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PREFACE 

At the present time there is not an optimum design for a liquid­

solid separation hydroclone. The need for a solution to this problem 

has prompted this investigation. 

I sincerely wish to thank Dr. J. H. Boggs for the Teaching 

Assistantship. A generous thanks goes to Professor E. C. Fitch 

and Dr. John Wiebelt for their continued advice and encouragement 

throughout the course of this study as my advisers. I wish to 

thank Professor C. M. Leonard for proofreading my thesis. To 

my wife, Kathryn, goes my thanks for her patience and understanding. 
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CHAPrER I 

INTRODUCTION 

The hydroclone like the centrifuge, is essentially based on the 

principle of creating a centrifugal force field to effect the separa­

tion of solid particles, differing only in that the centrifuge pro­

duces the force by rotating the container as well as the fluid while 

the hydroclone container does not move. However, while the hydro­

clone does not have any moving parts, it does have a high specific 

mass transfer capacity, and is simple in construction and operation. 

A brief description of the flow pattern and the reaction of the 

solids will acquaint the reader with the principles behind the hydro­

clone. The hydroclone consists of a cylindrical section mounted 

above a truncated cone. The fluid enters the hydroclone through a 

feed nozzle which is attached tangentially to the cylindrical sec­

tion and at some predetermined angle (about 5 degrees) sufficient 

to give the inlet fluid a small downward component of velocity. 

Due to this small downward velocity component the fluid and solids 

in the hydroclone will not interfere with the entering feed. The 

hydro9lone produces the centrifugal force necessary for separation 

by forcing the fluid to take a spiral path of decreasing radius. 

In the centrifugal force field developed, the particles at high 

velocities are thrown to the side of the hydroclone where they 
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settle down along the stationary side walls within the boundary layers 

due to gravity and are discharged through the underflow nozzle which 

is located at the apex of the truncated cone section, Fig. 1. The 

main flow pattern throughout the hydroclone separator consists of a 

double vortex, a large-diameter vortex spiraling downward along the 

hydroclone walls and leaving through the underflow nozzle; while 

the other, a smaller-diameter vortex spirals upward and leaves through 

the overflow nozzle or vortex-finder, Fig. 2. The flow leaving through 

the overflow nozzle is liquid from which the solid contaminants have 

been removed. The separation process depends on the centrifugal 

force which is pro:pJrtional to the tangential velocity squared. How-

ever, the specific gravity of the medium largely controls the effective 

specific gravity of the separation. Also, it should be noted that the 

actual separation normally takes place at a somewhat higher specific 

gravity than that of the medium fed to the hydroclone. This is be-

cause the particles of the medium are restrained in the hydroclone 

longer than the fluid leaving through the vortex-finder, and the 

density of the medium in the separation zone within the hydroclone 

is, therefore, greater than that of the medium fed to the hydroclone 

through the feed nozzle. The equation 

V = rw 
T 

(1-1) 

gives the tangential velocity at any point within the fluid in the 

inner spiral, which is a forced vortex, while the equation 

(1-2) 
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Figure 1. Hydroclone C·ross Section 
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Overflow 

Outer Spiral 

Inner Spiral , 

Figure 2. Flow Spirals in a Hydroclone 



gives the velocity within the free-vortex or outer spiral. For a 

perfectly frictionless fluid moving in a circular path, the law of 

conservation of angular momentum requires the velocity to vary 

inversely as the radius or n is equal to one. Viscous forces 

within the fluid, however, will tend to prevent a velocity differen­

tial between adjacent layers of the rotation fluid. An extremely 

viscous fluid, might therefore, be expected to rotate with a 

nearly constant angular velocity. 

5 

The differential pressure at which the contaminated fluid is 

supplied also plays an important part in the liquid-solid separation 

hydroclone. An increase in velocity resulting from an increase in 

pressure differential causes higher centrifugal forces within the 

hydroclone which will result in a decrease in particle size which 

will be discharged at the overflow. However, this effect is limited 

due to the decrease in the time that the contaminated fluid is within 

the hydroclone. If the pressure losses are large or the initial 

supply pressure is low, the centrifugal force in the inner spiral 

or vortex will not be large enough to completely remove all of the 

contaminating particles causing the fluid leaving through the over­

flow nozzle or vortex-finder to be contaminated. However, one dis­

advantage of having a high inlet pressure is that it tends to re­

duce the operating life of the hydroclone. 

The inlet centrifugal force can be calculated easily by dividing 

the volume rate of flow by the feed nozzle cross sectional area to 

obtain the inlet tangential velocity. Squaring this term and dividing 



by the cylindrical radius of the hydroclone gives the centrifugal 

force. 

The underflow nozzle is the most critical of the operating 

variables. If this opening is too large, the underflow will con­

tain a considerable amount of liquid. However, if the nozzle is too 

small, it may prevent the discharge of the large particles as fast 

as they reach the underflow outlet, thus causing some of the larger 

and coarser particles to be forced out through the vortex-finder 

or overflow nozzle contaminating the fluid at exit. 

6 

The general design features of a hydroclone will be predetermined 

in this investigation. It is accepted that, in general, the vortex­

finder or overflow nozzle should extend to a point just below the 

bottom of the feed inlet to the hydroclone to keep the incoming fluid 

from passing directly out through the vortex-finder without entering 

the centrifugal force field. Also, the distance between the top of 

the inlet nozzle and the bottom of the cylindrical section should be 

kept at a minimum to minimize turbulence which results in an increase 

in pressure loss and an overall decrease in efficiency. 



CHAPrER II 

PREVIOUS INVESTIGATIONS OF HYDROCI.DNES 

The liquid-solid hydroclone is similar in construction and 

operation to the older and more familiar gas cyclone dust collector. 

However, only in recent years has real progress been made in develop-

ing and understanding the phenomenon which occurs within the hydra-

culic cyclone, or more commonly called, hydroclone. 

Two empirical equations of importance were developed by 

Dahlstrom (3) for pressure drop and solid elimination efficiency. 

