives the ratio of the phase velocity and the velocity in the

liquid c¢ylinder.
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With the wave length denoted by A

Vv
w o= 2r £ (5.41)
A
Thus in terms of A
2mwa ' .
= =V 5,42
A Y (5.42)
and
A '
== K - (5.43)

This gives the ratio of the wave length and the diameter of the
liquid cylinder.

‘Figures 1, 2, and 3 show the computed relationships between
M A
V—P— and 5=~ for Equations (5.25), (5.26), (5.27) and (5.32),

These curves are for guided waves in the liquid cylinder, The fol-

lowing list gives the values of g1s 8o and hl in the Figures:

Figure 8 g, h1
1. 1.5 1,25 0.4
2 2.0 1.5 0.4

3 | 2.5 1.5 0.4

In each of these Figures two curves are shown, Due to the periodic
nature of JO (M) and Jl(l\/I) there are more curves to the left of these,
but none to the right. Search was made on the IBM 650 for more
curvés to the right but none were found,

The solid lines of the curves are from calculated points and the
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dashed lines are extrapolated, In each Figure the upper limit of the

ratio of Vp to Vc has been drawn in, Their 1limit is calculated
1

from the ratio of g, and g, andis 6/5, 4/3, and 5/3 for Figures 1,
2, and 3 respectively, The lower limit for each curve is unity.

In Fig. 1 there is a low frequency cutoff at about

—é!g\—- = 1,28 | (5, 44)
for the firsf curve and a low frequency cutoff for the second curve at
about

L Lo,
There is probably no high frequency cutoff,

Correspondingly the curves in Figs. 2 and 3 exhibit low frequency
cutoff points,

It should be noted that at the low fréquency cutoff point the wave
length is less than two diameters of the liquid cylinder, Thﬁs for a
liquid cylinder two feet in diameter and a shear velocity in the solid of
2000 feet per second, the cutoff frequency is higher: than 500 cycles per
second,

Examination of Equations (5, 25) and (5, 27) reveals that g, must
be greater than gy - This means that the shear wave velocity in the
elastic solid must be greater than the compressional wave velocity in

the liquid. If this velocity relationship does not hold, this solution to |

the problem does not exist,
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Figure 4 shows the value of M plotted as a function of e
Curves A, B, and C correspond respectively to the curves on the
right in Figs. 1, 2, and 3, Thus it is possible to calculate a profile
of the relative amplitude distribution of the guided waves at any given
time in a plane perpendicular to the axis of the liquid cylinder. It
should be noted that the maximum amplitude of these guided waves is
at the axis of the liquid cylinder,

Equations (5, 33), (5.34), (5.35) and (5.36) are for another
type of guided wave which has its maximum amplitude at the contact
of the liquid cylinder and the elastic solid,

From Equation (5, 33) one may determine that the phase
velocity of the guided wave is less than the compressional wave ve-
locity in the liquid cylinder. From Equation (5, 35) one may cor-
respondingly determine that the phase velocity of the guided waves is
less than the shear wave velocity in the elastic solid, Other than
these conditions, there are no restrictions on the velocities which
limit the existence of this solution,

The determination of the phase velocities and cutoff frequencies,
if any, would require the solution of these equations for sets of
curves., This could be done by a modification of the IBM program

used for the other set of equations,
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CHAPTER VI
SUMMARY AND CONCLUSIONS

The purpose of this study was (1) to provide an operational mathe-
matical basis for the study of steady state guided waves in liquid cylin-
ders and surrounding elastic solids, (2) to check this operational method
by re-solving typical proble.fns thaf had been solved by classical mathe-
matical methods, (3) to provide a procedure for solving more complex
problems in guided wave propagation in liquid cylinder and elastic
solids, and (4) to show how other vibrational problems having cylindri-
cal symmetry could be solved with these methods.

The general equatic;n for small motions in liquids and elastic
solids was solved by operational mathematical methods in terms of
Bessel and Hankel functions. These solutions in terms of vibrational
displacements were applied to some of the less complex problems in
liquid cylinder v‘ibratiéns. Classical mathematical solutions had pré-
viously been published for these problems. The solutions developed
in this study checked the publishéd results.

