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PREFACE

This paper is concerned with certain problems in the
theory of subadditive functions of a real variable. The
basic definitions appear on page 1 and the entire first
chapter serves as an introduction and orientation to the
remaining material. Chapter II contains a basic rotation .
theorem and some lemmas on continuity and boundedness
which will be used in later chapters. Chapters III and IV
deal with several kinds of extensions of functions which
yield or preserve subadditivitys; in particular, Chapter
IIT is devoted to the maximal subadditive extension to
E=[0,») of a subadditive function on [0,al. Contrary to
previous work on this topic, no assumptions of continuity
are made.

The last three chapters are devoted to sets of subad-
ditive functions. Chapter V discusses convergence, espe-
cially uniform convergence, of subadditive functions =-
motivated by a theorem of Bruckner -- and gives an example
(the Cantor function) of a monotone subadditive function
with unusual properties. In Chapters VI and VII convex
cones of subadditive functions are discussed and the ex-
treﬁal element problems considered. . Chapter VI contains a

complete solution of these problems in a simple case, and
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Chapter VII discusses partial solutions in other cases,
applications of the results of previous chapters, and some
unsolved problems. An index to numbered propositions,
theorems, lemmas, and remarks is provided in Appendix A to
facilitate the many cross-references made in the body of
the paper. Appendix B contains a list of special or unu-
sual notations used in the paper.

I am deeply indebted to Dr. L. Wayne Johnson, Chairman
of the Department of Mathematics, and to his entire staff
for providing a climate in which the study of mathematics
can be pleasantly and profitably undertaken. The members
of my advisory committee have been particularly generous
with their time and encouragement. The comradeship and
encouragement of my fellow students -. especially John
Allen, F. W. Ashley, Jr., David Cecil, and Glen Haddock,
who helped me to organize my thoughts by listening pa-
tiéntly to explanations of my problems -~ have contributed
markedly to the result. I am especially grateful for the
friendly counsel and challenging questions offered by
Professor E. K. McLachlan which have contributed a great

deal to the construction of this paper.
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CHAPTER I
SUBADDITIVE FUNCTIONS

This thesis is concerned with certain real-valued
functions of one real variable; in particular, the word
"function'" will always mean "finite-valued, Lebesgue meas=
uréble function.'" The definitions to be given will be
given, whenever appropriate, in the context of their ap-
plications although, for example, one can study subadditive

functions on an arbitrary additive semi-group and concave

functions on any convex set.
)

Definition 1: A function f defined on a set H ofxeél

numbers and with range contained in the set R of all real

numbers, is subadditive on H if, for all elements x and y

of H such that x%y is an element of H,
f(x+y) < £f(x)+£(y).
If equality holds, f is called additive; if the inequality

is reversed, f is superadditive. A function g is concave

on the (possibly infinite) interval D if, for all x and y
in D and all ¢ which satisfy O<t =<1,

f(tx+(1-t)y) 2 t£(x)+(1-t)f(y).
If this inequality is reversed, f is convex on D. A meas-

urable concave function is continuous except possibly at



boundary points of D. [l, Do 96]1,

The principal work on the general theory of subaddi-
tive functions is that of Hille and Phillips [2]. This
reference also includes a part of the work of Rosenbaum EB]F
on subadditive functions of several variables.

The use of some sets H as the domains of subadditive
functions is someWhat "dishonest." For example, every
function defined on the interval [2,3] is subadditive
there. In most of what follows H will be the closed half-line
E=[0,»), the set J=={O,l,2,o..} of all non-negative inte-
gers, or some initial portion of either.

Some basic properties of subadditive functions f on
R -- noted in the works of Hille and Phillips [21 and
Rosenbaunm [51 are:

1) £(0) =20 and f(-x)=2=f(x);

2) if g is also subadditive, then f+g is subadditive;

3) if t =20, then tf is subadditive;

4) if {fs} is any family of subadditive functions
and if sups{fs(x)} is finite for every x, then
g:x-»sups{fs(x)} is subadditive;

5) if g is subadditive and non-decreasing, then the
composite h:x-g(f(x)) is subadditive; and

6) if f is also non-negative on E and if g is a pos=
itive non-decreasing function on E, then the

product h:x = f(x)g(x) is subadditive on E.

l’I‘he symbol"[]”'indicateszireference1x>theBidUogmgmyo



A large class of examples of subadditive functions on

E can be obtained from the following propbsition.2

Proposition 1 [l, P 85]; If £, defined on (0O,»), is

‘such that, for each t >0,

£(x) SF£(t) for all x 24,
then f is subadditive on (O,»). (In other words, f is
subadditive if the function £*, defined by f£*(x) = £(x)/x,

is non-increasing.)

Many examples to follow will show that the condition
of this proposition is not necessary for subadditivity.
Functions which do satisfy Proposition 1 include any func-
tion which is non-negative and non-increasing on E, any
concave function f on E with £(0) 20 (in particular, any
non-negative constant function), and the function défined
by g(x) =VaZ +x, x 20, which is convex. Convex subaddi-
tive functions form an easily characterized class since
the converse of‘Proposition 1 holds if f is convex. [29
Do 239]. If one insists that £(0) =0, the class becomes

trivial.

Remark 1: If f is convex and subadditive on E and if

£f(0) =0, then £ is additive on E.

2No connotation of merit or importance is attached to
the usage of "proposition'" and '"theorem.' A result called
a ""proposition' is due to another author. Results labeled
"theorem,' '"lemma,' or "remark' are believed by this au-
thor to be new. :



Proof: Let xe(O,») and te(0,1] be given. Then
£(tx) = £(tx+(1-t)0) st£f(x)+(1-t)f(0) = tf(x),
so that division by tx yields f(tx)/tx <f(x)/x. Thus
f(x)/x is non-decreasing on (0,»), and, by the result
mentioned above, must be constant. Therefore, f(x)/x=c,
a constant, on (0O,»). Since £(0) =0, f(x) =cx for all

xeE,

Another remark which serves to develop the intuitive
aspects of subadditivitj follows. It implies, roughly,
that the function f spends at least half its time on [0,1]
on or above the line y=£f(1)x. The third remark implies

that the set [0,1] is general enough to be useful.

Remark 2: If f is a continuous subadditive function
on [0,1], then
1
£(1)/2 sf £(x)dx.
0

Proof: Let xe[0,1]. Then f(1) <f(x) + £(1-x), so that

1 1 1
£ = [ f(Daxs [Tax+ [T 2(1-x)ax.
' 0 0 0
By the change of variable v = 1-x one obtains

];lf(l—X)dX =flof(V) (-dv) =folf(v)dv =folf(x)dx.

Thus

£(1) < 2fli‘(x)dxo
%



Remark 3: If f is subadditive on R and keR, then the
function g such that g(x) = £f(kx) is subadditive on R.
Proof: By direct calculation, g(x+y) = £(k(x+y))
= £ (kx+ky) = £(x)+£(ky) = g(x)+g(y).

Thus the sets [0,1] and J are Jjust as general domains
of subadditive functions as the sets [0,a], a>0, and
{O,a,2a,3a,...}. It also follows from Remark 3, using
k=-1, that g:x-f(-x) is subadditive on Rj; that is, "re-
flection in the y-axis' preserves subadditivity.

Another large class Qf_functions which are subaddi-
tive -- again including the non-negative constant functions

-- appears in the following result.

Proposition 2 [l, p.85]: Any function f such that
sup{f(x): XeH}:;2(inf{f(x): XGH})

is subadditive on H.

Hille and Phillips [2, p.246:| discuss functions f de-
fined by f(x) =a if xeA and f(x) =b if xecA, where A is
closed under addition and cA is ifs set-theoretic comple-
ment. They note that f is subadditive if O0<a<2b and
that, if b < 2a, the hypothesis that A is closed under ad-
ditioh can be dropped since f then satisfies Proposition
2. Under certain conditions a converse is possible and

is prdved below.

Definition 2: Let ACJk:R, where R is the set of all

real numbers. The set A is closed under addition with




respect to B if x,yeA and x+yeB imply x+yeA.

Theorem 1l: Let O <2a<b in R and let A=cBcR. Define
f on B by f(x)=a if xeA and by f(x) =b if xeBflcA. Then f
is subadditive on B if, and only if, A is closed under ad-
dition with respect to B.

Proof: To show that the relation between A and B im=-
plies subadditivity, the various possible cases will be
considered for x,y.,x+yeB.

1) If x,yeA, then x+yeA and f(x+y) =a sf(x)+f(y) = 2a.

2) If xeA and yeB(lcA, then f(x+y) =a or b, while

f(x)+f(y) = a+b.

3) If x,yeB()cA, then f(x+y) =a or b, and £f(x)+£(y)

=2b. In this case f(x+y) <f(x)+f(y)-
Thus f is subadditive on B.

Conversely, if there are elements x,yeA such that

x+yeBNcA, then f(x+y) =b >f(x)+f(y) = 2a, which means that

f is not subadditive on B.

In particular, the characteristic function of the ir-
rational numbers is subadditive on R.5 This is an example
of a subadditive function which is discontinuous at every
- point and an example which negates the converse of Proposi-
tion 2 in every interval. The above theorem implies that

the characteristic function of a set AcRis subadditive if,

5'I‘he characteristic function of AcRis the function
defined by X(As3x) =1 if xeA, =0 if xecA.



and only if, cA is an additive semi-group in R. An exam-
ple of a continuous, non-negative, subadditive function
with infinitely many separated zeros is given by

f(x) = |sin x| (since |sin(x+y)| =|(sin x)(cos y)|

+ |(cosx)(sin y)| = |sin x|+|sin y|, |cos x| being <1).

This example will be generalized in Chapter IV,



CHAPTER IT
SOME GEOMETRY OF SUBADDITIVITY

Several properties of subadditive functions which
have a graphical interpretation will be developed in this
chapter. Two of these, the lemmas, will be of value in
proving theorems and validating examples in later chapters.

The function f*:x=f(x)/x associated with a subadditive
function f has already appeared in Proposition 1 and will
appear later in this work, notably in Chapter III°l The
properties of f*, the properties of additive functions,
several examples of subadditive functions, and especially
Theorem 5 suggest that subadditivity may be preserved un-
der rotation of coordinate axes; as the following theorem

shows, subadditivity is preserved if the function concepf

is.

Theorem 2: Let f be subadditive on R and let 8, 0<#8
<% (ar -3<6<0), be a rotation of axes such that the
graph v=f(u) in the rectangular Cartesian (u,v)-system is
the graph of a single-valued real function for all rota-

tions o of the axes such that O<a =<8 (respectively,

8 Sauso)} Then. the function g obtained by referring the

1see also‘[2] and | 4].



graph of f to the (u',v')-system obtained by the rotation
8 is subadditive on R.