The first equation is for the prediction of pressure drop through 

a hydroclone in terms of flow rate. It is stated as follows: 

(2-1) 

The constant K was found to be dependent on the included cone 

angle (e), the distance between the conical section and the overflow 

nozzle (h), and the type of the underflow discharge, Fig. 3. 

The second empirical expression involves solid elimination 

efficiency. This equation was developed to determine the 50%-point. 

The 50%-point represents the particle which reports 50% by weight 

to the overflow nozzle and 50% by weight to the underflow nozzle. 

The 50%-point also provides a limit· of extraction efficiency because 

7 
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Figure J. Hydroclone Dimensions 
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very little material of similar specific gravity but larger in size, 

will be found in the stream leaving the overflow nozzle. Also, only 

a relatively small amount of particles finer than the 50% point 

will be found in the stream leaving the underflow nozzle. 

Dahlstrom's (1) second empirical equation is expressed as 

follows: 

1 
K(D D· )CTS9 of 1. 

Q 

1 r2. 73-1. 0~ :! 

Ps - P1-1 
- -

(2-2) 

Driessen (2) and Criner (3) proposed the concept of the equili-

brium radius. Since any particle within a hydroclone is undergoing 

an acceleration in the radial direction due to centrifugal force, it 

must eventually reach a position at which the resultant radial 

settling force of the particle predicted by Stokes' Law will equal 

the inward radial drag force due to the circulating fluid. This 

point for a given particle diameter is defined as the equilibrium 

radius. Also, an equilibrium envelope may be established with the 

condition that the inner radius of the forced vortex must first be 

located. Therefore, all particles of a given specific gravity in 

equilibrium with the maximum centrifugal force generated and the 

radial drag force would exit in equal amounts with the streams 

leaving through the overflow and underflow nozzle. 

By using a generalized correlation developed by Yosheoka and 

Hatta (1) we have 

(2-3) 
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in which K is a function of the fluid system and the hydroclone in-

side surface finish. This equation is for miniature hydroclones 

which have overflow and underflow diameters between 0,167 D to 
C 

0.333 Dc and a hydroclone length between 5 Dc to 8 Dc. 

Nurni, Haas, Whatley, and Engel (4) made studies for dimension-

ing a series of hydroclones to separate particles of one to ten 

microns in size. From Eq. (2-3), a plot of log f:..P versus log Q 

should give a straight line with a slope of two. However, a plot 

of the experimental results of more than thirty hydroclones with an 

inside diameter of 0. 16, 0.25, and 0,40 inches (midget hydroclones) 

showed that the slope varies from 2.10 to 2.45 with an average value 

of 2.27. Therefore, by rewriting the generalized correlation to re-

fleet a slope of 2.27, the following equation was developed: (4). 

f ~2.27 

This equation has a smaller variation in K', with the maximum occur-

ring when a small centrifugal field is developed within a hydro-

clone which has a poorly finished inside surface. 

By introducing smoke and dust particles into the feed of a 

12-inch diameter gas cyclone, C. B. Shepherd and C. E. Lapple (5) 

studied the flow patterns within the centrifugal fields of a cyclone, 

verifying the existence of a double vortex flow pattern. Also, by 

measuring the angle made by rayon streamers with the horizontal, 

they have shown that the outer vortex descends at a rate just 
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sufficient to prevent interference on successive revolutions of the 

incoming feed. This rate of descent was equal to approximately the 

height per revolution of the inlet feed duct with the variation being 

due to the inlet feed expanding both vertically and horizontally upon 

entering the gas cyclone. This expansi on is a function of the cyclone's 

nozzle proportions and the inlet pressure. 

Kelsall (6) found experimentally that the main flow pattern 

of a liquid-solid hydroclone is concentrated in the outer free vortex 

caused by the feed entering tangentially. Within this free vortex 

is a narrow, almost cylindrical, central fluid tube. This central 

tube consists of a forced vortex that is fed from the free vortex 

after it has exited through the underflow nozzle and it has the 

same direction of rotation with respect to the hydroclone 1 s axis, 

but leaves through the overflow nozzle. _Kelsall also proved ex-

perimentally that critical separation occurs at the outer radius 

of the forced vortex or the inner radius of the free vortex. This 

radius has been found to be approximately equal to the hydroclone 1 s 

overflow nozzle when it is relatively small. Kelsall used the 

following relation for the tangential velocity in a free vortex: 

(1-2) 

in which the exponent n varied from a positive one for a friction-

less fluid when the law of conservation of angular momentum applies, 

to a negative one for a solid where constant angular velocity applies. 

This equation of tangential velocity predicts an inf inite velocity 
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at the hydroclone 1 s axis. Kelsall showed experimentally that the 

free vortex flow appears to go through a sharp transition to form a 

forced vortex in the region of a radius approximately equal to the 

overflow or vortex-finder radius where the tangential velocity 

distribution in the forced vortex is as follows: 

V: - K 1r T - (2-5) 

Banesji and Roy (7) predicted that the exponent in Eq. (1-2) 

would be 0. 50, based upon the Navier-Stokes 1 equation, after making 

certain simplifying assumptions about the free vortex boundary con-

ditions and assuming viscous flow. 

The pressure drop in a hydroclone from Bernoulli's theorem is: 

vf - v~ 
2g f F (2-6) 

in which Hi - HE is the change in velocity head between the inlet to 

the hydroclone and the overflow discharge nozzle and F is the loss 

of mechanical energy due to friction. This equation holds true if the 

relatively small amount of fluid and contaminants issuing from the 

underflow nozzle is neglected. Rewriting H and F in terms of 

the initial velocity head, Eq. (2-6) can be written for incompressible 

flow in the following form: 

2gf H = Hv = Fv - 1 f [~~12 (2-7) 
v. 

1 

or H "'F ev f F CV - 1 f ~~ 2 V 
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The pressure drop in the vortex-finder or overflow nozzle can be 

calculated by using.Fanning 1 s equation which gives: 

F ev 
(2-8) 

where the coefficient of friction J is assumed to be 0.0055. (5). 