The solutions of the geqeral equation for small métions was ap-
plied to the problem of a liquid cylinder in an elastic solid. Two sets

of equations were derived for two types of guided wave vibrations along

41
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the liquid cylinder and the elastic solid. One of these sets of equations
was solved fordphase velocities and wave lengths of the guided waves.
The phase velocities for the first set of guided waves are bounded
above by the shear velocity in the elastic solid and bounded below by
the compressional wave velocity in the liquid cylinder. Thus, unless
the shear wave velocity in the el‘astic solid is greéter than the com-
pressional wave velocity in the liquid, this solution does not exist.
Inspection of the equations shows that the phase velocities for the
second set of waves are bounded above by the shear wave velocity in
the elastic solid and by the compressional wave velocity in the liquid..
- Thus, there are no restrictions on the existence of these guided waves.
- These two sets of guided waves differ in that the maximum am-
plitude of viﬁration in the first set is in the liquid tube while for the
second set of guided waves the maximum amplitude is at the contact
of the liquid cylinder and the elastic solid.
. The IBM program used to ;)btain the calculations mentioned above
has been included in Appendix A.
In Appendix B equations are given resulting from the application
of the general solutions to the problems of
(1). Eléstic. cylinder in infinite liquid,
(2) Liquid filled pipe in space, and
(3) Liquid filled pipe buried.in an elastic solid.
- Examination of these equations leads to some general statements

about the limits on the phase velocities possible in the various cases.
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Thus, in the case of the liquid filled pipe in an elastic solid, phase
velocities of the guided waves are bounded above by the compressional
wave velocity in the liquid, the shear wave velocity} in the pipe, or the
shear wave velocity in the elastic solid.

Further work can be done on these problems by investigating the
effect of changes in the boundary conditions. The liquids considered
in this study were assumed to be ideal so that at the contact of the liquid
and elastic solid the shear stress in the solid Qas taken to be zero.
However, many iiquids wet solids and a thin layer adheres to the sur-
face of the solid. Thus, it would be interesting to investigate the effect
of replacing the boundary conditions expressing the shear stress as
zero at the surface of the elastic solid with one which provides for con-
tinuity of axial displacement across the contact. This would probably
yield solutions more nearly fitting the effects observed in practice.

Although in this study the general solutions have been applied
only to cases for steady state guided waves, the equations developed
in Chapter II can be applied to transient vibrational problems. For
these transient problems the Laplace transformed equations would be
used with the appropriate initial conditions. Use of the Inversion Inte-
gral would yield solutions in the time domain.

Conclusions are:

(1) A set of equations was set up by operational mathematical
methods for application to problems of guided waves in liquid cylinders

and elastic solids.



44

(2) These methods checked published results, and
(3) Applications were extended to the solution of more complex

problems concerned with liquid cylinders and elastic solids.
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APPENDIX A
IBM FORTRAN PROGRAM

The IBM program which was used for the computation of curves
determined by Equations (5. 25), (5.26), (5.27) and (5.32) is given in
the following.

The equations are re-written here as follows:

2 2
1+M—2— = -W—z— g? (A.1)
A A
2 2
]_ — ————-——Nz = —*—'-2- (Auz)
A A
2 2
e s (A.3)
A A
p2 o KN ap KolP)
f(A) = A (1+=—) [ " TA K.(P)
A —A-Kl(N) 1
(A, 4)
p2 g Jy(M p2
- h (1~—)" & -2(1- —
A —KJI(M) A

where f(A) is less in absolute value than a given ¢ .
In writing the program in FORTRAN, Latin characters were
used, The following list. gives the program equivalent for the

characters in the equations,
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In Equations

6

jm
-

Z 2 5 »

g PE T

|2

s
A

J,(M)
Jl(M)
K ()
K, (N)
K, (P)

Kl(P)

In the Program

DELTA
G3
ALPHA
OMEGA
EM

EN

WA

EMA

ENA

PA

EMJO

EMJ1

ZERKN

ONEKN

ZERKP

ONEKP

The following is the IBM FORTRAN Program:
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READsG1sG25G3sWAs ALPHAYDELTAS

ESZsABMINJABDER

TMIN=140/G2

TMAX=1¢0/0G1

NCNT=0

IF(WA=140)3s1s1

ENA=SQRTF(1e0~WA¥*WA)

