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PREFACE

The analysis of translational shells in the extensional state,using
finite difference equations to approximste the derivatives, is presented
in this thesis. The partial differential equation in finite difference
form is developed in terms of both the stress function and internal for-
ces., The system of simultaneous difference equations is solved by the
combined use of the Algebraic Carry-Over method and Relaxation. In the
Algebraic Carry-Over solution, the unknowns have been eliminated by suc-
cessively deleting points in the network and evaluating modified carry-
over factors between retained points. Numerical examples are included
showing the application of the theory presented.
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CHAPTER I

INTRODUCTION

1-1, Historical Study.

In 1931, Pucher, in his dissertation, presented the extensional
solution for shells of double curvature. In this solution he made use
of projected forces and Airy‘’s stress function in solving the partial
differential equations (1). He also presented a series solution for
stresses in an elliptical parabolcid.

Flggge (2), in 1950, discussed the analysis of translational shells
by finite differences, using relaxation to solve the simultaneous equa-
tions. Arup and Jenkins (3) made use of the stress function, finite
differences, and relaxation in the analysis of a circular translational
shell constructed in 1950, They evaluated the tension in the edge beams
by numerical integration of normal forces across the shell, Flﬁgge and
Geyling (4) confirmed the wvalidity of the extensional solution for ellip-
tical paraboloids.

In 1956, Salvadori (5), in anaiyzing a circular translational shell,
used coarse finite difference networks in evaluating the stress function
with final values determined by extrapolation. In 1957, Parme (6) gave
a detailed account of the analysis of the elliptical parabolcid. He
presented numerical tables, prepared using a trigonometric series solu-

tion of the partial differential equation, for determination of shell

=t



stresses.

The solution of the finite difference equations by infinite geo-
metric series for the two dimensional, second order problem was pre-
sented by Tuma, Havner, and Frenck (7) in 1958. The idea of extend-
ing the Algebraic Carry-Over method to the solution of translational
shells was proposed by Havner (8) in shell lectures delivered in 1959.
The method of successive elimination of points for the solution of
differential equations in finite difference form was applied to cir-

cular plate problems by Havrmer (9) in 1960.

1-2, Membrane Equations of Equilibrium,

An element of a shell, projected into the X-Y plane is shown in
Figure 1-1. To simplify the equations of equilibrium, internal forces
on the shell element have been transferred to the projected element.
Internal forces are shown in the positive sense.

The shell is considered to be in the extensional (membrane) state,
thus, the forces on the element are membrane forces and flexural ac-
tion is considered negligible. Also, stresses arising from deflection
of the shell are ignored.

The relationships between the projected internal forces and ac-
tual internal forces may be determined by geometry. The final equa-

tions are

=1
g
i
=
<
:
(o]
Im

x =’ Nx Cos 3 (1-1)




Figure 1-1

Element of Shell Projected in X-Y Plane

The development of the equations of equilibrium appears in many
references and is not repeated here. The final three equations con-

sidering vertical load only acting on the shell are

-—g--% + ugn—i‘-ii’—‘ = 0. (1-2)
_ij + ..Qﬁ_'lﬂ = Q. (1_3)
Oy Ox

2 2 2
Y E) Z I E) Z T a b4 -
NX el N 2 N —_— = - D, (1-4)
. dx* il dy* e dx vy .

where p is a function of x and y only.



The equilibrium equations contain three dependent variables, ﬁk,
ﬁy, ﬁxy, each depending on two independent variables, x and y. To sim-
plify the solution of the internal forces, Pucher (1) made use of the

stress function in which the internal forces are described as follows:

2
o= 2
ox
2
Nx = ——a;-% Y (1_5)

Oy

2

= QF

- Nxy = —?5;r—éy§ . j

Substltuting Equation (lmﬁ) into Equation (1-4 ylelds
Ay ax ax ay

Equation (1-6) is the governing differential equation in terms of

the Stress Function.

1=3. Shells of Translation.

The surface of a translational shell is generated by moving one
curve along and at right angles to another curve as shown in Figure 1-2.

The equation of the surface is given by

z = fl(x) + £,(y). (1=7)
Differentiating Equation (1=7) twice with respect to x yields
2
n
—gz—% = f(x). (1-8)
ox
Similarly , with respect to y
% .
Ty - fz(Y)o : (1-9)

o5



The mixed derivitive becomes
O3z
dx Oy

= 0, (1—10)

Figure 1-2

Shell of Translation

Equation (1-10) shows that the twist of the undeformed surface is

zero, which is typical of translational shells.

1=/, Boundary Conditions.




The shell is supported by edge beams that are considered incapa-
ble of vertical deflection, and incapable of resisting lateral forces.
Therefore, at the boundary

x = * L, Nx =0
X

and at the boundary

+ i
y = -Ly’ Ny 0.

The translational shell is incapable of resisting load by shear-
ing forces only, being that the twist of the undeformed surface is ze-
ro. At the corners of the shell an ambiguity arises as the direct
forces are zero by the boundary conditions, and the shearing force, al-
though incapable, must provide resistance to the load. From a theore-
tical standpoint, the shear becomes infinite in magnitude at the cor-
ners. From a practical standpoint, normal forces and bending moments

will occur in the region near the corner, and all values will be finite.



CHAPTER II

FINITE DIFFERENCE EQUATIONS

2=1, Introduction,

For most shells of double curvature, an algebraic solution of the
differential equation is quite intractable, and one must resort to ap-
proximate methods, such as finite differences. Even in the case of the
elliptical paraboloid,which is amenable to an algebraic series solution,
there are certain advantages in using finite differences by virtue of
the simplicity of computation. The finite difference equations neces-
sary for the solution of the differential equation of any translational

shell are developed in this chapter.

2-2, The Finite Difference Equations in Terms of the Stress Function.

O%F
2

.