Proof: The theorem will be proved by the method of
contradiction. It will be shown that, if g is not subaddi-
tive, then there exist points of the graph which determine
‘a line perpendicular to a rotated position of the u-axis
for some rotation o included in the statement of the
?heoremo

Let x', y', and 2' be values of u' such that x' +y'
= z'. Let x, y, and z be the u-coordinates of (x',g(x')),
(y',8(y')), and (z',g(z2"')), respectively. Suppose that
g(z'")> g(x")+g(y'). Let G=g(z')-g(x')-g(y'). From the
rotation formula f(u) =u'sin(8)+g(u')cos(®) it follows that

f(z)-f(x)-f(y) =(z'=-x"=y')sin(8)+Gcos(8).

Since z'-x'-y' =0,

f(z)-f(x)-£(y) = Gecos(9). (4)
In the same way, the formula u=u'cos(9)-g(u')sin(e) yields

xX+y=-2z = Gsin(9). (B)

In the case 8 >0 (see Figure 1), equation (B) yields
x+y = 2+Gsin(@) >z, which implies that the point
(x+y,£(x+y)) is to the right of the line u=2z. Using
equation (A), f(x+y) s f(x)+£(y) = £(z)-Gcos(®), which
implies that (x+y,f(x+y)) is on or below the line u'=132"'.
Therefore, the points (z,£f(z)) and (x+y,f(x+y)) determine
a line which makes an angle o, O<a <0, with the vertical
line u=2z. For this rotation o of the (u,v)-axes these

two distinct (since x+y >2z) points have the same abscissa.
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v
- /
v=f(u) N
f(x)+f(y)
yﬂ
/xV/J
6 h u
X v Z X¥y

Figure 1. Subadditivity and Positive Rotations

In the case 8<0 (see Figure 2), sin(8) <0, which
means that equation (B) implies x+y < z. The inequaiity
f(x+y) < £(x)+£(y) =‘f(z)-Gcos(e) still holds -- which means
that the rotation again exists for which (z,f£f(z)) and
(x+y,£(x+y)) have the same abscissa. |

The restriction -%< ] <%can be femoved by repeated
rotations 6' <%, although the property cos(8) >0 was nec~-

essary to the proof given.

The class of continuous subadditive functions is
guite large. For example, the following curve-fitting

problem has the indicated solution.
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v=Ff(u)

verw

(2)+£(y)

8)/ x /ﬂ )
/ / // k\<X+y,f<x+y>>

a

Figure 2. ©Subadditivity and Negative Rotations

Remark 4: Let x, u, y,Aand v be non-negative ﬁumbers
with x<u. Except for the case u=nx and v>ny, n-a posi;,
tive integer, there exists a continuous subadditive func-
tion £ on E with y=£f(x) and v==1(u).

Proof: If vsy, let £(t) = y for te[0,x],
£(t) = (y-v)(t-x)/(x-u) +y for te[x,ul, and f(t) =v for
xe[u,»). This "polygonal'’ function is non-increasing and
non-negative so it is subadditive by Proposition 1.

If v>y and u#nx #0, then there exists b>0 such
that £(t) = y+b|sin(nt/x)| is the desired function. The

function f is here the sum of two subadditive functions.
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In each case the function f is bounded above on E and is
non-negative.

In the case u=nx, if £ is subadditive,
v =f(nx) <snf(x) =ny, and no subadditive function is possi=-

ble for which v >ny.

The following lemmas deal with continuity and bound-
edness of subadditive functions on E and will be useful
later in verifying examples and proving a convergence

theorem.

Lemma 1l: If g is a subadditive function on E = [0,%)
and if g(x) smx for all xeE and some meR, then u<v in E
implies that g(v)-g(u) sm(v-u).

Proof: Since v-ueE, g(v-u+u) < g(v-u)+g(u), implying

that g(v)-g(u) s g(v-u) sm(v-u) by hypothesis.

For subadditive functions defined on R, Hille and
Phillips [23 Po 24’7] show that, if f is continuous at t =0
but £(0) >0, the discontinuities of f may be everywhere
dense in Ry if, however, f is continuous at t =0 and
£f(0) =0, then f is continuous everywhere. For functions
defined only on E, the following simpler results are ;a\ll

that is required.

Lemma 2: Let f be a subadditive function defined on E
with at most a finite number of discontinuities on any
compact subinterval of E. If f(x)-0 as x=-0, then the

oscillation of £ at a point of discontinuity ¥
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— lim f(X)-limX‘ _f(x) -- is negative. If f is

X—oy+ —ty

also non-decreasing on E, then f is continuous on E.
Proof: Let O<hs<x. Then f(x+h) <f(x)+f(h), which
implies that limh.__’o+f(x+h.):sf(x)° Also f(x-h+h)
< f(x-h)+f(h), or f£(x)-f(h) < f(x-h), so limh'_‘ 0, (x-h)
2 f(x)., Thus at a point of discontinuity y, where at
least one of the limits is not equal to f(y),
lim o, £(y+h) <lim, o f(y-h).
If f is non-decreasing, then f(x+h) 2 f(x) 2 f(x-h)

for h>0, which means that lim f(x+h) = f(x)

h -0+
=limh_¢0+f(x—h),

The principal result of this chapter has been the
solution given in Theorem 2 to the rotation problem. A
discussion of the frequently associated problem of trans-
lation of axes has been rather glaringly omitted. The
ﬁroblem has been studied, however. In particular, an un-
published article written by P. C. Hammer of the University
of Wisconsin, "BSubadditivity in General,' contains the
following result,; which is stated here in less general form

than that in which it appears in that article.

Proposition: If sup_ y{f(x+y)=f(x)mf(y)} exists and
equals b and if c2b, byceR, then c+f is subadditive (and

conversely).

Hammer then applies this result and some calculus to

the statement of Rosenbaum [5] that 3+sin(t) is subadditive



on R, but 3 is not the smallest value for which this is

true. Hammer shows that 3/3/2 is the smallest value.

14



CHAPTER III
THE MAXTMAL SUBADDITIVE EXTENSION

Definition 3: Let f be a subadditive function on the

interval [0,a]ly, a>0. The function Sf defined at each
xeE = [0,») by

Sf(x) =inf T f(Xi) s
where the infimum is taken over all finite sets
,{xl,x2,,ougxn} (where x; may equal Xy for i # j) such that
X +Xoto oo tX ) =X and Xisél(i.=l,29°oo3n)9 is called the

maximal subadditive extension of f to E. Each set

{Xl’X2’°°°’Xn} is called an a-partition of x.

The function Sf was defined and investigatea (using
some different notations) by Bruckner [4;5] in the analo-
gous case of superadditive functions. DMost of his results
pertain to continuous and non-negative superadditive func-
tions and are not immediately applicable here. More will
be said about this situation in Chapter V, but a few of

his general results follow.

Proposition 3 [51: a) The function Sf is subaddi-
tive on E, and, if g is any subadditive function on E

which is an extension of f, then 8f(x) 2 g(x) for all xeE.

15
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b) If f and g are subadditive on [0,a] and if‘f(x)zzg(x)
for all xe[0,al], then Sf(x) =2 Sg(x) for all xeE. c¢) If
¢ 20, then c¢(8f(x)) =8(cf(x)) for all xeE.

Proposition 4 [4]: If xeE and x<Ma, M a positive

integer, if {Xl,..,,xn} is an a-partition of x, and if f
is subadditive on [0,al, then there exists an a-partition

{yl,yg,co,,yr} of x such that r <2M+1 and
r n
St s 3 f(y.)= 2 £(x.). A
(x) 5,2 £(5;) < 2 £(x;) (4)

Proof: If u,ve{xl,,,oﬁxn} and u+v < a, then
f(u+v) < £f(u)+f(v). Thus replacement of u and v by u+v
yields an a-partition which is at least as good (in the
sense of (A)) as the original. Repetition of this proce-

dure yields the desired a-partition.

Definition 4: Any a-partition D such that u,veD

implies u+v>a is called a refined a-partition.

By the above proof, a refined a=-partition can be ob-
tained as a "refinement" of any given a-partition without
loss of accuracy of approximation to Sf. A refined a=-
partition of x doeé not contain O if x>0 and does contain
at most one element of (O,%]° A refinement of a given a-
partition is not necessarily unique. For example, if
a=1, x::é9 and the a-partition of x is
{1/5,1/5,1/5,1/2,1/2}, then possible refinements are
{1.1}, {1/3.5/6,5/6}, ana {2/3,5/6,1/2}.
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Proposition 5 [4]: a) If f is continuous and subad-
ditive on [0,a] and xeE, then there exists a refined a-
partition {Xl,ooo,xn} of x such that Sf(x)==f(xl)+f(x2)
+.°.,+f(xn)o b) If f is subadditive and continuous on _

[0,a] and £(0) =0, then Sf is uniformly continuous on E.

Proposition 6 [4]: If £ is a subadditive function

on the set {0,b,2b,3b,...}, >0, and if F is the function
whose graph is obtained by Jjoining by straight line seg-
ments the points (0,£(0)), (b,£(b)), (2b,£(2b)); +.. in

that order, then F is subadditive on E.

Proposition 6 provideé‘a convenient way of construct-
ing ekamples of subadditive functions on E. The behavior
of such examples =-- obtained by applying the definition of
Sf to f defined on the finite set {O,b,...,nb}, where the
infimum always exists -- is further amplified by Theorem 6
and Corollary 6a, which appear later in this chapter. It
should be noted, however, that, if f is defined on
{O,b,2b,oo.,nb} and if Pf denotes the "polygonal extension"
of f'(in the sense of Proposition 6) to [O,nb], then
P(Sf(x)) # 8(Pf(x)) in general. For example, if f is de~-
fined on {0,1,2,3} by £(0) =£(3) =0, £(1) =4, and £(2) =1,
then Sf(4) =2 and P(Sf)(B—%) =1l but if one considers the
half-integers also, then it follows that S(Pf)(B%) =2,

The next few theorems exhibit some of the properties

of the maximal subadditive extension.
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Theorem 3: Let f be subadditive on [0O,;al. Then f is
non-decreasing on [O,a] if, and only if, Sf is non-
decreasing on E.

Proof: ©Since f is the restriction of Sf to [0,a]
(written, "f =Sf|[0,a]"), the monotonicity of f follows
from that of Sf. Conversely, if Sf decreases, then there
exist x,yeE such that y>x and Sf(y) <Sf(x).(*) Also,
take y—x<%o (This can be done since the interval [x,y]
can be decomposed into subintervals of length less than
% by a partition X=X5<Xy<ooo <Xp.=yo Then
Sf(xi_l):SSf(xi) for all i =1,23-.0.,p implies that
Sf(xo)=58f(xp) -—- a contradiction.)

