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I Il'l'.RODUCTION 

1his vork on a generalized d.en.vative vaa motivated by the. absence 

ot •tl'ODI t.clvdquea tor r1cal dttterentiation.. It i.. clear tbat the 

process of 4it1\t.'N!Dt:lation U ODO whidl ~q DJ861lit1ea errors 

whetb.er ~ an erl'OJ'• in emp:lrtcal aata or uiterpolati<:m el'l"On. One 

technique tor ll'Ullerical d1ttei'ent1at1on of e, tunc:t1on, t, U to tit t 

with a pc~al em. then UtteNAtJ.ate the polJD.anial. Hawver., a . ..u 
tittiq er:ror lllQ' net at all retlect a J.arger 01TOr 1n a dertvative. Hence, 

it eeema ettect1ve to define a denvat1ve u. ~ ot • intestal, wbich 

18 ~ a amoot.Mng P'Ocet• · wll1ch, in tbe cu or a ti»ite 

app~tian, g:tve aa approximate derivative of t wMcb. depends on the 

m.ture off on an entire intenal mateid. ot Jwat at tbe . points . Such 

an 1:4tegra1 Jllipt well be p,it 1n a toi,n to Wb.ich one coul4 •P»l¥ a atandard 

numerical integration tecbnique. It ai.o ••eme likel;r tbat 1'1 apeoitic 

applicat1ona one could eetabl1ah criteria, pertape etaUeticaJ.., 'to de. 

tendne a °beat" intel'ftl for the -~~ion" A •~ ocf auch critel*ia 

aeema to be• log1cal and poaa£b4, ft'Uittt.il. sequel to tbie pa.pei-. 

Sc:Jme work baa been done on · _ eraluecl deriva.ti"" and. the term bu 

been uae.d. to describe •even.l can.ccpta 1n addition to tbe OJie described 

bere. For uam,pl.e, Kaaailatia .[5} define• the n•tbe ~ed. Riemiam.,. 

derivative of a lleUUJ*ble tunctioa, t, at x 111' 

" n:,ca) = ~~ (2h)""n I (-l)n-.1(~)t(x+2.111--.) tor h >O, ll == 1, 2., ••• 
j ~o 

l 
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D2f(x) = lim (2h)-2[f(x~2b) • 2f{x) + t(x+2h)] 
h.~o 

this ts the same as Hobson's [4] definition of the generaliZed second de-

rivative. These definitions provide generalized derivatives for some 

function$ which do not have derivatives in the ordinary sense. 

The n'th Pee.no derivative [31 of a continuous function, f, is 1:f n 

f can be expressed by t(c+h) = a0 + a1b +. 

lim E. (h)bn = o. 
"-'10 

a tf n 
•• + n + c(b)h where -n! 

Iaurent Sch"W&l"tz has proposed the idea of a distribution ae a gener-

alitation on the idea of a point function. His distribution is a functional 

defined on a set of testing 1\mctions which have tbe properties that each 

bas derivatives of all orders which, as well as the testing function itself, 

vanishes at the ends of the interval [a, b}. Then ea.ch function, f,. deter

mines the functional 

where~ ranges over the set of' testing functions. Integration b;y J;6rtS 

shows that 

and we can define F' ( ) = -F( '), '!his 1s a generalized derivative in the 

sense that 1t is the derivative of a. distribution which is a genera.J.iza-

tion on the idea of a point t\mction.. However, the approach of Schwartz 

is not amenable to smoothi1ng noisy data by n~rieal approximation. 

In this Japer we use the following procedure tor defining a gener. 

alized derivative. If a t'Unction, t, is fit on some interval (x-b1 x+b) 

by a straight line in tbe sense that 

l x+h 2 
[f(~) - at - bl dt 

-h 
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is e. minimum, we obtain the line 

We define the generalized derivative 

Df(x) e: lll.m _l_1:f(x+t )dt 
• h-+• ~ •h . 

if the limit exists and. if the integ.rat mean, 11m ~1:(x+t)dt = !(x) 
1\-+0 =,I, 11 • -

&ls exists, Cood1t1ons necessary tor th,e convergence of Df are much 

veaker than for the existence of the ordinary der1vat1v and1 in fa.ct, 

Df(x) = f 1 (x) if the latter exist1. 

One eau state some intereati:ns theorems which have a.na.logi sin the 

theory of ordiJlary derivatives~ For exan\Ple, we ab.ow that it f(x) exists, 

then ll I;'. l)dt ~ i'. x) . 1/e oan deteml.ne some CCl!Clit1ons unde,: • ldlicb 

D[t(x)g(x)l = f(x)Dg(x) + g(x)Df(x) . In addition, there are mean value 

theorems sim1lar to the familiar ones.. We can also diBcuss convergence 

of Dt' in terms of right and. left.band generalized derivatives and integral. 

meens which are defined to be, s tb.e 

limiting lines of best fit on the :intervals to the ript ·and left of e.ny-

point. ~ese ar designated by D+f,D-f, f+ and 1· . show., for example, 

that under s conditions Df'(x) = ~ ic:;{x) • 1; (x)J where tbe ubscripts 

indicate integral means over a. finite interval. 

FiDall.1, in a manner similar to that U3ed to develop the generalized 

derivative, we may- define a gene:raliZed n ' th derivative . To facilitate 

this devel.0IJI1ent we generaliz the· Legendre polynomials to the interval 

[x•h,x+bl and ellatnine the best fit n' th degree po~omial 1n the .Umit as 

h approache.s z.ero. e are abl to state., in particular., some relationships 

between this genere.liz.ed .n ' tb derivative and the generalized first deriva• 

tive iterated n times . 



tbe tt.u\cti.OD at the point x0 a at1'a1{lb;t ls. whidl, over the ~ 

Ix0•h.t,x0+11) 1a t.b.e UDO ot beat ft't 'by,' the lea.at lq\lN'9. ari~.. Dlat 

18,- ve kQowr tbat St 1a poia1ble to tind a unique peJz a., l> web. that 

X411 
[ ) c: r [f(X) • (x .. x0} • b)adX 

~h 

11 a m1n1,m1n. It w 1IJ&k.e a cb.aD&e or varia~ x * x0 + I , ve obta1:11 

tb.e afmpl.er expresaic:iQ 

ZtU'Q. 