The finite difference approximation of at the point, i,j

(Figure 2-1) is

% . 1l (F -2F, . 4F ) (2=1)
3 - i1, ] 1,5 T Ti=1,3’"°
axz sz b} DJ ? .
Similarly in the Y direction
OF (1 2F. 4 F ). (2-2)

= F, .4 =2F,
N (B qax = gy 1,j-1

The mixed derivative of the Stress Function becomes
EDzF L F F F F (2-2)
Ox07 = ThxAy Fu1,361 " P ~ Ty g T T,
7




Substituting Equations (2-1, 2, 3) into Equation (1-6) and employ-
ing the relationships expressed in Equations (1-8, 9, 10) results in

£1(x) £2(7)

1 K et
N oy ge1 = Fy g4 Fage) #7072 Fapn g = %y g+ Fy )

=.-p. (2-4)
In a form suitable for iteration, Equation (2-4) becomes

+F % (2-5)

Figure 2-1

Finite Difference Network



where

o
i

1 AxPr (x)
2(1 + _yz_"_(y )

APt (x)
Ay2ry(y)

b; = APT (%)
2(1 +

Aygi‘g(y)

F x = P Z\x?
Axf(x)
or, (y) (1+Fr—)

After obtaining the solution for the Stress Function at each pivotal
point in the network through a system of similtaneous equations of the
type (2-5), the stresses may be computed as follows:

Substityting Equation (1-5) into Equations (2-1, 2, 3) results in

1
s b ¢ - 2F F

Nyi,,j sz ( ivl,J 1,37 1-1,3)

— ¥ l _ )

By AZ (Fy gy1 = Fi,5 + Fy 50) > (2-6)

ﬁxyijj = ll- Ql cy (Fi*l,‘jfl - Fi-l, J*l - Fiﬂ'l,;j-l + Fi"l,d‘-l

Solution of the governing differential equation by the use of the
Stress Function is subject to criticism. This is because the internal
forces are equal to the second difference in "FY, and a small error in
"F" can result in a large error in the internal force. This is clearly

shown in the following coplanar problem.
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Figure 2-2

Ellipse in X-Y Plane

Figure 2-2 shows a curve following the equation of an ellipse.
Values of x and y satisfying the equation are shown in the inset on
the figure.

2
The finite difference approximation of —%%—% at the point 2 is
X

2
9%, 1 - )
= % J1 = ¥ + Yal-
dx? ALY 23
Noting that Ax = 5 and substituting the appropriate values
of-y,
2
9%, . 1
- = (9.682 - 17.32 + 6.614) = 0.04l.
E)xzz 25

Considering Yo to be in error by 5 per cent the new value is

taken as 9.093, and
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2

2
a::z

When the error in Yo is 5 per cent, the second difference of yé is in

. 5_5 (9.682 - 18.186 + 6.614) = 0.076.

error 85 per cent. Consequently, extreme accuracy is necessary in eval-

uation of "F". To avoid this, it is usually advantageous to work direct-

ly with the internal forces in finite difference form.

The Finite Difference Equations in Terms of Internal Forces.

The third equilibrium equation for shells of translation may be

written

Nx fi(x) + Ny f;(y) z -p. (2-7)

Dividing Equation (2-7) by f;(x)

Nx + Ny f’;’m S (2-8)
fi(x) £1(x)

Differentiating Equation (2-8) twice with respect to x ylelds

P, oy (=W oy | @ [2W)| - 5 (=W

oY  \£l(x) "2 o \Em | Vel a2
2
| & o )
= - 0] E -9)
_5:? fl(x) (

Differentiating Equation (1-2) with respect to x results in

a;j;* gﬁlgy = 0. (2-10)

Differentiating Equation (1-3) with respect to y yields

aa'ﬁy . 555” = 0, | (2-11)
Iy” Ox Oy




From Equations (2-10) and (2-11)

Fix _ Ffy 2-12
2% - =3, (2-12)

Substituting Equation (2-12) into Equation (2-9) gives

&% Ty --r—f;(y) 42 OW | _O () + Ty o7 [

ay2 Ox° f;l_(x) ox Ox f;(x) -? f{(x)
9 P y
- ;:_(x) . (2-13)

Equation (2-13) is the governing differential equation in terms of
the internal force, Ny. 5

The finite difference approximation of NY at the point i,
(Figure 2-1), 1s o

Oy, Mg w2y ¥, -

e Nz

where for convenience the symbol Ny has been replaced by the symbol, N.

Similarly in the X direction,

Lo N . = 2N + N
isxl, i,Jd i-1,J
5 - AZ ' (2-15)

The finite difference approximation of Qg at the point, 1i,j, is

ofy _ Ms,5-May (2-16)

x - 2 Ax

Substituting Equations (2-14,15,16) into Equation (2-13) results in,
1
Ny, g-1 = 2Mi,5 + N5 £3() [Ny, 5 - 2N 5+ Moy j
Ay2 £7(x) Ax®
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d (£p(¥) i
% \Em tad

Nia1,5 - Hi-—l,,j\ & ()
+
ax | 2\ nx)

62
= - = -2 | . (2<17)
o, (fi’_(x) )i,j

In a form suitable for iteration Equation (2-17) becames

141,15 Me1,5 " %1-2,14M41,0 *
ij ’

=
]
.-r
=

1, (2-18)

Byg (Mg, 541 + My, 5-1)

) _ 1 £3(¥) " . 2y Ax-
SR P L TC) %\,

where

o

a 3 : - Nx
i-1,1i] Di,,j ( {(x) Ax fi'_(x)
L i,J i,d -

. AL

7 A =
v Dl:.j

g * = Ax | P p
i,J Di,:l aXQ f:,':(x) i 3

2 Axe + 2 (fg(y)) ae (fﬁ(}")) Axa
i,d

"1,3 AP £7(x) T o \f()

The value of the internal force in the Y direction may now be com-
puted at each pivotal point through a system of simultaneous equations

of the type (2-18). Knowing Ny, the internal force in the X direction



may be obtained by direct substitution into Equation (2-8). The internal
shearing force, ﬁxy, however, cannot be obtained directly but may be
determined as follows:

Considering the casé of a symmetrically loaded, symmetrical trans-
lational shell, it is evident that the shearing force, ﬁxy, equals zero

on the axis of symmetry.