If ye[O,a], then f decreases on [0,a] and the contra-
position argument is complete. In the case that y>a, let
€>0 be given. Then there exists a refined a-partition
{ylgooogyn} of y such that yl:>% and Sf(y)+e:>f(yl)+o,a
+f(yn)° (See pp. 15,16.) Let Zz:yla(ymx)o Then
{z,y2,y5,oo,,yn} is an a=partition of x, so that
Sf(x) sf(z)+f(y2)+f(y5)+oo,+f(yn). Then subtraction of
this result from the preceding inequality yields |
Sf(y)—Sf(x)+s>>f(yl)ef(z)o Since € is arbitrary9 it fol-
lows that f(yl)-f(z) <8f(y)=8f(x) <0 (*), which means that

in this case, too, f decreases on [0,a].

Corollary 3a: Let f be subadditive on [0O;a]. Then f

is strictly increasing on [0,a] if, and only if, Sf is

strietly increasing on E.
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Proof: Repeat the proof of Theorem 3, replacing "'<"

by ""<" in the inequalities (*).

Theorem 4: If f is subadditive on [0,a], if O<c<a,

and if g=£|[0,c],> then Sg(x) > 8£(x) for all xeE. Also,
Sg=5f if, and only if, Sg|[0,al =f

Proof: If xeE and C is the collection of all c-
partitions of x and A tlj.e collection of all a-partitions
of x, then CCA and Sg(x) =,inf{2f(xi_) : {xi}eC}

2 inf {Zi‘(xi) : {xi}eA} = Sf(x) .

To prove the second part, if there is an xe(c, a]
such that Sg|[0, al(x) >f(x) ('"<" has just been ruled out),
then, since 8f=f on (c,al, Sg(x) >8f(x). Thus Sg=Sf im=-
plies Sg|[0,a] =f. Conversely, if Sgl|[0,a8] =f, let €>0
be given. Then there is an a=-partition {Xl’”' "Xn} for
xeE such that Sf(x) >f(xl)+,“+f(x )-—8=° For each x.; there

exists a c-partition {y ,yg?ou 5 Y - (l>} such that

M3
Beg(xy) > r%l)g(y§)~6/2no

n M(l) '
Thus Sf(x) >i§lf(xi)--§- =l? Sg(x; )~==—> E o z g(y;)-&/2n)-%
n M(1i) T
= lgl( I‘El g(yl)>"’€o

n M@ n M~(1)
Since X ( ( ) r) X, it follows that Z( X g(yr)) > Sg(x) .
i=1 r= l i=1 r=1

1If f is a function defined on a set B and if DCB, then
f|D denotes the function g defined on D by g(x) -f(x) for
all xeD.
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Therefore, Sf(x) >Sg(x)-¢€. Since € is arbitrary,
Sf(x) 2 Sg(x). Since Sg(x)_z Sf(x) by the first part of
this theorem, Sf(x) = 8g(x).

It is possible to obtain sharp bounds on the function
Sf by proving the general case of a theorem for which

Bruckner invokes a hypothesis of continuity [4, PP- 1159—60_‘]°

Theorem 5: If f is a bounded subadditive function on
(0,a], then the graph of Sf is bounded between parallel
lines on (0Oy»). More precisely, if m=inf{f(x)/x : xe(O,a]}
and b= sup{f(x)—mx : xe(o,a]}, then mx < Sf(x) <mx+b for all
Xe:b(O,w)°

Proof: Note than, if xe(0,3], then f(2x) <2f(x) and
f(2x)/2x<f(x)/x, so that only those valueé of x in (%,a]
need to be considered in finding a lowéi' bound of f(x-)/xe
By hypothesis, |f(x)]| <M on (0,a] for some positive MeR.
Thus |f(x)/x| =2M/a for all xe(%aa], Therefore
{f(x)/x : xe(O,a]} is bounded below, which means that
there exists a real number m=ini‘{f(x)/x : Xe(O,a]}o
Similarly, since {f(x)-mx : xe(O,a]} is bounded above by
M+|mal, let b= sup{f(x)-mx : XG(O,aJ}o

Let €>0 be given and consider ye(a,»). Let
{Xl,, .o ,Xn} be a refined a-partition for y such that
- Bf(y)+e Zf(xl)+“,+f(xn)o Since x; ;é'O and |

msf(Xi)/Xi (i=lg2gooogn),

ns (5 0GB x; = (82()+e) /7,
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or my <Sf(y)+e. Since g is arbitrary, my < Sf(y).

There ex?sts a unique integer p such that y==%é9-§-z3
where O < z<%c., Let tg(%ga] such that f(t)/t <m+eg/ap..
Then the integer r is uniquely determined such that
y =rt+z', where O<z'<t, and r <p since t>%a It follows
that Sf(y) <srf(t)+f(z'). Since f(t) < tm+te/ap and
f(z') smz'+b (by definition of b), Sf(y) <r(tm+te/ap)+mz'+b
=m(rt+z')+b+(t/a)(r/p)e s my+b+e. Thus Sf(y) Smy+b since €

is arbitrary.

Corollary 5a:; Every subadditive function f on E

which is bounded on (0,a) and negative at a is such that
there exists M>0 for which x>M implies f(x)<O0.

Proof: Let g= f|[09a], Then, for m and b defined in
Theorem 5, m<f(a)/a<0. Thus for x beyond the point at
which the line y =mx+b crosses the x-axis (namely, for

x>=b/m), £f(x) <8g(x) smx+b<0.

A slightly more general form of this corollary is
true. It is true if "finite-valued' is substituted for
"bounded," but a finite-valued subadditive function on E
can be unbounded on a bouﬁded interval only in a neighbor-
hood of the origin. [2., p. 241 and p,245:l° An example is
given by £(0) =0 and f(x) =1/x if x>0,

In constructing examples of subadditive functions and
maximal subadditive extensions of them using the technique
of Proposition 6 (p. 17), one encounters situations of

which the following examples are representative.
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1) Iet £ be defined on the set 3, ={0,1,2,3,4} vy
f&»:f@0=o,fujsf®)=29mmixa=1g Then the next
few values of Sf(n), found by vaking min{Sf(1)+sf(n-1),
Sf(2)+Sf(n—2),ooo,Sf([%])+8f(n-[%])},2 are

n: 1 2 3 4 5 6 7 8 9 10 11 12
Bfa): 2 1 2 0 2 1 2 0 2 1 2 0 .

It appears that Sf is periodic with period 4 == a conjec=-

ture which will be verified in the theorem to follow. (See

Figure 3.)
L — - — A= — — —x—— — — A— — — — K —— — A= — — — — ——
2 AN ,’*\ lr\\ PN FARN /’7\\
' ’ \ , N / \ N / \
/ \\ ’ \ d \\ ’ \ i \\ 4 \
! ~ \ / N’ 4 \
l__l__—_v-—_ —_ A e = — - ¥ — N\ — = — =
Il \ / \ 4 \
, AN o \
’ \ v \
‘ ) 1 L ‘\u' i L L A4 i I ! \5
2 L 6 8 10 12

Figure 3. A Repeating Maximal Extension

2) 1If g is defined on J, by g(0) =g(4) =0, g(1) =4,
g(2) =3, and g(3) =1, then the first several values of
Sg(n) are

- n: 1 2 2 4 5 6 7 8 9 10 11 12 13 14 15 16
Sgln): 4 3 1 0 4 2 1 0O 3 2 1 0 3 2 1 0.

It will be shown to be the case that Sg is periodic with
period 4 on the set {8,9,10,11,...} -- a fact which is

2The symbol [x] denotes the unique integer such that
X"l < [X] < X.
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again more plausible after additional computation. (See

Figure 4.)

T = — 7 N — = — = N — — — — —K— —— — — ——
} < , \ / ‘\\ roUNC
—————— —v—~——:~\— — ——L-———\\———-—v—/'-————‘-\—————-—-—-
\ ’ ~ 4 ~ / s
— Nt e SN —_— e D e See
SO / NS / S / ~
e . N » ~2 ~
2 n 6 8 10 12 14 16

Figure 4., An Eventually Repeating Maximal Extension:

The pertinent theorem will be stated and proved for
the set E=[0,%), but it is Jjust as valid for, and more
easily applied to, the set J=={O,l,2$°“}° The theorem is
more general than the examples indicate since it is not
necessary that f take on the value O at the right end-

point.of its interval of definition.

Theorem 6: Let f be a subadditive function on [0,a]
such that, for some ned, Sf((n+l)a+x) = f(a)+Sf(na+x) for
all xe(0,a]. Then Sf(ma+x) = (m~n)f(a)+Sf(na+x) for all
m2n and all xe(O,a]. (Essentially, if Sfl((p+l)a9(n+2)a]
is a "copy" of Sf|(na,(n+l)al, then Sf continues to copy

itself ad infinitum.)

Proof: Let ye((n+2)a,»); then y has a representation

of the form y = ma+x, where meJ and xe(0,al. Let
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{yl,y2,.,.,yr} be an a-partition for y. Since each Ty S8
there exists ked such that yl+y2+oo,+yk==(n+l)a+xl,
Xle(O,a]. Replace NERPZTERERP 4R by na+xq and a. _By hy-
pothesis, f(a)+8f(na+xl)==Sf((n+l)a+xl):Sf(yi)+.,,+£(yk)
(since {yl,.ao,yk} is an a-partition for (n+l)a+xl)°
3 '

There exists k' >k such that (na+xl)+yk+l+..,.+yk°
= (n+l)a+x,, x2e(09a]° Replace na+xy;Jy qs+++:Jr DY
na+x, and a. By Theorem 4, Sf = 8(8f|[0,(n+1l)al), and both"
these partitions of (n+l_)a+x2 are (n+l)a-partitions, so
that o _
Sf((n+l)a+x2)==f(a)+Sf(na+x2):SSf(na+xl)+f(yk+l)+...+f(yku)o
Repeat this procedure until an (n+l)a-partition for y of
the form Y:z{na+x,a9a,,,,,a}, with m-n a's, is obtained.

This yields the inequality

r B r
izlf(yi)2.f(a)+Sf(na+Xl)+ 3% f(yi)

i=k+1

. ,
22f(a)+8f(na+x2)+ ) f(yi)2 000
i=ki'+1

2 (m-n)f(a)+Sf(na+x),
which holds for every a-partition of y.
Therefore, (m-n)f(a)+Sf(na+x) <8f(y), but, since Y is

an (n+l)a-partition for y, (m-n)f(a)+Sf(na+x) 2 8f(y).

Corollary 6a: Let f be a subadditive function on

[0,a] such that S8f(a+x) = f(a)+f(x) for all xe(0,a]. Then
Sf(ma+x) =mf(a)+f(x) for all med and all xe(0,a].