b 
[ l • { t(x ~) - at • J2 d. • 

h 0 

1 [t(x ) • ~ • b}df. -=r O 
h 0 

r (f(x oft) • et • blAdl .. o. J.b 0 



or 

3 lb 
~ = •b.gf(x.0 +t)dt 

h 
= _.l_ tf{x +l)dt. -:~-3 b, 0 

2h = 1 ~{ +t )df 
h 0 
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beat fit line. We can consider the functions l, (x-x0 ),- (x-x0 )1\ .... , 

(x-x0 )n., ••• to be t.he la is elements of the ,:3pe.ce of all functions 

l'.;(l sgue sq'U$.re integrable on ( 0 -th, x0-h}. If we define an w.er product 

1n the fol.J.ol,11ng manner 
xib 

(f,g} = t(x}g(x}dx 
40'-h 

now en arbitmry elcm@t, f, of _ e s ee ~ the subspace s:i;anned by tbe 

V~$ 1, ~ x0 .. It .1s veU Jmovn that tba proJect;i.on of f' o.nto the 

suba.i:ece u pree1s ~ that linear caabina.tt of the bl.se vec~,. 

a(x-x0 ) + b1 ich min:t.miZes th d1$U.Wce to r. Ule die ce 1D terms of 

the au: il't, nol:'lllB 1£1 given by 

(f(x) • (x•x0 ) • b, f(x) • a(:11- 0 ) • b)l " [.L1f(x0 +i) - at • b)"ae]' , 
'lhus, e distance tram f to o subspace 1S tbe 1east square- error ex• 

pression. ibe criterton by w:tch we de · :lne ~ and b follows suit 

of the tact that the difference bet e f a1ld its proJection on the eubspa.ce 



is orthogonal to every element in 

vectors.. 'Ibat is., 

h 
t(x +) - a.§ - b]d~ • o. 

h 0 

·1hus we an-1v e.t the same .set of lin equations in a and 'b .. 

6 

Several things are :htr;Jed1e.t~ cl • Our space is ree.lly' ~ defined 

an a general interval. Furth rmo , ve e ch 

x0 h, and. ae result, a. di,fi J:ent be t fit line. OUr b.1 ctive 1S 

tot t 

h 
a ·= -\ t f( l\> +E )d.ft a. b 

b .. il~(x0 +l)dt 
•ll 

as operators on a space of tunctions w 11ill change our de :tgnation 

of the varl&bles by d.t'opp:1:.ng the sUbocr-lpt. It is still eessary to 

dist:inguioh between the independent variable 1n the coefficients., a aua. b, 

and to. t.he base elements o::r tb subspac • e w-Ul prime the latter • 

. Hence, tor a gj.ven i& and b the beat tit line ii, 

We 'Will also use the follmr.tng notation: 

l b lx+h 
J\f(x) - -\ u:(x+ ) s = ~ (x-i)f(t)dft 

- 2h h ._ 2h h 

x+b 
f( )dt 

h 



~ve 
M'(x) 

(UC • 

Cleal".q, ~{x) 1' the integral mee.u ot ton an~ trlc 

~[6) 

m>taticm. or potn,t of vtew. 

Ftm _ e cona tom ot 

7 

u 1*:>l.utelJ ccm.tiJNOU.11. ?t, for all p such. tbat b. , o ~ , t(x+p) 1s 

~, that ta,, tllerG -.ut Md M sueh tbat m ~ t(x+p) ~ ~ then by the 

fU'8t ~UC tbeorem 

""" ·. 11h ti,. (x) • ai f(X.f1))4p = K, where m ~ 

1Qg. 

fJ.beo _ J: It t(x+t)) > o tor • ~ p , , _ 'f ! . ~ble on t.bia 

~ then f~(x) > o. 

~- u f(x-+p) "> a( ~) fbr • ~ p ~h ant1, t 

intava.1.1 then . (x) >-i(x) . 

• al.ao aee that 1i,_ poMeaaes propert1ea ot COAt:lmd.t,y aoa. 
l:\r>eal1.'W aaso~'Wd w&th tw tor cba:n.cbezt. 'Wbenever ve use ~ -as 

u opemwr, -~SJ.Qt~ mtea:rab1Uty1 "Wbich vill be e.ssumed 

~ ¥P.(>eU * 
t\m.ctiOM ope;nt; 

thOd of 
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order that er ault of Qpe;ration be 

defined on ( , b), or w might a$sume that all the tunctio are ident1~ 

zero outside the intenal .. In pra.ctic it might 'b mor eonven.:!. t to 

baudla this d1fflcuJ;ty in some other ~, but t least in th :bove two 

cae we nirw allow that the operator is l rand continuous in th.I? sense 

that l:tm f = g implies lill1 T.b.f.l ::i T. g ere convergence is in terms of a 
1\-+CD n n-UO } -0. 

sup norn1. 

J\f ;possesses smiler elementary propertj.es. It :ts absolutely con• 

tinuous and ~ is also a continuous, lin operator if defined on an 

ppropriate oet of functions. lf1 as before, m ~ t(x+i ) ~ ,'I 1n th. interval 

in q; stiort, we obtain by tb.e 

~ ';J,£:rc + )dg , ~ 

. ifl4 ( ;J,l O 
f(x+t )de , - 4'"' 

th operator ~ and th oi"dinary dert t:tve. e know that 1£' t • (x) > g ' (x) 

for all Jt 1n o 

~- l: It f(x+::.) is monotone il'lcreuing tor -h ~ i ~ht ~ 11if(x) "> o. 
. . 

Proo : uppose tbat f(x+s) is monotone increasing for -h ~ i ~ h. 'lb. 

b,Y t,b.(! . com mee.n value tbeor there exists a t. ' ucll that ... h ~ ~ • ~ h and 



= ~ [1?(:t(x.+h) .. f(x•h)] ... ~2[r(x+h) ... f(x .. n).] j 
4h 

., 2 2 = ~ (t(x-th) • f(x-h) J[ .. g • J. 
4 
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It is cl that {l) f( -th) > f( -h) c use of the monotonicity of r, and 

(2) h2> e• 2 since t ' is interior to the interval and bis the tmd point .. 

Ken 1,,.f(x) > o. 

'lb rem U; If t • (x+ ) > • (x..i, ) ell -h, i , h, then °ii (x) > Diis(x) . 

_,....,."'_ and a min _ on -h ~ I ~ h, 'lbeo:rem III: It r• {x+g) bas 

t1l. m:Lu -t• {x+t) ~ J>i,f(x)~ ax t •(x+e) .. 