§ SN D HENS U N I

| )i Visd42  [a41,je2 42, j42

Figure 2-3
Symmetrical Finite

Difference Network
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Equation (1-3) is now written in finite difference form for the

point, i+l1,j+l.

(I\Ty)i‘kl’j - (NY)1+1,;]+2 (1\T3r¢;')i+2’j+1 - (N'xy)i’j_'_l . (2-1)

2 Ay 2 Ax

Considering the values of ﬁy known, the value of Nxy at i+2, j41 can
be computed from Equation (2-19) as ﬁxy at i,j+l is equal to zero.

Equation (1-3) is now written in finite difference form for the
point i,j+l as follows

2 Ay 2 Ox

The left-hand side of the above equation is known and the right-

hand side may be reduced to one unknown by symmetry, that is

i = (I . 2.271
( xy)5.+1,j+1 = xy)i—l,j-rl ( )

In a similar manner values of ﬁxy at all points in the shell may be
determined.

When the shell is subjected to an unsymmetrical load, the shearing
force, ﬁxy, is no longer zero on the axis of symmetry. There is no start-
ing point on the shell that can be used for the elimination of unknowns.
Sufficient equations of the type (2-19) are available to obtain a solutim
if forward or backward differences are used. However, from an accuracy
standpoint, it is deemed advisable to evaluate Nxy for the unsyﬁmetrical

case by use of the Stress Function.



CHAPTER III

THE SOLUTION OF THE FINITE DIFFERENCE EQUATIONS

3-1. Methods of Solution.

Many methods are available for the solution of the finite differ-
ence network. However, all methods fall into just two categories:

(a) Approximate Solutions

(b) Exact Solutions.

All solutions of finite difference equations are approximate in that
the accuracy of the solution is dependent on how well the derivative of
the function is represented by a finite difference equation. However, in
referring to a method as an "Approximate Solution," it is intended that
this be considered a solution gained through a process of iteration or
successive approximation. The accuracy of "Approximate Solutions" is de-
pendent upon the number of cycles of iteration in the procedure. In con-
trast, "Exact Solutions" yield results that are dependent only on the in-
terval of the finite difference network chosen.

Of the "Approximate Solutions" available, the Relaxation method has
the greatest application to shell analysis. This method has the advan-
tage of simplicity; but to use the method effectively, a technique must
be acquired that can be gained only through considerable experience work-
ing relaxation networks. A significant reduction in labor can be realiz-
ed if a reasonably accurate estimate of initial values is possible.

"Exact Solutions" are only applicable to systems having a limited
16
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number of unknowns. Therefore, it is necessary to use a coarse grid. Of
the "Exact Solutions" available, the Algebraic Carry-Over method has ex-
cellent app;ication to finite difference networks. This method will be
fully described in Part 3 of this chapter.

All methods of solution require considerable labor when a fine
lattice is wesid, As the interval (Ax, Ay) is halved, the number of
simultaneous equations is increased by four. Therefore, it is important
to use the largest network interval that is practical.

It will be shown in the numerical example in Chapter IV that, for
translational shells, a coarse network analyzed by the Algebraic Carry-
Over method yields excellent results for the direct internal foreces.
However, ﬁeing that the direct forces are discontinuous on the boundary
at the corner, the shearing forces are subject to appreciable error.

To reduce this error, a finer network is necessary and solution by re-
laxation becomes applicable. The relaxation solution, however, is very
short if the initial values are based on the final values gained through
the Algebraic Carry-Over procedure.

3-2. Reduction of the Finite Difference Network by Symmetry and Boundary
Conditions. -

A. The Complete Network. A forty-nine point network (Fig. 3-1) has

been chosen for analysis. The boundaries of the network are coincident
with the boundaries of the translational shell. Carry-over factors con-
forming to Equation (2-18) are shown in Figure 3-1.

B. Reduction of the Network by the Condition of Symmetry. Consi-

dering the case of the symmetrically loaded, symmetrical translational
shell, the carry-over factors and internal forces are symmetrical to both

the x and y axis. By taking advantage of symmetry, the network can be



18

82,1 83,2 &y, 85,4 6, -
1 pihc 2 3_ 3 ..3_ N ...5__ 5 ..L 6 ?J.G___ 7
"2 %53 83,4 8,5 85,6 %,7
luﬂ = l... 2 Iln 2 I I, 8 In 2 Fa 2 [ o
a o a o a a a a 2 g
% 8 %10,9 81,10 f12,11 ®13,12 f14,13
- — 11— b} R— 12 - I — 14
83,9 89,10 f10,11 f11,12 812,13 813,14
o [=] ol - o o ” - =
{.ow a7 [.a"‘ ,:"'- lp"' ra l [n” Fa [.'n" ,ng in"' A ln"'
86,15 *17,16 815,17 89,18 820,19 821,20
AD: e, 16 - iy B et 19 i, 0
e —_— — — — ——
815,16 816,17 817,18 818,19 819,20 820,21
s (a1 0o = el -] o -] -
- Pm p-q pm p-—c .:30 l [n-q ‘;ﬁ r £| ;rc [ﬁg pm rpm
®23,22 2, 23 25,24 826,25 21,26 28,27
le2 S -5 [ Sa— 2y - R — 26 - 2] -— 28
S— ——rp —— —— — —_— —_*
®22,23 823,24 82l,25 825,26 826,27 827,28 X
o ) - = [3a) o Es ~ A
s z2lle 2|z ;xl [Px.‘ . ;3. allls lpﬁ
830,29 811,30 "32,31 833,32 #34,33 835,34
29 o TP 18 e — 31 P .1 S 33 o 3]1 - 35
— —_— — S — :——r .—r
®29,30 *30,31 31,32 32,33 33,34 34,35
~ o L] - (2 o () - = N ")
pﬂ‘ an P at a7 a° l ( a° .69 P ol Fa a' N
®37,36 %38,37 839,38 ®L0,39 8, ko B2, 41
b — 37 a—— b1 I — 39 i LT S 7 R L2
36,37 837,38 38,39 ®39,4% R0, 11 B, k2
0 "~ - o [3Y]
S || SN F -3 | ER 1 | R
8Lk, k43 845, UL BuB,u5 847,u6 aLg, L7 BLg,Lg
{15 R — L T R [T R S— 47— I g
a a a a a a
43, bk W, 45 us,u6 | 16,47 47,48 48, 49
Y,
\J
’
Figure 3=1