CPHI=WA*G2

TIF(CPHI=1400 4y 151

PA=SQRTF (14 0~CPHI*CPHI)

CMU=WA#G1

o0

IF(1s0=CMU)B 1yl

EMA=SQRTF (CMU¥CMU=140)" "

0

 EM=EMA®ALPHA

EN=ENA*ALPHA

ZERKN=BEKOF (EN)

" ONEKN=BEK1F(EN)

ZERKP=BEKOF (P)

ONEKP=BEK1F (P)

EMJO=BEJOF (EM)

EMJ1=BEJIF (EM)

TFUABSFUEMITT=ABMINT 2292299 i

"RATI=ZERKN/ONEKN

RATZ=ZERKP7ONEKP

RAT3=EMJO/EMJL

RAT4=T(PA¥PA+Z I ¥PA¥PA+T T /ENA

T 10 U RATG=G3¥CPHIFCPHI®CPHI*CPHI7

RATS5==440%PA

49
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10 1 EMA

TERM1=RAT1%RAT&4

TERM2=RAT2#RAT5

TERM3=RAT3#RAT6

VALU=ALPHA* (TERM1+TERM2-TERM3)

VALU=VALU=2 4 O#CPHI*CPHI

DUMMY=PRNTF (NCNT s ALPHA»VALU)»

ZERKN sONEKN » ZERKP yONEKP s EMJOs

2

EMJ1sCORR})

[FESZ=ABSF(VALU) 132925925

32

IF(NCNT~1)334+36436

33

3%

0 IF(VALUI34+35,35

“NSRT==1

ALP1<ALPHA

VALYI=VALU

GO TO 11

35

NSRT=1

ALPZ2=ALPHA

VAL2=VALU

GO 70 11

36

IFIVALU]37+38,38

37

ALP1=ALPHA

VALI=VALU

IF(NSRT)11939,40

40

NSRTEU

GO TO 39

38

ALPZ=ALPHA

VAL2Z=VALY

TFTNSRTTHEU 39 1L




39 0 CORR=VAL2#(ALP2=ALPl)/(VAL2~

39 1 VAL1L)

ALPHA=ALPZ=CORR

GO 7O 50

11 0 TERM4=((EN#RAT1+2+0)%RAT1=EN)#

11 1 RAT4

12 0 TERMS=((P¥RAT24240)*¥RAT2=P) ¥

12 1 RATS

13 0 TERM6=( (EM®RAT3=240) ¥RAT3+EM)#

13 1 RATSH

DERIV=TERM&+TERM5+TERM6

24 U IF(ABDER-ABSF(DERIV))14+23,23

14 0 CORR=VALU/DERIV

IF({CORR)15+30,17

15 0 IF({540+CORR) 16416419

16 0 CORR==240

GO 1019

17 U P TCORR=0UeDT1IY910310

180 CORR=0WS

T O IFtALPHA=CORR=0+O5 121920920

n V=Y

200 ALPHA=ALPHA=CORR

“"’““”mm_g"_”m*ﬂTFTNSRTT53950953.

21 U CORK=U W« Z*LUKK

GO 0 1Y

220 ALPHA=ALPHA+0+05

GO 107

23 O IF{DERIV 28329929

20 U UMEOATWARALVHA

PUNCH»WA 9 ALPHAYOMEGAYEMIENF
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26 0 DUMMY=PRNTF (WA ALPHAYOMEGA)

26 1 EMsENSPsEMAENASPASNCNT)

27 0 WA=WA+DELTA

NCNT=0

IF{WA-TMIN}291»1

28 0 DERIV==041

GO TO 14

. 29 0 DERIV=0.1

GO TO 14

30 0 CORR=0.1

GO TO 19

50 0 IF(ALPHA=ALP1}51,55551

51 0 IF(ALPHA=ALP2)53455453

55 0 DUMMY=PRNTF (ALPHAsVALUsZsALP1

55 1 VAL1sZsALP2sVAL29Zs2)

NCNT=99999999gg ===

GO TO 25

52 0 ALPHA=(0 5% (ALPI+ALP2)

