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PREFACE

Educators must make decisions as to what instructional pro-
cedures are most effective for the teaching of muliiplication to
elementary school childrery Making these deéisions would be
facilitated by knowledge of instructional procedures thet have been
velidated by researchs BDecsuse of the recent changes in the arlth-
metic currdeulum of the elementary school, thls knowledge of
effective instructional procedures is limited, .

Instructional procedure was the subject of this study. The
relationship between selected approachés and pupll acquisition,
retention, and understanding of m-u.ltipl:icatieﬁn; as measured by mean
gecores on the post~test; was studied.

I apprecisted the encouragement and assistance given by my
thesis advisers, Drg’s Vernon Tromel and Idella Lohmann, and other
nembers of my advisory committee, Drsy Gerald Goff, We Wade Marsden,
and Kenmeth Sandvold.

| Permission to conduct the ressarch in the River Falls Public
School and the New Richmond Publie School made the study possible,
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the typing,
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INTRODUCTION
The Problem

From the time the Committee of Seven recommended optimum grade
placement of mathematical topies until a decade ago the content of the
arithmetic curriculum has remained relatively constant even though its
purposes and objectives have changed from time to time. However,
during the last ten years many aspects of the arithmetic curriculum
have been revised.

Recent innovations in the method of teaching basic multipli-
catlon facts reflect changes in the arithmetic curriculum. These
methods emphasize understanding of multiplication as a concept prior
o memorization of the facts and operations. Fultinlication has bheen
defined in the elementary school as a gpecial kind of counting; that
iz, counting by equal sized groups. Instructional procedures hased
upon this definition of multiplication have been used to develop an
wilerstanding of mathematical principles and relationships that apply
to multiplication,

Althoush any multiplication problem with whole numbers can be
solved by either:hddinq or counting, multiplying by a proper fraction
goes not result.in a product larger than the multiplicand. Neither
d%wnmﬁﬂﬂyhmlw'mwmeﬂtina1wmmm;kwmw1mm1Umxwhjﬁmm

1 reit
2

cand. Therefore, placing emphasils upon the rationalization that



multiplication is repeated addition does not develop understanding of
all aspects of the multiplication concept. Such an emphasis fails to
develop the idea that multiplication is an extension of Cartesian
cross-product of sets. The cross-product is thought of as the new set
consisting of ordered pairs. The new set being generated by pairing
each member of the first set with each member of the second set,

Multiplication may also imply a ratio-to-one idea, This second
meaning merits attention if understanding of the multiplication
concept is to be fully achieved. On page 62 Wren (52) referred to
this second meaning in his definition of multiplication, "... is the
process of finding a third number relating to one of two given numbers
in the same ratio as the second is related to one,"

Although this second idea has been neglected during the initial
study of multiplication, children have been requested to solve problems
that involve this idea, There has been little conclusive evidence as
to the means and advisability of using instructional material based
upon the ratio-to-one idea. |

Thus, this research was designed to compare two introductory
approaches to the teaching of multiplication: one based on the
repeated addition idea, the other based on the ratio-to-one idea, Two
questions were considered in the study. The first, can understanding
of basic mathematical concepts such as commutativity, associativity,
distributivity, closure, and multiplicative identity be developed; and
second, can mastery of the basic facts be achieved equally well by
utilizing the ratio-to-one idea as by the more commonly used repeated

addition idea?



Review of the Literature

The arithmetic curriculum in the elementary school is vastly
different today from what it was even a decade ago, The major cﬁange
has been in the content of the arithmetic program. More mathematical
content has been introduced. Emphasis haé been placed on the study of

mathematical struéture, The change in content has been accompanied
by changes in recommended instructional procedures.

Three questiﬁns need to be answered befors the significance of
this study can be seen in its proper setting. First of all, what par-
tieular aspects of multiplication are being emphasized in the "new"
curriculum? Second, what instructional procedures have been intro~
duced to develop understanding of the multiplicati§n concept? And
third, wha% studies have been conducted to'ccmpare instructional pro—
cedures used to introduce the multiplication preceés?

What particular aspects of multiplication are being emphasized?
On page 191 Swenson (42) stated that five idea are contained in the
concept of multiplication. These concepts are listed as: (1) multi-
plication is a special form of addition, (2) multiplication is based
on a special form éf counting, (3) multiplication is a ratio-to-one
idea, (4) multiplication is a rectangular-array idea, and (5) a state-
ment of multiplication is a statement of equality. Althﬁugh five ideas
have been given emphasis in the arithmetic curriculum of the elemen-
tary school has been placed on developing the first, second, and fourth
ideas. Neglect of the ratioQtofone idea and thé equality idea has
led te confusion on the part of the student when understanding of a

pfoblem required the use of these ideas,



L

Dienes (12) stated on page 183 that pupils were confused as to
the basic meaning of multiplication because it was generally ignored in
the teaching of'the mnltiplidation concept, He continued by stating
that thls confusion was not apparent until an attempt to teach
mathematical properties was made, Dienes defined multiplication in
terms of sets,.

On page 127 Ward (48) defined multiplication as the operation of
finding the product of two mumbers. He also defiﬁed the product of
two mumbers in terms of sets.

If A and B are sets and if n(A) = a, and h(B) = b, then the

product of a and b is the number of the Cartesian product

of A and B, B

axb=n(AXB)

Acéording to Ward certain properties of the operation of multipli-
cation follow directly from its definition. These properties are:

(1) the set of numbers is closed under the operation of multiplication,
(2) multiplication is an associative operation, (3) multiplication is
& commutative operation, (4) multiplication has the cancellation prop-
erty, and (5)‘the identity element for multiplication is one. ILater,
Ward noted that the distributive property of multiplication with re~
spect to addition allows either factor to‘be renamed as the sum of two
rumbers, and the other factor distributed over these addends.

From £he preceding definition of multiplication, it is apparent
that the understanding of the multiplication concept would necessitate
the study of methematical properties related to multiplication. The
writer's survey of prominent arithmetic series (7, 17, 47) revealed
that mathematlical structure is being included in the newer editions.

The survey also revezled that the ratio-to-one idea is infrequently



taught,

The second guestion to be answered was in regard to instructional
procedures that have been introduced to develop understanding of the
multiplication concept. The Greater Cleveland Mathematics Program
(27), often referred to as SRA, defined multiplication as an operation
on sets to find a cardinal number of a set formed from a number of
equivalent disjoint sets. However, mathematical properties that
applied to multiplication were taught by means of an array that
emphasized repeated addition., On page 119 a departure was made from
the array approach to demonstrate the following problem:

Mrs. Murray bought two books about space travel,
Last week both of these books were read by five
children, Tom, Dick, Harry, Betty, and Sue., How
many times were the books read?

Teachers were requested to draw a given illustration on the
board. The wrlter noted that even SRA did not suggest that teachers
iilustrate the idea of a Cartesian cross-product,

Buswell's (7) introductory approach parallelled those
previously cited. On page 84 multiplication was defined as a special
case of addition and it was stated that multiplication may be
employed instead of addition under special conditions, namely, when
the group of numbers to be combined in finding the total are equal
in size, However, the following excerpt from page 159 of Buswell's
fourth grade text indicated that Buswell did not recommend the
exclusive use of the array to illustrate the multiplication concept.

With five Indians in each canoe, find how many
Indians Jane will put in five canoces., Hint:

Cover all but five cances, Count by fives as
you touch the cances. Five 5%'s =« o

From the preceding information and the survey of prominent arith-



metic series, the writer concluded that the authors of arithmetic texts
Tor the elementary school have rejected, at least for the present, the
introduction of multiplication by means of rate pairs and graphs in
the first quadrant of a Cartesian plane.,

These statements are not to imply that the use of an array is not
a good instructional procedure. However, the array must be mnodified
considerably when used in the study of the ratio-to-one idea and the
muitiplication of fractions. Tt appeared that the coordinate system,
the whyasical referent for the ratio-to-one approach might be applicable
to the study of fractions.

Research has been done using either instructional procedures
sugpested by authors of arithmetic books for the elementary school or
manipulative devices to teach multiplication. Such research related to
this study was reviewed.

Lvcow (49) examined the difference in achievement of lanitoba
children in the third grade. One group used the Culsenaire rods and
the other used the regular Manitoba curriculum during the introductory
teaching of multiplication. The Cuisenaire rods were judged to be
effective; however, they did not appear to be superior to other tech-
nigque.,

Vastian (29) compared the effectiveness in developing mathematical
reasoning, computational efficiency, understanding of structure, and
attitudes toward mathematics on the part of fourth grade students. The
experimental group used the School lMathematics Study Group, often re-
ferred to as SISG, text, lMathematics for Elementary Scheol - Grade 4.
The control group used a regular text. DMastian found that the experi~

mental group did slightly better on the measurement of mathematical



comprehension and reasoning. There was a significant difference favor-
ing the experimental group in understanding of structure. MNastian
concluded that fourth grade pupils of all ability levels can under-
stand principles and properties of mathematics,

RBanghart (49) compared achievement of children who used a pro-
grammed fourth grade text, including some contemporary content, with
pupils who used a conventional text. DBanghart concluded that the
difference in achievement was significantly in favor of the
programmed text group for comprehension and total achievement., How-
ever, there was no significant difference between the groups for
problem-solving.

A1l of the research in regard to how children acquire mathemati-
cal understanding is not in agreement. Suppes (40) stated that his
sim was to contribute to the development of a scientific theory of
concept formation. This aim stemmed from two concerns as opposed to
perfection of rote learning by the makers of the revised mathematical
curriculume According to Suppes, this distinction is banal because
the advocates of the new curriculum do not indicate what is meant by
developing understanding, do not identify overt behavior indicating
understanding, and do not have measures of that overt behavior.

Suppes (40) concluded from his experiments that: (1) incidental
learning does not appear to be effective; (2) the formation of simple
mathematical concepts by young children is approximately an all-or-
none process; (3) learning is more efficient if the error is corrected
in the presence of the stimulus; and (4) contiguity of response,
stimulus, and reinforcement enhance learning.

It is apparent from the preceding information that a variety of



instructional procedures have been introduced into the>arithmetic cur-
riculum; It is equally as evident that the problem of what instruc-
tional procé&ﬁ}és are most effectivs has:not been studied to any
extent. Consequently, textbock writers do not agree as to the most
effective instructionél procedures,

Thé third question was in regard to studies that have been
conducted to compare instructional procedures used to introduce the
multiplication concept. During the paét five years two doctoral
candiaates have directed their studies toward investigating thé ef~
fectiveness of instructional procedures used to teach introductory
multiplication.

Gray (24) did a study to determine how a method of teaching
intrsductory multiplication that stressed davélopment of an under-
standing;of the distributive property would relate to pupil growth
as measured in terms of arithmetiec achievement, transfer of knowledge,
retention, and progress toward maturity of understanding the multipli-
éati@n econcepte Cray defined the distributive property as an element
~of the structure of mathematics, _

Gray conducted his research at the third grade 1evel._vTWO sets
of experimental lessons were devised. The expefimental lessons pro-
vided for the tesching of introductory mnltiplication in terms of
understanding the distributive property. Only the combinations in-
volving 2, 3, and 4 ﬁere used, Data were analyzed for conciusions
relative to the merits of teaching for understanding. Although there
appeared to be some difference favoring the experimental group in re-
gard to arithmetic achievement, it was not significant, Gray did find

a significant difference favoring the experimental group in the



retention and transfer test, In addition, results from the interview
test indiecated that the experimental group was superior in various
aspectss These results were: (1) the experimental groupbdiffered
significantly from the contrel group on test items requiring applica-
tion of untaught procedures, (2) the experimental group differed
significantly from the control grovp on the use of the distributive
property, and (3) subjects giving distributive property responses were
generally supefimr in intelligence quotient and arithmetic reasoning.,

Gray concluded ﬁhat: (1) a program of arithmetic instruction
that introduced multiplication by a method stressing understanding of
the distributive property produced results supericr to the current
method; (2) knowledge of the distributiﬁe property appeared to enable
children %o proceed independently in finding products; (3) children
apreared not to be able to develop an understanding of the distributive
property unless it is sbecifically taught; and (4) in as far as the
distributive property is an element of the structure of mathematics,
the findings tend to support the assumption thet teaching for an
un&@rsﬁanding of gtructure can provide superior results in termg of
pupil growkh,

Schell (38) was concerned with two aspects of the initial teach-
ing of multiplication of whele numbers to third grade pupilse. These
aspects were: (1) the use of illustrations, particularly arrays, to
represent multiplication, and (2) pupil learning of the distributive
property of multiplication over additior,

Schell used two instructional methods., One was referred to as
the Variety approach, and the other as the Array approach. Data were

analyzed for conclusions relative to the merits of using arrays
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exclugively when illustratiﬁg mﬁ;tiplication at the iptroductory stage.
Althuugh‘Schell-fOUnd that therexwas no significant difference between
the two groups when all items of the final test were compared, he did
find that there was & significant difference between the groups in
faver of the Array group as té the general understanding of muitipli—
cation as measured by specific items on the test,.

Two conclusions might be drawn fyom Schell's study that are
pertinent to thié sﬁudyi First. use of an array exclusively to
idlustrate multiplications séemingly has several limitetions. One of
these limitations was that subJects who had only the array with which
to represent multiplication had more difficulty in discriminating
correctly between addition and/or subtraction problems and multipli-
cation problems than did subjects who had been taught to use a variety
of dllustrations. Secondly, findings in Schell's study seemed to
indicate that pupils may rotely manipulate illustéations as well és
rotely manipulate numbers. There wWas no assurance that any better
wdergtanding ocewrred when ah.array‘Was used. And finally, there
avpeared to be twe distinet Jlevels of functioning in arithmetic.
Schell referred to these levels as the "computationalﬁ level and the
"yrnderstanding” level, He did not find that much overlap necessarily
exigted between the twe, According to Schell, a correct illustration
might indicste that the child grasped the concept of the computational
procedure but it did not necessarily mesn that the child grasped the

relationship between the problem andfer written fact and the drawing.
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Theoretical Background

Considerable interest has been expressed in regard to the
advisability, as well as possibility, of including in the arithmetic
curriculum for the elementary school abstract mathematical concepts.
Davis (10), director of the Madison Froject, explored the possibility
of teaching interﬁediate grade students identities and quadratic
equations. Suppes (40) and his'associates at Stanford University
prepared programs for teaching logic to intermediate grade students
and geometry to primﬁny grade pupils. Bruner and Dienes (5) at the
. Center for Cognitive Studies have been conducting research to de-
termine whether or not children in the elementary school are able to
learn mathematical concepts such as the associative, commutative, and
distributive properties.

Although many of the studies have reported success, they have
not all been uniformly successful., Further research should provide
more information in regard to what mathematical concepts young
children are able to learn, All of the studies have one characteristic
in common. FEach study was based on the assumption that abstract
mathematical concepts might be introduced earlief in the arithmetic
curriculum of the elementary school. If the learner can understand a
basic mathematical principle at an earlier age, he will have at his
command a conceptual tool that will help him progress academically
faster and more efficiently. The abstract mathematical concepts,
therefore, should be acquired by the learner as early in his school
experience as possible,

Bruner (4) on page 6 stated "... these studies have stimulated a
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renewed interest in complex learning ... learning designed to produce
general understénding of the structure of a subject." He continued
by stating:

Grasping the structure of a subject is understanding it in

a way that permits many other things to be related to it

meaningfully. To learn structure, in short, is to learn

how things are related.

Bruner (4) stated that the fundamental structure of mathematies
needs to be taught because: (1) an understanding of the fundamental
structure makes the subject more comprehensible; (2) research indicates
that if details of a subject are not placed in a structural pattern,
they are rapidly forgotten: (3) the understanding of fundamental prin-
ciples and ideas appears to be the primary apparatus of Ytransfer of
training," and (4) by constant re-examination of material taught at all
levels for its fundamental character, the gap between "advanced" and
"elementary" knowledge of mathematics is narrowed.

The psychological investigation of Piaget, a Swiss psychologist,
and his collaborators at the University of Geneva has served as one
source, directly or indirectly, from which research asctivities in re-
gard to the intellectual processes of childred stemmed.

Piaget (36) stated on page 176, Yeee an operation is thus the
essence of knowledge; it is an interiorized action which modifies the
object of knowledge." He maintains that the development of knowledge
passes through four main stages whose order is constant, but whose
time of appearance may vary with the individual and with the culture.
Each stage represents a new coherence and a new structuring of
elements which until that time have not been systematically related

to each other. The first stage is known as the sensory-motor or pre-
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verbal stage which extends from birth to approximately two years of
age. The fundamental heginnings of an operation of reversibility and
associativity are to be noted in the motor behavior o? the child in
space.

The period of pre-operational representation-the beginning of
1anguage,;and therefore of thought, extends from two to seven years of
age. The child has not as yet acquired any concept of e@nsérvati@m
nor is he able to deal reversible operations., For example, to the
child the amount of liquid changes according to the shape of the con~
tainer. The child's judgment of transitivity is 1ackihg, also, He
may recognize that A and B are equal, and B and C are equal, yet he is
unable to reach the conclusion that A is equal te C,

According to Plaget, the first operation appears during the third
stage. Thils stage, known as "conerete operation,” extends from seven
to eleven years of age, The child is now able to deal with objects in
ways that indicate an understanding of reversibility. Piaget (35)
commented on page 177:

eoo children operate on @bjectsv and not yet on verbally

expressed hypotheses, ... there are the operations of

classification, ordering, the cemstruction of the idea

of number, spatial and temperal vperations, and all the

fundamental operations of elementary logic of classes

and relations, of elementary mathematics, of elementary

geometry, and even of elementary physics,

About this same fimg systems having multiplicative character
begin to‘developg> The child is able to classify an object according
to two prdperties, €efey Size and shape. The ehild’s thoughts are
still restricted because the operations are still related to concrete
objectse Thus, at this stage the child is unable to do formal logic,

The Tourth stége is known as that of formal or hypethetic-
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deductive operations. It begins at about age eleven. Not until this
stage is the child able to reason on hypothesis and to draw logical
conclugions from hypothetical détao Now, the child no longer need
rely on conerete objects. Piaget (36) coneluded on page 178, "ooo

he constructs new operations, operations of propositional legie, and
not simply the operations-of clagses, relations, and numbers." The
child is able to draw implications from varlous statements and to
synthesize these implications

Coxford (9) on page 119 quoted Piaget as stating that children
by the time they are six to seven and a half years of age are able to
understand the concept of number, In regard to the concept of multi-
plication Plaget's experiments indicate children attain the under-
standing of one-to-one correspdﬁaénce by age four and a half to five,
Gradual awareness of the multiplication propérty of ons~to-one corre-
spondence is attained by age five or siz, ITmmediate grasp of the
multiplication properties of manyhto—éﬁe and fraction-to-one are at-
tained by age six to seven and a half, These levels do not refer to
the abstraetion associated with symbols Eut to thelr consrste counter
parts.

Plaget, then, has determined ape levels fer the attainment of
the concept of mumber. His findings hsve two Implications for the
teaching of arithmetic: (1) the age of atﬁaimmwntlgives some indie-
cation of when & child may have an understanding of a concept and (2)
the analysis of the developmentél process indicates what material and
procedures might be appropriate in aiding the child in concept for-
mation.

. Another inference made from Piaget's studies is that children
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should be taught the underlying principles of a content area, after
which they should be able to relate specific learnings to the general
structure. The learning situation should be structured so that the
child, by participating actively, is able to develop an understanding
of the mathematical concept.

.Bruner (&) pointed out on page 82 that it is possible to present
fundamental structure in a sequence such that the child is guided to
discover structure for himselfs Many of the new approaches to the
teaching of arithmetic utilize this discovery approach to the teaching
of mathematical concepts.

Tbachiﬁg by a discéveny approach is not easy. There are no
manuals listing the steps to follow. Children neither learn at the
same rate nor in the same way. Therefore, the teaéhéf muét provide
learning situations that allow for these differences, One approach
to the problem of individual differences might be the use of programméd
materiale Programmed material might-be effective in helping students
achieve specific objectives in the area of mathematics.,

No matter what procedure is used, the efforts of the various
curriculun study groups have sought to make school mathematics more a
science of numbers and less a set of drills, Glemmon (22) stated on
page 355 that prior to this.century two theories determined the con-
tent of the school mathematics programs. The first, the need of
society for mathematics training on the part of the citizenry, the
SOciological approach; the second, the need for the subject to be
tavght as a system of related ideas, the logical approach. As dafined
by Morton (32) on page 21, "... the logical approach is concerned with

the structure and organization of arithmetic as a science; while, the
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social approach is concerned with the usefulness of arithmetic in
life's affairs,"

However, with the accumulation of knowledge regarding the
condition necessafy for effective learning, the nature of child
growth and development, and the importance of good mental health,
educators need to consider a third criterion when determining what
ought to be included in the elementary school mathematics programs.
Referring to this criterion on page 22, as the psychological approach,
Morton (32) defined it by stating, "eeo. in mathematics learning pro-
ceeds from an awareness of quantity concept and relationship; to
abstraction of symbolic manipulation; and finally, to greater under—
standing and skill in the application of newly acguired concepts and
processes in social situations in life,"

Educators are aware of the fact that children can learn more
content than can possibly be taught duriﬁg the time they attend
school, The use of Morton's three criteria will enable educators teo
select from all that can be learnsd that which is of the greatest
inmportance.

Studies (49) have indicated that there is some agreement on such
things as the need to build fondamental understandings, the use of
spaced Practice to assure mastery, and the establishment of sequential
learning experiences. The search now needs to center on optirmm
procedures that will emable desired mathematical goals to bs reached
within the framework of a good teaching~learning situwation.

This study was based on certain postulgtes presented in the
preceding material., First, if children canlbe taught abstract mathe-

matical ideas at an early age, then all fourth grade pupils should be
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of the age to understand the mathematical properties related to multi-
plication, Second, if children of the fourth grade level are at a
stage of intellectual development necessitating concrete referents,
then the search for the most effective physical referment should be
contimued, Third, if the use of programmed instructional material
provides for individual differences, then the use of programmed
material would providé for the individual needs of fourth grade pupils.
And last, if the most encompassing concept should be used to direct
instruction on a topic, then the instructional approach utilizing an
equivalent ratio idea of mwltiplication with a graph in the first
guadrant will be as effective or more effective in terms of compu-
tational proficiency and understanding of mathematiecal principles as

an approach utilizing an array,
Delimitations of the Study

Does the method of introducing mulfiplication faets affect the
learneris underétanding of the mathematical concepts applicable to
multiplication of whole numbers and mastery of multiplication facts?

In an attempt to answer the question, this study was designed to
use two different approaches to introduce the multiplication'fécts},
the Repeated-Additien approach and the Ratio-to-One approach, Thus,
the independent variable in the study was the approach used to
introduce the multiplication facts.

The dependent variable was the scores on the post-test. This
test was constructed to test mastery and understanding of the mathe-
matical concepts that applied to multiplication of whole numbers.

Hotivation and interest are difficult to control, Both of these
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covld have been intervening variables, However, for thislstﬁdy these
variables were considered to have a negligible effect due to the
random assignment of each group to one of the two approaches, As
programmed,ﬁaterial was used for the lessons, the teacher variable
was considered to have a negligible effect, alsoc. |

The population of this study was limited £owfourth grade pupils
in the area served by Wisconsin State University~River Falls. Thus,
any inferences drawn from this study may only bé done in regard to
this poﬁulation.