PJ.wf', Consider the J.ine, ( ) ., [ f ' ( +s)lx +, b. bvi U&~ 

s' (x+ ) ~ :r• ( +t) in the interval. 

Dh '(x) ~ :r(x} . But g is at 

yield impl.;y" ite slope, 1'b (x) i:: 

e pre.v-.lous · · 

:J.tc vith 1\ 
r• ( +§).. Renee, l\i. (. ) ~ t• (x-ti). 

p such tbat -h < p <; and °ii f'( x) = f ' ( x+p) . 

int1'!lle.t r · lati ship ttie n !'' ( x) and 

' ,/(x) and also t,., f(x) and f (x) . rn et, if (x) 

lxwe, ·t :Ls a.r that 

• ( ) - J\f(x} s QL;,ic...1,..1. aB • pl so by 

t uo de.fin . the note.ti 

I see co tions 

tlll 1mpo t :resu.1 t, but the 

cond.1 t.ion • 

f(x,) = Dt(x.)~ .. l1m 1- (x) = f(x) 
t\-?0 n 

:Lo ed :bO Df(x) = f ' (x). ~ is 

'nieo IV: let t• (x) exist f(x+t ) be inte,tl,,&,Qoc'~e on s 

taining t O. illen Di'(:ai) = f ' (x). 

Proof: n1:tterentiability :i:mplies that there exista a K UC'.b that, tor 
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K • e < f~!tl ' )2e if'~>t ',2 <_ K + E 1 

ee•2c ~) < t ' ttC +l ' l - t( • )l < 2a·•2c K+ ~> 

4;3 (&- l ) <1 lf(x+t )d -
. h 

A p1'QO stm:lla:t to U.t ot rem rt 'WCU.14 aufflce to Bbow that U 

f(x) 1G COlltiD.UolUi, tben 'f(x) = f(a) . 
K 

. D t(I )di -= i(x). 
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e. >O O<:;;~ <6 implies 

~iJQ 2; s te'J:"V&l «mtla$Dffl& lt 8lld r ..U 

pomts, t I in the ~tex,al lim. ~ r 
t,~o i 1 t(x1·+e)d_ 11m l, r. 

0 r •( ~)di= 'i(x). 
"-~0 . ,lh -Then t CQnt~OWJ t ~. 

fl Ia , e above :tatena.J. i'lhA·.-.. 1 6>0 for we-q ~>0 ueh 

O<b<c§ li 

It! 1'{ .... ~i -1cx .. > l<t 
where x+k+b 1 el c ~ the 11'.lt rval. w le.t ·O<t:i •<!• 

Then tbe tollov ue twe fQr O~~., k < ·• . 

11 I f(x+,..) ~ - ,c >~~, 

Ii[ t(x+ )4t • 1(x+k)I(£, 
a1'i li {x) ~ i(ric+k) /<. €:. 

In l"ticuJD.r, e show :t 

11h ' ?ii:: ,[ f ( 
~ ... o ~ h ~ 

) 'i( )]df .. o, 
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Um !h[f f(x+t) • t(x)la.1 • o. 
~...,o 

. . ' 

it tt 1$ 

t -rare n 1.neree.sing, tb.en J\f(x) < o on t ·interval and, hen.ce, tor ecsne 

X ill the lil:d:t. 

iheo VI; If t and l>f ex:t.st 1n intenal, [».h,X-th), 
h 

lim ~ f {f(x'+t) _. f(x• ))dt • O Dt(x• );> O tor au x • 1n tb.e 1atenal.1 
........ 0 c;-."'-h ~ 
then »iit{x) > o. 

Proo:t, Clearlf Dt(x) = Di(~) . But by' lean ~~ 'f(x) 1a contim1ow1. 

'Blan tbe eoncl.Qa:1on tallows bT 3 1-. li 

ibeol"E!llll vn: It i Uld. Dt ·ext~ ~ an tntenail. [x.ta.,x+b) and it 
h 

~~~- f [f(~'+t) • (x• )]24i • 0 am. . ~Df(x• ).~ M tor ell x • ill tbs 
h ~h . - . 

mtei"Vtll, ~ ~t(x) ~ M • 

.. 
9Mto vm: 1:r t arac1. Df exiet s.». 1atena1, ex~ 111, .-aa. :Lt 

~ -\.[J f(x• <f,) • f(ll' )J2dt • 0 D 18 COGt1DuOwl All tlle 1DW'Yal1 

~f(x) • Dt(11t+k) tw SC1110 k sudl that •b < < lb 
. ~ . 

P.rooti !l.1da toll.ow iianecUa~ ;ttait tbeorem vn. 
IJ1leo . lXt lat i(x), Dt(~)., i(x) and Da(Ji) u18t let 

lim J:..21 tf(~ ) f(x)]acll • o 
.... -- h -h . 



.irm.. ... ·•·. · ......... ·-.. 
~ 

·[J.IJ ... :1c.i,~•i> ., ·ic,d) 
•ll 

~ ir-.. 1. 3 .. l.·.·.·.1··.
11
.s·t······· ltf(!!+i) . .,, '1(:1)l . ·. :-.·.;l.····.'.,:, (g(,ti'iJ .... ih:na,,J~.~ £'•lb'. ·•b h <'l!b, " 

•c 

~ l\.f(~) l#l1 !Olli(~.), 
'" .,, 

.It ~~at~ ttl ~ote ~t O'tJO•t~ wt:th ':r11 :m.~ ti ~Q-~ 



Jll'O;Qe!ls,., lt mpt tU"b:lt~ mt~l)J.e fUnctiotull :lllto .c;mt,:tnoous. ones -«. 
\l•t~ tuu~tcm; i'Q:to t.Utfel"®:tiabl.e t"llles*' ~~te, 'l'll me.»& -~. 

:u-.ttals 1mlo ~•1itidQ1, ~1tmo. mto s~&i .04 n'th ~ po~u 
! . ;, 

{ 

:klto a•tti ~" ~"• for ~Ple,; 

'"" .. ) ~ ~$ = "· tt~ ,J'I,, \• ~a'"' ,_ . . - . . . "" I 
. . 

WQte tba.t tb.e t~t te11tl is x11.,. ~ ~t i.s a po~<mdal ot 4e~· ~a m 
a a14 ll Q~ •J. .Ul ·il,, ·. S.<$1 

•~ p(~h) :la .e, J()l$!®ttal ot d.epee i~a .:tn ~ .fmd n 01' n .. l in b .• .. 
~~ wllth »a .. is. aita!ol~ ·to ~. aJ.ft~tiAi~ ~eas as mght. be 

WuCEl4 ~ the p:im-,..ti$$. al~ ~n~1*.t~ ~ ~' ~•tlala i/c:t.to 

.~-.t~, ~$ £al~ co~e,jj, ~ ~·'th 4~· ~ials :into a~l "$.t 

a.e_. po~.. Jo;r e,ianip1~1• 



~ ,.~, ~ .~ ~l a1 ~fl ~. ~O) GV(l 1 · , 
~t 

~ p(~ll) $ii• ~ of -~a .. 3 a Kand a ort •1 - h •. 
"' ~ti ~r(a)~l.~.~(:0 

#;!· •l. *-tit a>~ ffl:14 let b ~ 1.. 

»1~l4\) • 0 ft4" .~ ~ ~1 

~ .. jt~-J.l f~ .• 1,, ~~, 

• 0 ~ ;$;~.1., 

]&it(~ • f • + C'* '.&ts H tk~ Ile~ ~f WU.dl 
<'.I! . 

Da,f(~) .1t\ ~ ~~J .~•UYo, 
., 

ill:l'<~), * •l .. ~:r ~.~ ·•l 
... 

.-1 tv~>1t 

~,(x) ;~ o :ro,:r,, $<•1 
'.~ 

~~":'f"'lld !'b·'.' T.,lil,4'. ~(.•~\ = ~>t ...._ 1; .,;;,,,,""' tf <. t,1;11 
~~~ ~.i'- .~Q. 4' '~ ... ~- · lifiliwl ..,,.,. ..... ·~ 