Since this coefficient of friction is quite small, the friction loss 

in the exit or overflow nozzle becomes insignificant. Any additional 

friction or recovery effects due to the presence of swirling flow 

will be included with F • However, according to Shepherd (5), 
CV 

this item is small, so it will be neglected in this investigation; 

therefore, the friction loss in the hydroclone in terms of the number 

of inlet velocity heads is: 

(2-9) 

where D4 is the diameter at which the tangential velocity of the free 

vortex equals the inlet velocity; n5 is the diameter at the inner edge 

of the free vortex; and D6 is the inner diameter of the forced vortex. 

According to C. E. Lapple and C. B. Shepherd the fluid stream entering 

the hydroclone may expand laterally if the inlet width is less than 

the annular width. This lateral expansion will be proportional to 

b/c. Applying the hydrodynamic formula for a sharp expansion loss 

yields: 

(2-10) 

Two methods of designating the classification point or separation 

power of the hydroclone are available in the literature. The first 
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method predicts the size of the particles which would report 50% by 

weight to the overflow and the underflow nozzle. The second method 

represents the particle diameter in microns at which 1.5% by weight 

of the underflow contaminants would be coarser than that found in the 

overflow fluid. This method is called the mesh of separation. The 

most common method of measuring solid elimination efficiency is the 

determination of the 50% point. 

Dahlstrom (1) found that the solid elimination efficiency is a 

function of the solid specific gravity. Also, since the specific 

gravity of the particles will have such a wide range of values, a 

continuous curve of the 50% point versus particle specific gravity 

count be developed from Eq. (2-2). 

Kelsall (8) studied the hydraulic cyclone to determine the 

effect of changing the length of the vortex-finder on the solid­

elimination efficiency. In this study, tests were carried out with 

the length of the vortex-finder varying from 5/8 inch to 4 inches, 

measured from the top of the hydroclone. The conditions were as 

follows: 

1st run: Pressure-6.0 psi; Di-3/8 inch; D0 -l/4 inch; Du-1/8 inch. 

2nd run: Pressure-15 psi; Di-1/4 inch; D0 -l/4 inch; Du-1/8 inch. 

3rd run: Pressure-15 psi; Di-3/8 inch; D0 -l/4 inch; Du-1/8 inch. 

The results of these tests show that solid elimination efficiency 

increased for the smaller size particles as the length of the vortex­

finder is decreased and the elimination efficiency of the larger 
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particles decreases noticeably as the vortex-finder decreases in 

length. The second run indicated that for some particles the solid 

elimination efficiency increased to a maximum and then decreased with 

further reduction in the length of the vortex-finder. 

Kelsall 1 s explanation for the results is that the majority of 

the particles in the small-size ranges when discharged through the 

overflow nozzle (vortex-finder) has passed down through the hydro­

clone outside the zero-vertical-velocity envelope. Therefore, 

after reaching the lower region of the hydroclone, the particles 

have been carried inward by the radial velocity components and up­

ward by the high velocity upward flow near the center. As the radial 

velocity tends to decrease as the bottom of the vortex-finder is 

approached and the centrifugal acceleration remains unchanged, the 

particles tend to move outward. 

If the assumption that all of the l arger particles that are 

discharged through the overflow nozzle originate from turbulent 

flow is correct, an increase in the vortex-finder length would 

cause a longer time interval for these particles to be eliminated 

from the turbulent flow. Also, if the same or similar velocity 

profiles are sustained within the turbulent flow for the entire length 

of the vortex-finder, a higher solid elimination efficiency through 

the vortex-finder or overflow nozzle would be effected, because 

particles leaving the turbulent flow section would be redistributed 

within the feed section and a majority would enter the main downward 

flows within the hydroclone and leave through the underflow nozzle. 
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With a short vortex-finder many of the larger particles would 

leave the area of turbulent flow and pass out through the overflow 

nozzle. Also, the time available for low density particles to 

leave the vertical flow patterns and reach the vortex-finder 

' directly is much greater than when a long vortex-finder is used. 

Therefore, a greater fraction of the particles will be recirculated 

in the feed section of the hydroclone, where mixing occurs, and may 

make repeated passes through the main centrifugal flow pattern. Thus 

the shorter vortex-finder would lead to higher solid elimination 

efficiencies for smaller size particles. This result would be ex-

pected and has been experimentally-proven. 

Haas (9) is the only author to suggest the use of an underflow 

pot in determining the optimum dimension ratios. An underflow pot 

is a closed reservoir connected to the underflow nozzle to trap 

and hold contaminants which have gravitated along the stationary 

side walls of the hydroclone within the quiescent boundary layers. 

Due to the pot being a closed reservoir an equal amount of solution 

must return through the underflow nozzle and back into the mixing 

region. The time delay between mixing will permit some of the 

particles to settle out in the underflow pot. This will result in 

a greater solid elimination efficiency. However, contaminants 

collected by a hydroclone might not settle out due to either the 

presence of thermal convection currents, turbulence, or their small 

size. The ratio of the volume flow rates of the induced underflow 

to the hydroclone-inlet fluid is determined by the geometry of the 



hydroclone. .Ratios of zero to four percent were possible without 

large changes in hydroclone efficiencyo 

When contaminants firs t enter the hydroclone their behavior is 
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governed by the accel~ration force which is a function of the centri-

fugal field within the hydrocl one and the fluid vi scosity. Equating 

forces in the horizontal plane yieldsi 

F - F - Fa a - C 

This equation repreeents the move:msnt of a particle subj ected to a 

centrifugal field within a viscous medium. 