530 NCNT=NCNT+1

GO 30 7

END
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APPENDIX B

OTHER PROBLEMS CONCERNING VIBRATIONS

IN LIQUIDS AND SOLIDS

The solution to Equation (2. 1) developed in Chapters II and III
may be applied to a variety of problems concerned with vibrations in
liquids and solids having cylindrical symmetry. Equations are given |
in the following pages for: (1) elastic cylinder in a liquid, (2) liquid
filled pipe in space, and (3) liquid filled pipe in an elastic medium.,

The boundary conditions for each case are listed. The equations
giving the displacements and stresses are also given. Finally the equa-

tions resulting from applying these boundary conditions are given.
Elastic Cylinder in a Liquid

Two of the solutions for the problem of a solid elastic cylinder in
a liquid of infinite extent are presented here, There are three possible
solutions to this problem. However, one is restricted by the ratios
among the velocities, The solution restricted by the velocities and one
of the unrestricted ones is given below. At the contact of the liquid and

solid the displacement and radial stress are continuous and the shear
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stress is zero.: These conditions are expressed as

(q), = (q,),

(S.aa)l - (Saa)2
and

(saz)l N (safz)2

In the elastic cylinder

- 1 -Bz
(q); = mA,J (mre + BAJ, (mr)e

0

rl

+ —Z;H—@ [nJO(nr) - Jl(nr)] Ale_BZ

(s ).= n [ZmaJl(mr)A

rz’1l 0

In the liquid medium

(Srr)z = wzplAzng) (pI‘)e_YZ
(qr)z = p.H(12)( prye
(s.,) = 0.

(sr ) ={{x2(mga2) + 2u mz} Jo(mr? - —zi;ﬁ Jl(mr) A

e %% 4 (n2 + Bz) AlJI(nr)e—B%.

(B.

(B.

(B.

(B.

-z

(B.

(B.

(B.

(B.

With these equations and the procedure used in Chapter V the

dimensionless equations result:

2
A2 + M = W2g2i
2 2 2 2
A + N = W 8o
A2 _ P2 = W2

04

1)

2)

3)

(B.10)

(B.11)

(B.12)
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MJl(M) ‘ AJl.(N) , PKl(P)
2 2 2 2
b, (N-A%I 0 2w A(NT () W, K(P) "
-h:lMJl’(M) B Jl(N)} (B.13)
- 2 .2
- 2MAJ (M) (N"- A%) 7,0 0
~In Equation (B.13)
v
P
& = {/-—c— v ,(B.'14)
1
VC
2
gy = v (B.15)
S.1
Py
h, = — . | (B.16)
1 Py | |

- Replacing M by iM and N by iN leads to another form of solution.

Thus

A? - Mm% = Wzgzl (B.17)
A?-nN? = Wzg; (B. 18)
Az—Pz = W2 ) (B.19)
- Mll(M) i‘_iAI1.(N) : ZPKl(P)

h, (Mr - v+ A% () 20 A(NL (0)-1.(0) ) W2 K (P) | = 0

1 R W= = A0, 1M 1 ' 2 %0

(B. 20)

2MAL, (M) -+ A% ) 0
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Solutions of Equations (B.10), (B.11), (B.12), and (B.13) yield
phase velocities for guided waves in the elastic cylinder. - For.high
frequencies these waves tend to concentrate in the cylinder, There
are some restrictions on the velocities for the existence of this solu-

tion.  They are

.21
ch> Vc1 (B. 21)

and

vCz ~ VP>Vcl N (B. 22)

Equation (B. 22) means that the phase velocity VP is bounded
above by the velocity in the liquid and below bythe compressional wave
velocity in the elastic cylinder.

- For a steel cylinder in water this solution does not eiist since
the velocity in steel is greater than in water.

Solutions of Equations (B.17), (B._18),I (B.19), and (B. 20) yield
the phase velocities and frequencies of waves which are guided along
the elastic cylinder but tend to concentrate at the contact of the liquid
and solid.

- The ratios of the velocities do not restrict the existence of these
solutions. - Thus these guided waves should be expected in, for example,
a steel cylinder in water. ' The. phase velocity V_ is less than the

P

shear velocity VS in the elastic cylinder or the compressional wave
1 |
velocity in the liquid, depending on which is smaller,
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Liquid Filled Pipe in Space

A problem of theoretical interest is the guided waves in a liquid
filled metal pipe in space.

