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CHAPTER I 

INTRODUCTION 

In recent years considerable emphasis has been placed on· 

studies relating to subjective probability and Bayesian statistics. We 

will not d.iscuss the foundations of subjective probability and Bayesian 

statistics as set forth by Ramsey [ 8 ], de Finetti [ ·z], Savage [ 10], 

and others, since the objectives of this paper are methodological 

rather than philosophical. That is, we a;re concerned with developing 

methods for actually picking a specific prior distribution from a family 

of prior distributions which can represent the available prior knowledge . 

. We desire to obtain workable methods and tools for applying the con-,·, 

cept of critical betting odds or critical probabilities as described by 

Lindley [ 5 ] and developed by Ramsey [ 8 J and de Finetti [ 2 ]. 

From the applications viewpoint, the l3aye::, ian procedure in-

valves the choosing of a prior distribution II (9) to reflect the prior 

information available about the parameter. Then an experiment is 

performed involving f(x j 9) to obtain further information concerning 

the parameter e. All inf~rmation contained in the sample· x 1· about ,n 

0 is contained, in the likelihood function £ (x 1 ! ! e). The prior informa
I f-

l 

tion and sample information are then combin~d via Bayes theorem to 

obtain the posterior distribution 11 11 (0 I x 1 ) as 
'.n 

Il 11 (9 lx1 ) o: £ (x 1. I 9) 11(0). 
, n , n 

1 
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Bayesian inference is tp.en based up0n the p0sterior distribution 

of 0. That is, if one desires an interval estimate or a point estimate 

for 0, it is derived from the posterior distribution of 0. The posterior 

distribution for 0 is regarded as possessing.all the avaHable informa- · 

tion concerning e after experimentation. Interval estimates are taken 

as percentage points of the posterior distribution. To obtain a Bayesian 

point estimate for e one introduces the concept of a loss function. 

To briefly dis cuss loss functions, one considers the space A of 

all possible ac;:ts based upon the possible results from available experi-

men ts which :r;riight be performed. That is, A is thought of as the set of 

all image points of statistics on the sample space or outcome space for 

these experiments. Then a function is defined on the cartesian product 

of the parameter space with the action space A to the set of real num-

hers. This function, called the loss function, should reflect the 

penalty or loss incurred by the experimenter from taking action a(x 1 n) 
• 

when the value of the parameter is e. 

Assuming that a Loss function can be determined, the Bayes 

point estimate is that a(x 1 n) in A which nw.nimizes the expected loss . 
• 

The expectation is taken with respect to the posterior dis'tribution of e. 

More precisely, the Bayes point estimat~ for 0 is that a* (x 1 ) in A 
,n 

such that 

E"[L (0, a*(x 1, n))] = min 
·A 

Returning to consideration of prior distributions, there are two 

classes of prior distributions which are of primary importance: the 

locally diffuse uniform and the conjugate prior distributions. The 

locally diffuse uniform prior distribution is a uniform distribution on 



some unspecified set of real numbers of finit~ measure. It is, of · 
i 
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course, an improper distribution since the r~nge of positive probability 

for the random variable is not specified. This class of distributions is 

discussed by Jeffreys. [ 4] and put forth as representing the absence 

of prior information. 

The conjugate prior distributions are discussed by Raiffa and 

Schlaifer [ 7 ]. The distributions in this class are proper distributions 

and possess a functional form closely related to that of the sampling 

distribution. To define the class of conjugate prior distributions we 

· need the concept of a kernel of the likelihood function. 

Definition 1. Let £(x 1 n I 0) be the likelihood of the sample x 
' 1, n 

for given 0 and k(x 1 ~0) be a function such that 
'n 

£(x 1 le = r(x 1 ) k(x 1 le), ,n ,n ,n 

then k(x1 j 0) is a kernel of the likelihood and r(x 1 ) is the residue. 
, n , n 

It should be noted that all information- in the likelihood concern-

ing e must be contained in any kernel of that likelihood. That is, a 

residue must be a. £.unction of the sample alone and cannot involve e. 

Conjugate prior distributions, in addition to having a functional 

form closely related to the sampling distribution f(x I 0), possess the 

property of invariance. That is, the conjugate prior distribu,tion and 

·. its resulting posterior distribution must belong to the same distribu-

tional family. Thus, if one's prior information can be represented by 

a conjugate prior distribution, then no amount of sample information 

can change the distributional family for the parameter. We define the ' 

conjugate distribution below. 



.Definition 2. Let f(yl 9) be a density for y with parameter 0. 

If k(yj 9) is a kernel off, ~hen 

where 

g(9) = N(y) k(y! 9) 

[N(y)r 1 = i k(yj9) d9, 
n 

is a conjugate prior distribution for 9. 

4 

In Appendix B we give some of the specific conjugate prior dis -

tributions for the particular distributions considered in this paper. 

Thes.e are included since in all cases we consider at least the conjugate 

prior distribution on the parameter, 

This paper is a f:!tudy of functions of parameters and makes an 

effort to determine the distributional properties of the ordinates of 

these functions for various prior and posterior distributions on the 

parameters. In many instances it is a function of the parameters which 

is of primary interest rather than the explicit parameters. Thus, this 

is an effort to make a more direct approach to the problem as it relates 

to Bayesian inference and the assignment pf prior distributions. 

This study is not without precedent. Lindley [ 5 ] shows by 

· taking locally diffuse uniform prior distribuHons on :the parameters in 

the simple linear regression model, with normally distributed ,errors·, 

that certain resulting functions of the parameters and the sample have 

posterior distributions which are identical with the same functions 

under frequentist theory. Mood c1,nd Graybill [ 6] spec1-k of determining 

the distribution of the ordinate of chi-square density function. in their 

chapter on hypothesis testing. 

The motivation for studying the particulq.r functions included in 
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this paper is the desire to obtain workable intuitive methods for actually 

assessing the consistency of one's prior information with a given prior 

distribution. That is, if one has assigned a prior distribution without 

considering the prior probability content of certain intervals, explicitly 

in the determination of the specifications for the prior density, then 

certain,ly such deliberations should be consistent with those criteria 

which the experiment er used to determine his prior distribution. Thus, 

if one has chosen a prior distribution which is complet~ly specified by 

its mean and variance, using intuitive devices other than interval con-

tent, then, if interval content notions are available, their consistency 

should be evaluated subjectively by the distributional properties of 

these functions of parameters. 

In particular,. we study the distributional properties of certain 

density functions and probability :mass functions f(x0 I G), as well as . 

their corresponding distribution functions 

x 

F(x0 j 8) = J O 
f{t j 0) dt, 

-oo 

for various prior and posterior distributions on G. Throughout the 

study x is regarded as a fixed, though arbitrary, value. It can he seen 
0 

that the function u = F(x0 j 0) is the content of the interval (., oo, x 0 J for 

each value of 0. Given a prior or posterior distribution on 0 one can 

determine the prior· or posterior distribution for the content of this 

interval. 

If u = f{x 0 j 9) is a probability,mass function, then u represents 

the probability for each 9 that x = x . We therefore· study the distribuo 

tion. of this probability for varioui;; ,pxiol" .a.n,d pos t~rior. dii;;.tributions on. 

e. If u is a probability density funcHon, thel:l we are determining the 

prior and posterior distribution of a likelihood. 
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In general, the plan £or presentation of these functions in 

Chapters I and II is to (1) identify the particular function being con-

sidered, (2) give relevant properties possessed by the.function and 

its inverse if the. inverse can be determined, (3) identify the density 

of the measure assigned to the parameter space nor the ordinate 

space S, (4) find the density function for the induced measure on the 

ordinate space S or the parameter space n if possible,. both prior and 

posterior, (5) determine the induced cumulative distribution function 

if the induced density cannot be explicitly determined, (6) determine 

the moment generating function and/or exhibit the mean and variance 

of the ordinate, and (7) determine that member ·Of the conjugate family 

for the parameter which will induce a uniform measure on the ordinate 

if one exists. 

Bayesian q tolerance limits for p coverage and Bayes estimators 

for the fraction of acceptable product are considered briefly in CJ1apter 

Notation 

Let X be a random variable which has a chi-square distribution 

with n degrees of freedom. Then we shall denote its distribution func= 

tion by FX2 (x 0 jn) evaluated at x 0 • The solution fort in FXz (tjn) = q 

will be denoted by x 2 (n). We will in general denote the prior distribu= q . 

tion .on the pa ram ete r by TI and the paste rior by TI 11 • A standard normal 

deviate will be denoted by z, its distribution function at z = t by F (t ), 
O Z O 

and the solution for t in F (t) = q is represented as z , If a deviate U z q 

has a Student's t .. distribution with r degrees of freedom, the distribu-

tion function for U evaluated at U = u 0 is given as F t(u0 j r), the upper 



q probability point is denoted by t {r). The expression Pr { u: state
q 

rnentl = q will be interpreted as follows: Let S{u) be the .values of u 

which satisfy the statement, then 

q -- f f{u) du, 
S{u) 

where f(u) is the probability density function for u. 

7 



CHAPTER II 

DENSITY FUNCTIONS 

Let u = f(x I 8), where f(xl 8) is a probability density function and 
0 

x is a. specified value of the random variable x. In this case u is re
o 

garded as a function of 8 for 8 in some subset of the real numbers which 

we denote by 0. If we further suppose that u is a unimodal differen-

tiable function of 9 such that f(x I - 00) = f(x I -oo) = 0, then there exists 
0 0 

a point 8,:,En such that u is a monotone increasing differentiable function 

of 8 for 8 < e\ and u is a monotone decreasing differentiable function 

for e > B,:,. Then for each value of u with O < u < f(x j e,:') there are two 
0 

distinct values of 8, say e1 and e2 such that u 0 = f(x 0 I e1 ) = f(x0 I e2 ). So 

we can partition the domain O of 8 in such a way that O is mapped 

doubly onto the domain of u. There are two functions u = f 1 (x0 I 8) for 

- oo< 8 < g>:< and U = f 2 (x0 I 8) for g>:, < 8 < 00 which are monotone and 

-1 -1 differentiable, hence they have inverses, say 8=f1 (u;x0 } and 8=f2 (u;x0 ). 

Now the distribution function of u is given by 
-1 i f 1 (u ;x ) loo 

F (u O ; x O ) = Pr { u ~ u O } = 
0 0 :q( 8 ) de + - l I;I ( 8) d 8 

- oo f (u ;x ) 
2 0 0 ( 2. 1) 

where II(8) is the density of a measure, either prior or posterior, on 

I ,, . -1 -1 
Q and O ~ u 0 ~ f(x 0 {f''). Now since f 1 (u;x0 ) and f 2 (u;x0 ) are mono-

tone differentiable functions, the density for u exists and is given by 

(2. 2) 

8 
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So, for any continuously differentiable unimodal function of a 

single parameter, an arbitrary measure with density II on O induces a 

measu~e on the space of u which has a density given by { 2. 2). How

ever, in actual application for most of the cases considered, the func

tions f1-l and f ; 1 cannot be exhibited in simple explicit form .. In the 

following paragraphs we examine several density functions belonging 
/ 

to this class. 

Binomial Probability Ordinate 

For this case we take 

for x = 0, 1, ... , n specified. We take a uniform density on p and 
0 

determine that 

n-1 
1 n 

h{u) = u 
n 

(2. 3) 

for x = 0, n. If x f 0, n the density for u has not been determined in 
0 0 

explicit terms. 

The distribution function for u relative to a uniform density on 

p can be determined as 

where 

u = 
0 

= Pr { u < u } = 
- 0 

(2. 4) 

~ n) x 0 {l- )n-x0 
x P2 P2 

0 
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x x 
with O < p 1 < no . and · no < p 2 < 1. But Pr {p < ~l} = p 1 and 

P~ { p :::._ p 2 }= l-p2, hence (2. 4) implies 

(2. 5) 

This completely determine$ the distribution of u for a uniform density 

on p. 

The posterior distribution for u is given by 

F"(u ) = 
0 

r(mx+ 1) r(mn~mx+ 1) 
( 2. 6) 

where p 1 and Pz' are as specified in (2. 4) and m is the sample size. 

Hence, posterior percentage points for iu can be determined by con

sulting tables of the incomplete beta distribution function. 

For example, suppose we have taken a sample of size m = 5 

and obtained x = 5 fro'm ·a binomial population with n = 10. If we are 

concerned about x =: 3 and u = 0. 05, then it is determined that 
. 0 0 

p 1 = O. 09405.and p 2 = 0. 58656. 

If a uniform distribution is taken on p, then the value of the 

posterior distribution function for u := • 05 is given by 
0 

1.09405 1.1 
F(. 05) = (3(t; 26, 25)dt+ (3(t; 26, 25)dt 

O · .58656 

- 0+ .15879524 

= 0. 158 . 
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F,e.:t:·a. uniform density on p the moment generating f1ID.ction is 

obtained by considering 

tu 
.M (t) = E(e ). 

u 

Then we expand the exponential in series and interchange the order of 

summation and integration to obtain the form 

M (t) = 
u 

00 

I tk k 
kT° E(u ). (2. 7) 

k=O 

Finally, we substitute for u and recognize the complete beta function 

j3(kx + 1, k(n-x.) + 1) to obtain 
0 0 

00 
tk ~J M (t) I = (kn+ l)(k~) N u 

k=O 

We obtain the prior mean and variance of u as 

E[u] 
1 

and V(u) 
(::J 1 

·- n+l = 
(2n+l) ( 2n) 2 

· 2x 
{n+ 1) 

0 

for any x directly from (2. 8). We see that E(u) is just the prior 
0 

( 2. 8) 

(2. 9) 

marginal distribution of x for a uniform prior on p. That is, the prior 

marginal distribution on x 0 , for a uniform pd,or on p, is a uniform 

distribution. Regarding the variq.nc:e of u as a function of x 0 , we note 

that 

where 

V(u (p)) 
n-x o· 

= V(u (p)) 
XO 
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It can also be seen that u has maximum variance when x 0 = 0 or x 0 ,= n. 

We see that u has minimum variance for x . = ~, if h i$. eve,n, or two 
. 0 ~· 

· f · · · n-l d n +l 'f · dd points o m1n1mum variance,. x 0 = T' an x 0 = 2 , 1 n 1s o . 

The truth of this statement can be seen by observing that 

V(ux · (p)) > V(ux +r+ (p)) 
o o· . · 

n-1 
for x 0 < Z. 

That is, the variance is monotone decreasing for x 0 in 

n-1 · } { x:O ~ x< 2 , ~x an integer , 

and for x 0 in 

{ n+l x:-2- <x <n, integer x} 

the variance of u is monotone increasing .• 
x 

1 1 f . 0 
This is intuitive y reasonab e since the mode o u occurs at - · n' 

and, as we look across the various values of x , we believe the minio 
n-1 n + 1 

mum range for u occurs at either x 0 = T , z- for n odd or at 

x 0 = ~ if n is even, though we do not have a rigorous proof of this 

conjecture . 

The posterior moment generating function can be obtained from 

a result we will obtain in a following paragraph, as well as the posterior 

mean and variance . 

. Now let us take the natural conjugate prior on p, the beta den-

sity, (see·Appendix B) 

(2.10) 

The induced densities on u can be obtained for x 0 = 0, n because in 

these cases u is a monotone function of p. We solve for p as 



p = 1-ul/n for x :;;: 0, and if x = n, then p = ul/n, which yields the 
0 0 

. densities on u: 

h{u; x = 0) _o 

h(u; x · = n) 
0 

r(v1+v 2) 

= nr(v1)r{ v 2) 

13 

The explicit form of the prior densities induced on u for x 0 = 1, ... , {n-1) 

has not been obtained, since we cannot solve for_ the inverse functions ~ 
.,;c-,a·..,_:f' 

of p in terms of u.. Indeed, the inverse relations are not .fun-ctions for 

these cases. _ Also, we will see that the prior moment generating func-

tion for u is not that of a known distribution. 

The. prior distribution function of u for (2.10) on pis given as 

( 2 .11) 

V1-l V2-l l 
p . _(1-p) dpj 

where p 1 and p 2 are as SJ?ecified in (2. 4). 

The prior moment generating function for u under {2.10) is 

obtained from (2. 7). Upon substitution of u in terms of p we obtain 

-M (t). = 
u. 

1 pv1+kx0 -1(1-p) v 2+ k(n-x0 ) -1 dp. . . 

k=O 

Recognizing the integral as a beta function and simplifying we get the 

result 
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00 
tk (::J 

M (t) 2 = k~ ~:j u 
k=O { 2.12) 

which implies 

E[u] 

( x 0 '. v1-1 (n-x0 '. v 2 -1) 
v1-1 v 2-1 

= n+ v1+ v2-1 

v1+v 2-1 

If v1 and v 2 are integers, we can interpret this prior mean of u relative 

to (2.10) as the marginal prior distribution on x. It is recognized as a 

hypergeometric waiting-time distribution. That is, suppose we have a 

population of n+vr:v2-l elements consisting of v1:v2-l e's and n e's. 

Let elements be drawn successively until exactly v1 c' s are drawn, 

Then E(u) gives the probability that exactly '\:i + v1 elements will have to 

be drawn to obtain v1 e's. lf v1 and v 2 are not integers, then E(u) is 

not a hyper geometric waiting-time distribution, It is, however, the 

marginal prior distribution for x. 

The prior variance of u can be obtained directly from (2.12); 

however, one observes that it is a rather complicated expression for 

this ca.se. 

As was previously promised, the posterior moment generating 

function for a uniform prior distribution on p can be obtained from the 

result (2.12). That is, if we replace (v 1, v 2) by (mx+l, m(n-x)) in 

(2.12), the resulting expression is the desired moment generating func-

tion. 

One might ask if there is a member of the natural conjugate 

family of densities wbich will induce a uniform distribution on u. To 
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answer this question, we consider the moment generating function for 

u with a uniform density on u, namely 

(k+ 1) ~ 
(2.13) 

and compare corresponding terms of (2.12) and (2.13). That is, we 

must be able to determine v 1 and v 2 such that 

1 
- k (2.14) 

for every positive integer k. However, if we consider the special case 

of n=2, x =l, we see that no values exist such that (2.14) is an identity 
0 

in k. Thus, there exists no beta distribution which will induce a uni-

form distribution on all binomial ordinates. 

. If we take 

u = 

Poisson Probability Ordinate 

A. > 0, x = 0, 1, ... 
0 

(fixed) 

then u is a unimodal differentiable function of >--., the mode occurring at 

A= x . Hence, for any arbitrary density on A., a density function 
0 

exists for the· measure induced on the space of u. For an arbitrary 

density II on A we have 

h(u; x = 0) = II(log l} · ! 
O U U 

O<u<l. 
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The explicit form of the density induced on u for an .arbitrary density 

on X. for x 0 ,= 1., 2, ... , has not been determined. An inverse function 

· for. X. in terms of u does not exist, since u is a unimodal function of X. 

for this set of values for x . 
0 

Taking the natural conjugate prior density on X. for this case, 

. we have 

ba x.a-1 6 -bX. 
Il(~a,b). = r{a) a, b > O; . X.. > 0 {2.15) 

a gamma-I density. (See Appendix B) 

The prior distribution function for u induced by (2 .. 15) is given 

by 

where 

u ·-
0 

x 
x. 0 

1 
x ~ 

0 

:;: 

x ' ... x. 
'\ 0 2 
"'2 e 

. I x. 
0 

x '-x 
0 0 x e 

0 
0 <u <----

- 0 - X ~ 
0 

a a-1- -bX. 
b X. e 

. r(a) 

Alternatively, we may write (2.16) as 

F(u ;x ,a, b) = F 2 (2X.1 bl 2a) + 1 ... F z (2X.2bl 2a). 
0 0 X . . X . 

dx 

(2.16) 

The posterior distribution function for u is obtained from .(2.16) 

by replacing a and bwith a 11 = nx + a and b 11 :;: b + n respectively, 

where n is the sample· size. 

The· momerit generating function for u relative to (2.15) on X. is 
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found by considerin.g equation (2. 7). Then, after substitution for u in 

terms of X. and interchanging the order of summation and integration, 

we ·obtain 

00 

I 
k=O 

tk . ( kx0 -kX.) ------EX. e • 
k' ( l)k • xb, 

Evaluating the resulting integral by recognizing the gamma function 

involved, we obtain the desired result 

ba 
··M (t). 

u = r(a) 

r(kx +a) 
0 

from which we obtain directly the prior mean and variance as 

. and 

V(u) = 2 r{a) (x0 ~) 

. (2d 7) 

. We note that, if a is an integer, then.E(u,) i13 a negative binomial dis-

tribution. That is, for a gamma-I prior density on >.., the prior 

' 
· r:par ginal on x is a binomial waiting-time distribution. If a is not an 

integer, then E(u) is still the prior marginal distribution for x, but 

it is not a negative binomial. . Also, we note. that the· posterior distri-

bution funct~OJ?,,. moment generating function, mean,. and variance- are 
/' . ·,6 

obtained from the prior, if _(a, b) is replaced by (nx + a,n + b). 
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Negative Exponential Deni;;ity Ordinate 

-x e 
Take u = a e o , · 0 >. 0 with x 0 > 0 specified. Then u is a uni-

modal differentiable function of 0 with the mode occurring at · 0 =-1- • 
x 

0 

We know a density exists for u if a density is placed on 9. 

The natural conjugate prior density on 0 is given by (2.15) from 

which it follows that the prior cumulative distribution on u is given by 

f 00 a-1 .-b9 J JA 8 e d0 , 
62 (2.18) 

and 0 1, 0 2 are such that O:::. e1 :::. ~· , ~ :::. e 2 < oo, where 
0 0 

The posterior cumulative distribution func-

tion for u is given by (2.18) with (a, b) replaced by (a 11 , b 11 ) where 

a" = a+n and b" = b+nx. 

The moment generating function for u relative to the natural 

conjugate prior is found by considering equation (2. 7) and substituting 
,: 

for u in terms of e to obtain 

M {t) = 
u 

k=O 

By recognizing the gamma function involved, we evaluate the integral 

to obtain 

00 

M (t). 
u I r(k+ a) (2.1 9) 

k=O 

We obtain directly from (2.19) the mean and variance of u as 

E(u) (2. 20) 



· and 

V(u) = aba [ . a~l a2 
(b+ 2x ) 

0 

aba ] 
(b+x )2(a+l) · 

0 . 

19 

We note that both the mean and variance are decreasing functions of x , 
0 

as should be expected, since u is a decreasing function of x . The 
0 

mean of u is also the prior marginal density of x. It can be seen that 

this distribution is related to a beta distribution. That is, if we let 

b 
y = b+i""' 

then y is distributed as j3(y; a, 1). 

We conjecture from (2.19) that no choice of (a, b) in (2.14) will 

induce a uniform prior on u. That is, there are no real numbers (a, b) 

such that 

r(k+a) = 
-k 

e 
k 

(k+ 1) x 
0 

( 2. 21) 

for all positive integers k with x > O. We state this as a conjecture 
0 

because a rigorous proof of this has not occurred to us • 

. Ordinate of Normal Density 

We shall consider three cases, namely er known, µ. known, and 

.µ and tT unknown. In all cases the prior distribution II{0) will be the 

natural conjugate prior. 

The function under consideration is 

1 
u . - J2Tl" (T 

·e 

2 (x -µ) 
0 

IT> o. - 00 < I). < co. 



Case l: o- known. 

We have 

II(µ j a, b, a-) = ,ff;. 1 
e 

2 b{µ-a) 

2<T2 
b,a->O. 

u is a unimodal differential function of µ with mode at µ = x 0 and 

20 

(2. 22) 

We see that u is symmetric about x and furthermore, we can solve 
0 

-1 -1 
explidtly for the functions µ = f1 (u; x 0 ) and µ = f 2 (u; x 0 ); namely, 

and 

From (2. 23) we see that 

-·l df1 (u; x 0 ) 

du 
(T 

= u. 

x - O" 
0 

1 
2 2 

2'!TO" u 

1 
2 2 

21ro- u 

= 

(2. 23) 

-1 
df 2 (u; x 0 ) 

du ( 2. 24) 

By setting up the distribution function for u and taking the derivative of 

the resulting integrals involving f;\u; x 6 ) and f;1{u; x 0 ) with respect to 

u. according to (2. 24), factoring out common terms and recognizing the 

hyperbolic cosine we obtain the induced prior density on u as 



h{u; a, b, x , <T) 
0 = 

1 b-1 
2 2 b b-1 2b (2,r) <T . u 

. ](2 
. Gog 1 2 2 J. 

21T<T u 

[
b(x0 -.a) 

· Gosh 
(}" 

21 

-l-(x -a) 2 
2 0 .. 

2<T 
e 

(2. 25) 

1/2] 
( log \ 2 ) · 

2,r<T u . 

The posterior distribution on u is obtained by replacing (a, b) in (2. 25) 

with .(a", b 11 ) where 

an = ba + nx 
h+ n 

and b" = b + n. 

The moment generating function for u is obtained by considering (2. 7). 

Substituting for u. in terms of µ. and taking constants from beneath the 

integral we obtain 

00 
-k(xo-µ)2 

M (t) = u 2 E(e 2<T2 ). 

k=O 

We use (2. 22) to take the expectation where we combine the exponents 

and remove the constant 

(}" 
e 

-k(x -a) 2 
0 

from beneath the integral to leave the integral equal to unity and obtain 

Loo tk 
M {t) = · . u k~ (2. 26) 

k=O 

for the density (2. 22) on µ.. 



If we had a uniform density on u fo:r 

0 < u <--1-
/2rr o-

the moment generating function would be 

00 
.,, 

22 

tk I 1 M''' (t) = k'. .. k u ( {i;r o-) (k+ 1) 
(2. 27) 

l.<.=0 

To see that there exist no real numbers a and b with b > 0 such that 

(2. 22) induces a uniform density on u, we compare te:rms of (2. 26) and 

(2. 27). We note that if they did exist, wewould require that 

1 
k+l 

= 

2 
k(x -a) 

0 

2 
2(kb+ o- ) 

o- e 

for some a and b with b > 0 be satisfied for every positive integer k. 

This can be solved for (x -a) 2 to yield the identity in k 
0 

(2. 28) 

Thus, the right side of (2. 28) must be independent of k which means 

that if there isa real number b satisfying (2.28) then we must have 

2 
b+ (T 

( 4o-\) b+a-2 ( tb+o-\ ) k = l 
b+ a- a- (k+ 1) 

( 2. 2 9) 

for all k. Hence, taking the limit of the left side of (2. 29) as k becomes 

unbounded, we see the limit is zero which contradicts the existence· of 

a real number b satisfying (2, 29). This fact means that nob will 
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satisfy (2. 28). Thus, no pair (a, b) exists. which will induce a uniform 

. density on u, 

. For this case in our study of the normal ordinate, if we assign 

a uniform density to u and agree to assign equal measures to each of 

the sets {µ.: µ. <x - y} and {µ.: µ > x + y} for each pos.itive real 
0 0 

number y, the density induced on µ. is 

e 

(µ.-x )2 
0 

- co< f.L < oo. (2. 30) 

One observes that h is a bimodal density function with modes occuring 

' 
atµ.= x 0 ± r,, The .density function (2. 30), sketched below in Figure 1, 

is symmetric about µ. = x . Its mean is at x , and it has a variance of 
0 0 

2 2r, . 

x -(J" 
0 

x 
0. 