Proof: Take n=0 in Theorem 6.
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Bruckner has shown [4; 5, po 2] that a function £
which is concave on [0,a] with f(0) 20 has a maximal sub-
additive extension Sf which behaves according to the rule
of Corollary 6a. Such a function is given by £(x) = | sin x|,
which was shown earlier to be subadditive. This function
will now be used to provide two examples,

1) The inequalities mx S 8f(x) < mx+b of Theor_eﬁ 5 are
the best possible on every interval in E of length a. If
f(x) = |sin x| and a=n, then m=f(xn)/n=0 and b =f(-’é‘-) =1,
By Bruckner's result just mentioned, Sf(x) = |sin x| on E,
and the bounds O < |sin x|<1 are realized on every closed
interval of length =,

2) The infimum of a family of subadditive functions
is not necessarily subadditive. For example, if
f(x) = |sin x|, g(x) = 2x/3n, and h(x)==inf{f(x),g(x)}, then
h(3n/2) =1 >h(F)+h(x) = 1/3+0.

The concluding portion of this chapter is devoted to
a discussion of the additivity of the operator S. If f
and g are funcﬁions defined on the same set D, then write
f2g if, and only if, f(x) 2g(x) for all xeD. This is a
partial ordering of the set of all functions on D. In the
usual terminology, Proposition 3, parts b and c¢ (p. 16),
state that S is a monotone, positive-homogeneous operator
on the set of all subadditive functions defined on [0,a]
into the set of all subadditive functions on E. The fol-

lowing theorem states that S is also superadditive.
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Theorem 7: If f and g are subadditive on [0,a], then
S(f+g) =2 Sf+8g.

Proof: Using the definition of 8 (p. 15), S(f+g)(x)
= infE(£(x;)+g(x;)) > infIf (x, )+inflg(x,) = S (x)+5g(x).
Equality may not hold. As an example in a finite case,
let £(0) =g(0) =0, £(1)=g(1)=2, £(2) =g(2) =£(3) =g(3)
-g(4) =%, and £(4) =5 on J, ={0,1,2,3,4}. Then S£(5) =6,
5g(5) =5, and 8(f+g)(5) =12.

A couple of conditions under which equality holds can
be mentioned. First, if f=cg, ¢ a non-negative constant,
then Proposition 3¢ implies that S(cg+g) = (c+l)Sg
=c(8g)+8g = S(cg)+Sg. Second, if f and g are both concave
on [0,a], then f+g is concave and S(f+g)(na+x)
=n(f+gXa)+(f+g)(x) =nf(a)+f(x)+ng(a)+g(x)
= Sf (na+x)+8g(na+x) for all xe(0,a] -~ by Corollary 6a and
Bruckner's result noted there. The set of all functions
having the properties of f in that corollary is also
closed under addition, so that these functions provide a
generalization of the notion of concave functions non-

negative at 0.

Theorem 8: Let f and g be subadditive on [0,a] with
the property that Sf(a+x) ;f(a)+f(x) and Sg(a+x) = g(a)+g(x)
for all xe(0,al. If h=f+g, then Sh(a+x) = h(a)+h(x) for
all xe(0,a].

Proof: Assume that there exists an a-partition

{Xl,x29 eeo _,Xn}' for a+x guch that h(xl)+o . °+h(xn)<h(a)+h(x);
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Then h(a)+h(x) > h(xl)+ oo °+h(Xn) = Sh(a+x)
= 8(f+g)(a+x) 2 8f (a+x)+3g(a+x) = f(a)+f(x)+g(a)+g_(x)
= (f+g)(a)+(f+g)(x) = h(a)+h(x) -~ a contradiction.
Thus h(a)+h(x) Sh(Xl)+e . °+h(xnj for every a-partition

of a+x; hence Sh(a+x) =h(a)+h(x).

Corollary 8a: The functions f and g of Theorem 8
satisfy S(f+g) = 8f+8g.

Proof: By Theorem 8, Sh(a+x) =h(a)+h(x). By
Corollary 6a, Sh(ma+x) =mh(a)+h(x) =n(f+g)(a)+(f+g)(x)
=nf(a)+f(x)+mg(a)+g(x) = Sf(ma+x)+Sg(ma+x), for all med
and all xe(0O,a]. Since every ye¢E has the form ma+x,

- 8h(y) = Sf(y)+Sg(y) at every yeE.



CHAPTER IV
OTHER EXTENSIONS

This chapter deals with extensions of subadditive
functions from E to R, from J td E, and from [0,a] to E.
The first consideration is that of the way in which the
behavior of a subadditive function f for positive x af-
fects its behavior for negative x == a consideration which
sheds some light on the existence of an extension of a
function g on E to R as an even function. Hille and
Phillips [2§ PP-. 244»5] show that a finite-valued subadol‘\i-=
tive function defined on (O,») has no finite subadditive
extension to R if either f(x) 2o as x=0 or f(x)/x =~ as
X =, This supplies some idea of what not to expect of
subadditive even functions. (An even function f is one
which satisfies the relation f(-x) = f(x) for all xeR. If
f(-x) = -f(x), then f is called an odd function.)

Proposition i [6]: Every even subadditive function

is nowhere negative. Every measurable odd subadditive

function is of the form f(x) =mx, m a constant.

Remark 5: Every function f on E such that
sup{f(x) : xeE}s2(inf{f(x) : xeE}) can be extended to R

as an even subadditive function. If f is non-increasing

28
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on E, this condition is also necessary.

Proof: That the function f is subadditive is a con-
sequence of Proposition 2 (p. 5). The supremumand infimum
of the extension on R will be the same as those on E, S0
the extension is subadditive by the same propositionv,

If f is non-~-increasing and F is its even extension to
R, then sup{f(x) : XGE}F £(0). .If there is a point yeE
such that 2f(y) <£(0), then F(0) =F(y-y) >F(y)+F(-y) = 2£(y),

and F is not subadditive on R.

Theorem 9: If f is non—decreasi‘ng and subadditive on
[0,2) and non-increasing and subadditive on (=«,0), then f
is subadditive on R.

Proof: If xy>0, then f(x+y) <f(x)+f(y) by hypothe-
sis. If x>0, y<0O, and x+y20,.then f(x+y) < £(x) < £()+£(y)
since f£f(y) 203 if x+y <0, then f(x+y) <f(y) < £f(x)+f(y).

If x=0, then f(x+y) = £(y) < f(x)+f(y)-

Corollary 9a: Every non-decreasing subadditive func-.

tion defined on E can be extended to R as an even subaddi-

tive function.

Corollary 9b: Every non-decreasing subadditive func-

tion f on E can be extended to R by f(x) =0 for all x<O0,
or by £f(x) =£(0) for all x<O0.

Theorem 10: ILet £ be subadditive on E‘,~ Then f can

be extended to a subadditive even function F on R if, and

only if, f(x-y) < f(x)+f(y) for all x2y in E.
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Proof: If f is subadditive on E, and if F is the
evep function on R which is an extension of £, then
F(x+y) <F(x)+F(y) whenever xy 20. Thus assume
f(x-y) < £(x)+£(y) and let u>0 and v<O be given. If
uz |v|, then F(u+v) =F(u-|v|) = £(u-|v|) s £(u)+£(|v|)
=F(uw)+F(v). If ﬁ< |v], then F(u+v) ;F(u—]vl) =
£()vl-u)=s £(|v])+£(u) = F(v)+F(u).

Conversely, if there exist u,veE such that uzv and
f(u-v) > f(uw)+f(v), then F(u-v) = f(u-v) > f(u)+£f(v)
=F(u)+F(-v), and the subadditivity inequality fails for

the even function F at the pair u,-veR.

The following lemmas will be useful in Chapters VII
and V, respectively. In each lemma a non-decreasing sub-
additive function on [0,a] is extended to a larger set as

a subadditive functim.

Lemma 3: ILet f be a non-~decreasing subadditive func-
tion on [0,a] (or on Jk={091"2“°°5k})° Extend f by
F(x) =f(a), x>a (respectively, by F(n) =f(k), n>k). If
F =1 on'the original domain, then F is subadditive on E
(on J).

Proof (for the case of [0,a]): The function F is non-

decreasing since x<a sy implies F(x) = f(x) =f(a) fF(y)o
Let u+v=x>a, u;veE. If u,v>a, then F(u)+F(v) = 2F(x).
If u<a, then v>a-u and F(w)+F(v)2F(u)+F(a-u) 2F(a)
=F(x).
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Lemnma 4: Let f be non-decreasing and subadditive on
[0,a], a>0. Let g be defined by g(x) = f(x) if xe[0,a],
g(x) =f(a) if xe(a,2al], and g(x)==f(a)+f(x-2a) if
xe(2a,5§]° Then g is subadditive on [O,fa]°

Proof: If x,y,x+ye[0,2a], then s(x+y) = g(x)+g(y) by
Lemma 3. For x+ye(2a,3a] consider the various cases.

1) If x,ye(a,2al, then g(x+y) <g(3a) = 2f(a)

= g(x)+(y)-
2) If xe[0,a] and ye(a,2a] , then y-2a <0 and

g(x+y) = £(a)+f(x+y-2a) s £(a)+£(x) = g(y)+a(x).
3) If xe[0O,a] and ye(2a,3al], then g(x+y)

= f(a)+f(x+y=-2a) s f(a)+f(x)+f(y-2a) < g(x)+g(y).
(Since g is non-decreasing on [0,%a]. this construc-

tion may be repeated as often as necessary.)

Attention turns now to some theorems involving inter-
polation of subadditive functions by concave functions.
* More precisely, if f is a subadditive function defined on
the set J of all non-negative integers (see Remark 3), how
can f be extended to E=[0,») by interpolation of values
while retaining the subadditivity property? A simple an=-
swer follows, but it is only a special case of the general

theorem.

Theorem 11: If f is a non-decreasing subadditive

function on J and F is defined on E by F(0) = £(0) and
F(x) =f(n) for all xe(n-1,n] (n=1:2y35...)s then F is

subadditive and non-decreasing on E.
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Proof: For each xe¢E let n(x) be the unique integer
such that n(x)-l<x=<n(x). The function F is non-
decreasing since x<y implies n(x) <n(y) and F(x) = f(n(x))
<f(n(y) =F(y). If x,yeE, then F(x)+F(y) = f(n(x))+f(n(y))
2 f(n(x)+n(y)) = F(n(x)+n(y)) 2 F(x+y) since n(x)+n(y) = x+y.

W

Thus F is subadditive on E.

This extension of f as a left-continuous step func-
tion and the extension of f as a polygonal function (in
the sense of Proposition 6) afe both subadditive whenever
f is non-decreasing and subadditive. The interpolating
functions on [0,1] -- g(0) =0, g(x) =£f(1) if O<x<1 in
the first case, and g(x) = £(1)x in the second case == are
both monotone subadditive functions, but subadditivity is
not, in general, a strong enough hypothesis. A general
theorem is true if g is a monotone concave function with
g(l)=£f(1). The gnfunctions of these two caées then are

the extremes of this class of interpolating functions.