~ •l tor· x~i.. 

J\,.f(a) ~· fc~ • mi2l + i ~ •l{Jt~l, 

# 3'~X~·•3' 

~vs m Mie ·z ~ ao.me ~-~. ~. or ·the ~»e•~ 'it. 
d °u. ~. ~t 'M!· \lleM, ~fJ :fttll into two -~-, tiff~ 

~~ ef ~f -4 \~ -4 itm.-.ib$v~1 o~t.1~ witll, fk .a ·I\.~· 



fl".I ,"'"';I 1): ,.l;:u~""'h 

,~ ,0, co,1t:bluoUl? 'det1Vt(d~iv~ fr;r ... ~ ~ ,p ~ b., tb~tl 
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r:114 ,'f;; f ¢l' 

i 
&~1:t?f'(~) 'l;:l! 

wari (~) :;; (~if1i) to:r a®J.e µ i$U,<m ~t ,;il,:bi ~l>t, ~h~ ~ 

tb~ µ, a,~(l!V(!., 

It 

,If' 

tmt.l:, ,ffl 

""l\ ~ ,p ~ b,, thgri Jlnt•t~) ;;. fnf:x;+it) 

~»tl'( ~) ·;..; the ti .~l)i;:i,ve 

,.. .~ a se(~ond ti.e'l!."t,1attv~ 

dif~~'tl!i.iiblra:,. 

fii f,;i . (~)l ~ ~(T/t~H .i »3[:0~t(liU .~.· »1a,C»"f(Jt)J. 

'1"Jlll5~rt:l 1;;;,,1'\,;l~ili''i\ii ~l .~ ~V;eb '.t;i}l$t ,lm, ~ f(~1,p) ~ rll f(!,r $3,1 .~') th.Gt 

thtJtt .m~ 'fn,[t3t{~),) .$ 

If 

.. 



u.~. !t f(»ijj) ~ e.. ~m~ se~ ~•tive t• all. p ~cl\ th.at 

•:b,.'1 "-~~b.+41 tt. l\{D~f(~U ~ 'f:1 '(~~) fo:r ~ "'GU'* ~t ~b•J ~fl~,.~,. 
u~ lf f(.~~) • rq. c."Ql'lt~ n 'tb. l$?'1v&t.ive fo:r, . .u ,;, ~• •t 
•»b~p~m, ~ ri~t(lill:) ,fi/i ,c~>(~·•1d to~ ~ "ttueh tbat ·•~ J~ilh~ 

,~,. •~ .~ tt ... .... ..;"" .1.t.. .... "" .. ..(a), . ·}.. 11r ~· . -"'tit .• ~ ... 'I.. .i.~• ... ,... , ~-1:.. 
~11; ~ ;;i. ~.ft~~~ .m; •, \K~ -~ ~:si~ ~ . . p $.~11, w•~ •~-p ... ~ 1 

._ 1.11~. l(>:J ~ Mt 
.. 

3.4,. XI t(li:+p:) ms a ~tin~ ~ri'1att1vee fQr E!ll. " $Udi tba.t 

-•(•+n)h.~ p ~ (m~)h1 then t.li~b.fm~f(~)l = ;e(n)(ati11)· fQr ~· ~. 1uc1i ~t 

·<~>1i~" ~ c~-m)b.. 
i,. x, f .:le, ~ that.. fJ ~ t(t&) <~, ~ i1 ~~ .:u. pi ~ueh tut 

•(k+~-)11, p ~(k•)~ ·~ • ~n~[ f(a)J, 1\L. 



m . a¥~ .il.'111'l'!t II;.~ ~111'',ffi'li) ~'tll~fflG 
.11, Alo~ ~ ~lli ~~ ~lf~•T,!,lliiif 

U-;1tm ·w,i,.i,. ~~ ..li-:!P'il.-~; •. \i'~~4,i,4,.,...~ ~_. . .,..Jh~:""". ~~,.-.~ 4.tr. ... ,.ii--*111-.••-.t.,11a, 
~·lo;~ -,~ ~~ ~-~ ~ ~~~ -~~~~~ ~~ ii~ -~ ~ .. ¥~~,111.f(!Jf•y~· 

""""'- ,.ft,i< .-...i . .J..-. .......J!L ... .t..•.t...k ... ' .. ~, ..... - - ... .t ... ---..-- ..... _ ···-~ ~ ...,iy. ~"'9 ·~ ~ ........ ·~ wiu.i;u,; ~· ~-'°~~ W:.w.M ·~ · ... 