Figure 1 

The moment generating function for µis given by 

x t 
- e o {z ta-J.co · e -z 2dz] 

. tr, 
T 

( 2. 3 1) 



If we take a sample of size n from N(x; µ, <T 2) using (2. 30) as 

the prior measure on µ, we obtain the posterior distribution on µ. as 

n+ 1 - :--z µ. n+l 

24 

2<T e 

( 
._ nx+x0 )

2 

(2.32) 

where 

1 

2 
n 

- n+l 

- 2 (x-x.) 
0 

n(x-x ) 
0 

2 
z 

-1 
k = n+l e + 3/2 <r{n+ 1) 

- Td .,.;fzir2 . {x-x ) e . z 
0 

(J" 

Using equations (2, 23) and result (2. 32) we obtain the posterior distri-

bution function for u, from which we determine the density of the 

posterior distribution on u as 

f 11 (u lcr, x , x 1 ) o , n 

cosh 

0 < u < 
1 

lzrr er 
where k is given in (2. 32). 

( log 

2- 2 -n (x-x.) 
0 

1 
2 2 2,rcr u 

We note the posterior density of u will be the same whether 

x > x 0 or x < x 0 , since f"(u jcr, x0 , x1, n) is the ·same if {x-xJ is repl~ced 

by -(x-x0 ). 

The moment generating function for u is given by 
2- 2 ... kn (x-x ) 

0 

1 
e c I (k) M (t) = u 

k=O 

(2. 34) 



where c =kin (2. 32) and 

I(k) = . 2cm 
(b (n+k+l) 

- ( Jn+k+l (n(xo~x))) 
(x -x) F · + 
· o z 20"(n+k+l) . 

. Case 2. µ known . 

.2 
20" 

n+k+l 

25 

. For this case the natural conjugate prior is the· inverted-gamma-

2 density, whose form is 

II(a-; v, v) = 

vv 
. - 20-2 

e (2.35) 

. For this case u. is a unimodal differentiable function of a- whose 

mode occurs at a- = j x 0 ~µ j. We know a density exists for u, but we 

have not obtained it, 

The prior distribution function for u is given by 

. (T 1 

F ( u I x ' v' v' µ) 0 0 
= J II(a-; v, v) do-+ II(a-; v, v) dcr 

where 

u 
0 

0 . 

2 -(x -µ) 
0 

= 1 
e 

2 -(x -µ) 
0 

and II is given. by (2. 35) and O < O"l < !x0 - µj < 0"2 < co. 

(2. 36) 

The moment generating function for u rel.ative to (2. 3 5) is 

obtained by considering (2. 7). Removing constants from under the 

integral, we obtain 
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00 k/2 

M .. (t) = 
u I (;z) e 

-k(xo-µ)2 

2a-2 
( 2. 37) 

k=O 

The inverted-gamma-2 density is recognized under the integral and 

evaluated to give 

·M (t) = ·u 

which yields 

E[u] = 

= 

1 

1 

Jv,r 

1 
"}i:12 
'IT 21(·v+kT72 

~v+k(x -µ) :.J ·· · 

( )v/2 r v+l vv . -z:-

o (2. 38) 

v+ l• 2 

2 •v+l 

r ( '!1} [ 
(xo -µ) 

J 
--2-

v 

r(n 1 + v 

We note that E [ u] is a specific value of Student's t-density with v 

degrees of freedom. That is, the -marginal prior distribution of x for 

-a.n inverted gamma-2 prior on a- is Student's t with v degrees of 

freedom. 

The posterior distribution function and moment generating func= 

tion. is obtained by replacing (v, v) by 

(v+n, 1 
v+n (vv + 

in (2. 36) and (2. 38) respectively. 

n 

I 
i=l 

2 
(x. - µ) ) ) 

l 
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Case 3. µ and <T unknown. 

The natural conjugate prior distribution on(µ, p-) is the normal 

gamma. density. (See Appendix :B1 ) 

Il(µ,<TJa,b,v,v) = 1 
e 

-b{x -µ) 2 
0 

.(
~) (v+l)/2 ..,vv 

2 2<T2 2<T2 

r (~) (v2v) 1/ 2 e 
(2. 39) 

For this case the prior cumulative distribution function for u involves 

the evaluation of a. double integral which we choose to represent as 

(Vb .· . 
p F - (x - a - er log 

Z CT O 

(x O - a + <T / 10 g \ 2 ))· 
· \ 2rru <T 

0 

1 
2 2 

2rru <T 
0 

f. 2 (<T; v, v) do-. 
1y 

(2.40) 

The posterior is obtained by replacing (a, b, v, v) by (a 11 , bJI, v 11 , v 11 where · 

a" = ba + nx 
b+n 

, b 11 = b + n 

b > 0 
v'' __ { v + n, 

v + n - 1, b = 0 

v'I = 

The moment generating function for u is given by considering 

equation (2. 37). The expectation is taken with respect to (2. 39) .. We 

integrate first with respect toµ and then with respect to <T to obtain 
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v+k 
2 --2-

00 
tk jb:k r v+k 

bk(x 0 -a) 

I 
-2- v(b+k) M {t) = kT ( rrvv)k/ 2 

1 +, 
u r v v 

k==O i (2. 41) 

which gives 

E[u] = 

We note ·"Yi th 

1 

Jvir 
1 + 

v+l -z-

v /c ~ +~)v • 

E[u] is the value of Student's t-density with v degrees of freedom, and 

is also the marginal prior distribution of x . That is, the marginal 
0 

prior distribution of x fo:r- a norma1-gamma prior distribution on (!J,, O") 

is given by E(u). The posterior moment generating function is obtained 

by replacing (a, b, v, v) by (a 11 , b 11 , v 11 , v 11 ) above. 



CHAPTER III 

DISTRIBUTION FUNCTIONS 

Introduction 

We will consider functions of the form u = F(x j 8) where F is a 
0 

distribution function for the random variable x. We regard u as a 

function of 8 for a fixed, but arbitrary, value of x which we denote by 

x . Distributional properties of u will concern us throughout this 
0 

chapter as well as physical interpretations far u. In all cases u is the 

probability that x < x , given e. We study the distribution of this prob
- 0 

ability for various prior measures on n, the space of 8. In some 

instances x may be regarded as an engineering upper specification 
0 

limit in which case u would be the fraction of acceptable product. If 

x is regarded as a Bayesian upper tolerance. limit, then u is the cov
o 

erage for the resulting interval. Thus, we see that physical interpre-

tations for u are available for this class of functions of parameters. 

It is also of interest to assign a prior measure to S, the space 

of u and determine the induced measure on n the space of 8. This· is 

pas sible provided u = F(x I 0) is a monotone funct:i.on of e. Otherwise, 
0 

a unique measure is not induced ori SJ, In th{s' line of thought, the 

following theorem gives one result of this approach whic'h is useful 

in determining that conjugate prior distribution which induces a uniform 

distribution on u. 

29 
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! 

Theorem: If f(x) is a continuous probability density function and 

a parameter a enters the density of a random variable T for given e in 

the form of x = at or x = 0+t such that h(tje) = f(9t), a or h(tje) ~ £(0+t), 

then assigning a uniform prior distribution to 

t 
u = J o h(tj6) dt 

-oo 

induces a measure on 0 which has a density belonging to the conjugate 

family for 0 . 

. Proof: We suppose the density for u is given by 

where 

By hypothesis 

'n(u) :::.!.O<u<a 
a• 

a = max 
een 

t f O 

-oo 

t 
u = J O f( St) 0dt or 

- 00 

h(tje)dt. 

t f O f(9+t) dt. 

- 00 

'Then making a change of variable tJ;"ansformation on the integral, we 

see that 

u = 
et 

J O £(x) dx or 

t +0 J O £(x) dx. 
-oo -oo 

Both of the above imply that u is a monotone function of e, thus the 

density of the measure induced on n by n is given by 

= 1 £(t e) It I a o o 
1 

or - f(t + e) · a o 
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::; 

. Hence, in either case g belongs to the conjugate family of densities for 

9. 

We note that the above theorem gives a method for determining 

that special member of the conjugate family which induces a uniform 

distribution on the cumulative ordinate, but does not give necessary 

conditions for the existence of a conjugate prior which will accomplish 

this task.. 

The remainder of this chapter is concerned with the ordinate of 

the d,istribution functions whose densities were studied in Chapter II. 

Binomial Distribution Function 

The objective function o~ this section is 

(1 -p)ri-k, f O 1 f. d - or x ·= , , ... , n, ixe 
0 

with pen= [ 0, 1] .. We note that u is a monotone differentiable decreas-

ing function of p,. which is easily seen from the well k.nown form for u; 

namely, 

f 1 txo (1-t)n-xo -l dt, 

p 

· (3. 1) 

If we assign a uniform density to u and observe the form of u given by 

(3. 1), then the density for u is given as 

h(p; :x;0 , n) = n(u(p) ) I:~ I . 
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Noting that II(u(p)) = 1 for all u(p), and that u is a monotone decreasing 

differentiable function of p, the desired density is simply the negative 

of~ which is most easily obtained from (3. 1). Thus, we obtain 

h(p; x , n) 
0 

1 x n-x 
= !3(x +l, n-x ) p O (l-p) 0 

0 0 

( 3. 2) 

as the induced density on p. Certainly (3. 2) belongs to the conjugate 

family of densities for p . 

. Assignment of a beta density (2.10) to u induces 

x n-x 
p O (1-p) 0 

as the density on p, a rather involved density function. 

In view of the preceding paragraph, we see that for an arbitrary 

density on u the functional form for the density induced on p can always 

be determined, The usefulness of this distribution as a prior density 

on p and i.ts interpretation are problems for further study. 

Suppose we now pursue the alternative approach and assign a 

density to p, then study the induced distribution on u. The form of the 

density for an arbitrary prior density on p has not been determined; 

however, we do determine the prior an.d posterior moment generating 

£unction and the prior and posterior cumulative distribution function 

for uniform and beta densities on p. 

Taking a uniform. density on p we obtain the moment generating 

£uncti.on for u. by considering 



tu 
M (t) = E(e ). u 
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( 3 • .3) 

Expanding the exponential in a Maclaurin series and interchanging the 

order of integration and summation we obtain 

Loo tk 
M (t) = u k! 

k=O 

Now applying the multinomial theorem under the integral sign and again 

interchanging the order of summation and integration we obtain the 

·form 

00 
tk ~[Ll'.t_ J I I L 2:jr. (l-p)kn-2:jrj], M (t) = k! k' E p :J u II r. ! 

k=O 2:r .=k j=O J 
J (3 . .4) 

where the sec;:ond summation is over all integer partitions of k • 

. Finally, evaluation of the beta function under the integral symbol yields 

( x ~) ,,--0 

00 }Jo 
I I tk M (t) = (3. 5) 

u 
(kn+l)( ~) k=O 2:r .=k 

J 2:Jr. 
J 

where the first summation is over all combinations of r.' s whose sum 
J 

is k .. From M (t) we see that 
u 

x +1 
E[u] = ~l 

n+ 

This prior mean on u could have been anticipated from (2. 9) since the 

expected value of a sum is the sum of the expected values. That is, 

this prior mean is the marginal distribution function for x 0 relative to 

a uniform prior on p. 

Alternatively, if we take a beta density on p and return to 
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equation (3. 4), and evaluate the expected value relative to {2.10), the 

resulting moment generating function is given by 

[ x ut·J o n J ,-- . 
I I . 

, M (t) = 
,U 

j=O r .·~ 
J 

which yields the mean of u as 

x 
0 

· E [ u] = L 
j=O 

j+v1-i (n-j+v2-l 

v -l v -l 
· 1 2 

. We observe that the mean of u is the cumulative hypergeometric waiting-

thne distribution function with N = n+ v1+ v 2-l, Np = v1+ v 2-1, k = Vp 

and x= j+v1 from Wilks [11] on page 142. This result could have been 

anticipated from {2.'12), because, E{u) is the marginal prior distribution 

,function for x. We also note that E{u) is an increasing function of x 0 

just as u is an increasing function of x for fixed p. T:p.at is, the 
0 

monotone increasing property i1;3 not affected by the takin~ ,of expected 

values. 

We note that the posterior moment generating function for u 

with respect to_ the un~form prior on pis given by.{3. 6) with (v1, v 2) 

replaced by (mx+ 1,. mn-mi'+ 1), and with .respect to a beta prior on p 

by replacing (v11 v 2) by (v1+m'i°, v 2+mn-mx). 

The induced distribution function· for u is given by 

F( ) == Pr { u < u ·{ uo, - 0 J = Pr ';'{p:p > p } ,, - 0 
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where 

Hence,. for a uniform prior on .p we obtain F(u ) = 1-p while for the 
0 0 

beta prior on u we have 

·F(u.) 
0 

(3. 7) 

as the prior distribution function for u .. The posterior distribution 

function for u relative to a uniform prior on p is given py (3. 7) with 

{v1, v 2) replaced by (mx+l, mn-nx+l) and relative to a beta prior by 

replacing (v1, v 2 ) by (v1+mx, v 2:mn-:mx). 

The two measures used above indicate that for any measure 

on p, for which we know the posterior distribution,. we can determine 

the posterior distribution function for the ordinate of a binomial distri-

bution evaluated at a specified x . Suppose ·we are taking random 
0 

samples of size n from a production process which produces a good 

item with probability panda reject with probability 1-p .. We decide 

to accept or reject a lot on the basis of each sample accordingly as 

the number of good items is greater than or equal to x . Then given 
0 

p, 1-u is the fraction of acceptable lots, Hence, . for a squared error 

loss function, 1-E(u) is the Bayes estimator of fraction' of acceptable 

lots. The expectation is taken with respect to the posterior distribu-. 

tion 0£ u. 



Poisson Distribution Function 

. We ·consider the function· 

·X 

. u = t 
k=O 

X. > 0 . x . = 0, 1, 2.,., ;• • 
0 

36 

with x .fixed .. That is, u is a function of X. for which a more informao · 

tive representation may be 

Joo x -t t o e 
u = X. r(xo+l) dt x. > o. 

Observing (3. 8), it is easy to see that u is a monotone decreasing 

(3. 8) 

differentiable function of X.. Hence, we are able to determine several 

distributional properties for u as well as use both approaches for 

assigning prior distributions to the spacee S and 0. Also, the range 

of u does not depend upon the specification limit x . Thus, assigning 
0 

a uniform prior density to u induces a conjugate prior density on X.; 

namely, 

= 
x . .,.>,._ 

X. o e 
r(x + 1) 

0 

. a gamma distribution according to the classificatione of Raiffa .and 

Schlaifer [ 7]. On the other hand, if we as sign a beta density (2.10) to 

u, the induced density. on X. is given by 
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Due to the ·monotone property of u, i~ we uee g as a prior density on >.., 

then the beta densi~y (2.10) is induced on u. 

Now,. if we take the alternative point of view and assign a 

measure to n by means of a density on X., the things we can do are 

somewhat limited because we -cannot give an explicit form for X. as a 

· function of u. That is,. we cannot solve equation (3. 8) for->.. in terms 

of u. We know a density exists for the distribution induced on u, pro ... 

vided the measure on n has a density; but we cannot determ.ine its 

algebraic form explicitly .. We can give a rule .for determining points 

on the cumulative distribution function of u for an arbitrary density 

on X.. However,. we will do this for an arbitrary conjugate prior distri-

bution. 

Suppose we take a gamma-I prior density (2.15) on X., then 

.. F(u ; x , a, b) - Pr {u < u } ' - Pr -( X. > X. , ) 
0 0 - 0 - 0 

where 

f rJJ txo -t 
e dt. u :: 

r(x, + 1) 0 
X.o 0 

Thus, in more explicit terms 

F(u .; x , a, b) = 
0 0 · 

dX. ( 3. 9) 

= 1 - F . ( X. ; a, b) 
. )' 1 0 

The moment generating function for u relative to this density on >.. is 

found by considering (3. 3) and expanding the exponential in a-Maclaurin 

series. Then we interchange the order of integration and summation to 

obtain the ·form 
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. M~(t) = 

00 

I tk k 
-. , E(u ) . 
K. 

k=O 

Next, we expand the finite polynomial u by the prnltinomial theorem, 

interchange integration and summation, and remove the constants from 

under the integral to obtain 

00 
tk 

XO r(a:1- ~j r.) k( 

I I E(A ~jr j -kA 
M (t) -- . J 

e ) . = k! / I {j ! )r j I u rj ' 
k:;:0 ~r.=k j=O 

J 

Finally, by recognizing the integral as a gamma function we obtain the 

moment generating function of u as 

[x jrj + a] 0 
00 r ~ 

M (t) 
ba I I tk j=l 

= r(a) (k+ b)a+ ~jr j u 
k=O ~r.=k 

J 

x 
0 

-=' 1 

11 (.,) rJ· , . 0 J. r .. J= . J 

from which we obtain the prior mean of u relative to (2.15) as 

E [ u] = 

( 3. 1 0) 

( 3. 11) 

which is a cumulative negative binomial with p = b!l' q.= b~l' and 

k = a, provided, of course, that a is an integer. If a is not an integer, 

the form of ( 3 .11) would involve garnrna functions; however, its inter-

pretation as the prior marginal distdbuti.on function for x would be 

' 
valid. We should note that (3.11) is not a negative binomial distribution 

function in this case. 

The invariance property for conjugate prior distributions is 

very nice at this state since all we must do to obtain the posterior 
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distribution function, moment generating function, and mean is to 

substitute the posterior specifications (a 11 , b") for the prior (a, b) into 

(3.9), (3.10), and (3.11) respectively where (a 11 , b") are given on 

page 16. 

We envision properties (3. 9) and (3.11) as intuitive properties 

of u which can be used to assess one's consistency in the assigning of 

a conjugate pl'ior distribution to }\., More precisely, the assigning of 

specific values to the specifications a and b leaves something to be 

desired from an intuitive point of view. We regard the prior mean and 

variance (m, v} i:l,S specifications which have iln intuitive appeal and by 
2 

being given these, we can solve fora and bas a= m and b = E2. . A . v v 

further assessment of these values should be made by observing (3. 9) 

and {3.11), based on information available prior to experimentation. 

Exponential Distribution Function 

In this section we are considering the function 

u = 
! XO 

0e -et du 
0 

· e > o, x > 0 
0 

( 3 .1 2) 

where x is regarded as fixed and fl;:: (0, 00). From (3.12) we see that 
0 

-9x 
u = 1-e o,. which is a dHferentiable monotone increasing function of 

0. This function has been widely used in life testing, though from a 

slightly different point of view. Equation (3.12) is solvable for 0 in 

terms of u as 

0 -
1 
x 

0 

1 
log 1-u ' (3.13) 

which is a monotone increasing function, of u. Thus, for an arbitrary 

density TI on 0, the induced density for u is 
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(3 .14) 

In view of {3 .14), if we assign a conjugate prior to 0, the 

gamma-I, the prior density on u is given by 

f(u; x , a, b) = 
0 

(3 .1 5) 

For this case we can determine an intuitive property, from 

some points of view, known as the entropy\.. The entropy . s for a 

random variable X with density g is given by 

s .= E [-log g{x)]. 

Hence, for our particular case the entropy, for u is 
';. 

s = E [-log f(u;x ,. a, b)] 
0 

-log 
(!of 

- (a-1) ~ogxo + 
r(a+l) (t 1 

log b - y )] = r(a) ba+l + r 

( 
b ) ax - --1 __ o 
x b ' 

0 

(3.16) 

where'/ is Euler's constant, and we require a to be an integer. Other-

wise, some of the integrals evaluated in determining s could not be 

evaluated explicitly. We note that for a = 1, b = x , the entropy·· £6:t.;::"U. 
0 : . ·. 

is maximized, namely s = 0, 

uniform prior on u. 

Furthermore, a = 1, b = x induces a 
0 

By taking expectations relative to (2.10), we can determine a 

series form for the moment generating function of u as 



M (t) 
u 

which yields 

t = e 

00 

I 
k=O 

( 1 + k : 0
) 

( xbo )-a 
E [u] = l - 1 + 

41 

--a 

{3.17) 

( 3 .1 8) 

. As in the preceding sections where conjugate priors were used, 

the posterior equivalents of (3.14) to (3.18) are obtained by replacing 

· (a, b) by:(a", b") given on page18 We note that (3.18) is th~ distribution 

function for the density function (2 ~ 20). 

Normal Distribution Function 

The objective function of this section is. given by 

1 
u e 

(t-u)2 
2 

2cr dt ( 3 .1 9) 

for x a fixed real number and O = { (u, er): -oo < µ. < 00 , . 0 < er < 00 }. The 
0 

function u is regarded as a function of the two variablesµ. and.er. As in 

. Chapter II, we will be concerned with three cases and will use only 

. conjugate prior densities on the parameters in each case. 

Case 1. . er known .. 

For this case O = {µ.: -oo < µ < oo}, .and we will assume a normal 

prior measure on O whose density is given by ( 2. 21). 'l:'his particular 

·function 1s so.mewhat more· restrictive in what we are able to determine 

relative to prior measures on 0, in the sense that the moment generat

ing function for u is very complicated; however, we can determine the 
I 

· :r:pean .as 



2 
2ir<T 

- 2~ 2 [{t-u) 2 +b{u-a) 2J 
e dtdµ 
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= F [ j b {xo-a)l . 
z b+l (T J {3.20) 

We can also determine points on the prior cumulative distribution func-

tion for u by considering 

F(u ) == Pr {u < u.) = Pr fµ: xo-µ < z } 
0 -0 0- -0 

{ 3. 2 1) 

where u = F (z ). Then considering {3. 21), we can determine points 
O Z O 

on F by 

F{u ;x ,a,b,o-) = 
0 0 

1 .. F 
z 

{3.22) 

for O < u 0 ~ 1. We note the range of u 0 is independent ofj~6":o,~.:~b,cr) • 

. Again, the corresponding posterior properties of u for {3. 20) 

and (3. 22) are obtained by replacing {a, b) by {a 11 , b 11 ) of page 21. Let 

us further note that u is a monotone decreasing function of µ, which 

will be of use to us in Chapter IV, 

Case 2. µ known, 

For this case, as in Chapter II, the conjugate prior distribution 

is the inverted .. gamma-2 given by equation {2. 34) .. We observe that 

for this case the range of u depends upon the location of x 0 relative to 

µ. Without loss of generality let us take µ = 0, which will enable us to 

conserve space in discussing u .. That is,. with u = 0, we have u as a 

monotone decreasing function of er with [ 0, 1/2] as its range for x 0 < 0, 

We note that u is also a monotone decreasing function with range [ 1/2, 1] 



for x :> O. Thus, we will have probability 1 assigned to one or the 
0 

other of these two intervals by (2. 35). 

The prior distdbution function is completely determined by 

considering 

x 
, F(u ;:x µ.:;:Q,v,v) = Pr {o-:..,2< z }whereu .:;:F (z ). 

0 0 <T - 0 0 Z O 
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Essentially this leads to two distinct cumulative distribution functions 

for u. That is, .if x < 0, we have 
0 

F(u ; x < 0, µ.:;::O, v, v) :;: 
0 0 

while if x > 0,. we obtain 
0 

1, 

0, 

if u ·< 0 o-

0 < u < 1/2 o-

u > 1/2 
0 (3,23) 

F(u0 ;x0 > 0, µ.:;:0, v,v).:;::: 1 -F. 2 (~; 
l''( z O 

if u < 1/2 
0-

v, v) 1/2 <u0 <I 

1, u > 1. 
0 (3. 24) 

Perhaps a more readily usable form for (3. 23) and (3. 24) is obtained 

by recognizing that 

F. 2 (er Iv, v) ::: 1 - F 2 (~ Iv) . 
l"( X CT 

(3. 25) 

Then using (3. 25) in (3. 23) and (3. 24) we obtain 

rv· Iv) F(u ; x < 0, µ.=0,. v, v) = 1-F 2 __ o 0 <u < 1/2 
0 0 X XO o-

and 

(v::o H F(u ; x > 0, FO, v, v) = F 1/2 < u < 1 
0 0 x2 o-
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We note that given the distribution function F for x 0 < 0, the distribu

tion function F for x > 0 can be obtained as 
0 

F(l-u ; x < 0, µ=0, v, v) = 1.,. F(u ;x > 0, µ:::O, v, v), 
0 0 0 0 

This follows because x and z are of the same sign 
0 0 

and hence do not affect the sign of the chi-square variate. 

As in the case of cr known, the moment generating function is 

complicated. We can, however, determine the first moment as 
) 

(µ-t) 2 

1 2cr 2 
e II(cr;v,v)dtdcr 

where for this case we are not concerned with the sign of (x - µ) m 
0 

determining the form of E [ u] . 

Points on the posterior cumulative distribution function and the 

posterior mean of u are determined by sub!;ltituting (v, v) by (v 11 , v") 

where 

v" = v + n, v 11 = 1 [vv + v" 

n 

I 
i:::l 

Hence, tables are available to obtain certain percentage points on the 

distribution of u. 

Case 3. µ and er unknown. 

The conjugate prior for this case is the normal gamma of equa-

tion (2. 38) while u is a rather involved function of (µ,er). We are unable 
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to exhibit either the moment generating function or the density for u; 

we can determine the prior me-an of u as 

E [ u] = Ft [ J (b+bl)v (x.; -a) [ v J . . (3. 26) 

We also can determine the distribution function for u by considering 

. first the functions 

v 
2 
CT 

then relative to (2. 38), we see that TJ, s are independently distributed 

while TJ is normally distributed with zero mean and unit variance and 

s has a chi-square divided by v with v degrees of freedom. Now the 

distribution function for u is given by 

x .-µ 
F(u ) = Pr {(JJ,, er): ·-2....,_ < z } where u ·= F (z ) o er -o o zo 

= Pr 
x --a 

{ 
. bl/2 ( ) 

(µ., er) : vlf 20 

and the va_riable 

1/2 
. TJ .+ b zo 

t :::; 

has a noncentral t distribution with v degrees of freedo:i:n and noncen-

trality 

Therefore, 

. F(u ) = 
0 

1 -Ft, 

z .. o· 

· 1/2 ) I v, 6 = b z 0 

·' 
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where Ft' ( · / v, 6) is the distribution function for the non central 

Student's t distribution with v degrees of freedom and noncentrality 6. 

Most tables of the noncentral t-distribution involve considerable 

computation to determine percentage points of F. Therefore, we have 

constructed tables of percentage points for F from tables of the non~ 

central t-distribution constructed by Resnikoff [ 9]. These tables 

involve a minimum of computation to determine specified percentage 

points for u. These tables may be used to determine one-sided q 

tolerance limits for p content, as well as to aid in assessing the con

sistency of one I s subjective prior distribution with other intuitive 

information which may be available. We shall discuss uses of these 

tables further in Chapter IV. 



CHAPTER IV 

APPLICATIONS 

The work of the preceding chapter has many potential applica-

tions, some of which were mentioned by way of introduction. In this 

chapter we wish to give particular consideration in some detail to a 

few of these areas. 