Theorem 12: Let f be a non-decreasing subadditive

function on J. Let g be a non-decreasing concave function
on [0,1] with g(0) =0 and g(1) =1. The function F defined
on E by
F(x) = £([x])+{£([x+13)-£([x]) Je(x-[x1),
where [x] is the integer x-1<[x] <x, is subadditive and
non-decreasing on E.
Proof: By the definition of F and monotonicity of g,

F is non-decreasing on any interval [nyn+l], nedJ. Since
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the intervals [n,n+l] and [n+l,n+2] have a point in common
for each n and since f is non-decreasing, F is non-
decreasing on E. To show subadditivity, let x=m+u and
y = n+v, where m,nedJ and u,ve[O,1).

1) In the caée u+v=h<1 and g(u)+g(v) €1, note
that g is subadditive on [0,1] by Proposition 1. Thus
g(h) < g(u)+g(v). The calculation proceeds as follows:

F(x+y) = f(m+n)+{f(m+n+l)-—f(m+n)}g(h)

s f(m+n)+{f(m+n+l)~f(m+n)}{g(u)+g(v)}

= f(m+n){l—g(u)—g(v)}+f(m+n+l){g(u)+g(v)}

< {f(m)+f(n)}{l-g(u)=—g(v)}+{f(m+l)+f(n)}g(u)
+{f(m)+f(n+l)}g(v)

= £(m)+{£(m+1)-£(m) Je(u)+£ () +{2(n+1)-£(n) Ja(v)

=F(x)+F(y).

2) If u+v=h<1 but g(u)+g(v) >1, assume that the
notation has been selected so that f(n+l)-f(n) < f(m+l)-f(m).
Thus y denotes the point in the unit interval of smaller
‘increase in f. Since g(uw)+g(v)>1, |
{£(@+1)-£(n) Hew)+e(m }+£(0) 2 {£(n+1)-2(n) }+£(n) = £(n+1),
so that F(x+y) < f(m+n+l) < f(m)+f(n+l) < f(m)

+{f(n+l)-f(n)}{g(u)+g(V)}+f(n)
< f(m)+{f(n+l)-f(n)}g(u)+{f(n+l)-=f(n)}g(v)+f(n)
< £(m)+{£(wr1)-£ (m) e (w)+ (n)+{f (e 1)~ (0)}ew)
=F(x)+F(y).

3) If u+v=1+h>1, the proof requires more informa-
tion about the function g. Definé G(x) =l-g(l-x); (In
effect, turn the graph of g upside-down and let (l,1) be
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the origiﬁo) G(0) =0 and G is convex on [-O,l]o Thus
G(tx+(1-t)y) < tG(x)+(1-t)G(y) for all t,x,ye[0,1]. Let
vy=0, x=a+b, t=a/(a+b); then G(a) <aG(a+b)/(a+b). Let
y=0, x=2a+b, t =b/(a+b); then G(b) <bG(a+b)/(a+b). Adding
these two results yields G(a)+G(b) = G(a+b). Letting
a=1l-u, b=1-v -- so that a+b =2-(u+v) = 2=-(1+h) = 1=h —=
the result is G(1-u)+G(1-v) £G(1-h), which translates to
g as l=g(u)+l-g(v) € l-g(h) or as g(h) <g(u)+g(v)-1l. Then:
F(x+y) = f(m+n+l)+{f(m+n+2)-f(m+n+l_)}g(h)
< f(m+n+l)+{f(m+n+2)~f(m+n+l)}{g(u)+g(v)=—l}
< f(m+n+1){lmg(u)}+f(m+n+l){l»g(v)}

+f(m+n+2){g(u)+g(v)l}

< {e(m)+£(ne1) H1-gw) be{e(mi)+e(n) H1-s(m }
HE(mel) £ (o) Ha(wg(v)-1}

= £(m)+{£(@e1)-2(m) fe(w)+£(0)+{£(n+1)-1(n) fa(v)

=F(x)+F(y)-

Theorems 11 and 12 may fail if f is not monotone. ZFor
example, the extension in Theorem 11 when applied to
f(n) =1 if n is 0dd and £f(n) =0 if n is even gives a func-
tion F which is not subadditive inasmuch as
F(3)=1>2F(1.5) =0. (Figure 5)

Theorem 12 may fail if g is subadditive but not con-
cave on [0,1]. As an example let g be defined polygonally
by g(0) =0, g(l/4) = 3/8, g(-Jg-:) =%9 and g(l) =1. Then g is
subadditive by Proposition 1. If f(n)=n for all ned,
then F(5/4) = 11/8 > F(3/4)+F(1/2) = 3/4+1/2 =5/4. (Figure 6)
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Figures 5, 6, 7. The Failure of Weakened Forms of Theorem 12

Theorem 12 may fail if g is not monotone. ZFor exam-
ple, let £(0) =0, £(1)=£f(2) =1, and £(3) =2; let g be de=-
fined polygonally by g(0) =0, g(%)==l+s (e>0), and
g(1l) =1. Then F(5/2)==2+sI>F(l)+F(3/2)==2° (Figure 7)

Finally, Theorem 12 must fail if f is notvsubadditive
since F(n) = f(n) if nedJ. A proof similar to that of the
previous theorem, but a much shorter proof, is given for
the following theorem, which was suggested by the subad-
ditivity of |sin x|, and which.generalizes that

subadditivity.

Theorem 13: Let g be concave and non-negative on

[0,1). The extension F of g as a periodic function to
E=[0,»), defined by F(x) = g(x-[x]), is subadditive on E.
Proof: Let x=m+u and y=n+v, where m,ned and

u,ve[O,1).

1) If u+v<l1l, the subadditivity of g on [0,1) yields
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the inéquality F(x+y) = F(u+v) = g(u+v) = g(u)+g(v)
=F(x)+F(y).

2) If u+v=1+h=21, then h<u and h<v. Since g is
concave and nonunegative, let g(1) =0 and g will be con-
cave on [0,1]. Now g(u)-—g(l uh u-hl) S(h) u-hg(l)e
tha%zis, g(u)/(l—u)::g(h)/(l-»h)° Slmllarly9
g(v)/(1-v) 2 g(h)/(1-h). Therefore,

ggu2+gg ) _ v) _glu)+g(v)

1~ h SIu+ I-v 2- - 1-h o
Multiplication by 1-h gives g(h) sg(u)+g(v), so
F(x+y) = g(h) s g(w)+g(v) = F(x)+F(y).

It is essential that g be non-negative because
Theorem 5 and Corollary 5a prevent any bounded subadditive
function which takes on negative values from being peri-
odic., However, the condition that g be concave is not a
necessary condition. The ppiygonal extension G of the
function Sf of Figure 3 (p. 22) is not concave, but
Proposition © guarantees that G is subadditiveo

These last two theorems have served to emphasize the
close'relationship between concavity and subadditivity

hinted at in earlier results such as Proposition 1.



CHAPTER V
CONVERGENCE

This chapter is deVoted to the study of sequences of
subadditive functions. vTﬂis study was.motivated by con-
sideration of a theorem of Bruckner on fhe convergence of
extensions of functions. This motivation is the failure
of ?he analogue of his theorem when subadditive functions
are:used° The basic result pertaining to sequences of sub-
additive functions will be stated first, and then this

failure will be discussed.

Proposition 8 [2, Po 258]: If {fn} is‘a pointwise
convergent sequence of subadditive functions, then the

function f:x~ lim fn(x) is subadditive.

Bruckner's theorem, mentioned above, is the following

[4, P 1157]:

Let {fy} be a sequence of continuous non-negative
superadditive functions converging to the contin-
uous function f on [0,a]. Let Fp denote the min-
imal superadditive extension of fp. Then f is a
continuous non-negative superadditive function,
and the minimal superadditive extension of f is
lim Fpe. B

The proof of this theorem makes use of the uniform conver-

gence of {fn} to £ implied by the monotonicity of each fi°

37
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No such monotdnicity is availabie in the subadditive case,
and the statement obtained from Bruckner's theorem by re-
placing "superadditive'"by ""subadditive' and“'minimal';by‘
"maximél" is false. (It is, of course, still tfqe if
"non-negative' 1is élso replaced by ""non-positive.'" ) To
verify the failing case with an example, let f(x) =x on
[0,1]3 then Sf(x)=x on E=[0,»), Let £, (n= 1‘,'293,.,.)
be defined polygonally on [O,l]’myfn(l/2n)ﬁQf;(lal/2n)==l/2
and by £_(2) =z if 2=k/2% (k=0,2,3,4,...,2%2,2"). An
~application of Theorem 5 - wifh m=£2n°l/(2p-l) and‘
=%(_1—1/(2I_1-1)) -- to f, yields the information that the

seduence {an} is approaching boundedness above by thé
line y§=%X+%§. Specifically%»for each xeE énd é?»Og-there

" exists NeJ such that n>N implies Sf_(x) <%—X+%+s. Each £,
is a continuous non-negative subadditive function on [0,1]
by Prostition 6, and fnf»f (nonmuniformly) on [0,1], but
{an} is not approachiﬁg Sf. (See Figure 8.)

y=58(x)
o Y=t
. 1 T R
Solid line is b St Sy T
graph of . | - =T
¥ =£5(x) 1/2 T

1/8 1/2 7/8 1 2

Figure 8. Non-Uniform Convergence of Maximal Extensions
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The appropriate positive result, to which Bruckner's

proof applies, is the following one.

Proposition 9: Let {fn} be a sequence of continuous
subadditive functions converging uniformly to the function
f on [0ya]. Then lim an=='Si‘° (The function f is, of

course, continuous and subadditive.)

The hypotheses of continuity and uniform convergence
may be traded for a different kind of restriction in the

following manner.

Theorem 14: If {fn} is a sequence of subadditive

functions on [0O;a] converging to f there, and if fn:zf
for all n, then anf~Sf on E.

Proof: Let xeE and € >0 be given, and let
{Xl’x2’°°°’xr} be a refined a-partition of x such that
Bf(x)Erf(x;)+°,,+f(xr)=%o (The function f is subadditive
by Proposition 8.) Note that r is bounded above by some
integer M =M(x). There exists mieJ (i=152400.5r) such
that n>m, implies fn(xi)-f(xi)<s/2l"[° If n>max {mi}9
then an(xj anﬁxl)+uo,+fn(xr)<:f(xl)+ooo+f(xr)+rs/2M
< 8f(x)+e/2+e/2. But fanf on [0,a] implies an(x):an(x)
by Proposition 3b. Thus |an(x)—Sf(x)| <e,

An attempt to implement Proposition 9 by inserting a
condition implying uniform convergence might proceed in
the direction of one of the usual conditions [79 P 86]

such as:
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1) The functions f; are continuous, fl sf25f5 S cooy
and f is continuous, or
2) The functions f, are non-decreasing and f is
continuous.
However, a different kind of restriction, a bound on
the rate of increase at the origin, is possible in the

subadditive case.