. There are as many as six possible solutions to this case but the
existence of only two of thém is not restricted by the relationships of
the velocities. Equations for these two solutions are given here.

- The boundary conditions are: at the contact of the liquid and pipe
the radial displacement and stress are continuous, and the shear stress
is zero;. en the outside of the pipe the radial and shear stresses are
Zero.

- These conditions are expressed at r = a (inside radius of pipe) as

(@), = (a ), (B.23)
(s 0= (5,0, (B. 24)
(s ) = 0 (B. 25)
and at r = b (outside radius of pipe)

(Sbbv)z = 0 (B. 28)
(sbz)2 = 0. - (B.27)
In the liquid cylinder

(q); = mJ (mr)A e (B. 28)
(5,1 = 0’P 7 (mr)A o7 . (B.29)

In the pipe
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(qr)Z = n [AlJl(nr)_ + BlYl(nr)J‘ e—BZ (B, 30)

. —’Yz
+ 'y[Aszll(pr) + B2Y1(pr)] e

(Srr)Z =\ 9 (nz- [32) _[AlJO(nr) + BlYO(nr)] e_BZ

2 -Bz
+ 2pzn [AlJO(nr), + BlYO(nr)] e

-2p2n

[AlJl(nr) + BlYl(nr)J e P2 (B. 31)
+ 2, PY [AzJo(pr) + BZYO(pr)], e T2

=20,

2

= [Ale(pr) + B2Y1(pr)] e V2

(srz)z = - ZHan [Alle(nr) + BlYl(nr)J‘ e_BZ

(B.32)

- ptz(.p2 + 72) [Ale(pr) + B2Y1(pr)]. e 15

. With these equations and the aid of the procedure used in Chapter V,
the following dimensionless equations result:

2 2 2 2
= Wg (B. 33)

>

+

=
{

A2 + N2 = W2 (B. 34)

2 2 2 2
A"+ PT = Wi, (B. 35)
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MJl(M) NJ (V) NYl(N) AJ (P) AY (P)
b Woli () P-Ad i) (PEAYHY.(N) 2API(P) SAPY. (P)
W 81 ' 0 0 0 0
-2NJ (N) - -2NY (N) -2AJ (P) -2AY (P)
) 9 _2 )
0 2ANJ (N) 2ANY  (N) (A"-P)J, (P) (A"-P Y, (P) |= 0
(B. 386)
_ 2 2._ bN 2 2. bN bP bP
0 (P°-A W) (P SAY (=) 2APJ (>=) 2APY,( =)
—2NaJ1(%\I) -2NaY 1<1i1_v) bP bP
T = -2AJ1(-;) —2AY1(?)
bN bN 2 _2._ bP 2 2 DbP
0 2ANJ1(~£—) 2ANY1(—£—) (A°-P I ) (A -POY (55)
where
v
g
g = 7 (B. 37)
C.l
v
2
59
°q
h, = — (B. 39)
1 p2

The other solution mentioned above is derived by using Equations
(3.27) and (3. 28).

In the liquid cylinder

= v-mll(mr)A e ¥ (B. 40)

(q_) 0

r'l
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o7z

9 -
(Srr)vl = pw IO(mr)AOe (B. 41)
In the pipe
(qr)Z = n [—Alll(nr) + BlKl(nr)] e_ﬁz
+ (Azll,(pr) + BzKl(pr)] e T2 (B. 42)
(qz)2 = B [Allo(nr) + BlKo(nr)J- e—BZ
+ p [A210(pr) - BZKO(pr)j e 12 (B. 43)
_(srr)z = -)L2 (n2 + Bz) [AlIO(nr) + BlKO(nr)}, e—BZ
—sznz [AlIO(nr) + BlKO(nr)J e_Bz
2u . n
+ __r_2_ [Alll(nr) - BlKl(nr)J e_Bz (B. 44)
T 20,7P (A'zlo(pr) +. BZKO(pr)] e 12
20 Y _
- ri (Azll(pr), + BzKl(pr)]‘ e ?
(Srz)z = 21¢an [Alll(nr) - BlKl(nr)J e“Bz
(B. 45)