Bayesian q Tolerance Intervals for p Content 

In this section we give the classical formulation of q tolerance 

intervals for p coverage foLlowed by a formulation of Bayesian taler-

ance intervals as given by Aitchison [l ], then we propose an alternative 

formulation for Bayesian tolerance intervals which employs the results 

of Chapter III. 

We desire to obtain an interval [r(x1 ), oo) for which we have q ,n 

confidence that the coverage of this interval will be at least p. That 

is, if we have the sampling distribution f(xl9) we desire a lower limit 

L such that we have q confidence that at least lOOpo/o of the distribution 

off exceeds L for all 9. From the frequentist point of view this is 

accomplished by solving the following equation 

Joo 

f(x I 9) dx = p 

d 

( 4. 1) 

for a function d 1 (0). If dis a monotone increasing function of 9, a 
-p 

lower q confidence limit O is substituted into d 1 (Q) for 9. If dis a 
q -p 
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monotone decreasing function of Q, an upper q confidence limit ol-q is 

substituted for 9, since we desire q confidence that d 1_p(9) is less than 

L. 

The interpretation of the resulting interval is that, if samples of 

size n are repeatedly taken and a tolerance interval is computed for 

each sample, then lOOqo/o of these intervals will cover the interval 

[d1 (9), oo) regardless of what value e has, 
-p 

The Bayesian formulation of q tolerance intervals for p coverage 

also solves equation (4. 1) for the function d1 (9), but instead of using 
-p 

a confidence limit for 9, a probability point from the posterior distribu-

tion of 0 is substituted into d1 (0) fore. That is, if d1. (8) is a mono-
-p -p 

tone increasing function of 9, we substitute an upper q probability point 

0 into d 1 (9) for 9 while if d 1 (0) is a monotone decreasing function 
q -p -p 

of 9, a lower q probability point e1 is used for 9. More precisely, 
-q 

we suppose (4. 1) can be solved ford= d 1 (0) as an increasing function 
-p 

of 8. Then we solve the equation 

l1 11 (0!x 1 )d9 = q 
'n 

(4. 2) 

for o , and we take r(x 1 ) = d 1 (o ) as the lower q tolerance limit 
q . 'n -p q 

for at least p coverage. The interpretation of the resulting interval is 

that if we consider the set of values of 0 for which the coverage of our 

interval is at least p, then this set has probability measure, given x 1 n' 
' , 

of q. In other words, the probability is q that the value of the 9 we 

drew was one of those for which the coverage of the interval was at 

least p. 

Another approach to obtaining Bayesian q tolerance intervals for 

p coverage can be formulated by considering directly the distributio.n of,,_ 
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u = F(x0 j e) to determine an upper limit while a lower limit can be 

obtained similarly by use of the distribution of u = R(x0 J Q) = 1 - F(x0 j e), 

provided the range of u is not affected by the value of x . We will see 
0 

that if a Bayesian q tolerance interval for p coverage can be obtained 

by Aitchison' s approach, then the same interval is produced by this 

method. We will discuss only the lower q tolerance limit for p cover-

age, the derivation being identical for upper limits if the distribution 

function replaces the reliability function. 

The posterior distribution of u = R(x 0 J e) is determined from the 

posterior distribut:i,on of 6 as in_ Chapter Ul. Then we solve the equation 

for x in terms of p, q, and the sample x 1 ; x is then a Bayesian 
o , n o 

lower q tolerance limit for p coverage, while [x , oo) is an upper q 
0 

( 4. 3) 

tolerance interval for at least p coverage. The truth of this statement 

is perhaps easier to see if we write (4. 3) as 

100 

q = Pr {u:u :::_p} = Pr {0: f(tje) dt :::_P}. 

x 

(4. 4) 

0 

The interpretation of the interval obtained from this procedure is pre= 

cisely the same as that obtained by Aitchison. The following theorem 

is useful in showing that our limit coincides with Aitchison' s. 

Theorem: If u = R(d je) can be solved for d = du(6) as a con

tinuous monotone function of 0 for each fixed but arbitrary u E ( 0, 1) 

and the range of u is independent of d, then u is a monotone function 

of El. 



Proof: By definition of R(dj 0) we have 

d 1 < d 2 implies that R(d 1 j e) :::_ R(d2 I 0) for all 0. 

Now let us assume d (0) is monotone decreasing, then 
u 

so in particular we have 

R(du(91)191) ~R(du(9z}'j01) and R(du(91}19z) < R(du(9z)l9z). 

By hypothesis u = R(du(6) j 9), for all 9, means that R(du (0 1) j e 1) = 
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(4. 5) 

(4. 6) 

(4. 7) 

R(du (0 2 )19 2 ). Hence, from (4. 7) we see that R(du (9 1 )!e 2) ~ R(du (91)1 <\). 

That is, 0 1 < 92 implies that R(d I 9 1) ~ R(d I 92 ). Hence, R is a mono

tone decreasing function of 9. If we change (4. 6) so that d (9) is mono-
. u 

tone increasing, then R(d I 9) is also monotone increasing. 

Suppose the approach due to· Aitchison for obtaining a Bayesian 

q tolerance interval for p coverage is possibLe. That is, suppose one 

can solve the equation (4, 1) for d = d 1 (9) as a monotone function of 9 
-p 

where p is fix:ed but arbitrary. By the theorem above, u is also a 

monotone function of 9. Thus, there exists a monotone function 9 = rd(u) 

for each d such that u = R(dj rd(u) ), provided R is a con.tinuous function 

of d. Hence, the density of the posterior distribution for u is given by 

II" (uid,x:l ) = f" (rd(u)ix:1 ) lddrl, ,n ,n u 

where f" denotes the posterior density for 9, provided, of course, that 

rd (u) is differentiable. Restricting our consideration to the case where 

rd(u) is monotone decreasing, we have 
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f 11 ( 6) I x 1 ) d0-= q, ,n 

Thus, r d(p) is an upper q proba,bility point of the posterior distribution 

fore, oq =rd(p), but 

implies that d = dl (o·) since u is a monotone function of d. This 
·p q 

proves the two intervals are identical provided Aitchison' s method is 

possible, 

We have been discussing lower q tolerance limits for at least 

p coverage. It should be noted that if all statements involving p and q 

are replaced by 1-p and 1-q, the resulting x is a Bayesian uppe·r q 
0 

tolerance limit for at least p coverage. That is, a lower 1-q tolerance 

limit for 1-p coverage is an uppe·r q tolerance limit for p coverage. To 

see this we make the substitution into (4. 4) to obtain 

J 00 

1-q = Pr { u:u ::::_ 1-.p} = Pr { 0 -: f(t I 0) dt > 1-p }. 

x 

We know Pr { n}::: 1, and· 

· le : f "' £( t I e) dt :,_ 1-p J .= n - l e : 
XO 

implies from (4. 8 that 

0 

f"' £(tie> dt>J-pl, 

x 
0 

.Joo 

q - Pr {e: f(t·je) .dt ~ 1-p }. 

. XO 

But we ·see that 

le : J."' £ (t I e) dt :,_ 1-p l = . 1 e : 
XO 

I XO f(tl 0)dt ::::_ p }, 

co 

(4. 8) 

(4. 9) 



52 

thus (4. 9) becomes 

q " Pr (9: Jxo f(tle) dt 2:_p l. (4.10) 

- 00 

Now (4. 8) makes x a lower 1-q tolerance limit for 1-p coverage while 
0 

(4.1 0) shows x is an upper q tolerance limit for p coverage, which 
0 

completes our proof. 

Perhaps more simply stated our procedure is: Determine a 

number x such that the posterior probability is q that the coverage of 
0 

the interval [x , 00) is at least p, by determining the posterior distribu
o 

tion of the coverage induced from the posterior distribution of 0. Using 

the arhitrarines s of the specification limit x , we are able to explicitly 
0 

give some of these intervals. 

In the form of an example let us consider a uniform sampling 

distribution 

f(x I e) 

with the prior distribution 

1 
= e 

11(8; a, b) a >1, 0>b> 0. 

Then, taking a sample of size n and considering 

y = x = max { x., i=l, ... , n }, 
max 1 

The posterior distribution of e is given by 

11 11 (9; x 1, n' a, b) = 

(a+ n-l)ba+ n-l 

aa+n 

a+n-1 
(a+n-l)y 

0>bify<b 

e > y if y .::. b. 
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Alternatively, if we let w = max (b, y), the posterior distributi.on of 9 

is 

11"(0; y, a, w) = 
(a+ n-l)wa+ n-l 

9 > w. 

x 
The frmction u = F(x0 j 0) = 0 ° is a monotone decreasing func-

x 
tion of 6 with range (0, __£]. To determine a q tolerance limit for p 

w 

coverage we find the posterior distribution of u, namely 

a+n-1 a+n-2 x 
h 11 (u;x0 ,y,q,c.J} =.(a+n-l)(x:) u ; O<u< ;. 

Solving the equation 

or 

for x , we obtain 
0 

Pr {u:u > p} = q 

x = wp (1-q) 
0 

a+n-2 d u u=q 

1 
a+n-1 

as the upper q tolerance limit for at least p coverage. 

(4. 11) 

(4.12) 

If we desire a lower q tolerance limit for p coverage we obtain 

x such that 
0 

1 

= w(l-p) q a+n-1 (4.13) 

It can be seen that the limits (4.12) and (4.1-3) coincide pre-

cisely with those intervals obtained by Aitchison's procedure; however, 

the range of u is dependent upon the value taken for x . 
0 
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Tolerance intervals for the normal distribution are well known; 

however, we wish to exhibit the ease of obtainipg these limits in view 

of the results of the studies in Chapter III and the tables included in the 

AppencU:x:A to this paper. In particular, we refer to the three cases 

studied relating to the distribution of the ordinate for the normal dis-

tribution function. 

Case 1. CT known. 

Referring to equation (4; 11) as .it applies to equation (3. 21), it 

can be transformed to 

1 - q = Pr { u : u ~ p } , 

which in view of (3. 22) becomes 

Then we solve 

for x to obtain 
0 

z = q 

1/2 b (x -(a+CTz )) 
0 . p 

(T 

O"Z 

X = a + !TZ + .._..9.... 
O p . bl/ 2 

(4.14) 

as an upper q tolerance limit for at least p coverage where the poster-

ior specincations are used for a and b. Referring to (4.14) we see 

that a lower q tolerance limit for .at least p coverage is given by 

x 
0 

(4.15) 
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. We note that (4.14) coincides with Aitchison's result if (a, b) is replaced 

by (a", b"). 

Case 2. µ unknown. 

For this case, in view of the nature of the distribution function 

for u (3. 23) to determine an explicit limit, we specify p ::::_ 1/2. This 

implies from equation (3, 16) that we must solve the equation 

q = Pr {u:u > p} 
x -µ 

= Pr { CT :CT < - 0 - } 
z 

p 

( 
2 vvz 

= FX2 _ .... P-= 
(x -µ) 2 

0 

for x 0 •. But this requires determining that x 0 for which 

2 vvz 
_ __,.P......,,, = 

(x -µ/ 
0 

or 

Iv) 

(4.16) 

and yields x 0 , an upper q tolerance limit for at least p coverage. The 

desired toler.ance limit is obtained by replacing (v, v) in (4.16) by the 

posterior specifications (v"; v") from this case in Chapter II. 

Case 3. µand~ unknown. 

This is perhaps the most interesting of the three cases consid-

ered for the normal distribution since it is the most general and hence 

has the widest application. We observed in Chapter III that points on 

the distribution function for u at u can .be determined from points on 
0 

the distribution of a noncentral t with v degrees of freedom and non

centrality c5 = . zu0 b1/ 2 . We· can, therefore, determine an upper q 

tolerance limit for p coverage by finding x 0 such that 

{ 
1/2 bl/2(x -a) } 

q = Pr t' :t' (v,zpb ) ~. vl/~ (4,J 7) 



That is, we determine x so that 
0 

1/2 b (x -a) 
0 

1/ 2 v 

Then solving for x we obtain 
0 
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1/2 = t 1 (v, z b ). q p 

(4.18) 

Now (4.18) corresponds to Aitchison 1s result, provided we take 

. (a 11 , b 11 , v 11 , v 11 ) as in Chapter II. We have previously mentioned the 

tables in Appendix A which lead to an easy calculation of (4.18). These 

tables have a set of values for q as . 005, . 010, . 025, . 050, . 950, . 

. 975, . 990, and . 995 by using complement probabilities. The values 

for u = .05 (.05) .95, and the posterior parameters b 11 = 1 (1) 10 (5) 
0 . 

(30), and v 11 =; 4 (1) 9, 16, 36, 144. Tabled in the body are values for 

T(u q v 11 b 11 ) where 
o' ' '. 

q = Pr { t 1 ( v z bl/ 2) > T ( u q v 11 b 11 ) } 
' u - o' ' ' · 

(4.19) 
0 

Thus, to determine an uppel:' q tolerance limit for p coverage, we 

observe (4.18) and note that 

/ b (x -a) 
{ 1/2 } 

1-q = Pr t 1 : t 1 (v, zp b1 2) ~ )/~ 

which in view of (4.19) implies we should solve for x in 
0 

= T (p, 1-q, v 11 , b 11 ). 



The solution for x is given as 
0 

x = a"+ 
0( 

where T is taken directly from Table· L 

T(p, 1-q, v", b"), 

For example, suppose we desire an upper· 99. 5 % tole:t;"ance 

limit for 95 % coverage, given the posterior specifications a" = 5, 
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b" = 30, v 11 = 36 and v" = 1. 44. Then T (. 95, . 005, 36, 30) = 13. 8980 

which yields the de sired limit as 

x 
0 

5 J 1.44 = + 30 

= 8. 0449. 

13. 8980 

Bayesian p-Expected Coverage Tolerance Intervals 

A Bayesian p-expected coverage tolerance interval is an inter-

val (- oo, r(x1, n) J such that the expected coverage of the interval is p. 

Certainly, the functions c:::onsidered in Chapter III are coverages for 

intervals (- 00, x 0 ] for each 9E0. Thus, their posterior expectations 

set equal top and solved for x 0 will permit x 0 to be interpreted as the 

upper limit of such an interval. Alternatively, if an interval of the 

form [r(x1, n), 00) is desired which will have p expected coverage; we 

solve the equation 

E 11 (u) = 1 - p 

for x in terms of p an.d the sample x1 n" For example, if we consider 
0 . ' 

the normal distribution function ordinate as in Case 3,. Chapter· III, we 

noted by equation (3. 26) that 



b" 
E" (u) = Ft ( {b"+ l)v" 

Then setting this equation to 1-p, we obtain the equation 

. b" 
{b"+ l)v 11 

which yields x in the form 
0 

x = a"+ 
0 

{x -a") - t {v 11 ) 
0 1-p ' 

{b"+l) v" 
b" 

t (v II) 
1-p 

II J. {b"+ 1) v" = a - b" tp {v") 

as the desired limit 

Fraction of the Acceptable Product 

We imagine a production process from which items are pro-
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duced which must meet an engineering specification limit to be accept-

·able. That is, if a measurement x is to be mac;le on the item and the 

engineering specification limit is x , then for any item with measure-o . 

ment x such that x < x , the item would be acceptable. Suppose we 
- 0 

· are concerned with the problem of estimating that fraction of the 

population of items produced which is acceptable. Folks,. Pierce, 

and Stewart [ 3] give the UMV estimates for some of the more common 

distributions £{x I 9) for the random variable x. The Bayes estimate 

of the fraction of acceptable product is E [ u] where u = F(x0 j G), 
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and the expectation is taken with respect to the posterior distribution 

of u. 

For co:p1parison purposes consider our Case 1 for the normal 

distribution function. The UMV estimator of g(S) = F(x0 I 0) is given 

by [3] as 

g(6) 

From (3. 20) the Bayes estimator is given by 

E" [u] _ F [J b+n 
- z b+n+l 

(x _ ba+nx) J 
o b+n 

Note that for no values of a and b does the Bayes estimator coincide 

with the UMV estimator, but for large n with b = 0, they are approxi-

mately equal. 

. Assessing A Conjugate. Prior Distribution 

As a final application of the results of this paper, we consider 

the usefulness of the idea of interval .content as an intuitive concept to 

aid in determining a conjugate prior distribution which will adequately 

reflect the available prior information .. Far many conjugate prior dis-

·. tributions the explicit specific;atio:hs which appear·as parameters in the 

prior distribution.are not easily determined directly, but could be 

solved for in terms of the first few moments or in terms of betting 

odds as suggested by Lindley [ s]. We maintain that betting odds and 

critical probabilities can be more directly determined by using the 

notion of content of specific intervals whose distribution ca.n be based· 

on, these criteria. 
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Suppose a conjugate prior distribution can be completely deter

mined by its mean and variance. At first glance an experimenter may 

feel he has adequately approximated his prior information by specify

ing these two moments, but when confronted with the content of some 

specific intervals based on these moments, may decide his choice can 

be improved .. Perhaps critical probabilities are more amenable to the 

idea of content than betting odds. Although both ~ould be used since· 

they are not independent concepts, indeed given critical betting odds, 

critical probabilities are uniquely determined. Diligent pursuit of this 

approach could lead the experimenter to the conclusion that no conju .. 

gate prior distribution for 0 can adequately represent his available 

prior information. 

We believe the prior tolerance intervals determined earlier in 

this chapter are usable devices for completely or partially dete rmin

ing an acceptable prior distribution as well as determining that a pro

posed prior is either inadequate or totally unacceptable. That is, use 

of these devices should lend credence to a proposed prior distribution, 

suggest an alteration which would improve its status, or render it 

wholly unacceptable. 



. CHAPTER V 

SUMMARY AND CONCLUSIONS 

In this thesis we have examined some of the distributional pro-

perties exhibited by the ordinate of the binomial, Poisson, negative 

exponential, and normal probability laws, and the ordinate of their 

corresponding distribution functions. We have examined these ordi

nates as functions of their parameters for a fixed value of the variable 

x. The study involved the use of various prior distributions on the 

parameter. In all cases we,were able to determine percentage points 

for the prior and posterior distribution function for these ordinates •. 

In some cases, we were able to determine the moment generating func-

tion for these ordinates in a series form. 

We have applied the notion of regarding the distribution.function 

u = F(x0 I 0) as a function of its parameter to obtain an alternative 

method for arriving at an upper Bayesian q-tolerance limit for at least 

p-coverage .. We have shown that,. if such a limit can be obtained by 

Aitchison' s procedure,.· then our technique renders the same limit. 

We have considered the problem of determining the density on 

the parameter which wiH induce ·a given density upon the ordinate. 

This density is most easily obtained by assigning the de .. sired density 

to the ordinate and d~ter:rnining the density induced upon the parameter .. 

In the presence of a monotone function with certain regularity condi

tions, this approach gives good results .... For the normal ordinate with 
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er known, a uniform density on the ordinate induces a bimodal curve as 

the density on µ. if we agree to assign equal probability to equal tail 

areas. 

We have suggested a method for assessing the consistency of a 

given prior distribution by using the notion of interval content. That 

is, by using the prior equivalent to Bayesian q-tolerance intervals for 

p-coverage, we obtain an interval such that the prior probability is q 

that it contains at least 100p% of the distribution of f(xj 0), By restrict

ing ourselves to the conjugate class of prior distributions we could u,se 

these limits to obtain either the specifications fo-,: a particular mem

ber of the family or assess the consistency of interval content notions 

for a given member of this family. Thus, we could either assign a 

particular prior distribution or we could subjectively evaluate a given 

prior distribution by this method. 
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APPENDIX A 

TABLES FOR PERCENTAGE POINTS OF THE ORDINATE 

OF THE NORMAL DISTRIBUTION 

µ AND o- UNKNOWN 

We consider the function 

( 
x -µ) 

u = Fz 7 ' o->0, -oo<µ<oo 

for the normal-inverted-gamma-2 prior distribution on the parameter 

{µ,o-). Thatis, 

II(µ, o-/a, b, v, v) e 

2 
b(µ-a) 

Zo-2 

b, v > 0, - 00 < µ < 00, O" > 0. 

It is easily seen that the expressions 

and g v 
= 2 ,,. 

e 

are independently distributed. The variable Y}. has a standard normal 
2 

distribution while g is distributed as X ( v) It then follows that 

t' -

v 

TJ + z b u 
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1/2 
(A. 1) 



has a noncentral t-distribution with v degrees of freedom and non

centrality parametE)r o = z bl/ 2 . 
u 

The distribution function for u is given by 

F(ujx01 a, b, v, v} 
x -µ 

= Pr{(µ, <T}:F~ --;- <·u} 

= Pr {(µ, <T}: 
x -µ 

0 < z } 
(T - u 
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where u = F (z ). Operating on the inequalities in the last expression 
z· u 

we obtain 

11 + z b { 
1/2 

F(ujx0 ,a,b,v,v} = Pr (µ,<T}: ·(s}~/ 2 

Thus, in view of the distribution oft' indicated in (A. l}, we may write 

{ 
b 1/ 2 (x -a}l 

F(ujx0 ,a, b, v,v} = Pr t' :t' ::::._ )/; f 
where t' has the noncentral t-distribution with v degrees of freedom and 

non-centrality parameter z bl/ 2 . 
u 

Certain percentage points for the noncentral t-distribution have 

been tabulated by Resnikoff [ 9] . These tables are particularly well 

adapted to computation of percentage points for u. These tables make 

it possible to find the point t which is exceeded with probability e in 
E 

the noncentral t-distribution, with f degrees of freedom and non-

centrality parameter o. for 17 values of e. The computation may be 

carried out as follows. Fir st compute 

-1/2 2 -1/2 
r = o (2f} and 11 = r(l+ r } . 
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The table corresponding to the desired E is entered with ri and f as 

ar gum en ts to obtain the tabuJar value X.. Then the percentage point is 

obtained by computing 

t = 
E 

2 1/2 

o + X.(l + r 2 -1-r·) 
x.2 

1 - 2£ 

For values of E greater than 1/ 2 the relation 

t1 _ E ( 0 ) = -t ( - 0 ) 

may be used. 

(A. 2) 

(A. 3) 

The vah,1es of X. a:r;e tabled for ri = -1. 0 (. 1) 1 and r = 4( 1) 9, 16, 

36, 144, ao. To obtain values of A for TJ values not tablEid, linear inter-

polation on TJ is recommended. For values of£ not tabled, it is recom

mended to interpolate linearly on ~172 . 

The following tables were constructed from [9] where we have 

chosen to write q and v in place of e and f respectively. Linear inter-

polation was performed in the above recommended fashion to obtain 

the tabular value T(u, q, v, b) from (A. 2), for arguments u and bin the 

table indexed by q and v. The values of T(u, q, v, b) are tabled for 

u=0.05(0.05)0.95, b=l(l)l0(5)30, q= 0.005, 0.010, 0.025, 0.050, 

and the same values for v that were used for f in [ 9 J,. except. v = ao . 

. The relation (A. 3) implies the following in our notation 

T(u, 1-q, v, b) = -T(l-u, q, v, b) and T(l-u, 1-q, v, b) = -T(u, q, v, b). 

This relation can be used to obtain percentage points for q greater 

than 0. 50. The procedure for interpolation within these tables and 
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between tables for tabular T(u, q, v, b) has not been establi5hed. It has 

been noted that linear interpolation yields unsatisfactory re$ults. 



--·---- ---

TABLE I 

PERCENTAGE POINTS FOR THE DJSTRIBUTION OF THE NORMAL ORDINATE 

q =O.QOS v = 4· 

RI 1 2 _____ 3 ---- 4 _ . 5 6 7 8 9 10 15 20 25 30 

0.05 1 1.1842 0.2753 -0.2722 -0.6773 -1.0012 -1.2678 -1.4999 -1.7086 -1.8995 -2.0760 -2.8033 -3~3788 -3.8740 -4.3148 
0.10 1 1.113~4 o.9304 o.4001 0.0145 -0.2892 -o.5449 -0.7648 -0.9590 -1.1318 -1.2859 -1.9196 -2.4180 -2.8264 -3.1851 
0.15! 2.2201 lo4630 o.9547 0.5812 0.2840 0.0397 -0.1680 -0.3531 -0.5185 -0.6680 -1.2582 -1.6983 -2.0649 -2.3841 
0.20i 2.6024 1.9479 1.4792 1.1260 0 .. 8353 0.5987 0.3946 0.2157 0.0578 -0.0838 -0.6487 -1.0672 -1.3951 -1.6768 
0,25! 2.9687 2.3777 l.9860 1.6640 1.3974 l.1748. 0.9735 . 0.7999 0.6471 0.5100 -0.0337 -0.4295 -.0.7462 -1.0119 
0.30; 3.3117 208184 2.4658 2.1999 1.9785 1.7796 1.5973 1.4377 lo2957 lol652 0.6375 002558 -0.0436 -0.2925 
o.35j 3.6284 3.2659 2.9850 -2;754s 2.5606 2.3972 2.2542 2.1253 2.0011 1.8997 1.4231 1.0650 o.7746 o.5381 
0.40! 3.9424 3.6914 3.5062 3.3522 3.2186 3.0935 2.9792 2.8750 2.7789 2.6897 2.3270 2.0492 1.8137 1.5984 
0.45i 4.2712 4.1351 4.0316 3.9450 3.8692 3.8058 3.7481 3.6946 3.6446 3.5974 3.3929 3.2235 3.0697 2.9322 
0.50i 4.6042 4.6042 4.6042 4.6042 4~6042 4.6042 4.6042 4.6042 4.6042 4.6042 4.6042 4.6042 4.6042 4.6042 
0.55: 4.9',tl8 5.0825 5.1908 5.2822. 5.3628 5.4428 5.5173 5.5869 5.6523 5.7144 5.9874 6.21cn 6.4242 6.6102 
0.60; 5.2849 5.5911 5.8354 6.0426 6.2260 6.3924 6.5459 6.6891 6.8239 6.9515 7.5127 7.9881 8.4196 8.8456 
0.651 5.6735 6.1607 6.5381 6.8580 7.1410 7.3976 7.6340 7.8546 8.0621 8.2588 9~2199 10.0468 10.7832 11.4550 
o.~oi 6.0978 6.7681 · 7.2868 1.1261 8.1147 8~4847 8.8478 9.1878 9.5087 9.8137 11.1644 12.3950 13.5210 14.5498 
o.1sj 6.5602 1.4292 e.1011 8.1121 9.2769 9.7919 10~2687 10.7153 11.1311 11~5414 13.4817 15.1469 16.6319 17.9866 
o.80· 7.0790·8.1702 9.0973 9.9035 10.6214 11.2763 11 •. 917512.5380 13.1246 13.6828 16.1594 18.2803 20.0732 21.7078 
o.85i 7.6917 9.1324 10.3154 11.32.75 12.2955 13.1945 14.0285. 14.8105 15.5493 16.2518 19.3096 21.8357 24.0868 26.1388 
0.90: 8.4793 10.3765 ll.8'191 13.2920 14.5356 15.67i2 16.7236 17.70'15 18.6236 19.4621 23.1802 26.3610 29.2580 31.qo13 
0.95: 9.7705 12.3261 14.4637 16.2%7 17.9303 19.3626 20.6714 21.8977 23.0560 24.l561J 29.0901 33.3522 37.1253 40.5475 

q = 0.005 v = 5 w_= __ l _______ 2 ______ 3 ___ 4 --~--- -~------·-;·---~--~-------1~- 15 20 25 30 

0.051! 1.1253 0.2149 -0.2112 -0.6870 -1_.0119 ,-1.3003-1.5454_-1.1610 -1.9602 -2.1441_-2.9168 ..;.3.529,;-4.o,;21 -4.5190 
0.10 1.6560 0.9009 0~3947 0.0141 -o.2942 -o.5530 -0.1159 -0.9745 -1.1545 -1.3197 -1.9812-2.5011 -2.9418 -3.3234 
o.15j 2.0353 l.3817 0.9221 o.5679 ·o.2833 o.0396 -0.1120 -0.3587 -o.5263 -:0.6775 -1._2900 -1.1511 -2.-1326 -2.4657 
0.20 1 2.3643 1~7954 1.3965 1.0746 Q.8118 o.5849 0~3894 o. 2169 o.0580 -0.0060 -0.6579 -1.0857 -1.4368 -1 •. 7288 
0.25i 2.6631 2.1732 1.8292 1.5595 1~1211 1.1111 0.9395 0.7781 0.6317 0.4990 -0.0349 -0.4360 -0.1,;70 -1.0288 
0.301

1 
2.9463 2.5410 2.2499 2.0P6 1.0226 1.6537 1.5031 1.3586. 1.2218 1.1091 o.6225 o.2560 -0.0449 -o.2976. 