Theorem 15: Let {fn} be a sequence of subadditive

functions (not necessarily continuous) converging to the
continuous function £ on [0,a] and such that there exists
a real number m> 0 such that fn(x) smx for all n and all.
xe[0,al. Then the convergence fn-f is uniform on [0,a].
Proof: The limit function f is subadditive by
Proposition 8. Also, since fn(x) s mx and fn(x) - f(x),
f(x) smx at each xe[0;a]. By Lemma 1 (p. 12), if x>y in
[0,a], then f(x)-f(y) <m(x-=y) and fn(x)-fn(y) sm(x_y)‘

Let €>0 be given. Since f is continuous on [0,a],
there exists P >0 such that |f(x)-f(y)| < e/4 whenever
|x~y| =P. Let & =min {s/4m.,9}u Let O = Xy <Xy <oee<X,=a
be a partition of [0,a] with X;~X; _q % & (1 =142450005L)s
Since fn(xi) -'f(xi)a there exists NieJ such that
|fn(xi)-f(xi)| < e/4 whenever n>N; (i=1,2;...,r). Let
xe[0,a] with X1 <x =X and let n>max{-l\li}o Then
£(x)~2, (%) = (£(0)=£(x_1) )+ (£(x_1)=£(x))+ (£(x) -2, (1))

+-(fn(xk)”fn(x)> < m(x—xk_l)+s/4+a/4+m(xk—x)

<me/4m+e/2+me/4m = €, and
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£n(0)=2(x) = (£, (0=, Gy g D+, (1 )~ECye_1))
+(f(xk_l);f(xk))+(f(xk)—f(x))<:m(x—xk_l)+s/4+s/4+m(xk—x)<‘s°
Since these inequalities hold independent of the choice of

X, the convergence is uniform,

That this theorem may fail without the m—condition is
a consequence of the example on page 38. Thé condition,
however, is not necessary since fn(x> = l/n gives a_uni-,
formly convergent sequence of subadditive functions. Con-
verses of theorems of the above ﬁypes on convergence of
subadditive functiéns'are, in general, not true. For ex-
ample, even under conditions of monotone convergence of
continuous functions a sequence of functions, no one of
which is subadditive, may have a Subadditive limit fuﬁc—
tion. To show this, let f be defined polygonally on [0,2])
by £(0) =0 and £(1) =£(2) =1. Let each £ be defined
polygonally by £ (0) =0, £ (1)=1£ (2)= fn(5/2:tl/2n+l) =1,
and fﬁ(5/2) =1+1/2%1, Then fﬁ(;/z)afn(a/anl/an’“l) DY el

and f is not subadditive by Lemma 1. (See Figure 9.)

2 Y

£

Figure 9. A Sequence of Non-Subadditive Functions

1 32 2
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The following remarks concern a subadditive function
with certain pathological properties of continuity and for
which a couple of the earlier lemmas have been introduced.
It is intro&uced in the theory of functions of a real
variable [8, ol 195] as an example of a function which is
uniformly continuous but not absolutely continuous. The
function, which is called the Cantor function, is con-
structed as follows:

Let D be the Cantor '""middle third'" set constructed

by deleting from the closed interval [0,1] the open

intervals I(1,1) = (1/3:2/3); I(2,1)=(1/9,2/9) and

1(2,2) =(7/9,8/9)s I(3,1) =(1/27,2/27),

1(3,2) = (7/27,8/27) s 1(3,3) =(19/27,20/27), and

I(3,4) = (25/27,26/27)3 ... . Define K(x) = (2k-1)/2"

if xeI(n,k) and define XK(x) = lim XK(t) if

£ -
Xe:D::Chl_..{(I(ngk)o The continuous non-decreasing func-
9

tion K thus defined on [0,1] is the Cantor function.

Remark 6: The Cantor function K is non-=decreasing
and subadditive on [0,1].

Proof: Define K (n=1,2,340..) on [0,1] to be the
function obtained by Jjoining polygonally consecutive end-
points of the graph of K restricted to all I(r.k)
(IV=1,2,of°,n) and the points (0,0) and (1,1). (See

Figure 10.)
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Figure 10, Approximations to the Cantor Function

Each function Kn is additive and nonudecreasing on
[O,l/Bn] and satisfies the conditions of Lemma 4 when ex-
tended to [O,B/Bn]9 so it is subadditive on [095/511]o
Repeating the extension n times by Lemma 4 yields Kn?
which is, therefore, subadditive on [0,1] (n=1:25.¢00)
Since Kn-*K uniformly on [0,1], K is‘sgbadditive by

Proposition 8.

Note that the function K, usually defined in the’
above manner, might alternatively be defined as lim‘Kn ﬂg
the uniform convergence then giving the continuity of K.
It will be shown in Chapter VII that K has additional
properties in relation to a convex cone of subadditive
functions -~ properties to which the remaining chapters

are devoted.



CHAPTER VI
CONES OF SUBADDITIVE FUNCTIONS

The remaining material concerns certain subsets of a
linear space over the field R of real numbers. Certain
standard notational devices which will be used are defined
below, and then ths sets and elements of particular inter-

est are defined.

Definition 5: Let A and B be subsets of a real lin-

ear (vector) space L, and let teR. Then
A+B=={X+y : xeA and yeB}, =A=={x 3 -xeA}, A-B = A+(~B), and
tA = {tx : XGA}o

Definition 6: A set C in a real linear space L is a

cone if 1) C is convex, 2) tCC C for all t20 in R, and
3) Oﬁ(-C)::{&} where @ is the origin in L. Condition 1

can be replaced by 1') C+C<C.

Definition 7: ILet C be a cone in L. An element xeC

is called an extremal element of C if X19X2€C and Xq+ x2£=x

imply that Xq and X, are scalar multiples of x.

In an appropriate linear space (space of all functions
defined on a given set, space of bounded functions on a

set, etc.) certain sets of subadditive functions are cones.

44
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Let D denote‘one of the sets J=={O,l,29°°,},‘
Jk=&n1@,”.¢}(k>o%,m¢ﬁ?mrE=[owoh Then C(D)
will denote the éone of all non-decreasing subadditive
functions defined on D. Some problems of characterizing
the extremal elements of cones of functions have been con=-
sidered by Choquet [9] and McLachlan [lO; ll:|° A motiva=-
tion for this study is provided by the following theorem

of Choquet.

Proposition 10 [9, Po 257}: If the vector space L is

a locally convex Hausdorff space, and if A is a convex
compact subset of L, then, for every xoeA, there exists a
(Radon) measure uoizo on the closure of e(A), the set of

extreme points of A, whose center of gravity is X,

This theorem applies to a cone C if there exists a
hyperplane in L cutting the cone C in such a set A which
has the added property that every ray of C intersects it
in exactly one point, since the extremal elements of C are
the non-negative scalar“multiples of the extreme points of
a. [12, p. 82].

| McLachlan has observed [ll] that the most difficult
aspect of such problems is that of finding "non-
proportional'" decompositions of the non-extremal elements
as the sum of elements which are not scalar multiples. He
also noted that the relation ClCZG2 can be used only in
the following way: If ClC:C2 and xeCl is an extremal ele-

ment of 02, then x is an extremal element of Cl°
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Proposition 11 [10]: Let C be a cone of functions on
one of the sets D mentioned above, and let f,fl,f2e0 such
that f1+f2==f° a) If C is a cone of non-negative func-
tions, xeD, and f(x) =0, then fl(x)==f2(x)==0° b) If C
is a cone of non-decreasing functions, x,ye¢D, and
f(x) =£f(y), then fl(x)==fl(y) and f2(X)==f2(y)e c) If¢C

is a cone of subadditive functions, x,y,x+yeD, and

f(x+y) = £(x)+£(y), then fi(x+y)==fi(x)+fi(y) (i=1,2).

Corollary: If C is a cone of subadditive functions on
D, then every function f which is additive on D is an ex-

tremal element of C.

The additive functions may be the only extremal ele-
ments of a cone, as in the case of the cone C“(Jk) con-
sisting of the zero function and all strictly increasing

subadditive functions on Jka

Theorem 16: A function feC'(Jk) is an extremal ele-
ment of C'(Ji{) if, end only if, f is additive on J.

Proof: An additive f is extremal by the corollary
above. If feC?(Jk); let r==min{f(m)—f(m—l) : mw;lgE,oa.ak}
> 0. Let f;(n) =E§-1 and f,(n) = £(n)-f,(n). Since f; is
additive, f2 is subadditive. Both fl and f2 are strictly
increasing with f, (m+1)-f, (m) zg (1=1,23 m=0,1y000 ,k=1).

If £ is not additive, fl+f2 is a non-proportional decompo-

sition of f.
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Two other examples of cones of subadditive functions
of types already considered here can be mentioned, namely,
the cone of all subadditive, non-negative, periodic func-
tions of period p defined on E and the cone of all funcf
tions on [0,a] satisfying the condition of Theorem 8
(p. 26). This last example can be verified by appealing
to Theorem 8 and Proposition 3c.

It is easily shown that, if C is a cone in L, then
C-C is a subspace of L. The remainder of this chapter is
devoted to a solution of the problems of identifying the
extremal elements of C, showing the existence of an inte-
gral representation in the sense of Proposition 10, and
-determining C-C for the cone C==C(Jk)9 the cone of al;
non-decreasing subadditive functions on Jk=={091,29°°°9k},
It will occasionally be convenient to think of C(Jk) as a
subset of Euclidean (k+l)-space, Rk+lo

In connection with this problem there is a conjecture
due to Choquet that the extremal elements of C(J) are those
functions feC(J) for which f(m+l)-f(m) is equal to O or to
f(l) for‘eVery med. That all such functions are extremal
was proved by McLachlan [1110 However, there are other
extremal elements and an example of one will be given once
the extremal elements of C(Jk) have been found.