2 2 ' -YZ
+ Hz(p -v) [Azll(pr) + BzKl_(pr)j e ;
- With these equations, .the boundary conditions, and the methods

used above, the following dimensionless equations result:

9 ) ‘
A% - m? = ng | (B. 46)



61

A" - N = W (B.47)
a2 - p? - Wzgg . | (B. 48)
-MI (M) NI, (N) NK (M) AL (P) AK (P)
w221 () - (A PAL(N) -(A%+ PIK (N) 2APL (P) _2APK (P)
hyWigo 'y b % b K
+ NL(N) - ONK (N)  -2AI (P) -2AK(P)
0 2NAL (N) -2NAK, (N) —(P2+A2)11(P) P+ A2)K1(P) =0
(B. 49)
9 2 Nb. ,.2 _2 b P
0 D) - PR 2y ~2APK0(35
Nb Nb Pb Pb
+2N11(-;) - zNKl(-;) —2A11(—;—) -2AK1(—;)
Nb | Nb 2 .2 Pb, 2 2  Pb
0 2NA11(-;—») - 2NAK1(-a—) (P + AL () =(P+ADK ( a )

. In the solution determined by Equations (B. 33), (B. 34), (B. 35)
~and (B. 36) the waves tend to concentrate in the liquid. Examination of
the equations reveals that the phase velocities have no upper limit but
are bounded below by the compressional wave velocity in the liquid or

the shear velocity in the pipe depending on which is larger. That is,
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Vo>V, (B. 50)
1

ad oy > Voo (B.51)
P 2

In the solution determined by Equations (B, 46), (B, 47), (B.48),
and (B. 49) the waves tend to concentrate in the pipe. The phase ve-
locities have no lower bound but are bounded above by the compres-

sional wave velocity in the liquid or the shear wave velocity in the pipe,

That is,

Vp < V. (B.52)
and 1

Vp < VS . (B.53)

2
Liquid Filled Pipe in an Elastic Medium

A problem of considerable practical importance is the guided vi-
brations in a liquid filled metal pipe buried in an elastic solid. The
equations developed in Chapters II and III may be applied to this prob-
lem. When the pipe is buried several diameters below the surface,
the elastic solid may be considered to be infinite in extent, Thus,
circular symmetry may be éssumed.

The boundary conditions are: at the contact of the liquid and pipe
the radial displacement and stress are continuous and the shear stress
is zero; at the contact of the pipe and elastic medium the radial and
tangéntial displacements and shear stresses are continuous.

These conditions are expressed at r = a (inside radius of pipe)

by
(B. 54)
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(Saa)l - (Saa)z (B. 55)

(Sazs)2 = 0 (B. 56)
and at r =b (outside radius of pipe) by

(qb)2 = (qb)3 (B.57)

(spp)e = (804 (B. 58)

(q), = fqz)s (B.59)

(sz)z = (‘sz)3 , ‘ (B, 60)

The 1, 2, and 3 subscripts refer to the liquid tube, the pipe, and
the elastic solid, re.'speétively.

In the liquid tube two forms of solutions are possible., The first
gives the radial displacement and stress as

az

= k -
(qr)l : .J1 (kr) Aoe (B, 61)
and
N 2 -az :
(Srr)l = W leO (kr) Ale (B. 62)
where
2 2 w? - | ‘
kW - o = '2 . : (B. 63)
Vc
1
The second solution gives the radial displacement and stress as
= KT ( G
(a,), 1 (kr) A e (B. 64)
and
2 ~oz y
o= w1 ( ;
(srr)l plI0 (kr) Aoe (B, 65)
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= 0. I ' (B.66)

Correspondingly, in the pipe two forms of solutiohvare possible. . The
first solution gives the radial displacement and stress, and tangential

displacement and shear stress as

-Bz
(@), = 4 [A J.({r) + B,Y (er)] e
r’'2 1°1 1 (B, 67)

+ v [Ale(l r), + B2Y1_(mr)] e~B'Z

4 -Bz
{g), = B |AJ (Ur) + B, Y (l_r):]l e ,
z' 2 10 170 (B. 68)