0.35 3.2210 2.9068 2.6763 2.4892 2.3298 2.191)1 2.0652 1.9520 1.8484 1.7526 1.3453 1.0209 0.7541 {).5260 
0.40 3.4924 3.2761 3.il45 .· 2.9812 2.8661 2.764~ 2.6716 2~5871 2.5088 2.4359 2.1288 1.8850 1.6812 1.5046 
0.451 3.7628 3 .• 6506 3.5655 3.4945 3.4324 3.3768 3.3260 3.2790 3.2351 3.1939 3.0163 2~8704 2.7447 2.6335 
0.50 4.0394 4.0394 4.039'4 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 4.0394 
0.5-5 1 4.3054 4.4169 4.5030 4.5.758 4.6403 4.691'!7 4~7550 4.8090 4.8599 4.9081 5.1211 5.3027 5.4640 -5.6109 
0.60 4.5780 4.8123 5.0024 5.1643 5.3081 5.4390 5.5601 5.6734 5.7804 5.8820 6.3314 6.7428 7.1132 7.4522 
0.65 4.8764 5.2568 .5.5539 5.8075 6.0332 6.2388 6.4338 6.6259 6.8077 6.9808 7.7510 8.4138 9.0067 9.5492 
0.1.0 5.2075 5.7361 6.1499 6.5139 6.8539 7.1650 · 7.4540 7.7254" 7.9821 .8.2266 9.3144 10.2503 11.0874 ll.8531 
0.75 5.5714 6.2642 6.8420. 7.-3459 7.7966 8.2091 8.5923 8~9520 9.2924 9.6165 11.0581 12.2981 13.4067 14.4202 
o.ao 5.9836 6.9028 7.6530 a.2987 ·e.8763 9.4048 9.8957 10.3565 10.7926 11.2011 13.0537 14.6402 16.0571 17.3983 
0.85 ~-4839 7.6811 8.6298 9.4462 10.1764 10.1'1445 11.4650 12.0473 12.5983 13.1227 15.4528 17.5033 19.3503 21.0322 
0.90 7.1607 8.6790 q.8820 10.9170 11.8426 12.6892 13.4752 14.2127 14.9100 15.5735 18.6067 21.2143 23.5301 25 .. 6015 o,-
0.95 8.1919 10.1992 11.7890 13.1562 14.3780 15.4947 16.5471 17.5542 18.5048 19.4077 23.3965 26.7353 294688~ 32.3709 ~ 



TABLE I (Continued) 

q = Ci.005 v = 6 

~ 1 2 3 4 5. 6 7 -~ _____ ,! ______ _!Q__ 15 20 25 30 

0.05 
0:.10 
0.15 
0.20 
0.25' 
0.30 
0.35 
Q.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.15 
o.eo 
0.85 
-0.90 
0.95 

1.0876 
1-5812. 
1.9399 
2.2399 
2.5097 
2. 7,635 
3 •. 0084 
3.2422 
3.4709 
3,7038 
3.9424 
4•1884 . 
4.4494 
4.7299 
5.0386 
5.4055 
5.8516 
6.3981 
7.2361 

0.2100 -o. 2719 
0.8718 0.3878 
1.3274 0.8930 
1.7144 1.3407 
2.0661 1.7465 
2.3998 ·2.1360 

· 2.1202 2.5216 
3.0574 2.9135 
3.3762 3.3042 
3. 7038 3. 7038 
4.0429 4.1205 
4.3952 4.5562 
4.7117 5.0237 
5.1825 5.5.558 
5.6594 6.1441 
6. 192-6 6 .. 7898 
6.8121 7.6051 
7.6466 8.6633 

. 8.9318 10.2806 

-0.'6869 -1.0249 
o. 01 70 -0.2890 
0.5566 0.2783 
1. 0390 o.7883 
1.4888 1.2736 
1.9236 1.7402 
2. 3530 2.2087 
2.7947 2.6918 
3.2440 3,1913 
3.7038 .3.7038 
4.1864 4.2448 
4.6933 4.8152 
5.2468 5.4502 
5.8769 6.1536 
6.5455 6.9040 
7.3260 7.8131 
B.2946 8.9126 
9.5404 10.3261 

11.44_31 12.4833 

-1.3145 -1.5705 -1.8010 -2.0084 -2.2007-3.0093-3.·6570 -4.2016 ,-4.6864 
--0.5497 -0.77.82 -0.9806 -1.1648 -1.3343 -2.0303 -2 .• 5742 :-3.0355. -3.4417 

0.0418 -0.1669 -0~3536 -0.5225 -0.6772 -1.3039 -1.7898 -2'.1886 -2.5372 
0.5731 0.3826 0.2130 0.0596 -0.0815 -0.6571 -1.0943 -1.4548 -1.7663 
1.0797 0.9092 Q.7568 0.6182 0.4896 -O.Q308 -0.4314 -0.7587 -1.0361 
1.5791 1.4359 1.3067 1.1851 · 1.0111 o.6094 o .• 2513 -0.0408 -0.2923 
2.0815 1.9673 1.8633 1.7648. 1.6735 1.2948 o.9875 0.1342 o.5159 
2.6003 2.5174 2.4413 2.3707 2.3049 2.0255 1.7997 1.6054 1.4368 
·3.1439 3.1007 3.0600 3.0210 2.9843 2.8260 2.6956 2.5830 2.4831 
3.7038 3.7038 3.7038 3.7038 3.7038 3.7038 3.7038 3.7038 3.7038 
4.2978 4.3467 4.392~ 4.4355 4.4763 4.6568 4.8106 4.9475 5.0721 
4.9262 5.0290 5.1262 5.2223 5.3138 5.7204 6i0649 6.3603 6.6301 
-5.6363 5.8092. 5.9716 6.1168 6.2548 6.8677 7.4230 7.9232 8.3817 
6.4015 6.6315 6.8473 7.0594 7.26~3 B.1831 8.9752 9.6849 10.3351 
1.2505 1.5735 1.0110 0.1645 0.43~6 9.6601 rn.1133 11.6562 12.5193 
8.2596 8.6749. 9.0652 9.4348 9.7870 11.3558 12.7067 13,9144 15.0182 
9.4789 10.0054 10.5001 10.9.685 11.4146 13.3992 15.1046 16.6265 18.0151 

li.0458 11.7146 12.3425 12.9366 13.5021 16.0134 18.1655 20.0817 .21.8269 
1_3.4349 14.3182 15.1465 15.9294 16.6738 19.9710 22.7863 25.2862 27.5582 

q = 0.005 v = 7 

u=:::l;J 1 2 3 4 ____ 5 ____ 6 ________ 7 ________ 8 ___ 9 ___ lO ____ p;_ 20 Z5 30 

0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
o.35 
0.40 

.0.45 
0.50 
0.55 
0.60 
0.65 
b.10_ 
0.15 
o.so 
0.85 
0.90 
0.95 

1.0564 
1.5259 
1. 8695 
2.1617 
2.4152 
2.6450 
2.8651 
3.0730 
3.2773 
3.4845 
3. 7053 
3.9331 
4.1745 
4.4237 
4.6976 
5.0154 
5.4065 
5.9082 
6.6738. 

0.2645 ,-0.2741 
0.8494 0.3808 
1.2818 0;.8698 
1.-6531 l.2946 
1.9925 1.6837 
2.3150 2.0606 
2.6132 2.4260 
2.9079 2. 7801 
3.1927 3.1284 
3.4845 3.4845 
3. 7983 3.8702_ 
4.1249 4.2693 
4.4608 4.6844 
4.8217 5.1472 
5.2381 5.6719 
5.7169 6.2739 
6.2948 6.9852 
1.0202 7.8822 
8.1186 9.3071 

-0.6945 -1.0418 
o. 0130 -0.2913 
0.5449 0.2727 
1~0100 0.7688 
1.4372 1.2297 
1.8535 1.6777 
2.2717 2.1313 
2.6731 2.5803 
3.0745 3.0274 
3.4845 3.4845 
3.9312 3.9853 
4. 3911 4.4994 
4.8761 5.0547 
5.4288 5.6807 
6.0457 6.3807 
6. 7497 7.1605 
7.5660 8.1016 
8.6546 9.3472 

10~ 3329 11. 2526 

-1.3359 -1.5969 
-0.5551 -C.7875 

0.0377 -0.1693 
0.5!',07 0.3757 
1.0489 0.8855 
1.5238 1.3864 
2.0075 1.8962 
2.4975 2.4222 
2.9849 2.9461 
3.4845 3.4845 
4.0345 4.0798 
4.5979 4.6891 
5.2179 5.3694 
5.9114 6.1260 
6.6860 6.9585 
7.536& 7.8924 
8 • 60 04 9. 0644_ 
9.9822 10.5726 

12.1213 12.9280 

-1.8331 -2.0498 
-0.9963 -1.1837 
-0.3565 -'-0.5275 

0.2080 0.0555 
0.7383 0.6040 
1.2618 1.1475 
l. 7947 I. 7011 
2.3529 2.2885 
2.9101 2.8764 
3.4845 3.4845 
4.1223 4.1621 
4.7745 4.8551 
5.5_117 5.6465 
6. 3277 6.5187 
7.2143 7.4565 
a. 2360 fl.5616 
.9.5007 9.9139 

11.1273 ll.6663 
13.6847 14.4000 

-2.2478 -3.0786 
-1.3561 -2.0727 
-0.6846 -1.3251 
-0.00·47 -0.6642 
0.4804 -0.0347 
1.0413 0.5955 
1.6141 1.2502 
2.2249 1.9530 
2.8435 2.7014 
3.4845 3.4845 
4.1984 4.3587 
4.9349 5.2915 
5.7748 6.3467 
6.6985 7.4722 
7.6873 8.7600 
8.8719 10.2558 

10.3077 12.0887 
12.1826 14.4766 
15.0544 17.9306 

-3.7492 -4.3184 -4.8205 
-2.6312 -3.1055 -3.5238 
~1-8214 -2.2353 -2.5931 
-1.1122 -1.4789 -1.7970 
-0.4352 ~o.7677 -1.0532 

0.2460 -0.0445 -6.2947 
o.9607 o.7164 o.so51 
1. 7343 1. 5490 1. 3872 
2~5838 2.4818 2.3910 
3.4845 3.4845 3.4845 
4.4953 4.6167 4.7274 
5.5~83 5.8730 6.1247 
6.8316 7.2532 7.6394 
8.1567 8.7819 9.3551 
9.6887 10.5211 11.2853 

11.4564 12.5592 13.5675 
13.6464 15.0132 16.2233 
16.3545 18.0273 19.5531 
20.3929 22.6163 24.6591 O' 

-.D 



TABLE I (Continued) 

q = 0.005 v = 8 

u b l 2 3 4 5 6 7 8 9 10· 15 20 25 . 30 

6.05 1.0417 0.2686 ,-0.2771 -0.6984 -1.0478 -1.3497 :..1.6166 -1.8584 -2.0806 -2.2868 -3.1377 -3.8240 -4.4133 -4.-9309 
0.10. 1~4933 .0.8427 0.3828 0.0141 -0.2945 -0.5589 -0.7917 -1.0018 -1.1938 -1..3704 -2.1041 -2.6805 -3.1652 -3.593.l 
0.15 l.8193 · 1.2593 . 0.8627 0.5438 0.2769 _0.0392 -0.1110 -0.3601 -0.5313 -0.68!15 -1.3387 -1.8464 -2.2738 ,-2.6416 
0.20 2.0936 1.<>144 1.2116 o.9976 o.7639 o.c;594 o.3778 0.2116 0.0572 -0.0850 -0.6681 -1.1202 -1.4958 ,-1.e215 
0.2~ 2.3315 1.9351 1.6435 1.4085 1.2091 1.0346 0.8779 0.7340 0.6021 0.4802 -0.0343 -0.4392 -0.7718 -1.0595 
0.30 2.5517 2.2354 1.9990 1.8043 1.6378 i..4913 1.3597. 1.2400 1.1297 1.0274 0.5937 0.2500 -0.0442 -0.2979 
o.35 2.1611 2.5212 2.3419 2~1943_ 2.0652 1.9492 1.8445 1.7486 1.6600 1.5774 1.2299· o.9506 0.1125 o.5052 
0.40 2.9598 '2.8017 2~6807 2.5785 2.4897 2.4104 2.3382 2.2717 2.2098 2.1519 1.8980 1.6915 1.5153 l.3605 
0.45 3.1554 3.0745 . 3.0129 2.9613 2.9161 2.8754 2.8382 2.8038 2.7715 2.7411 2.6055 2.4930 2.3954 2.3083 
0.50 · 3.3538 3.3538 3.3538 3.3538. 3.3538 3.3538 3.3538 3.3538 3.3538 3.3538 3._3538 3.3538 3.3538 3.3538 
o.55 3.5565 3.6417 '3~7076 3.7634 3.8129 3.8577 3._8992 3.9379 3.9744 4.0090 4.1618 4.2922 4.4082 4.5139 
0.60 3.7651 3.9403 4.0766 4.1928 4.2961 4.3902 4.4773 4.5589 4,6360 4.7094 5.0229 5.2906 5.5302 5.7581 
0.65 3.9862 4.2592 4.4728 4.6557 4.8155 4.9585 5.0910 5.2152 .5.3326 5.4443 5.9591 6.4059 6.8065 7.1741 
0.70 4•2238 4.6041 4.8966 · 5.1428 5.3624 5.5650. 5.7593 5.9418 6.1148 6.2796 7.0149 7.6502 8.2204 8.7433 
o.75 4.4855 4.9762 5.3547 5.6866 5.9898 6.2678 6.5264 6.7695 1.0000 1.219.7 8.2004 9.0478 9.8076 10.5.040 
0.80 4.7811 5.3939 s.8932 6.3282 6.7183 1.0762 1.4092 1.1225 8.0194 8.3025 9.5654 10.6553 11.6314 12.5246 
0.85 5.1233 5.9121 6.5517 7.1042 7.6000 8.0548 8~4781 8.8761 9.2533 9.6128 11.2148 12.5945 13.8277 14.9542 
0.90 5.5622 6.5850 _7.3999 8.1042 8.7361 9.3156 9.8547 10.3613 10.8410 11.2980 13.3307 15.0764 16.6329 18.0520 
o.•5 6.256~ 7.6155 · 8.6995 9.6358 10.4150 11.2437 11.9590 12.6285 13.2627 13.8661 16.5429 18.8328 20.8686 22.1205 

q = 0.005· v = 9 

u b l i. 3 4 5 6 7 8 9 10 15 20 0 

Q.05 1,0266 0.2604 -0.2757 -0.6979 -I.0511 -1.3582 -1.6298 -1.8752 -2.1010 -2.3108 -3.1876 -3.8925 -4.4978 -5.0332 
0.10 1.4707 o.8307 o.3740 0.0111 -0.2929 -o.5573 -0.1921 -1.0045 -1.1991 -1.3793 -2.1249 -2.1181 -1.2159 -3.6555 
0.15 1. 7839 1.2416 . 0.8502 · o. 5346 0.2684 ci.0364 -0.1707 -0.3580 -0.5295 -0.6880 -1.3469 -1.8630 -2.2CJ76 -2.6782 
0.20 2.0447 .l.5874 1.253j o.9830 0.1~32 o.5501 o.3690 0.2049 o.0541 -o.os59 -0.6673 -1.1245 -i.5015 -1.8377 
0.25 2.2112 1.8945 1.6154 1.3886 1.1921 1.0196 o.t650 o.7236 0.5926 o.4712 -0.0359 -o.4367 -0.1120 -1.0630 
0.30 2.4806 2.1794 1.9554 1.7695 1.6099 1.4688 1.340, l.2226 1.1137 1.0124 0.5843 0.2423 -0.0457 ,-Q.2q63 
0.35 2.6792 2.4517 2.2811 2.1401 2.0182 1.9079 1.8080 1.7163 1.6312' 1.5518 1.2116 0.9364 0.7023 0.4961 

-0.40 2.8707 2.7183 2.6030 2.5062 2.4218 2.3463 2.2776 2.2141 2.1550 2.0996 1.8591 1.6614. 1.4920 i.3414 
0.45 3.0591 2.9812 2.9219 2.8722 2.8287 2.7895 2.7536 2.7204 2.6892 2.6599 2.5318 2.4249 2.3320 2.2490 
0.50 3.2500 · 3.2500 3.2500 3.2500 3.2500 3.2500 3.2500 3.2500 3.2500 9.2500 3.2500 3.2500 3.2500 3.2500 
0.55 3.4416 3.5221 3.5843 3.63-69 3.6836 3.7259 3.7649 3.8014 3.8358. 3.8684 4.0116 4.1333. 4.2416 4.3402 
0.60 3.6385 3.8037 3.9jl9 4.0405 4.1370 4.2248 4.3061 4.3822 4.4541 4.5224 4.8241 5.0823 5.3131 5.5247 
o.65 3.8469 4.1025 4.3019 4.4724 4.6242 4.u,20 4.8897 5.0095 5.1220 5.2307 5.1'116 6.1268 &.498, 6.8387 
o. 70 4.0695 4.4243 4. 7024 4.9397 5.1516 5.3454 5.5258 5.6956. 5.8563 6.0095 6.6914 7.2793 7.8067 8.2905 
O. 75 4.3137 4._7791 5.1442 · 5.-4582. 5. 7402 5.9985 6.2388 6.4643 6.677"' 6.8809 7. 7882 8.5722 9.2753 9.9198 
0.80 4.5909 5.1820 5.6503 6.0547 6.4169 6.7481 7.0563 7.3461 7.6208 7.8827 9.0512 10.0600 10.9640 Jl.7935 
0.85 4.9210 5.6679 6.2623 . 6.7741 7.2328 7.6535 8.0451 • 8.4134 8.7623 9._0950 lC.5780 11.8584 13.0042 14.0512 
0.90 5.3427 6.2932 7.0477 ~.6992 S.2838 8.8200 9.3188 9.7877 10.2319 10.6550 12.5423 14.1646 15.6096 16.9277 
o.95 5.9877 1.2411 8.2499 9.1163 9.8930 10.&041 11.2673 n.8900 12.4191 n.0399 15.5260 17.6532 19 .• 5456 21.2689 ~ 



TABLE I (Continued) 

q = 0.005 v = 16 

u~ 1 2 3 4 5 6 7 8 9 10 15 20 25 30 

o. 05 0.9822 o.2560 ~o.2747 -o.7054 -1.0121 -l.3965 -1.6876 -1.9531 -2.1986 -2.4277 -3.3963 -4.1822 -4.8543 -5.4510 
0.10 l. 38 74 o. 7992 o. 3660 0.0123 -0.2920 -0.5608 -0.8027 -1.0238 -1.2282 -1.4189 -2.2246 -2.8745 -3.4278 -3.9176 
0.15 1.6680 1.1796 o. 8175 o.5199 0.2639 . 0.0367 -0.1692 -0.3578 ~0.5323 -0.6952 -1.3845 -l.9398 -2.4132 -2.8303 
0.20 1.8966 1.4931 1.1907 0.9417 0.7263 0.5347 0.3612 o. 2021 0.0542 -0.0845 -0.6739 -1.1497 -,I.5558 -1.9123 
0.25 2.0948 1.7652 1.5182 1. 3126 1.1344 0.9756 0.831.5 0.6985 0.5750 0.4594 -0.0348 -0.4377 -0.7819 -1.0851 
0.30 2.2750 2.0148 l. 8184 1.6553 1.5133 1 .• 3856 1.2694 1. 162 3 1.0625 0.9690 o. 5671 0.2384 -0.0446 -0.2954 
0.35 2.4432 2.2504 2.1033 1. 9804 1.8732 1. 7770 l-6893 1.6082 1.5325 1.4609 1.1522· 0.8983 0.6785 0.4832 
0.40 2.6049 2.4763 2. 3 7 85 2.2966 2.2249 2.1599 2.1003 2.0451 1.9935 1.9449 1.7342 1.5594 1.4067 1.2101 
0.45 2.7624 2.6974 2.6478 2.6061 2.5695 2 .5365 2.5062 2.4781 2.4517 2.4268 2.3183 2.2276 2.1475 2.0755 
0.50 2.9204 2.9204 2.9204 2. 9204 2.9204 2.9204 2.9204 2.9204 2 .9204 2 .9204 2.9204 2.9204 2.9204 2.9204 
o.55 3.0790 3.1451 · 3.1961 3.2393 3.2774 3. 3119 3.3437 3.3734 3.4013 3.4277 3.5442 3.6430 3.7302 3.8094 
0.60 3.2405 3.3752 3.4793 3.5677 3.6459 3.7167 3.7820 3.8431 3.9006 3.9552 4.1964 4.4023 4.5846 4.7507 
0.65 3.4103 3. 6180 3.7787 3 .9152 4.0365 4.1468 4.2488 4. 3444 4.4345 4.5196 4. 8968 5.2201 5.5080 5.7709 
0.10 3.5912 3.8768 4.0991 4.2887 4.4572 4.6100 4.7516 4.8843 5 .• 0097 5.1289 5.6571 6.1107 6. 5157 6.8858 
0.75 3.7881 4.1604 4.4514 4.6987 4.9191 5.1204 5.3071 5.4815 5.6465 5.8035 6.5015 7.1011 7.6376 8.1276 
o.eo 4.0099 4.4813 4.8489 5.1641 5.4448 5.7010 5.9388 6.1622 6. 3733 6.5738 7.4670 8.2342 B.9212 9.5495 
0.85 4.2738 4.8627 5. 3253 5.1210 6. 07't9 6.3984 6.6982 6.9798 7.2464 7.5004 8.6200 9.5987 10.4671 11.2617 
0.90 4.6079 5.3492 5.9322 6.4334 6.8807 7.2905 7.6707 8.0272 8.3648 8.6865 10.1170 11.3479 12.4479 13.4530 
0.95 5.1120 6.0859 6.8548 7.5166 8.1072 8.6483 9.1510 9.6226 10.0691 10.4942 12.3843 14.0067 15.4518 l6.769Q 

q = o. 005 v =36 

b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

0.05 0.9527 0.2519 -0.2742 -0.7103 -1.0891 -1.4271 -1.7346 -2.0181 -2.2821 -2.5295 -3.5932 -4.4654 -5.2205 -5.8922 
0.10 1.3332 o. 7783 o. 3596 0.0116 -0.2915 -0.5629 -0.8101 -1.0384 -1.2510 -1.4507 -2.3101 -3.0167 -3.6280 -4.1710 
0.15 1.5931 1.1391 0.7958 0.5094 0.2596 0.0357 -0.1687 -0.3577 -0.5340 -0.6998 -1.4145 -2.0039 -2.5138 -2.9681 
0.20 1.8028 1.4312 1.1495 0.9142 0.708.5 0.5237 0.3550 0.1988 0.0529 -0.0043 ~0.6101 -1.1691 -1.5947 -1.9745 
0.25 1.9825 1. 6826 1.4545 1. 2636 1. 0966 0.9465 0.8'.l'H 0.6818 0.5628 0.4506 -0.0350 -'0.4382 -0.7888 -1.1020 
0.30 2.1449 1.9102 1.7314 1.5814 1.4499 1.3316 1.2233 1.1220 1.0288 0.9402 0.5551 0.2346 -0.0447 -0.2949 
0.35 2.2963 2.1227 l.9902 1. 8790 1.7814 1.6934 1.6127 l. 5378 1.4676 1.4014 1.1134 o. 8729 0.6626 0.4738 
0.40 2.4408 2. 326(1 2.2382 2.1645 2.0996 2.0412 1.9875 l.9376 1.8909 1.8467 1.6541 1.4926 1.3512 1.2239 
0.45 2.5805 2.5230 2.4790 2.4419 2.4093 2.3798 2.3527 2.3276 2.3039 2.2816 2.1841 2.1021 2. 03 00 1. 9651 
0.50 2. 7198 2. 7198 2. 7198 2. 7198 2. 7198 2. 7198 2. 7198 2. 7198 2.7198 2. 7198 2. 7198 2. 7198 2. 7198 ·2.7198 
o. 55 2.8592 2.9172 2.9618 2.9994 3.0325 3 .0626 3.0902 3.1159 3 .1401 3.1630 3. 26 36 3.3486 3. 42 37 3.4917 
0.60 3.0005 3.1175 3.2076 3.2838 3.3511 3.4121 3.4682 3.5206 3.5698 3.6165 3.8211 3.9945 4.1480 4.2873 
0.65. 3 .1480 3.3271 3.4653 3. 5823 3.6857 3.7792 3.8654 3.9458 4.0215 4.0933 4.4094 4.6782 It. 9162 5.1326 
o. 70 3.3041 3.5495 3. 7388 3.8989 4.0407 4 .16 93 4.2881 4. 3990 4. 5 034 4.6026 5.0390 5 .• 4108 5.7414 6.0419 
0.75 3.4735 3.7907 4.0357 4. 2437 4.4280 4.5955 4. 7500 4.8943 5 .o 30 3 5.1594 5.7299 6.2161 6.6488 7.0435 
a.so 3.6631 4.0609 4. 3694 4.6317 4.8640 5.0751 5.2703 5.4529 5.6252 5.7888 6.5111 7.1290 7.6792 8.1814 
0.85 3.8864 4.3809 4.7651 5.0916 5.3816 5. 6456 5.8898 6.1180 6. 3 334 6.5380 7.4446 8.2207 8.9118 9.5419 
0.90 4.1675 4.7849 5.2649 5.6742 6.0378 6. 3689 6.6755 6.9627 7.2338 7.4914 8.6338 9.6102 10.4812 11.2758 
0.95 4.5885 5.3906 6.0168 6. 5511 7.0271 7.4609 7.8629 8.2398 8.5957 8.9333 10.4309 11.7135 12.8570 13.8980 -..] -