. dvatSve ·~not~••· '* m~1-~ .~ ·ttat - •~e ~Ii 

• 4-l~v· m ~ of - mto-.~ - ·wm <:all.~. ~,-a. 

~•t;£v'1t - "'&-iffl'l'ltti~ Mi 'i(•l fM ~ - 0,t· t(al, 1t u. 
~. *ii ~1\1 t>t t(s) .:bl m:t ~~ f.<>.1t the~~ Id 

It(~).. bet, .t:t, ~. ,ow.iibl; to:t ·~ l\,.f(~l to ~ -~ .~· 
* -.. "'- -...t""""-·- ;;.,ilJ, · .. ._ ...... l 'lf . .t .... .t,t.4: ......... ~.,...... am. ... ,.! · · ·. 4,1$· ... k .... -~ ... ,. 

-~ ~~ Y4,\: 1l ·~u.e. -~~ ~, ·~ . ,1,$1 •• ~· M3l,,l/ ,$i ... · ..• ~ 

· ~Q~ ~,...111.. 'J(v) ffiiC~ ,.,.,...,,. ,,..,.J·ejl,,· .,;......:,i 4>,'k,,.-..:,e,; ........ ....A ... ~ ·"L-.. ·m "lt.i< ....... ~ r~H ~ ~~' · .. :. ~- ~-. ~• ~~11 ~ M"-~ ~ :~.\* -~ - ~ \0:Lfy"·, 

"' 
.·,· .......... .ii.t.. ..... ~-,ll;, '!il .. .11.- .~ "'""'·"" .. ".l!-~>11,. ,!fL .... ~-. . *'..t·".'l''l '"''ll:t .. 6/ka P1tl ~ VBW ~· ~W 4v,,.· ·~· ~~VA'il,i\li'Yf:t ~~V>\i~J 'W ~ .... 0 ~ 

«efl.nlt- r1t t'ha· ~vattw ·to .~. ~· lil'eq~ u..t l(•) ~ 

.U1} to ~· the m•ttnee, ~, - J.$d.tml iu. v• = »t'(,r;).(,¢••~) + i(x)~ 
, \. 

~ . . . . .. " , .4..,.&'l.i_,.. . .,.f M"" .,...,.Jli 'l.,...~ t..-A. Al•.-t, ·iil,,.t, . . .. -,<!t.''l , M'!i •.. 
. · .. ·. ~. ~' ~""~· ·~~ ~ ~~~ ~ .-~Nii!,Wft ... '1$$ M .. ~ .. ··~' 

• :iett ~ ~ ~$., mo ~,ae ·th.t •~••ve of f • ftf
:&wel~ ~ ~e'!OU f()Jt tb.e ~ f;lt. 1$n'Q bl the 1~ $1\~a ~ 
4,..,-t . 'to .D,(·~*""'.\ __.._ ... ~.... .:,,..,.._,__,~ !k ~ A:' t... • ,...t,. 'tliift .,..~ ......... ,,.,..A..,.· · ,..;,..,.. .......__ 
~•• · ... , 4' ~•yl v,i ...... • ~ ·•~4""¥~ ~~- .~ - A'• iiu~ ·~ -)W ~~:rt ~ ~¥ 

·~~ 't,f-,•, ..., · · J..,.. ·}· · · >il,t..,.. /Ii. .t,.,-,,, ·,a'l · · ""°' ~\ n..- ·. H'{, _it, · ,..,o 
.ti,.11,v. ~ ';o i\,..,, .. 'ij) ·. ~ ~ .al'~"V~ ~· ·~.·· 1,.,:iJMil1H ~g.1,.; • ~~ v~UtJ v.i..· 

. . 

i,,..., .,.,,;,,t. '"h . ._'?..,tt;ll "iii;·,.,.,,.. ~$ . ,..,~ il!"'-'I:~,,,,;.,, . .,, ,f."l't. lt'i'1'*>""-1* ...i~"*' ,,_'la,,,... - 1"-'"' a,..;i ''!,...,.,p...__ 
~ ~. 6 ~· .~ .i.:, v.~ V"""1-:~~~ -io 1)/b;,:,,~~ ;,,q. t,;;:. ~ f<Mlila\Miil .~ _.. ~lii'Ali~¥'f:. 

· 'fn,,,:, •4"1'~ ,.,.,,.<t'ii ,1,.11,..., .,;.\- ,o, .i,,,,_.4,.. '"fi4,,,.. fl.+,J!I.( "') ,;.eA ,r.1,,-, ,.;,,....t1:4·..,..,,1;...,, ···.t1,· .i.'!.. .... ...,..,.t'h.t. 
ffll1 w~ ~ ~ ~"~ 10 ... ·\M;W ;.*e "":n:··:&. ~ ~ -~ O>l< ·w... :~~ 

Qf' =~4'<ttUt'~ ot ~ l~ U(;\ tbn u~ Y.1 ~. ~· + t- ~~t:') ,. :.·h 
... 
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»"'f(~) ·'#1 t~ 3\f(id, 

7($) • l.~1 ?:·(~lii 
. . 1\-=to -~ .~ 

r <J°;>· = lJa ~· ... ,x1 .. - t\_.,.O '"'h. 'I!' 

_.,.,::i 4,'l,;..,. ·'!j ,;,...,,ii!,..t,,,f,,.. ".'. ... ,ii,.._,, ii~ 
~-~ ·~ ~.\IN-~~: «-¥ 

1',<J.,. .. · .. · · ,>ll......,,. · . ""'·'"'""~ ,,_,,,;,,4, ~.. b~.,.;,. ... ,,. <'lil.'>J .,..,.ty, ''1 ;;;./,4 •• l',,.,...,..,;:i ......,.:t,,_..-; 
~ -~ ~~w -~ ~o,i.e$ ~1,,1~ ~ ~-••t,'f./G ~ ~~l<I""~ ~~-.,.~ 

~ the ~ • ~ft-~ ~t~ ~ he.Vf ..io-~ ~ ·the r:1.

ati.tl ~~ lalt$<t 

~ a ~vc fm'tetku, f(~+,i), ~ -.,,. 1l"A1ue$ r.:rt .h,. t'1$ ba.ve mttG 
. . 