The scope of the study was limited to (1) mastery of the hasic
multiplication facts and (2) understanding of five basic properties
of a number system: the commutative proferty with respect to multi-
plication, the associative property with respect to muitiplication,
the distributive property with respect to multiplication over ad-
dition, closure, and the identity element of one in multiplication

of whole nmmbers,
Definition of Terms

In order to clarify meanings of terms used in the study, the

following list of terms and definitions wés compiled

Cooxdinste Svsteme A method of labeling peints in a plane by
pairs of muberals denoting distance along two intersecting perpen-
dicular rays called axes. This coordinate system is similar to the
cartesian coordinate in a plane except that use is made of only the
first quadrant.

Og@ax@d Eaix; An ordered pair consists of a pair of numerals

written in a prescribed way.
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Frogrammed Material. ILearning matéxial organized step by step so
that: (1) frequent response is required, (2) immediate reinforcement
is provided, (3) opportunity is furnished for discovery, and (&)
allowance is made for the student to work individually at his own rate.

Ratio~ho-One Approach. The approach that used as a2 model a
cocrdinate gystem with ordered pairs to represent the multiplication
properties and facts.

Repeated-Addition. Addition of equal addends.

Repeatec~Addition Apérgagho An array, based upon repeated

addition was used to represent the multiplication properties and facts.
Specific Hypotheses

While most authors of elementary arithmetic series recommend that
multiplication be introduced as a repeated addition idea, others noted
that the ratio-toc-cne idea had been neglected. However, whether the
basic mathematical concepts relating to multiplication could be devel-
oped at the fourth grade level as well by the Ratio-to-One approach.
az by the Repeated-Addition approach had not been determined.

This study was designed to determine whether thereAwas a signifi-
cant difference in student achievement and understanding when differ-
ent approaches were taken in teaching introductory multiplication.

The null form of the hypotheses tested are given as follows:

1» There is no significant difference between the post-

test mean scores of those fourth grade students who had
been introduvced to multiplication by the Repeated-Addition
approach and those who had been introduced to multiplication

by the Ratio~to-One approach,
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2. There is‘no significant difference between the understanding
of mathematical properties of higheachieving fourth grade
students who had been introduced to these properties as
related to multiplication by the Repeated-Addition approach
and thoge who had been intfoducéd to these properties by the
Ratio~to~One approachs

Fe There is no significant difference between the understanding
of mathematical properties of the middle-achiéving fourth
grade student who had been introduced to these properties
by the Repeatededdition approzch and those who had been
introduced to these properties by the Ratio~to-One approach.

bs There is no significant difference between the understandiﬁg
of mgthematical properties of the 1owaaéhieving fourth grade
students whe had been introduced to these properties as
related. to multiplicati@n by the Repeated~Addition approach
and those who had been introduced to these properties by the

The t-test based on 0,05 level of confidence was used to test the
mull hypotheses that there is no significant difference between the
" mean gscores of the tuwo gﬁ@upg an the total post-test as well as the
difference between the mean scores for the respéctive achievement
levels.

Analysis of vgriance was run for each of the mathematical proper—
ties according to achlevement levels.

And last, item ahalyﬁis was‘d@ne to determine thé 1eVe1 of

difficulty of each item on the post-test., Comparisons were made

between the level of difficulty found for the high and low groups,



CHAPTER IT
FROCEDURE
Research Design

Since 1960 mathematical concepts and terminology have been
introduced into the arithmetic curriculum of the elementary school
at earlier levels., This has resulted in experimentation to determine
how thesé concepté could best be introduced to children at these .
levels, One instructional aid, the array, has been used in various
experimental studies as a representation of the multiplication process.
However, the array has its limitations when applied to mﬁltiplication
of numbers other than whole numbers. The question arose as to what
limitations would exist if another physical referent were used during
the teaching of intreduétory multiplication. Thérefore, experimen-
tation was done using another‘ﬁepresentation, a coordinate system, to
provide information relative‘to the teaching of multiplication.

This study was designed to determine whether there are signifi-
cant differences in student mastéﬁy of the multiplication facts #nd
understanding of those mathematical prinéiples applicable to the
mnltiﬁlication‘process when two different approaches were taken in
teaching introductory multiplication. Four classes in the River Falls
School system and four classes in the New Richmond School Eystem

were randomly assigned to the two approaches, Each approach was used

21
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in four classrooms;%two in each school system,

One approach, to be known as the Repeated-Addition approach, used
the array as the physical referent to emphasize the repeated addition
idea in regard to multiplication., The other approach, to be known as
the Ratio-to-One approach, used a coordinate system and ordered pairs
of numbers as the physical referent to emphasize the ratio idea in
regard to multiplication,

Upon completion of fifteen programmed lessons, each group was
adriinistered a post-test by the writer, The retention test was
administered four weeks later, No multiplication was taught during
the time between the administering of the post-test and the retention
test. This period of time also included the regular two week Christmas
vacation§ | |

) This study was begun in October of 1967 and completed in January
of 1968, Each experimental group used fifteen programmed lessons
designed specifically for that groups Upon reaching page L6 in égéiﬁé
Through Aniihmgmig. ﬁﬁﬁd@mgp the adopted text, the first programmed
lesson was introduced. Succeeding lessons coincided with the text's
introduction of sgpecific multiplicationAfacts. Immediately upon the
completion of the final lesson, designed to be used with page 110, the

post~-test was administered.,
Instructional Material

Multiplication may be defined as a special case of addition or
in terms of ratio., In the first sense, multiplication may be thought
of as repeated addition'of a given quantity. Thus, 3 x 5 may be

considered as 5 + 5 + 5, which is to be thought of as joining together
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of equivalent groups. A common representatioen of this meaning is the
array, a rectangular arrangement of equivalent groups. In the second
sense, multiplication may be considered as fhe association of a
number to a third number in the same ratio as a second number is
associated to one. In this sense, 3 x 5 may be considered as

5/1 =[:V3. In this study the representation used for this second
definition was ordered pairs of numbers on a line in a coordinate
system. The product of 3 x 5 was designated by the ordered pairing of
numbers distributed along the coordinate axes, The product of 3 x 5
was that number on the horizontal axis that is assoeciated with three
on the vertical axis in the same ratio as five is associated to one as

the following example indicates:

01234567891011 121314 1%

Although both definitions of multiplication described above were
developed to some degree in the textbooks (?, 17, 47) surveyed by the
writer, only the repeated addition definitioh using the array
representation, was commonly stressed. However, in no textbook was
the coordinate system used in just the way it was described above as
a representation of multiplication.

In spite of the representation used, however, if multiplication
is to be taught in terms of how the structure of mathematics is
related to it, emphasis must be given to the development and under-
standing of the multiplication process. A number of basic
mathematical properties apply to the multiplication of whole numbers.

The commutative, associative, and distributive properties are
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considered to hold for multiplication of whole numbers. That is,
axb=bxa,andax(bxe)=(axb)xe, and 2 x (b +.c) =

(a2 x b) + (a x ¢) respectively. The set of whole numbers used in the
multiplication operation is closed, That is, any whole number when
multiplied by another whole number results in a product that is also

a whole number, The set of whole numbers contains an identity element
for multiplication. The identity element is that number which when
multiplied by a second whole number always results in the second whole
mmber as a product. That is, 1 x n = n.

However, in order to determine whether there was any difference
in échievement and understanding in the specific aspects of
multiplication of whole numbers between pupils taught to illustrate
multiplication.facts by the use of ordered pairs of numbers on a line
in a coordinate system and pupils taught to use an array for
representation, it was necessary to construct two sets of instructional
material. TFor purposes of identification, one set was referred to as
the Repeated-Addition approach and the other set as the Ratio-to-One
approach, The same general outline was followed for the sets as a
whole and in the format for corresponding lessons in the two sets.
Fifteen programmed lessons were constructed for each experimental
approach, Copies of these lessons may be found in Appendix B and
Appendix C respectively.

Before final development of the material used in the main part
of the study, Lessons %, 2, 3, 4, 6, 7, and 13 of the Ratio~to-One
approach were used in a pilot study with a group of children from
the fourth grade of the J. He Ames Laboratory School, The writer

observed the children as they used the programmed material, As a
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result of the cbservation, several changes were made in the lessons.
These were made prior to the beginning of the main part of the
experiment.

In general, the introduction of the multiplieation facts followed
the pattern suggested by Hartung, Van Engen, and Knowles in Seeing
Through Arithmetic, Grade 4, the textbook used by all of the
participating clagses. Because the stﬁdy was not on the developmental
approach suggested in the pupils' textbook, liberal changes were made
to fit the lessons to the desired emphasis upon the mathematical
concepts, The facts used in the lessons were from 1 x 1 =1 to, and
including, 9 x 9 = 81,

Since corresponding programmed lessons in each set had almost
identical content, one description will sufficevfor both sets. A
brief description of the main emphasis of each lesson is given below:

Lesson 1: Introduction To Multiplication

The meanings of multiplication were investigated. Ways
of illustrating multiplication were considered.

Leszon 2: Closure Property

The set of whole numbers wms reviewed prior to the in-
troduction of the closure property.

Lesson 3: QSpecific Representation To Be Used

Emphasis was placed on a specific representation,
array or ordered pairs of numbers on a line in a
cabrdinate systeme The fact that multiplication of
whole numbers is a binary operation was introduced,
Terms such as "factor" and Yproduct" were also

introduced,
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Lessen H4: Commutative Property
This lesson dealt with the intreduction to and = - =" -

practice in writing and illustrating "pairs" of
multiplication facts,

Further practice was provided in the use of the

.

Legson 5

commutative property of multiplication,

Iesson 6: Multiplicative Identity
This lesson dealt with the introduction to and
practice in illustrating and writing the multipli-
cative identity.

Lesson 7: Digtributive Property
The rationale as well as ways of illustrating the
distributive property of multipliecation of whole
nmmbers was studied.

Lesson 8: Digtributive Property Continued
A variety of examples dealing with the distributive
property was introduced.

lesson 9: Pragtice
A variety of examples dealing with the various aspects
of multiplication studied in preceding lessons was
provided,

Lesson 10: Digtributive Property Continued
Different ways of expressing the distributive property
wers examined and practice in using it was given.

Lesson 11: Commutative Property

A variety of examples dealing with the commutative
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B property was provided.

Lesson 12: Introduction Of Two Difficult Multiplication Facts
Emphasis was placed on the learning of two
multiplication facts, 7 x 8 = 56 and 6 x 9 = 54,

Lesson 13: Asgoclative Property
The concept of associativity as it relates to
multiplication was introduced, Different ways of
illustrating and expressing the property were
examined, Practice in using it was given.

Lesson 14: Practice

A variety of examples dealing with all aspects of
multiplication studied in previous lessons was
provided,

Lesson 15: Review

A variety of examples was used to review all aspects
of multiplication studied. Chief among these was a
property identification exercise.

Both the Repeated-Addition and the Ratio-to-One sets of programmed
material were made as alike as possiﬁle. The same multiplication
facts, the same terminology, the same number of examples, and the
same format were used as much as was feasible, The only difference
was in the representation used and the werding of the introductory
word problems, The Ratio-to-One group made no use of any
representation cther than ordered pairs ¢of numbers on a iine in a
ceordinate system, the Repeated-Addition group used an array
exclusively., The word pr@bleﬁs used to introduce each mathematical

concept for the Repeated-Addition group dealt exclusively with objects
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that could be arranged in rows and columns. The Ratio-to-One group's
word problems dealt exclusively with situations that could be
illustrated as a ratic, However, even though the twe approaches
often dealt with different items in the word problems, the answers

to the problems were numerically identical,

Prior to the use of the programmed material, a meeting of the
participating teachers, the elementary school principal, and the
writer was held in each school, At thils time, an explanation of the
study was presented and examples of the programmed material were
examined and discussed, Questions were answered and the teachers
determined the approach each would use by a flip of a coine

The writer introduced a coordinate system and ordered pairs of
numbers to two classes in each school system before the study began,
These classes had been designated to use the Ratlo-to-One approach,

Pemswnal contact with the teachers during the study was main-
tained through three gources: distribution of the material,
observation of the lessonsg, and discugsion with the participsting
teachers, It was de@ided to deliver the materisl to the teachers
three leszons gt one fime; Thus, the writer had an opportunity to
come into sloser ccntéct with the participating teachers through
five sueccessive deliveries of material. This, alsec, provided
opportunities to observe the childrsn as they werked on a lesson,
to discuss the meterial with the teachers, and to record pertinent
comments relative te¢ the studys

During the stuﬁy the writer visited each classroom at least
fdﬁ%htimes; Additionally, the writer administered the post-test

to all eight classes, ring the visits the writer was able to
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note points of difficulty as well as pupil veaction to the material,
Measuring Instrument

A 47 question test, consisting of 61 items, was designed to
measure understanding of specific aspects of multiplication presented
during the study. Objective-type, generally multiple-choice items,
were prepared becauge of the cbjectivity of scoring, Each item was
written so that it could be scored and analyzed separate}y as well as
with the cther items measuring understanding or maétery of the same
aspect of multiplication.,

The components of the test were:

Humbex of Test Question Aspect Neasured

1= 2L Mastery

RZ, 2y, 27, 30, 4O, b5, b7 Commutative Property
21, 23, 31, 41, b2, 45, 47 Associative Property
19, 32, 43, 44, 45, 47 Distributive Property
25, 35, 47 Clogure

5 8 13, 15, 28, 36, 41, b7 Multiplicative Identity
1-47 Overall knowledge

Preliminary test forms were prepared and usged with children in the
fifth grade of the Jo H. Ames laboratory Sch@@l,n Ifems were deleted
or added to the finﬁl form of the test upon thé evaluation of the test
items on the preliminary forms,

A copy of the test, titled, "Multiplication," is in Appendix.D,

The test was used for both the post-test and the retention
test, The post-test was administersd in December, 1961 and the

retention test was administered four weeks laters,
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Selection of Subjects

A few of the school systems in the Wisconsin State University-
River Falls ares have used one or another of the newer mathematics
programs for a few years, Some of the programs provided for the
introduction of all the multiplication facts prior to the fourth grade
as well as stressed mathematical properties that are central to this
study, It became evident, then, that children who had this type of
experience could not be considered as part of the population for the
present study. Therefore, school systems using the newer arithmetic
programs were excluded from the studys The population from which
the sample was drawn had to be limited further to those schools whose
arithmetic curriculum called for the completion of the multiplication
facts during the fourth grade,

In May of 1967 & form letter was mailed to twenty-nine school
systems in the area served by Wﬂsconsiﬁ State University-River Falls
requesting information in regard to the willingness to participate in
the regearch project, the number of available classes, and the arith-
metic text to be used during the 1967-68 schewl year. A copy of the
form letter is in Appendix As Fourteen of the nineteen schools
responding indicated a willingness to participute in the project.
From the fourteen participating school gystems, two were randomly
selectéd whoge fourth grade classes would meke up the representative
sample’s These school systems were New Richmond and River Falls, Both
of these communities are repregentative of the socio~economic levels
found within a typical rural Wisconsin community,

The elementary school population in rural Wisconsin communities
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is relatively stable. As a result few children would have transferred
from another district, The randomized selection of the sample}
therefore, makes it possible to assume that these children were

typical fourth grade pupils in this area of Wisconsin, It seems
probable, though, that some children are included in the sample who are
transfer pupils, It is further aﬁsumeq, however, that the effect of
the presence of such pupils is randomized throughout both treatment
groups and, therefors, does not materially influence the findings

of the study,

The fourth grade population for tiis study consisted of sixty-
four classes in fourteen school systeﬁsﬁ A total of two hundred
tmﬁniyhtwo children in eight classrooms constituted the sample, one
hundred twenty-one in River Fglls and one hundred one in New Richmond,
Ten subjects did not coemplete all fifteen programmed lessons or did
not take the post-test because of absence from school during the study.
As a vesult of thig factor, complete data was available for a total of
two hundied fourteen subjects in the elght classes.

As all of the childwen in the fourth grades of each school
gysten took part in the study, it was aszumed that they constituted a
representative sample of the populations During the first meeting
between the writer and the participating teachers, a ccin wasg flipped
to determine the approach to be used by each classs Two clagses in
each gchool gystem were thus randomly assigned to the Repeated-Addition
agéroach and two elazses in each gchaal gystem were randomly assigned
to the Ratio-to-One approacky TFour classes used the array programmed
material and four classes used the ordered pairs of numbers on a line

in a coordinate system programmed material,
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Treatment of Data

The reliability coefficient of the post-test was obtained
by the split-half method. To correct the cgrrelation found by this
method, the Spearman-Brown formula was useds

The t=test (0005) was used to determine whether there was any
significant difference between the means of scores on the total test,
on items one through twenty-four, and on items twenty-five through
forty~seven, respectively of the Repeated-Addition group and the
Ratio=to~One group.

The subjects in each approach were then divided into three
levels on the basis of their post-test scores. These levels were
referred to as high, middle, and lowe The high level was composed
of subjects having post-test scores more than cne standard deviation
above the mean in their resspective groupse. The middle level was
composed of those subjects having scorss located between one standard
deviation below the mean ard one standard deviation above the mean
aof thelr respective groupss The low level wes composed of subjects
having scores more than one standard deviation below the mean of their
- respective groupse The t-test (0,05) was used to determine whether
the mean score of each of these levels uging the Repeated-Addition
approach differed significantly from its corresponding level using
the Ratio~to-One approach on the various components of the post-testl

Comparisons weres made between the corresponding levels of the two
approaches in regard to the number of correct items for each mathema~
tical property introduced during the study. An analysis of variance

was run for each mathematical property,
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An item amalysis was done to determine the difficulty level of
of the items in the post-test. Comparisons were made between the mean
level of difficulty for the high-achieving pupils and that of the

low=-achieving pupils.



CHAPTER III
RESULTS
Introduction

This study involved the analysis of three separate aspects of the
teaching of multiplication of whole numbers to fourth grade pupils:
(1) the use of the array versus the use of a coordinate system to
illustrate multiplication, (2) pupil learning of mathematical prop-

erties related to multiplication of whole numbers, and (3) pupil

mastery of the multiplication facts.

Test Reliability and Velidity

The reliability of the post-test was determined by using the

results from the split-half method, odd and even numbered items, from

the 214 pupil responses for the pogt-test. The Pearson product-moment

coefficient of correlation was computed. The coefficient obtained by

the split-half method was r = 0,81, To estimate the coefficient of

reliability of the test if the full-length test had been used instead -

of split-halves, the Spearman-Brown formule was used. The corrected

coefficient was r = 0.89., The reliability appeared to be sufficiently

high to jusfify the use of the items in the post-test for this study.
Two aspects of multiplicatien were emphasized in the programmed

material for the study, mastery of multiplication facts and under-

standing of mathematical properties applicable to multiplication,

34
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The post-test contained (1) twenty-four items to measure mastery of the
multiplication facts, (2) eight items to measure understanding and use
of the commutative property, (3) seven i;ems to measure understanding
and use of the associative property, (4) five items to measure under-
standing and use of the distributive property, (5) three items to
measure understanding and use of the closure property, and (6) eight
items to measure understanding and use of the multiplicative identity.
Thus, on the basis of subjective evaluation, it appeared that the post:h

test had content validity.
Testing the Hypotheses

The results of comparisons involving groups relating to the
independent varisbles, taken one at a time (page 19), are presented
below, Three independent variables were used in making comparisons
with the achievement test data for a given hypothesis. Three tables
will be related to each hypothesis, All of the tables will report
the t-ratio using the totél or subtest scores of the post-test for

specific approaches,

Comparigsons Involving Total Groups

A

The first hypothesis was concerned with the mean scores of the
total group on (1) the test as a whole, (2) the mastery measuring
items, and (3) the items measuring understanding of the mathematical
properties applicable to the multiplication of whole numbers.
Summaries of the data appear in Tables I, II, and III respectively.

The data for applying the t-test to Hypothesis One is’found in

Table I. The mean of the Repeated-Addition group for the total test
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was 36.14 and that of the Ratio-to-One group was 34,80, The differ-
ence between means of 1.26 (36.14-ﬁh,80) was in favor of the Repeated-
Addition approach, An F-test applied to the data demonstrated no
significant difference in variance., The t-ratic for the difference
between means of 1,11 for 212 degrees 6f freedom was not significant
at the 0,05 level. A t-ratio of approximately 1.97 would be necessary
for the null hypothesis to be rejected at the 0,05 level, the level
arbitrarily selected as the value for accepting or rejeeting each
hypothesiss As the t-ratio did not approach that magnitude, the null
hypothesis of no difference between means was not rejected. Through~
out the study this finding should be interpretéd as meaning that a
difference of this magnitude would oceur more than one time in twenty

if only chance factors are operating.