TABLE I (Continued) 

q =0.005 11 = 144 
-.,~~~~~~~~~~~~~~~~--'-"----'-..;.___ 
b l 2 3 4 5 6 7 8 9 10 15 20 · 25 30 

0.05 0.93.70 0.2505 -0.2735 -o. 7133 -1.0993 -1.4470 -1. 7658 -2.0618 -2.3391 -2.6007 -3.7394 -4.6913 -5.5241 -6.2726 
0.10 1.3041 0.7674 0.3569 0.0120 -0.2909 -0.5641 -0.8147 -1.0474 -1.2655 -1.4714 -2.3687 -3.1196 -3.7772 -4.3687 
0.15 1.5525 1.1173 0.7844 0.5043 0.2581 0.0360 -0.1679 -0.3573 -0.5349 -0.7027 -1.4340 -2.0469 -2.5841 -3.0676 
0.20 1.7517 1.3980 1.1273 0.8996 0.6992 0.5184 0.3523 0.1979 0.0531 -0.0836 -0.6806 -1.1813 -l.6205 -2.0161 · 
0.25 t.9217 1.6377 1~4202 1.2373 1.0763 o.9310 o.7974 o.6732 o.5567 o.4465 -0.0345 -0.4384 -0.7930 -1.1125 
0.30 2.0746 1.8534 1.6840 1.5414 1.4159 1.3025 1.1984 1.1016 1.0107 0.9248 0.5492 0.2334 -0.0441 -0.2943 
0.35 2.2165 2.0537 1.9290 1.8239 1.7315 1.6480 1.5712 1.4998 1.4328 1.3695 1.0925 0.8595 0.6544 0.4693 
0.40 2.3513 2.2442 2.1621 2.0929 2.0320 1.9770 1.9264 1.8793 1.8351 1.7934· 1.6106 1.4567 1.3213 1.1991 
0.45 2.4813 2.4279 2.3869 2.35.24 2.3220 2.2945 2.2692 2.2457 2.2236 2.2021 2.1113 2.0343 1.9665 1.9053 
0.50 2.6103 2.6103 2.6(03 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 2.6103 
0.55 2.7396 ·2.7931 2.~342 2.8689 2.8995 2.9271 2.9525 2.9762 2.9984 3.0194 3.1116 J.1893 3.2579 3.3199 
0.60 2.8699 2.9776 3.0603 3.1301 3.1916 3.2473 3.2985 3.3461 · 3.3909 3.4333 3.6191 3.7759 3.9143 4.0395 
0.65 3.0056 ·3.1697 3.2958 3.4023 3.4961 3.5810 3.6591 3.7319 3.8003 3.8650 4.1489 4.3887 4.6003 .4.7919 
0.10 3.1487 3.3724 3.5444 3.6895 3.8176 3.9335 4.0402 4.1395 4.232<) 4.3214 4.7092 5.0371 5.3268 5.5892 
0.75 3.3032 3.5915 3.8131 4.0003 4.1655 4.3150 4.45·27 4.5809 4.7014 4.8156 5.3167 5.7407 b.ll55 6.4553 
0.80 3.4756 3.8359 4.1131 4.3473 4.5540 4.7411 4.9134 5.0741 5.2251 5.3681 5.9966 6.5288 6.9995 7'.4265 
0.85 3.6782 4.1234 4.4661 4. 7557 5.0114 5 •. 2430 5.4564 5.6554 5.8426 6.0199 6.7992 7.4598 8.0445 8.5748 
0.90 3.9319 4.4837 4.9086 5.2681 5.5856 .5.8734 6.1386 6.3860 6.6187 6.8393 7.8094 8.6321 9.3604 10.0218 
0.95 4.3089. 5.0193 5.5673 6.0312 6~4413 6.8131 7.1560 7.4760 7.7772 8.0627 9.3184 10.3849 11.3299 12.1885 