-..,j11< . .i . ·· ,t.t1.-<llo.it~,il.1n,~. ,t;,b .. ·. 'l!""""''" ,iM.t, 'it.~ .... _.. -._ J,.t,._...,..,., A.t~-""ol\ •l'.,./t-"l ~,..-Q'A. ~,11~ .. ;il!~ ·1;~ir) ~'11' ¥.-~Iii ~- cal<V~' ~W, ~..,,:i;:,,u,;'WJ.~ M4 ~-y:~$ 

m tJt (a) {~hl1 (b) te,b.J;. &nti (c). [~o:J. t'ltb :rt~et to (a) ·we ~-
• 9 M • 

ift~ ~ ~~ tm.t :fo:?t a -~ .:n • ~~ ~~-~-.. ~ ·the pro"ec• 

1;£an ot • ~ita;,:y ~ ot ~· 811~ ~~ • ~ •~~o.e t~ 'tf' 

& ~tall\ Mtt. .e; $1bfflifll.t ~J 1 -m:li ~t,.r~ ·~. ~ 1$. t~ Of' tbe :f.».W•·· 

~ .('b) ·* (c)* 1lbe .t0cUo\~ a~~ ~ts.a~~$-~ 
~ ~ 

~ ~:t tiet a(~) 'be-, ~c~ v!d.a !u a ~t ~!1 w to,hJ 
"' 

Nii.~· - lrt!,,b;,,fl ·(JQS~)lu (il$~tial.~ at 0), l'b :is <ikV that s(X'+I)) 
.~ ?' 

~ $); el~ill ()f sua~ (a) ~ ~, ltl- ~t, au pi;,sat~ ~~ tunct~ 

(s-t.--t•~ ~e"G on•• of (·O !i'.I an4 r..,11,AQJ .. )_ ~~ea ~b~•~ ot ~ .-.~!,/ .... ·. .. . .'J # .... I, ·'Y . .,..,,.....,:-. ·-~~,,.. ..... 

"'' 
~a~ (6)1 ~ W ~ thG. ~. ~~ Qt [~h)., 11,. - ·tb.G ~J;GI~ · 

"' s~ ·bu a ~tent ,c.nd • GtUN~t ~., 11t, -~ t1w fJU'O$~e -~ri~ 

ot all. »o~blo i'W~ 01 ~ -~ ot s(*'P) ~~,~ abi:w~, s2 ,. .. 
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'll'A. ............... Vf6. ffil-·.t.,-.,)} ,"" c·'f!I' (\' C ' . ..,.~ ... \I ,.,,,,m,I·,A~<"1\~lit. (I! err,·... t~nj,', "'·"'·.· ·~.··v;· .. A.~, ·~· •f,:11. :P",l~!l;f'.-1 "''a ... 1.,. ""1 ~,._, .il,\iilf':' _ .... +,:.i; • .,., ...... , 0 1. !,,;}2~ ~! .. .,..,., ~ 

s~~t l;m,~, .~ .. l'(\'a,nl :ta s.J.rJo Ill. s\~isl:~t 11:tte ~ 'bttttt (•ll,OJ •tl [O;h},* 

,~ ~b,Q11 ·~ $'.\l® a ~;~ ;t;~\) ~e ,~ojecU~ :<Jf an •1;)!:t~ veet0:r, 

~ • s1 is tM a•,, Eiia ib.ll~ pi~oJ(\}Q'\'iiJ:~. 0~1 r:la, Qf 'tl\e -~,e~ti(t.,,u ot' ~ .. • 

J:n. this ¢$,~ the ~:U.1stten ,~ ·~t .if f(x+p) :l,G fit i"olt p (;l~l. th,e ~~~ 

{"'tl,h) 'bl~.· tm~t.iOr.l •wbtm :1e .~ ~:tc~i~:~ ~, On {•h,OJ ·ftd ~. st~~t 

.UM® [O,it.l •t ~Mell .fttt ~at bf 'tbe l~Et\ ~~ia ({~te;c:$0:141 ~ ::i.t 

~ ~~ ~, ~iw,ffl1$i.tt Un, is .Q~~. e-1 ·0;10~ bl\l 1f ;t(:a:~t) ·~rill~~. tit ·tr 

a ~t:mt;;,:t ~· :f(j;r , on [•lt!i~J. , ~i~ '3-~&t/J ~·t. we ··~ ·~i'itl;(l · ·\. ~, · 

ih tn ·~i4• ~eir ~li.gnt t\tlO. l&lt~i .... 14, · ettm,te1.~ .~•1-· - lle.~011.~ 

·~, #l.~@ Q'~X~ti~~~ 

$(2;) ··*"" ~:r(a"~~) + b~ f141r, ~·~ ~, 

\ · it_. f.,,f, Nl '<. '' · "k ,t,lffl'iffe ..,.J; < »~ 
I :.:;, «l!';l '"" ""'Jt,J "1" ·~1 "'"'"" A .... ~ 

~~t '~rt' t)Jl 

1 19a: fo~ 

~d o1 41.:i.~ tl\t ·~Scii, t':;i.'t l':'.ls'li'b ru1d l.etlr 

~C1\'i:1.im f4 .. ~ Bt,;mo lt. f!ib~n 

:ot)~(~l ,;:. ju>;,r~> 1? »;:(x)J ,J\ itt;c:d .~ ~;(r<t)l, 
aG tl\1~ t>, 1\ll'(~),t ·~ ,ilt'~t¢ ~ stm~ e:~>lr'esll>l,<;cn eoo~m.., 

f:(~d ·.~. t;:hr)~ 

:ot,.f(it) ~ it~it(lZ) + :izH ·ir it~<~) ~. ~fgt)h 



Jn_ ·-the f"~ ~~si• ~f(g) !$ ~'ea$;d ~ ~ of tht1· r1abt -4 le;ft 

~ ~' x); »if(~l, ((,r.), NlA ~(s) .a m tlle Oia~ - ~ 
-Gt ~f(~), ~,, ~(s,) at14 ,;(~)., 

i~ ll1A1 -~ ~ ~ert:tea of r~t -~_ left l:laid. ~G -~ 

a-t-•t,m,t:t'.~s ~~~ 11e -~ <»n:1:d.<1e:r ~ -$ f!Jmt. ~ 1-t 

U f(a) ir:t ~oatta~, ~ T(x) ,i= f(~.),., u~ ~ -~-~ ,ee tilt\t 

'i(a) ii*· jtt•(a) + T'(~)l ii ~~ ~i ~.,, tt .-,- t"Wo of thei 

-~~-~,:&U..~-~~- -

St _f_;s. •aM ~ ~~r $he· ~t1~pii ~~ be~ f+(lr:)1 

'?"*'(~, -~ »+f(~h iwe -~ -~~ -~ ~:lo••~ •s.:~ ~ ~ 
So·® ~ ~- ®UU~a~ ~ ~~~ ~i~t~ I$, ¢1~; 1i_(x} ia 