(2-11) 

Driessen (2) plotted the Navier-Stokes 1 equations on polar coor-

dinates and assumed coaxial cylinders existed about the origin. Since 

coaxial cylinders can be produced from a hydroclone by passing two 

imaginary planes normal to the hydroclone axis a correlation was 

obtained. This was done by assuming that the flow rate on either 

side of the normal planes were equal and that the velocity component 

in the plane parallel to a given axis were zero. Applying initial 

conditions and replacing the partial derivatives with ordinary 

derivatives, the Navier-Stokes 1 equation becomes ; 

l) g_ 
dr 

11 d(VR)] 
Lr dr 

in which A= -VR r2~ and changing v, the kinemat ic viscosity to~' 

the coefficient ·of turbulent viscosity. 

(2-12) 
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Since the radial velocity is a function of the radius of the 

coaxial cylinder, Eq. (2-12) may be reduced to the following equation~ 

df(r). 
f(r) 

From Eq. (2-13) 

(2-13) 

is arbitrarily set equal ton. For a special case of n equal t o 

a negative one, the coefficient of turbulent viscosity 13, will equal 

A/4.r.. By substituting n into Eq. (2-12) and integrating, the 

following equation is obtained~ 

(2-14) 

For a special case of n = 1 or 13 = A/4Jr., Driessen (2) f ound Eq. (2-14) 

to be within close agreement with the experimental value of n. Upon 

evaluation of the constants C and c1 using a given set of boundary 

conditions and letting n = 1, Driessen developed an equation for the 

tangential velocity of a two-dimensional vortex in a viscous fluid 

that is referred to as the "Logarithmic Solution. 11 This equation 

is as followsi 

1/ln~ 

lflnr2 
r 

(2-15) 

In Driessen 1s (2) and Criner1 s (3) in Eq. (2-12) and Eq . (2-15), 

several as sumptions were made . These are listed as f ollows g 



(a) The flow is steady 1 which means that the components of 

velocity and pressure are the same at a time t 1 and at a time 

t f dt. Therefore j 

_gy = dv = 912 = O. 
rdfl dt dt 
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(b) By applying axial symmetry to the axis of the vortex, all 

pressure and velocity components are equal along the coaxial cylinders" 

Therefore, there is no change in these vectors if the fl coordinate is 

changed alone. Theref ore 

_gy. = _gy = dw = _gj? = O" 
rdfl rd9 rdfl rdfl 

(c) As was previously stated, two-dimensional flow was assumed; 

thus, the velocity in the Z-direction will be equal to zero as well 

as all of the derivatives . Therefore} the change in the components 

(u, v, p) with respect to z will be zero . 

fild. = dv = ,sm = o. 
dz dz dz 

Furthermore 1 it was assumed that the differences in pressure within 

the hydroclone's system were such that the fluid could be considered 

to be incompressible, so that the mass density (pL) would be constant 

and the change of pressure with respect t o any variable would be 

equal to zero. 

Ma.tschke developed and tested the following design criteria f or a 

large hydroclone (3 to 36 inches in diameter) and found the test 
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results to be satisfactory. A brief outline of the geometric guides 

applied by Matschke is as follows f. 

1. The included angle (e), should be as small as possible and 

still provide the necessary internal flow pattern. 

2. The bottom of the vortex-finder should be six inches or 

one hydroclone diameter 1 whichever is less, below the transition 

point between the conical and cylindrical sections . 

3. To allow the entering fluid to descend at least one inlet 

nozzle diameter in the first revolution, the inlet-feed nozzle 

should slope downward t o make a small angle (about 5°) with the top 

of the hydroclone. 

4. From the following ratios the inlet nozzle and overflew 

nozzle dimensions with respect t o the hydroclone diameter are 

determined~ 

2di I d0 0 . 35 t o 0.70 (2-16) 
de = 

~ 1.0 t o 1.6 (2-17) 
dl = 

5. To minimize secondary flow (turbulence) which results in 

an overall decrease in solid elimination efficiencies, the distance 

between the t op of the inlet-feed nozzle and the hydroclone top 

should be kept at a minimum. 

In recent discussions and experimental tests made by Moder (13), 

a more general recommendation as t o hydroclone des igns was established 

as follows g 
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1. The included angle (9) should be maintained as small as 

possible, consistent with head room available. It should range 

between 15 to 20°. 

2. The overall height of the hydroclone should be at least 

six inches and, in general, two hydroclone diameters are sufficient • 

.3. The inlet-feed nozzle should be such that the inlet-feed 

descends a distance corresponding to at least one inlet nozzle 

diameter per revolution at the hydroclone wall. 

4. The distance between the top of the hydroclone and the top 

of the inlet-feed nozzle should be kept at t minimum to maintain 

solid elimination efficiencies high by decreasing turbulent flow 

due to the expanding inlet feed. 

5. The overflow nozzle must be even with the center of the 

inlet-feed nozzle for volume splits of about 50%. For volume 

splits less than 50%, the sink solids separation could be improved 

slightly by extending the overflow nozzle about one-half of the 

hydroclone diameter below the inlet-feed nozzle. 

6. The product of the inlet-feed nozzle diameter and the over-

flow nozzle diameter (did0 ) is fixed by the required flow and speci­

fied pressure drop as indicated by the following equations~ 

2di I do - 0 • .35 to 0.70 
de 

(2-18) 

(2-19) 
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and 

(2-20) 

7. In general, the hydroclone diameter can be calculated from 

the following relation: 

De• 2(2di I- do) (2-21) 

The extensive literature on the hydroclone contains little infor-

mation about the design functions for an optimum design to satisfy 

a given set of initial conditions. If a thorough report was avail-

able on the variables included in the design of a hydroclone, their 

uses would be greatly increased and the design established analytically. 



CHAP!'ER III 

STATEMENT OF PROBLEM 

The mathematical expression that has been developed and used for 

predicting liquid-solid separation within hydroclones has not included 

the effects of turbulent viscosity or the force required to accelerate 

the mass of the fluid set in motion by the acceleration of the particle 

(pressure drag)" According to Kelsall 1s (8) more recent work in 

hydroclone behavior 9 the importance of turbulent mixing and turbulent 

viscosity in the feed eection and along the outside walls .of the 

vortex-finder may be of prime importance due to shock effects re­

sulting from expanaion of the fluid. 