'TABLE I

TOTAL GROUP MEAN SCORES AND t-RATIO FOR ALL ITEMS OF THE POST-TEST

i

Approach N Mean SD df . t-Ratio.
Repeated-Addition 111 36,14 8,13 110
Ratio~to=-One 102 34,80 9,36 102 B

212 1411

Thevdata for applying the t-test to the mean scores for‘maStery
of the multiplication facts, as measuved by the first twenty-four .
items of the test, is found in Table IT. The mean of the Repeated-
Addition group was 17.11 and that of the Ratio~to-One group was 16,39

The difference between means of 0,72 (17.11-16.39) was in favor of the
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Repeated-Addition approach, An F-test applied to the data demon-
strated no significant difference in variance, The t-ratio for the

difference between means of 1,16 for 212 degrees of freedom was not

between the means was not rejecteds

TABLE II

TOTAL GROUP MEAN SCORES AND t~RATIO FOR ITEMS MEASURING
MASTERY OF THE MULTIPLICATION FACTS: ITEMS 1-24

Approach N Mean sh - daf - t~Ratio -
Repeated-Addition 111 17:11 3e78 110
Ratio-to~One 103 16.39 5:18 102

212 . 1016 -

Thé déﬁa for applying the t-test to the mean scores for under-
standing of mathematical properties appiicgble to multiplication of
whole numbers, as measured by iltems twenty-five through ferty-seven,
is found in Table III, The mean of the Repeated-Addition total group
was 18,95 and that of the Ratio-to-One greup was 18,42, The difference
between means of 0,53 (18:95-18.42) was in faver of the Repeated-
Addition approachs, An F-test applied to the data demonstrated no
‘significant difference in variance, The t-ratio for the difference
between means of 0975 for 212 degrees of freedom was not significant
at the 005 level’: Thus, the null hypothesis of no difference be-
tween the means was not rejected,
| These data indicate that neither approaeh hﬁs been demonstrated
to be more effecti%e than the other for the mastery of multiplication
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facts, understanding of mathematical properties applicable to multi-
plication of whole numbers, and the total test for the total gfoup

of the populations

TABLE III

UNDERSTANDING OF MATHEMATICAL PROPERTIES: ITEMS 25-47

Approach N Mean SD af .  .t-Ratio .
Repeated-Addition 111 18295 5025 110
Ratio~to=One 103 18342 5500 102

212 .. ... 0,75

Establizghing Levels

The mean score and standard deviation of each appreoach were used
as the basis to determine the respective groups by levels, A summary
of the data has been presented in Table IV,

The Repeated-Addition group consisted of i1i pupils., The mean
was 36514 and the standsrd deviation was 8513 on a 61 item test.
Twenty pupils® scores were located more than one standard deviation
above the mean: This group has been degignated as the Repeated-
Addition high groups Sixty-seven pupils'! scores were located between
one standard deviation below the mean and cne standard deviation above
the mean, This group has been designated as the Repeated-Addition
middle group, Twenty-four pupils! scores were located more than one
standard deviation below the mean, This group has been designated as

the Repeated-Addition low group,
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The Ratio=-to~One group consisted of 103 pupils, The mean was
34,80 and the standard deviation was 9.36 on a 61 item test. Fifteen
pupils?! scores were located more than one standard deviation above the
mean., This group has been designated as the Ratio-to-One high group.
Seventy~-four pupils® scores were located between one standard devia-
tion below the mean and one standard deviation above the mean, This
group has been designated as the Ratio-to-One middle group. Fifteen
pupils" scores were located more than one standard deviation below the
mean, This group was designated as the Ratio~to-One low group,

Note that the mean score was greater for the Repeated-Addition
group than for the Ratio-to~One group., It may further be noted that
the standard deviation for the Ratio-to-One group was slightly greater
than that for the Repeated-Addition group,

TABLIE IV -
SUMMARY OF DATA TO DETERMINE ACHIEVEMENT LEVELS

Repeated-Addition Ratio~to-One
Level N Mean SD Level N Mean SD
High 20 47,75 2,68 High 15 48,00 1,26
Middle 67 36,67 i3t Middle o 35:49 5.50
Low 24 25,00 3,30 Low 14 18.64 5,91

Total 111 36L1h 8313 Total 103 3,80 9,36
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Comparigons Involving High levels

The second hypothesis dealt with comparisons in%olving high
levels, Comparisons were made between the mean scores for (1) the test
as a whole, (2) the mastery measuring items, and (3) the items
measuring understanding of the mathematical properties applicable to
the multiplication of whole nmumbers. Summaries of the data appear in
Tables V, VI, and VII respectively’s

The data for applying the t-test to the mean scores for the total
- test is found in Table Vi The mean of the Repeated-Addition high
group was 47.75 and that of the Ratio-to-One group was 48200. The
difference between means of Q.25 (48,00-47,75) was in favor of the
Ratio=to-One approachs An F-test applied to the data demonstrated a
significant difference in wvarlance, The obtained ratio Waé F;Q;ih =
bih9s The t-ratio for the difference betwesn means of 0,32 for 33
degrees of freedom was not significan£ at the 0505 level, A t-ratio
of epproximately 2.03 would be necessary for the null hypothesis to be

magnitude, the nmull hypothegis of neo difference between means was not

rejéctedf
TABLE V
HIGH GROUP MEAN SCORES AND t~RATIO FOR THE TOTAL TEST
Approach N Mean SD af - t-Ratio
Repeated-Addition 20 Lyss 2,68 19

Ratio-to~One i5 L4800 1%26 14
| 33 0,32




Ly

The data for applying the t-test to the mean scbfes for mastery
of the multiplication facts, as measured by ipems one through twenty-
four, is found in Table VI: The mean of the Repeated-Addition high
groﬁp was 21,70 and that of the Ratio-ﬁo»One high group was 22.13,

The difference between means of 0:43 (2é?13—21270) was in favor of the
" Ratio~to~One approach., An F-test applied to the data demonstrated mo
significant difference in variance, The t-ratio for the difference
between means of 0,82 for 33 degigPs of freedom was not significant at
the 0;05 levels; The null hypothesis‘of no difference between the means

was not rejected,

TABLE VI

HIGH GROUP MEAN SCORES AND t- RATIO FOR MASTERY OF -
MULTIPLICAT;ON FACTS: ITEMS 1~-24

i

Kpproach iy Mean ~ SD & tiRatdo

Repeated~-Additicn 20 21,70 1.52 19
Ratio~to~One 1 5 22,1 3 2 25 1.14' ,
"33 0.8

Thé data for ap%iying the t~test to Hypothesis Two is found in

Teble VII, The mean‘afk%he'Repeated~Addition high group in regard to
. 4

understénding of maéhematicél propertiés applicable to multiplication
- of whole numbers, as meaéuréd by items twenty-five through forty-seven,
was 25.55 and that of the Ratio-to-One high group was 25,87; Theb
difference between the means of 0,32 (25.,87-25.55) was in favor of the
Rgtio~to-0ne approagh; An F-test applied to the data demonstratéd a

significant difference in variance, The obtained ratio was
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Fi9514 = 9,73% The t-ratio for the difference betweep means of .0,32
for 33 degrees of freedom was not significant at the 0305 level,  The
null hypothesis of no difference betwsen the means was not rejected,
These data indicated thai neither approach has been demonétrated
to be more effective than the other for the mastery of multiﬁiication
facts, the total test, and the understanding of mathematical properties
applicable to multiplication of whole numbers for the high group of the

population,

TABLE VII

HIGH GROUP MEAN SCORES AND t~RATIO FOR UNDERSTANDING
OF MATHEMATICAL PROPERTIES: ITEMS 25-47

Approach N - Mean SD af - t~Ratio
Repeated-Addition 20 25455 358 19
Ratio=to=One 15 25,87 1432 14

- 33 0e32

Comparisons Involving Middle Levels

The third hypothesis dealt with comparigons involving middle
levels, Comparisons were made between the mean scéres for (1) the test
as a whole, (2) the mastery measuring items, and (3) the items meas-
uring understanding of the mathematical properties applicable to the
multiplication of whole numbers, Summaries of the data appear in
Tables VIIT, IX, and X respectively?

The data for applying the t-test to the mean scores for the total

test is found in Table VIII, The mean of the Repeated~Addition middle
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group was 36,67 and that of the Ratio-to-One middle group was 35619,
The difference between means of 1,48 (36.67-35:19) was in favor of the
Repeafed»Addition approach, An F-test applied to the aata demonstrated
no éignifieant difference in variancétu The t-ratio for the difference
between means of 1:76 for 139 degrees of freedom was not significant at
the 0,05 level, However, this ratio was dlmost the magnitude necessary
for the rejection of the null hypothesis, 1.98 at the 0,05 level, But,
as the t-ratioc did not reach this magnitude, the null hypothesis of no

difference between means was not rejected.

TABLE VIII

MIDDLE GROUP MEAN SCORES AND t-RATIO FOR THE TOTAL TEST

Approach N Mean sSD af t=Ratio
Repeated-Addition 67 36567 We31 66
Ratio~to-One 7h 3519 550 73

139 176

The date for applying the t-test to the mean stores for mastery
of multiplication facts, as measured by items one through twenty-four,
is found in Table” IX, The mean of the Repeated-Addition middle group

wms 1743 and that of the Ratio-to-One middle group was 17;08% ~The

Repeated-Addition approachs An F-test applied to the data-demonstrated

no significant difference in variancei The t-ratio for the difference

levels Thus, the hypothesis of ne differsnce between the means was
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TABRLE IX

MIDDLE GROUP MEAN SCORES AND £-RATIO FOR MASTERY
OF MULTIPLICATION FACTS: ITEMS {-24

Approach N Mean sD af t-Ratio
Repeated-Addition 67 17443 2562 66
Ratio-to-One 7 17,08 3013 73

139 0.7

The data for applying the t-test to Hypothesis Three is found in
Table X» The mean of the Repeated-Addition middle group in regard to
understanding of mathematical properties applicable to multiplication
of whole numbers, as measured by ltems twenty-five through forty-seven,
was 19.25 and that of the Ratio~to~One middle group was 18,10, The
difference between means of 1515 (1925-18%10) was in favor of the
Repeated-Addition approach An F-test applied to the data demonstrated
a significant difference in varlsncey The cbtained ratio was
F66;73 = f@%9; slightly above the gignificant level of 15487 The t-
ratio for the difference between means of 1399 for 139 degrees of
freedom was significant at the 005 levelﬁ A t—rati6 of 1,98 quldfbe
necegsary er the null hypothesis to be réjected at the 0,05 level,
Thus, the null hypothesis of no difference between the means éas
rejecteds The difference was in favor of the Repeated-Addition
approachs ‘

These data indicate that neither approach has been demonstrated

to be more efféctive than the other for the mastery of multiplication
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facts for the middle group of the population, However, these data
indicate that the Repeated-Addition approach has been demonstrated to
be more effective than the Ratio-to~One approach for the understanding

of mathematical properties for the middle group of the population,

TABLE X

MIDDLE GROUP MEAN SCORES AND t~RATIO FOR UNDERSTANDING
OF MATHEMATICAL PROPERTIES: ITEMS 25-47

Approach N Mean SD daf t-Ratio
Repeated Addition 67 19,25 3,00 66
Ratio~to-One 7l 18,10 3,68 73

139 1,99

Comparisons Involving Low Levels

Comparisons were made between the mean scores for (1) the test as a'
whole, (2) the mastery measuring items, and (3) the items measuring
understanding of the mathematical pﬁ@perties applicable to the
multiplication of whole numbers's Summaries of the data appear in
Tables XI, XII, and XTIT respectivelys

The data for applying the t-test to the mean scores for the total
test is found in Table XTI, The mean of the Repeated-Addition low
group was 2500 and that of the Retio-to~One low group was 18.647 The
difference between the means of 6336 (25,00~18,64) was in favor of the
Repeated-Addition approscliy An F-test applied to the dats demon~

strated a significant difference in variance, The obtained ratio was
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Fi3’23 = 3,115 The t-ratio for the difference betwsen means of L,14
for 36 degrees of freedom was significant at the 0,05 level, A t-
ratio of approximately 2,03 would Be necessary for the null hypothesis
to be rejected at the 0,05 level., Thus, the null hypothesis of no

difference between the means of the low groups was rejected, The

difference was in favor of the Repeated-Addition approachis

TABLE XI

LOW GROUP MEAN SCORES AND t-RATIO FOR THE TOTAL TEST

Approach N Mean SD ar t-Ratio
Repeated Addition 24 25500 3.30 23
Ratio=to-One 14 18,64 591 13

36 e

The data for applying the t-test to the mean scores for mastery
of the multiplication facts, as measured by items one through twenty-
four, is found in Table XII, The mean of the Repeated-~Addition low
group was 12042 and that of the Ratio-to~One low group was 6,645 The
difference between means of 5,78 (12,42-6,64) was in favor of the
Repeated-Addition approachs An F-test applieé to the data demon-
strated no significant difference in variance. The t~ratio for thé
difference between means of 6,21 for 36 degrees of freedom was signif-
icant at the 0505 level. A t-~ratic of approxﬁmately‘Z%OB would be

necessary for thennﬁil hypotheéis to be rejected, As the t-ratioc wms

grester than that magﬁitudeq fhg mill hypothesis of no difference

between the means was réjéétéd. The difference was in favor of the
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Repeated-Addition approach,

TABLE XIT

LOW GROUP MEAN SCORES AND t=~RATIO FOR MASTERY OF THE
MULTIPLICATION FACTS: ITEMS 1-24

Approach N Mean sD ar t~Ratio
Repeated~Addition 2l 12:h2 2:29 23
Ratio~to=One 14 6 o Ol 3026 13

36 .21

The data for applying the t~test to %yﬁothesis Four is found in
Table XIII. The mean of the R@peated-Addition low group in regard to
understanding of mathemstical properties applicab;e to multiplication
of whole numbers, as measured by items twenty-five through forty-
seven, was 12,58 and that of the Ratio-to-One low group wag 12,07,
The difference between means of 0,51 (12358=12.07) was in favér'oflthe
Repeated=-Addition appr@a@hﬁ An P~test applied to the data daﬁonw ,
strated no significant difference in variance, The,tmrétio of 0.4t
for 36 degrees of freedom was not significant at the 0,05 level, The
null hypothesis of no differvence betwesn the means waé not rejected,

This data indicated that the Repeated-Addition approach has been
demonstrated to be more effective than the Ratio-to-One approach for
the total test and the mastery of multiplicati?n facts for the low
group. However, these data did not indicate that either approach was
more effective than the other for the developing of understanding of
mathematical properties applicable to the multiplication of whole

mmbers for the low group of the populatioen,
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TABLE XIIT

LOW GROUP MEAN SCORES AND t~RATIO FOR UNDERSTANDING
MATHEMATICAL PROPERTIES: ITEMS 25-47

Approach N ) Meén SD daf t=Ratio
Repeated-Addition 24 12258 3,81 23
Ratio=to=One 14 12,07 3026 13

36 Out

Comparison Imvelving Parts of the Test

Five mathematical properties spplicable to the multiplication of
whole numbers were included in the post-test. These mathematical
properties were (1) the commutative property, (2) the associative
proper£y5 (3) the distributive property, (4) the closure property,
and (5) the multiplicative identityt The hypothesis that there is no
‘differencé between the means will be assumed for each comparisons
Three tables will be relsted to each of the propertiesi The firét
will report the analysis of varlance using the low group for the two
approaches and the mean scores for items measuring understanding of
the commutative property. The second will report the anslysis of
variance using the middle group for the two approaches and the mean
scores for items measuring understanding of the commutative property’
The third will report the analysis of variance for the high group
for the two approaches and the mean scores for the items measuring
understanding of the commutative property. Then the pattern of tables

is repeated for each of the remaining mathematical properties measured
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Nine items dealt with various aspects of the commutativeipropertys
Summaiies of the data appear in Tables XIV, XV, and XVI respectively.

Summary of the analysis of variance data for the low group is
found in Table XIV., The F=ratio for approach of OLO?”for 1 and 36
degrees of freedom was not significant at the 0,05 1e§el. An F-ratlo
of 4.1i would be necessary for the null hypothesis to be rejected at
the O;OS levels As the ratio did not approach that magnitude, the
conclusion gave support to the practical consideration of the limited

significance of the difference between the mean scores.

TABLE XTV

SUMMARY TABLE FOR LOW GROUP OF ANALYSIS OF VARIANCE OF
MEANS FOR COMMUTATIVE PROPERTY ITEMS

Source. of Variance Sun of Squares Mean Square df F-ratio
Approach 0,28, , 0,28 1

Within 137,92 3.83 3%

Total ' 138,20 37 0,07
F1 , 36 == 0007 .

 Summary of the analysis of variance data for the middle group is
found in Table XV, The F~ratic for approach of 0,45 for 1 and 139
degrees of freedom was not significant at the 0,05 level, An F-ratio
of 3+92 would be necessary for the null hypothesis to be rejected at
the 0,05 leveli As the ratio did not approach that magnitude, the
conclusion gave support to the practical consideration of the limited

significance of the difference between the mean scores,
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TABLE XV

SUMMARY TABLE FOR MIDDLE GROUP OF ANALYSIS OF VARIANCE
- OF MEANS FOR COMMUTATIVE PROPERTY

Source of Varilance Sum of Squares  Mean Square daf P~ratio -

Approach 1500 1500 1

Within b53%526 3.26 139
Total . L 570 i 1o 045
F19139 = 045

Summary of the analysis of variance data for the high group is
found in Table XVI, The F-ratio for approach of 4,11 for 1 and 33
degrees of freedom was not significant at the 0,05 level., An F-ratio
of approxlmately % 14 would be necessary for the null hypothesis to be
rejected at the O ,05 level, Note that the obtained F-ratio was

approaching that magnitude,

TABLE XVI

SUMMARY TABLE FOR HIGH GROUP OF ANALYSIS OF VARTANCE
OF MEANS FOR COMMUTATIVE PROPERTY

Source--of- Variance Sum of Squares Mean Square daf F-ratio .

Approach 11,33 11,33 1
Within 9095 2.75 33
Total - - w0 10zue8 ' o3k b1t

F1 ’33 = 411
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Theée data indicated that neither approach has beenvdémonstrated
to be more effective than the other for the developing of understanding
of the commutative property.

Eight items dealt with various aspects of the associative property.
Summaries of the data appear in Tables XVII, XVIII§ and XIX respec~
tively.

~ Summary of the analysis of variance data for the low group is
found in Table XVII, The F-ratio for approach of 0,04 for 1 and 36
degrees of freedom is not gignificant at the 0,05 ievel@‘ An F—rati§
of 4,11 would be necessary for the null hypofhesis to be rejected at
the 0,05 level, As the ratio did not approach that magnitude, the
conclusion gave support to the practical consideration of the limited

significance of the difference between mean scores,

TABLE XVII

SUMMARY TABLE FOR LOW GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR ASSOCIATIVE PROFERTY

Source of Vardance Sum of SQuares Mean Square df  F-ratio

Approach - 0%10 0%10 1

Within 8574 2,38 36
Total - - oo . .. BB ‘ 37 . 0,08

F1,36 = 00l

Summary of the analysis of variance data for the middle group is
found in Table XVIII: The F-ratio for approach of 0505 for 1 and 139

degrees of freedom was not significant at the 0705 levels An F-ratio

of 3492 would be necessary for the null hypothesis to be rejected at
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the 0,05 level?y As the ratio did not approach that magnitude, the
conclusion gave support to the practical consideration of the limited

significance of the difference between the mean scores’s

TABLE XVIII

SUMMARY TARLE FOR THE MIDDLE GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR THE ASSOCIATIVE PROPERTY

Source of Variance Sum of Squares Mean Square daf F=-ratio

Approach 513 0el3 1

Within 30561 2,19 139

Total 305474 | 140 0.05 |
F1,139 = %0

Summary of the analysis of variance data for the high group is
found in Table XIX. The F-ratio for approach of 0,01 for 1 and 33
degrees of freedom was not significant at the 0,05 level,y’ An F-ratio
of approximately W.ilt would be necessary for the null hypothesis to be
rejected at the 0505 levels

Five items dealt with various aspects of the distributive prop-
erty., Summaries of the data appear in Tables XX, XXI, and XXII
respectively’s

Summary of the analysis of wariance data for the low group is
found in Table XX, The F-ratio for approsch of 0,17 for 1 and 36
degrees of freedom is not significant at the 0905 level, An F-ratio
of 411 would be necessary for the null hypothesis to be rejected at

the 0505 levell
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SUMMARY TABLE FOR HIGH GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR ASSOCIATIVE PROPERTY

53

Source of Variance Sum.of Squares Mean Square df F=-ratio

/

Wi‘tl’lin v 5 009 5 ‘1'&5&, 3 3
. 50497 | % oot
Fy 33 = 001

TABLE XX

STMMARY TABLE FOR LOW GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR DISTRIBUTIVE PROPERTY

Source of Variance Sun of Squares Mean Square df F=ratlo

Approach 038 0538 1
Within BOWS5 2423 36

Total 80483 37 0.17

Fy,36 = 0417
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Summary of the analysis of variance data for the middle group is
found in Table XXI. The F-ratio for approach of 0;72 for 1 and 139
degrees of freedom is not significant at the 0.05 levely, An F-ratio
of 3.92 would be necessary for the null hypothesis to be rejected at

the 0,05 levels

TABLE XXT

SUMMARY TABLE FOR MIDDLE GROUFP OF ANALYSIS OF VARIANCE
OF MEANS FOR DISTRIBUTIVE PROPERTY

Source of Variance Sum of Squares Mean Square af F=ratio

Approach o'y ot 1
Within 149336 1507 139

Total 150%13 140 042
F1’139 o= 05’0"72

Summaxry of the analysis of variance data for the high group is
found in Table XXIT; The F-ratio for approach of 2,86 for 1 and 33
degrees of freedom is not significant at the 0,05 level, An F=ratio
of approximately WJil trould be necessary for the null hypothesis to be
rejected at the 0,05 levelly

These data indicated that neither approach has been demonstrated
to be more effective than the other for the developing of understanding
of the distributive property’s

Three items dealt with various aspects of the closure propartf;
Summaries of the data appear in Tables XXITIT:. XXIV, and XXV respec-.
tivelyy

Summary of the analysis of variance data for the low group is

2B

¥
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TABLE XXIT

SUMMARY TABLE FOR HIGH GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR DISTRIBUTIVE PROPERTY

Source of Variance Sum of Squares Mean Square df F-ratio

Approach 305 305 1
Within 3 5:60 1|L07 33
o 38:65 B 2586

found in Table XXITT; The F-ratio for approach of 0,27 for 1 and 36
degrees of freedom is not significant at the 0,05 level, An F-ratio
of 11 would be necessary for the null hypothesis to be rejected at
the dﬁ05 level, As the ratio did not approach that magnitude, the
conclusion gave support to the practical consideration of the limited

significance of the difference between the mean scores,

TABLE XXIII

SUMMARY TABLE FOR LOW GROUFP OF ANALYSIS OF VARIANCE
OF MEANS FOR CLOSURE PROPERTY

Source of Variance  Sum of Squares Mean Sqguare  df F=-ratio

Approach 0%21 021 1

Within | 27426 0375 36
Total 2747 37 ovey

Fyi36 = 027
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Summary of the analysis of variance data for the middle group is
found in Table XXIV, The F-ratio for approach of 045 for 1 and 139
degrees of freedom was not significant at the 0,05 level,

Summary of the analysis of vardlance data for the high group is
found in Table XXV, The F-ratio for approach of 0s31 for 1 and 33
degrees of freedom is not significant at the 0,05 levely An F-ratio
of approximately 4,14 would be necessary for the null hypothesis to be

rejected at the 0505 level’y

TABLE XXIV

SUMMARY TABLE FOR MIDDLE GROUP OF ANALYSTS OF VARIANCE
OF MEANS FOR CLOSURE PROPERTY

Source of Variance Sum of Squares Mean Square o af F=-ratio

Approach 0437 0537 1

Within 115hh - oep 139
Total 114381 140 0ks5
F1 ,139 = OG45

As none of the F-ratios approached the magnitude necessary for
rejection of the null hypothesis, the conclusion gave support to the
practical consideration of the limited significance of the difference
between mean scores’s Thus, these data indicated that neither approach
has been demonstrated to be more effective than the other for the
development of understanding of the closure property’s

Four items dealt with various aspects of the multiplicaﬁive
identity concept, Summary of the data appear in Tables XXVI, XXVII,.

and XXVIII respec-biVelyai.