-•e o~ ot ~-~ At ~eat~ ~~:rt of-~ ~- frlfl~l,-

~t ~t at ((a) 1$ ~ ~~ of' ~ -~ et -~ ~t(lt) ~ tt.· 

•l* (if the ~~ ~~ ~ .foll.Of~ ~t~lp itt. tl~th 

((~) ~ ~(2i;) i,j,. f a), 

(rt~, ~-f~<,~> -~-- (c~n~ · 
~ ,t.:1,.,.,.. "Ii.~~- ~.i.. .... .t.'1\..-.. ~~- ,11,.,..,.~ 
-~ -~· ~jlli!,!' ~ ~ """''1'11"'"-s-~i .. ~ 

~(:t) = l<~) + i ~the) 

~ to ut:t.~-~ 

~;Ml. ii u i:.<lt) ~- m ~- 1~t- • h 01 ~ (<~:) JrlS1 llOt

~ u.a~a~ 
~-~,_. ~-v-~ ~«- l. fht(;m.,t.1}_\oi!ia ~a- we 'l!.,.,..._,:,,s 
"".r.--v;.;i,,1, -""!V~Y. ~ Ei ""ll,._/Dlti - - • • ~~""' 

•+< \ m[h<. 8.. '!!)fl)-~, ii i..ttt "b, ~I ~ ,- , :~ ,~ ~ , ;,1,\:$+' l"l'D ~ 
h -.. 
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N~i: ~•3s ~.$ ~ (l':fl:~C.tb(la~ t\m.<:tiMi< ~ea lw the. &~·OOlld ~ ~ue t~~ 

the~ ~i;;1~u ~ ~. $t>1eh thtlt o ~ ~\, b .a 

n.....-.ro11., .... _,. .. , "';P -~~,g)·. -~~rJ ""s 11..~o .. •..Ji .. ~~·'tut)· .tt....,.s -·- .. 1;,.-., 
\¥\if,£ -¥,it ii4:I>· . ,\.. "'-'"'...-'-'""·. •- A ~ · .'\.,.. t,1/<"""1!\ ~'ill w.l~ 

. . . 

(1) x) ~. e ~ ~e.etmu:tv ,$1(1 (2) ~t{x) Jea an-~~~· ~~-. 
~- S"'"",_-:;+1,,,.)· . .,..;1 ..... ~er,tr.r11s. ,""itA t., o ~"("") ~ 
,ii',!!i~J -·b.\M' -MY..ri.l"". !a'V_""'4 .f 1'.li.A 

'qr ~l~i.• ~ tl\$ ~ ·~ ((:t) ~; -. w~, ~ct:alati1114is•· 

~•· ~-t (t(2t) l$ ~ .tffi4 ()&eilJatinS as .. b. ~o .a. ~* ~ 
• ~~N- 'Val~ M V\it~ ~ ~·$., .4al (f<x) ts, •~~f(tnJ 

-~- l:t.~ ~ ti~ ~peiii"lf' ~"" tt l'b. Wt, j »;t(lt) wo\di 

-elthmf ti~ ~Je#!r •W' aave a .l~t -' ~tilt$ (,(g)'f ~ v1<iia~ 

4ioL""~~fi,l'ii< .. - "V.,,...._. ~-



the ·. '~·.'' .. ~ ':"- ~, ) • ~"*{. ')]' ' ' ' ' '' ' ' 'k;~I,., ....&,, .... I, ' ' ·.' ,._,,.,,_ ... ~ .ti\.l;=· .,.,,. ~ ,~-..a ~. ~· .... ~~, """'~ IA'\?Y w z~, ·~ 
'l:i.'tf"(X) 'II,:;,,..,..,,.~,"""'~ .,._",)_,_A'l".:11 e.~ ·t..·.- ,n .. -fl..~' .· ~~ ~lo,ll,,ll,- H,--.-Vti! 

. ~., ~ t »;tbi> ~ ti:<•> ·~· (c~n.. .~ ~ t ~:,<~> • i 
Jt ~~ •t. (t(.,;) ~t becat'~ un~ •. 

. ·' ',' '', ',·~at'''' ,'!St, ... , ·. ·••' ,, ', ., ' ' ', ••., ··.w') ~, 1:1.JJ. (a) • ;;: (-¥) $d.i, at4 ~.~_ml, ~~ 1b.~'"·· 
' . 

--···-~:"-ill'."'~•$ t..~A .~~. ~ w Q V• 

'~~ mi lt ~" ot<~) '""(t:dJ (l;t. 0 :aat h•·~ u1~c~~, = ,•cal, 
ll ,,t. ' • • 

·-- ~-·a ~~C~l * o~ . 
v;.,...i:.t,. •-a-~· ,t.,;t.'1""' A-.,,, • 11,, 1tn1n''h·, .,. ........ lfo ~i·,· (· · ) ... "'4""""'"" IL" · ,. :,,...\, ··• 
.. ~YI',; ~·.~ ~ ;~- ."" ~· ~ljl .J.I ' .; -~... <if'.W ~~$ -~ 

•• o_. f(!t) ~ hdi- M •~$ ~.7(iif) ~ f1'(~) ·~ o-' ~f(~) tle~ill .. 
.. .. ·~ 

~- ..... ~t-~ ' 

lb~ un, ~'* Um (tbd e~1~'1 .~ *~ r((~) ... ~{id -= c .. 

~ ~bd --4 ~(:1t) cwt~ or dtlf.~ tpgeth.e1-. 

~- m,. -u .(~•> u~ ~1'lr • :h-=10, .a., · · 
(a)· a. ,l a*tt~) •· '1'.· •. ·~*' ~ fi+(x' • · ·""'l· = K tU:ii1-~(x) ~ "~ "" :·a . "' .· \-40 .~~ ' IN<I. .· -n 

' ,, 

::i) ~WttO· OJ' di~ ~'!JlNf• :ti ·~ ~~,r~ 
rbt)•f''*'(K) ,t;; K 

:.,. .. 