The first things to note about the elements feO(Jk)

are that f(n) 20 for all ned, since £(0) 20 and

k
f(n) 2f(n-1), and that £f(n) =0 (n>1) if, and only if,

£(1) =0.
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Lemma 5: If f is an extremal element of C(Jk)’ then
£f(0) =0 or £(0) = f(l).,‘

Proof (by contraposition): Without loss of generality
assume that £(1l) =1 (see property 3, p. 2). Then assume
that the above conclusion fails, so that 0<f(0)<1l. Let
fl(n) =f2(n) =£%2 if n>0; let fl(O) =0 or % according as
£(0) <% or 2—%, respectively; let f2(0) =f(O)—fl(O)‘° Since
fl(O) ;éﬂec—)-l, the decomposition is non-proportional. Since

fl(O) and f2(0) are non-negative and each is no larger

1
thaxl -2-, flgfeeC(Jk)o

If £#0 in C(J, ), let f be normalized by £(1) =1

»
(that is, consider the pr_'oportional function f£':n-f(ny£@)).
Consider all equations f(n)+f(m) =f(n+m) (1 <n,m and
n+msk) and f(n+l) = £f(n) (L sn<k) which are true for this
function f. Replace f(n) by X, (n=1,25...5k) to obtain a

system L(f) of linear equations, which has at least one

solution, namely xn=f(n) for all x  which appear in L(f).

Theorem 17: Let feC(Jk) with £(1) =1, and £(0) =0 or
f(0)=1. Then f is an extremal element of C(Jk) if, and
only if, X, occurs in at least one equation of L(f) for
every 1i=1,2,...,k and the system L(f) has a unique solu-
tion when Xy = 1.

Proof: This proof is closely patterned affer the
proof of a similar result given by McLachlan [10} If £
is not extremal but every x; appears in L(f), then there

"exist £

l’fzeC<Jk) such that fl+f2=f and fl;étf, teR.
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Then X =(1,£(2)y...,£(k)) is a solution of L(f) and
72 = (1’22’.;""21{)" with z, =fl(i)/fl(l) is a different so-
lﬁtion which satisfies all the equations by virtue of
Proposition 1llb,c.

Conversely, if xp does not appear in L(f), then the
minimum, u, of the set A1UA2UA5 is positive, where
4y = {£(@)+£(n)-£(p) : ma#0 and men=p},
A2_={f(p)+f(n)-f(p+n) : n>0 and p+nsk}, and
Ay = {£(o+1)-2(p), £(p)-2(p-1)}. Tet £;()=LP) @ 4p), ana
let fi(p) = géEl+-(—l)J"11./LL (i=142), Then f = fl+f2 is a
non-proportional decomposition in C(Jk)o

If each x; appears in L(f) but there exists a solu-
tion Y = (l,yge,o oo .,yk) # X, the equation x; =1 guarantees
that L(f) is not a homogeneous system, so Y # tX, teR.
Also, for any teR, Z=tX+_(l—t)Y is a solution of L(f) ==
a fact which enables the specification that each yi$O to
be added since each X5 >0 and there must then be a neigh-

borhood of X in Rk

in which the line tX+(1-t)Y contains
only k-tuples of positive numbers.

Let u>0 be the minimum of the set B1U1329 where
B, = {f(m—l)—f(n) : f(n+l) > f(n) and n<k} and
B2={f(m)+f(n)—f(m+n) : m+n <k and f(m)+£f(n) >i‘(m+n)},
Let I"I=max{yi}, .lét r=1+u/M, and consider
Z='(:/;l,‘,‘,..,zl‘:)=I'X+(l—r)§(a |

The function f':i-z; is in C(Jk) with

z, = (1+u/M)x; ~uy; /M, and the function fy:i-f(i)-(u/2k)f'(i)

gives the non-proportional decomposition
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f=fl+(u/2k)f‘ in C(Jk) since, to form z., a number less
than u was subtracted from a number bigger than X5 and

since z; = £'(i) sk.

Remark 7: If x . =x and x +X

n-1-"n n ¥n-1 = *p4n-1 8F€ €dua-

tions in L(f), then x _1tXp =X and X 1 =%, are in

m n m+n-1 m-
L(f).
Proof: If Xm—l+xn>Xm+n—l’ then subtraction of
X _+X

and use of X =X, 1 imply that X1

a contradiction of the non—decr‘easing property of f., Thus

= -x >
mt¥n-1 = *men-1 “Xn O,

equality holds in x_+x 1% and also, by subtraction,

m “n- m+n=1
must hold in X1 = %p°
Remark 8: If X1 =%, and xp+:x‘.m= o where p+m=n,

are equations in L(f), then xp‘_l+xm =X, 19 Xp+xm-==l =X, 79

Xp =Xp_1, and X =X _q are in L(f).

Proof: If Xp-l+xm>Xn=-l’ then subtraction of

xp+xm=xn and use of X1 =%, imply that xp_l-xp >0, a

contradiction. Also = X
*p-17*p

The remaining equations follow by symmetry of hypotheses

as in the previous proof.

in p and m.

Theorem 17 may also be interpreted as a characteriza-

tion of the extremal elements of the subcone C, in C(J)

1
consisting of all non-decreasing subadditive functions f

on J which are constant for all n2k=k(f). Since no non-
proportional decomposition exists for such an f if n<k and

the proportionality must be preserved for n>k by Proposi=-

tion 11b, the extremal elements of Cl are also extremal



elements of C(J). This fact and the following example

yield a counter-example to the Choquet conjecture.

Consider the function feC(J6) defined by £(0) =0,

£f(1) =1, and f(n)::% (n=2,3,4,5,6). (See Figure 11.)

.,
-

Figure 11. ZExample on the

Choquet Conjecture

The system L(f) consists of x; =1, X) = X5 2x2==x49

x2+x5 = x5 » XotX, =Xg, and 2x5 = Xgo The determinant of

this systen,

is equal to 2, so the solution of the system is unique.

OOHOOO
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1
OHOKFOO
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Therefore, £ is an extremal element of C(J6).3 and if f is

extended to J by f(n) =3 (n>6), then f is extremal in C

and C(J) although f is not of the form conjectured by

Choquet.

1
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The cone C(Jk) is a convex subset of gE+1 with the
usual topology of pointwise convergence (Euclidean topol-

ogy). Let B={f : feJ_and £(1) =1}. The origin

k
(04045000,0)¢Bs and, if £eC(J,) and f is not the origin,
then £f(1) =r>0 so that g=(1/r)f is in B. Thus B inter-
sects each ray of C(Jk) in exactly one point. Also B is
convex since f,geB and O<t <1 imply

t£(L)+(1-t)g(l) = t+(1=-t) = 1.

The set B will be shown to be compact by showing that
it is closed and bounded. Since B is a subset of the rec-
tangle {(XO’XI’””xk) : OSXOS19 x) =1, and
l<x <n (n=2,°oo,k)}, B is bounded. If fn is a sequence

of distinct elements of B with limit feR™'!

\
subadditive by Proposition 8, £(1) = 1lim fn(.l) =1lim 1=1,

, then f is

and f is non-decreasing since £f(i) =1lim fn(i)
<lim ‘fn(i+l) =f(i+1l). Thus feB and B is closed.

Since the hypotheses of Proposition 10 are satisfied

k+1

by B=A and R =L, the desired Radon measure exists for

a multiple of each_fOeC(Jk)o
Theorem 18: The cone C(J,) generates all of Rk"'l;

_pk+l
—C<Jk) -—R °

that is, C(Jk)
k

Proof: Define vectors vieR‘ +1 by Vo = (15150009151)
aIld vi:_(»O,1,29v5’oooi"l,igi,ooo31) <i=1929¢eogk)o. These
vectors represent functions in C(Jk) (of the Choquet type_)

and are subadditive by Proposition 1., The k+1l vectors \£]

k+1

form a basis for R since the determinant
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Yo
V1
=1 for every k=1,2500ce o
Gk

To show this by induction, note that V, = ‘1 1" =1, and

01
assume that
1111 ... 1 1 1
0111 ... 1 1 1
0122 ... 2 2 2
012 3 .00 3 3 3
Vn= oo e . o o o e =lo
0123 ... n=2 n-2 n=-2
‘ O l 2 5 oo‘e n""2 l'l-l n"‘l
0125 oo e Il—-2 Il-l n
Consider 1111 ... 1 1 1
0111 ... 1 1 1
0122 ... 2 2 2
V = o0 o a0 0 o0 o
n+l 161723 ... n-1 n-1 n-1
012 3% . =1 n n
0125 ooo‘n“l Il l'l+l o
Subtracting row 2 of Vn+l from rows 3,4;55...,n+2 and ex-

panding by minors of column 1 yields Vn as the only non-
zero cofactor. Thus Vn+l==Vn==l°

Since H=={vogvl,ooa,vk}CC(Jk) and H is a basis, every

element yeRk+l has the form
x = 3 - 2 Ja.|v
y = »oa.V. = a.v. i_ i

P T | i'i
i=0 aizo ai<O
the difference of two elements of,C(Jk)°

The following chapter discusses some relations between
extremal elements of C(Jk) and those of C(J) and C([0,1]).
The Cantor function reappears in the second case, and some.

unsolved problems are mentioned and discussed.



CHAPTER VII
EXTENSIONS OF EXTREMAL ELEMENTS

There are several ways in which extremal elements of
the cone C(D) can be extended to extremal elements ofra
cone C(B), where DCB, and these will be discussed now.
This discussion will lead to a discussion of the extremal
element problems in the cone C([0,1]). The first of the
extensions to be discussed is that resulting from use of
the operator S, defined either from [0O,a] to E or from Jk
to J. The theorem is stated below for the case of [0,a],
but its analogue for the case of Jk is proved in the same

way.

Theorem 19: Let f be an extremal element of C([0,a]).

Then Sf is an extremal element of C(E).

Proof: The function Sf is in C(E) by Proposition 3a
and Theorem 3. Let Sf =G+H on E, where G,HeC(E) and
ST #G¥0; let g=G|[0,a) and h=H|[0,a]. Then g,heC([0,a])
and g+h=f. Since f is extremal, g =tf and h= (1-t)f on
[0,a] for some te(Ogl)e‘

If xe(a,»), then G(x) =s8Sg(x) =8(tf)(x) = t(8f)(x) by
Proposition 3¢ (p. 16). Similarly, H(x) < (1-t)Sf(x).
Therefore, Sf(x) = G(x)+H(x) < t(Sf)(x)+(1-t)Sf(x) = S£(x),
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and equality must hold. Thus the decomposition is in the
proportion G(x):H(x) =t:(l=t) at every xeE, and Sf is ex-~
tremal in C(E).

In connection with this theorem, it should be noted
that the sequence {f(n) : neJ}
= (Oel91929295357595949494943494‘949495959°uo)g where there

n-1 entries of each integer n>1, is an extremal ele-

are 2
mént of C(J) and its restriction to Iy is an extremal ele-
ment of C(Jk) for every k>03 however, f is not a maximal
extension of any of its initial portions, nor is it a min—
imal extension in the sense of being constant for n=2k.
That £ is!extremal in C(J) is a consequence of McLachlan‘s
result.(p. 47). That the extension of f|J, byvh‘olding it
constant for n>k is in C(J) is a consequence of Lemma 33
its extremal character comes from Proposition 1lb. It is
not true,ﬁhowever, that an extremal element of G(J)Aiﬁst
be extremal in C(Jk), when restricted tovJks for’every

k>0. Infinitely many k will do.