The p;1.rpose of this investigation was to develop a mathematical 

expression including the effects of turbulent viscosity and pressure 

drag. This expression was then to be evaluated to give an accurate 

assessment of the effect of the several hydroclone variables on 

liquid-solid separation by use of a Donner electrical analogo The 

results were to be ana.lyz,ed f or the purpose of developing an optimlIJJl 

design. 

23 



CHAPTER IV 

ANALYTICAL DEVELOPMENT 

To predict the solid elimination ability of a hydroclone, it 

is necessary to know whether a particle has sufficient time to move 

from a position near the axis of the hydroclone t o a position of 

greater radius than the radius of the vortex-finder within the 

hydroclones. Thus, the particle will be forced to the walls and 

exit through the underflow nozzle. 

This investigation provides an equation ~hich can be solved 

for a given time in terms of the hydroclone 1s radius and the dis­

tance a given-s i ze particle if from the hydroclone 1s axis . In 

this analysis y the fol]owing basic assumptions were made g 

1. The flow pattern predicted by Criner (10 ) accurately 

describes the flow pattern of the fluid within a hydroclone. 

2 c Solids moving through the hydroclone assume the velocity 

of the fluid at every point except where motion relative t o the 

fluid is caused by centr ifugal f orces. 

3. The air core in the overflow nozzle wi ll be eliminated by 

correct application of back pressure t o t he underflow nozzle. 

4. The radial acceleration of a particle in a hydroclone is 

large enough t o be cons idered. 

24 
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5. Gravity and buoyant forces of a particle are small enough to 

be neglected. 

Figure 4 shows a velocity field existing within the hydroclone 

boundary. The fluid enters tangentially at the outer boundary of the 

cylindrical portion, thus causing a two-dimensional vortex type flow 

to exist at every axial cross section. 

In order to obtain the equations of motion for viscous fluids, 

the relationships between the stresses and velocity gradients must 

be established. However, since Navier-Stokes 1 equations are based 

on this relationship, they shall be used without any discussion as 

to their development. 

When the particle first enters the hydroclone its behavior is 

governed by the acceleration force which is a function of the 

centrifugal field and the fluid viscosity. Referring to Fig. 5 

and summing forces in the horizontal plane yields; 

which is Stokes' Law for viscous flow (1) . These forces represent 

the motion of particles subjected to a centrifugal field within a 

viscous medium. Equating forces gives ~ 

(4-2) 

in which µ 0 is turbulent viscosity. Simplifying, results in 
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Hydroclone Axis 

Flow 

Figure 4o Velocity Field in a Hydroclone 
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(4-3) 

where ·P1 is assumed to remain relatively constant to a small degree, 
I 

varying only with temperature. 

Tietjens (11) found that to accelerate a sphere in an ideal fluid 

it is not on]y necessary to exert a force equal to the product of the 

mass of the sphere and its acceleration, but an additional force is 

required to accelerate the mass of the fluid particles set in motion 

by it. This additional force is equal to the product of the accelera-

tion of the sphere and mass of an amount of fluid equal to half its 

volume. Hence, Eq. (4-2) becomes, 

(4-4) 

Writing VT in terms of the tangential velocity at the inlet, r=rc, 

it is found that 

2 2n 
2 V0 i r 

VT - r 2n 
C 

in which n= -0.5. Therefore, Eq . (4-.3) becomes 

~ J 2 2n-l [~ 
dVR_ps-pL Voir CD PL 
t - PL 2n --z; 

rp5+p1 d . Psf- . re 3 2 2 

According to Tietjens (11), a change in the 

causes a change in the drag coefficient. Hence, 

(4-5) 

18 µo VR (4-6) 
D 2 st1 0 

2 

Reynolds number 
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(4-7) 

From a plot of NR versus CD' Tietjens (11) established that 

(4-8) 

in which 

(4-9) 

Substituting Eq. (4-9) into Eq. (4-7) givesi 

~ 
DRAG = 8 rcµD VR (4-10) 

Therefore, the expression (4-6) may be rewritten as: 

(4-11) 

Electrical analog techniques will be applied to Eq. (4-11) in 

the next chapter to simplify its practical application. First, a 

relation for known flow patterns in a typical hydroclone is needed. 

The following analytical development is for the tangential velocity 

in terms of known quantities with no new variables. 

Under certain conditions, the flow around a vortex can be cal-

culated if the system is considered as two-dimensional. This can 

be done by passing two imaginary planes through the hydroclone normal 

to its axis and assuming that the flow under or over these planes 

would be identical to that bounded by the imaginary planes so that 

all flow parallel to the given axis will be zero. 
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The Navier-Stokes' equations which govern viscous flow will be 

converted to cylindrical polar coordinates. As was previously stated 

two-dimensional flow was assumed; therefore, the velocity in the 

Z-direction will be zero as well as all its derivatives. There-

fore, the change in the components (u, v, p) with respect to z will 

be equal to zero. Also, since the flow is polar symmetrical, which 

means that the velocity and pressure remain constant on coaxial 

circles, the Navier-Stokes' equations simplify to~ 

(4-12) 

(4-13) 

(4-14) 

in which 

and the external body forces per unit mass are equal to zero . 

' For the case of polar ,symmetrical steady flow, Eq. (4-9) 
I 

and Eq. (4-10) can be simplified by applying limiting conditions. 

Only Eq. (4-9) and Eq. (4-11) will be used in this analysis and 

the limiting conditions will be listed as follows: 

(a) The flow is steady, which means that the velocity and 

pressure are the same at a time t and a time t f dt . Therefore, 



oVR = 
dt 0 

av 
at= 0 
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(b) The difference in pressure, 6.P, within the system is small 

enough that the fluid medium may be considered as incompressible so 

that the mass density (p1) will be constant and the change in pressure 

with respect to any variable will be equal to zero. By assuming the 

fluid medium to be incompressible, the conditions of continuity 

o(Vr) 
a r 

= 0 

show that the amount of fluid flowing perpendicular through the 

imaginary plane normal to the hydroclone 1 s axis is constant. 