q = 0.010 11 = 4 . 
~~~~~~~~~~~~~~~~~~~~~ 

u b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 

o.o~ 0.0091 -0.0005 -0.5153 -0.9001 -1.2154 -1.4791 -1.1109 -1.9209 -2.1131 -2.2921 -3.0406 ..;.3.6404 -4.1581 -4.6197 
0.10 1.3236 0.5896 0.1144 -0.2441 -0.5312 -0.7736 -0.9851 -1.1741 -1.3439 -1.4970 -2.1341 -2.6412 -3.0646 -3.4383 
0.15 1.7175 1.0512 0.6109 0.2791 0.0076 -0.2204 -0.4172 -0.5914 -0.7484 -0.8917 -1~4695 -1.9104 -2.2814 -2.6066 
0.20 2.0613 1.4683 1.0651 o.7592 o.5060 o.?.949 0.1093 -0.0557 -0.2033 -0.3372 -0.0731 -1.2801 -1.6061 -1.8888 
0;25 2.3599 1.8632 1.5030 1.2233 0.9945 0.0010 o.6273 o.4747 o.3384 0.2146 -0.2896 -0.6637 -0.9671 -1.2250 
0.30 2.6451 2.2376 1.9452 l.6988 1.4962 1.3213 1.1664 1.0293 0.9062 0.7928 0.3298 -0.0185 -0.2990 -0.5344 
o.35 2.9234 2.6052 2.3132 2 •. 1058 2.0210 1.0012 1.7489 1.6303 1.522e 1.4244 1.0168 o.7067 o.4523 0.2401 
0.40 3.1997 2.9794. 2.8153 2.6804 2.5642 2.4613 2.3685 2.2837 2.2054 2.1326 1.8161 1.5607 l.3501 1.1674 
0.45 3.4757 3.3611 3.2743 3.2018 3.1386 3.0819 3.0302 2.9824 2.9378 2.8959 2.7159 2.5685 2.4419 2.3302 
o.5o 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 3.7586 
0.55 4.0494 4.1720 4.2668 4.3473 4.4185 4.4832 4.5429 4.5986 4.6512 4.7010 4.9206 5.1076 5.2735 5.4244 
0.60 4.3497 4.6021 4.7982 4.9651 5.1132 5.2478 5.3723 5.4886 5.5983 5.1023 6.1835 6.6139 6.9984 7.3497 
0.65 4.6682 5.0604 5.3659 5.6261 5.8572 6.0800 6.2929 6.4926 6.6814 6.8610 7.6590 8 .• 3445 8.9568 9.5167 
0.70 5 .• 0096 5.5529 5.9807 6.3762 6.7293 7.0521 7.3516 7.6325 7.8982 B.1510 9.2744 10.2903 11.2179 12.0663 
0.75 5.3839 6.1085 6.7170 7.2395 7.7063 8.1329 8.5289 8.9003 9.2517 9.5883 11.1854 12.5592 13.7859 14.9058 
o.ao 5.8065 6.7800 7.5576 a.2255 0.0222 9.3677 9.8975 10.4000 10.a912 11.3512 13.3954 15.1401 1&.1110 10.1347 
0.85 6.3450 7.5867 8.5676. 9.4104 10.2085 10.9487 11.636~ 12.2814 12.8915 13.4718 16.0451 18.2460 20.2028 21.9832 
0.90 7.0476 8.6185 9.8823 11.0291 12.0546 12.9921 13.8616 14.6766 15.4465 16.1781 19.4152 22.1758 24.5768 26.7527 
0.95, 8.1152 10.2337 li.9953 13.5088 14.8593 16.0913 17.2322 18.3000 19.3073 20.2636 24.4387 27.9481 31.0603 33.8863 ~ 



TABLE I ( Continued) 

q = 0.010 v = 5 

U"-._- l 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.7793 0.0051 -0.5165 -0.9130 -1.2379 -1.5181 -1.7635 -1.9823 -2.1835 -2.3706 -3.1617 -3.7938 -4.3377 -4.8226 
0.10 1.2578 0.5759 0.1162 -0.2393 -0.5328 -0.7826 -1.0000 -1.1952 -1.3731 -1.5373 -2.2048 -2.7352 -3.1874 -3.5815 
0.15 1.6119 1.0084 o. 5',158 0.2752 0.0130 -0.2153 -0.4159 -0.5948 -0.7567 -0.9038 -1.5078 -1.9713 -2.3588 -2.6990 
0.20 1.9117 1.3880 1.0215 o. 7335 0.4959 o. 2 907 0.1113 -J.0489 -0.1979 -0.3341 -C.8847 -1.3050 -1.6542 -1.9488 
o. 25 2. 1823 1.7387 1.4194 1. 16 78 0.9550 o. 7719 0.6111 0.4657 0.3332 0.2121 -0.2856 -0.6694 -0.9814 -1.2487 
0.30 2.4309 2.0717 1. 8082 1. 5953 1. 4133 1.2557 1.1162 0.9878 0 .8713 0.7643 C.3249 -0.0125 -0.2951 -0.5361 
0.35 2.6698 2.3965 2.1943 2. 0248 1.8805 1.7541 1.6398 1.5341 1. 43 73 1.3480 0.9760 0.6850 0.4440 0.2369 
0.40 2.9004 2. 7177 2.5772 2.4613 2.3611 2.2721 2.1900 2.1134 2.0426 1.9766 l.69B6 l.47H, 1.2814 1.1110 
0.45 3.1237 3.0312 2.9609 2.9021 2.A507 2.81'45 2. 7611 2.1202 2.6821 2.6463 2.4918 2. 3648 2.2553 2.1555 
0.50 3.3513 3. 3513 3. 3513 3. 3513 3. 3513 3.3513 3.3513 3.3513 3.3513 3.3513 3.3513 3.3513 3.3513 3. 3513 
0.55 3.5979 3.7021 3.7828 3.8515 3.9124 3.%77 4. 0171 4.0'>22 4.1047 4 .1451 4.3232 4.4751 4.6101 4. 7390 
0.60 3.8535 4.0650 4.2239 4.3593 4.4796 4.5892 4.6937 4.7948 4.8903 4.9813 5.3856 5. 7337 6.0453 6.3306 
0.65 4.1185 4.4367 4.6882 4.9146 5.1170 5.3021 5.4740 5.6355 5.78B3 5. 9339 6.5824 7.1415 7.6424 8.1014 
0.70 4.3955 4.8507 5.2220 5. 5413 5.8271 6.0888 6.3322 6.5608 6. 7772 6.9835 7.9026 8 .6952 9.4051 10.0553 
o.75 4.7038 5.3250 5.8171 6.2411 6.6208 6. 9687 7.2922 7.5962 7.8840 8.1583 9.3803 10.4333 11.4072 12.3069 
0.80 5.0725 5.8682 6.4998 7.0443 7.5322 7.9792 8.3948 8.7853 9.1550 9.5073 11.0938 12.5022 13.7596 14.9071 
0.85 5.5161 6.5235 7.3239 8.0142 8.6326 9.1991 9.7257 10.2202 10.6897 11.1551 13.2234 14.9969 16.5762 18.0147 
0.90 6.0852 7.3655 8.3832 9.2606 10.0463 10.7704 ll.468J 12.1227 12.7417 13.3305 15.9403 18.1704 20.1516 21.9280 
0.95 6.9542 8.6519 10.0008 11.1848 12.2695 13.2606 14.1795 15.0404 15.8532 16.6253 20.0372 22.9009 25.4347 27.7364 

q = 0.010 v = 6 

b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

0.05 0.7661 -0.0036 -0.5204 -0.9185 -1.2498 -1.5369 -1.7924 -2.0236 -2.2323 -2.4265 -3.2484 -3.9133 -4.4800 -4.9852 
0.10 1.2201 0.5653 0.1088 -0.2466 -0.5367 -0.7862 -1.0070 -1.2061 -1.3882 -1.5567 -2.2544 -2.8052 -3.2751 -3.6907 
0.15 1. 54 79 0.9875 o.5'151 0.2689 0.0043 -0.2227 -0.4209 -0.5983 -0.7600 -0.9091 -1.5264 -2.0123 -2.4143 -2.7675 
0.20 1.8272 1.3414 0.9996 0.7211 0.4871 0.2845 0.1038 -0.0582 -0.2055 -0.3402 -0.8898 -1.3184 -1.6768 -1.9887 
0.25 2.0748 1. 6654 1.3706 1.1356 0.9379 0.7588 0. b002 0.4576 0.3272 0.2055 -0.2925 -0.6726 -0.9881 -1.2609 
0.30 2.2947 1.9759 l. 7305 l. 5327 l.3649 1.2181 1. 08 71 0.9684 0.8'563 0.7514 C.3188 -0.0214 -0.3019 -0.5399 
o.35 2.5055 2.2643 2. 0852 1. 9323 1. 79111 1. -~ 798 1. 5734 1.4765 1. 3 872 1.3043 0.9574 0.6732 0.4364 o.2304 
0.40 2.7178 2.5475 2.4240 2. 3217 2.2328 2.1535 2.0815 2.0144 l.948A 1.8876 1.6277 1.4188 1.2421 1.1)879 
0.45 2.9308 2.8424 2. 7754 2. 7194 2.6705 2.f>265 2.5864 2.5497 2.5163 7.4848 2.3487 2.2361 2 .1385 2.0517 
0.50 3.1487 3.1487 3.1487 3. 1487 3.1487 3.1487 3.1487 3.1487 3.14A7 3.l4A7 3.1487 3.1487 3.1487 3.1487 
0.55 3.36 3c; 3.4540 3.5?41 3.5835 3.6362 3.,,841 3.7283 3. 7696 3. 8086 3.8456 4.0091 4 .1487 4.2731 4. 3867 
0.60 3.5853 3. 7722 3.9179 4.0422 4.1529 4.2538 4.3474 4.4350 4.5}7Q 4. 5968 4. 9471 5.2486 5.51'15 5.7t,57 
0.65 3.8212 4.1134 4.342f. 4. 5390 4. 7144 4.8747 5.0237 5.1635 5.2q59 5.4220 5.983Q 6.4688 6.9037 7.3024 
0.70 4.0755 4.4836 4. 8053 5.0820 5.3295 5.5562 5.7670 5.9652 6 .1528 6 .3317 7 .1297 7.81A8 8.4368 9.0032 
0.75 4.3561 4.8946 5.3208 5.6881 6.0172 6.3189 6.599", 6.8635 7.1136 7.3519 8.4151 9.3327 10.1547 10.9316 
o.ao 4.6758 5.3651 5. 9123 6.3845 6.8079 7 o l 962 7.5575 7.8972 8.219(' B. 525 7 9.8928 11.1008 12.1909 13.1869 
0.85 5 .o 60 l 5.9328 6.6271 7.2267 7.7644 R.2574 8. 7160 9.1470 9.5552 9.9440 11.7259 13.2636 14.6019 15.8232 
0.90 5.5531 6.6632 7.5474 B.3109 8.9954 9.6226 10.2056 10.7721 11.3083 11.8187 14.0627 15.9555 17.6408 19.1757 

-i 0.95 6.3063 7.7811 'l.9557 9.9689 10.8992 11.7582 12.5553 13.3005 13.9889 14.6436 17.5434 20.0268 22.2547 24.2780 w 



TABLE I (Continued) 

q =·0.010 v = 1 

.bl 1 2 3 4 5 6 1 8 9 10 -15 20 25 30 

0.05 0.7514 -0.0020 -6.5183 -0.9232 -1.2617 -1.5534 -1.8138 -2.0505 -2.2684 -2.4700 -3.3221 -4.0132 -4.6014 -5~1213 
0.10 1.1924 0.5554 0.1084 -0.2422 -0.5348 -0.7883 -1.0135 -1.2171 -1.4023 -1.5736 -2.2914 -2.8626 -3.3498 '-3.7806 
0.15 1.5073 0.9638 0.5748 0.2649 0.0058 -0.2185 -0.4176 -0.5973 -0.7617 -0.9136 -1.5427 -2.0387 -2.4573 -2.8235 -
0.20 1.7696 1.3110 0.9758 0.7076 0.4787 0.2800 0.1036 -0.0557 -0.2015 -0.3360 -0.8938 -1.3314 -1.6959 -2.0143 
0.25 1.9992 1.6180 1.3392 1.1095 0.9148 0.7443 0.5896 0.4497 0.3215 0.2031 -0.2880 -0.6727 -0.9942 -1.2730 
0.30 2.2097 1.9072 1.6792 1.4929 . l.3338 1.1905 1.0619 0.9450" 0.8374 0.7371 0.3134 -0.0195 -0.2974 -0.5380 
0.35 2.4108 2.1806 2.0091 1.8677 1~7425 l.6316 1.5314 1.4397 1.3550 1.2747 0.9341 0.6609 0.4288 0.2274 
0.40 2.6073 2.4509 2.3332 2.2354 2.1505 2.0746 2.0056 1.9420 1.8828 1.8260 1.5825 1.3851 1.2140 1.0627 
0.45 2.8014 2.7210 2.6599 2.6088 2.5641 2.5239- 2.4871 2.4530 2.4211 2.3911 2.2612 2.1536 2.0602 1.9769 
0.50 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 2.9988 
o.55 3.1936 3.2155 3.3388 3.3925 3.4400 3.4832 3.5230 3.5602 3.5954 3.6300 3.1030 3.9136 4.0301 4~1364 
o.6<> 3.3941 3.5625 3.6977 3.8140 3.9115 4.0120 4.0996 4.1011 4.2593 4.3306 4.6454 4.9160 5.15e1 5.3798 
-0.6.5 3.6073 3.8806 4.0951 4.2786 4.4363 4.5804 4.7142 4.8397 4.9585 5.0716 5.5754 6.0100 6.3997 6.7571 
0.10 3.8451 4.2211 4~5101 4.766~ 4.9886 5.1920 5.3010 5.5586 5.7268 5.0012 6.6023 1.2201 1.1143 0~2011 
0.75 4.1077 4.5983 4.9809 5.3102 5.6053 5.8757 6.1272 6~3637 6.5878 6.8015 7.7549 8.5934 9.3579 10.0568 
0.80 4.4017 5.0206 5.5112 5.9345 6.3139 6.6619 6.9858 7.2904 7.5790 7.8541 9.1142 10.2047 11.157"1 12~0299 
0.85 4.7469 - 5.5296 6.1519 6.6892 7.1713 7.6134 B.0248 8.4207 8.8002 9.1619 10.7511 12.098113.3106 14~4322 
0.90 5.1892 6.1842 6.9768 7.6614 8.2799 8.8629 9.4052 9.9148 10.3860 10.8323 12.8165 14.5538 16.1011 17.5104 
0.95 5.8644 7.1863 8.2430 9.1850 10~0285 10.7794 11.4768 12.1313 12.7501 13.3489 16.0119 18.2850 20.2894 22.1026 

q = 0.010 v = 8 
..,~-u---b~i-_---1----2----_-3 ____ 4 ____ 5 ___ 6 7 8 9 10 15 20 25 30 

-o.05 0.7455 -0.0028 -0.5236 -0.9320 -I.2728 -1.5703 -1.8364 -2.0786 -2.3018 -2.5095 -3.3755 -4.0782 -4.6836 -5.2196 
0.10 1.1658 0.5571 0.1134 -0.2417 -0.5404 -0.7968 -1.0227 -1.2276 -1.4160 -1.5908 -2.3254 -2.9091 -3.4036 -3~8415 
0.15 1.4724 o.9486 o.5762 -0.2692 0.0101 -0.2115 -0.4206 -o.6043 -o._1102 -0.9224 -1.5593 -2.0665 -2.4964 -2~8695 
0.20 1.7295 1.2795 0.9601 6.7041 0.4813 0.2843 0.1086 -0.0519 -0.2001 -0.3374 -0.9026 -1.3437 -1.7159 -2.0415 
0.25 1.9469 1.5811 1.1069 1.0873 o.9019 0.1300 o.5908 o.4525 0.1255 o.2011·-o.20a3 -0.6813 -1.0033 -1.2041 
0~30 2.1463 1.8595 1.6410 1.4582 1.3016 1.1639 1.0421 -0.9307 0.8278 0.7320 0.3174 -0.0150 -0.2980 -0.5438 
o.35 2.3359 2.1108 1.9563 1.0221 1.1030 1.5943 1.4961 1.4059 1.3225 1.2446 0~9203 o.6600 o.4319_ 0.2319 
0.40 2.5202 2.3735 2.2628 2.1706 2.0903 2.Dl85 1.9531 1.8926 1.8363 1.7835 1.5463 1.3521 1.1861 1.0428 
0.45 2.7015 2~6265 2.5694 2.5216 2.4797 2.4420 2.4075 2.3755 2.3455 2.3173 2.1950 2.0933 2.0049 1.9258 
o.5o 2.0052 2.0052 2.~s52 2.0052 2.0052 2.0852 2.0052 2.0052 2~0052 2.0052 2.0052 2.0052 2.8852 2.0052 
0.55 3.0728 3.1516 3.2125 3.2641 3.3098 3.3514 3;3997 3.4255 3.4592 3.4912 3.6326 3.7531 3.8604 3.9582 

- 0.60 3.2657 3.4277 3.5538 3.6612 3.7567 3.a438 3.9244 3.9999 4.0713 ~.1391 4.4406 4.6998 4.9315 5.1365 
0.65 3.4702 3.7226 3.9203 4.0894 4.2404 4.3783 4.5064 4.6267 4.7405 4.8490 5.3173 5.7188 6.0787 6.4086 
0.70 3.6899 4.0411 4.3186 4.5565 4.7694 4~9628 5.1376 5.3018 5.4572 5.6053 6.2657 6.8360 7.3475 7.8167 
0.75 3.9319 4.3954 4.7620 5.07~2 5.3449 5.5947 5.8270 6.0454 6.2523 6.4496 -7.3296 8.0906 B.7932 9.4372 
0.80 4.2072 4.8001 5.2580 5~6490 5.9994 6.3207 6.6197 6.9008 7.1672 7.4212 8.5692 9.5771 10.4653 11.2707 
0.85 4.5378 5~2750 5.8498 6.3459 6.7909 7.1?90 7.5787 7.9358 8.2806 8.6110 10.0897 11.3338 12.4458 1!.4615 
0.90 4.9602 5.8797 6~6113 7.2433 7.8102 8.3382 8~8367 9.3052 9.7489 10.1647 11.9976 13.5716 14.9751 16.2545 
0.95 5.5843 6.8048 7.7773 8.6343 9.4104 10.1158 10.7598 11.3644 11.9363 12.4804 14.8939 16.9585 18.79311 20.4791 ~ 



TABLE I {Continued) 

q=0.010 11=9 

bl 1 2. 3 4 5. 6. · 7 8 9 10 15 20 25 30 

0.05 0.7329 ~0.0003 -0.5199 -0.9330 -1.2808 -1.5850 -1.8560 -2.1020 -2.3289 -2.5404 -3.4309 -4 •. 1518 -4.7728 -5.3241 
0.10 1.1539 D.5461 0.1091 -0.2405 -0~5366 -0.7951 -1.0255 -1.2347 ~1.4272 -1.6060 -2.3530 -2.9525 -3.4597 -3.9090 
0.15 1.4497 0.9371 0~5646 0.2632 0.0075 -0.2167 -0.4176 -0.6001 -0~7679 -0.9233 -1.5738 -2.0897 -2.5270 -2.9119 
0~20. 1.6949 1.2643 0.9486 0.6914 0.4721 0.27131 0.1043 -0.0538 -0.1995 -0.3352 -0.9030 -1.3533 -1.7336 -2.0643 
0.25 1.9076 1.5538 1.2908 (.0761 0.8902 0.7262 0.5788 0.4438 0.3187 0.20i5 -0.2867·-0.6771 -1.0058 -1.2925 
0.30 2.1038 1.8215 1.6110 1.4362 1.2856 1.1521 1.0308 0.9191 0.8157 0.7194 0.3108 -0.0177 -0.2962 -0.5399 
0.35 2.2891 2.0767 1~9169 1.7846 1.6700 1.5664 1.4724 1.3860 1.3057 1.2306 0.9086 0.6469 0.4235 0.2264 
0.40 2.4673 2.3256 2.2181 2.1276 2.0487 1.9780 1.9136 1.8541 1.7986 1.7465 1.5205 1.3342 1.1741 1.0315 
0.45 2.6422 2.5699 2.5148 2.4687. 2.4282 2.3918 2.3584 2.3275 2 .• 2985 2.2112 2.1516 2.0517 1.9647 1.8868 
0.50 2.0191 2.8191 2.0191 2.0191 2.0191 2.a191 2.a191 2.8191 2.81g1 2.0191 2.0191 2.0191 2.8191 2.8191 
o.55 2.9977 3.0126 3.1305 3.1795 3.2229 3.2623 3.2986 3.3325 3.3645 3.3948 3.5200 3.6412 3.7419 3.8336 
0.60 3.1810 3.3346 3.4539 3.5549 3.6446 3.7263 3.8018 3.8726 3.9394 4~0029 4.2828 4.5221 4.7360 4.9311 
0.65 3.3749 3.6126 3.7980 3.9564 4.·0975 4.2252 4.3436 4.4546 4.5596 4.6595 5.1026 5.4832 5.8244 6.1372 
0.10 3.5819 3.9111 4.1100 4.3899 4.5863 4.7659 · 4.9322 5.0010 5.2352 5.3757 6.oon 6.5424 1.0214 7.4723 
0.75 3.8089 4.2411 4.5794 4.8701 5.1287 5.3656 5.5859 5.7929 5.9890 6.1760 7.0104 7.7314 8.3770 8.9680 
0.80 4.0665 4.6145 5.0463 5.4171 5.7493 6.0539 6.3373 6.6038 6.8564 7.0973 8.1715 9.0965 9.9252.10.6853 
0.85. 4.3725 5.0625 5 .• 6075 6.0778 6.4996 608866 7.2467 7.5853. 7.9062 R.2116 9.5714 10.7448 11.7944 12.7533 
0.90 4.7634 5.6358 6.3294 6.9286 7.4662 7.9592 8.4169 8.8469 9.2541 9.6420 11.3714 12.8571 14.1801 15.3866. 
0.95 5.3557 6.5128 7.4350 8.2312 B.9434 9.5959 10.2032 10.7737 11.3135 11.8271 14.1036 16.~504 17.7816 19.3565 

q=0.010 11=16 

u b l 2 3 4 5 6 1 B 9 10 15 20 25· 30 

0.05 0.1100-0.0002 -0.520~ -0.9452 -1.3093· -1.6313 -1.9218 -2.1873 -2.4334 -2.6635 -3.6412 -4.4384 -5.1226 -5.1315 
0.10 1.1034 0.5317 0.1077 -0.2393 -0.5379 -0.8025 -1.0416 -1.2608 -l.4639 -1.6537 -2.4595 -3.1135 -3.6731 -4.1697 
0.15 1.3753 o.9019 o.5496 0.2586 0.0015 -0.215~ -0.4173 -0.6026 -o.7744 -0.9351 -1.6194 -2.1140 -2.6490 -3.0688 
0.20 1.5962 1.2058 0.9126 0.6706 0.4605 0.2731 0.1030 -0.0532 -0.1984 -0.3342 -0~9141 -1.3858 -l.7901.-2.1465 
0.25 1.1015 1.4693 1.2302 1.0310 o.8580 o.7036 o.5632 o.4333 o.3125 0.1993 -0.2055 -0.6012 -1.0210 -1.3216 
0.30 1.9613 1.7104 1.5207 1.3630 1.2254 1.1018 0.9891 0~8851 0.7882 0.6972 D.3048 -0.0175 -0.2951 ~0.5412 
0.35 2.1237 1.9375 1.7957 1~6772 1.5737 1.4807 1.3958 1.3173 1.2440 1.1747 0.8753 0.6283 0~4138 0.2226 
0.40 2.2797 2.1557 2.0613 1.9822 1.9129 1.85.02 1.7928 1.7396 1.6898 1.6429 1.4393 1.2101 1.1222 0.9898 
0.45 2.4314 2.3689 2.3211 2.2809 2.2456 2.2137 2.1845 2.1574 2.1319 2.1079 2.0032 1.9155 1~8383 · t.7689 , 
0~50 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 2.5835 / 
0.55 2.7362 2.8000 2.8490 2~8905 2.927~ 2.9604 2.9910 3.0195 3.0463 3.0718 3.1836 3.2785 3.3619 3.4376 
0.60 2.8917 3.0212 3.1213 3.2062 3.2813. 3.3490 3.4114 3.4698 3.5247 3.5769 3.8070 4.0033 4.1772 4.3357 
0.65 3.0550 3.2545 3.4082 3.5387 3.6544 3.7597 3.8570 3.9480 4.0339 4.1152 4.4749 4.7830 5.0574 5.3081 
0.70 3.2288 3.5020 3.7142 3.8950 4.0556 4.2015 4.3365 4.463!) 4.5825 4.6961 5.1996 5.6318 6.0169 6.3683 
0.75 3.4173 3.7727 4.0500 4.2860 4.4962 4.6880 4.8658 5.0321 5.1894 5.3391 6.0034 6.5727 7.0818 7.5472 
0.80 3.6290 4.0786 4.4293 4.7296 4.9971 5.2414 5.4681 5.6808 5.8816 6.0721 6.9198 7.6484 8.3005 8.8964 
o.85 3.~808 4.4424 4~8831 5.2605 5.5976 5.9054 6.1~02 6.4575 6.7105 6.9515 0.0222 a.9430 9.7661 10.5185 
0.90 4.1995 4.9059 5.4617 5.9387 6.3635 6.75.23 7.1132 7.4519 7.7724 8.0777 9.4343 10.6000 11.6400 12.5896 
0.95 4.6800 5.6082 6.3389 6.96b8 ~7.5279 8.0415 8.5184 8.9657 9.3889 9.7918 11.5798 13.1126 14.4.770 15.7200 -I . 01 



TABLE I (Continued) 

q = 0.010 v = 36 

b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 

o. 05 0.6933 -0.0002 -0.5221 -0.9556 -1.3328 -1.6697 -1.9767 -2.2600 -2.5240 -2.7717 -3.8389 -4.7177 -5.4799 -6.1592 
0.10 1.0695 0.5208 0.1065 -0.2384 -0.5394 -0.8090 -1.0550 -1.2822 ~l.4941 -1.6933 -2.5521 -3.2601 -3.8740 -4.4209 
0.15 1.3261 0.8777 0.5381 0.2548 0.0074 ~0.2146 -0.4174 -0.6051 -0.7803 -0.9452 -1.6572 -2.2458 -2.7561 -3.2113 
0.20 1.5329 1.1663 0.8879 o. 6553 0.4518 o. 2690 0.1019 -0.0529 -0.1975 -0.3336 -0.9236 -1.4125 -1.8370 -2.2164 
0.25 1.7098 L,4143 1.i892 1.0008 0.8357 0.6872 0.5513 0.4254 0.3076 0.1966 -0.2847 -0~6851 -1.0337 -l.3456 
0.30 1.8696 1.6386 1. 4625 1.3145 1.1847 1. 06 79 0.9609 0.8616 0.7686 0.6810 o.3001 -0.0174 -0.2943 -0.5427 
0.35 2.0184 1.8477 1. 7174 1.6080 1. 5118 1.4250 1.3454 1.2715 1.2022 1.1369 0.8522 0.6144 0.4064 0.2196 
0.40 2.1604 2.0476 1.9614 1.8888 1.8251 1.7675 1.7147 1.6656 1.6196 1.5762 1.3862 1.2269 1. 0872 0.9615 
0.45 2.2977 2.2412 2.1979 2.1615 2.1294 2.1005 2.0739 2.0492 2.0259 2.0040 1.9081 1. 827 5 1.7566 1.6927 
0.50 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 2.4344 
0.55 2.5714 2.6283 2.6721 2.7090 2.7415 2. 7710 2.7981 2. 8234 2.8472 2.8696 2.9683 3.0516 3.1252 3 .1920 
0.60 2. 7101 2.8250 2.9134 2.9881 3.0541 3.1139 3.1689 3.2202 3.2685 3.3142 3.5150 3.6851 3. 8357 3.9723 
0.65 2.8548 3.0306 3. 166 l 3.2808 3.3321 3.4738 3.5584 3.637 3 3. 7116 3. 7.820 4.0920 4.3554 4.5884 4.8002 
0.70 3.0080 3.2485 3.4342 3.5914 3.7304 3.8566 3.9731 4.0818 4.1842 4.2813 4.7086 5.0723 5. 39 54 5.6890 
Q.75 3.1740 3.4852 3. 7256 3.9296 4.ll02 4.2743 4.4257 4.5669 4.7001 4.82.64 5.3842 5 .a 590 6.2813 6.6662 
0.00 3.3599 3.7503 4.0529 4. 3098 4.5373 4.7439 4.9349 5.1134 5.2818 5.4417 6.1470 6.7494 7.2849 7. 7732 
0.85 3.5790 4.0641 4.4405 4. 76 01 5.0437 5.3019 5.5404 5.7632 5.9735 6.1733 7.0566 7.8114 8.4833 9.0957 
0.90 3.8549 4.4598 4.9296 5.3298 5.6850 6.0C82 6. 3073 6.5874 6.8515 7.1022 8.2129 9.1620 10.0079 10.7782 
0.95 4.2675 5.0525 5.6645 6.1860 6.6502 7.0725 7.4636 7.8299 8.1759 8.5041 9.9591 11.2024 12.3100 13.3189 

q = 0.010 v = 144 

b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

0.05 o.6840 -0.0005 ~o.5231 -0.9620 -1.3473 -1.6945 -2.0129 -2.3087 -2.5858 -2.8474 -3.9874 -4.9413 -5.7761 -6.5269 
0.10 1.0502 0.5149 0.1057 -0.2383 -0.5405 -0.8130 -1.0632 -1.2955 -1.5132 -1.7188 -2.6154 -3.3666 -4.0252 -4.6179 
0.15 1.2980 o.8639 0.5318 0.2526 0.0071 -0.2144 -0.4177 -0.6067 -0.7839 -0.9513 -1.6815 -2.2938 -2.8308 -3.3145 
0.20 1.4966 1.143 8 o. 8739 o. 6467 0.4470 0.2667 0.1011 -0.0529 -0.1973 -0.3337 -0.9294 -1.4292 -1.8678 -2.2630 
0.25 1.6660 1. 3829 1.1660 o. 9835 o. 8230 0.6780 0.5448 0.4210 0.3048 0.1950 -0.2846 -0.6876 -1.0415 -1.3604 
0.30 1.8184 1. 5979 1. 4290 1. 28 68 1.1617 1.0486 . o. 9448 0.8482 0.7576 0.6719 0.2974 -0.0175 -0.2942 -0.5439 
0.35 1. 9598 1.7976 1.6733 1.5686 1.4 764 1.3931 1.3166 1.2454 1.1786 1.1154 o. 8391 0 .6067 0.4023 0.2110 
0.40 2.0942 1. 9 875 1.9057 1.8367 1. 7760 l. 7211 1.6707 l.6238 1.5797 1.5381 1.3558 1.2024 1. 06 74 0.9454 
0.45 2.2237 2.1705 2.1296 2.0952 2.0649 2.0375 2.0124 1.9889 1.9669 1. 9461 1.8550 l. 7783 l. 7107 1.6496 
0.50 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2.3523 2. 3523 2.3523 
o.55 2.4010 2.5343 2.,.5'753 2.6098 2.6403 2.6678 2.6931 2. 7167 2.7388 2.7598 2.8515 2.9289 ;>.9972 3.0589 
0.60 2.6109 2.7181 /2'. 8005 2. 8700 2.9312 2.9866 3.0376 3. 0851 3.1297 3.1718 3.3568 3. 512 9 3. 65 06 3.7752 
0.65 2.7460 2.9094// 3 .• 0350 3.1410 3.2344 3.3189 3.3967 3. 469 l 3. 5 37 l 3.6016 3.8840 4.1226 4. 3330 4.5234 
0.70 2.8884 3.11 )!2 3.2824 3.4269 3~5544 3.6697 3.7759 3.8747 3.9677 4.0556 4.4412 4. 7671 5.0548 5.3155 
0.15 3.0424 3.y93 3.5499 3.7362 3.9006 4. :)494 4.1862 4.3137 4.4335 4.5469 5.0448 5.4660 5. 83 82 6.1755 
a.so 3.2139 3.5726 3. 8484 4.0815 4.2869 4.4729 4.6442 4.8038 4.9539 5.0960 5.7201 6.2484 6. 7155 7.1391 
0.85 3.4156 3. 85 87 4.1996 4.4874 4.7415 4.9717 5.1837 5.3813 5.5672 5.7432 6.5168 7.1722 7.7520 8.2779 
0.90 3.6681 4.2170 4.6394 4.9965 5.3120 5.5977 5.8611 6.1066 6.3377 6.5565 7.5189 8.3347 9.0567 9. 7121 -.J 
0.95 4.0432 4.7494 5.2938 5.7544 6.1615 6.5306 6.8708 7.1882 7.4869 '1.1100 9.0151 10.0719 11.0078 11.8577 0--



TABLE I (Continued) 

q = 0.025 v = 4 

l 2 3 4 5 6 1 8 9 10 15 20 . 25 30 

0.05 0.3492 -0.3733 -0.6541 -1.2250 -1.5346 -1.8011 -2.0386 -2.2549 .-2.4547 -2.6410 -3.4289 -4.0688 -4.6234 -5.1195 
0.10 0.7912 0.1577 -0.2690 -0.5982 -0.8692 -1.1016 -1.3076 -1~4937 -1.6635 -1.8194 -2.4759 -3.005~ -3.4544 ~3.8528 
0.15 1.1162 0.5595 0.1765 -0.1205 -0.3~59 -0.~761 -0.76l2 -0.9265 ~1.0112 -1.2162 -1.7913 -2.2441 -2.6293 -2.9692 
0.20 · 1.3953 0.9119 o.5715 o.3061 o.0837 -0.1062 -0.2736 -o.4238 -0.5602 -0.6855 -1.1982 -1.598~ -1.9309 -2.2210 
0.25 1.6438 1.2339 0.9406 0.7065 0.5106 0.3422 0.1909 0.0558 -0.0667 -0.1791 -0.6409 -0~9957 -1.20•9 -1.5450 
0.30 1.8786 1.5422 1.2996 1.1011 0.9350 0.7892 0.6582 0.5407 0.4339 0.3351 -0.0745 -0.3898 -0.6496 -0.8722 
0.35 2.1042 l.R463 1.6548 1.4991 1.3667 1.2484 1.1417 1.0452 0.9569 0.8754 C.5298 0.2604 0.0357 -0.1561 
0.40 2.3275 2.1496 2.0166 1.9072 1.8130 1.7280 1~6509 1.5805 1.5154 1.4548 1.1960 0.9882 0.8134 0.6590 
0.45 2.5482 2.4564 2.~870 2.3292 2.2787 2.2327 2.1907 2.1520 2.1158 2.0819 1.9360 1.8165 1.7119 1.6191 
0;50 2.1154 2.1154 2.1154 2.1154 2.1154 2.1154 2.1154 .2.7754 2.1154 ·2.1154 2~1154 2.1154 2.1154 2.7754 
0.55 3.0069 3.1049 3.1810 3.2457 3.3031 3.3556 3.4042 3.4496 3.4925 3.5333 3.7139 3.8686 4.0054 4.1301 
0.60 3.2476 3.4524 3.6131 3. 7506 3.8732 3.9842 4.0869 4.1833 4.2744 4.3612 4. 7500 5.0875 5.3901 5 .6676 