. =Yz
+} m [AzJO_(mr), + BzYo(mr)J e

2 2 o -Bz
,(srr)2= ».)\2(1 - B )[AlJO(Z-r) + BlYO(Er)J e
+ 2|.L212 {AlJO(lr) + BlYO(Zr)j e“BZ

2t | ;
. __r_%_ [AlJl_(er),f BlYl_(Jlr)] e P2 S (B.69)

+ szmy,"[AzJo(mf}, + B2Y0(m§é)J e 7%

- 2“27 | -yz
- - (Ale(mr) + BzYl_(mr)], e

r

) = -2u .81 [A‘ J.({r) + B.Y (Zr)] e.ﬂ‘B‘Z
2 !1 177 171 (B.70)

e @m? + D [Ale(mr) + BzYl(mr‘)] e 77

where



2
2 2 W
Ji - B & —5
VvV .
€9
2 2 wZ
m - v = 5
A\
S9
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(B.71)

(B.72)

. The second form of solution in the pipe gives the components

of displacement and stress as
- Bz
- + .
{q ), = 4 [ AL Ur) + BiK ( r)}‘ e

o+ oy [Azll_(mr) + B2K1>(mr)], e—BZ

(a), = B [Allo(JZr) + BlKO(Er)]e-BZ

+ m [Azlo(mr) - BZKO(mr)J e %

\.(Srr)zz RRPAL 2+ 32) (4‘\110'(!z r) + B/ K, I‘)] e P <

L [AIIO(I r) BIKOur)} e Pz
2p.2i | -Bz

-+ T [A-lll(lz r) —'BlKl,(!Z r)]_ e

Z

=Y
4+ 2p2'ym [Azlo(mr)b BzKo(mr)] e

2u Y
2 -YZ
" [Azll(mr),- + BzKl(mr)J_ e

(s )o=  2untB [Alll(lr,) —-B~1K1(lzr‘/)} e P2

‘+ Hz(m2 - ')/2) [Azll,(mr)v + B2K1 (mr)} e-ryz

(B.73)

(B.74)

(B.75)

(B.76)
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where
2 .2 w2 .
L+ B+ 5~ = 0 (B.77)
VC : '
2
. wz . , .
m- + v o+ 5 = 0 . o (B.78)
Vc' -
2

. In'theselasticisolid, the form of wave motion for outward wave
travel is used. Thus

(q) -6z -€z

3 = (B.79)

nH(lz) (nr) A3e + € H(lz)(pr)A4e

), = 6H(12) (nr)ABem(SZ + pH( )(pr)A4e

z'3
: 2u,0 _
((x (n -6 )+ 2p3 ) ng)(nr) —-r—BH(lz)(nr)J A3e 8z
w

N LPH( )( n - L ‘2)(1«)] -€z (B.81)

-€z (B. 80)

(2)

-6 2 2
z +,(p + € )H1

)g= - g [ZnaH(lz)(nr)ABe (p'r,)e"GZ](B. 82)
. When the boundary conditions are used it may be noted that there
are eight ways in which these boundary conditions may be satisfied.
Complete equations are given here for only two of these cases.
- Use of the following equations puts the final equations in dimen-

sionless form:

ak = K (B.83)
al = L (B. 84)
‘am = M (B. 85)

an = ~iN (B. 86)



ap = =~ iP
aw = iA
VC
2
v g,
1
VC
2 =
v gy
2
VC
2 -
v g3
3
VC
2 _
v g4
3
p
FL -y
2
Py
Ty
2
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(B.87)
(B. 88)

(B. 89)

(B.90)

(B.91)

(B.92)

(B.93)

(B.94)

Using these equations, the boundary conditions, and the first set

of equations for the displacements and stresses results in

A% + k% - wzgf
A% + 1% = w?