Applying these final conditions. and replacing the partial de­

rivatives with ordinary derivatives, Eq. (4-9) and (4-11) simplified 

become 

V av f VRV = J±.. ('\y 2v _ V ) 
~dr r p ? 

in which 

Substituting Eq. (4-13) into Eq. (4-12) gives 

V dV /. VR V _ ~ ( a2v f 1 av _ ~) 
R dr . r - P dr2 dr r 

Reducing Eq. (4-14) gives 

VR [d(Vr)'.l = ..l:L g_ f1 d(Vr)l 
r l dr J p dr Lr dr J 

(4-15) 

(4-16) 

(4-17) 

(4-18) 
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Now solving Eq . (4-18) for the radial velocity VR and substi­

tuting it into Eq. (4-11) yields the final form ready for application 

to a specific hydroclone as follows ~ 

(4-19) 



CHAPTER V 

APPLICATION OF ELECTRICAL ANAIDG 

Before solving Eq. (4-19) on the Donner electrical analog, 

,all of the constants were determined from fixed initial conditions. 

These limiting conditions are listed as follows: 

Qo = 8 gpm - 308 in. 3; sec 

Voi = 2500 in./sec 

ri = 1/16 in. 

ro - 1/8 in. (Partial displacement from axis) -
rci = 1/4 in. 

Do = 100 micron= 3.94 X 10-3 in. .. 
Pr. = 1.65 lb-sec2/rt4 

Ps = 4.85 lb-sec2/rt4 

µo 4.2 x 10-4 lb- sec/ft2 

Duf = Dof = Di = Dci/4 

Having solved for the constants, the selection of time and magni-

tude scales is made. This was done by letting one inch equal 100 volts 

and one second equal 100 centiseconds . By using these scale factors, 

the limiting initial conditions become : 

Qo 8 5 J - 3.0 x 10 volts /cs -

voi - 2.5 x 103 volts/cs -
ri = 6.25 vol ts 
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ro = 12. 5 volts 

rci - 25 volts -

Do = 0.394 volts 

PL = 7.95 X 10-9 lb-cs2 /volts4 

PS = 23.4 X 10-9 lb-cs2;volts4 

µo = 2.91 x 10-8 lb-cs/volts2 @ 80°F 

In Eq. (4-19) let 

B' - .... s"'---=-t [
P -PL 

- Psf:L 
( 5-1) 

and 

( 5-2) 

By introducing two new parameters 

( 5-3) 

and 

I? 2 
C = Lno 2 ~] (5-4) 

which are dimensionless and include the two variables rci and D. 

These two variables are of major importance and are to be investigated 

as a function of time. They will be included in Eq. (4-19) as B'B 

and C1C. Substituting the constants in B' and C' gives 

B' = 1276 X 108 

C1 = 165 
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Now let ,. equal computer time in which 

T = 100 t · (5-5) 

dr 100 dr (5-6) dt = dT 

a2r 2 
= 104 d r 2 (5-7) 

at2 d 

Hence, Eq. (4-19) rewritten becomes 

104 dd~ : ~2 X 108 B 1 65 104 (QI) :;2 - • X C dT 

or 

For variation in particle size only the parameter C in 

Eq. (5-8) will change. By replacing C with y 9 then for a given 
µ 

particle size, y will vary only with-=-. For particle sizes rang­
µ 10 

ing from 10 µ to 100 µ the following equations are applicable. 

100µ 

1.76 
r = 2 

104 
;T B L65 y; (5-9) 

75µ 

.L.12 104 r = -B 
2 r2 

0 

2 . 92 yr ( 5-10) 

50µ 
0 • - .L.19. 104 
r B 

2 r2 
6.6 Yr ( 5-11) 

40µ 

r L.12 104 
-B = 2 r2 10. 3 y r ( 5-12) 



30µ 
.. L76 104 
r = r2 2 

20µ 
.. 1.76 104 
r = 2 r2 

10µ 
.. 1.76 104 
r = r2 2 

in which y z ~ o 
µo 
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B 
0 

18.35 yr ( 5-13) 

B 41.J Y r (5-14) 

B 165 Y r (5-15) 

To program Eq. (5-9) through Eq. (5-15) on the Donner electrical 

analog the only difference will be an appropriate potentiometer setting 

providing for a variation in Bandy. By letting B equal x and 

using an expression for y2 developed by Kersten (12), x can be deter-

2 mined in terms of r 01 and y . The solution is as follows: 

Solving for vi from Eq. (5-17) gives 
- 2 

v.2 = ~ 106 

Hence 

1 (2 . 56 )2 r 0 

2 
~ (£..) 

x = r II'o 
C 

(5-16) 

( 5-17) 

(5-18) 

(5-19) 

Table I present s the values of x and y which in tur n are set 

on a pot entiometer. 
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TABLE I 

FOTENTIOMETER SETTINGS 

re y2 O~Q 
y X 

re 

0.1 2.53 6.4 2.5 16.0 

0.2 L26 L 59 L25 1.99 

0.3 0.84 0.71 o.83 0.59 

0.4 o.63 0.4c 0 .625 0.25 

0.5 0.50 0.25 0.50 0.125 

0 .6 0.42 0.18 0 . 417 0,075 

0,7 0.36 0 ,13 0.357 0.046 

0,8 0.32 0.1025 0.313 0.032 

0. 9 0. 25 0.0625 0.25 0.0156 

1.2 0.21 0.044 0.208 o. 00)2 

1.3 0.20 0.040 0.192 o. 0,")768 

1.4 0.18 0.032 0, 179 D,00572 

1.5 0.17 0,029 0. 167 0.00485 

2.0 0.13 0.0169 0.125 0.00211 



Table II presents the values of rand cr-2 plotted in Fig. 6. 