Forty-Nine Point Network



19

reduced from 49 unknowns to 16 unknowns or pivotal points as shown in
Figure 3-2. Carry-over factors that contribute to final values on
the axis of symmetry must be modified when the network reduction would
otherwise effect the final values at such points. As an example, the
point 32 (Figure 3-1) receives contributions of 331’ 32ﬁ§31 from point

31, and a from point 33. From symmetry

33, 327733

%33, 32 © %31, 32
(3-1)
K; = K
Y33 I‘Iy31
Therefore, it is permissible to let the contribution to point 32

equal the modified carry-over value 2(a Ny__). Figure 3-2 shows
33, 32 733

the reduced network with the required modified carry-over factors.

286,25 857,26 © Bg,27 "
- e - 8
25 26 27 o e
—_— — —_—
855, 26 826, 27 87,28
Nz [\Y] i L) & o
£833,32 34,33 35, 34
— a—-——r— e
32,33 33,34 34,35
zauo,39 841,40 Bha, b1
39 4o . |u - 42
—_— — —_—
39,40 40,11 841,42
e #lls 2l 2|2
2a)7 46 aug, 47 8lg,Lg
46 - R — 4g - L9
g g ‘Rggar —
| w47 847,48 28,49
|
Yy
Figure 3-2

Sixteen-Point Network
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C. Reduction of the Network from Boundary Conditions. Boundary

conditions dictate that Ny equals zero at points 46, 47, 48, and L49.
Therefore, carry-over factors to, from, and between these points must
equal zero. From Equation (2-8), it is noted that Ny is a prescribed
value at points 28, 35, and L2:

Ny =-—— . (2-8e)
£,(y)

Since the value is prescribed, iteration can in no way effect
Ny at points 28, 35, and 42. Therefore, it follows that all carry-over

factors to these points must egual zero. That is

827,28 ° %3k, 35 T %y, yo " g =P =B, = 0. (32)
25 Po0,05 26 237,26 2T
e ———— .\—--);—
825,26 826,27 Aoy
A < oA & A N
o 2 F & o =
2
32 3332 53 C34,33 |
&

B =
\hh

832,33 833,34
A A 2 (A -3 || I S
o a 8 o o o
2a
é9 h.o » 39 31#1. 1#0 hl
—_— —
#39,% "o,u1  Am
1
Figure 3-3

Nine-Point Network
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From Equation (2-18), the expression for ﬁ&eT may be written
- - - s _*
Nyé? = 828, 27ny28 t 8¢, 27ny26 + EbQTNth + myéT (2-18a)

where 828 ETﬁ&za is @ known value similar in form to the starting wvalue,
* ’
ﬁ?zT. Denoting the carried-over starting value as j\,, the values of

at points 27, 34, and 41 become
Aoy o= %28, 277v28
Ao = a3, s =)
Ay s a2, 1MW -
The sixteen-point network has been reduced to a nine-point network

as shown in Figure 3-3.

3-3. Reduction of the Finite Difference Network by Removal of Points.

A. Reduction by Removal of Alternate Points. In Figure 3-3 all

odd-numbered points may be removed from the network and the difference
equations at these points may be incorporated into the difference égua-
tions at the retained points. This may be accomplished by either direct
substitution or by a much shorter method. As a means of explanation and
proof of the shorter method, the expression for the internal force in
the Y direction at point 32 will be developed by substitution as follows.

The finite difference approximation of the force, ﬁ?sz, is

- - » - ..
= 2 b A =4
The finite difference approximations of Ny at the deleted points,

25, 33, and 39, are now written :

- = — _— - ¥

N N i3 - = = ¥

— » = — =
Ny3q 2(840, 39Nyh0) + b39ny32 + Ny39 a J
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Substituting Equation (3-5) into (3-4), transposing, and arranging
terms results in

- - 1 1 30 Dr_ * L

By, = ATy, « Oy, + DTy, PL32 (3-6)

where the modified carry-over factors are

T !
A' = _—_ (28
'x§§ ( 33, 32 a3h, 33)
C' = i (2a b+ 28 b))
X33 ° 33, 32 33 26, 25 32
D' = i(ga b._ + 2a b))
Xz 33,32 337 740, 39 32
® o L = % - ¥ = ¥ = *
Ay X |93, 32733 DM + 1""395' + W3

s = L 2EL33, 32 232, 33 ~ Pp5 b32 B b32 b39'

The force, ﬁya o is now in terms of forces in the y direction at
retained points in the network. Expressions for Ny at the other retain-
ed points may be developed in a similar manner.

The shorter method, previously mentioned, takes advantage of carry-
over, and algebraic series principles. The Equation (3-6) can be written
by observation Af the following rules are adopted.

1. The numerator of the modified carry-over factor is the product
of the original carry-over factors along the path through the point re-
moved or the sum of the products along the paths if two points are re-
moved.

2. The denominator of the modified carry-over factor is the sum of
the algebraic power series forming between the retained point and the ad-
jacent deleted points in the network when the starting value ()L) at the

retained point equals unity.
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Rule No. 1 can be illustrated by investigating the modified carry- -
over factor between points 26 and 32,

The product of the original carry-over factors through point 25 is
2a26, 25b32. Similarily, through point 33 the product is b332&33, 32°
The sum of the products is identically equal to the numerator of C! in
Equation (3=6).