57

TABLE XXV

SUMMARY TABLE FOR HIGH GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR CLOSURE PROPERIY

Source of Variance Sum of Squares Mean Square af F-ratio

Approa ch 0’01 2 O° 1 2 1

Within 1 2“.;\2 8 Odo 37 33

Total 12%40 e 023t
=0

Fi,33 = 02t

Summary of the analysis of variance data for the low group is
found in Table XXVI; The F-ratio for approach of 5,62 for i and 36
degrees of freedom was significant at the 0505 level’, An F-ratio of
/11 would be necessary for the null hypothesis to be rejected at the
0.05 levels As the F-ratio was greater than that magnitude; the con-
clusion gave support of significant difference between the mean scores’s
The difference was in favor of the Repeated-Addition approach’y

Summary of the analysis of variance data for the middle group is
found in Table XXVIIy The F-ratio for approach of 3,04 for 1 and 139
degrees of freedom is not significant at the 0,05 level; An F-ratio
of 3.92 would be necessary for the null hypothesis to be rejected at
the 0,05 level, Note, however, that the F-ratio was approaching that
magnitude’y

Summary of the analysis of variance data for the high group is
found in Table XXVIIT., The F-ratio for approach of 4,06 for 1 and
33 degrees of freedom is not significant at the 0,05 level, An F-

ratio of approximately 4,14 would be necessary for the mull hypothesis
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TABLE XXVI

SUMMARY TABLE FOR LOW GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR THE MULTIPLICATIVE IDENTITY

Source of Variance Sun of Squares Mean Square daf F-ratio

Approach vl 5121 1

Within 3 3;‘(@'«33 ‘x 92 ' 3 6
Totad 38 S 37 5462

Fy,36 = 5462

TAELE XXVII

SUMMARY TABLE FOR MIDDLE GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR THE MULTIPLICATIVE IDENTITY

Source of Varliance Sum of Squares Mean Square df Feratio

Approsch 316 3,16 1
Within 144553 1703 139
Total 147469 140 Fol

Fi‘;‘139 = 3,04
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to be rejected at the 0,05 level.
These data indicated that there wms a significant difference in
favor of the Repeated-Addition approach for the developing of under-

standing of the multiplicative identity for the low group, However,

the same was not true for the middle and high group:

TABLE XXVIII

SUMMARY TABLE FOR HIGH GROUP OF ANALYSIS OF VARIANCE
OF MEANS FOR THE MULTIPLICATIVE IDENTITY

Source of Variance = Sum of Squares Mean Square df  F-ratio

Approach . 3.80 | ﬁ%Bp 1

Within ' 30593 0,94 33

Total 34,73 34 ;06
Fﬂ33 = W06

Through an item analysis of the tesﬁ% much information was gained
that was not amenable to statistical comparisons without stating
extreme limitations in regard to significance of results: This in-

formation will now be discussed.
Comiparisons of Drawings For Item Forty-Three

The results of an anslysis of the drawings made by the pupils in
each approach to illustrate that multiplication distributes over
addition are given in Table XXIX. One Qf the most enlightening facts
revealed in this analysis was the frequency with which the Ratio~to-
One group used the array’s Of the 83 judgeable drawing completed by

the Ratio-to=-One groupg, 41 per cent were arrays; of the 28 correct
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drawings, 71 per cent were arrays. The Ratio-to-One group had not
been presented with an array to be used as the physical referent in
any of the programmed lessons, Of the 103 judgeable drawings done by
the Repeated-Addition group, 81 per cent were arrays; of the 31 correct
was that no pupil in the Ratio-to~One group used a coordinate system
and ordered pair of numbersy Another informative aspect of the analy-
sis was that although 75 per cent of the pupils in the Repeated-
Addition group drew arrays, only 35 per cent of the arrays were cor-
rect’,’ The fourth informative fact of the analysis wms that the Ratio-
to-One group used an array correctly to illustrate the distributive

property almost as frequently as the Repeated-Addition groupy

TABLE XXTX
ANALYSIS OF DRAWINGS FOR ITEM 43 OF THE POST-TEST

Approach N —Judgeable ~Lorrect
Total Coordinate  Array Array  Others
System ‘
Repeated Addition 111 103 0 83 29 2
Ratio~-to=0One 103 83 0 3k 20 8

Two contragts are noticeabl.e in Table XXIX. One was that no
matter whether the illustration was correct or not”;‘ pupils in the
Repeated=~Addition group tended to use an array to illustrate the prob-
ler, For example, 54 pupils drew an incorrect array to illustrate the
distributive propertys Thus, 65 percent of the Repeated-Additicn

group's arrays were incorrect., In contrast only i4 pupils, 41 per
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error,
The other contrasting point is that a relatively large number
of the Repeated-Addition group attempted to illustrate the examplé@
A noticeable smaller number of pupils in the Ratio-~to-One group made
an unsuccessiul attémpt to illustrate the exampléf The pupils in this

group were more prone to refrain from trying than to be unsuccessful’s
Comparison Among Parts of the Test

A second part of the study was c@ncerped with pupil mastery of
multiplication facts and understanding of the mathematical properties
applicable to the multiplication of whole numbers, This pgrt of the
chapter will diseuss (1) the difficulty level of the itéms and (2)
how the high—scoring pupils compared to the low-scoring pupils in re-
gard to the items measuring the various mathematical propertieé@

The analysis of the data attempted to ascertain whether the
pupils seemingly had more difficulty lesrning mathematical propertles
than multiplication facts will be discussed Firstl

To determine this}gthe proportion of correct responses to items
that require knowledge of the multiplication faets and items that
require understanding of the mathematical propertles applicable to
multiplication of whole numbers are shown in Tables XXX through XXXV
respectivel‘f“ The proportion of correct responses wag found for all
pupils irrespective of the approach useds This proportion gave the
level of difficulty for each item. When summed for all items and
divided by the total mumber of items in a specific section; the result

was the mean level of difficulty for each section|
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Summary of the data for the correct responses to items measuring

mastery of the multiplication facts is found in Table XXX, The item

item having the least proportion of correct responses was item eleveris

The mean level of difficulty for the mastery section of the final test

ws 0,73,
TABLE XXX
PROPORTION OF CORRECT RESPONSES FOR MASTERY OF
- MULTIPLICATION FACTS: ITEMS 1-18
Proportion Proportion Provortion

Ttem Correct .. . Item .~ Co¥xrect Ttem Correct

1 W91 7 ‘a5 13 092

2 oTH 8 83 1 259

3 oSk 9 92 15 87

4 5t 10 w91 16 %58

5 197 11 38 17 87

6 85 12 %59 18 576

Sunma ry of‘dgta for the proportion of correct responses td the
commutative property items is in Table XXX$?‘ Note’;, except for item
Z”Q‘the proportion of correct responses te the commutative items is
quite hight Ttem 27 required the pupils to apply their knowledge of
the commutative property to a probleny The mean level of difficulty
was 5678

The mean level of difficulty for the distributive property items

was 238, Sumary of the data for the correct response to these items
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is found in Table XXXIT, TItem 47 appeared to be the least difficulfﬁ

This item called for recognition of the distributive property.

TABLE XXXT
PROPORTION OF CORRECT RESPONSES FOR THE COMMUTATIVE PROPERTY ITEMS

Propertion Proportion Proportion
Ttem Correct Ttem Correct Ttem Correct
22 '098 30 ';?6 L 5 ( a ) “081
2h “92 ho(a) w6l < W) s
27 's39 Lo(b) W62 . @) W6k

TABLE XXXII
PROPORTION OF CORRECT RESPONSES FOR DISTRIBUTIVE PROPERTY ITEMS

Proportion Proportion Proportien
Ttem Correct Item Corvect Item Correct
19 %30 i e br(r) W
32 22 45(b) a2l

Sumary of the data for the correct respense to the asgsociative
items is found in Table XXXITTY Ttem 42 seemed to be the least dif-
ficulty The mean level of difficulty for the associative property
items was 359%

The pr@p@rtion‘ﬁf correct responses for each item of the closure

property was almost equivalenty Summary of the data pertaining to this
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property is in Table XXXIV?[ The mean level of difficulty was 265,

TABLE XXXITT
PROPORTION OF CORRECT RESPONSES FOR ASSOCIATIVE PROPERTY ITEMS

Proportion Proportion Proportion
Ttem Correct Ttem Correct Ttem Coryrect
21 w6 M) Ghb 45(c) %50
23 ©53 h2(a) 89 Wr(a) %58
3t M8 42(b) w77
TABLE XXXIV

PROPORTION OF CORRECT RESPONSES FOR THE CLOSURE PROPERTY TITEMS

Proportion Proportion Proportion
Ttem Correct Ttem Coryect Ttem Correct
25 68 35 w62 b7 (e) 3

Summary of the data in regard to the e@frect respengses for the
nultiplicative identity items is in Table XXXV, Item 28 appeared to
be the most difficulty The pupils were required to apply their
understanding of this property ig an example that contained nc numer-
alss’ The mean level of difficulty was %267

Summary of the mean level of @ifficulty for each of the mathe-

matical properties included in the post-test is in Table XXXVI." The
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mean level of difficulty for the distributive property items was 38,

This seemingly indicated that the pupils found these items more dif-

ficult than those for the other mathematical properties’,

TABLE XXXV

PROPORTION OF CORRECT RESPONSES FOR THE MULTIPLICATIVE IDENTITY ITEMS

Proportion Proportion Proportion

Ttems Correct Ttem Correct Ttem Correct

5 97 15 ""86 - hi(a) Ry

8 83 28 w29 L7(e) 77

- TABLE XXXVI

MEAN LEVEL OF DIFFICULIY FOR THE VARIOUS ASPECTS OF THE POST-TEST
Aspect Mean level Aspect Mean Level
Mastery W73 Commutative W67
Associative 659 Distributive 38
Multiplicative Identity W67 Clogure W66

Summary of the data for the high and low groups in regard to the

level of difficulty for the variocus parts of the test is in Table

LXVIT, Both groups seemingly found the mastery items the least

difficult and the distributive items the mogt difficult’,
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TABLE XXXVII

MEAN LEVEL OF DIFFICULTY FOR HIGH AND LOW GROUFS FOR
THE VARIOUS ASPECTS OF THE POST-TEST

Aspect Total'qraap ﬁiéh G%dﬁﬁ T Low Group
Hastery W73 Sk 9
Commutative WG 283 38
Associative o59 w8 436
Distributive w38 ) 293
Closure 66 g 32
Multiplicative Identity s e %36

These data indicate that the low group consistently found the
various aspects of the post-test more difficult than the high group
dad,

Retention Test Resultbts

The results of comparisons invoiving retention test mean scores
are presented below, Three tables will be related to the results, All
of the tables will report the t-ratic using the total or subtest scores
of the retention test for specific approaches. The comparisons wsre
concerned with the mean scores of the total group on (1) the test as a
whole, (2) the items measuring understanding of the mathematical
properties applicable toc the multiplication of whele numbers, and (3)
the mastery measuring items, Suwmaries of the data appear in Tables

XXXVIII, XXXIX, and XL respectively.
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The data for applying the t-test to the total test means for the
retention test is in Table XXXVIIT., The mean of the Repeated-Addition
group for the total test was 35,79 and that of the Ratio-to~One group
wes 35.12% The difference between means of 0466 (35.79~35.12) was in
favor of the Repeated~Addition approach, However, note that the mean
of the Ratio-to~One group was slightly higher than that obtained on
the post~test, 34,80, Additionally, the difference between the means
of 0,66 is 0,60 less than it was for the post-test’, The t~ratio for
the difference between means of 0,59 for 212 degreess of freedom was
not significant at the 0,05 level. The null hypothesis of no dif-
ference between the retention test mean scores was not rejected,

The data for applying the t~test to the retention test mean
gcores for the mastery of the multiplication facts ig found in Table
XXXI¥. The mean of the Repeated-Addition group was 18.71 and that of
the Ratio-to=-One group was 18.26% The difference between means of
Oull (18,70-18.26) wms in faver of the Repeated-Addition approschy
The t~ratlo for the differsnce between means of 0,79 for 212 degrees
of freedom was not significent at the 0505 levell The null hypothesis
of ne difference between the retention test means in regard to mastery
of the multiplication facts was not rejechteds

The data for applying the t-test to the retention test mean
scores for understanding of mathematical properties applicable to
multiplication of whole mubers is found in Table ¥L, The mean of the
Repeated~Addition group was 17.01 and that of the Ratio-to-One group
was 16.84, The difference between means of 0517 (17.01-16784) was
in favor of the Repeated-Addition gpproach. The t-ratio for the

difference between the retention test means of 0,23 for 212 degrees
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of freedom was not significant at the 0,05 level, Thus, the null

hypothesis of no difference between the means was not rejected.

TABLE XXXVIII

TOTAL GROUP MEAN SCORES AND t~-RATIO FOR ALL ITEMS
FOR THE RETENTION TEST

Approach N Mean SD af t=Ratio
Repeated-Addition 111 3579 7037 110
Ratio~to~One 103 35%1.2 9%03 102
212 059
TABLE XXXIX

TOTAL GROUP MEAN SCORES AND t-RATIO FOR ITEMS MEASURING MASTERY
OF THE MULTIPLICATION FACTS FOR THE RETENTION TEST

Approach N Mean sD daf t~Ratio
Repeated-Additicn 111 18370 1379 110
Ratio~to~One 103 18526 19955 102

212 0579

These data dndicated that neither approach has been demonstrated
to be more effective than the other for the retention of multiplication
facts or understanding of mathematical properties epplicable to the

multiplication of whole numbers’s
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TABLE XL

TOTAL GROUP MEAN SCORES AND t-RATIO FOR ITEMS MEASURING UNDERSTANDING
OF MATHEMATICAL PROPERTIES FOR THE RETENTION TEST

Approach N Mean SD af t~Ratio
Repeated-Addition 11t 17.01 o7t 110
Ratio-to-One 103 16,84 ly;o8 102
212 023
Summary

The results of the statistical test of the hypotheses are sum-
marized below. When the mean score for the total Répeated—Additionn
group was compared to the mean score for the total Ratio~to-One group,
no significant difference was found at the 0,05 level;

The second hypothesis dealt with the comparison of the mean scores
of the Repeated-Addition high group and the Ratio-to-One high group. |
Again, there was no significant difference betwesen the mean scores on
any of the three aspects measured,

However, the t-ratio obtained when the mean scores for the
mathematical properties for the Ratlo~to-One middle group and the
Repeated-Addition middle group were compared was slightly higher than
the ratio needed for the third null hypothegis to be rejected. The
difference was in favor of the Repeated-Addition group.

The fourth hypothesis dealt with the comparison of the mean
scores for the low groups, The statistical test resulted in a signifi-

cant difference between the mean scores on the total test in favor of
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the Repeated-Addition group., When the two parts of the test, mastery
of multiplication facts and mathematical properties, were investigated,
it was noted that this significant difference appeared to be located
in the mastery of multiplicafion part of the post-test, No significant
difference was found between the mean scores for the two groups for the
items measuring understanding of the matheﬁatical properties,

The results of an analysis of the drawings made to illustrate that
multiplication distributes ovei addition revealed some enlightening
factss One of these was that the Ratio-to-One group drew almost as
many correct arrays for illustration as did the Repeated-Addition group
in spite of the fact that the array was not introduced in the Ratio-to-
One approach, A second fact noted was that no pupil used a coordinate
system to illustrate that multiplication distributes ovér additions

When the data were anslyzed to determine whether the pupils
seemingly had more difficulty with learning mathematical properties
than they did the mastery of multiplicetion facts, it was found that
the mean level of difficulty indicated greater difficulty with the
mathematical properties than with the mastery items, Seemingly, the
low group had more difficulty with items bretaining to the mathe-
matlcal properties than did the high group,

When the data from the retention test were analyzed, no signifi-
cant difference was found at the 0:05 level, These data indicated
that neither approach wag more effective for the retention of multipli~
cation facts and understanding of mathematical properties than the

other,



CHAPTER IV

IMPLICATIONS

Introduction

The present study dealt with (1) the effectiveness of using two ’
different physical referents to illustrate multiplication and (2) the
relation between physical referent and pupil learning of multiplication
as measured by mean achievement for the following parts of the post-
test:

1. Total test

2o Multiplication facts

3. Mathematical properties

4, Commutative property

5 Associative property

‘-.6° Distributive property
%o Closure property
8. %Multiplicative identity
9, Illustration of the distributive property
10. Retention test \

A random sample of 214 fourth gradé pupils in eight classes for
the 1967-68 school year in the River Falls Public Schools and the New
| Richmond Public Schools took part in the study. Each class was
randomly assigned tc one of two approaches. Two sets of programﬁed

instructional material, fifteen lesson each, were constructed by the

71
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writere The corresponding lessons in eachﬁs;t were as alike as pos-
sible, The only major difference being iﬁ:the illustrations being
used. One group used the arTaY'exclusively as the ph&sical referent
to illustrate multiplication; the other used a coordinate system
exclusively.,

The results of the post~test, constructed by the writer, were

subjected te statistical analysis.
Conclusions

The study was designed to test four hypotheses: (1) there is no
significant difference betwsen the post-test mean scores of those
fourth grade pupils who had been introduced to multiplication by the
Repeaﬁéd Addition approach and those who had been intreduced to
multiplication by the Ratio-to-One approach, (2) there is no signif-
icant difference between the mean scores for understanding of mathe-~
matical preperties of the high level fourth grade pupils who had been
introduced to these properties as related to multiplication by the
Repeated Additiocn approach and those who had been introduced to these
properties by the Ratio-to-One approach, (3) there is no significant
difference between the mean scores for the understanding of mathemat-
ical properties of the middle level fourth grade pupils who had been
introduced to these properties as related to multiplichtion by the
‘Repeated Ad&iﬁioh approach ;nd those who had been introduced to these
prOpefties by the Ratic-to-One approach, and (4) there is no signif-
icant difference between the mean scores for the understanding of
mathematicsl properéies as related to multiplication of the low level

fourth grade pupils who had been introduced to these properties by the
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Repeated-Addition approach and those who had been introduced by the
Ratio-to-One approach,

From the available evidence several conclusions seemed warranted.

The first set of conclusions pertained t6 the first hypothesis,
It was found that there was ne significant difference between the mean
scores for the two approaches when all items on the post=test were
compared, Neither was there any signifieant difference between the
mean scores for the two approaches for items measuring mastery of the
multiplication facts. When the two approaches were compared as to the
understanding of mathematical properties, no significant difference
was found between the mean scores,

From the above data one interpretation was made, The interpre-
tation was that during the introductory teaching of multiplication to
the total group one approach was not demonstrated to be more effective
than the other for the population.

The second set of conclusions pertained to the second hypothesis,
Thére was no significant difference between the mean scores for the
Repeated-Addition high gfoup and the Ratio-to-One high group for all’
items on the postJtestz There was no significant difference between
the mean scores of the two groups for items measuring mastery of the
multiplication facts. Neither was there any significant difference °
beﬁween the mean scores for the two groups for items measuring under-
standing of mathématical properties.

The third set of conclusions pertained to the third hypothesis.
There was no significant difference between the mean scores for the
Repeated-Addition middle group and the Ratio~to-One middle group fof

all items on the post-test and for items measuring mastery of the



H

multiplication facts, Although slight, a significaﬂt difference was
fTound in favor of the Repeated—Addition group when the mean scores for
the understanding of mathematical properties items were compared.

Such a slight difference caused the writer to wondervif the use of a-
larger number of items might have caused a change in this conclusion,

The fourth set of conclusions pertained to the fourth hypothesis,
There was a significant difference between the mean scores of the
Repeated-Addition low group and the Ratio-té—One low group, in favor
of the Repeated—Addit;on abproach, for the total test. When the two
parts of the post-test, mastery of multiplication facts and under-
standing of mathematical properties were investigated? it was hoted
that this significant difference appeared to be 1ocat;a.in the mastery
of multiplication facts part of the post~test, The t-ratio for this
part verified that this assumption was true. Although there was a
significant difference between the mean scores of the low groups for
items measuring mastery of multiplication facts, no significant
difference was found between the mean swcores for the items measuring
understanding of the mathemstical properties., From a difference this
large, it was assumed that the use of the Repeated~Addition approach
might be more effective than the use of the Ratio-to-One approach for
the mastery of multiplication facts for the low group of the popula-
tion.

The data indicate that neither approach appeared to be more
effective than the other for the developing of understanding of the
(1) commutative property, (2) associative property, (3) distributive
property, and (4) closure property for any of the achievement levels.,
However, the date did demonstrate that the Repeated-Addition approach
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seemingly was more effective than thelRatio—to—One approach for the
developing of understanding and use of the multiplicative identity
for the low group of the populatiog.,

The illustration most frequently used, both correctly and
incorrectly, to illustrate that multiplication distributes over
addition, item 43, Wﬁé the array. The Repeated-Addition group used
the array as the physical referent almost exclusively; Similarly,
it was used more frequently by the Ratiq-to—One’group than any other
referent, As the array had not been‘iﬁtroduced to this group, the
frequency of its use seemed unusual. The coordinate system was not
used by any pupil to illustrate that multiplication distributesbbver
addition even thdugh it was used exclﬁsively in the programmed material
for the Ratio-to-One group, However, only a small proportion'of the
pupils in both groups iilustxated the distributive propert& corréctlyo -
Apparently, either they did not visuvalize the probleﬁ correctly or |
did not understand what the exercise required, The pupils in the
Ratioc=to~One éroup produced noticeably fewer drawings to illustrate
the distributive property than did the Repeated-Addition group,

0verail, those items dealing Wiiﬁ the mathematlical properties
were seemingly more difficult than those items dealing with the
méstery of multiplication factsﬁ Data for the mean level of diffi-
culty of the items seemingly inéicate that the pupils found the
distributive property items the most difficult,

The compariscns made be@ween the mean level of difficulﬁy of
items' for the high and'low groups seemingly indicated that the low
'gfoup consistently foﬁnd the‘items more difficult than did the high

g.'.!"O'llp'.=
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Only one of the four hypotheses was rejected. However,.ﬂhen the
final test scores were divided into three levels, there were two other
statistically significant differences found between groups;. All of
these were in favor or the Repeéted—Addition approach, Although the
significant difference found between the middle groups was slight,
there was one betweén the mean scores.for ébe understanding of mathe-
ﬁatical properties as measured by items 23 through 47, It seemed
plausible to question its importance because of this slight difference.
On the other hand, the statistical difference found between the two
low groups as to the total score and mastery items scores was great,

One possible interpretation of these findings is that these three
significant differences are directly attributable to the difference
in physical referent used to illustrate multiplication as this was
the only menipulated variable in the study., An acceptance of this
interpretation would mean that the assoclation betﬁgen multiplication
faet and the array as a referent operatqd to facilitate the acquisij
tion, retention, and understanding of multiplicatisn facts more than
ﬁhe association between the coordinate syatamvés & referent and the
ﬁultiplication fact. |

However, tﬂis interpretation should not be accepted without
taking into account certaln f@ct@?ga If the association between
referent and multiplication fact did facilitate acquisition and learn-
ing of the facts for the low aéhievﬁng group, then it seemed reason-
able that it éhould have facilitated the understanding of mathematical
properties applicable to the multiplication of whole numbers for the
groups EIt also seemed}probable that if the Repeated~Addition middle

group were superior in regard to mean scores for the mathematical
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properties items because of the use of the array as a physical refer~
ent, then the practice provided for multiplication facts while
Studying the mathematical properties gshould have had some bearing on
the mean score for the mastery of multiplication facts items, If
this were true, it did not provide a significant difference in mean
scores between the two middle groups,

However, this was not the case. The use of the array aé -}
referent was sﬁdwn to be superior mnlnyor mastery of the multiplica~
tion facts for the low group and for understanding of mathematical
properties for the middle group.

Next, there appeéred a confounding effect, The second element
that seemingly did not support the conclusgion that the association
between physical referent and multiplioation fact facilitated learning,
retentilon, and understanding of multiplication is that the Ratio~to-
One group used arrays to illustrate that multiplication distributes
over addition, item 43, although they had not been introduced to it in
the programmed materisl. Not e single pupll in the Ratio-to-One greup
used a coordinate system as the physical referent to illustrate the -
same item,

The third element that seemingly fails to support the conclusion
that association between physical referent and multiplication faet
facilitated learning, retention, and understanding of multiplication
is that the Repeated-Addition group used an array incorrectly appr¢x~
imately twice as frequently as the group used it correctly to illus-
trate item 43, In fact, few of the incorrect arrays for items L3
even illustrated the basic multiplication fact, 6 x U4 = 24, béing

used in the exercise’;
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These inconsistencies suggest that the conclusion that the use of
a single physical referent to illuétrate‘multiplication would faeili-
tate acquisition, retention, and understanding of multiplication was
not definitely demonstrated by the studyb.