Remark 9: If there exist infinitely many ked such
that fle is extremal in C(Jk)9 then f is extremal in C(@J).

Proof: If f is not an extremal element ova(J)9 then
there éxist ned and g.heC(J) such that g(n):h(n) # g):h(Q).
Thus fle is not extremal in C(Jk) for every k:an since

gle+h|Jk is a non-proportional decomposition.

The emphasis now turnsxto those functions which are
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extremal elements of C([0,1]). The "1" is frequently a
convenience, but the theory, because of Remark 3 (p. 5),
is equivalent to that of C([0sa]) for any a>0. The first
consideratign will be the extent to which the extensions
defined in Proposition 6 and Theorem 11 from C(Jk) to
C([0,k]) yield extremal elements.

Theorem 20: Let feC(Jk) and let F be defined on

[0,k] by F(O) = £(0) and F(x) = f(n), xe(n=1,n] (=1,2500.0,K)
Then F is an extremal element of C([O,k]) if, and only if,
f is an extremal element of C(Jk)°

Proof: By Theorem 11, FeC([0,k]) if, and only if,

feC(J Since F is constant on (n-1l,n] A snsk), the

k)°
decomposition is constant there by Proposition 1llb. Thus
any non-proportional decomposition of F must yield a non-

proportional decomposition on Jk of £, and conversely.

Theorem 21: Let feC(Jk) and let P be its polygonal

extension to [0,k] (in the sense of Proposition 6). If P
is an extremal element of C([O.,k]), then £ is an extremal
element of C(Jk)°

Proof: If f is not extremal, then there is a non-
proportional decomposition f=:f1+f2, and the corresponding
polygonal exténsions Pl and P2 then are a non-proportional

(at least on Jk) decomposition P =P,+P, of P.

The converse of Theorem 21 is not true. For example,

if feC(J2) is defined by f(O):=f(l)==£%§l==lg then f is
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extremal, but the polygonal extension9 P, of £ (Figure 12)
is not extremal in C([0,2]) since. it can be decomposed on

the half-integers.

2 o
P
1 3 1
4
1 2

Figure 12, Polygonal
Extension of an
Extremal Element

Some other examples of extremal elements of C([Ogl])
can be found. In particular, the Cantor function is one
such example which seems to cloud the general problem of

finding all the extremal elements.

Remark 10: The Cantor function K (p. 42) is an ex-
tremal element of C([0,1]).
Proof: Let g,heC([0,1]) and g+h =K. Since

lideOK(X)==O and since g and h are non-negative on [0,1]

liquog(x);zo and limX_‘Oh(X):O° Thus g and h are contin-

uous by Lemma 2. By Proposition 1lb, g and h are constant
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on I(2;1) -- using the notation of page 42. ILet g(1l/3) =r
and h(l/3)=t, r+t =1/2.

If g(1/9) =g(2/9) <r/2 or h(1/9) =h(2/9) <t/2, then
8(1/3)+h(1/3) =g(1/9)+8(2/9)+h(1/9)+h(2/9) <r+t =1/2 == a
contradiction since K(1/3) =1/2. Thus g(1/9) =r/2 and
h(1/9) =t/2. This argument can be repeated to show that
g(1/3%) = /2271 and n(1/3%) =6/2%"1 (0=1,2,35000)%

Since the left endpoint of any interval I(n,k) is the
sum of endpoints of intervals I(m,l1) and the function val-
ue there is the sum of corresponding function wvalues, the
decomposition is proportional on cD::%{&I(nak)g a set
everywhere dense in [0,1]. Since g=2rK and h=2tK on cD,
and since g, h, 2rK, and 2tK are continuous on [0,1],
g=2rK and h=2tK on [0,1]. Thus the decomposition K = g+h

is proportional.

Another large class of extremal elements of C([0,1]),
which includes the functions KIl used in Remark 6 to approx-

imate K, is obtained in the following theorem.

Theorem 22: Let feC([0,1]) such that f is continuous

on [0,1], £(0) =0, and the graph of f consists of a finite
number of line segments with slopes m>0 and O only. Then
f is an extremal element of C([0,1]).

Proof: If f=g+h, g,heC([0,1]), then the hypotheses
force g and h to be continuous on [0,1] as in Remark 10.

If £f£0 on [O.,th X, >0, then £=20 on [0,1], and the

1
theorem holds by Proposition lla. Let f have slope m>0
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on [0,x,], O<x, <1; then f is additive there and g(x) = tmx
and h(x) = (1-t)mx, O <t <1, by Proposition llc. In par-

ticular, g(xl) = tmx, and h(xl) = (lat)mxlo Then let f be

1
constant on ,[Xl;x2] » X] <X,<1, so that £(x) = g(x)+h(x)
;tmxl+(l—t)mxl on [xq,%,] by‘Proposition 1llb. If f has
slope m on [x2,x5], x2<x5 <1, then, by Lemma 1,
g(x)-g(xE):stm(x-x2) and h(X)nh(xz) S(l=t)m(x-x2) for all
;ce(ngxB] .

Thus f(x) = g(x)+h(x) = g(x2)+h(X2)+m(x=—x2)
= f(x2)+m(x-x2)v9 and equality holds, implying that
g(x)==tm(x—x2)+g(x2) and_h(x):=(l=t)m(x—x2)+h(x2)q Thus
the proportionality is maintained. Repetition of these

arguments establishes the proportionality of the decompo-

sition on [0 1].

Thus the functions K (n=1,25...) and K are extremal
elements of C([0,1]), and K -K; but it is not the case
that the limit of a convergent sequence of extremal ele-
ments must be an extremal element. An example follows,
taken from this cone. Similar examples can be constructed
in Euclidean space.

As an example from C([0,3])), which is a closed set in
the Cartesian product topology since subadditivity and
monotonicity are both preserved by pointwise convergence,
consider the function f of Figure 13 defined polygonally
by £(0) =0, £(2) =2, and £(3) = 5/2,
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£
2 =% ~Ey
3
/
L h
1 2 3

Figure 13. A Sequence of Extremal Elements

Let fIl be defined polygonally by £(0) =0, £(2) =2, and, on
the points 2+k/2% (k=1,2,...,2%), by £ (2+k/2")
=fn(2+(k=l)/2n) if k is odd and fn(2+k/2n)=zf(2+k/2n) ifk
is even. Then fnaf (uniformly, in fact) on [O$5]3»fn is
an extremal element of C([0,3]) by Theorem 22, and f = g+h
is not extremal since it has the decomposition g(x) =x/2
on [0,3] and h(x) =x/2 on [0,2],=1 on [2,3].

In C([0,1])., then, the set of extremal elements is
not closed and includes at least the following elements of
C([0,s1]): 1) any non-negative constant function (Proposi-
tion 11b), 2) any additive function (Proposition 1llc), 3)
any continuous polygonal function with slopes of m>0 and

O only (Theorem 22), 4) the Cantor function (Remark 10),

5) any left-continuous step function extension of an
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extremal element of C({Ogl/k92/k9,°,91}) (Theoren 2Q)9 and
6) any step function f with f(x*)-f(x~) = £(0*) or 0. To
show this last, let g(0t) = tvi‘(O’“) and h(O0+) = (1-t)£(0t).
Then, where f jumps, g and h must jump by at least these
amounts and cannot Jjump by more, so the proportionality is
maintained.

The Choquet integral representation for elements of
C([041]) (Proposition 10 and following) exists in the

product topology.

Theorem 23: The set B={f : £eC([0,1]) and £(1) =1}

is a compact convex set in the locally convex Hausdorff
space RI, where I =[0;1], and B intersects each ray of
C(I) in exactly one point.

Proof: Consider C(I) =C([0,1]) as a subset of RI,
the set of all functions on I to R with the product topol-
08y, The function g defined on rT by g(f) =£(1l) is a
linear functional on RI9 so that H:s{f: f(l)::l} is a
hyperplane in R, The set H is closed since fn(l)==1 and
£ ~f imply £(1)=1. The set B=HNC(I) is closed and con-
vex since it is the intersection of two closed,.convex
sets.

If £feC(I) and £#0 on I, then £f(1) =r>0. Thus
(1/r)feB and is the only element of B of the form tf, t20.

By Tychonoff's theorem, the set II is compacts therefore,

B, a closed subset of II9 is compact.

Thus the set B satisfies the Choquet theorem, and the
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integral representation of elements of C(I) by a Radon
measure on the closure of the set of extremal elements
exists.

The set B is not compact in the space m([0,1]) of all
bounded functions on [0,1] with norm || £
=sup-{f(x) 3 Xe[O,lj}° To show this, let f,.be defined
for each rational number re¢(0,1) by fr(x)%:% if xe[0,r]
and fr(x)==l if xe(r,1]. Then {fr}c:B by Proposition 2,
but, if r# s, thenllfrasz=z%o Thus the set {fr} has no
limit point.

Having thus surveyed and extended the work of a se-
lected sample of two generations of mathematical progress
in the theory of subadditive functions, and having observed
that the characterization of the extremal elements of C(I)
is an unsolved problem, this exposition concludes with a
mention of some other unsolved problems. With respect to
the present chapter, it is not knowh how the space
C(I)=-C(I) can be characterized. That is, what functions
on the unit interval can be expressed as the difference df
two subadditive functions? With regard to an earlier re-=
sult, the analogue of Remark 4 in the case of more than
two points may, or may not, be true. Also, a necessary
and sufficient condition that S(f+g) = Sf+Sg would be a
welcome addition to Chapter III. The biggest question,
however, is far more general., Since Rosenbaunm [5] and
Bruckner [4] have led the way in considering subadditivity

in several dimensions, the project of extending some of



the results of this paper to n-dimensional and other
" spaces would be an interesting and (perhaps) rewarding

next step in the theory of subadditive functions.
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APPENDIX B
SPECTAL NOTATIONS

cA Set-theoretic complement of set A (p. 5)

Cc(D) Cone of all non-decreasing subadditive functions
defined on set D (p. 45)

E The non-negative real line {x : O:SX<:W} (p. 2)

£|D Restriction of function f to set D (pp. 18, 19)

I(a,b) Intervals used to define the Cantor function K

(p. 42)

Jd The set of all non-negative integers (p. 2)

I, The set {0,1,2,3,... .k}, k>0 (p. 30)

K The Cantor function (p. 42)

Kn Approximating function to the Cantor function
(p. 42) |

R The set of all real numbers (p. 1)

R, Euclidean n-dimensional space (p. 47)

St Maximal subadditive extension to E of function f

- (p. 15)

[x] The greatest integer less than or equal to x
(p. 22)

[N] Bibliographical reference (p. 2)
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