Rule No. 2 can be illustrated by assigning a starting value (A )
at point 32 and carrying this value over to the deleted points and back
to point 32. This procedure results in

)t = A + A (2a

33, 32 %32, 33 * P3y o5 ¥ Py Py

).
Letting the terms in parenthesis equal lg and repeating the carry-over
procedure n times results in a value at point 32 of

)ln - jl;*;L;[zg + /g e + /?‘3 | R U /3 fl .

It is obvious that-a power series has developed, and when n becomes

infinite and when (A) equals unity, the denominator, denoted XEQ’ be-

comes

B3 % 1733, 32 %52, 337 P32 s 7 P32 P
which is identically equal to the value determined by substitution in
Equation (3-6).

Expressions for Ny at points 26, 34, and AO obtained by this method

are given as follows

- B = - 3

N = o B! T B! § -7
¥ o' Ny, + o ® B A ot (3-7)

T = 1 N 1 N 1 N =

N2y ot Ny, +al Ny, +g' ly, 4 A % (3-8)

Ty = brly +a' Ny, +G Ty, + A . . (3-9)
40 26 32 34 40

where



R4

o)
o Pa by
0

ot = 2P25%5 26 %83 332y

T3
a1 = 22939, 40 * %32, 33 %o

75
ot = 226,27 P34 % P33 8333,

7

p. A

%
Bt = BEE_EEEQ

e
E! = 2oy 827, 26 * 234, 33 *Pag
834, 33P0+ 58

G — 3 4..;— 41y 40O

75
Eg = 1-Rax, 25825, 26 ~ P33 Py = 8y 26 23, 27

= 1- - =, 2

Top = 1m0 Py =8y 33833 3, 7 Py, PPy,
s = 10 P33 =230, 39 839, 40 = 241, 40 %40, 41

x . __!-_ T ¥ =, ® = % - ¥
Az o E‘zs, 2625 ¥ Zoag33 + 8y o (Wag +A27) 4 Nyze,:l

LA N ¥ - %, ¥ T ¥
At 5z sy Aoy + Ty # Ay #T,0) #2555 42y 4 )
¥ _ 1 T B - -
AZ,,O - Iza E'39’ AON‘VB‘} + A-ONyBB + 841’ Z;,O(Nqu.l + 141) + NYAS:I .

The network reduced by removal of alternate points is shown in Fig-

ure 3=4.
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Figure 3-4

Four-Point Network

B. Reduction by Removal of Sucessive Points. A single point may

be deleted in the network and equations may be written in terms of the
remaining points in precisely the same manner as described for the re-
moval of alternate points. In Figure 3-4, point 32 is deleted from the

network. The expressions for ﬁy at the remaining points follow

- A — %
y,, = a"Ty,, + ¢ Ty, « )\.26 (3-10)
'ﬁy% = M 'ﬁy% ¢ B ﬁ% + 13:* (3-11)
ﬁyzo =AY ﬁyéé + bn ﬁy34 + }L4;* (3-12)
where
g" = MLD.E Aﬂ = bt :td'c'
1~ ciCt 1 - 4'Dt
b" = G' 4 dUAf B" = g! 4 alDd!

I - afDt T - alAl
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" = &l +alC cn = E!' + c'Al
1~ atpf 1= c'C!

% G‘A.g-i-l
kzé N ‘ 2

1l - c?C!

a=l35+h§z

>
W
P~ %
*
n

1l - g'Al
L ST Y.
40 1l - 4d'D?

The reduced network is shown schematically in Figure 3-5.
In a similar manner, point 34 may be deleted. Expressions for ﬁy

at the remaining two points follow

Ty, = avly,y + AT (3-13)
- - 43
Wy = AN * Ao (3-14)
where
am = al 4 BUCH
1 — e'cn
_ A" 4 b"c"

AT = T
r B al }lBE? + }ng*

26 == 1 = c"CH
o o YA A

40 1 - b"B" ¢

The reduced and final network is shown in Figure 3=6.

Solving Equations (3-13) and (3-14) simultanecusly yields

3
S _am AR, A (3-15)
N -
Y26 1= am A

Am )L g** K
- 2 - 0
Nyz{,o = 1~ a"Am . . (3-16)
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A _aee

=
- z ||z
o |||
sen g 4O
%3 't
Figure 3=5 Figure 3-6
Three-Point Network Two=Point Network

Reviewing, Equations (3-15) and (3-16) represent the projected in-
ternal force in the Y direction at pivotal points 26 and 40, respec-
tively, that are compatible with a known projected internal force in
the Y direction at pivotal points, 28, 35, and 42.

Now that Ny at points 26 and 40 can be computed, ﬁy at all points
in the network can be evaluated. This can be accomplished by either
direct substitution into the developed simultaneous equations or by ob-
serving Figures 3-6, 5, L4, and 3 and making the required carry-over com-
putations. This latter method will be clearly demonstrated in the numer-

ical example in Chapter IV.



CHAPTER IV

NUMERICAL EXAMPLES

4=1, Example Problem No, l.

It is required to compute the internal forces, Ny, Nx, and Nxy, and
the design stresses acting in the elliptical paraboloid shell shown in
Figure 4~1l. The shell is subjected to a uniform dead load and live load
of 60 pounds per square foot., The edge beams on the shell provide negli-
gible lateral rigidity and are considered incapable of vertical displace-

ment. The thickness of the shell is three inches.

p = 60 lbs. per
sq. ft.

Elliptical Paraboloid

28



29

The equation for the elliptical paraboloid shown in Figure 4-1 is

A
) Ly-2 L?

Z

X

Substituting the known quantitiess

(@) o7

and from Equations (1-8) and (1-9):

20
507

n 16 ]
fo(x) = == £, (y)
1 352 2

From Equation (2-18)

e(2) @) ¢ [42 ) @)
82 () @)

Choosing a 49 pivotal point network

-

Ax-é% Ay =

wi3

a “(%%) (%)2 £ 2 (35.%)2 (1+ ?l.g) = 0.2777

b =(22)2 s 2(%)2 (1+ %—63_)= 02200,

It is noted that for the elliptical paraboloid, the carry-over fac—
tors, a and b, are constant over the domain of the shell. Evaluation of

the modified carry-over factors follows.