b.65 3.5065 3.8294 4.0817 4.2976 4.4908 4.6691 4.8357 4.9922 5.1405 5.2819 5.9126 6.4600 6.9549 7.4087 
0.10 3.7874 4.2367 4.5916 4.9009 5.1782 5.4325 5.6691 5.8916 6.1024 6.3041 1.2121 7.9962 8.6987 9.3444 
0.75 4.0965 4.6913 5.1685 5.5805 5.9501 6.2895 6.6088 6.9091 7.1937 7.4650 8.6742 9.7218 10.6619 11.5209 
0.80 4.4483 5.2181 5.8322 6.3641 6.8459 7.2878 7.6989 8.0853 8.4512 8.7998 10.3625 11.101i 12.9106 14.0080 
0.85 4.8765 5.8553 6.6402 7.3224 7.9342 8.4948 9.0159 9~5091 9.9763 10.4211 12.3976 14~0938 15.6027 16.9759 
0.90 5.4290 6.6812 7.6874 8.5557 ~.3354 10.0534 10.7200 11.3451 11.9365 12.5001 14.9953 17.1245 19.0084 20.7194 
0.95 6.2752 7.9533 9.2900 10.4495 11.4852 12.4332 13.3123 14.1354 14.9121 15.6495 18.8998 21.6588 24.1024 26.3194 

q = 0.025 v = 5 

bl l 2 3 4 5 6 1 8 9 10 15. 20 25 30 
----------· 

0.05 o.3412 -0.3719 -0.8606 -1.2428 -1.5.623 -1.8413 -2.oa99 -2.3152 -2.5234 -2~7176 -3.5449 -4.2151 -4.7946 -5.3128 
0.10 o.7654 o.1569 -0.2674 -0.5993 ~o.8761 -1.1159 -1.3278 -1.5200 -1.6966 -1.8606 -2.5454 -3.09?8 -3.5720 -3.9894 
0.15 1.0123 o.5456 0.1151 -0.1192 -0.3£>45 -o.5769 -0.7652 -0.9353 -1.0909 -1.2337 -1.0310 -2.3039 -2.1053 -3.or;99 
0.20 1.3299 o.8789 o.5572 0.2999 0.0040 -0.1040 -0.2120 -0.4228 ~o.5607 -0.6881 -1.2151 -1.6288 -1.9779 -2.2807 
0.25 1.5602 1.1814 0.9063 0.6862 0.4983. 0.3345 0.1890 0.0564 -0.0654 ~0.1778 -0.6426 -l.0067 -1.3096 -1.5730 
0.30 1.1119 1.4664 1.2412 1.0581 o.9009 o.7635 0.6407 0~5274 o.4236 0~3211 -0.0132 -0.3885 -o.6515 -0.0192. 
0.35 1.9749 1.7426 1.5703 l.4264 1.3032 1.1946 1.0963 1.0054 .0.9218 0.8442 0.5169 0.2560 0.0365 -0.15~7 
0.40 2.1733 2.0155 (.8963 1.7978 1.7124 1.6365 1.5667 1.5018 1.4416. 1.3853 1.1467 0.9514 0.7860 0.6414 
o.45 2.3689 2.2878 2.2262 2.1748 2.1299 2.0895 2.0523 2.0116 1.9853 1.9549 1.a231· 1.7156 1.6221 1.5374 
0.50 2.569! · 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 2.5691 
o.55 2.77Z6 2.8585 2.9251 2.9817 3.0319 3.J775 3.1194 3.1585 3.1CJ53 3.2303 3;3a51 3.5176 3.6357 3.7432 
0.60 2 ,</834 3.1609 3.2987 3.4165 3.5215 3.6173 3.7060 3.7890 3.8675 3.9422 4.2747 4.5614 4.8185 5.0543 
o.65 "i:2on 3.4840 3.1015 3.8!!75 4.0538 4.20.60 4.3475 4.4805 4.6065 4.726f> 5.-2626 5.7261 .... 1423 6.5242· 
o.7Q/ 3.4480 3.8350 4.1401 4.4029 4.6385 4.8545 5.055" 5.2447 5.4240 5.,;950 6 • .3588 1.0191 1.6137 . a.1i;90 
0~,1'5· 3.7143 4.2249 4.6302 4.9803 5.2945 5.5828 5.8513 6.1038 6.3433 6.5716 7 • .5929 8.4762 9.2672 9~99')9 
0~80 4.0172 4.6724 5.1943 5.6455 6.0506 6.4225 6.7686 7.0942 7.4040 7.6993 9.0152 10.1480 11.1599 12.01338 

/0.85 4.3821 5.2139 5.8776 6.4516 6.9669 1'.4410 7.8825 8.2974 8.6903 Q.0645 10.7283 12.1561 13.4282 14.5874 
/ 0.90 4.8515 5.9121 6.7590• 7.4925 8.1515 8.7552 9.3161 9.8427 10.3407 10.8145 12.9159 14.7130 16.3101 17.7626 

// 0.95 5.5708 6.9829 8.1133 9.0884 9.9608 10.7583 11.4980 12.1,912 12.8458 13.4678 16.2179 18 •. 5605 20.6371 22.5721 :j 



TABLE I (Continued) 

q = 0.025 v = 6 

:t> I 1 2 3 4 5 6 7 8 9 10 15 20 25 30 
--~·--·--···-·-

0.05 o.3365 -o.3111 -o.8643 -1.2547 -1.5831 -1.a103 -2.1219 -2.3627 -2.5773 -2.1111 -3.6320 -4.3297 -4.9295 -5.4657 
0.10 0.1493 0.1542 -0.2663 -0.6000 -0.8801 -1.1243 -1.3423 -1.5396 -1.1212 -1.,8901 -2.6000 -3.1701 -3.6600 -4.0952 
0.15 1.0446 0.5365 0.1122 -0.1181 -0.3636 -o.5773 -o.7676 -0.9401 -1.0985 -1.2455 -1.85<n -2.3510 -2.7650 -3.1310 
0.20 1.2893 0.8595 0.5477 0.2958 0.0826 -0.1038 -0.2708 -0.4222 -0.5611 -0.6896 -1.2263 -1.6515 -2.0111 -2.3269 
0.25 I.5059 1.1479 0.8859 0.6722 0.4908 0.3299 0.1861 0.0555 -0.0646 -0.1766 -0.6437 -1.0128 -1.3236 -1.5941 
0.30 l. 7052 1.4183 1.2049 1.0311 0.8807 0. 74 75 0.6279 0.5189 0.4177 0.3232 -0.0723 -0.3877 -0.6527 -0.8832 
0.35 1.8958 1.6776 l.5153 1.3806 1.2640 1.1605 1..0671 0.9815 0.9009 0.8258 0.5088 0.2524 0.0360 -0.1536 
0.40 2.0801 1.9338 1.8222 l. 7295 1.6491 1.5773 l.5120 1. 4517 1.3949 1.3418 l .1148 0.9295 0.7694 0.6286 
0.45 2.2613 2.1863 2.1292 2.0815 2.0397 2.0022 1.9678 1.9358 1.9056 1.8771 1.7540 1. 6521 1.5637 1.4849 
0.50 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 2.4458 
0.55 2.6321 2. 7106 2. 7713 2.8228 2.8684 2.9099 2.9482 2.9840 3 .0176 3.0495 3.1905 3.3109 3. 4183 3.5162 
0.60 2.8243 2.9861 3.1118 3.2191 3.3145 3.4016 3.4823 3.5578 3.6284 3.6957 3.9944 4.2516 4.4819 4. 6931 
0.65 3.0285 3.2805 3.4782 3. 6464 3.7959 3.9327 4.0597 4.1790 4.2919 4.3996 4.8796 5.2928 5. 66 35 6.0038 
0.10 3.2478 3.5992 3.8735 4.1094 4.3206 4.5142 4.6942 4. '1636 s.0236 5. 176 0 5.8564 6.4447 6.972" 7.4568 
o.75 3.4899 3.9496 4.3132 4.6268 4.9081 S.16 51 5.4043 5.6293 5.8426 6.0460 6.9541 1. 7385 8. 4413 9. 0848 
0.80 3.7631 4.3510 4.8184 5.2209 5.5819 5.9131 6.2215 6.5116 6.7865 7.0486 8.2174 9.2245 10.1251 10. 9479 
0.85 4.0908 4.8359 5.4277 5.9391 6.3982 6.3193 7.2112 7.5797 7.9287 8.2612 9.7409 11.0124 12.1487 13.1849 
0.90 4.5115 5.4585 6.2129 6. 8651 7.4501 7.9863 8.4848 8 .. 9530 9.3959 9.8176 11.6910 13.2971 14.7258 16.0258 
0.95 5.1543 6.4125 7.4162 8.2824 9.0580 9.7676 10.4261 11.0437 11.6284 12.1841 14.6433 16.7397 18.5978 20.2853 

q = 0.025 v = 7 

b l 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

0.05 0.3344 -0.3700 -0.8681 ~l.2645 -1.6001 -1.8929 -2.1561 -2.3966 -2.6189 -2.8250 -3.7023 -4.4205 -5.0394 -5.5908 
0.10 o.7389 0.1538 -0.2649 -0.6005 -0.8841 -1.1318 -1.3536 -1.5556 -1.7409 -1.9132 -2.6425 -3.2279 -3.7310 -4.1782 
0.15 1.0249 0.5301 0.1111 -o.1i12 -o.3626 -o.5777 -0.1102 -0.9449 -1.1051 -1.2550 -1.8821 -2.3845 -2.8120 -3.1878 
0.20 1.2617 0.8464 o. 5411 0.2942 0.0826 -0.1029 -0.2695 -0.4214 -0.5613 -0.6912 -1.2355 -l.6698 -2.0367 -2.3597 
0.25 1.4695 1.1251 0.8720 0.6634 0.4851 0.3279 0.1854 0.0556 -0.0640 -0.1753 -0.6447 -1.0186 -1.3346 -1.6113 
0.30 1.6610 1.3856 1. 1803 1. 0118 0.8670 0.1311 0.6200 0.5128 0.4138 0.3213 -0.0717 -0.3868 -0.6538 -0.8873 
0.35 1.8433 1.6345 1.4785 1. 3496 1.2373 1.1373 1.0467 o. 9635 0.8864 0.8136 0.5028 0.2512 0.0362 -0.1524 
0.40 2.0183 1.8791 1. 7729 1.6843 1.6072 1.5382 1.4753 1.4173 1.3633 1.3122 1.0930 0.9138 0.7585 0.6207 
o •. 45 2.1903 2.1192 2.0650 2.01% 1.9799 1,9441 l.9114 1.8810 1.8526 1.8254 1. 7078 1.6101 1.5251 l .4492 
0.50 2.3648 2.3648 2.3648 2. 3648 2.3648 2.3648 2.3648 2.3648 2.3648 2.3648 2.3648 2.3648 2. 3648 2.3648 
0.55 2.5407 2.6145 2.6717 2.1201 2.7630 2.8019 2. 8378 2.8714 2.9030 2.9327 3.0638 3 .1757 3.2752 3.3659 
0.60 2.7215 2.8735 2.9907 3.0904 3.1790 3.2597 3.3345 3,4045 3.4707 3.5334 3.8116 4.0508 4.263A 4.4584 
0.65 2.9132 3.1474 3.3307 3.4875 3.6268 3.7542 3.8724 3.9833 4,0883 4.1879 4.6301 5.0117 5.3540 5.6(,81 
0.10 3.1170 3.4433 3.6991 3. 9186 4.1150 4.2935 4.4595 4,6154 4.7631 4.9039 5.5320 6.0728 6.5567 7.0C07 
0.75 3.3415 3.7700 4.1081 4.3974 4 .6 563 4. 8938 5.1147 5.3224 5.5193 ,5,7071 6,53913 7.2597 7. 90 59 8.4977 
a.so 3.5962 4.1431 4.5738 4.9454 5.2787 5.5844 5.8683 6, 1342 6.3861 6.6264 1.1000 8.6263 9.4550 10.2125 
0.85 3.9013 4.5899 5. 1363 5.6084 6.0302 6.4162 6. 7754 7.1137 7 .4 345 7.7402 9.1014 10.2718 11.3164 12.2694 
0.90 4. 2911 5.1647 · 5.8604 6.4581 6.9946 7. 48 75 7.9459 8.3765 8. 784() 9.1720 10.8956 12.3727 13.6876 14.8848 

--.) 
0.95 4.8839 6.0433 6.9634 7. 7598 8.4731 9.1259 9.7321 10.3006 10.8379 11.348~ 13.6116 15.5430 17.256~ 18.8125 00 



TABLE I (Continued) 

q=0.025 11=8 

bl . 1 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.3315 -0.3.696 -0.-8702 -1.2715 -1.6124 -1.9115 -2.1794 -2.4245 -2.6513 -2.8632 -3.7606 -4.4948 -5.1301 -5.6946 
0.10 0.7311 0.1531 -0.2646 -0.6008 -0.8864 -I.1371 -1.3619 -1.5671 -1.7564 -1.9321 -2.6753. -3.2?57 -3.7899 -4.2471 
0.15 1.0114 0.5252 0.1709 -0.1170 -0.3621 -0.5:778 -0.7714 -0.9479 -1.1106 .,-1.2619 -1.9005 -2.4122 -2.8498 -3.2346 
0.20 1.2434 o.8360 o.5361 0.2920 0.0023 -0.1028 -0.2692 -0.4211.-0.5613 -o.6q19 -1.2422 ~1.6837 -2.0578 -2.3869 
0.25 1.4447 1.1097 0.8610 0~6568 0.4807 0.3251 0.1846 0.0554 -0.0640 -0.1751 -0.6452 -1.0225 -l.3426.-1.6239 
0.30 l.6297 1.3634 1.1637 0.9986 0.8561 0.7293 0.6139 0.5081 0.4101 0.3186 -0.0716 -0.3864 -0.6543 -0.8896 
0.35 1.8049 1.6042 1.4534 1.3285 1.2195 1.1211 1.0329 0.9511 0.8752 0.8040 0.4983 0.2497 0.0360 -0.1523 
0.40 1.9735 1.8394 1.7375 1.6522 1.5778 1.5111 1.4503 1.3941 1.3417 1.2925 1.0783 0.9022 0.7503 0.6146. 
0.45 2.1390 2.0706 2.0185 1.9748 1.9365 l.9020 1.8705 1.8412 1.8137 1.7879 1.6747 1.5806 l.4985 1.4250 
o.so 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 2.3063 
0.55 2.4747 2.5454 2.5999 2.6461 2.6870 2.7241 2.7583 2.7903 2.8204 2.8490 2.9735 3.0795 3.1737 3.2595 
0.60 2.6475 2.7923 2.9041 2.9987 3.0827 3.1591 3.2298 3.296ri 3.3585 3.4179 3.~813 3.9072 4.1092 4.2929 
0.65 2.8302 3.0527 3.2262 3.3744 3.5064 3.6269 3.7387 3.8435 3.9427 4.0371 4.4548 4.8144 5.1359 5.4305 
0.70 3.0239 3.3326 3.5748 3.7824 3.9678 4.1372 4.2938 4.4409 4.5801 4.7128 5.3029 5.8117 6.?.657 6.6819 
0.75 3.2364 3.6418 3.9614 4.2352 4.4795 4.7033 4.9112 5.1062 5.2910 5.4671 6.2498 6.9241. 7.5300 8.0850 
0.80 3.4774 3.9945 4.4017 4.7520 5.0652 5.3521 5.6190 5.8693 6.1057 6.3310 7.3369 8.2055 8.9817 9.690~ 
0.85 3.7660 4.4169 4.9316 5.3746 . 5.7717 6.1339 6.4708 6.7875 7.0881 7 •. 3747 8.6508 9.7465 10.7248 11.6179 
0.90 4.1349 4.9582 5.6115 6.1732 6.6761 1.137·7 7.5675 7.9713 8.3534 8.7168 10.3306 11.7146 12.9473 14.0703 
o.95 4.6940· 5.7841 6.6470 1.3930 8.0619 a.s737 9.2411 9.7734 10.2u,1 10.1553 12.8761 14.6878 H,.i967 11.1500 

q = 0.025 11 = q 

~ 1 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.3293 -0.3697 -0.8719 -1.2767 -1.6216 -1.9255 -2.1982 -2.4472 -2.6778 -2.8934 -3.8098 -4.5585 -,-5.2065 -5 .•. 7843 
0.10 0.7247 0.1522 -0.2645 -0.6013 -0.8.88-2 -1.1408 -1.3681 -1.5757 -l.7676 -l.9466 -2.7023 -3.3155 -3.8397 -4.3060 
0.15 1.0001 o.5216 o.1699 -0.1169 -0.3622 -0.5783 -0.7726 -0.9501 -1.1141 -1.2670 -l.9143 -2.4348 -2.8798 -3.2737 
0.20 1.2219 0.0200 o.5~24 0.2900 0.0019 -0.1021 -0.2691 -0.4213 -0.5618 -0.6928 -1.2470 ~1.6938 -2.0748 -2.4090 
0.25 1.4248 1.0972 0.8527 0.6518 0.4775 0.3230 0~1834 0.0551 -0.0639 -0.1750 -b.6459 -1.0252 -1.3485 -l.6333 
0.30 1.6055 1.3452 1.1502. o.9881 o.8478 0.1230 o.6094 o.5046 o.4ri74 o.3165 -0.0115 -_0.3865 -0.6551 -0.6914 
0.35 1.7757 1.5806 1.4333 1.3111 1.2047 1.1089 1.0218 0.9414 0.8666 0.7965 D.4949 0.2479 0.0358 -0.1521 
0.40 1.9392 1.0097. 1.1105 1.6274 1.5548 1. 1+897 1.4303 1.3753 1.3240 1.2758 1.0664. o.8932 o.7436 0.6101 
0~45 2.0992 2.0331 1.9827 1.9405 1.9034 1.8700 1~8393 1.8109 1.7843 1.7592 1.6494 1.5575 1.4714 l.4056 
0.50 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 2.2605 
o.55 2.4236 2.4918 2.5445 2.5892 2.6286 2.6644 2.69'74 2.1203. 2.1513 2.7848 2.9054 3.0010 3.0987 3.1015 
0.60 2.5905 2.7302 2.8384 2.9298 3.0109 3.0846 3.157.8 3.2167 3.2769 3.3341 3.5A67 3.8026 3.9954 4~1710 
0.65 2.7667 2.9819 3.1493 3.2922 3.4194 3.5347 3.6416 3.7417 3.6364 3.9265 4.3249 -4.~665 4.9723 5.2525 
0.70 2.9542 3.2520 3.4848 3.6833 3.8604 4.1)223 4.1719 4.3117 4.444.0 4."'700 5.1311 5.6151 .fi.0482 ·6.4448 
0.75 3.1592 3.5490 3.8542 4.1162 4.3484 4.5610 4.7585 4.~440 5.1198 5.2872 6.0331 6.6755 7;2505 7.7765 
0.00 3.3914 3.8859 4.2j44 4.6071 4.9o5o 5.1778 5.4316 5~6701 5.8957 6.1105 7.0674 7.£908 8.6274 9.3000 
0.85 3.6677 4.2889 4.7778 5.1992 5.5768 5.9226 6.2~37 6.5454 6.8313 7.1032 8.3132 ~-3526 10~2807 11.1280 
o.90 4.0201 4.8032 5.4245 5.9601 6.4393 6i8785 7.2860 7.66~7 8.0310 8.3759 9.9067 11.2199 12.3900 13.4563 
0.95 4.5521 5.5886 6.4115 7.1206 7.7546 8.3350 8.8734 9.3782 9.8555 lC.3096 12.3224 14.0428 15.5715 H,.9615 ~ 



TABLE I (Continued) 

q=0.025 v=l6 

u b 1 2 3 4 5 6 7 8 9 10 15 20 2'3 30 

o.os 0.3231 -0,3681 -0.8793 -1.2988 -1.6602 -1.9813 -2.2122 -2.5392 -2.7874 -3.0200 -4.0147 -4.8314 -5.5370 -6.1669 
0.10 0.1033 0.1501 -.0.2626 -:0.6024 -o.8961 -1.1514 -1.3942 -1.6119 -1.9142 -2.0036 -2~8138 -3.4766 -4.0473 -4.5558 
0.15 0.9649 0.5088 O.H,74 -0.1155 -0.3606 -0.5790 -0.7773 -0.9599 -1.1296 -l.288.7 -1.9694 -2.5258 -3.0053 -3.4311 
0.20 1.1110 o.ao19 o.5192 o.2848 o.oino -0.1013 -0.2672 -0.4200 -0.5622 -0.6956 -1.zr,79 -1.7363 -2.1401 -2.4982 
0.25 1.3601 1.0552 0.8253 0.6334 0.4664. 0.3169 0.1807 0.0546 -0.0629 -0.1732 -0.6477 -1.0375 -1.3738 -1.6724 
0.30 1.5262 1.2863 I.1046 0.9531 0.8207 0.7016 :> •. 5930 0.4925 0.3988 0.3106 -0~0704 -0.3850 -0.6571 -0.8994 
o.35 1.6816 1.5035 1.3680 1.2546 1.1554 1.0662 o.9847 o.<ion o •. 8385 0.1119 o.4831 0.2438 0.0356 -0.1505 
0.40 1.8305 1.1122 1.6220 1.5463 1.4799 1.4200 1.3652 1.3143 1.2666 1.2211 1.0264 o.8637 0.1213 o.5937 
0.45 1.9751 1.9155 1.8700 1.8317 1.7980 1.7676 1.7397. 1.7138 1.6895 1.6665 1.5663 1.4824 1.4087 1.3423. 
0.50 2.1196 2.1198 2.1198 2.1198 2.1198 2.1198 2.1198 2.1198. 2.1198 2.1198 2.1198 2.1198 2.1198 2.1198 
o.55 2.2649 2.32~4 2.3719 2.4113 2.4460 2.4774 2.5064 2.5334 2.5588 2.5829 2.6881 2.1183 ~.s513 z.9291 
0.60 2.4124 2.5351 2.6298 2.1100 2.7809 2.8451 2.9043 2.9595 3.0115 3.0609 3.2784 3.4636 3.6276 3.7769 
Oo65 2.5671 2.7557 2.9012 3.0247 3.1342 3.2337 3.3256. 3.4il5 3.4925 3.5.692 3.9079 4.1974 4 0 454'i 4.6890 
0.10 2.7313 2.9900 3.1901 3.3615 3.5130 3.6505 3.7776 3.8967 4.0090 4.1158 4.5876 4.9913 5.3513 5.6801 
0.75 2.9098 3.2460 3.5077 3.7301 3.9279 4.1081 4.2751 4.4309 4.5781 4.7180 5.3388 5.8710 6.3461 6.7793 
0.80 3.1102 3.5346 3.8650 .4.1472 4.3981 4.6266 4.8385· 5.0371 5.2247 5.4030 6.1951 6.8734 7.4794 8.0326 
o.85 3.3480 3.8773 4.2913 4.6445 4.9595 5.2470 5.5135 s.7634 5.999A 6.2241 1.2209 8.0759 8~8391 9.5356 
0.90 3.6486 4.3127 4.8326 5.2782 5.6755 6.0388 6.3753 6.6906 6.9888 1.2125 e.5315 9.6110 10.511~ 11.4483 
0.95 4.1006 4.9693 5.6526 6.2390 6.7613 7.2388 7.6818 8.0969 8.4894 8.8628 10.5163 li.9308 13.1895 14.3355 

q=0.025 v=36 

J>! l 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.3190 -0.3671 -0.8849 -1.3160 -1.6918 -2.0283 -2.3353 -2.6191 -2.8840 -3.1328 -4.2079 -5.0977 -5.8717 -6.5637 
0.10 0.6895 0.1487 -0.2613 -0.6033 -0.9020 -1.1701 -1.4149 -1.6414 -1.8529 -2.0518 -2.9122 -3.6242 -4.2433 -4.7969 
0.15 0.9418 0.5007 ().1657 .-0.1144 -0.3595 -0.5796 -0.7809 -0.9673 -1.1415 -1~3056 -2.0158 -2.6049 -3.1170 -3.5750 
0.20 1~1449 o.7847 o.5101 0.2814 0.0804 -0.1004 -0.2659 -0.4192 -0.5627 -0.6978 -1.2041 -f.1114 -2.1956 -2.5754 
0.25 1.3185 1.0285 0.8073 0.6219 0.4593 0.3129 0.1788 0.0543 -0.0622 ~0.1120 -0.6493 -1.0468 -1.3937 -1.7047 
0.30 1.4751 1~2487 1.0758 o.9304 0.0029 o.6879 o.5826 0.4848 o.3932. o.3067 -D.0697 -0.3840 ~o.65SR -0.9054 
0.35 1.6208 1.4537 1.3259 1.2186 1 .• 1243 1.0390 0.9608 0.8882 0.8701 0.7558 0.4756 0.2411 0.035,; -0.1493 
0.40 1.7597 lo6494 1.5650 1.4939 1.4314 1.3751 1.3233 1.2752 l.2300 1.1874 1.0009 0.8443 o.7070 0.5832 
0.45 1.8939 1.8387 1.7964 1.7608 l.7294 1.7011 1.6751 1.6509 1.6282 l.6067 1.5128 1.4338 I.3643 1.3017 
0.50 2.0275 2.0275 2.0275 2.0275 2.0275 2.0275 2.0275 2.0275 2.0275 2.C275 2.0275 2.0275 2.0275 2.0275 
0.55 2.1616 2.2173 2.2601 2.2962 2.3280 2.3568 2.3833 2.4080 2.4312 2.4532 2.5495 2.6309 2.7027 2.7678 
0.60 2.2972 2.4095 2.4959 2.5689 2.6333 2.6916 2.7453 2.7954 2.8425 2.8870 3.0827 3.2~83 3~3948 3.~277 
0.65 2.4387 2.6104 2.7426 2.8544 2.9532 3.0426 3.1250 3.2018 3.2741 3.3426 3.6440 3.8997 4.1760 4.3316 
0.70 2.5883 2.8230 3.0040 3.1571 3.2924 3.4152 3.5284 3.6340 3.7335 3.8278 4.2428 4.595! 4.9085 5.1923 
0.75 2.7503 3.0536 3.2877 3.4861 3.6617 3.8211 3.9681 4.1052 4.2344 4.3570 4.8975 5.3565 5.7640 6.1350 
0.80 2.9315 3.3118 3.6059 3.8555 4.0764 4.2770 4.4623 4w6353 4.7985 4.9533 5.6344 602154 6.7319 7.2025 
0.85 3.1450 3.6169 3.9824 4.2927 4.5678 4.8179 5.0487 5.2640 5.4670 5.6598 6.5118 7.2392 7.8861 8.4754 
0.90 3.4135 4~0012 .4.4571 4.8449 5.1884 5.5005 5.7891 6.0591 6.3138 6.5558 7.6258 8.5392 9.3519 10.0907 00 
0.95 3.8144 4.'i763 5.1686 5.6721 6.1196 6.5271 6.9042 7.2571 7~5901 7.CiOF,3 9.3051 10.4972 11.5575 12.5231 o 



TABLE I (Continued) 

q = 0.025 v = 144 

b l 2 3 4 5 6 7 8 9 10 15 20 25 30 

.0.05 0.3154 -0.3670 -0.8885 -1.3267 -1.7118 -2.0590 -2.3776 -2.6736 -2.9510 -3.2130 -4.3548 -5.3113 -6.1496 -6.9042 
0.10 0.6803 0.1469 -0.2611 -0.6042 -0.9058 -1.1780 -1.4278 ~1.6600 -1.8777 -2.0833 -2~9807 -3.7330 -4.3927 -4.9869 
0.15 0.9271 0.4947 o.1638 -o.1146 -o.3594 -0.5804 -0.7833 -0.9120 -I.1489 -1 •. 3161 -2.0460 -2.6587 -3.1964 -3.6808 
0.20 1.1248 0.7736 0.5046 I). 27 83 0.0792 -0.1006 -0.2657 -0.4193 -0.5633 -0.6995 -1.2942 -1.7937 -2.2324 -2.6279 
0.25 1.2935 1.0116 0.7957 0.6139 0.4539 0.3095 0.1767 0.0533 -0.0625 -0.1720 -0.6505 -1.0527 -l.4061 -1.7249 
0.30 1.445 2 1.2258 1.0576 0.9160 0.7914 0.6788 0.5753 0.4791 0. 3 887 0.3034 -C.0700 -0.3840 ~0.6601 -0.9093 
0.35 1.5859 1. 4245 1.3007 1.1965 1.1047 1.0218 0.9456 0.8747 0.8082 0.7453 0.4700 0.23fl4 0.0346 -0.1494 
0.40 1. 7196 1.6134 1.5320 1.4634 1.4030 1.3484 1.2982 1.2515 1.2076 1.1662 0.9847 0.8319 0.6974 0.5759 
0.45 l.8484 1.7954 1.7548 1.7206 1.6905 1.6632 1.6382 1.6149 1.5930 1.5723 1.4816 1.4052 l .3380 1.2772 
0.50 1.9763 1. 9763 1.9763 1. 9763 1.9763 1.9763 1.9763 1.9763 1.9763 1.9763 l. 976 3 1.9763 1. 9763 1.9763 
0.55 2.1043 2.1573 2.1980 2.2324 2.2626 2.2900 2.3151 2.3386 2.3606 2.3814 2.4726 2.5495 2.6173 2.6787 
0.60 2.2334 2.3400 2.4219 2.4909 2.5518 2.6069 2.6575 2.7046 2.7489 2. 7909 2.9745 3.1296 3.2663 3.3900 
0.65 2.3677 2.5301 2.6549 2.7602 2.8530 2 .9369 3.0142 3. 0 861 3. 15 37 3.2176 3.4980 3. 7348 3.9436 4.1327 
0.10 2.5093 2.7306 2.9007 3.0442 3 .1708 3.2853 3.3907 3.4888 3.5811 3.6684 4.0511 4.3744 4.6599 4.9184 
0.75 2.6622 2.9473 3.1664 3.3513 3.5145 3.6621 3.7980 3.9245 4.0434 4.,1560 4.6499 5.0676 5.4364 5. 7706 
0.80 2.8327 3.1888 3.4627 3.6940 3.8979 4.0825 4.2525 4.4108 4.5597 4.7006 5.3193 5.8428 6. 3053 6.7245 
0.85 3.0330 3.4729 3.8112 4.0969 4.3491 4.5774 4.7876 4.9836 5.1678 5.3423 6.1085 6.7572 7.3308 7.8507 
0.90 3.2637 3.8286 4.2478 4.6020 4.9148 5.1981 5.4591 5.7024 5.9312 6.1479 1.1002 7.9068 8.6202 9.2673 
0.95 3.6560 4.3569 4.8968 5.3534 5.7567 6.1222 6.4590 6. 7731 7.0686 7. 3486 8.5791 9.6224 10.545~ 11.3834 

q = 0.050 v = 4 

2 3 4 5 6 7 8 9 10 15 20 :,5 30 

0.05 0.0001 -0.6776 -l.1456 -1.5157 -1.8287 -2.1017 -2.3469 -2.5714 -2.7794 -2.9741 -3.8053 -4.4873 -5.0804 -5.6119 
0.10 0.4016 -0.1761 -0.5780 -0.8949 -1.1606 -l.3919 -1.5988 -1.7872 -1.9603 -2.1206 -2.8015 -3.3564 -3.8325 -4.2568 
0.15 0 .6927 0.1928 -0.1587 -0.4371 -0.6706 -0.8734 -1.0540 -1.2174 -1.3675 -1.5069 -2.0916 -2.5601 -2.9618 -3.3183 
0.20 0.9392 0.5098 0.2038 -0.0393 -0.2451 -0.4235 -0.5A24 -0.7262 -0.8580 -0.9800 -1.4887 -1.8941 -2~2356 -2.5369 
0.25 1.15 72 o. 7969 o.5357 0.3257 0.1483 -0.0062 -0.1454 -0.2712 -0.3862 -0.4927 -0.9364 -[.?863 -1.5810 ~t.8393 
0.30 l.3612 1.0683 o. 8548 0.6792 0.5306 0.3999 0.2822 0.1757 0.0780 -0.0127 -0.3936 -0.6935 -0.9449 -l.1635 
0.35 1.5559 l.3332 1.1668 1. 0305 0.9140 o. 8097 o. 7153 0.6294 0. 5503 0.4769 o.1658 -0.0813 -0.2899 -0.4708 
0.40 1. 74 79 1.5950 1.4804 1.3860 1.3043 1.2305 1.1634 1.1018 1.0448 0.9916 0.7634 o.5784 0.4214 0.2830 
0.45 l.9378 l.8589 1. 7 992 1. 7494 1.7058 1.6664 1. 6304 1.5970 1.5660 1.5367 1.4109 1.3073 1. 2165 1.1356 
0.50 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2.1330 2 .1330 2.1330 
0.55 2.3302 2.4137 2.4785 2. 5335 2.5824 2.6265 . 2.6673 2.7054 2.7413 2. 775 5 2.9269 3.0566 3 .1725 3.2785 
0.60 2.5352 2. 7077 2.8424 2. 9 576 3.0605 3.1545 3.2418 3.3237 3.4013 3.4752 3.8031 4.0848 4. 3::1 Al 4.5716 
0.65 2.7530 3.0237 3.2373 3. 4211 3.5857 3.7356 3.8745 4.00'32 4.1291 4.2473 4.7780 5.2367 5.6476 6.0248 
0.10 2.9885 3.3691 3.6709 3.9290 4.1606 4. 3737 4.5728 4.7602 4.9::IAC 5.107.4 5.A614 6.5154 7.1027 7.6406 
o.75 3.2499 3.7541 4.1525 4.4983 4.8095 5.0952 5.3603 5.6097 5.8461 6.0717 7.0821 7.9534 8.7325 9.4445 
0.80 3.5494 4.1940 4. 7102 5 .1572 5.5572 5.9243 6.2671 6.5899 6.A957 7 .1872 8.4844 9.5990 10.5930 11.4992 
0.85 3.9086 4.7297 5.3863 5. 9531 6.4637 6.9322 7.3679 7. 7771 8.1643 8.5329 10.1692 11.5701 12.8160 13.9497 
0.90 4.3708 5.4204 6.2575 6.9831 7.6332 8.2282 8. 1ao1 9.2988 9.7884 10.2539 12.3145 14.0724 15.6321 17.0488 

00 0.95 5.0834 6.4796 7.5955 8. 5565 9.4149 10.1986 10.9247 11.6044 12.2458 12.8547 15.5421 17.8265 19.8~87 21.6827 ..... 



TABLE I (Continued) 

q = o·.050 v = 5 

. u b 1 2 3 4 5 6 · 7 8 9 10 15 20 25 30 

0.05 0.0005 -0.6787 -1.1560 -l.5365 .-1.8588 -2.1426 -2.3975 -2.6303 -2.8460 -3.0480 -3.9134 -4.6225 -5.2382 -5.789.9 
0.10 0.3932 -0.1740 -0.5779 -0.8995 -1.1714 -1.4094 ..;1.6220 -1.8160 -l.9951-2-1622 -2.8690 ..,3.4447 -3.9418 -4.3831 
0.15 0.6746 0.1899 -0.1568 -0.4357 -0.6715 -0.8777 -1.0621 -1.2299 -1.3844 -l.5275 -2.1321 :-2.6186 -.3.0352 -3.4051 
0.20 0.9081 0.4978 0.2006 -0.0392 -0.2427 -6.4220 -0.5823 -0.7279 -0~8619 -0.9864 -1.5088 -1.9263 -2;2022 -2.5945 
0.25 1.1141 0.1131 0.5229 o.3199 o.1460 -0.0068 -0.1436 -0.2609 -o.3845 -0.4910 -0.9419 -1~3001 -1.6037 -1.8697 
0.30 1.3048 1.0308 0~8279 0.6(,16 0.5180 0.39i5 0.2777 0.1730 0.0766 -0.0131 -0.3918 -0.6948 -0.9506 -1.1744 