A2 + M2 = ng
A - N2 = _Wzgg
A2 - P2 = .;Wzgi

(B.95)
(B, 96)
(B. 97)
(B. 98)

(B. 99)



KJI (K} LJ1 (L)
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w gghlJo K)

Co 2 LJ (L
0 S 2 ALJ, (L)
0 L1, (%)
0 A 3, (E )
2L gPa-L)
0 R NI
o 2 ALJ, (bTL)

Mm% - 2% jo (L

LYI (L)

o - A% v W

-2 LSYI (L)

-2 LY, (L)
Lb

LY1 (';)

2 2 b
(M” - A7) Y, (;L)
-2LY (EL)

l'a
. b
- AY0 (; L)

P .
bL
2AL¥1(3 )

AJ1 (M)

2 MAT, (M)

- ZAJ1 {M)

o - 4%y 3 o

Mb
AT G

‘b
2.MAT) 2M)

-2 AM
b

b
Jl (EM)

. b .
MJ0 (a M)

2 2, . bM 2 2., (Mb
(A" -M )JI(T)(A - M )Yl(—a—)
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Using the second set of equations for the displacements and

stress and the same procedure results in

2

A - K

2

L

AY (M) 0 0
2MAY0(M)V‘ 0 0
-2 AY (M)
? - A%y o 0 -
Ay, M Nk, (A2 i
AYl(a) NKI(a) AKlr(a)’
2.2 2
(P + A% g -
b 2., Nb 2 Pb
2 MAY0 (;M) -hz 2 0(—;) 3 APKO (?)
g, £y
bl TN Pb
~22A b 273 Na, (Nb, -3 Aa, Fb
b Yl(aM) 2 b l(a) 2 b.l(a)
8y 84
bM: . Nb Pb
MYO (—a_) - AKO (';) - PKO (?)
2 . 2
ZNAghy,  Nb 2 .2 D83  pb
3 Kl(—a-) (PY+ A% —TKI(—;)
4 77
(B.101)
(B.102)
(B.103)
(B.104)
(B.105)

=0.

(B.100)



- KL ) "v'.-iu‘l‘(L)’ ' i @1';L)

s WL (00 ,-_(M2+§2) 1, ‘ -(M2_+Aé) kQ(L) -
+2Ly (L) -z.Lxl(L)

;o ) -‘va1..11 ‘(F) 2 ALK (L)

. L ) ,‘ i, ()

0 Ay ('—:}) - AK (’;—b)‘

o -:(M2 '+.A.2) 10(1—:’-) - +A2_) K.o(.lf?b).

0 - | zAi}I‘l (%; +2 ALK} _(%’)

AL (M) »

2 AMI0 (M)

- 2 AIl (M)

“m? + 2% L

Mb

A (22

1" a

‘ Mb ...
MIO( " )

ZAMIO(T)
-24a ; |Mb
- b Il(a)

‘22 Mb.
(M™ +A )11(-;)
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Ax o0 e o
szAMK(M) 0 ' 0
- 2 AK, (W)
™%+ 2% K, (M) 0 0
Mb Nb Pb,
AKl(a) NKl(a) 'A-Kl(_a_—) 0
‘' Mb Nb. P
MKO(HE). -AKo(a) . RS2 ‘
v My, B e 2, 2 Nb -2P Fb (B.106)
Mb 202 Nb, -2 2 Poy ;
2 Ay M) TE2 (aPptic (D) 2L apk ()
. g N 2 e
-2 ey b, 22 Nay Mo, TP pay mo
b Kl(a) 2 bgl(a-) .2 bKI-(a)
4 } A
2. .2 . Mb ""2“232 . Mo, BoBy o 2 b
W+ AV K, E0 —— 5T ANK 7)) 5 (PP A0 K, 7))
g4, & :

The phase velocities in the solutions for Equations (B. 95) through

(B. 100) will be bounded above by the shear wave velocity in the elastic

“solid {medium 3). - The phase velocity also is bounded below by the

shear wave vélocity in the pipe. .- Thus, this set of equations has no

solution for a liquid filled steel pipe in the ground because steel has a

higher shear wave velocity than earth materials close to the surface.

- The phase velocities in the solutions for Equations (B.101) through

. (B.106) will be bounded ébove by the following:

: VP< V'c

1

(B.107)
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VP <<V (B.108)

Vo< V. . . (B.109)

. For a water or oil filled steel pipe in the earth the phase velocity of
these guided waves wiil probably be limited by the shear velocity of
the earth material.

Invan;y of the problems that may be solved by the procedure used.
here the limitations on the phase veiocities may be determined by ex- |

amination of the equations applying to that case.
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