From Equations (3-6, 7, 8, 9)
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= 1= 2(.2777)% =~ 3(.2222)2 = 0.6977
= 1= 3(.2777)2% - 2(.2222)% = 0.6699
= 1= (2777)% - 3(.2222)° = 0.7748
= 1= 3(.2777)% - (.2222)% = 0.7193
2
= Haglll 0.221 al Ltaazgl‘ = 0.0995
= 2(,2222)% o (e2222)2 - o
6699 0.1474 " 7193 9,066
= 4(e2 :2222) o 1w 4(2777)(02222) = (0,368
s 0.3538 ¢ €655 3684
y = o 20.27T(,2222)
c! 0.3538 Q! L 0.1716
= ! = 1 = 2( 92777) ( 02222) o
¢ 0.3684 e e = 0,1593
= 4' = 0,1716 gt = o' = 0.1593.

From Equations (3-10, 11, 12)

Al‘l

Bll

Cll

at

"

c“

0686 + (.3538)(.1716)

1 - (.3538)(.1716)

21593 + (.0995)(.3538)

1 = (,2210)(.0995)
23684 + (.2210)(.3684)

1 = (.3538)(.3684)

01474 + (3538)(.3684)
1 - (.3538)(.3684)

1716 ¢ (,2210)(,1716)

1 - (+3538)(.1716)

B" = 0,1989.

]

From Equations (3-13) and (3-14)

AI!I

21376 + (.2230)(.198
1 =~ (.2230)(.1989

0.1989

0.5172

0.3193

0.2230

0.1903
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m = #2193 4 (.1989)(.5172) = o.4706.
: T2 (.1989)(.5172) ‘

A1l the carry-over factors have now been evaluated. The starting
values at all points are now computzd,

From Equation (2-13), the starting wvalue, ﬁ&#, at all interior
points is zero, because the second derivative of the lcad function is
zero., At pivotal points on a lire, y = Ly, boundary conditions dictate
that ﬁy =0, Ona line, x = ;x’ boundary cornditions dichtate that Tx =0
and from Equation (2-8)

V(32 () - @)

therefore

From Equstion (3=3)
Ao7 = ANy = )\_41 = 2777(=7500) = ~2082.7 1bs. per ft.
‘ 5

From Equations (3-6, 7, &, and 9)

¥ 27T ¢ 8 _

26 b .6699 (-2082,7} i 863-5 leo PEI' ft.

3*

32 ° °

* = muzgzng 2 e, .} ?.“ \ -'2 ?.rf? = "‘“')‘8 o . : .
3. T (2)(-2082.7) -2082.7 3282.6 1bs. per ft

oryrye N
?Ll; = 22T (2082.7) = -804.1 bs. per ft.

From Boguations (3-10, 11, 12)

*% —863.5 o
h’?.é 1 - (.3538)(.3684) =992.9 lbs. per ft.

l *3 o -3882.6
34 1 = (02210)(.0995)

# «3967.9 lbs. per ft.

3% 80,1 = -856,1 1bs. ft.
?‘-40 T - (.3538)(.1716) e e

I
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From Equations (3-13) and (3-14)

26 1 - .1989 (.5172)

1

-3395.4 1bs. per ft.

¥ _ 856,11 4+ o2230 (=3969.9)
40 1 - .2230 (.1989)

344
The values of are substituted into Equations (3-15) and (3-16)

kT - o 706 ‘-1822 [ - a i
Ny?é - 1 - (.4706)(.1903 = =4671.1 1lbs. per ft.

T (.1903)(~3395.4) -1822.3
%0 T e I = -2711.0 1bs. per ft.

Values of ﬁy at the remaining points may be determined by carry-
over principles. For example, in the determination of Ny at point 34,
reference is made to Figure 3-5. The values of Ny at points 26 and 40
are multiplied by the carry-over constants, e and B", respectively.
These two quantities are summed ;nd the result is added to the starting

value at point 34 which is }t32%° In equation form this reads

Wem

- - n.. A_**
NYBA = ¢ Nyzé + B Ny4o + 3

Substituting known values
ﬁy?& = ,1989 (-4671.1) + .1989 (=2711.0) = 3969.9

=5438.2 1bs. per ft.

ﬁy can be evaluated at other pivotal points in the same manner.

Nx may be evaluated by direct substitution into Equation 28. For
example, the value of the projected internal force in the x direction at

point 34 is

ey, =—|E5438.2(-§%% (%gﬁ) = @gﬁ)]

= -1262,8 1bs. per ft.

Nx can be evaluated at other points in a similar manner.
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As discussed in Chapter II, ﬁxy is zero at points 25, 26, 27, 28,
32, and 39. Also, ﬁxy approaches infinity at pivotal point 49. ﬁxy at

point 34 may be evaluated by substituting into Equation (2-19) as follows

- = 1 = _ (% _ % 1
Substituting known quantities

(=2711.0) = (=4671.1) ’i%ﬁ = - (NWBA = ) 35

ﬁxy% = ~(1960.1)0.7 = -1372.1 1lbs. per ft.

By following a similar procedure, ﬁxy may be evaluated at all points
in the network.

Rounded values of the projected normal forces, Tx and ﬁy, and the
shearing forces, ﬁxy, for all points in the network are tabulated in
Table 4-l.

Comparing the results in Table 4-1 with the clagsical series solu-
tion of the partial differential equations (6), it is found that the per-
centage error in Tx and ﬁy varies from about one per cent to four per
cent. Also, the percentage error in ﬁxy varies from about three per cent
to thirty per cent, increasing in magnitude as the corner is approached.
This accuracy is certainly adequate for the noérmal forces, but the higher
percentage errors in Nxy are not acceptable. Reasonably accurate values.
of Nxy are essential so that the distribution of load to the edge beam

may be ascertained.