However, before the conclusion can be definitely accepted or
rejected, further research is needed to c¢larify whatever a relation-
ship may exist between the physical referent used and the muitiplica~-
tion fact or mathematical property being taught.

The findings also showed that pupils were able to use an array
to illustrate multiplication even though iflwas not specifically used
during the introductory teasching of multiplication, On the post-test
19 per cent of the pupils in the Ratio-to-One group used the array
correctly to illustrate that multiplication distributes over addition
even though they had not had experience with the array during the
study’s

The use of any physical referent exclusively for all achievement
levels seemingly has Llimitationss. TFirst, there was some evidqngguthgpw
pupilsmWho had been exposed to the array exclusively used it indiserim-
inately. On the other hand, pupils whe had been exposed to the
coordinate system exclusively often failed to make any illustrations
unless confident of success, The Repeated-Addition group made 84
arrays to illustrate item 43; out of which only 29 were corrsct,
Secondl&. the Repeated-Addition low-achieving group performed signifi-
cantly better on those items’measuring mastery of mnltiplication
facts; yet, the séme was not true for those ltems measuring under-
standing of mathematical properties, This might suggest that for

low-achieving pupils the array is a simple and easily understeod
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referent of the multiplication factse

In conclusion, then, the findings seem to indicate three major
points, First, the learning of the mathematical properties, especially
the distributive property, was more difficult than mastery of the
multiplication facts for all levels. Seccnd, the use of different
physical referents to teach introductory multiplication might be
chosen according to purpese and achievement level, And last, the
choice of physical referent might be dependent upon the meaning of

multiplication to be emphasizeds
Theoretical Implications

One of the postulates stated that pupils who are in fourth grade
are of an age to be able to learn mathematical properties applicable
t6 multiplication of whole nmumbers as well as multiplication facts's
The mean level of difficulty found for mastery items and that for
mathematical properties items did not unequivocally support the
postulate’, Inétead, the findings seemingly indicated that pupils
differed as to ability to learn mathemstical pr@perties related to
multipliéétieni The achievement levels differed, also, as to their
ability to 1earnuthe mathem;tical properties applicable to multiplica-
tion ofywhele mumbers: In addition, the findings indicated that the
téfalfgroup found thé:distributive items more difficult than any other
mathematical property items, |

Ancther postulate stated that pupils at the fourth grade level of
attaimment were aided in the development of intuitive thinking by the
use of physical referents and that some physical referents might be

nore effective than otherss No significant difference was found
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between the total group u;ing the Reﬁéated—Ad@ition_approach and the
total group using the Ratio-to-One approach. Thﬁs} tyég.study
produced no evidence of a significant relationship begg;en physical
referent used and the learning of multiplication for the population.

However, when the various achievement levels using the Repeated-
Addition approach were éompared to their respective levels using the
Ratio-to-One approzch, aﬁfelationship wag found for the low-achieving
levels The mean score of the Repeated-Addition low group was signifi-
cantly superior to that of the Ratlo-te~One low group. This study
provided some evidence of & significant relationsghip between physical
referent and learning of multiplication facts for the low group of the
populations

The third pestulate stated that programmed instructional material
might be effective for all pupilg, This study gives little support
to this postulates Lowaachieving pupils found items requiring reading
of words more difficult than those items requiring reading of numerals;
however, the same difference did not apply to the high-achiewving |
pupilss Thus, it might be assumed that programmed material for the
learning of mathematical properties was not equg}@y as effective for
all levels of the population, o

The above statements that no evidence was found to verify the
postulate that all fourth grade pupils are able to learn mathematical
properties applicable to multiplication of whole numbers to some
degree do not mean that the postulate is not trus, Instead, they
mean that this study did not produce any evidence that it was true
for all fourth grade pupils in the populaticn. However, such state-

ments cast doubt on the validity of the postulate for the teaching of
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introductory multiplication to all fourth grade pupils, |

.+The results of this study were in line with the results of other
studies that young children many times do have difficulty with learn-
the mathematical proﬁerties applicable to multiplication of whole
numbers, And secondly, however, that many fourth grade pupils are
able to understand those mathematical properties applicable to

multiplication of whole numbers,
Implication for Future Research

Effort to determine what physical referents are most effective
for the teaching of the various mathematical properties applicable to
multiplication of whole numbers to the various achievement levels
needs to be continued, The results of the present study are not
Justification for the cessation of effort to determine what physical
referents are most effective for learning multiplication by fourth
grade pupilss

The portion of the study that revealed a significant relatienship
between the use of an array and the 1e§fning of mathematicaliproperties
but not betwsen the use of an array and the learning of multipliecation
facts for the middle group was surprising, It would seem feasonable
that the finding should of held true for both aspects,; Thus, further
research should be done in regard to this portion of the study.

In addition, the portion of the study that revealed a significant
relationship between the use of an array and the learning of multipli-
gation facts but not between the use of an array and the learning of
mathematical properties fdr low-achieving pupils was also surprising,

It, also, would seem reasonable that the findings should of held true
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for both aspects, Thus, further research should be done in regard to
this portion of the study.

Because of the findings cited above, it seems reasonable that
further research should be done to detarmine the effectiﬁeness of
varying the physical referent according to the aspect of multiplication
being taught,

And finally, further reseerch needs to be conducted to determine
the effeétiveness of the use of programmed instructional material to

teach introductory multiplication to Llow-achiewing fourth grade pupils,
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May 10, 1967

Dear Sir:

During the fall term of the 1967-68 school year, a study in
regard to the teaching of introductory multiplication is to be
conducted., Elementary school systems located within a sixty mile
radius of Wisconsin State University-River Falls are being contacted
to see if they are willing to take part in the study.

The research will be conducted at the fourth grade level,
Programmed material that coincides with the subject content of the
textbook is to be distributed to the participating classes., Teachers
will be requested to use the material whenever a new multiplication
fact is introduced,

In order that the research might be done with a random sampling
from the area; would you answer the accampanying questionaire and
mail it to me. A self-addressed envelope has been included for
your convenience,

Thank you,

Sincerely yours,

Mrs., Naunda Tietsz
502 West Maple
Stillwater, Oklahoma 75074



RESEARCH QUESTIONNAIRE

School System

Administrator

Would you be willing for your school system to be part of the popu~

lation from which the sample group is drawn?

Flease check
Yes No

If you answer "yes" to the previous question, the following infor-
mation is requested.

1. How many fourth grade classes
are there in your school system
from which to select participating
classes?

2, What arithmetic text will be used
in your school system during the
1967-68 school year?

89
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REPEATED ADDITION

lesson 1:

1.

2o

36

Bill'’s mother made breakfast for the campers. She needed eggs
for five boys., Each boy was to have two eggs. Bill's mother
thought, "I need to boil eggs.”

10

Think of some ways Bill's mother could find out how many eggs
she needed to boil., Check to gee if any of your answers agree
with the ideas suggested below,

One fourth grade class suggested three different ways of finding
how many eggs Bill's mother needed. These are given in exerecises
2, 3, and 4, Read each exercise, study the drawing, and t¥y to
answer the guestion,

Jill said, "Bill's mother could have made & drawing that showed
five rows of eggs with two eggs in each row, Then she could have
counted, i

Bill's mother could get the right answer by e .

CNEENG

EESICTS XS I=N
”Qoe.C

counting

John said that he thought Bill's mother could have added the
number of eggs in each row,

[eNeNeNoNeol
[eNeNoNoNo)
[ACIRAVIR VIR LV IR oV

10
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Bob said, "Bill's mother could look at the drawing and think to
herself, 'Five twos are 10.' she would know right away that she.
needed to boil ten eggs.

She could look at the array, notiee the number of eggs in each
row, and notice the number of rows. ,
1@

Bill's mother could get the right answer. She thought
are 10,

five

When you think with numbers such as 5 and 2 and get 10, you are
multiplying.

Look &t these drawingse What two numbers can you think with to
get the total number in the drawing? Write and circle the numer-
als, The first one is done for you,

1230

ae 1 * ¥ * b, |00 0 co 0

*® % % 000
* Kk 000 0
bo 3,3 Ca 2,1

A drawing like Jill, John, and Bob made is ecalled an array, Each
drawing for exercise #6 was an array, too, Do you think that you
know what an array is? .

Draw a line around each drawingAbelow that is an array,.

a. XXXX ©b, 0000 . ¢, ##°

000 # 4+
XXXX 000 :

-circle a and 4

Mary locked at this array. She said, "Five and five and five are
fifteen, I can add with the help of an array as well as using
it to help me learn to multiply.

[ NeNe
(o N e o)
[«NeNo
[ NeNo]
[ Ne Ne)



8. Jim looked at the same array. He said, "Three fives are
fifteen," Was Jim adding or multiplying?

He was °

multiplying
9. Mary said, "Jim found the answer faster by multiplying than I
did by adding." Maybe is often faster than
adding,
multiplying

Jim could have written three fives are fifteen like this
3x5=15

10, Look at each array., For each one what two numbers do you think
with to get the total number in the drawing. Write and circle
the numerals. How many things are there in each drawing? The
first one i§Z§one for yous C .

a.,@***“* be XXXX c. 0070 do 00~
.ok % XX XX © 00 00
X¥XxX 00O 00
. XXXX 000 00
—0 00 00
00

2xh =8 U S DURCI: SISO U —
be M, & Co 5¢ 3 d. 6, 2



REFPEATED ADDITION

Lesson 2:

1.

2o .

bo

56

Probably, since you can remember playing games you have been
using counting numbers, The set of counting numbers can be
written using numerals as ( 1y 29 3, 4y 0 o & g. The three
dots;-seey mean to continue the numerals on and on, The numeral
5 represents a counting number. The numeral 35 represents a
counting n__ o .

number

If to the set of counting numbers you add zero (0), you will
have the set of whole numbers. To get the set of whole numbers
one needs to add to the set of counting numbers.

0

The set of numbers written as {_O, 1, 20 30 45 0 o o }
represents a set of nunbers .

whole

Using whole numbers we can do certain mathematical operations,.
An gperation is a way of associating with two numbers a third
number called the result, The operation called addition was
used when Jim associated the numbers two (2) and three (3) and
got the result five (5).

When doing the operation addition, Bill associated the numbers
two (2) and four (4) and got the result

]

six

Using whole numbers we can alse do an operation called
multiplication, If Mary used the multiplication operation to
associate the numbers two (2) and three (3), she would get the
result six (6).

h



5. eontinued

Next, Mary associated the numbers two (2) and four (4) and got the

result eight (8), Mary was using the operation,
multiplication
6o The results for associating the same numbers in the operations
of maltiplication and addition the same.
were were not
were not

7. When we associate the number eight (8) with the two numbers two
(2) and four (4), we are using the called multiplication,

operation

8, When we associate the number six (6) with the two numbers two.
(2) and four (4), we are using the operation called o

addition

9. Although we used the same iwo nuwbers in #7 and #8, the results
were not the same, We got a unigue result for each operation.
The unigue result means that in a given operation there is only
one right number to associate with any two numbers ( pair of
numbers), '

Jane used the operation multiplication. She associated the
numbers three (3) and three (3) with the result 0

nine

10, Bill used the multiplication operation to associate the numbers
three and two, He got the unique number o

six

11, Bill's unique number six (6) and Janes's unique number (9) are
in the set of whole_n .

numbers

120 The pairs of numbers used in #8 and #9 are y numbers.

whole
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The regult from associating the two numbers (pair of numbers) in
#8 and #9 was a w number,

whole

In mathematical operation whenever two whole numbers are
associated and the result is a whole number, we say that the
closure property is true for that operation.

When we use an operation in which the result is glwavs the same
kind of number as the pair of numbers, the property
is true for that operation,

closure

Peter said, "“"The closure property must be true for additien
because when I add two whole numbers, I get a whole number."

Peter was right., The closure property is true for additien of
E numbers,

whole

Tom sald, "The same thing is true for multiplication of whole
numbers, When I multiply a whole number by another whole.

number, I get a whole number for the answer. The
property is true for the multiplication of whole numbers."

closure

Work this exercise, Is Tom’s statement true every time? Did
you get a whole number for the answer when you multiplied a
whole number by a whole number?

B 2X 2= ‘ Co 2x1 = _
be 3% 3= | do bx2e
a, 2x2=4 Db, 3x3=9 o 2x1 =22 do b4 x2=28

We didn't work very many examples to check Tom's statement.,

But, it is true that the closure property holds for the
multiplication of whole numbersz., Seometimes we say it like this.
The multiplication of whole numbers is closed,.
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REPEATED ADDITION

Lesson 3:

1.

2e

3

4o

56

Mary and Jane were arranging some stamps to be placed in the
stamp book. Mary arranged hers in a row like this
I I N

Jane arranged here in a column like this

O

C

C

O

If the stamps were arranged so that each stamp wasfpiaced~nexi :
to the one ahead of it, the stamps were arranged in a

row

If the stamps were arranged so that each stamp was placed below
or above the stamps already on the table, the stamps were
arranged in a a

column

It is important in our work in multiplication today that we write
the numeral representing the number of rows first in a multipli-
cation fact and the numeral representing the number of columns
second. ’ 4

In this array there are rows and 4 columns.

Mary locked at the stamps in her stamp book, She said, "The
stamps are arranged in 5 rows and 3 columns, This shows that

five 3's equals 15, ~ nE®
B g

Ex 3 =15 nnw

Bamn

[~ B
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Deseribing these arrays as Mary did, Show that your answer is
correct by adding., The first one is done for youo

y74
ao. Three_ U4's equals 12,
L4+bd +4 =
3
, 4
bs 4's equals 16,
Y+ _ 4+ = 16
: 7
Co m 7% equals 14,
A - = 14
3
de w___”__jﬂs equals 15,
+ 3 + 3+ 3 _+ =15
be four » e, two de five
by 7 3

Jill said, "It is easier to write the addition example, four and
four and four equals twelve with numerals like this, 4 + 4 + 4 =
12, than it is to write it with words., I can write the multipli-
tion fact, "three fours equals twelve® with numerasls, toc, It is
written like this using only numerals and signs.

Ixh =12,

When written as in the exercise above, a multiplication fact is
resd, "three fours equals 12,".

Using numerals as Jill did, describe the folleowing multiplication
faets,

as Three fours equals twelve, a

b, Six two's equals twelve, =

¢, Two seven's equals fourteen, =

a, 3xb =12 be 6x2=12 Co 2% 7 =

In the multiplication fact, 2 x 7 = 14, each of the numerala ?
and 7 is called a factor.
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continued

In the multiplication fact 4 x &4 = 16, each of the 4's is a
A

factor

In the multiplication fact 6 x 2 = 12, and
are factors,

6, 2

The answer in the fact 2 x 7 = 14 is called the product,

In the multiplication fact 4 x 4 = 16, the product is

16

In the multiplication fact 6 x 2 = 12,

is the product.

12
Study the arithmetic facts given below. Decide which ones are

multiplication facts. Circle the product of each multiplication
fact,

as 34+ 3=6

boe 3 x4 =12

ce 2%x6 =12

a, No bi,‘!’ - cJ‘!}
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Using numerals to write the multiplication facts for the arrays,

as ' . : ba
2 X 7 = 14 X = __
Ceo ) de
X = X . =
" be 2x5=10 ce 4 xb =16 do 4 x3 =12

The operation of multiplication can be performed on just a pair
( two whole numbers ) at one time. An operation that is done on
just two numbers is called a binary operation,

Multiplication is a b, operation because I can only
multiply two number at one time.

oo
g
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REPEATED ADDITION

Lesson Ui
1% Tom bought a box of candy, “He qald, nIf I lock at the box one

2,

Fo

Wy

way there are three 6's, If I look at the box another way,
there are six 3's. --But, there-are always 18 pieces of candy,
Is Tom right?

yes L T N Y )
n\\'t%\
\\Q\Q\

yes
Three 6's equal 3'ss

1. vyes . 2% six
Mary illustrated that three 6's equals six 3's, She drew these

arrays. What facts would Mary write under each array?

i

a5, b's 18

be X = 18

as 3x6 =18 be 6x 3 =

Tom and Mary showed that multiplication facts might
nse the same factors, cne twe

two
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o

You might have heard these two multiplication facts called
pairs of facts, Write two pairs of facts you could use to
illustrate a dozen eggs in an egg carton,.

a, 3 x =12 be 2 x :

102

=12

L = =12 x 2 =12

a. 4 b, 6
3 6

Write the pairs of facts which each array below may be used to

11lustrate’,

The first pair is done for yous

the answer, you may need to counts

-

If you don’t know

8% Do

’ZX Q = 16 =

y }:21 = 16 =

Co ‘dob
% = =
X = =

b, 2x9 =18 Co 3x6 =18 d; 3x5=15
9x 2 =18 6x3 =18 5x 3 =15
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REFEATED ADDITION

Lesson 5
1e If two muwltiplication facts have the same factors, their
products are .
equal not equal

equal

Jane did not want to draw a new array each time she found the
product of two factors., She used an array like the one showm
in this exercise to find the product of the pair of multipli-
cation facts in which 4 and 5 are factors. She drew the line
to help her, Then she counted the number of dots inside the

lines, Finally she wrote this palr of facts:

b x 5= 20 5x b =20

12340 516 7.8 9
Hlooooceloooo
Adoovooloooo
JJoooooloooo0
lloooooloooo
Boooceoeoaocooo
floooaeaooo0oo0
Noooooooo0
Booooooo0oon0
9000000000

2, Write the pairs of facts Jane discovered using the factors
given below (If you use a different colored crayon for each
pair of facts, you can use one chart),

a, for 3 and 7 b, for 3 and 8 1

¥

00O D000 0o

OO0 0000 0O
00 00000 CR
00000000 o
O 0 C 000 00 oM
O S 00 G 000 0|0
0O © 00 0O O QO]
000 Q00O 00 0|
00 000000 0N

(o]

\O CO~3 Ovn 00 Do
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2e continued

3e

Se

co for 4 and 6 do for 5and 1
x = X =
x = x =
a; 3x7

21 bo‘B x8 =24 ¢, 4xb6=24 4, 5x%
= 24 6xlb =24 1 x

itn

1=5
5=5
In all of the exercises that Jane did, the number of dots for
each pair of facts (ieeop 4 x 5 = 20 and 5 x 4 = 20),  This
shows that multiplication of whole numbers is commutative.

An operation is commutative if the order of the factors may be
changed without changing the result,

7x3 =2t 8x3

Jane could change the order of the factors in the multiplication
fact 3 x8 =24 t0 8 x 3 = 24, The result was not changed,
Multiplication of whole numbers is ¢ °

commutative

Do the following facts show that multiplication of whole numbers
is commutative?

as 3x757x3

yes no
be 3x8L8x3 __

yes no
ce 4 x6 Tuxe

. yes no

de 5x1 £ 1 x5

yes ' no
8. Yyes be yes Co NO de ves
Multiplication of whole numbers is g because the

order of the factors may be changed without changing the
result,.

commutative
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REPEATED ADDITION

*T think that the product in a multiplication
always larger than either of the factors." He
arrays and wrote the multiplication fact for each

array.
8, * % %k k % bo ¥ k Kk %k k % Co K % K ok ok ok %
% ok ok ok ok * % Kk ok Kk % ok kR K ok Kk Ok
® ok kR K ® ok ok ok K ok ® ok R % ok k%
% kK kK % %k ok ok k%
86 X = b X = Ce b -
d, Ca * f.
K ok ok ok K * % % Kk
%k
%
b3
*
dg X = Qe x = f. x =
2. 4 x5=20 bolUdxb=224 co3x7=2t dolx5=75
eo 6x1 =6 folxl =4
John was _ o
right wrong
wrong
The product for a multiplication example - always
' is is not
larger than either of the factors.
is not

When John multiplied 5 x 1, he got the product ,

o
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The answer for 5 x 1 wés 5 This 1s one of the factors, too.
So when John multiplied 5 x 1, the answer was the same as the
factor —

When John multiplied 1 x 6, the answer was
one of the factors, The other factor was 1.

» Six was

If John had multiplied 9 x 1, he would have got the answer of
. Nine is one of the factors. The other fachtor is

9, 1

Everytime John multiplied when one of the factors was i, the
product was the same as the other f o

factor

Work these examples. Check to see if what factor you have
written in #7 is true,

8, 2% = ____ be 3x1=____ Ce Uxt=___
1x2= 1x3=____ 1xlb=___
a. 2 be 3 co 4
2 3 y
do 5xt = 6o b6 x 1 o= ____ fo 7x1=___
tx6=___ tx6=___ tx7 =
go 8xl=___ he 9x1=___
1 x8= ____ 1x9=_ .
de 5 6, 6 fo 7 go B h, 9
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Both John and you have discovered the multiplicative identitv,
One is the multiplicative identity. In other words when a

_ number is multiplied by one, the answer is glways the same

as the other number; (ivess; 5x1 =5)

The numeral represents the multiplicative identity.
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REPEATED ADDITION

Iesson 7:

1. Ben was not sure that his answer to this multiplication
fact was correct. L x 8 =32

He drew these arrays to check his answer,

4 4
XXXX X XXX
XXI¥XX XTXXX
XXXX XXXX
LIXX XX LIXXXX
16 + 16 = 32
Bach of the arrays shows that x =

16,

hxh =16

2, Ben added the product from the first array to the product from
the second array. 16 + = 32,

16
3. Alice said, "I know that 4 x 3 =12 and 4 x 5 =20, If I add
12 and 20, I get 32, So I have shown that 4 x 8 = 32, I
will draw the arrays to illustrate my work., I renamed the

factor 8,"

3
XXX

el ol
P4 P
4 pd bd

1z

4, Both Ben and Alice renamed the factor 8, Ben renamed the
factor 8 to (4 and Yo
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Alice renamed the factor 8 to (3 + ___ ).

5

Imagine that each of the numerals below represents the second
factor in a multiplication fact. Can you rename each of the
factors? The first one is done for you.

ae 5 be 3 co 9
243
bo either of these c. any of these
S L1488
A 2. B+l
A
AR A
St 6
b3

Terry said, "I didn't rename 8 like either Ben or Alice, I
renamed 8 as (2 + 6). Ben's example will now look like this."

4 x 8 =
bhx (24 6)=

"I used the parenthesis ( ) so that I knew what numerals were
used in the renmaming of oM
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Peggy didn't believe that Terry could get the right answer so
Terry drew these arrays to show her,

110

2 6
0 0 ° 000000O0
00 000000
0 0 000000
4 0 LID0O OO0 OO
8 + 2l
b x2=28 bx6=24 8 + 24 = 32
2k
Peggy said, "Yes, Terry can get the right answer by renaming 8
as ( 2 +6),."
8
John said, "lLet's try another examﬁle and see how we can
rename the second factor, Let's use 4 x 7, I will draw the
array that shows 4 x 7, John drew this array.
7
bhx7= 0000000
0000000
0000000
k10000000
28
28

- Andy said, "I'm going to renasme 7 as (& + 3), Now the array

will look like this,®

| ly 3
0000 000
0000 00GC
0000 000
06000 Lilo 00

4
a 12

° —_—

Show with numerals how Andy renamed 7,
be 4 x7

b (B4 )

2. 16 b, 3

Andy continued by saying, "First I multiplied 4 x 4 and then
b x 3, Then I added the two products,.”
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continued
Can ybu complete the following exercise to show Ahdy’s work?