These same rand cr-2 voltages are in turn set on the function 

generator by adjusting one set of break-voltage controls and the 

corresponding slope controls . 
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Figure 7 represents the circuit necessary for solving Eq . (5-9) 

through (5-15). The potentiometer values to be set for potentiometers 

P04, P06, and P07 are constant . The potentiometer values to be set 

for potentiometers P01 , and P02 are found in Table I for a given 

value of re. 



r (volts) 

o.oo 

15 

20 

25 

30 

40 

50 

60 

70 

80 

90 

100 

17,600 
r = 2 

r 
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TABLE II 

FUNCTION GENERATOR DATA 

1 inch= 100 volts 

cr-2(volts) 

Indeterminate 

78.00 

43. 90 

27.15 

19.55 

11.00 

7.04 

4.89 

3. 59 

2. 75 

2. 17 

1.76 
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Figure 7. Problem Board Schematic 
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CHAPI'ER VI 

RESULTS 

This investigation presents the relativ~ separation and the 

maximum size particle that a hydr9clone may remove from a fluid. 

However, the results of the included data are valid only when the 

inlet j overflowj and underflow nozzl e are equal t o one-fourth cf 

the hydroclone 1s diameter. 

Plots of Eq. (4-19) solved on the Donner electrical analog 

are shown in Fig. 8. These curves represent different size 

particles plotted on a graph of distance versus time. Howeverjl 

the distance in this case i s the distance that a particle of a 

given size would be from the hydroclone 1 s axis in a given period 

of time. The period of time is one second and the flow rate i .s 

eight gallons per m.inute . 

The size of the particles has a definite physical effect on 

the curves and can be easily noted in the figure. The larger 

size particle (D-100 microns ) attained a greater radius t han does 

the smaller size part i cle {D:10 micr ons) f or a:rry specified size 

hydroclone. As the particle size increasedjl the distance from the 

hydroclone 1s axis tc the equilibrium radius also increased. Thus, 

as the particle size increased, the acceleration f orces also increased 

which caused an overall i ncrease in the solid elimination efficiency. 
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To calculate pressure drop, Eq. (2-4) developed by Yosheoka 

and Hotta (1) was used. Yosheoka and Hotta also have experimentally 

proven this equation t o be accurate within a plus or minus five 

percent. Table III represents the pressure drop through a hydro-

clone in feet of fluid flowing for different hydroclone diameters. 

By setting Di, and D0 r equal t o D0 /4, and using the average value 

of K1 (0.068), Eq. (2-4) was rewritten f or a flow rate of eight 

gallons per minute as 

'lii.5-. 
tiP = D 4. 1 

C 
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TABLE III 

HYDROCLONE DIAMETER VERSUS PRESSURE DROP 

K1 - 0.068 
( )4.1 
ft. of liguid}(in9 

(gal./min.) 2•27 

D0 (in..) p (ft.) 

2.00 43.4 

1.75 75.25 

1.50 141.00 

1.25 298.00 

1.00 745.00 

0.75 2,400.00 



CHAPTER VII 

THEORETICAL DESIGN 

The following hydroclone is theor etically designed to remove 

contaminating particles of 10 microns in size wit h a flow rate of 

eight gallons per minute. The ot her variables will be determined 

and fixed f or these specific conditions. 

From the condition that the vortex-finder radius must equal 

one-fourth of the hydroclone 1s radius, the s ize of the overflow 

nozzle is set, once the hydroclone radius i s determined. From 

Fig. 8 where the particle displacement from the hydroclone' s axis 

versus the hydroclone radius f or different particle s i zes, a 

hydroclone radius of 0.72 inches will give a 10 micron particle 

a displacement of 0.19 inches in one second and an overflow nozzle 

radius of 0. 18 inches , Therefore , a 10 micron particle will not 

exit through the vortex-finderj but will be f orced to the hydro­

clone's walls and exit through the underflow nozzle . 

The inlet nozzle should be attached tangentially to the 

cylindrical section and at some small angle sufficient to give 

a small downward velocity component . This small angle B, deter­

mines the length of the vortex-finder into the t op of the cylin­

drical section so that the incoming feed will not pass directly out 
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through the vortex-finder. Therefore, by assuming that the fluid 

after making one and a fourth revolutions, will be below the end 

of the vortex-finder, the length of the vortex-finder can be 

determined. 

Lvf = 2.5 De TAN Bf Di 

Setting 13 = 5 degrees 

1vf = 3.6 (0.087) f 0.36 = 0.673 

Kelsall (6) states that the length of the cylindrical section 

should be one hydroclone diameter and that the included angle should 

be maintained between 10 and 15 degrees " Therefore, 12 degrees 

will be used in this design. 

Hes ·- 2(0.72) - lo44 inches - -
1tc -

( o.:z2l (0 1 '.Z2) 6.85 incheso - TAN 6° = 0.105 -
Hence, for removing 10 micron size particles with a flow rate 

of eight gallons per minute, the following design is specified 

Fig. 9. 

Dci = 1.44 inches 

Di = 0.36 inches 

Dof = 0.36 inches 

Dur = 0.36 inches 

Lvf = 0.673 inches 

g ::: 12° 

(3 = 50 

Hes = 1.44 inches 

Lt = 8.29 inches 
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T 
1.4411 

0.3 
_J_ 

,____ 1. 44" ---.-, 

120 

Figure 9. Theoretical Design Scale 1:1 
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From Eq. (6-1) the pressure drop through a hydroclone with a 

diameter of 1.44 inches would be 168 feet of fluid flowing. The 

fluid in this investigation was Mil-0-5606 hydraulic fluid with 

a mass density of 0.0309 lb . per cubic inch. Therefore, the 

pressure drop through the specified hydroclone is 62.J psi. 

In Fig. 9 the wall thickness is not drawn to scale because 

the working pressure will vary with each hydroclone. 