Oil ~! ~f(:~) 6.1~$, ~ ~ a;ts) • (c~)l ,tiv~• 
.a.. bJ' ~ ~~ ,._ ~(lt) - ~(g) .... ti~. u 11-tQ ... 

~ i~r. a~ ,•tr.~) ~ :o~,c~> ~ !*c~) ~ 7bt.h ~

,~t<•> = »·i(lil) = nt(~h' 

~; ~. ~d11 Bta* •t t.\b~ t~t ~ ~~)est fl.t 

l~ .t~ !nto QJle· in tn.ra liffli:lt.. ·~ r~~iae: of the ~ -~ 

uaeata~ ~ lbe ""°'"' ~-
(1) all \he·~ ,ue eou~ tw®t• of JJ., 

(i) ~ f\li.<rt;io»..·~ ifJ'l ~ be.tt ft-;~·~ t•-,O:) ..a [O,lJ 
,, 

la, & 1-tteir f!il ~ ~ e.w:a~t ~ ~ t-~lll ~$$ ~ - - ... 



itwo e~J:;i1~~1$Stl.cl1S 

(t(x) + ,;t(y,;)j + irx:(~) ... i;(Jr;)l 

I 

,n,ts,. it .:ls tll.e a.ve~e o:t' 'we i .. :t{!llt and left .. 

~,rer, tbe f;l,rt;it expressiot1 ti.1.K:?VO yields the in:tor .. 

mati"-n t~t :O:t\~1 ·,,,;. ccr- it(x) + If't(ii)} asstim:tns the exifrte,noe. ot all th~ 
,:;.; 

l~tLS, if Ma.·.~ if lilll, i.,.· .. ···.C~.·.·· ... hd • t .. ··.cxn ·~ o. Furtb.ei,rr.:i:t•e,, :1.1' thir.$ is 
· ~~o 4b u · .tl. 

t~e;, Sf,)me :rmiffiip~a;tion sb~is tl1t~·t 

l)f(x) = ~~t itt;(,l) ,.. .. ~(ii;) J. 
:· . ·. . . -+ . ·. . I"':¥ . . .. ._ .· ·. A• 

!t is 1ntor~rirttng to note tl'mt even if f {.!!t) * i (:it) and i' ( :!'i1) e: f ( Jll:) ,. iri 

,~~ral, ·~ ~ ()£) ~ 1;<~>1 = i:~ tcf;c;) ~ 1;c~.)J. l~~aeii tu~t ttie 
"" ' "' .~ 

exiat.~ce Dt(~) imp::u.es. the ~~$tezio~ of f(::t) 'by d.ef':mit:l.oii. lt .ia 
_.,, 

wr1te l\f(~) in .. ~ fonaa of 11i1ieb "We ne.ve tlh~,m tt,;o. 

h~i0t': *fbe:i?a e$d.ats a K such t1¥tt 11\0X' ~v~cy e > O t4ewe ~'.il.iste ~i 

ei, > o ,sucl1 ti.l&tt o <. i.t< 'ti, J.m.plie$ f !(x<+~.t.;~ .... f(x) .. ,,.. K f< c . :n,.e;f'e exista an t . µ . 

iaucll tha.t lil'V'e'YfY E-"? o tl:i.ere eldstie s f;:1,2.) ti such that µ.> O:; .~ <. 6.._ i.'rttplies 

I •:f?(~l T' ,~{~~ttJ .~ :t f, t- • i'lcr;:· e;ve~ ~ }0 tbere ¢.xiste a o 7 O iucll tlw.t lu\, t) 
' ,J.t ., 

&u,l:te~ It(~+~) • f(~) I< E: .• All tbes,e f(;llow fro1~ the h,zil);ii::rth~a:l.s.. ixOl!'a 



·h .. ,· : '.b. 

. f(:11) • '-< tI i(IOI! )d' .. ~I "*+l )d.l < t(=> ... !ill~. 

,A..-.it ... ·'h,i, ~t...,.,., ,,.._.,.. .. -.'1,u.,. i,1;,'1,,,"""'"~ · ~~ w:q --~~- -.I~ Y~""'~- .\4l~Wl!I>'~ 

-ati+d ·,t 4t(ll)< lJ::c~ )4! < ~ac~~, + i+t{:;c), 
' . -h 

all(lii-·~) • Sf(~)( ~1:f(~+m)a~ < .,:real ... a(:u+E)i 
' h ~b ' ... 

. i\AAfiM>H 
~ 

' 

·t'!t-t..,;,....4 .... ir.;, .i.t.~s 4-,- ..... ~11,.r.... . o;;..~ .... ;//,~~ ~ .. !.l ·'lifm:.r W¢.$~!ii,SJ ye· .. ,..,~ 

·~ -t ellit __ , ·11 t~ for & ·* ~. (e, ., t\ 1 ei, ) .~ o "h. 1=-e: .. 

:We ,ihoUld oote ~t, toY! a f:mite b. tl1-e ,irtGt,.t ffl1tl ~~~ ~ ani 

s,.tt~vativ~. ~U\ $ll., tb.e: p~l)ffli~s o.t. y ~ ~t *di a'l!."e ·tbe 

~'ul.ta ot the.:t~· be:bJa t~e ~~ tJt thliA ·best fit .~. Th~e ~ 

~ th(;) ~tin'U.i.t:, a'tlld d:l:t'.terfflt11abUit, p~:1•$ Me weU a$ ~· 

~ ~- ~~tUh ~· -~ ~t (~ ~ ~ w; ~ smcotb~ .a~~ 



eq~ i 1to l~ f(~·rt>l tQt~g ,~o 
.ize.i:oo !$ t:Ne ~t t:t:t:i'.f~n"ii;!lt'fj~~'.t\Ji<m 

m~~ict..~ 2b." ~ia a:.1$<:t 

~ £·~1').d tQ 



:.-1)·-~:·1 ... t.~Jifk/i:IIU'!ii.'.! " .. J._H'!ft.·,!l!i:·1·.,1 

1. n~"f<~) .~ n+t(~). 

,·~c~1'.t<,d· l ~ }l',{l! .. tC:nll ~. *!+rt$;> .. 
3~ It t ;t.a ~:i"'.d~ dtf:t'~ren'b;ta.'bl~ at 

:. . - - . -_ - -~~A:-~-
;t,;Lgbi;j ~t~US· a:t ~ tbtll ;I:' :le -1$'1., 
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