. Force

e | = | v | %
25 -1965 =~4290 0
26 =-1735 -4670 0
27 ~1045 ~5795 0
28 0 ~7500 0
32 -2260 ~-3815 0
33 ~2015 -4210 - 690
34 -1265 ~5440 ~1370
35 0 =7500 -1915
39 -3170 =2325 0
40 ~2935 ~2710 -1335
41 ~2115 =4,045 ~2945
42 0 ~7500 ~5145
46 -4595 0 0
47 =4595 0 ~2200
48 =4595 0 ~5135
49 0 0 n

Table 4~1

Projected Normal and Shearing Forces

To reduce the error in ﬁxy a finer network must be emvployed.

In

34
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[i] = + 3 -16 1] +1 -10 ']
-k -1 0 0 ~11 -3 0 +3
- f;‘ +3 - -15 -6 + k4 -1
[ - o =T +2_ -4 I
Sy TITE6 1905 O * f} EEE 3100 o5 —5h50 ~T500

-33] - &0 +13] - 910 - b|- 580 +11| -1100 =Lol=-1300 + bl -1750 - Bl =750 +22|=hooo 0] -7500

ol- 33 +H- 9 -lz|- 12 - 8- ar -hgl- kg -#- 5 +13 + 15 +15]+ 15
-gl- g - i o -23 of- 10 - 5| By 0

0 -1 -2 uf -6 0 +1F, +3
_ - - z -1 -3 o

¥ - =10 -3
- =9 o = o e
ST =519 - 992 EYER ~1359 -1755 BE -1585 -T500
Yuo ¢ 7] olo olo olo ol o oo alu
a
Table 4=2

Relaxation Procedure
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Table 4=2, the Relaxation method has been used to solve a network invol-
ing 6/ unknowns. The relaxation operator has been modified to allow the
use of the carry-over factors, a and b. Initial values at each pivotal
point have been estimated using final values in Table 4-~1 as a gulde.
Final rounded values of Ny at the eighth points of the‘shell have been
trensferred to Table 4-3. Values of Nx and ﬁxy have been computed as

before and also appear in Table 4-3.

Value of %;
= Force 0.00 0425 0.50 0.75 1.00
W —/275 | =4000 ]| =3160 | -1745 0
0.00 Nx -1975 2145 =-2655 =357 -4595
Nxy 0 0o | o 0 0
Ty -4585 | =4230 | =3400 | -1925 0
0.25 | Nx -1785 | -2000 | -2510 | -3415 | -4595
Nxy 0 - 395 | =810 =1155 =1350
Ny =510 | -4880 | =4130 | -2525 0
0.50 | Nx =145 | -1605 | -2065 | =3050 | -4595
Nxy 0 - 750 | =1625 ~2485 ~-3055
Ny -6160 | =6005 | -5465 | =4015 0
0.75 Nx - 820 - 915 | =1245 ~2135 =4595
Nxy 0 -1035 | -2385 | -4090 | -6085
Ty =7500_|_=7500 | =7500 | =7500 0
1.00 | Nx 0 0 0 0 0
Nxy 0 ~1155 =2760 =5555 )
Table 4=3

Projected Normal and Shearing Forces

The finer network has reduced the error in ﬁxy considerably in spite

of the premature curtailment of the iteration process. For example, at
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y = yy, x = 0,75 Ly
Nxy (Table 4=3)

L]

-6085 lbs. per ft.

-5600 1lbs. per ft.

Nxy (Classical Solution)

Percentage error = 8,7%.

The percentage error in ﬁxy increases along the boundary as the cor-
ner is approached. The reason for this error becomes obvious if the var-
iation of the internal force is plotted for one quadrant of the shell.
Figure 4-2 shows the variation of the internal force, Ny. It is noted

that the first derivative of Ny with respect to y (slope) increases at

Figure 4=-2

Variation-Internal Force Ny
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an accelerated rate in the region near the corner as the boundary,
y= Ly,‘is approached. Accordingly, the first derivative in finite dif-
ference form is not a good approximation of the true value.

To increase the accuracy in the corner region a finer network is
required. However, it is not deemed necessary to evaluate Ny at points
on the finer network by finite differences. Having an understanding of
the force variation, interpolation of Ny should yield sufficiently ac-
curate results., In this problem, interpolation has not been used, and
the error in ﬁxy has been considered tolerable.

The projected forces, ﬁx, ﬁy, and ﬁxy, can be transferred to the

middle surface of the shell by substitution into Equation (1-1).

= Cos%% T
24 Cos Ny

ang.gé-é_-ﬂ.x
Cosq/

Nxy = ﬁxy

The coefficient can be expressed as a function of x and y as follows

Gonith. . 1+[2(

h
p:s
L
Cos h 2
Yo e
_ J Y

x
Recognizing that the coefficient is a maximum at I = 1, fL = 0 and

X b
a minimm at £ = Q, f?-= 1, the value of the coefficient for the ex-

Ly

treme conditions follows

(Cos@) b & = 0,93
min

Cos - 10 12 ;
1 2 x 0
b 4 r (2xd0)
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8.2
1 - 2 ——
_QGOS = ( - 35) = 1,10
Cosy | max 1 o

Therefore, the maximum difference in magnitude between the project-

ed force and actual force on the shell is 10 per cent. Being that direct

stresses in the shell are never critical, this difference can be ignored.

Design Stresses.

From Table 4=~3, it is noted that the maximum design stresses will
occur at the boundary and near the cornmer. It is also noted that the
shearing force, ﬁxy, has a considerable influence on the principal foroces.