2o Ux7=4x H4+____)

be =4 x4) 4+ B x___)

Co &= + 12

de = 28

Qe 3 : be 3 -' Co 16

Jerry looked at Andy's work and said, "You renamed 7 as (& + 3).
I am going to rename 7 as (5 + 2). - My work will look like this."

5 2 2. 4x7=4x (5+ A )
. joo0o00 0 0 ) o -
"7 1b0000 00 b, = (b x Y+ (B x )
00000 00 ) _ }
4100000 nlo o Co = 20 + 8
-+ .
20 8 i )
3.0 2 : bo 592 &0 28

John laughed. "Both Jerry and Andy are right. But I see
another way the factor 7 can be renamed. We can rename 7 like
.thisoll

a0, 4 x7=4x(1+6)

b, = (B xt)+ G x__ )

Co = & +

de = 28

b'o 6 | Co 2}4’

The clfildren had discovered something new about multiplication
of whole numbers., By the time you have the next lesson will
you have discovered what it is?
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REFPEATED ADDITION
Lesson 8:

1. Did you discover what the new property of multiplication of
whole numbers is? If not let's see if Alice'’s work will help
yous

2s Alice illustrated the mmltiplication fact 3 x 9 by this array
first, Iater she renamed the factor 9 and drew different

arrayse o
-g g 8 8 g 8 8 8 g Alice's array showed that
3106000000 27 3x =27,
5
3, This is the second illustration that Alice made.
FETTTTB‘g 000 g
00000 0000
3100000 310000
15 + 12
a., Alice said, "I renamed the factor 9 as (5 + B e
b, ' I multiplied 3x 5 = e
cs I multipiied Sxb=___
& T added 15 and 12 and got the sum of ____ "
av b be 15 KR 2 d. 27

Iy Alice got the same result in #2 and #3. In #2 she showed
that 3 x 9 = PO

Tn #3 she renamed the factor 9 to (5 + 4), She then said that
3x (5+4) =27 :

Alice worked the example like this
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continned
3x (544 =(3x5) +(3xh)
= 15 +
= 27
27 12
Alice got the same result when she added first (5 + 4) to get
the facter 9 and then multiplied as she did when she \
miltipiied 3 x 5 and 3 x 4 first and then added the produects,
Alice had discovered the important property. It is known as
the distributive lawe. We say that multiplication distributes
oyer addition when it doesn't make any difference whether you
add to get the factor filrst or you multiply each part first
and then add,
Mary used the distributive law to show that her answers
wore correele
as S5xb5=
5x(3+2)=(0Gx3)+Gx_ )
= — =10
25 | 2 15 25
Ve 5x6 =
S5 i +z)=(5x_.)+({5x2)
5= 20 4 .
e 30
30 b 10

Paul uged the distributive law to do this exercise,

7xl = (_ x1)+(7x3)

I ———EY:

21
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9, Mary said, "If I can say 8 x 4 can be renamed 8 x‘(2+2)§ then I
can say that 8 x (242) can be renamed as 8 x 4,™

Was Mary right?

yes no

105 Can you £ill in the answers to this exercise?

as 9x3=_
be (9x1)+(9x2) =94 . =27 S
e, Bx(2+2)=(8x Y+ (8x2) =16 +16 =32
de 8 xl4 =

~3J

e i

as 27 b 18 da 2 d. 32

11s The distributive property holds for the multiplisation of
whole n °

rumbers
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REPEATED ADDITION

Lesson 9

1.

2,

3e

Jane said, "Now that we have learned about the distributive
property for whole numbers, we won't have any trouble finding
out how much four 9's will be, We know that we can rename the
factor 9. I am going to rename 9 as (5 + 4)a I know that

b x 5:=20, Ialso know that 4 x4 = 16, Then if I add 20
and 16, I get 36." The answer is

right wrong

right
Check the work with these arrays.
X XXXX XXXX
XXXXX XXXX
XXXXZX XXXX
LIXXXXX LIXX XX
— + A6
20
When Jane added 20 and 16, she got 36, Her answer was . o
. right™ WFoRg
right

Vary said, "If It x 9 = 36, then x 4 = 36 because multipli~
cation of whole numbers is commutative."

9

If Jane had used the multiplication fact 9 x U4, she could have
renamed the factor & as (1 + 3) or(2 + Yo
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Poeter asked, '"Who can look at these arrays and tell me the
multiplication fact?®™

1

0

0

4]

o
510 5

5 + — =35

30
UThat's easier. All of us can do it," remarked Gary,
ae (5x1)+(5x6)=___+ . o
be (5xxt)+(5x6)=5x(1L+____Je
5x (1 +6)=5x7

as 5, 30 ' be 6

"Gary, did you notice that we used the multiplicative identity?"
asked Peter, :

Mes," answered Gary., "The moitiplicative identity was one in

the multiplication fact 5 x 1 = o
5
Mary reminded the clasgs that multiplication of whele numbers
was o because 5 x 7 equals 7 x 5,
commutative

"Today we have one more new multiplication fact to learn,”
commented Miss Brown. "The multiplication factors are 6 x 6,
Does anyone think he know the answeri

Henry said, "I think that 6 x 6 = 36, We have learned that
6 x 2 =12, We have learned that 6 x4 = 24, Se if I
12 and 2%, I get 36,"

add multiply

add
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Helen said, " I can prove Henry is right by renaming the factor
6as (1 +5), Iknowthat 6x1 = o I know that 6 x 5 = 30,
When I add 6 and 30, I get the same answer as Henry, The

answer ig 36," "

Can you complete this exercise?

o 6X6= .
be 5 x = 35
Co x 9 =36

2. 30 e 7 c. &
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REPEATED ‘ADDITION

Lesson 10s

1.

2,

3e

Henry said, "I have learned to check the product to a
multiplication fact by renaming the fact, I will do it like
this,"

a, Multiplication faect hx9=

S ez

——)

b. Rename one factor Lx (b +

co Multiply each numeral of the factor by the other factor,
Bx4 Yand L x5)

d. Add the two products 16 + 20 = ;‘

e

e, This way of working the example could be called
"multiplying twice and addingi®

a. 36 be 5 de 36

Henry has learned that multiplication distributes over
a °

addition

Henry, check the produet of a multiplication faet
can can not
by making use of his knowledge about the distributive property.

can

Migs Brown said, "We have some new multiplication facts to
learn today. let's use Henry's method to check our
answers,s"
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Peggy drew & new array on the board

00000000

She said, "I have showm that five [0 0000000
: are 40, 0000O0O0O0O0O
000GCO0O0OO0O

FElo0000000

8ty

Paul checked Peggy's work by drawing lines to separate Peggy's
array like this

L b
cooojoooo "T will use Henry's idea to check
o006 oloooo Peggy's work," said Paul,
000000 O0n
0 oooloo oo 8., Multiplication fact
00000000 5x 8 =40

b. Hename one factor
’ 5x (4 + )
c. Multiply
Exl =20
and
5x 4 =20
de. Add the answers.
20 + 20 = __

T v ——

Peggy's answer is right.

b 4 d. 40

If 5% 8 =40, then 8 % 5 = 40 because multiplication of whole
numbers is ¢ o

commutative

Some of the children were net sure that Peter had written the
answer on the board for this multiplication faet 6 x 7 = 42,
They decided to draw an array and check using Henry's method,

Karen looked at this array and said, I am going to rename the
factor 7 as {2 + 5)," Draw lines to show what Karen did,

000000C Karen thought,

0000000

ogoogoo g, 6x7=(6x2)+(6x5)
0000000 _ ,.
0000000 bo = + 30
0000000

Co = 24’2
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Continued
2 K3 be 12
0 010 0000
00{C0O00O
0000000
K000 000
0000000
70000000
Write the answers to this exercise.
8o 6x7 =
bo 7:}{:6"—'-“
ce 5x%x8 =
Co 8X52‘-§
ae U2 b. L2 ce 4O d. 50
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REPEATED ADDITION

Igg..on 11 °

1.

2o

3e

b

We know that an array can be used to illustrate more than one
multiplication fact. This array could be used to illustrate
two multiplication factse If I look at it one way, it illus~
trates that

2. 5x9= 000000000
000000000

If T look at it another way it 000000000

illustrates that 000000000
000000000

be 9x5=

8o Ll’5 b.)-f*5

Sometimes the array has the same number of . as 1t has

columns, In that case there is only one multiplication fact
to learn.

rows

This array shows that there are ___ rows and columns.
0000000
0000000
0000000
0000000
0000000
0000000
0000000

7 rows 7 columns

The array in #3 illustrated that 7 x 7 = __

——

4g



Se

7o

122

Jim was absent from school nine weeks, The children wanted

to know how many days Jim was absent, Bob knew that there were
five school days each week. So they decided to draw this
array. ‘ '

a. dJim was absent dayse

OO0 O0O0Oo

9O 0 6G 00 0000

be 9% = 45, o

[}

o0 00O 00 0o
C 00 C OO0 o000
00 000000

C

Ao LI’B be 5

In order to play a card game, each player needed eight (8) cards.
Tom said, "We need to have cards if six (6) of us are
going to play."

arman

Tom knew that five 8's was equal to 40, He said, "I will
add one more set of 8, That will make the result 48,

48

2s 6 x8 =

be 8x ____ =48

= ”’8 }3 'S 6
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REPEATED ADDITTON

Iesson 12:

1.

2o

Mary said, "We have 9 girls in each Girl Scout troup. There
are six troups in this school, I wonder how many girls are

Girl Scouts, If I draw an array with 9 girls in each row,

I will need to draw rows." Mary's array looked like

this

6x 9=

—n————

0 00O0GO
0O 0 0000
0O 0 0O0O0O0
OO0 O0OO0O0OO0
0O 00000
000 00O
O 00O O0O0OO0
0O 00 0O0OO0
- 00 00 0o

6, S

Jane said, "If we had 6 girls in each Girl Scout troup and had
9 troups, we would have had Girl Scouts, also.

S

Miss Brown said, "The cother day we lsarned that six 8's was
equal to » Today we want to find out how much seven 8's
would be, Does anyone know how we can find the answer?"

L8
Tom said, "AllL we need to do is add one more set of 8%s to the
answer for six 8%z, We know that six 8's was equal to 48, If
we add 48 and 8, we get 56, Seven 8's must be equal to 56,"

a, 6 x8=

be 7 x8 =

a, 48 bs 56
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5o What multiplication fact does each of the arrays illustrate?

a2, [0CO00GCOO be [000000GO
00000000 0000000
00000000 00000060
00000000 0000000
00000000 0000000
0000BO00 0000000
00000000 Q000000
Q000000
x = 56
X = 56
a, 7x8 =56 be 8x7 = 56

6, Complete this exercise,

a. 6x8 =

bg X6=ﬂ’§_
Co X7 =56
d‘. 7X8=__

& a 2‘1’8 bg 8 Ce 8 do 56
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REFEATED ADDITION

Jesson 13:

.

26

Miss Brovm began the arithmetiabclass by saying, "There is

oné more property of multiplication of whole numbers that we
can discover with our multiplication faects, Do you remember
that we do the operation within the parenthesisz first? i.e.,
bx (2 +5)=4x7, The symbel of + within the parenthesis
() indicated that we add before we multiply by 4."

In the example # + ( 2 x 3 ), the symbol within the parenthesis

“tells us to before we add the I,

add multiply

multiply

Before we try to discover the new multiplication of whole
numbers! property, we had better check to see if we can get
the correct answers for this exercise,

a, 12+ (3+4) =124+ =19
be 6+ (2+5)=6+7 S
co 3x(1+2)=3x = 9
de 3x(3x2)=3x = 18
eo bx (U +4)=bx = 32
f. (2x3)+6 =__ +6 = 12
2. 7 b 13 c. 3 d. & e. 8 % . 6

The children played a game at Mary's birthday party. For
one game Mary put 4 plates with 2 cups on each plate on the
table, In each cup she put 3 peanuts., How many peanuts did
she need for the game?
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John said, "We need to to find the answer the
easiest way." add multiply

multiply

"How can we multiply three numbers?" asked John. We learned

‘that multiplication was a binary operation so we can only

moltiply factors at one time,"

two

John said, "Watch me., That is what I will do., I will multiply
just two factors at one time," I will use the factors 4, 2,
and 3. First, I will multiply & x 2 = 8, Then T will use

8 as a factor, I will multiply 8 x 3,= 24, I just multiplied 3
two factors at one time, ‘ '

Mary needs e peanuts,

v

B e e S
’r\rs-l' %':‘:.0’3(4

24

Here is how we can write John's example so that we know which
two factors to multiply.

Bx2)x3 =
x 3 =24

8

"I think that we should have found the number of peanuts in the
two cups on each plate first, After we find the number of
peanuts on each plate, we can find how many are needed for the
4 plates," commented Peggy.

"I would just need to put the parenth951s () around the 2 and
3 like this,"

bx(2x3)

i

4 ox

D SRt e ST v
different they got the same result?
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Do you think that this always happens when we multiply whole
numbers? :

Miss Brown asked the children to work the following exercise
to see if they conld discover the new propsrty.

ae 3x(2x48) = 3x ( ) = 24

(3x2)xb4 = x4 = 24
b (5xt1)x2 = x 2 = 10
5x(1x2)= 5x_____ = 10
ce 3x(3x2 ) = 3x_ = 18
3x3)x2 = . x2 = 18
do bx(2x3 ) = bx - = 24
(bx2)x3 = ___ .. x3 = 24
3.08 bo 5 ' Ceo 6 d'e 6
6 2 9 8

Bill said, "I know what the new property is., The factors
were kept in the same order., The parenthesis was around two

of the £ o One time it was around the first two

factorse The next time it was around the last two factors.
We multiplied the numerals within the parenthesis first. Then
we multiplied the product by the other factor, The order of
the factors change,'

did did not

The groups did change," saild Mary,

factors did not

(b x2)x3 = x3 = 24
L (2x3)= 4 x = 24
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Bill had discovered the associative property for multipli-
eation of whole numbers.

If one has three factors, the associative property for the
multiplication of whole numbers means that the grder of the
factors will remain the same but the groups will change., The
result is the when the associative property
holds, same different

same

When using only the associative property, I

change the order of the facters, do do not

do not
When using only the associative preperty., I e Change
the grouping. do do not

do
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REPEATED ADDITION

Lesson 14:

1.

2e

3e

Chuck bought seven (7) arrows at nine cents (9¢) an arrow,
How much did he have to pay for the arrows?
Chuck knew that 6 arrows would cost cents,

6 x 9= 54f

EZ

Dick said, "Just add another 9¢ on the 54¢ and you will have
how much the arrows cost."

He used this array to show Chuck how much the arrows cost.

BV G O
OO OO
B BB OO
RN
OO OO
BOTO OO
R T NN T
R L
seevewee o

£

Now, add one more row

A FEEEEEEES

ae 7x9% = ______ b.9x7"==mv

8. 63 b‘ 63

Because the commutative property is true for multiplication
of whole numbers, if 7 x 9 = 63, then the class knew that
9 x = 63,




5o

130
"Now that we know that 7 x 9 = 63, how can we find out how
moch 8 x 9 would be?" asked Peggye
Jane said, "Dick just added one more row of 9%s to the six 9's
to get seven 9's, Why can® we add one more row of 9's to the

seven 9's to get 8 x 9%V’

It is like this

9
£ £ ¢
Hi
it
(it
7¢¢¢¢¢¢¢¢f@__
-

1¢¢¢¢£¢¢¢¢9

_ -

ay 8x9= _ by If 8 x 9 =72, then, 9 x

g, 72 b, 8

In lessons 7, 8, and 9 we learned that the distributive property
wag very useful, This property was true for the multiplication
of whole numbers, This means that if I den't know a multipli-
cation fact such as 6 x 9, I could rename one of the factors,
multiply each part of the renamed factor, and then add the two
products together,

Suppose that you did not know that 6 x 9 = 54% Would you get
the same snswer if you renamed the factor 6 as (4 + 2)? Check
to gee,

as +2)x9=__

by (Bx9)+(2x ) =
Co +18 = 5
8. 54 be 9 54 Co 36

We didn't need to rename the factor 6 as (b + 2)s We could
have renamed it as ( 3 + 3)% Then:

as (3+3)x9=______
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continned

e (3x9)+ (

x9)=____

o o .

+ 27 = 54

It didn®t make any difference what we renamed ths six, We
just had to be sure that the two parts could be added together
to be six’

be 3 co 27

Today we also learned that 8 x 9 = 72, Rename one of the
factors to see if the distributive property worlks for this
multiplication faet's Hint: You might decide to rename 8 as
(7 +1), (6+2), (5+3), or (4 +4), Iet's use one of the
suggestions’s

a, (5+__)x9=

be x9N +{3x9)=

o + 27 = 72

Did our choice work?

i

av 3 Y 5 oy b5 d, yes

Of course, you could have deseided to rename the factor 9 .
instead of the factor 8, You might have renamed 9 as (8 + 1),
(7 +2), (6 + 3), or (5 +8), Would you have found the same
produet eof 727 Iet's try one of the chulces,

ay, 8 % (8 ‘“r’i) =
be (8x. .. )+ (8x1)e=

o

b, 8 B, Of

In lessons & and 5, we learned abeoul the commutative propsrty,
The commutative properiy says that the erder of the factors in a
multiplication fact will nelt changs the product,

s If 6 x 9¢ = 54¢, then 9¢ x 6 =

by If 8x 9 =172, then 9 s= 72

e

as 54 b, 8
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When we learned about the associative property, we learned
that the order of the factors remained the same but the
groups changed., This means that if I have three factors,
3x2x4, Ican say: '

a., (3x2)x 4

i}

bo WXLI":zL]'

or 1 can say:

-

co BX(ZXL")

d Y 3 x e —————————— 2)"!’

i

bo 6 do 8
The product was the same for both ways of grouping the factors.

Does the associative property work for these factors?
2x3x 3=

a. 1 can group like this: (2x3) x3 =

or e x3 =18

1

b. I can group like this: 2 x (3 x 3)

18

i

2 x

8o 6 bo 9

Do you remember about the closure property? If both factors
are whole numbers, the proeduct must be a whols wumber in
order that the closure property is true for multiplication of
whole numbers.

Both of the factors in the multiplication fact 8 x 9 = 72
are whole numbers, The product is 72. We know that 72 is a
whole number, The closure property is true for the
muitiplication of‘whole numbers,

8. 6x9 =

bs 8ix (6) is & whole number,

co Nine (9) is a w_ . number,

d., The product seventy two (72) is a w

emiRsn

number,
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iZ2. continued

6, Therefore, the gl property is true for the
multiplication of whole numbers.

ae gy ce Twhole d. Twhole €o closure
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"There are just two multiplication facts left to learn,”
said Miss Browne. ILook at the two arrays and see if you can

write the fact for each array.

a,
8, [0 OGO O OO
CO0O0DCO OO0
C0CO000 00
000000 O0OO0
00000000
000000C0CGC
50000060
: 00000000
b c.__
d e =
as 8 bs 8 c, OB 8 x 8 =64

b, This multiplication fact is just
It is like this:

as easy as 8 x 8 = &4,

10 C Q0
o .

[&]

o 2
2O
o O

9 x oz ®

=]
Q00 OO0 Q

3

[

(o ]

G o O

e

G

o

(]

o

€]

c ¢

000D Q0

9% 9 = 81
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The following exercise contains some of the more difficult factse.
Check to see if you know of these facts,

a. 7xb= _____
be 7"Tx9= ____

Lo 8 x 7 =,

d, 8x8

L

ey, 8x7=

fo 6x8=

P natad

8, 42 b, 63 e, 56 de Ol s 56 fa 48

During the lessons we have learned that certain things are true
about the multiplication of whole numbers. As this is the last
lesson, see if you can choose the word that names the property
T am iliustrating.

One of the multiplication facts in today's lesson was 8 x 8 =
6y A1l of the numbers used in this multiplication fact were
whele numbers, The example 8 x 8 = 6l shows the :
property for the multipiication of whole numbers. closure
agsocigtive

closure

The fact that 6 x 9 = 54 makes us sure that 9 x 6 = 4, alsoc,.
This iz an example to show the

associative commutative
For the multiplication of whole numberss

commutative

Do you remember something about the number one ( 1 )? Tt
acts very odd in a multiplication fact. Whenever one is a
factor in a multiplication fact, the produet is the same as
the other factor, For example, 6 x 1 = 6, In this case the
number one is called the °
closure multiplicative identity

multiplicative identity

Scmetimes when we don't know the product for a combination, we
use one of the properties we have studied, If I don't know
that 9 x 9 = 81, I could use this property. I would rename
one of the factors, multiply each part, and add the products,
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Example:

9x (5+4) =
(9x5)+(9xb)=
L5 + 36 = 81

In this example the property was
assoclative distributive
illustrated.
distributive
7. We studied just one more property. We had to be careful to keep

the factors in the same order when we used this property. We
changed the group though,

Example: 4 x2x 3 = OR b x (2x3) =
WBx2)x3= L x 6 = 24
8 x 3 =24
This example illusﬁrates the
agsociative distributive
property.
associative
How did you do in naming the properties? Just think ---- even

if you had only one right, that was one more than you knew when
veu started the lessons,
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RATIO TO ONE

Biil's mother made breakfast for the campers, She needed eggs
for five boys. FEach boy was to have twWo eggsy Bill's mother
oggss"

st sz

10

Think of some ways Bill's mother could find cut h@‘w‘ma,mr eEgsS
she needed to boil, Check to see if any of your answers
agree with the ideas suggested below,

One feurth grade class suggested three different ways of
finding how many eggs Bill's mother needed, These are given

in #EQ #’39 and #1};0

Jill said, "Bill's mother could have made a drawing that
showed five buys with two eggs for each boy. Then she could
have auunted.!

The drawing would lock Like this

42 FE£ 5¢ 78 9/0
UH g T & Bill®s mother could. p‘e’c the right

:/%\ f/ jp/ %\gg_ answer by.o "

counting

John s21d that he thought Bill's mother could have added the
number of eggs sach boy would havels

Bitl's moether could get the right L HF a4 2+ 2 A B/
BNSWY VY& (e the nUmbeT 00 09 00 Q0 Q¢
v

of eggs eazh buy was to have, j?/ % f
3 5E

s
/
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Bob said, "Bill's mother could have looked at the drawing and
said to herself that two for one boy means that I need ten for
five boys’, .

2 eggs 10 eggs
She could look at the drawing, m,
notice the number of eggs for - a 00
one boy and notice the number /By

: o
of eggs for five beys: 1 EE - E\Oysj <

Bill's mother could get the right answer. She thought two
eggs for one boy means ten eggs for by S,

five

She could have written the example like this

zZ = 10
1 5
5% 2= 10

When you think with numbers such as five and two and get ten,
you are multiplying,

Look at these drawings, Did you see how to get the total
number in the drawing? The first one is done for you.

as 0000
Y- means '
1 3

4 =
1

be o0 coo
means ;
1 3

;L
1 3

whs

s ® ()

l =
1 2

be 9 ’ ¢y 2
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Instead of using all the different drawings to show how many
we need, we could use two number lines like this

b = 12
1 3
12
1\
3 = 9
1 3 5
i
3
2
! L
3x3=___ 0123456789610
ae. 12 be 9

Did you notice that the numeral O was the beginning place for
each of the number lines?