CHAPI'ER VIII 

SUMMARY AND CONCLUSIONS 

The purpose of this investigation was to evaluate the functions 

of a hydroclone to eliminate contaminants from hydraulic fluids and 

to give an accurate assessment of the effects of the several hydro­

clone variables on liquid-solid separation. A constant flow rate of 

eight gallons per minute and that the overflow, underflow, and inlet 

nozzles equal one-fourth of the hydroclone 1 s diameter were assumed 

in the derived expression. 

In this analysis the following basic assumptions were made~ 

1. Criner (10) accurately described the flow pattern of the 

fluid within the hydroclone. 

2. The air core within the vortex-finder may be eliminated. 

3. Solids within the hydroclone assume the fluid velocity 

except where motion relative to the fluid is caused by centrifugal 

forces. 

4. The radial acceleration must be considered in the design. 

5. The forces of gravity and buoyancy may be neglected. 

The differential equation developed governing the particle be­

havior upon entering a hydroclone in a viscous, incompressible medium 

is as follows: 
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(4-19) 

Equation (4-19) includes the effects of "eddying" in the turbulent 

viscosity term µ0 , and the forces necessar; to accelerate the mass 

of fluid set in motion by a particle . 

Navier-Stokes' equations for viscous flow were simplified 

and converted to cylindrical polar coordinates by the following 

limiting conditions g 

1. The flow is steady. 

2. The pressure difference within the system is small enough 

that the fluid medium may be considered to be incompressible. 

J. The flow is two-dimensional . 

Applying these conditions and replacing the partial derivatives with 

ordinary derivatives, Navier-Stokes' equation becomes: 

I~ d(Vr)l = ~ ~ 
Lr dr J p dr 

1! d(Vr)] 
lr dr 

(4-18) 

Equation (4-18) was then solved for the radial velocity and 

substituted into Eq. (4-11), giving the final expression to be solved 

for a specific hydroclone. This expression took the form of Eq. (4-19), 

and was solved on the Donner electrical analog. 

After scaling Eq. (4-19) to the Donner electrical analog, 

a plot of the distance that a given size particle would be from 

the hydroclone's axis as a function of the time was plotted versus 

the hydroclone' s radius, Fig. 8. The time for this plot was set 

as one second . 
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The effects of different size particles in Fig. 8 can be 

easily noted. The fact that the larger-size-particle distance 

from the hydroclone's axis was greater than the distance for a 

small particle in a given time is due to the acceleration forces 

and the difference in mass of the two particles. Due to this 

difference in mass and the acceleration forces, the larger-size 

particles will have a larger equilibrium radius than the small­

size particles. 

The hydroclone 1s included angle according to Kelsall (6) 

should be maintained between 10 and 15 degrees. From this investi­

gation the only effect that the included angle had on the solid 

elimination efficiency was to decrease the distance to the hydro­

clone's wall and to increase the overall length. As the length 

increased, the time for a given-size particle to be removed in­

creased. However, if the angle is too small, mixing will occur 

in the truncated section. Therefore, 10 degrees should be set 

as the minimum angle for design purposes. 

It can be concluded that Fig. 8 will accurately predict the 

size particle that a specified hydroclone will eliminate if the 

vortex-finder, overflow, and underflow nozzles are each set equal 

to one-fourth the hydroclone 1s diameter. 
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APPENDIX A 

NOMENCLATURE 

AE Area of overflow nozzle, sq. ft. 

Ai Area of feed nozzle, sq. ft. 

b Width of hydroclone entrance, in. 

CD Drag coefficient of friction 

D0 Particle diameter, microns 

D0 Hydroclone diameter, in. 

Dci Minimum hydroclone diameter, in. 

Di Diameter of feed nozzle, in. 

D0 f Diameter of overflow nozzle, in. 

Duf Diameter of underflow nozzlej in. 

F Friction losses, ft. 

Fa Acceleration force, lb. 

F0 Centrifugal force, lb. 

Fa Drag force, lb. 

Friction loss of hydroclone/Hi, ft. per ft. 

Friction loss of exit/H., ft. per ft. 
1 

Friction loss of hydroclone and exit/Hi, ft. per ft. 

Friction loss at entrance, ft. 

Pressure drop per unit length of fluid flowing, ft. per ft. 

~v Pressure drop/Hi 1 ft. per ft. 
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HE Velocity head at overflow nozzle, ft. 

Hi Velocity head at inlet nozzle, .ft ; 

Hes Length of cylindrical section, in. 

J Coefficient of friction 

K1 Expansion factor to correct for entering feed 

Lr Total length of hydroclone, in. 

1vf Length of vortex-finder, in. 

P Pressure, psi. 

6P Pressure drop, psi. 

Q0 Flow rate through hydroclone, gpm. 

r Variable radius of hrdroclone, in. 

r 01 Minimum radius of hydroclone, in. 

VE Velocity at overflow nozzle, ft. per sec. 

V1 Velocity at inlet nozzle, ft. per sec. 

V0 Average velocity at entrance, ft. per sec. 

V0 Velocity in outer spiral within hydroclone, in. per sec. 

VR Radial velocity, in. per sec. 

Vt Tangential velocity, in. per sec. 

V0 i Initial inlet velocity,, in. per sec. 

t Time, sec. 

Greek Letters 

,t Pi 

6 Delta 

µ Mu, absolute viscosity, lb force per sq in. 
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PL Rho, mass density of liquid, lb mass per cu in. 

p5 Rho, mass density of solid, lb mass per cu in. 

µ0 Mu, initial turbulent viscosity, lb force per sq in. 

µ Mi, turbulent viscosity, lb force per sq in. 

T Tau, computer time, sec. 
I 

v Nu, kine.ma tic viscosity, centistokes 

w Omega, angular speed, radians per sec. 

0 Phi, cylindrical polar coordinate in plane where A is constant 

~ Beta, included feed angle, degrees 

Abbreviations 

lb Pounds 

cu Cubic 

psi Pounds per square inch 

sq Square 

ft Feet 

sec Seconds 

,tn. Inch, inches 

gpm Gallons per minute 

Symbols 

% Percent 

·v An operator 
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