It has been developed that ﬁxy at the corner theoretically approaches
infinity. That is

Shqcz____Lx =00 .

r =1y

As previously explained, values of all the internal forces in the
corner region are not reliable. The point where these forces do become
reliable is largely a matter of judgement. Parme (6) has suggested that

the cut-off points for design forces along the boundary should be locat-

ed at
x . Lx - 0.4 Q/Ik t
LX Lx
Y . LV - 0.4 .!/rv t
5 Ly
where
t = ghell thickness
T = radius of curvature of the shell in the x direction

3/2

E+ %jcz) 2;' 3/2 =.'%%§ EH(%%)z:] = 102 ft.

Ox?
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r = radius of curvature in the y direction

R 3/
ST

y2

Substituting known quantities

= 35-0.4A102x .25 = 0.94

258
I 35

"

L = 50 - 0.4 A 156 x .25
Ly 50

0.95.

The force, ﬁxy, is known at the sixteenth points of the shell.
Consequently, curves may be drawn showing the variation in shear force
on a coordinate line and values at any point may be taken from the curve.
This has been done in Figure 4~3 for the variation in shear along the
boundaries. The cut-off lines are also shown and the design forces are
noted.

Maximum and minimum principal forces at the cut-off points will be

computed. Design forces at ﬁ = 0,94, - =1 are

il

Nx ~4595 1bs. per ft.

Ny = 0
Nxy = =-11,900 1lbs. per ft.
Letting G 7 and G represent the maximum and minimum principal

forces respectively

oy = W [ea,902 + (2297.5)°

=14,417 1lbs. per ft.

oy = "%95+ ~/(.-11,900)2 + (=2297.5)% = + 9,822 1bs. per ft.
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Tangential Shearing Force

At Shell Boundary

~14,000
-12,100
-12,0004—1
-11,900-} -
~10,000 | \
- 8,000 \
- —Nxy at x & L
Nxy _fr l X
xy at y = FY
- 6,000
- 49000 \.\\
- 2,000 \\.‘\
Cutoff Points \\\\\\\‘
< at x = 0.9 \
at ; = O.9§ Ex Qk“hh“
0 : L
1.00 0.75 0.50 0.25 0
P L
T or
L~ Iy
Figure 4-3



At the point L—~x =1, EI = 0.95
y

e

0

Nx
Ny -7500 1bs. per ft.
ﬁxy = =12,100 1bs. per ft.

The principal forces become

o, = -Zg - ,\/(wlz,loo)z + (-—3750)2

1300 ~/ (-12,100)% 4 (~3750)?

~16,418 1bs. per ft.

R

+ 8,918 1bs. per ft.

The maximum compressive stress in the concrete is therefore

fc = =%é;4%g = =456 lbs. per sq. in.

which is considerably less than the allowable concrete stress.
Assuming an allowable reinforcing steel stress of 20,000 1lbs. per
sq. in., the tension reinforcement required at the most critical point

is

= 19,822 ;
AS 20,000 = 0,49 sq. in. per ft.

From Table 4-3, it is noted that both the compressive and tensile
stress reduce in magnitude regressing from the corner in any direction.
Other points on the shell should be similarily checked to establish cut-

off points for the tensile reinforcement.

4=2. Example Problem No. 2,

It is required to outline the procedure for analysis of a transla-
tional shell subjected to a load varying uniformly in intensity.. The
shell is to be an elliptical paraboloid with physical dimensions as

given in Example Problem No. 1. Consider the shell to be subjected to a
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uniform base load of A0 pounds per square foot and a varying load in-
creasing in intensity in the x and y direction at a rate of 0.5 pounds
per square foot per linear foot. The loading diagrem is shown in Fig-
ure A=l

The equation of the load function in terms of x and y is

p = 40 4 0.5 (x + ¥)

From Equation (2-13), the starting value, ﬁ;, at all interior
points is zero, because the second derivative of the load function is
zero., At pivotal points on a line, y = yy’ boundary conditions dic-
tate that ﬁ; equals zero. On a line, x = Lx’ boundary conditions
dictate that Nx = O and by substituting into Equation(2-8)

= _ 2
Ny = -—-'P:— -—%— [40 + 0.5(x + y)] ,
f2y

Figure 4A=~4

Uniformly Varying Load



For the same forty-nine point network used in Example Problem No. 1,

the starting values at the points, 28, 35, 'and 42, become

- 2 r
Ty,; = = 40405 (35)] = -7187 1bs. per ft.
= ¥ =
Ny3§ = %8—2 40+ 0.5 (35 + %Q)] = -8229 1bs. per ft.
- 3% 2 r

= 50 @ B 100y] = -92 . ft,
N3742 0 _40 0.5 (35 + —3—) 9271 1bs. per ft

With the exception of the preceding changes the procedure for anal-

yeis 1s identical to the procedure presented in Example Problem No, 1.



CHAPTER V

SUMMARY AND CONCLUSIONS

A new procedure for analysis of translational shells by finite dif-
ferences is presented. The steps in analysis are summarized as follows.

1. The finite difference equation governing the variation of inter-
nal force Ny in the general translational shell is formulated.

2. A basic difference network of forty-nine pivotal points is cho-
sen and reduced to nine points from boundary conditions and symmetry.

3. The nine-point network is solved by Algebraic Carry-Over, em-
ploying the method of successive elimination of points and correspond-
ing modification of carry-over factors between retained points.

L. The algebraic expressions for Ny are evaluated for a specific
shell and used for initial starting values on a finer network solved by
relaxation.

The solution of the coarse network by Algebraic Carry-Over has ex-
cellent application to shells. The unique method of pivotal point elim-
ination for modifying carry-over factors is marked by its simplicity
and the small possibility of mechanical error.

In applying the method to a specific translational shell, the al-
gebraic solution on the forty-nine point network was found to yield
values for normal forces which differed only one to four per cent from
those of the classical series solution. Accurate values of the shear-

ing forces were obtained by advancing to a finer net and using the re-
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sults from the algebraic solution as starting values at the pivotal
points, an approach which served to considerably reduce the effort
usually expended in the relaxation process. Should greater accuracy
by desired in the area of discontinuity, a finer network could be ef-

fected by interpolation.
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