Mary looked at drawing and sald, "The origin of beth lines is
0 because the numeral is the beginning numeral Tfor each line,
The line that goes up and down on the page is a vertical line,
The 1line that goes across the page is a horizontal line,"

Beneath each line write herizontal or vertical,

2. £ N b Ceo
\ P4
h v 9
as horizontal be vertical . o, wvertical

Paul said, "I can draw a line that is not either horizontal
or vertical,

Paul's line
wa.s was not
sither horizontal or vertieal
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continued

The line that Paul drew Was a diagomal linei

was not

Multiplication can be written like this

3x5=15

Jim said, YI see how we use the number lines to find the
answer to the multiplication fact ¥5x 3= 15,7 It is like
this

First, I find the 3 N
on the horizontal
1line: I know that I 4
am multiplying by 3 H
because when I 4
compare 3 to 1, I got 3
3o V.
1
0

s N [N
Next, I found 5 on 1234567891011 12 13 141516
the vertiecal line,

T followed a line

drawn across the page

to the right of 5 until

it met the diagonal linei

Then I just drew a line

dowm to the numeraly

The mmeral was 15,
That was the answer,

5 ® 3 = e om———
because 3 = l:;J
1 5
15 15

Alice said, "In this drawing the numeral 4 is compared to 1%,

The diagram shows

that b x 4 =

4 = 16 1

1 4 ]
1

==
01238567489 1011 12131415 16

3

16
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12, Can you write the multiplication facts that these diagrams

show?
a, X =
5 =01
1 3
!
516 17
be x =
2 =1
1 b
ae 3 x5 =15 by b x2 =8
5= 12 2=8
i 3 1 &
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legson 23

N

1., Probably, since you can remember playing games, you have been
using counting numbers. The set of counting numbers can be
written using numerals as{j.,7 2e 3y oo%%, The three dots cee
mean to continue the numerals on and on, The numeral 5
represents a counting number, The numeral 35 represents =
counting n..

m—

number

2. If to the set of counting numbers you add zers (0), you will
have the set of whole numbsrs., To get the set of whole
numbers one needs to add —_— to the get ¢f counting numbers,

0

30 The set of numbers written as{?, 1, 2, 3, &, oao}repregents
a set of w -numbers .

rmrameres

whole

b, Using whole numbers we can do certain mathematical operations.
An operation is a wav of associating with twe numbers a third
rumber called the result. The operation called additien was
used when Jim associated the numbers twe (2) and three (3)
and got the result five (5).

When doing the operation addition, Bill associated the numbers
two (2) and four (4) and got the result 0

six (6)

5. When using whole numbers, we can alse do an operation called
maltiplication, If Mary used the multiplication operation
to associate the numbers two (2) and three (3}, she would get
the result six (6),
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continued

Mary associated the numbers two (2) and four (4) and got the

result eight (8), Mary was using the m _ operation,

multiplication
The results for associating the same numbers in the operations
of multiplication and addition the same,

were were not

were not

When we associate the number eight (8) with the numbers two (2)
and four (4), we are using the operation called

-

addition or

multiplication
multiplication
When we associate the number six (6) with the two numbers two
(2) and four (%), we are using the O called
addition;
operation

Although we used the game iwe numbers in #7 and #8, the results
were not the same. We got a unigue result for each operation,
The unique result means that in a given operation there is only
one right number to associate with any twe numbers (pair of
numbers).

Jane used the operation multiplication. She assocliated the
numbers three (3) and three (3) with the result H

nine (9)

Bill's unique number six (6) and Jane's unique number nine (9)
are in the set of whole n__. .

numbers

The pairs of numbers used in #9 and #HOare w numbers.

whole
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The result from associating the two numbers (pair of numbers
in #8 and #9 was a__ W number,

/

) whole

In mathematical operations whenever twe whole numbers are
associated and the result is ‘a whole number, we say that the
closure property is true for a certain operatien.

When we use an operation in which the result is always the
seme kind of number as the pair of numbers, the gl
property is true,

alosure

Peter sald, "The clogure property must be true for addition
because when I add two whole numbers, I get a whole number,h

Tom said, "ﬁ.think that the c¢losure property is true for
multiplication of whole numbers, When I multiply a whole
number by a whole number, I get a whole number for the answer,
The. 6l e Property is true for the multiplication of
whole numberas"

closure

Work this exercize, Is Tom's statement true everytime? Did
a whole number result when you multiplied one whole number by
another whole number?

8s 23X 2= _ be ix2= ______.
2 = 4 2 = 2
1 2 1 1

o 333 =___ ds in!-“____‘_
3 = 9 & = 3
1 3 1 2




16,

146

The c¢losure property seems to be for the
true or false

multiplication of whole numbers. As we continue to work with
the combinations, we will check to see if it holds everytime,
We will try to find out if the multiplication of whole numbers

is closed.

true
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2 =13
1 5
5x 3=15
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RATIO TO ONE

sSOn

Mary and Jane were arranging their stamps to be placed in the
stamp bock., Mary arranged hers liks this,

LI S I B U O

She had four for one row,
She could write it as 4 for 1 or as 4.
1

Jane looked at the arrangement of stamps in the book., She sgaid,
"There are only 3 stamps in each row, Bubt I can see five rows,
This shows that 3 is to 1 as is to 5., It could be
represented like this,.

TGS A

15

Tt is dmportant in our woerk that we look for the second numerel
of the multiplicaticon fact wn the horizontal line and for the
firgt nueral of the multiplication fact on the vertical line,
This diagram shows that one looks for the answer on the

Line,

horizontal or vertical

2 = 6
1 3
3x2=6

horizontal
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|
4y Look at these diagrams, Can you fill in the missing numerals?

L
Ly

2o

bo L]’X i6
4 = D |
1 L |
V=, L
01 234567891011 12131415 16 17
Co Hr — —
Iy -
3 _3 "'.1.5_—
C]
1 l > —x 3=15
012345678910 11 1213 14 15 16
do 2 =:[::l gf
1 7 a_ o 1
§ f |
ng-ih 4 |
i i ‘
3
9 |
i l N
0123456789 1011 1213 14 15 16
a., 12 be 4 ce 5 d. 14
12 16 5 7

56 Jill said, "It is easier to write the multiplication faet,
"three is to one as twelve is to four? with numerals.,” It
means that 3 = 12

1 L

One can say it with nmumerals like this

bx 3=12
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Using numerals as Jill did, describe the following multiplii-
cation facts, The first one is done for you.

a, Three is to one as twelve is to foure & x 3 =12

be Two is to one as twelve is to six,

Co OSeven is to one as fourteen is to two,

In the multiplication fact %6 x 2

'In the multiplication fact "4 x 4

be 6 x2 =12 Co 2 %7 =14

In the multiplicvation faot '2 x 7 = 147 each of the numerals
2 and 7 1ls called & factior.

In{the multiplication fact " x 4 = 16% each of the 4's is
s X o

factor

i

12 the factors are ___

and e @

6 2

The answer to the multiplication example '2 x 7 = 14! is
called the producti

it

161 the product s .

16

In the multiplication fact "6 x 2 = {2°

i

is the product,

D ARSI T T

12

Study the arithmetic facts given below, Declids which ones
are multiplication facts,

as 3+ 3 =6
yes no

1}

12
yes no

be 3 x4

Co 2x 6 =12
yes no

&e 1O be yes Ce Yes
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Uze numerals to write the multiplication facts for these
dlagrams. When you use diagrams as appear below, you are
finding your answer in a coordinate system, The first one is
done for you,

8y

i
|
|
|
[
1

O N B O3 D

-

235567 851011121318 15 16

The diagram shows that

=
i
a

The multipiication faet is 7x 2 =14

be The following disgrem shows that

The multiplication faet is

A rs o £ O

i
I
I
|

) 5
01 234567891011 12 13 14
¢o The fellowing diagram shows that A= 16
1 &
The multiplication fact is x® = 16
é
A -
.3 /‘T‘
2 — l
== ‘ ' -
0L 234567891011 1213 14 15 16 17

be 5x 2 =10 co B ox b6
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16,

15

d. The diagram shows/?hat

: i
0123456789 1011 121314 15
The multiplication fact is

X 23

3 xh =12

The operation of multiplication can be performed on just a pair
( two numbers) of whole numbers at one time, An operation that
is done on just two numbers at one time is called a binary
ocperation,

Multiplication of whole numbers is af__
one multiplied only two numbers at one time,

operation because

binary
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RATIO TO ONE

L§§§ on, & 3

1. Tom and Jim both bought some candy in packages. Tom said, "I
got 3 pleces in each sack, My package contained six sacks,
I got 18 pieces of candy," Is Tom right?

yes no

: ~
01 2354567891011 1213141516 17 18 19 20

yes

2. Jim said, "I got 18 pieces, too. My package contained only 3
sacks., But each sack had 6 pieces of candy in it." Is Jim

right? & = 18
ves no “"'i" ”"""37"

)

= - ===

]
012345 é 7891011 12 13 18 1516 17 1819 20

yes

3¢ Mary said, "Both Jim and Tom used the same factors. They
changed the order of the factors." Was Mary right?

yes no




5e

7e

Ba

9o

153

Tom's multiplication fact looked like this

6 x 3=

18
Jim's multiplication fact looked like this
3x6 =
18
Mary had seen that multiplication facts might use
one two
the same factors but in different order.
two
You might have heard these two multiplication facts called
pairs of facts, Write two pairs of facts you could use to
illustrate a dozen eggs.
as 3 X ... =12 be 2 x — =12
L x =12 ‘ x2 =12
a. 4 be 6
3 v 6

Look at the fellowing setg of coordinate systems, Write the
multiplication fact which each coordinate system of the pair
shows, The first pair is done for you.

b.

01234567 8 910

2x b =28 b % 2 =28

da

R S

1234567891011 1213 14 15 16 17 18 19 20

O+ MW EFun O3 G0N0

X &=
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9, continued

be

l
l
I
|

B ol BV O] G0N0

— |
Tt 578910 1T 12 13 15 15 16 17 18 19 20

5 =

a, 2x8 =16 be 8x 2 =16

10, In #9 the two multiplication facts were

2x8=

8x 2=
16 16

11, Can you complete the following exercise so that you have pairs

of facts?
8o 2 x 9 e ——t——— bo 3 X 6 =

9 x = 18 6 x =18
co 3 x5=

x 3 =15

8o 18 bo 18 Co 15

2 3 5
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RATIO TO QNE

If two multiplication facts have the same factors, their
products are : o
equal not equal

equal
Jane did net want to draw a new coordinate system each time she
found the product of two faecturs., She used the same coordinate
system but changed the shape of the line for each fact, In
this exercise Jane wanted to find the product of the pair of
multiplication facts in which & and 5 are factors,
The two multiplication facts for the factors (4, Elare

b x 5= 20

5x b = 20

soordinete system below and notice hew Jane shemwed
ton facts for the pair of factors (B3, 5)%

Look at the
both multiplics

_— - - Y S
i
i
1
- |

€3 B A By O\

123567893011 1213 46 1516 17 18 39 20 =t

= _20

L x5 = ______ 5
1 b
Sxb=_ L = 20
T

T

i)

1y®
%)
By
=
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Write the pairs of facts Jane discovered using the pair of
factors given below., The first is done for you. The next sheet
contains some coordinate systems for you to use if you desire to
check your answerss '
as (3, 7) ce (B, 6)
3 x7 = 21 X =
7x3 =21 — x =
Y (39 8) de (59 1)
% = X =
s = W ==
b 3x8 =28 ce 46 =2h do 5x1=035
8x3 =24 6 x4 =24 1x5=5
In 211 of the exercises that Jane did, the product for both
mltiplication facts was the same’e (iiee, & x 5 = 20 and
5 x4 =20)s This shows that multiplication of whole numbers
is commutative’s, An operation is commutative if the order of
the factors mey be changed without changing the results.
Jane could change the order of the factors in the multipliecation
fact 3 x 8 = 20 to 8 x 3 = 24, The result was not. changed,
Multiplication of whole numbers iz g . o _
r.mmmutatiwfe
Do the following facts ghow that multiplication of whole
numbers is commutative?
? S ?
gy 3 x7=7x%3 o Hxb6=U4x6 :
Jes no . ves neo
2 7
be 3x8 =8x3 de 5zl =1x5
yes no yes no
as yes be yes g 1O da yes
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Worksheet

U

O A A OV~ C0NO

se for b, (3, 8)

U

o s Do AR ON~T ODND

1235567801011 12 13 15 15 16 17 18 19 20 21 22 23 25 25

se for e, (4, 6)

U

12345 é 78 910 41 12 13 14 15 16 17 18 19 20 21 22 23 24 25

se for ds (5, 1)

\
N
o)

i

Cuizr AW I O~ OO

123485678910
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6. Multiplication of whole numbers is JQ because
the order of the factors may be cnanged without changing the
results

commutative
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RATTO TO ONE

Lesson 63

ie John said, "I think the product in a multiplication sxample is
alweys larger than either of the factors,” He drew these co-
ordinate systems to illustrate his multiplication fact for each.

5 = _20
1 i
A
0123656789 1011 1213 16 15 16 17 18 19 20 2L 22
*: =
b x5 =20
2 b= 2
“ 1 6

I
|
|
|
!

St DAy Bres On

>
fav
S22

THL 5678010 11 12 15 1% 15 16 17 18 19 20 21 22 23 24

X ==

Ex k= 2
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1% _EPntinued

p'd =
7x3 =21
de
5 ;
L 2= 5
3 1 1
2
1.__._._.
i1 234567
x =
1x5=5
€o
[
6| 4
5 ( I
iy 1 6
3 I
2] i
1A 1
AT 2345678
> =
6x1 =26
2+ The product for a multiplication fact always
is is not

larger than both,

is not
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When John multiplied 5 x 1, he got the product o

The answer for 5 x 1 was 55 This is one of the factors, too,
So when John multiplied 5 x 1, the answer was the same as. cne
of the factorss It was the same as the factor .

When John multiplied 1 x 6, the answer was . . S8ix is
one of the factors. The other factor was 1.

If John multiplied 9 x 1, he would have got the answer.
Hine is cne of the factors, The other factor is s

©

9 , A 1

Everytime John multiplied when one of the factor was 1, the
product was the same as the other P

factor

Work these examples, Check to see if what you have written
in #7 is true.

8 2x1 = Bo

Sl

x 1 ce b ox 1

i
i

P R

1 %2 x 3 = __ 1 x &

i
oy

[t}

i

do 5x1

]
@
Pyt
(@8

x 1= fo 7x1
x 6

s

1t x5 1 x7 =

[

]
]
i

gs 8x1=______ he 9 x
1 x8 = 1x9=

)
L
™
o
¥ -
W
o
¥

de 5 e5 6 fa 7 g¢ 8 he 9
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9 Both John and you have discovered the multiplicative identity.
Ope is the multiplicative identity for whele numbers. In
other words when a number is multiplied by one, the answer is
always the same as the other number; (iies; 5 x1 = 5)

10¢ The numeral represents the multiplicative identity.
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RATIO TO ONE

Lesson 7:

1% Ben wag not sure that his answer to this multiplication fact
was correct. L x 8 = 32

He drew these diagrams to check his work

&%

; o= 36
2 1 4
if v
01 238567891011 1213 14 15 16 17
bhx b=
o= 16
1 b
1 ,
012345678910 11 12 13154151617
i.i,xlpz R
a. 16 be 16
Zs BEach of the diagrams shows that x = 16,:
boxh

0
o

Ben added the product from the first diagram to the product
from the second diagram. He said, "16 + = 32,."

16

Bo Aldce said, "I know that ¥ x 3 =12 and 4 x 5 = 20, If I add
12 and 20, I get 32, I will draw the diagrams to illustrate



Se

7;

164

continued

my works I renamed the factor 8,"

e — = = 3 = 1z

Of1 232567891011 1213 14 15 16 17

bx3=
12
1 L
, ! ;
1230567891011 1213 15 15 16 17 18 19 20 21 22
b x5=
20
Both Ben and Alice renamed the factor 8, Ben renamed the
factor 8 to (& + Yo ”
L
Alice renamed the factor 8 to (3 + Ve
5

Imagine that each of the numerals below represent the second
""" Can you rename each of the

factors, The first one is done for youl,
ao 2 ve 3 ¢ 9
1+ 4 T e

24+ 3

be 2
1

&
+ +
Ut

+ 1
+ 2
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8. Terry said, "I didn't rename 8 like either Den or Alice. I

9

renamed 8 as (2 + 6). Ben's example will look 1like this,"

2o

6
B— - — — — 2 =_8
3 | 1 L
|
Z i
£~ |
o123 4 567891011 121314 15 16
bx2=___ i
bo 6 = 224'
1 L
6
5
Blov o s e e ———— e
3 |
2 {
1= === i
o1 234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24
bhxb=___ N
a, B b, 24

Pegey said, "First, Terry multiplied 4 x 2 = 8 and then he
multiplied & x 6 = 24, Then he added 8 and 24."

Terry's work looked like this:

L x2=8and & x 6 =24

8 + 24 = 32

Yes, Terry can get the right answer by renaming as

(z + 6).
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10, John said, "Let's try another example and see how we can re-
name the second factor, Let's try 4 x 7. I will draw the
diagram that shows 4 x 7."

It looked like this:

7 = 28
5,

g
7
6
5
-
3
2
1 '
0|7 14 21 28 35 42 49 54 63
b x 7

28

11. Andy said, "I'm going to rename 7 as (4 + 3), Now the example
should say this,"

h x 7 = 28
b x (b + ) =28

My work looks like this

8o

- e g
I
I

1 234 587891011 12 13 14 15 16 17

O o EAn

L x4 = _
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continued
e § 3 = _12
b 1 Iy
3
2
1 .
01234056789 1011 12 13 14 15 16
b x3=
co 16 +12 = __
2., 16 be 12 co 28

Andy continued by saying, "First, I multiplied 4 x 4 = o
Then I multiplied & x 3 = ___ o Then I added the two
products,

16 12
Can you complete the following exercise to show Andy's work?
hg7ebx @+ ___ )

= (4 x8) + (B x3)

= 4+ 12

3 16
Jerry looked at Andy's work and said, "You renamed 7 as

(4 +3)e I am going to rename 7 as (5 + 2), My work will
look like this,.”
b x7=48x(5+ )

(b x5) + (4 x2)

i

= + 8

i

28
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John laughed,. "Both Jerry.and Andy are right. But I see
another way the factor 7 can be renamed. We can rename 7 like
this,"

hx7=bx(1+6)
= (4 x1)+ U x )
= + 24
= 28
6 4

The children had discovered something new about multiplication
of whole numbers. By the time you have the next lesson will
you have discovered what it is?
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RATIO TO ONE
Lesson 8:

1. Did you discover what the new property of multiplication of
whole numbers is? If not, let's see if Alic's work will help
youe | _ '

2, Alice illustrated the multiplication fact 3 x 9 by this
illustration. She said that she could do it two ways. First,
she would illustrate 3 x 9., Then she would rename the factor

"9 as (54 4) and illustrate her work,

0369121518 &l & 27 50
39 e

27

Hers is Alice's work when she remamed the factor 9 as (5 + 4},

o
e

8o

il

5= 15
1 T3

ff— = = »

0L 23L4 5678091011 12 13 14 15 16
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continued,
e == L= 12
; | 13
1234567891011 12 13 14 15 16
3xh =
a. 15 b, 12
When Aliece multiplied 3 x 5, the product was .

When Alice multiplied 3 x 4, the produet was________ .

To find the answer for 3 x 9, Alice needed to add + 12,
When she added 15+ 12, she got the answer .

15 12 - 15 27
Alice showed that the multiplication fact 3 x 9 = o

27

Tn #3 and # Alice showed that she could rensme the factor 9
as (5 +4), She said that 3 x (5 +4) =(3x5) + (3 x4&)
= 15 +
= 27

Am————

12

Alice got the same result when ghe added first (5 + 4) to get
the factor 9 and then multiplied as she did when she multiplied
3x5and 3 x4 first and then added the products,

Alice had discovered the important property., It is known as
the distributive propertye We say that multiplication dis-
tributes over addition when it doesn't make any difference
whether yeu add to get the factor first or you multiply each
rert first and then add,

Mary used the distributive property to show that her answers
were correct,

ge 5 x5 =25
52(B3+2)=GBx3)+Gx___)

+ 10

nan
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continued,
be 5x6 = ,
5x (3 +2)=(5x ) + (5 x2)
= 20 +
= 30
2. 25 15, 25 b. 30, 4, 10

Paul used the distributive property to do this exercise,

7 x b= (

x 1) + (7 x 3)
7 +

28

i

7 28

Mary said, "If I ecan say that 8 x 4 can be renamed as 8 x
(2 + 2)p then I can say that 8 x (2 + 2) can be renamed as 8
Pie LP";"

Was Mary right?
yes ne

yes
Can you fill in the answers to this exercise?

as 9x3=___

be (9x1)+(9x2)=94 . =27 | |

¢h 8x (2+2)=(8x2) + (é %(;_;) =16 + 16 = 32

de 8 x4l =____

2. 27 b, 18 T el 2 d. 32

The distributive property helds fer the multiplication of
whole 0

numbers
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1.

2o

3e

Did you notice that sometimes when you counted you counted by
2's instead of by ones. This means that you say 2, &, 6, _____,
10, and on and on., If you count by twols, you don't need to
say or write as many numerals,

8
I can count by other groups besides by groups of 2's. Look
at each row of numerals. See if you can tell how large each
group is.
e 2, 4, 6, 8, seo (the 3 dots mean that I can keep going
on and on)

I was counting by groups of o
b° 39 69 99 129 159 eqo

This time I counted by groups of s
c. 5,10, 15, 20, 25, ooo’

I counted by groups of .. °
ao 2 bo 3 eo 5

Semetimes you will see the horizontal line marked off in 2%s,
3's, or 5's, (It is necessary to use these groups so that the
illustration will fit on the page). '

Jane said, "Now that we have learned about the distributive
property for multiplication of whole numbers, we won't have
any trouble finding out how much four 9's will be., We know
that we can rename the faetor 9. I am going to rename 9 as
(5+4)¢ Iknowthat & x 5 = 20, I also know that 4 x 4 = 16,
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3, continued,

ko

5e

6o

e

Then, if I add 20 and 16, I get 36." Jane's answer is right.

yes no

yes

Check the work with these illustratiéns, Remember that I am
going to count by groups for the horizontal lines.

5
== — = = e e
= 20 g li—l,’,
X 1]-= |
Ol2 L4 6810 12 14 16 18 20
hx5=____ L x = 16
20 L

When Jane added 20 and 16, she got 36, Her answer was

right wrong

right

Mary said, "If 4 x 9 = 36, then

x 4 = 36 because multipli-
cation of whole numbers is cummutative,

9

If Jane had used the multiplication fact 9 x 4, she could have
renamed the factor 4 as (1 + 3) or as (2 +

—De

Peter asked, '"Who cah'iook at these illuétrations.and tell
me the multiplication fact?" '
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7o continued.