0.35 1.4863 · 1.2786 1.1238 0.9950 Oi8840 0.7857 0.6963 0.6136 0.5371 0.4658 0.1633 :-0.0804 -0.2877 -0.4697 
0.40 1.6630 1.5224 1.4161 1.3280 1.2514 1.1831 1.1206 1.0625 1.0086 0.9580 0.7422 0.5643 0.4122 0.2784 
0.4.5 1.8370 1.7649. i.1102 1.6644 1.6243 l.5883 1.5551 1.5243 1.4956 1.4685 1.3513 1.2543 1.1102 1.0944 
0.50 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 2.0144 
o.55 2.1938 2.2694 2.3200 2.3111 2.4211 2.4618 2.4985 2.5327 2.5649 2.5955 2.1301 2.8463 2.9494 3.0432 
0.60 2.3792 2.5348 2.6553 2.7581 2.8498 2.9334 3.0107 3.0831 3.1516 3.2167 3.5066 3.7555 3.9785 4.1831 
0.65 2.5753 2.8170 3.0068 3.1690 3.3140 3.4466 3.5698 3.~852 3.7945 3.8988 4.3630 4.7635 5.1224 5.4510 
0.10 2.7857 3.1232 3.3892 3.6179 3.8223 4.0098 4.1842 4.3476 4.5025 4.6502 5.3087 5.8769 6.3882 6.857.0 
0.75. 3.0179 3.4631 3.8152 4.1189 4.3905 4.6396 4.8716 5.0893 5.2953 5.4918 6.3703 7.1297 7.8079 8.4279 
Oi80 3.2821 3.8517 4.3040 4.6938 5.0435 5.3635 5.6614 5.9415 6.2079 ·6.4618 7.5921 8.5624 9.4288 10.2212 
0.85 3.5999 4.3209 4.894.4 5,3886 5.8320 602397 6.6193 6.9760 7.3136 7.6343 9.0594 10.2832 11.3736 12.3667 
0.90 4.0072 4.9242 5.6530 6.2840. 6.8506 7.3692 7.8499 8.3009 8.7274 9.1331 10.9346 12.4742 13.8416 15.0834 
0.95 4.6293 5.8458 6. 8177 · 7.6548 8.4021 9.0850 9. 7188 10.3132 10.8744 11.4075 13. 7627 15. 76 152 17.5390 19.1486 

q=0.050 v=6 

u b 1 2 3 4 5 6 1 8 9., 10 15 20 25 30 

. 0.05 0.0011 -0.6787 -1.1618 -1.5506 -1.8811 -2.1723 -2.4350 -2.6756 -2.8916 -3.1054 -3.9962 -4.7287 ~5.3625 -5.9304 
0.1.0 0.3873 -0.1743 -0.5775 -0.9014 -1.1774 -1.4202 -1.6384 -1.8372 -2.0210 -2.1925 -2.9212 -3.5137 -4.0254 -4.4817 
0.15 0.6619 0.1876 -0.1571 -0.4351 -0.6715 -0.8793 -1.0662 -1. 2369 -1.3945 -1.5413 -2.1615 :..2.6636 -3.0922 -3.4729 
0.20 0.8886 0.4900. 0.1981 -0.0396 -0.2427 -0.4214 -0.5819 -0.7283 -0.8634 -0 .• 9893 -1.5221 -l.9503 -2.3157 -2.63RR 
0.25 1.0010 0.1519 o.5146 0.3152 o.1445 ~0.0013 -0.1439 -0.2687 -0.3839 -0;4912 -o.9442.-1.3091 -1~6196 -1.fl923 
0.30 1.2709 1.0073 0.8107 0.6494 0.5097 O. 3857 0.2736 0.1710 0.0756 -O.OB6 -0.3912 -0.6949 -0.9530 -1.1805 
o.35. 1.4450 1.2456 1.0965 o.9727 o.R652 0~7696 o.6828 o.6032 o.5285 o.458.7 0.1615 -o.00oa -0.2874 -0.4691 
o.4o 1.6123 1.4796 1.3110 1.2932 1.2194 i.1535 1.0934 1.0379 o.9858 -0.9369 0.1212 o.5550 o.4060 0.2743 
0.45 1.7760 1.7083 1.6567 l.6136 1.5757 1.5417 l.5105 1.4814 l.4539 1.4280 1.3155 1.7222 1.1410 1.0684 
0.5Q 1.9420 1.9420 1.9420 1.9420 1.9420 1.9420 1.9420 1.9420 1.9420 1.9420 li9420 1~9420 1.9420 1,9420 
0.55 2.1105 2.1813 2.2360 2.2824 2.3235 2.3608 2.3952 2.4273 2.4574 2.4860 2.6121 2.7198 2.8155 2.9029 
0.60 2.2837 2.4293 2.5418 2.6377 2.7230 Z.8007 2.8727 2.9400 3.0033 3.0634 3.3306 3~5599 3.7640 3.9509 
0.65 2.4672 2.6925 2.8690 3.0194 3.1532 3.2754 3.3889 3.4955 3.5956 3.6910 4.1159 4.4814 4.8097 5.1098 
0.10 2.6633 .2.9771 3.2225 3.4334 3.6211 3.7925· 3.9519 4.1018 4.2433 4.3781 4.9796 5.4991 5.9649 6.3906 
o.75 2.8794 3.2906 3.6145 3.8923 4.1411 4.3685 4.5000 4.7789 4.9674 5.1471 5.9486 6.6383 1.2558 7.8208 
0;00 3~1238 3.6480 4.0618 4.41~9 4.7370 5.02g1 5.3020 5.5~Al 5.0000 6.0317 1.0591 7.9435 B.7336 ~-4552 
o.85 3.4167 4.0773 4.6001 s .• 0526 5.4580 5.8297 6.1747 6.4987 6.B054 1.0975 a.3966 9.51Hi 10.5053 n.4108 
0.90 3.7902 4.6279 5.2944. 5.8701 6.3847 6.8560 7.2940 7.7051 8.0939 A.4639 10.1051 11.5089 12.7566 13.8916 
0.95 4.3590 5.4706 6.3549 7.1162 7.7973 8.4200 8.9977 9.5390 10.0503 10.5362 12.6'.!46 14.5146 16 .• 1358 17.6076 ~ 

/ 

... // 



TABLE I (Continued) 

q=0.050 v = 7 

1 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.0004 -0.6788 ~l.1680 -1.5621 -1.8989 -2.1955 -2.4634 -2.7091 -2.9371 -3.1499 -4.0616 -4.8122 -5.4624 -6.0437 
0.10 o.3846 -0.1128 -o.5765 -0.9043 -1.1838 -1.4297 -1.6513 -1.8540 -2.0413 -2.2161 -2.9614 -3.5677 -4.0915 ~4.5586 
0.15 0.6542 o.1865 ~0.1556 -0.4334 -o.6715 -0.8819 -1.0112 ~1.2440 -1~4031 -1.5527 -2.1845 -2.6968 -3.1365 -3.5260 
o. 20 0.8759 0.486.l 0.1910 ~o.0387 -0.2410 -0.4196 -o.seo9 -o.7289 -o.8657 -0.9934 -1.5332 -l.9693 -2.3417 -2.6714 
0.25 1.0691 0.7482 o. 5102 o. 3132 0.1436 -D.0066 -D.1425 -0.2669 -0.3821 -0.4896 -0.9477 -1.3171 -1.6322 -1.9102 
0.30 1.2462 0.9912 0.7998 0.6420 0.5055 0.3830 0.2719 0.1700 0.0755 -0.0129 -0.3895 -0.6951 -0.9566 -1.1869 
0.35 1.4139 1.2218 1. 0775 o. 9578 0.8531 o. 7597 0.6747 0.5965 0.5238 0.4552 0.1605 -0.0796 -0.2856 -0.4674 
0.40 1. 5756 1.4470 1. 3493 1. 26 77 1.1966 1.1328 1.0745 1.0207 0.9705 0.9230 o. 7182 0.5497 0.4032 0.2726 
0.45 1.7341 1.6686 l.6187 1.5768 1.5401 1.5071 1 .. 4768 l.4488 1.4225 1.3976 1.2893 1.1992 1.1207 1.0503 
0.50 1.8942 1.8942 1.8942 1.8942 1.8942 1. 8942 1.8942 1.8942 1.8942 1.8 942 1.8942 1.8942 1.8942 1.8942 
0.55 2.0553 2.1229 2.1751 2.2192 2.2583 2.2938 2.3266 2. 3571 2.3859 2.4132 2.5332 2.6355 2. 72 64 2.8092 
0.60 2.2206 2.3590 2.4663 2. 55 75 2.6386 2. 7123 2.7806 2.8445 2.9048 2.9615 3.2125 3.4278 3.6197 3.7952 
0.65 2.3952 2.6097 2. 7771 2. 9200 3.0459 3.1607 3.2672 3.3671 3.4615 3.5512 3.9498 4.2931 4.6008 4. 8827 
0.70 2.5819 2.8798 3.1110 3.3088 3.4855 3.6465 3.7961 3.9365 4.0695 4.1961 4.7606 5.2460 5.6799 6.0776 
0.75 2.7870 3.1749 3.4793 3.7401 3.9734 4.1871 4.3857 4.5724 4.7492 4.9177 5.6648 6.3088 6.8855 7.4132 
0.80 3.0182 3.5108 3.8991 4. 2335 4.5331 4.8076 5.0624 5.3010 5.5270 5.7424 6. 7018 7.5278 8.2659 8.9402 
0.85 3.2932 3.9136 4.4052 4. 8291 5.2077 5.5540 5.8760 6. 1785 6.4649 6.7377 7.9511 8.9930 9.9215 10.7671 
0.90 3.6443 4.4307 5.0553 5.5916 6.0721 6.5122 6.9212 7.3051 7.6683 8.0140 9.5478 10.8587 12.0246 13.0856 
0.95 4.1782 5.2195 6.04.42 6.7552 7.3912 7.9729 8.5127 9.0186 9.4966 9~9503 11.9573 13.6686 15.1866 16.5652 

q = 0.050 v = 8 

b 1 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

0.05 0.0001 -0.6796 ~1.1112 -1.5704 -1.9124 -2.2147 -2.4871 -2.7372 -2.9694 -3.1869 -4.1164 -4.8816 -5.5461 -6.1391 
0.10 0.3817 -0.1718 -0.5770 -0.9058 -1.1872 -1.4362 -1.6609 -1.8669 -2.0577 -2.2356 -2.9941 -3.6131 -4.1469 ~4.6231 
0.15 0.6481 0.1856 -0.1546 -0.4333 -0.6723 -0.8833 -1.0737 -1.2481 -1.4098 -1.5608 -2.2035 -2.7247 -3.1731 -3.5706 
0.20 0.8670 0.4816 o.1960 -0.0301 -0.2402 -0.4195 -0.5815 -0.7298 -0.8671 -0.9954 -1.5411 -1.9843 -2.3634 -2.6988 
0.25 1.0564 0.1410 o.5054 o. 3111 0.1431 -0.0062 -0.1415 -0.2662 -0.3818 -0.4898 -0.9494 -1.3221 -1.6416 -1.9240 
0.30 1.2297 0.9800 o. 7920 0.6359 0.5007 0.3801 0.2703 o.1693 0.0754 -0.0124 -0.3B92 -0.6959 -0.9584 -1.1904 
0.35 1.3932 1.2059 1.0646 o. 94 72 0.8445 0.7523 0.6684 0.5909 0.5188 0.4512 0.1598 -0.0788 -0.2849 -0.4676 
0.40 1.5505 1.4254 1.3304 1. 2 508 1.1812 l.ll87 1.0617 1.0089 0.9596 0 .9133 o. 7113 0.5445 0.4000 0.2709 
0.45 1.7043 1.6408 1.5923 1.5517 1.5160 1.4839 1.4544 1. 4271 1.4015 1.3774 1.2718 1.1838 1.1069 1.0380 
o.5o 1.8592 1.8592 1. 8 592 1. 8 592 1.8592 1.8592 1.8592 1.8.592 1.8592 1. 8 592 1,8592 1.8592 1,8592 1.8592 
0.55 2.0153 2.0806 2.1311 2.1737 2.2115 2.2457 2.2773 2.3067 2 .3 345 2. 360 8 2.4764 2.5747 2.6620 2.7415 
0.60 2.1750 2.3086 2.4120 2.4998 2.5777 2.6485 2. 7140 2. 7753 2.8331 2.8881 3. 1288 3.3347 3. 51 84 3.6 863 
0.65 2.3435 2.5499 2. 7107 2.8478 2.9692 3.0792 3,1811 3 .• 2766 3.3669 3.4528 3.8342 4.1623 4.4537 4.7202 
0.10 2.5232 2.8092 3.0316 3.2210 3.3898 3.5440 3,6872 3. 8215 3.9486 4.0696 4.6048 5.0650 5.4772 5.8547 
0.75 2.1201 3.0928 3.3839 3. 6336 3.8568 4.0609 4.2502 4.4268 4.5940 4.7533 5.4628 6.0742 6.6214 1.1222 
0.80 2,9427 3.4141 3.7857 4.1053 4.3896 4.6493 4.8906 5.1173 5.3320 5. 536 5 6.4471 7.2309 7 .9306 8.5694 
0.85 3.20.60 3. 7996 4.2686 4.6696 5.0287 5. 3576 5.6633 5.9504 6.2223 6.4812 7. 6 324 8.6194 9,499fl 10.3027 
0.90 .3.5419 4.2928 4.8839 5.3933 5 •. 8495 6.2672 6.6553 7,0196 7.3643 7.6919 9.1451 10.3897 11.4970 12.5051 

00 0.95 4.0524 5.0399 5.8230 6.4977 7 .1013 7.6531 8.1643 8.6437 9.0966 9.5272 11.4331 13.0591 14.5021 15.8111 w 



TABLE I (Continued) 

q = 0.050 v = 9 

:t>I 1 2. 3 4 5 6 1 8 9 10 15 20 25 30 

0.05 0.0004 -0.6796 -1.1750 -1.5781 -1.9237 -2.2299 -2.5065 -2.7601 -2.9957 -3.2165 -4.1620 -4.9400 -5.6156 -6.2198 
0.10 0.3793 -0 .. 1716 -0.5767 -0.9072 -1.1911 -1.4425 -1.6695 -1.8776 -2.0707 -2.2512 -3.0208 -3.6504 -4.1930 :..4.6772 
0.15 o.6431 o.1846 -0.1545 -0.4327 -0.6722 -O.B845 -1.0765 -1.2526 -1.4159 -1.5684 -2.2186 -2.7474 -3.2025 -3.6072 
0.20 0.9591 o.4182 0.1949 -0.0383 -0.2391 -o.41a9 -o.5011 -o.no1 -o.8682 -o.9975 -1.5485 -1.9964 -2.3010 -2~n11 
o. 25 1.0459 0.1349 o .5018 o. 3094 0.1422 -o. 0065 -0.1414 -o. 2656 -o .3812 -o .4893 -0~9512 -1.3273 - l .6499 -1. 9354 
0.30 1.2167 0.9705 0.7852 0.6311 0.4972 0.3777 0.2688 0.1683 0.0749 -0.0127 -0.3886 -0.6960 -0.9603 -l.1943 
o.35 1.3773 1.1933 1.0540 o.9381 o.8370 o.7461 o.6631 o.5866 o.5152 o.4481 0.1589.-0.0190 -0.2844 -0~4670 
0.40 1.5315 1.4099 1.3151 1.2374 1.1689 1.1014 1.0511 o.9991 o.9504 o.9046 o.7056 o.5406 o.3974 0.2695 
0.45 1.6819 1.6198 1.5724 1.5326 1.4977 1.4662 1.4373 1.4105 1~3854 1.3617 1.2582 1.1715 1.0957 1.0277 
0~50 1.8332 1.8332 1.8332 1.8332 1.833~ 1.8332 1.8332 1.8332 1.8332 1.8332 1.8332 1.8332 1.8332 1.8332 
0.55 1.9855 2~0491 2.0982 2.1398 2.1765 2.2098 2.2405 2.2691 2.2961 2.3216 2~4337 2.5288 2.6131 2.6898 
0.60 2.1410 2.2709 2.3714 2.4563 2.5316 2.6000 2.6633 2.7224 2.7782 2.8311 3.0645 3.2638 3.4414 3.6033 
0.65 2.3048 2.5048 2.66.00 2.7923 2.9099 3.0165 3.1152 3.2076 3.2949 3.3779 3.7456 4.0608 4.3422 4.5989 
0.10 2.4790 2.7551 2.9705 3.1538 3.3171 3.4661 3.6042 3.7334 3.8556 3.9718 4.4877 4.9307 5.3266 5.6887 
0.75 2.6692 3.0297 3.3114 3.5526 3.7673 3.9635 4.1457 4.3163 4.4773 4.6307 5~3127 5.8993 6.4235 6.9027 
0.80 2.8841 3.3405 3.6989 4.0061 4.2805 4.5305 4.7628 4.9809 5.1872 5.3835 6.2567 7.0068 7.6771 8.2888 
o.85 3.1393 3.7123 4.1635 4.5501 4.8957 5.2110 5.5051 5.7806 6.0413 6.2893 7~3912 8._3367 9.1799 9.94n 
0.90 3.4641 4.1869 4.7563 5.2460 5.6837 6.0844 6.4559 6.8046 7.1344 7.4483 8.8402 10.0324 11.0932 12.0592 
o.95 3.9553 4.9064 5.6584 6.305~ 6.8828 1.4110 7.9009 8.3599 8.7937 9.2062 11.0319 12.5902 13.9735 15.230,; 

q = 0.050 v = Hi 

bl l . 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.0002 -0.6803 -1.1870 -1.6050 -1.9668 -2~2894 -2.5824 --2.8523 -3.1035 -3.3394 -4.3536 -5.1908 -5.9173 -6.5675 
0.10 0.3719 -0.1100 -0.5762 -0.9121 -1.2037 -1.4639 -1.7004 -1.9184 -2.1214 -2.3118 -3.1303 -3.8039 -4.3870 -4.9078 
0.15 0.6272 0.1818 -0.1530 -0.4311 -0.6729 -0.8890 -1.0857 -1.2672 -1.4362 -1.5949 -2.2774 -2.8387 -3.3245 -3.7576 
0.20 0.8339 0.4681 0.1920 -0.0377 -0.2379 -0.4172 -0.5807 -0.7316 -0.8723 -1.0046 -1.5742 -2.0432 -2.4492 -2.8107 
0.25 1.0118 0.7153 0.4910 0.3037 0.1403 -0.0063 -0.1400 -0.2638 -0.3794 -0.4881 -0.9571 -1.3444 -1.6800 -1.9791 
0.30 1.1129 o.9401 o.7634 o.6157 o.4865 o.3704 o.2642 0.1659 0.0140 -0.0124 -0.3868 -0.6970 -o.9664 -1.2010 
o.35 1.3232 1.1509 1.0194 0.9093 o.8128 0.1260 o.6465 o.5729 o.5039 o.4389 o.1567 ~0.0180 -0.2025 -0.4656 
0.40 l.4671 1.3528 1.2655 1.1923 1.12~0 1.0699 1.0167 0.9673 0.9210 0.8773 0.6872 0.5285 0.3896 0.2648 
0.45 1.6065 1.5491 1.5051 1.4682 1.4356 l.4063 1.3794 1.3543 1~3308 1.3086 1.2111 1.1304 1.0589 0.9945 
o.5o 1.7458 1.7458 1.7458 1.7458 1.7458 1.7458 1.7458 1.7458 1.7458 1.1458 1.7458 1.7458 1.7458 1.7458 
0.55 1.8858 1.9440 l.9888 2.0267 2.0601 2.0903 2.1182 2.1442 2.16~6 2.1917 2.2933 2.3793 2.4551 -2.5239 
0.60 2.0278 2.1458 2.2367 2.3137 2.3818 2.4434 2.5001 2. 5531 2.6029 2.6502 2.8584 3.0.354 3.1920 3.3345 
o.65 2.1765 2.3576 2.4912 2.6156 2.1204 2.8156 2.9035 2.9856 3~0630. 3.1362 3.4594 3.7352 3~9aoo 4.2029 
0.10 2.3342 2.5823 2.~745 2.9378 3.0825 3.2138 3.3352 3.4487 3.5558· 3.6575. 4-1065 4.4901 ~.8315" 5.1428 
0.75 2.5054 2.8274 3.0775 3.2899 3.4785 3.6502 3.8091 3.9574 4.0975 4.2305 4.8196 5.3234 5.7725 6.1818 
0.80 2.6974 3.1032 3.4185 3.6874 3.9262 4.1436 4.3450 4.5335 4.7115 .4.8805 5.6298 6.2101 6.8423 1.3635 
o.85 2.9249 3.4303 3.$246 4.1606 4.4599 4.7326 4.9851 5.2211 5.4452 5.6577. 6.5985 7.4043 0.1224 8.1112 

· 0.90 3.2120 3.8449 4.3393 4.7622 5.1385 5.4821 5.8002 6.0981 6.3795 6.6472 7.8331 8.8481 9.7512 10.5741 
0.95 3.6431 4.4692 5.ll67 5.6713 6.1648 6.6155 7.0331 7.4241 7.7935 8.1447 . 9.6990 11.0268 12.2064 13.2793 ~ 



TABLE I (Continued) 

q = 0.050 v = 36 

l 2 3 4 5 6 7 8 9 10 15 20 25 30 

0.05 0.0001 -0.6809 -1.1963 -1.6264 -2.0021 -2.3391 -2.6471 -2.9321 -3.1984 -3.4491 -4.5347 -5.4362 -6.2221 -6.9263 
0.10 0.3669 -0.1690 -0.5758 -0.9159 -1.2134 -1.4807 -1.7252 -1.9517 -2.1633 -2.3627 -3.2268 -3.9448 -4.5705 -5.1311 
0.15 0.6164 0.1799 -0.1520 -0.4300 -0.6734 -0.8923 -1.0927 -1.2785 -1.4522 -l.6lb0 -2.3266 ~2.9178 ~3~4332 -3.8951 
0.20 0.0110 0.4610 0.1899 -0.0374 -0.2366 -0.4160 -0.5804 -0.7328 -0.8754 -1.0100 -l.5945 -2.0817 -2.5068 -2.8882 
0.25 0.9886 0.7021 0.4834 0.2999 0.1389 -0.0061 -0.1391 -0.2625 -0.3781 -0.4872 -0.9616 -1.3578 -1.7041 -2.0149 
o.3o 1.1433 0.9196 0.7487 0.6051 0.4790 0.3653 0.2610 O. H,42 0.0734 -0.0122 -0.3855 -0.6978 -0.9711 -1.2168 
0.35 1.2872 1.1222 0.9%0 o. 8899 o. 7966 0. 7124 0.6351 o. 5633 0 .4960 0.4324 o.15s1 -0.0113 -0.2012 -0.4646 
0.40 1.4243 1.3154 1.2321 1.1619 1.1002 1.0445 0.9934 0.9458 0.9012 0.8590 0.6748 0.5200 0.3841 0.2617 
0.45 1.5566 1.5022 1.4605 1.4253 1.3944 1.3665 1.3408 1.3169 1. 2 945 1.2733 1. l AO 6 1.1026 1.0339 "-9720 
0.50 1.6883 l.6883 1.6883 1. 6883 1.6883 1.6883 1.6883 1.6883 1.6883 l.Ml83 1.6883 1. 6883 l.6A83 I • 6 Ail 3 
0.55 1.8202 1.8750 1.9170 1.9525 1.9638 2.0121 2.0382 2.0625 2.0853 2.1068 2.2015 · 2.2814 2.3519 2.4158 
0.60 1.9536 2.0640 2.1488 2.2205 2.2838 2.3410 2.3937 2.4428 2.4890 2.5327 2.7246 2. 8 86 9 3.0303 3.1604 
0.65 2.0927 2.2612 2.3910 2. 5007 2.5976 2.6853 2.7660 2.8413 2.9122 2.9792 3.2742 3.5242 3.7452 3.9459 
0.10 2.2396 2.4699 2.6474 2. 7975 2.9301 3.0503 3.1611 3.2644 3.3617 3.4539 3.8592 4.2033 4.5082 4.7851 
0.75 2.3986 2.6961 2.9255 3.1197 3.2915 3.4473 3.5909 3.7249 3.8511 3.9707 4.4976 4.9452 5.3424 5.7036 
0.00 2.5764 2.9490 3.2369 3.4810 3.6968 3.8926 4.0733 4. 242 l 4.4011 4.5518 5.2162 5.7817 6.2834 6.7399 
0.85 2.7857 3.2476 3.6050 3.9079 4.1762 4.4199 4.6449 4.8550 5 .0530 5.2409 6.0697 6. 7756 7.4025 7. 9731 
0.90 3.0486 3.6233 4.0683 4.4463 4.7813 5.0856 5.3669 5.6298 5.8774 6.1124 7.1502 8.0348 8.8209 9.5357 
0.95 3.4408 4.1845 4.7619 5. 2 529 5.6886 6. 0845 6.4506 6.7929 7.1157 7.4220 8.7755 9.9287 10.9531 11.8845 

q = 0.050 v = 144 

b l 2 3 4 5 6 7 8 9 10 15 20 25 30 u 

o.os 0.0001 -0.6814 -1.2023 -1.6403 -2.0253 -2.3727 -2.~915 -2.~878 -3.2656 -3.5280 -4.6729 -5.6329 -6.4750 -7.2336 
0.10 0.3639 -0.1683 -0.5757 -0.9183 -1.2197 -1.4917 -1.7414 -1.9736 -2.1913 -2.3970 -3.2953 -4.0492 -4.7109 -5.3073 
0.15 0.6100 0.1788 -0.1514 -0.4293 -0.6738 -0.8945 -l.09T3 -1.2858 -,l.4626 -1.6297 -2.3597 -2.9728. -3.5114 -3.9968 
0.20 o. 8071 0.4569 0.1887 -0.0372 -0.2359 -0.4154 -0.5802 -0.7336 -0.8775 -1.0134 -1.6078 -2.[073 -2.5462 -2.9420 
0.25 0.9753 0.6943 o. 4 790 o.2977 0.1381 -0.0061 -0.1385 -0.2617 -0.3774 -0.4867 -0.9646 -1.3664 -1.7197 -2.0385 
0.30 1.1264 0.9077 0.7401 0.5989 0.4746 0.3624 0.2592 0.1632 0.0130 -0.0122 ~c.3848 -0.6983 -0.9741 -1.2231 
0.35 1.2666 1.1058 0.9825 0.8786 0.7871 0.7045 O.A285 0.5578 0.4914 0.4287 0.1541 -0.0770 -0.2804 -0.4640 
0.40 1.3999 1.2941 1.2129 1.1446 1.0844 1.0300 0.9799 0.9334 o.8897 0.8483 0.6674 0.5151 0.3810 0.2598 
0.45 1. 52 82 1.4754 1.4350 l.4009 1.3708 1.3437 l.3187 1. 295 5 1.2737 1.2531 1.1627 1.0866 1.0196. 0.9590 
0.50 1.6555 l.6555 1.6555 l.6555 1.6555 1.6555 1.6555 1.6555 l.6555 1.655 5 l.6555 1.6555 1.6555 1.6555 
0.55 1.7830 1.8358 1.8763 1.9105 l.9407 l.9679 1.9929 2.0163 2.0382. 2.0589 2.1497 2.2262 2.2937 2.3548 
0.60 1.9115 2.0177 2.0992 2. 1679 2.2285 2.2833 2.3337 2. 38C 6 2.4247 2.46',4 2.6492 2.8034 2.g393 3.0624 
0.65 2.0453 2.2010 2.3311 2.4359 2.5282 2.6117 2.6886 2. 760 l 2 .8273 2.8909 3. 1698 3.4052 3.61?8 3. 8!)07 
0.10 2.1862 2.4065 2.5757 2. 7185 2.8443 2.9582 3.0630 3.1606 3.2523 3.3391 3. 7196 4.0410 4. 3245 4.5813 
o. 75 2.3384 2.6220 2.8400 3.0239 3.1861 3. 3329 3.4680 3.5937 3. 7120 3.8239 4.3147 4.7295 5.0957 5 .4273 
0.00 2.5080 2.8623 3.1347 3.3646 3.5674 3.7509 3.9198 4.0771 4.2250 4. 365 l 4.9795 5.4989 5.9577 6.3734 
0.85 2.7073 3.1447 3.4811 3. 7652 4.0158 4.2426 4.4515 4.6461 4.8290 5.0022 5.7625 6.4058 6.9741 7.489? 
0.90 2.9567 3.4984 3.9151 4.2671 4.5778 4.8591 5.1182 5. 359 6 5 .5 866 5.8016 6.7457 7.5448 8. 2513 8.8918 
0.95 3.3268 4.0235 4.5599 5.0133 5.41.36 5.7761 6 .110 l 6.4215 6. 7144 6.9917 8.2105 9.2431 10.1563 10.9846 00 

U1 



. APPENDIX B 

CONJUGATE PRIOR DISTRIBUTIONS 

We briefly discussed the class of conjugate distributions in the 

introduction to this thesis. In this part of the appendix, we give 

explicit definitions for certain families of distributions. We include 

only those families which we have used in treating the problems of 

this paper. A more exhaustive listing of these distributions is given 

by Raif fa and Schlaiffe r [ 7] . 

Normal Distribution 

The density function for the normal distribution is defined by 

f(xia,b) = 
1 

e 

2 
(x - a) 

2b 2 

It is related to the standard normal distribution by the equation 

The mean and variance for this distribution are given by 

E(x) - a, 

This family of distributions is the conjugate family for the 

mean in a normal sampling distribution if the variance is known. 
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Beta Distribution 

A random variable Xis said to have a beta distribution with 

specifications (a, b) if it has the density function 

f(x ja, b) 
1 

= B(a, b) 

where 

xa-1 (l-x) b-1 a, b > 0, 0 < x < 1 

B(a, b) = r(a) r(b) 
r(a+ b) 

The mean and variance of this distribution are given by 

E(x) a 
= a+b 

V(x) = ab 

(a+ b) 2 (a+ b+ 1) 
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The distribution function has been tabulated by K. Pearson, Tables of 

the Ip.complete Beta Function, Biometrika, London, 1934. 

This distribution is the conjugate prior for p in the binomial 

distribution where n is known. Indeed, this is the conjugate prior for 

any sampling distribution f(y j e) for which a kernal can be represented 

as 

k(yje) °' er (l--0)t r,t >0,0 <0<1. 

The Gamma-I Distribution 

A random variable Xis said to have a gamma-I distribution if 

its density function is defined by 

f(x I a, b) = 
a a-1 · -bx 

b x e 
r(a) 

a, b > 0, x > 0 



where r(a) is the complete gamma function 

r(a) = J 00
. ta-le -t dt. 

0 

The mean and variance for this distribution are 

a a 
E{x) = b and .V{x) = - 2 

b 
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The distribution function for a gamma-1 variate is related to the chi-

square distribution function by the equation 

F'Y1 (xja,b) = F 2 {Zbxjza). 
x 

The family of gamma-I distributions is the conjugate family of 

distributions for the parameters of the Poisson and the negative expo-

nential distributions. 

The Inverted-Gamma-2 Distribution 

The density function for the inverted-gamma-2 distribution is 

defined by 

f{xja, b) = 

a+l ab 

z c:~) -z- e - 2x2 

r (1) ( ~bt2 a,b>O, x>O. 

The distribution function for the inverted-gamma-2 distribution is 

. related to the chi-square distribution function by the equation 
; 

The mean and variance for this distribution are given by 



E(x) 

V(x) 

The mode is at 

ab 
= a=z 

r a-1 
2 

r ~ 
2 

E(x) 2 

lab Jl/2 
x - -mod - a+~ · 

a>l 

This distribution is the conjugate prior distribution for the 

standard deviation of a normal distribution when the mean is known. 

The Normal-Inverted-Gamma-2 Distribution 
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The density function for the normal-inverted-gamma-2 distri-

bution is a bi variate density defined by 

[ 
b2 J 1/2 e f(x, y j a, b, r, t) = 

2,ry 

2 b(x-a) 
2 2y 

r+l 

( 
r t2)-Y- -.E!._ 

2y2 
2y e 

r ( ~) ( r2t) 17 2 

r,t, b> 0,. -oo <x <oo, y >O. 

The marginal distribution of x is related to Student's t- distri-

bution. That is, if we take 

( b)l/2 
w = t (x-a), 

then w has a. Student's t- distribution with r degrees of freedom. The 

marginal distribution of y is the inverted gamma-2 distribution with 

specifications (r, t). The conditional distribution of x for given y is the 
y2 

normal distribution with mean a and variance b . The conditional 
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distribution of y £or given x is an inverted-gamma-2 distribution with 

specifications 
2 

( .b(x-a) ) . . r+ 1, t + -------r 

The family of normal-inverted .. gamma-2 distributions is the 

conjugate family of distributions for the mean and variance of the 

normal distribution when neither is ~nown. 
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