Z
g 2 = 30
3 T T 5
2 1
i ST S 6789011 R R R R R

5x1l= .. 562 e
5 30
8. "That's easy. All of us can do it." remarked Gary.
2. (5x1)+(5x6)= + 30,
= 35
or
(5x1) 4+ (5x6) =5x (L+____)
| =5x (1L +6)=5x7
3

9., "Gary, did you notice that we used the multiplicative identity?t"
asked Peter, '

"Yes," answered Gary. "The multiplicat%ve identity was one in
the multiplication fact 5 x 1 =

sy @

10, Mary reminded the class that multiplication of whole numbers
wa.s & because 5 x 7 = 7 x 5.

commutative

11, "Today, we have one more new multiplication fact to learn,"
commented Miss Brown, YThe multiplication factors are 6 x 6.
Does anyone think that he knows the answeri!
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Henry said, "I think that 6 x 6 = 36, We learned that 6 x 2
=12, We learned that 6 x 4 = 24, So if I 12
add multiply

and 24, I get 36,"

add

Helen said, "I can prove that Henry is right by renaming the
factor 6 as (1 + 5)s I know that 6 x 1 = » I know that
6 x5=30, When I add 6 and 30, I get the same answer as
Henry, The answer is 36."

Cen you fill in the blanks for these multiplication facts?

2. 6 x6 = be 5 x = 35 ¢,

x 9 =36

2s 36 be 7 v co U4
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RATIO TC ONE
Lesson 10:
1e Henry said, "I have learned to check the product to a multipli-

2s

3o

Iy

cation fact by renaming one of the factors., I will do it like
thig,"
a, Multiplieation fact bx9=_____
b, Rename one factor Lox B+ o)
L’

¢ Multiply each numeral

of the factor by the

other factor ‘(Q xb4) and (B x 5)

d, Add the two product 16 + 20 =

e, This way of wprking the
example could be called
"mudltiplying twice and

adding,"
2o 36 be 5 co 36
Henry has learned that multiplication distributes over
o

addition myltiplication

addition
Henry. check the produect of a multiplication fact

can can not

by making use of his knowledge about the distributive property.

can

Miss Brown said, "We have some new multiplication facts to
learn todays Let's use Henry's methed to check the answers,”
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Peggy drew this illustration on the board,

! __5_ = | 40
' 1 8
|
i
i
A |
5 10 15 20 25 30 35 40 45
She said, "I have shown that 8 x . = 40,

5

Paul checked Peggy's workls He said, "According to Henry, I can
rename a factore. T will do it Like this,®

a% Multiplicatiom fact 8 x5 =40

b, Rename the factor 5 8x (3 +2)

go  Multiply (8x3)+ (8x ” )
de Add e 16

es The ansgwey is

Pegey's answer was right,

Go 2 do O e, A0

If 8 x 5 = B0, then 5 x 8 = 40 bssause multiplication of whele
numbers is g °

commutative

Some of the children wers not gure that Peter had written the
correct answer on the board for this multiplicatiom fact

6 x 7 = 42, They decided to check Peter’s work by rensming
the factor 7 as (2 + 5) and then working the example,
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continued,

as 6x7 =

b, 6x7=6zx(2+5)

ce = (6 x Y+ (6 x 5)

de = 12 +

&% =

a, b2 e 2 ds 30 e, 42
Write the answers to this exercise,

as 6x7=

bo 7x6 = ____

Go 5x8 =

ds 8x5=__ .

ay L2 be 42 dy b0 e, &0
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RATIO TO ONE

Lesson 11:
|

1. Look at these multiplication facts. What do you see that is
alike in all of them?

g, 4 xlb =16

be 6 x 6 =36

ce 5x5 =25

In each éxample both fa were represented by the same
numerale

factors

When both factors are the same number, we only need to learn
one multiplication combinations. icee, 6 x 6 = 36

2. Look at this illustratien, Both factors are s

8

80 7
6
5 k
; z=UJ
3 1 7
2
1 '
0'7 14 21 28 35 42 49 54 63

be The horizontal line was numbered as groups of

ao 7*‘{" 7 . b, ?ﬂs

®

3. The illustration in #2 shows that 7 x 7 =

7 x 7=H9
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Jim was absent from schosl nine weeks. The children wanted to
know how many daye Jim was absent. Bob knew that there were
five schocl days each week., So they decided to draw this
illustration, .

9,_.__,—— — —— o —

8 I [““
7 [ a. DBob said that 5 as _L__
6 | 1 9
7 l

ly be 80 9x 5= R

3 I

2 )

1| t

015 10 15 20 25 30 35 40 45 50

aoﬁasé‘ﬂi . b.9x5=:14«5

i 9
The horizontal line in 4 was numbered in groups of 5%s.

In order to play a card gume, each player needed eight (8)

cards, Tom said, "We need to have _______ cards if six
(6) of us are going to play."

e gewnm  pesvvwnl  pemwon  pecrm— Rt et S

— — -

i ]
L 8 12 16.20 24 28 32 36 4O 44 48 52 56 60 64

b ha L BT Ong

Tom said that he knew 5 x 8 = 40 therefore 6 x 8 must be just
8 more, The answer just had to be 48,

6% 8 =

53 48 48 | 48
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RATIO TO ONE
Lesson 12:

1o Mary said, "We have 9 girls in each Girl Scout troup. There
are six troups in this school. I wonder how many girls are
Girl Scouts. If I draw an illustration showing 9 girls for
every troup, it will look like this."

I
369121518 21 24 28 30 33 36 39 42 45 48 51 54 57 60

2o .9"""._[;.!
1 6

O MW EAn vl

be 9x6 =___

a; s b, 54

2. Jane said, "If we had 6 girls in each Girl Scout troup and had
9 troups, we would have had Girl Scouts."

3. Miss Brown said, "The other day we learned that 6 x & =
Today, we want to know how much 7 x 8 equals., Does anyone
know how we can find the answer?

48
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L, Tom said, "All we need to do is add ocne more 8,"
ae 6x8 = ___

ba 7X8=___

2. L8 b 56

5. What multiplication fact does this illustration show?

8

e

5 ' §.-=._.|——':,

i | 1 7

3 I

2 |

-4 |
04 812 16 20 24 28 32 36 &0 44 L8 52 56 60
7 x 8 = 56

6, Complete this exercise. . %

a0 6x8=__ be 8% ___ =48

Co __ X7 =56 do 7x8= ;;;

2. L8 “be 56 c. 8 d. 56



RATIO TO ONE
Iesson 13

1.. Miss Brown began the arithmetic class by saying, "There is one
mere property of multiplication of whole numbers that we can
discover with cur multiplication facts. Do you remember that we
do the operation indicated within the parenthesis before we do
the other operation? d.ee, ¥ x ( 24+ 5 ) =4 x 7, The symbol
of + within the parenthesis ( ) indicated that we add before
we multiply by 4%

2. In the example 4 + ( 2 x 3 ), the symbol within the parenthesis
tells us to before we add the 4.
add multiply

mualtiply

3, Before we try to discover the new multiplication of whole
wambers? property, we had better check to gee if we can get
the correct answers for this exercise.

g0 124+ (3 +4) =124+ =19
be 6 (24 5) =6+ = 13
o 3x (1 +2)=3x = 9
do 3x{(3x2)=3 x = 18
eo B x (B x2)=bx_______ =232
fo (2x3)+6 = .+ 6 =12
ae 7 o 7 e 3 do 6 c, 8 fo 6

The ¢hildren played a game at Mary®’s birthday party. For each
game Mary put 4 plates with 2 cups on each plate on the table,
In each cup she put 3 peanuts. How many peanuts did she need

for the game?
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4, John said; "We need to to find the answer
add wmultiply

the easiest way."

multiply

5, "How can we multiply three numbersi! asked Jane. "We learned
that multiplication was a bimary opesration so we can only
multiply factors at one time,"

2

6. John said, -"watch me. This is what I will do. I will multiply
just two factors at one time, I will use the factors 4, 2, and
3. First I will multiply 4 x 2 = 8, Then I will use 8 as a
factor, I will multiply 8 x 3 = 24, See, I just multiplied
2 factors at one time,"

Mary needs peanuts,

24

7+ Here is how we can write John's example so that we know which
two factors to multiply, (bx2)x3=24

le 2.8
7
3 6
2 5
14 Iy
1234567829 3
2
1
0036912 15 18 21 24 27
2=_8 3 =2k
1 i 1 3
L x2 =28 8 x 3 =24

First 4 x2 =8 Then 8 x 3 =24

8 To work these examples in #5 we needed two illustrations
because multiplication is a binary cperation and that means
that we can only multiply faetors at one time,

two
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T think that we should have found the number of peanuts in
the two cups on each plate first., After we find the number of
peanuts on each plate, we can find how many are needed for the
L plates," commented Peggye

Peggy needed to put the parenthesis ( ) around the 2 and 3 like

thige

bx (2x3)= 1, First Peggy did this,
}

h.x‘[’_——j.iﬁz’-"

R
34
o

Zo
6 = Z4
1 b
hox 6 =
6 ' b x 6 = 24

Did you notice that although John's and Peggy's groups wers
different they got the same result, Both Peggy and John got
. ter the answer,

2

[xa

Do you think tha

this alwaye happens when we multiply whole
nunbers? :

Misgs Brown asked the chilidren to work the fellowing emercise
to see if they could dizcover the new properiy.

a, 3x{(2xh) =3x o= 2B

-

Bx2)xb = % b o 2k

be 5x1)x2= _ _____x2=10
5x1x2)=5x___. =10
ce 3x3x2)=3%___ =18
3x3)x2= x 2 =18
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de 4 x{(2x3)=4x = 24
Bx2)x3= x3 =24

2. 8 be 5 T el 6 d. 6
6 2 9 8

Bill said, "I know what the new property is. The factors were
kept in the same order. The parenthesis was around two of the
« One time it was around the first two factors.
The next time it was arocund the last two factors. We
multiplied the numerals within the parenthesis first. The
order of the factors change,”

did did not

factors did net

The groups did change.

a0 (B x2)x3 = x 3 = 2%
be 4 x(2x 3) =4 x = O
8o 8 bo 6

Bill had discoversd the asscciative property for the multiplica-
tion of whole numbers,

If one has three factors, the associative property for the
multiplication of whole numbers means that the order of the
factors will remain the same but that the greups will change.
The result is the when the associative
property is trus. same different

same
When using only the assgociative property, I change
the order of the factors, ‘ do do not
do not
When using only the assoeciative property, I . change
the groupinge do do not
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RATIO TO ONE
lesson 14
' 1. Chuck beught seven (7) arrcws at nine cents (9¢) an arrow. How

much did he have to pay for the arrows:

2. Chuck s2id,"It costs ¢ forvone arrow, so it will cost
for 7 arrows,

8

bo__%fﬁ[:_é_ '7—.-_-._—-_...._;..:

i Vi 6 |

5 I

co 7x 9= L I
3 i
2 |
i |
0'9 18 27 36 45 54 B3 72

8. 63¢ be 63 co 63

If 9x7 =63, then 7 x 9 = ___

o

Mary bought 9 balloons for her party. Each ballon cost 8¢,
How much did the balloons eost? .

10
ao_ajéf;: é 9"‘ “““““
1 5 8 |
7 |
b09X8 S —— 6 |
)
i |
3 i
pa |
1k !
'8 16 2% 32 L0 L8 56 64 72 80
Go 726 572

Because the commutative property is true for the multipli-
cation of whele numbers, if 9 x 8 = 72 then 8 x 9 = ____,

72
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5. In lessons 7, 8, and 9 we learned that the distributive property
was very useful, This property was true for the multiplication
of whole numbers, This means that if I don't know a multiplica-
tion fact such as 6 x 9, I could rename one of the factors,
multiply each part of the renamed factor, and then add the two
products together,

Suppose that you did not know that 6 x 9 = 54, Would you get the
same answer if you renamed the factor 6 as (4 + 2)? Check to see,

a, (W +2)x9=

be (B x9)+(2x ) =
Co + 18 = 5k
bo 9 0036

6. We didn't need to rename the factor 6 as (4 + 2), We could
have renamed it as (3 + 3), Then:

= (3+3)X9°~=
by B3x9)+(__x9)
+ 27 = 5k

E)

Ca

be 3 27
It didn't make amy difference what we renamed the six. We Just
had to be sure that the two parts could be added together to be
SiXh

7o Today we also lsarned that 8 x 9 = 72, Rename one of the factors
to ses if the distributive propervy works for this multiplica-
tion fact, Hipt: You might decide to rename 8 as (7 + 1),
(6 +2), (54+3), or (5 4+ 4), Let's use one of the suggestions,
a. (5 + Jx 9=
e (. x9) +(329)=

Ce o 27 = 72

Did our choiece work?

ves no

as 3 bs 5 ¢y 45 ves
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Of course, you could have decided to rename the factor 9
instead of the factor 8, TYou might have renamed 9 as (8 + 1),
(7 + 2), (6 +3), or (5 +4), Would you have found the same
products of 727 Iet's try one of the choices,

2o 8x(8+1)=

be (8x Y+ (8x1) =

be 8 c. 64

In lessons 4 and 5, we learned about the commutative propertyo
The commutative property says that the order of the factors is
a multiplication fact gl L change the product.,

2o If 6 x 9¢ = 54¢, then 9¢ x 6 m,m;mmm_
be If8x9 = 72, then 9x ... =172

2 5”’¢ b . 8

When we learned about the assoeiative property, we learned that
the order of the factors remained the same but the groups
changeds This means that 4f I have three factors, 3 x 2 x &,

I can say:

2, (3x2)xh be 3x(2x4) =

i

or I can say R
x4 =24 3 x = 24

The product was the same for both ways of grouping the factors,

as 6 b, 8
Does the associative property work for these factors?
2x3x3=

a. I can group like this: (2 x‘3) x3=

x 3 =18

it

or

il

be I can group like this: 2 x (3 x 3)

2 x 18

fi
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Do you remember about the closure property? If both factors
are whole mumbers, the product must be a whele number if the
closure property is true for multiplication of whole numbers,

Both of the factors in the multiplication fact 8 x 9 = 72 are
whole numbers. The product is 72, We know that 72 is a
whole number, The closure property holds for multiplication
of whole numbers,

a, 6x9=

by Six (6) is a whole mumber’s

¢ Nine (9) isa w mambers
ds The product sevenmty two (72) is a number;
e, Therefore, the gl property is true for the

multiplication of whols numbers,

a. 54 ¢ Whole ds whele e, closure
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RATIO TO ONE

"There are just two multiplication facts left to learn," said

Miss Browns "Look at the twe diagrams’,

the fact for eachs"

See if you can write

a8's 8 =
1 8

be 8x8 =

v ———

816 24 32 L0 48 56 64 7

do 8. =Lk
1 8
2o 2. = I menvmintvelil

b, 64

9_. _______

8 l

7 I

6 §

5 i

b i

3 !

Pt

= !
45 18 27 36 45 54 63 72 81 90

209 = 8l.
1 G

The fols

be 81

Lowing exersise contains some of the mors difficult

facts that you have studied, Check to gese if you know all of

theze facts,
a2, 7x6=

be 7x9

B
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continued
de 8x8= - e. 6x 9= _
2. 42 bs 63 coe 56 d. 64 e. 54

During the lessons we have learned that certain things are

true about the multiplication of whole numbers., As this is the
last lesson, see if you can choose the word that names the
property I am illustrating.

One of the multiplication facts in today's lesson was 8 x 8 = &,
All of the numbers used in this multiplication fact were whole
numbersis The example 8 x 8 = 64 shows the

closure associative
property for the multiplication of whole numbers,

clozure

The fact that 6 x 9 = 4 mskes us sure that 9.x 6 = 54, alsd,

This is an example to show the property
associative commutative

for the multiplication of whole numbers,

~ commutative

Do you remember something about the mmber one (1)? Tt acts
very different from other multiplicatiam factors., Whenever one
is a factor in a multiplication fact, the product is the same
as the other factor, For example, 6 % 1 = 6, ..In this case the
number one is ealled the

closure multiplicative identity

multiplicative identity

Sometimes when we don't know the product for a combination, we
vze one of the properties we have studied. If I don't know
that 9 x 9 = 81, I could use this propertys I would rename one
of the factors, muliiply sach part, and add the productszs

Bxample: 9 x (5 44) =
(9x5)+(9x4) =
hy & 36 = 8%
In this example the property
assotilative distributive
illustrated,

distributive
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8. We studied just one more propertys, We had to be careful
to keep the factors in the same order when we used this

propertys We changed the groups thoughi
Example: 4L x2=x3 = Lhx2x3=
(bx2)x3= OR lir:x:(2x3)~.=
8x 3 =24 o b x6 = L;.
This example illustrates the | property.
agsociative distributive
associative

How did you do in naming the properties? Just thinke--egven if
you had only cne wight, that was one more than you knew when
you started the lessens,
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Name,

MULTIPLICATION

Write the Missing Factor or Product

Lo
2o
3e
L,
Se
6,
7o
8.

For each statement you have four possible answers’s
that you find before the correct answers

’ 1 I3
and A are whold numbers, the product of \ and L\ is

250

26,

27

2x9=__ T
5x6=___ 10,
Lx0=___ 1%,
9x6=__ 12,
6xt=__ 13
7Tx3=___ 14,
8x7=__. 15
1x9=__ 16,

I

a's
Us
Co

ds

Te

Go

8 twos are ___._.
8 ones are
6 sevens are __

8x0 = _

9% =0

72

1]

9 x ..

g whole number -
one more than either] lor {5

any number

all of the above are correct

=l o4 bl
=l xlxl
=3x3x3
=343+ 3

17%

18,

195
20%
21

22,

23

2,

195

Approach

Date

x4

L x4

n

2x_)xb

Since 4 x 6 = 24, we
know that 6 x & = __,

Circle the letter

Which of the following could be used to show that & x 3 = 3 x 47

Nancy had 8 bags of jacks with 6 jacks in each bag. She gave all

of these jacks to Mary.
Jackse
Mary put

2%
b
Ce
d's

6
8
L2
L8

Mary tock 6 bags in which to put the
She put the same number of jacks in each of the ¢ix bags,.
Jacks into each bagh
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28s The product of & specific whole number and one is

a, that whole number

be always one

Ce Never one

do it is impossible to say without knowing the number

29, Suppose that your teacher read the following example for you
to do mentally. She said, "Four times one, (pause) times
three, (pause) times zero," Your answer would have been.

8. ZEro
b four

c. eight
de. twelve

30, Miss White has 24 boxes of pencils. There are 15 pencils in
each box. This is a total of 360 pencils., Without doing any
multiplying can you answer this question? If Miss White had
15 boxes with 24 pencils in each box, she would have

pencils,
a. 320
bs 340
Ca 360
d. 380

3ts Mary saw 4 sets of 2 cups each on the table. She noticed that
each cup had 3 walnuts in it. Mery decided that there were
24 walnuts in all, Which of the following shows that when
Mary worked the problem she found the rnumber of cups first?

ae (Bx2)x3=24
be 4 x (2x3) =24
ce 3xbx2=24
de h X 2 x 3 = 24

32, Without doing any mul%lplylng which of the f@]iow&ng shows
a correct solution for 16 x 8%

3, (9x8)+(7x8)=16 =238
be (9x8)x(7x8) =16 x8
o (9 x4)+(7x8)=16x8
do (9x8) x(7x4) =16 8

33, Multiplication of whole numbers is

2, & binary operation

be a mathematical property
Csé an arrsy

de &a mmber system
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Which ef the fellowing is a whole number?

a. H,648
*bo 46/&8
Teo Li’oh'68
do ~L6AB

If[:Iandzxeare whole numbers and[:lxz& = (), the number that
(O represents must be in which set?

so {1/2, 1%, 2/, 1/3, 2/3, w0}
bo ioo Ly 2y 39 Lf_’n 5 69 Ts 000}
Co {““19 ““29 “"39 "‘LP, “"59 "6g oo'o}
do any of the above sets

If in o multipliecation fact one (1) is a factor, then the preduct
is

8, never 1

b, zlimys larger than 1

ce always the other factor

de all of the above are correct

Multiplying five by seven can be thought of as

a. 2uncresse five by seven
bo add five sevens
e, dnerease Tive by twelve
de add ssven fives

Which of the following addition examples could you have worked
by multiplying?

e b2 o+ 1b + 23 =

be 42 + 42 + 42 =

Go B2 4 B2 4+ 42 + 59 =

de neome of the above

Zero times any number is

8. always zeroc
be never zers
ce Jlarger than zero
do the other factor

Look at these number lines. Think about the arrows and write
the multiplication fact fer each number line,

o
0 & 0, 'y ~ ) frS o £ P

v 1 2 3 & 5 6 7 8 9 15 1i 12 15 C14 15

&o

fact
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(") Q

6 1 2 3 5 5 g 7 8 ; 10 11 12 13 14 15

be

fact

In front of each statement write t ( always true), s (sometimes
true), or £ ( never true).

a, The product of a whole number times 1 is l;

b, If a, b, ¢, are whole numbers, the product of these
numbers may be cbtained by grouping any two of the
whole numbers together, multiplying, and then multi-
plying the answer by the remaining whole number,

¢, Zerc times any whole number is zerc.

do To multiply seven times three means tc add three
gsevens.

s e

Look at this card of buttons, We want to find the total number
of holes in the buttons., Put parentheses ( ) in the following
examnples to show two different ways to get the answer,

a, 2x3x3 =18 | ‘I’ (59 ‘Ip
be 2% 3x3 =18 (=9
ICHENCENC

Draw a picture or diagrem te show that bhx6= (b xh) + (4 x 2),

Mrge Brown packed 5 boxes of cupcakes to give to her friends,
Each box contained 2 chocolate cupcakes and 4 vanilla cupcakes.
How many cupcakes did Mrs, Brown pack for her friends? Which
of the following shows how Mrs, Brown could find ¢ut how many
cupeakes she needed to pack?

as (5x2)+ (5xh) =730

be (5x2)x(5x4) =30

co (2x4h)+ (Bx5) =30

de (2x8)Yx (B x5)=130

What number is represented by 8o that each of these state-
ments is true?

age If 7 x =8 x 7, then Iis v °
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be If 8 x (10 +[ ) = (8 x 10) + (8 x 9), then[ Jis
ch Iféx(jx7)m(6x3)xl s then IiS;;_.;..__o

Study this chart, Write the numerals in the blanks that make
the statements true. e

Boys |z ¢ | Vel ol rlad_]a7
Tents [ 1213 s e || & t—

a’s There ars boys for 3 tents,

be There are boys for 8 tents.

¢; There are ______ boys for 5 tents.

Without deoing the multiplying indicate the mathematical property
that is being illustrated in each example, Write the correct
numeral that you find in front of the name of the property in
the left-hand columns, A property may be uvsed more than one time,

1, The commutative property

2, The associative property

3. The distributive property

4 The multiplicative identity

5¢ Closure for multiplication of whole numbers

a’s g. 12x (6x9)=(l2x6)x9
bl be 376 % 892 = 892 x 376

o'y e 65932 x 1 = 65932

ds d: 8x(9x7)=(9x7)x8
o es 43 x 20 = 860

£y | £o 57 x (10 + 6) = (57 x 10) +

(57 x 6)
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